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Abstract

Multi-objective Markov Decision Processes (MOMDPs) are among the most prevalent for-
mal frameworks for addressing sequential decision-making problems involving multiple, po-
tentially conflicting objectives. In most MOMDP approaches, a utility function is employed
to aggregate these objectives into a single scalar criterion that encodes user preferences.
Despite its widespread adoption, the theoretical foundations of MOMDPs remain incom-
plete in two main respects: first, there is no general characterisation of the classes of utility
functions that guarantee the existence of an optimal policy; second, we do not know which
preference relations can be represented by utility functions. This work advances both lines
of research through a theoretical analysis of MOMDPs. Specifically, we examine each prob-
lem under the two principal formulations of utility functions for MOMDPs: the Scalarised
Expected Returns (SER) criterion and the Expected Scalarised Returns (ESR) criterion.
Our formal findings allow us to derive formal conditions that describe the families of util-
ity functions and preference relations for which MOMDP algorithms should focus. These
analyses can guide the development of new MOMDP algorithms explicitly grounded in our
formal results.

Keywords: Markov decision processes, multi-objective Markov decision processes, multi-
objective reinforcement learning, utility functions, preference relations

1. Introduction

Sequential decision-making problems are pervasive, influencing diverse domains such as au-
tonomous driving (Elallid et al., 2022), robotics (Zhao et al., 2020), finance (Charpentier
et al., 2021), and healthcare (Coronato et al., 2020), among others. In recent years, Rein-
forcement Learning (RL) has become a fundamental framework for tackling these complex
tasks (Kaelbling et al., 1996; Li, 2017). Most RL research has traditionally focused on
problems in which an agent is tasked with achieving a single objective (e.g., maximising
financial returns in trading or winning a race in a competitive setting). However, real-world
applications frequently involve multiple, often conflicting, objectives (Vamplew et al., 2022),
such as a self-driving car balancing safety, efficiency, and passenger comfort simultaneously.

Multi-Objective Reinforcement Learning (MORL) has emerged as an up-and-coming
framework for addressing decision-making problems that involve multiple objectives (Roijers
et al., 2013; Roijers and Whiteson, 2017; Radulescu et al., 2019). Although MORL is a
relatively recent development compared to single-objective RL, its state-of-the-art methods
have demonstrated significant potential in tackling inherently multi-objective real-world
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challenges (Hayes et al., 2022; Vamplew et al., 2022). The majority of MORL approaches
are utility-based, and assume that a wutility function exists to combine all objectives into a
single scalar value, thereby enabling the learning agent to weigh trade-offs among competing
objectives (Hayes et al., 2022; Vamplew et al., 2024). Thus, the MORL agent’s goal becomes
learning the optimal policy (behaviour) that maximises the considered utility function in a
set environment, called a Multi-Objective Markov Decision Problem (MOMDP).

However, determining the most appropriate utility function is a non-trivial and often
context-dependent problem. To address this, much of the MORL literature focuses on learn-
ing a set of candidate policies, known as the undominated set, which optimise all potential
utility functions (Hayes et al., 2022; Ropke et al., 2023). This approach ensures that once
a utility function is specified, the decision-maker can seamlessly select the policy from the
undominated set that maximises the chosen utility, providing flexibility and adaptability in
multi-objective decision-making.

Thus, utility functions are widely regarded as a fundamental concept of MOMDPs (Vam-
plew et al., 2024). Utility functions encode the user’s preferences over different objectives
and guide learning (Radulescu et al., 2019). Hence, both concepts (utilities and prefer-
ences) are at the core of current MORL approaches. However, the state-of-the-art approach
of considering the undominated set as the most general solution concept of MORL relies on
two assumptions:

1. On utilities: It assumes that we can always optimise any utility function.

2. On preferences: It assumes that we can always express any user preference as a
utility function.

Unfortunately, these assumptions do not always hold. Numerous examples exist of
preferences that cannot be represented by a utility function, such as the lexicographic order
(Wray et al., 2015), as formally demonstrated in (Debreu, 1997). Similarly, even in problems
with a finite set of states and actions, there are utility functions for which no optimal policy
exists for any state. An explicit example of this phenomenon is provided in later sections.

These counterexamples raise the need to answer the following two main theoretical
questions: (1) Can we determine the families of utility functions for which optimal policies
are guaranteed to exist? (2) Can we determine the family of preferences that can be
represented as utility functions? Furthermore, both questions need to be answered at least
twice: once for each of the two main criteria (i.e., definitions) of how utility functions
are applied in MORL: the Scalarised Expected Returns (SER) criterion, and the Expected
Scalarised Returns (ESR) criterion (Hayes et al., 2022). The state of the art on MORL
has only very recently addressed these fundamental research questions for some families of
utility functions, and only for the SER criterion (Rodriguez-Soto et al., 2024).

Against this background, in this paper, we advance towards answering both research
questions by carrying out an in-depth analysis of utility functions in MOMDPs, for both
SER and ESR criteria, leading to the following three contributions:

1. We provide two novel MOMDP fundamental theoretical concepts. We in-
troduce the first formal definitions of preferences between policies in MOMDPs and
of utility maximisation in MOMDPs for both SER and ESR criteria.
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2. Given a utility function in an MOMDP, we provide sufficient and insufficient
conditions to guarantee the existence of an optimal policy maximising it for
both SER and ESR criteria.

3. We provide sufficient conditions to express preferences between policies as
utility functions for both SER and ESR criteria. These preferences are expressed
by a so-called quasi-representative utility function, which contains the same set of
maximal policies as the preference relation.

We expect our theoretical results to lead to novel MORL algorithms that can exploit
the analytical properties of the utility functions in MOMDPs introduced here.

The remainder of the paper is structured as follows. Section 2 reviews the necessary
background on multi-objective Markov decision processes. Section 3 then establishes suf-
ficient and insufficient conditions for the existence of utility-maximising policies under the
SER criterion, while Section 4 does so for the ESR criterion. Section 5 subsequently presents
a family of preferences that can be maximised with utility functions. Section 6 discusses
related work, and Section 7 concludes by summarising the main theoretical contributions
of this work and outlining directions for future research.

2. Background

The background section is divided into several parts, providing the definitions of all neces-
sary concepts to understand the novel concepts and theorems presented in this work. This
section is divided as follows. First, Section 2.1 introduces some probabilistic concepts. Then,
Section 2.2 provides a brief background on single-objective Markov decision processes. The
remainder of the background section (from Section 2.3 onwards) is devoted to introducing
all the relevant and necessary concepts of multi-objective Markov decision processes.

2.1 Probability Theory

It is worthwhile to remind a few basic formal definitions of probabilistic concepts, as they
will be required to introduce more complex multi-objective reinforcement learning solution
concepts. The definitions provided here can be found in standard probability textbooks
such as Bertsekas and Tsitsiklis (2008); McColl (2004).

First of all, a real-valued random wvariable is a function that assigns a real numerical
value to each possible outcome of a random experiment. Take, for instance, an experiment
in which we randomly select a person and measure their weight. Here, the weight would be
a random variable.

Next, the cumulative distribution function (CDF) of a random variable describes the
probability that the variable takes a value less than or equal to a given real number. The
CDF fully characterises the probability distribution of the random variable.

Definition 1 (Cumulative distribution function in random variables) Let X be a
real-valued random wvariable. The cumulative distribution function of X s the function
Fx :R — [0, 1] defined by

Fx(z) =P(X <xz), Vo € R.
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Then, a vector of random variables X = (X1,...,Xy) is called a random wvector. Thus,
for any random vector, its cumulative distribution function is defined as the joint CDF of
each of its random variable components X;:

Definition 2 (Cumulative distribution function in random vectors) Let X be a real-
valued random vector. The cumulative distribution function of X is the function Fg : R" —
[0,1] defined by
Fe(Z) =P(X1 <21,... X < 1), vz e R".
Another very relevant property of random vectors is their support. Intuitively, the
support of a random vector is the set of all its possible values (analogous to the image of a
function). Formally:

Definition 3 (Support) Let X be a real-valued random vector. The support ofX s the

=

only subset supp(X) C R™ that satisfies:
P(X € supp(X)) =1 and VX Csupp(X): P(XeX)=1 = X =supp(X). (1)

Now that we have random vectors fully characterised, we need a criterion to order
them. The common approach in the MORL literature is to order them with the (first-
order) stochastic dominance criterion (Hayes et al., 2021; Ropke et al., 2023). Intuitively,
a random vector X stochastically dominates another one Y if, for any threshold value Z,
there is a higher or equal probability of obtaining more value in all components x; of & with
X than with Y. Formally:

Definition 4 (First-order stochastic dominance of random vectors) Let X and Y
be real-valued random vectors with cumulative distribution functions Fg and Fy, respec-

tively. We say that X first-order stochastically dominates Y if and only if
Fe(¥) < Fp(¥) VZeR™ (2)

2.2 Single-Objective Markov Decision Processes

Markov decision processes (MDPs) (Kaelbling et al., 1996; Sutton and Barto, 1998) for-
malise sequential decision-making problems. An MDP models an environment in which an
agent interacts iteratively, selecting actions that induce transitions between states while
receiving an immediate scalar reward after each action, reflecting the objective the agent
seeks to optimise:

Definition 5 (Markov Decision Process) A (single-objective,! Markov Decision Pro-
cess (MDP) is defined as a tuple M = (S, A, R, T) of three sets and one function: the set
of states S, the set of actions A(s) available at each state s, the reward set R C R, and
the transition function T : S x A x 8§ X R — [0, 1] specifying the probability T(s,a,s’,r) =

1. Through the paper, we refer to a single-objective MDP simply as an MDP.
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P(s',r | s,a) that the next state is s' and next reward is v if an action a is performed upon
the state s°.

Following the reinforcement learning literature, we consider the set of rewards R to
be bounded (Puterman, 1998). Moreover, we will use the term reward function for any
function R : § x A — R that tells the (expected) reward r an agent receives at state s
when applying action a. When needed, we will also use the nomenclature R(s,a,p) = r
that specifies with what probability the reward r is obtained at state s applying action a
(i.e., p=P(r | s,a))®.

An agent’s behaviour in an MDP is called a policy. In its most general form, a policy
indicates how likely an agent will perform an action a if the agent is currently in state s,
given all the previous transitions visited (Puterman, 1998). This behaviour is referred to
as a non-stationary policy (also called history-dependent, time-dependent policy). If the
agent’s behaviour depends only on the current state s and time ¢, and is independent of
previous transitions, then we say that the agent follows a stationary policy. In this work,
unless explicitly stated otherwise, we always refer to stationary policies. Formally (Sutton
and Barto, 1998; Puterman, 1998; Roijers and Whiteson, 2017):

Definition 6 (Stationary policy) Let M = (S, A,R,T) be a Markov Decision Process.
We define a (stationary) policy m of M as any probability distribution of the form (s, a) =
P(a|s).

Interestingly, stationary policies do not depend on which time step we are in. Formally,
they are time-invariant (also called Markov or Markovian policies (Puterman, 1998)). A
stationary policy 7 (s, a) specifies the probability that an agent adhering to it will execute
action a when the current state is s.

The agent aims to learn the policy accumulating the maximum number of expected
discounted rewards. Fortunately, the maximum element can be attained within the set of
stationary policies (Sutton and Barto, 1998), meaning we only need to compare and evaluate
stationary policies. Thus, to evaluate a given (stationary) policy, we need to compute the
(expected) discounted sum of rewards that an agent obtains by following it. This operation
is formalised by means of the so-called wvalue function V : § — R, defined as:

V7 (s) ZE[Y v R(Sir, Arrr) | St = 5,7, (3)
k=0

where v € [0,1) is the discount factor, indicating how much we care about future rewards,
and t is any time-step. To shorten notation, the discounted sum of rewards is called the

2. Some works formalise the transition function 7' as a probabilistic model of only future states and not
of future rewards (i.e., it is assumed that there is a deterministic function R(s,a,s’) such that given a
triplet (s, a, s’) the agent will obtain a fixed reward R(s,a,s’)). While such a simplification is enough for
a large number of MDPs, our analysis necessarily requires considering the most general case in which for
any triplet (s, a,s’) there might exist multiple associated rewards r with a probability P(s’,r | s,a) > 0.

3. While the notation R(s,a,p) is not common in the literature, it will be very useful to explain some of
the examples that we will detail throughout the paper.
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discounted return Gy:
Gr =Y VP R(Sisk, Aryr), (4)
k=0

which simplifies the value function notation as
V7™ (s) =E[G | St = s, 7). (5)

Value functions allow us to order policies partially (Sutton and Barto, 1998). Hence,
they allow the formalisation of the agent’s objective as the problem of learning the stationary
policy that maximises the value function. This policy is defined as the optimal policy:

Definition 7 (Optimal policy) Given an MDP M, its optimal policy m, is the policy
that mazimises the value function V™. Formally:

VT (s) > V7 (s), (6)
for every state s of the MDP M, and every policy w of M.

The optimal policy is the solution concept in single-objective RL. At least one optimal
policy exists for any MDP with a finite state and action space, which is also deterministic
and stationary (Feinberg, 2011).

2.3 Multi-Objective Markov Decision Processes

Multi-objective reinforcement learning (MORL) focuses on decision-making problems in
which an agent must simultaneously optimise multiple, potentially competing objectives
(for instance, in healthcare, balancing a patient’s clinical outcomes with their autonomy).
In standard single-objective RL, the reward function encodes the agent’s goal. MORL
generalises this framework to environments characterised by multiple reward functions.
Such environments are typically formalised as Multi-Objective Markov Decision Processes
(Roijers et al., 2013; Hayes et al., 2022):

Definition 8 (Multi-Objective MDP) An n-objective Markov Decision Process (MOMDP)
is defined as a tuple M = (S,A,ﬁ,T} of three sets and one function: the set of states

S, the set of actions A(s) available at each state s, the vector of reward sets R C R™,
providing a reward set R; for each objective i € {1,...,n}, and the transition function
T:SxAxSxR — [0,1] specifying the probability T'(s,a,s’,7) = P(s',7 | s,a) that the
next state is s' and next reward is T if an action a is performed upon the state s.

Policies in an MOMDP are assessed through a vectorial value function, denoted ‘7, which
comprises the value functions associated with each objective: V(s) = (Vi(s), ..., Vy(s)).

In scenarios where it is infeasible to simultaneously optimise all objectives, the agent
must establish a prioritisation among them. The prevailing assumption in most multi-
objective reinforcement learning (MORL) approaches is that the individual value functions
corresponding to each objective can be combined into a single scalar quantity that reflects
such preferences. Under this framework, the agent’s objective is to maximise this aggregated
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value function. This aggregation is achieved by means of an utility function u (also referred
to as a scalarisation function) as discussed in (Roijers and Whiteson, 2017; Radulescu et al.,
2019; Vamplew et al., 2024). In its most general form, a utility function w is defined as any
mapping from a vector space (typically the space of value vectors ‘7) into the real numbers
R. Formally:

Definition 9 (Utility function) Let M be an MOMDP of n objectives, Let S be the set
of states of M, let TI(M) be the set of policies of M, let GT(s) be the random variable of

possible returns obtained by following a policy w starting at state s € S at time-step t. Let
X CR"™ be any subset of R™ that satisfies both:

rellM) = V™(s)e X VseS, and (7)
e l(M) = supp(GF(s)) CX VseS. (8)

Then, we say that any function u : X > Risa utility function of/\;i.

Notice that, in particular, for any finite MOMDP with reward set 7€, if we are fol-
lowing discount factor 0 < v < 1, any function v : X — R defined over the set X =
[ﬁ ming, (1), ﬁ maxrg, (r)] X --- X [ﬁ ming, (1), ﬁ maxrg, ()] € R" is always an util-
ity function of the MOMDP.

Throughout this paper, we will study several families of utility functions (such as con-
tinuous functions, linear functions, and so on). For all families of utilities, when we say that
a given utility function w : X — R" satisfies a given condition (such as being continuous),
we always mean that it satisfies such a condition at least over the entirety of its dominion
X. Importantly, Definition 9 imposes that such a dominion X covers at minimum all possi-
ble value vectors and all possible returns of a given MOMDP. Thus, for example, a utility
function that is only linear in some closed subset X , and another utility function that is
linear in the entirety of R™ will seem equally linear for the agent learning at the MOMDP.

There are two main ways of applying utility functions v in MOMDPs: the Scalarised

Ezxpected Returns (SER) criterion, and the Fzpected Scalarised Returns (ESR) criterion.

Definition 10 (Utility function criteria) Given an MOMDP of n objectives and a util-
ity function u, then:

e SER: If u is applied directly to value functions, then we say that u follows the
Scalarised Expected Returns criterion. With the SER criterion, the agent’s goal
can be expressed as learning a policy that maximises the higher-order function

—

fv(u,m)(s) = w(EG|S; = s.7]) = u(V(s)) = (uo V)(s). (9)

e ESR: If u is applied directly to the vectorial discounted returns ét, then we say that
u follows the Expected Scalarised Returns criterion. With the ESR criterion,
the agent’s goal can be expressed as learning a policy that maximises the higher-order
function

falu,m)(s) = E[u(Gy)|S; = s, 7. (10)
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The choice of utility criterion has a significant influence on the policies learned by a
MORL agent (Roijers et al., 2018; Radulescu et al., 2020; Hayes et al., 2022). Therefore,
it is important to understand when each criterion (SER or ESR) is most appropriate. The
SER criterion is most suitable when a user’s utility depends on the outcomes of multiple
executions of a policy. In such settings, the user is interested in maximising utility across
repeated interactions. Thus, here, the SER is the appropriate optimisation objective, as
it applies the utility function to the expected (average) returns. Consider, for instance, a
navigation system that selects a route for a commuter every day. The commuter is not
primarily concerned with the outcome of any single trip, but rather with minimising their
average travel time over months or years of commuting. Since utility is derived from the
aggregate performance of many trips, rather than from an individual journey, the SER
criterion is the appropriate optimisation objective.

By contrast, the ESR criterion is more appropriate when utility depends on the outcome
of each particular execution of a policy. In these cases, the user considers the utility of each
execution directly, rather than averaging outcomes over many runs. Consequently, the ESR
criterion is the correct one here, as it optimises the expected utility of each obtained return.
For example, in a medical treatment scenario, a patient may have only one opportunity to
choose a treatment. Since the consequences of that single decision cannot be averaged over
repeated executions, ESR provides the more appropriate optimisation criterion.

For an in-depth discussion on the matter, we refer to Section 5.3 of (Hayes et al., 2022).
Importantly, as recognised in recent surveys such as (Hayes et al., 2022), the ESR criterion
has been extensively understudied in the reinforcement learning literature.

The family of linear utility functions is especially notable. Among its most relevant
properties, for any linear utility function [, they return the same result for both the ESR
and the SER criterion (i.e., fg(l,7) = fy(l,n) for fq, fy defined as in Def. 10), as it is
well-known in the MORL literature (Roijers et al., 2013).

Recall that, in single-objective MDPs, the solution concept is well defined (a determinis-
tic, stationary optimal policy). In contrast, no universal analogue exists for multi-objective
MDPs. Instead, the agent’s utility function is typically assumed to be largely unspecified,
subject only to mild structural assumptions (for instance, linearity or monotonicity) (Roijers
et al., 2013; Radulescu et al., 2019; Hayes et al., 2022). Consequently, MORL algorithms,
rather than identifying a single policy, aim to learn a set of candidate policies m, each of
which is optimal for some admissible utility function u. The following sections examine the
principal solution concepts proposed for MOMDPs.

2.4 Solution Concepts of MOMDPs under the SER Criterion

As explained before, there is a wide array of solution concepts of MOMDPs, which depend
on the assumptions imposed on the utility functions. In the absence of any assumption, the
objective is to compute the set of maximal policies with respect to any utility function. It is
therefore essential to clarify what it means for a policy to be mazimal under a given utility
function. A very predominant portion of the MORL literature adopts both the scalarised
expected returns (SER) criterion and the so-called state-independent (SI) criterion to define
optimality (Roijers et al., 2013; Roijers and Whiteson, 2017; Radulescu et al., 2019; Hayes
et al., 2022). Under the SI criterion, a policy 7 is said to mazimise a utility function if and
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only if it is maximal with respect to the expectation over possible initial states (for a given
value function V' and the random variable of initial states Sp). We denote this expectation
by VI;:

Vi = E[V7(S0))- (11)

Thus, for any utility function u, under the SER and SI criteria, the optimal policy .
(if exists) is the one that maximises u(VJ;):

7o = argmax u(VE). (12)
s

The simplicity of the state-independent (SI) criterion has made it become ubiquitous in
MORL and RL. While this criterion has no significant side-effects in single-objective RL,
it can produce contradictory policies in multi-objective RL, as shown in Theorem 2 further
ahead, in Section 3.

Consequently, all solution concepts for MOMDPs have been formulated exclusively un-
der this state-independent criterion, In particular, the prevailing general solution, the un-
dominated set, is defined as the set of policies that maximise at least one utility function
according to the SI criterion. Formally (Hayes et al., 2022):

Definition 11 (Undominated set) Given an MOMDP M, its undominated set U(./\;l)
1s defined as the set of policies for which there exists a utility function u with a mazximal
scalarised value.

UM) = {r € TI(M) | Ju: V' € (M), w(VE;) > uw(VE)}, (13)
where H(M) is the set of all possible policies of an MOMDP M.

As previously mentioned, it is typically assumed that the utility function we aim to
maximise satisfies at least some properties, such as being strictly monotonically increas-
ing (SMI). In particular, many MORL works only focus on computing the subset of the
undominated set restricted to SMI utility functions, known as the Pareto front.

Interestingly, in MORL, the Pareto front can be (and usually is) formalised without
any mention of utility functions. Instead, the Pareto front definition relies on the concept
of Pareto-dominant policies*. As previously expressed, when facing multiple objectives, it
is typically impossible to maximise all of them simultaneously because improvements in
one objective may require sacrifices in another. Rather than searching for a single globally
optimal solution, one therefore seeks policies whose value vector V™ cannot be improved
in any objective without degrading at least one other objective. Such solution policies are
said to be Pareto-dominant, and collectively form the Pareto front. Formally:

Definition 12 (Pareto dominance) Let ¢,7 € R™ be two n-dimensional vectors. Then,
we say that ¥ Pareto-dominates ' (and denote it as 0 =p ¥’ ) if and only if:

Vie{l,...,n}:v; > v, and Elje{l,...,n}:vj>v}. (14)

4. Tt is easy to prove that both formalisations (with SMI utility functions or with Pareto-dominant policies)
are in fact equivalent.
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Then, with the concept of Pareto dominance, we formalise the Pareto front as follows:

Definition 13 (Pareto front) Given an MOMDP M, its Pareto front PF(M) is defined
as the set of policies w for which their associated value vector VJ; is not Pareto-dominated

by the value vector of any other policy ngl :
PF(M) = {r € TI(M) | I’ € TI(M) : VZ; =p VE}. (15)

For any MOMDP, its Pareto front includes all policies that maximise at least one strictly
monotonically increasing utility function (SMI) within the MOMDP. This distinction is
important: in more detail, if the utility function is SMI for at least all possible value
vectors or returns of the MOMDP, then every policy maximising it (according to the SI
criterion) will be inside the Pareto front.

Next, we consider the subset of the undominated set restricted to linear utility functions,
commonly called the convex hull. Linear utility functions have several important properties,
the most relevant being that they can transform any MOMDP into a single-objective MDP
(Roijers and Whiteson, 2017). The convex hull of a MOMDP contains all policies that
are maximal for at least one linear utility function (again, according to the SI criterion).
Formally (Hayes et al., 2022):

Definition 14 (Convex hull) Given a MOMDP M, and its set of policies 1, its convex
hull CH(M) is the subset of policies w € 11 that are optimal for some weight vector :

CHM)={rell|IGeR" :Va' €I, w-VE > -V}, (16)

By definition, the convex hull contains an excessive amount of policies. In practice, it
is enough to compute a subset P of the convex hull that contains at least one policy that
is maximal (according to the SI criterion) for each possible linear utility function. This
relevant subset is called the convex coverage set (Hayes et al., 2022). The convex coverage
set CCS(M) of any MOMDP M is formalised as:

Definition 15 (Convex coverage set) Given a MOMDP M, and its set of policies 11, a
convez coverage set CCS(M) is any set of policies P C 11 that contains at least one optimal
policy for every weight vector w:

PisaCCSM) < VG eR":Ire P:Va' Il, &-V§ > @ - V. (17)

It is clear from Equation 17 that the convex coverage set C'C'S, in general, is not unique.
Moreover, CC'S is always guaranteed to exist since, in particular, the complete convex hull of
an MOMDP is also a convex coverage set. Furthermore, it is known that, for any MOMDP,
it is always possible to build an associated C'C'S with only deterministic stationary policies
(Roijers and Whiteson, 2017). An interesting consequence of this property is that any
stationary policy of an MOMDP can be expressed as a linear combination of the finite set
of deterministic stationary policies of any CCH. Moreover, all current MORL algorithms
focused on obtaining solution sets for linear utility functions compute a convex coverage set
(Hayes et al., 2022).

10
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2.5 Solution Concepts of MOMDPs under the ESR Criterion

Some recent works in the literature have tackled the problem of defining optimality under
the expected scalarised returns (ESR) criterion (Hayes et al., 2021; Ropke et al., 2023).
As in the SER case, they also focus exclusively on the state-independent (SI) criterion.
Thus, given an MOMDP, the goal is to find a policy 7 that maximises the expectation
over possible initial states (for some scalarised discounted return distribution u(é”) and
the random variable of initial states Sp). Formally:

E[u(G™))st = Elfe(u,m)(S0)] = E[u(G)|S; = So, . (18)

Thus, for any utility function u, under the ESR and SI criteria, the optimal policy .,
(if exists) is the one that maximises E[u(G™)|sr:

7. = arg max E[u(G™)]s;. (19)
s

Computing ESR solution concepts adds difficulty to the SER case, as it requires con-
sidering the distribution of all possible returns a policy may obtain, not just the expected
return. Hence, all existing ESR solution concepts require a method to compare the re-
turns probability distributions, based on the literature on distributional (single-objective)
reinforcement learning (Bellemare et al., 2017).

First of all, notice that the discounted return Gy of any policy in an MOMDP is clearly
a random vector. Thus, we can establish a stochastic dominance relationship between
discounted return distributions.

Interestingly, if the return distribution of some policy 7 stochastically dominates the
return distribution of another policy 7/, any user with a strictly monotonically increasing
utility function would prefer X over }7, as proven in (Ropke et al., 2023). Thus, we are
interested in finding policies whose associated value vectors are stochastically dominant.
We say that a policy stochastically dominates another policy if their associated return
distribution do so. Formally:

Definition 16 (First-order stochastic dominance of policies) Given an MOMDP M,
let m, 7" € TI(M) be two of its policies. Let G, G™ be their respective associated return dis-
tributions. Then, 7 first-order stochastically dominates 7’ if and only if

F=

(%) < Fap (8) Vi€ R™ (20)

Hence, even if the utility function of an MOMDP is unknown, if we assume that such
a function is SMI, it suffices to compute a policy that stochastically dominates all the rest.
The set of all stochastically dominant policies is called the distributed undominated set
(DUS) (Répke et al., 2023). Among its most relevant properties, the DUS is a superset of
any Pareto front (Def. 13).

2.6 Beyond Utility Functions

As aforementioned, most MORL approaches assume that the solution policy maximises an
aggregation of the multiple objectives determined by some utility function. Consequently,

11
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they develop algorithms to compute solution sets, such as the undominated set or the Pareto
front.

Nevertheless, there is also a well-established body of MORL literature that does not even
consider utility functions (e.g., (Gabor et al., 1998; Van Moffaert et al., 2014; Skalse et al.,
2022)). Instead, they aim to find policies whose associated value vectors satisfy specific
conditions, which may or may not be represented as a utility function. Probably the most
famous example is the subfield of lexicographic MORL, in which the goal is to compute a
policy that satisfies a given lexicographic order (Wray et al., 2015; Vamplew et al., 2018; Li
and Czarnecki, 2019; Vamplew et al., 2021).

Lexicographic orders determine a ranking between objectives, and comparisons between
policies are performed sequentially following this ranking. The most important objective is
considered first, and only if two policies are equivalent with respect to this objective is the
next objective used to break the tie, and so on.

This ordering reflects decision scenarios in which certain criteria are considered fun-
damentally more important than others. For example, a safety-related objective may take
absolute precedence over performance metrics, meaning that improvements in lower-priority
objectives cannot compensate for losses in higher-priority ones. In the context of MOMDPs,
lexicographic orders induce a total ordering over policies by comparing their value vectors.
Formally:

Definition 17 (Lexicographic order) Let v,v’ € R™ be two n-dimensional vectors, and
let I = (o(1),...,0(n)) be a permutation of {1,...,n}. Then, we say that v dominates v’
according to the lexicographic order induced by I (and denote it as v = v') if and only if:

Vie{l,....,k—1} v, = v{;(i) and Vg () > U/U(k). (21)

Despite the increasing prominence of MORL works that do not consider utility functions,
their connection with the rest of wtility-based MORL literature still has not been formally
established, which leads to our interest in formalising preference relations in MOMDPs in
the upcoming Section 5. Finally, we discuss this topic in more detail in Section 6.

3. Utility-Optimal Policies under the SER Criterion

In this section, we tackle the first two contributions aforementioned in the Introduction.
These contributions are: (1) providing a formal definition of utility maximisation in MORL,
and (2) providing the sufficient conditions of utility functions that guarantee the existence
of a policy maximising them. A graphical summary of the formal results introduced in
this section is presented in Figure 1. In particular, in this section we are going to focus on
utility functions that follow the SER criterion (Def. 10), the most common utility function
criterion in the MORL literature (Roijers and Whiteson, 2017). Moreover, we already
mentioned that the MORL literature formalises the majority of its solution concepts under
the state-independent criterion. However, for a complete evaluation of utility functions
in MOMDPs, we need to formalise solution concepts that account for every state of an
MOMDP (i.e., following the state-dependent criterion). The MORL research area almost
exclusively defines solution concepts under the state-independent criterion. However, a
complete analysis of utility functions in MOMDPs needs more general optimality definitions

12
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Theorem 5
Continuous utility

Theorem 3 Theorem 1 Theorem 4
State Strict monotonicity Initial state optimality Optimum existence
level does not imply equates maximising implies stationary implies stationary
optimum existence Sl criterion L optimum existence toptimum existence
/
\

Theorem 2 Theorem 6 ( Theorem 7

Strict monotonicity . ) . . . )
All-states and continuous Strictly monotonically increasing Optimising initial state for strictly
level e el aes transformation of affine utility monotonically increasing

not imply optimum
existence

implies deterministic and transformation of affine utility implies
stationary optimum existence optimising all reachable states j

Negative results Positive results

Figure 1: All theorems and lemmas presented in Section 3, which relate to utility-optimal
policies under the SER criterion. Small rectangles indicate lemmas, and large
rectangles indicate theorems. Arrows indicate if a given lemma or theorem re-
quires a previous result for its proof. Formal results are classified in two axes:
either state-level results (related with Definition 18), or all-state-level results (re-
lated with Definition 19), and either negative (located in Section 3.1) or positive
results (located elsewhere in Section 3).

that take into account each state of an MOMDP individually. An in-depth analysis on
why the state-dependent criterion is also necessary is offered at later Section 3.5, after all
necessary theorems to back up this claim have been presented.

Moreover, in single-objective MDPs, by virtue of Banach’s fixed-point theorem, a de-
terministic and stationary optimal policy is guaranteed to exist for any finite MDP (and
in particular for every state) (Feinberg, 2011). These guarantees weaken substantially in
the multi-objective setting. In particular, there exist finite MOMDPs for which no optimal
policy exists at any state.

These more fragile formal properties further motivate the study of optimal policy ex-
istence in MOMDPs at two distinct levels: the state level (i.e., focusing on a single state)
and the all-states level (i.e., considering the entire state space).

We proceed by formalising utility-optimality at the state level. We say that a policy w
is optimal at a state s for some utility function w if and only if it yields a higher scalarised
expected discounted return than all remaining policies at this state s. Formally:

Definition 18 (SER utility-optimal policy at a state) Let M be an MOMDP with

-

the state set S, the policy set II(M), and a utility function u. We say that a policy m, €
II(M) is optimal with respect to utility function u at state s € S under the SER criterion
if and only if:

(wo V™)(s) > (uo V7)(s), (22)
for every policy w € H(M) We say that 7, is (u, s)sgr-optimal for short.

13
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R)(slr al) = (LO)

a,

a;

ﬁ(sp ay) = (0,1)

Figure 2: MOMDP of Example 1, Example 2, Theorem 3, Example 5, and Example 6.
Circles indicate states and arrows indicate tramnsitions. The yellow circle is a
terminal state.

By abuse of notation, in this section, we refer to any utility-optimal policy at state s as
(u, s)-optimal, removing the SER subscript.

Example 1 Consider an MOMDP M with two states: an initial state s1 and a terminal
state sa. An agent can perform two actions (a1, az) in this environment, with rewards
R(s1,a1) = (1,0), R(s1,a2) = (0,1) respectively. Figure 2 illustrates such MOMDP.

Consider the utility function u(x,y) = x + sin(y). Any stochastic and stationary policy
7 will obtain scalarised value ), u(n(s,a) -R(s,a)). The formula for non-stationary policies
is analogous. Importantly, the scalarised value of any policy resides within u(k,1 — k) for
some k € [0, 1].

Hence, the deterministic and stationary policy 7«(s1) = a1 that obtains vectorial value
V7 (s1) = (1,0) is clearly (u, s1)-optimal since sin(k) < k for any k € [0,1]. To illustrate,
the (u, s1)-optimal policy m1(s1) = a1 achieves scalarised value u(1,0) = 1 + sin(0) = 1,
while the policy ma(s1) = ag achieves u(0,1) = 0+ sin(1) ~ 0.84.

Notice that there is a clear connection between the prevailing state-independent (SI)
criterion in MORL, and (u, s)-optimal policies. Trivially, for environments with a single
initial state sg, maximising a policy according to a utility function u following the SI criterion
amounts to computing a (u, sp)-optimal policy. In the general case, with multiple initial
states, we can interpret the policy maximising the SI criterion as an (u, s)-optimal policy
of an almost identical MOMDP with a unique initial state s;, that subsumes all initial states
of the original MOMDP. Theorem 1 provides the formal details:

Theorem 1 Let M be a finite MOMDP with state set S and let u be any utility function
ofM. Let p: S — [0,1] be the probability distribution of each state s € S being the initial
state, and let v € [0,1] be the discount factor.

Then, consider an alternative MOMDP M’ identical to M except that:

e Its state space contains one more state ' = S U {so} such that sq is the only initial
state of M'.

14
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e [ts reward set R’ multiplies any reward of the original reward set R by %

o A single action a can be applied to sq. The reward obtained by applying it at sg is null
R'(s0,a) = 0.

e The transition dynamics of state so are defined as follows: P(s | sg,a) = p(s).

Then, for any policy © € H(M’), consider its associate w € H(M) such that m = 7'|s is
the restricted version of ™ in S:

o m mazimises u under the SI criterion in M if and only if 7" is (u, so)-optimal in M.

Proof It suffices to prove that for any pair of policies 7, 7’ such that 7 = 7’|, the values
VI, and V™ (sq) are identical:

V™ (s0) :E[i VR (Stik, Arr) | St = 50,7 (23)
k=0
=E[0 + i VPR (Syis Asre) | St = so, 7] (24)
k=1
:E[i VR (Spris Avir) | Se = So. ] (25)
k=1
:E[i v ,1YR(5t+k7At+k) | St = So,7] (26)
k=1
:E[i Y R(Sy 1k, Avyr) | St = So, ] (27)
k=0
=Vir, (28)

where recall that Sy is the random variable of possible initial states of ./\;l, determined by

1h.
Thus, we proved that:

—

w(VE) = max u(VE) <<= 7 is (u,so)-optimal in M. (29)

pEIl(M)

Importantly, Theorem 1 proves that any formal result of (u, s)-optimal policies will apply
to policies maximising the SI criterion and vice-versa. In fact, this relationship also holds
under the ESR criterion, but we will need to wait until Section 4.1 to prove it. Henceforth,
by abuse of notation but without loss of generality, we will refer to policies that maximise
the SI criterion as (u, Sp)-policies.

In direct analogy with single-objective reinforcement learning, we define a policy in
an MOMDP to be utility-optimal at the all-states level (or simply utility-optimal) if it is
utility-optimal in every state of the MOMDP simultaneously. Formally:
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Definition 19 (SER utility-optimal policy) Let M be an MOMDP with the state set

S, the policy set II(M), and a wutility function u. We say that a policy m, € II(M) is
optimal with respect to utility function u under the SER criterion if and only if:

(wo V™) (s) = (uo V™)(s), (30)

for every policy w € H(M), and every state s € S. We say that m, is usggr-optimal for
short.

By abuse of notation, in this section, we refer to any utility-optimal policy as u-optimal,
removing the SER subscript.

Example 2 In the MOMDP in Example 1 (illustrated in Figure 2), policy w(s1) = ay is
u-optimal since there are only two states, and the second one is terminal.

3.1 Negative Results

It is well-known that, for any linear utility function, a deterministic and stationary u-optimal
policy is guaranteed to exist (see Section 2.3), as in the single-objective case. However, this
guarantee does not extend to arbitrary utility functions. In fact, it is well-known that for
some utility functions, the only (u, s, )-optimal policies are stochastic and non-stationary
(e.g. (Perny and Weng, 2010; Siddique et al., 2020)). In this section, we go a step further and
prove that there are MOMDPs and utility functions for which there is no policy maximising
them, neither at the state level nor at the all-states level. Next, we characterise several
insufficient conditions for utility functions that are not enough to guarantee the existence
of (non-stationary) deterministic or (non-stationary) stochastic (u, s)-optimal or u-optimal
policies in finite MOMDPs. These conditions are:

1. For u-optimal policies (all-states level): being simultaneously strictly monotoni-
cally increasing and continuously differentiable. Theorem 2 shows a counter-example.

2. For (u, s)-optimal policies (state level): being strictly monotonically increasing.
Theorem 3 shows a counter-example.

Notice that strictly monotonically increasing functions are a family of utility functions
specially studied in MORL (Roijers and Whiteson, 2017; Hayes et al., 2022)). Before proving
both theorems, as a preliminary, Example 3 below illustrates why restricting to deterministic
policies is non-viable in MOMDPs, a well-known fact in the MORL literature (Roijers and
Whiteson, 2017). In more detail, Example 3 illustrates how some utility functions are not
guaranteed to have associated (non-stationary) deterministic u-optimal policies. To the
best of our knowledge, this fact was first noticed in Example 4 of Perny and Weng (2010)
but only for stationary policies. Example 3 considers the Chebyshev function (also called
Tchebycheff ), a well-known utility function in MORL (Perny and Weng, 2010; Roijers et al.,
2013; Roijers and Whiteson, 2017; Hayes et al., 2022). The Chebyshev function assigns
higher scalar values to inputs = that are closer to a given reference value 7. Additionally,
this function is also monotonically increasing (Roijers and Whiteson, 2017).

16



OPTIMISING UTILITY FUNCTIONS IN MOMDPs

R(s,, a,) = (2,20)

ﬁ(sl,aa = (1,0)

Figure 3: MOMDP of Example 3 and Theorem 2. Circles indicate states, and arrows indi-
cate transitions. The yellow circle is a terminal state.

1_2)(52, az) = (3,1)

Example 3 Let 7 € R” be a reference vector and W € R™ a non-negative weight vector
(i.e., wy > 0 for all i). The Chebyshev scalarisation function gz : R™ — R is formally
defined as (Steuer and Choo, 1985; Perny and Weng, 2010):

V(1) = — max w; |r; — x4 (31)

Consider a 2-objective deterministic MDP M with states s1, S2, and terminal state s3.

e In sy, there is a single action ay with reward R(s1,a1) = (1,0), which transitions to
S9.

e In s, there are two actions: as with reward ﬁ(sz,ag) = (2,20) and az with reward

—

R(s2,a3) = (3,1). Both actions lead to the terminal state s3.

Figure 8 illustrates the whole MOMDP. There are only two deterministic policies in M. The
first policy is 1 (s1) = a1, m1(s2) = ag. This policy obtains values V™ (s1) = (3,20), V™ (s9) =
(2,20). The second policy is ma(s1) = a1, m2(s2) = az. This policy obtains values Ve (s1) =
(4,1), V™ (s9) = (3,1). We define a Chebyshev function with reference point ¥ = (3.5,20),
associated weights W = (1,1/19). For such a configuration, the scalarised values per state
of the two deterministic policies would be:

e For policy w1, h(V™ (s1)) = —0.5, (V™ (s9)) = —1.5.
e For policy 7o, @Z)(V’rz(sl)) = ¢(T7”2(52)) =—1.
Clearly, m is the only deterministic (1, s1)-optimal policy, while 7 is the only deterministic

(1, s9)-optimal policy. Thus, no deterministic 1p-optimal policy exists.

Next Theorem 2 goes beyond Example 2 and provides a utility function that is both
strictly monotonically increasing and continuously differentiable for which there cannot be
any u-optimal policy:

Theorem 2 Let u : X — R be a function under the SER criterion that is both strictly
monotonically increasing and continuously differentiable in the set X C R™. Then, there
are finite MOMDPs M for which u is an utility function but no policy = € II(M) is u-
optimal.
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Proof Consider X = Rt x R, and the function u(z,y) = Va2 + 1 + 35, which is both

strictly monotonically increasing and continuously differentiable for any (z,y) € X. Let M
be the same 2-objective deterministic MDP from Example 3, which is graphically depicted
in Figure 3. Clearly u is an utility function of /\71, satisfying Definition 9.

This MOMDP M has the same two deterministic policies from Example 3. The
first policy is m(s1) = a1,m1(sa) = ag, which obtains scalarised values u(V™ (s1)) =
4.16,u(V™ (s3)) ~ 3.24. The second policy is m(s1) = a1, ma(s2) = a3, which obtains
scalarised values u(V™(s1)) ~ 4.17, u(V™2(s2)) ~ 3.21.

It is easy to check that 7 is a (u, s2)-optimal policy, while 79 is a (u, s1)-optimal policy.
Any stochastic policy m can be expressed as a convex combination of two deterministic
policies, namely m = pm; + (1 — p) ma, with p € [0,1]. Under this representation we can
compute the value V7 (s) and scalarised value u(V7™(s)) of any policy 7 for both states:

19p+1

V™(s) = (as—p, 19p+1) = u(V"(s)) = /(as —p)2+ 1+ 50

(32)

where a;, = 4 and a,, = 3. Notice that the scalarised value u(V7(s)) of any policy =
is completely determined by parameters (p,s). Hence, let us define a function f(p,s) =
u(V7™(s)). We can compute its derivative with respect to p as:

P — Qg 19
+77
VP2 —2asp+a2+1 20

f'(p,s) = (33)
The derivative f/(p, s1) has a root at 71 ~ 0.958, while f’(p, s2) has a root at ro &~ —0.042. In
both cases, these roots correspond to global minima. Consequently, over the interval [0, 1],
the maximum of f’(p, s1) is attained at p = 0, and the maximum of f/(p, s9) is attained at
p=1

Therefore, m is the unique (u, s9)-optimal policy, whereas my is the unique (u,s1)-
optimal policy. It follows that no u-optimal policy exists. |

Next, we focus on state-level optimality. Here, we prove that there are finite MOMDPs
whit utility functions u such that, despite being strictly monotonically increasing, not even
stochastic non-stationary (u, s)-optimal policy exist for a single state. Formally:

Theorem 3 Letu: X — R be a function under the SER criterion that is strictly mono-
tonically increasing in the set X C R™. Then, there are finite MOMDPs M for which u is

an utility function but no policy m € II(M) is (u, s)-optimal policy for any state s of the
M.

Proof Consider the set X = R? and the utility function u : X — R defined by
x
2
where 1(,~0y is equal to 1 if # > 0 and 0 otherwise. It is clear that this function u is
strictly monotonically increasing over R%. Moreover, we can quickly notice that this policy

prioritises the second objective y over the first objective x, but requires that z is not
completely neglected.

u(z,y) = - +y+ Loy,

18



OPTIMISING UTILITY FUNCTIONS IN MOMDPs

up,1-p)=2-%ifp>0,elsel
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Figure 4: Visual representation of all possible scalarised values of all policies of the MDP
of Theorem 3. For every policy 7 of this MDP, there is some p € [0, 1] such that
u(p,1 — p) is exactly the scalarised value of w. The z-axis ranges from 0 to 1,
while the y-axis shows that no policy attains a scalarised value of exactly 2.

Let M be the two-objective deterministic MDP introduced in Example 1, consisting
of two states s; and s, where s; is the initial state and s, is the terminal state. At
state s1, there are two available actions with associated rewards R(s1,a1) = (1,0) and

—

R(Sl,a2) = (0, 1). .
Any policy in M can be written as 7(s1,a1) = p and 7(s1, az) = 1—p, for some p € [0, 1].
The corresponding value vector at state s; is then

V™(s1) = (p, 1 — p).

For any policy with p > 0 (i.e., with at least some probability of selecting action a; with
positive reward in x), we have

ulp,l—p)=-+(1—-p) +1=2—

(VRS

p
5

Therefore: )
supu(p,1 —p) = lim (2—7) = 2.
sup (p,1—p) Jlim, 5
However, the value 2 is not attained by any policy because for p = 0, the utility is
u(0,1) = 1. Despite that fact, we can get arbitrarily close to the value of 2 without
never reaching it: for every policy 7 with 7(sj,a1) = p > 0, there exists € > 0 such that
0 < p —e < p, and the policy 7’ satisfying 7’(s1,a1) = p — € obtains

w(V™ (s1)) =2 -2 3 oo g = w(V™(s1)).

Hence, no (u, s1)-optimal policy exists in this MOMDP. Finally, as a visual illustration
of our proof, Figure 4 illustrates the scalarised values of all possible policies in this MOMDP.
|
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The conclusions of Theorem 3 might seem especially counter-intuitive. According to Lu
et al. (2023), the Pareto front is convex (recall from Def. 13: the set of (u,Sp)-optimal
policies for any given strictly monotonically increasing function), and thus all its policies
are guaranteed to be easily obtained by solving a series of single-objective MDPs. The
subtlety to understand this seeming paradox is that if an wutility function has an (u,Sp)-
optimal policy, it belongs to the Pareto front. However, there is no guarantee that such
utility function can be maximised in the first place, as Theorem 3 just proved.

Moreover, the result of Theorem 3 is particularly noteworthy, as much of the MORL
literature focuses on computing (u, Sp)-optimal policies for strictly monotonically increasing
utility functions (Roijers et al., 2013; Hayes et al., 2022) (i.e., following the state-independent
criterion, which considers only the initial states Sp). However, as established in Theorem
3, the existence of such optimal policies is not guaranteed.

These negative results naturally lead to the question of identifying which families of
utility functions ensure the existence of at least one global stationary utility-optimal policy,
or at least one stationary utility-optimal policy per state. The interest in stationary policies
is customary in (single-objective and multi-objective) reinforcement learning Roijers and
Whiteson (2017). Formally, in the following subsections, we address the two problems
below, focusing on the SER criterion:

Problem 1 For which families of utility functions is the existence of a stationary (u, s)-
optimal policy for every state s in any finite MOMDP guaranteed?

Problem 2 For which families of utility functions is the existence of a stationary u-optimal
policy in any finite MOMDP guaranteed?

Following Sections 3.2 and 3.3, then provide sufficient conditions for the existence of
utility-optimal policies at the state level and at the all-states level, respectively.

3.2 Existence of a Utility-Optimal Policy in a State

Next, we tackle Problem 1 by presenting a sufficient condition for utility functions u that
ensures the existence of stationary (possibly stochastic) (u, s)-optimal policies for each state
s of any finite MOMDP. We remark that those stationary policies need to be (u, s)-optimal
among the set of all possible policies II, including non-stationary stochastic ones.

This sufficient condition to prove the existence of stationary (u, s)-optimal policies is
that the utility function v must be continuous. To prove it, we require first the indispens-
able Theorem 4 that constrains the search space for the utility-optimal policy to that of
stationary policies.

Lemma 1 Let M be any finite MOMDP. Then, for every policy w, there exists a stationary
policy ©' such that, for each state s of M, it obtains the same expected returns as m:
V™(s) =V (s).

Proof It follows directly by generalisation from single-objective MDPs, where for any pol-
icy 7 there exists a stationary policy 7’ such that, for every state s, both policies yield the
same value (i.e., V™(s) = V™ (s)). Theorem 5.5.1 of (Puterman, 1998) provides a complete
proof for the single-objective case. |
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Theorem 4 Let M be any finite MOMDP, let S be its state set, let TI(M) be its policy
set, and let H(MS) be its set of stationary policies. Consider any utility function u of M
under the SER criterion. If an {(u, s)-optimal policy m, € H(M) exists for a state s € S,
there exists at least one stationary policy 7', € II(M?) such that 7. is also (u, s)-optimal.

Proof Let 7, be such that u(V”*)( ) > u(V™)(s). Then, by Lemma 1, there exists another
Statlonary policy 7/, such that V™ (s) = V™ (s). Thus, u(V™(s)) = u(V™(s)) > u(V™(s)),
and so 7, is also (u, s)-optimal. [ ]

Lemma 1 and Theorem 4 allow us to finally prove why the family of continuous utility
functions satisfies Problem 1:

Theorem 5 Let M be a finite MOMDP and let S be its set of states. Let u : X > Rbea
utility function of M that is continuous in X. Then, for each state s € S, there exists at
least one stationary {(u, s)-optimal policy.

Proof Our proof consists of proving that the restricted dominion D C X of any utility
function u over all possible value vectors of a finite MOMDP M is necessarily a closed
and bounded set. Thereafter, we can apply the Extreme Value Theorem (Theorem 4.16 in
Rudin (1976), Theorem 8 of Section 14 in Stewart (2011)), which states that any continuous
function f : D — R whose dominion is a closed and bounded set D C R™ (i.e., a compact
subset of R™) is guaranteed to have absolute maxima and minima in D.

Given an MOMDP ./\71, consider the polytope (i.e., an n-dimensional bounded polyhe-
dron) induced at a state s by a convex coverage set CC'S of M (recall Equation 15). This
polytope has a finite number of vertices, each corresponding to a deterministic stationary
policy (Roijers and Whiteson, 2017).

By definition, the CCS contains all attainable value vectors at state s by stationary
policies. Moreover, we know that the C'CS also contains all attainable value vectors at
state s by non-stationary policies by virtue of Theorem 4. Furthermore, any such value
vector can be expressed as a convex combination of the value vectors associated with the
deterministic stationary policies in the CCS (Roijers and Whiteson, 2017).

Let us define D C R" to. the polytope of all value vectors contained within the CCS. It
is clear that such set D C X contains the dominion of all possible inputs of utility function
u in a given MOMDP. Moreover, it is also clear that D is both bounded and closed by CCS.

Therefore, since u is a continuous function defined over a set D that is closed and
bounded, by the extreme value theorem, there exists some element 17*(5) € D for which
u(V,(s)) is the absolute maximum of u.

By definition, this policy 7 is a stationary (u, s)-optimal policy. [ |

It is important to note that Theorem 5 establishes only sufficient conditions for utility-
optimal policy existence. Consequently, (u,s)-optimal policies may still exist for certain
discontinuous utility functions. Indeed, the proof of the upcoming Theorem 12 provides an
example of a discontinuous utility function for which (u, s)-optimal policies exist for every
state s.
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An interesting consequence of Theorem 5 is that, for any initial state sg of any MOMDP,
the undominated set (recall Definition 11) is guaranteed to contain at least one stationary
(u, sp)-optimal policy for every continuous utility function u. For continuous and strictly
monotonically increasing utility functions, such policy will also belong to the Pareto front
(Definition 13). Finally, all linear utility functions are in particular continuous and it is
already known that their utility-optimal policies belong to the Convex hull (Definition 14).

3.3 Existence of a Utility-Optimal Policy

Next, we focus on tackling Problem 2. We want to find stationary policies that are u-
optimal for every state in an MOMDP. Again, we remark that we aim to find stationary
(possibly stochastic) policies that are u-optimal among the set of all possible policies II,
including non-stationary stochastic ones. Problem 2 is substantially more demanding than
Problem 1, which only required optimality at a single state. In this broader setting, neither
continuous differentiability nor strict monotonicity of the utility function is sufficient, as
shown in Theorem 2.

It is well known that a u-optimal policy always exists when w is linear. This naturally
raises the question of whether other families of utility functions also guarantee the existence
of such policies. Theorem 6 addresses this by identifying a broader family: utility functions
obtained by composing an affine transformation with a strictly monotonically increasing
function. We first present several auxiliary results that will be instrumental in proving this
theorem.

Lemma 2 For every finite single-objective MDP M, any utility function u that is strictly
monotonically increasing preserves the ordering between policies based on their values. That
18, for every two value functions Vi and Vs, for every state s:

(uoV1)(s) > (uo Va)(s) < Vi(s) > Va(s), (34)
(uoVi)(s) = (uoVa)(s) <= Vi(s) = Va(s). (35)

In particular, any optimal policy is also u-optimal in M and vice-versa.

Proof Direct from the definition of a strictly monotonic function. |
Next Lemma 3 proves another auxiliary result: that a deterministic and stationary

u-optimal policy always exists when w is affine.

Lemma 3 For every finite MOMDP M, for any affine utility function u, a deterministic
and stationary u-optimal policy exists in M.

Proof We offer a constructive proof: we find this deterministic and stationary u-optimal
policy. Consider any affine utlhty function u(¥) = @ - T + b with w, b € R". Next, given
an MOMDP M with reward set R consider an associated single-objective MDP M with
identical states, actions, and transition function, but with a reward set R defined as:

FeER <« wW-FeR. (36)
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It is clear that there exists at least one deterministic and stationary optimal policy
in M. This policy 7, (or any other optimal policy of M) satisfies for every state s:

V™ ()M = mng[Z Vi - R(Syap, Arer) | St = s, 7 (37)
t=0
= maxw - B> y*R(Sipk, Arr) | St = 5,7] (38)
t=0
= max w - 17(8)/\;1 (39)
= max V(s)/\;l +b (40)
= max u(V(s)M), (41)

where the notation ‘_/;(r/l indicates the (MO)MDP where 7 is being evaluated. Thus, by
definition, 7, is also u-optimal in the MOMDP M. [ ]

Building on these two lemmas, we can establish a family of non-linear utility functions
for which a stationary u-optimal policy exists. Moreover, for this family of utility functions,
there is always at least one deterministic and stationary utility-optimal policy. Specifically,
this class consists of utility functions obtained by composing an affine transformation with
a strictly monotonically increasing function.

Theorem 6 Let M be a finite multi-objective MDP, and let u be a utility function that
can be decomposed as u(x) = h(g(x)), where g is an affine utility function of M and h is
a strictly monotonically increasing function over the image of g. Then, there exists at least
one deterministic and stationary u-optimal policy.

Proof First, we show that any utility function u that can be written as the composition
of a linear function and a strictly monotonically increasing function is guaranteed to have
u-optimal policies:

(i) By Lemma 2, applying a strictly monotonically increasing utility function to a single-
objective MDP does not change the set of optimal policies.

(ii) Any linear utility function [ can be used to convert a multi-objective MDP M into
a standard single-objective MDP M. The optimal policies of M are exactly the
l-optimal policies of M.

(iii) Combining these observations, consider a utility function «’ such that u/(z) = h(l(x)),
where h is strictly monotonically increasing and [ is linear. Then w preserves the same
set of deterministic and stationary optimal policies as [. In particular, there exists at
least one u’-optimal policy that is both deterministic and stationary.

Next, we prove that two families of utility functions share the same utility-optimal
policies (i.e., two utility functions u,u” for which every u-optimal policy is u'-optimal and
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vice-versa) : those formed by composing a strictly monotonically increasing function with
either: (1) an affine or (2) a linear function.

(iv) The proof of Lemma 3 shows that any affine utility function g(x) shares the same
utility-optimal policies as a linear utility function I(z) = g(x) — g(0). Specifically, in
any MOMDP, a policy is g-optimal if and only if it is [-optimal. This follows from the
fact that any affine function can be written as g(z) = A(z) + b, where A(z) is linear
and b = ¢(0) is a constant. Thus, I(z) = g(z) — g(0) = A(z) + b — g(0) = A(x) is
always a linear function.

(v) Now consider a function u(z) = h(g(x)), where h is strictly monotonically increasing
and g is affine. Define a second function u/(z) = h(g(x) — ¢g(0)). Since g(z) — g(0)
is linear, ' is the composition of a strictly monotonically increasing function and
a linear function. Therefore, by part (iii), v’ admits deterministic and stationary
optimal policies.

(vi) From part (iv), the functions g(x) and l(x) = g(x)—g¢(0) share the same utility-optimal
policies. Because strictly monotonically increasing functions preserve order, it follows
that u(z) = h(g(z)) and v/ (z) = h(g(x) — ¢g(0)) also share the same utility-optimal
policies.

Finally, since there is at least one u/-optimal policy that is both deterministic and sta-
tionary, and v and u’ share the same optimal policies, we conclude that there exists at least
one deterministic and stationary u-optimal policy. |

An interesting consequence of Theorem 6 is that, for any MOMDP, the Convex Hull
(recall Definition 14) is guaranteed to contain at least one deterministic and stationary
u-optimal policy for every utility function u that is a strictly monotonically increasing
transformation of an affine function.

Notice that linear utility functions are a particular case covered by Theorem 6. Such
functions are among the most commonly studied in MORL (Roijers and Whiteson, 2017;
Hayes et al., 2022). To conclude this section, we present an example of a utility function
that is non-linear, not absolutely continuous, and non-differentiable at some points, and
nevertheless a u-optimal policy exists (by virtue of Theorem 6).

Example 4 Let M be any 2-objective MDP. Let us define the utility function u such that:

1

_ 2x—y+5
u(z,y) =e + 6(71 T

); (42)
where C : [0,1] — [0, 1] is the Cantor function.

This wutility function is decomposable as u(x,y) = h(g(x,y)) with the affine function
g(z,y) = 2x — y + 5 being affine, and h(zx) = e* + C(H%) is a strictly monotonically
increasing function. By Theorem 6, an u-optimal policy exists. Interestingly, u is in gen-
eral not absolutely continuous nor differentiable at all points due to the Cantor function
component.
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Notice that Theorem 6 only provides sufficient conditions that a utility function « must
satisfy to guarantee the existence of u-optimal policies. In fact, Example 2 shows a non-
affine utility function for which a u-optimal policy exists in a particular MOMDP.

3.4 An Algorithmic Perspective

We present one last theorem in this sections that connects our previous formal results with
practical MORL. As we have repeatedly mentioned, the MORL literature has focused on
developing algorithms that find the policies that maximise utility functions under the SI
criterion (i.e., computing (u, s)-policies, as proved by Theorem 1). Hence, a natural question
is whether such a computed (u, s)-optimal policy is also an u-optimal policy for the whole
MOMDP. Next, Theorem 7 states that the answer is yes (with a very minor but) if the
utility function belongs to the family of functions described in Theorem 6, independently
of whether such policy is stochastic, deterministic, non-stationary or stationary. Formally:

Theorem 7 Let M be a finite multi-objective MDP, and let u be a utility function of/\;i
that can be decomposed as u(x) = h(g(x)), where g is an affine function and h is a strictly
monotonically increasing function over the image of g. Let Sy be the set of initial states.

—

Then, for any policy m € TI(M):

1. (Weak version): ©m mazimises g according to the SI criterion if and only if m is
(g, s)-optimal Vs € Sg,

2. (Strong version): m mazimises u according to the SI criterion if and only if w is
(u, s)-optimal Vs € Sg,

where Sp C S is the subset of reachable states such that for each state s € Sg there exists
at least one trajectory of state-actions pairs starting at some initial state sy € Sy with a
non-zero probability of reaching s.

Proof We prove the weak version of this theorem by induction. Without loss of generality,
we assume that g(z) is a linear function g(z) = @ - x. Also, by abuse of notation, we refer
to a policy maximising g(x) = - x at the state level as (w, s)-optimal, and at the all-states
level as w-optimal.

First of all, we notice that, if a policy 7 is optimal for some weight vector w under the
SI criterion (i.e., (w, Sp)-optimal), this implies that it necessarily is (@, so)-optimal for all
initial states so € Sp. This implication occurs because achieving maximum value w - 1751
with respect to the expectation over initial states means that such a policy has to reach the
absolute maximum value in at least one state. However, we know that there exists at least
one policy 7, that is both deterministic and stationary and reaches the maximum value for
every state (in particular, for every initial state) simultaneously. Thus, either the policy mg
is optimal at every initial state, or the policy m, achieves a higher scalarised value according
to the SI criterion.

Now consider any of the initial states sp of the MOMDP, and let ST be the set of
states with a non-zero probability of being transitioned from sg when following the policy
mo. Similarly, consider S to be the set of states with a non-zero probability of being
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transitioned from n steps from sgp when following the policy mg. By induction, we consider
that up to n, the policy m is (@, s)-optimal for any state in Sf,...,SI_;.

Now, assume by reductio ad absurdum that in any of the states s, € S|, the policy 7o
was not (w0, s, )-optimal. Due to the Bellman equation (Sutton and Barto, 1998), this would
imply that mp would obtain a sub-optimal value for some state s,, € S/_;, contradicting
our induction hypothesis.

It is clear that, for any state s with a non-zero probability of being visited when following
policy g, the policy my will also be (0, s)-optimal if 7y was wW-optimal under the SI criterion.

Finally, the proof of the strong version of this theorem is direct from the weak version
due to Theorem 6. |

Notice that, in practice, any (multi-objective) reinforcement learning algorithm only
deals with the set of reachable states Sg of an MOMDP. Thus, in all cases, either the set
Sgr is equivalent to the whole state set S = S, or can be safely considered as so. Under
those circumstances, for any utility function w satisfying the properties of Theorem 7, the
existing algorithms that compute (u, Sp)-optimal policies are actually computing u-optimal
policies. In particular, Theorem 7 provides a formal justification for the use of the SI
criterion in the plethora of MORL work dealing with linear utility functions.

Nevertheless, we remark that, as stated even in the major surveys of multi-objective
reinforcement learning such as (Roijers and Whiteson, 2017; Hayes et al., 2022), there is
much more than linear utility functions (or combinations of linear and SMI functions) in
MORL. Hence, our formal analysis in Section 3 motivates the need for developing new
algorithms for computing w-optimal policies for other families of utility functions. We
expand on this point in Section 7.

3.5 The Need for the State-Dependent Criterion

To conclude this section, we provide a deeper discussion on a topic briefly commented on in
previous sections: why do we need the state-dependent (SD) criterion? Which can also be
rephrased as: under which conditions would we need dedicated algorithms for computing
u-optimal policies?

First of all, there are two main reasons why it would be tempting to focus exclusively
on the state-independent (SI) criterion:

1. Simplicity: it is much easier to develop and test algorithms that aim at computing
(u, Sp)-optimal policies for the random variable of initial states Sy of the MOMDP,
than to compute policies that are (u,s)-optimal for all states s of the MOMDP.
Recall from Theorem 1 that any (u,Sp)-optimal policy is also optimal according the
SI criterion.

2. Apparent unnecessariness: The state-dependent criterion is seemingly not neces-
sary in single-objective reinforcement learning. In any single-objective MDP, a policy
that is optimal at the initial state is also optimal for every other state reachable
from the initial one. A proof of a more general statement is provided in Theorem 7,
in which we even generalised this claim for multi-objective MDPs and the family of
strictly monotonically increasing transformations of affine utility functions.
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Unfortunately, the second reason does not hold for arbitrary utility functions in MOMDPs.
We offered a counter-example in Theorem 2. There, we showed that there exist utility func-
tion for which in some MOMDPs there does not exist any wu-optimal policy, despite an
(u, s)-optimal policy existing for every state s of the environment. Moreover, the utility
function of Theorem 2 satisfied several desired properties such as strict monotonicty and
continuous differentiability. Thus, Theorem 2 showed us a problem endemic to MOMDPs:
some (u, Sp)-optimal policies are so-called contradictory policies. That is, they are poli-
cies that at the initial state they seem to optimise the utility function u, but as the agent
keeps following the policy, it may start performing suboptimal actions according to wu.

Contradictory policies, a phenomenon exclusive to MOMDPs, lead to three major al-
gorithmic problems when exclusively applying Sl-criterion techniques. We enumerate here
these three issues:

1. Initial-state bias: Imagine two policies, the first one 7 is (u, sg)-optimal only for the
initial state of the environment, and suboptimal for all remaining ones. The second
one, my, is suboptimal only for the initial state sp of the environment, but (u, s)-
optimal for all remaining ones. Policy 7o might seem at least a reasonable alternative
to take into account. Nevertheless, all current Sl-criterion-based algorithms will prefer
] Over mo.

2. Initial-state noise: Imagine two policies, the first one 7 is (u, sp)-optimal only
for the initial state of the environment, and suboptimal for all remaining ones. The
second one o is u-optimal. Clearly, policy o is the best choice of the two. However,
all current Sl-criterion-based algorithms will be unable to differentiate between m; and
9.

3. Problematic-utility hiding: For some utility functions, a u-optimal policy might
not exist, as Theorem 2 proves. If no u-optimal policy exists, it is reasonable to think
that the utility designer might want to modify its utility function to a more appropriate
one. However, it may occur that an (u, s)-optimal policy does exist for every single
state s of the given MOMDP, as the conditions required by Theorem 5 are much
weaker than its all-state-level counterpart, Theorem 6. Under such circumstances,
all current Sl-criterion-based algorithms will compute some (u,Sp)-optimal policy,
completely oblivious of any issue with the considered utility function.

The only way to tackle the three issues of contradictory policies is to also focus on the
SD criterion, and develop algorithms that compute u-optimal policies, or at least test if
they are (u, s)-optimal for all states of the MOMDP.

4. Utility-Optimal Policies under the ESR Criterion

After studying utility functions following the SER criterion in the previous section, here we
will examine them under the second-most widespread MORL criterion for defining utility
functions: the Expected Scalarised Returns (ESR) criterion. We recall that the ESR cri-
terion has received a lot less attention in the MORL literature (Hayes et al., 2022). For
the remainder of this section, unless explicitly stated otherwise, we assume that all utility
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Theorem 9 Theorem 8.1
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Theorem 8.2

Continuous utility
implies stationary
optimum existence
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Al Strict monotonicity Theorem 11 Theorem 8.3 Theorem 8.4
-states and continuous Strict monotonicity Affine utility implies Optimising initial state for affine
level differentiability does does not imply deterministic and stationary utility implies optimising all reachable
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existence single-objective MDPs /
Negative results Positive results

Figure 5: All theorems and assumptions presented in Section 4, which relate to utility-
optimal policies under the ESR criterion. Triangles indicate assumptions, and
large rectangles indicate theorems. Arrows indicate if a given theorem requires
an assumption for its proof. Formal results are classified in two axes: either
state-level results (related to Definition 18), or all-state-level results (related to
Definition 19), and either positive (located in Section 4.1) or negative results
(located in Section 4.2).

functions follow the ESR criterion (Def. 10). A graphical summary of the formal results
introduced in this section is presented in Figure 5.

As in the previous section, we start by introducing the notion of wutility-optimality at
the state, adapting it to the particularities of the ESR criterion. We say that a policy 7 is
optimal in state s, with respect to a utility function u, when it achieves a higher expected
scalarised discounted return from s than any alternative policy. Formally:

Definition 20 (ESR utility-optimal policy at a state) Let M be an MOMDP with
state set S, and policy set II(M). Let u be a utility function of M. A policy m, € TI(M) is
optimal at a state s € S with respect to u under the ESR criterion if and only if:

E[u(Gy)|S: = s, m] > Elu(Gy)|S: = s, 7], (43)

-

for every policy m € TI(M). We say that . is (u, s) gsr-optimal for short.

By abuse of notation, in this Section, we refer to any utility-optimal policy at state s as
(u, s)-optimal, removing the E'SR subscript.

Example 5 Consider the same MOMDP M from Exzample 1. It has two states: an ini-
tial state sy and a terminal state sa. An agent can perform two actions (a1, ag) in this
environment, with rewards R(s1,a1) = (1,0), B(s1,a2) = (0,1) respectively.

Consider the utility function u(x,y) = x + sin(y). Any stochastic and stationary policy
m will obtain scalarised value ), 7(s,a) -u(R(s,a)). The formula for non-stationary policies
is analogous. Importantly, the scalarised value of any policy resides within k4 (1—k)-sin(1)

for some k € [0, 1].

28



OPTIMISING UTILITY FUNCTIONS IN MOMDPs

The deterministic policy 7(s1) = a1 that obtains vectorial value V™(s1) = (1,0) is clearly
(u, s1)-optimal since k - sin(1) < k for any k € [0, 1].

Next, following the same structure of the previous section, we also define utility-optimal
policies at the all-states level as policies that are utility-optimal in every state in the
MOMDP. Formally:

Definition 21 (ESR utility-optimal policy) Let M be an MOMDP with state set S,
and policy set TI(M). Let u be a utility function of M. A policy . € II(M) is optimal
with respect to v under the ESR criterion if and only if

E[u(G,)|S; = s, m] > E[u(G,)|S, = s, 7], (44)

for every policy m € H(./\;l), and every state s € §. We say that m, is ugsgr-optimal for
short.

By abuse of notation, in this Section, we refer to any utility-optimal policy as u-optimal,
removing the ESR subscript.

Example 6 In the MOMDP in Example 5 above, policy 7w(s1) = ay is u-optimal since there
are only two states, and the second one is terminal.

The remainder of this section, analogously to the previous Section 3, is devoted to
providing formal results for utility functions under the ESR condition. Next Section 4.1
provides all positive results (such as sufficiency conditions), while following Section 4.2
provides all negative results (insufficiency conditions). You will notice that both subsections
are more succinct than their SER-criterion counterparts of Section 3, to avoid unnecessary
repetitiveness.

4.1 Positive Results

In this section, for the same reasons stated in Section 3, we aim at addressing Problem 1
and Problem 2 for utility functions under the ESR criterion. As mentioned in the previous
section, our aim is to find stationary (possibly stochastic) policies that are either (u,s)-
optimal or w-optimal among the set of all possible policies II, including non-stationary
stochastic ones.

To address both problems, it would be very practical to know which formal results of
Section 3 generalise for the ESR criterion as well. The answer is that most of them do, but
not all of them. Next, Theorem 8 contains all such formal results for the ESR criterion.

Only one formal result of the next Theorem 8 also requires a new assumption: that any
discounted return can be obtained by stationary policies® Formally:

Assumption 1 Let M be a finite single-objective Markov decision process. Let G, be
the random wvariable of possible discounted returns that can be achieved by any policy w
(stationary or not) of M. Let G € R™ be any value belonging to the support supp(Gr) of

5. This assumption is analogous to Theorem 5.5.1 of (Puterman, 1998), which states that any value V' can
be obtained by stationary policies.
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Gr. Then, there exists at least one stationary (possibly stochastic) policy ©' € TI¥(M) for
which one of its possible discounted returns is G:

Vr: G € supp(Gr) = In’ € I°(M) : G € supp(Gyr). (45)

We conjecture that Assumption 1 holds for every finite MDP, but it is beyond the scope
of this paper to prove such a theoretical (single-objective) result. Such a result would
prove that the sets of possible discounted returns for stationary and non-stationary policies
are identical. In this work, we limit ourselves to studying the consequences that such an
Assumption 1 would have if it were true.

Finally, we provide the omnibus theorem, which summarises all positive results that
generalise from the SER criterion, which are:

1. Regarding the state-independent criterion: Maximising an utility function

under the SI criterion in some MOMDP is equivalent to being (u, s)-optimal for the
unique initial state of an associated MOMDP.

2. State-level optimality: If Assumption 1 is satisfied, for any continuous utility func-
tion u, for any state of every finite MOMDP, a stationary (u, s)-optimal policy exists.

3. All-states-level optimality: For every MOMDP, for any affine utility function w,
a deterministic and stationary u-optimal policy exists.

4. Regarding algorithms: For any affine utility function u, a policy that maximises u
under the Sl-criterion is also (u, s)-optimal for all reachable states s from any initial

state of the MOMDP (i.e., the policy is virtually u-optimal).

Next Theorem 8 formalises each of these four statements and proves all of them.:

Theorem 8 (ESR Omnibus) Under the ESR criterion:
1. Regarding the state-independent criterion: Theorem 1 holds.
2. State-level optimality: Theorem 5 holds if Assumption 1 is satisfied.
3. All-states-level optimality: Lemma 3 holds.

4. Regarding algorithms: The weak version of Theorem 7 holds.

Proof We prove each statement separately.

1. Regarding the state-independent criterion: It suffices to prove that for any pair
of policies m, 7’ such that 7 = 7’|s, the scalarised values E[u(G™)]s; and E[u(Gy) |
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Sy = sg, '] are identical:

Blu(Go) | $1 = so.7 =E[u<§wké'<st+k, A S =so] (40
_E[u<,§ FR(Sun Ad) | S =son] (D)
=E[u<§jlm'<st+k, Av)| 8= Sorl (49
CBu(Y P R(Sik Ac) | S = Sour] (49
(G st 50)

Thus, we proved that:

E[u(G™)]s; = max E[u(GP)s; <= s (u,so)-optimal in M. (51)

pEI(M)

2. State-level optimality:

e For any MOMDP, its vectorial reward set is bounded and closed (i.e., compact).

Now, every possible return of the MOMDP is a convergence sequence of elements
from R.

e Consider the space of possible discounted returns G of M. This space is clearly
bounded by ﬁ || Rimaz||- We want to prove that G is also closed to conclude that
it is compact.

e To prove that G is closed, we will check that every convergent series of elements
G, € G converges to a point in G. For that, we notice that any element G € G
has at least one stationary policy 7 associated with it, such that 7w achieves the
discounted return G, by Assumption 1. The set of stationary policies II(S) is
compact. Thus, any associated convergent sequence of policies will also converge
to another policy. There mig}}t be several associated policy sequences, but all

of them converge within II*(S). Moreover, all of them will have an associated
discounted return. Thus, G is closed.

e Since G is bounded and closed, it is compact. Now, since u is continuous, the
image u(G) is also compact. Thus, E[u(G) | s, 7], the image of a linear function,
is also compact.

e Finally, any compact set in the metric space has a maximum element. The

maximum element of E[u(G) | s,m € II¥(S)] is the (u, s)-optimal policy. Thus,
there exists a stationary (u, s)-optimal policy for every state s of the MOMDP.

3. Remaining statements: Affine utility functions behave identically under the ESR
and SER criteria. Hence, the proof of Lemma 3 and Theorem 7 also apply here.
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Theorem 8 addresses both Problem 1 and Problem 2 for utility functions under the ESR.
Importantly, it provides weaker results for both problems:

e First, at the state level, we now require Assumption 1 to prove that continuous utility
functions have associated (u, s)-optimal policies at a given state s.

e Second, at the all-states level, we could not generalise Theorem 6 nor the complete
Theorem 7 to the ESR criterion. Thus, we can only prove that affine utility functions
are guaranteed to have associated deterministic and stationary u-optimal policies.

If Assumption 1 holds, Theorem 8 provides an important connection between (u, s)-
optimal policies and the distributed undominated set (recall Definition 4). Under Assump-
tion 1, for any initial state sg of any MOMDP, the distributed undominated set is guaranteed
to contain at least one stationary (u, sp)-optimal policy for every continuous and strictly
monotonically increasing utility function w. Moreover, all linear utility functions are in
particular continuous and it is already known that their utility-optimal policies belong to
the convex hull (Definition 14).

Moreover, another interesting consequence of Theorem 8 is that, for any MOMDP, the
convex hull is guaranteed to contain at least one deterministic and stationary w-optimal
policy for every affine utility function wu.

In the following subsection, we will delve into the reasons why the results obtained by
Theorem 8 are weaker for the ESR criterion. Following the methodology of the previous
section, we will provide several examples of insufficient conditions for utility functions under
the ESR criterion.

4.2 Negative Results

Next, we characterise several insufficient conditions that are not enough to guarantee the
existence of (non-stationary) deterministic or (non-stationary) stochastic (u, s)-optimal or
u-optimal policies in finite MOMDPs under the ESR criterion. In short, (i) any insufficient
condition for utility functions under the SER criterion is also insufficient under the ESR
criterion, and (ii) some sufficient conditions for utility functions under the SER criterion
now are insufficient under the ESR criterion:

1. For (u, s)-optimal policies (state level): being strictly monotonically increasing.
Theorem 9 shows a counterexample.

2. For u-optimal policies (all-states level):

e being simultaneously strictly monotonically increasing and continuously differ-
entiable. Theorem 10 shows a counterexample.

e being strictly monotonically increasing, even in single-objective MDPs. Theorem
11 shows a counterexample. This insufficient condition is exclusive to the ESR
criterion.
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ﬁ(slral) = (LO)

R(sy,a,) = (0,1000)

Figure 6: MOMDP of Theorem 9. Circles indicate states and arrows indicate transitions.
The grey circle is a non-terminal state, in which all transitions return to it indef-
initely.

These conditions prove that, when computing a utility-optimal policy under the ESR
criterion, we need to be careful about understanding if such a policy will exist in the first
place. The remainder of this section is devoted to providing three counterexamples to prove
each of the three stated insufficiency theorems.

Our first counterexample is a finite MOMDP and a monotonically increasing utility
function u for which no (u, s)-optimal policy exists for any state s, even if u belongs to the
family of monotonically increasing functions.

Theorem 9 Letu: X — R be a function under the ESR criterion that is strictly mono-
tonically increasing in the set X C R™. Then, there are finite MOMDPs M for which u is
an utility function but no policy m € II(M) is (u, s)-optimal for any state s of M.

Proof Consider the set X = Rt x RT, and the utility function u : X — R such that

x+y, ifxz>0andy>0,
u(@,y) = .

— otherwise.

Notice that the utility function w is strictly monotonically increasing for all possible vectors
of X.

Consider an MOMDP with a unique state s; such that all actions upon s; transition
to itself indefinitely, represented in Figure 6. There are two possible actions in s; with
associated rewards R(sy,a;) = (1,0) and E(s1,az) = (0,1000).

It is clear that all stationary policies (both deterministic and stochastic) in this envi-
ronment yield a negative scalarised value and can be easily discarded as suboptimal.

Intuitively, we observe that the optimal policy for w is a non-stationary policy that
almost always performs action ao, but at some later point, it performs action a;. The later
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ﬁ(sz' a,) = (0,6)

ﬁ(sz' az) = (4,4)

Figure 7: MOMDP of Theorem 10. Circles indicate states and arrows indicate transitions.
The yellow circle is a terminal state.

it performs a1, the more scalarised value it obtains. Let us consider the discount factor
~v = 0.1 for the computations:

e If it performs action a; first and then only performs action as, it obtains a return
of (1,0) + 0.1 - (0,1000) + 0.01 - (0,1000) + 0.001 - (0,1000) + - -- = (1,111.1), which
obtains a scalarised value of u(1,111.1) = 112.1.

e If it performs action a; second and the rest of the time performs action ao, it obtains
a return of (0,1000) + 0.1 - (1,0) 4 0.01 - (0,1000) + 0.001 - (0, 1000) + - - - = (1,111.1),
which obtains a scalarised value of u(0.1,1011.1) = 1011.21.

e If it performs action aq third and the rest of the time performs action as, it obtains
a return of (0,1000) + 0.1 - (0,1000) + 0.01 - (1,0) +0.001 - (0,1000) + - - - = (1,111.1),
which obtains a scalarised value of «(0.01,1101.1) = 1101.121.

Hence, there is no (u, s1)-optimal policy in M for utility function . [ |

The following Theorem 10 shows that being finite is also insufficient for an MOMDP to
guarantee the existence of stochastic u-optimal policies. Moreover, the utility function used
in the proof of Theorem 10, the squared norm n is both strictly monotonically increasing
and continuously differentiable, and is also a utility function commonly used in the MORL
literature following the ESR criterion (e.g., (Hayes et al., 2021), or (Roijers et al., 2018),
which use a more complex version of this utility function):

Theorem 10 Let u: X — R be a function under the ESR criterion that is both strictly
monotonically increasing and continuously differentiable in the set X C R™. Then, there are
finite MOMDPs M for which u is an utility function but no policy m € II(M) is u-optimal.

Proof Consider the set X = Rt x RT and the utility function n(z,y) = 2 + y2, which is
strictly monotonically increasing for any (z,y) € RT x RT, and continuously differentiable
in R2.
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R(SZ'aZ' 1) =19

R(Slr ai, 1) =10

R(Sz, as, 05) = 30

Figure 8: MDP of Theorem 11. Circles indicate states, and arrows indicate transitions.
Notice how action as has two possible transitions, each with probability 0.5. The
yellow circle is a terminal state.

Let M be a 2-objective deterministic MDP with three states s1, so, and s3 such that s3 is
the terminal state. Regarding actions, there is one possible action in s1, which has associated
rewards é(sl,al) = (1,0). Action a; transitions the state to sy. Then, in state s, there
are two possible actions with associated rewards R(s2,az) = (0,6) and E(s2,a3) = (4,4).
All actions in sy transition to the terminal state s3. The whole MOMDP is represented in
Figure 7.

This MOMDP has two possible deterministic policies. The first policy is m(s1) =
a1, m1(s2) = ag. This policy obtains values V™ (s1) = (1,6), V™ (s3) = (0,6). The second
policy is my(s1) = a1, m(s2) = as. This policy obtains values V™ (s1) = (5,4), V™2 (sq) =
(4,4).

According to utility function u, policy 7 obtains scalarised value 12 + 62 = 37 at state
s1, and 02 4+ 62 = 36 at state so. Then, policy 7 obtains scalarised value 52 + 42 = 41 at
state s1, and 4% 4+ 42 = 32 at state ss.

Then, any stochastic policy 7 will have scalarised value 37k + (1 — k) - 41 at state s; and
scalarised value 36k + (1 — k) - 32 at state sa, both for some £ € [0, 1].

In other words, m is the only (u, s2)-optimal policy, while 7o is the only (u, s1)-optimal
policy. Thus, no u-optimal policy exists. |

To finish this section, we recall that, under the SER criterion, we were able to prove
Theorem 6. This theorem states that there is always a utility-optimal policy for utility
functions that result from composing an affine function with a strictly monotonically in-
creasing function. However, such a condition is not enough under the ESR criterion, as the
following counterexample proves.
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Theorem 11 Letu: X — R be a function under the ESR criterion that is strictly mono-
tonically increasing in the set X C R™. Then, there are finite single-objective MDPs M for

—

which u is an wutility function but no policy © € TI(M) is u-optimal.

Proof Let M be a MDP in Figure 8, with three states s1, so, and sz such that s3 is the
terminal state. Regarding actions, there is one possible action in sj, which has associated
rewards R(s1,a1) = 10. Action ay transitions the state to s3. Then, in state so, there are
two possible actions with associated rewards R(s2,a2,0.5) = 30, R(s2,a2,0.5) = 10, and
R(s2,as3,1) = 19. All actions in sy transition to the terminal state ss.

This environment has two possible deterministic policies. The first policy is m1(s1) =
ay,m1(s2) = az. This policy obtains values V™ (s1) = 30, V™ (s2) = 20. The second policy is
ma(s1) = a1, m2(s2) = as. This policy obtains values V™2 (s1) = 29, V™ (s9) = 19. Consider
the following piece-wise utility function v : R — R, which is clearly strictly monotonically
increasing over R:

T r <10
200+ 19-(z—20) 10<z<20
10 -z otherwise.

According to the utility function wu, policy m; obtains scalarised value 300 at state sq,
and 155 at state so. Then, policy mo obtains scalarised value 290 at state s1, and 181 at
state ss.

Then, any stochastic policy m will have scalarised value 300k + (1 — k) - 290 at state s;
and scalarised value 155k + (1 — k) - 181 at state sg, both for some & € [0, 1].

In other words, 7 is the only (u, s1)-optimal policy, while 7y is the only (u, s2)-optimal
policy. Thus, no u-optimal policy exists. |

Theorem 11 provides a clear counterexample to any attempt to prove Theorem 6 under
the ESR criterion. In turn, this formal result clearly hampers the search for sufficient
conditions for stationary optimality under the ESR criterion. Hence, we anticipate that
algorithms for computing solutions under the ESR criterion will need to focus on computing
non-stationary policies.

5. Preference Relations in MOMDPs

In the past two sections, we identified families of utility functions that are guaranteed to
admit utility-optimal policies under both the ESR and SER criteria. A more fundamen-
tal issue, however, remains: which user preferences can actually be represented by utility
functions in a given MOMDP?

To address this question, we must formalise preference relations and their maximal ele-
ments in MOMDPs. Preference relations (or binary relations) specify, for any two elements,
which is preferred (Maschler et al., 2013; Steele and Stefansson, 2015). Although much of
the MORL literature treats preference relations and utility functions as interchangeable
(Hayes et al., 2022), it is conceptually important to distinguish them.
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We begin by defining preference relations for MOMDPs, following (Steele and Stefansson,
2015). To provide a definition that is valid for both ESR and SER criteria, we define pref-
erence relations as orderings over random vectors of (discounted) returns. Formally:

Definition 22 (Preference relation) We say that any binary relation = over at least
one pair of n-dimensional real-based random vectors Zy,Zs is a preference relation. In
particular, we say that:

o 7 is weakly preferred to Ty if and only if 71 = Zo.

° Zl € R" is strictly preferred to Zg if and only if Zl > Zg and not Zz > Zl. In short,
we denote 21 »~ Zo.

° Zl € R"” is indifferent to Zg if and only if Zl > ZQ and ZQ > Zl. In short, we denote
Z1 ~ Zg.

Notice that constant vectors are a degenerate case of random vectors. Thus any pref-
erence relation exclusively defined over pairs of constant vectors ¥ € R™ would also satisfy
Def. 22. Such a degenerate case is especially important when considering utility functions
under the SER criterion. Meanwhile, for utility functions under the ESR criterion, we will
need to consider the general case of Def. 22.

Moreover, notice that Def. 22 does not make any assumption about the properties of
the preference relation. The preference relation of the MOMDP need not be a pre-order,
partial order, or total order (Harzheim, 2005). This generality is intentional, as MORL
applications consider a wide variety of utility functions, and restricting the definition would
be unnecessarily limiting.

That said, if the preference relation is assumed to be at least a quasi-order (i.e., reflexive
and transitive), then its maximal elements can be defined (Harzheim, 2005). In our case,
these maximal elements correspond to random vectors of discounted returns that satisfy as
much as possible the given preference relation. Formally:

Definition 23 (Maximal element) Let = be a preference relation that is at least reflexive
and transitive (a quasi-order) over the set of random vectors Z. Then, the random,_vector
7. is a maximal element in Z if and only if for every other possible random vector A on

—

Zr7, = Z,~ 2. (52)

In any (single-objective or multi-objective) reinforcement learning algorithm, its solu-
tion concept is either a policy or multiple policies. Thus, it would be very convenient to
adapt Def. 23 to policies of MOMDPs. Hence, we formalise the concept of mazimal poli-
cies: policies whose associated discounted returns or value vector is a maximal element of
some preference relation. Following our methodology with utility functions, we will define
preference-maximality twice: first for a single state (state level), and second for every state
(all-states level). Formally:

Definition 24 (Maximal policy) Let M be an n-objective MDP with state set S, let
II(M) be the policy set, let S be the state set of M. Then, let Gs be the sets of all possible
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return random vectors of/\;i at each state s € Sgr, and Vs be the sets of all possible value
random vectors of/\;i at each state s € S. Finally, let = be a preference relations, that is
a quasi-order, over an associated set of random vectors Z. Then, when focusing a single
state s, we say that a policy m, € II(M) is a:

e Mazximal policy at state s € S for = under the ESR criterion if and only if its
associated random vector of discounted returns G™(s) at state s is a mazximal element
of = over ZN Gs. In short, we say that 7. is (=, s) psr-mazximal.

e Mazximal policy at state s € S for = under the SER criterion if and only if
its associated value vector V”( ) at state s is a mazimal element of = over Z NV
In short, we say that . is (=, s)sgr-mazimal.

And, when considering all states, we also say that:

e Mazximal policy for = under the ESR criterion if and only if its associated
random vector of discounted returns G™(s) for every state s is a mazimal element of
= over Z N Gs. In short, we say that w, is = gsr-mazrimal.

e Mazximal policy for = under the SER criterion if and only if its associated
value vector V™ (s) for every state s is a mazximal element of = over ZNVs. In short,
we say that my is =ggr-mazximal.

Notice that Def. 24 of preference-maximal policies is a more general solution concept
than utility-optimal policies. As we have previously mentioned, for every utility function,
we can always consider its implicit preference relation.

Preference relations (alongside the search for their maximal policies) are ubiquitous in
both single-objective and multi-objective MDPs, as the following three examples will show.
The first example is presented in the trivial case of a preference relation defined exclusively
over constants, and for single-objective MDPs.

Example 7 In finite single-objective MDPs, for every state s, the optimal policy 7y is a
maximal policy for the preference relation = defined as V(s) =¢ V'(s) < V(s) > V'(s).

Our second example also considers the degenerate case of a preference relation defined
exclusively over constants, but now over an MOMDP. This preference relation, the lexico-
graphic order, has been extensively studied in MORL (Gébor et al., 1998; Vamplew et al.,
2018):

Example 8 For any finite n-objective MDP, we consider the preference relation >=; over
all possible value vectors U € R™ established by the lexicographic order | = {1,...,n} such
that:

vmy e Vel k-1 =y and v >t

Since the lexicographic preference relation is a total order, it is always guaranteed for
any MOMDP that there is at least one policy whose value is a maximal element of =, for
every state s of M simultaneously.
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Our third example presents a well-known preference relation defined over return random
vectors (Hayes et al., 2021; Ropke et al., 2023).

Example 9 In finite MOMDPs, let us consider the preference relation > defined over re-
turn random vectors at some state s as

—

Gltéz < F@

1(95’) < Fg, () VvVZeR",
that is, if and only if Gy first-order stochastically dominates Go (recall Def. 4

Then, for every state s, the discounted returns random vector G is a mazimal element
at state s if and only if it, for every other returns random vector G at s satisfies:

Gr= G, = Fs(i)=Fg (¥) VIeR" = G=0G.. (53)

5.1 Preference Relations and Utility Functions

Now that these examples have established the ubiquity of preference relations in MOMDPs,
we proceed to study their connection to utility functions. In line with decision theory,
humans possess preferences that can sometimes be represented by utility functions, but not
all preference relations can be corresponded with utility functions (Steele and Stefdnsson,
2015; Peterson, 2017; Hansson and Hendricks, 2018; Maschler et al., 2013). When such a
function does exist, it is referred to as a representative function of the preference relation
>. Formally:

Definition 25 (Representatlve function) Let = be a preference relation over a set of
random vectors 2. Then, we say that a function u : X — R" with Z C X is representative
of the preference relation = if and only if, for every pair of random vectors Z\, Zy€ Z:

7\ = Zy < Eu(Z))] > Elu(Z,)]. (54)

As usual, we remark that for the degenerate case in which our preference relation only
compares constant vectors Vp, Vo € R™, then Eq. 54 gets simplified into:

Vi = Vo <= u(Vh) > u(Vs). (55)

Notice that Def. 25 is typically highly restrictive, as it requires a utility function to
completely mimic a preference relation without fail for a given set of random vectors. Thus,
some (but not all) preference relations have representative utility functions capable of repre-
senting them for any possible random vector. Nevertheless, any utility function u represents
some preference relation =, that exactly follows Equation 54.

A prominent example of a preference relation that cannot be represented with a utility
function is the lexicographic order (Debreu, 1997; Barbera et al., 1998), a fruitful and
extensively explored preference relation in MORL (Géabor et al., 1998; Vamplew et al.,
2018; Li and Czarnecki, 2019; Vamplew et al., 2021; Skalse et al., 2022; Skalse and Abate,
2023). To illustrate this limitation, we provide in Example 10 an MOMDP in which we
attempt unsuccessfully to build a representative linear function for a lexicographic order.
For the general impossibility proof covering arbitrary functions, see Corollary 2 of (Skalse
and Abate, 2023).
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ﬁ(sl' al) = (110)

ﬁ(slt aZ) = (011)

as

ﬁ(sp az) = (1,1)

Figure 9: MOMDP of Example 10, Example 11, and Example 12. Circles indicate states,
and arrows indicate transitions. The yellow circle is a terminal state.

Example 10 Consider an MOMDP M with two states: an initial state sy and a terminal
state so. An agent can perform three actions in this environment (a1, az,as), with rewards
R(s1,a1) = (1,0), E(s1,a2) = (0,1), and R(sy,as) = (1,1), respectively. This MOMDP is
represented in Figure 9.

Consider now the lexicographic order = over constant vectors such that objective 1 is
always preferred to objective 2. Hence, ﬁ(sl,ag) - E(sl,al) = R(s1, az). Any linear utility
function here will be of the form uy(z,y) = a-z+ (1 —a)-y. Foru, to represent >, it must
satisfy ua(1,1) > ue(1,0) and ua(1,0) > un(0,1), for example, upg(x,y) = 0.9z + 0.1y.

Notice that we could create such a utility function because there was a finite number of
policies that u needed to order. However, policies can be stochastic, and thus, the utility
function u needs to order infinite policies.

We can have for instance any policy m such that 7(s1,a1) = p,7(s1,a2) = 1 — p, with
1> p >0, which has associated value ‘7”(31) = (p,1 — p). Hence, the utility function must
also satisfy w(1,0) > 1(0.999,0.001), which would require an increased o > 0.9. And it
needs to be absolutely precise: u(p + ¢,1 —p —€) > u(p,1 — p) for every e > 0 arbitrarily
small.

Thus, in practice, no a < 1 would allow us to represent the lexicographic order. However,
ui(x,y) = = is not a satisfactory option, as it even fails to represent (1,1) > (1,0). Thus,
it is impossible to represent the lexicographic order as a linear utility function.

Although lexicographic orders cannot be represented by utility functions in MOMDPs,
they have maximal elements, associated with the maximal policies that we are most inter-
ested in, as illustrated in Example 8. This fact begs for the identification of utility functions
that at least share the same maximal policies as a given preference relation. Such functions
would allow us to recover the maximal policies using standard MORL algorithms. We call
this kind of utility function quasi-representative. Formally:

Definition 26 (Quasi-representative utility function) Let M be an n-objective MDP
with state set S, let TI(M) be the policy set, let = be a preference relation that is a quasi-
order, over an associated set of random vectors Z. Let u: X — R with Z C X. Then, we
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say that u is a quasi-representative utility function at state s € S for > if and only if every

-

(=, s)-mazimal policy m, € II(M) is (u, s)-optimal and vice-versa.

Notice that Def. 26 is valid for both the ESR or the SER criteria. For a given utility
function, if the quasi-representativity is satisfied for all utility-optimal policies according
the SER criterion, we will say that the utility function is quasi-representative under the
SER criterion, and likewise for the ESR criterion.

Notice also that if a utility function u is quasi-representative of some pref_’?rence relation

~ for all states of a given MOMDP, then every >-maximal policy 7, € II(M) is u-optimal
and vice-versa.

Example 11 Consider the MOMDP M in Ezample 10. The utility function u(x,y) =
10z +y is quasi-representative of the lexicographic order over value vectors because u(1,1) >
u(1,0) and u(1,1) > u(0,1).

Furthermore, quasi-representative utility functions naturally induce an equivalence re-
lation among utility functions. Accordingly, with a slight abuse of notation, we will say
that two utility functions are quasi-representative for a given MOMDP if and only if they
share the same set of utility-optimal policies at every state s.

Example 12 Consider the same MOMDP M and the lezicographic order = from Example
10. For example, utility functions u(xz,y) = 10x +y and u/'(z,y) = 152 + y + 30 share the
same utility-optimal policy (which is w(s1) = a3 ), and hence are quasi-representative for M
and = under SER criteria.

Quasi-representative utility functions allow us to focus on our last research question:
in a given MOMDP, which families of preference relations can be maximised by utility
functions? This question is of great importance, as the majority of MORL algorithms rely
on utility functions. Formally, in the following subsection, we address the problem below,
focusing on both the SER and ESR criterion:

Problem 3 For which families of preference relations is the existence of a quasi-representative
utility function u policy for every state s in any finite MOMDP guaranteed?

5.2 Formal Results

The following theorem presents one family of preference relations that satisfy Problem 3:
those for which there exists at least one maximal policy at every state (but not necessarily
the same for every state). For these preference relations, quasi-representative utility func-
tions (under both the ESR and SER criteria) always exist in any finite MOMDP. Formally:

Theorem 12 (Quasi-representative function existence) Let M be any finite MOMDP,
let Sp C S be a subset of all possible states of M.
Then, let = be a preference relation over a set of random vectors Z. Assume that > is :

1. Complete: for every two return random wvectors 21,22 € 2, either Zl = Zg or
Zo = Z1 or both.
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2. Transitive: for every three return random vectors Zl, ZQ, Zg IS Z), if 21 b Zg, and

Ty = Zs, then Zy = Zs.

3. State-mazimisable: for every state s € Sg, at least one (=, s)-maximal policy exists,

for either the ESR criterion or the SER criterion.

Then, if = is state-maximisable under the ESR criterion, there exists at least one quasi-

representative utility function for = at every state s € Sp under the ESR criterion.
Otherwise, if = is state-maximisable under the SER criterion, there exists at least one

quasi-representative utility function for = at every state s € Sg under the SER criterion.

Proof We offer a constructive proof of such a utility function focusing exclusively on return
random vectors G € G (i.e., for the ESR criterion). The proof for constant value vectors
(for the SER criterion) is direct from it:

1.

For every state s € Sg, consider its set of maximal elements 5*(5) according to -,
which is non-empty for every state due to Condition (3).

. Since the preference relation is complete, for every state s all its maximal elements

can safely share the same scalarised value (i.e., E[u(G,(s))] = E[u(G,(s))] for every
two G, G, € Gi(5)).

Hence, without loss of generality, we consider that there is a single maximal element
per state, without repeated maximal elements between states. That is, |G.(s)| = 1 for
every state s. We denote G(s) as the maximal element of state s.

. Then, the number of maximal elements is the same as the number of considered states

|Sr|, and we can order them according to > (we can order them because * is total and
transitive). In other words, we always know if Gy (s;) = G«(s;j) or Gi(s;j) = G«(s;) or

—

Gi(si) ~ G (s;) for any two states s;, s;.

. Then, we set a number between 1 and |Sg| for each maximal element G, (s;), ordered

by »=. Without loss of generality, we assume that > orders last the maximal element
of state s, then sy, and so on until the maximal element of state ss,| is the most

—

|p§ef|erred one. Then, we set E[u(G,(s1))] = 1, E[u(Gy(s2))] = 2, ... Elu(Vi(sis,)] =
Rl-

. For every other random vector G € U,G(s) such that G # G.(s) for any state s, we

—

set E[u(G)] = 0.

Now, by construction, for every state s we have that

arg max E[u(G)] = G.(s) € Gu(s). (56)
g(s)

In other words, for every state s € Sg, every maximal element é*(s) of = at that state will
maximise u at s. Hence, the policy , associated with G, (s) will be both (>, s)-optimal
and (u, s)-optimal. Thus, by Def. 26, the utility function u is a quasi-representative utility
function of > at state s under the ESR criterion. [ |
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Completeness and transitivity are standard assumptions for preference relations in de-
cision and game theory (Steele and Stefansson, 2015; Maschler et al., 2013). The third
condition arises specifically in the MOMDP setting, where the policy space may be infinite.
Indeed, as illustrated in Theorem 3, even in a finite MOMDP there may be no maximal
policy for any state of the MOMDP.

5.3 An Algorithmic Perspective

To conclude this section, we remark that MORL algorithms should especially focus on pref-
erence relations that are guaranteed to have associated quasi-representative utility func-
tions. Quasi-representative utility functions enable us to easily evaluate and compare poli-
cies quantitatively, aiding agents’ learning. Theorem 12 describes sufficient conditions for
a preference relation to have an associated quasi-representative utility function, as we just
proved.

The family of preference relations that satisfy the conditions of Theorem 12 is broad,
encompassing, for example, the family of lexicographic orders discussed earlier. In addition,
any continuous utility function induces a total order that meets all the requirements of the
theorem.

Nevertheless, we understand that, in practice, it may be difficult to compute utility
functions that exactly express a given preference relation. For instance, in single-objective
MDPs, so-called optimal algorithms like value iteration always terminate at a policy that
is nearly optimal up to a very small threshold ¢ > 0. Considering the practical con-
straints of reinforcement learning algorithms, we introduce next a relaxed version of quasi-
representative utility functions, which only requires its utility-optimal elements to be nearly
optimal up to some threshold e > 0. Formally:

Definition 27 (near-representative utility function) Let M be an MOMDP, let e > 0
be a small positive number, and let n : R™ — R* be a norm function. Let TI(M) be the
policy set, let = be a preference relation that is a quasi-order, over an associated set of

random vectors Z_f, and for which at least one (=, s)-optimal policy 7, exists for a given
state s of M. Letu: X — R with Z C X such that for every policy m € ITI(M):

7 is (u, s)-optimal = n(V7™(s) — V™ (s)) < e. (57)

Then, we say that u is near-representative of > in M for threshold € and norm n in Z for
the state s.

Clearly, any quasi-representative utility function is, in particular, a near-representative
utility function for threshold ¢ = 0. Hence, Theorem 12 guarantees their existence for any
complete preference relation.

Recent examples of near-representative utility functions include the work of Macau et al.
(2025), where their goal (applying our terminology) is to apply deep reinforcement learning
to compute near-representative linear utility functions of some given lexicographic order in
MOMDPs with large state and action spaces, where exact methods would be infeasible.
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6. Related Work

The majority of the literature on MOMDPs focuses on developing novel solution concepts
and on algorithms to compute them (e.g., Vamplew et al., 2009; Van Moffaert and Nowé,
2014; Roijers et al., 2015; Skalse et al., 2022; Ropke et al., 2023). For example, Van Moffaert
and Nowé (2014) developed an algorithm for learning the Pareto front of any given MOMDP.
Hence, they assumed that this Pareto front would always contain the solution policy (i.e.,
a u-optimal policy). However, as we proved in Theorem 2, this assumption does not hold
for arbitrary MOMDPs.

Here, alternatively, we focus on describing some families of utility functions for which
these solutions exist, a primarily overlooked formal problem despite its relevant implications.
Next, we compare the similarities and differences in the state of the art of formal and
algorithmic MORL literature with our work across several key areas.

6.1 Utility Functions in MOMDPs

We start by comparing our work with existing formal results on utility functions in MOMDPs.
First of all, in some cases, this paper includes formal results, for which we provided a step-
by-step formal proof for completeness, even though the proof could be easily extracted.
We are especially referring to Lemma 1 (which we comment on in more detail later) and
Lemma 3, which proves that stationary and deterministic u-optimal policies exist for any
affine utility function. While its proof is a natural consequence of the fact that such policies
also exist for linear utility functions (a fact that is well-known in the literature, see for
instance Weng, 2011), we deemed that it was important to at least offer a proof with the
minimal steps to make a connection between the two facts (and hence why it is merely a
Lemma and not a Theorem).

Next, we wanted to point out some connections of Assumption 1 with existing reinforce-
ment learning literature. Assumption 1 states that, for any finite (multi-objective) Markov
decision process, all possible discounted returns can be achieved even if we restrict ourselves
to stationary policies. This unproven assumption resembles the previously mentioned Put-
erman’s Theorem 5.5.1 in Puterman (1998). Recall that Puterman’s theorem states that all
possible values V' (i.e., the expected discounted returns) can be achieved even if we restrict
ourselves to stationary policies. However, this theorem does not specify whether this result
can also be applied to all the individual returns aggregated to compute the policy value V.
As mentioned above, while we conjecture that Assumption 1 holds for any MOMDP, it was
beyond the scope of this paper to provide a proof.

Then, we wanted to focus on the topic of finding properties of utility functions that are
insufficient to ensure that at least one utility-optimal policy exists, either at the state level
or the all-states level (i.e., our so-called negative results of Sections 3.1 and 4.2). Indeed,
previous works in the literature noticed that for some specific utility functions u there are no
stationary (u, s)-optimal policies (Weng, 2011) nor stationary u-optimal policies (Siddique
et al., 2020) under the SER criterion. Our work here presents examples of utility functions
for which neither the non-stationary wu-optimal nor the (u,s)-optimal policy exists, for
both the ESR and SER criteria. Importantly, we focused on finding negative results for
utility functions that satisfy attractive properties, such as strict monotonicity or continuous
differentiability. By identifying these insufficient properties, in this work, we are building
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towards a future theory of all necessary and sufficient conditions for the existence of utility-
optimal policies.

Finally, before our paper, the work of Rodriguez-Soto et al. (2024) was also particularly
concerned with the formal analysis of utility functions. Unlike our work, Rodriguez-Soto et
al. focused exclusively on utility functions under the SER criterion. Moreover, even for the
SER criterion, they considered a definition of utility function more restrictive than what we
apply in Def. 9 (among other things, requiring the utility function to be defined on every
point of R™). Hence, in this work, we generalise all formal results of Rodriguez-Soto et al.
(2024) for both the ESR and SER criteria. Furthermore, we also studied several problems
that Rodriguez-Soto et al. avoided. Specifically, we formally connect the large body of
algorithmic MORL work under the state-independent (SI) criterion with the concepts of
(u, s)-policies and u-optimal policies: Theorem 1 provide a unifying bridge between the SI
criterion and (u, s)-optimal policies, and Theorem 7 provides likewise for u-optimal policies.

6.2 Preference Relations in MOMDPs

Next, with respect to the analysis of preference relations in MOMDPs, to the best of our
knowledge, the only contributions in the MORL field beyond our own are Weng (2011); Lu
et al. (2023); Skalse and Abate (2023); Subramani et al. (2023) and Rodriguez-Soto et al.
(2024). Weng (2011) studied preference relations in ordinal MDPs, a specific family of
MOMDPs in which each reward function can take only two values (either 0 or some r > 0).
Instead, we offer a formalisation of preference relations that is valid for any MOMDP.

Next, Lu et al. (2023) focused on the Pareto-dominance preference relation. We recall
that the Pareto-dominance preference relation and the strictly monotonically increasing util-
ity functions are strongly related: the only possible (u, s)-optimal policies for such utility
functions are necessarily Pareto-dominant. Lu et al. proved that the Pareto front (Defini-
tion 13) is convex, leading to the result that it is sufficient to solve a series of single-objective
MDPs to compute the (u, s)-optimal policy for any strictly monotonically increasing func-
tion w if such a policy exists in the first place. Thereafter, the final (u, s)-optimal policy
will be guaranteed to be stationary and, in some cases, also deterministic. This formal
result is consistent with our Theorem 4, which proves that, under the SER criterion, if an
(u, sy-optimal policy exists for an arbitrary utility function u (not necessarily monotonous),
then an alternative stationary (u, s)-optimal policy is also guaranteed to exist.

The theoretical results of Skalse and Abate (2023) complement ours by showing that,
for every so-called objective (i.e., a preorder over policies), a u-optimal policy exists if and
only if the objective admits a linear utility representation. This finding is consistent with
our result in Theorem 6. However, they do not address whether broader families of utility
functions may also ensure the existence of a u-optimal policy, which is precisely what we
establish in Theorem 6. Furthermore, our notion of preference enables the ordering of
policies at the levels of individual states and all states, and adapts between the SER and
ESR criteria. Hence, we offer a finer level of granularity than their notion of objective. This
distinction is very relevant, as we have repeatedly mentioned that these different criteria
have different limitations, as illustrated in Theorems 3, 2, 9, and 10.

Next, Subramani et al. (2023) follow on the work of Skalse and Abate (2023), but
they address a separate research problem than this paper. They focus on comparing the
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MORL framework’s expressivity with other reinforcement learning frameworks. They aim
to understand the objectives (defined identically to (Skalse and Abate, 2023)) that each
framework can represent. However, like Skalse and Abate (2023), their objective definition
cannot provide different orderings for the state level, or the all-state level, while our for-
malisation of preference relations allows such granularity. Interestingly, Subramani et al.
(2023) provide results for both the ESR and SER criteria, which are referred to as inner
MORL (for ESR) and outer MORL (for SER), respectively, treating them as two separate
reinforcement learning frameworks. One of their most striking results is that, if we restrict
ourselves to stationary policies, any utility function « under the ESR criterion provokes the
same ordering between policies than another utility function u’ under the SER criterion
(the opposite claim is not true). Subramani et al. (2023) leave as a conjecture that the
same relationship may hold for non-stationary policies. Interestingly, none of our formal
results contradict this claim, but a definitive proof is outside of the scope of this work.

Then, Rodriguez-Soto et al. (2024) conducted a study of preference relations over value
vectors in MOMDPs, thereby establishing a family of preference relations for which we can
construct a quasi-representative utility function under the SER criterion. Here, we have
extended the results in Rodriguez-Soto et al. (2024) by defining preference relations over
random vectors in an MOMDP, including constant-value vectors as a special case. This
modification allowed us to generalise their results, and in particular prove in Theorem 12
that there is a family of preference relations for which we can build a quasi-representative
utility function under both the SER and ESR criteria.

Finally, we notice that the MOMDP community has tackled the study of specific families
of preference relations, especially lexicographic orders (Wray et al., 2015; Vamplew et al.,
2018; Li and Czarnecki, 2019; Vamplew et al., 2021; Skalse et al., 2022; Rodriguez-Soto
et al., 2026) or Pareto-dominance relations (Ropke et al., 2023; Van Moffaert and Nowé,
2014; Reymond et al., 2022; Vamplew et al., 2008). Both families of works typically focus on
developing algorithms to obtain policies that optimise a specific preference relation (either
the ESR or the SER criteria). Our work here formalised both problems as particular
instances of the problem of maximising a given preference relation. Thus, we aim to bring
to both communities’ attention that there might be more in common than they believe.

6.3 Preference Relations in Constrained MDPs

Continuing with the topic of preferences, closely related to our work, Miura (2023) provides
a formalisation of preferences and their main characteristics in constrained MDPs (Altman,
1999). In that setting, preferences are defined as sets of acceptable policies, and the ob-
jective is to determine, for a given environment, whether one can specify constraints and
reward functions in a constrained MDP (CMDP) such that the acceptable policies become
optimal. Although CMDPs and MOMDPs share several similarities, they ultimately belong
to different research areas. In a Constrained MDP, there are also multiple reward functions,
like in MOMDPs. However, there is a major difference in how these reward functions are
handled between the two frameworks. In an MOMDP, the classical approach is to consider
a utility function for aggregating all of them (or even trying to find a set of possible solu-
tions, considering that the utility function might be unknown). In a Constrained MDP, all
reward functions except one are associated with a constraint. The goal is to maximise the
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remaining reward function while ensuring that the remaining reward functions satisfy the
constraints (which are always known). Thus, it is important to consider that formal results
in the framework of MOMDPs are not always applicable to CMPDs or vice versa.

Take, for instance, our Lemma 1, which proves that restricting to stationary policies is
enough when searching for (u, s)-optimal policies under the SER criterion. This Lemma is
strongly related to Theorem 3.1 in Altman (1999), which states that the space of stationary
policies is complete in any CMDP. In fact, Altman’s and our formal results are both a direct
consequence of Theorem 5.5.1 in Puterman (1998). Indeed, other related work in the field of
MOMDPs has directly applied Altman’s theorem to prove their formal results, such Lemma
3.1 in Siddique et al. (2020). However, we preferred to explicitly provide a formal proof for
MOMDPs analogous to Altman’s Theorem 3.1 first, even if it was a relatively minor result.

7. Conclusions and Future Work Directions

Multi-objective Markov decision processes (MOMDPs) are widely regarded as the most suit-
able framework for sequential multi-objective decision-making problems. In an MOMDP, an
agent must balance competing objectives through a utility function that reflects the user’s
preferences. Nevertheless, current MORL applications largely overlooks two fundamental
theoretical questions concerning utility functions: (1) under which conditions does a utility
function guarantee the existence of an optimal policy? and (2) which preference relations
admit a representation in terms of a utility function? These questions are particularly rele-
vant to the two principal solution criteria for MOMDPs: the Expected Scalarised Returns
(ESR) and the Scalarised Expected Returns (SER) criteria.

In this work, we advance the theoretical foundations of MOMDPs by formalising both
problems for the ESR and SER criteria and providing a systematic analysis of each. Specif-
ically, we begin by introducing a formal notion of wtility optimality in MOMDPs, and
subsequently derive both sufficient and insufficient conditions for the existence of such poli-
cies in any finite MOMDP. Importantly, we have analysed utility functions at two levels:
the state level (requiring utility-optimality at a single state, such as the initial one), and the
all-states level (requiring utility-optimality at all states simultaneously). This separation
into two levels has allowed us to identify the level at which current MORL algorithms op-
erate (mostly at the state level, also known as the state-independent criterion), and hence
the formal results on which these algorithms can rely.

Turning to preference relations, we formalised them within MOMDPs. We provided a
definition of preference mazrimality in MOMDPs. Then we established minimal conditions
under which we can represent a preference relation with some utility function, namely the
so-called quasi-representative utility function that transforms preference-maximal policies
into utility-optimal policies and vice-versa.

For both concepts (utility functions and preference relations), we have focused on con-
necting our formal results with algorithmic applications. For utility functions, we have
proven that current state-independent (SI) algorithms always compute (u, s)-optimal poli-
cies, and also compute complete u-optimal policies for an identified family of utility func-
tions. Then, for preference relations, we have introduced the concept of near-representativity
(a more relaxed notion than quasi-representativity) and shown that any preference relation
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that admits a quasi-representative utility functions also admits a near-representative one.
Moreover, all these algorithmic connections apply to both the ESR and SER criteria.

Finally, we anticipate that these formal contributions will stimulate further research
in both the theoretical and applied domains of MORL. Indeed, our results carry direct
practical implications: the MORL community needs to decide at which level they want to
work (either the state level, the all-states level or both). As we have observed, an algorithm
that computes (u, s)-optimal policies (i.e., at the state level) may not necessarily learn
u-optimal policies. In fact, it may occur that such an algorithm will learn contradictory
policies at the all-state level, even if they are perfectly fine at the state level. In more detail,
by contradictory policies we refer to policies that follow trajectories that seem optimal from
an initial state, but then become suboptimal as the trajectory progresses (e.g., the policy
7 in the proof of Theorem 10).

We envision multiple future research directions. The rest of this paper will provide an
overview of the topics we consider the most significant and urgent challenges in theoretical
research on multi-objective reinforcement learning.

7.1 Existence of Utility-Optimal Policies

This work’s theoretical results have focused on proving the sufficient and insufficient condi-
tions for the existence of utility-optimal policies (for both the ESR and the SER criteria).

A natural next question is to determine which conditions are necessary for the existence
of utility-optimal policies. A first step towards answering this question would be to find
a family of utility functions for which w-optimal policies exist that is larger than the one
found by Theorem 6. While Theorem 6 already covers all linear utility functions, non-linear
utilities are also of significant importance in MORL. Probably the most famous non-linear
utility is the Chebyshev function (see (Perny and Weng, 2010; Roijers and Whiteson, 2017)).

Moreover, while our research has focused on proving the existence of utility-optimal
policies in general finite MOMDPs, it is also of great interest to study whether specific
properties of MOMDPs guarantee the existence of even more utility-optimal policies.

7.2 Novel Metrics and Algorithms

From an algorithmic perspective, we anticipate the development of methods that leverage
our theoretical results to better calculate utility-optimal policies. This exploitation will
probably require two steps. The first will be the development of metrics to determine
whether a policy is truly utility-optimal for all states (and again, these metrics will need to
exist for the ESR and SER criteria). Once these metrics are developed, they will need to
be incorporated into the structure of novel MORL algorithms that aim to compute utility-
optimal policies.

This algorithmic research should first be developed in controlled environments wherein
we can apply tabular reinforcement learning (as opposed to deep reinforcement learning
(Sutton and Barto, 1998)). This restriction stems from the fact that tabular reinforcement
learning algorithms generally provide convergence guarantees in single-objective reinforce-
ment learning, which we are especially interested in maintaining in the multi-objective case.
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7.3 More General Models

In this work, we have focused on finite multi-objective Markov decision processes. The finite
MOMDP model is the most well-known and applied model for multi-objective sequential
decision-making problems (Roijers et al., 2013; Roijers and Whiteson, 2017; Radulescu et al.,
2019; Hayes et al., 2022). Nevertheless, more general formal multi-objective models exist
that could be of great use if the same theoretical research studied here were replicated for
them. Since these models generalise the finite MOMDP model, all their theoretical results
would benefit the theoretical research in finite MOMDPs. Some examples include MOMDPs
with a countable state set or a Borel state set.

7.4 Closing Remarks

This paper aims to make clear the importance of theoretical research in multi-objective
reinforcement learning. Such research has direct implications for the future development of
real-world applications. To this end, we have provided a study of several key theoretical
areas in MORL that were still largely unexplored and showed their importance. We aspire
for this paper to inspire and contribute to the future development and expansion of the field
of theoretical multi-objective reinforcement learning.
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