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Abstract

Modeling information spread through a network is one of the key problems of network
analysis. Most approaches assume the spread is governed by some probabilistic diffusion
model, often parameterized by the strength of connections between network members (edge
weights), highlighting the need for methods that can accurately estimate them. Multiple
prior works suggest estimators for particular diffusion models, but lack a rigorous statistical
analysis establishing their asymptotic properties and allowing for uncertainty quantification.
In this paper, we develop a likelihood-based approach to estimate edge weights from the
observed information diffusion paths under the proposed General Linear Threshold (GLT)
model, a broad class of discrete-time information diffusion models that includes both the
well-known linear threshold (LT) and independent cascade (IC) models. We derive a finite
sample error bound for the estimator and demonstrate that it is asymptotically normal
under mild conditions. We conclude by studying the GLT model in the context of the
Influence Maximization (IM) problem. Extensive experiments on synthetic and real-world
networks demonstrate that the proposed estimation and inference frameworks for the GLT
model parameters can significantly improve estimation of spread from a given subset of
nodes, prediction of node activation, and the quality of the IM problem solutions.

Keywords: social networks, information diffusion, linear threshold model, independent
cascade model, influence maximization

1. Introduction

The emergence of large-scale online social networks has led to the appearance of rich datasets
which include not only connections between users and user features, but also the paths
of information propagation (also called information diffusion) between users. The term
“information” here is interpreted broadly and can refer to anything that spreads from node to
node, be it a news item, a tweet, or a virus. Information propagation paths, also known as
propagation traces, are especially valuable in modeling information spread, since they provide
direct data on the influence users have on their network neighbors. For example, Liu and Wu
(2018) used propagation traces for fake news detection, while Saito et al. (2008) used them
to estimate the probabilities of information transmission between users, i.e., edge weights,
assuming that the propagation follows the Independent Cascade (IC) model (Goldenberg
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et al., 2001), a simple and arguably the most popular information diffusion model. Goyal
et al. (2011) used this data to assign influence credits to users and subsequently solve the
influence maximization (IM) problem (Richardson and Domingos, 2002; Kempe et al., 2003),
that is, a task of identifying a fixed-size subset of users to “seed” the propagation that
would result in the highest number of nodes eventually reached. While all these papers use
the propagation traces to solve important problems related to influence propagation, the
solutions are usually obtained assuming a very specific diffusion model and with no further
uncertainty quantification. This calls for developing a general statistical framework enabling
flexible modeling, estimation, and uncertainty quantification of a network diffusion process
based on these traces, which is the main contribution of this paper.

We introduce a natural but surprisingly rich class of models we call General Linear
Threshold (GLT) diffusion models, which includes both the popular Linear Threshold
(LT) (Granovetter, 1978) and Independent Cascade (IC) models. Unlike other flexible
generalizations, it is not over-parametrized and thus allows for robust estimation of its
parameters from propagation traces and uncertainty quantification for various downstream
tasks. Similarly to the LT model, the GLT model assumes that each edge is assigned a
deterministic weight, and a node activates when the sum of incoming weights from its
currently active parents crosses a node-specific random threshold. Unlike the LT model,
which assumes that all the thresholds are uniformly distributed on [0, 1], the GLT model
allows the threshold distribution to vary between nodes. This seemingly straightforward
generalization turns out to bring a lot of new flexibility to the model, since it allows for
heterogeneity in how readily different nodes accept new information; some may be much more
easily influenced than others. The popular alternative to the LT, the IC model, which we
show corresponds to the GLT model with exponentially distributed thresholds (Proposition
6), is also not able to allow for this heterogeneity, leaving the GLT model the only option
that can.

Importantly, the proposed class of GLT models comes with a convenient likelihood form,
allowing for efficient parameter estimation via constrained convex optimization. Under
mild regularity conditions, we establish a finite-sample error bound for this estimator which
guarantees consistency, and derive its asymptotic distribution, allowing for construction of
asymptotic confidence intervals for the GLT edge weights and their smooth transformations.
In section 4.3, we demonstrate several applications of this result, including uncertainty
quantification for predicted node activation probabilities, testing for the difference in parents’
influence on a child node, and solving the Robust Influence Maximization problem, an
extension of the standard IM problem where edge weights are not available but are known
to lie in a given confidence interval.

While there have been several papers (He et al., 2016; Narasimhan et al., 2015) estab-
lishing Probably Approximately Correct (PAC) learnability guarantees for nodes’ activation
probabilities under the IC, LT, and several similar models, there has been very little work
establishing theoretical guarantees for the diffusion model parameters. The only papers
we are aware of that address this are Gomez-Rodriguez et al. (2014), which derived suf-
ficient identifiability conditions and established consistency for the parameters of several
continuous-time diffusion models, and Pouget-Abadie and Horel (2015), which introduced a
General Cascade model (which we show can be viewed as a variant of GLT as well) and
focused on inferring the unobserved graph structure from the observed cascades. While they
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established a bound implying \/n-consistency for their estimator, they acknowledged their
framework cannot be extended to the LT model and leave this for future work. To the best
of our knowledge, this paper is the first to provide a theoretical guarantee for parameter
estimates from propagation traces for any threshold-based diffusion model. We conclude
our theoretical analysis with a study of the GLT model in the context of the IM problem in
Section 5, showing that, under the GLT model, the IM problem can be solved using the
natural greedy strategy with standard optimality guarantees if all threshold distributions
are concave, and that, for a class of graphs, the error rate of the IM solution mirrors the
error rate of weight estimates.

The rest of this manuscript is organized as follows. In Section 2, we fix notation and
define important concepts related to information propagation. In Section 3, we introduce
the General Linear Threshold model and show how it relates to other diffusion models. In
Section 4, we establish identifiability conditions for the GLT, derive a likelihood approach to
weight estimation, and establish conditions for the estimator’s consistency and asymptotic
normality. We further extend the estimation procedure to the case of partially observed
propagation traces and unknown threshold distributions. Section 5 presents a short study of
the IM problem under the GLT model. Finally, Section 6 presents experiments on synthetic
and real-world networks showing how the flexibility of the GLT model, coupled with the
proposed weight estimation and uncertainty quantification procedure, can significantly
improve performance in various downstream tasks, including the IM problem, prediction of
node activation probabilities, and spread estimation.

2. A statistical framework for information diffusion models

In this section, we set up a general framework for modeling discrete-time influence propagation
on a network. We present all models from the point of view of statistical models dependent
on parametric distributions, which may differ from other standard treatments of such models.
We start by setting up notation.

Let G = (V, E) be a graph where V is the set of nodes and £ C V x V is the set of
edges. Unless otherwise stated, we assume throughout this manuscript that G is a simple
directed graph, that is, a graph with no self-loops and no repeated edges. For a directed
edge u — v, we refer to u as the parent node and v as the child node. We denote the sets of
parent and children nodes of a node v as, respectively,

Pw)={u:(u,v) € E} and C(v)={u:(v,u)€ E}.
Similarly, for any set of nodes S C V, we write

P(S):=|JPw)\'S and C(S):=|]CW)\S.

veES veS

In words, P(S) and C(S) consist of nodes outside of S which have at least one child or
parent in S, respectively. Since we will often additionally assume that each edge is associated
with a weight or a transmission probability, it is convenient to fix some edge order for this
correspondence to be uniquely defined. For that, we assume that the nodes are enumerated
from 1 to |V| and the edges are sorted lexicographically, by child node first and then by
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parent node. For example, a triangle with each edge going in both directions corresponds to
the ordered set £ = [(2,1),(3,1),(1,2),(3,2),(1,3),(2,3)].

A diffusion model associated with G is a probabilistic model that governs the spread of
information through the graph, usually with some edge- or node-dependent transmission
parameters @. Our primary goal is estimation and inference for these parameters from the
observed information diffusion paths. In general, the discrete-time information diffusion
path starts with a given non-empty set Ag C V' of initially activated (influenced) nodes, also
known as the seed set. Then, at each time step t = 1,2..., the currently active nodes A;_1
try to activate their network children while possibly deactivating themselves, making the set
of all active nodes change to A;. The process stops when no node can change its activation
status or when the maximal time horizon is reached. In this work, we focus on the (quite
general) subtype of discrete-time diffusion processes satisfying the following assumptions.

1. Information propagation is progressive, which means that once a node is activated,
it remains activated. This implies that A;_1 C A; for every time step t. We define
the disjoint sets of newly activated nodes at times t > 0 as D; := A; \ A;—1 with the
convention that A_; = () (no nodes are active before time 0).

2. A child node v can be activated at a time ¢ > 1 only if it has a newly activated parent,
that is, if D;—1 N P(v) is not empty. Intuitively, this means that if a parent’s influence
was not enough to activate a child as soon as the parent become active, the only way
for the child to be activated later is if another one of its parents becomes active.

Assumption 2 implies that propagation stops at time T' = arg ming>o{t : Di+1 = 0}, that
is, the first time when no new nodes were activated. The entire diffusion process can then
be encoded by the set sequence D := (Dy,..., Dr), which we refer to as the information
diffusion path or the propagation trace. We write A(D) to denote the set of all nodes activated
along the entire path.

The assumptions imply that not every sequence of node subsets can be a feasible
propagation trace. The following definition formalizes what makes a propagation trace
feasible. We denote the set of all feasible traces on G by F(G).

Definition 1 (Feasible trace) We say that a set sequence D = (Do, ..., Dr) is a feasible
propagation trace if

1. Do # 0;
2. All sets Dy, t=0,...,T are disjoint;

3. For everyt = 1,....T, if v € Dy then v € C(Dy_1) \ A¢—1, i.e., each node newly
activated at time t has at least one parent that was newly activated at time t — 1.

Now, we are ready to state the formal definition of the diffusion model on the graph,
which can be thought of as a collection of rules governing the transmission of information
from parents to children. These rules are not necessarily Markovian and can depend on the
entire previous propagation history.
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Definition 2 (Diffusion model) A diffusion model on G = (V, E) with a possibly graph-
dependent parameter space © is a collection Mg(©) = {Mgg,0 € O} where Mgg is a
mapping from a feasible trace Dy = (Dy,...,Di—1) € F(G) to a probability distribution on
feasible sets of newly activated nodes,

Py(Dy = S |Dy), S CC(Dy-1) \ Ap—1. (1)
We omit the subscript G in Mg and Mq(©) whenever it is clear from the context.

The most general form of Definition 2 requires specifying the activation probability for
each possible subset of C(D;_1) \ A;—1, which is impractical to work with. A standard sim-
plifying assumption is that node activations are independent conditionally on the preceding
propagation history, implying that the right-hand side in (1) can be decomposed as follows:

Py(D; =5 | D) = [[ Ph(v € Di | D) I1 (1—]P’t9(v€Dt\D)>.
vesS vEC (Dy—1)\(At—1US)

With this additional assumption, defining a diffusion model is equivalent to defining the
activation probability of a node given an arbitrary feasible diffusion history.

Remark 3 Sometimes, it may be convenient to refer to a class of diffusion models without
a reference to a specific graph G. We define a diffusion model class as the collection

M ={M¢a(O¢) : G € G}, where G is the set of simple directed graphs.

Next, we introduce the three arguably most popular diffusion model classes — the Linear
Threshold (LT), the Independent Cascade (IC), and the Triggering model — and show how
they fit into our general framework. We note that by construction, node activation events
are independent conditionally on propagation history for all of these model classes.

Example 1 (Linear Threshold (LT) Model) Assume each edge in the graph G = (V, E)
is assigned a weight parameter b, ,,, and we arrange the weights into a vector 8. The parameter
space for the LT model is given by

Orr = {9 c RIEl st for allv eV, Z buw <1 and by, >0 forall (u,v) € E} (2)
u€P(v)

Each node v € V' gets a random activation threshold U, sampled i.i.d. from the Unif[0, 1]
distribution at the outset. At every time step t > 1, a non-active node v becomes activated if
the sum of the edge weights from all its previously activated parents exceeds its threshold Uy,
that 1is,

b
Pto(’U € Dy ‘ Do, R 7Dt71) — ZuEth:[ﬂP('u) u,v

1- ZueAt_gﬂP(v) bu,v .

This expression gives the probability of exceeding the threshold at time t given that it was not
yet exceeded at time t — 1.
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Example 2 (Independent Cascade (IC) Model) Assume that each edge (u,v) € E is
associated with a propagation probability p,, € [0,1], arranged into a vector @ € Oc =
[0, 1]|E‘. At every time step t > 1, each newly active node v € Dy_1 independently tries to
activate all of its not yet active children v € C(u) \ Aj—1 with probability p, ., that is,

Py(v €Dy | Do,....De1)=1— J[ (1=pun)
Dt,lﬁP(v)

Example 3 (Triggering Model) At the outset, each node v independently chooses a
random triggering set I'y, according to some distribution over subsets of its parents, with
probability of a node v choosing S C P(v) as its triggering set denoted by p,s. With
P™ denoting the set of all discrete distributions on m points, the parameter space is then
Orr = {P'P(“)‘, v € V'}. An inactive node v becomes active at time t > 1 if its triggering
set I'y contains a node in Dy_1, with probability of activation given by

v 1 Pv,S
Po(v € Dy | Do,...,Ds1) = L SCP)ND-

2 SCP@\Ar_s Pv.S

As shown by (Kempe et al., 2003), the IC and LT model classes are special cases of the
Triggering model class. Conveniently, within our parametric framework, we can formalize
this in a very general form.

Definition 4 (Diffusion model subclass) Consider two diffusion model classes M =
{Ma(©g): G e G} and M = {Ma(O¢) : G € G}. We say that M is a subclass of M if for
any G € G and any instance Mg g € Ma(Oq), there exists an instance Mge € Mg(ég),
such that they coincide on each feasible trace F(G). If M and M are subclasses of each
other, we say that the two model classes are equivalent.

Note that Definition 2 does not specify the distribution that generates the seed set Dy;
to describe the full data-generating distribution, we need a distribution P? over the subsets
of V from which the seed set is generated. We will assume that P° does not depend on 8,
and PO(()) = 0. We refer to the pair (Mg(0©),PY) as a seeded diffusion model with the seed
distribution P°. The seeded diffusion model corresponds to a distribution on all feasible
propagation traces:

Po(D) :=P(Do) [ [Po(Di| Do, - .., Di1)PH (D), D e F(G). (3)
t=1

In turn, the trace distribution also uniquely defines the seeded diffusion model.

Assuming one observes a collection of traces from a seeded diffusion model (Mg(©),P?),
the established equivalence with the trace-generating distribution allows directly using
the standard statistical parameter estimation techniques, such as the maximum likelihood
estimation (MLE). Before proceeding to estimation, a natural question statistician would
address is when the family {Pg : 8 € O} of trace distributions is identifiable, that is,
Py, = Py, implies 81 = 02. While specific conditions will depend on the form of the
distribution, it is clear that all nodes in the graph must be reachable with a positive
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probability; otherwise, parameters associated with these nodes, such as the incoming edge
weights, have no influence on the trace distribution and thus cannot be identified. The
necessary and sufficient identifiability conditions for our proposed class of models will be
stated formally in Theorem 11.

3. The General Linear Threshold model

In this section, we introduce the General Linear Threshold (GLT) model and establish its
relationship to the IC, LT, and Triggering models. One may ask why there is a need for a
new model, when there are already several, and in particular the triggering model seems
quite general, encompassing both IC and LT models. The problem with the triggering model
is its number of unknown parameters, >, i, (2|P @I — 1), which is not feasible to fit in most
cases. On the other extreme, the LT and IC models have only |E| parameters, but are often
insufficiently flexible in practice. In particular, both these models assume that all nodes
behave identically when receiving equal amounts of influence from their neighbors, which
does not allow for any node heterogeneity. In many contexts, some individuals will need a
lot more influence than others to become “activated”, and this can be estimated from data
on propagation traces. The proposed GLT model allows us to account for differences in
users’ willingness to accept new information while not significantly increasing the number of
unknown parameters.

Definition 5 (General Linear Threshold (GLT) model) Assume that each node v €
V' has a random threshold U, drawn independently from a distribution supported on [0, hy]
with hy, < 0o, with cumulative distribution function (cdf) F,. Further assume that edges
have weights by, > 0, such that the in-degree of each node v € V' satisfies Zuep(v) buw < hy.
As in the LT model, a node v activates at time t > 1 if ZueP(v)ﬂAt71 by > Uy.

If we treat all threshold distributions as fixed, the parameter space of the GLT model is
the set of all possible edge weights satisfying the model constraints:

0= {0 e Rl st for all v € V, [|0,]]1 < hy and 6, > 0} , (4)

where the sub-vector of @ corresponding to the parent edges of v is denoted by 6, = {by,, :
u € P(v)}. If we also model the threshold distributions F,,v € V in some way, there may
be additional parameters. We will discuss this option in Section 4.5; for now, we will assume
they are fixed.

Under the GLT model, the activation probability of a node v given a feasible history
(Do, ..., Di_1) equals the probability that the sum of weights from A;_; is higher than U,
conditional on the event that it had not exceeded U, at time t — 2:

Fo(Bu(41-156,)) = Fy(Bu(41-2:6,))
1= Fy(Bu(Ar-2:0))

Ph(v € Dy | Do,...,Di 1) = , (5)

where

Bv(S;Ov): Z bu,v (6)
)

SNP(v
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is the influence node v with parent edge weights 8, receives from a node set S. Plugging
the cdf F,(z) = x of the uniform distribution into (5) gives the activation probability under
the LT model stated in Example 1, confirming the LT model class is equivalent to the GLT
model class with uniformly distributed thresholds.

The following proposition establishes the less obvious relationship between the IC and
the GLT models.

Proposition 6 For any pu > 0, the class of IC models is equivalent to the class of GLT models
with all node thresholds distributed as U, ~ Exponential(u), that is, with F,(z) =1 — e .

Proof By Definition 4, it is enough to construct a bijective mapping between each IC edge
probability p,, € [0,1], and the GLT edge weight b, , € [0,00] for each (u,v) € E. Let
by = —log(l — pyw)/p. Then, if we model node threshold distributions as exponential
with parameter i, by the memoryless property of the exponential distribution, the activation
probability of a node v € V' given a feasible history (Do, ..., D;—1) € F(G) can be written
under the GLT model as

Pi(v € Dy| Do, ..., Dy_1) = IP(UU < By(Ai_1:0,) | U, > Bv(At,g;ev))

—P(U, < B(Diii0)) =1- ] (1-pu),
ueDy_1NP(v)

which coincides with the transition kernel of the IC model. [ |

We have now established that both IC and LT models are subclasses of the GLT model
with identically distributed node thresholds. As we argued, a more interesting scenario
is allowing this distribution to vary from node to node. A natural approach to make the
number of GLT parameters manageable in this case is to choose threshold distributions
from a parametric family. For example, if U, ~ Beta(ay, 8), the model has only |E| + 2|V/|
parameters. If we further assume that the network can be partitioned into communities and
nodes within one community follow the same distribution (see Figure 1), we can further
reduce the number of parameters. The following proposition demonstrates more generally
that even if each node has an individual set of r parameters that is not too large compared
to the average node in-degree, the GLT has negligibly more parameters than the IC and LT
models, and many fewer than the Triggering model.

Proposition 7 Consider a directed graph G = (V, E) with the average node in-degree d.
Then for any 0 < r < 2% —d — 1, it holds that

Bl +r|v] <3 (2P0 - 1)

veV
In particular, the inequality is strict with r =1 and d > 2 and with r = 2 and d > 2.45.

Proof Noting that |E| = d|V| and applying Jensen’s inequality to the convex function
f(x) =2% we have
|E| +r|V]|

(d+r)|V]
<1
Toey FOT 1)

=DV~

<
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Hard to influence

jy\

Easy to influence

/Eb

Beta(a, b)

Beta(a, b)

Neutral
a=b=1

Beta(a, b)

Figure 1: An example network with three communities with different levels of receptiveness
to new information, all modeled with the Beta distribution.

Triggering

Figure 2: Relationship between different diffusion models.
|

The next proposition shows that, despite a much smaller number of parameters, the
GLT model is not a subclass of the Triggering model. Unsurprisingly, the Triggering model
is also not a subclass of the GLT. The proof can be found in Section A.1 of the Appendix.

Proposition 8 The GLT model is not a subclass of the Triggering model and vice versa.

Figure 2 summarizes the relationships between all the diffusion models discussed. We
can think of the GLT and the Triggering model as two alternative flexible generalizations,
both encompassing the popular IC and LT models, with GLT being preferable for statistical
estimation and inference due to its better balance between flexibility and the number of
parameters.
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Although the estimation procedure and theory we further develop for the GLT model
can be applied to a wide range of threshold distributions, in all our simulations, we use
the Beta-GLT model with U, ~ Beta(ay, 3,). We believe Beta distribution is sufficiently
rich to model various types of users’ receptiveness to new information (see Figure 1) while
encompassing all properties needed for efficient estimation, such as the bounded distribution
support and convexity of the arising optimization problem (this will be discussed in detail
in Section 4.2). Specifically, the Beta family includes the most popular uniform distribution
(LT model) for o, = B, = 1 and can closely mimic the exponential distribution with rate u
(IC model) for a,, = 1 and 8, = p — 1 if p is sufficiently large. Indeed, direct computation
shows that the Kullback-Leibler (KL) divergence between the two distributions goes to zero
as [ — oo:

1 1 1
Dgr(Beta(l,n — 1) || Exponential(n)) = log(l - 7) + o1 o +0(u®).
7 - 7

7

This computation demonstrates that the IC model essentially assumes an “easy-to-influence
type of users, as it corresponds to the Beta distribution with o < 8, and points out the
expressiveness of the Beta family, allowing us to model conservative activation mechanisms
due to the additional o > S regime.

4. Estimation and theoretical properties under the GLT model

In this section, we study the GLT model on a given fixed network G = (V, E'). We present
the necessary and sufficient conditions for identifiability of the weights, derive a constrained
maximum likelihood estimator (MLE) of the weights from fully observed propagation traces
and a finite sample bound for its error, and show that the estimator is asymptotically
normal. We then extend the estimation procedure to the case of partially observed traces
and unknown node threshold distributions.

4.1 Identifiability for the GLT model

We begin by studying identifiability of the GLT edge weights with respect to the trace
distribution family {Py, 8 € ©} induced by the GLT model. Plugging the GLT transition
probability from (5) into the general trace likelihood in (3), we can conveniently express the
trace distribution as follows

Po(D) =F'(Do) [ {1-F.[B.(Ar;0.)]}
vel( AT)
(7)
X H H {Fy [By (At;00)] — Fy [By (Ai-156,)]} -
t=0 v€D¢41

Here, the first term does not depend on 6 by definition of the seeded diffusion model. The
second term represents nodes that were not activated but have at least one active parent in
the trace. The third term captures activated nodes, i.e., nodes in Ap \ Dy.

For reasons that we will elaborate on later, it is hard to establish identifiability unless
the probability of any feasible trace with P®(Dg) > 0 in (7) is bounded away from zero. To

10
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Figure 3: A star graph of in-degree m: V.={1,..., m+1}, E={(1,m+1)...,(m,m+1)}.

guarantee that, we first need to assume that the threshold cdf F;, is strictly monotone for
the nodes v that may appear in the trace likelihood, that is, the (child) nodes having at
least one parent:

Ve={veV:P(v)#0}. (8)

Assumption 1 (Invertible cdf) The threshold cdf F, of every node v € V. is strictly
monotone (and thus invertible) on its support [0, hy].

We also need to ensure that edge weights are strictly positive and that the parent weights of
every node v € V. sum to less than h,. Thus we truncate the parameter space as follows:

6 = {0 eRIP st for all v € V, ||@,]1 < and 6, > e} : 9)

where € > 0 and max,cy, |P(v)|e < v < min,ey, h, are some universal constants. Together
with Assumption 1, 8, > ¢ will ensure that any node has a positive chance to activate its
child even if none of the other parents are activated, and ||6,|1 <~ will ensure that even if
all parents of a node are activated, there is a positive probability that the node will not be
activated.

The following lemma states these restrictions on the parameter space and Assumption 1
are sufficient for the likelihood in (7) to be positive for every feasible trace starting with a
seed set from the support of PO,

Lemma 9 Under Assumption 1, any feasible trace D € F(G) with PO(Do) > 0 satisfies
Py(D) > 0 for each 6 € ©.

The proof of this lemma and all other results in this section can be found in Section A.2 of
the Appendix.

Lemma 9 does not guarantee that any node can appear in a feasible trace with positive
probability. Indeed, if the seed sets from the support of P? are not sufficiently rich, some
nodes may be not reachable by any trace, making their parent weights non-identifiable. We
say a node u € V is reachable if either P°(u € Dy) > 0 or there is a directed path to u from
at least one v € V with PY(v € Do) > 0. The following proposition formalizes this intuition
as a necessary identifiability condition.

Proposition 10 If {Pg,0 € (:)} is identifiable, all non-isolated nodes in V are reachable.
The following example demonstrates that reachability by itself is not sufficient for

identifiability.

11
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Example 4 Consider the star graph in Figure 3 with m = 2. Its edge set E = {(1,3),(2,3)}
has weights byz and boz, respectively. Fix the seed set Do = {1,2}, so that PY({1,2}) = 1.
Any seeded GLT model with this PV induces a trace distribution that is a function of b1z + ba3:

P(D) - F3(513 + b23), node 3 € D,
1 — F3(biz + ba3), node 8¢ D,

and therefore biz and beg are not individually identifiable, only their sum is. It is easy to
verify that if the support of P includes at least two distinct subsets of {1,2}, the weights are
identifiable. More formally, there needs to exist S; C {1,2},j = 1,2 with P°(S;) > 0 such
that the 2 x 2 matriz X = [1(i € Sj)]?,j:l has full rank.

The condition on P? can be directly extended to a star graph of arbitrary in-degree m,
requiring the existence of Sy,...,S,, C {1,...,m} such that an analogous m x m matrix X
is of full rank. For graphs with more than one child node, it turns out that it is necessary and
sufficient to require a similar condition for each child node v, with the only difference that
the corresponding matrix X, is now constructed using parent subsets S; that can appear
within any active set Dy preceding activation of v, not just the seed Dy. We formally state
this condition in the following theorem.

Theorem 11 Under Assumption 1, {IPg,0 € (:)} is identifiable if and only if for each child
node v € V, with P(v) = {u1,...,un}, there exist Si,..., Sy C P(v) such that

1. For each j = 1,...,m, there is a feasible trace (D(()j),...,Dg)) with IP’O(D(()j)) > 0,
v ¢ Ag), and Dg) NP)=5;.

2. The matriz X, = [1(u; € Sii=q is invertible.
Remark 12 The identifiability condition in Theorem 11 implies the necessary reachability
condition from Proposition 10: if a source node u of an edge (u,v) is unreachable, the matriz
Xy is mot invertible, as it has a row of zeros [1(u € Sj)|T%; for any choice of S;.

Intuitively, Theorem 11 states that identifiability holds if and only if, for each child node
of in-degree m, it is possible to observe its m “essentially distinct” newly active parent
subsets, that is, subsets with linearly independent binary activation vectors. Unfortunately,
if this condition were to be used in practice, for example to determine if a given seed set
distribution is sufficiently rich for weight identifiability, it would require finding all subsets
of parent nodes that can simultaneously become activated in a trace. For complex network
topologies, this can be a non-trivial combinatorial task, so we further propose a slightly less
general but more easily verifiable sufficient condition, which ensures that all parent nodes
can appear in a trace as singleton newly active sets. Notice that they are clearly “distinct,”
since the corresponding X, is a full-rank identity matrix.

Corollary 13 Under Assumption 1, {Pg,0 € (:)} is identifiable if for every child node
v € V. and each of its parents u € P(v), either u can form a singleton seed set, that is,
PO({u}) > 0, or there is a seed set Dy with P°(Dg) > 0 and u,v ¢ Dy, such that u can be
reached from a node in Dy along a directed path not containing v.

12
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To conclude this section, we would like to stress the novelty of the result in Theorem
11. Most previously proposed methods for estimating the parameters of a diffusion model
(Narasimhan et al., 2015; Gomez-Rodriguez et al., 2014; Daneshmand et al., 2014) assume
that any node can appear in the seed set with a positive probability, which is much more
restrictive, as in many applications not all nodes can be directly influenced. To the best of
our knowledge, this paper is the first to derive both necessary and sufficient identifiability
conditions for the parameters of a diffusion model.

4.2 Weight estimation under the GLT model
Next, we derive a maximum likelihood estimator for the weights in the GLT model, given a
collection D of N observed (and therefore feasible) propagation traces,

D= {D,:= (D", ....D{) [ n=1,....N}, (10)

where T, is the number of time steps in trace D,,. For now, we assume that all threshold dis-
tributions F,, are known and postpone the discussion of estimating the threshold distribution
to Section 4.5.

We assume that the trace collection D = {D,| n =1,..., N} is i.i.d., by which we mean

(a) Seed sets {D(()n)\ n=1,..., N} are generated independently from the seed distribution
IPY;

(b) Node thresholds are generated independently for each trace and for each node, with

— (7 (n)Y iid _
un._(U1 ,...,UWl)N(Fl,...,FM), n=1,...,N.

For an i.i.d. trace collection, the parameters can be estimated by

N

0 = arg max L(D,|0), 11
e ) LD, 6) (1)

where L(D,,|0), the log-likelihood of the trace D,,, by (7), takes the form

L) = > log{l—Fv [Bv (Agij};av)}} (12)

veC(AFY)

+ i Z log {Fv |:Bv (Az(fz)l;av>:| — [B” (AE@Q;OU)} }

=1 yep(m

Here, we omitted the logPY(Dy) term as it does not depend on 8. Note that in (11), we
optimize over the truncated space ©, for which we need to know the “slack” variables e and
~ from Assumption 2. As their values are inaccessible in practice, in our implementation,
we set € = 1076 and v = h,, — ¢ for distributions with h, < oo and v = 10, otherwise. These
constraints empirically improved numerical stability compared to optimization over the
untruncated space ©.

13
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Examining (12), we see that the trace log-likelihood only involves weights b,, ,, for nodes
v that were either activated after time O or failed to become activated but had an active
parent. We will denote this set of “informative” nodes in trace D as

V(D) := [A(D)\ D] U C(AD)). (13)

Similarly, we can define the set of all informative nodes in the observed trace collection D as
V(D) := U, V(D). In principle, this set may still be smaller than |V,|, meaning that
the parent weights of some nodes cannot be estimated from the data. But even in this case,
with a sufficiently rich trace collection, we expect the total number of parameters in (11) to
be close to |E|, which creates a major computational problem for large networks.

Fortunately, the optimization problem has a block structure we can use to speed up
computations. By changing the order of summation, we can rewrite its objective as a sum
of terms, each depending only on the parent edges of a single child node:

N
S L(D0) = Y Ly(6y)
n=1

veVe(D)

with

Ly0,)= > log{l—Fv [Bv (Agﬁj),n)?ev)”

n: UGC(A;T;) )

+ Z log {Fv [Bv (Ag?v),n); 01,)} - F, [BU (A,E?U)m)_l; 0’0)] } ) (14)

n: UGAE,::L) \D(()n)

where we denote the last time that node v is not active in trace n by t(v,n) := arg max{t <

T,:vé¢ Agn)}. Importantly, it is not just the likelihood that conveniently separates into
blocks with independent variables, but also the feasibility set © that can be rewritten as a

Cartesian product of child node-specific individual parameter spaces © = @ O, defined as
veV,

O, ={0, e RFOI: 9, > ¢ |6,]1 <~} (15)

Therefore, solving (11) is equivalent to maximizing L, (8,) over 8, € O, for each v € Ve(D):

N

0, = arg max L,(0,), ve V(D). (16)
6,€0,
Each optimization problem in (16) now has only |P(v)| variables and |P(v)| + 1 affine
constraints, allowing for efficient parallelized optimization.

The next natural question is whether a node-specific optimization problem in (16) is
convex. The feasible set ©, is a convex simplex, and the arguments of F), in (14) depend
linearly on 6,. Thus, L, is a concave function of 0, if log[F,(z) — F,(y)] is a concave
function on h, > z > y > 0. For example, if U, is uniformly distributed on [0, 1], as in
the standard LT model, then log[F,(x) — F,(y)] = log(x — y) is concave. The following
proposition demonstrates that it is true for all distributions with log-concave densities, and
in particular when F}, is the Beta distribution with parameters o, > 1 and 3, > 1. The
proof is given in Section A.3 of the Appendix.
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Proposition 14 The function L,(0,) in (14) is concave in 8, if F, has a log-concave
density.

Note that for a child node v with just one parent u, (14) reduces to the log-likelihood
of a Bernoulli(Fv (bu’v)) random variable, which is concave in b, , only if F, is log-concave.
Therefore, the log-concavity of the cdf F}, is clearly necessary as well as sufficient for concavity
of L,(8,) for a node v with an arbitrary in-degree.

Remark 15 Some special cases of the GLT model may have a different natural parametriza-
tion; for example, for the IC model the natural parameters are the edge transmission
probabilities p, ., which can be expressed in terms of the weights of the GLT model with
U, ~ Exponential(p) as py, = 1 — exp(—pby) according to Proposition 6. We can al-
ways estimate a reparametrized set of parameters by using the plug-in estimators, such as
Pup =1— exp(—ul;u,v) for the IC model.

4.3 Theoretical properties of the GLT weight estimator

In this section, we derive a finite sample bound on the error of the MLE in (16) which holds
with high probability, and also the asymptotically normal distribution of the estimator. Since
the weight estimation procedure separates into a collection of optimization problems, each
involving only the parent weights 8, of a given node v € V., we will establish the theoretical
properties of the estimate 8, for a given fixed node v € V, with P(v) = {uy, ..., um} and
the corresponding ground-truth parameter ;. The proofs of all the results in this section
can be found in Section A.4 of the Appendix.

We begin by establishing the finite sample result. First, we introduce additional notation
to conveniently encode the data used to fit the subproblem of node v in (16). Denote the
trace indices where node v is informative by Z, := {1 <n < N : v € V.(D,)} and for
each D,,n € 7,, denote the time points when v acquired at least one new active parent
node by 77,(") ={0<7<T,: Dg") N P(v) # (0}. For each time point ¢ € ﬂ(n), let
xgn) = [1(u; € Dgn)]?;l be the indicator vector of v’s newly active parents at time ¢. Define
also the matrix of xgn) stacked over ¢ € o™ as X" € {0, l}m(n)'X’" and the further stacked
matrix of X\, n € 7, as X, € {0, 1} with Ny := > o ]ﬁ(n)].

Importantly, the role of the “sample size” in our finite sample bound will be played not
by the number of informative traces |Z,|, but by N,, the number of times v had a non-empty

newly active parent set across all traces. Note that 1 < |’77j(")| < m for any n € Z,, since
v can have no more than m different newly active parent sets throughout a progressive
propagation, but should have at least one such set, since the trace is informative. This
means that in theory, N, can be up to m times larger than |Z,|; however, our simulations
(see Section B.2 of the Appendix) demonstrate that in practice the multiplicative factor
fluctuates between 1 and 3, depending on the user conservativeness (GLT distribution
and weight magnitudes) and network topology (node in-degrees). The dependence of the
estimation error on the cumulative number of informative observations rather than traces
aligns with other work, for example, with the finite sample bound for the parent weight
estimator derived for the General Cascade model in Theorem 1 of (Pouget-Abadie and Horel,
2015). Similarly to their framework, we assume that within each informative trace n € Z,,
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we observe the propagation history up to the last time point ¢(v,n) when v is not active,
and that the only randomness is in the activation event of the node v. Since the matrix X,
essentially encodes all such histories, we condition on X, whenever we need to emphasize
that these histories are observed.

Before we state the main result, we make a couple of additional mild regularity assump-
tions. First, we require that the threshold cdfs are not only invertible as in Assumption 1,
but also sufficiently smooth, and, secondly, that the ground-truth parent weights of every
node lie in the interior of the corresponding parameter space:

Assumption 2 For each v € V., the threshold cdf F, is strictly monotone and three times
continuously differentiable, and the ground-truth weights 0;, satisfy 6, > ¢ and ||@,]1 < 7.

We also require that the negative log-likelihood is almost surely non-strictly convex and
strictly convex on average for any 6, in the parameter space:

Assumption 3 (Convexity) The density of F, is log-concave to ensure that, per Proposi-
tion 14, —L,(0y) is non-strictly convex. Moreover, the expected Hessian of —L(6,) should
be positive definite everywhere on ©,. With compactness of ©, and continuity of the Hessian
guaranteed by Assumption 2, this means that there exists Amin > 0 such that for every
0, c (:)U, it holds conditional on X, :

1
—E [FVQLU (ev)] t )\minI|P(v)| .

v

For the LT, IC, and Beta-GLT models, Assumption 3 can be replaced by a much more
intuitive sufficient condition requiring non-degeneracy of X,:

Proposition 16 For F, ~ Exponential(u) with p > 0 or F, ~ Beta(a, 8) with a,f > 1,
Assumption 8 is satisfied if X, has a full column rank. Moreover, Amin can be set as the
smallest eigenvalue of a Gram matriz cxX,) X, /N, where cy is a constant that depends only
on (Fy,e,7).

Notice that the condition in Proposition 16 is guaranteed to hold asymptotically if the
identifiability condition of Theorem 11 is satisfied. Indeed, with positive probability, X,
includes each row of the m x m invertible identifiability matrix X,, defined in Theorem 11,
and thus has the full column rank itself.

Now, we are ready to state the main theoretical result.

Theorem 17 Consider the MLE 6., obtained by solving the optimization problem (16) and
fix an arbitrary § € (0,1). Under Assumptions 2, 3, and the assumption of i.i.d. traces, 6,

satisfies the following concentration bound conditional on X, as long as N, > ™ log QTm:
- Co m 4m

P|)|6, — 0%l> < Slog =] >1-4, 17

16, 83l < 210 5] = a7)

Here, Cy,co > 0 are constants depending only on (Fy,e,7).
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Remark 18 Since in our framework, the underlying network and thus the node’s indegree
m = |P(v)| are fized, the established result presents sufficient conditions for the estimator 0,
to be \/N,-consistent. However, in principle, we could consider a sequence of networks with
associated GLT models on them and apply this result to each network to explore how the
estimator’s error changes when the sample size N, and the indegree m grow simultaneously.
For this scenario, the derived concentration bound suggests that consistency holds as long as
N, asymptotically dominates mlogm. Unfortunately, Proposition 16 shows that in the final
sample case, the necessary Assumption 8 may not be satisfied when m is too close to Ny, as
this would lead to the singularity of the log-likelihood Hessian.

In addition to a finite sample result, we derive an asymptotic distribution for the MLE
error. Contrary to a finite sample statement of Theorem 17, establishing an asymptotic
result requires considering the full trace-generating distribution in (7) with the total number
of traces N being a more natural candidate for the sample size than N,. Another difference
is that we need much weaker conditions on the log-likelihood convexity — now it is sufficient
to require it only locally in the neighborhood of 8*. We state this as a separate assumption:

Assumption 4 (Local convexity) The negative expectation of the trace log-likelihood
Hessian is positive definite at 0*:

Ep~p,y. [~ V?logPe(D)]|g—e = 0.
The following proposition characterizes the asymptotic behavior of the MLE.

Proposition 19 Consider the MLE 6, obtained by solving the optimization problem (16).
Then, under Assumptions 2, 4, identifiability condition on the seed distribution PO in Theorem
11, and the assumption of i.i.d. traces, it holds

$0(0,)2(8, — 6%) 2% N(0,In) as N — oo, (18)

where the limit is taken with respect to the ground-truth trace distribution Pg« defined in (3)
and the estimated covariance matriz is $,(0,) = [~V2L,(0,)] 7 .

There are many downstream tasks for which the asymptotic distribution of the GLT
weights may be useful. For example, Chen et al. (2016) propose a method for solving the
Influence Maximization problem (defined formally in Section 5) assuming that the edge
weights are only known to lie in some intervals. This method can be naturally coupled with
estimation of these confidence intervals from the data using the normal approximation in
(18).

Uncertainty quantification for the estimated weights may also be of interest. As a simple
example, consider comparing the effects of two parent nodes u and w on a child node wv.
We may then want to test the hypothesis of no difference between the corresponding edge
weights,

Hy: byy—byy=0 vs Hg: byy— by #0,

and use the difference of their estimates as the test statistic. Then, the reference distribution
is normal with zero mean and variance that can be derived from the asymptotic covariance
matrix of 8, in (18):

Var[bu,v - bw,v] ~ Ev uu + Ev,ww - 22’[},1}&07

)
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where ZA]w'j denotes the (i, )-th entry of £,(8,).

In other applications, knowing the asymptotic distribution of the weights can help
quantify uncertainty in predicting various quantities of interest; for example, in epidemiology
we may be interested in predicting the probability of node activation (infection) in the next
time step given the propagation history. This is a complicated function of the weights but
one can still compute a confidence interval for it using the delta method.

4.4 Extension to partially-observed traces.

In many applications, we do not observe a full propagation trace, but we know which of the
node’s parents were active before it was activated. We write each such observation for node v
as a pair (Ay,y), referred to as pseudo-trace, where A,, C P(v) is a set of v’s active (infected)
parents and y € {0, 1} is an indicator of the event that A, together activate (infect) v.
Suppose that for each child node v € V., we observe a possibly empty collection of

pseudo-traces
D, = {(AJ", "), n=1,...,No} (19)

that we would like to use to estimate the GLT weights 0,,. If we could specify a pseudo-trace
generating distribution for D, we could apply the likelihood approach. One way to do this
is to treat a pseudo-trace (A,,y) as a trace seeded at A, and propagating in a star graph
G, attached to the child node v. Given that A, C P(v), the feasible traces on G, can only
be of two types: those that stopped immediately at the seed set A, (corresponding to the
pseudo-trace (A,,0)) and those that activated v at t = 1 and then stopped (pseudo-trace

(Ay,1)). Assuming that the sets AS,”), n = 1,..., N, are independently generated from
a parameter-free seed distribution PO supported on the subsets of P(v), the pseudo-trace
likelihood has the form

Po, (Av,y) = PS(AU) {1 - F, [By(Ay; Ov)]}l_y Fy [By(Av; 0,)]. (20)
Aggregation of these terms across all pseudo-traces in D, results in the log-likelihood

L¥0,) = > log{l—F[B,(A";0.)]}+ > logF,[B,(A;0,)],  (21)
n: y(”>:0 n: y("):l

where we omitted the parameter-free terms log PY(A,). This pseudo-trace likelihood coincides
with the that of the General Cascade model (see Section 2.3 of (Pouget-Abadie and Horel,
2015)), which assumes that the activation probability of a node is an increasing function f
mapping the sum of incoming edge weights from active parents to [0, 1]. This implies that
the model is the analogue of the GLT model for pseudo-trace case with f set as the cdf F,.

The assumption that the seed distribution PY does not depend on any diffusion model
parameters may seem strong. However, by carefully comparing (21) with its counterpart for
fully observed traces in (14), we observe that the only difference is that, in the latter case,

we always subtract F), [Bv (AEZ)),TL)—Q)] under the logarithm for traces where v was activated.
This term represents the probability that the active parent set preceding the one that
eventually activated v was not enough for v’s activation. Thus, the only information lost in
a pseudo-trace, compared to a fully observed trace, is which parent subset of an influenced

node v was not sufficient to activate it. Importantly, since pseudo-traces are assumed as
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traces propagating on a star graph G, both consistency and asymptotic normality results
of Theorem 17 and Proposition 19 still hold in the pseudo-trace case.

4.5 Estimation of threshold parameters

So far, we have treated threshold distributions as known, which is unlikely in reality. While
it would be challenging to estimate these distributions fully nonparametrically given we
typically only observe a limited number of traces concerning any given node, we could easily
obtain an estimate if we model each F,,v € V as a member of some parametric family with
parameters ¢, € ¢, C R"™. For example, if we model F, ~ Beta(ay, 8,), we can define
@, = (aw, By) with ®, = [1,+00)? to satisfy the condition of Proposition 14. Then we can
estimate (6, ¢,) for each v € V(D) by solving the following optimization problem:

cpvedg,ag{ve@v Ly (D|6y, ) (22)

where the individual node likelihood L, is obtained from (14) with the Beta distribution
cdfs plugged in. Allowing F, to vary within the feasible set makes the optimization problem
non-convex even in the simplest case of a one-parameter Beta family. Thus finding even
a local optimum of (22) requires careful tuning of the gradient steps since 8 and ¢ might
have very different magnitudes. A natural way to deal with that problem is to switch to
coordinate gradient descent, alternating between fixing one set of variables (8, or ¢,) and
optimizing over the other one. Conveniently, according to Proposition 14, optimization
over ¢, € &, with fixed 8, is also a convex problem, since the Beta distribution density
is log-concave with respect to the parameters («,, ). Although in general such biconvex
problems are not guaranteed to converge to the global optimum or even to the same local
optimum for different initializations, we empirically verify that this is nearly always the case
for (22).

More generally, unless the dimension r, of ®, is very high, we can choose ®, from a
discrete grid, optimize (22) over 8 for each ¢, € ¥, and choose the one resulting in the
highest log-likelihood. While in further numerical experiments we do assume all nodes’
thresholds follow the Beta distribution, it is important to note that due to the node-wise
separability of the optimization problem in (22), the parametric family as well as the
parameter grid ®, are not required to be the same across v € V(D).

5. Influence maximization under the GLT model

In this section, we study the GLT model in the context of the Influence Maximization (IM)
problem, that is, the task of choosing a seed set of a given size that maximizes the expected
spread of information through the network. We start with a brief review of the IM problem,
which was introduced by Richardson and Domingos (2002) and further formalized by Kempe
et al. (2003). Formally, we define the influence function, for a given simple directed graph
G = (V, F) and a diffusion model M, as the function that maps any subset S C V to the
expected number of nodes influenced if M is seeded by Dy = 5,

om(S) = Epp,=s|A(D)l,  ScCV.
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The IM problem is then to find a subset S* C V which maximize the influence function
over all subsets of V' of a given size k,

S* = argmax op(S).
SCV: |S|<k
Kempe et al. (2003) showed that the IM problem is NP-hard under the LT, IC, and Triggering
models. However, if the influence function has certain properties, the optimal solution can be
well approximated by a greedy strategy (see Algorithm 1). These properties are monotonicity
and submodularity.

Definition 20 (Monotonicity) An influence function o(-) is monotone if o (S") < o(S)
for any S’ € S C V. In words, increasing the size of the seed set cannot decrease the value
of the influence function.

Definition 21 (Submodularity) An influence function o(-) is submodular if o ({v} U S")—
o(8) >o({v}US)—0a(S) forany 8" C S CV and v € V\S. In words, adding a node to a
given seed set increases the influence function by at least as much as adding it to a superset
of this seed set.

These are both reasonable and mild assumptions, reflecting the intuitive meaning of informa-
tion propagation. Though Kempe et al. (2003) were the first to study the greedy algorithm
behavior in the context of the IM problem, worst-case performance under monotonicity and
submodularity assumptions dates back to the following classical result:

Theorem 22 (Cornuéjols et al. (1977) and Nemhauser et al. (1978)) Leto: 2" —
R+ be a a monotone and submodular influence function. Let S C V of size k be the set
obtained by selecting elements from V' one at a time, when at each step one chooses an
element that provides the largest marginal increase in the value of 0. Let S* be the true
mazximizer of o over all k-element subsets of V. Then

o(9) > (1 - 1) o(S*), (23)

€

that is, S provides a 1 — % approximation to the optimal S*.

Kempe et al. (2003) showed that under the LT, IC, and Triggering models, the influence
function has the monotonicity and submodularity properties, thus showing that the greedy
algorithm can solve the IM problem under these models with the optimality guarantee
(23). A natural question about our new GLT model is whether it enjoys similar properties.
Monotonicity is trivially satisfied for the GLT model class, and the following theorem gives
a sufficient condition for submodularity, which is also necessary in a particular sense. The
proof of this theorem and all other results in this section can be found in Section A.5 of the
Appendix.

Theorem 23 A GLT model on a graph G = (V, E) has a submodular influence function if
the threshold cdf F,, is concave for each child node v € V.. Moreover, for any non-concave
cdf I with a non-negative support, there exists an instance of the GLT model on a star graph
as in Figure 8 with F as the threshold cdf of the only child node, such that the corresponding
influence function is not submodular.
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Algorithm 1 The greedy algorithm for the IM problem
Input: graph G = (V, E), diffusion model instance M, and seed budget k
S+
while |S| < k do
v ¢ argmaxyeys (o3(S U {0}) - o (S))
S+ SuU{v}

return S

Theorem 23 implies submodularity of the IC and LT models since both uniform and expo-
nential distributions have concave cdfs. For GLT models with beta-distributed thresholds,
we can use this general statement to derive a simpler submodularity condition.

Corollary 24 A GLT model on a graph G = (V, E) with U, ~ Beta(aw, £y,) has a submod-
ular influence function if o, <1 and By, > 1 for all v € V..

Proof The second derivative of the cdf of the Beta(«, 3) distribution is given by
F'(zlor, ) = C(a, ) 2°7*(1 = 2)?[(a = 1)(1 — ) — (B~ 1)a]

where C(a, ) > 0 does not depend on z, and thus F”(z|a, 5) <O0forall z € (0,1)ifa <1
and 5 > 1. |

Since we estimate the parameters of GLT model from data, the estimation error in 0
can affect the IM problem solution. To study this, let o9 with 8 € © denote the influence
function of a diffusion model Mg . Let S*(0) = argmax|g<; 09(S) denote the solution
of the IM problem under Mg g, where we omit the dependency on k£ and treat it as fixed
throughout this section. Then the question is to relate the difference |og(S*(0)) — 09 (S*(8))]
to the parameter estimation error ||@ — 8||. Unfortunately, general results which hold for
an arbitrary graph topology and any choice of the true parameters usually imply loose and
impractical bounds (see, for example, Lemma 3 and subsequent discussion in Chen et al.
(2016)). Therefore, we present a less general but more illustrative result for a family of
directed bipartite graphs, that is, graphs with two disjoint sets of nodes and all edges going
from a node in the first set to a node in the second. The bipartite graph structure can be
thought of as the most general graph topology that ensures the propagation traces are at
most of unit length. The following proposition essentially states that in this setting, the
discrepancy between the spreads from the IM solution under the true and estimated GLT
models is governed by the ¢; error of the weight estimates.

Proposition 25 Consider a directed bipartite graph and a GLT model on it, and assume
every child node v € V. has a L-Lipschitz cdf, that is, |F,(x) — F,(y)| < L|z — y| for any
0 <z,y <hy. Then with the notations above, it holds:

|06(5*(8)) — 96(5(8))] < 2L[|6 — 6]

In particular, if all threshold cdfs of a GLT model are differentiable and concave, and therefore
satisfy the submodularity condition in Theorem 23, the Lipschitz constant can be taken as
L = maxyey, F,(0).
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Combining this result with the finite-sample error bound derived in (17), we can conclude that
the spread of the IM solution obtained under the estimated model converges in probability
to the spread of the ground-truth model solution at a rate of min,cy, v/ N,.

6. Experiments

In this section, we present numerical results on both simulated and real-world data.
The code for these analyses is available at https://github.com/AlexanderKagan/gltm_
experiments. The Python package InfluenceDiffusion, available at https://github.
com/AlexanderKagan/InfluenceDifusion, includes the convex optimization method and
the greedy algorithm to fit the GLT model, as well as code for trace sampling and spread
estimation. Whenever we fit the GLT model by solving the optimization problem in equation
(16), we use the SciPy implementation of the SLSQP solver.

6.1 Simulation settings

We generate synthetic networks from the connected Watts-Strogatz model (Watts and
Strogatz, 1998). As the original model is for an undirected graph, we double each sampled
undirected edge to go both ways. We denote the distribution of a directed graph G generated
this way by G ~ CWS(n, k,p), where n is the number of nodes, k is the initial degree of
each node, and p € [0, 1] is the probability of edge rewiring, controlling the randomness
of the graph. By construction, the number of edges in G is fixed to kn and therefore the
edge density is fixed at k/n. The imposed connectedness of G is not strictly necessary for
modeling information diffusion, but it is convenient in simulations, ensuring that enough
nodes are reachable.

To generate edge eights for G, we independently and uniformly sample parent edge
weights of each child node from a simplex scaled by a given positive constant dy,ax, which
upper bounds the node’s weighted in-degree:

0, ~ Unif{w € RO . >0, w1 < dmax}- (24)

To generate seed sets for the traces, we independently and uniformly sample them from
node sets of sizes between 1 and Spax:

Dy ~ Unif{S CcV:1<|S| < Smax}- (25)

Unless otherwise stated, we use dpax = 1 and spax = 5 as default values.
The difference between two vectors y and gy (the truth and the estimator) will be
measured by Relative Mean Absolute Error (RMAE), defined as ||y — ¢|[1/||yll1-

6.2 Estimation of edge weights

In this section, we study how the quality of weight estimation depends on key parameters of
the underlying graph and the ground-truth GLT model. For simplicity, we use the original
LT model here, with uniform thresholds, as the observed trends in weight estimation are
very similar across different threshold distributions.

In the first experiment, we fix the number of traces at N = 2000 while varying the
number of graph nodes n and the Watts-Strogatz model average node in-degree k. The
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weights are sampled as in (24) with dyax = 1. In the second experiment, we fix the graph
size to n = 100 nodes and the in-degree to kK = 10, and vary the number of traces N and
the maximum weighted in-degree of the nodes dyax, sampling the weights from (24) with
dmax € {0.2,0.4,0.6,0.8,1}. In both scenarios, we use p = 0.2 as the probability of edge
rewiring.

The results are presented in Figure 4. In the left panel of Figure 4, we observe that the
estimation error increases as the density k/n or the network size n grow. This is expected,
as both higher density and larger size increase the number of edge weights to estimate, thus
requiring more traces for accurate estimation. The right panel of Figure 4 shows that lower
weights lead to higher estimation errors. This is because larger weights result in higher
node activation probabilities, producing longer traces with more data that can be used in
estimation.
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Figure 4: Left: Relative MAE of the LT estimator as a function of the number of nodes n for
different densities k/n, with N = 2000 traces and dyax = 1. Right: Relative MAE
as a function of the number of traces N for different maximum node in-degrees
dmax, with n = 100 and density k/n = 0.1. The error bars represent two standard
errors and are calculated from 10 repetitions of each experiment.

6.3 Uncertainty quantification and robustness to model misspecification

Here, we focus on node activation probabilities as the main object of interest and present
experiments that use asymptotic theory developed in Section 4.3 to quantify the uncer-
tainty in their estimation. We also study how node activation probabilities behave under
misspecification of the threshold distribution.

For this experiment, we sample a 100-node CWS network with p = 0.2 and k£ = 5. The
GLT model thresholds all have Beta(2,1) distribution, and the weights are sampled as in
(24) with dpax = 1. With seed sets generated as in (25) with spax = 10, we sample N = 1500
traces from this model for training and generate additional 500 traces for testing. Then, for
each candidate distribution Beta(2, 1), Beta(3, 1), Unif|0, 1] (LT model), and Exponential(1)
(IC model), we use the training set to estimate the weights of the GLT model under the
assumption of the candidate distribution for the node thresholds. Then, we run through
each test trace D,, n=1,...,500 and do the following:
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1. For each “informative” node v € V,(D,,), as defined in (13), extract the last time step
it is not activated, that is, t(v,n) = argmax{t < T, : v ¢ Agn)},

2. Under each of the estimated GLT models, compute the probability v is activated at
t(v,n) 4+ 1 conditional on the history of D,, as defined in (5).

We also do this with the ground-truth GLT model to obtain the true conditional activation
probabilities. Finally, for each of the four candidate models, we plot the true probabilities
against their predicted values along with the corresponding 95% asymptotic confidence
intervals computed using the Delta method, as described at the end of Section 4.3, shown
in Figure 5. We also evaluate RMAE between the predicted and true probabilities, as well
as the confidence interval average length and coverage, that is, the proportion of times
it contains the ground truth probability. According to RMAE and coverage metrics, the
best performance is clearly obtained by using the true model, Beta(2, 1), while the average
confidence interval length roughly equals 0.04 for all four models. When misspecified as the
“hard to influence” threshold model Beta(3, 1) (shown in Figure 1), activation probabilities
close to 0 get underestimated, and those close to 1 overestimated. With the “easy to influence’
threshold models given by the uniform and the exponential, which correspond to LT and IC
models, all activation probabilities tend to be underestimated. Confidence interval coverage
meets the nominal target of 95% under the true model, and is considerably lower under
misspecified models.
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Figure 5: Estimated node activation probabilities together with the corresponding Delta
method confidence intervals computed under different GLT models with Beta(2, 1)-
GLT as the ground truth.

6.4 The GLT model in the Influence Maximization problem

In this section, we demonstrate that using an appropriate diffusion model, which can be
learned from trace data, can significantly improve the quality of the seed set obtained by
Algorithm 1. To explore the behavior of IM solutions across different network instances,
we sample 10 networks Gy, £ =1,...,10 from the CWS model with n = 100, p = 0.2, and
k = 10. For each network, we generate N = 2000 traces from the ground-truth GLT model
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Figure 6: Comparison of the average spread across different seed set sizes, where the seeds
are selected by a greedy algorithm under five candidate diffusion models and the
ground truth. The ground truth threshold distributions are F,, ~ Beta(1l,f3,),
where 5, ~ Unif{1,2,3,4,5}. Each box plot represents the estimated spread
across 10 networks, where the spread is averaged over five fitted models (each
trained on a separate set of 2000 traces). All values of the spread function o(-)
are estimated using 1000 Monte Carlo simulations.

with weights sampled according to (24) with d,,4, = 1, and the threshold distribution is set
to F, ~ Beta(1, 5,), with 3, ~ Uniform{1, 2, 3,4, 5}.

To examine how misspecification of the diffusion model impacts IM solutions, we compare
the following methods: the LT model and the IC model fitted by solving (16), and the
GLT model with both weights and threshold distributions estimated by solving problem
(22), where the threshold distribution for each node v is assumed to be Beta(1, 3,), with S,
estimated from data. As benchmarks, we also include the LT model with weights assigned
via the following heuristics from Goyal et al. (2011):

1. Weighted Cascade (WC): The weight of an edge (u,v) € E is estimated as the inverse
of the in-degree of v, i.e., by, = 1/|P(v)].

2. Propagated Trace Proportion (PTP): The weight of edge (u,v) is estimated based on
the ratio between the number of traces where u is activated before v and the number
of traces where wu is activated. Normalization is used to ensure that the in-degree of
each node equals 1:

i Mniue D ve DY, to<t} S b1
v {n:u e A(Dyn)}| ’ o
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For each of the diffusion models described above and each generated network, we follow
these steps. First, we estimate the model weights and, in the case of GLT, also the 3, values
via a grid search over {1,2,...,10}. Then we

1. Run Algorithm 1 with seed set size k = {1,4, 7,10, 13} under the fitted diffusion model
to obtain a seed set Si. The influence function ¢ in Algorithm 1 is approximated using
1000 Monte Carlo simulations.

2. Run the diffusion 1000 times from the seed set obtained in Step 1 and obtain the
average spread &p.

As a benchmark, we also compute the average spread under the ground truth GLT model,
referred to as the oracle.

Figure 6 presents boxplots (across the 10 networks) of 6, for different values of k, ranging
from 1 to 13. As the seed set size k increases, the choice of model has a greater impact,
likely because for very small seed set size the greedy algorithm tends to select the most
connected nodes under any model. However, significant differences in spread emerge as
the seed set size increases. As expected, LT and IC are inferior to the ground truth and
the GLT model, and the heuristics work poorly. The GLT model with estimated threshold
distributions achieves performance comparable to that of the oracle.

6.5 Spread estimation

In the previous experiment, we only evaluated the spreads from seed sets that were selected
by the IM algorithm. In some applications, we may also be interested in assessing spread, for
example, of fake news or a virus, initiated from a given seed set that has not been optimally
selected. Here we show that, for propagation under the GLT model, selecting an accurate
threshold distribution can significantly improve the accuracy of spread estimation from any
seed set.

As in Section 6.3, we consider a CWS network with n = 100, p = 0.2, and k = 10,
and the associated GLT model with weights sampled according to (24). This time, we
set the ground-truth threshold distributions as F,, ~ Beta(2,2) for all child nodes v € V..
With seed sets generated as in (25) with spax = 20, we generate a set of 1000 train traces
and additional 500 test seed sets. We pick a more “easy-to-influence” model and a higher
than usual spax to make the observed traces spread farther, and so allow studying the
effect of model misspecification on the full range of trace lengths. Then, for each candidate
distribution Beta(2,2), Beta(1,2), Beta(2, 1), and Unif]0, 1] (LT model), we use the training
set to estimate the weights of the GLT model under the assumption of the candidate
distribution for the node thresholds. We then compute the predicted spread by running
the estimated GLT models 1000 times from each test seed set. We also do this with the
ground-truth GLT model to obtain the true spreads. In Figure 7, we plot the estimated
spreads against the ground truth for each candidate GLT model and report the RMAE
between them. Similarly to the node activation probabilities, the spread from a given seed
set is also a function of the GLT model weights; however, it is a complicated implicit function
that does not lend itself to a delta method calculation, so instead we estimated the spread
empirically, by repeating the simulation 10 times. The variability was negligible on the scale
of the plots, and is thus not shown; this is expected since spread estimators are known to
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be robust to small perturbations in diffusion model weights (see, for example, Goyal et al.
(2011)).
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Figure 7: Comparison between the ground-truth spreads from 500 test trace sets and the
estimated spreads for several candidate GLT models with a fixed Beta threshold
distribution for all nodes. The trace-generating model is the GLT with F, ~
Beta(2,2) for all nodes. Weights for each candidate GLT model are estimated
using 1000 training traces.

In Figure 7, we observe that the ground-truth model clearly outperforms the other
candidates, even the LT model with the same mean of 1/2, suggesting that getting the
shape of the threshold distribution right is important. As a more general conclusion, we can
notice that the more “easy-to-influence” models, such as Beta(1,2), tend to overestimate the
spread and the more “hard-to-influence” models, such as Beta(2,1), tend to underestimate
it.

6.6 The movie ratings example

In this section, we apply the proposed weight estimation procedures to the Flixster dataset,
collected from www.flixster.com, a popular social media platform for movie ratings. The
dataset contains an undirected, unweighted social network of approximately 1 million users
and over 8 million time-stamped ratings of movies by the users, in the time period from
2005 to 2009. Following Goyal et al. (2011), we represent these ratings as action logs, which
is a collection of triples (u,a,t), where u represents the user 1D, a the movie ID, and ¢ the
time when the user rated the movie; the value of the rating is disregarded. Goyal et al.
(2011) analyzed this dataset under the assumption that if user u rated movie a before user
v, and u and v are connected, then v was influenced by u. There is of course the possibility
that v rated the movie independently of u, but they showed that even without accounting
for this possibility, learning from the action logs can significantly improve the estimation
of influence propagation. Here, our goal is to compare the accuracy of different diffusion
models for predicting node activation events.

To process the data, we first removed all users who rated fewer than 20 movies, then
applied the algorithm (Kojaku and Masuda, 2018) to extract the core sub-graph of the
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remaining users, and finally extracted the largest connected component of the core. This
resulted in a network of 8174 nodes, approximately 50K undirected edges (which we doubled
to create directed edges), and approximately 2.1M action logs.

The next step is to transform the action logs into trace or pseudo-trace data. Inferring
full propagation traces from action logs is challenging, even in simple scenarios. For example,
consider a graph of three connected users who rated the same movie at distinct times
t1 < to < t3. There are already five possible ways to construct the corresponding trace —
({1,2,3}), ({1},{2,3}), ({1,2},{3}), {1},{2,3}), or ({1},{2},{3}) — because of the inherent
ambiguity of converting the continuous time stamps into discrete propagation events. While
one could pick a threshold to decide whether two time stamps should be considered the
same or not in the discrete time space, it would be arbitrary, and the resulting analysis can
be sensitive to this arbitrary choice. Instead, we use the pseudo-trace framework described
in Section 4.4.
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Figure 8: ROC curves and AUC scores for the activation probabilities computed on the
test pseudo-trace set, from candidate diffusion models estimated on the training
pseudo-trace set.

For each user (node) v, we extract the pseudo-traces where v was activated by identifying
all movies a they rated and noting the set Aq(,a) C P(v) of v’s parents who rated a before
v did. For pseudo-traces where v was not activated, we consider all movies a that v did

not rate but at least one of their parents did, noting the set Aga) of all its active parents at
the last recorded time point in the action log. We then randomly split the trace data into
training (80%) and test (20%) sets, stratified by the activation status of the node. Using
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the same candidate diffusion models as in Section 6.4, we fit the models on the training
pseudo-traces and compute predicted node activation probabilities on the test pseudo-traces.
The only difference from the settings in Section 6.4 is a larger parameter grid for estimation
of the Beta distribution parameters, where we allows both «, and 3, to range from 1 to
10. Note that for the fitting problem (22), we only require F, to be log-concave, which is
satisfied when both @ > 1 and 8 > 1 for the Beta distribution; it is only for solving the IM
problem that F, is required to be concave.

Figure 8 presents the resulting ROC curves and AUC scores for the estimated diffusion
models. These results are for one random split into training and test; variability in AUC
scores under different random splits was less than 0.001. The results show that GLT performs
the best, followed fairly closely by IC and LT, and these three models significantly outperform
the heuristic PTP and WC. While this dataset does not represent an ideal test case for our
model, since the traces are not observed directly, it demonstrates that flexibility in modeling
the thresholds can help even when neither the data collection mechanism nor, presumably,
the true propagation model exactly match the GLT framework.

7. Discussion

In this paper, we have proposed a new flexible framework for information diffusion on
networks, the general linear threshold (GLT) model. We derived identifiability conditions for
edge weights which are weaker than previously available, developed a statistically principled
likelihood-based method to estimate the edge weights from fully or partially observed
traces, and proved that these estimates are \/n-consistent and asymptotically normal when
threshold distributions are known. We also proposed a parametric approach to estimating
threshold distributions, which saves computational time but is relatively inflexible compared
to nonparametric distribution estimators; we leave that for future work. In the parametric
setting, it would also be of interest to establish identifiability and consistency conditions
for the GLT model where both the parent edge weights 8, and the threshold distribution
parameters ¢, vary with v.

In Section 5, we illustrated the application of the GLT to the IM problem, and established
the relationship between the quality of the IM solution under the GLT model errors for the
case of bipartite graphs; establishing this relationship for more general graph classes is a
topic for future work. Another important question to study is stability of the IM solution to
misspecification of node threshold distributions.

To allow for easy use with arbitrary distribution of thresholds, our implementation
of the likelihood optimization problem (16) uses the SLSQP solver, which accommodates
both convex and non-convex problems. This choice was made to allow for fitting the GLT
model with non-log-concave threshold densities, which may violate the convexity condition
in Proposition 14 but be desirable in practice. When convexity is guaranteed, however,
optimization efficiency can be significantly improved by using convex solvers, such as Gurobi
or Mosek. Improving optimization speed and quality is another goal for future work.
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Appendix A. Proofs

In this section, we present all the proofs not present in the main body of the manuscript.

A.1 Section 3 Proofs

Proof [Proof of Proposition 8] Consider a GLT model on the star graph of in-degree 3 in
Figure 3 with equal weights b, , = 1/3. Let node 4 have a threshold cdf F' satisfying

F(0) =0, F(1/3) =0.5, F(2/3) =0.85, F(1) = 1.
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Threshold distributions of nodes 1, 2, and 3 do not affect the diffusion model as other
nodes cannot activate them. Any triggering model on this graph will have only 8 relevant
parameters, representing probabilities of each possible subset of {1,2,3} to be the triggering
set for node 4. We will denote this probability distribution as

P = {PFy, P, P>, P3, P12, P13, P>3, P123}.

If the GLT model was a special case of the Triggering model, a distribution P would exist
such that the activation probability of node 4 is the same for the two models given any seed
set, i.e., the following linear system should have a solution:

Py + P+ P13+ Pios =F(b14) =05

P+ Pia + Po3 + Pras = F(bg4) =05

P3 + Pi3 + Py3 + Pia3 = F(b34) =05

Py + P>+ Pig + P13+ Paz + Pias = F(bi1,3+b24) =0.85
Py + P3s+ Pig + P13+ Pog + Pias = F(b13+b34) =0.85
Py + P3+ Pio + P13+ Pa3 + Pros = F(bi13+b24) =0.85
(P + P+ P34+ Pig + Pi3+ P34+ Plag = F(bia+boy+b34) =1

on

Solving this system, we can verify that a solution exists, but it has Pja3 = —0.05, and thus
is not a valid probability distribution.

Now, assume that the Triggering model is a special case of the GLT model. Consider an
instance of the Triggering model on the same star graph of in-degree 3 with P(I'y = {1}) = 0.4

and P(I'y = {2,3}) = 0.6. Then, there exist weights by 4,b24,b34 > 0 and a cdf F', such that
F(bl74) = 0.4, F(bg74) = 0.6, F(b274 + 6374) = 0.6, and F(b1,4 + b374) =1.

By monotonicity of the cdf, the first two equations imply b1 4 < b2 4. Adding b3 4 on both
sides and applying a non-decreasing F' implies the following contradiction:

= F(bl’4 + 53,4) < F(b2,4 + 5374) =0.6.

A.2 Section 4.1 Proofs

Proof [Proof of Lemma 9] Note that the trace probability in (7) consists of at most |V¢|
terms (excluding the positive seed set probability), as only child nodes can be activated at
t > 1 and each node in a trace can be activated at most once. In turn, for each node v € V,
the corresponding term is either F,(By(A¢;0,)) — Fy(By(Ai—1;0y)) or 1 — F (B, (Ar;6,).
By trace feasibility, D; N P(v) is non-empty. Coupled with the strict monotonicity of F, it
implies that for any 6, € O, that

F, [By(Ai-1;0,)] < F, [By(A4;0,)] and F, [By(Ar;0,)] < F, [By(P(v);0,)] < 1.

Thus, both types of terms are positive, which completes the proof. |

32



FLEXIBLE MODELING OF INFORMATION DIFFUSION

Before we proceed to prove Proposition 10, we establish a useful lemma, showing the
equivalence between the node reachability and its appearance in a trace.

Lemma 26 The following conditions on node u € V are equivalent:
(a) For all @ € ©, it holds Pg(u € A(D)) > 0;
(b) There exists @ € © such that Pg(u € A(D)) > 0;

(¢) Node u is reachable.

Proof [Proof of Lemma 26| Statement (a) trivially implies (b). To show (b) implies (c), note
that (b) implies that there is a feasible trace D = (D, ..., Dy, ..., Dr) with P°(Dg) > 0 and
u € Dy. We prove by induction over 7 > 1 that there is a path to « from a node wy_, € Dy_.
First, for 7 = 1, since D is feasible, u should have a parent w;_1 in D;_1. Now suppose the
induction hypothesis holds for 7. If there is a path to u from w;_, € D;_,, there is also a
path from D;__q since w;_, should have a parent in D;_,_1 by feasibility. This results in
a path (woq, ..., w;—1,u) connecting Dy and u which implies that u is reachable.

To prove (c) implies (a), consider an arbitrary reachable u. If PO(u € Dy) > 0, then (a)
holds. Assume now there is a sequence of nodes (wp, w1, ..., wy = u) such that (w;—1,w;) € F
forall t = 1,...,T and wy € Dy with PY(Dg) > 0. Then, D = (Dy, {w1},...,{wr}) is a
feasible trace that has a positive probability for any @ € © according to Lemma 9. |

Proof [Proof of Proposition 10| Suppose there is an unreachable non-isolated node u € V.
Then, by Lemma 26, there is @ € © such that Pg(u € A(D)) = 0. If u has a child v, the
edge (u,v) will never participate in a trace and thus changing b, ,,, while keeping all other
weights fixed, preserves Pg. If u has a parent v, then v should also be unreachable, as
otherwise, there would be a directed path from some positive probability seed set to u
passing through v. But then changing b, , alone again does not change Pg. In both cases,
we get a contradiction with identifiability. |

Proof [Proof of Theorem 11| (Sufficiency) Suppose there are distinct vectors of parameters
0 = {buy : (u,v) € E} and 8 = {b,, : (u,v) € E} in O for which Py = Pg. Since 6 # 0,
there is an edge (u,v) € E such that b, , # Bu,v. Consider the subsets Sj,j7 =1,...,m of
P(v) together with the corresponding traces D; = (D(()] ), e ,Dt(j_ )) satisfying conditions of
the theorem. For each Dj, let ¢,k =1,...,r; with ¢;., =t; denote all time points before
tj when Dy, N P(v) # (0. As the equality of distributions Pg and P implies equality of the
corresponding seeded diffusion model instances, we have for any time point #;y:

Pg(’l) ¢ -Dtjk-‘rl‘DOa e 7‘Dtjk) = ]P’é(v ¢ Dtjk—‘rl’DO) ceey ‘Dtjk)7
which implies by (5) that
1-F, (B,,(A(j)‘ 91,) 1-F, (BU<A§;‘,3; év))

(j;f’“’ - S (26)
1= B (BaAD)130.))) 1= R (Bu(Afl)_1:6.)))
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Taking the product of these equalities across tj;, for k < r; and k < rj;, we obtain by
telescoping

Fy (Bu(AD:0,)) = Fy (Bo(47:6,))  and F, (Bu(4P)1;6,)) = F, (Bu(AY1:6.)),

where for the second equality we used Ag )T.7 ,NPv) = Ag )71 N P(v). By the monotonicity
"5
of F,, we can apply its inverse to both sides of the equations above to deduce

B,(A{;0,) = B,(A:0,) and B,(AY ;0,) = B,(AY :6,).

By definition of D;, we have Dg ’n P(v) = S;, so, by subtracting the above equations we
obtain By (Sj;6y) = By(S;; 6,). Aggregating the resulting equalities across j =1,...,m, we
obtain NXUT 0, = XvT 0,,. But according to our assumption, X, is invertible, thus 68, = 0, and
bu,v = by, in particular. Contradiction.

(Necessity) Suppose {Pg, 8 € O} is identifiable but there is v € V, with P(v) = {uy, ..., um}
for which conditions of the theorem do not hold. Take an arbitrary 6, in the interior of
©,, which is non-empty by definition of y. Our further goal is to obtain a contradiction by
constructing 8 € © coinciding with @ everywhere except for 6, so that Py = Pg. Consider all
possible subsets S; C P(v),j =1,...,k which satisfy condition 1 of the theorem. Then, our
assumption implies that the matrix X, = [1(u; € S;)] € {0,1}** has rank(X,) < m. In
other words, there is a non-zero vector z € R™ such that XJ z = 0j. As 0, lies in the interior
of O, by definition, we can find a sufficiently small scalar > 0, such that 0, =0, + dz still
lies in ©, while preserving

7o, = %76, (27)
Note that by changing 6,, alone, we could only change the probability of a feasible trace D =
(Do, ..., Dr) with P°(Dg) > 0 and P(v) N Dy # () for some t < t, := max,<r{7:v ¢ A;}
where ¢, is the last time v is not activated. Indeed, if PY(Dg) = 0 then Pg(D) = Py(D) = 0
and if P(v) N Dy = () for any t < t,, then by (7), trace probability does not depend on 6,.
Take such a trace and consider all times s; < t,,j = 1...,r for which P(v) N D, # 0. Note
that for each time s, the trace (Do, ..., Ds;) is also feasible and satisfies condition 1 of the

theorem. Therefore, there is a corresponding column x; := [1(u; € Ds;)]i%; in matrix X,
which according to (27) satisfies

Bv(Ds]-QBU) = <-Tja0v> = <$jvév> = B’U(DS]';O'U)'

Summing these equations over j < r and j < r, we obtain, respectively,

Bv(Atv;ev) = Bv(Atv;ev) and Bv(Atv—l; av) = Bv(Atv—l; 01})

But from (7), trace probability is either a function of B, (Ar;0,) = B,(A,;0,) if v ¢ Ap
or of By(A¢,;0,) and B, (As,-1;6,) if v € Ap. Therefore, we deduce Pg(D) = P4(D) and
arrive at a contradiction with identifiability of ©. [ |
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Proof [Proof of Corollary 13| Fix an arbitrary child node v € V. with parents P(v) =
{u1,...,um}. Define the singleton parent subsets S; := {u;}, j = 1,...,m. Since the
corresponding X, is an identity matrix, it is sufficient to verify that Si, ..., Sy, satisfy the
first condition of Theorem 11. Take arbitrary S; and corresponding u;. If PY(S;) > 0,
the required condition trivially holds. If not, the formulated condition guarantees that
there is a seed set Dy with ]P’O(Do) > 0, such that u; is reachable from some wg € Dy
via a directed path (wo,...,wi—1,u;) and Dy U {wr,...,w;—1} does not contain u; or v.
Without loss of generality, we may also assume that wq, ..., w;_1 are not contained in Dy, as
otherwise we can start this path from w;+ with 7% = max{7 <t—1: w; € Dy}. But then
D = (Do, {wi},...,{wi—1},S;) is a feasible trace. Noticing that v ¢ A(D) by construction
completes the proof. |

A.3 Section 4.2 Proofs

Proof [Proof of Proposition 14| Let F' be an arbitrary cumulative distribution function with
density f. We need to show that

F@)=F) = [ 1<t <o) (28)

is concave on {(z,y) : > y}. Note that g(x,y,u) := 1(y < t < z) is a log-concave function
since for any A € [0, 1] and points Ay = (z1,y1,u1), As = (z2,y2,u2) with x1 > y1,z2 > Yo,
it holds:

g()\Al + (1 — )\)Ag) =1 [)\l'l + (1 — )\)1'2 < Aui + (1 — )\)UQ <Ay + (1 — )\)yz]

> 1z <up <y1]lfze < ug < yo

[
=1fr <up <yi*llae <up <y

= g(A1)g(Az)' .

Thus, the expression under the integral in (28) is log-concave as a product of log-concave
functions. Finally, by Theorem 6 in Prékopa (1973), the integral of a multivariate log-concave
function w.r.t. any of its arguments is also log-concave. This completes the proof. |

A.4 Section 4.3 Proofs

Along with the data matrix X, it will be convenient for this section to define its cumulative
row-sum version. More formally, for n € 7, and ¢ € %(n), denote the indicator vector of all
the parent nodes active at time ¢ within trace n as zt(n) = [L(u; € Agn))]ﬁl, its concatenation
over t € 7;,(7") as Zz(,n), and the further concatenation over n € Z, as Z,, € {0, 1}/Vv*m,

Before we proceed to the proof of Proposition 16, we present and prove a technical lemma
relating the minimum eigenvalues of Xl(,n) and Zf,n). Consider an arbitrary X € R¥*™ and
let R € {0,1}%** denote a lower triangular matrix with R;; = 1[j < i]. Then the rows of
Z = RX are cumulative sums of the rows of X. Let Apin(-) denote the minimal eigenvalue
of a symmetric matrix.
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Lemma 27 With X and Z defined as above,
Amin(XXT) < \uin(Z227).

Proof [Proof of Lemma 27| Since[RR"]~! is a tri-diagonal Toeplitz matrix with conveniently
computed characteristic polynomial, one can show that Apin(RR") = 1/[4 cos?(n/(4k+2))] >
1/4. Therefore, we obtain

Min(ZZ7) = Anin(RXXRT) > Mnin(RR N Amin (XX T) > ~Apin (XX 7).

e

Proof [Proof of Proposition 16] With n € Z, and ¢ € 7™ denote dni+1(0y) == F, (ngin))—
F, (8] 2™). Additionally, let dy,7,+1(8,) == 1 — F,(6] 25")) = 1 — F,(6] 2 ). Observe

v “t(v,n)

that for any ¢ € 77)("), we have
Ply =11 X, = PB,(A";6%) < U, < By(A;6%) | X,) = dny11(6) and
Plyl) = 0 for all t € T, | X,] = P[B,(AY);6%) < Uy | Xo] = dy 1, +1(65).

Note that by strict monotonicity and continuity of F,,, we can lower bound d,, +11(6,),t €
Ty {T;,} uniformly for all 8, € ©, and for 87 in particular as

dpin = min [Fv(zl) - FU(ZZ)] > 0.
217226[0,’}/]7
z1>22+€

Moreover, with all considered threshold distributions having a log-concave density, it holds
V2logdyt+1 = 0 for any n € T, t € %(n) U{T,} per Proposition 14. So, we can lower-bound
the expected Hessian as:

E[_szv(ev) ‘ Xv] = Z Z dn,t+1(0:)v2 log dn,t+1(9v)
n€ly teﬁ(”)u{Tn}

t _dmin Z Z VQ 10gdn,t+1(9v)a

nely, t€7—1;(n)

(29)

where each term in the final expression can be expressed using the chain rule in terms of
Hy(z1,22) = V2, log(Fy(21) — Fy(22)) € R**? and Ly = [ZLE”); zﬁ)l] € R™*? as:

v2 log dn,t+1(0v) = Ln,t : Hv(ejzgn)j OIZIEE)l) : L;r,t-

One can show by checking det(H,) > 0 and H, 11 < 0 that for F, ~ Beta(a, 5) with
a>1,8>1 except for the case &« = § =1 (uniform distribution), the Hessian H,(z1, z2) is
strictly negative definite for any z; > z3. In this case, by continuity of the Hessian and the
mapping A — Apin(A) taking the minimum eigenvalue of a negative definite matrix, we can
define

1= min  Anin (Hv(zl, ZQ)) > 0.
21,22€[0,7],
z1>222+€
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With that, the last line of (29) can be further lower bounded by

T T
dminC1 Z Z Ln,thVt = dminclzv Ly,
neZ, yoqm)

where by Lemma 27, the smallest eigenvalue of the RHS is lower bounded by d“‘ﬂfncl)\min(XvT Xy).
The result follows by substituting ¢y = dpinc1/4.

For F, ~ Unif|0,1] and F, ~ Exponential(x), the Hessian can be computed with
g(z1,29) = 1/(21 — 22)? and g(z1, zp) = e #(Z1722) J(e=122 _ e=121)2  yespectively, as

Hy(z1,2) = g(z1, 22) (‘11 _11) .

Note that Hy(z1, 22) is a negative semi-definite matrix of rank 1 with eigenvector h = (1, —1)
and corresponding eigenvalue A, (z1,22) < 0, satisfying H,(z1,22) = An(21,22)hh". By
continuity of H, and the largest eigenvalue of a matrix, we can define

co= min —Ap(z1,22) >0

21,22€ [037]7
z12>222+€

and further lower bound the last line of (29) as follows:

T T
mlnCQ Z Z nth nth) = dminCQXva .
TLEI’U te?:}(”)

Letting ¢) = codpin completes the proof. [ |

Before we proceed to the proof of Theorem 17, we present its main idea. The key step
is to reformulate (16) as a binary classification problem, for which a finite sample result
can be conveniently derived by treating the design X, as fixed and the response as the only
source of randomness. The response here is the activation indicator of node v, defined for
each trace n € 7, and t € ﬁ(n) as

yéﬂ =1(v e Déj—)l)

Then, the log-likelihood of node v in (14) can be rewritten as

=3 Y 1t <t(v,n ]{yt(i)l log[pi'?) (8,)] + (1 — ) log[1 — {7} (8,)] } (30)
n€L, te']:)("
where pgi)l (6,) is the GLT transition probability defined in (5) and written with new notation
as

<0T My~ 07"

v

F (0] :")

n6,) = (31)

(n)

Note that the activation time #(v,n) in this framework is random, and y,.7 = 0 for any

t < t(v,n) and yfi)l = 1 implies ¢t = t(v,n). In particular, this means that the responses
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n) = {yﬁ)1 1te %(n), t < t(v,n)} are dependent conditionally on Xf,()n) and their number
is random, since we do not receive more observations after v is activated. This creates
additional technical complexity relative to a binary classification model. Fortunately, y(™
are independent across n € Z,, due to the assumed trace independence.

Given the log-likelihood of the binary classification model in (30), our next goal is to
establish a high probability (with respect to the randomness in {y(™,n € Z,}) error bound
for the model’s MLE conditional on the design X,,.

Proof [Proof of Theorem 17| Fix a node v € V, with m = |P(v)| and § € (0,1). Denote the
negative log-likelihood term corresponding to the trace n € Z,, and time point ¢t € %(n)
(30)by

£a(6,) = =1t < t(o,m) {u) log[p{11(6.)] + (1 = i) log[L — 571 (6,)] |-

Then, (16) essentially solves the following problem:

év:arg min ¢y, (6,), where /£y, (6 Z Z ln+(0

0,€0, U
neL, tET(n)

Our first step is to establish a high probability bound for ||Viy, (0})|l2. With f, = F}
denoting the threshold density, we can express the log-likelihood gradient of each sample as

Vi 1(84) = c.(00) VDL (0.)1[t < t(v,n)], (32)
p(n) y(n)
where ¢, +(0,) = W and
1— E, 0] 211,07 20 _ 1 (6T (V)™
Vo (6,) = [ (0] 2" )1 fo(0) 22 — (1 — Fo(8] 2] fo(6] ™)) -1

[1— F, (6] "))

Since f, is continuous, it achieves its maximum fuay on the interval [0, ] and minimum fiin
on [g,7]. Note that both quantities are positive as both intervals lie in the support of f,. Thus,

by definition of O and feasibility, we have fv(Oth )1) € [0, fmax] and fv(OI z§n)) € [fmin, fmax)-

Then, for each coordinate j =1,...,m of Vpg +)1(9v) the triangular inequality implies
2fmax
Vp < — . 33
|[ t—i—l( )] ‘ [1 _ Fv(,y)]g ( )

To bound ¢(0,), we first show that pgi)l is bounded away from 0 and 1. Note that pgi)l (0,) <
F, (7). For the lower bound, if zt(n)l = 0,,, then pgi)l(e ) > F,(e) and otherwise, by the mean-
value theorem and feasibility there is £ € [e,~] such that pg 1(0y) = fu,(£)0, (zlfn) - zt(ﬁ)l) >
fming. To summarize,

Fo(7) = p (00) = min{ fuming, Fu(e)},

which implies together with |ptil(0v) — yﬁ)ﬂ <1 that

(n)
. B pt+1(0v) —Un 1
00l = o 001 = (8o | = M fine, Fo(@)} (1~ Bu(7)) 3
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Combining (33) and (34), we obtain

% meax
[VEnt(0,)]5] < min{ fming, Fy () }(1 — Fy(y

To bound | 3=,c7, 3=, m [VEni(00)];], we will use Azuma-Hoeffding inequality exploiting

))3 :06(57'77 Fv)' (35)

the convenient conditional structure of the subsequent terms in the sum '. Denote Yot =
(n

[V£,,,(07)]; and note that it is identically zero if [Vp, .’ (6;)]; = 0 and otherwise satisfies

EYot | {Yortret, X0 = EYay | {457 = 0}rer, X(V)
x Ely™) — p{™(02) | (o1, = 0}rcr, XIM] = 0.

On the other hand, Y, ;’s with different n are independent conditional on Z,, so partial
sums of ) >, Y, form a martingale. Since each term in the sum is almost surely bounded
by (35), we have by Azuma-Hoeffding for any z > 0:

1
P(E‘ Z Z Yn’t| > z) < 2exp(—z2Nv/2C(')).
n€Zy yeq ()

Using the union bound over the coordinates 5 = 1,..., m and inequality relating the ¢ and
loo norms, we have

P([Ven,ll2 > 2) <P([Ven,llso = 2/v/m) < 2mexp(—2°N,/2mCj)

Denoting the RHS by §/2 and solving for z, we obtain:

2Cim 4m

P(||[Ven,|l2 >

Our next step is to demonstrate that the Hessian of ¢y, (8,) is positive definite on the
whole ©, with high probability. Denote H,, = V2[}_ e ™) 0,+(6,)] so that by Assumption

3, it holds E[N%, >onez, Hnl = E[V?0y,(68,)] = Aminl. By telescoping, each H, can be
conveniently rewritten with ¢(v,n) denoted by t* for brevity:

H, =~y V2 og[F, (0] 2) — Fy(0] 200 )] — (1 — 4} ) V2 log[1 — F, (6] 21)]  (37)

By Assumption 3, the density f, is log-concave, implying, per Proposition 14, that H,, is
positive semidefinite. Our goal now is to apply a Chernoff-type concentration on the sum of
independent positive semidefinite matrices H,, to show that it is close to its positive definite
expectation, and thus, with high probability, is positive definite itself. For that, we also
need the largest eigenvalue of each H,, to be bounded. Denote the two additive terms in the
panel above by H, 1 and H,, > , so that H,, = H, 1 + H, 2. By the chain rule, the spectral
norm of the second one is dominated by

n) (n)T d
| Hnzllz < 1720 |2 sup |5 log[L = Fu(2)]] < Ca(e,y, Fu)m,
z€len] 4%

1. The following derivation is inspired by the proof of Lemma 3 in (Pouget-Abadie and Horel, 2015).
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where the supremum is achieved since the function inside is continuous on the interval by
Assumption 2. Again, by the chain rule and submultiplicativity of the norm, we also have

| Hualls < 1[5 262013 sup (V2,2 Tog[Fu(z1) = Fu(22)]2 < Cule, v, Fu)m
21,22€[0,7]
212>22+€
where we again used the fact that a continuous function on a compact set achieves its
maximum. Therefore, with ¢, :== C; + C3, we have ||H,|2 < ¢ym. So, by Corollary 5.2 in
(Tropp, 2012), we have the following concentration for any z € [0, 1]:

H— Z H,(0,)]2 < /\mmz) < mexp[—(1 — z)QAmian/Qcém].
U TLEI’U

Set z :=1/2 and ¢y = 8¢,. Then, the corresponding upper bound on the probability above
is dominated by 6/2 when the assumed condition N, > " log = Im g satisfied:

)\min

IP’(HVzﬁNv (6,) ) < mexp[—AminNy/com] < §/2. (38)

=

With that, the union bound implies that the gradient concentration in (36) and the Hessian
concentration in (38) hold together with probability at least 1 —¢ . Assume that both of
these events hold. Expanding ¢y, at 6} gives for some 6, = 6} + 2(0, — 0},) with z € [0, 1]:

N N 1 . -
I, (80) = [N, (05) + Vin, (6)T (6, — 6) + 50y — 0;)" V*n,(8.)(0, - 67).
Since 6., 0, c O, by Assumption 2 and O, is a convex set by definition, we have 0, € O,,

so the quadratic term above is lower bounded by m”‘ 10, — 0%]2. On the other hand,
N, (0%) > Un, (0,) by optimality, which implies together with the Cauchy-Schwarz inequality

s A )\min
IVen, (07)]12110, — O5ll2 > —Vin, (65) T (6, — 6;) > 1

16, — 63113.

The needed bound is obtained by dividing through ”911 — 0|2 and plugging in the gradient
concentration from (36) with Cy = 4,/2C. [ |

Proof [Proof of Proposition 19] By Theorem 5.1 in (Lehmann and Casella, 1998), the MLE
6 of 0" is consistent and satisfies

VN - 6°) 2 N(0,2(6%)) as N — o, (39)

where ¥71(0) = Epup,.[~V21logPe(D)], if (a) the distribution family {Pp,0 € O} is
identifiable, (b) the traces are independent and have common support, (c) 8" lies in the
interior of ©, (d) P is three times differentiable wrt 6 in an open neighborhood w around
0, (e) the first and second order partial derivatives of log Pg(D) wrt € are dominated by
an integrable g(D), (f) third-order partial derivatives of logPg(D) wrt 6 are bounded on w,
and (g) X is positive definite on w. We can verify all of these conditions: (a) holds due to
the assumed identifiability condition of Theorem 11; (b) holds because traces are assumed
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independent and they have a common support of all feasible traces F(G) with PY(Dg) > 0
due to Lemma 9; (c) holds by Assumption 2; (d) holds for any 8 € © since, according to (7),
the trace likelihood is a composition of a linear transformation of 8 and {F, },cv,, which are
three times differentiable by Assumption 2; (e) holds because first- and second-order partial
derivatives of log Py are continuous on the compact 8] by Assumption 2 and thus achieve
their maximum and minimum values; (f) holds because third-order partial derivatives are
also continuous by Assumption 2 and thus bounded on the compact ©; and finally (g) holds
by Assumption 4 and continuity of the Hessian for the w chosen as a ball of a sufficiently
small radius.

Thus 6 is consistent and by continuity of ¥71(0) and the continuous mapping theorem
we have that

»~1(0) — £71(6*) in probability as N — co.

On the other hand, by the law of large numbers, we have for any 6 € © that

N
1
>~10) = — > V?logPg(Dy) = £7'(6)  in probability as N — oc.

n=1

Combining these two observations, we have 71(8) — X~1(8*) in probability. So, by
Assumption 4, $71(8) is positive definite with probability tending to one. Slutsky’s theorem
and (39) implies

VNST2(6)(6 — 6%) 2% N(0, 1)) as N — oo,

Finally, the node-wise asymptotic result follows from the block-diagonal structure of 2*1(9),
which consists of the blocks —%VQLU(OU), v e V. [ ]

A.5 Section 5 Proofs

We start with the following technical lemma formulating a convenient equivalent definition
of concavity:

Lemma 28 Consider the cdf F of the distribution supported on [0,h]. Then the condition
F(z+0b) - F(z) 2 F(y +b) — F(y) (40)
holds for all triples (x,y,b) with 0 <z <y <y+b < h if and only if F is concave on [0, h).

Proof [Proof of Lemma 28| (Necessity) It is enough to verify the “midpoint” concavity

condition , , Pl 4 Pl
F T +y > (z') + (y)7 0<z' <y <C
2 2
since for bounded functions (cdf is bounded between 0 and 1), it is known to be equivalent
to concavity. Plugging x = 2/,b = (v — 2')/2,y = (y' + 2/)/2 into (40) and rearranging the
terms implies the needed inequality.
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(Sufficiency) Without loss of generality, assume xz + b < y (otherwise, repeat the proof
for o/ =2,y =z +b,b/ =y —x) . Consider the equivalent definition of a concave function
(Lemma 2.1 in Gkioulekas (2013)), which states that for any z; < x3 < x3 it should hold

F(x3) — F(z2)

Y

F(w2) = F(z1)
To — I - xr3 — X2

and use this inequality with (z,z + b,y) and (z + b,y,y + b) to obtain what was needed:

Fx+0b)— F(z) _ F(y)— F(z+b)

y—x—b

Fly+b) - F(y)

> >

Proof [Proof of Theorem 23| (Sufficiency) Consider a graph G = (V, E) and an arbitrary
GLT model on it. By Theorem 1 in Mossel and Roch (2010), it is enough to show that all
threshold functions f,(S) = F, (}_,cg buw) are monotone and submodular. Monotonicity
holds trivially since all edge weights are nonnegative and F;, is non-decreasing. To establish
submodularity, we need to check for S” C S C P(v) and w ¢ S that

S b)—F(%b)gF( > bue) = (D buo).

ueSU{w} ueS"U{w} ues’

This follows by applying Lemma 28 to b := by, T := D, cq buw,¥ = Dy cgbuw. The
condition 0 < z <y <y + b < h, follows from weights’ non-negativity:

0 bup <Y buw < D> buw < D buw <o

ues’ ues ueSU{w} u€P(v)

(Necessity) Let F' be the cdf of an arbitrary distribution supported on [0, h]. By Lemma 28,
there exist (z,y,b) with 0 <z <y <y+b < h, such that F(z+b) — F(z) < F(y+0b) — F(y).
Let G be a star graph of in-degree 3 as defined in Figure 3. Consider an instance of the GLT
model on G with weights @ = (z,y — z,b) and F' as the cdf of node 4. Then with notations
of Definition 21, submodularity is violated for S = {1,2}, S’ = {1}, and v = 3:

Fy+b)— F(y) = o(SUv}) — o(S) > o(S"U{v}) — 0(S") = F(z +b) — Fz).

Before proceeding to prove Proposition 25, we introduce a preliminary lemma that
establishes a general bound on the discrepancy between the spreads from the IM solutions
obtained under the ground truth and estimated models, which holds for an arbitrary graph.

Lemma 29 For an arbitrary graph G = (V, E), it holds with the notations of Proposition
25:

|00(5*(8)) — 00 (5™(8))| < 2 max |06(S) — o (S)]-
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Proof [Proof of Lemma 29] Denote for brevity S* = $*(8) and S = S*(8). Then, by the
triangle inequality, we have

|00(5%) — 06(S)| < lo0(S*) — 04(S)| + log(5) — 0a(S)|- (41)

To bound the first term, we use the definition of S* and S , followed by a standard maximum
inequality

|06(5™) — 0 (S) < | s o9(S) — g@%(s)! < max 06 (S) — 0(9)]-

The second one can be bounded by observing that the difference evaluated at a given S with
|S| < k is dominated by its maximum across all possible sets S of size not exceeding k:

|o9(S) = 00(S)] < max |09(S) — o0(S)]-

Combining the two bounds completes the proof. |

Proof [Proof of Proposition 25| Consider a directed bipartite graph G = (V, E') with node
set V' consisting of child and parent node subsets, denoted respectively as V. and V},, so that
V=V.UV,and E C {(u,v) :u €V, veV,.}. By Lemma 29, we only need to show that
for any node subset S C V' with |S| < k, it holds

|o9(S) — 00(S)| < L6 — 61

Conveniently, we can explicitly compute the influence function of an arbitrary parameter 6
as

og(S) = [S|+ Z Fy(By(S;6)).

veVL\S

Indeed, nodes in V. NS cannot activate anyone else, and nodes in V,, N .S can also propagate
the influence to their children. From that, the needed bound follows by sequentially applying
the triangular inequality together with the Lipschitz property of F:

’Ué(s) —09(9)] < Z |Fy(By(S56y)) — Fy(By(S; év))‘
veV\S

<L Z Z ‘buﬂ) - i)u,v

vEV\S uESNP(v)
< L|6—0]|,.
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Appendix B. Additional Experiments

In this section, we present additional experiments that are not included in the main body of
the manuscript.

B.1 Stability of joint estimation of weights and threshold parameters

Let G be a graph generated from the CWS model with n = 100,k = 10, and p = 0.2
(see Section 6.1 for detail). For this graph, consider an instance of the GLT model with
F, ~ Beta(ay, 8y), where oy, B, ~ Unif{l,...,5} independently for all nodes v € V., and
weights generated as in (24). From this GLT model, we generate 2000 traces with seed
sets generated as in (25) with spyax = 10. For each v € V., we then estimate 6 and («, 5,)
using a 50-iteration alternating optimization with a constraint set ®,, = [1,5] for threshold
parameters (see Section 4.5 for details), initialized at 10 different random weight vectors

in (24). For each run, we note (91(}8),(341(,5),31,3)) after each iteration s = 1,...,50. We also
run the procedure with weights initialized as the ground-truth to obtain the “gold standard”
estimates (é:,d;, B;’j) at convergence. For each initialization and each iteration of the
alternating optimization, we note the Relative MAE between the gold standard and the
randomly initialized estimate of a, 3, and @, that is, concatenations of the corresponding
node-specific parameters across v € V.. Figure 9 shows the convergence plots with error
bounds corresponding to 2 standard deviations computed based on the 10 initialization
replicates. We can see that the randomly initialized estimates closely match the gold standard
after a sufficient number of iterations, with 3 having an inferior but still relatively low error

compared to 8 and a. We leave a careful investigation of this behavior for future work.

0.5 = RMAE(8'6) ] --= RMAE (d’,a) ] --- RMAE (§8)
0.4

© g Q.

u Yy u—

o o o

% 03 p y |

= = =

o o o

N | ; |
0.1 ] | e

a 20 40 0 20 40 0 20 40
Alternating Iteration Alternating Iteration Alternating Iteration

Figure 9: Error between the estimators initialized at the true and randomly sampled weights.
Confidence bounds correspond to 2 standard deviations computed from 10 different
weight initializations.
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B.2 Dependency of the node sample size on the user’s conservativeness.

Let G be a graph generated from the CWS model with n = 100,k = 10, and p = 0.2 (see
Section 6.1 for details). For this graph, consider five instances of the GLT model, all with
fixed weights sampled as in (24) but instance-dependent threshold distributions Beta(«, ),
(o, B) € {(2,1),(1,1),(1,2),(1,3),(1,5)} (sorted from more to less conservative), assumed
the same across the nodes within each instance. For each instance, we generate N = 2000
traces with seed sets generated as in (25) with spmax = 10 and note the sample size NV,
and the number of informative traces |Z,| for each node v € V.. In Figure 10, we plot the
proportion of informative traces |Z,|/N and the average number of informative time-steps
N, /|Z,| per trace across the nodes, connecting the points in the box-plots corresponding
to the same node. From the first plot, we can see that the proportion of traces where a
node is informative reaches a plateau of roughly 80% after Beta(1,2). This shows that after
some level of anti-conservativeness, a node activates in all traces where it is reached, and
the proportion of these traces is governed purely by the seed set choice and the network
topology. At the same time, the second plot demonstrates that after such a level is achieved,
a node needs fewer active parents and thus fewer time steps to activate: right at Beta(1,2),
the average number of informative time steps per trace reaches its peak of roughly 1.8
and starts gradually decreasing after that. On the other hand, before this critical level of
anti-conservatism is achieved, the traces gradually increase in length, thus increasing the
proportion of the reached nodes and the number of informative time steps per trace.

Specifically for the Beta(1,2) distribution, we further perform two more simulations
to evaluate how the average number of informative observations per trace depends on
other parameters. With all other parameters fixed, we vary the maximum GLT weight
in-degree dpmax € {0.2,0.4,0.6,0.8,1} used in (24) and the average unweighted node in-degree
(k/2) € {2,5,10,20,40}, which is conveniently equal to k/2 by construction of the CWS
model. The results in Figure 11 show that the average per-trace sample size fluctuates
between 1 and 3 in all simulations, with larger values corresponding to higher weighted and
unweighted node in-degrees.
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Figure 10: Distribution of the proportions of informative traces and average per-trace
sample sizes across the nodes for different threshold distributions (right means
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Figure 11: Distribution of average per-trace sample sizes across the nodes for the Beta(1, 2)-
GLT model with varied maximum weight in-degrees (left) and average unweighted

in-degrees (right).
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