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Abstract

Motivated by alternating learning dynamics in two-player games, a recent work by Cevher
et al. (2023) shows that o(v/T) alternating regret is possible for any T-round adversarial
Online Linear Optimization (OLO) problem, and left as an open question whether the same
is true for general Online Convex Optimization (OCO). We answer this question in the
affirmative by showing that the continuous Hedge algorithm achieves 6(d%T%) alternating
regret for any adversarial d-dimensional OCO problems. We show that this implies an
alternating learning dynamic that finds a Nash equilibrium for any convex-concave zero-
sum games or a coarse correlated equilibrium for any convex two-player general-sum games
at a rate of O(d3/T3). To further improve the time complexity and/or the dimension
dependence, we propose another simple algorithm, Follow-the-Regularized-Leader with a
regularizer whose convex conjugate is 3rd-order smooth, for OCO with smooth and self-
concordant loss functions (such as linear or quadratic losses). We instantiate our algorithm
with different regularizers and show that, for example, when the decision set is the /3 ball,
our algorithm achieves (’)(T%) alternating regret with no dimension dependence (and a
better 5(T%) bound for quadratic losses). We complement our results by showing some
algorithm-specific alternating regret lower bounds, including a somewhat surprising Q(\/T )
lower bound for a Regret Matching variant that is widely used in alternating learning
dynamics.
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1. Introduction

Online Convex Optimization (OCO) is a heavily-studied framework for online learn-
ing (Zinkevich, 2003). In this framework, a learner sequentially interacts with an adversary
for T rounds. In each round ¢, the learner selects an action x; from a fixed decision space
X, after which the adversary decides a convex loss function f; : X — R. The learner then
suffers loss f;(z;) and observes f;. The standard performance measure for the learner is
the worst-case regret, defined as the difference between their total loss over T rounds and
that of a best fixed action in hindsight.

One important application of OCO algorithms is for learning in large-scale games and
finding approximate equilibria efficiently. The fundamental connection between online learn-
ing and game solving dates back to Foster and Vohra (1997); Freund and Schapire (1999);
Hart and Mas-Colell (2000) and has been driving some of the recent Al breakthroughs such
as superhuman-level poker agents (Bowling et al., 2015; Moravcik et al., 2017; Brown and
Sandholm, 2018, 2019). The most basic result in this area is that in a two-player zero-sum
convex-concave game, if both players repeatedly play the game using an OCO algorithm
to make their decisions, then their time-averaged strategy is an approximate Nash Equilib-
rium (NE) with the duality gap being the average regret of the OCO algorithm. Since the
worst-case regret for most problems is O(v/T), this implies an O(1/+/T) convergence rate
to NE.

There has been a surge of studies on how to improve over this O(1/v/T) convergence
rate in recent years. One of the simplest approaches is to apply alternation, which requires
minimal change to the original approach: let the two players make their decisions in turn
instead of simultaneously. Such a simple adjustment turns out to be highly efficient in
speeding up the convergence and is a default method in solving large-scale extensive-form
games (Tammelin, 2014).

However, why alternation works so well has been a mystery until some recent progress.
Specifically, Wibisono et al. (2022) show that in normal-form games (where losses are linear),
applying alternation with standard algorithms such as Hedge (Freund and Schapire, 1997)
achieves a faster convergence rate of O(1/T %) To analyze alternation, they propose a new
regret notion, later termed alternating regret by Cevher et al. (2023), and show that the
convergence rate in an alternating learning dynamic is governed by the average alternating
regret of the two players. In a word, alternating regret can be seen as the sum of standard
regret plus cheating regret where the learner’s loss at time t is evaluated at the next decision
Zg41, that is, fi(xi41). Since x441 is computed with the knowledge of f;, cheating regret can
be easily made negative, making alternating regret potentially much smaller than standard
regret and explaining the faster O(1/ Tg) convergence.

Motivated by this work, Cevher et al. (2023) further investigate alternating regret for
the special case of Online Linear Optimization (OLO) where all loss functions are linear.
They show that, even when facing a completely adversarial environment, alternating regret
can be made as small as O(T'3) when the decision set X is a simplex, or even O(logT)
when X is an /5 ball (while the standard regret for both cases is Q(v/T)). The latter result
immediately implies that applying their algorithm to an alternating learning dynamic for a
zero-sum game defined over an £5 ball leads to O(1/T) convergence.
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However, the results of Cevher et al. (2023) are restricted to linear losses, and they
explicitly ask the question whether similar results can be derived for convex losses. Indeed,
while for standard regret, a convex loss f; can be reduced to a linear loss x — (V fi(x¢), x),
this is no longer the case for alternating regret (see Section 2.2 for detailed explanation).

1.1 Contributions.

In this work, we answer this open question in the affirmative and present several results
that significantly advance the understanding of alternating regret and alternating learning
dynamics in two-player games, including both zero-sum and general-sum settings. A sum-
mary of our results is provided in Table 1.1. Our contributions are as follows: Our concrete
contributions are:

e In Section 3, we start with an observation that the vanilla Hedge algorithm (Freund and
Schapire, 1997) already achieves O(Té 10g§ d) alternating regret for an adversarial d-
expert problem (that is, OLO over a simplex), a result that is implicitly shown in Wibisono
et al. (2022). This observation not only already improves over the O(T% log% (dT")) bound
of the arguably more complicated algorithm by Cevher et al. (2023), but more importantly
also inspires us to consider the continuous Hedge algorithm for general OCO. Indeed, via
a nontrivial %en?ralization of the analysis, we manage to show that continuous Hedge
achieves O(d3T's) alternating regret for any convex decision set X and any bounded
convex loss functions.

e This general result implies that for any convex-concave zero-sum games, applying contin-
uous Hedge in an alternating learning dynamic leads to (5(d% /T'3) convergence to NE.
Moreover, we generalize this implication to two-player general-sum games with convex
losses, showing the same convergence rate for coarse correlated equilibria. As far as we
know, this is the first result for alternating learning dynamics in general-sum games.

e Although continuous Hedge can be implemented in polynomial time using existing log-
concave samplers, the time complexity can be high. Moreover, its alternating regret
bound depends on the dimension d even when X is an /5 ball. To address these issues,
in Section 4, we propose another simple algorithm that applies Follow-the-Regularized-
Leader (FTRL) to the original convex losses (instead of their linearized version) with a
Legendre regularizer whose convex conjugate is third-order smooth. Based on the decision
set, we instantiate the algorithm with different regularizers and analyze its alternating
regret for OCO with smooth and self-concordant loss functions (which include linear and
quadratic losses). For example, when X is an f3 ball, our algorithm achieves (5(T %)
alternating regret without any dimension dependence, which can be further improved to
(5(T%) for quadratic losses.

e Finally, in Section 5, we discuss some algorithm-specific alternating regret lower bounds,
focusing on the special case with linear losses over a simplex. We start by showing that
Q(T%) alternating regret is unavoidable for Hedge, at least not with a fixed learning
rate. We then turn our attention to a widely-used algorithm, called Predictive Regret
Matching™ (Farina et al., 2021), and show that despite its amazing empirical performance
in alternating learning dynamics, its alternating regret is in fact Q(\/T) when facing an
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Table 1: This table provides a summary of all the alternating regret bounds in this paper.
Here, SC stands for self-concordant losses and C' is the self-concordance parameter
(C = 0 for quadratic losses). All the results are in O(-) notation hiding problem
dependent constants, and the results for the smooth and self-concordant OCO
setting also hides polylog-factors in 7.

Setting Domain Prior works This paper
1/3154/3 1/31602/3
OLO A, T2 log™°(dT) T2 log“°d
Cevher et al. (2023) (Theorem 3)
2/371/3 10,0:2/3
000 | xCRd N/A =T log™ T

(Theorem 4)
max{d3/5(CT)2/5, d2/3T1/3}

C R4
Smooth rex N/A (Corollary 12)
+ d max{(CT)?/5 T'/3}
SC B2(1) N/A (Corollary 14)
0o Ay N/A max{ (CT)?/% log®/® d, T3 log?® d}

(Corollary 16)

adversarial environment. This implies that to demystify its excellent performance, one
has to take the game structure into account. Moreover, using the same loss sequence,
we show that another standard algorithm called Optimistic Online Gradient Descent
(OOGD) (Rakhlin and Sridharan, 2013) also suffers Q(v/T) alternating regret.

1.2 Related Work.

We refer the reader to Hazan et al. (2016); Orabona (2019) for a general introduction
to OCO. The continuous Hedge algorithm dates back to Cover’s universal portfolio algo-
rithm (Cover, 1991), and is known to achieve O(v/dT) (standard) regret for general convex
losses (see e.g., Narayanan and Rakhlin (2010)) and O(dlogT') (standard) regret for exp-
concave losses (Hazan et al., 2007). OCO with self-concordant loss functions have been
studied in Zhang et al. (2017) under the context of dynamic regret.

As mentioned, there is a surge of studies on learning dynamics that converge faster
than 1/+/T, such as Daskalakis et al. (2011); Rakhlin and Sridharan (2013); Syrgkanis et al.
(2015); Chen and Peng (2020); Daskalakis et al. (2021); Farina et al. (2022b); Anagnostides
et al. (2022a,b); Farina et al. (2022a). All these works achieve acceleration by improving
the standard O(\/T ) regret bound, which is only possible by exploiting the fact that the
environment is not completely adversarial but controlled by other players who deploy a
similar learning algorithm.

Alternation, on the other hand, is a much simpler approach to achieve acceleration, but
the reason why it works so well is not well understood. Earlier works can only show that
it works at least as well as the standard simultaneous dynamics (Tammelin, 2014; Burch
et al., 2019) or it works strictly better but without a good characterization on how much
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better (Grand-Clément and Kroer, 2024). Wibisono et al. (2022) are the first to show a
substantial convergence improvement brought by alternation via the notlon of alternating
regret. Their O(1/ T3) convergence rate was later improved to O(1/ T5) by Katona et al.
(2024). While this latter result heavily relies on the game structure, as we point out
in Section 3, the alternating regret bound of Wibisono et al. (2022) in fact holds even in the
adversarial setting. Focusing on OLO, Cevher et al. (2023) further provide more results on
o(V/T) alternating regret in an adversarial environment. These results make the analysis for
alternating learning dynamics much simpler since one can simply ignore how the opponent
behaves and how the players’ decisions are entangled. Our work significantly advances our
understanding on how far this approach can go by generalizing their results to convex losses
as well as providing lower bounds for popular algorithms.

2. Preliminaries

2.1 General Notations.

For a convex function f : X — R and z,y € X C R% define the Bregman divergence
between x and y with respect to f as Dy(z,y) = f(z) — f(y) — (Vf(y),z —y). Define
the convex conjugate of f, denoted by f* : R? — R, as f*(y) = sup,ex {(z,y) — f(2)}.
For a vector v € R%, denote v; as the i-th entry of the vector. Define Ri to be the d-
dimensional Euclidean space in the positive orthant and Ay = {z € R‘i : Z;flzl x; = 1}
to be the (d — 1)-dimensional simplex. We also denote Ay to be the set of probability
densities over a convex domain X C R, ie., Ay = {p X > Ry | fze/’\.’ p(z)dr = 1}. Let
B(1) = {x € R%||z[2 < 1} be the £, unit ball, and e; be the one-hot vector in an
appropriate dimension with the i-th entry being 1 and remaining entries being 0. For a
bounded convex domain X, define its diameter as max,s zex ||z —2'[|2. Define int(X) as the
interior of a convex domain X and 9(X) as the boundary of X. The notation O(-) is used
to hide all logarithmic terms.

2.2 Adversarial Online Convex Optimization

In adversarial Online Convex Optimization (OCO), at each round ¢ € [T'], the learner picks
an action z; € X C R for some convex domain X, and then the adversary picks a convex
loss function f; : X — R and reveals it to the learner. The standard regret measures the
difference between the total loss suffered by the learner and that of a best fixed decision in
hindsight: Reg £ max,cy Reg(u) where Reg(u) = Zthl fi(xy) — Zthl fi(w). On the other
hand, the main focus of our work is alternating regret (Wibisono et al., 2022; Cevher et al.,
2023), defined as follows: Regsy; = max,cx Regyy (1) where

T

Regay (u éz folwe) + fi(@esn)) =2 folw)
t=1

t=1

is the sum of standard regret Reg(u) and cheating regret Regep(u) 2 Y1 fe(wii1) —
Ethl fi(u).! The cheating regret evaluates the learner’s loss at time ¢ using the next decision

1. For notational convenience, we include x741, the output of the algorithm at the beginning of round
T + 1, in the definition.
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x¢41 that is computed with the knowledge of f; (hence cheating), and thus intuitively can
be easily made negative. The hope is that it is negative enough so that the alternating
regret is order-different from the standard regret. Indeed, for the special case of Online
Linear Optimization (OLO) where all f;’s are linear functions, Cevher et al. (2023) show a
seperation between standard regret Reg and alternating regret Regay.: while the minimax
bound for the former is ©(v/T), the latter can be as small as O(T %) when & is a simplex
and O(log T') when X is an /5 ball.

However, as explicitly mentioned in Cevher et al. (2023), extension to general convex
functions is highly unclear. To see this, first recall the standard OCO to OLO reduction for
standard regret: Reg(u) < Zthl (V fi(xy), 2y — u), which is due to the convexity of f; and
reveals that it is sufficient to consider an OLO instance with linear loss x — (V fi(x), x)
at time t. However, when applying the same trick to alternating regret: that is, bounding
Regap(u) by o1y (Vfe(we), 20 — u) + (Vfi(zes1), T411 — u) , one quickly realizes that this
does not correspond to the alternating regret of any OLO instance. In particular, the
alternating regret for an OLO instance with linear loss  — (V fy(z), ) at time ¢ is instead:
Z?zl (Vfi(zy), e —u) + (V fi(xt), v441 — w) . One might hope to use the fact that z; and
xry1 are close in standard OCO algorithms to resolve this discrepancy, but we point out
that they are still not close enough to lead to o(ﬁ) regret. Indeed, x; and x4 are usually
n-close for an algorithm with a learning rate n, making f;(x;) and f;(z+1) also only n-close
for a smooth f;. This contributes to an O(nT’) term in the final alternating regret bound,
which, together with the standard (’)(%) term in regret analysis, leads to an Q(+/7) bound.
2.3 Alternating Learning Dynamics in Games

The motivation of studying alternating regret stems from learning in games with alternation.
Specifically, consider a two-player general-sum game where uj(z,y),us(z,y) : X X Y
[—1,1] are the loss functions for z-player and y-player, respectively. wuj(z,y) is convex
in x for any y € Y, and wua(x,y) is convex in y for any z € X. A pair of strategies
(z,y) is an e-NE (Nash Equilibrium) if no player has more than e incentive to unilaterally
deviate from it: wi(Z,y) < mingex wi(z,y) + € and ua(Z,y) < mingeyus(Z,y) +e. A
joint distribution P over X x ) is called an e-CCE (Coarse Correlated Equilibrium) if in
expectation no player has more than ¢ incentive to unilaterally deviate from a strategy
drawn from P to a fixed strategy: E(,,)plui(z,y)] < mingcx Eqy)oplui(2’,y)] + ¢ and
E(zyy~plua(r,y)] < mingey By oplua(z,y')] + e

An efficient and popular way to find these equilibria is via repeated play using online
learning algorithms. For example, in a standard (simultaneous) learning dynamic, both
players use an OCO algorithm to make their decision z; € X and y; € Y for round ¢ simul-
taneously and observe their loss function g (z, y¢) and ua(x¢, y) respectively. After interact-
ing for T rounds, it is well known that the uniform distribution over (z1,y1),..., (z7,y7)
is an e-CCE with e being the average regret. Moreover, in the special case of zero-sum
games (uz = —uq), the average strategy (% 23:1 T, % 23:1 y¢) is an e-NE for the same
¢ (see e.g., Freund and Schapire, 1999). Since one can ensure O(v/T) standard regret, a
convergence rate of O(1/v/T) to these equilibria is immediate.

There are many studies on how to accelerate such O(1/v/T) convergence, with alter-
nation probably being the simplest and most practically popular one. Specifically, the
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Algorithm 1: Alternating Learning Dynamic using OCO

Input: a two-player game with loss functions uy,us : X x Y — [—1,1].
Input: OCO algorithms Alg, (for &) and Alg, (for V).
fort=11toT do

Alg, decides z; € X using past loss functions u;(x,y1), ..., ui(x, yi—1)
Alg,, decides y; € ) using past loss functions uz(21,9), . . ., u2(z¢-1,y) and
Uz (.l't, y)

difference in an alternating learning dynamic compared to a simultaneous one is that at
each round ¢, the z-player first makes their decision x;, and then the y-player, seeing xi,
makes their decision y;; see Algorithm 1.

In the special case of zero-sum games (uz = —uq), Wibisono et al. (2022); Cevher et al.
(2023) show that the average strategy of such an alternating learning dynamic is an e-NE
with € now being the average alternating regret. While they only prove this for linear
losses, it is straightforward to generalize it to convex losses, which is included below for
completeness.

Theorem 1 In the alternating learning dynamic described by Algorithm 1 for a zero-sum
game (uz = —uq), suppose that Alg, and Alg, guarantee a worst-case alternating regret
bound RegR,, and Reg},, respectively. Then, the average strategy (% Zthl Ty, % Z;le Yt) 18
an e-NE with e = O (%Reg%“).

Proof Let yo be the output of Alg, with an empty sequence of loss functions. According
to Algorithm 1, the loss function for the x-player at round ¢ is given by wu1(-,v;), while the
loss function for the y-player at the same round is ua(zy,-). By definition of alternating
regret and using us = —uq, we know that for any z € X and y € ),

T T
Z (ur(@e, ye) +ur (41, ye)) — 22’“1(13,%) < Regiy;
t=1 t=1

T-1 T-1
(w2 (@t41, ye) + u2(Tit1, Yeg1)) — 2 Z U (Te41,y
t=0 t=0
T-1
=2 Z U1 (T41, Y) Z ur(e1, ye) + wr(Ter1, ye+1)) < Regyy,.
= t=0

Taking a summation over both equations, we obtain that

T T

2 wi(ws,y) —2 ) wi(x,y:) < Regky, + Regly, + wi(z1,90) — wi(@ri, yr)
t=1 t=1

< Regiy, + Reghy, + 2.
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Since uq(z,y) is convex in x and concave in y, using Jensen’s inequality, we know that for
any r € X and y € ),

Regiay + Regilt +2 Regiy; + Regi
Tr,y) — Tp) < —0 It

where Ty = % Ethl x¢ and gp = % Zthl y¢. This further means

Regiy + Reg?m)

0 < maxwu(ZTr,y) — wi(Tr,yp) < O <
yey

T
Reg%); + Regh
0 < w (T, Jy) — minw (z,7) < O < gk + gA1t> |
zeX T
which finishes the proof by the definition of an e-NE with e = O <%Regilr>. m

Therefore, if alternating regret can be made o(v/T), a faster than 1/v/T convergence
rate is achieved. In fact, such an implication generalizes to CCE for two-player general-sum
games as well, which is unknown before to the best of our knowledge.

Theorem 2 In the alternating learning dynamic described by Algorithm 1 (for general-sum
games), suppose that Alg, and Alg, guarantee a worst-case alternating regret bound Regyy,
and Regh,, respectively. Then, the uniform distribution over {(z¢,y), (Tt+1, Yt) heem) B8 an

e-CCFE withe = O (maX{Reg%gthegiu})

Proof Similar to the proof of Theorem 1, let yo be the output of Alg, with an empty
sequence of loss functions. By definition of alternating regret, we know that for any 2’ € X
and ' € ),

T T
D (i@, ye) + wi(wesn,90) =2 wi (@, y) < Regky, (1)
=1 t=1
T-1 -1

(u2(Ttr1, yt) + u2(Tes1, Ye1)) — 2 Z us(ze41,y') < Regly, (2)
=0 =0

Define P to be the uniform distribution over {(x, yt), (T¢41, Yt) bepr)- Adding ug(@ry1, yr)—
uz(x1,90) + u2(z1,y’) — us(xryi1,y’) € [—4,4] on both sides of Eq. (2) and dividing 27 on
both sides of Eq. (1) and Eq. (2), we know that for any 2’ € X and ¢/ € Y,

Regay

oT
Regh,, + 4

By [u2(2,9)] = By [ua(e,y)] < = —.

E(zyyop [u1(@, )] — Egyyop [ui(a’,y)] <

. . .. . - max{Regilt,Regil }
This finishes the proof by the definition of an e-CCE with ¢ = O ( e ¢ ) |
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We remark that it is unclear how to generalize Theorem 2 to a general-sum game with
more than two players. We conjecture that such a generalization requires either a new
alternation scheme or a new concept of regret.

Given these connections between alternating regret and the convergence of alternating
learning dynamics, the rest of the paper focuses on understanding what alternating regret
bounds are achievable in an adversarial environment.

3. o(v/T) Alternating Regret for OCO

In this section, we propose an OCO algorithm with (5(T %) alternating regret. Our idea
is based on the following observation for the special case of the expert problem where
X =Agand fi(z) = (b, z), ||l]|co < 1 for all ¢ € [T]. While Wibisono et al. (2022) show
that the vanilla Hedge algorithm (Freund and Schapire, 1997) achieves (’3(T§) alternating
regret when played against itself in a zero-sum game, the same result in fact holds for any
adversarial expert problem, which was not made explicit in their work. We summarize this

observation in the following theorem.

Theorem 3 (Implicit in Wibisono et al., 2022) For an adversarial OLO problem with
X = Ag and fi(z) = (b, 2), |l < 1 for all t € [T, the Hedge algorithm that plays
pt € Ag in round t such that ps; < exp (— nZt L 1 Uri) withn = T3 log% d ensures Regay, =
O(T logs d).

Proof [Sketch] Via standard analysis of Hedge, its alternating regret against any w is equal
to

T

2(KL(u, p1) —nKL(%PTH)) 4 717; (KL(pt, pr+1) — KL(prr1,p1)) - (3)

Since p; is the uniform distribution over d experts by definition, the first term

2(KL(u,p1) — KL(u, pr41))
n

can be bounded by 2logd Tt remains to control the second term, which we call a KL

commutator following the term Bregman commutator from Wibisono et al. (2022). Direct
calculation shows that

KL(pt, pe1) — KL(pey1,pt) = Da<(—nLi, —nLi—1) — Da«(=nLi—1, —nLy),

where G*(w) = log(ZtT:1 exp(w;)) (the convex conjugate of negative entropy) and
Ly =3 ., ;. Then, applying the key Lemma A.2 of Wibisono et al. (2022) (included as
Lemma 19 in Appendix A) which bounds the KL commutator of a 3rd-order smooth function
(see Definition 7), we arrive at Dg+ (—nL¢, —nLi—1)—Dg+(—nLi—1, —nls) < 3 2nee)2, < 377 ,
since G*(z) is 8-smooth of order 3 as proven in Wibisono et al. (2022, Example A.3). Plug-
ging this bound to Eq. (3) and picking the optimal 7 finishes the proof. (The full proof is
deferred to Appendix A.) [ |
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Algorithm 2: Continuous Hedge

Input: Parameter n > 0
fort=11toT do
L The learner computes p; € Ay such that p;(z) o< exp (—n Zt;:ll -(x))

The learner chooses x; = fx cx pi(x)zdr and observes f;.

This bound not only improves upon the (’)(T% log% d) guarantee of a much more com-
plicated algorithm by Cevher et al. (2023), but perhaps more importantly, also inspires us
to consider whether a continuous version of Hedge, called continuous Hedge (Algorithm 2),
can handle the general OCO setting well. Indeed, for standard regret, continuous Hedge
achieves an O(v/dT) bound for any OCO instance (Narayanan and Rakhlin, 2010), gener-
alizing Hedge’s O(y/T logd) standard regret from OLO to OCO. Fortunately, in a similar
way and via non-trivial analysis, we manage to show that the same generalization carries
over for alternating regret, as shown below.

Theorem 4 For any OCO instance with maxzex |fi(x)| < 1 for all t € [T], Algorithm 2
with n = min{1, T_%(dlog T)%} achieves Regay, = (’)(dgT% log% T).

The general idea of the proof follows that of Theorem 3, which is to bound the alternating
regret by the KL commutator ZtT:l(KL(pt, pi+1) —KL(pt+1,p¢)). The main technical part of
the proof is then to further bound the per-round KL-divergence commutator KL(ps, pry1) —
KL(pes1, pt) by O(n?) for the continuous distribution p;, ps11 over the whole convex domain,
which is done via a proof that deviates from that of Wibisono et al. (2022, Lemma A.2).
See Appendix A for details.

We have thus shown that (5(d§T§) alternating regret is achievable for general OCO,
resolving the open question asked by Cevher et al. (2023) and bypassing the obstacle that
OCO cannot be reduced to OLO in this case. Note that we do not require either Lips-
chitzness or smoothness of the loss functions, but only bounded function value. Moreover,
combining Theorem 4 with Theorem 1 and Theorem 2, we immediately obtain the following
convergence result on an alternating learning dynamic for general two-player games with
convex loss functions.

Corollary 5 Consider an alternating learning dynamic described by Algorithm 1 where
the loss function ui(-,y),us(x,) € [—1,1] are conver for all x € X and y € Y, and
Alg, and Alg, are Algorithm 2 with n = (dlogT)%T_% (and fi(+) being ui(-,y¢) for Alg,
and uz(zi41,-) for Alg,). Then the time-averaged strategy (% Zthl xt,%Zthl Yt) 1S an
6(d§T_%)—NE when the game is zero-sum; otherwise, the uniform distribution over the
strategies {(e, Y1), (Te+1, Yt) fee) 08 an (5(d%T_%)-CCE.

While there exist (simultaneous) learning dynamics that achieve faster convergence for
games with convex losses (Syrgkanis et al., 2015; Farina et al., 2022a), our results are the
first to show that better than 1/v/T convergence is possible using simple alternating learning
dynamics.

10
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4. Another Algorithm for Smooth and Self-Concordant Losses

One issue with continuous Hedge is that its implementation requires a log concave sampler
(e.g., Lovasz and Vempala (2003, 2006b); Narayanan and Rakhlin (2010)), which can be
expensive when the dimension d is high (even though the time complexity is polynomial
in d).2 Another issue is that its alternating regret bound has dimension dependence even
when X is an /o ball where it is well-known that d-independent standard regret bound is
possible. To mitigate these issues, in this section, we propose yet another general algorithm
and instantiate it for different decision spaces. Our result here, however, only applies to a
restricted class of convex losses.

Specifically, we start by providing some basic definitions on functions (throughout this
section, all norms considered are fo-norm).

Definition 6 We say that a differentiable function f : X +— R is L-Lipschitz if for any
v € X, |Vf(2)|s < L, B-smooth if for any 2,y € X, Dy(x,y) < 5w — y|3, o-strongly
convex if for any x,y € X, Dy(x,y) > 5|z — yl3.

Definition 7 (3rd-order smoothness) A function ¢ : X — R is said to be M-smooth
of order 3 if it is three times differentiable, and its third-order derivative at any w € X

satisfies |V (w)[h, h, h]| < M, Yh € R, ||h]j2 = 1.

Definition 8 A convex function f : X +— R for a convexr body X is Legendre if it is
differentiable and strictly convex in int(X) and also ||V f(z)l]l2 — oo as v — OX (the
boundary of X ).

Definition 9 (Self-concordance) (Nesterov, 1994) A function f : X — R is said to be
C-self-concordant for C > 0, if it is three times differentiable, and for all x € X and all

h € R%, the following inequality holds: |V3 f(z)[h, h, h]| < 2C (ng(x)[h, h])3/2.

Our algorithm is the classical and efficient Follow-the-Regularized-Leader algorithm
that, with a learning rate n > 0 and a regularizer ¥ : X — R, plays

t—1
o = argmin 3 f(z) + L5(o)

zeX T

in round ¢; see Algorithm 3. However, there are two important elements: first, we ap-
ply FTRL directly to the original loss functions f; instead of its linearized version x —
(Vfr(x7),x), in light of the issue discussed in Section 2.2; second, it is critical that our
regularizer 1 satisfies the following conditions.

Assumption 1 The reqularizer 1 is Legendre and o-strongly convex within domain X .
Moreover, its convex conjugate *(w) = sup,cx (W, x) — P (x) is M-smooth of order 3.

We will analyze Algorithm 3 under the following assumption on the loss functions.

Assumption 2 For all t € [T], the loss function f; is L-Lipschitz , $-smooth and C-self-
concordant.

2. We provide a discussion on the runtime complexity of continuous Hedge in Appendix A.1.

11



Harr, L1, LUO, AND ZHANG

Algorithm 3: FTRL for minimizing alternating regret

Input: learning rate n > 0.
Input: a regularizer 1 satisfying Assumption 1.
fort=11toT do

L Play z; = argmingcy S0} fr(z) + %1/}(33) and observe f;.

To provide concrete examples, linear and convex quadratic loss functions satisfy Assump-
tion 2 with C = 0. For quadratic functions in the form of 2" Az + bz + ¢, we note that

applying Online Gradient Descent achieves O (g log T) standard regret (Hazan et al., 2007),
>\min (A+AT)
Amax(A+AT)
alternating regret bound enjoys a better dependence on d and is independent of .. Further-

more, there are also cases where the quadratic loss is not even exp-concave (for example,
when A + AT has eigenvalue 0 with a corresponding eigenvector u such that b'u # 0). In
such scenarios, Online Newton Step (Hazan et al., 2007) cannot apply, but our guarantees
still hold. Beyond linear and quadratic cases, the logistic loss log(1 + exp(—y (z,z))) (with
a bounded domain and bounded parameters y, z) is another example of a commonly used
loss function with a constant self-concordance factor, as we show in Lemma 28. (We note
that online learning with self-concordant losses has been previously considered by Zhang
et al. (2017), albeit in the context of dynamic regret).

While our algorithm appears to be standard and has been studied in the literature for
standard regret (see e.g., Orabona (2019)), analyzing its alternating regret requires new
ideas based on the properties of the regularizer. Specifically, we prove the following general
alternating regret bound.

where a can be small if the matrix A+ AT is ill-conditioned. In contrast, our

Theorem 10 Under Assumption 2, Algorithm 8 guarantees the following bound on
Regay(u) for any u € X,

. <w<u> - Uar) | ff/j AT 4 (ML3 n Bff) n2T> . (4)

Proof Define Fy(z) £ .17 f.(2) + %w(az), so that z; = argmin ¢y F;(z). Note that

E

T
=30 ) = 10 = ~0@) + Froa(eren) = Fra() + 3 (File) = P (o)
t=1

t=1

P(u)

T
P(z1) + Z (Fi(xy) — Fry1(xe41))

< —
N t=1

where the last inequality comes from Fpiq(z741) < Fprii(u) by the optimality of zp4q.
Substituting it in the alternating regret definition, we get

Regay(u) <

T
2=V S @Fi(e) - 2o + file) + filos)). )
t=1

12
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Since 1 is Legendre, we must have VF;(z;) = 0 by the optimality of x;, where 0 is the
zero vector. Further using the definition of Bregman divergence, we obtain

Dp, i (2, 2i41) = Fipr (@) — Frpr(241) = Fi(we) + fe(@e) — Frpa (241)
and D, (2141, 71) = Fy(we1) — Fi(ve) = Frp(zeg1) — fr(@err) — Fi(a).

Therefore, the second term in the right-hand side of Eq. (5) can be written as

T
(2F(z1) — 2Fy1 (e41) + felwe) + fi(241)) = Y (D, (@0, 1041) — Dy (@041, 70))
=1

WE

-
Il

1

T
Z th T, Te41 —|—DFt(.’L‘t,IL‘t+1) DFt(fL‘t+1,l‘t))-
t=1

Since f; is B-smooth, the first term above, Dy, (2, x441), is at most ngEt —2441]|3, which can

(see Lemma 24).
For the second and third terms, we proceed as

DFt (ﬂUt, 3Ut+1) - DFt ($t+17 HTt)
= Dpy (VF(2t41), VE(21)) — Dy (VEFy(21), VE (2441))
= DFt* (VFt(CCt+1), 0) — DFt* (0, VFt(LUH_l)) (since VFt(SCt) = 0)

1 20 3/2 C 3/2
s6< 0;7/2 +M772) IVF (i) 30<< 2/2 +M77)L3>-

Here, the first equality uses Lemma 23, a basic property of Bregman divergence of con-

vex conjugate; the first inequality uses the fact that F}" is (23;7;)2/2 +M 772)—smooth of

order 3 (see the technical Lemma 25), the place where we require the self-concordance
of the loss functions and the 3rd-order smoothness of *, along with the aforemen-
tioned Lemma 19 taken from Wibisono et al. (2022); the last inequality comes from
VFi(xi+1) = VEir1(xe41) — V(zer1) = =V fi(ze41) and the Lipschitzness of f;. Plugging
all bounds into Eq. (5) finishes the proof. [ |

Comparing to the analysis for Theorem 3, the main difference in Theorem 10 is how we
control the stability /commutator term. Specifically, instead of bounding this term using
the property of KL-commutator in Theorem 3, in Theorem 10, we utilize the property of
self-concordance and the 3rd-order smoothness of ©*. Then, by picking certain v according
to different domain X, we are able to control the penalty term (u) — ¥ (z1) with no
polynomial-in-d dependency (as we will see in Section 4.2 and Section 4.3).

Focusing on the dependence on T" and C', Theorem 10 yields an alternating regret bound
of O(%+(Cn/?+7?)T). With the optimal tuning of 7, this simplifies to O((CT)*/>+T"/3).
Specifically, when C' =0 (e.g., for linear and convex quadratic losses), we recover a bound
of O(T"/3); otherwise, the bound is of order O(T%°). We also remark that Algorithm 3 can
be implemented efficiently in the standard interior-point oracle model. Consider the capped
epigraph formulation K; £ {(z,s) : Fy(z) < s < Uy)} where Uy = Fy(xg) + 1 and xg € X,

13
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making sure that K; has a strictly feasible point in its interior. Assume that K; admits a v-
self-concordant barrier and that we have access to its second-order oracle, an initial centered
interior point, and the basic oracles needed to define the epigraph: a separation oracle for
X and value/first-order oracles for Fy. Then, applying the path-following interior-point
method of Nesterov (2004, Theorem 4.2.9) to min, 4 cf, s returns (7, s¢) with Fy(7;) < 3
such that 5; — ming ek, s < € in O (ﬁlog %) iterations. Since every convex body in
R9*! admits a self-concordant barrier with parameter v = O(d) (Bubeck and Eldan, 2015;
Chewi, 2023), assuming access to the corresponding barrier oracle yields an e-accurate
update in O(v/dlog(1/¢)) iterations; in particular, e = 1/T" requires O(v/dlogT') iterations
per update.

In the following, we provide concrete instantiations of 1 to fully characterize the depen-
dence on the remaining parameters.

4.1 Entropic Barrier Regularizer for General X

In this section, we consider a general compact and convex body X with a bounded diameter
D. Our observation is that the entropic barrier of X', proposed by Bubeck and Eldan (2015),
is a valid regularizer for our algorithm as shown below.

Lemma 11 The convex conjugate of the entropic barrier for X,

¥*(0) = log ( ) d:c) |

satisfies Assumption 1 with parameters o = ﬁ and M = D3.

Proof Given any § € R? define py(z) = exp ((f,z) —*(x)) 1 {z € X} to be the expo-
nential distribution over X with parameter 6. Then, according to Lemma 1 of Bubeck and
Eldan (2015), we know that

VI (0) = Exnp, [(X — 2(0)) ® (X — 2(0)) ® (X — 2(6))],

-1
V23() = (Exap, [(X —2) (X =0)T])
where z(0) = Ex~p, [X]. Therefore, for any h € R? such that ||hl|2 < 1, we know that

¥ (9) 3 13
illy < y o T S D ’

22 90,00,00, il < max [(hz = y) |

i=1 j=1 k=1

where D is the diameter of X.
In addition, since the maximum eigenvalue of V7"2¢(z) = Ex.p, [(X —2) (X — z)"| is

upper bounded by D?, we know that V2 (x) has minimum eigenvalue lower bounded by
1/D?. Combining both arguments, we see that 1 satisfies Assumption 1 with M = D? and
o=1/D2 [ |

Then, combining Theorem 10 and Lemma 11, we obtain the following corollary when X" is
a general compact convex body.

14
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Corollary 12 Let X be a compact conver body with diameter D. Under Assumption 2,
Algorithm 3 with n = min {(dlog T)%(CL3D3)_%T_%, (dlog T)%(L?’D3 + ﬁLQDz)_%T_%}

and 1 being the entropic barrier for X guarantees
Regy, < O (max {(dlog 1) (CL'DY)IT3, (dlog 7)3 (LD* + BLD*)IT5 } ).

Proof For any fixed u € X', we decompose Regy;(u) into

Regayt (u') +

T
2zxﬁwvﬁw»r (6)

t=1

1

where v’ = (1 —e)u + ex; € X for ¢ = 7 and 21 = argmin,cy $lz)

o
fiw!) = fi(u) < & (filz1) — fe(u)) < 2 for all t € [T]. Hence, the second term above can
be bounded by 2LD. For the first term Reguy(u’), we apply Theorem 10 together with

Lemma 11 to bound it as
o ()= vt
n
Finally, since ¢ is an O(d) self-concordant barrier of X (Bubeck and Eldan, 2015; Chewi,

2023), we have ¢(u') — (x1) = O(dlogT') (see Lemma 22). Plugging in the value of 7 then
finishes the proof. |

Since f; is convex,

+ CLD*n**T + (L*D® + BL*D?) 772T> . (7)

Again, for loss functions with self-concordance parameter C' = 0 (e.g., linear or convex

quadratic losses), we achieve O (d%T %) alternating regret, matching the performance of con-
tinuous Hedge. In fact, for linear losses, the two algorithms are simply equivalent (Bubeck
and Eldan, 2015), but this equivalence does not extend to general convex losses.

4.2 The /5 Ball Case

Next, we consider the case where the feasible domain X = B$(1) and pick 1 (z) = —log(1 —
|z]|3). The following lemma shows that i satisfies Assumption 1.

Lemma 13 The conver conjugate of 1 is defined as ¢*(w) = +/1+ ||w|3 — log(1 +
1+ ||wl|3), and it satisfies Assumption 1 with parameters o =2 and M = 4.

Proof It is direct to see that 1(z) = —log (1 — ||z||3) is a Legendre function. Now, we
show that it is 2-strongly convex with respect to the f>-norm. Direct calculation shows that
2z
vw(w) = T 2
1— i3
21 dzz’
V2y(a) = —

= -+ ,
L=zl (1 - ||2|3)?

where I represents the d-dimensional identity matrix. Thus, for any h € R? and ||h|j2 = 1,
we have

2nl3 |, 4((x, k)

2 T =
Vo(z)[h b = — 213 (1—)2)® ~
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It remains to show that ¢* is 4-smooth of order 3 with respect to the fo-norm. Below, we
calculate the derivatives of ¥*:

Vyw) = 1+\/1—|—Hw12

wa

2 - .
1+v1+Hsz (14 T+ Tl ) /T w3
Denoting g(w) = /1 + |Jw||3, we have

V2 (w) =

V2¢*(w) _ I B ww "
TTHgw  (1+gw) gw)
Then, we have
, SmIew) (1+3gw)wewsw
\V& w) = — .
vl = trgw) T (g P

Here, Sym(I® w) denotes symmetrization over all permutations of the indices of the tensor
product I ® w. Then, we check the condition in Definition 7 for any h € R? and ||h|s = 1.

Sy P(w)
Z Z Z awi(‘)wjawk hihj hk

B 9(w) (1 +g(w)) #*(w) (1+ g(w))

et b (300 (S wn)’
9(w) (1+ g(w))* Pw)(1+gw)®

By Cauchy-Schwarz inequality, we have |(w,h)| < |[w]2 - ||h]|2. Combining with the fact
that ||kl = 1, we know that

d d d 93 (
Zzza w w) hiljhy,

i=1 j=1 k=1

3||wll2 L (4 3g(w)) flwlls
g(w) L+ g(w)*  g3(w) (1 + g(w))*

Recall that g(w) = /1 + |Jw]|3, it holds that g(w) > max(1,||w||2). Therefore, we have

d d

0%
Z Z Z 8w,8w]8wkh ihhy < 4

i=1 j=1 k=1

Thus, we get the following dimension independent regret bound from Theorem 10.
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Corollary 14 Let X = B4(1). Under Assumption 2, Algorithm 3 with regularizer ¢(x) =
—log(1—||=||3) and n = min {(10gT)%(C'L3)7%T7%, (logT)%(L3 + BLz)féTfé} guarantees

Regyy, < O (max {(log )3 (CL?)F T3, (log )3 (L? + BL2)ST3 })

Proof We decompose Regpy(u) for any v € X, as shown in Eq. (6), and choose o’
similarly. The second term can be bounded by 4L and the first term by Eq. (7) again.
Since 9 is a 1-self-concordant barrier (shown in section 6.2.1 of (Nesterov, 1994)), we have
(') —P(z1) = O(logT) by Lemma 22. Finally, plugging in o = 2 and M = 4 and using
the value of n leads us to the final regret bound. |

As a direct consequence of Corollary 14, our algorithm yields dimension-free alternating
regret bounds for several standard loss functions. First, when the loss functions f; are
linear or quadratic (where C' = 0), we obtain an (5(T%) bound. This completely removes the
dimension dependence, strictly improving over the O (d%T%) bound achieved by Algorithm 2
as shown in Theorem 4. Furthermore, consider the case where the loss functions are the
logistic loss, defined as fi(z) = log(1 + exp(—yi(z:, x))) with bounded domains z € X =
{z e RY: ||z|lz <1}, ¢ € {—1,+1}, and ||z]]2 < 1. Under these conditions, we show that
ft is sinh (1/2)-self-concordant on X (see Appendix C for the proof). This implies that
we achieve an (5(T%) alternating regret guarantee for the logistic loss, which, importantly,
remains independent of the dimension d.

4.3 The Simplex Case

Finally, we consider the case where the feasible domain is the (d — 1)-dimensional simplex
Ay. Specifically, to represent Ay as a convex body in (d — 1)-dimensional space, we set
X ={z e Ri‘l, Zf;ll x; < 1}. We instantiate Algorithm 3 with the entropy regularizer
P(x) = Zf:_ll zilogz; + (1 — Z?;ll x;)log(1l — Z?;ll x;). The following lemma shows that
1 satisfies Assumption 1 with ¢ =1 and M = 8.

Lemma 15 () is Legendre and 1-strongly convex with respect to la-norm. The convex
conjugate of ¥(x) is Y*(w) = log (1 + Z‘ij:_ll ewi>, which is 8-smooth of order 3 with respect

to £3-norm.

Proof Direct calculation shows that the gradient and Hessian of ¢(z) are as follows:

o d—1 d—1
. logz; +1—log(l — Z%) —1=logx; —log(l — Zazz),
i i=1 i=1
-~ 11 -1 =
, = 1 11 1 =
V() = o =
- Y
1 11 1 1
L Td—1 | L i L Td—1 |
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Since x; < 1 for all i € [d— 1], we have V21 (z) = I, meaning that ¢ (z) is 1-strongly convex
with respect to || - ||2.

Direct calculation also shows that *(w) = log (1 + ZZ 1 exp(wl)) is the convex conju-
gate of ¢(z). Define a distribution p,, over [d] where py, (i) = exp(w; —¢*(w)) for i € [d —1]
and py,(d) = exp(—¢*(w)). For any v € R, V34*(w)[v, v, v] can be calculated as follows:

V31/J* (w)[va v, U] = EIpr [(UI - 6)3]’

where vg = 0 and © = 2% v; - py(i). Therefore, when ||v]jz = 1, we have vy — o] < 2 for
all I € [d] and
V34 (w)[v, v, 0]| < Epp, [Jvr — 0% < 23 = 8.

This implies that ¢* is 8-smooth of order 3 with respect to fo-norm. |

Combining Theorem 10 and Lemma 15 leads to the following guarantee for the simplex
case, which has no polynomial dependence on the dimension.

Corollary 16 Let X = {z € Ri_l,zgl;ll x; < 1}. Under Assumption 2, Algorithm 3
with n = min{(logd)g(CL?’)_%T_% (log d)%(L3 —i—BLZ)_%T_%} and regularizer ¥ (x) =
Z?:_ll xilogx; + (1 — Z L) log(1 Z?:_ll x;) guarantees

2

Regpy <O (max {(log d)% (CL3)% 5, (log d)% (L3 + 5L2)%T% }) '
Proof Using Theorem 10, the alternating regret of Hedge can be bounded by:
RegAlt<O< p +CL?T + (1P + L) ? )7

where By = maxy, u,ex (¥(u1) —¥(u2)). The maximum value of the negative entropy
regularizer is 0, attained at a pure strategy point, and the minimum value is —logd,
attained by the uniform distribution over the actions. Thus, By = logd. Plugging in the
value of 7 finishes the proof. |

Once again, for losses with C' = 0, our regret bound is of order 5(T %) (with only loga-

rithmic dependence on d hidden in O(+)), improving over the O (d%T%) bound of continuous
Hedge.

5. Alternating Regret Lower Bounds

While our work significantly advances our understanding on alternating regret upper
bounds, there are no existing alternating regret lower bounds at all. Towards closing this
gap, we make an initial attempt by considering the special case of the expert problem
(OLO over simplex A,;) and providing two algorithm-specific lower bounds. In the first
result echoing Theorem 3, we show that the worst-case alternating regret of Hedge is
Q(TS) thereby giving a tight characterization of Hedge’s alternating regret (at least for
the case with a fixed learning rate).
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Theorem 17 Ford > 3 and anyn > 0, there exists a loss sequence {£;}T_, where £, € [0,1]%
for allt € [T], such that Hedge suffers Regay = Q(T%)

The full proof is deferred to Appendix D. To provide a sketch, we consider two environments
for d = 3. In the first environment, the loss vectors are cycling among the three one-hot loss
vectors, i.e. l3p_o = (1,0,0),l36—1 = (0,1,0), 03 = (0,0,1) for k = 1,2,...,Z. We then
calculate the closed form of p;, which also turns out to cycle among three vectors. Direct
calculation then shows that Hedge achieves an Q(n?T) alternating regret. In the second
environment, the loss vectors are all (1,0,0). Via a direct calculation, we show that the
alternating regret is Q(%) Combining both cases proves that the worst case alternating
regret is Q(max{n?T’ 1}) = Q(T3).

We then move on to another widely-used algorithm called Predictive Regret Matching™
(PRM™) (Farina et al., 2021). Cai et al. (2025) show that, unlike its other variants,
PRM™ coupled with alternation has empirically shown fast last-iterate convergence in two-
player zero-sum games. However, the reason behind this is not well known. One may
wonder whether the fast convergence rate of PRM™ is due to small alternating regret in
the adversarial setting. Unfortunately, we show that this is not the case: in the adversarial
setting, PRM™ actually achieves Q(\/T ) alternating regret in the worst case, which is even
worse than Hedge. In fact, the same is true for another popular algorithm called Optimistic
Online Gradient Descent (OOGD) (Rakhlin and Sridharan, 2013), even though it is well
known that in a game setting with simultaneous play, OOGD achieves o(v/T) regret. We
summarize these lower bounds in the following theorem.

Theorem 18 There exists a loss sequence {{;}1_ where {; € [—4,4]% for all t € [T], such
that Regpy, = Q(VT) for OOGD and PRM* .

The proof is deferred to Appendix D. Specifically, the loss sequence we create for both
algorithms is alternating between (4,0) and (—2,0). Then, we show that for OOGD with
learning rate n > 0, when ¢ < @(%), the alternating regret is @(%); when t > @(%), pe starts
to alternate between [2n,1 — 27| and [0, 1], leading to ©(nT") alternating regret. Combining
both cases, the overall alternating regret is Q(% +nT) = Q(V/T). For PRM* | we can
also show that under this loss sequence, the prediction of PRM™ converges to the optimal
decision (0,1) at a rate of 1/4/T approximately, leading to an Q(v/T) alternating regret.
The implication of this result is that, to demystify the practical success of PRM™ |, one

must take the game structure into account.

6. Conclusion and Open Problems

In this work, following up on Cevher et al. (2023) and addressing their main open question,
we show that O(T/3 ) alternating regret is possible for general Online Convex Optimization
via simple algorithms. The main open problem remains to be: what the minimax optimal
alternating regret is for OLO/OCO? This appears to be highly nontrivial even for very
special cases — for example, even for 1-dimensional OLO over [—1, 1] where O(log T") alter-
nating regret is achieved by Cevher et al. (2023), figuring out whether the optimal bound
is O(log T') or ©(1) appears to require new techniques.
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Appendix A. Omitted Details in Section 3

In this section, we show the omitted proofs in Section 3. For completeness, we first include
Lemma A.2 in Wibisono et al. (2022), which provides an upper bound for the Bregman
commutator for functions with 3-rd order smoothness.

Lemma 19 (Lemma A.2 of Wibisono et al. (2022)) Assuming ¥* is M-smooth of
order 3 with respect to norm || - ||2, we have for all w,w' € R,

M
[ Dy (w,w') = Dy (', w)] < = [lw — w5

In the following, we provide the proof of Theorem 3.
Proof [Proof of Theorem 3] We aim to show that

<pt - U, £t> = (KL(u>pt) - KL(uvpt+1) + KL(pt7pt+1)) ) (8)

(KL(u, pt) — KL(u, pr+1) — KL(pr41,pt)) - 9)

I =3

(Pr41 — u, by) =

Dt,i exp(—nly ;)
35—y Pt,j exp(—nle,;)

Note that the dynamic of Hedge implies that p;11,; = . Direct calculation

shows that

1
" (KL(u, pr) — KL(, pr41) + KL(pt, e+1))

d

1 .
== (pri —wi) - log Pei
n = DPt+1,i
=1
d 1 d
= Z(pt,i — ;) | lei + ~log Zpt,j exp(—nfy,;)
i=1 n j=1
=Pt — u7£t> )
1
E (KL(u, pt) — KL(u, pt11) — KL(pt41, pt))
d
_ 1 Dt
= Z(thrl,i —u;) - log ——
ni= Pt+1,i

d
1
(Pr1,i — wi) Kt,i"‘ElOg E Pt,j exp(—nl ;)
1 =1

I
‘M&

)

= (1 —u, )
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Combining Eq. (8) and Eq. (9) for all ¢t € [T], we obtain that

2(KL(u, p1) — KL(u, pr11)
U

T
1
Rega(u) = )4 EZ (KL(pt, pr+1) — KL(pe+1,p0)) - (10)
t=1
Since p; is the uniform distribution over all d experts, we can bound KL(u,p;) —
KL(u,pr+1) < logd. To control the term KL(py,pi+1) — KL(pry1,p¢), define G(z) =
log(Z:f:1 exp(z;)) for x € R? and L; = >_r<¢ {r. Direct calculation shows that

Da(—nLt, —nLi—1) — Dg(—nLi—1, —nLy)

d d
= 2log (Z exp(—nLt,i)> — 2log <Z eXp<_77Lt—1,i)>

=1 =1

d d
+) e le) + > pei - (ki)

=1 i—1
= KL(pt, pr+1) — KL(p41,2t)-

Applying Lemma A.2 of Wibisono et al. (2022), we know that KL(py, pi+1) —
KL(pty1,pt) < %HnﬁtHgo < %773, where the first inequality is because G(x) is 8-smooth of
order 3 as proven in Example A.3 Wibisono et al. (2022). Plugging the above to Eq. (10)
and picking the optimal 7 finishes the proof. |

In the following, we show the proof for Theorem 4.
Proof [Proof of Theorem 4] By definition, we know that p;(z) = Z% exp(—nFi—1(x)) and

pry1(x) = Zt1+1 exp(—nFy(z)), where Z; = [ exp(—nF;_1(x))dz and Fy(x) = > o<t fr(2).
Then, direct calculation shows that

1 1 T
—KL(pt, pi41) = / pe(z) log p(2) dx
n N Jzex pt+1(33)

= [ wie) (5 + S1os %t o

1
= / pt(x)ft(as)dx + - (log Zt+1 — log Zt)
TeX n

1 1 T
*KL(PtH,Pt) = / pt+1($) log ptH( )dx
n N Jzex pt($)

1 Z
— / Pea1 () (— fi(z) + = log = >da:
reX n Zit1

1
= —/ pt+1($)ft(l‘)d$ + H(log Zt — log Zt+1)
rzeX

Combining the above two inequalities, we have

/ )+ e () ) + 727<log Zps1 —log 7)) = 717 (KL (pt, prs1) — KLy, pr))
(11)
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According to the proof of Theorem 3.1 in Bubeck (2011), we know that

T

1
log Z741 —log Z1 > —dlog ; -n Z ft(u) =T,
t=1

for any u € X and v € [0,1]. Picking v = + and using the fact that Jyene () fr(z)dx >

fe(@e) and [y pevi () fr(w)dz > fi(z441) due to convexity, we know that

dlogT

T
Regay < — + = (KL(ps, pes1) — KL(pri1, p1)) - (12)

1
=

Next, we bound KL(ps, pty1) — KL(piy1,p¢). Define H(F) = log [ exp(—nF(x))dz. By
definition of KL(p, ¢), we know that

KL(py, pr11) = / or pi(w)log pi(l«z)

dr = H(Fi1) — H(Fy) + 1 Eeep, [fe(z)] . (13)

Define p; s to be the distribution where p; s(x) x exp(—n((1 — s)Fi—1(x) + sFi(z))) and
Zys = fzeX exp(—n((1—s)Fi—1(z)+sFi(z)))dx. By definition, we have pro = ps, pr.1 = Pit1,
Zio = Zy and Z;1 = Zyq. Direct calculation shows that

Vilog Zy s = v;if,s _ Zi : /EX —nfi(x) exp(—n((1 — s)Fi—1(x) + sFi(z)))dx
= _E%pt,s[ﬁft(ﬂf)]a (14)
Vilog Zy s = Jaeae " 1i@)” eXp(_'”((lZ‘ s)Fi1(z) + sFi(x)))dx
B (fxe/’\f nfu(x) exp(=n((1 - )Fi_1(x) + sFt(x)))d:p> 2
Zt,s
= Vargp, . [1nfi()]- (15)

According to Fundamental theorem of calculus, we know that
1
log Z1 = log Zt o + / Vlog Z; sds
0
1 o'
=log Z o + [Vslog Z; s]s=0 + / / Vg log Z; sdsdo
0o Jo
1 1
=log Z o + [Vslog Z; s]s=0 + / (/ da> v§ log Z; sds
0 s
1
=log Z o + [Vslog Z; s]s=0 + / (1 —5)V21log Z; sds.
0
Then, based on Eq. (13), we can obtain that
KL(puptH) = log Zt,l — log Zt,o - [Vs log Zt,s]s:(]
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1
— [ s 10g Zi.)ds
0

1
= [ (= sVarse, [nfiw)ds,
0
where the third equality is due to Eq. (15). Similarly, we can obtain that

KL(pt+17pt) = log Zt,O —log Zt,l - [Vs log Zt,s]szl

1
_ /0 (1 — $)Vargep, ,_ [-1fi(2)]ds

1
= / s'Val"prt o [77ft (x)]ds/,
0 s

where the last equality is by a variable replacement s’ = 1 — s and Var[z] = Var[—z].
Combining the above two equalities, we know that

1
KL(pisprst) ~ KL(pror.po) = [ (1= 26)Vatony, [nfi(0))ds. (16)
0
To further analyze fol(l — 28)Vargp, . [nfi(z)|ds, let v = s — % and p, o exp(—(3 —
v)nFy(z) — (5 + v)nFi41(z)) with an abuse of notation. Then, we have
1 1
3 | (1 =29Varesy, lnfalas

= — /2 (N Varprt,v [Uft(fﬂ)]dv

0

= [P Narep fnfi@ldo = [ o Vareo, fuf@ds

= /0 v (Vargp, _, [0fe(2)] = Varz~p, , [nfi(x)]) dv. (17)

We then show how to bound Vary~p, _, [nfi(z)] — Varg~y, , [nfi(z)]. For notational con-
venience, let p; _, = q1 and p;, = qo.
Direct calculation shows that

Vargg, [nfi(x)] — Varg.g, [nfi(z)]
= P (B, i) — By [F(0)2]) — 1By [ ()] + Eay [ () By L)) — B
< max f(x) o = qally + 20 max fE(2) |l — gallrv

<3n?|lq1 — @2l (18)

where we use fi(z) € [~1,1]. To further bound ||q1 — go||7v, we define G(z) = —%(Fi(z) +
Fi11(x)) for notational convenience. By definition of ¢; and g2, we know that for any x € X
q(z) _ [y exp(G@) +nufi(a))de’ exp(G(z) — nufi(z))
@(z) [y exp(G(a') —nufi(a’))dz’  exp(G(z) +nufi(z))
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[ exp(Gla!) — mofi(a)ds’ exp(Gla) + 0file)
S exp(G@) — i@ Ndd (@) + ofitz) "2
= exp(n),

where the inequality is because v < 1 and f,(z) € [-1,1]. Similarly, we can also show that

(
qi(z) _ [ exp(G(z") + no fi(z'))dx’ exp(G(z) — nufi(z))
@2(x) [, exp(G(a) —nufi(a'))dz’  exp(G(z) +nvfi(z))
Jor exp(G(2) —nfe(2))da" exp(G(z) +vfi(x)) (—n)
= [ exp(G@) — nufi(@))dz’  exp(G(x) +vfulz))

= exp(—n).

Therefore, we know that ||g1 — ¢2||7v < exp(n) — 1 < 27 since n < 1. Combining Eq. (16),
Eq. (17), and Eq. (18), we conclude that

KL(pt, pry1) — KL(pes1,pt) = O(n*). (19)

Combining Eq. (12) and Eq. (19) and picking n optimally finishes the proof.
|

A.1 Discussion on the runtime complexity of continuous Hedge

In this subsection, we analyze the runtime complexity of Algorithm 2. Implementing contin-
uous Hedge requires access to a log-concave density in each round, since the loss functions
are convex. Given a convex body X and a target total variation (TV) error eTy per round,
in order to sample from an epy-TV approximation of the log-concave target distribution,
one may employ the Hit-and-Run walk in R? (Lovész and Vempala, 2006a). Under the stan-
dard oracle model for log-concave sampling, including membership access to X and value
access to the unnormalized log-density, Theorem 1.1 of Lovasz and Vempala (2006a) bounds
the TV mixing time by a polynomial in the dimension d and the geometric conditioning
R/r, where X contains a ball of radius r and is contained in a ball of radius R, with only a
polylogarithmic dependence on 1/ery. Specifically, after m = O(d?(R/r)? polylog(1/eTv))
steps, the chain is within O(epy) TV distance from the target distribution. Under stan-
dard rounding or well-roundedness assumptions where R/r = O(v/d), this process yields
O(d? polylog(1/e1v)) steps per sample. This per-sample cost is sufficient for a randomized
implementation with an expected regret guarantee. Taking epy = 1/7 makes the accumu-
lated TV error negligible, and the per-round sampler-oracle complexity is O(d? polylog T').

This per-sample cost, however, does not by itself compute the action x; used by Al-
gorithm 2, which is the mean of p;. To implement the algorithm as stated, one needs
to approximate z; = Ex~p,[X]. Standard Hoeffding’s inequality shows that an estimate
of this mean with error at most epean generally requires (’)(1 /€2 ..n) approximately inde-
pendent samples. Under an additional Lipschitzness assumption on the losses, playing an
Emean-accurate approximation of x; incurs O(Téemean) extra loss over T rounds. Taking
Emean = T2/3 makes this approximation error O(Tl/ 3), which is absorbed by the T1/3.
scale alternating regret bound. This requires o(r 4/ 3) samples per round, which leads to a
per-round runtime complexity of O(T*3d%).
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Appendix B. Preliminary for Self-Concordant Barrier

In this section, we provide a preliminary for self-concordant barrier functions that is useful
in our analysis.

Definition 20 Let v : int(Q2) — R be a C3-smooth convex function. 1 is called a self-
concordant barrier on ) if it satisfies:

o Y(x;) — 00 as i — oo for any sequence x1,To,--- € int(Q) C R? converging to the
boundary of €;

e for all w € int(Q) and h € RY, the following inequality always holds:

d d
03
533 G e < 2l

d
i=1 j=1 k=1

We further call ¥ is a v-self-concordant barrier if it satisfies the conditions above and also
(Vp(w), h) < Vv[|hllvzypw)
for all w € int(Q) and h € R,

To deal with the infinite range of the barrier 1) on €2, we define a shrunk version of the
decision domain €2 using Minkowsky functions.

Definition 21 Define the Minkowsky function m, : 2 — R associated with a point w €
int(Q) and Q as:
Ve Q} :
s

Lemma 22 (Proposition 2.3.2 in (Nesterov, 1994)) Let 1 be a v-self-concordant bar-
rier on Q € R%. Then, for any u,w € int(Q), we have

Ww(u):inf{s>0 ‘ w +

$(w) — Y(w) < vlog (11) |

— Tw(u)
This means that for allu € ' = {(1 — )z + ew : € Q} where € > 0, we have
P(u) —P(w) <wlog(1/e),

since my(u) <1 —e.

Appendix C. Omitted Details in Section 4

In this section, we provide omitted details in Section 4. We first recall the standard
conjugate-duality identity for Bregman divergences. This identity allows us to move be-
tween the primal and dual spaces when analyzing the FTRL iterates.
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Lemma 23 (Conjugate Duality) Suppose that 1) : R? s R is differentiable and strictly
convez. Let *(w) = sup,epa ((z,w) —¥(x)). Then, for any z1,z2 € RY, we have
Dy(x1,22) = Dy (Vip(22), Vip(z1)).

Proof Direct calculation shows that

Dy (z1,22) = (1) — P(22) — (V(22), 21 — 72)
= P(x1) — P(x2) — (V(22), 21 — 22) + (21, Vp(21)) — (21, V(1))
)
)

(Vo (a2), 22) = (x2)) = (VY (21), 21) = (1)) — (21, V() — Vib(21))
= Dy (Vip(22), Vi (1)),

where the last equality is because V¢* (Vi (z)) = z and ¢ (x) + *(Vy(x)) = (x, Vip(z)).
]

We next control the movement of consecutive FTRL iterates. The following stability
bound relates this movement directly to the gradient magnitude of the newly observed loss.

Lemma 24 (Stability of FTRL) Algorithm 3 ensures ||x; — x11ll2 < 2|V fi(z¢)l]2, for
all t.

Proof Let Fi,i(z) £ Zizl fr(z)+ %w(x) Since x4, is the minimizer of F} 1 in X, using
first-order optimality, we have Fy 1 (2¢41) < Fyy1(2) — D, (2, 2441) for all z € X', Picking
T = xt, we get

Fipi(zey1) — Fy(2e) < fe(xe) — Dryyy (@, Tey1). (20)

Similarly, for F;, we have

Fi(wt) — Fip1(ve11) < —fi(@e1) — DE (241, 7). (21)

Summing up Eq. (20) and Eq. (21), we can obtain that
fe(zt) = fe(xe+1) > Dp, o (2, 0e41) + Dp (T4, 21) > ;H%’t — 2413,

where the last inequality is because v is o-strongly convex with respect to || - |2 within
domain X, implying that both F; and F;;; are %—strongly convex. Using the convexity of

ft, we further have fi(z:) — fi(zi11) < (Vfi(r), 20 — xep1) < [Vi(zo)ll2 - lze — ziga 2.
Combining these two inequalities, we get [|z; — z¢1(|2 < 2|V fi(a¢)||2. [ ]

The next lemma is the main smoothness ingredient in the analysis. It shows that self-
concordance of the losses, together with third-order smoothness of the conjugate regularizer,
yields a third-order smoothness bound for the conjugate of the cumulative FTRL objective.

Lemma 25 Let Fy(z) 2 S0 fr(2) + %1#(3:) If 1 is Legendre, o-strongly convexr and its
convex conjugate 1* is M-smooth of order 3 with respect to ||-||2, and f is C-self-concordant

for all T € [t], then F} is (203/2/ + Mn )—smooth of order 3 with respect to || - ||2.
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Proof By definition of convex conjugate, we know that

VEF(y) = (VE) ' (y),
V2 (y) = (V2Fi(x) ",

where # = (VF;) ! (y), the dual variable of y. To obtain the third derivative, we differen-
tiate both sides of the equation above and obtain that:

V3Ff (y)[h, b, h] = =V Fy(z) [(V2E(z)) h, (V2Ey(z)) " h, (V2E,(z)) k] ¥V h € R

We want to bound |V3Fj(y)[h,h,h]| for all h. Taking A = %VQIZJ(IL’) and B =
V2 (3L, f-(x)), we have

-9 (920 () (P

_ ) [ATA(A+B) 'h, AT A(A+ B)'h, AT A(A + B) A
n

-V (i) WIA(A+B)"'h, A(A+ B)"'h, A(A+ B)~'h]
< P M|AA + B) 0|3 (by Lemma 26)
< 2 M]Jh|3. (by Lemma 27)

Since for all 7 € [t], f; is C-self-concordant, we have
t
— Z V3 fr(2) [(V2Fy(z)) ' h, (V2 Fy(2)) " h, (V2 Fi(z)) A
T=1

<320 (V2 fr(x) [(V2Fu(x) " h, (V2 Fy(a)h]) (by Definition 9)
T=1

t 3/2
<2C (Z V2 fr(2) [(V2E(z)) ' h, (V2Ft(x))_1h]> (since V2f,(z) is PSD)
T=1

=20 (B [(A+ B)"'h,(A+ B)~'n])*?

<2C((A+B)[(A+ B)"'h,(A+ B)"h])** (since A is PSD)
n 3/2 . -
<2C (EHhH%> (since A = Z1)
20,’73/2
< WHMB-

Now we are ready to estimate the third-order smoothness of F}*. Expanding the third
derivative of F} in terms of the derivatives of f, and %@Z), and bounding each of them, gives
us the following:

VEF/ (y)[h, h,h] = =V°Fy(x) [(V2Fy(2)) " h, (V2Fy(2)) " h, (V2 Fy(x)) "' h]
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==Y V3f(x) [(V2Fi(2)) "' h, (V2 Fy(x)) ' h, (V?Fy(2)) ')
T=1
- v?’?l?w(x) (V2Fi()) "k, (V2Fy())~h, (V2 Fi(x) ']
3/2
< (25;7/2 + M772> I

Therefore, F}* is (20773/2 + an)—smooth of order 3 with respect to || - ||2. [ |

5372

To complete the preceding argument, we record two elementary auxiliary facts. The
first describes how third-order smoothness of a conjugate scales when the primal regularizer
is rescaled by the learning rate.

Lemma 26 If ¢* is M-smooth of order 3 with respect to || - |2, then the convex conjugate
of %1/} is N> M -smooth of order 3.

Proof By the definition of convex conjugate, we know that

(7171,!)) (y) = sup <<y,x> - 717¢($)) :

Rearranging the terms, we can obtain that

n- <717¢> * (y) = sup ((ny,z) — () = ¢*(ny).

Taking the third derivative, we have

v? <717¢> * (y) = n* V3¢ (ny),

which concludes the result in the lemma. [ |

The second auxiliary fact controls the linear transformation that appears when compar-
ing the Hessian of the regularizer with the Hessian of the full objective.

Lemma 27 Assume that A is a positive definite matriz, while B is a positive semi-definite
matriz. Then, it holds that the mazimum singular value of A(A+ B)™! is bounded by 1.

Proof Let C = A+ B. Then, we know that C is a positive definite matrix and
A(A+B)'=(C-B)C'=1-BC™"

Since C~! is symmetric, there exists orthogonal matrix M such that M ~'C~'M = D, where
D is a diagonal matrix with positive diagonal entries. The singular value of A(A+ B)~!is
same as

M 'A(A+B)"'M=1-BD
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where B’ = M~'BM is also symmetric. Since similarity transformation does not change
the singular value, we only need to calculate the singular value of the following matrix:

1 / -1 1ol
D2(I-B'D)D 2 =1—-D2B'Dz2,

where D3 B'D3 is symmetric. Therefore, the singular value of I — D3 B'D3 is bounded by
1, which implies that the maximum singular value of A(A + B)~! is bounded by 1. [ |

Finally, we verify that the logistic loss used in our application satisfies the required self-
concordance condition on the unit Euclidean ball. This allows the preceding third-order
smoothness result to be applied directly to logistic losses.

Lemma 28 Suppose that ||z¢||2 < 1 and ||z||2 < 1. For the logistic loss fi(z) = log(1 +
exp(—yt(zt, x))), where y € {—1,1}, we have

3/2

|D? fy(x)[h, b, h]| < 28inh(§> (D? fy(x)[h, h])

for every direction h.
Proof Direct differentiation gives

D2 (b = — Oy
ft(m)[ ? ] (1+e(ytzt $>)2<yt2t, >

and
e{ytat,m) (1 — elyrze,x)

<ytzt7 h>3

D3 h,h,h] =
ft(w)[ ] (1_|_e<ytZt,a:>)3

If (yiz¢, h) = 0, the desired inequality is immediate. Otherwise,

= QSinh<|<ytZ2t’$>|> < 2sinh(;> ,

where the last inequality follows from [(y;z¢, z)| < ||2¢|2]|x]l2 < 1. This proves the claim. B

’DSft(I‘) [ha h7 h] ‘
(D2 fy(w)[h, h])*

— o~ (yeze,x) /2 ‘1 _ olyrze)

Appendix D. Omitted Details in Section 5

In this section, we show omitted proofs in Section 5. We first prove Theorem 17, which
shows that Hedge suffers Q(T%) alternating regret in the expert problem.
Proof [Proof of Theorem 17] We prove the lower bound by constructing two environments
and showing that if the Hedge algorithm achieves O(T 1 3) alternating regret for one envi-
ronment, then it will suffer Q(7''/3) alternating regret for the other one.

Environment 1: We consider the time horizon to be 3T and 3 actions with the loss
vector cycling between the three basis vectors in R3 : (1,0,0), (0,1,0),(0,0,1) and we have
mine 3] Zle l;; = T. Direct calculation shows that Hedge with learning rate n > 0
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: : _ (111 _ n 1 _
predict the p; sequence as follows: ps;_o = (g, 3 g) ,P3t_1 = <2fre Ty STeT aem n) P3¢t =

<1 -fz_en—n’ : sz_:—n’ 1+216—n)’ t € [T]. Thus, we can bound the alternating regret as follows:

2 1+em 1+4e" T(1—e)? T —e)?

Regay =T = - = = '
g ALt (3 + 24 e " 1+ 26”) 3(2 + 6717)(1 + 26777) N 27

To proceed, note that when n > 1, the above inequality already means that Regy,, = Q(7T).
Therefore, we only consider the case when n < 1. Using the fact that e <1 —n+ g for

22
n > 0, we can further lower bound by Regay > T(n;i;?) > %, where the last
inequality is due to nn < 1. Therefore, We know that Regay, = Q(n?T).
Environment 2: We consider the time horizon to be 7" and 3 actions with the loss
vector €t being (1,0,0) for all rounds. Here, the benchmark min;cs Zthl 4 is 0, and

(16”)

Pl = 2+ nT for all t € [T]. In this case, if n < %, we know that py; > ﬁ% for all t € [T
and the algorithm will be suffering Q(T") regret. When 1 >n > %, we have:

T
2e7 1 et
RegA1t=§;W—3—w
T—1 T
2
e e A
—1 1 —+ 2677 1 3677
T —1
= 2 |: e_nt] ‘ Z 67’
317 1 3n

where the second inequality uses e”* > 1 and the last inequality uses n < 1. Therefore, we
have Regay = Q(%) Combining both environments, we know that Hedge with learning

rate 7 suffers a Q(max{%, n*T}), leadning to a Q(T%) lower bound. [ |

Next, we show that OOGD and PRM* suffer Q(v/T) alternating regret in the adversarial
environment.
Proof [Proof of Theorem 18] To prove the lower bound for both algorithms, we use the
following loss sequence to show the lower bound: for £ > 0, consider

4 -2
by, = , lopg1 =

We start with the proof for OOGD. The process of OOGD with learning rate n > 0 is
as follows. Let p = % -1 and m; = 0 where 0 and 1 are vectors with all components equal

to 0 and 1. At each round ¢, OOGD selects p; = argmin,ca, {(p, m¢) + %Hp —pt/13}. Then,

after receiving ¢;, OOGD updates pi11 to be argmin,ca, {(p, é) + ﬁ“p — pe||3} and sets
miy1 = by
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Without loss of generality, we assume that % and T are even. To show OOGD suffers

Q(V/T) alternating regret, direct calculation shows that when ¢ < % — 3, we have

[%, %] when t =1,
P = % — kn + 3n, % + kn—3n] when t = 2k, (22)
[ —kn—2n,5+kn+2n whent=2k+1;

when t > % + 6, we have

2n,1—2 when t = 2k,
pt:{[ﬁ 77} (23)

0,1] when ¢t = 2k + 1.

Based on the analytic form of p; as shown in Eq. (22) and Eq. (23), when ¢ < % — 3, the
alternating regret can be calculated as

1 _9 1 _9
2n 2n
1
> bk — €2, boe—1 + Lor) + (Pawr1 — €2, Lo + Lappr) = > (2 — 4kn +2n) = 25, ~ 8-
k=1 k=1 n
When t > % + 6, the alternating regret is
T/2-1
> bk — €2, b1 + Log) + (Pars1 — €2, Loy + Lopya) = 20T — 2 — 121,
k=5.+3

Combining the above two cases, we know that
1
RegAlt = C+ 27 + 277T— 2 — 207’],
n

where C'is the regret for the remaining rounds (which is only a constant). This finishes our
proof of the Q(v/T) alternating regret lower bound for OOGD.

Next, we prove our results for PRM™ under the same loss sequence. The procedure of
PRM™ is as follows: Let Ry = Ry =19 = 0, and for ¢t > 1, PRM™ selects p; to be Ry/||Re|j1
where ﬁt = [Ry + ri—1]" and update R;yq to be [Ry + ], where 1y = (py, b)) 14 — £;.

To simplify notation, denote 4oy = Ropy12 for k € [% — 1]. Lemma 29 shows that
for k > 5, ay follows the following recurrence relation: ap+; = ax + ﬁ We use this
recurrence to compute the values of p; for all rounds ¢ > 10.

Thus, using Lemma 29, the alternating loss (standard loss + cheating loss) for the

rounds t = 2k + 1 and t = 2k + 2 can be calculated as

2
o + £ + 4 +/ =TT N
(P2k+1, Lok 2k+1) + (P2k+2; L2k +1 2k+2) (1+ o)

Since the action 2 always has a loss of 0, the benchmark here is 0. Therefore, the alternating
regret is:

N

2
1+Oék

Regpy = C' +
k=5

: (24)
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where C’ is a constant bounding the regret for the first 10 rounds. To estimate the quantity
above, we prove aj < 2vk — 1 by induction. The base case k = 5 can be verified by direct
calculation. Now, let us assume that the claim holds for k. Then, for k£ + 1,

1 1 4k +1
<Wk—-14+4—<
14 oy Wk~ 2Vk

The first inequality comes from the fact that the function f(x) =z +
increasing for > 0. Substituting it in Eq. (24), we get

—1<2vk+1-1.

Q41 = O +

1 - .
T4z 18 monotonically

T
Fl
1
Re >C' + E — =0(/T).
gAlt = e \/E ( )
Therefore, Regyy, = Q(VT') for the loss sequence proposed. |

Lemma 29 Suppose that the loss vector sequence satisfies that Loy, = [%] o1 = [_02] for
k > 0. Then, PRM" guarantees that for k > 5

1

_ _ | T
pok+1 = [9],pokr2 = | 1A |,

1+ayg

0
_ [ 2 _ 4
Ropyo = [4a, | » Roks = [4‘“’“*@] ;
o~ Py O
_ 4 _
R2k+2 - [4ak] JR2]€+3 - |:40ék+ﬁ:| )
where ag > 2 is certain constant and ag11 = o + ﬁ for k > 5.

Proof It can be verified that Lemma 29 holds true when k = 5. For k > 5, we prove by
induction. Suppose Lemma 29 holds for k. Then, for £ + 1, we have,

Rorys 1y

D2k+3 = 115

| Ror43ll1

2
Ropya = [Ropy3 + rm:ﬂ* = [mwﬁ} = [4043“] J
Tokt3 = (D2k+3, Lor+3) La — Lonys = (3],

Rojpra = [Rok+a + ropss]t = [4ai+1] .

Since ay, > 2, we have ag11 > 2 as well. Using this, we can see that

= 1
_ Ropya | Trorma
DP2k+4 = ~ - 41 )
[ Rok+all1 TFons
_Aogy
1+«
Tok+4 = (P2k+a, lokta) Lo — logra = PR I
1+tag41
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0
R =[R r t= 4
okt5 = [Rokga + ropya] 4ot Trary |

. 0
_ +_
Ropys5 = [Ropys + ropral” = |:4ak+1+1+o¢8k+1:| ;

1

where the third equality uses the fact that 113&1 > % > 5. Thus, the claim is true for

k -+ 1, and hence it holds for all £ > 5. |
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