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Abstract

Chain-of-Thought (CoT) prompting and its variants have gained significant attention as
effective methods for solving multi-step reasoning tasks with pretrained large language
models (LLMs). However, their theoretical underpinnings remain insufficiently explored.
We analyze CoT prompting from a statistical perspective, offering insights into why “pre-
trained LLMs + CoT prompting” performs well. Additionally, we examine the role of the
transformer architecture and the inclusion of intermediate reasoning steps in enhancing
performance. We introduce a multi-step latent variable model to capture the reasoning pro-
cess. In this model, we show that the estimator induced by CoT prompting approximates
a Bayesian estimator that solves the reasoning task by inferring the posterior distribution
from examples in the prompt. We prove that the statistical error of the CoT estimator
consists of (i) a prompting error, which is incurred in inferring the desired task from the
prompt, and (ii) a pretraining error, which is the statistical error of the pretrained LLM.
We further prove that the prompting error decreases exponentially as the number of exam-
ples in the prompt increases. For the pretrained LLM, we construct a transformer model
class that explicitly approximates the target distribution and establish the generalization
error under the Pac-Bayes framework.
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1. Introduction

Autoregressive Large Language Models (LLMs), based on the transformer architecture
(Vaswani et al., 2017), have transformed Natural Language Processing (NLP) with their
ability to understand language and follow instructions. Training involves two phases: pre-
training, where models learn from large text corpora via unsupervised learning (Ahmad
et al., 2021; Zoph et al., 2020), and post-training, which includes supervised fine-tuning
(Wei et al., 2021) and reinforcement learning with human feedback (RLHF) (Ouyang et al.,
2022). Once trained, LLMs interact with users while their parameters remain fixed.

Human users interact with LLMs through prompting, where text is generated based on
user-provided prompts. Prompt engineering (Sahoo et al., 2024) involves crafting effective
prompts to elicit specific behaviors from LLMs and marks a paradigm shift from traditional
statistical learning. In this approach, LLMs “learn” from prompts via their fixed, pre-
trained parameters, without additional task-specific data.

A popular prompting heuristic is In-Context Learning (ICL) (Brown et al., 2020; Dong
et al., 2022), where LLMs learn concepts from a few examples in the prompt. By provid-
ing input-output examples and asking for a new input’s output, LLMs can generalize the
relationship to generate desired results. This method has inspired advanced techniques for
complex tasks (Wei et al., 2022; Zhou et al., 2022; Kim et al., 2022; Zhang et al., 2022b;
Rubin et al., 2021; Sorensen et al., 2022; Creswell et al., 2022; Yao et al., 2023; Wang et al.,
2022).

A key example is Chain-of-Thought (CoT) prompting (Wei et al., 2022), which extends
ICL to multi-step reasoning by including intermediate steps in the examples. Enhanced CoT
variants improve reasoning path selection through majority voting or tree search (Creswell
et al., 2022; He et al., 2024; Yao et al., 2023; Wang et al., 2022).

Our Contributions

While CoT prompting has proven effective for multi-step reasoning tasks like arithmetic,
commonsense, and symbolic reasoning, its theoretical basis remains unclear. This work
aims to rigorously understand why “pretrained LLM + CoT prompting” excels at these
problems and how the transformer architecture and intermediate reasoning steps contribute.
Specifically, we seek to answer: (a) What statistical estimators are constructed by CoT and
its variants? (b) What are the statistical properties of these estimators? (c) How does the
transformer architecture enable learning these estimators? (d) Does CoT always outperform
vanilla ICL?

To address Question (a), we introduce a multi-step latent variable model that represents
the data-generating process for multi-step reasoning. This model involves a sequence ofH+1
variables {Z0, . . . , ZH} generated based on a latent variable θ∗, where H is the number of
reasoning steps. Here, Z0 and ZH are the input and output, respectively, and {Zh}H−1

h=1

are intermediate steps. The parameter θ∗ captures the task and is a random variable in
the set Θ. Under this model, CoT prompting involves providing the LLM with n examples
of such sequences and asking it to generate ZH for a new input Z0 = ztest0 . We assume
the LLM was pretrained to predict the next reasoning step using data generated with θ∗

from a prior distribution. We prove that CoT prompting methods produce Bayesian Model
Averaging (BMA) estimators (Hoeting et al., 1999) by showing that the LLM learns a
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posterior distribution over θ∗ from the examples and generates ZH by aggregating this
posterior.

For Question (b), we analyze the statistical error of the CoT estimator by decomposing
it into (i) pretraining error and (ii) prompting error. The pretraining error arises from
training the LLM to predict the next reasoning step and is bounded by approximation and
generalization errors. We control the approximation error by constructing transformers that
approximate the population distribution, and use a Pac-Bayes generalization error bound
(McAllester, 1998; Alquier, 2021) to establish the pretraining error bound. The prompting
error reflects the statistical error of the BMA estimator from finite examples. Combining
these analyses provides a comprehensive answer to Question (b).

To answer Question (c), we demonstrate that the attention mechanism in the trans-
former architecture allows the LLM to approximate BMA effectively. This means that
prompting a pretrained LLM generates an output distribution that closely matches the
BMA estimator. Additionally, the transformer architecture’s role in analyzing approxima-
tion error is derived from pretraining error analysis. For Question (d), we focus on the
case where H = 1, which simplifies to vanilla ICL. Our theory shows that CoT is at least
as effective as vanilla ICL on average, but this advantage may not hold for specific tasks
or prompts. Specifically, CoT can underperform if intermediate reasoning steps are not
sufficiently informative. This is validated through experiments on a synthetic task.

In summary, this paper provides a thorough theoretical understanding of CoT and re-
lated prompting methods, offering insights that bridge the gap between theory and practice
and setting the stage for further research in prompt engineering.

2. Related Works

Our work contributes to the theoretical understanding of prompting methods, with a focus
on CoT prompting and its variants. It also relates to research exploring ICL and CoT from
both empirical and theoretical perspectives. For additional related works, see Appendix A.

Existing Research on Understanding CoT. The vanilla CoT prompting method is
proposed in Wei et al. (2022) for solving multi-step reasoning problems using LLMs. Our
work aims to understand the capability and behavior of CoT. The following works provide
an interpretation of CoT from both experimental and theoretical perspectives. Saparov and
He (2022); Shi et al. (2022); Paul et al. (2023); Wang et al. (2023a); Tang et al. (2023);
Madaan and Yazdanbakhsh (2022) offer practical insight by exploring the performance and
capability of CoT reasoning empirically. On the theoretical side, Merrill and Sabharwal
(2023); Feng et al. (2023); Li et al. (2023b); Prystawski et al. (2024) explore the reason
behind the improvement in reasoning induced by CoT. Wu et al. (2023b); Tutunov et al.
(2023); Hou et al. (2023); Wang et al. (2023b) investigate the ability demonstrated by CoT
through examining the internal mechanism of the transformer architecture. The current
understanding of CoT is still limited and requires further investigation. In this work, we
adopt a statistical point of view to establish a refined characterization of the statistical
properties of CoT in both pretraining and prompting stages.

A Bayesian Interpretation of ICL. A line of work lies in the Bayesian interpretation
of the ICL paradigm (Jiang, 2023; Wang et al., 2023c; Xie et al., 2021; Wies et al., 2023;
Zhang et al., 2023a; He et al., 2024). Under the Bayesian framework, Xie et al. (2021) use
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Hidden Markov Model (HMM) (Rabiner and Juang, 1986) to model the token generation
process and assume access to the true language distribution. However, the HMM assumption
is restrictive, and the perfect pretraining assumption does not incorporate the pretraining
phase into the story. To this end, Wies et al. (2023) relax these two assumptions by adopting
a general i.i.d. data model and analyzing a pretrained model that well approximates the
true distribution given any token sequence, which is also unrealistic. These works do not
mention the relationship between transformer architecture, pretraining process, and the
Bayesian interpretation of ICL.

Among these works, our work is most related to Zhang et al. (2023a) and He et al.
(2024). In particular, Zhang et al. (2023a) adopt a latent variable model that generalizes
the HMM model in Xie et al. (2021), and show that ICL can be explained as a BMA
estimator under this model. They also establish the statistical error of the BMA estimator
and connect it to the attention mechanism. He et al. (2024) further extend this BMA
framework for studying LLM-based decision-making problems, where an LLM is used as
a policy. They bring about the equivalence between the LLM-based policy trained by
predicting the next action given the history and a Bayesian version of imitation learning.
This ability of Large Language Models (LLM) allows the decision maker to take optimal
actions in each timestep when the pretraining data contains the optimal actions provided
by the oracle. Meanwhile, the work of Falck et al. (2024) challenges the Bayesian hypothesis
of ICL by showing that commercial LLMs such as GPT 3.5 violate the martingale property
on synthetic experiments, which is a prerequisite for Bayesian predictors. Intuitively, their
argument is that if permuting in-context examples causes significant variations in output
predictions, the model is not Bayesian. However, their findings do not refute our results.
We assume the LLM is pretrained based on data generated from the latent variable model,
which might not be satisfied by the commercial LLMs. We refer readers to Appendix A for
a more detailed review of the empirical and theoretical work on ICL.

A Detailed Comparison With Zhang et al. (2023a). Our work extends the ideas
presented in Zhang et al. (2023a) by broadening their Bayesian framework to encompass
CoT prompting and its variants. While Zhang et al. (2023a) focuses on single-step in-context
learning and imitation learning, our approach models the CoT process via a multi-step
latent variable model, capturing the sequential generation of intermediate reasoning steps.
Compared with Zhang et al. (2023a), our contributions are distinct in several key aspects.
First, we analyze the predictive error for a specific test query ztest0 , whereas Zhang et al.
(2023a) focus on the average error across all in-context samples. Second, we demonstrate
that the predictive error decays exponentially with the number of in-context examples, and
identify the principal factors influencing this decay by scrutinizing the structure of the task
space Θ. Furthermore, compared with Zhang et al. (2023a), our more generalized framework
necessitates novel proofs since the approaches in Zhang et al. (2023a) do not directly apply.
Our analysis presents several technical novelties:

(i) In Section 4.3, we develop a more generalized proof than that in Zhang et al. (2023a),
explicitly addressing dependencies among intermediate steps. In Section 4.2, we also
handle additional out-of-distribution queries that were not considered in Zhang et al.
(2023a).
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(ii) The analysis in Section 5 on prompting error is entirely new. Furthermore, we ex-
tend our results to analyze advanced CoT-related methods in Section 7, an area that
remains unexplored in prior work.

(iii) In Section 6.2, to analyze the pretraining error, we extend the standard PAC-Bayesian
generalization analysis to accommodate our non-standard data structure. Moreover,
in Section 6.3, we construct a family of transformer models that explicitly take the
multi-step structure into account to bound the approximation error.

3. Background

This section introduces the background knowledge about transformer-based large language
models and CoT prompting. We defer more background knowledge to Appendix B.

Pretraining Autoregressive LLMs. Most commercial LLMs, such as GPT-4 (Achiam
et al., 2023), Claude (Anthropic, 2023), Llama (Touvron et al., 2023), and Gemini (Team
et al., 2023), are autoregressive. These models, denoted as PLLM, predict future tokens
based on previous ones (the prompt). Given a prompt St = (x1, ..., xt) ∈ X t, the model
generates the next token xt+1 by sampling from PLLM(· | St), appends xt+1 to form St+1,
and repeats until the sentence is complete. During pretraining, the model learns to predict
the next token by maximizing the log-likelihood

∑T
t=1 logPLLM(xt | St−1), using large-scale

datasets with billions to trillions of tokens from sources like Wikipedia, news, and books.
The aim is to develop a model that generates coherent text and captures natural language
structure.

Prompting a Pretrained LLM and In-Context learning. Users interact with LLMs
by providing a “prompt”. The autoregressive model maps the prompt to a probability
distribution over possible outputs, and thus prompting is equivalent to sampling an output
sequence, output ∼ PLLM(· | prompt).

In-context learning (ICL) enables LLMs to learn from prompts without updating their
parameters (Dong et al., 2022). In basic ICL, the model receives input-output pairs, called
“examples” or “demonstrations,” along with a new input query. The LLM learns the pat-
tern in these examples to generate the correct output for the query. Given T examples
{(xi, yi)}Ti=1 where yi = f∗(xi), the query xq, and the prompt prompt = (x1, y1, . . . , xT , yT , xq),
the LLM should produce yq ∼ PLLM(· | prompt) such that yq = f∗(xq). For example, given
“grass is green, apple is red, sky is,” the LLM should output “blue,” learning the pattern
from the examples without parameter adjustments.

Chain of Thought. Complex input-output relationships, especially in multi-step reasoning
tasks, are hard for LLMs to learn from direct input-output pairs. CoT (Chain-of-Thought)
is a prompting technique that addresses multi-step reasoning by including additional in-
termediate reasoning steps in the prompt (Wei et al., 2022). This approach breaks down
complex problems into simpler subtasks, which the LLM can handle through vanilla ICL. A
CoT prompt with H steps is denoted as promptCoT(n) = (z10:H , . . . , z

n
0:H , z

test
0 ), where each

zi0:H includes intermediate steps (zi0, . . . , z
i
H) and the final input ztest0 . We use si = zi0:H to

denote the i-th demonstration. In this paper, H is fixed. Vanilla ICL prompts are recovered
by setting H = 1, which omits intermediate steps. Detailed examples will be provided in
Section 4.1.
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For simplicity, we assume each reasoning step z belongs to a finite set L ⊆ X ∗, with
each element represented by an embedding vector in RdZ . We denote the set of sequences
of reasoning steps as L∗, where promptCoT(n) ∈ L∗.

4. A Latent Variable View of Multi-Step Reasoning

In this section, we interpret CoT prompting as a Bayesian estimator in a multi-step latent
variable model. Section 4.1 introduces this model to capture the reasoning process, with
a generalization to the non-i.i.d. case in Appendix C. In Section 4.2, we analyze CoT
prompting from a statistical viewpoint. Section 4.3 shows that CoT prompting is equivalent
to a BMA estimator, addressing Question (a), and that the softmax attention mechanism
parameterizes the BMA algorithm, partly answering Question (c).

4.1 A Multi-Step Latent Variable Model

We introduce a multi-step latent variable model to capture the multi-step reasoning process
of CoT, which serves as the data-generating model for studying CoT.
CoT Prompting Paradigm. We define the CoT prompt promptCoT(n) = (Υn, z

test
0 ),

where Υn = {zi0:H}ni=1 represents n demonstration examples and ztest0 is the test query.
To generate this prompt, we first specify a latent concept vector θ∗ ∈ Θ, where Θ is the
set of all latent concepts. θ∗ represents the task (e.g., color description, math calculation)
and defines the task-specific joint distribution P(· | θ∗) of the examples and test query in
the prompt. The LLM recursively generates intermediate steps (ztest1 , . . . , ztestH−1) and final
output ztestH using

ztesth+1 ∼ PLLM(· | promptCoT(n), ztest1 , . . . , ztesth ), ∀h ∈ [H − 1]. (1)

To evaluate CoT performance, we compare the generated distribution of ztestH in (1) with the
ground truth distribution P(ztestH | promptCoT(n), θ∗), which represents the true task-specific
distribution of the final answer based on the prompt. We illustrate the CoT paradigm with
a concrete example as follows.

Consider the task θ∗ = “calculate twice the area code of the given country.”
In the CoT prompt (with n = 2 and H = 2), the first example has input z10 =“The US = ?”,
intermediate step z11 =“The US has area code 1”, and final output z12 =“so the answer

is 2”. The query ztest0 =“Japan = ?” requires the answer “162.” When tested, ChatGPT
correctly outputs “Japan has area code 81, so the answer is 162.” In contrast, a
vanilla ICL prompt provides only inputs and final outputs, but ChatGPT1 fails to find
the right answer here. This example shows how CoT prompts improve LLM accuracy over
vanilla ICL. See Figure 1 for a visual illustration of CoT and vanilla ICL prompts.

The Multi-Step Latent Variable Model. To analyze CoT from a statistical perspective,
we need to specify the pre-mentioned task-specific distribution P(· | θ∗), which serves as
the data-generating distribution for the CoT prompt. We assume that the concept θ∗ is
a random variable sampled from a prior π ∈ P(Θ) and the examples {si}ni=1 are i.i.d.
sequences conditioning on θ∗ ∈ Θ. For any θ ∈ Θ, when θ∗ = θ, within the reasoning chain

1. Both the CoT and vanilla ICL prompts are tested on ChatGPT (GPT-3.5-turbo-16k) with the temper-
ature set to zero. See Section K.1 for the details.
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Figure 1: An illustration of CoT and vanilla ICL. Figure (a) shows the CoT prompt and
the corresponding output of ChatGPT (GPT-3.5-turbo-16k). The intermediate
reasoning is shown in red. The output of ChatGPT follows the pattern in the
prompt, which consists of a reasoning step, followed by the desired answer. Fig-
ure (b) shows the result of using the corresponding vanilla ICL prompt, which
includes of two input-output pairs. In this case, ChatGPT fails to provide the
correct answer. Figure (c) illustrates a general pipeline of CoT prompting with
n demonstration examples. Each example includes an input question, H − 1 in-
termediate reasoning steps, and the final answer.

i ∈ [n], we sample zi0:H according to the following stochastic dynamical system with joint
distribution P(si | θ∗ = θ) given by

P(si | θ∗ = θ) : zi0 = fθ
(
ζi
)
, zih = Fθ

(
zi0, · · · , zih−1, ϵ

i
h

)
, ∀1 ≤ h ≤ H. (2)

Here {ζi, {ϵih}h∈[H]}i∈[n] are i.i.d. noise variables, and fθ and Fθ are two functions parame-
terized by θ ∈ Θ. The same is true for the test sample ztest0:H and this distribution will serve
as the target distribution for LLM to learn in context during the prompting stage. Specifi-
cally, fθ generates the first query zi0 based on the task θ∗ = θ, and Fθ models the evolution
of the “reasoning process” {zih}h∈[H]. Specifically, each zih depends on all of the previous
reasoning steps as well as the latent variable θ∗. The rationale behind this model is that
the generation of these reasoning steps is autoregressive and the distribution of the whole
sequence is specific to the task θ∗. The random variables {ϵih}h∈[H] allow the reasoning
process to be stochastic. See Figure 2 for an illustration of this model.

Finally, note that setting H = 1, we obtain a latent variable model for vanilla ICL,
which is studied in Wang et al. (2023c). Furthermore, our general model can be made
more concrete by defining θ∗ as a sequence of latent variables {θ∗h}h∈[H] characterizing the
distribution of zi0:H , where the latent variables also have an autoregressive structure. Such a
model is studied in Jiang (2023). A limitation of our model in (2) is that the n demonstration
examples {si}ni=1 in promptCoT(n) are assumed to be i.i.d. In practice, the demonstration
examples might be composed in a dependent manner which is beyond the i.i.d. assumption.
We will introduce a more general model in Appendix C, which (i) includes latent variables
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Figure 2: An illustration of the multi-step latent-variable model defined in (2). According
to this graphical model, for any h ≥ 1, each step zih of i-th example depends on
the previous steps {ziℓ}ℓ<h and the hidden concept θ∗.

for each reasoning process that are governed by a latent dynamical system, and (ii) allows
the generation of the demonstration examples to be dependent.

4.2 Pretrained LLM + CoT Prompting

The previous section proposes a latent variable model that captures the multi-step reasoning
process of CoT. Based on this model, we will formulate the estimator constructed by CoT
prompting on a pretrained autoregressive LLM from a statistical perspective.
Pretraining LLM. We assume the LLM is pretrained on data generated according to the
model in (2). Specifically, the model is trained on N documents, each corresponding to a

task-specific concept θ∗ℓ
i.i.d∼ π for each ℓ ∈ [N ]. Within each document, there are T examples

{st,ℓ}Tt=1, generated independently based on the same task θ∗ℓ . Thus, the training dataset
consists of NT examples covering diverse tasks. We define {Pρ | ρ ∈ PLLM} as the family
of conditional distributions induced by the LLM, where ρ ∈ PLLM represents the model
parameters. Pretraining the autoregressive LLM involves finding the maximum likelihood
estimator ρ̂, which is given by

ρ̂ = argmin
ρ∈PLLM

− 1

NT (H + 1)

∑
ℓ∈[N ],t∈[T ]

H∑
h=0

logPρ
(
zt,ℓh |Υt−1,ℓ, {zt,ℓj }h−1

j=0

)
, (3)

where Υt,ℓ = {sk,ℓ}k∈[t] represents the first t examples in the ℓ-th document. Once ρ̂ is
found, we denote the distribution induced by the pretrained LLM as PLLM = Pρ̂.
CoT Prompting as an Estimator. After pretraining, we fix the LLM parameters to
ρ̂ and prompt the model with a CoT prompt promptCoT(n) = (Υn, z

test
0 ). This induces

a conditional distribution PLLM(· | prompt). The goal is to generate the correct final
answer, denoted as ytest (or ztestH ), as defined in (2). The distribution of this final answer,
PLLM(ytest = · | promptCoT(n)), is obtained by marginalizing out the intermediate steps
(ztest1 , . . . , ztestH−1). To evaluate the accuracy of the estimator, we compute the Kullback-
Leibler (KL) divergence:

errCoT = KL
(
P
(
ytest = · | promptCoT(n), θ∗

)
,PLLM

(
ytest = · | promptCoT(n)

))
. (4)
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Error Sources Description

Pretraining error Statistical error of the pretrained LLM

Prompting error Combination of query error and in-context error

Query error Distributional shift between testing query ztest0 and n prompt examples

In-context error Statistical error of inferring θ∗ based on the n prompt examples

Table 1: Summary of the three sources of errors in CoT prompting.

where θ∗ ∈ Θ is the fixed but unknown latent task concept. The error errCoT is a random
variable of the prompt promptCoT(n) and the learned model parameters ρ̂.

Error Decomposition. The statistical error errCoT in (4) has two components: pre-
training error and prompting error. The pretraining error results from limited training
data and vanishes as N increases, and it is unrelated to the prompting stage. The prompt-
ing error occurs when using n examples to guide the LLM, even with perfect pretraining.
More examples reduce this error as they help infer the task θ∗. Success also depends on how
well the examples match the test query ztest0 . Lemma 4 further divides the prompting error
into query error and in-context error. The query error reflects the Distributional shift
between the query and examples, and the in-context error quantifies the model’s difficulty
inferring the task from the examples.

4.3 BMA Interpretation of CoT

In the following, we show that the CoT estimator PLLM

(
· | promptCoT(n)

)
can be understood

as a Bayesian model averaging (BMA) estimator for the latent variable model in (2).

Pretrained LLM + CoT ≈ BMA. Suppose an LLM is pretrained using (3) with data
from the model (2), it is expected to closely approximate the true distribution when N
and T are large. Given a perfect pretrained model, since the examples in the CoT prompt
are drawn from the same distribution as the pretraining data, we replace Pρ with the true
distribution and marginalize out the intermediate steps, leading to the following lemma.

Lemma 1 Let the pretraining data be generated according to the latent variable model spec-
ified in (2). Consider the population counterpart of the MLE in (3), i.e., we let the num-
ber of documents N goes to infinity. Suppose that the LLMs have enough capacity, i.e.,
P ∈ {Pρ | ρ ∈ PLLM}, and the CoT prompt promptCoT(n) has nonzero density under the
pretraining distribution, we have

PLLM

(
ytest = · | promptCoT(n)

)
=

∫
Θ
P(ytest = · | ztest0 , θ)π

(
θ | promptCoT(n)

)
dθ.

A detailed proof of this lemma is deferred to Appendix D.1. This lemma shows that CoT
prompting with a perfectly pretrained LLM effectively performs Bayesian Model Averaging
(BMA). The CoT estimator is built in three steps: (i) the LLM first estimates the posterior
distribution of the task θ; (ii) for each θ, the LLM predicts the final answer ytest based on
the prompt; and (iii) the LLM then aggregates these predictions according to the posterior
of θ. This BMA interpretation aligns with the results for vanilla ICL shown in Zhang et al.
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(2023a), which we recover by setting H = 1. A detailed proof and extension to the more
complex model are provided in Appendix D.1.

4.4 Attention Approximately Parameterizes BMA

We now show that the attention mechanism in the transformer architecture is able to encode
the BMA algorithm for a special case of the latent variable model in (2).

A Simplified Model. Let fθ∗ in (2) be independent of θ∗, meaning inputs do not depend
on θ∗. Assume Fθ∗ encodes a linear model in the latent space: For each h ∈ [H], let dk and
dv be integers, and define feature mappings k : L → Rdk and v : L → Rdv , with v invertible.
Each reasoning step zih follows

zih = v−1
(
θ∗ϕ(kih) + ϵih

)
= Fθ∗

(
zi0, z

i
1, · · · , zih−1, ϵ

i
h

)
, ∀h ∈ [H], (5)

where kih = (k(zi0), k(zi1), · · · , k(zih−1), 0, · · · , 0) includes the features from the first h − 1

steps and zeros padded to fit RH·dk . Here, ϕ : RH·dk → Rdϕ maps kih to some Euclidean
space, and θ∗ is a linear operator. The model implies kih and v(zih) adhere to a kernelized
linear model, with noise ϵih ∼ N (0, σ2) independent of other variables. Our theoretical
result relies only on the invertibility of v and the existence of feature maps v, k, and ϕ such
that the model in (2) simplifies to (5). This model defines a linear dynamical system in the
feature space and, due to the flexibility of the feature maps, encompasses a broad range of
distributions.

The BMA Estimator. To analyze the BMA estimator under this model, we impose a
Gaussian prior on θ∗, where each entry is i.i.d. N (0, λ) for some fixed λ > 0. Given the
n examples in the CoT prompt promptCoT(n), define V n = (v(zih))H,nh=1,i=1 ∈ Rdv×Hn and

Kn = (kih)H,nh=1,i=1 ∈ RHdk×Hn. Let ϕ(Kn) be the Rdϕ×Hn feature matrix induced by Kn.

Given any θ ∈ Θ as an estimate of θ∗ and ztest0 , to predict ytest = ztestH according
to the linear model in (5), it suffices to generate {vtesth = v(ztesth )}h∈[H] autoregressively.
Specifically, for any h ≥ 0, conditioning on {ztest0 , . . . , ztesth−1}, the distribution of vtesth is
N (θϕ(ktesth ), σ2I) where we define ktesth as ktesth = (k(ztest0 ), k(ztest1 ) · · · , k(ztesth−1), 0 · · · , 0).
Therefore, to get the BMA estimator, we aggregate the distribution of vtesth according to
the posterior distribution of θ, and return the mean value as the predictor, which is given
by

v̄testh = V nϕ(Kn)⊤
(
ϕ(Kn)ϕ(Kn)⊤ + σ2/λ · I

)−1
ϕ(ktesth ), (6)

where I is the identity matrix of size Rdϕ×dϕ . The final BMA estimator is given by
{v−1(v̄testh )}h∈[H].

Estimator Produced by Transformer. We introduce a new autoregressive estimator
using a transformer with softmax attention. This transformer, designed for a sequence of
Hn vectors from n examples and a test instance, is a composition of a copy head, and
a softmax attention layer. The copy head replicates previous reasoning steps within each
example, outputting (zi0, . . . , z

i
h, 0, . . . , 0) for any example i and step h, where we append

H − h + 1 zeros so that the output vectors have the same dimension. The copy head,
which can be constructed using standard transformer architectures (Feng et al., 2023), has
also been observed in empirical studies (Olsson et al., 2022; Von Oswald et al., 2023). The

10



Statistical Foundations of Chain-of-Thought

softmax attention layer focuses on relevant parts of the sequence and computes the attention
output as follows. Given promptCoT(n) and h− 1 intermediate outputs ztest1 , . . . , ztesth−1, the
output of the softmax attention as

attn(qtesth , keys, values) =
∑

i∈[n],ℓ∈[H]

exp(⟨qtesth , kiℓ⟩) · viℓ∑
i′∈[n],ℓ′∈[H] exp(⟨qtesth , ki

′
ℓ′⟩)

, (7)

where we define vih = v(zih) and the testing query as qtesth = ϕ(ktesth ). Finally, the output is
passed through a transformation function v−1, which yields

ztesth = v−1(attn(qtesth , keys, values)).

This newly generated ztesth is then used to compute the query qtesth+1, which is then used for
generating ztesth+1, and so on. See Figure 3 for an illustration of this transformer.

Figure 3: An illustration of how CoT is represented by a two-layer transformer. Layer 1
serves as a copy head, which copies the previous steps {zij}

h−1
j=1 to the current

position zih. Next, the feature mappings v and k map the outputs of Layer 1 to
values and keys, respectively. During the generation of ztesth+1, the attention mech-
anism takes in key and value matrices keys and values from the demonstrations
to predict the result for query qtesth , where keys and values are formed by stack-

ing {kih}
n,H
i=1,h=1 and {vih}

n,H
i=1,h=1, respectively. Note that keys and values do not

contain keys and values computed from the generated reasoning steps {ztestj }hj=1.
We can achieve this by masking out the corresponding positions.

In the following proposition, we prove that under certain conditions, the BMA estimator
coincides with the transformer output up to a scaling factor when n goes to infinity.

Proposition 2 We assume the feature mappings k and v take bounded values and ∥v(z)∥2 =
1 for all input z ∈ L. Besides, let ϕ in (5) be a feature map with finite dimension. Then,
there exists an absolute constant C, and parameter λ = n−2/3 such that for any fixed ktesth ,
the BMA estimator in (6) and the attention output in (7) coincide as n goes to infinity up
to a scaling factor C. That is, we have

lim
n→∞

max
h∈[H]

∥v̄testh − C · attn(qtesth , keys, values)∥2 = 0.

11



Hu, Zhang, Chen, and Yang

This proposition shows that there exists a special model satisfying (2) (the model in (5)) such
that the BMA estimator of this model can be approximately implemented by a transformer.
The attention output in (7) aligns with the Nadaraya–Watson Kernel regressor (Hastie
et al., 2009) with an exponential kernel, while the BMA estimator in (6) is similar to
ridge regression. Both estimators are consistent and converge to the same result as n
increases. Detailed proof in Appendix D.2 extends results from Zhang et al. (2023a) to
CoT prompting’s multi-step autoregressive structure. While our feature mappings k and v
are specific to reasoning steps, they can be generalized to tokens.

5. Statistical Errors of CoT Prompting

In this section, we analyze the error from the prompting stage. We first present an er-
ror decomposition and then examine vanilla CoT prompting in Section 5.1. This section
addresses part of Question (b) and fully answers Question (d) from the introduction.

5.1 Statistical Errors of Vanilla CoT

We define the statistical error from CoT prompting, denoted as errCoT in equation (4),
which originates from both pretraining and prompting stages, as summarized in Table 1.
We decompose these error sources and introduce a regularity condition for the pretrained
LLM. Before proceeding, we define the partial prompt prompthCoT(i) for any integers i ∈
[0, n− 1] and h ∈ [H] as prompthCoT(i) = {sj}j≤i ∪{zi+1

0 , . . . , zi+1
h−1}, which includes the first

i demonstration examples and the first h steps of the (i+ 1)-th example. In Section 5, we
assume the prompt is drawn from the true distribution, promptCoT(n) ∼ P(· | θ∗).

Assumption 3 We assume there exists a positive number b∗ such that for any 0 ≤ h ≤ H,
0 ≤ i ≤ n−1, and prompthCoT(i) ∈ L∗, we have for the data distribution P and the pretrained
model PLLM that

sup
z∈L

∣∣∣logP(zi+1
h = z | prompthCoT(i)) − logPLLM(zi+1

h = z | prompthCoT(i))
∣∣∣ ≤ b∗.

This assumption postulates that the true distribution P of the model in (2) and the
distribution learned by the LLM are close. The proximity is measured in terms of the log
likelihood. We will justify the existence of b∗ in Section 6 under explicit assumptions on
pretraining.

Lemma 4 (CoT Error Decomposition) Under Assumption 3, the statistical error errCoT

in (4) can be upper bounded by the sum of a pretraining error and a prompting error, i.e.,

errCoT ≤ errpre(P,Pρ̂; promptCoT(n)) + errprompt(P, θ∗, promptCoT(n)).

where we define the prompting error as

errprompt(P, θ∗, promptCoT(n))

= KL
(
P(ytest = · | ztest0 , θ∗),P(ytest = · | promptCoT(n))

)
+ 2

√
2Hb∗ · KL1/2

(
P(ytest = · | ztest0 , θ∗),P(ytest = · | promptCoT(n))

)
, (8)
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and the pretraining error as

errpre(P,Pρ̂; promptCoT(n))

= KL
(
P(ytest = · | promptCoT(n)),Pρ̂(ytest = · | promptCoT(n))

)
. (9)

We provide a detailed proof of this lemma in Appendix E.1. The prompting error
is defined on the distribution P, corresponding to a perfectly pretrained LLM, making it
independent of the pretraining phase. We now focus on the prompting error, assuming that
ztest0 shares the same distribution as {zi0}i∈[n], implying zero query error. A distributional
shift will be considered in the next section. Without a distributional shift, the test instance
can be treated as the (n + 1)-th example, since all examples are conditionally i.i.d. given
θ∗. Thus, we focus on how the n prompt examples help a perfectly pretrained LLM infer
θ∗, specifically addressing the in-context error.

Equivalence Class Induced by Multi-Step Reasoning. In the following, to simplify
the notation, we use X = Z0, Z1, . . . , ZH = Y to denote a random trajectory sampled from
the model in (2). Note that the prompting error in (8) only concerns the distribution of
the output Y and neglects the intermediate reasoning steps Z1, . . . , ZH−1. As a result, it is
possible that there exists another θ ∈ Θ with the same distribution of Y . Such a relationship
induces a set of equivalence classes over Θ.

Definition 5 (Equivalence Classes over Θ) Let P(Z0, Z1, · · · , ZH−1, Y | θ) denote the
joint distribution of Z0:H conditioning on the latent variable θ∗ = θ. We define an equiva-
lence relation ∼ based on conditional density of Y given Z0 as follows.

θ ∼ θ′ if and only if P(Y = y |Z0 = z0, θ) = P(Y = y |Z0 = z0, θ
′), ∀(z0, y).

This relation ∼ induces a set of equivalence classes over Θ. In particular, for any θ, define
Θeq(θ) = {θ′ ∈ Θ : P(y | z0, θ) = P(y | z0, θ′),∀(z0, y)} as the set of parameters equivalent to

θ, i.e., the equivalence class represented by θ. Let Θ̃ denote the complete set of representa-
tives of all disjoint equivalent classes. Then Θeq(θ) ∩ Θeq(θ′) = ∅ for all θ, θ′ ∈ Θ̃ and we
can further write Θ as ∪

θ∈Θ̃Θeq(θ).

The intuition of the equivalence relation ∼ is that there might be multiple reasoning
paths that all lead to the correct answer. For example, Newtonian, Lagrangian, and Hamil-
tonian mechanics are three different approaches to classical mechanics. Their intermediate
steps are different but will lead to the same answer. Based on this intuition, any parameter
in Θeq(θ∗) is equally good for predicting Y , and we only need to infer Θeq(θ∗) from CoT
prompts. We state a regularity condition for CoT prompting in terms of Θeq(θ∗).

Assumption 6 Given a task θ∗ during CoT prompting, let Θ∁ = Θ\Θeq(θ∗) denote the
complement of the equivalence class of θ∗. We assume that there exists a strict separation
between the ground truth task θ∗ and any other tasks θ ∈ Θ∁. Specifically, there exists λ > 0
that lower bounds the Hellinger distance:

inf
θ∈Θ∁

H2
(
P(Z0:H = · | θ∗),P(Z0:H = · | θ)

)
≥ λ,

where H2(·, ·) denotes the squared Hellinger distance. Moreover, we assume tasks in Θeq(θ∗)
are well covered by the pretraining distribution in the sense that π

(
Θeq(θ∗)

)
> 0.
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This assumption requires the true task θ∗ is λ-separated from any other θ outside of
the equivalence class Θeq(θ∗). Parameter λ serves as a margin of separation. Moreover,
we assume that the prior π put considerable density on Θeq(θ∗). This means that the task
tested during prompting stage has been covered in the pretraining dataset. Based on this
assumption, we establish the statistical error of the CoT estimator as follows.

Theorem 7 Let errpre denote the pretraining error defined in (9) and assume Θ to be a
finite and discrete set. Under Assumptions 3 and 6, with probability 1 − δ, the statistical
error errCoT defined in (4) satisfies

errCoT ≤ O
(
Hb∗δ−1 · π(θ∗)−1/2 ·

∣∣Θ∁
∣∣ · e−λn)+ errpre.

Here O(·) hides absolute constants and the probability is with respect to the randomness of
the CoT prompt.

This theorem shows that when the tasks are well separated, the prompting error con-
verges to zero exponentially fast when n increases. Note that the convergence rate
depends on the separation λ. A larger λ means that Θeq(θ∗) is more distinguishable from
the rest of the tasks, leading to a faster convergence rate. Besides, the error also depends
on H and the size of Θ∁. Intuitively, these two terms characterize how the error increases as
the problem size grows. Moreover, the dependence on b∗ comes from Lemma 4, which is due
to replacing the pretrained LLM by the population distribution. The statistical error also
depends on π(θ∗)−1/2, which means the prompting error is smaller for tasks better covered
by the pretraining distribution.

Here we assume that Θ is finite. In Appendix E.2 we will further extend Theorem 7 to
the more challenging case where Θ can be a continuous set and present a detailed proof.

Remark 8 (Intuition for exponential decay in n) The exponential rate e−λn follows
directly from the i.i.d. product structure of the likelihood. Because the n demonstration tra-
jectories s1, . . . , sn are independent given θ∗, the joint likelihood ratio against any wrong
task θ ∈ Θ∁ factorizes as

∏n
i=1 P(si | θ)/P(si | θ∗). By the Hellinger distance identity, each

factor is bounded by 1 − H2(P(· | θ∗),P(· | θ)) ≤ e−λ, where λ > 0 is the separation in
Assumption 6. The product of n such factors then decays as e−nλ. This is the same mech-
anism as the Chernoff bound: exponential decay with sample size is a generic consequence
of i.i.d. sampling when the per-sample distinguishability λ is bounded away from zero. This
is empirically verified in Section 8 (Figures 10(b) and 11(b)), where the log-MSE decreases
linearly in n, consistent with exponential decay.

Ideally, we would like to have an upper bound that scales with |Θ̃| because it is the actual
number of all possible hypotheses when it comes to predicting Y based on X. Whereas |Θ∁|
in Theorem 7 can be much larger than |Θ̃| because it is comparable to |Θ|. To have a better
bound, we impose an additional assumption postulating that the distributions within each
equivalence class are close.

Assumption 9 Let Θ̃ be a representative set of the equivalence classes introduced in Defi-
nition 5. We assume that there exist positive numbers α and α0 such that for all θ ∈ Θ̃ and
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θ′ ∈ Θeq(θ), we have

sup
z0:H

∣∣∣∣ log
P(Z0:H = z0:H | θ)
P(Z0:H = z0:H | θ′)

∣∣∣∣ ≤ α, sup
z0

∣∣∣∣ log
P(Z0 = z0 | θ)
P(Z0 = z0 | θ′)

∣∣∣∣ ≤ α0.

Moreover, we assume that α ∈ (0, λ), where λ appears in Assumption 6.

Assumptions 6 and 9 imply that distributions are similar within each equivalence class
but disparate between equivalence classes. We establish a new upper bound as follows.

Theorem 10 Under Assumptions 3, 6, and 9, with probability 1 − δ over the randomness
of the CoT prompt, we have

errCoT ≤ O
(
Hb∗π(θ∗)−1/2δ−1

∣∣Θ̃∣∣e−(λ−α)n+α0
)

+ errpre.

Compared with the previous Theorem 7 that solely requires Assumption 6, we have a
better dependency on the size of parameter space, from |Θ∁| to |Θ̃|, at a cost of a slower
rate of exponential decay. The proof of this theorem is deferred to Appendix E.2, where we
also include an extension to the case where Θ is continuous.

In summary, we have shown that in the prompting stage, as the number of examples
grows, the statistical error of CoT prompting decays exponentially to an intrinsic error due
to pretraining. In Section 7, we will extend the above results to a few variants of CoT.

5.2 Vanilla CoT versus Vanilla ICL and Truncated CoT

Recall that vanilla ICL is a special case of CoT without intermediate reasoning steps,
i.e., H = 1. In the following, we aim to address Question (d) raised in the introduction
by directly comparing vanilla ICL and CoT under the same model. We focus on the la-
tent variable model in (2). Let θ∗ denote the task during the prompting stage, and let
promptICL(n) = {zi0, ziH}ni=1 ∪ {ztest0 } and promptCoT(n) = {zi0:H}ni=1 ∪ {ztest0 } denote a
ICL prompt and a CoT prompt respectively. Thus, vanilla ICL and CoT yield estima-
tors PLLM(ytest = · | promptICL(n)) and PLLM(ytest = · | promptCoT(n)) respectively. The
following proposition shows that CoT always outperforms vanilla ICL in an average sense.

Proposition 11 (CoT Outperforms Vanilla ICL) Let π denote the prior distribution
over Θ. Consider the ideal case where the LLM is perfectly pretrained, for any number of
demonstration examples n ≥ 0, we have

Eθ∗∼πEpromptCoT(n)∼P(· | θ∗)

[
KL
(
PLLM(ytest = · | ztest0 , θ∗),P

(
ytest = · | promptCoT(n)

))]
≤ Eθ∗∼πEpromptICL(n)∼P(· | θ∗)

[
KL
(
P(ytest = · | ztest0 , θ∗),P

(
ytest = · | promptICL(n)

))]
.

This proposition shows that, on average, CoT performs at least as well as vanilla
ICL. Intuitively, conditioning on more information improves the posterior estimate, and
since both are BMA estimators, a better posterior reduces statistical error. This property
also applies to truncated CoT methods, where demonstrations omit some intermediate steps.
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Vanilla
ICL

Informative
CoT

PI CoT-
(a)

PI CoT-
(b)

PI CoT-
(c)

PI CoT-
(d)

59.5% 81.5% 70.5% 2.5% 66% 80%

Table 2: Average accuracy of the six prompting methods on the CityEquation task. The
results are based on 200 random testing instances. “PI CoT” stands for the par-
tially informative chain of thought method.

We provide the formal details and extend Proposition 11 in Appendix G.2, showing that,
on average, including more reasoning steps in the prompt is always advantageous.

However, it’s important to note that the dominance of CoT over vanilla ICL does not
hold universally for every task θ∗ ∈ Θ. There may be specific tasks and prompt examples
where CoT underperforms compared to vanilla ICL. This occurs when the intermediate
reasoning steps provide little useful information. This phenomenon has been observed
empirically, such as in Lanham et al. (2023) on the HellaSwag benchmark (Zellers et al.,
2019). We also demonstrate this with numerical experiments on a custom toy task.

Vanilla ICL vs. CoT on the CityEquation Task. We create an arithmetic reasoning
task called “CityEquation”, where arithmetic operations are performed using city names.
In these equations, cities are either added or subtracted, with the result computed by
substituting each city name with its longitude. For example, “Paris + Beijing = 118” is
true because the longitudes of Paris and Beijing are 2 and 116, respectively.

Data Construction. We choose 20 major cities around the world, and generate random
city equations by randomly selecting two cities and an operation in {+,−}. We construct
the test data set using 200 distinct equations and use another 10 different equations as the
examples in the prompting stage.

Prompting Methods and Results. We test six prompting methods: vanilla ICL, in-
formative CoT, and four partially informative CoT variants. We consider an informative
version of CoT that includes the full reasoning path and four partially informative versions
that either contain some irrelevant facts or omit some relevant intermediate steps. In par-
ticular, in partially informative CoT-(b), we include some demographic information of the
cities in the equations, which, although truthful facts, are not related to longitudes, which
is the key to getting the final answer. Then the last two versions (c) and (d) additionally
include some useful reasoning steps. See Appendix K for more details. When evaluating
these methods, we include 10 examples in the prompt, followed by a new testing instance.
The prompt is passed to GPT-4 (Achiam et al., 2023) with the temperature set to zero,
and the reported answer is compared with the desired answer to evaluate the accuracy. We
report the average accuracy over 200 random testing instances in Table 2.

As shown in the table, informative CoT achieves the highest accuracy. The four versions
of partially informative (PI) CoT either underperform or outperform vanilla ICL, depending
on the relevance of the intermediate steps. For details on failure cases and further inter-
pretation, see Appendix K. The regression experiments in Section 8 further corroborate
Proposition 11: across both the two-layer MLP and decision-tree tasks, the mean MSE of
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vanilla ICL is higher than that of CoT, yet the confidence intervals overlap, consistent with
average-case dominance but not instance-wise strict dominance.

6. Statistical Errors of CoT with Pretraining Errors

Recall that in Lemma 4 we decompose the CoT error errCoT into (i) a pretraining error (9)
and (ii) a prompting error (8). We have analyzed the prompting error in Section 5. In
this section, we establish a statistical analysis of the pretraining error and then obtain a
complete characterization of the error of the estimator constructed by “pretrained LLM +
CoT prompting”. Thus, in this section, we answer Question (b) raised in the introduction.

We rigorously describe the pretraining process in Section 6.1. Next, in Section 6.3, we
construct a class of transformer networks that directly approximates the underlying distri-
bution P. We characterize the pretraining error in Section 6.2 and establish the statistical
errors of CoT under realistic assumptions in Section 6.4.

6.1 Setup of LLM Pretraining

Recall that we introduce the pretraining of LLM in Section 4.2. We consider the pretrain-
ing of an autoregressive LLM with data sampled from the model in (2). The LLM is a
transformer that maps a sequence of reasoning steps to a probability distribution.

Transformer Architecture. We let T F(D, η, r, dF , dk, dv) denote the class of transform-
ers that maps a sequence of reasoning steps to a probability distribution over L, where the
input sequence is embedded in Rr, followed by D sequentially stacked transformer blocks
and a final softmax layer that outputs a distribution. Here the embedding contains both
token and positional embedding. Moreover, each of the D transformer blocks includes a
multi-head attention (MHA) layer with η parallel heads and a fully connected feedforward
(FF) layer. The embedding dimensions of the queries, keys, and values in Multi-Head At-
tention (MHA) in (18) are dk, dk, and dv, respectively. Here queries and keys share the same
dimension to calculate the inner product. We assume that dv = r to guarantee that the
output dimension is the same as the input dimension, which avoids defining the dimensions
for modules in all the layers. The results for the general case can be easily generalized. For
the Feed-Forward (FF) layer in (19), the dimensions of the hidden feature and the output
are dF and r, respectively. Both components have residual connections, followed by layer
normalization. See Figure 4 for an illustration of the transformer architecture, where the
transformer block consisting of a MHA and a FF layer is illustrated on the right.

As for the network parameters, for any d ∈ [D], we let W d
mha = (WQ,d

i ,WK,d
i ,W V,d

i )ηi=1

denote the weight matrices of the η heads, and let W d
ff,1 and W d

ff,2 denote the weight matrices
of the FF layer. The mathematical expressions of MHA and FF layers are given in (18)
and (19). We adopt γd1 , γ

d
2 ∈ Rr×r to denote the parameters of the residual links in the

d-th module. Moreover, for the output softmax layer, we fix the temperature as τ and let
Wsoftmax denote the weight matrix. For ease of presentation, we defer the mathematical
details of the transformer to Appendix I.1. We let ρ denote all the network parameters of
the transformer. Furthermore, we consider a bounded transformer class with parameters
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bounded in

PLLM =
{
ρ : ∥γd1∥∞, ∥γd2∥∞ ≤ 1, ∥WQ,d

i ∥F , ∥WK,d
i ∥F , ∥W V,d

i ∥F ≤ BM ,

∥W d
ff,1∥F , ∥W d

ff,2∥F ≤ BF , ∥Wsoftmax∥1,2 ≤ BS ,∀d ∈ [D], i ∈ [η]
}

(10)

⊆ T F(D, η, r, dF , dk, dv),

where BM , BF , BS are upper bounds on the norms of the weight matrices. We assume these
parameters are fixed and larger than one.

Figure 4: An illustration of a transformer with depth D. The left-hand side shows the net-
work with D sequentially stacked transformer blocks followed by a final softmax
layer. The right-hand side zooms in on a single transformer block, which com-
prises a MHA layer and a FF layer, connected by normalization layers.

Pretraining Data and MLE Estimation. The dataset, denoted by DN,T contains N
independent trajectories, each with T examples. For each trajectory ℓ ≤ N , we first sample
an i.i.d. task θ∗ℓ from the prior π. Conditioning on the task parameter θ∗ℓ , we generate T
examples {sk,ℓ}Tk=1 ∼ P(· | θ∗ℓ ) according to the model in (2) and concatenate them to form a

trajectory. Here sk,ℓ = (zk,ℓ0 , · · · , zk,ℓH ) denotes the k-th example of the task θ∗ℓ , and we view

each zk,ℓj as a reasoning step. Thus a sequence contains T (H+1) elements in total. For any

h ≥ 0, the reasoning steps before zt,ℓh is denoted by St,ℓh = (Υt−1,ℓ, {zt,ℓj }h−1
j=0 ), where Υt−1,ℓ

contains the first t− 1 examples of the ℓ-th trajectory. Then we can write the dataset DN,T

as {(St,ℓh , z
t,ℓ
h )}H,T,Nh=0,t=1,ℓ=1. The pre-trained LLM, denoted by ρ̂, as defined in (3), is obtained

by solving the maximum likelihood estimation (MLE) based on the dataset DN,T . We set
PLLM = Pρ̂, where Pρ̂ denotes the conditional distribution specified by the transformer with
parameter ρ̂. We neglect the optimization issue and assume that the MLE in (3) can be
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obtained. We note that when the transformer class is sufficiently expressive, we expect that
PLLM learns the conditional distribution of zt,ℓh given St,ℓh .

We note that in the pretraining process described above, we train a transformer that
takes all sequences of the reasoning steps S ∈ L∗ as input and predicts the next reasoning
step z ∈ L. This setup can be easily generalized to the autoregressive prediction of the next
token instead of the next reasoning step based on the prompt.

6.2 Pretraining Error Analysis

We will show that the pretraining error can be written as a sum of an approximation
error and a generalization error. The analysis is based on the PAC-Bayes framework
(McAllester, 1998; Alquier, 2021). Before presenting this result, we introduce two regularity
assumptions as follows.

Assumption 12 Note that we assume that each reasoning step in L is identified with a
unique Euclidean vector. We assume that L is a bounded set. That is, there exists R > 0
such that ∥z∥2 ≤ R for all z ∈ L.

This assumption ensures that the input space of the transformer network is bounded,
which is commonly imposed by the literature on nonparametric statistics (Zhang et al.,
2023a).

Assumption 13 For the model in (2), we assume that for any z ∈ L, θ ∈ Θ, and any
sequence of reasoning steps S ∈ L∗, P(z |S, θ) > c0 for some constant c0 > 0.

This assumption requires the conditional probability of the next reasoning step z to be
lower-bounded at any element of L. This means that the generation of the reasoning path
is stochastic. Similar assumptions have also been imposed in existing works (Xie et al.,
2021; Jiang, 2023). As we will see in Appendix H.1, this assumption implies Assumption 3
with b∗ = log(max{c−1

0 , 1 + |L| exp(BS/τ)}), where BS appears in (10).

Besides, to simplify the notation, we let ES∼D denote the empirical distribution with
respect to the pretraining data set DN,T . Specifically, for any function f : L∗ → R we define

ES∼D[f(S)] = N−1(H + 1)−1 · T−1
N∑
ℓ=1

T∑
t=1

H∑
h=0

E[f(St,ℓh )], (11)

where the expectation is taken with respect to the joint distribution of DN,T . We establish
the pretraining error in the following proposition.
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Proposition 14 (Pretraining Error Bound) Under Assumptions 12 and 13, with prob-
ability at least 1 − δ, the pretrained LLM Pρ̂ in (3) satisfies that

ES∼D

[
TV
(
P(· |S),Pρ̂(· |S)

)]
= O

(
inf

ρ∗∈PLLM

√
ES∼DKL

(
P(·|S),Pρ∗(·|S)

)
+

√
b∗ log(TH/δ)

N1/4︸ ︷︷ ︸
approximation error

+
1√
N

(
D̄ log(1 +NTHB̄) + log

TH

δ︸ ︷︷ ︸
generalization error

))
,

where B̄ = τ−1RηBSB
2
FB

3
M and D̄ = D2r(dF + dk + r) + r · dy are parameters deter-

mined by the transformer architecture in (10). Besides, we have b∗ = log
(

max{c−1
0 , 1 +

|L| exp(BS/τ)}
)
. We use ∆pre(N,T, δ) to denote the right-hand side of this equation.

This Proposition is proved using the PAC-Bayes framework. The proof is adapted from
Zhang et al. (2023a) and deferred to Appendix H.1.

Proposition 14 shows that the pretraining error can be decomposed into an approxima-
tion error and a generalization error. The approximation error is a sum of a KL divergence
term, and an additional N−1/4 term that arise from concentration. The approximation error
is small if the transformer class is sufficiently expressive. Moreover, the generalization error
decays to zero as N increases, and D̄ captures the complexity of the transformer model.
This error increases with the sequence length T ·H mildly through a logarithmic factor.

6.3 Transformers as Conditional Distribution Approximators

In the following, we present the approximation result. We will construct a transformer
with parameters in PLLM that captures the multi-step reasoning structure of CoT. More
importantly, we will prove that the approximation error decays to zero exponentially as the
network depth D increases. We first present an informal version of the theory as follows.

Proposition 15 (Approximation Error, Informal) Let Sth = (Υt−1, {ztj}
h−1
j=0 ) be the

sequence of reasoning steps that includes t − 1 examples of reasoning paths Υt−1 and the
first h − 1 steps of the t-th example {zt−1

j }hj=0. Then if the target distribution P of the
model in (2) has a sufficiently smooth density and the transformer model PLLM in (10) is
sufficiently expressive, then there exists a transformer with at most O(D) number of blocks
and parameter ρ∗ ∈ PLLM such that

max
Sth∈L

∗
KL
(
P(zth = · |Sth),Pρ∗(zth = · |Sth)

)
= O

(
exp

(
−
(
D − C log(2H))/H

)1/4
5B

))
,

for any t ∈ [T ] and 0 ≤ h ≤ H when D goes to infinity. In particular, C > 0 is an absolute
constant, and B appears in Assumption 37.

This proposition shows that the approximation error decays exponentially in D. This
exponential accuracy is based on the construction of a neural network approximator in
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Elbrächter et al. (2021) for smooth functions. Moreover, note that Sth has (t−1) ·(H+1)+h
reasoning steps in total. An appealing feature of this proposition is that the approximation
error is independent of t, thanks to leveraging the permutation invariance structure of the
target distribution. Specifically, when viewing P(zth = · |Sth) as a function of Sth, it is
invariant to the permutation of the t− 1 examples. Our transformer approximator directly
leverages such invariance in the attention mechanism, thus obtaining an approximation
error independent of t. However, P(zth = · |Sth) can be drastically different across h ∈
[H]. Concretely, each reasoning step represents a different procedure described by different
distributions. To handle this fact, our transformer treats each step h ∈ [H] differently
and uses a separate transformer subnetwork to predict each zh. These subnetworks, each
containing multiple attention blocks, are stacked vertically. And we leverage the position
embedding to let the transformer identify the step index h of Sth, and then pass the input
to the h-th subnetwork. See Figure 5 for an illustration of the construction. The formal
statement of Proposition 15 and its detailed proof are deferred to Appendix H.2.

Remark 16 (Intuition for exponential decay in D) The exponential decay in D fol-
lows from the deep ReLU approximation theory of Elbrächter et al. (2021): a network of
depth d approximates a sufficiently smooth function with error exp(−dc1/c2) for constants
c1, c2 > 0 depending on the smoothness of the target distribution, since each additional layer
reduces the approximation error by a constant multiplicative factor, and the product over d
layers decays exponentially in d. The argument is D/H rather than D because the network
has H submodules sharing total depth D (Figure 5), so each submodule has depth ≈ D/H,
and the theorem is applied per submodule.

6.4 Statistical Error of CoT with Out-of-Distribution Queries

In this section, we combine the analysis of pretraining error and prompting error to derive
a comprehensive characterization of the statistical error of CoT. Moreover, we will tackle
the query error, which arises due to the distributional shift of the test instance ztest0 .

Specifically, the query error arises if ztest0 is not sampled from the same task θ∗ as the
n prompt examples. For instance, if the examples in the prompts are about the “solving
arithmetic problems”, but we query a new philosophical question. Then the knowledge
incorporated in the examples is not useful for answering the query and thus we expect a
large error. More rigorously, let Υn = {sj}nj=1 denote the n CoT examples sampled the
model in (2) with task θ∗. Thus, promptCoT(n) = (ztest0 ,Υn). Under this model, the query
has a distribution P(ztest0 = · | θ∗). We let µ(ztest0 = · |Υn) denote the distribution of an
out-of-distribution (OOD) query, whose distribution might depend on Υn. The difference
between these two distributions reflects the query error.

Besides, we define PCoT,µ,Υn as the joint distribution of Υn and an OOD query, param-
eterized by the shift distribution µ and the demonstrations Υn:

PCoT,µ,Υn

(
promptCoT(n) | θ∗

)
= P(Υn | θ∗) · µ(ztest0 |Υn).

We make the following assumption about the distributional shift due to the OOD query.
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Figure 5: An illustration of the transformer constructed for proving Proposition 15. After
the input embedding, the first module NNJ extracts the step-index h from Sth and
copies it to all previous positions. Then, the transformer goes through H + 1
submodule pairs {G

h̃
, F

h̃
}H
h̃=0

, where each pair is designed to approximate the

conditional distribution associated with a specific step h ∈ [H]. The output of
FH goes through a softmax output layer to get the final output distribution,
which is close to the target distribution P(· |Sth).

Assumption 17 We assume the distributional shift is mild in the sense that PCoT,µ,Υn

is covered by the pretraining distribution. That is, for any fixed θ∗ ∈ Θ, there exists a
constant κ > 0 such that PCoT,µ,Υn(promptCoT(n) | θ∗) ≤ κP(promptCoT(n) | θ∗) for any
promptCoT(n) ∈ L∗ with n ≤ T . For ease of notation, we abbreviate PCoT,µ,Υn as PCoT in
the remainder of the text.

Here κ captures the magnitude of the distributional shift. This assumption requires that the
test query ztest0 cannot be too arbitrary—its distribution should have sufficient density under
the pretraining distribution. Intuitively, we cannot expect the LLMs to answer questions
beyond the knowledge contained in the pretraining dataset. Note that when there is no
distributional shift in the query, we have κ = 1. Then the analysis of errprompt is reduced
to Theorem 7. Recall that the pretraining data distribution mixes the task distribution
θ ∼ π. Under the model in (2), this assumption is satisfied if we set

κ = supz∈L,S∈L∗
∣∣µ(ztest0 = z |Υn = S)/P(ztest0 = z | θ∗)

∣∣,
which is no more than 1/c0 under Assumption 13. Thus, the distributional shift is small if
task θ∗ is well covered in the pretraining distribution, and the distribution µ is similar to
the true query distribution P(ztest0 = · | θ∗).
Combining Pretraining and Prompting Errors. With this assumption, we combine
Theorem 7, Proposition 15 and Proposition 14 to obtain a complete characterization of the
statistical error of CoT –– the statistical estimator obtained by first pretraining an LLM

22



Statistical Foundations of Chain-of-Thought

using dataset DNT and then prompting the pretrained LLM using a CoT prompt with n
examples. The result is given in the following corollary.

Corollary 18 (Complete Characterization of errcot) Recall that errCoT is defined in
(4). Under Assumptions 6, 12, 13, and 17, with probability at least 1 − δ, we have

EPCoT
[errCoT] ≤O

(
Hb∗

(
π(Θ∁)

π(θ∗)
C(θ∗)κ

)1/4

·
∣∣Θ∁
∣∣1/2 · exp(−nλ/2)

+ κTHπ(θ∗)−1 · (1 + b∗) · ∆pre(N,T, δ)

)
when Θ is finite, where C(θ∗) is defined as

C(θ∗) = sup
θ∈Θ∁

√
χ2
(
P(ztest0 = · | θ),P(ztest0 = · | θ∗)

)
+ 1.

In this corollary, we combine the previous result for the perfectly pretrained model in
Theorem 7 with the pretraining error analysis in Proposition 14, and the query error that
quantifies the distributional shift of the prompt. The proof can be found in Appendix H.4.
For conciseness, we stated the result for the case where Θ is discrete and finite. This can be
generalized the result to the continuous case by applying the second part of Theorem 27.
This corollary shows that, when the distributional shift is mild (κ = O(1)) and |Θ| is finite,
to achieve any desired accuracy level ε ∈ (0, 1), it suffices to let:

• D = H
(

5B · log
(
κTHπ(θ∗)−1 · 3(1 + b∗)/ϵ

))4
+C log(2H) for the transformer depth,

where the absolute constant C > 0 is from Proposition 15.

• n ≥ 2/λ · log

(
3Hb∗

(
π(Θ∁) · (π(θ∗))−1 · C(θ∗) · κ

)1/4
·
∣∣Θ∁
∣∣1/2/ϵ) in promptCoT(n).

• T ≥ n+ 1, and N ≥
(

3
√
b∗ · log(TH/δ) · κTHπ(θ∗)−1 · (1 + b∗)/ϵ

)4
in the pretraining

dataset DN,T .

Then Corollary 18 shows that EPCoT
[errCoT] ≤ ε with probability at least 1 − δ.

Remark 19 (Consistency of the N and D requirements) The sufficient conditions above
provide explicit formulas for N and D in terms of T and ε, with H treated as a constant.
From these formulas, N ≥ Ω(D4) follows directly: the required N scales as (TH/ε)4 ·
(log TH)4 — polynomial in TH/ε — while the prescribed D scales as H · (log(TH/ε))4 — a
polynomial in log(TH/ε). Since a polynomial in TH/ε grows far faster than any polynomial
in log(TH/ε), the stated lower bound on N automatically exceeds D4.

7. Statistical Errors of Variants of CoT

The predictions of LLMs are inherently stochastic, which is a main source of LLM hallu-
cination (Huang et al., 2023a; Tonmoy et al., 2024). To increase the prediction accuracy,
various selection techniques such as majority vote (Wang et al., 2022) and tree search (Yao
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et al., 2023) are combined with CoT. In the following, we modify Theorem 7 for a few
variants of CoT, including Self-Consistency CoT (Wang et al., 2022), Tree-of-Thought (Yao
et al., 2023), and Selection-Inference (Creswell et al., 2022). For simplicity, we also assume
zero pretraining error and input query does not have a distributional shift, i.e., PLLM = P
and ztest0 ∼ P(· | θ∗).

7.1 Self-Consistency CoT (SC-COT)

Given the same prompt as in vanilla CoT, i.e., promptCoT(n), Self-Consistency (SC)-CoT
first generate K i.i.d. reasoning paths and then output the final answer by a majority vote.
That is, we first sample K i.i.d. reasoning paths {ztest,i1:H }Ki=1 ∼ P

(
· | promptCoT(n)

)
and then

report the mode of the empirical distribution of {ytest,i}Ki=1, denoted by y∗K . The empirical

distribution of {ytest,i}Ki=1 is denoted by pK(y) = K−1
∑K

i=1 1{ytest,i = y}, ∀y ∈ L. The
sample mode y∗K is defined as y∗K = argmaxy∈L pK(y), where we pick any element if there
are multiple maximizers. See Figure 6 for an illustration.

Recall that if the underlying task θ∗ is already known, the answers should be generated
according to P(ytest = · | ztest0 , θ∗). We assume the desired answer is the mode of this
distribution and it is unique.

Assumption 20 We define y∗ as the mode of the distribution P(ytest = · | ztest0 , θ∗), i.e.,
y∗ = argmaxy∈L P(ytest = y | ztest0 , θ∗) Moreover, we define the gap between the mode and
the second-largest probability mass as

ϵ = min
y∈L,y ̸=y∗

{P
(
ytest = y∗ | ztest0 , θ∗

)
− P

(
ytest = y | ztest0 , θ∗

)
},

which is assumed to be strictly positive.

This assumption ensures that the population mode y∗ is uniquely defined with a margin
ϵ. This condition is satisfied by reasoning problems where the answer is unique, e.g., factual
commonsense and mathematical reasoning. Intuitively, when the number of examples in
CoT prompt is large, P(ytest = · | promptCoT(n)) is close to P(ytest = · | ztest0 , θ∗), as guar-
anteed by Theorem 7. Then, when K is sufficiently large in SC-CoT, we expect that the
sample mode y∗K coincides with the population mode y∗. This justifies the effectiveness of
SC-CoT.

Corollary 21 (Statistical Error of SC-CoT) Consider SC-CoT prompting with K rea-
soning paths and n CoT examples. Under Assumptions 3, 6, and 20, when n is sufficiently
large such that

n = Ω
((

log
(
|Θ∁|/π(θ∗)

)
+ log(1/ϵ)

)/
λ
)
,

with probability at least 1 − e−λn/2, the probability that the SC-CoT produces the wrong
output decreases exponentially in K, i.e.,

P
(
y∗K ̸= y∗ | promptCoT(n)

)
≤ 2|L| · exp

(
− 3Kϵ2

24 + 8ϵ

)
.
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Figure 6: An illustration of the SC-CoT prompting method. This method creates the fi-
nal answer y∗K based on two steps. First, we sample K i.i.d. reasoning paths

{ztest,i0:H }Ki=1 given the CoT prompt, and then report y∗K by a majority vote based

on {ytest,i = ztest,iH }Ki=1.

This corollary shows that sampling K independent reasoning paths boosts the output
accuracy. In particular, when ϵ ∈ (0, 1), for any δ ∈ (0, 1), as long as K = Ω(log(|L|/δ)/ϵ),
y∗K = y∗ holds with probability at least 1 − e−λn/2 − δ. The proof of this corollary can be
found in Appendix F.1.

7.2 Tree-of-Thought (ToT)

Recall that SC-CoT samples multiple parallel reasoning paths and performs a selection in
the last step. Tree-of-Thought (Yao et al., 2023) instead proposes to include selection in
each step. In this setup, the goal is to generate a reasoning path ztest1:H that maximizes a
task-specific value function V ∗

θ . We define this population problem as follows.
Population Problem. The goal of ToT is to select the optimal reasoning path that solves
a desired task. Mathematically, for each step h, let th = (z0, . . . , zh) denote the partial
history up to step h. Let Vθ∗ be a function that maps each partial history to a value in
[0, 1]. Intuitively, Vθ∗ can be viewed as the success probability of the partial history for
solving task θ∗. Starting from ztest0 , the optimal reasoning path is obtained by solving

ttest,∗h = (ttest,∗h−1 , z
test,∗
h ), where ztest,∗h = argmax

ztesth ∈L
Vθ∗(ttest,∗h−1 , z

test
h ), ttest,∗0 = ztest0 . (12)

The maximization domain for the next reasoning step, ztesth , is taken over L, a finite set
representing all valid next steps. In practice, this set L can be defined as either the standard
vocabulary of the language model or a specialized collection of domain-specific reasoning
primitives. Moreover, let P(ztest0:H = · | θ∗) be the task-specific distribution of the multi-
step latent variable model defined in (2). At the population level, the goal is to draw
samples from such a distribution, and select the optimal reasoning path according to the
value function Vθ∗ . In the following, we condition on promptCoT(n), and thus the optimal
reasoning path ztest,∗0:H can be regarded fixed.
Tree-of-Thought with Breadth-First-Search. As we do not have access to the dis-
tribution P(ztest0:H = · | θ∗), ToT proposes to sample from the LLM and then approximately
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solve (12) via selection. To simplify the notation, for each h ∈ [H], we denote ttesth−1 =
(ztest0 , . . . , ztesth−1), which is the partial history of the test example up to step h−1. In step h,
instead of passing the complete prompt promptCoT(n), we truncate each demonstration in
promptCoT(n) up to step h and denote the truncated prompt by prompth(n) = {zi0:h | zi0:H ∈
promptCoT(n)}. Then the LLM samples ztesth ∼ P(· | prompth(n), ttesth−1) and obtain ttesth , and
so on.

In the sequel, we only discuss a version of ToT that maintains a candidate set of partial
histories Th for each step h, constructed using Breadth-First-Search (BFS). Specifically, the
algorithm involves two integer parameters, K and B, which specify the number of samples
drawn in each step and the size of each Th, respectively. Let T0 = {ztest0 }. Suppose Th
is already constructed and |Th| = B. Let its elements be denoted by {t1h, . . . , tBh }. For
any b ∈ [B], the algorithm will include both tbh and prompth+1(n) as the prompt sequence

and do K i.i.d. one-step reasoning with the perfectly trained LLM, i.e., {zb,ih+1}
K
i=1

i.i.d.∼
P(· | prompth+1(n), tbh). Thus, we obtain KB partial histories for the (h + 1)-th step:

{(tbh, z
b,i
h+1) : i ∈ [K], b ∈ [B]}. Then we sort these partial histories according to the value

function Vθ∗ , and define Th+1 as the top B elements. That is,

Th+1 = {tbh+1}b∈[B] = {top B (tbh, z
b,i
h+1)’s in terms of Vθ∗(tbh, z

b,i
h+1), i ∈ [K], b ∈ [B]}. (13)

Finally, when TH is constructed, we define t̂H = argmaxtH∈TH Vθ∗(tH) and use t̂H as the
final prediction. See Figure 7 for an illustration.

Compared to SC-CoT, ToT uses a more sophisticated selection method based on the
value function. For this to be effective, Vθ∗ need to align well with the task-specific distri-
bution P(· | θ∗). Recall that for each h we do one-step reasoning for K times and only keep
a candidate set of the histories. To ensure that the desired reasoning path is contained in
the candidate set, we require that the optimal one-step reasoning ztest,∗h can be sampled out

with high probability for each h ∈ [H], which in turn requires sufficient coverage of ttest,∗h

under P(· | θ∗) which is approximated by the LLM. For example, ttest,∗h should have sufficient
probability under P(· | θ∗), and different tasks should have sufficient separation. We impose
the following assumption for theoretical analysis.

Assumption 22 For the given task θ∗, we assume the optimal reasoning path t∗H is uniquely
defined by (12). Moreover, we assume that the task θ∗ is well covered by the pretraining
distribution, i.e., π(θ∗) > 0. Furthermore, we assume that the tasks in Θ are well separated
such that the following two conditions are satisfied:

(i) Task θ∗ is uniquely identified by the optimal reasoning path, i.e., θ∗ = argmaxθ′∈Θ P(ttest,∗h |
θ = θ′) for each h ∈ [H];

(ii) For any h ∈ [H], there exists λh > 0 such that H2
(
P(Z0:h = · | θ),P(Z0:h = · | θ∗)

)
≥

λh. for all θ ̸= θ∗, where H(·, ·) denotes the Hellinger distance.

We note that here we require a separation in Hellinger distance for every step h, which
is slightly stronger than Assumption 6. Moreover, condition (i) above shows that the equiv-
alence classes specified in Definition 5 are in fact singletons.
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Figure 7: An illustration of ToT with BFS selection. Here BFS samples K = 3 i.i.d.
reasoning steps based on the prompt and selects B = 2 partial histories. The
dashed ovals represent the pruned nodes, and the others represent the active
nodes. At each step h ∈ [H], K candidates are generated per active node, and
thus there are KB candidates. Then B nodes survive the selection according
to the value function Vθ∗(·). At the final step h = H, we select a single best
candidate and output the corresponding chain as t̂H .

Proposition 23 (Statistical Error of ToT) Consider ToT prompting based on n CoT
examples and BFS with B = 1. Let t̂H be the final output and define λ∗ = minh∈[H] λh. Let
ϵ ∈ (0, 1) be any sufficiently small number. Under Assumption 22, when n is sufficiently
large such that

n ≥ 1

λ∗

(
2 log

(
H|Θ|

)
+ log

(
(1 − π(θ∗))/π(θ∗)

)
+ log(1/ϵ)

)
,

then with probability at least 1−e−nλ∗/2, the probability of outputting a suboptimal reasoning
path t̂H decreases exponentially with K. That is, we have

P
(
t̂H ̸= ttest,∗H | promptCoT(n)

)
≤

H∑
h=1

(
1 − p∗h + ϵp∗h

)K
,

where p∗h = P(ztest,∗h | ttest,∗h−1 , θ
∗) for each h ∈ [H].

This proposition shows that ToT significantly reduces the probability of introducing a
suboptimal optimal reasoning path, which decreases exponentially in K. Without the BFS-
based selection step, even when n goes to infinity, the probability of generating ttest,∗H is only∏
h∈[H] p

∗
h. Here we only focus on the simplest case where B = 1, but our analysis can be

generalized to B > 1 with some additional effort. We defer the proof to Appendix F.2.
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7.3 Selection-Inference (SI)

Selection-Inference (SI) (Creswell et al., 2022) is a structured LLM reasoning method that
decomposes each step of reasoning into two components—a selection module that retrieves
relevant facts from the context and an inference module that predicts the next step solely
based on the selected facts. To this end, Selection-Inference (SI) uses an LLM as both
a selection module and an inference module through prompting. The selection module
extracts information from the reasoning path and the inference module predicts the next
reasoning step based on the information extracted from the selection module.
A Hierarchical Latent Variable Model. In the context of SI, we assume a special
case of the model in (2) with a hierarchical structure. Specifically, we assume the latent
variable θ∗ has two component θ∗ = (θ∗se, θ

∗
in) and the examples of reasoning paths are i.i.d.

given θ∗, which has a prior distribution π. Let {z0, . . . , zH} be a reasoning path. We let
th = {z0, . . . , zh} be the partial history up to step h. We assume that zh+1 depends on th
only through a subset of th, denoted by τh+1, and τh+1 ⊆ th is selected from th. Specifically,
the joint distribution of P(z0:H | θ∗) is given by

z0 ∼ P(z0 = · | θ∗), τh+1 ∼ P(τh+1 = · | th, θ∗se), zh+1 ∼ P(zh+1 = · | τh+1, θ
∗
in), (14)

where t0 = {z0} and th = th−1∪{zh}. Intuitively, this model captures the fact that reasoning
often involves summarizing existing information and making predictions. The selection
module outputs a summary of the existing information that is sufficient for reasoning, and
the inference module conducts reasoning based on summarized information. In the example
shown in Figure 8, z0 contains the background information and a question, τ1 summarizes
part of the information contained in z0 and generates the first intermediate reasoning step
z1. Then τ2 summarizes {z0, z1} and z2 is generated from τ2, which answers the question.

SI Prompting. The SI prompting method solves a multi-step reasoning problem following
the hierarchical structure specified in (14), with the unknown task θ∗ inferred implicitly via
in-context learning. Specifically, given a desired task θ∗ and a query input ztest0 , we sample
n i.i.d. samples from the distribution in (14), denoted by {zi0:H , τ i1:h, }h∈[H],i∈[n]. We define
Sse(n) and Sin(n) as

Sse(n) = {tih−1, τ
i
h}h∈[H],i∈[n], Sin(n) = {τ ih, zih}h∈[H],i∈[n], (15)

where tih is the partial history of the i-th example. That is, Sse(n) and Sin(n) contain the
demonstration examples for selection and inference, respectively.

These demonstration examples are combined with the intermediate steps of the test
example as the prompts, which are used to solve the test example. Specifically, starting
from ztest0 and ttest0 = {ztest0 }, we generate a reasoning path via

τ testh ∼ PLLM(· |Sse(n), ttesth−1), ztesth ∼ PLLM(· |Sin(n), τ testh ), ttesth = {ttesth , ztesth }, (16)

for all h ∈ [H]. The final output is ytest = ztestH . See Figure 9 for an illustration of the
prompting process. Notice that when ztest0 , Sse(n) and Sin(n) are fixed, (16) specifies a
Markov chain such that the marginal distribution of ytest is fully determined by the LLM.
We let PSI(y

test = · |Sse(n), Sin(n), ztest0 ) denote such a distribution, which is essentially the
estimator constructed by SI prompting.
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Figure 8: An example generated from the hierarchical model in (14). The query z0 includes
a question and all necessary information to answer it. The first selection step τ1
picks two sentences from z0 indicating which teams Alice and Bob are in. The
first inference step z1 uses the information from τ1 to infer that Alice and Bob are
on the same team. Together, τ1 and z1 form a single reasoning step. In the second
selection step, τ2 selects information from t1 = {z0, z1}, with the first sentence
of τ2 from z1 and the second from z0. The second inference step z2 answers the
question using only the information provided in τ2.

Figure 9: An illustration of the graphical model of SI prompting. In SI prompting, each
step in CoT is divided into two substeps: selection and inference. The selection
module retrieves relevant facts from the context th−1, and the inference module
derives inference zh based on these selected facts τh.

We note that SI can be viewed as a generalization of CoT in the sense that there are
still H reasoning steps. However, SI has an additional hierarchical structure that selects
subsets of the partial histories. We can interpret SI as a version of CoT where each step of
CoT is decomposed into two substeps, aiming to conduct Bayesian inference of θ∗se and θ∗in
separately.
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In the following, we will establish the statistical error of the estimator constructed by
SI prompting, under the assumption that the underlying data distribution is specified by
the model in (14) and the LLM is perfectly pretrained. We introduce an assumption in the
same vein as Assumption 6.

Assumption 24 Given a target task θ∗, let Θ∁ = Θ\Θeq(θ∗) denote the complement of
the equivalence class of θ∗. We assume that there exists a strict separation between the
ground truth task θ∗ and any other task in Θ∁. Specifically, there exist positive numbers
λq, λI, λS > 0 such that

inf
θ∈Θ∁

H2
(
P(z0 = · | θ∗),P(z0 = · | θ)

)
≥ λq,

inf
θ∈Θ∁

H∑
h=1

Eθ∗H2
(
P(τh = · | θ∗se, th−1),P(τh = · | θse, th−1)

)
≥ λS,

inf
θ∈Θ∁

H∑
h=1

Eθ∗H2
(
P(zh = · | θ∗in, τh),P(zh = · | θin, τh)

)
≥ λI.

This assumption specifies the separation requirements for θ∗se and θ
∗
in individually. Based on

this assumption, we establish the statistical error of the SI estimator as follows.

Corollary 25 (Sample Complexity of Selection-Inference) Consider SI prompting with
n examples whose distribution is given by (14) with a given task θ∗(θ∗se, θ

∗
in). We assume

that Θ is a finite set and the LLM is perfectly pretrained with data according to the model
in (14) with a prior distribution π. Under Assumption 24, we have

KL
(
P(ytest = · | ztest0 , θ∗),PSI

(
ytest = · |Sse(n), Sin(n), ztest0

))
≤ O

(
π(θ∗)−1δ−2

∣∣Θ∁
∣∣2e−2λSIn

)
,

with probability 1 − δ, where λSI = λS + λI + λq. Here O(·) hides absolute constants and
PSI(y

test |Sse(n), Sin(n), ztest0 ) is the marginal distribution of ytest according to (16).

This corollary shows that the prompting error of the SI decays to zero exponentially
fast as n goes to infinity. Moreover, here the exponential factor depends on λSI, which
contains the separation of both the selection and inference parts. We defer the proof to
Appendix F.3.

In summary, in this part, we extend the statistical analysis of the vanilla CoT estimator
to three variants of CoT — SC-CoT, ToT, and SI. We interpret these prompting methods
as statistical estimators, and establish their statistical errors under an ideal case where the
pretraining error of the LLM is zero. The analysis can be easily extended to the realistic
case with a nonzero pretraining error, which is separately discussed in Section 6.

8. Experiments

In this section, we provide empirical evidence for two key theoretical predictions. First,
Theorem 7 establishes that the prompting error decays exponentially with the number of
in-context demonstrations n; to verify this, we plot the logarithm of the MSE against n,
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where a log-linear trend is direct evidence of exponential decay. Second, Proposition 11
shows that CoT dominates vanilla ICL on average but not necessarily instance-wise; the
experiments illustrate this by comparing CoT variants with different intermediate steps
and by observing that the mean MSE of vanilla ICL is larger than that of CoT, while the
confidence intervals overlap. To this end, we train transformer models from scratch, where
the training data is sampled from random regression tasks satisfying (2). The pretrained
transformer is then tested on a new task via prompting. We present the experiment results
as follows.

8.1 Experiment Settings

We consider the in-context regression problems (Garg et al., 2022) where the goal is
to learn a class of functions F = {f(·; θ), θ ∈ Θ)} via prompting a pretrained transformer.
Here, f(·; θ) is a function with parameter θ. We consider two types of F – two-layer neural
networks (NNs) and decision trees. For both cases, for any θ, we generate input-output
examples of form (x, f(x, θ)), together with a single intermediate step, i.e., H = 2. Here
we assume x ∼ N (0, Idin) where din = 10 for two-layer NNs and din = 20 for decision trees.
In other words, each CoT example is of the form {x, z, f(x; θ)} and each ICL example is of
the form {x, f(x; θ)}, where z is the intermediate step.

Two-Layer Neural Networks. For a two-layer NN, we write θ = {W, v} where v ∈ R4

and W ∈ R10×4. Under the prior distribution, W and v are independent, with v ∼ N (0, I4)

and Wij
i.i.d∼ N(0, 1/2) for all i ∈ [10] and j ∈ [4]. The neural network output is f(x; θ) =

vTReLU(Wx), where ReLU(x) = max(0, x) is the ReLU activation function. We consider
two kinds of CoT examples, CoT1 : {x, ReLU(Wx), f(x; θ)} and CoT2 : {x, v, f(x; θ)}.

Decision Tree. We let θ = {cj , oj}j∈[15] denote the parameters of a binary decision tree

of depth four, where cj ∼ Unif([20]) and oj
i.i.d∼ N (0, 1). The output f(x; θ) with input

x ∈ R20 is defined as follows. Let c1 correspond to the root node, c2, c3 be nodes of the
second layer, c4, . . . , c7 be nodes of the third layer, and c8, . . . , c15 be nodes of the last
layer. Each cj indexes a coordinate of x and oj is the corresponding target value. Note
that din = 20, and thus we sample each cj uniformly over [20]. To evaluate the decision
tree, starting from the root node c1, if x[c1] < 0, we go to the left child c2. Otherwise, we
go to the right child c3. Here we let x[i] denote the i-th coordinate of x. Then we continue
to look at the sign of x[c2] or x[c3] and go to a child node in the third layer. We continue
this process until a leaf node, i.e., a node in the last layer, is reached, and we output the
corresponding oj . In other words, at each level, we look at the sign of the corresponding
coordinate of the input x and move to a child. The output f(x, θ) corresponds to the
number in {o8, . . . , o15} corresponding to the leaf node that is reached. The intermediate
reasoning steps correspond to the four entries of x used to make decisions. Thus, a CoT
example is of the form {x, x[node1], . . . , x[node4], f(x, θ)}, where node1, . . . , node4 are the
four nodes of the selected path, including the root and leaf nodes.

Transformer Model. We train a decoder-only transformer from the GPT-2 family (Rad-
ford et al., 2019) separately for CoT and ICL. We construct pretraining datasets following
the setting in Section 6.1. That is, we sample N i.i.d. tasks {θ∗ℓ}ℓ∈[N ] and T examples from
each task, where T = 101 and N = 2.56 × 107. Then we build a loss function similar to
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that in (3), but with the negative loglikelihood replaced by the mean-squared error. The
loss function is optimized using the Adam algorithm (Kingma and Ba, 2014) for 4 × 105

steps, with the batch size set to 64. We let TFCoT and TFICL denote the learned transformer
model.

Evaluation. To evaluate the performances, we sample a random task θ∗ and n i.i.d.
examples {xi, f(xi; θ

∗)}i∈[n], and ask the pretrained transformers to predict f(xtest; θ∗) on
a new i.i.d. input xtest. We include intermediate steps to these n examples to obtain CoT
prompt. We evaluate the performance of CoT and ICL via the mean-squared error (MSE):

MSECoT =
[
TFCoT

(
promptCoT(n) ∪ {ẑ}

)
− f(xtest; θ∗)

]2
,

MSEICL =
[
TFICL

(
promptICL(n)

)
− f(xtest; θ∗)

]2
,

where ẑ = TFCoT

(
promptCoT(n)) is the intermediate step predicted by the transformer on

the test example. We compute the MSE by averaging over 100 independent experiments
with a fixed θ∗ for each n, and we test for all n in {1, . . . , 100}. We plot the final MSE by
further averaging over 10 independent θ∗’s.

8.2 Experiment Results

In the following, we present the results for two-layer neural networks (NNs) and decision
trees.

Two-Layer Neural Network. We plot the errors of the CoT and ICL estimators in Figure
10 against the number of demonstration examples n ∈ [100]. The curves with labels “CoT1”
and “CoT2” are the transformer trained using the two kinds of CoT prompts, respectively,
and the label “ vanilla ICL” stands for the error of the vanilla ICL. In Figure 10-(a) we
plot the MSE of these methods. In all these three cases, MSE decays rapidly to zero as n
increases. Moreover, we observe that CoT1 method with z = ReLU(Wx) exhibits significant
improvement over vanilla ICL. Moreover, CoT2 only slightly improves upon vanilla ICL,
which shows that the quality of intermediate steps is crucial to the success of CoT. This
finding coincides with our theory and experiment in Section 5.2. A plausible explanation
for the superiority of CoT1 over CoT2 is that the major challenge of learning a two-layer
NN lies in learning the nonlinear feature ReLU(Wx). Providing this piece of information in
the prompt significantly simplifies the learning problem. Furthermore, in Figure 10-(b) we
plot the logarithm of the MSE versus n. As seen in the figure, there is a linear trend for all
three methods when n is smaller than 20. When n exceeds 20, MSE is very close to zero.
In this case, the pretraining error is not negligible and thus the linear trend stops. Thus,
Figure (b) shows that the statistical error of these methods decays exponentially in n up to
a pretraining error. This observation corroborates Theorem 7.

Decision Tree. We plot the errors of CoT and vanilla ICL in Figure 11, with (a) and
(b) showing the MSE and its logarithm respectively. In both cases, MSE decays rapidly as
n increases and there is a strong linear trend when n ≤ 65. This aligns with our theory
in Theorem 7, and the MSE after n ≥ 65 is close to the pretraining error. Moreover, we
observe that the transformer trained via the CoT method learns faster than that trained by
vanilla ICL, but they achieve similar accuracy when n becomes large. When given n = 100
in-context demonstrations, both models give a testing loss of around 0.12.

32



Statistical Foundations of Chain-of-Thought

(a) MSE (b) Logarithm of MSE

Figure 10: Statistical errors of vanilla ICL and two CoT estimators on the task of learning
2-layer MLPs. The estimators are constructed by prompting the pretrained
transformer models with n demonstration examples. In Figure (a), the MSE
of the three estimators decreases rapidly as n increases. In Figure (b) we plot
the logarithm of MSE, which follows a strong linear trend for n ≤ 20. Beyond
n = 20, the MSE is dominated by the pretraining error and therefore the linear
trend stops. Furthermore, the model trained with “CoT1”, using intermediate
steps z = ReLU(Wx), shows a significant improvement over vanilla ICL, while
the “CoT2” model, using z′ = v, only shows a slight improvement. In both
(a) and (b), we also plot the standard deviation computed based on 10 random
experiments.

In summary, our experiments on the two-layer neural network and decision tree tasks
validate the statistical error of the “pretraining LLM + CoT prompting” approach. We
empirically validate the exponential error decay with respect to the number of prompt
examples, and we show whether CoT significantly outperforms vanilla ICL depending on
the choice of intermediate reasoning steps. In both tasks, the mean MSE of vanilla ICL is
higher than that of CoT, yet the confidence intervals overlap, consistent with Proposition 11:
CoT dominates vanilla ICL on average but not necessarily instance-wise. We leave further
details of the experiment setup in Section 8.3.

8.3 Additional Details of Numerical Experiments

In the following, we present the details of the numerical experiments in Section 8.

Training Data and Algorithm. The transformer models are pretrained using the Adam
algorithm Kingma and Ba (2014), which is a minibatch and stochastic-gradient-based algo-
rithm. We set the batch size to 64, and in each step, we sample new training data from the
model in (2). That is, we sample 64 random tasks from the prior distribution, and T = 101
examples from each task. In each task, we pack the T examples into a single trajectory,
and build the MSE loss function by predicting the next step autoregressively. For vanilla
ICL, there are 2T steps in total, and for CoT, there are 3T steps in total. We run Adam
for 4 × 105 steps in total, and thus the total tasks sampled is equal to N = 2.56 × 107.
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(a) MSE (b) Logarithm of MSE

Figure 11: Statistical errors of vanilla ICL and two CoT estimators on the task of learning
decision trees. The estimators are constructed by prompting the pretrained
transformer models with n demonstration examples. In (a), we plot the mean-
squared errors of these two estimators against the number of demonstrations.
The error decreases faster with in-context examples for models trained with
CoT data compared to those trained with vanilla ICL. In Figure (b) we plot the
logarithm of the MSE, which reveals a linear trend in errors for both models
when n ≤ 65.

Moreover, when implementing Adam, we set the learning rate (stepsize) to be 10−5 and the
momentum parameter to be (0.9, 0.999).

GPT-2 Transformer Model. We adopt the GPT-2 transformer architecture. Here the
transformer model reads in a sequence of input vectors in Rr and produces an output vector
in the same space, where r is the embedding dimension. Additionally, to handle the vector-
valued inputs with different sizes, we adopt a universal read-in function that maps the
prompts into the latent embedding space of the transformer through a (learnable) linear
transformation and we use separate read-out functions for the predictions of inputs x ∈ Rdin ,
intermediate steps z ∈ R4, and outputs y ∈ R. Here din = 10 for two-layer NNs and din = 20
for decision trees. These read-in and read-out functions are all linear layers. Between these
read-in and read-out functions are multiple transformer blocks stacked vertically. The
details of these transformer blocks are introduced in Section 6.1 and Appendix I.1. See
Figure 12 for an illustration of the transformer architecture.

For the two-layer NN task, we adopt GPT-2 transformer models with D = 12 layers,
η = 4 heads, and an embedding dimension of r = 128. The embedding dimension of the
queries, keys, and values is 32. For the decision tree task, we adopt GPT-2 transformer
models consisting of D = 12 layers, η = 8 heads, and an embedding dimension of r = 512.
The embedding dimension of the queries, keys, and values is 32.

9. Conclusion

In this paper, we explore the theoretical underpinnings of CoT prompting and its variants
through a statistical lens. Under a latent variable model that depicts multi-step reasoning,

34



Statistical Foundations of Chain-of-Thought

Figure 12: An illustration of the GPT-2 based transformer model. We begin by embedding
the input prompt using a universal read-in function. The embedding is then
processed by our backbone model, which is based on the GPT-2 architecture. We
extract the last hidden state and apply separate read-out functions for inputs x,
intermediate steps z, and outputs y. During testing, we concatenate the inferred
ztest with promptCoT(n) to infer ytest.

we showed the estimators induced by CoT prompting on a pretrained LLM are approxi-
mately equivalent to a Bayesian estimator. More importantly, we prove that the statistical
error of CoT can be upper bounded by a sum of pretraining error and prompting error, and
we explicitly analyze them separately. Moreover, we establish both theoretical and empiri-
cal comparisons between CoT and vanilla ICL, which shed new light on the role played by
intermediate reasoning steps.

While our analysis primarily targets standard short CoT with fixed length H, our frame-
work offers valuable insights into the long CoT regime. We distinguish these settings by
adaptivity rather than mere length: short CoT uses fixed steps for straightforward tasks,
while long CoT is characterized by reasoning chains that scale adaptively with intrinsic
problem complexity. For example, consider the contrast between elementary arithmetic
and IMO problems. We provide concrete examples in Appendix L. Our theoretical analysis
provides the following two insights:

• The Benefit of Longer Chains (Inference): Our framework offers a theoretical
justification for the empirical success of long CoT on complex tasks. As formal-
ized in Corollary 32, longer reasoning chains yield a richer signal per demonstration,
which always reduces prediction error in expectation. From a Bayesian perspective,
the CoT estimator performs Bayesian Model Averaging (BMA): additional interme-
diate steps act as further observations that help the model infer the latent task vari-
able θ∗. For complex problems, such as Olympiad-level mathematics, these extended
traces—including backtracks and verifications—concentrate the posterior distribution
over θ∗, leading to higher accuracy.
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• The Cost of Longer Chains (Pretraining): However, this performance gain comes
with a necessary trade-off in computational efficiency. Proposition 14 reveals that the
resources required for pretraining scale with the chain length H. Specifically, to
achieve a target accuracy, the transformer depth D must scale linearly with H to
handle sequential dependencies, while the number of pretraining documents N scales
polynomially with H. This highlights the substantial computational price of long
CoT capabilities: while longer chains decrease inference error, they demand deeper
networks and significantly larger pretraining datasets.

In future work, we aim to extend our theoretical framework to better understand
prompting methods beyond the CoT family, analyzing both their effectiveness and po-
tential pitfalls, and establishing more effective reasoning techniques. Designing controlled
experiments that quantitatively test the dependence on the separation parameter λ, the
network depth D, and the pretraining data size N (as predicted by Corollary 18) would
also be a valuable empirical complement to the present theoretical analysis.
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Appendix A. More Related Works

Our work adds to the literature on theoretically understanding prompting methods. In
particular, our work is closely related to CoT prompting and its variants. In addition, our
work is related to the body of works that aim to understand the ability of ICL and CoT
from both empirical and theoretical perspectives.

CoT Prompting and its Variants. The vanilla CoT prompting method is proposed
in Wei et al. (2022) for solving multi-step reasoning problems using LLMs. Based on this
work, many variants of CoT have been proposed to enhance the efficiency and reliability
of LLMs in solving multi-step reasoning problems. See, e.g., Yao et al. (2023); Wang et al.
(2022); Creswell et al. (2022); Zhou et al. (2022); Chen et al. (2022); Zhang et al. (2023c);
Besta et al. (2024) and also see Chu et al. (2023); Zhang et al. (2023b) for recent surveys
of CoT methods. In particular, our work offers a theoretical understanding for vanilla CoT
and variants including SC CoT (Wang et al., 2022), SI Creswell et al. (2022), and ToT (Yao
et al., 2023).

More Existing Research on Understanding ICL. Our work is closely related to the
body of works that aim to understand the ability of ICL from both empirical and theoret-
ical perspectives. From an empirical point of view, Garg et al. (2022); Min et al. (2022);
Krishnamurthy et al. (2024); Zhang et al. (2022b); Dziri et al. (2024); Olsson et al. (2022)
explore the understanding of the behavior and capability of ICL. In particular, Garg et al.
(2022) show that transformers can learn unseen linear functions via ICL. Min et al. (2022)
demonstrate that shuffled input-output pairs in few-shot ICL induce little degradation in
the performance on a range of classification and multi-choice tasks. Dziri et al. (2024) study
how transformer-based LLMs solve compositional tasks and their limitations in reasoning.
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From a theoretical perspective, Akyürek et al. (2022); Von Oswald et al. (2023); Bai
et al. (2023); Dai et al. (2023); Wang et al. (2023b) establish theoretical understandings
of ICL. In addition to the Bayesian interpretation of ICL discussed in the main literature
review, another line of theory suggests that LLMs perform ICL by implicitly executing
iterative optimization algorithms, such as gradient descent. The works Akyürek et al.
(2022); Von Oswald et al. (2023); Bai et al. (2023); Dai et al. (2023) indicate that ICL
implicitly implements the gradient descent or least-square algorithms from the function
approximation perspective. Hou et al. (2023) hypothesize that LLMs implicitly perform
multi-step reasoning within their architecture by going through a reasoning tree. Li et al.
(2023a) derive the generalization bound for ICL from the view of multi-task learning. Hahn
and Goyal (2023) adopt a linguistic point of view and bounds the ICL error using description
length. The works Ahn et al. (2023); Huang et al. (2023b); Fu et al. (2023); Mahankali et al.
(2023); Wu et al. (2023a) consider linear attention models to study the performance of ICL,
which restricts the function class that can be represented by transformers to linear functions.
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Appendix B. More Background

Transformers and Attention Mechanism. The transformer model is based on the
MHA mechanism (Bahdanau et al., 2014; Phuong and Hutter, 2022), together with other
modules such as the tokenizer and the positional embeddings (Wang and Chen, 2020; Su
et al., 2023), residual connections, feed-forward networks, and layer normalization (Ba et al.,
2016). The tokenizer maps the input sequence to a sequence of vectors in Euclidean space,
and the positional embeddings add the position information of tokens to these vectors.

The attention mechanism captures the relationship between different tokens, which is
the backbone of transformer-based LLM (Devlin et al., 2018). The attention mechanism
takes in queries, keys, and values as inputs, and outputs the response of each query as a
weighted sum of values, where the weights are the similarity scores between the query and
the keys. Specifically, let K ∈ RL×dk and V ∈ RL×dv denote the L key and value vectors,
respectively. The attention output of a single query q ∈ Rdk is computed as:

attn(q,K, V ) = V Tsoftmax(Kq), (17)

where softmax(Kq) is a probability distribution over [L]. Here softmax(Kq) quantifies
the similarity between the query q and each row of K, which is used to aggregate the
value vectors of V . The attention attn(Q,K, V ) that takes in multiple queries outputs the
responses as V Tsoftmax(KQT ), where Q ∈ Rdk contains L query vectors.

The predefined attention mechanism captures the relationship between the keys and
queries via a single softmax module, and thus is called single-head attention. MHA refers
to passing the inputs through multiple attention functions in parallel, and outputs the
aggregation of these sub-modules. Taking X ∈ RL×r as the input, a MHA layer with η
heads outputs

mha(X,Wmha) =

η∑
i=1

attn(XWQ
i , XW

K
i , XW

V
i ), (18)

The parameter set Wmha = {WQ
i ,W

K
i ,W

V
i }ηi=1 are the weight matrices for queries, keys,

and values, where WQ
i ∈ Rr×dk , WK

i ∈ Rr×dk , and W V
i ∈ Rr×dv . Intuitively, different heads

can attend to different parts of the data, and thus MHA offers a more expressive model
class. Compared to the MHA defined in Vaswani et al. (2017), we absorb the matrix WO

i

into W V
i for each head (Zhang et al., 2022a).

Each MHA layer is followed by a FF layer. Given an input X ∈ RL×r, a FF layer with
dF neurons maps the input X to

ff(X,Wff) = ReLU(XWff,1)Wff,2, where Wff = {Wff,1 ∈ Rr×dF ,Wff,2 ∈ RdF×r} (19)

are weight matrices. There are also normalization layers between the MHA and FF layers.
We defer their details to Appendix I.1 for brevity.
Variants of CoT. As conditional probability models, LLMs are intrinsically stochastic. For
problems such as solving mathematical questions, however, there is often a unique answer.
To further boost the probability of finding the correct answer, variants of CoT leverage
multi-step reasoning with various selection techniques to solve more complicated reasoning
and decision-making problems. For instance, SC-CoT (Wang et al., 2022) uses majority

3



Hu, Zhang, Chen, and Yang

vote, ToT (Yao et al., 2023) adopts tree search methods, and SI (Creswell et al., 2022)
further introduces a selection module in each reasoning step.
Notations. Let [T ] denote {1, · · · , T}. We use Vi to denote the i-th coordinate of the vector
V . We adopt {Pθ | θ ∈ Θ} to denote a parametric family of distributions parameterized by
θ ∈ Θ. The Kullback-Leibler (KL) divergence between two distributions P and Q is denoted
by

KL(P,Q) = EP(x)

[
log

p(x)

q(x)

]
,

where p and q are the densities of P and Q with respect to a reference distribution. Fur-
thermore, we define the conditional KL divergence as

KL
(
P(Y = · |X = x),Q(Y = · |X = x)

)
= Ey∼P(· |x)

[
log

p(y |x)

q(y |x)

]
,

which is a function of x.
Let P and Q denote two probability measures defined over a measurable space (Ω,F).

The total variation (TV) distance between P and Q is

TV(P,Q) = sup
A∈F

|P(A) −Q(A)|,

which is also half of the ℓ1 distance between density function p(x) and q(x).
The Hellinger distance between two distributions P and Q is

H(P,Q) =
1√
2

(∫ (√
p(x) −

√
q(x)

)2
dx

)1/2

=

(
1 −

∫ √
p(x)q(x)dx

)1/2

.

In addition, we use softmax(·) to denote the softmax function, which maps a vector to a
probability distribution. In particular, for any vector x ∈ Rn and any i ∈ [n], the i-th entry
of softmax(x) is given by [softmax(x)]i = exp(xi)/

∑n
j=1 exp(xj). For a matrix X ∈ Rd1×d2 ,

we denote the i-th row and column using Xi: and X:,i, respectively. The ℓp,q norm of X

is defined as ∥X∥p,q = (
∑d2

i=1 ∥X:,i∥qp)1/q. Furthermore, we use ∥X∥F = ∥X∥2,2 to denote
Frobenius norm. For a set L, let P(L) denote the family of probability distributions over
L. We use z1:h to denote the vector [z1, · · · , zh]. We adopt L∗ to denote the set of all the
sequences where each component is in the set L.
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Appendix C. A Generalized Multi-Step Latent Variable Model

In this section, we propose a generalized multi-step latent-variable model that re-
moves the i.i.d requirement in the model defined in (2). This generalized model captures (i)
the evolving relationships among examples, and (ii) the multi-step reasoning framework of
CoT. The rationale behind (i) is that LLMs are pretrained on trillions of reasoning steps
from documents and articles from the internet (Achiam et al., 2023). The examples in the
pretraining data associated with the same task are often not i.i.d. For example, imagine
composing a sequence of examples of the concept of “animals”, we typically begin with
familiar examples such as cats and dogs before progressing to less conventional ones like
panthers and meerkats.

To capture both (i) and (ii), we propose to model the joint distribution of the latent
variable θ∗ ∈ Θ, the n examples {sj}nj=1, and the test instance ztest0:H as follows:

θ∗ ∼ π, zi0 = fθ∗
(
{sj}i−1

j=1, ζi
)
,

uih = gθ∗
(
{ujk}

i−1,H
j=1,k=1, u

i
1, · · · , uih−1, ξ

i
h

)
, zih = F (zi0, · · · , zih, uih, ϵih), ∀h ∈ [H].

(20)

Here fθ∗ and gθ∗ are functions depending on θ∗, ζi, ξ
i
h, and ϵih are independent noise terms,

and F is a function that does not depend on θ∗. The key assumption of (20) is that each
reasoning step zih depends on the task parameter θ∗ only through a latent variable uih,

and these latent variables {uih}
H,n
h=1,i=1 form a dynamical system in the latent space. The

evolution of uih depends on θ∗ and all the latent variables of the previous examples {sj}j<i.
Thus, each zih is allowed to implicitly depend on the previous examples as well. Such a
latent dynamical system captures the fact that the demonstration examples are created
with a dependent structure. In comparison, in the simpler model in (2), the examples are
i.i.d. given θ∗. We recover the simpler model in (2) by setting uih = θ∗ and zi0 = fθ∗

(
ζi
)

in
(20).

Intuitively, θ∗ represents the latent concept specifying the task, such as “calculate twice
the area code of the given country,” “solve an arithmetic problem,” or “write a science
fiction novel.” In (20), we model LLM-based reasoning as a hierarchical process: first,
we generate a sequence of task-specific latent “goals” {uih}h∈[H], then we translate these
goals into natural language {zih}h∈[H]. Each goal corresponds to a specific reasoning step.
The sequence of latent variables completely determines the reasoning process, and thus we
assume F in (20) does not involve θ∗. See Figure 13 for an illustration of this model.

As a concrete example, consider θ∗ as the task of “solving an arithmetic problem”.
The problem might be described in a specific context, such as using the number of apples.
However, the underlying reasoning process is independent of this context and relies solely on
a sequence of arithmetic operations. These operations can be viewed as the latent variables
uih in our model, while describing them in the context of apples can be seen as generating the
natural language zih from these latent variables. Additionally, the random variables ζi, ϵih
(for h ∈ [H]) determine how the arithmetic formula is contextualized. The random variables
ξih introduce stochasticity into the reasoning process. See Figure 14 for an illustration.

We remark that our model is a general formulation that recovers many existing models
proposed in the existing works. Specifically, we recover the models in Jiang (2023) by setting
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Figure 13: An illustration of the generalized multi-step latent-variable model (20) with the
fixed task θ∗. Compared to the simple model (2), this model allows each step
zij of i-th example to depend on earlier examples via uij , which depends on all

latent variables previously generated. Therefore, the examples {si}ni=1 do not
have to be i.i.d.

Figure 14: An example of 2 demonstrations generated from the generalized model 20, where
we omit some edges in the graph to simplify the representation. In this example,
we want to highlight two features of our model. The first and second rows
correspond to two demonstrations. Note that the reasoning steps {zih} depend
on latent concept θ∗ implicitly via latent variables {uih}, which give specific
instructions for each step in the corresponding example. Furthermore, the latent
variables u11:3 are different from u21:3, providing more flexibility and diversity
among the demonstrations. In addition, the second query z20 is not independent
of the previous demonstration z10:3 since it is a more complicated version of an
arithmetic problem.

the latent variables (ui1, · · · , uiH) directly as the latent variable vector θ∗. Besides, we cover
the models studied in Zhang et al. (2023a); Wang et al. (2023c) by setting H = 1.

6
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Finally, some of our results extend to the generalized model 20. Specifically, Lemma 26
demonstrates that LLMs perform BMA during CoT under this generalized model. In Sec-
tion 6, we describe the pretraining process and analyze its performance within the framework
of the generalized model (20).

7
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Appendix D. Proofs of the Results in Section 4

In this section, we prove the results in Section 4. We first prove Lemma 1 and its extension
to the generalized multi-step latent variable model and then prove Proposition 2.

D.1 Proof of Lemma 1 and Its Extension

We prove Lemma 1 and introduce its extension to the generalized multi-step latent variable
in (20) with a proof.

Proof [Proof of Lemma 1] When N goes to infinity, we only need to consider the population
counterpart of the likelihood loss in (3), which can be written as

L(ρ) = − 1

T (H + 1)

∑
t∈[T ]

H∑
h=0

E
[
logPρ

(
zth |Υt−1, {ztj}h−1

j=0

)]
(21)

=
1

T (H + 1)

∑
t∈[T ]

H∑
h=0

E
[
KL
(
P
(
· |Υt−1, {ztj}h−1

j=0

)
∥Pρ

(
· |Υt−1, {ztj}h−1

j=0

))]
+ Const,

where Const denotes a constant that does not depend on ρ. Here the second equality follows
from the definition of KL divergence. When the LLM class is sufficiently expressive, i.e.,
P ∈ {Pρ | ρ ∈ PLLM}, for any (Υt−1, {ztj}

h−1
j=0 ) that has nonzero density in the pretraining

distribution, the minimizer of L(ρ) in (21) must satisfy

PLLM

(
zth = · |Υt−1, {ztj}h−1

j=0

)
= P

(
zth = · |Υt−1, {ztj}h−1

j=0

)
(22)

for all h ∈ [H] and t ∈ [T ], where we let PLLM denote the distribution induced by the
minimizer of L(·). Here (22) holds for all prompts Υt−1∪{ztj}

h−1
j=0 ∈ L∗ with a nonzero den-

sity under P. Thus, (22) shows that the perfectly pretrained LLM matches the pretraining
distribution of predicting the next reasoning step.

In the following, we will prove the desired result by generalizing (22) to the next multi-
step reasoning. Now, when we generate the answer ytest given the CoT prompt using PLLM,
when promptCoT(n) has a positive density under P, by (22) we have

PLLM

(
ztest1 = · | promptCoT(n)

)
= P

(
ztest1 = · | promptCoT(n)

)
. (23)

Let L̃1 ⊆ L denote the subset of reasoning steps such that the conditional distribution in (23)
is positive when ztest1 ∈ L̃1, and let L̃∁

1 denote its complement. Since P
(
promptCoT(n)) > 0,

we have

P(promptCoT(n) ∪ {ztest1 = z1}
)
> 0, ∀z1 ∈ L̃1.

Then using (22), since promptCoT(n) ∪ {ztest1 = z1} has positive density under P, we have

PLLM

(
ztest2 = · | promptCoT(n), ztest1 = z1

)
= P

(
ztest2 = · | promptCoT(n), ztest1 = z1

)
, ∀z1 ∈ L̃1.

8
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Moreover, we have PLLM(ztest1 = z1 | promptCoT(n)) = 0 for all z1 ∈ L̃∁
1. Therefore, by direct

computation, we have

PLLM

(
ztest2 = · | promptCoT(n)

)
=

∫
L̃1

PLLM

(
ztest2 = · | promptCoT(n), ztest1 = z1

)
· PLLM

(
ztest1 = z1 | promptCoT(n)

)
dz1

=

∫
L̃1

P
(
ztest2 = · | promptCoT(n), ztest1 = z1

)
· P
(
ztest1 = z1 | promptCoT(n)

)
dz1

= P
(
ztest2 = · | promptCoT(n)

)
.

We can generalize this argument to ztestH = ytest. Specifically, let L̃∗ denote the reasoning
steps {ztest1 , . . . , ztestH−1} with positive density under P(· | promptCoT(n)). Let each element in

L̃∗ be denoted by z = {z1, . . . , zH−1}. Then we have

P
(
ytest = · | promptCoT(n)

)
=

∫
z∈L̃∗

P
(
ytest = ·, {ztest1 , . . . , ztestH−1} = z | promptCoT(n)

)
dz

=

∫
z∈L̃∗

H∏
h=1

P
(
ztesth = · | promptCoT(n), ztest1 = z1, . . . , z

test
h−1 = zh−1

)
dz1 · · · dzH−1.

(24)

Here the second inequality follows from the factorization of joint probability into a product
of conditional probabilities. Since P(promptCoT(n), ztest1 = z1, . . . , z

test
h−1 = zh−1) > 0 by the

definition of L̃∗, by (22) we have

P
(
ztesth = · | promptCoT(n), ztest1 = z1, . . . , z

test
h−1 = zh−1

)
= PLLM

(
ztesth = · | promptCoT(n), ztest1 = z1, . . . , z

test
h−1 = zh−1

)
. (25)

Therefore, this equality implies that PLLM cannot assign any positive density on the com-
plement of L̃∗, otherwise (25) is violated. Thus, combining (24) and (25), we conclude
that

P
(
ytest = · | promptCoT(n)

)
=

∫
z∈L̃∗

H∏
h=1

P
(
ztesth = · | promptCoT(n), ztest1 = z1, . . . , z

test
h−1 = zh−1

)
dz1 · · · dzH−1

=

∫
z∈L̃∗

H∏
h=1

PLLM

(
ztesth = · | promptCoT(n), ztest1 = z1, . . . , z

test
h−1 = zh−1

)
dz1 · · · dzH−1

=

∫
z∈L̃∗

PLLM

(
ytest = ·, {ztest1 , . . . , ztestH−1} = z | promptCoT(n)

)
dz

= PLLM

(
ytest = · | promptCoT(n)

)
.

Here the second equality follows from (25) and the last equality follows from the fact that
PLLM is supported on L̃∗. Finally, by the Bayes’ rule and the fact that ytest is independent

9
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of the n examples in promptCoT(n) conditioning on θ, we have

PLLM

(
ytest = · | promptCoT(n)

)
= P

(
ytest = · | promptCoT(n)

)
=

∫
Θ
π
(
θ | promptCoT(n)

)
P
(
ytest = · | ztest0 , θ

)
dθ.

Therefore, we conclude the proof.

In the following, we extend Lemma to the generalized multi-step latent variable in (20)
and present its proof.

Lemma 26 With pretraining data sampled from the generalized model in (20), we consider
the population counterpart of the MLE in (3) with N going to infinity. Suppose that the
CoT prompt promptCoT(n) has nonzero density under the pretraining distribution. Then
the perfectly pretrained LLMs perform BMA during CoT prompting. Namely, we have that

PLLM

(
ytest = · | promptCoT(n)

)
=

∫
Θ
P
(
ytest = · | promptCoT(n), θ

)
π
(
θ | promptCoT(n)

)
dθ.

Proof When the pretraining dataset is sampled according to the model in (20), by Bayes’s
rule, we have

P
(
ytest = · | promptCoT(n)

)
=

∫
Θ
π
(
θ | promptCoT(n)

)
P
(
ytest = · | promptCoT(n), θ

)
dθ.

(26)

Note that the n examples and testing query ztest0 in promptCoT(n) are not i.i.d under the
generalized model.

Since the MLE loss does not concern the underlying distribution, our analysis in the
proof of Lemma 1 still holds. In particular, (22) holds on all prompts with a positive density
under the pretraining distribution. As a result, starting from a CoT prompt promptCoT(n)
with a positive density, we can show that

P
(
ztest1 = ·, . . . , ztestH = · | promptCoT(n)

)
= PLLM

(
ztest1 = ·, . . . , ztestH = · | promptCoT(n)

)
by writing the joint probability as a product of H conditional probabilities. Therefore, we
similarly have

PLLM

(
ytest = · | promptCoT(n)

)
= P

(
ytest = · | promptCoT(n)

)
when N goes to infinity. We conclude the proof by combining this fact with (26).

D.2 Proof of Proposition 2

Proof We aim to show that the attention mechanism approximates BMA, meaning that
v̄test and attn(qtesth , keys, values) converge to the same limit as n → ∞. To this end, we

10
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show that both quantities converge to a population-level estimator based on population ma-
trices. The proof is divided into three steps. First, we define the population-level estimator
that bridges the BMA estimator and the attention estimator. Then, in the second and the
last step, we prove that these estimators converge the population-level estimator as n goes
to infinity. Our proof generalizes the proof in Zhang et al. (2023a) for vanilla ICL.
Step 1: Define the population-level estimator. Recall that we focus on a simplified
model defined in (5), which involves a feature mappings ϕ, k, and v. Also note that we
define kih =

(
k(zi0), k(zi1), · · · , k(zih−1), 0, · · · , 0

)
∈ RH·dk as the features of the first h − 1

steps of the i-th example and define vih = Cv · v(zih) for some constant Cv > 0. Both kih and
vih are random variables depending on the latent variable θ∗.

We define random variables K and V as uniform mixtures of {kih}h∈[H] and {v(zih)}h∈[H],
respectively, with h ∼ Unif([H]). That is, with probability 1/H, (K,V) has the same
distribution as (kih, v(zih)) for any h ∈ [H]. Under the model in (5), V and K are linked
via a linear model, i.e., E[V |K] = θ∗ϕ(K). Thus, θ∗ can be viewed as the parameter of a
linear regression problem, with K being the covariate and V being the response. To define
a population-level estimator of θ∗, we define two population matrices

CKK = 1/H
H∑
h=1

E
[
ϕ(kih)ϕ(kih)⊤

]
∈ Rdϕ×dϕ ,

CVK = 1/H

H∑
h=1

E
[
v(zih)ϕ(kih)⊤

]
∈ Rdv×dϕ .

(27)

Then we have θ∗ = CVKC
−1
KK. When using this population-level estimator of θ∗ to make

predictions on the test instance, for any h ≥ 0, we use ktesth as the new covariate and predict
the corresponding response, which is given by CVKC

−1
KKϕ(ktesth ). In the rest of the proof, we

relate v̄testh defined in (6) and the attn(qtesth , keys, values) defined in (7) to this estimator,
where qtesth = ϕ(ktesth ).
Step 2: Relate v̄testh to CVKC

−1
KKϕ(ktesth ). In the following, for ease of notation, we let

∥ · ∥op and ∥ · ∥2 denote the operator norm of matrices and the L2 norm of vectors. Note
that according to the model in (5), θ∗ is shared in all the H steps. Thus, we can pool all
the reasoning steps together to estimate θ∗. Notice that v̄testh defined in (6) is exactly the
ridge regression estimator for the linear model V = θ∗ϕ(K) + noise, where the noise term
is an independent N (0, σ2) random variable. To simplify the notation, let L = nH. Recall
that we define ϕ(Kn) and V n in Section 4.4, where ϕ(Kn) ∈ Rdϕ×L and V n ∈ Rdv×L. We
define the sample-based counterparts of CKK and CVK in (27) as

ĈKK = L−1 · ϕ(Kn)ϕ(Kn)⊤ ∈ Rdϕ×dϕ , ĈVK = L−1 · (V n)ϕ(Kn)⊤ ∈ Rdv×dϕ . (28)

In addition, we define the empirical correlation between value vectors as

ĈVV = L−1 · (V n)(V n)⊤ ∈ Rdv×dv .

By definition, for any h ∈ [H], can write v̄testh in (6) as

v̄testh = ĈVK(ĈKK + L−1 · σ2/λ · I)−1ϕ(ktesth ).

11
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By triangle inequality, we have∥∥v̄testh − CVKC
−1
KKϕ(ktesth )

∥∥
2

≤
∥∥ĈVK(ĈKK + L−1 · σ2/λ · I)−1ϕ(ktesth ) − CVK(CKK + L−1σ2/λ · I)−1ϕ(ktesth )

∥∥
2︸ ︷︷ ︸

(i)

+
∥∥CVK(CKK + L−1 · σ2/λ · I)−1ϕ(ktesth ) − CVKC

−1
KKq

test
h

∥∥
2︸ ︷︷ ︸

(ii)

. (29)

Here (i) is the variance term of ridge regression which decays with the sample size L, and
(ii) is the bias term that decays with the regularization parameter. Our analysis of these
terms is similar to that in Zhang et al. (2023a). Note that in contrast to Zhang et al.
(2023a), ĈKK and ĈVK defined in (28) involve {(kij , v(zij))}

H,n
j=1,i=1 that are dependent in

j. We handle such dependency by decomposing the double sum according to different step
j ∈ [H] and apply concentration to each step. We first control the norm of (i) in (29) as

(i) ≤
∥∥ĈVK(ĈKK + L−1 · σ2/λ · I)−1ϕ(ktesth ) − ĈVK(CKK + L−1 · σ2/λ · I)−1ϕ(ktesth )

∥∥
2

+
∥∥(ĈVK − CVK)(CKK + L−1 · σ2/λ · I)−1ϕ(ktesth )

∥∥
2

=
∥∥ĈVK(ĈKK + L−1 · σ2/λ · I)−1(ĈKK − CKK)(CKK + L−1 · σ2/λ · I)−1ϕ(ktesth )

∥∥
2

+
∥∥(ĈVK − CVK)(CKK + L−1 · σ2/λ · I)−1ϕ(ktesth )

∥∥
2
, (30)

where the first inequality follows from the triangle inequality and the second follows from
the fact that

ĈVK(ĈKK + L−1 · σ2/λ · I)−1 − ĈVK(CKK + L−1 · σ2/λ · I)−1

= ĈVK(ĈKK + L−1 · σ2/λ · I)−1(CKK + L−1 · σ2/λ · I)(CKK + L−1 · σ2/λ · I)−1

− ĈVK(ĈKK + L−1 · σ2/λ · I)−1(ĈKK + L−1 · σ2/λ · I)(CKK + L−1 · σ2/λ · I)−1

= ĈVK(ĈKK + L−1 · σ2/λ · I)−1(CKK − ĈKK)(CKK + L−1 · σ2/λ · I)−1,

where the equality follows from rearranging the terms. We next separately bound the two
terms in (30). For the first term in the right-hand side of (30), we have that∥∥ĈVK(ĈKK + L−1 · σ2/λ · I)−1(ĈKK − CKK)(CKK + L−1 · σ2/λ · I)−1ϕ(ktesth )

∥∥
2

≤ ∥ĈVV∥1/2op ·
∥∥Ĉ1/2

KK(ĈKK + L−1 · σ2/λ · I)−1/2
∥∥
op

·
∥∥(ĈKK + L−1 · σ2/λ · I)−1/2

∥∥
op

·
∥∥(ĈKK − CKK)(CKK + L−1 · σ2/λ · I)−1ϕ(ktesth )

∥∥
2

≤ (L−1 · σ2/λ)−1/2 ·
∥∥(ĈKK − CKK)(CKK + L−1 · σ2/λ · I)−1ϕ(ktesth )

∥∥
2
, (31)

where the first inequality follows from the cross-covariance operator decomposition (The-

orem 1 in Baker (1973)) ĈVK = Ĉ
1/2
VV WĈ

1/2
KK for W such that ∥W∥op ≤ 1, and the second

inequality follows from the facts that

∥ĈVV∥2op ≤ L−1
n∑
i=1

H∑
h=1

∥v(zih)∥22 ≤ 1,
∥∥Ĉ1/2

KK(ĈKK + L−1 · σ2/λ · I)−1/2
∥∥
op

≤ 1, and∥∥(ĈKK + L−1 · σ2/λ · I)−1/2
∥∥
op

≤ (L−1 · σ2/λ)−1/2.
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We then upper bound the second term of the right-hand side of (30) using concentration
inequality. To this end, based on the random variables K and V, we consider a random
variable

Vϕ(K)⊤(CKK + L−1σ2/λI)−1ϕ(ktesth ) ∈ Rdv .

Since ∥v(z)∥2 = 1 for all input z ∈ L, therefore ∥V∥2 ≤ 1. Since the mapping ϕ has a
bounded image set, we have

∥∥Vϕ(K)⊤(CKK + L−1σ2/λI)−1ϕ(ktesth )
∥∥
2

≤ ∥V∥2 · ∥ϕ(K)⊤∥2 · ∥(CKK + L−1σ2/λI)−1∥op · ∥ϕ(ktesth )∥2
≤ C ·H · (L−1σ2/λ)−1, (32)

where C is an absolute constant such that ∥ϕ(·)∥2 ≤ C ·H. We further bound the expected
squared norm as

E
[∥∥Vϕ(K)⊤(CKK + L−1σ2/λI)−1ϕ(ktesth )

∥∥2
2

]
≤ E

[
∥V∥22 ·

∥∥ϕ(K)⊤(CKK + L−1σ2/λI)−1
∥∥2
2
·
∥∥ϕ(ktesth )

∥∥2
2

]
≤ C ·H · E

[∥∥ϕ(K)⊤(CKK + L−1σ2/λI)−1
∥∥2
2

]
≤ C ·H · (L−1σ2/λ)−1 · E

[〈
(CKK + L−1σ2/λI)−1ϕ(K), ϕ(K)

〉]
. (33)

For the expectation in the right-hand side of (33), we further have that

E
[〈

(CKK + L−1σ2/λI)−1ϕ(K), ϕ(K)
〉]

= E
[
Trace

(
(CKK + L−1σ2/λI)−1ϕ(K)ϕ(K)⊤

)]
= Trace

(
(CKK + L−1σ2/λI)−1CKK

)
= dϕ − L−1σ2/λ · Trace

(
(CKK + L−1σ2/λI)−1

)
≤ dϕ, (34)

where we assume ϕ(·) to be finite dimensional. The last line follows from the direct calcu-
lation and the fact that (CKK + L−1σ2/λI)−1 is positive definite. Thus, we have

E
[∥∥Vϕ(K)⊤(CKK + L−1σ2/λI)−1ϕ(ktesth )

∥∥2
2

]
≤ C ·H · (L−1σ2/λ)−1dϕ (35)

for some constant C > 0. Recall that V and K are defined as uniform mixtures of v(zih) and
kih with h ∼ Unif[H]. Therefore, (32) and (35) hold for each fixed h ∈ [H]. Specifically,
note that the random variables corresponding to the same step h ∈ [H] across different
examples i ∈ [n] are i.i.d. That is, for any fixed h,

{(
kih, v(zih)

)}n
i=1

is a sequence of i.i.d
samples. Therefore, we can apply Lemma 49 to each j ∈ [H]. More specifically, we can apply
Lemma 49 to each sample mean with fixed step index h by setting B = 2C ·H ·(L−1σ2/λ)−1

13
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and variance as C ·H · (L−1σ2/λ)−1dϕ. Therefore, with probability at least 1 − δ we have∥∥ĈVK(CKK + L−1σ2/λI)−1ϕ(ktesth ) − CVK(CKK + L−1σ2/λI)−1ϕ(ktesth )
∥∥
2

(36)

=

∥∥∥∥ H∑
j=1

1

H

(
1

n

n∑
i=1

v(zij)ϕ(kij)
⊤(CKK + L−1σ2/λI)−1ϕ(ktesth )

− E
[
v(zij)ϕ(kij)

⊤](CKK + L−1σ2/λI)−1ϕ(ktesth )

)∥∥∥∥
2

≤
H∑
j=1

1

H

∥∥∥∥( 1

n

n∑
i=1

v(zij)ϕ(kij)
⊤(CKK + L−1σ2/λI)−1ϕ(ktesth )

− E
[
v(zij)ϕ(kij)

⊤](CKK + L−1σ2/λI)−1ϕ(ktesth )

)∥∥∥∥
2

≤ C ·
(
H(L−1σ2/λ)−1n−1 +

√
H(L−1σ2/λ)−1dϕ

n

)
· log

2H

δ

= C ·H ·
(
Hλ/σ2 +

√
λ · dϕ/σ2

)
· log

2H

δ
,

where C > 0 is an absolute constant. Here the second line results from triangle inequality
and the third line follows from Lemma 49. Similarly, we perform the same analysis for CKK
and we obtain with probability at least 1 − δ that∥∥ĈKK(CKK + L−1σ2/λI)−1 − CKK(CKK + L−1σ2/λI)−1

∥∥
2

(37)

≤ C ′ ·H ·
(
Hλ/σ2 +

√
λ · dϕ/σ2

)
· log

2H

δ
.

Here C ′ > 0 is an absolute constant. Therefore, we bound the first term in the upper bound
in (29) using (30), (31), (36), and (37) as∥∥ĈVK(ĈKK + L−1σ2/λI)−1 − CVK(CKK + L−1σ2/λI)−1

∥∥
2

(38)

≤ C ′′ ·

√
L

σ2/λ
·H ·

(
Hλ/σ2 +

√
λ · dϕ/σ2

)
log

2H

δ
.

which holds with probability at least 1 − δ.

To bound the second term in (29), we can apply the bound in Equation (E.13) from the
proof of Zhang et al. (2023a) directly. Namely, we have that for any q ∈ RH·dk ,∥∥CVK(CKK + L−1 · σ2/λI)−1ϕ(q) − CVKC

−1
KKϕ(q)

∥∥
2
≤ C · σ2/λL−1, (39)

where C > 0 is an absolute constant. Combining (38) and (39), we obtain∥∥v̄testh − CME(ktesth ,PK,V)
∥∥
2

= O
(√

L · λ
σ2

·H ·
(
Hλ/σ2 +

√
dϕ · λ/σ2

)
log

2H

δ
+ σ2/λL−1

)
. (40)
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Thus the error bound in (40) goes to 0 by selecting σ2/λ = (nH)2/3.
Step 3: Relate attn(qtesth , keys, values) to CVKC

−1
KKϕ(ktesth ). In this step, we want

to prove that attn(q, keys, values) defined in (7) converges to CVKC
−1
KKϕ(ktesth ) as n →

∞. Recall that we define vih = Cv · v(zih) as the value of softmax attention. To achieve

this goal, we aim to show that C · attn(q, keys, values) =
∫
Sdv−1 vP̂V |K(v | q)dv, where

P̂V |K(v | q) is an estimator of the conditional distribution of V given K, and C is an absolute

constant. Here we let Sd denote a d-dimensional unit sphere. We define the empirical kernel
conditional density as follows,

P̂V |K(v | q) = ι

∑n
i=1

∑H
h=1 exp

(
⟨kih, q⟩

)
exp

(
⟨vih, v⟩

)∑n
i=1

∑H
h=1 exp

(
⟨kih, q⟩

) ,

where ι = 1/
∫
Sdk−1 exp

(
⟨vih, v⟩

)
dv = 1/

∫
Sdk−1 exp

(
⟨v(zih), v⟩

)
dv is a normalizing constant

to make sure that P̂V |K is a probability measure. Furthermore, note that ι does not depend
on vih due to the symmetry of the unit sphere.

We compute the integration over v as∫
Sdv−1

vP̂V |K(v | q)dv = ι ·
∑n

i=1

∑H
h=1 exp

(
⟨kih, q⟩

) ∫
Sdv−1 v exp

(
⟨v(zih), v⟩

)
dv∑n

i=1

∑H
h=1 exp

(
⟨kih, q⟩

)
= ι ·

∑n
i=1

∑H
h=1 exp

(
⟨kih, q⟩

)
· C1 · vih∑n

i=1

∑H
h=1 exp

(
⟨kih, q⟩

)
=
C1

ι
· attn(q, keys, values).

Since v, v(zih) ∈ Sdv−1, we can apply Lemma 52 with γ = 1 to the integration
∫
Sdv−1 v exp(⟨Cv·

v(zih), v⟩)dv, and obtain that the second line holds for some constant C1 > 0. The last line
follows directly from the definition of softmax attention 17.

Due to the condition where P̂V |K(v | q) → P(v | q) uniformly for any q ∈ Sdq as n→ ∞,

the integral
∫
Sdv−1 vP̂V |K(v | q)dv → E[V |K = q] as n → ∞. Combining with the previous

argument, we have shown that,

C1

ι
· attn(q, keys, values) → E[V |K = q] as n→ ∞, (41)

Combining the results from the previous two steps (40) and (41), we have shown that

lim
n→∞

max
h∈[H]

∥v̄testh − C · attn(qtesth , keys, values)∥2 = 0

for some absolute constant C. Therefore, we conclude the proof. Note that this proof
assumes ϕ is finite-dimensional, but it also holds for infinite-dimensional ϕ. More specifically,
by replacing the trace in (34) with the effective dimension of ϕ, we can still balance the rate
of σ2/λ to ensure (40) goes to zero.
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Appendix E. Proofs and Additional Results of Section 5.1

This section provides proofs and additional results about the statistical properties of the
vanilla CoT estimator. In Appendix E.1 we prove Lemma 4, which establishes the error
decomposition of vanilla CoT error errCoT. In Appendix E.2, we extend Theorems 7 and 10
to the scenario where Θ is continuous, and provide their corresponding proofs. We conclude
this section with an additional result that characterizes errCoT under the general model
in (20).

E.1 Proof of Lemma 4

Proof Recall that the error of the CoT estimator is defined as

errCoT = KL
(
P(ytest = · | ztest0 , θ∗),Pρ̂(ytest = · | promptCoT(n))

)
.

We decompose the KL divergence into three terms by direct computation:

errCoT = KL
(
P(ytest = · | ztest0 , θ∗),P(ytest = · | promptCoT(n))

)
+ KL

(
P(ytest = · | promptCoT(n)),Pρ̂(ytest = · | promptCoT(n))

)
+

∫ (
P(ytest = y | ztest0 , θ∗) − P(ytest = y | promptCoT(n))

)
· log

P(ytest = y | promptCoT(n))

Pρ̂(ytest = y | promptCoT(n))
)dy. (42)

Note that we can upper bound the marginal log density ratio log(P(ytest = y | promptCoT(n))/Pρ̂(ytest =
y | promptCoT(n))) by aggregating the density ratio at each step. More specifically, we have

log

(
P(ytest = y | promptCoT(n))

Pρ̂(ytest = y | promptCoT(n))

)
(43)

= log

( ∑
z1:(H−1)∈L∗ P(ztest1:(H−1) = z1:(H−1), y

test = y | promptCoT(n))∑
z′
1:(H−1)

∈L∗ Pρ̂(ztest1:(H−1) = z′1:(H−1), y
test = y | promptCoT(n))

)

≤ log

(
max

z1:(H−1)∈L∗

P(ztest1:(H−1) = z1:(H−1), y
test = y | promptCoT(n))

Pρ̂(ztest1:(H−1) = z1:(H−1), ytest = y | promptCoT(n))

)
,

where the first line follows from marginalizing over the intermediate steps ztest1:(H−1), and the
second line follows from generalized mediant inequality.

Next, we use the chain rule to decompose the joint distribution as

P(ztest1:(H−1) = z1:(H−1), y
test = y | promptCoT(n))

Pρ̂(ztest1:(H−1) = z′1:(H−1), y
test = y | promptCoT(n))

(44)

=

H∏
h=1

P(ztesth = zh | prompthCoT(n))

Pρ̂(ztesth = z′h | prompthCoT(n))
≤ eH·b∗ ,

where the first line follows directly from the chain rule of conditional probability, and the
second line follows from Assumption 3. Combining (43) and (44), we have∣∣ logP(ytest = y | promptCoT(n)) − logPρ̂(ytest = y | promptCoT(n))

∣∣ ≤ Hb∗
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for all y ∈ L. Thus, we can upper bound the integral in the right-hand side of (42) by

2TV
(
P(ytest = · | ztest0 , θ∗),P(ytest = · | promptCoT(n))

)
·Hb∗.

By Pinsker’s inequality, we further have that

2TV
(
P(ytest = · | ztest0 , θ∗),P(ytest = · | promptCoT(n))

)
·Hb∗

≤ 2
√

2Hb∗ ·
(
KL
(
P(ytest = · | ztest0 , θ∗),P(ytest = · | promptCoT(n))

))1/2
. (45)

Combining (42) and (45), we conclude that

errCoT ≤ KL
(
P(ytest | promptCoT(n)),Pρ̂(ytest | promptCoT(n))

)︸ ︷︷ ︸
errpre

+ KL
(
P(ytest | ztest0 , θ∗),P(ytest | promptCoT(n))

)︸ ︷︷ ︸
errprompt-(i)

+ 2
√

2Hb∗ · KL1/2
(
P(ytest | ztest0 , θ∗),P(ytest | promptCoT(n))

)︸ ︷︷ ︸
errprompt-(ii)

.

Therefore, we conclude the proof. Here the upper bound consists of three parts. The first
term characterizes the pretraining error by comparing P and Pρ̂. The second and third
terms involve the KL divergence between the true distribution P(· | θ∗) and the distribution
induced by the CoT prompt and P.

E.2 Proofs of Theorems 7 and 10 and Extension

In the sequel, we generalize the results in Theorems 7 and 10 to the scenario where Θ is
continuous and provide the corresponding proofs. The proofs of the supporting lemmas
used in this subsection are deferred to Appendix I.2.

We begin this section by specifying the distance measurement on the general Θ, which
can be continuous. For any two hidden concept θ1, θ2 ∈ Θ, we define a loglikelihood metric
between them as

∥θ0 − θ1∥Θ = sup
(Z0,Z1,··· ,ZH−1,Y )

∣∣∣∣ log
P(Z0, Z1, · · · , ZH−1, Y | θ0)
P(Z0, Z1, · · · , ZH−1, Y | θ1)

∣∣∣∣.
We note that the loglikelihood metric is indeed a semi-metric. For any θ ∈ Θ, any other
concepts in the neighborhood of it share a similar conditional distribution on one example.
Based on this semi-metric, we then define an α-cover of S and the corresponding N (α,S)
for any number α > 0 and any set S ⊆ Θ.

That is, C(α,S) = {θi}Ni=1 ⊆ Θ is an α-cover of S of size N if S ⊆
⋃N
i=1B(θi, α), where

B(θi, α) is a neighborhood of θi with radius α, i.e.,

B(θ, α) =
{
θ̃ ∈ Θ∁ : ∥θ̃ − θ∥Θ ≤ α

}
. (46)
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The minimal N such that there exists a α-cover of S of size N is called the covering number
of S, which is denoted as N (α,S). In the following, we consider the complement of the
equivalence class of the target concept Θ∁ = Θ\Θeq(θ∗). Without misunderstanding, we

adopt N (α) to denote N (α,Θ∁) in the following. Then we restate Theorem 7 with Θ allowed
to be a continuous set.

Theorem 27 Let errpre denote the pretraining error defined in (9) and denote Θ∁ =
Θ\Θeq(θ∗). Under Assumptions 3 and 6, the statistical error errCoT defined in (4) is
bounded under the following two cases:

• When Θ is a discrete and finite set, with probability 1 − δ, we have

errCoT ≤ O
(
Hb∗ · π(θ∗)−1/2 · δ−1 ·

∣∣Θ∁
∣∣ · e−λn)+ errpre.

• When Θ is continuous, let N (α) denote the covering number of Θ∁ with precision α
with respect to the log-likelihood metric ∥ · ∥Θ. Under Assumption 13, with probability
1 − δ, we have

errCoT ≤ O
(
Hb∗ · π

(
Θeq(θ∗)

)−1 ·
√
c−nH0 · δ−2 · N (α)2 · e−2nλ + nα

)
+ errpre.

Here the probability is with respect to the randomness of the CoT prompt.

Moreover, we remark that when the LLM is perfectly pretrained, with probability 1 − δ
with respect to the randomness of CoT prompt, we have

errCoT ≤

{
O
(
π(θ∗)−1δ−2|Θ∁|2e−2λn

)
when Θ is finite,

O
(
π
(
Θeq(θ∗)

)−1
c−nH0 δ−2N (α)2e−2nλ + nα

)
when Θ is continuous.

When the set Θ is continuous, the statistical rate becomes slower due to the complicated
structure of the task parameter space Θ. In the theorem statement, we do not specify the
value of the covering number α. In fact, α should be chosen depending on n such that
α · n converges to 0 as n increases. One can easily obtain a more concrete statistical rate
by specifying a concrete α depending on specific assumptions of the covering number. For
instance, suppose N (α) = O(α−V ) for some constant V , by selecting

α = O
(
n−1/(2V+1) exp{−n(2λ+H ln c0)/(2V + 1)}

)
,

prompting error errprompt is O
(
nV/(2V+1) exp{−n(λ+H ln c0/2)/(2V +1)}

)
with probability

at least 1 − δ.

Proof [Proof of Theorem 7]

We divide the proof into three parts. In Step 1, we derive an upper bound of KL
divergence to prepare for later analysis. In Step 2, we analyze the case where Θ∁ is discrete
and finite. In Step 3, we extend to continuous Θ∁.

Step 1: Derive an upper bound of KL divergence. We first invoke the following
proposition to establish an upper bound of KL(P(ytest = · | ztest0 , θ∗),P(ytest = · | promptCoT(n))).
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Proposition 28 For some fixed task θ∗ ∈ Θ, we provide upper bounds for the KL-divergence
of the ground truth distribution P(ytest = · | ztest0 , θ∗) from the conditional pretrained distri-
butions P(ytest = · | promptCoT(n)) as follows

KL
(
P(ytest = · | ztest0 , θ∗),P

(
ytest = · | promptCoT(n)

))
≤ log

(
1 +

∫
Θ∁ P

(
promptCoT(n)

∣∣ θ)π(θ)dθ∫
Θeq(θ∗)

P
(
promptCoT(n)

∣∣ θ)π(θ)dθ

)
.

Proof See Appendix I.2 for a detailed proof.

This proposition applies evidence lower bound (Kingma and Welling, 2013) to upper bound
the KL divergence using likelihood ratios. The proof involves using a variational distri-
bution that is only supported on Θeq and proportional to the posterior distribution. This
proposition reduces the problem of bounding the KL divergence to comparing the likelihood
functions on Θeq and Θ∁. We consider the cases where Θ is finite and continuous separately.

Step 2: Statistical rate for the case with a discrete and finite Θ. In this step, we
assume the parameter space Θ is discrete and finite. Then by Proposition 28, we have

KL

(
P(ytest = · | ztest0 , θ∗),P

(
ytest = · | promptCoT(n)

))
≤ log

(
1 +

∑
θ∈Θ∁ P

(
promptCoT(n)

∣∣ θ)π(θ)∑
θ∈Θeq(θ∗)

P
(
promptCoT(n)

∣∣ θ)π(θ)

)
≤ log

(
1 +

∑
θ∈Θ∁ P

(
promptCoT(n)

∣∣ θ)π(θ)

P
(
promptCoT(n)

∣∣ θ∗)π(θ∗)

)
. (47)

Here the first inequality follows from Proposition 28 by changing the integration signs into
summations. In the second inequality, we drop some terms in the denominator to get an
upper bound.

Note that we have converted the upper bound into the logarithm of a weighted sum
of likelihood ratios, with the weights being the prior distribution. We invoke the following
lemma to establish an upper bound for each likelihood ratio.

Lemma 29 Let Sn = {Si}i∈[n], where Si = zi0:H
i.i.d.∼ P(· | θ∗) denotes a set of n reasoning

paths of length H sampled independently from the model in (2) with task θ∗. Let Ji ⊆ [H−1]
for each i ∈ [n], and we use SiJi to denote a truncated version of the i-th trajectory Si

corresponding to the indices specified by Ji. Namely, SiJi = {zi0} ∪ {zij : j ∈ Ji} ∪ {ziH}.
Then for any n ≥ 1, θ ∈ Θ, and δ > 0, we have

P({SJi}ni=1 | θ)
P({SJi}ni=1 | θ∗)

≤ exp

(
−2

n∑
i=1

H2
(
P(SJi | θ∗),P(SJi | θ)

)
+ 2 log(δ−1)

)
,

with probability at least 1 − δ. Here the probability is with respect to the randomness of Sn,
and H2(·, ·) denotes the squared Hellinger distance.
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Proof See Appendix I.2 for a detailed proof.

This lemma provides an upper bound of the likelihood ratio of generating trajectories
{SJi}ni=1 from two distributions P(· | θ) and P(· | θ∗), where P(· | θ∗) is the ground truth
distribution. The upper bound is related to the Hellinger distance between them.

Recall that promptCoT(n) contains n complete trajectories and a testing query ztest0 .
Applying Lemma 29 to any θ ∈ Θ∁ and θ∗ and taking a union bound, we conclude that,

sup
θ∈Θ∁

{ P
(
promptCoT(n) | θ

)
P
(
promptCoT(n) | θ∗

)}
≤ sup

θ∈Θ∁

exp
(
− 2nH2

(
P(Z0:H | θ∗),P(Z0:H | θ)

)
− 2H2

(
P(z0 | θ∗),P(z0 | θ)

)
(48)

+ 2 log
(
δ−1|Θ∁|

))
≤ exp

(
− 2nλ+ 2 log

(
δ−1|Θ∁|

))
holds with probability at least 1 − δ. The first inequality follows from Lemma 29 and the
second inequality follows from Assumption 6 and the fact that H2

(
P(z0 | θ∗),P(z0 | θ)

)
≥ 0.

Thus, plugging this inequality into the upper bound in (47), with probability at least 1− δ,
we have

KL

(
P(ytest = · | ztest0 , θ∗),P

(
ytest = · | promptCoT(n)

))
≤ log

[
1 +

1

π(θ∗)
· exp

(
− 2nλ+ 2 log

(
δ−1|Θ∁|

))
·
∑
θ∈Θ∁

π(θ)

]

= log

[
1 +

1 − π
(
Θeq(θ∗)

)
π(θ∗)

· exp
(
− 2nλ+ 2 log

(
δ−1|Θ∁|

))]
,

Therefore, when Θ is discrete and finite, with probability at least 1 − δ, we have

KL
(
P(ytest = · | ztest0 , θ∗),P

(
ytest = · | promptCoT(n)

))
= O

(
π(θ∗)−1δ−2|Θ∁|2e−2λn

)
, (49)

where O(·) only omits an absolute constant. Here we use the fact that 1− π
(
Θeq(θ∗)

)
< 1.

Recall that the prompting error is defined as

errprompt = KL
(
P(ytest = · | ztest0 , θ∗),P(ytest = · | promptCoT(n))

)
+ 2

√
2Hb∗

√
KL
(
P(ytest = · | ztest0 , θ∗),P(ytest = · | promptCoT(n))

)
.

Therefore, we conclude that for any task θ∗ with separation from Θ∁, the prompting error
goes to zero exponentially fast at a rate of order O

(
Hb∗π(θ∗)−1/2δ−1|Θ∁|e−λn

)
. This proves

Theorem 7.
Step 3: Statistical rate for the case with a continuous Θ. Our analysis in Step
2 requires Θ to be discrete and finite. To handle the continuous case, we use the cover
of Θ∁ to discretize it, at the cost of introducing an additional error involving the covering
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granularity. Specifically, let C(α) be an α-cover of Θ according to the semi-metric ∥ · ∥Θ.
For any θ, let the neighborhood B(θ, α) be defined in (46). Let N (α) denote the covering
number N (α,Θ∁). Using the minimal α-cover of Θ∁, we can construct a partition of Θ∁ into
at most N (α) disjoint sets, with each set contained in a neighborhood of radius α. To see

this, let C(α) = {θi}N (α)
i=1 be the α-cover of Θ∁. We can construct set C(θi) ⊂ B(θi, α) such

that {C(θi)}N (α)
i=1 form a partition of Θ∁ by shrinking each B(θi, α) to remove overlapping

parts. Then, we have C(θi)∩C(θj) = ∅ for all i ̸= j, and
⋃N (α)
i=1 C(θi) = Θ∁. We characterize

the discretization error due to the α-cover via

log

( ∫
θ∈Θ∁ P

(
promptCoT(n) | θ

)
π(θ)dθ∑

θ∈C(α) P
(
promptCoT(n) | θ

)
π
(
C(θ)

))

= log

( ∑
θ∈C(α) π

(
C(θ)

) ∫
θ′∈C(θ) P

(
promptCoT(n) | θ′

)
· π(θ′)/π(C(θ)

)
dθ′∑

θ∈C(α) P
(
promptCoT(n) | θ

)
π
(
C(θ)

) )

≤ log

(
max
θ∈C(α)

∫
θ′∈C(θ) P

(
promptCoT(n) | θ′

)
π(θ′)/π

(
C(θ)

)
dθ′

P
(
promptCoT(n) | θ

) )
≤ log

(
sup

θ∈C(α),θ′∈C(θ)

P
(
promptCoT(n) | θ′

)
P
(
promptCoT(n) | θ

)) ≤ nα. (50)

The first equality follows from decomposing the integral taken over Θ∁ into a double integral
taken over the covering C(α) and then within the induced partition C(θ). The second and
third inequality follows from generalized mediant inequality. The last inequality follows
from the definition of B(θ, α) in (46) and the fact that C(θ) ⊆ B(θ, α) for all θ ∈ C(α).

Now we have controlled the error introduced by approximating Θ∁ using C(α). Next,
we apply Assumption 13 to lower bound the likelihood integrated over Θeq(θ∗):∫

Θeq(θ∗)
P
(
promptCoT(n) | θ′

)
π(θ′)dθ′ ≥ cnH0 · P

(
promptCoT(n) | θ∗

)
· π(Θeq(θ∗)). (51)

The inequality follows from the fact that promptCoT(n) is of length nH and Assumption 13,
which provides a lower bound for the conditional probability of the next reasoning step.

Combining (51) and (50) and using the same technique as in Step 2, we obtain

KL
(
P(ytest = · | ztest0 , θ∗),P

(
ytest = · | promptCoT(n)

))
≤ log

(
1 +

∫
θ∈Θ∁ P

(
promptCoT(n) | θ

)
π(θ)

)
dθ

cnH0 · P
(
promptCoT(n) | θ∗

)
· π(Θeq(θ∗))

)
≤ log

(
1 +

∑
C(α) P

(
promptCoT(n) | θ

)
π
(
Cn(θ)

)
cnH0 · P

(
promptCoT(n) | θ∗

)
· π(Θeq(θ∗))

)
+ nα

≤ log

[
1 +

1 − π
(
Θeq(θ∗)

)
cnH0 · π(Θeq(θ∗))

exp

(
− 2nλ+ 2 log

(
δ−1N (α)

))]
+ nα,

with probability at least 1 − δ. Here the first inequality is due to Proposition 28 and (51).
The second inequality follows from (50), accounting for the discretization error induced by
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the α-cover. The last inequality follows from the same strategy as in Step 2, where we
apply Lemma 29. Finally, we conclude that , with probability at least 1 − δ, we have

KL
(
P(ytest = · | ztest0 , θ∗),P

(
ytest = · | promptCoT(n)

))
= O

(
π
(
Θeq(θ∗)

)−1 · c−nH0 · δ−2 · N (α)2 · e−2nλ + nα
)
,

where O(·) only hides absolute constants and we use the fact that the numerator 1 −
π
(
Θeq(θ∗)

)
< 1. Therefore, we conclude the proof.

The rest of this section generalizes Theorem 10 to the case where Θ is continuous and
provides the proof.

Theorem 30 Let errpre denote the pretraining error defined in (9), and let Θ∁ = Θ\Θeq(θ∗)

with Θ̃∁ as its representative set. Under Assumptions 3, 6, and 9, the statistical error errCoT

defined in (4) is bounded under the following two cases:

• When Θ̃∁ is a discrete and finite set, with probability 1 − δ, we have

errCoT ≤ O
(
Hb∗ · π(θ∗)−1/2 · δ−1 ·

∣∣Θ̃∁
∣∣ · e−(λ−α)n+α0

)
+ errpre.

• When Θ is continuous, let N (α) denote the covering number of Θ̃∁ with precision α.
With probability 1 − δ, we have:

errCoT ≤ O
(
Hb∗ · π

(
Θeq(θ∗)

)−1 ·
√
δ−2 · N (α)2 · e−2n(λ−α)+2α0 + nα

)
+ errpre.

Here the probability is with respect to the randomness of CoT prompts promptCoT(n). Pa-
rameters α and α0 are introduced in Assumption 9.

Moreover, we remark that when the LLM is perfectly pretrained, with probability 1 − δ
with respect to the randomness of CoT prompt, we have

errCoT ≤

{
O
(
π
(
Θeq(θ∗)

)−1 · δ−2 · |Θ̃∁|2 · e−2(λ−α)n+2α0
)

when Θ is finite,

O
(
δ−2 · π

(
Θeq(θ∗)

)−1 · N (α)2 · e−2n(λ−α)+2α0 + nα
)

when Θ is continuous.

This error bound follow from the fact that, when the LLM is perfectly pretrained, errCoT =
KL
(
P(ytest = · | ztest0 , θ∗),P

(
ytest = · | promptCoT(n)

))
.

Theorem 30 builds on Theorem 27 by incorporating Assumption 9, which postulates that
distributions within each equivalence class are close. This leads to improved dependency on

the parameter space size, shifting from Θ∁ to Θ̃∁, despite a slower rate of exponential decay.

Note that the statistical rate of errCoT with a continuous Θ̃∁ does not require Assumption 13,
which is required by Theorem 27. The reason is technical: Assumption 9 plays a similar
role as Assumption 13 and is sufficient to establish the result.
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Proof [Proof of Theorem 10] We split the proof into three parts. First, we apply Proposition

28 and Assumption 9 to derive an upper bound of KL divergence involving Θ̃∁. Then in
the second and last part, we consider discrete and continuous cases separately.
Step 1: Derive upper bound for KL divergence at an equivalence class level. We

fix some concept θ∗ as the true latent task parameter. Let Θ∁ = Θ\Θeq(θ∗) and Θ̃∁ denote

a representative set of Θ∁. In light of Proposition 28, we first write∫
Θ∁

P
(
promptCoT(n)

∣∣ θ)π(θ)dθ

=

∫
θ∈Θ̃∁

π
(
Θeq(θ)

) ∫
θ′∈Θeq(θ)

P
(
promptCoT(n) | θ′

)
π(θ′)/π

(
Θeq(θ)

)
dθ′dθ. (52)

That is, we decompose the integral over Θ∁ into a double integral: the inner integral averages
the likelihood P

(
promptCoT(n) | θ′

)
within each equivalence class, and the outer integral

averages across all equivalence classes. By Assumption 9, there exists a representative set
Θ̃ such that θ∗ is in Θ̃, and distributions within the same equivalence class are close to each
other. Thus, we can derive both upper and lower bounds for the averaged likelihood within
each equivalence class. For any θ ∈ Θ̃, we have

exp(−nα− α0) ≤
∫
θ′∈Θeq(θ)

P
(
promptCoT(n) | θ′

)
P
(
promptCoT(n) | θ

) · π(θ′)

π
(
Θeq(θ)

)dθ′ ≤ exp(nα+ α0). (53)

Combining (53) and (52) with Proposition 28, we have

KL
(
P(ytest = · | ztest0 , θ∗),P

(
ytest = · | promptCoT(n)

))
≤ log

(
1 +

∫
θ∈Θ̃∁

π
(
Θeq(θ)

) ∫
θ′∈Θeq(θ)

P
(
promptCoT(n) | θ′

)
π(θ′)/π

(
Θeq(θ)

)
dθ′dθ∫

θ′′∈Θeq(θ∗)
P
(
promptCoT(n)

∣∣ θ′′)π(θ′′)dθ′′

)

≤ log

(
1 +

enα+α0 ·
∫
θ∈Θ̃∁

π
(
Θeq(θ)

)
P
(
promptCoT(n) | θ

)
dθ

e−nα−α0 · P
(
promptCoT(n) | θ∗

)
π
(
Θeq(θ∗)

) )
.

The first inequality follows from Proposition 28 and (52) and the second inequality is due

to (53). Note that the representative set Θ̃∁ may not be unique, but this does not affect our

analysis because we use θ ∈ Θ̃∁ only as a reference and the value of P(promptCoT(n) | θ) stays
the same within each equivalence class. The definition is consistent under any selection of
the representative set. Therefore, we rewrite the upper bound for the KL divergence at the
equivalence class level:

KL
(
P(ytest = · | ztest0 , θ∗),P

(
ytest = · | promptCoT(n)

))
≤ log

(
1 + e2nα+2α0

∫
θ∈Θ̃∁

π
(
Θeq(θ)

)
P
(
promptCoT(n) | θ

)
dθ

P
(
promptCoT(n) | θ∗

)
π
(
Θeq(θ∗)

) )
. (54)

Here, Assumption 9 reduces the integration region from Θ∁ to Θ̃∁, at the cost of introducing
the terms e2αn+2α0 .
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Step 2: Statistical rate for the discrete case. In this step, we assume the parameter

space Θ̃∁ is discrete and finite. For any θ ∈ Θ̃∁, with probability at least 1 − δ, we obtain
an upper bound for the averaged likelihood ratio as follows:

P
(
promptCoT(n) | θ

)
P
(
promptCoT(n) | θ∗

)
≤ exp

(
− 2nH2

(
P(Z0, Z1, · · · , ZH−1, Y | θ∗),P(Z0, Z1, · · · , ZH−1, Y | θ)

)
− 2H2

(
P(Z0 | θ∗),P(Z0 | θ)

)
+ 2 log δ−1

)
≤ exp

(
− 2nλ+ 2 log δ−1

)
. (55)

Here the first inequality follows from the Lemma 29. The second inequality is due to the
Assumption 6, which specifies that θ and θ∗ are strictly separated with a margin λ, and
the non-negativity of the Hellinger distance. Combining (55) with (54), with probability at
least 1 − δ, we have

KL
(
P(ytest = · | ztest0 , θ∗),P

(
ytest = · | promptCoT(n)

))
≤ log

(
1 + e2nα+2α0 ·

∑
θ∈Θ̃∁

π
(
Θeq(θ)

)
P
(
promptCoT(n) | θ

)
P
(
promptCoT(n) | θ∗

)
π
(
Θeq(θ∗)

) )
≤ log

[
1 +

e2nα+2α0

π
(
Θeq(θ∗)

) · ∑
θ∈Θ̃∁

exp
(
− 2nλ+ 2 log

(
δ−1|Θ̃∁|

))
π
(
Θeq(θ)

)]

= log

[
1 +

1 − π
(
Θeq(θ∗)

)
π
(
Θeq(θ∗)

) · exp

(
− 2n(λ− α) + 2α0 + 2 log

(
δ−1|Θ̃∁|

))]
.

Here the first inequality follows from (54) and the fact that Θ̃∁ is discrete and finite. The
second inequality is due to (55), and the final line results from rearranging terms.

In sum, we have that when Θ̃∁ is discrete and finite, with probability at least 1 − δ we
have

KL
(
P(ytest = · | ztest0 , θ∗),P

(
ytest = · | promptCoT(n)

))
= O

(
π
(
Θeq(θ∗)

)−1 · δ−2 · |Θ̃∁|2 · e−2(λ−α)n+2α0
)
, (56)

where O(·) only hides absolute constants. We conclude that when Θ is discrete and finite,
the CoT prompting error decays exponentially to zero and it depends on Θ∁ only through

|Θ̃∁|. The upper bound in (56) establishes Theorem 10.
Step 3: Convergence rate for the continuous case. It remains to consider the case
where Θ is continuous. Similar to the proof of Theorem 27, we use the α-cover with respect

to the likelihood metric ∥ ·∥Θ to discretize Θ̃∁ at the cost of introducing an additional error.

For any α > 0, let C(α) denote an α-covering of Θ̃∁ with covering number N (α) and

let {C(θi)}θ∈N (α) denote the partition of Θ̃∁ induced by C(α). We bound the discretization
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error due to the α-cover as follows:

log

( ∫
θ∈Θ̃∁

P
(
promptCoT(n) | θ

)
π
(
Θeq(θ)

)
dθ∑

θ∈C(α) P
(
promptCoT(n) | θ

)
π
(
Cn(θ)

) )

= log

( ∑
θ∈C(α) π

(
C(θ)

) ∫
θ′∈C(θ) P

(
promptCoT(n) | θ′

)
π
(
Θeq(θ′)

)
/π(C(θ)

)
dθ′∑

θ∈C(α) P
(
promptCoT(n) | θ

)
π
(
C(θ)

) )

≤ log

(
max
θ∈C(α)

∫
θ′∈C(θ) P

(
promptCoT(n) | θ′

)
π
(
Θeq(θ′)

)
/π
(
C(θ)

)
dθ′

P
(
promptCoT(n) | θ

) )
≤ log

(
sup

θ∈C(α),θ′∈C(θ)

P
(
promptCoT(n) | θ′

)
P
(
promptCoT(n) | θ

)) ≤ nα. (57)

Here the first equality follows from decomposing the integral over Θ̃∁ into a double integral
using the partition structure. The second and third inequalities follow from the generalized
mediant inequality. The last inequality is derived from the definition of C(α).

Now we have controlled the discretization error; combining this with the analysis from
Step 2, we obtain that the following inequality holds with probability at least 1 − δ:

KL
(
P(ytest = · | ztest0 , θ∗),P

(
ytest = · | promptCoT(n)

))
≤ log

(
1 + e2nα+2α0 ·

∫
θ∈Θ̃∁

π
(
Θeq(θ)

)
P
(
promptCoT(n) | θ

)
dθ

P
(
promptCoT(n) | θ∗

)
π
(
Θeq(θ∗)

) )
≤ log

(
1 + e2nα+2α0 ·

∑
θ∈C(α) P

(
promptCoT(n) | θ

)
π
(
Cn(θ)

)
P
(
promptCoT(n) | θ∗

)
π
(
Θeq(θ∗)

) )
+ nα

≤ log

[
1 +

1 − π
(
Θeq(θ∗)

)
π
(
Θeq(θ∗)

) · exp

(
− 2n(λ− α) + 2α0 + 2 log

(
δ−1N (α)

))]
+ nα,

where O(·) only hides absolute constants, and the randomness comes from the stochasticity
of CoT prompts promptCoT(n). The first inequality follows from (54), and the second
inequality follows from (57). The final inequality is due to Lemma 29. Therefore, we
conclude that with probability at least 1 − δ we have

KL
(
P(ytest = · | ztest0 , θ∗),P

(
ytest = · | promptCoT(n)

))
= O

(
δ−2 · π

(
Θeq(θ∗)

)−1 · N (α)2 · e−2n(λ−α)+2α0 + nα
)
,

where O(·) omits absolute constants. Thus, we conclude the proof.
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Appendix F. Proofs of the Results in Section 7

In this appendix, we prove the statistical error bounds for the three CoT variants discussed
in Section 7: self-consistency CoT, tree-of-thought, and selection-inference.

F.1 Proof of Corollary 21

Proof

There are two notions of sample size in self-consistency CoT: the number of examples
in CoT prompt n, and the number of reasoning paths K. These two notions have different
roles. A large n ensures that the distribution of the perfectly pretrained LLM, P

(
ytest =

· | promptCoT(n)
)
, approximates the desired distribution P

(
ytest = · | ztest0 , θ∗

)
. Whereas a

large K ensures that the sample mode y∗k approximates the population mode.

In the following, we prove the corollary in two steps. We first show that the population
mode of P

(
ytest = · | promptCoT(n)

)
coincides with y∗ when n is sufficiently large. Then we

prove that y∗K finds the population mode of P(ytest = · | promptCoT(n)) when K is sufficiently
large. The final statistical error can be obtained by combining these two steps.

Step 1: Mode of P(ytest = · | promptCoT(n)) converges to y∗. In the first step, we show
that there exists n∗ such that, as long as n ≥ n∗, the mode of P(ytest = · | promptCoT(n))
coincides with y∗, the mode of P

(
ytest = · | ztest0 , θ∗

)
. This step leverages Theorem 7.

Suppose there exists some ξ > 0 such that

KL
(
P(ytest = · | ztest0 , θ∗),P

(
ytest = · | promptCoT(n)

))
≤ ξ,

Then by Pinsker’s inequality, we obtain a bound on the TV distance,

TV
(

(P(ytest = · | ztest0 , θ∗),P
(
ytest = · | promptCoT(n)

))
≤
√

2ξ.

Recall that we assume that ytest belongs to a finite set Y. Then we have√
2ξ ≥ TV

(
(P(ytest = · | ztest0 , θ∗),P

(
ytest = · | promptCoT(n)

))
=

1

2

∑
y∈Y

∣∣∣P(ytest = y | ztest0 , θ∗) − P
(
ytest = y | promptCoT(n)

)∣∣∣
≥ 1

2
max
y∈Y

∣∣∣P(ytest = y | ztest0 , θ∗) − P
(
ytest = y | promptCoT(n)

)∣∣∣.
Thus we can sandwich P(ytest = · | promptCoT(n)) for any y by

P(ytest = y | ztest0 , θ∗) − 2
√

2ξ ≤ P
(
ytest = y | promptCoT(n)

)
≤ P(ytest = y | ztest0 , θ∗) + 2

√
2ξ.

We plug in different values of y in the above inequality and obtain

max
y ̸=y∗

P
(
ytest = y | promptCoT(n)

)
≤ max

y ̸=y∗
P(ytest = y | ztest0 , θ∗) + 2

√
2ξ, (58)

P
(
ytest = y∗ | promptCoT(n)

)
≥ P(ytest = y∗ | ztest0 , θ∗) − 2

√
2ξ. (59)
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Recall the definition of ϵ in Assumption 20. Combining (58) and (59) we have

P
(
ytest = y∗ | promptCoT(n)

)
≥ P(ytest = y∗ | ztest0 , θ∗) − 2

√
2ξ

≥ max
y ̸=y∗

P(ytest = y | ztest0 , θ∗) + ϵ− 2
√

2ξ

≥ max
y ̸=y∗

P
(
ytest = y | promptCoT(n)

)
+ ϵ− 4

√
2ξ, (60)

where the first inequality follows from (58), the second follows from the definition of ϵ, and
the last one follows from (59). Hence, as long as ϵ − 4

√
2ξ > 0, we ensure that y∗ is also

the unique mode of P(ytest = · | promptCoT(n)). Now if we set the prompt size to be

n∗ = C ·
(

log
(
|Θ∁|/π(θ∗)

)
+ log(1/ϵ)

)/
λ, (61)

where C is a sufficiently large absolute constant. We now leverage Theorem 7 with a
perfectly pretrained LLM. Specifically, setting δ = e−λn/2 in (49), we conclude that, with
probability at least 1 − e−λn/2, when n ≥ n∗, we have

KL
(
P(ytest = · | ztest0 , θ∗),P

(
ytest = · | promptCoT(n)

))
≤ ϵ2/128. (62)

Combining (60) and (62), we conclude that, when n is sufficiently large such that n ≥ n∗,
with probability 1 − e−λn/2,

P
(
ytest = y∗ | promptCoT(n)

)
≥ max

y ̸=y∗
P
(
ytest = y | promptCoT(n)

)
+ ϵ/2, (63)

where n∗ is defined in (61). Thus, y∗ is also the mode of P(ytest = y∗ | promptCoT(n)) with
high probability. Now we conclude Step 1.

Step 2: Sample mode y∗K converges to population mode y∗. In this step, we use
concentration to show that y∗K converges to y∗ when K is sufficiently large. Recall that
we assume ytest takes values in a finite set Y and also recall that we define an empirical
distribution pK(y) = K−1

∑K
i=1 1{ytest,i = y} for all y ∈ Y. Thus, for any y ∈ Y, KpK(y)

is a binomial variable with distribution Bin(K, p
)
, where p = P(ytest = y | promptCoT(n)).

Thus by Bernstein’s inequality for binomial distribution, for any t > 0 we have

P
(∣∣pK(y) − P

(
ytest = y | promptCoT(n)

)∣∣ ≥ t
)

≤ 2 exp

(
− 3Kt2

6 · P
(
y | promptCoT(n)

)(
1 − P(y | promptCoT(n))

)
+ 2t

)
≤ 2 exp

(
− 6Kt2

3 + 4t

)
where the second inequality follows from the fact that p(1 − p) ≤ 1/4 for any p ∈ R. Now
we set t = ϵ/4 and take a union bound over y ∈ Y to obtain that

P
(

max
y∈Y

∣∣pK(y) − P
(
ytest = y | promptCoT(n)

)∣∣ ≥ ϵ/4
)
≤ 2|Y| · exp

(
− 3Kϵ2

24 + 8ϵ

)
. (64)

Recall that y∗K and y∗ are the modes of pK and P(ytest = · | promptCoT(n)), respectively.
Also note that (63) implies that there is a gap of ϵ/2 between the mode of P(ytest =
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· | promptCoT(n)) and its second largest probability mass. If y∗K ̸= y∗, there must exist some
y ∈ Y such that

|pK(y) − P
(
ytest = y | promptCoT(n)

)∣∣ ≥ ϵ/4.

Therefore, we can upper bound P
(
y∗K ̸= y∗ | promptCoT(n)

)
using (64).

Therefore, we conclude that with a perfectly pretrained LLM and a discrete and finite
Θ, when is sufficiently large such that n ≥ n∗, we have

P
(
y∗K ̸= y∗ | promptCoT(n)

)
≤ 2|Y| · exp

(
− 3Kϵ2

24 + 8ϵ

)

with probability at least 1−e−λn/2. Here n∗ is define in (61). Thus we conclude the proof.

F.2 Proof of Proposition 23

Proof

In ToT prompting, there are two notions of sample size: the number of examples in the
CoT prompt n and the number of candidates generated at each step K. Additionally, there
is a breadth limit parameter B, which controls the number of candidates that continue to
the next step. For the ease of notation, we write ztest,∗h as z∗h and ttest,∗h as t∗h.

Intuitively, a large n ensures that the distribution induced by a perfectly pretrained
LLM P(ztesth = · | prompth(n), t∗h−1) approximates the true distribution P(ztesth = · | t∗h−1, θ

∗)
for each h ∈ [H]. A large K ensures that the optimal z∗h appears in the samples for each
h ∈ [H], which is then selected by BFS.

The proof involves two steps. First, we show that for any h ∈ [H], ph = P(ztesth = z∗h |
prompth(n), t∗h−1) is close to p∗h = P(ztesth = z∗h | t∗h−1, θ

∗) when n is large enough, where
z∗h is the optimal next step z∗h = argmaxzh Vθ∗(t∗h−1, zh). Second, we demonstrate that a
large K helps find the optimal trajectory t∗H by iteratively sampling from the LLM-induced
distribution P(ztesth = · | prompth(n), t∗h−1). Finally, we combine both arguments to present
the statistical error for ToT prompting.

Step 1: LLM-induced probability ph approximates p∗h for large n. In this step, we
show ph approaches p∗h as n increases, which is similar to Step 1 of the proof of Theorem 7.

For each h ∈ [H], prompth(n) contains the CoT examples in terms of the prediction
in the h-th step. We want to lower bound the probability of outputting z∗h by prompting
a perfectly pretrained LLM. For simplicity, we assume Θ is finite and discrete. For each
h ∈ [H], using Bayes rule, we write the posterior as

π(θ∗ | prompth(n), t∗h−1) =

(
1 +

∑
θ ̸=θ∗

P(prompth(n) | θ)P(t∗h−1 | θ)π(θ)

P(prompth(n) | θ∗)P(t∗h−1 | θ∗)π(θ∗)

)−1

.
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Under Assumption 22, θ∗ maximizes P(t∗h | θ) for each h ∈ [H]. Thus, we have

π(θ∗ | prompth(n), t∗h−1) ≥
(

1 +
∑
θ ̸=θ∗

P(prompth(n) | θ)π(θ)

P(prompth(n) | θ∗)π(θ∗)

)−1

≥
(

1 +
∑
θ ̸=θ∗

π(θ)

π(θ∗)
· exp

[
− 2nH2

(
P(th | θ),P(th | θ∗)

)
+ 2 log(δ−1|Θ|)

])−1

≥
(

1 +
1 − π(θ∗)

π(θ∗)
· exp

(
− 2nλh + 2 log(δ−1|Θ|)

))−1

(65)

with probability at least 1 − δ. Here the second inequality follows from Lemma 29 in the
proof of Theorem 7 and the third inequality follows from Assumption 22. Thus we derive
a lower bound for ph as

ph =
∑
θ∈Θ

P(z∗h | t∗h−1, θ)π(θ | t∗h−1, prompth(n)) ≥ P(z∗h | t∗h−1, θ
∗)π(θ∗ | t∗h−1, prompth(n))

≥ p∗h ·
(

1 +
1 − π(θ∗)

π(θ∗)
· exp

(
− 2nλh + 2 log(δ−1|Θ|)

))−1

.

with probability at least 1 − δ with respect to the randomness of the CoT prompt. The
first inequality follows from omitting terms corresponding to θ ̸= θ∗. The second inequality
is due to (65). Now we use the fact that (1 + x)−1 ≥ 1 − x for x ∈ [0, 1] to obtain that

p∗h − ph ≤ p∗h ·
1 − π(θ∗)

π(θ∗)
· exp

(
− 2nλh + 2 log(δ−1|Θ|)

)
. (66)

Therefore, we conclude that p∗h − ph, the difference in the probabilities evaluated at z∗h
for LLM-induced distribution and the true distribution, decreases exponentially with the
number of examples n. Recall that we define λ∗ = minh∈[H] λh. For any ϵ ∈ (0, 1), we define

n∗ =
1

λ∗

(
2 log

(
H|Θ|

)
+ log

(
(1 − π(θ∗))/π(θ∗)

)
+ log(1/ϵ)

)
. (67)

Then by taking δ = e−nλ
∗/2 and combining (66), we conclude that with probability at

least 1− e−nλ
∗/2, when n ≥ n∗, ph ≥ p∗h · (1− ϵ) holds for every h ∈ [H]. Thus we conclude

Step 1.
Step 2: Large K improves the selection of z∗h. For any h ∈ [H], let

Ch =
B∑
b=1

K∑
i=1

1{(tbh−1, z
b,i
h ) = t∗h}

denote the number of candidates in Th that match the optimal partial history t∗h at step
h ∈ [H], where we define Th in (13). Recall that we set B = 1. Therefore, each Ch, h ∈ [H]
is a binomial random variable, where

C1 ∼ Bin(K, p1), Ch ∼ Bin(min{B = 1, Ch−1}K, ph) for 2 ≤ h ≤ H.
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The algorithm outputs t∗H if and only if Ch ≥ 1 for all h ∈ [H]. The following gives the
probability of outputting the optimal trajectory from the search tree:

P
(
t̂H = t∗H | promptCoT(n)

)
= P

(
C1, · · · , CH ≥ 1 | promptCoT(n)

)
≥

H∏
h=1

P
(
Ch ≥ 1 | prompth(n), t∗h−1

)
=

H∏
h=1

(
1 − (1 − ph)K

)
≥ 1 −

H∑
h=1

(
1 − ph

)K
. (68)

The last inequality is because
∏m
i=1(1 − xi) ≥ 1 −

∑m
i=1 xi for xi ∈ [0, 1].

Combining (68) and the conclusion of Step 1, we conclude that with a perfectly pre-
trained LLM and a discrete and finite Θ, ToT prompting using BFS with B = 1 incurs the
following statistical error with probability at least 1 − e−nλ

∗/2:

P
(
t̂H ̸= t∗H | promptCoT(n)

)
≤

H∑
h=1

(
1 − p∗h + p∗hϵ

)K
.

Here n is sufficiently large such that n ≥ n∗ where n∗ is defined in (67) and ϵ ∈ (0, 1) is an
arbitrary number. Therefore, we conclude the proof.

F.3 Proof of Corollary 25

Proof The main idea of selection-inference prompting is to break down each step in vanilla
CoT into two separate stages: selection and inference. We decompose each task θ into two
components: θse and θin, with underlying distributions P(τh = · | th−1, θse) and P(zh =
· | τh, θin), respectively. We follow and modify the proof for vanilla CoT in Appendix E.2 to
derive the statistical rate of SI prompting.

The proof consists of two steps. We first derive an upper bound for the KL divergence
using a ratio of two integrals. Then we bound such a ratio using the separation among the
probability distributions with different parameters in Θ.

Step 1: Deriving an upper bound for the KL divergence. We invoke Proposition 28
to derive an upper bound for the KL divergence as follows:

KL

(
P(ytest = · | ztest0 , θ∗),PSI

(
ytest = · |Sse(n), Sin(n), ztest0

))
≤ log

(
1 +

∑
Θ∁ P

(
Sse(n), Sin(n), ztest0

∣∣ θ)π(θ)dθ∑
Θeq(θ∗)

P
(
Sse(n), Sin(n), ztest0

∣∣ θ′)π(θ′)dθ′

)
≤ log

(
1 +

∑
Θ∁ P

(
Sse(n), Sin(n), ztest0

∣∣ θ)π(θ)

P
(
Sse(n), Sin(n), ztest0

∣∣ θ∗)π(θ∗)

)
. (69)
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The first inequality is obtained by applying Proposition 28 with substituting promptCoT(n)
by (Sse(n), Sin(n), ztest0 ), and in the second inequality we exclude all terms corresponding to
θ ̸= θ∗ in the denominator. We can directly apply Proposition 28 since this proposition only
requires the prompt to be generated from P(· | θ∗), but does not assume a specific statistical
dependency relationship in the prompt. Here PSI(y

test |Sse(n), Sin(n), ztest0 ) is the marginal
distribution of ytest according to (16).

Step 2: Statistical rate for discrete and finite Θ. The key to analyzing (69) is to
derive an upper bound of the likelihood ratio

P
(
Sse(n), Sin(n), ztest0

∣∣ θ)/P(Sse(n), Sin(n), ztest0

∣∣ θ∗).
Recall that we define Sse(n) and Sin(n) in (15). By construction, the likelihood of a single
piece of trajectory can be decomposed as

P
(
Sse(1), Sin(1)

∣∣ θ)
= P(z0 | θ)

H∏
h=1

P
(
τh
∣∣ θse, th−1

)
·
H∏
j=1

P
(
zj
∣∣ θin, τj). (70)

Note that the n reasoning paths are independent conditioning on θ. We decompose the like-
lihood ratios into a sum of independent terms according to (70) and then apply Lemma 50.
With probability at least 1 − δ, we have

1

2
log

P(Sse(n), Sin(n) | θ)
P(Sse(n), Sin(n) | θ∗)

=
1

2

n∑
i=1

[
log

P(zi0 | θ)
P(zi0 | θ∗)

+

H∑
h=1

log
P
(
τ ih
∣∣ θse, tih−1

)
P
(
τ ih
∣∣ θ∗se, tih−1

) +

H∑
j=1

log
P
(
zij
∣∣ θin, τ ij)

P
(
zij
∣∣ θ∗in, τ ij)

]

≤
n∑
i=1

log

[
Eθ∗
(

P(zi0 | θ)
P(zi0 | θ∗)

)1/2]
+

H∑
h=1

n∑
k=1

log

[
Eθ∗
(P(τkh

∣∣ θse, tkh−1)

P(τkh
∣∣ θ∗se, tkh−1)

)1/2]

+

H∑
j=1

n∑
m=1

log

[
Eθ∗
(P
(
zmj
∣∣ θin, τmj )

P
(
zmj
∣∣ θ∗in, τmj )

)1/2]
+ log((2H + 1)δ−1). (71)

Here the first equality follows from summing over the decomposition of likelihood ratios as
shown in (70), and inequality follows is obtained by applying Lemma 50 to each sum. Using
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(71) and the fact that x− 1 ≥ log(x), we further obtain that

1

2
log

P(Sse(n), Sin(n) | θ)
P(Sse(n), Sin(n) | θ∗)

≤
n∑
i=1

[
Eθ∗
(

P(zi0 | θ)
P(zi0 | θ∗)

)1/2

− 1 +
H∑
h=1

(
Eθ∗

P(τ ih
∣∣ θse, tih−1)

P(τ ih
∣∣ θ∗se, tih−1)

)1/2

− 1

)

+

H∑
j=1

(
Eθ∗
(P
(
zij
∣∣ θin, τ ij)

P
(
zij
∣∣ θ∗in, τ ij)

)1/2

− 1

)]
+ log

(
(2H + 1)δ−1

)
= −n

H∑
h=1

[
Eθ∗H2

(
P(τh | θ∗, th−1),P(τh | θ, th−1)

)
+ Eθ∗H2

(
P(zh | θ∗, τh),P(zh | θ, τh)

)]
− nH2

(
P(z0 | θ∗),P(z0 | θ)

)
+ log

(
(2H + 1)δ−1

)
. (72)

Here the final line follows from the definition of Hellinger distance.
Now we apply Assumption 24 to derive an upper bound of the likelihood ratio using the

constant λSI = λS +λI +λq, replacing the constant λ from Theorem 7. Combining (72) and
Assumption 24, we have that when Θ is discrete and finite,

P
(
Sse(n), Sin(n), ztest0 | θ

)
P
(
Sse(n), Sin(n), ztest0 | θ∗

)
≤ exp

(
− 2nλSI + 2 log

(
(2H + 1)δ−1

))
with probability at least 1 − δ.

Therefore, we have that when Θ∁ is discrete and finite, then with probability at least 1− δ,

KL
(
P(ytest = · | ztest0 , θ∗),PSI

(
ytest = · |Sse(n), Sin(n), ztest0

))
= O

(
π(θ∗)−1 · δ−2 · |Θ∁|2 · e−2λSIn

)
,

where O(·) omits only absolute constants. Therefore, we conclude the proof.
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Appendix G. Proofs and Auxiliary Results of Section 5.2

In this appendix, we collect the proofs and auxiliary results supporting the comparison
between vanilla CoT and vanilla ICL presented in Section 5.2.

G.1 Proof of a Generalized Version of Proposition 11

In the following, we generalize Proposition 11 to handle comparisons of different truncated
CoT methods, which covers vanilla ICL as a special case. For simplicity, we assume zero
pretraining error and input query does not have a distributional shift, i.e., PLLM = P and
ztest0 ∼ P(· | θ∗). Before presenting the result, we state the following regularity assumption.

Assumption 31 For a fixed CoT prompt promptCoT(n), we define truncated CoT prompts
with fixed intermediate step indices as promptJ (n) = {zi0, yi}ni=1∪{zij}j∈J ∪{ztest0 } with fixed

index set J ⊆ [H − 1], where promptCoT(n) = {zi0, · · · , ziH}ni=1 ∪ {ztest0 }. We assume that
P
(
ytest | promptJ (n)

)
is a mixture of P

(
ytest | θ, ztest0

)
aggregated with respect to the posterior

of θ based on truncated CoT demonstrations. Specifically, the density P
(
ytest | θ, ztest0

)
is

obtained by marginalizing the omitted intermediate steps zi/∈J from the joint distribution
induced by the CoT model (2).

The truncated CoT method recovers CoT by setting J = [H − 1] and vanilla ICL by
setting J = ∅. This assumption ensures that the estimators induced by different truncated
CoT methods are comparable. This can be achieved by training LLMs using a truncated
dataset and then prompted via the truncated CoT. Specifically, each J , we define DJ as a
truncated version of the CoT data D obtained by omitting intermediate steps with indices
j /∈ J . Then we can pretrain an LLM using DJ using the same MLE loss as in (3), and
then prompt the learned model using promptJ (n). Assumption 31 requires LLMs to process
different truncated CoT prompts by making posterior inferences based on their respective
pretraining data. This is the case when the LLM is pretrained using DJ , following a similar
argument as in Section 4.3. Based on this assumption, we establish a hierarchy of CoT
methods in terms of statistical error.

Corollary 32 (Comparison of CoT Methods) Let π represent the task distribution over
space Θ. Let promptCoT(n) be a CoT prompt. Given J ⊆ J ′ ⊆ [H−1], define promptJ (n) =
{zi0, yi}ni=1 ∪ {zij}j∈J ∪ {ztest0 } and promptJ ′(n) = {zi0, yi}ni=1 ∪ {zij}j∈J ′ ∪ {ztest0 }, where

promptCoT(n) = {zi0, · · · , ziH}ni=1 ∪ {ztest0 }. Under the Assumption 31, for any number of
examples n ≥ 0, we have

Eθ∗∼πEpromptJ ′ (n)∼P(· | θ∗)

[
KL

(
P(ytest = · | ztest0 , θ∗),P

(
ytest = · | promptJ ′(n)

))]
≤ Eθ∗∼πEpromptJ (n)∼P(· | θ∗)

[
KL

(
P(ytest = · | ztest0 , θ∗),P

(
ytest = · | promptJ (n)

))]
.

We notice that such an inequality only holds in an average case by taking an expectation
with respect to θ∗ ∼ π.

33



Hu, Zhang, Chen, and Yang

G.2 Proof of Corollary 32

Proof
To simplify the notation, let Eθ∗ denote EpromptCoT(n)∼P(· | θ∗). First, we compute the

difference of KL divergences of two index sets J and J ′ on a fixed task θ∗:

Eθ∗
[
KL
(
P(ytest = · | ztest0 , θ∗),P

(
ytest = · | promptJ (n)

))]
− Eθ∗

[
KL
(
P(ytest = · | ztest0 , θ∗),P

(
ytest = · | promptJ ′(n)

))]
= Eθ∗Eytest∼P(· | ztest0 ,θ∗)

[
log

P
(
ytest | promptJ ′(n)

)
P
(
ytest | promptJ (n)

) ]. (73)

Next, we take expectation of (73) with respect to θ∗ ∼ π to obtain

EπEθ∗Eytest∼P(· | ztest0 ,θ∗)

[
log

P
(
ytest | promptJ ′(n)

)
P
(
ytest | promptJ (n)

) ]
=

∫
L×L∗

P
(
promptJ ′(n)

)[
log

P
(
ytest | promptJ ′(n)

)
P
(
ytest | promptJ (n)

) ]
·
(∫

Θ
π
(
θ∗ | promptJ ′(n)

)
P(ytest | promptJ ′(n), θ∗)dθ∗

)
dytestdpromptJ ′(n). (74)

Applying the Bayes’ rule, we have∫
L

(∫
Θ
π
(
θ∗ | promptJ ′(n)

)
· P(ytest | promptJ ′(n), θ∗) ·

[
log

P
(
ytest | promptJ ′(n)

)
P
(
ytest | promptJ (n)

) ]dθ∗)dytest

= Eytest∼P(· | promptJ ′ (n))

[
log

P
(
ytest | promptJ ′(n)

)
P
(
ytest | promptJ (n)

) ]. (75)

Thus, by (75) and interchanging the order of integration in (74), we have

EπEθ∗Eytest∼P(· | ztest0 ,θ∗)

[
log

P
(
ytest | promptJ ′(n)

)
P
(
ytest | promptJ (n)

) ]
= EpromptJ ′ (n)∼PEytest∼P(· | promptJ ′ (n))

[
log

P
(
ytest | promptJ ′(n)

)
P
(
ytest | promptJ (n)

) ]
= EP

[
KL
(
P
(
ytest = · | promptJ ′(n)

)
,P
(
ytest = · | promptJ (n)

)]
≥ 0. (76)

Therefore, the expectation of the difference between the two KL divergences in (74) can
be expressed as (76), another KL divergence and thus is nonnegative for any number of
samples n. Therefore, we conclude that on average, truncated CoT methods with steps
J ′ ⊆ [H − 1] is no worse than truncated CoT methods with fewer intermediate steps
J ⊂ J ′. Since vanilla ICL corresponds to the special case where J = ∅, we conclude that
on average, CoT is no worse than vanilla ICL. This completes the proof.
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Appendix H. Proof and Auxiliary Results of Section 6

In this section, we prove the results in Section 6. In particular, in Section H.1 we prove
Proposition 14, in Section H.2 we introduce the details of the approximation error analysis
for pretraining, and in Section H.4 we prove Corollary 18.

H.1 Proof of Proposition 14

In the following, we prove Proposition 14 under the generalized multi-step latent variable
model introduced in Section C, which contains the model in (2) as a special case.
Proof In this proof, we adopt the PAC-Bayes framework (McAllester, 1998; Alquier, 2021)
to decompose the error and control each component. This proof consists of two steps. We
first decompose the pretraining error into three parts using the PAC-Bayes framework,
and then control each term to conclude the proof. Our proof is adapted from Zhang et al.
(2023a), which analyzes the generalization error for pretraining an LLM based on ICL data,
i.e., H = 1. We explain the structure of the proof in detail and highlight the similarities
and differences from Zhang et al. (2023a).
Step 1: Error decomposition using the PAC-Bayes framework. We first decompose
the pretraining error EDTV

(
P(· |S),Pρ̂(· |S)

)2
to prepare for further analysis. Recall that the

pretraining dataset with N trajectories with T examples is DN,T = {(St,ℓh , z
t,ℓ
h )}H,T,Nh=0,t=1,ℓ=1,

where zt,ℓh ∼ P(· |St,ℓh ), and St,ℓh+1 = St,ℓh ∪ {zt,ℓh }. Under the construction of DN,T under
the general model in (20), the training data admits a sequential structure. For any h ∈
{0, . . . ,H}, t ∈ [T ] and ℓ ∈ [N ], we let F t,ℓ

h denote a σ-algebra defined as

F t,ℓ
h = σ-algebra

({
zt

′,ℓ′

h′ : ℓ < ℓ, or ℓ′ = ℓ, t′ < t, or ℓ′ = ℓ, t′ = t, h′ < h
})
,

which is the σ-algebra generated by all the random variables in DN,T appearing before

zt,ℓh . Moreover, we define a sequence of ghost samples as D̃N,T = {(S̃t,ℓh , z̃
t,ℓ
h )}H,T,Nh=0,t=1,ℓ=1,

where z̃t,ℓh ∼ P(· | S̃t,ℓh ), and S̃t,ℓh = St,ℓh . Here z̃t,ℓh is independent of zt,ℓh and all random

variables in DN,T generated later than St,ℓh . In the following, we use this ghost sample and
Donsker-Varadhan representation to decompose the error.

Donsker-Varadhan representation (MacKay, 2003) states that, for any distribution P,Q ∈
PLLM and for any function g : PLLM → R such that Eρ∼Q[exp

(
g(ρ)

)
] <∞, we have

Eρ∼P [g(ρ)] ≤ KL(P,Q) + logEρ∼Q[exp
(
g(ρ)

)
]. (77)

To proceed, we choose Q ∈ PLLM independent of both the dataset DN,T and ghost dataset

D̃N,T and P ∈ PLLM to be potentially dependent on the dataset DN,T but independent

of the newly sampled {z̃t,ℓh } in the ghost dataset. To simplify the notation, we omit the

subscripts and write the datasets as D and D̃ respectively. In the sequel, we use ED or ED̃
to denote the expectation with respect to the joint distribution of D and D̃, respectively.
We set the function g as g(ρ) = L(ρ,D) − logED̃[exp(L(ρ, D̃)) | D], where

L(ρ, D̃) = −1

4

N∑
ℓ=1

T∑
t=1

H∑
h=0

log
P(z̃t,ℓh |St,ℓh )

Pρ(z̃t,ℓh |St,ℓh )
. (78)
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Moreover, for any ℓ ∈ [N ], t ∈ [T ], and h ∈ {0, . . . ,H}, we let Lℓ,t,h(ρ, D̃) denote the partial

sum of L(ρ, D̃) with the last term being −1/4 · (logP(z̃t,ℓh |St,ℓh )− logPρ(z̃t,ℓh |St,ℓh )). We note

that L(ρ, D̃) itself is a random variable where the randomness stems from both ρ and D̃.

Exponentiating both sides of (77) and taking expectations with respect to D on both
sides, we have

ED

[
exp

(
Eρ∼P

[
L(ρ,D) − logED̃[exp(L(ρ, D̃))]

]
− KL(P,Q)

)]
≤ EDEρ∼Q[exp

(
L(ρ,D) − logED̃[exp(L(ρ, D̃)) | D]

)
]

= Eρ∼QED[exp
(
L(ρ,D) − logED̃[exp(L(ρ, D̃))] | D

)
] = Eρ∼QED

[
exp(L(ρ,D))

ED̃[exp(L(ρ, D̃)) | D]

]
,

where in the first equality we exchange the order of expectations due to the independence
between the dataset D and the prior Q. By the construction of L(ρ, D̃) in (78), we have

ED̃[exp(L(ρ, D̃)) | D] =
N∏
ℓ=1

T∏
t=1

H∏
h=0

E
z̃t,ℓh

[
exp

(
− 1/4 ·

(
logP(z̃t,ℓh |St,ℓh )− logPρ(z̃t,ℓh |St,ℓh )

))]
.

Notice that this is a random variable that is measurable under FN,T,H . Moreover, condi-
tioning on FN,T,H , we have

ED
[
exp(L(ρ,D))

∣∣FN,T,H]
= exp

(
LN,T,H−1(ρ,D)

)
· E

zT,NH

[
exp

(
− 1/4 ·

(
logP(zT,NH |ST,NH ) − logPρ(zT,NH |ST,NH )

))]
.

Since z̃T,NH and zT,NH have the same conditional distribution, we obtain that

ED

[
exp(L(ρ,D))

ED̃[exp(L(ρ, D̃)) | D]

∣∣∣∣FN,T,H] =
exp
(
LN,T,H−1(ρ,D)

)
ED̃
[
exp(LN,T,H−1(ρ, D̃) | D]

.

Then, using the tower property, we similarly have

ED

[
ED

[
exp(L(ρ,D))

ED̃[exp(L(ρ, D̃)) | D]

∣∣∣∣FN,T,H] ∣∣∣∣FN,T,H−1

]
= ED

[
exp
(
LN,T,H−1(ρ,D)

)
ED̃
[
exp(LN,T,H−1(ρ, D̃) | D]

∣∣∣∣FN,T,H−1

]
=

exp
(
LN,T,H−2(ρ,D)

)
ED̃
[
exp(LN,T,H−2(ρ, D̃) | D]

. (79)

Recursively apply conditional expectations to (79) with respect to the filtration {Fℓ,t,h}, we
obtain that

ED

[
exp(L(ρ,D))

/
ED̃[exp(L(ρ, D̃)) | D]

]
= 1.

Therefore, we have

ED

[
exp

(
Eρ∼P

[
L(ρ,D) − logED̃[exp(L(ρ, D̃))]

]
− KL(P,Q)

)]
≤ 1.
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Applying the Chernoff bound to it, we obtain a high probability bound as follows. With
probability at least 1 − δ, we have

−Eρ∼P
[

logED̃
[

exp
(
L(ρ, D̃)

)]]
≤ −Eρ∼P

[
L(ρ,D)

]
+ KL(P,Q) + log

1

δ
. (80)

Now we separately bound the left-hand side and the right-hand side of (80). Similar to
the derivation in Zhang et al. (2023a), for the left-hand side of (80), using the definition of
L(ρ, D̃) and Cauchy-Schwarz inequality, we have

logED̃
[

exp
(
L(ρ, D̃)

)
| D
]

(81)

= logED̃

[
exp

(
− 1

4

N∑
ℓ=1

T∑
t=1

H∑
h=0

log
P(z̃t,ℓh |St,ℓh )

Pρ(z̃t,ℓh |St,ℓh )

) ∣∣∣D]

= logED̃

[
exp

(
− 1

4

N∑
ℓ=1

T∑
t=1

H∑
h=0

(
log

P(z̃t,ℓh |St,ℓh )

Pρ̂(z̃t,ℓh |St,ℓh )
+ log

Pρ̂(z̃t,ℓh |St,ℓh )

Pρ(z̃t,ℓh |St,ℓh )

)) ∣∣∣∣D]

≤ 1

2
logED̃

[
exp

(
− 1

2

N∑
ℓ=1

T∑
t=1

H∑
h=0

log
P(z̃t,ℓh |St,ℓh )

Pρ̂(z̃t,ℓh |St,ℓh )

) ∣∣∣D]

+
1

2
logED̃

[
exp

(
− 1

2

N∑
ℓ=1

T∑
t=1

H∑
h=0

log
Pρ̂(z̃t,ℓh |St,ℓh )

Pρ(z̃t,ℓh |St,ℓh )

) ∣∣D],
where the last inequality follows from Cauchy-Schwarz inequality. To see this, note that for
two random variables X and Y , Cauchy-Schwarz inequality implies that

E[exp((X + Y )/2)] ≤
√
E[exp(X)] · E[exp(Y )].

According to the definition of Hellinger distance, we have 1−H2(Q1, Q2) =
∫
x

√
q1(x)q2(x)dx =

Ex∼Q2

√
q1(x)/q2(x). Therefore, we can rewrite the first term on the right-hand side of (81)

using Hellinger distance as follows,

1

2
logED̃

[
exp

(
− 1

2

N∑
ℓ=1

T∑
t=1

H∑
h=0

log
P(z̃t,ℓh |St,ℓh )

Pρ̂(z̃t,ℓh |St,ℓh )

) ∣∣∣∣D]

=
1

2
logED̃

 N∏
ℓ=1

T∏
t=1

H∏
h=0

√√√√Pρ̂(z̃t,ℓh |St,ℓh )

P(z̃t,ℓh |St,ℓh )

∣∣∣∣D
 ,

=
1

2

N∑
ℓ=1

T∑
t=1

H∑
h=0

log
(

1 − H2(Pρ̂(· |St,ℓh ),P(· |St,ℓh ))
)
. (82)

Due to the fact that log(1 − x) ≤ −x for x ∈ [0, 1), we further upper bound (82) as
follows,

RHS of (82) ≤ −1

2

N∑
ℓ=1

T∑
t=1

H∑
h=0

H2(Pρ̂(· |St,ℓh ),P(· |St,ℓh ))

≤ −1

4

N∑
ℓ=1

T∑
t=1

H∑
h=0

TV2
(
P(· |St,ℓh ),Pρ̂(· |St,ℓh )

)
, (83)
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where the second line follows from the fact that 2H2(Q1, Q2) ≥ TV2(Q1, Q2). Applying (83)
to the left-hand side of (80), we thus have

−Eρ∼P
[

logED̃
[
exp

(
L(ρ, D̃)

)
| D
]]

≥ 1

4

N∑
ℓ=1

T∑
t=1

H∑
h=0

TV2
(
P(· |St,ℓh ),Pρ̂(· |St,ℓh )

)
(84)

− 1

2
Eρ∼P

[
logED̃

[
exp

(
− 1

2

N∑
ℓ=1

T∑
t=1

H∑
h=0

log
Pρ̂(z̃t,ℓh |St,ℓh )

Pρ(z̃t,ℓh |St,ℓh )

) ∣∣∣∣D]].
Next, we upper bound the right-hand side of (80). For any ρ′ ∈ PLLM, we have

− Eρ∼P
[
L(ρ,D)

]
+ KL(P,Q) + log(

1

δ
) (85)

=
1

4

N∑
ℓ=1

T∑
t=1

H∑
h=0

log
P(zt,ℓh |St,ℓh )

Pρ′(zt,ℓh |St,ℓh )
+

1

4

N∑
ℓ=1

T∑
t=1

H∑
h=0

Eρ∼P
[

log
Pρ′(zt,ℓh |St,ℓh )

Pρ(zt,ℓh |St,ℓh )

]
+ KL(P,Q) + log(

1

δ
)

≤ 1

4

N∑
ℓ=1

T∑
t=1

H∑
h=0

log
P(zt,ℓh |St,ℓh )

Pρ′(zt,ℓh |St,ℓh )
+

1

4

N∑
ℓ=1

T∑
t=1

H∑
h=0

Eρ∼P
[

log
Pρ̂(zt,ℓh |St,ℓh )

Pρ(zt,ℓh |St,ℓh )

]
+ KL(P,Q) + log(

1

δ
),

where the last inequality holds by noting that ρ̂ maximizes the likelihood function.
We next choose ρ′ as the projection of P (in terms of the KL divergence) onto the space

of all parameterized learnable models {Pρ | ρ ∈ PLLM}, i.e.,

ρ′ = argmin
ρ∗∈PLLM

ES∼DKL
(
P(·|S)∥Pρ∗(·|S)

)
.

Combining inequalities (84) and (85), we thus upper bound the desired pretraining error as
a sum of a few terms as follows

1

4

N∑
ℓ=1

T∑
t=1

H∑
h=0

TV2
(
P(· |St,ℓh ),Pρ̂(· |St,ℓh )

)
≤ 1

2
Eρ∼P

[
logED̃

[
exp

(
− 1

2

N∑
ℓ=1

T∑
t=1

H∑
h=0

log
Pρ̂(zt,ℓh |St,ℓh )

Pρ(zt,ℓh |St,ℓh )

) ∣∣∣∣D]]︸ ︷︷ ︸
(I.i)

(86)

+
1

4

N∑
ℓ=1

T∑
t=1

H∑
h=0

Eρ∼P
[

log
Pρ̂(zt,ℓh |St,ℓh )

Pρ(zt,ℓh |St,ℓh )

]
︸ ︷︷ ︸

(I.ii)

+
1

4

N∑
ℓ=1

T∑
t=1

H∑
h=0

log
P(zt,ℓh |St,ℓh )

Pρ′(zt,ℓh |St,ℓh )︸ ︷︷ ︸
(II)

+ KL(P,Q)︸ ︷︷ ︸
(III)

+ log
1

δ
.

Here the first two errors (I.i) and (I.ii) represent the fluctuation error due to the randomness
of ρ ∼ P , (II) is the approximation error that characterizes the discrepancy between the
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true distribution P and its best approximator Pρ′ , and (III) is the KL divergence between
P and Q. Note that the left-hand side of (86) can be written as

NT · (H + 1)/4 · ES∼D
[
TV2
(
P(· |S),Pρ̂(· |S)

)]
.

With the error decomposition in (86), we conclude Step 1. In the following, we will specify
distributions P and Q.
Step 2: Control each term in the decomposition of pretraining error. In this step,
we control each term in the error decomposition (86).

Our first step is to control the fluctuation errors (I.i) and (I.ii), which describe the log
density ratio between Pρ̂ and Pρ. The errors (I.i) and (I.ii) are small when ρ is close to
ρ̂. Therefore we control these two terms by setting the support of P to be a neighborhood
around ρ̂. Specifically, for each weight matrix and residual link specified by

ρ̂ =

(
Wsoftmax, {W d

ff,1,W
d
ff,2, {W

Q,d
i ,WK,d

i ,W V,d
i }ηi=1, γ

d
1 , γ

d
2}Dd=1

)
,

we construct a ball with a radius shrinking at rate 1/(NT (H + 1)). More specifically, we
define

P = BS ·
D∏
d=1

BM (d) · BF (d) · BR(d), (87)

where we define the balls around each weight matrix in each layer d as

BS = Unif
(
B(Wsoftmax, rS , ∥ · ∥1,2)

)
,

BR(d) = Unif
(
B(γd1 , r

(d)
γ,1, | · |)

)
· Unif

(
B(γd2 , r

(d)
γ,2, | · |)

)
,

BF (d) = Unif
(
B(W d

ff,1, r
(d)
F,1, ∥ · ∥F)

)
· Unif

(
B(W d

ff,2, r
(d)
F,2, ∥ · ∥F)

)
,

BM (d) =

η∏
i=1

Unif
(
B(WQ,d

i , r
(d)
V , ∥ · ∥F)

)
· Unif

(
B(WQ,d

i , r
(d)
Q , ∥ · ∥F)

)
· Unif

(
B(WQ,d

i , r
(d)
K , ∥ · ∥F)

)
.

The ball around center x with radius r is defined as B(x, r, ∥ · ∥) = {y | ∥x − y∥ ≤ r}.
And Unif(S) denotes uniform distribution over the set S. Finally, we specify the radius as
follows,

r
(d)
K = r

(d)
Q = R−1η−1(1 +B2

F )−1B−2
M α−1

d /(NT (H + 1)),

r
(d)
F,1 = r

(d)
F,2 = R−1B−1

F α−1
d /(NT (H + 1)),

r
(d)
V = R−1η−1(1 +B2

F )−1α−1
d /(NT (H + 1)),

r
(d)
γ,1 = R−1(1 +B2

F )−1α−1
d /(NT (H + 1)),

r
(d)
γ,2 = R−1α−1

d /(NT (H + 1)),

rS = τB−1
s /(NT (H + 1)),

where αd =
2

τ
BS(1 +B2

F )
(
1 + ηBM (1 + 4B2

M )
)D−d

.

Under this assignment of P , we can control (I.i) and (I.ii) by invoking the following
lemma from Zhang et al. (2023a).
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Lemma 33 We set the distribution P to be (87), which is a uniform distribution over a
neighborhood around ρ̂ with radius proportional to 1/NT (H + 1). Under Assumptions 12
and 13, we have

1

2
Eρ∼P

[
logED̃

[
exp

(
− 1

2

N∑
ℓ=1

T∑
t=1

H∑
h=0

log
Pρ̂(zt,ℓh |St,ℓh )

Pρ(zt,ℓh |St,ℓh )

) ∣∣∣∣D]]

+
1

4

N∑
ℓ=1

T∑
t=1

H∑
h=0

Eρ∼P
[

log
Pρ̂(zt,ℓh |St,ℓh )

Pρ(zt,ℓh |St,ℓh )

]
= O(1).

Proof See Appendix F.2 by Zhang et al. (2023a) for a detailed proof.

This lemma quantifies how Pρ changes when ρ is getting closer to ρ̂. In the following, we
briefly outline the proof and refer readers to the original work by Zhang et al. (2023a) for
more details. The proof consists of two steps. The first step is to control the TV distance
between Pρ and Pρ̂ using the differences between the layer parameters specified in ρ and ρ̂.
The second step sets ρ ∼ P , where the distribution P in (87) is supported on a neighborhood
around ρ̂. Then for any ρ ∈ supp(P ), we can control the log density ratio between Pρ̂ and
Pρ using the radius defined in (87) as follows:

log
(
Pρ̂(zt,ℓh | St,ℓh )/Pρ(zt,ℓh | St,ℓh )

)
= O

(
1/(NT (H + 1))

)
(88)

for any (zt,ℓh , S
t,ℓ
h ). Therefore, we conclude that the fluctuation error (I) has a rate of O(1).

Next, we control error (II) using the following lemma.

Lemma 34 Under Assumptions 12 and 13, with probability at least 1 − δ, we have

1

NT (H + 1)

N∑
ℓ=1

T∑
t=1

H∑
h=0

(
log

P(zt,ℓh |St,ℓh )

Pρ′(zt,ℓh |St,ℓh )
− E

St,ℓh
KL
(
P(· |St,ℓh ) |Pρ′(· |St,ℓh )

))

≤ b∗
√

1

2N
log

T (H + 1)

δ
. (89)

Proof See Appendix I.3 for details.

This lemma controls error (II). A key part of the proof is to derive the log-density bound∣∣logP(z |S) − logPρ̂(z |S)
∣∣ ≤ b∗ = log max{c−1

0 , 1 + |L| exp(BS/τ)}, (90)

which provides the explicit form of b∗ mentioned earlier in Assumption 3. The proof involves
applying Hoeffding’s inequality, along with the log-density bound in (90), to the left-hand
side of (89).

Furthermore, we control (III), the KL divergence between P and Q, using the following
lemma obtained from Zhang et al. (2023a). To make sure that supp(P ) ⊆ supp(Q), we set
Q to be uniformly distributed over PLLM. More specifially, we have

Q = B′
S ·

D∏
d=1

B′
M (d) · B′

F (d) · B′
R(d), (91)
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where we define the balls around each weight matrix in each layer d as

B′
F (d) =

2∏
i=1

Unif
(
B(0, BF , ∥ · ∥F)

)
, B′

M (d) =

3η∏
i=1

Unif
(
0, BM , ∥ · ∥F)

)
,

B′
S = Unif

(
B(0, BS , ∥ · ∥1,2)

)
, B′

R(d) =

2∏
i=1

Unif
(
B(1/2, 1/2, | · |)

)
.

Lemma 35 Let D̄ = D2 ·r·(dF +dk+r)+r·|L| and B̄ = τ−1RhBSB
2
FB

3
M . Let distributions

P and Q be defined as in (87) and (91), respectively. We have that under Assumptions 12
and 13,

KL(P,Q) = O
(
D̄ log(1 +NTHB̄)

)
.

Proof See Equation (F.9) in Appendix F.2 of Zhang et al. (2023a) for a detailed proof.

This Lemma is proved by directly computing the KL divergence between two uniform
distributions P and Q, where supp(P ) ⊆ supp(Q). The calculation can be found in Ap-
pendix F.2 of Zhang et al. (2023a).

Applying Lemmas 33, 34, and 35 to the three errors in (86), we have that with probability
at least 1 − δ,

1

NT (H + 1)

N∑
ℓ=1

T∑
t=1

H∑
h=0

TV
(
P(· |St,ℓh ),Pρ̂(· |St,ℓh )

)
(92)

≤
(

1

NT (H + 1)

N∑
ℓ=1

T∑
t=1

H∑
h=0

TV2
(
P(· |St,ℓh ),Pρ̂(· |St,ℓh )

))1/2

≤ O
( √

b∗

N1/4
log

TH

δ
+ inf
ρ′∈PLLM

√√√√ 1

NTH

N∑
ℓ=1

T∑
t=1

H∑
h=0

E
St,ℓh

KL
(
P(· |St,ℓh ) |Pρ′(· |St,ℓh )

)
︸ ︷︷ ︸

(II)

+
√

1/(NTH)︸ ︷︷ ︸
(I)

+

√
D̄

NTH
log(1 +NTHB̄)︸ ︷︷ ︸

(III)

+
√

1/(NTH) log(1/δ)

)
,

≤ O
( √

b∗

N1/4
log

TH

δ
+ inf
ρ′∈PLLM

√√√√ 1

NTH

N∑
ℓ=1

T∑
t=1

H∑
h=0

E
St,ℓh

KL
(
P(· |St,ℓh ) |Pρ′(· |St,ℓh )

)
+

√
D̄

NTH
log(1 +NTHB̄)

)
,

where the first line follows from Cauchy-Schwarz inequality, the second line follows from
upper bounding the three errors in (86) using Lemmas 33, 34, and 35. The last line drops
two terms that are dominated by the rest.

In the final step, we will change the left-hand side of (92) to its expectation. We control
the difference between (92) and its expectation using the following lemma.
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Lemma 36 Under Assumptions 12 and 13, with probability at least 1 − δ, we have

1

NT (H + 1)

N∑
ℓ=1

T∑
t=1

H∑
h=0

(
E
St,ℓh

[
TV
(
P(· |St,ℓh ),Pρ̂(· |St,ℓh )

)]
− TV

(
P(· |St,ℓh ),Pρ̂(· |St,ℓh )

))
= O

(
1√
N

(
D̄ log(1 +NTHB̄) + log

TH

δ

))
.

Proof See Appendix I.3 for details.

This lemma follows from establishing uniform convergence between the TV distances
and their expectations that hold for any distribution P . Adding Lemma 36 to (92), we
obtain the rate for pretraining error:

ES∼D
[
TV
(
P(· |S),Pρ̂(· |S)

)]
= O

( √
b∗

N1/4
log

TH

δ
+ inf
ρ′∈PLLM

√√√√ 1

NTH

N∑
ℓ=1

T∑
t=1

H∑
h=0

E
St,ℓh

KL
(
P(· |St,ℓh ) |Pρ′(· |St,ℓh )

)
+

1√
N

(
D̄ log(1 +NTHB̄) + log

TH

δ

)
+

√
D̄

NTH
log(1 +NTHB̄)

)

= O
( √

b∗

N1/4
log

TH

δ
+ inf
ρ′∈PLLM

√√√√ 1

NTH

N∑
ℓ=1

T∑
t=1

H∑
h=0

E
St,ℓh

KL
(
P(· |St,ℓh ) |Pρ′(· |St,ℓh )

)
+

1√
N

(
D̄ log(1 +NTHB̄)

)
,

where the final line follows from dropping the last term in the second line, which is domi-
nated by the rest. Therefore, we conclude the proof.

H.2 Formal Statement of Proposition 15

In this section, we formally state Proposition 15 and provide its proof. For simplicity,
we derive the approximation error bound for reasoning steps of dimension one, i.e., we
regard L as a subset of R. Our method can be readily generalized to higher-dimensional
cases (Elbrächter et al., 2021). In this proof, we construct networks with specific parameters
such that the KL divergence between the target distribution P and its best transformer
neural network approximation Pρ̂ decays exponentially as the network depth increases.

We let T be the maximal number of examples included in the prompt. Thus, L =
T (H + 1) is the largest number of reasoning steps included in the prompt. We let Sth =
{Υt−1, z

t
0:(h−1)} denote the collection of t − 1 examples of reasoning paths and a partial

trajectory of length h of the t-th example. Here h ∈ {0, . . . ,H}. Note that the desired
transformer neural network takes each Sth as the input and outputs an element in the
probability distribution over L as the conditional distribution of zth. That is, the transformer
takes a sequence of reasoning steps as the input and outputs a probability distribution.
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Since each position of the input is indexed by (t, h), to simplify the notation, we use
L′(t, h) = (t − 1)(H + 1) + h to denote the length of Sth. For any t, t′ ∈ [T ] and h, h′ ∈
{0, . . . ,H}, we write

(t′, h′) < (t, h) if and only if L′(t′, h′) = (t′ − 1)(H + 1) + h′ < L′(t, h). (93)

That is, (t′, h′) < (t, h) if and only if zt
′
h′ appears earlier than zth.

In the sequel, we fix t ∈ [T ] and 0 ≤ h ≤ H and focus on the problem of approximating
the conditional distribution of zth. We abbreviate L′(t, h) as L′ when the meaning is clear
from the context. The target distribution is denoted by a function g∗h : LL′ → R|L|, i.e.,
g∗h(Sth) = P(zth = · |Sth). That is, for any z ∈ L, the z-th entry of g∗h(Sth) is equal to
P(zth = z |Sth). Functions {g∗h}Hh=0 are the target functions and we want to construct a
single transformer that approximates all of them.

Function class containing {g∗h}Hh=0. Under the general model introduced in Appendix C,
by the Bayes’ rule, function g∗h(·) is invariant to permutations of the L(t, h) reasoning steps
in Sth. Theorem 2 in Zaheer et al. (2017) proves that any permutation invariant function of
a function admits a factorization structure. In particular, there exists w∗

h : R → R|L| and
ψ∗
h : L → R for all h ∈ {0, . . . ,H} and t ∈ [T ] such that

g∗h(Sth) = w∗
h

(
1

L′

( t−1∑
i=1

H∑
j=0

ψ∗
h(zij) +

h−1∑
j′=0

ψ∗
h(ztj′)

))
. (94)

In particular, if h = 0, the second summation
∑h−1

j′=0 ψ
∗
h(ztj′) is set to zero. Let w∗

h,i denote
the i-th component of w∗

h for all i ∈ [|L|].
In the following, we let S∞([−B,B],R) denote the set of real-valued smooth functions

on [−B,B] equipped with the ℓ∞-norm ∥f∥∞ = supx∈[−B,B] |f(x)|. We define SB as the
set of smooth functions with bounded derivatives:

SB =
{
f ∈ S∞([−B,B],R) |

∥∥f (n)∥∥∞ ≤ CS · n! for all n ∈ N+, and ∥f∥∞ ≤ CA

}
,

where f (n) is the n-th order derivative of f , CS is a constant, and N+ is the set of positive
integers. Here SB contains functions whose high-order derivatives grow moderately fast in
magnitude. We impose some regularity assumptions on functions {g∗h}Hh=0 as follows.

Assumption 37 We assume that there exists B,CA > 0 such that for any h ∈ {0, . . . ,H},
we have ψ∗

h, τ logw∗
h,i ∈ SB for i ∈ [|L|], where τ is the temperature of the LLMs and w∗

h,i

is the i-th entry of w∗
h in (94). Moreover, without loss of generality, we assume CS = 1.

This assumption states that the target functions {g∗h}Hh=0 are sufficiently smooth in the
sense that all functions appearing in the factorization in (94) are smooth. We establish the
approximation error in the following proposition.

Proposition 38 (Formal Statement of Proposition 15) Let Sth = (Υt−1, {ztj}
h−1
j=0 ) be

the sequence of reasoning steps that includes t − 1 examples of reasoning paths Υt−1 and
the first h − 1 steps of the t-th example {ztj}

h−1
j=0 . Let D denote a sufficiently large integer,
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consider the parameter class PLLM in (10) with dF ≥ 18|L| + 4, BS ≥ (CA + 1) ·
√
|L|,

BM ≥ max{8 log(8TH),
√
B2 + (H + 1)2 + 1}, and

BF ≥ CF ·
√
B2 +H2 + C2

A · |L| · 16D
′ · |L|3/2,

where D′ = (D − Cp log(3H))/(H + 1), CF , Cp > 0 are absolute constants, and CA is from
Assumption 37. Under Assumptions 12, 13 and 37, there exists a transformer with at most
O(D) transformer blocks and parameter ρ∗ ∈ PLLM satisfying

max
Sth∈L∗

KL
(
P(zth = · |Sth),Pρ∗(zth = · |Sth)

)
= O

(
exp

(
−
(
D − C log(2H))/H

)1/4
5B

))
,

for all t ∈ [T ] and h ∈ {0, . . . ,H}, where C > 0 is an absolute constant. The integer H is
the length of a reasoning trajectory, B is the parameter from Assumption 37, and |L| is the
alphabet size of the output distribution. We note that O(·) is with respect to the asymptotic
regime where D goes to infinity.

This proposition shows that the approximation error decays exponentially to zero as D
increases. The proof is based on an explicit construction of a transformer neural network
that estimates {g∗h}Hh=0 altogether. The transformer architecture follows the one described
in Appendix I.1. In particular, the transformer has H + 1 submodules that approximate
each g∗h separately. Besides, we assume CS = 1 in Assumption 37 only to simplify the
presentation. Our approximation result can be modified for a general CS by changing the
constants in the upper bound correspondingly.

The proof of this proposition is technical and lengthy. We present a detailed proof in
Appendix H.3 and give an overview as follows.

Overview of the Proof of Proposition 38. Note that the transformer takes Sth as the
input and outputs a probability distribution over L, where h ∈ {0, . . . ,H} and t ∈ [T ]. We
fix some arbitrary (t, h) and consider the problem of predicting zth.

As introduced in Appendix I.1, in the transformer architecture, the input sequence is
first embedded in a Euclidean space and then passed through a series of transformer blocks.
Then the output goes through a softmax output layer to generate a probability distribution.
Intuitively, when predicting zth using Sth, we need to first extract the step-index h and then
apply an approximation of g∗h. To achieve this goal, our transformer includes an extraction
module NNJ followed by H+1 approximation and selection modules {Gh′ , Fh′}Hh′=0. Here NNJ
adds the desired step-index, i.e., h, to all the L′(t, h) locations. The approximation module
Gh′ approximates the target distribution g∗h′ for all h′ ∈ {0, . . . ,H}. Selection modules
{Fh′}Hh′=0 are used to select the particular approximation module Gh with step-index h.
The output of the final selection module FH is then passed to a softmax layer, which
produces the output distribution. We list the components of the transformer architecture
as follows. Also see Figure 5 for an illustration.

• Input embedding: Given a prompt Sth ∈ L∗, we construct an input embedding to

prepare for further processing of the input, which is defined asX
(0)
NN in (100). HereX

(0)
NN

is a sequence of vectors of length L′(t, h), where each vector has length 3, including
the value of the reasoning step and its step-index.
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• Extraction module NNJ: The extraction module NNJ extracts the step-index h from
the last reasoning step zth−1 and copies it to all previous reasoning steps {zt′h′}(t′,h′)<(t,h−1).

Specifically, this module takes input embedding X
(0)
NN ∈ RL′×3 in (100) and outputs

a vector sequence of length L′(t, h), where each vector is in R2+2|L|. In each vector
indexed by (t′, h′), the first entry is the value of the reasoning step zt

′
h′ , and the sec-

ond entry is approximately equal to h, the step-index of the desired output zth. The
remaining 2|L| entries of each vector are all set to zero. The output of NNJ is then fed
into a sequence of H + 1 approximation and selection modules.

• Approximation module Gh′ : For any h′ ∈ {0, . . . ,H}, Gh′ computes an embedding
of Sth, denoted by embedh′(S

t
h), which is a vector-valued function in |L|. In particular,

embedh′(S
t
h) is used to approximate the target distributions g∗h′(S

t
h) after a softmax

transformation. Each Gh′ is a mapping that maps a sequence of L′ = L′(t, h) vectors
in R2+2|L| to a vector sequence of the same shape, i.e., a function between RL′×(2+2|L|)

to itself. Here Gh′ only changes the columns with indices in {3, . . . , 2 + 2|L|} and sets
them to embedh′(S

t
h) ∈ RL′×|L|, where embedh′ is a matrix-valued mapping that maps

Sth ∈ RL′×1 to a matrix in RL′×|L|.

• Selection module Fh′ : For any h′ ∈ {0, . . . ,H}, Fh′ checks if its index h′ matches
the extracted index h. When viewing each Fh′ as a matrix-valued mapping from
RL′×(2+2|L|) to itself, it only changes the last |L| columns of the matrix and uses
them as a “memory”. In particular, it approximately adds embedh′(S

t
h) · 1{h′ =

h} to the memory and passes it to the subsequent modules. As a result, after the
last selection module, FH , the last |L| columns of the output matrix are given by∑H

h′=0 embedh′(S
t
h) ·1{h′ = h} ≈ embedh(Sth). Thus, by combining the approximation

and selection modules, we eventually obtain embedh(Sth) approximately.

• Output softmax layer: Finally, we pass the output of FH , embedh(Sth), to a softmax

function to produce the output distribution ĝ∗h(Sth), which is closed to the desired
output g∗h(Sth).

H.3 Proof of Proposition 38

Before the formal proof, we would like to highlight that our construction in the proof is
based on a slightly generalized version of the transformer structure in Section 6.1. We note
that this slight generalization can be easily taken into account in the generalization error in
Proposition 14. Here, we first define a single transformer block as follows, which takes
X ∈ RL×r as input and output Y ∈ RL×r.

Z = NL
(
mha(X,Wmha) +Xγ1

)
,

Y = NL
(
ff(Z,Wff , bff) + Zγ2

)
,

(95)

where γ1 and γ2 are diagonal matrices, and the fully connected feed-forward (FF) network
ff is defined as

ff(Xin,Wff , bff) = ReLU(XinWff,1 + 1⊤bff,1)Wff,2 + 1⊤bff,2. (96)
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Compared to the FF layer in Section 6.1, this FF layer has two additional bias terms
bff,1 ∈ RdF and bff,1 ∈ Rr. Here, NL is the row-wise ℓ2-normalization layer, which is defined
in (140) in Appendix I.1. This function projects each row of the input matrix into the
unit ℓ2-ball. Moreover, the multi-head attention (MHA) layer mha is defined in (18). In
particular, a transformer block can be viewed as a four-layer neural network, where both
ff and mha have two neural network layers. In this proof, we use “module” to refer to a
sequence of transformer blocks that achieves certain functionality.

Throughout this proof, we construct a transformer neural network that includes an
input embedding module, a sequence of transformer blocks, and the output softmax layer.
Instead of counting the number of neural network layers in the transformer, we keep track
of the number of transformer blocks.

In this proof, we often construct neural network components that are solely based on
the MHA or FF layers. These layers themselves can be regarded as special cases of the
transformer block, as shown below.

Multi-Head Attention Layer as a Transformer Block. Let Wmha be the weight
matrices of a MHA layer. To view mha(·,Wmha) as a single transformer block, we can set
Wff and bff as zero matrices and vectors respectively. Then ff in (96) becomes a zero
function. We also set γ1 = 0 and γ2 = I in (95).

It remains to consider the normalization layer, which plays a role when row-wise ℓ2-
norm of mha(X,Wmha) exceeds one. To handle this, we introduce a scaling trick as follows.
When the input matrix X has bounded rows and Wmha is bounded, we know that each
XW V

i ∈ RL×dv has bounded rows. We let B ≥ 1 be an upper bound of the ℓ2-norm of
the rows of mha(X,Wmha) for all bounded input matrix X. Then we define another set of

MHA parameters Wmha as {WQ
i ,W

K
i ,W

V
i }

η
i=1, where W

V
i = W V

i /B. Thus, for any input
matrix X, we have mha(X,Wmha) = mha(X,Wmha)/B, whose row-wise ℓ2-norm is no more
than one. Therefore, for any input matrix X and any weight matrix W of a proper size, we
have

NL
(
mha(X,Wmha)

)
·W = mha(X,Wmha)W, (97)

where we set W = B ·W . Here W is some weight matrix that is multiplied to the output of
MHA layer, i.e., a weight matrix of the next layer. The equality in (97) shows that suppose
our constructed neural network involves a softmax layer, we can scale the weight matrices
to ensure that it is equivalent to a transformer block. Moreover, the norms of these matrices
are scaled by a factor of B.

Fully Connected Layer as a Transformer Block. Similarly, consider a FF layer with
parameters {Wff , bff}. We set {W V

i }ηi=1 to be a zero matrix and thus mha(·,Wmha) becomes
a zero function. We then set γ1 = I and γ2 = 0 in (95). Similarly, we can apply the
scaling trick by multiplying Wff,2 and bff,2 by 1/B for some parameter B. This ensures
that the output of the FF layer in (96) has row-wise ℓ2-norm bounded by one, and thus
the normalization NN(·) does not take effect. We can multiply the weight matrix in the
subsequent layer by B and get the desired output.

Multi-Layer Perceptron as Transformer Blocks. The above argument can be ex-
tended to multi-layer perceptrons (MLPs), i.e., a multi-layer feed-forward neural network.
We can show that an MLP can be written as a composition of multiple transformer blocks.
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This is achieved by (i) setting W V
i = 0 in the MHA layer and setting γ1 = I and γ2 = 0

and (ii) applying the scaling trick in each transformer block.
Specifically, we define an MLP as a composition of L feed-forward layers with parameters

{W ℓ
ff , b

d
ff}ℓ∈[L]. Given the input matrix X0 ∈ RL×r, the output of each layer is given by

Xℓ = ReLU(Xℓ−1W ℓ
ff + 1⊤bℓff), ∀ℓ ∈ [L] (98)

Here W ℓ
ff and bℓff are the weight matrix and bias vector of a proper dimension. We have the

following result showing that a L-layer MLP can be represented as a transformer with L
blocks.

Proposition 39 We consider a row-wise fully-connected network defined in (98). Let X0 ∈
RL×r denote the input of this network, and the intermediate outputs are given by (98). We
assume there exist positive numbers {Bℓ, 0 ≤ ℓ ≤ L} such that ∥(Xℓ)⊤∥2,∞ ≤ Bℓ for all
ℓ ∈ {0, . . . , L} with Bℓ ≥ 1. Consider a transformer with input Y 0 = X0. Let Y ℓ denote
the output of the ℓ-th transformer block for all ℓ ≥ 1. Then, we can construct a transformer

with L transformer blocks such that Y ℓ = Xℓ/Bℓ for all ℓ ∈ [L]. Moreover, let {W ℓ
ff , b

ℓ
ff}

denote the parameters of FF layer of the ℓ-th transformer block. We have

W
ℓ
ff,1 = Bℓ−1 ·W ℓ

ff , W ℓ
ff,2 = I/Bℓ, b

ℓ
ff,1 = bℓff , b

ℓ
ff,2 = 0. (99)

Suppose the weight matrices of a fully connected network with L layers have a maximum
width d and maximum weight α, and the biases have maximum weight β. In that case, the
magnitude of the intermediate output can increase at most exponentially with d · α. More
specifically, by direct calculation, we have

Bℓ ≤
√
d ·
(
B0 · (d · α)ℓ + β · ((d · α)ℓ − 1)/(d · α− 1)

)
for ℓ ∈ [L].

Proof See Appendix I.4.1 for a detailed proof. Here W ℓ
ff,2 in (99) is proportional to an

identity matrix of a proper dimension, and bℓff,2 is a zero vector. The details of the other
parameters of the transformer can be found in the proof.

H.3.1 Rigorous Proof of Proposition 38

Proof Throughout this proof, we focus on the problem of approximating P(zth = · |Sth)
for some fixed (t, h), which is denoted by g∗h(Sth). We write L′(t, h) as L′ for simplicity. To
prove this proposition, we first introduce the transformer architecture and then establish
the desired approximation error. As outlined above, the transformer has five components.
We first introduce the input embedding as follows.

Input embedding. For each reasoning step in Sth, we define the input embedding as

z̃
t′,(0)
h′ =

{
(zt

′
h′ , h

′, 0) for (t′, h′) < (t, h− 1),

(zth−1, h− 1, 1) for (t′, h′) = (t, h− 1).
(100)

Here the ordering between index tuples is specified in (93). Recall that L′(t′, h′) is the index
of the reasoning step zt

′
h′ in Sth. In the embedding in (100), the first coordinate zt

′
h′ is the
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content embedding, which stores the actual reasoning step. The second coordinate of z̃t
′
h′

indicates the step-index of each reasoning step zt
′
h′ , and the last coordinate specifies if it is

the last reasoning step. This last coordinate acts as an indicator function because we want
to extract the index h and approximate the target function g∗h. The indicator function is 0
for all steps except the last reasoning step zth−1 of Sth, which helps to locate the step-index
h. Thus, the last two coordinates are the positional embedding which carries the positional

information. In the sequel, we let X
(0)
NN ∈ RL′×3 denote the embedding matrix, whose rows

are the embedding vectors defined in (100).

Using X
(0)
NN as the input, we present the other components of the transformer as follows.

Our construction is decomposed into five steps as follows.

• In Step 1, we design the extraction module NNJ to extract the step-index h from
the last reasoning step and copy it to all previous reasoning steps in the prompt

Sth. This module takes X
(0)
NN as the input and outputs a matrix in RL′×(2+2|L|) in

(103). Specifically, the first column of the output matrix corresponds to the context
embedding Sth. The entries of the second column are all approximately equal to h,
the step-index of zth. The rest of the 2|L| columns are all equal to zero vectors.

• In Step 2, for all h̃ ∈ {0, . . . ,H}, we construct the approximation modules G
h̃

that
produce an approximation embedding embed

h̃
(Sth), which is used to approximate the

target distributions g∗
h̃
(Sth) after a softmax transformation.

• In Step 3, for all h̃ ∈ {0, . . . ,H}, we build the selection module F
h̃

to check if the

index of the current module, i.e., h̃, matches the extracted index h. This module
approximately adds embed

h̃
(Sth) · 1{h̃ = h} to a memory. As a result, FH outputs a

desired output embedh(Sth).

• In Step 4, we combine the constructions introduced in the first three steps with a
softmax output layer to complete the final transformer. Then we analyze the approx-
imation error of the transformer network.

• Finally, we conclude the proof in Step 5 by verifying that the constructed trans-
former network belongs to the function class PLLM by verifying that the transformer
parameters satisfy (10).

Step 1: Extract and copy step index h using module NNJ. In this step, we construct

the extraction module NNJ to extract the step-index h from the input X
(0)
NN and copy it

to each reasoning step zt
′
h′ . Here X

(0)
NN is defined in (100). This step is achieved by four

transformer submodules. In particular, NNJ takes X
(0)
NN as the input and outputs X

(4)
NN =

(Sth, p̂h,0) ∈ RL′×(2+2|L|). Here the first column is Sth which stores all the reasoning steps.
The second column p̂h is close to h · 1L′ , which copies the step-index h to every reasoning
step. Here 1L′ denotes an all-one vector in R|L|. The last 2|L| columns are all equal to zero
vectors.

More specifically, we let {NNJ,a}a∈[4] denote the four submodules of NNJ. We define

X
(a)
NN = NNJ,a(X

(a−1)
NN ) for all a ∈ [4] as the output matrices of each submodule. These
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matrices are in RL′×3 for a ∈ [3] and in RL′×(2+2|L|) for a = 4. We let z̃
t′,(a)
h′ , a ∈ [4],

to denote the rows of these matrices. For any (t′, h′) with (t′, h′) < (t, h − 1), zt
′
h′ is the

L′(t′, h′+1)-th element in Sth. Then, starting from z̃
t′,(0)
h′ defined in (100), the L′(t′, h′+1)-th

rows of these matrices are given by

z̃
t′,(0)
h′ = (zt

′
h′ , h

′, 0) L′(t′, h′ + 1)-th row of X
(0)
NN,

⇓ NNJ,1

z̃
t′,(1)
h′ = (zt

′
h′ , h

′ + 1, 0), L′(t′, h′ + 1)-th row of X
(1)
NN,

⇓ NNJ,2

z̃
t′,(2)
h′ =

(
zt

′
h′ , fproduct(h

′ + 1, 0), 0
)
, L′(t′, h′ + 1)-th row of X

(2)
NN,

⇓ NNJ,3

z̃
t′,(3)
h′ =

(
zt

′
h′ , fproduct(h

′ + 1, 0), 1
)
, L′(t′, h′ + 1)-th row of X

(3)
NN,

⇓ NNJ,4

z̃
t′,(4)
h′ =

(
zt

′
h′ , p

t′
h′ ,0

)
, L′(t′, h′ + 1)-th row of X

(4)
NN.

Here fproduct(a, b) ≈ ab is a neural network that approximately implements the product
operation using transformer blocks. We specify the construction of fproduct in Lemma 47.
We use pt

′
h′ ≈ h for each (t′, h′) < (t, h − 1) to copy the step index h to the embedding of

each reasoning step zn
′

h′ . Moreover, the last row, i.e., the L′(t, h)-th row of these matrices
are

z̃
t,(0)
h−1 = (zth−1, h− 1, 1) L′(t, h)-th row of X

(0)
NN,

⇓ NNJ,1

z̃
t,(1)
h−1 = (zth−1, h, 1), L′(t, h)-th row of X

(1)
NN,

⇓ NNJ,2

z̃
t,(2)
h−1 =

(
zth−1, fproduct(h, 1), 1

)
, L′(t, h)-th row of X

(2)
NN,

⇓ NNJ,3

z̃
t,(3)
h−1 =

(
zth−1, fproduct(h, 1), 1/2

)
, L′(t, h)-th row of X

(3)
NN,

⇓ NNJ,4

z̃
t,(4)
h−1 =

(
zth−1, p

t
h−1,0

)
, L′(t, h)-th row of X

(4)
NN,

where pth−1 is close to h.

In the rest of Step 1, we present lemmas proving that NNJ,1, . . . , NNJ,4 can be realized
by FF or MHA layers. The first submodule NNJ,1 adds one to the second coordinate of
each input vector. This operation can be realized by a FF layer exactly. As shown in the
beginning of Appendix H.3, this can be realized by a single transformer block.

Lemma 40 (Submodule NNJ,1) There exists a FF layer NNJ,1 such that

NNJ,1
(
X

(0)
NN

)
= X

(1)
NN , where z̃

t′,(1)
h′ =

{
(zt

′
h′ , h

′ + 1, 0) for (t′, h′) < (t, h− 1),

(zth−1, h, 1) for (t′, h′) = (t, h− 1).

Moreover, the Frobenius norms of the weight matrices are bounded by
√
B2 +H2 + 1 ·

√
6.

Thus, this function can represented as a single transformer block.
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Proof See Appendix I.4.2 for details.

Next, we aim to substitute the second coordinate of each z̃
t′,(1)
h′ with the product of

itself and the third coordinate using NNJ,2. Namely, we aim to compute (h′ + 1) · 0 = 0
for (t′, h′) < (t, h − 1) and h · 1 = h for (t′, h′) = (t, h − 1). The product operation can be
approximately realized by a fully connected neural network with an arbitrarily small error.
As a result, NNJ,2 can be implemented by a composition of multiple transformer blocks.

Lemma 41 (Submodule NNJ,2) Let ϵ′ ∈ (0, 1) be a desired accuracy level. There exists
fully connected MLP NNJ,2 with at most Cp · (log(H) + log(1/ϵ′)) layers such that

NNJ,2
(
X

(1)
NN

)
= X

(2)
NN , where z̃

t′,(2)
h′ =

{(
zt

′
h′ , fproduct(h

′ + 1, 0), 0
)

for (t′, h′) < (t, h− 1),(
zth−1, fproduct(h, 1), 1

)
for (t′, h′) = (t, h− 1),

(101)

Here Cp is an absolute constant and fproduct : R×R → R is an approximation of the product
operation in the sense that |fproduct(h, 1)− h| < ϵ′, and |fproduct(h′ + 1, 0)− 0| < ϵ′ for each
(t′, h′) < (t, h − 1). Thus, by Proposition 39, NNJ,2 can be written as a composition of
Cp · (log(H) + log(1/ϵ′)) transformer blocks up to a scaling factor. Moreover, the Frobenius
norms of the weight matrices are all bounded by

√
B2 +H2 + 6 ·

√
H4 · 5 + 4.

Proof See Appendix I.4.3 for details.

The third submodule NNJ,3 modifies the last coordinates of the input vectors by adding
a −1/2 or 1, which is a simple linear operation and thus can be implemented by a FF layer.

Lemma 42 (Submodule NNJ,3) There exists a FF layer NNJ,3 such that

NNJ,3
(
X

(2)
NN

)
= X

(3)
NN , where z̃

t′,(3)
h′ =

{(
zt

′
h′ , fproduct(h

′ + 1, 0), 1
)

for (t′, h′) < (t, h− 1),(
zth−1, fproduct(h, 1), 1/2

)
for (t′, h′) = (t, h− 1).

Thus, as a single FF layer, NNJ,3 can be represented by a single transformer block. The
Frobenius norms of the weight matrices are bounded by

√
B2 + (H + 1)2 + 1 ·

√
6.

Proof See Appendix I.4.4 for a detailed proof.

In addition to the weights constructed in Lemma 42, the parameter Wff,1 in NNJ,3 is first
multiplied with a diagonal matrix to compensate the scaling factor in Lemma 41. Finally,
we use an attention layer to copy the step-index h of zth to all previous steps. Moreover, we
also use a residual link to ensure the first coordinate remains unchanged.

Lemma 43 (Submodule NNJ,4) Let ϵ′ denote the error induced by fproduct(·) in Lemma 41,
then for any ϵ ∈ (2ϵ′, 1), there exists a submodule NNJ,4 such that

NNJ,4
(
X

(3)
NN

)
= X

(4)
NN , where z̃

t′,(4)
h′ =

{
(zt

′
h′ , p

t′
h′ ,0) for (t′, h′) < (t, h− 1),

(zth−1, p
t
h−1,0) for (t′, h′) = (t, h− 1),

(102)
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where pt
′
h′ is the approximation of the step-index h such that |pt′h′ − h| < ϵ for all (t′, h′) ≤

(t, h−1). Moreover, NNJ,4 is a transformer block with a single-head attention (MHA with η =
1). The parameters {WQ,WK ,W V } satisfying ∥WQ∥F = 8 log(TH/(ϵ−2ϵ′)), ∥WK∥F = 1,
and ∥W V ∥F =

√
B2 + (H + 1)2 + 1, and the Frobenius norms of the weight matrices in FF

layers are bounded by
√
B2 + (H + 1)2 + 6 ·

√
6.

Proof See Appendix I.4.5 for details.

Setting ϵ = 1/4 and ϵ′ = 1/16 in Lemma 43 we conclude that we can use a transformer
block NNJ,4 to generate the output in (102). The weights of the transformer are bounded
by 8 log(8TH) in the Frobenius norm. Moreover, for any (t′, h′) ≤ (t, h − 1), we have
|pt′h′ − h| < ϵ = 1/4. Then we write the composition of the four submodules above as

NNJ(Sth) = (Sth, p̂h,0) ∈ RL′×(2+2|L|), where 0 ∈ RL
′×2|L|, (103)

where we use p̂h = (p10, · · · , pth−1)
⊤ ∈ RL′×1 to denote the vector that is the second column

of X
(4)
NN . The entries of p̂h are all close to h in the sense that ∥p̂h − h · 1L′∥∞ < 1/4.

To summarize, in Step 1, we have successfully designed a transformer module NNJ
to extract the target step-index h from the last reasoning step of the prompt Sth, and
approximately copy it to all previous reasoning steps in the prompt. We defer the summary
of parameters of NNJ to Step 5. This concludes Step 1.

We outline how NNJ(Sth) is processed by the subsequent transformer blocks. In Step 2
and 3 we construct modules G

h̃
and F

h̃
. Submodule G

h̃
approximates each target function

g∗
h̃

and submodule F
h̃

checks if the module index h̃ matches the step index h. If h̃ = h, it
passes along the approximation produced by G

h̃
; otherwise, it discards the output. In the

final network, blocks (G
h̃
, F

h̃
)H
h̃=0

are chained sequentially.

With a slight abuse of notation, we also use G
h̃

and F
h̃

to refer to their outputs, respec-
tively. The input and output of each module are listed as follows:

• G
h̃

: RL′×(2+2|L|) → RL′×(2+2|L|) takes a matrix (Sth, p̂h, Fh̃−1
[3], F

h̃−1
[4]) as the input.

The columns of this matrix have four components, where Sth and p̂h are the same
as in (103). The last two components F

h̃−1
[3] and F

h̃−1
[4] ∈ RL′×|L| are the third

and fourth components of the output of the previous module F
h̃−1

. If h̃ = 0, the
input matrix is (103), the output of the extraction module NNJ. The output of G

h̃
(Sth, p̂h, Gh̃[3], G

h̃
[4]) keeps the first two and the last components unchanged and only

changes the third component. That is, G
h̃
[4] = F

h̃−1
[4], and G

h̃
[3] computes the

approximation of g∗
h̃

with the third component, which will be specified in Step 2.

• Similarly, F
h̃

: RL′×(2+2|L|) → RL′×(2+2|L|) takes vector (Sth, p̂h, Gh̃[3], G
h̃
[4]) as the

input and produces (Sth, p̂h, Fh̃[3], F
h̃
[4]). Here, only the last component of columns is

changed, i.e., F
h̃
[3] = G

h̃
[3]. The last component F

h̃
[4] is constructed iteratively via

F
h̃
[4] ≈ G

h̃
[3] · 1{h̃ = h} + F

h̃−1
[4]. (104)

We will introduce how to use a transformer to implement (104) in Step 3.
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Step 2: Construct approximation module G
h̃
that approximates g∗

h̃
. In this step,

we introduce the submodules G
h̃

: RL′×(2+2|L|) → RL′×(2+2|L|) to separately approximate

each target function g∗
h̃

in (94) for all h̃ ∈ {0, . . . ,H}. The input and output of each G
h̃

are
given by

G
h̃

(
Sth, p̂h, Fh̃−1

[3], F
h̃−1

[4]
)

=
(
Sth, p̂h,1

⊤
L′embedh̃(Sth), F

h̃−1
[4]
)
,

where embed
h̃
(·) is used for the approximation of the target distribution g∗

h̃
(·) in (94).

More specifically, for each h̃, we use ĝ∗
h̃
(·) = softmax

(
embed

h̃
(·)/τ

)
to denote the output

distribution by passing embed
h̃
(·) through a softmax function with a temperature τ . We

expect ĝ∗h(Sth) ≈ g∗h(Sth) for all h ∈ {0, . . . ,H}. Intuitively, we want each module G
h̃

to
handle prompts at different steps during the testing stage. We summarize the construction
of G

h̃
in the following proposition.

Proposition 44 Let ϵψ, ϵw ∈ (0, 1) be two accuracy levels. Under Assumptions 12, 13, and
37, for any h ∈ {0, . . . ,H}, there exists a module Gh : RL′×(2+2|L|) → RL′×(2+2|L|) such that
Gh(Sth, p̂h, F3, F4) = (Sth, p̂h, embedh(Sth), F4). Here Gh contains (Dw +Dψ + 2) transformer
blocks with

Dψ = 2CdB ·
(

log(1/ϵψ)
)2

+ logB, Dw = 2CdB ·
(

log(1/ϵw)
)2

+ logB, (105)

where Cd > 0 is an absolute constant and B is the smoothness parameter appearing in
Assumption 37. We define a function ĝ∗h(Sth) = softmax(embedh(Sth)/τ) as the output
distribution approximated by the network Gh. Then ĝ∗h satisfies

max
Sth∈L

∗
TV
(
g∗h(Sth), ĝ∗h(Sth)

)
= O

(
ϵw + 256Dw · ϵψ

)
. (106)

For each Gh, the maximum width of the FF layers is 18|L| + 4, the maximum Frobenius
norm of weight matrices is

CF ·B0 · 16max{Dψ ,Dw} · |L|3/2,

where B0 =
√
B2 +H2 + |L| · C2

A and CF > 1 is an absolute constant.

Proof See Appendix I.4.6 for a detailed proof.

This proposition states that for any h ∈ [H], we can use a transformer Gh to approximate
g∗h(Sth) accurately. The number of transformer blocks in Gh is determined by the desired
accuracy levels ϵψ and ϵw. Note that the approximation accuracy grows exponentially in
Dw. This will not be a problem when Dw is small compared to Dψ. To see this, we can
rewrite the upper bound in (106) in terms of the depth of the transformer. Specifically, let
Dψ and Dw be two sufficiently large integers. Setting

ϵψ = exp
(
−
√

(Dψ − logB)/B
)

and ϵw = exp
(
−
√

(Dw − logB)/B
)

(107)

52



Statistical Foundations of Chain-of-Thought

in Proposition (44), we know that there exists {Gh}Hh=0 such that

max
Sth∈L

∗
TV
(
g∗h(Sth), ĝ∗h(Sth)

)
= O

(
exp
(
−
√
Dw/B

)
+ exp

(
−
√
Dψ/B + 6 ·Dw

))
(108)

for all h ∈ {0, . . . ,H}. Here we use the fact that log(256) < 6. Moreover, (105) implies that
the number of transformer blocks satisfies Dψ ≤ Cd ·Dψ and Dw ≤ Cd ·Dw for some absolute

constant Cd. Note that Dψ and Dw can be chosen arbitrarily. We can set Dψ = O(D
2
w)

so that the second term in (108) becomes negligible compared to the first term. We will
determine Dψ and Dw to obtain the final error in Step 4.

Step 3: Construct selection module F
h̃
. In this step, we introduce a sequence of

transformer modules {F
h̃
}H
h̃=1

. Each F
h̃

is a mapping from RL′×(2+2|L|) to itself, and its
input and output are given by

F
h̃
(Sth, p̂h, Gh̃[3], G

h̃
[4]) =

(
Sth, p̂h, Gh̃[3], fproduct

(
G
h̃
[3],1{h̃ = h} · 1⊤L′

)
+G

h̃
[4]
)
. (109)

That is, F
h̃

takes the output of G
h̃

as the input, and it keeps the first three components
of the columns unchanged. The last component, i.e., the last |L| columns, are used a
“memory”. Note that G

h̃
[4] = F

h̃−1
[4]. The last component of the output of F

h̃
, F

h̃
[4], can

be written as

F
h̃
[4] = 1⊤L′fproduct

(
embed

h̃
(Sth),1{h̃ = h}

)
+ F

h̃−1
[4], (110)

where fproduct is a transformer that approximately implements the product operation. Thus,

F
h̃

first checks if the module index h̃ matches the target step index h, and then writes

embed
h̃
(·) to the memory if h̃ = h. Thus, by (110) we have

FH [4] =

H∑
h̃=0

1⊤L′fproduct
(
embed

h̃
(Sth),1{h̃ = h}

)
≈ 1⊤L′embedh(Sth). (111)

To implement each F
h̃
, we starting from the input (Sth, p̂h, Gh̃[3], G

h̃
[4]), denoted by

X
h̃,(0)
F , we perform the following three steps:

(i) First, we use a sequence of transformer blocks to represent the indicator 1{h̃ = h},

and then append it to the end of X
h̃,(0)
F . Thus, we have

X
h̃,(1)
F =

(
Sth, p̂h, Gh̃[3], G

h̃
[4],1{h̃ = h} · 1⊤L′

)
. (112)

Here the indicator is obtained by feeding p̂h to a trapezoid-shaped function.

(ii) Then we feed X
h̃,(1)
F to the product module introduced in Lemma 47 to multiply each

entry of G
h̃
[3] with 1{h̃ = h}. The resulting output is

X
h̃,(2)
F =

(
Sth, p̂h, Gh̃[3], G

h̃
[4], fproduct

(
G
h̃
[3],1{h̃ = h} · 1⊤L′

))
. (113)
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(iii) Finally, we pass X
h̃,(2)
F to a linear layer, which adds the last two components of X

h̃,(2)
F

and obtain

X
h̃,(3)
F =

(
Sth, p̂h, Gh̃[3], fproduct

(
G
h̃
[4],1{h̃ = h} · 1⊤L′

)
+G

h̃
[4]
)
.

Details of (i). We present the details of these three steps as follows. We first focus on how
to construct the indicator 1{h = h̃}. Recall that by Lemma 43 we show that p̂h satisfies
∥p̂h−h ·1L′∥∞ < 1/4. Thus, each entry of p̂h is in (h−1/4, h+1/4). For any h̃, we want to
construct a neural network f

h̃
: R → [0, 1] such that f

h̃
(x) = 1 if |x− h̃| ≤ 1/4 and f(x) = 0

if |x− h̃| ≥ 3/4. Then applying f
h̃

to each entry of p̂h, we have f
h̃
(p̂h) = 1{h = h̃} · 1L′ .

Such a f
h̃

can be constructed by a trapezoid-shaped function, which has value one in
[h− ϵ, h+ ϵ], zero when |x− h| > 1 − ϵ, and a linear function in between. Here we can set
ϵ = 1/4. See Figure 15 for an illustration of two trapezoid-shape functions. The following
lemma shows that such trapezoid-shaped functions can be implemented by a FF layer.

Lemma 45 (Trapezoid module) For any h ∈ {0, . . . ,H} and any ϵ ∈ (0, 1/2), we define
a trapezoid-shaped function fh : R → [0, 1] as

fh(x) =


1 for |x− h| ≤ ϵ,

−(|x− h| − ϵ)/(1 − 2ϵ) + 1 for ϵ < |x− h| ≤ 1 − ϵ,

0 otherwise.

Then there exists a neural network f that is identical to fh. Moreover, f is a composition
of two FF layers, each with no more than 10 neurons, and the entries of the weight matrices
and bias vectors are bounded by H + 1 in magnitude.

Proof See Appendix I.4.7 for details.

We apply this lemma with ϵ = 1/4 and apply f
h̃

to each entry of p̂h to obtain 1{h =

h̃} · 1L′ ,which becomes the last component of X
h̃,(1)
F in (112). Moreover, to preserve the

first three components of the input X
h̃,(0)
F , we apply Lemma 48, which implies that we can

use a single FF layer to map X
h̃,(0)
F to its first three components. The number of neurons

in this FF layer is bounded by 2(2 + 2|L|). Thus, we can concatenate these two networks

and obtain a larger network that maps X
h̃,(0)
F to X

h̃,(1)
F . Moreover, such a network has

one FF layer, and the maximum width of the weight matrices is bounded by 10 + 2(2 +
2|L|). As a result, the weight matrices of this feed-forward neural network are all bounded
by
√
B2 +H2 + 2|L| · (CA + 1)2 ·

√
10 + 2(2 + 2|L|) ≤

√
B2 +H2 + 2|L| · (CA + 1)2 · (4 +

2
√

|L|) in terms of the Frobenius norm.

Details of (ii). Then, to get X
h̃,(2)
F defined in (113), we pass X

h̃,(1)
F to the product module

in Lemma 47 to multiply G
h̃
[3] and 1{h̃ = h} · 1⊤L′ in an elementwise fashion. Similar to

the implementation of NNJ,2 introduced in Lemma 41, the product module fproduct here can
be implemented as an MLP. More concretely, recall that Assumption 37 states that each
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Figure 15: An illustration of two trapezoid-shaped functions fh (blue) and fh+1 (green),
i.e., f

h̃
with h̃ = h and h̃ = h + 1. Observe that for any x ∈ [h − ϵ, h + ϵ],

f
h̃
(x) = 1 if and only if h̃ = h, and f

h̃
(x) = 0 for any other h̃ ̸= h. Thus, when

we apply each f
h̃

to entries of p̂h, when ϵ = 1/4, we have 1{h = h̃}. Each entry
of p̂h falls within the highlighted region on the x-axis.

τ · logw∗
h,i is bounded by CA in terms of the ℓ∞-norm. Then, as shown in the proof of

Proposition 44 in Appendix I.4.6, we have∣∣∣∣(embedh̃(Sth)
)
[i] − τ · logw

h̃,i

(
1

L′

( (t,h−1)∑
(i,j)=(1,0)

ψ
h̃
(zih))

)∣∣∣∣ ≤ ϵw + 256Dw · ϵψ (114)

for all i ∈ [|L|]. Here (embed
h̃
(Sth))[i] is the i-th entry of embed

h̃
(Sth), which is defined in

the same way as in (161), but with f̂wh and ψ̂∗
h replaced by f̂w

h̃
and ψ̂∗

h̃
. Besides, as we will

show later, we set ϵψ and ϵw as in (107) so that the right-hand side of (114) is much smaller
than one. As a result, we have ∥embed

h̃
(Sth)∥∞ ≤ 1 + CA. Thus, combining this fact with

Lemma 47, we conclude that, there exists an MLP f h̃product such that for any ϵp ∈ (0, 1),

∥f h̃product
(
embed

h̃
(Sth),1{h̃ = h}

)
− embed

h̃
(Sth) · 1{h̃ = h}∥∞ < ϵp (115)

and any h̃ ∈ {0, . . . ,H}, where f h̃product has at most Dp = Cp · (log(CA + 1) + log(1/ϵp)) FF

layers, where Cp is an absolute constant. Moreover, we remark that the module f h̃product is

different from the one constructed in Lemma 41, and different for each 0 ≤ h̃ ≤ H.
Moreover, we need to write such a product module as a composition of transformer

blocks using Proposition 39. At the same time, we adopt Lemma 48 to preserve the first

four components of X
h̃,(1)
F , namely Sth, p̂h, Gh̃[3], G

h̃
[4] using FF layers. Specifically, we

apply Proposition 39 by setting the scaling factors B0 =
√
B2 +H2 + 2 · |L| · (CA + 1)2,

{Bℓ =
√
B2

0 + 5|L|}Dp−1
ℓ=1 , BDp =

√
B2

0 + (CA + 1)2. As a result, the function that maps
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X
h̃,(1)
F to X

h̃,(2)
F can be implemented by a composition of Dp transformer blocks. Each

block has at most 5|L| + 2(2 + 2|L|) neurons in the FF layer, where 5|L| are used for the

product operation, and 2(2 + 2|L|) are used for preserving the input of X
h̃,(1)
F . Accord-

ing to Lemma 47, the Frobenius norm of weight matrices are bounded by
√
B2

0 + 5|L| ·√
2(2 + 2|L|) + (CA + 1)4 · 5|L| ≤ C ′ · (CA + 1)3 · |L| for some absolute constant C ′.

Details of (iii). Finally, we pass X
h̃,(2)
F through a linear layer to add fproduct

(
G
h̃
[3],1{h̃ =

h} · 1⊤L′
)

with G
h̃
[4]. Moreover, we adopt Lemma 48 to preserve the first three components

of X
h̃,(2)
F . Therefore, the maximum Frobenius norm of the weight matrix of this module is√

B2 +H2 + 3 · |L| · (CA + 1)2 ·
√

2(2 + |L|) + 4|L|, where the first term results from the
scaling trick, and the second term results form the linear operation.

Combining (i)–(iii). Combining these three steps above, we obtain the selection module
F
h̃

shown in (109) and (110). By (111), the output of FH is given by

(
Sth, p̂h,1

⊤
L′embedH(Sth),

H∑
h̃=1

fproduct
(
embed

h̃
(Sth),1{h̃ = h} · 1⊤L′

))
. (116)

For the ease of notation, we use ẽmbed(Sth) to denote last component of (116), and we

expect ẽmbed(Sth) ≈ embedh(Sth).

Finally, we calculate the depth and norms of the weight matrices of F
h̃
. According

to Lemma 45, the trapezoid module has a depth of 1 and a maximum Frobenius norm of√
B2 +H2 + 2 · |L| · (CA + 1)2(4 + 2

√
|L|). The linear module also has a depth of 1 and

a maximum Frobenius norm of
√
B2 +H2 + 3 · |L| · (CA + 1)2(2 +

√
6|L|). The product

module has a maximum Frobenius norm of C ′ · (CA + 1)3 · |L| and depth Dp, which will be
determined in Step 4. Overall, each F

h̃
module has a depth of Df = Dp + 2 and maximum

Frobenius norm of weight matrices as C ′ · (CA + 1)3 · |L|.
Step 4: Compute the approximation error. The last component of FH , ẽmbed(Sth),
is then fed into a softmax layer to generate the final output. In this step, we characterize

the approximation error ∥g∗h(Sth) − softmax(ẽmbed(Sth)/τ)∥1. Here g∗h in (94) refers to the

target distribution, and softmax(ẽmbed(Sth)/τ) refers to the output distribution.

First, we handle the error induced by the product operation in F
h̃
, which is established

in (115). Let Dp be an integer and we set ϵp = (CA+1) · exp(−Dp/Cp) in (115), by triangle
inequality we conclude that∥∥ẽmbed(Sth) − embedh(Sth)

∥∥
∞ < Hϵp. (117)

Moreover, with number of transformer blocks used to implemnt fproduct, Dp, satisfies Dp ≤
Dp. Since softmax is Lipschitz continuous, as shown in Lemma 54, we conclude that∥∥softmax(ẽmbed(Sth)/τ

)
− softmax

(
embedh(Sth)/τ

)∥∥
1

≤ 2
∥∥ẽmbed(Sth)/τ − embedh(Sth)/τ

∥∥
∞ ≤ 2Hϵp/τ, (118)

where the second inequality follows from (117).
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Therefore, combining Proposition 44 and (118), for any prompt Sth with length L′ ≤ L,
the approximation error of the transformer is bounded by∥∥g∗h(Sth) − softmax

(
ẽmbed(Sth)/τ

)∥∥
1

≤
∥∥g∗h(Sth) − softmax

(
embedh(Sth)/τ

)∥∥
1

+
∥∥softmax(embedh(Sth)/τ

)
− softmax

(
ẽmbed(Sth)/τ

)∥∥
1

≤ 2ϵw + 2 · 256Dw · ϵψ + 2Hϵp/τ. (119)

Here ϵw and ϵψ are chosen as in (107) and ϵp is defined above. Thus, we can equivalently
write the approximation error in terms of the parameters Dψ, Dw, and Dp as∥∥g∗h(Sth) − softmax

(
ẽmbed(Sth)/τ

)∥∥
1

(120)

= O
(

exp
(
−
√
Dw/B

)
+ exp

(
−
√
Dψ/B + 6 ·Dw

)
+H/τ · exp

(
−Dp/Cp + log(CA + 1)

))
,

where we use (108), (119), and the definition of ϵp. Here the number of transformer blocks
of each module among {Gj , Fj}Hj=1 satisfy Dw = O(Dw), Dψ ≤ CDψ, and Dp ≤ Dp, where
C > 0 is an absolute constant.

To get an explicit upper bound, we choose Dψ, Dw, and Dp properly to balance the
three terms in the right-hand side of (120). Specifically, we require

Dψ ≥
(
6
√
B ·Dw +

√
Dw

)2
, (Dp/Cp − log(CA + 1))2 ≥ Dw/B, (121)

and let Dg = (Dψ + Dw + 2) + (Dp + 2) denote a parameter that characterizes the total
number of transformer blocks in each G

h̃
and F

h̃
together. Note that the actual total

number of transformer blocks in G
h̃

and F
h̃

is O(Dg). To satisfy (121), we can set

Dw =
√
Dg/(24

√
B), Dp =

Cp√
24B3/4

·
√
Dg + Cp · log(CA + 1), Dψ = Dg −Dw −Dp − 4.

(122)

Then for sufficiently large Dg, we have that (120) is dominated by the first term:

∥∥g∗h(Sth) − softmax
(
ẽmbed(Sth)/τ

)∥∥
1

= O
(

exp
(
−
√
Dw/B

))
= O

(
exp

(
−
D

1/4
g

5B

))
, (123)

where the second inequality follows from (122), the fact that
√

24 < 5, and the relaxation
of the exponent of B for notational clarity, assuming B ≥ 1.

Finally, we convert the ℓ1-norm upper bound in (123) into a bound in terms of the KL

divergence. Let Pρ̂(· |Sth) denote softmax
(
ẽmbed(Sth)/τ

)
, where ρ̂ refers to the parameter

that specifies the transformer we constructed in the first three steps of the proof, which
consists of a step-index extraction module NNJ, and H pairs of modules {G

h̃
, F

h̃
}H
h̃=0

. We
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first note that if TV(P(· |Sth),Pρ̂(· |Sth)) = ε with ε sufficiently small such that ε < c0/2,
where c0 comes from Assumption 13. Under this lemma, we can bound the likelihood ratio
P(z = · |Sth)/Pρ̂(z = · |Sth) for each z ∈ L by

log
c0

c0 + 2ϵ
≤ log

P(· |Sth)

Pρ̂(· |Sth)
≤ log

c0 + 2ϵ

c0
≤ 2ϵ

c0
.

Therefore we conclude that, when Dg is sufficiently large, there exists a transformer with
parameter ρ̂ such that, for any t ∈ [T ] and h ∈ {0, . . . H},

max
Sth∈L

∗
KL
(
P(· |Sth),Pρ̂(· |Sth)

)
= O

(
exp

(
−
D

1/4
g

5B

))
,

where the number of transformer blocks is at most C ·Dg for some absolute constant C.

Step 5: Verify that the constructed transformer is in PLLM. Finally, we verify that
the constructed transformer is in PLLM. To this end, for each module of the transformer,
we explicitly characterize the width and norms of the weight matrices. Recall that the
transformer contains an embedding module NNJ, {G

h̃
, F

h̃
}H
h̃=0

, and a softmax output layer.

• Module NNJ. The module NNJ consists of four submodules, which are two linear mod-
ules, a product module realized via FF layers, and a MHA module. The two linear
modules in Lemmas 40 and 42 have Frobenius norm of weight matrices upper bounded
by
√
B2 + (H + 1)2 + 1 ·

√
6. According to Lemma 41, the product module consists

of at most C(log(H)+log(16)) layers with maximum Frobenius norm
√
B2 +H2 + 6 ·√

H4 · 5 + 4. According to Lemma 43, the extraction module has the maximum Frobe-
nius norm of weight matrices as max{8 log(8TH),

√
B2 + (H + 1)2 + 1} for the MHA

layer and
√
B2 + (H + 1)2 + 6 ·

√
6 for the FF layer. In conclusion, the module NNJ

has total depth of at most Dj = Cp log(3H) + 3 for some constant Cp > 0, the Frobe-
nius norms for FF layers are upper bounded by

√
B2 + (H + 1)2 + 6 ·

√
H4 · 5 + 4 and

those for MHA layers are upper bounded by max{8 log(8TH),
√
B2 + (H + 1)2 + 1}.

• Module G
h̃
and F

h̃
. The parameter constraint for any G

h̃
is specified in Propo-

sition 44. According to Step 3, each F
h̃

has maximum Frobenius norm of weight
matrices as C ′ · (CA + 1)3 · |L|. The depth of each submodule pair G

h̃
and F

h̃
is

specified in (122).

Let D denote a sufficient large integer. Consider any parameter class PLLM in (10) with
BS ≥ (CA + 1) ·

√
|L|, BM ≥ max{8 log(8TH),

√
B2 + (H + 1)2 + 1}, dF ≥ 4 + 18|L| and

BF ≥ CF ·
√
B2 +H2 + C2

A · |L| · 16D
′
· |L|3/2,

where D
′

= (D − Cp log(3H))/(H + 1), Cp, CF > 0 are absolute constants, and CA comes
from Assumption 37. Then under Assumptions 12,13, and 37, there exists a transformer
with at most O(D) transformer blocks and parameter ρ∗ ∈ PLLM such that

max
Sth∈L

∗
KL
(
P(zth = · |Sth),Pρ∗(zth = · |Sth)

)
= O

(
exp

(
−
(
D − C log(2H))/H

)1/4
5B

))
,
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for any t ∈ [T ], 0 ≤ h ≤ H, where C > 0 is some absolute constant. Therefore, we conclude
the proof.

H.4 Proof of Corollary 18

Proof Recall that Lemma 4 decomposes the CoT error errCoT into errpre and errprompt.
This proof consists of two steps. We first control the expected pretraining error EPCoT

[errpre]
under the distribution PCoT with OOD queries. Then we consider the prompting error
EPCoT

[errprompt] in the second step.

Step 1: Control expected pretraining error under distribution shift. In this step,
we evaluate EPCoT

[errpre], the expected pretraining error errpre defined in (9) with the
expectation taken under promptCoT(n) ∼ PCoT. We first decompose errpre into a sum of
errors incurred in each reasoning step and then take expectations with respect to PCoT. We
adopt the following lemma to decompose errpre into a sum of KL divergences.

Lemma 46 (KL decomposition) Recall that prompthCoT(n) = {Υn, z
test
0:h−1} consists of n

examples and the first h− 1-th inferred steps for the testing example. Then we have

KL
(
P(ytest = · | promptCoT(n)),Pρ̂(ytest = · | promptCoT(n))

)
(124)

≤
H∑
h=1

Eztest1:h−1∼P(· | promptCoT(n))

[
KL
(
P(ztesth = · | prompthCoT(n)),Pρ̂(ztesth = · | prompthCoT(n))

)]
.

Proof See Appendix I.5.1 for detailed proof.

This Lemma states that we can upper bound the pretraining error errpre by aggregating
the pretraining error at each step of inference. We apply (90) with Lemma 51 to convert
each KL divergence in (124) into TV distances. Namely, we have

KL
(
P(ytest = · | promptCoT(n)),Pρ̂(ytest = · | promptCoT(n))

)
(125)

≤
H∑
h=1

Eztest1:h−1∼P(· | promptCoT(n))

[
2(3 + b∗) · TV

(
P(ztesth = · | prompthCoT(n)),Pρ̂(ztesth = · | prompthCoT(n))

)]
.

The number b∗ comes from (90), which upper bounds the log density difference | logP(z|S)−
logPρ̂(z|S) for any z ∈ L, S ∈ L∗.

We take the expectation of (125) with respect to promptCoT(n) ∼ PCoT. Notice that
different parts of prompthCoT(n) have different distributions: ztest1:(h−1) ∼ P(· | promptCoT(n)),
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ztest0 ∼ µ(· | Υn), Υn ∼ P(· | θ∗). We take these expectations sequentially:

H∑
h=1

Eθ∗EµEztest
1:(h−1)

∼P(· | promptCoT(n))

[
KL
(
P(ztesth = · | prompthCoT(n)),Pρ̂(ztesth = · | prompthCoT(n))

)]
≤

H∑
h=1

2(3 + b∗) ·
∫
L∗

(
TV
(
P(ztesth = · | prompthCoT(n)),Pρ̂(ztesth = · | prompthCoT(n))

)
(126)

· π(θ∗)−1 · P(Υn) · κ · P(ztest0 = · |Υn) · P(ztest1:(h−1) = · | promptCoT(n))
)

dprompthCoT(n)

= 2(3 + b∗)κπ(θ∗)−1
H∑
h=1

EP

[
TV
(
P(ztesth = · | prompthCoT(n)),Pρ̂(ztesth = · | prompthCoT(n))

)]
with probability at least 1− δ. In the first inequality, we integrate over prompthCoT(n) ∈ L∗.
This inequality is a result of (125), which transforms the KL distances into TV distances,
and a change of distributions from PCoT to P. Notice that we have P(Υn | θ∗)π(θ∗) ≤ P(Υn)
due to the discreteness of Θ. Also note that, by Assumption 17, µ(ztest0 = · |Υn) can be
bounded by P(ztest0 = · |Υn) by introducing an additional factor κ. Consequently, (126)
shifts the expectation under PCoT towards P by scaling some constants.

Next, we upper bound (126) using the analysis of pretraining error in Proposition 14.
Recall that we introduce the notation ES∼D in (11), which involves an expectation over
N i.i.d. documents, each has T examples. Since promptCoT(n) only has n examples and
T ≥ n+ 1 and the N documents in DN,T are i.i.d., we have

H∑
h=1

EP

[
TV
(
P(ztesth = · | prompthCoT(n)),Pρ̂(ztesth = · | prompthCoT(n))

)]
(127)

≤
T∑
t=1

H∑
h=1

[
TV
(
P(zt,1h = · |St,1h ),Pρ̂(P(zt,1h = · |St,1h )

)]
≤ T · (H + 1) · ∆pre(N,T, δ),

with probability at least 1 − δ. Here the first inequality holds because the left-hand side is
only a single term in the right-hand side summation with t = n, and the second inequality
follows from Proposition 14, Combining (126) and (127), we upper bound the expectation
of pretraining error as

EPCoT

[
errpre(P,Pρ̂; promptCoT(n))

]
= EPCoT

[
KL
(
P(ytest = · | promptCoT(n)),Pρ̂(ytest = · | promptCoT(n))

)]
≤ 2(3 + b∗)κ · π(θ∗)−1 · T (H + 1) · ∆pre(N,T, δ), (128)

with probability at least 1− δ. The randomness comes from the pretrained model Pρ̂. This
concludes Step 1.

Step 2: Control expected prompting error under distribution shift. In this step,
we evaluate the expected prompting error errprompt (8) with the expectation taken under
promptCoT(n) ∼ PCoT. Similar to Step 1, we first take the expectation of the shifted
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testing query ztest0 ∼ µ(· | promptCoT(n)), followed by the expectation of the demonstrations
Υn ∼ P(· | θ∗).

We first compute the expected KL divergence with respect to the query ztest0 ∼ µ(· |Υn):

Eztest0 ∼µ(· |Υn)

[
KL
(
P(ytest = · | ztest0 , θ∗),P(ytest = · | promptCoT(n))

)]
≤ Eztest0 ∼µ(· |Υn)

[
log

(
1 +

∑
θ∈Θ∁ P(Υn, z

test
0 | θ)π(θ)

P(Υn, ztest0 | θ∗)π(θ∗)

)]
≤ log

(
1 + Eztest0 ∼µ(· |Υn)

[∑
θ∈Θ∁ P(Υn, z

test
0 | θ)π(θ)

P(Υn, ztest0 | θ∗)π(θ∗)

])
. (129)

The first inequality follows from Proposition 28, and the second is due to Jensen’s inequality.
Next, we rewrite the expected likelihood ratio in (129) as

Eztest0 ∼µ(· |Υn)

[∑
θ∈Θ∁ P(Υn, z

test
0 | θ)π(θ)

P(Υn, ztest0 | θ∗)π(θ∗)

]
=
∑
θ∈Θ∁

P(Υn | θ)
P(Υn | θ∗)

· Eztest0 ∼µ(· |Υn)

[
P(ztest0 | θ)π(θ)

P(ztest0 | θ∗)π(θ∗)

]
, (130)

where the equality follows from the independence between Υn and ztest0 conditioning on any
task θ, which enables us to exchange

∑
θ∈Θ∁ with the expectation with respect to µ(· |Υn).

According to Lemma 29 and Assumption 6, we have P(Υn | θ)/P(Υn | θ∗) ≤ exp(−2nλ +
2 log(ξ̄−1)) with probability at least 1 − ξ̄ for any θ ∈ Θ∁. Setting ξ̄ = ξ/|Θ| and taking a
union bound, we therefore have

RHS of (130) ≤
∣∣Θ∁
∣∣2ξ−2 · exp(−2nλ) ·

∑
θ∈Θ∁

Eztest0 ∼µ(· |Υn)

[
P(ztest0 | θ)π(θ)

P(ztest0 | θ∗)π(θ∗)

]
, (131)

which holds with probability at least 1 − ξ with respect to the randomness comes from
Υn ∼ P(· | θ∗).

Next we upper bound each term in the summation in (131). By changing the probability
measure and Cauchy-Schwarz inequality, we have

Eztest0 ∼µ(· |Υn)

[
P(ztest0 | θ)
P(ztest0 | θ∗)

]
= Eztest0 ∼P(· | θ∗)

[
µ(ztest0 |Υn) · P(ztest0 | θ)
P(ztest0 | θ∗) · P(ztest0 | θ∗)

]

≤

√√√√Eztest0 ∼P(· | θ∗)

[(
P(ztest0 | θ)
P(ztest0 | θ∗)

)2
]√√√√Eztest0 ∼P(· | θ∗)

[(
µ(ztest0 |Υn)

P(ztest0 | θ∗)

)2
]

=
√(

χ2
(
P(ztest0 = · | θ),P(ztest0 = · | θ∗)

)
+ 1
)
· κ2, (132)

where the second line follows from the Cauchy–Shwarz inequality. The final line follows
because

Eztest0 ∼P(·|θ∗)

[(
µ(ztest0 | Υn)

P(ztest0 | θ∗)

)2
]
≤ κ2,
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which results from Assumption 17. Besides, we define C(θ∗) as

C(θ∗) = sup
θ∈Θ∁

√
χ2
(
P(ztest0 = · | θ),P(ztest0 = · | θ∗)

)
+ 1. (133)

Thus, combining (131), (132), (133), with probability at least 1 − ξ, we have

RHS of (131) ≤ C(n) · ξ−2, where C(n) =
π(Θ∁)

π(θ∗)
· κ
∣∣Θ∁
∣∣2 · C(θ∗) · exp(−2nλ), (134)

and C(θ∗) is defined in (133).
Applying (134) to (129) gives us the following tail probability bound:

P
(
Eztest0 ∼µ(· |Υn)

[
KL
(
P(ytest = · | ztest0 , θ∗),P(ytest = · | promptCoT(n))

)]
> log

(
1 + C(n)ξ−2

))
< ξ,

(135)

where ξ ∈ (0, 1), and the randomness comes from Υn ∼ P(· | θ∗). By replacing x = log(1 +
C(n) · ξ−2) in (135), for any x ∈ [0,∞), we have

P
(
Eztest0 ∼µ(· |Υn)

[
KL
(
P(ytest = · | ztest0 , θ∗),P(ytest = · | promptCoT(n))

)]
> x

)
≤
(
C(n)/(exp(x) − 1)

)1/2
. (136)

We provide an upper bound of the expected KL divergence by integrating the tail
probability in (136) as follows,

EPCoT

[
KL
(
P(ytest = · | ztest0 , θ∗),P(ytest = · | promptCoT(n))

)]
=

∫ ∞

0
P
(
Eztest0 ∼µ(· |Υn)

[
KL
(
P(ytest = · | ztest0 , θ∗),P(ytest = · | promptCoT(n))

)]
> x

)
dx.

Note that we can split the integration of x over [0,∞) into two regions: [0, log(1 + C(n))
and [log(1+C(n),∞), where the probability in (136) is bounded by one in [0, log(1+C(n)).
Therefore, we have

EPCoT

[
KL
(
P(ytest = · | ztest0 , θ∗),P(ytest = · | promptCoT(n))

)]
≤ log

(
1 + C(n)

)
+

∫ ∞

log(1+C(n))

(
C(n)/(exp(x) − 1)

)1/2
dx

= log
(
1 + C(n)

)
+ C(n)1/2 ·

(
π − 2 arctan

(
C(n)1/2

))
= O

(
C(n)1/2

)
= O

((
π(Θ∁)

π(θ∗)
· C(θ∗) · κ

)1/2

·
∣∣Θ∁
∣∣ · exp(−nλ)

)
. (137)

Here in the third line we plug in the closed-form∫ (
exp(x) − 1

)−1/2
dx = 2 arctan

(√
exp(x) − 1

)
.
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When n is large, C(n) is sufficiently small. The second equality follows from the first-order
Taylor approximations log(1 + u) ≈ u and arctan(u) ≈ u when u is close to zero.

The convergence rate in the last line is dominated by the rate of C(n)1/2. Therefore,
we control the rate of expected prompting error defined in (8) by applying (137):

EPCoT

[
errprompt

(
P, θ∗, promptCoT(n)

)]
= O

(
Hb∗

(
π(Θ∁)

π(θ∗)
C(θ∗)κ

)1/4

·
∣∣Θ∁
∣∣1/2 · exp(−nλ/2)

)
. (138)

Combining (128) and (138), we have that under the Assumptions 6, 17, with probability
at least 1 − δ,

EPCoT

[
KL
(
P(ytest = · | ztest0 , θ∗),Pρ̂(ytest = · | promptCoT(n))

)]
= O

(
Hb∗

(
π(Θ∁)

π(θ∗)
· C(θ∗) · κ

)1/4

·
∣∣Θ∁
∣∣1/2 · exp(−nλ/2)

+ κTHπ(θ∗)−1(1 + b∗) · ∆pre(N,T, δ)

)
,

where the first term corresponds to the prompting error errprompt (8), and the second cor-
responds to the pre-training error errpre (9). The randomness comes from the pretrained
model Pρ̂. Therefore, we conclude the proof.
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Appendix I. Supplemental Materials

This section consists of three subsections. The first Subsection I.1 gives a more detailed
description of the pretraining process. The Subsections I.2 and I.3 prove the lemmas and
propositions used in Sections E and H.

I.1 Additional Details about Pretraining

In this section, we provide a detailed description of the pretraining process of autoregressive
LLM. Specifically, we focus on pretraining with data sampled from the generalized model
described in (20). An autoregressive LLM is a transformer that maps a reasoning step
sequence S ∈ L∗ to a probability distribution for predicting the next reasoning step z ∈ L.

Transformer Architecture. We focus on a transformer withD transformer blocks stacked
sequentially followed by a final softmax layer. Let X0 ∈ RL×r denote the initial input
embedding for the entire network, which contains both the content embedding and the
positional encoding. The d-th block takes in Xd−1 ∈ RL×r, produces Xd ∈ RL×r, and
feeds it to the next module until arriving at the last one. Each transformer block consists
of four components: a MHA and a FF layer. Each component has a residual connection
around it, followed by layer normalization, which prepares the raw output of the current
layer to be forwarded as input toward the next layer. See Figure 4 for an illustration of the
architecture.

Input Embedding. Specifically, the input of the transformer is a sequence of reasoning
steps of length L, with each step taking values in L. Since the attention mechanism is per-
mutation invariant but the sequential order matters in CoT reasoning, to encode an order,
the transformer incorporates positional embeddings that map the positional information of
each reasoning step into the Euclidean space. In addition, the values in L are also mapped
to a vector space. Thus, the transformer first maps the input sequence of length L into a
sequence of L vectors in Rr, which involves both content and positional embedding.

Multi-Head Attention (MHA). We let X0 ∈ RL×r denote the output after the em-
bedding module, which is passed to D transformer blocks. Each block consists of a MHA
layer, a FF layer, and two normalization layers. For any d ∈ [D], the parameters of the
d-th transformer block are ρd = (W d

mha,W
d
ff , γ

d
1 , γ

d
2). The weight matrices of the MHA layer

are W d
mha = (WQ,d

i ,WK,d
i ,W V,d

i )ηi=1, where η is the number of heads. Here, WQ,d
i ∈ Rr×dq ,

WK,d
i ∈ Rr×dk , and W V,d

i ∈ Rr×dv convert the input Xd−1 into queries, keys, and values,
respectively. We set dv = r to ensure the MHA output is also in Rr. Specifically, a MHA
layer with η heads output a vector sequence given by (18). We denote the output of the

d-th attention layer by X
d

= mha(Xd−1,W d
mha) ∈ RL×r. In particular, for any ℓ ∈ [L], the

ℓ-th vector of X
d

is given by

X
d
[ℓ] =

η∑
i=1

attn(qℓi ,Ki, Vi), (139)

where the query, key, and value of the i-th head are qℓi = (WQ,d
i )⊤Xd−1[ℓ], Ki = Xd−1WK,d

i ,

and V = Xd−1W V,d
i . Here attn in (139) is the softmax attention defined in (17).
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First Residual Link and Normalization. The raw output of MHA layer is then passed
through a residual link with diagonal weight matrix γd1 ∈ Rr×r and a normalization layer
NL(·), resulting in the intermediate output

Y d = NL(X
d

+Xd−1γd1) = NL
(
mha(Xd−1,W d

mha) +Xd−1γd1
)
∈ RL×r.

Here the multiplication of γd1 should be understood as a columnwise operation for all r′ ∈ [r].
Note that each of the r vector of Xd−1 is in RL, which is mapped to another vector in RL
by scaling with γd1 [r′]. For the ease of analysis, we adopt the normalization function that
maps each row of the input into the unit ℓ2-ball as follows.

[NL(X)]i,: =

{
Xi,: if ∥Xi,:∥2 ≤ 1

Xi,:/∥Xi,:∥2 otherwise.
(140)

Another popular normalization function is layer normalization (Xiong et al., 2020), which

standardizes the vectors of X
d

+ Xd−1γd1 by subtracting the mean and dividing by the
variance.
Feed Forward (FF) Layer. The FF layer is parameterized by W d

ff = (W d
ff,1,W

d
ff,2), where

W d
ff,1 ∈ Rr×dF and W d

ff,2 ∈ RdF×r, where dF is the number of neurons of the FF layer. In

particular, Y d is passed through the FF layer and the output is another sequence of vectors
in RL×d. To get the output, for any ℓ ∈ [L], we pass Y d[ℓ] into a two layer neural network
and obtain ReLU

(
(Y d[ℓ])⊤(W d

ff,1)
)
W d

ff,2, where ReLU(·) is the ReLU activation function and

we regard Y d[ℓ] as a column vector in Rr. Here we omit the intercepts to simplify the
presentation. The output of FF layer, denoted by ff(Y d,W d

ff ), concatenates all these L
output vectors.
Second Residual Link and Normalization. The output of FF layer is then passed
through a second residual link with weight γd2 ∈ Rr×r and a normalization layer NL(·). This
concludes the d-th transformer block and the resulting output is given by

Xd = NL
(
ff(Y d,W d

ff ) + Y dγd2
)
∈ RL×r.

Softmax Output Layer After processing through all D transformer blocks, the output
XD is fed into a softmax layer to generate the probability distribution of the next reasoning
step. This softmax layer is parameterized by ρD+1 = (Wsoftmax, τ), where 0 < τ ≤ 1 is
the temperature parameter and Wsoftmax ∈ Rr×|L| is the weight matrix. The softmax layer
takes XD ∈ RL×r and produces the output distribution

OD+1 = softmax
(
1⊤XDWsoftmax/(L · τ)

)
∈ R|L|, (141)

where 1 ∈ RL is an all-one vector. Here softmax(·) is the softmax function which maps a
vector in R|L| to a distribution over L.

We concatenate all ρd, d ∈ [D+1], to form ρ, which parameterizes the whole pretraining
network. We assume the parameters are bounded, i.e., we consider transformers in the
following parameter space:

PLLM =
{
ρ : ∥γd1∥∞, ∥γd2∥∞ ≤ 1, ∥WQ,d

i ∥F , ∥WK,d
i ∥F , ∥W V,d

i ∥F ≤ BM , ∥W d
ff,1∥F , ∥W d

ff,2∥F ≤ BF ,

∥Wsoftmax∥1,2 ≤ BS ,∀d ∈ [D], i ∈ [η], D ≥ C log(2H), η ≥ 1
}
,
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where C > 0 is a constant, BM , BF , BS are the upper bounds on the norms. We assume
these bounds to be larger than 1.

Pretraining Dataset under the Generalized Model. We describe the pretraining
dataset generated according to the generalized model in (20). We denote the pretraining
dataset using DN,T , which consists of N independent trajectories with T examples in each

trajectory. For each trajectory ℓ ∈ [N ], we first sample a task θ∗ℓ
i.i.d∼ π. Conditioning

on this task, we sequentially generate T examples {sk,ℓ}Tk=1 according to the model (20),

i.e., we iteratively generate the next reasoning step zt,ℓh ∼ P(· |St,ℓh ), where we use St,ℓh =

(Υt−1,ℓ, {zt,ℓj }h−1
j=0 ) to denote the sequence with all previous reasoning steps of the ℓ-th trajec-

tory. Since LLMs make prediction autoregressively, we divide each trajectory into T (H+1)

pieces and collect all N independent trajectories and use DN,T = {(St,ℓh , z
t,ℓ
h )}H,T,Nh=0,t=1,ℓ=1 to

denote the pretraining dataset.

Maximum Likelihood Estimation (MLE). We obtain the pretrained LLM by minimiz-
ing the negative likelihood loss computed based on DN,T ,

ρ̂ = argmin
ρ∈PLLM

− 1

NT (H + 1)

N∑
ℓ=1

T∑
t=1

H∑
h=0

logPρ
(
zt,ℓh |St,ℓh

)
(142)

and set PLLM = Pρ̂. Here Pρ denotes the conditional distribution specified by the trans-
former with parameter ρ. We neglect the optimization issue and assume that the MLE in
(142) can be obtained. We note that when the transformer class is sufficiently expressive,

we expect that PLLM learns the conditional distribution of zt,ℓh given St,ℓh .

I.2 Proofs of the Auxiliary Results in Appendix E.2

Proof of Proposition 28

Proof [Proof of Proposition 28] Using any distribution q over Θ, we bound the loglikelihood
logP

(
ytest = · | promptCoT(n)

)
by

logP
(
ytest = · | promptCoT(n)

)
≥ Eθ∼q(θ)

[
log

P
(
ytest, θ | promptCoT(n)

)
q(θ)

]
(143)

= Eq
[

log
P
(
ytest | θ, promptCoT(n)

)
π(θ)P

(
promptCoT(n) | θ

)
q(θ)P

(
promptCoT(n)

) ]
,

where we take expectation with respect to an arbitrary distribution q over Θ. The inequality
follows from the evidence lower bound, and the equality follows from decomposing the
numerator. Conditioning on any promptCoT(n) consisting of n examples generated from
the true distribution and a new testing input ztest0 , we compute the KL divergence with
respect to the final output ytest. For simplicity, we write Eytest∼P(· | ztest0 ,θ∗) as Eθ∗ . Then, we
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have

KL
(
P(ytest = · | ztest0 , θ∗),P

(
ytest = · | promptCoT(n)

))
(144)

≤ Eθ∗ logP(ytest | ztest0 , θ∗) − Eθ∗Eq
[

log
P
(
ytest | θ, promptCoT(n)

)
π(θ)P

(
promptCoT(n) | θ

)
q(θ)P

(
promptCoT(n)

) ]
= Eθ∗Eθ∼q

[
log

P
(
promptCoT(n)

)
q(θ)

P(promptCoT(n) | θ)π(θ)

]
− Eθ∗Eθ∼q

[
log

P
(
ytest | ztest0 , θ

)
P(ytest | ztest0 , θ∗)

]
.

The inequality follows from the definition of KL divergence and the lower bound in (143).
The equality follows from the fact that P(ytest | θ, promptCoT(n)) = P(ytest | ztest0 , θ) under
the model in (2) and rearranging terms.

Now we set q as q(θ) ∝ 1{θ ∈ Θeq(θ∗)}·π
(
θ | promptCoT(n)

)
, where π

(
θ | promptCoT(n)

)
is the posterior distribution over Θ after observing the prompt. Note that this q assigns
zero probability to any θ outside the equivalence class Θeq(θ∗). By taking an expectation
with respect to this q, we have

Eθ∗Eθ∼q
[

logP(ytest | ztest0 , θ) − logP(ytest | ztest0 , θ∗)
]

= 0

by the construction of the equivalence classes in Definition (5). Thus the KL divergence in
(144) is further bounded as follows:

KL
(
P
(
ytest = · | ztest0 , θ∗

)
,P
(
ytest = · | promptCoT(n)

))
≤ Eθ∗Eθ∼q

[
log

P
(
promptCoT(n)

)
q(θ)

P
(
promptCoT(n) | θ

)
· π(θ)

]
= Eθ∗Eθ∼q

[
log

P
(
promptCoT(n)

)
· π
(
θ | promptCoT(n)

)
P
(
promptCoT(n) | θ

)
π(θ) ·

∫
Θeq(θ∗)

π
(
θ′ | promptCoT(n)

)
dθ′

]
= − log

(∫
Θeq(θ∗)

π
(
θ | promptCoT(n)

)
dθ
)
. (145)

Here in the first equality, we plug in the closed form of q(θ), and in the second equality, we
use the fact that

P
(
promptCoT(n)

)
· π
(
θ | promptCoT(n)

)
= P

(
promptCoT(n) | θ

)
· π(θ)

to cancel terms. We can interpret the last term in (145) as an integrated version of posterior
contraction. Intuitively, a better CoT prompt yields a higher posterior concentration on
Θeq(θ∗), leading to a smaller upper bound. Finally, we plug in the closed-form expression
of π(θ | promptCoT(n)), i.e.,

π
(
θ | promptCoT(n)

)
=

P
(
promptCoT(n) | θ

)
π(θ)∫

Θ P
(
promptCoT(n) | θ

)
π(θ)dθ

,
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in (145) and obtain that

KL
(
P(ytest = · | ztest0 , θ∗),P

(
ytest = · | promptCoT(n)

))
≤ log

∫
Θ P
(
promptCoT(n) | θ

)
π(θ)dθ∫

Θeq(θ∗)
P
(
promptCoT(n) | θ

)
π(θ)dθ

= log

(
1 +

∫
Θ∁ P

(
promptCoT(n)

∣∣ θ)π(θ)dθ∫
Θeq(θ∗)

P
(
promptCoT(n)

∣∣ θ)π(θ)dθ

)
.

Here the equality follows from the definition of Θ∁. Therefore, we conclude the proof.

Proof of Lemma 29

Proof [Proof of Lemma 29] Recall that we define Ji ⊆ [H − 1] for each i ∈ [n], and we
use SiJi to denote a truncated version of the i-th trajectory Si corresponding to the indices

specified by Ji. Namely, SiJi = {zi0} ∪ {zj}j∈Ji ∪ {ziH}. We begin by applying the previous
Lemma 50:

1

2
log

P({SiJi}
n
i=1 | θ)

P({SiJi}
n
i=1 | θ∗)

=

n∑
i=1

1

2
log

P(SiJi | θ)
P(SiJi | θ

∗)

≤
n∑
i=1

log

[
Eθ∗
(

P(SJi | θ)
P(SJi | θ∗)

) 1
2
]

+ log(δ−1)

≤
n∑
i=1

[
Eθ∗
(

P(SJi | θ)
P(SJi | θ∗)

) 1
2

− 1

]
+ log(δ−1)

= −
n∑
i=1

H2
(
P(SJi | θ∗),P(SJi | θ)

)
+ log(δ−1),

with probability at least 1− δ. The first inequality follows from Lemma 50, and the second
inequality follows from the fact that x − 1 ≥ log(x). Putting both sides of the inequality
into the exponential function, we have

P({SiJi}
n
i=1 | θ)

P({SiJi}
n
i=1 | θ∗)

≤ exp
(
− 2

n∑
i=1

H2
(
P(SJi | θ∗),P(SJi | θ)

)
+ 2 log(δ−1)

)
,

with probability at least 1 − δ. Therefore, we conclude the proof.

I.3 Proofs of the Auxiliary Lemmas in Appendix H.1

Proof of Lemma 34

Proof
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We first note that for any z ∈ L and S ∈ L∗, we have

Pρ̂(z |S) ≥ 1/
(
1 + |L| exp(BS/τ)

)
, (146)

which follows from the softmax layer in (141). Combining (146) with Assumption 13, we
obtain the upper bound of the following log density bound:∣∣∣logP(z |S) − logPρ̂(z |S)

∣∣∣ ≤ b∗ = log max{c−1
0 , 1 + |L| exp(BS/τ)}. (147)

Inequality (147) gives the specific form of the upper bound b∗ mentioned in Assumption 3.
Next, we apply concentration to each fixed (t, h) with t ∈ [T ] and 0 ≤ h ≤ H. By

Hoeffding’s inequality and (147) we have

P
( N∑
ℓ=1

(
log

P(zt,ℓh |St,ℓh )

Pρ′(zt,ℓh |St,ℓh )
− E

St,ℓh
KL
(
P(· |St,ℓh ),Pρ′(· |St,ℓh )

))
> t

)
≤ 2 exp

(
−t2

2N(b∗)2

)
.

(148)

Then (148) implies that, with probability at least 1 − δ, we have

1

N

N∑
ℓ=1

(
log

P(zt,ℓh |St,ℓh )

Pρ′(zt,ℓh |St,ℓh )
− E

St,ℓh
KL
(
P(· |St,ℓh ),Pρ′(· |St,ℓh )

))
≤ b∗

√
1

2N
log

1

δ
. (149)

Applying union bound to (149) for all (t, h) with t ∈ [T ], 0 ≤ h ≤ H, we have that

1

NT (H + 1)
·
N∑
ℓ=1

T∑
t=1

H∑
h=0

(
log

P(zt,ℓh |St,ℓh )

Pρ′(zt,ℓh |St,ℓh )
− E

St,ℓh
KL
(
P(· |St,ℓh ),Pρ′(· |St,ℓh )

))

≤ b∗
√

1

2N
log

T (H + 1)

δ
.

Therefore, we conclude the proof of this lemma.

Proof of Lemma 36

Proof Fix any (t, h) with t ∈ [T ] and 0 ≤ h ≤ H, we invoke Proposition 53 by setting

Xℓ = St,ℓh and f(St,ℓh ) = TV
(
P(· |St,ℓh ),Pρ(· |St,ℓh )

)
, which gives us that with probability at

least 1 − δ,

1

N

∣∣∣Eρ∼P N∑
ℓ=1

[
E
St,ℓh

[
TV
(
P(· |St,ℓh ),Pρ(· |St,ℓh )

)]
− TV

(
P(· |St,ℓh ),Pρ(· |St,ℓh )

)]∣∣∣
≤
√

1

2 log 2 ·N

[
KL(P ∥Q) + log

4

δ

]
, (150)

where P refers to the distribution defined in Lemma 33, and Q is the uniform distribution
over PLLM. The right-hand side of (150) follows from Proposition 53 by setting b = 1
because the TV distance is always between 0 and 1.
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Next, we note that by the construction of P in (87), for ρ ∼ P , we have

TV
(
Pρ̂(· |St,ℓh ),Pρ(· |St,ℓh )

)
≤
√

1

2
KL
(
Pρ̂(· |St,ℓh ),Pρ(· |St,ℓh )

)
= O

(
1/
√
NTH

)
, (151)

for any Sth. The first line follows from the Pinsker’s inequality, and the second line follows
directly from (88).

Combining Lemma 35, (150) and (151) with union bound across all (t, h), t ∈ [T ], 0 ≤
h ≤ H, we obtain

1

NT (H + 1)

N∑
ℓ=1

T∑
t=1

H∑
h=0

(
E
St,ℓh

[
TV
(
P(· |St,ℓh ),Pρ̂(· |St,ℓh )

)]
− TV

(
P(· |St,ℓh ),Pρ̂(· |St,ℓh )

))
= O

(
1√
N

(
D̄ log(1 +NTHB̄) + log

TH

δ

))
.

Therefore, we conclude the proof.

I.4 Proofs of the Auxiliary Lemmas in Appendix H.2

I.4.1 Proof of Proposition 39

Proof In this proof, we aim to show that a sequence of L transformer blocks defined in
(95) can exactly represent the MLP up to a scaling. Recall that the intermediate layers of
the MLP are denoted by {Xd}d∈[L]. In the following, we let Y 0 = X0, and let Y d denote the
output of the d-th transformer block for all d ∈ [L]. Our goal is to construct the transformer
blocks such that Y L is exactly equal to XL up to a constant factor.

Our construction is based on two key ideas. First, as shown in Appendix H.3, in each
transformer block, we can set the MHA layer to a zero function and only keep the FF layer
and normalization layer in (95). Second, to avoid the influence of the normalization layers,
we adopt the scaling trick by scaling the parameters of the FF layer to ensure the output
matrix is bounded by one in terms of the row-wise ℓ2-norm. This normalizing scalar is then
multiplied by the weight matrix of the next layer to ensure the output stays the same.

More rigorously, we define B0 = B, which is an upper bound of ∥(X0)⊤∥2,∞. Recall
that we assume the intermediate values of the MLP satisfy ∥(Xd)⊤∥2,∞ ≤ Bd for all d ∈ [L],
where ∥(Xd)⊤∥2,∞ is the row-wise maximum ℓ2-norm ofXd. We will construct a transformer
such that Y d = Xd/Bd for all d ∈ [L]. We prove this argument via induction.

We will verify the base case Y 1 = X1/B1 later. For any d ≥ 2, suppose we have
Y d−1 = Xd−1/Bd−1 and let us consider the d-th transformer block and the d-th layer of the
MLP. Note that Xd is constructed by Xd−1 via (98) and Y d is derived from Y d−1 via

Y d = NL(ff(Z,W ff , bff) + Zdγ̄2
)
, Zd = NL(mha(Y d−1,Wmha) + Y d−1γ̄1

)
(152)

for some weight matrices Wff , bff , Wmha, γ1, and γ2 to be determined. We set the number

of heads of the MHA layer to be η = 1 and set the weight matrix of the values, W
V

, as a
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zero matrix. Moreover, we set γ1 = I in (152). Thus, we have

Zd = NL
(
mha(Y d−1,Wmha) + Y d−1γ1

)
= NL(Xd−1/Bd−1) = Xd−1/Bd−1. (153)

Here the second equality follows from the induction assumption and the last equality follows
from the fact that the ℓ2-norm of each row of Xd−1/Bd−1 is bounded by one.

Now we set

W ff = {W d
ff ·Bd−1, I/Bd}, b

d
ff = {bdff , 0}, and γ1 = I

in (152). That is, W ff,1 is proportional to W d
ff of the MLP, W ff,2 is proportional to an

identity matrix, bff,1 is the same as bdff of the MLP, bff,2 is a zero vector, and γ1 as an
identity matrix. Then, by direct calculation we have

ff(Zd,W ff , bff) = ReLU(Xd−1W d
ff + 1⊤bdff)

/
Bd = Xd/Bd.

As a result, in (152) we have

Y d = NL
(
ff(Xd−1/Bd−1,W ff , bff)

)
= NL(Xd/Bd) = Xd/Bd, (154)

where the first equality follows from (153) and the last equality follows from the fact that
Bd ≥ ∥(Xd)⊤∥2,∞. Also see Figure 16 for an illustration of each transformer block.

Figure 16: An illustration of the d-th transformer block, compared with the d-th fully con-
nected layer. (a) The left figure shows the d-th transformer block, where the
MHA block is omitted by setting the value weight matrix to zero. Since the
input is scaled down before each normalization layer, these two layers act as
identity maps. As a result, the only “active” component in this transformer
block is the feed-forward layer. (b) The right figure depicts the d-th fully con-
nected layer. The output of the d-th transformer block matches the output of
this fully connected layer up to a scaling factor Bd.
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It remains to verify the base case Y 1 = X1/B1. Recall that the transformer and the
MLP have the same input. Thus we have Y 0 = X0. For d = 1, in (152) we set the value
matrix of MHA to be zero and set γ1 = I/B0. Since each row of X0/B0 is in the unit ball
with respect to the ℓ2-norm, we have

Z1 = NL(Y 0γ1) = NL(X0/B0) = X0/B0.

Thus we recover (153) for d = 1. Then, similar to the derivations above, we can obtain
(154) for the base case. Therefore we conclude that Y d = Xd/Bd for all d ∈ [L].

In summary, we construct a transformer with L transformer blocks such that the final
output Y L satisfies Y L = XL/BL. The weight matrices of these transformer blocks are

given by {WQ,d
1 ,W

K,d
1 ,W

V,d
1 ,W

d
ff,1,W

d
ff,2, b

d
ff,1, b

d
ff,2, γ

d
1, γ

d
2, }Ld=1, where

W
d
ff,1 = Bd−1 ·W d

ff , W
d
ff,2 = I/Bd, b

d
ff,1 = bdff , bdff,2 = 0, W

V,d
mha = 0, γd2 = 0

for all d ∈ [L]. Moreover, we have γ11 = I/B0 and γd1 = I for all d ≥ 2. Finally, to recover
XL, it suffices to multiply BL ·I to Y L. Therefore, we conclude the proof of this proposition.

I.4.2 Proof of Lemma 40

Proof Consider the FF layer defined in (96). We set the bias terms as b
NN,(1)
ff,1 = (0, 0, 1,−1, 0, 0)

and b
NN,(1)
ff,2 = 0. We set the weight matrices as W

NN,(1)
ff,1 and W

NN,(1)
ff,2 as

W
NN,(1)
ff,1 =

(
W

NN,(1)
ff,2

)⊤
=

1 −1 0 0 0 0
0 0 1 −1 0 0
0 0 0 0 1 −1

 ∈ R3×6.

Note that fact that x = ReLU(x) − ReLU(−x) for any x ∈ R. For any vector of the form
v = (a, b, 0)⊤ in R3, by the direct computation we have

(W
NN,(1)
ff,2 )⊤ReLU

(
(W

NN,(1)
ff,1 )⊤v + (b

NN,(1)
ff,1 )⊤

)
= (a, b+ 1, 0)⊤.

Thus, we have

X
(1)
NN = ff(X

(0)
NN ,W

NN,(1)
ff , b

NN,(1)
ff ) = ReLU(X

(0)
NN W

NN,(1)
ff,1 + 1T b

NN,(1)
ff,1 )W

NN,(1)
ff,2 ,

which means that NNJ,1 is realized by a FF layer. Here 1 ∈ RL′
is the all-one vector. Next,

we compute the scaling factors in Proposition 39 to bypass the normalization layer in the
FF layer. Note that both the input and output magnitude is bounded by

√
B2 +H2 + 1.

Absorbing the scaling factor into the weight matrix, we have

max{∥W NN,(1)
ff,1 ∥F , ∥W NN,(1)

ff,2 ∥F , ∥bNN,(1)ff,1 ∥2, ∥bNN,(1)ff,2 ∥2} ≤
√
B2 +H2 + 1 ·

√
6.

Furthermore, as introduced at the beginning of Appendix H.2, we can represent a feed-
forward layer using a transformer block. Thus, we conclude the proof.
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I.4.3 Proof of Lemma 41

Proof We first show that the product operation can be well approximated by a fully
connected neural network, which is stated in the following lemma.

Lemma 47 (Product Operation as Neural Network) Let r ≥ 1 be an integer. There
exists a constant Cp > 0 such that for any M and ϵ, there exists a multi-layer perceptron
fproduct : Rr × R1 → Rr with D layers such that for any x1, · · · , xr, y ∈ [−M,M ],

∥fproduct
(
x1:r, y

)
− (x1y, · · · , xry)∥∞ ≤ ϵ.

Moreover, the depth D satisfies D ≤ Cp log(M) + log(1/ϵ)), and the maximum number of
the hidden neurons is bounded by 5r. Furthermore, the parameters {W i

ff,1, b
i}i∈[D] satisfies

max{∥W i
ff,1∥∞, ∥bi∥∞} ≤ 1 for all i ∈ [D − 1], and ∥WD

ff,1∥∞ ≤M2.

Proof See Appendix I.5.2 for details.

The output (101) can be achieved by applying the product operation construction from
Lemma 47 with r = 1, ensuring that |fproduct(h, 1)−h| < ϵ′ and |fproduct(h′ + 1, 0)− 0| < ϵ′

for all (t′, h′) < (t, h− 1).
By setting r = 1, this lemma says that we can realize the product operation fproduct in

(101) as the output of a fully connected network with an error at most ϵ′. Moreover, the
depth of fproduct is at most Cp(log(H) + log(1/ϵ′)) for some constant C, and the maximum
number of hidden neurons is bounded by 5.

To implement this fully connected network using a transformer, we employ Proposi-
tion 39 by setting scaling factors as B0 =

√
H2 + 1 and Bd =

√
5 for all d ∈ [D − 1],

and BD = H2. So far we have shown that we can use D transformer blocks to realize
the product operation fproduct(x, y) ≈ xy. However, note that the target input of module

NNJ,2 is X
(1)
NN ∈ RL′×3, and the target output is X

(2)
NN ∈ RL′×3, where the product operation

fproduct(x, y) only substitutes the second column of the output. Thus, we have to preserve
the first and last columns of the input.

To realize the output in (101), we concatenate another MLP, denoted by f1,3 to fproduct.
MLP f1,3 : RL′×3 → RL′×2 extracts the first and last columns of the input matrix. As we
show in Lemma 48, such an MLP exists and f1,3 in fact can be written as a single FF
layer. The Frobenius norms of the weight matrices are bounded by 2. The intuition behind
Lemma 48 is that we can write and x as ReLU(x)− ReLU(−x), which enables us to preserve
desired columns of the input matrix using a FF layer.

Finally, to concatenate f1,3 with fproduct, notice that these two MLPs might have differ-
ent numbers of layers. This does not cause trouble because by Lemma 48, we can further
stack FF layers on top of f1,3 that represents identity mappings. This will enable us to
write f1,3 as an MLP that has the same depth as fproduct. Then we can concatenate the
weights of these two MLPs in a layer-wise fashion. Thus, the Frobenius norm of the weight
matrices of the concatenated MLP is bounded by

√
B2 +H2 + 6 ·

√
H4 · 5 + 4, where the

first term in the multiplication comes from the scaling factors and the second term follows
from the weight matrices. This concludes the proof of this lemma.
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I.4.4 Proof of Lemma 42

Proof This linear operation can be realized without error by setting which can be realized

by setting bias term bNN,(2) = (0, 0, 0, 0, 1,−1) and b
NN,(2)
ff,2 = 0. We set the weight matrices

as

W
NN,(2)
ff,1 =

1 −1 0 0 0 0
0 0 1 −1 0 0
0 0 0 0 −1/2 1/2

 ,

W
NN,(2)
ff,2 =

1 −1 0 0 0 0
0 0 1 −1 0 0
0 0 0 0 1 −1

⊤

.

For any vector of the form v = (a, b, c)⊤ in R3, by direct computation, a FF layer with

parameters {W NN,(2)
ff , b

NN,(2)
ff } maps it to (a, b, c′)⊤, where

c′ = ReLU(1 − c/2) + ReLU(−1 + c/2).

Thus, c′ = 1 if c = 0 and c′ = 1/2 if c = 1. Therefore, we have

X
(3)
NN = ff(X

(2)
NN ,W

NN,(2)
ff , b

NN,(2)
ff ),

which means that NNJ,3 can be realized by a single FF layer. Moreover, the weight matrices
and bias vectors are all bounded by

√
B2 + (H + 1)2 + 1 ·

√
6 in terms of the Frobenius

norm. Noticing that a FF layer can be represented by a single transformer block, we con-
clude the proof.

I.4.5 Proof of Lemma 43

Proof In this proof, we first construct an attention layer that takes z̃
t′,(2)
h′ ∈ R3 as the

input and outputs (0, pt
′
h′ , 0) for any index (t′, h′). Here pt

′
h′ ≈ h for any (t′, h′). Next, we

explain how to maintain the first coordinate of z̃
t′,(2)
h′ , i.e., zt

′
h′ . Finally, we show that this

network module can be implemented by a single transformer block.

To construct the attention layer, we introduce an auxiliary parameter α to control the
precision of pt

′
h′ . Recall that the sequence Sth has length L′ = L′(t, h) = (t− 1) · (H + 1) + h

and its last element is zth−1. For any (t′, h′), z̃
t′,(2)
h′ is the L′(t′, h′)-th vector of the input

X
(3)
NN . We define the attention matrices Wmha = {WQ,WK ,W V }, where WQ = (0, 0,−α)⊤ ∈

R3×1,WK = (0, 0, 1)⊤ ∈ R3×1 and

W V =

0 0 0
0 1 0
0 0 0

 .
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Here α > 0 is a parameter to be determined later. With the input X
(3)
NN ∈ RL′×3, the

queries, keys, and values are given by

Q = X
(3)
NN W

Q = −(α, · · · , α, α/2)⊤ ∈ RL
′
,

K = X
(3)
NN W

K = (1, · · · , 1, 1/2)⊤ ∈ RL
′
,

V = X
(3)
NN W

V =

 0 · · · 0
fproduct(h

′ + 1, 0) · · · fproduct(h, 1)
0 · · · 0

⊤

∈ RL
′×3,

(155)

where we fproduct approximates the product operation in the sense that |fproduct(x, y)−xy| ≤
ϵ′ for any x, y ∈ [−H,H]. Using (155), we compute that the softmax attention score a(i, j)
based on the i-th query and j-th key for all i, j ∈ [L′]:

a(i, j) =



e−α/2

e−α/2 + (L′ − 1) · e−α
for i ̸= L′ and j = L′,

e−α

e−α/2 + (L′ − 1) · e−α
for i ̸= L′ and j ̸= L′,

e−α/4

e−α/4 + (L′ − 1) · e−α/2
for i = L′ and j = L′,

e−α/2

e−α/4 + (L′ − 1) · e−α/2
for i = L and j ̸= L′.

Using these attention scores to aggregate the value vectors, for any position (t′, h′), we
obtain the output of the attention layer:

(0, pt
′
h′ , 0) =

L′∑
j=1

a
(
L′(t′, h′), j

)
· vj , (156)

where vj is the j-th row of the value matrix V , and L′(t′, h′) is the index of zt
′
h′ in sequence

Sth. By the construction of V in (155), the first and last coordinates of the attention output
are both zero, and we let pt

′
h′ in (156) to denote the nonzero coordinate.

It remains to show that |pt′h′ − h| is small for all (t′, h′). For any ϵ > 2ϵ′, we can choose
α sufficiently large such that (L′ − 1) ·max{e−α/2, e−α/4}+ 2ϵ′ < ϵ. We separately consider
the cases where (t′, h′) < (t, h− 1) and (t′, h′) = (t, h− 1) as follows. For the first case, we
have

|pt′h′ − h| =

∣∣∣∣ e−α/2

e−α/2 + (L′ − 1) · e−α
· fproduct(h, 1) − h

+
e−α

e−α/2 + (L′ − 1) · e−α
∑

(t′,h′)<(t,h−1)

fproduct(h
′ + 1, 0)

∣∣∣∣ (157)

≤ (L′ − 1) · e−α/2 + 2ϵ′ < ϵ.

To see the second inequality, we note that using the fact that |fproduct(h, 1) − h| ≤ ϵ′ and
the fact that

e−α/2

e−α/2 + (L′ − 1) · e−α
=

1

1 + (L′ − 1) · e−α/2
,
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we have by direct computation that∣∣∣∣ e−α/2

e−α/2 + (L′ − 1) · e−α
· fproduct(h, 1) − h

∣∣∣∣ ≤ |fproduct(h, 1) − h|
1 + (L′ − 1) · e−α/2

+
(L′ − 1) · e−α/2

1 + (L′ − 1) · e−α/2
,

which is bounded by (L′ − 1) · e−α/2 + ϵ′. Moreover, the second summation in (157) is
bounded by ϵ′ because∣∣∣∣ e−α

e−α/2 + (L′ − 1) · e−α
∑

(t′,h′)<(t,h−1)

fproduct(h
′ + 1, 0)

∣∣∣∣ ≤ |fproduct(h′ + 1, 0)| ≤ ϵ′.

Combining the above two inequalities yields (157). Similarly, for (t′, h′) = (t, h− 1), we use
the same argument to obtain that

|pn+1
h−1 − h| =

∣∣∣∣ e−α/4

e−α/4 + (L′ − 1) · e−α/2
· fproduct(h, 1) − h

+
e−α/2

e−α/4 + (L′ − 1) · e−α/2
∑

(t′,h′)<(t,h−1)

fproduct(h
′ + 1, 0)

∣∣∣∣
≤ (L′ − 1) · e−α/4 + 2ϵ′ < ϵ.

In conclusion, when selecting α such that (L′−1) ·max{e−α/2, e−α/4} < ϵ−2ϵ′, we have
|pt′h′ − h| < ϵ for all (t′, h′). Since L′ ≤ T · (H + 1), it suffices to choose

α = 8 · log
(
TH/(ϵ− 2ϵ′)

)
.

We conclude that we can construct an attention layer that takes z̃t
′

h′,(2) ∈ R3 as input

and outputs (0, pt
′
h′ , 0), such that |pt′h′ − h| < ϵ for any (t′, h′) ≤ (t, h − 1). Moreover, the

norms of weight matrices satisfy

∥WQ∥F = 8 log
(
TH/(ϵ− 2ϵ′)

)
, ∥WK∥F = ∥W V ∥F = 1.

Note that this single-head attention is a special of MHA layer with η = 1.
Finally, to show that such a layer can be implemented by a single transformer block

defined in (95), we use a residual link by setting γ1 = diag(1, 0, 0) ∈ R3×3 in (95). This
enables us to pass along the first coordinate zt

′
h′ . Additionally, the FF module can append

zeros to the input by taking W
NN,(1)
ff,2 as

W
NN,(1)
ff,1 =

1 −1 0 0 0 0
0 0 1 −1 0 0
0 0 0 0 1 −1

 ∈ R3×6,
(
W

NN,(1)
ff,2

)⊤
=

(
W

NN,(1)
ff,1

0

)
∈ R(2|L|+2)×6,

and b
NN,(1)
ff,1 = b

NN,(1)
ff,2 = 0. As a result, for any (t′, h′), the output of the transformer block is

given by

z
t′,(4)
h′ = NL

(
(zt

′
h′ , p

h′
h′ ,0)

)
∈ R2+2|L|.
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Note that the ℓ2-norm of vector (zt
′
h′ , p

h′
h′ ,0) is bounded by a constant because |ph′h′ | ≤ H and

L is regarded as a compact subset of R. Thus, we can additionally apply the scaling trick
introduced in Appendix H.3 to bypass the normalization layer NL(·). To implement this
scaling trick, we need only to scale W V by a constant factor

√
B2 + (H + 1)2 + 1, which

affects the magnitude of the transformer weight matrices by a constant factor. Now we
conclude the proof.

I.4.6 Proof of Proposition 44

Proof
This proof is structured in three steps. In Step 1, we provide a high-level overview

of the network embedh(·), aiming for softmax(embedh(Sth)/τ) ≈ g∗h(Sth), where g∗h(·) is
the target distribution. In Step 2, we provide a detailed construction of embedh(·) by
approximating ψ∗

h and τ logw∗
h,i for each i ∈ [|L|]. Finally in Step 3, we apply the embedh(·)

approximation to construct each module Gh, which takes (Sth, p̂h, F3, F4) as the input and
produces (Sth, p̂h,1

⊤
L′embedh(Sth), F4) as the output. We show how to modify the weight

matrices in embedh(·) to construct Gh. This technique is applied repeatedly in the proof
found in Appendix H.3, with similar approaches being used in related cases.

Step 1: High-level structure of each embedh(·). The moduleGh takes input (Sth, p̂h, F3, F4) ∈
RL′×(2+2|L|) as the input and outputs (Sth, p̂h,1

⊤
L′embedh(Sth), F4) ∈ RL′×(2+2|L|). Note that

ψ∗
h is a univariate function and ω∗

h : R → R|L|. Note that the key functionality of the module
Gh is to use Sth to produce embedh. For any h ∈ [H], we want to construct networks ŵ∗

h

and ψ̂∗
h approximating functions w∗

h and ψ∗
h in (94) separately. More specifically, we want

to construct a network ĝ∗h such that

g∗h(Sth) = w∗
h

(
1

L′

(t,h−1)∑
(i,j)=(1,0)

ψ∗
h(zij)

)

≈ softmax

(
f̂wh

(
1

L′

(t,h−1)∑
(i,j)=(1,0)

ψ̂∗
h(zij)

)/
τ

)
= ĝ∗h(Sth), (158)

where
∑(t,h−1)

(i,j)=(1,0) means that we sum over all reasoning steps before zth. Here f̂wh in (158)

approximates the function τ · logw∗
h. In Step 2, we apply Lemma 55 to separately bound

the error induced by f̂wh and ψ̂∗
h using the universal approximation property of the fully-

connected networks. Finally, in Step 3 we combine everything and construct the Gh as a
composition of transformer blocks.

In the sequel, we introduced the rationale behind the construction of ψ̂∗
h, and f̂wh describe

how to implement them using transformer blocks.

• Approximate ψ∗
h using an MLP. We construct ψ̂∗

h : R → R as a fully-connected
MLP with Dψ layers and each layer has no more than 16 neurons, where Dψ will be
specified later. The construction directly follows from Lemma 55, which is a neural
network approximation result established in Elbrächter et al. (2021). As shown in
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Proposition 39, such a fully connected network can be regarded as a composition of
Dψ transformer blocks. In particular, as shown in the proof of Proposition 39, in
each transformer block as in (95), we can set the value matrices in the MHA layers
to be zero, set γ1 as an identity matrix, and set γ2 to a zero matrix. This reduces
the transformer block to a feed-forward layer, combined with normalization. We can
apply the scaling trick introduced in Appendix H.3 to bypass the normalization layer.
This enables us to represent each layer of the MLP using a transformer block.

• Realize the average module. After having ϕ̂∗h, we need to compute

1/L′ ·
(t,h−1)∑

(i,j)=(1,0)

ψ̂∗
h(zij)

using a transformer block. This can be achieved by having a single-head attention layer
with WQ = WK = 0, and W V = 1. To see this, observe that when WQ = WK = 0,
all the attention scores become 1/L′ and thus the attention layer becomes an average.

• Approximate w∗
h using an MLP. Note that w∗

h takes values in R|L|. We let w∗
h,i

denote its i-th entry for all i ∈ [|L|]. We leverage Lemma 55 to approximate each
τ · logw∗

h,i using a fully connected MLP f̂wh,i with Dω layers, where each layer has at

most 16 neurons. Here Dω will be specified later. Similar to ψ̂h, such an MLP can be
implemented by a composition of Dw transformer blocks.

Step 2: Approximate ψ∗
h and w∗

h using MLPs. In this step, we employ the universal
approximation properties of fully connected networks to construct MLPs that approximate
ψ∗
h and w∗

h,i for all i ∈ [|L|]. The technical tool we leverage is Lemma 55, obtained from
Elbrächter et al. (2021), which shows that MLP functions can approximate sufficiently
smooth functions.

Specifically, under Assumption 37, by Lemma 55, for any desired accuracy levels ϵψ and

ϵw, there exist MLPs ψ̂∗
h and {f̂wh,i}i∈[|L|] such that

∥ψ̂∗
h − ψ∗

h∥∞ < ϵψ, ∥f̂wh,i − τ · logw∗
h,i∥∞ < ϵw for all i ∈ [|L|], (159)

where ψ̂∗
h has Dψ layers and each f̂wh,i has at most Dw layers. Here we have

Dψ = 2CdB ·
(

log(1/ϵψ)
)2

+ logB, Dw = 2CdB
(

log(1/ϵw)
)2

+ logB, (160)

where Cd > 0 is an absolute constant and B is the parameter appearing in Assumption
37. Moreover, each layer has at most 16 neurons and all the neural network weights are
bounded by one in magnitude, i.e., each entry of the weight matrices is bounded in [−1, 1].
By this construction, define an embedding vector embedh(Sth) ∈ R|L| as

embedh(Sth) = f̂wh

(
1

L′

( t−1∑
i=1

H∑
j=0

ψ̂∗
h(zij) +

h−1∑
j′=0

ψ̂∗
h(ztj′)

))
, (161)

where f̂wh denotes the vector-valued mapping whose entries are {f̂wh,i}i∈[|L|].
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Next, we feed embedh(Sth) into the softmax layer and obtain an estimator of g∗h(Sth). For
any prompt Sth with length L′ ≤ L, the ℓ1-approximation error is bounded by∥∥g∗h(Sth) − softmax

(
embedh(Sth)/τ

)∥∥
1

≤
∥∥∥∥g∗h(Sth) − softmax

(
f̂wh

(
1

L′

(t,h−1)∑
(i,j)=(1,0)

ψ∗
h(zij)

))∥∥∥∥
1

+

∥∥∥∥softmax(f̂wh ( 1

L′

(t,h−1)∑
(i,j)=(1,0)

ψ∗
h(zij)

))
− softmax

(
f̂wh

(
1

L′

(t,h−1)∑
(i,j)=(1,0)

ψ̂∗
h(zij)

))∥∥∥∥
1

≤ 2ϵw + 2 · 256Dw · ϵψ, (162)

where 256 appears because it is the total number of parameters in each layer of f̂wh,i. Here,
the first inequality follows from the triangle inequality. In the second inequality, we employ
Lemma 54, which states that softmax(·) is Lipschitz continuous with parameter 2 in terms
of the ℓ1-ℓ∞ norm pair. To bound the first term, we combine Lemma 54 and (159), which
shows that the first term is no more than 2ϵw. To bound the second term, we note that the
fact that each f ih,i, as a Dw-layer MLP, is a Lipschitz continuous function in terms of the

ℓ∞-norm. The Lipschitz parameter is bounded by 256Dw because the vectorized ℓ1-norm
of the weight matrix in each layer is bounded by 256, which is a result of Lemma 55. Then
we combine Lemma 54, Lipschitzness of f̂wh , and (159) to obtain

∥∥∥∥softmax(f̂wh ( 1

L′

(t,h−1)∑
(i,j)=(1,0)

ψ∗
h(zij)

))
− softmax

(
f̂wh

(
1

L′

(t,h−1)∑
(i,j)=(1,0)

ψ̂∗
h(zij)

))∥∥∥∥
1

≤ 2 · max
i∈[|L|]

∣∣∣∣f̂wh,i( 1

L′

(t,h−1)∑
(i,j)=(1,0)

ψ∗
h(zij)

)
− f̂wh

(
1

L′

(t,h−1)∑
(i,j)=(1,0)

ψ̂∗
h(zij)

)∣∣∣∣
≤ 2 · 256Dw ·

∥∥∥∥ 1

L′

(t,h−1)∑
(i,j)=(1,0)

ψ∗
h(zij) −

1

L′

(t,h−1)∑
(i,j)=(1,0)

ψ̂∗
h(zij)

∥∥∥∥
∞

< 2 · 256Dw · ϵψ,

In summary, for any given ϵw and ϵψ, there exist MLPs ψ̂∗
h and {f̂wh,i}i∈[|L|] such that∥∥g∗h(Sth) − softmax

(
embedh(Sth)/τ

)∥∥
1
≤ 2ϵw + 2 · 256Dw · ϵψ.

These MLPs have at most Dψ and Dw layers respectively, where Dψ and Dw are defined in
(160). In each layer, there are 16 neurons and the weights are all in [−1, 1].

In conclusion, the above analysis can be extended to bound the error∥∥g∗
h̃
(Sth) − softmax(embed

h̃
(Sth)/τ)

∥∥
1

for all h̃ ∈ {0, . . . ,H} using the same upper bound. This means that softmax(embed
h̃
(Sth)/τ)

serves as an estimator for g∗
h̃
(·) with uniform precision across all h̃. This generalization is
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possible because the analysis in (162) is based solely on the Lipschitz continuity of softmax
and the approximation errors established in (159). Therefore, the same error bounds apply
when substituting any h̃ for h in g∗h(·) and embedh(·), ensuring that the error analysis is

valid for any h̃ ∈ {0, . . . ,H}.
Step 3: Construct the transformer module Gh. In the previous step, we construct
embedh(Sth) that approximates g∗h(Sth). However, the actual input of the transformer module
Gh is (Sth, p̂h, F3, F4) ∈ RL′×(2+2|L|) and the expected output is (Sth, p̂h,1

⊤
L′embedh(Sth), F4) ∈

RL′×(2+2|L|). In this final step, we explicitly construct the transformer module Gh that
preserves Sth, p̂h, F4 and substitute 1⊤L′embedh(Sth) in the third column.

To achieve such a goal, we need to first show that embedh(·) can be implemented by
transformer blocks. Then we need to show that these transformer blocks can be put in a
larger transformer with the desired input-output relationship. To achieve the first goal, we
apply Proposition 39 separately to the approximation modules ψ̂∗

h and (f̂wh,1, · · · , f̂wh,|L|), and
connect them with the average module that is realized by a single-head attention layer. In
particular, we apply the scaling trick in Proposition 39 to bypass the normalization layers in
the transformer blocks. We specify the expression of these scaling at the end of our proof.

Our next step is to adjust weight matrices in each transformer block to preserve Sth, p̂h, F4

and substitute embedh(Sth) in the third column. To this end, we introduce the notion of a
residual ReLU module, which is an FF layer that only keeps some desired columns of the
input matrix. Then we can concatenate embedh(·) with a residual ReLU module to achieve
the desired functionality.

Lemma 48 (Residual ReLU module) Let X ∈ Rm×r denote the input, and J ⊆ [r]
denote a set of indices. Then there exists a FF layer with weight matrices Wff,1 ∈ Rr×(2|J |)

and Wff,2 ∈ R(2|J |)×|J | such that the output matrix only keeps those columns with indices
i ∈ J . Specifically, we have

ReLU(XWff,1)Wff,2 = X:,i∈J ∈ Rm×|J |.

Moreover, these weight matrices satisfy ∥Wff,1∥F =
√

2|J | and ∥Wff,2∥F =
√

2|J |.

Proof See Appendix I.5.3 for details.

To show that we can fuse embedh(·) with a residual ReLU module that preserves the
submatrix (Sth, p̂h, F4) ∈ RL′×(2+|L|) through each FF layer, it suffices to show that a residual
ReLU module can work together with a feed-forward layer and a MHA layer. The reason
is that embedh(·) is a composition of Dψ FF layers, an attention layer, and Dw FF layers.
If each layer of embedh(·) can be added to a larger network which keeps (Sth, p̂h, F4) ∈
RL′×(2+|L|) unchanged, then we can apply this argument to all layers of embedh(·) and
obtain the desired network. Thus, in the following, we focus only on a FF layer and a MHA
layer.

Notice that permutation of the columns can be achieved by a linear FF layer. It suffices
to put columns corresponding to embedh(·) to the first |L| columns. That is, we can study
whether the transformation

(X,Sth, p̂h, F4) −→ (X ′, Sth, p̂h, F4),
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can be achieved by a transformer block, where X ∈ RL′×d for some d, and X ′ is obtained
by X through an FF or MHA layer. For ease of presentation, we denote (Sth, p̂h, F4) by
a matrix Y ∈ RL′×d′ and study this problem with abstraction, where d′ is the number of
columns in Y . Then we consider X ′ = ff((X,Y ),Wff , bff) or X ′ = mha((X,Y ),Wmha).

First, we assumeX ′ = ff((X,Y ),Wff , bff), whereWff = (Wff,1,Wff,2) and bff = (bff,1, bff,2).
Using Lemma 48, we will construct weights W ff , bff such that (X ′, Y ) = ff((X,Y ),W ff , bff).
In particular, we apply Lemma 48 to (X,Y ) with J = {d + 1, . . . , d + d′}, where J refers
to the column indices corresponding to Y . Then there exist weight matrices W Y

ff,1 and W Y
ff,2

such that

Y = ReLU
(
(X,Y )W Y

ff,1)W
Y
ff,2.

Notice that W Y
ff,1 has size (d + d′) × (2d′) and W Y

ff,2 has size 2d′ × d′. Whereas Wff,1 has d
rows. Now we define

W ff,1 =
(
Wff,1 W Y

ff,1

)
, W ff,2 =

(
Wff,2 0

0 W Y
ff,2

)
, bff,1 = (bff,1,0), bff,2 = (bff,2,0).

Here in W ff,1 we add d′ all-zero rows below Wff,1 to construct a valid matrix. As defined in
(96), we can directly calculate the FF layer with parameters W ff and bff and have

ff
(
(X,Y ),Wff , bff) = ReLU

(
(X,Y )W ff,1 + 1⊤bff,1

)
W ff,2 + 1⊤bff,2

=
(
ReLU((X,Y )Wff,1 + 1⊤bff,1), ReLU((X,Y )W Y

ff,1)
)
W ff,2 + 1⊤bff,2

= (X ′, Y ).

Therefore, we construct an FF layer such that we change X to X ′ and keep Y unchanged.

It remains to consider the case where X ′ = mha((X,Y ),Wmha). We show that (X ′, Y )
can be implemented by a transformer block starting from (X,Y ). WhenX ′ = mha(X,Wmha),
we can augment the three matrices ofWmha by adding zeros such that (X ′,0) = mha((X,Y ),Wmha),
where Wmha is obtained from Wmha by adding zeros, and 0 is a zero matrix that has the
shape as Y . Then, with a generalized residual link, we have

(X ′, Y ) = mha((X,Y ),Wmha) + (X ′, Y )

(
0 0
0 I

)
,

where the 2 × 2 block matrix plays the same role as γ1 in (95).

Therefore, we conclude that an FF and MHA layer that maps X to X ′ can be aug-
mented to a layer that maps (X,Y ) to (X ′, Y ). Now we apply this argument recursively for
embedh(·). The input matrix is (F3, S

t
h, p̂h, F4) and the desired output is (1⊤L′embedh(Sth), Sth, p̂h, F4).

In particular, embedh(Sth) is an MLP of Sth that consists of Dψ +Dw FF layers in total and
a MHA layer. Thus, we can apply the above argument with X = F3, Y = (Sth, p̂h, F4) and
X ′ being the intermediate outputs of embedh(·). We conclude that such a mapping can be
implemented by a transformer with Dψ +Dw + 1 blocks.

Finally, we need to permute (1⊤L′embedh(Sth), Sth, p̂h, F4) to (Sth, p̂h,1
⊤
L′embedh(Sth, F4),

which can be achieved by another linear layer. Therefore, the desiredGh can be implemented
by Dψ +Dw + 2 transformer blocks.
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We compute the scaling factors from Proposition 39 when implementing each approxi-

mation module f̂wh,i and f̂wh = {f̂wh,i}
|L|
i=1 using transformers blocks. Furthermore, we conclude

this proof by commenting on the width and norm of weight matrices of Gh.
In the construction of Gh, we first note that since we approximate each coordinate of

the output distribution individually using f̂wh,i for i ∈ [|L|], we horizontally stack the weight

matrices for each f̂wh,i at corresponding layers. Therefore, we derive an upper bound of
the hidden layer size as dF ≤ 16|L| + 4 + 2|L|, where 16|L| follows from the transformer
implementation of f̂wh , and 2(2 + |L|) follows from the preservation of columns Sth, p̂h, F4.

To implement ψ̂∗
h using transformer blocks while preserving the inputs, we apply Propo-

sition 39 by setting the scaling factors {Bψ
ℓ }

Dψ
ℓ=0 as

Bψ
0 = Bψ

Dψ
=
√
B2 +H2 + 2|L|(CA + 1)2,

Bψ
ℓ =

√
dF · ((Bψ

0 + 1) · 16ℓ)2 +B2 +H2 + |L|(CA + 1)2, for ℓ ∈ [Dψ − 1],

where Bψ
0 normalizes the input (Sth, p̂h, F3, F4) row-wisely, each Bψ

ℓ keeps the intermediate

outputs in a unit ball. Finally, Bψ
Dψ

follows since CA upper bounds the magnitude of ψ∗
h

by Assumption 37, which controls the magnitude of each row in ψ̂∗
h(Sth). This scaling is

absorbed into the average module realized via a MHA layer. Next, we consider the trans-
former implementation of f̂wh . Similar to the implementation of ψ̂∗

h, we apply Proposition 39
by setting the scaling factors {Bw

ℓ }
Dw
ℓ=0 as

Bw
0 = Bw

Dw =
√
B2 +H2 + 2|L|(CA + 1)2,

Bw
ℓ =

√
dF · ((Bw

0 + 1) · 16ℓ)2 +B2 +H2 + |L|(CA + 1)2, for ℓ ∈ [Dw − 1].

Finally, we compute the maximum network weight for the module Gh as

max
0≤i≤Dψ ,0≤j≤Dw

{Bψ
i , B

w
j } ·

√
d2F + 2(2 + |L|) ≤ CF ·B0 · 16max{Dψ ,Dw} · |L|3/2,

where B0 =
√
B2 +H2 + |L| · C2

A and CF > 1 is an absolute constant.

I.4.7 Proof of Lemma 45

Proof
Recall that for each h ∈ [H] and ϵ ∈ (0, 1/2), we want to construct an MLP that

implements the trapezoid-shaped function

fh(x) =


1 for |x− h| ≤ ϵ,

1 − (|x− h| − ϵ)/(1 − 2ϵ) for ϵ < |x− h| ≤ 1 − ϵ,

0 otherwise.
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Figure 17: An illustration of the trapezoid functions fh(x) as the sum of two functions
h1(x) and h2(x). Intuitively, h1(x) is a large upward-pointing triangle, and
h2(x) is a smaller downward-pointing triangle that mirrors h1(x) within the
interval x ∈ [−ϵ, ϵ]. The downward slope of h2(x) cancels out the upward slope
of h1(x) within this interval, resulting in a flat region. Therefore, the sum of the
two functions creates a trapezoid shape.

This function can be expressed as the sum of two triangular-shaped functions h1(x) +
h2(x), where we define h1 and h2 as

h1(x) =

{
1 − (|x− h| − ϵ)/(1 − 2ϵ) for |x− h| ≤ 1 − ϵ,

0 else,

h2(x) =

{
(|x− h| − ϵ)/(1 − 2ϵ) for |x− h| ≤ ϵ,

0 else.

Here h1 is nonzero when |x − h| ≤ 1 − ϵ with h1(h) = (1 − ϵ)/(1 − 2ϵ), h1(h + 1 − ϵ) =
h1(h−1+ϵ) = 0. Thus h1 is a triangle pointing upwards. Similarly h2 is a triangle pointing
downwards with h2(h) = −ϵ/(1 − 2ϵ) and h2(h− ϵ) = h2(h + ϵ) = 0. See Figure 17 for an
illustration of fh, h1, and h2.

Furthermore, both h1 and h2 are piecewise linear functions with four linear pieces, and
thus can be written as a sum of four ReLU functions. In particular, we can write h1 as

h1(x) =
1

1 − 2ϵ

(
ReLU(x− (h+ 1 − ϵ)) + ReLU(h− 1 + ϵ− x)

− ReLU(x− h) − ReLU(h− x) + 1 − ϵ
)
,

which can be verified by direct calculation. Thus, this function can be written as a single
feed-forward layer with parameters

W 1
ff,1 = (1,−1, 1,−1, 0), b1ff,1 = (−(h+ 1 − ϵ), h− 1 + ϵ,−h, h, 1 − ϵ),

W 1
ff,2 = (1, 1,−1,−1, 1)⊤/(1 − 2ϵ), b1ff,2 = 0.
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Similarly, we can write h2 as

h2(x) =
1

1 − 2ϵ

(
ReLU(x− (h+ ϵ)) + ReLU(h− ϵ− x) − ReLU(x− h) − ReLU(h− x) − ϵ

)
,

which can be written as a feed-forward layer with parameters

W 2
ff,1 = (1,−1, 1,−1, 0), b2ff,1 = (−(h+ ϵ), h− ϵ,−h, h,−ϵ),

W 2
ff,2 = (1, 1,−1,−1, 1)⊤/(1 − 2ϵ), b2ff,2 = 0.

Finally, by directly concatenating the corresponding weight matrices for h1(·) and h2(·),
we can implement the function fh using a single feedforward (FF) layer. The width of the
weight matrix in this FF layer is at most 10, and the magnitude of the weights is bounded
by H + 1. Thus, we conclude the proof.

I.5 Proofs of the Remaining Auxiliary Lemmas

In the following, we prove the remaining auxiliary lemmas, which include Lemma 46 used
in the proof of Corollary 18, and Lemmas 47 and 48 used in the proofs in Appendix I.4.

I.5.1 Proof of Lemma 46

Proof
Let promptCoT(n) denote a fixed prompt, then according to the chain rule of KL diver-

gence, we have that

KL
(
P(ztest1:H = · | promptCoT(n)),Pρ̂(ztest1:H = · | promptCoT(n))

)
(163)

=
H∑
h=1

Eztest1:h−1∼P(· | promptCoT(n))

[
KL
(
P(ztesth = · | prompthCoT(n)),Pρ̂(ztesth = · | prompthCoT(n))

)]
.

Here the chain rule of KL divergence states that

KL
(
P(X2 = ·, X3 = · |X1),P(X2 = ·, X3 = · |X1)

)
= KL(P(X2 = ·, |X1),P(X2 = ·, |X1)

)
+ EX2∼P(· |X1)

[
KL(P(X3 = · |X1, X2),P(X3 = ·, |X1, X2)

)]
holds for any three random variables (X1, X2, X3) with two joint distributions P and P.
Then according to data processing inequality, we have that

KL
(
P(ztest1:H = · | promptCoT(n)),Pρ̂(ztest1:H = · | promptCoT(n))

)
(164)

≥ KL
(
P(ztestH = · | promptCoT(n)),Pρ̂(ztestH = · | promptCoT(n))

)
.

Notice that ytest = ztestH . Combining (163) with (164), we have that

KL
(
P(ytest = · | promptCoT(n)),Pρ̂(ytest = · | promptCoT(n))

)
≤

H∑
h=1

Eztest1:h−1∼P(· | promptCoT(n))

[
KL
(
P(ztesth = · | prompthCoT(n)),Pρ̂(ztesth = · | prompthCoT(n))

)]
.
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Therefore, we conclude the proof.

I.5.2 Proof of Lemma 47

Proof In this proof, we extend Proposition III.3 in Elbrächter et al. (2021) to construct a se-
quence of FF modules such that f : Rr×R → Rr, where we want f(x1:r, y) ≈ (x1y, · · · , xry).
For simplicity, we denote the input as X0 = (x1, · · · , xr, y) ∈ Rr+1. By leveraging the con-
struction by Elbrächter et al. (2021), we define a set of matrices {Ai, bi}m+2

i=1 as follows.
First, we define A0,1 = (1,−1, 1,−1)/(2M) and A0,2 = (1,−1,−1, 1)/(2M). Then for

each i ∈ [r], we define A1,i ∈ R(r+1)×4 by setting the i-th row as A0,1, (r + 1)-th row as
A0,2 and fill the rest with zero. For example, A1,1 = (A0,1,0(r−1)×4, A0,2)

⊤ ∈ R(r+1)×4. We

stack the matrices {A1,i}ri=1 horizontally to form A1 = (A1,1, · · · , A1,r) ∈ R(r+1)×4r. Then
we define the bias b1 = 0 ∈ R4r.

To define {Ai, bi}m+2
i=2 , we first define {A′

ℓ, b
′
ℓ}
m+1
ℓ=2 by letting

A′
2 =


1 1 1 0 0
1 1 1 0 0
0 0 −1 1 1
0 0 −1 1 1

 ∈ R4×5, b′2 =
(
0 −1/2 0 0 −1/2

)
,

A′
ℓ =

1

2M


1/2 1/2 −1/2 0 0
−1 −1 1 0 0
0 0 1 0 0
0 0 1/2 1/2 1/2
0 0 −1 −1 −1

 ∈ R5×5, b′ℓ =
(
0 −23−2ℓ 0 0 −23−2ℓ

)
,

for 3 ≤ ℓ ≤ m + 1. Finally, we define A′
m+2 = (−1/2, 1, 1, 1/2,−1)⊤ ∈ R5×1 and b′m+2 =

0 ∈ R. Next, for any i ∈ {2, . . . ,m+ 2}, we define Ai and bi as

Ai = diag(A′
i, · · · , A′

i︸ ︷︷ ︸
r

), bi =
(
b′i, · · · , b′i︸ ︷︷ ︸

r

)
,

where each Ai is obtained by constructing a block-diagonal matrix with A′
i being the diag-

onal blocks, and each bi is obtained by stacking b′i horizontally for r times. Therefore we
have A2 ∈ R4r×5r, Am+2 ∈ R5r×r, and Aℓ ∈ R5r×5r for 3 ≤ ℓ ≤ m + 1. Besides, we have
bi ∈ R1×5r for each 2 ≤ ℓ ≤ m + 1, and bm+2 = 0 ∈ Rr. Note that in the construction
of Proposition III.3 by Elbrächter et al. (2021), a scalar multiplication module is used to
restore the normalization 1/2M introduced by the first weight matrix A1. In our approach,
we instead scale the last weight matrix Am+2 by M2, thereby eliminating the need for a
separate scalar multiplication module.

Note that by setting r = 1, we recover the exact construction by Elbrächter et al. (2021)
in Proposition III.3. We use f1 : R → R to denote such a network, which is an MLP with
parameters {A′

i, b
′
i}
m+2
i=1 , where A′

1 = (A0,1, A0,2)
⊤ ∈ R2×4, b′1 = 0 ∈ R4, and {A′

i, b
′
i}
m+2
i=2

are defined above. By the construction of the weight matrices {A′
i, b

′
i}
m+2
i=1 , the MLP with

these parameters yields a vector-valued mapping f : Rr × R → R such that

f(x, y) =
(
f1(x1, y), · · · , f1(xr, y)

)
, ∀x ∈ Rr, y ∈ R. (165)
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As shown in Proposition III.3 in Elbrächter et al. (2021), when the depth of f1, i.e., m+2,
is bounded by Cp(logM + log(1/ϵ)) for some constant Cp > 0, f1 is a good approximator
of the product operation in the sense that |f1(a, b) − ab| < ϵ for any a, b ∈ [−M,M ].

Therefore, f constructed in (165) using weight matrices {Ai, bi}m+2
i=1 satisfies

∥f(x, y) − (x1y, · · · , xry)∥∞ = max
i∈[r]

|f(xi, y) − xiy| < ϵ.

The depth of f is no more than C(logM + log(1/ϵ)), and the maximum dimension of
the hidden neurons is 5r. The maximum magnitude of the intermediate weight matrices is
bounded by 1, i.e., max{∥Ai∥∞, ∥bi∥∞} ≤ 1 for all i ∈ [m+1]. Additionally, ∥Am+2∥∞ ≤M2

due to the direct scaling, which replaces the scalar multiplication module.
To bound the Frobenius norms of weight matrices and bias vectors in f , by direct

computation, we have

max
ℓ∈[m+2]

{∥Aℓ∥F, ∥bℓ∥F} = max{∥A2∥F, ∥Am+2∥F} = max{
√

12r,H2 ·
√

5r}.

Finally, we compute the row-wise ℓ2-norm for each intermediate output

Xℓ = ReLU
(
Xℓ−1Ad + 1⊤bℓ

)
, ∀ℓ ∈ [m+ 2],

where the initial input is given by X0 = (x1, · · · , xr, y) ∈ Rr+1. Given that each entry of
Xℓ−1 lies within the interval [0, 1], and noting that by construction ∥1Aℓ + bℓ∥∞ ≤ 1, for
ℓ ≥ 3, we conclude that each entry of Xℓ is also within [0, 1]. We can calculate X1 as:

X1 =
1

2M
· ReLU (x1 + y,−(x1 + y), x1 − y,−(x1 − y), . . . ,−(xr − y)) .

Since x1, . . . , xr, y ∈ [−M,M ], each coordinate of X1 is in [0, 1]. Direct computation shows
that

X2 = ReLU
( 1

2M
· (|x1 + y|, |x1 + y|, |x1 + y| − |x1 − y|, |x1 − y|, |x1 − y|, · · · , |xr − y|)

− (0, 1/2, 0, 0, 1/2, · · · , 1/2)
)
,

thus each coordinate of X2 is in [0, 1]. By induction, this implies that for each intermediate
output Xℓ (with ℓ ∈ [m + 1]), every element remains within [0, 1]. In conclusion, we have
that

∥X0∥2,∞ = ∥(x1, · · · , xr, y)∥2 ≤M
√
r + 1,

∥Xℓ∥2,∞ ≤
√

5r, for any ℓ ∈ [m+ 1],

∥Xm+2∥2,∞ ≤ H2.

The first line follows from the direct calculation, and the second line holds because the
maximum hidden embedding size is 5r, thus a row in Xℓ has length at most 5r. These
upper bounds on the ℓ2-norm of Xℓ will be used when implementing this fully connected
network under a transformer. The total number of layers of this fully connected network is
Cp · (logM + log(1/ϵ)), where Cp is an absolute constant. Now we conclude the proof.
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I.5.3 Proof of Lemma 48

Proof In this proof, we first construct a pair of weight matrices (W ′
ff,1,W

′
ff,2) such that

the output matrix keeps columns in J and set the other columns to a zero vector. Thus,
the output matrix is in Rm×r. Then we modify (W ′

ff,1,W
′
ff,2) to form another pair of weight

matrices (Wff,1,Wff,2) such that the FF layer truncates the zero columns to generate the
desired output.

Since a = ReLU(a) − ReLU(−a) for any a ∈ R, by defining W1 = W⊤
2 = (1,−1) ∈

R1×2, we have ReLU(aW1)W2 = a. Setting W ′
1 = W ′

2 = 0 ∈ R, we send a to zero by
ReLU(aW ′

1)W
′
2 = 0. For each i ∈ [r], define W1,i = 1{i ∈ J } ·W1 + 1{i /∈ J } ·W ′

1 and
W2,i = 1{i ∈ J } ·W2 + 1{i /∈ J } ·W ′

2. For any i ∈ [r], using {W1,i,W2,i} as the weight
matrices of a FF layer to process the i-th column X:,i, the output is 1{i ∈ J } ·X:,i.

Now we put these matrices in the diagonal blocks of W ′
ff,1 and W ′

ff,2 to form

W ′
ff,1 = diag(W1,i, · · · ,W1,r) ∈ Rr×(r+|J |), W ′

ff,2 = diag(W2,i, · · · ,W2,r) ∈ R(r+|J |)×r.

By direct calculation, we have

ReLU(XW ′
ff,1)W

′
ff,2 =

(
X:,1 · 1{1 ∈ J } + 0m×1, . . . , X:,r · 1{r ∈ J } + 0m×1

)
∈ Rm×r.

This output has the same shape as the input X.
This output keeps the dimension as m × r. To get the final result, we define Wff,1 ∈

Rr×2|J | by removing all all-zero columns from W ′
ff,1, and Wff,2 ∈ R2|J |×|J | by removing all

all-zero rows and columns from W ′
ff,2. These are the submatrices of W ′

ff,1 and W ′
ff,2 used

to process columns X:,i’s with i ∈ J . As a result, Wff,1 and Wff,2 have only 2|J | nonzero
entries, taking values in {−1, 0, 1}. Moreover, we have

ReLU(XWff,1)Wff,2 = X:,i∈J ∈ Rm×|J |,

and the norms of these weight matrices are ∥Wff,1∥F =
√

2|J | and ∥Wff,2∥F =
√

2|J |.
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Appendix J. Technical Lemmas

Finally, in this appendix, we lay out the helper lemmas used in the proofs in previous
appendices. These lemmas are directly obtained from existing works and we provide the
references to their proofs.

Lemma 49 (Proposition 2 in Caponnetto and De Vito (2007)) Let (Ω, ν) be a prob-
ability space and ξ be a random variable on Ω taking value in a real separable Hilbert space
H. We assume that there exist constants B, σ > 0 such that∥∥ξ(w)

∥∥
H ≤ B/2, a.s., E

[
∥ξ∥2H

]
≤ σ2.

Then, it holds with probability at least 1 − δ that∥∥∥∥L−1
L∑
i=1

ξ(ωi) − E[ξ]

∥∥∥∥ ≤ 2

(
B

L
+

σ√
L

)
log

2

δ
.

Lemma 50 (Theorem A.4 in Foster et al. (2021)) For any sequence of real random
variables {Xi}1≤i≤n that adapts to a filtration {Fi}1≤i≤n, then for any m ≤ n, with proba-
bility at least 1 − δ,

n∑
i=1

Xi ≤
n∑
i=1

logEi−1

(
eXi
)

+ log(δ−1).

Lemma 51 (Lemma I.10 in Zhang et al. (2023a)) Let b = supx log(p(x)/q(x)). We
have that

KL(p ∥ q) ≤ 2(3 + b) · TV(p, q).

Lemma 52 (Proposition E.1 in Zhang et al. (2023a)) Let K(a, b) = exp(γ · aT b) de-
note exponential kernel with constant γ > 0, where a, b ∈ Rd . We use Sd−1 to denote a
d− 1-dimensional unit sphere. Then we have that∫

Sd−1

aK(a, b)da = C1(γ)b,

for some constant C1(γ) =
∫
Sd−1(a⊤b) exp(γ · a⊤b)da > 0 and all b ∈ Sd−1. The constant

C1 does not depend on b due to symmetry on the unit sphere.

Proposition 53 (Proposition F.2 in Zhang et al. (2023a)) Let F be the collection of
functions of f : Rn → R, and we assume that |f | ≤ b for any function f ∈ F . Let
X1, · · · , XN be N i.i.d. random variables. Let Q be a probability distributionover F . With
probability at least 1 − δ, we have∣∣∣Ef∼P [EX1

[
f(X1)

]
− f(X)

]∣∣∣ ≤
√

b2

2 log 2 ·N

[
KL(P ∥Q) + log

4

δ

]
,

simultaneously for any distribution P on F .
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Lemma 54 (Corollary A.7 in Edelman et al. (2022)) For any two vectors x, y ∈ Rr,

∥softmax(x) − softmax(y)∥1 ≤ 2∥x− y∥∞.

Lemma 55 (Lemma A.6 in Elbrächter et al. (2021)) For a, b ∈ R with a < b, define

S[a,b] =
{
f ∈ S∞([a, b],R) |

∥∥∥f (n)(x)
∥∥∥ ≤ n! for all n ∈ N

}
.

There exists a constant C > 0 such that for all a, b ∈ R with a < b, f ∈ S[a,b], and
ε ∈ (0, 1/2), there is a fully connected network Ψf such that

∥f − Ψf∥∞ ≤ ε,

where the depth of the network is upper bounded by

C · max{2, b− a}(log ε−1)2 + log(⌈max{|a|, |b|}⌉) + log(⌈1/(b− a)⌉),

the width of the network is upper bounded by 16, and the maximum weight of the weight ma-
trices is bounded by one. In particular, applying Propsotion 39, we compute the magnitude
of each intermediate output as follows. For any input x ∈ [a, b], let Xℓ denote the output of
the ℓ-th layer of the neural network, we have Xℓ ≤ 4

(
b+ 1) · 16ℓ.
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Appendix K. Supplementary Information about Prompts

This section provides supplementary examples for the area code experiment in Section 4.1
and the CityEquation experiment in Section 5.2.

K.1 Details of the Area Code Experiment in Section 4.1

The following includes the experimental details of testing the ChatGPT(gpt-3.5-turbo-16k
with the temperature set to zero) on the area code task using vanilla ICL and CoT methods,
respectively. The output of ChatGPT is colored in red.

The area code experiment with ICL prompt

Input prompt:

Q: The US=?
A: The answer is 2.

Q: France=?
A: The answer is 66.

Q: Japan=?
A:

LLM output:

The answer is 100.

As we can see, the answer provided by ChatGPT is wrong: it should be 162 instead of 100

The area code experiment with CoT prompt

Input prompt:

Q: The US=?
A: The US has area code 1, so the answer is 2.

Q: France=?
A: France has area code 33, so the answer is 66.

Q: Japan=?
A:

LLM output:

Japan has area code 81, so the answer is 162.

The output follows the same pattern shown in the demonstrations: it starts with stating
the area code and computes the final answer.
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K.2 Details of the CityEquation Experiment

This section provides the experimental details for the city arithmetic experiment discussed
in Section 5.2.

Example prompts

We provide example prompts (2-shot) for vanilla ICL, informative CoT, Partially informa-
tive CoT-(a), Partially informative CoT-(c), and uninformative CoT methods, respectively.
To highlight the differences among these five methods, we color code the useful intermediate
steps in blue and the irrelevant intermediate steps in red for better comparison.

Example prompts for Vanilla ICL

Q: “Mumbai + Sydney”
A: The answer is 224.
Q: “New York + Seoul”
A: The answer is 53.
Q: “Paris + Beijing”
A: Concisely explain your steps and write your answer as an integer in the last sentence
starting with “The answer is”.

Example prompts for Informative CoT

Q: “Mumbai + Sydney”
A: Using the longitudes of cities, the equation “Mumbai + Sydney” translates as “Mum-
bai” = 73, “Sydney” = 151. Here the longitudes of the western hemisphere are negative
numbers. And we round the coordinates to the nearest integer. This gives the result.
The answer is 224.
Q: “New York + Seoul”
A: Using the longitudes of cities, the equation “New York + Seoul” translates as “New
York” = -74, “Seoul” = 127. Here the longitudes of the western hemisphere are negative
numbers. And we round the coordinates to the nearest integer. This gives the result.
The answer is 53.
Q: “Paris + Beijing”
A: Concisely explain your steps and write your answer as an integer in the last sentence
starting with “The answer is’/.
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Example prompts for Partially informative CoT-(a)

Q: “Mumbai + Sydney”
A: Mumbai has longitude: 73. The answer is 224.
Q: “New York + Seoul”
A: New York has longitude: -74. The answer is 53.
Q: Paris + Beijing
A: Concisely explain your steps and write your answer as an integer in the last sentence
starting with “The answer is”.

Example prompts for Partially informative CoT-(b)

Q: “Mumbai + Sydney”
A: The greater Mumbai area has around 20 million residents, predominantly of South
Asian ethnicity. The median age is 31 years. Sydney has a population of around 5.3 mil-
lion people, with a breakdown of 58% White, 34.2% Asian, and 2.6% Aboriginal/Torres
Strait Islander. The remaining percentages include others. The median age is 36 years.
The answer is 224.
Q: “New York + Seoul”
A: With a population of approximately 8.4 million people, New York is diverse. Around
32.1% identify as White, 29.1% as Hispanic, 24.3% as Black, 14.1% as Asian, with the
rest being a mixture of Native American, Pacific Islander, and other ethnicities. The
median age is 36 years. Seoul has a population of around 9.7 million, predominantly
Korean, with a median age of 41 years. The answer is 53.
Q: “Paris + Beijing”
A: Concisely explain your steps and write your answer as an integer in the last sentence
starting with ’The answer is’.
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Example prompts for Partially informative CoT-(c)

Q: “Mumbai + Sydney”
A: The greater Mumbai area has around 20 million residents, predominantly of South
Asian ethnicity. The median age is 31 years. Sydney has a population of around 5.3 mil-
lion people, with a breakdown of 58% White, 34.2% Asian, and 2.6% Aboriginal/Torres
Strait Islander. The remaining percentages include others. The median age is 36 years.
Mumbai has longitude: 73. The answer is 224.
Q: “New York + Seoul”
A: With a population of approximately 8.4 million people, New York is diverse. Around
32.1% identify as White, 29.1% as Hispanic, 24.3% as Black, 14.1% as Asian, with the
rest being a mixture of Native American, Pacific Islander, and other ethnicities. The
median age is 36 years. Seoul has a population of around 9.7 million, predominantly
Korean, with a median age of 41 years.New York has longitude: -74. The answer is 53.
Q: “Paris + Beijing”
A: Concisely explain your steps and write your answer as an integer in the last sentence
starting with ’The answer is’.

Example prompts for Partially informative CoT-(d)

Q: “Mumbai + Sydney”
A: The greater Mumbai area has around 20 million residents, predominantly of South
Asian ethnicity. The median age is 31 years. Sydney has a population of around 5.3 mil-
lion people, with a breakdown of 58% White, 34.2% Asian, and 2.6% Aboriginal/Torres
Strait Islander. The remaining percentages include others. The median age is 36 years.
Mumbai has longitude: 73. Sydney has longitude: 151. The answer is 224.
Q: “New York + Seoul”
A: With a population of approximately 8.4 million people, New York is diverse. Around
32.1% identify as White, 29.1% as Hispanic, 24.3% as Black, 14.1% as Asian, with the
rest being a mixture of Native American, Pacific Islander, and other ethnicities. The
median age is 36 years. Seoul has a population of around 9.7 million, predominantly
Korean, with a median age of 41 years. New York has longitude: -74. Seoul has
longitude: 127. The answer is 53.
Q: “Paris + Beijing”
A: Concisely explain your steps and write your answer as an integer in the last sentence
starting with “The answer is”.
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Failure cases

We present examples of failure cases for vanilla ICL, informative CoT, Partially informative
CoT-(a), Partially informative CoT-(c), and uninformative CoT methods. The ground truth
is written in blue, while the incorrect answer produced by GPT-4 is in red.

Failed example for Vanilla ICL

Testing query: Q: “Sao Paulo - Cairo”,
Ground truth: -78,
LLM output: “The questions seem to be asking for the difference in time zones between
two cities. Sao Paulo, Brazil is in the Brasilia Time Zone, which is GMT -3. Cairo,
Egypt is in the Eastern European Time Zone, which is GMT +2. To find the difference,
subtract the time zone of Sao Paulo from that of Cairo: -3 - (+2) = -5. The answer is
-5.”

Failed example for Informative CoT

Testing query: Q: “Moscow + New York”,
Ground truth: -36,
LLM output: “Using the longitudes of cities, the equation “Moscow + New York”
translates as “Moscow” = 37, “New York” = -74. Here the longitudes of the western
hemisphere are negative numbers. And we round the coordinates to the nearest integer.
This gives the result. The answer is -37.”

Failed example for Partially informative CoT-(a)

Testing query: Q: “Sao Paulo - New York”,
Ground truth: 27,
LLM output: “Let’s consider the geographic coordinates that specify their east-west or
north-south positions on the Earth’s surface. Sao Paulo is located at approximately 46
degrees west, and New York is located at approximately 74 degrees west. If we subtract
the longitude of Sao Paulo from that of New York, we get -28. The answer is -28.”
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Failed example for Partially informative CoT-(b)

Testing query: Q: “Sydney - New York”,
Ground truth: 225,
LLM output: “Sydney has a population of around 5.3 million people, with a breakdown
of 58% White, 34.2% Asian, and 2.6% Aboriginal/Torres Strait Islander. The remaining
percentages include others. The median age is 36 years. New York City has a population
of approximately 8.4 million people, with a diverse population that includes White
(42.7%), Hispanic (29.1%), Black (24.3%), and Asian (14%) individuals. The median
age is 36 years. The answer is -2.”

Failed example for Partially informative CoT-(c)

Testing query: Q: “Mexico City + Beijing”,
Ground truth: 17,
LLM output: “Mexico City has a population of approximately 21.7 million in its
metropolitan area. The majority of residents are of Mestizo (mixed Indigenous and
European) descent, with a significant number of Indigenous peoples, and a smaller
number of European and other ethnicities. The median age is 27 years. Beijing, with
a population of around 21.5 million, is predominantly Han Chinese, with a median age
of 37.6 years. Mexico City has longitude: -99. The answer is -77.”

Failed example for Partially informative CoT-(d)

Testing query: Q: “Moscow - Tokyo”,
Ground truth: -102,
LLM output: “Moscow, the capital of Russia, has a population of approximately 12.5
million people, predominantly of Russian ethnicity. The median age is 40 years. Tokyo,
the capital of Japan, has a population of around 14 million in its 23 special wards,
predominantly of Japanese ethnicity. The median age in Tokyo is 45.5 years. Moscow
has longitude: 37. Tokyo has longitude: 140. Subtracting Moscow’s longitude from
Tokyo’s gives us 140 - 37. The answer is 103.”

Upon closer inspection of GPT-4 outputs, incorrect results from informative CoT are
solely due to rounding. That is, when rounding the coordinates to the nearest integer,
GPT-4 makes an error. In particular, in the failed example shown above, the longitude of
Moscow is 37.6, which should be rounded to 38 instead of 37. However, such a rounding
error is the only error source. Therefore, with informative CoT, GPT-4 in fact understands
that extracting the longitudes is the key to solving the CityEquation task.

Vanilla ICL prompts produce incorrect reasoning steps like using time zones, indicating
a propensity to misinterpret prompts without clear guidance. Thus, it is challenging for
vanilla ICL to realize that longitudes are the key to solving the CityEquations talk.

Furthermore, the errors incurred by Partially Informative CoT-(a) typically involve
rounding and sign issues, particularly in reasoning steps related to longitudes. For example,
in the failed case mentioned above, the longitude of New York is given as −74 instead of 74.
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This suggests that while the prompts enable GPT-4 to associate the problem with the cities’
longitudes, it sometimes struggles to handle the signs correctly. Additionally, the failure of
Partially Informative CoT-(b) often results from the use of irrelevant information about the
cities, such as demographic data, in the computation. In the failure example of Partially
Informative CoT-(c) mentioned earlier, GPT-4 lists demographic data for both cities and the
longitude of Mexico City, using both to compute the answer. Partially Informative CoT-(d)
includes demographic data and longitudes for both cities in the intermediate reasoning steps.
However, the final answer is based solely on the computation involving the longitudes. In the
failure case above, the arithmetic formula incorrectly switches the minuend and subtrahend
and rounds the longitude of Moscow to 37 inaccurately. This suggests that while GPT-
4 correctly identifies that the longitudes are the only useful information for solving the
task, it struggles with using this information correctly. By comparing Partially Informative
CoT-(b) through CoT-(d), we observe that adding more relevant information to the CoT
prompts improves GPT-4’s performance on the CityEquation task.
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Appendix L. Illustrative Example: Short vs. Long Chain-of-Thought

To further clarify the distinction discussed in the Conclusion, we present a concrete com-
parison between the Short CoT and Long CoT regimes. The key differentiator is not just
the length, but the necessity of search, backtracking, and adaptive scaling required by the
problem complexity.

Regime 1: Standard Short CoT (Fixed H)

• Task Type: Simple Arithmetic / Symbolic Manipulation.

• Example Input: “Alice has 1 apple, Bob has 2. How many in total?”

• Reasoning Chain:

1. Alice has 1 apple.

2. Bob has 2 apples.

3. We add the two numbers together and get 1 + 2 = 3.

• Characteristics: The reasoning path is linear and direct. The intrinsic task com-
plexity (V ) is low, allowing a small, fixed number of steps (H) to reliably map the
input to the output without branching or error correction.

Regime 2: Long CoT (Inference-Time Scaling)

• Task Type: Complex Logical Reasoning / Olympiad Mathematics.

• Example Input: “Find all integers n such that n2 + n+ 1 is a perfect cube.”

• Reasoning Chain (Abbreviated):

1. Exploration: Let’s test small values. n = 0 → 1 (Yes). n = 1 → 3 (No).

2. Hypothesis Generation: Maybe n = 0 is the only solution. I should try to bound
the expression between consecutive cubes.

3. Attempt 1: Compare to (n+ 1)3. This is too large. Let’s compare to n3.

4. Verification/Self-Correction: Wait, for n > 0, n2 + n + 1 is strictly between n3

and (n+ 1)3. This proves no solution exists for n > 0.

5. Backtracking: I need to check negative integers separately...

6. The chain continues...

• Characteristics: The chain is non-linear and involves exploration, backtracking, and
self-correction. The high task complexity (V ) necessitates a large H, where the model
effectively trades test-time compute for accuracy.
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