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Abstract

We study nonparametric regression using an over-parameterized two-layer neural network
trained with algorithmic guarantees in this paper. We consider the setting where the
training features are drawn uniformly from the unit sphere in Rd, and the target func-
tion lies in an interpolation space commonly studied in statistical learning theory. We
demonstrate that training the neural network with a novel Preconditioned Gradient De-
scent (PGD) algorithm, equipped with early stopping, achieves a sharp regression rate of

O(n−
2αs′

2αs′+1 ), where α parametrizes the polynomial eigenvalue decay of the regular Neural
Tangent Kernel (NTK), λj ≍ j−2α, and 2α = d/(d − 1) under the spherical uniform de-
sign considered here. The target function is assumed to belong to the interpolation space

[HK ]
s′

with s′ ≥ 3. This rate is even sharper than the currently known nearly-optimal

rate of O(n−
2αs′

2αs′+1 ) log2(1/δ) (Li et al., 2024), where n is the size of the training data and
δ ∈ (0, 1) is a small probability. This rate is also sharper than the standard kernel regression

rate of O(n−
2α

2α+1 ) obtained under the regular Neural Tangent Kernel (NTK) regime when
training the neural network with the vanilla gradient descent (GD), where 2α = d/(d− 1).
Our analysis is based on two key technical contributions. First, we present a principled
decomposition of the network output at each PGD step into a function in the reproducing
kernel Hilbert space (RKHS) of a newly induced integral kernel, and a residual function
with small L∞-norm. Second, leveraging this decomposition, we apply local Rademacher
complexity theory to tightly control the complexity of the function class comprising all
the neural network functions obtained in the PGD iterates. Our results show how PGD
changes the effective kernel in the reference training dynamics, inducing an integral kernel
with lower complexity than the regular NTK arising from vanilla GD.
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1. Introduction

The remarkable success of deep learning across numerous domains (LeCun et al., 2015) has
spurred intense interest in understanding the generalization properties of neural networks
within statistical and deep learning theory. A substantial body of work has addressed the
optimization dynamics of deep neural networks (DNNs), establishing that gradient descent
(GD) and stochastic gradient descent (SGD) can achieve vanishing training loss under
various settings (Du et al., 2019b; Allen-Zhu et al., 2019; Du et al., 2019a; Arora et al.,
2019; Zou and Gu, 2019; Su and Yang, 2019). Parallel efforts have focused on generalization
theory, aiming to provide algorithmic guarantees, that is, bounds for the generalization error
of neural networks trained with gradient-based or other optimization methods. A prominent
line of research has shown that in the over-parameterized regime, where hidden layers have a
sufficiently large number of neurons, the training dynamics of DNNs closely resemble those
of kernel methods with the Neural Tangent Kernel (NTK) (Jacot et al., 2018). Specifically,
the NTK induced by the architecture of the network characterizes this behavior. The core
insight behind NTK-based analysis is that, for highly over-parameterized networks, weights
remain close to their random initialization throughout training. This enables first-order
Taylor expansion around the initialization point, allowing for tractable approximation and
generalization analysis (Cao and Gu, 2019; Arora et al., 2019; Ghorbani et al., 2021). In
addition, certain infinite-width networks can learn features (Yang and Hu, 2021).

While NTK captures important aspects of learning in wide networks, it operates within
a linearized regime of the NTK, limiting its capacity to capture feature learning. Existing
works make efforts to learn features beyond NTK’s linear approximation. For instance, the
QuadNTK (Bai and Lee, 2020) employs higher-order approximations for improved general-
ization. Other works, such as Nichani et al. (2022), combine NTK and QuadNTK to learn
structured polynomial targets, while Damian et al. (2022) and Takakura and Suzuki (2024)
explore optimization procedures and mean-field analyses to capture the feature learning
effects in two-layer neural networks.

Although much of the generalization literature focuses on clean data, a fundamental
question in statistical learning concerns how neural networks perform in the presence of
noise, particularly for nonparametric regression. Prior work has demonstrated that various
DNN architectures achieve minimax optimal rates for both smooth (Yarotsky, 2017; Bauer
and Kohler, 2019; Schmidt-Hieber, 2020; Jiao et al., 2023; Zhang and Wang, 2023) and
non-smooth (Imaizumi and Fukumizu, 2019) target functions. However, these results often
lack algorithmic guarantees, that is, the network constructions are not generally attainable
through standard optimization procedures such as GD. Furthermore, these constructions
may assume sparse connectivity structures that are not representative of contemporary
over-parameterized architectures. Studying the generalization of neural networks with algo-
rithmic guarantees is particularly important to understand the behavior of neural networks
trained in practice, revealed by the efforts in this direction such as Hu et al. (2021); Suh
et al. (2022); Li et al. (2024); Yang and Li (2024); Yang (2025).

In this work, we study nonparametric regression using an over-parameterized two-layer
neural network with algorithmic guarantees. When the target function resides in an in-
terpolation space characterized by a spectral bias, and the distribution of the covariate
admits a polynomial eigenvalue decay rate, we show that early-stopped training by a novel
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Preconditioned Gradient Descent (PGD) algorithm achieves the minimax optimal risk rate

of O(n−
2α(s+2)

2α(s+2)+1 ) = O(n−
d(s+2)

d(s+2)+d−1 ) for 2α = d/(d − 1), where s ≥ 1 is specified by the
preconditioner in PGD. This result improves upon existing bounds, as summarized in Sec-
tion 3. Every function in the interpolation space exhibits a spectral bias, that is, its energy
is predominantly concentrated on the leading eigenfunctions of the NTK of the neural
network, with low-degree polynomials as examples of such functions. The interpolation
space is widely studied in the statistics literature, and its formal definition is deferred to
Section 2.2. Although GD-based methods with preconditioning have been used in other
over-parameterized settings, such as low-rank matrix sensing (Xu et al., 2023) and non-
convex factorization (Zhang et al., 2023), this paper is among the first works to design a
PGD method achieving sharp minimax optimal rates for nonparametric regression using
over-parameterized neural networks. Furthermore, PGD induces a novel kernel, termed the
integral kernel, rather than the well-studied usual NTK induced by the vanilla GD. The inte-

gral kernel has lower kernel complexity than the vanilla NTK, and our rate of O(n−
2α(s+2)

2α(s+2)+1 )
is in fact the minimax optimal rate of kernel regression with the integral kernel over the
interpolation space.

At a high level, PGD reshapes the training dynamics so that the neural network behaves
like kernel regression with a different, smoother kernel than the regular NTK induced by
vanilla GD. In particular, PGD induces an integral kernel K(int) whose eigenvalues decay
faster than those of the regular NTK. This stronger spectral decay reduces the associated
kernel complexity and enables a sharper regression rate when the target function has spectral
bias. Our result provides an algorithmic route to a sharp rate under a structured target class,
and it clarifies how an optimization design changes the reference kernel in the linearized
training dynamics. The target class we study is exactly the interpolation space [HK ]s

′
,

which is widely used in statistical learning theory, and in our setting it coincides with the
RKHS associated with the integral kernel K(int). To the best of our knowledge, this is
among the first results showing that a carefully designed PGD method yields such a sharp
rate for nonparametric regression with an over-parameterized neural network under this
setting.

We organize this paper as follows. The rest of this section introduces the necessary notation.
Section 2 presents the problem setup, including the definition of the interpolation space.
Section 3 summarizes the main results. Section 4 introduces GD and PGD for the over-
parameterized two-layer neural network, and Section 5 states the main results in detail.
Section 6 presents the proof roadmap, the key technical results, the differences from existing
kernel learning theory, and the novel proof strategy. Section 7 discusses the extension of
PGD to general multi-layer neural networks. Section 8 reports the simulations, and Section 9
concludes the paper.

Notations. We use bold letters for matrices and vectors, and regular lowercase letters
for scalars throughout this paper. The bold letter with a single superscript indicates the
corresponding column of a matrix, e.g., A(i) is the i-th column of matrix A, and bold letters
with subscripts indicate the corresponding rows or elements of a matrix or a vector. We
put an arrow on top of a letter with subscript if it denotes a vector, e.g.,

⇀
x i denotes the

i-th training feature. ∥·∥F and ∥·∥p denote the Frobenius norm and the vector ℓp-norm
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or the matrix p-norm. [m : n] denotes all the integers between m and n inclusively, and
[1 : n] is also written as [n]. Var [·] denotes the variance of a random variable. In is a
n × n identity matrix. 1I{E} is an indicator function which takes the value of 1 if event
E happens, or 0 otherwise. The complement of a set A is denoted by Ac, and |A| is the
cardinality of the set A. vec (·) denotes the vectorization of a matrix or a set of vectors, and
tr (·) is the trace of a matrix. We denote the unit sphere in d-dimensional Euclidean space
by Sd−1 := {x : x ∈ Rd, ∥x∥2 = 1}. Let L2(Sd−1, µ) denote the space of square-integrable
functions on Sd−1 with probability measure µ, and the inner product ⟨·, ·⟩L2 and ∥·∥2L2 are
defined as ⟨f, g⟩L2 :=

∫
Sd−1 f(x)g(x)dµ(x) and ∥f∥2L2 :=

∫
Sd−1 f

2(x)dµ(x) < ∞. B (x; r) is
the Euclidean closed ball centered at x with radius r. Given a function g : Sd−1 → R, its
L∞-norm is denoted by ∥g∥∞ := supx∈Sd−1 |g(x)|. L∞ is the function class whose elements
have almost surely bounded L∞-norm. ⟨·, ·⟩H and ∥·∥H denote the inner product and the
norm in the Hilbert space H. a = O(b) or a ≲ b indicates that there exists a constant c > 0
such that a ≤ cb. Õ indicates there are specific requirements in the constants of the O
notation. a = o(b) and a = w(b) indicate that lim |a/b| = 0 and lim |a/b| =∞, respectively.
a ≍ b or a = Θ(b) denotes that there exist constants c1, c2 > 0 such that c1b ≤ a ≤ c2b.
Throughout this paper we let the input space X = Sd−1, and Unif (X ) denotes the uniform
distribution on X . The constants defined throughout this paper may change from line to
line. For a Reproducing Kernel Hilbert Space (RKHS) H, H(µ0) denotes the ball centered
at the origin with radius µ0 in H. We use EP [·] to denote the expectation with respect to
the distribution P .

2. Problem Setup

We first introduce the problem setup for nonparametric regression with a two-layer neural
network where the target function belongs to an interpolation space with spectral bias.

2.1 Two-Layer Neural Network

We are given the training data
{
(
⇀
x i, yi)

}n
i=1

where each data point is a tuple of a feature

vector
⇀
x i ∈ X and its response yi ∈ R. We denote the training feature vectors by S ={

⇀
x i

}n
i=1

, and denote by Pn the empirical distribution over S. All the responses are stacked

as a vector y = [y1, . . . , yn]
⊤ ∈ Rn. The response yi is given by yi = f∗(

⇀
x i) + wi for

i ∈ [n], where {wi}ni=1 are i.i.d. sub-Gaussian random variables representing the noise
with mean 0 and variance proxy σ20 > 0, that is, E [exp(λwi)] ≤ exp(λ2σ20/2) for any
λ ∈ R. f∗ is the target function to be detailed later. We define w := [w1, . . . , wn]

⊤, and

use f∗(S) :=
[
f∗(

⇀
x1), . . . , f

∗(
⇀
xn)

]⊤
to denote the clean target responses. The noise is

independent of the covariates and the algorithmic randomness. The feature vectors in S
are drawn i.i.d. according to a distribution P with probability measure µ. We assume
supp (µ) = X , so the continuous Mercer eigenfunctions and RKHS functions are identified
pointwise on X . This population support condition permits atoms and coincident training
features.

We consider a two-layer Neural Network (NN) with the ReLU activation σ : R → R,
σ(z) = max{0, z}. Its mapping function is
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f(W,x) =
1√
m

m∑
r=1

arσ
(
⇀
wr

⊤
x
)
, (1)

where x ∈ X is the input, m is the number of neurons, W =
{
⇀
wr

}m
r=1

with
⇀
wr ∈ Rd for r ∈

[m] denotes the weight vectors in the first layer. a = [a1, . . . , am] ∈ Rm denotes the weights

of the second layer. Our goal is to establish a sharp convergence rate of EP
[
(f(W, ·)− f∗)2

]
with f(W, ·) trained from the training data. We also write W as WS to indicate that the
weight vectors, or the weights W, are trained on the training features S.

2.2 Kernel and Target Function

The statistical rate we can achieve depends on two ingredients: the spectrum of the kernel
induced by training and the regularity (or spectral bias) of the target function. We first
introduce the standard kernel K associated with the two-layer network under vanilla GD,
and then define the integral kernel K(int) that will arise from PGD. The key difference is
spectral: K(int) shares the same eigenfunctions as K but has faster-decaying eigenvalues,
which leads to lower kernel complexity under our target-class assumption.

We define the kernel function

K(u,v) :=
⟨u,v⟩
2π

(π − arccos ⟨u,v⟩) , ∀ u,v ∈ X , (2)

which is in fact the NTK associated with the two-layer NN (1) (Du et al., 2019b) when
trained with the vanilla GD with fixed a. Let the gram matrix of K over the training
features S be K ∈ Rn×n,Kij = K(

⇀
x i,

⇀
xj) for i, j ∈ [n], and Kn := K/n. Let the eigen-

decomposition of Kn be Kn = UΣU⊤ where U is a n × n orthogonal matrix, and Σ is a

diagonal matrix with its diagonal elements
{
λ̂i

}n
i=1

being the eigenvalues of Kn and sorted

in a non-increasing order. It can be verified that λ̂1 ∈ (0, 1/2]. Let HK be the RKHS asso-
ciated with K. Because K is continuous on the compact set X × X , the integral operator
TK : L2(X , µ) → L2(X , µ), (TKf) (x) :=

∫
X K(x,x′)f(x′)dµ(x′) is a positive, self-adjoint,

and compact operator on range(TK) ⊆ L2(X , µ). By the spectral theorem, there is a count-
able orthonormal basis {ej}j≥1 of range(TK) = (kerTK)⊥ ⊆ L2(X , µ) and a sequence of

positive eigenvalues {λj}j≥1 with 1
2 ≥ λ1 ≥ λ2 ≥ . . . > 0 such that ej is the eigenfunc-

tion of TK with λj being the corresponding eigenvalue. That is, TKej = λjej , j ≥ 1.
Let {µℓ}ℓ≥1 be the distinct eigenvalues associated with TK , and let mℓ be the sum of

the multiplicities of the eigenvalues {µℓ′}ℓℓ′=1, so that mℓ −mℓ−1 is the multiplicity of µℓ
with m0 = 0. It is well known that

{
vj =

√
λjej

}
j ≥1

is an orthonormal basis of HK .

For a positive constant µ0, we define HK(µ0) := {f ∈ HK : ∥f∥H ≤ µ0} as the closed ball
in HK centered at the origin with radius µ0. We note that HK(µ0) is also specified by

HK(µ0) =
{
f ∈ L2(X , µ) : f =

∑∞
j=1 βjej ,

∑∞
j=1 β

2
j /λj ≤ µ20

}
.

Target Function in an Interpolation Space with Spectral Bias. Extensive theoret-
ical and empirical studies find that it is easy for neural networks to learn spectrally biased
target functions or low-frequency information in the training data (Rahaman et al., 2019;
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Arora et al., 2019; Cao et al., 2021; Choraria et al., 2022). For example, the studies in Arora
et al. (2019); Cao et al. (2021) reveal that it is easier for over-parameterized neural networks
to learn target functions with spectral bias, for example, polynomials of low-degree with
spherical uniform data distribution on X , or the low-rank part of the ground truth training
class labels, or simple patterns of low-frequency. This observation motivates us to restrict
the target function f∗ to a smaller class than HK(µ0), which is HK(int)(µ0) to be studied in
this paper.

We then define the integral kernel K(int), and explain why functions in HK(int)(µ0) have
stronger spectral bias than functions in HK(µ0). Given the kernel K, we first define another
kernel K(s) with s ≥ 1 by

K(s)(x,x′) :=
∑
j≥1

λsjej(x)ej(x
′), ∀x,x′ ∈ X . (3)

It can be verified thatK(s) is positive-definite (PD), and it is shown in Theorem C.1 deferred
to Section C of the appendix that K(s) is well-defined since the RHS of (3) converges
uniformly on X × X with s ≥ 1, and K(s) is bounded with supx,x′∈X

∣∣K(s)(x,x′)
∣∣ ≤ 1/2.

We define K(s) ∈ RN×N as the kernel gram matrix of K(s) specified by K
(s)
ij = K(s)(

⇀
q i,

⇀
qj)

for all i, j ∈ [N ], and K
(s)
N = K(s)/N . We then define the integral kernel K(int) as well as

its empirical version of K̂(int) as

K(int)(x,x′) :=

∫
X×X

K(x,v)K(s)(v,v′)K(v′,x′)dµ(v)⊗ µ(v′), (4)

K̂(int)(x,x′) :=
1

N2

N∑
i,j=1

K(x,
⇀
q i)K

(s)(
⇀
q i,

⇀
qj)K(

⇀
qj ,x

′). (5)

An i.i.d. sample Q =
{
⇀
q i

}N
i=1

such that
⇀
q i ∼ P for all i ∈ [N ] is used in (5). The auxiliary

sample is independent of the training sample, the noise, and the initialization. For the
spherical uniform design, P = Unif (X ).

Intuition for the integral kernel K(int). The integral kernel K(int) can be viewed as
a spectrally reweighted version of the regular NTK K. It preserves the eigenfunctions of
K but transforms the eigenvalues from λj to λs+2

j (Theorem C.2). Since λj ∈ (0, 1), this
transformation suppresses higher-frequency directions more strongly, yielding a smoother
kernel and a smaller associated kernel complexity. This is the spectral reason PGD can
achieve a sharper rate when the target function has spectral bias.

In particular, Theorem C.2 in Appendix C shows that the integral operator associ-
ated with K(int), TK(int) , has the same eigenfunctions {ej}j≥1 as TK , and the eigenvalue

corresponding to ej is λ
(int)
j = λs+2

j ∈ (0, 1/8] for all j ≥ 1 and s ≥ 1. Because K(int)

is still a PD kernel, the RKHS associated with K(int) is well-defined, and HK(int)(µ0)
indicates a subset of HK(int) with the RKHS-norm ∥·∥K(int) bounded by µ0. It can be
verified that HK(int)(µ0) = {f ∈ L2(X , µ) : f =

∑∞
j=1 βjej ,

∑∞
j=1 β

2
j /λ

s+2
j ≤ µ20}. It is

remarked that HK(int)(µ0) is also the interpolation space [HK ]s
′
(with s′ := s + 2) of

the RKHS, which characterizes the regularity of the regression function studied in Stein-
wart and Scovel (2012); Fischer and Steinwart (2020). The interpolation space for general
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s′ > 0 is defined as [HK ]s
′
(µ0) :=

{∑
j≥1 ajλ

s′/2
j ej :

∑
j≥1 a

2
j ≤ µ20

}
. The RKHS asso-

ciated with K(int) is exactly the interpolation space of HK with exponent s′ = s + 2,
that is, HK(int)(µ0) = [HK ]s

′
(µ0). As λj → 0 with j → ∞ and λs+2

j < λj < 1, we have

HK(int)(µ0) ⊆ HK(µ0). Compared to a function in HK(µ0), a function in [HK ]s
′
(µ0) has the

expansion coefficients {βj}j≥1 which concentrate more on the leading eigenfunctions with

smaller index j. In this sense, we say that the target function f∗ ∈ HK(int)(µ0) = [HK ]s
′
(µ0)

has stronger spectral bias than a function inHK(µ0). Intuitively, this assumption means the
expansion coefficients of f∗ in the eigenbasis of K decay faster, concentrating more energy
on low-frequency or leading eigenfunctions. In summary, if f∗ ∈ [HK ]s

′
(µ0) ⊆ HK(µ0),

then we say that f∗ is a target function in an interpolation space with spectral bias. The
motivation for introducing the interpolation space in Steinwart and Scovel (2012); Fischer
and Steinwart (2020) is to quantify how strongly a regression function aligns with lead-
ing kernel eigenfunctions, enabling sharper statistical learning rates and connecting RKHS
learning theory with classical smoothness spaces such as Sobolev spaces. We note that such
target functions with spectral bias have been widely studied in the deep learning literature,
and a representative example is given below.

An Example of Functions with Spectral Bias. Under the spherical uniform design,
a spherical polynomial with no component in kerTK has a finite expansion in positive-
eigenvalue spherical harmonics. Ghorbani et al. (2021); Bai and Lee (2020); Cao et al.
(2021) study learning low-degree polynomials by linearization or higher-order approximation
of neural networks. For a polynomial in the positive spectral subspace, there is a finite index
J such that

f =

J∑
j=1

βjej .

When
∑J

j=1 β
2
j /λ

s′
j ≤ µ20 , we have f ∈ [HK ]s

′
(µ0).

The Task of Nonparametric Regression. Our goal is to construct an estimator f̂ from

the training data
{
(
⇀
x i, yi)

}n
i=1

such that the risk EP
[
(f̂ − f∗)2

]
converges to 0 at a fast

rate, under the target-class assumption f∗ ∈ [HK ]s
′
(µ0). In this paper, the estimator f̂ is

the two-layer neural network (1) trained by PGD with early stopping.

3. Summary of Main Results

This section summarizes our main result and places it in the context of prior work on non-
parametric regression with over-parameterized neural networks and algorithmic guarantees.
The key result is that, under a covariate distribution that admits a certain polynomial eigen-
value decay rate (EDR) and an interpolation-space target assumption f∗ ∈ [HK ]s

′
(µ0) with

s′ ≥ 3, PGD with early stopping achieves the sharp rate O(n−
2αs′

2αs′+1 ) by inducing an integral
kernel K(int) with faster eigenvalue decay than the regular NTK.

It is remarked that all the results and discussions in this paper are for the setting with
fixed dimension d, which is a widely adopted setting in the existing works (Hu et al., 2021;
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Algorithm 1 Training the Two-Layer NN by PGD

1: W(T )← Training-by-PGD(T,W(0),M)
2: input: T,W(0),M
3: for t = 1, . . . , T do
4: Perform the t-th step of PGD by (8)
5: end for
6: return W(T )

Table 1: Comparisons with existing results on risk rates and assumptions for nonparametric
regression by training over-parameterized neural networks with algorithmic guar-
antees. The target-function assumptions are stated separately because the rates
are class-dependent. The responses {yi}ni=1 are corrupted by i.i.d. Gaussian or
sub-Gaussian noise. Here P is the distribution of the training features and, for
the RKHS-based results, K̃ is the kernel induced by the neural architecture and
optimization method in the corresponding work. It is the regular NTK for all
such works except ours, for which K̃ = K(int). We use s′ = s + 2 with s ≥ 1 and
α = d/(2(d − 1)). The notation for the target class in Li et al. (2024, Proposi-
tion 13) is adapted to ours. Its displayed rate is expressed under matching source
and spectral parameters. The original result uses a different, biased NTK with
EDR λj ≍ j−(d+1)/d. The row substitutes our EDR λj ≍ j−d/(d−1) for this expo-
nent comparison and does not assert that the original theorem applies unchanged
to our architecture. The rates of that result and ours hold with probability at
least 1−Θ(1/n).

Existing Works and Our Result Distributional Assumptions Target-Function Assumption Eigenvalue Decay Rate (EDR) Rate of Nonparametric Regression Risk

(Hu et al., 2021, Theorem 5.2),
(Suh et al., 2022, Theorem 3.11)

P is Unif (X ) f∗ ∈ HK̃(µ0) λj ≍ j−d/(d−1) O(n−d/(2d−1))

(Li et al., 2024, Proposition 13) P is sub-Gaussian
f∗ ∈ [HK ]s

′
(µ0) ∩ L∞

for s′ > 1/(d+ 1)
λj ≍ j−d/(d−1) O(n−ds′/(ds′+d−1)) log2(n)

(Yang, 2025, Corollary 5.2)
P supported on X admits the polynomial

EDR λj ≍ j−d/(d−1) f∗ ∈ HK̃(µ0) λj ≍ j−d/(d−1) O(n−d/(2d−1))

Our Result (Theorem 5.1)
P has full support on X and admits the polynomial

EDR λj ≍ j−d/(d−1)
f∗ ∈ HK(int)(µ0) = [HK ]s

′
(µ0)

for s′ = s+ 2 ≥ 3
λ
(int)
j ≍ j−d(s+2)/(d−1) O(n−2αs′/(2αs′+1)) = O(n−ds′/(ds′+d−1))

Our Result (Corollary 5.4)
p(x) ≲ (1 + ∥x∥22)−(d+1)/2

for every x ∈ Rd
f∗ ∈ HK(int)(µ0) = [HK ]s

′
(µ0)

for s′ = s+ 2 ≥ 3
λ
(int)
j ≍ j−d(s+2)/(d−1) O(n−2αs′/(2αs′+1)) = O(n−ds′/(ds′+d−1))

Suh et al., 2022; Li et al., 2024; Yang and Li, 2024; Yang, 2025), and we consider d ≥ 5
in this paper. The main result of this paper is presented in Theorem 5.1 of Section 5.2,
which shows that training the two-layer NN (1) by a new Preconditioned Gradient De-
scent (PGD) method with early stopping, described by Algorithm 1, yields a sharper rate
for nonparametric regression risk compared to existing results, under the assumption that
the target function lies in the interpolation spaces [HK ]s

′
widely analyzed in the statistical

learning literature (Steinwart and Scovel, 2012; Fischer and Steinwart, 2020). The compar-
ison with relevant existing works is summarized in Table 1. Prior works such as Raskutti
et al. (2014) demonstrate that kernel regression with the kernel K̃, which is the NTK of the
neural network considered in each specific work in Table 1 except for this paper, achieves
the minimax optimal risk rate of O(ε2

K̃,n
), where ε2

K̃,n
denotes the kernel complexity of K̃

formalized in Section 5.1. When the eigenvalues of K̃ exhibit a polynomial EDR λj ≍ j−2α

for α > 1/2, it is well known that ε2
K̃,n
≍ n−

2α
2α+1 (Raskutti et al., 2014, Corollary 3). More-

8
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over, for spherical uniform input distributions, Hu et al. (2021, Lemma 3.1) shows that

2α = d/(d − 1), leading to the minimax rate O(n−
d

2d−1 ). Consequently, nearly all existing

works in Table 1 excluding (Li et al., 2024) report the same minimax rate of O(n−
d

2d−1 )
under the spherical uniformly distributed training features when the target function lies
in a bounded ball of HK̃ . Such a rate arises because the EDR of the kernel K̃ satisfies

Θ(j−2α) = Θ(j−
d

d−1 ), and the vanilla GD is used during training. Li et al. (2024) improves

upon the prior results by obtaining a nearly optimal rate O(n−
2αs′

2αs′+1 ) log2(1/δ) when the

target function belongs to the interpolation space [HK ]s
′
(R) for s′ > 1/(d+ 1) and R > 0,

which holds with probability at least 1 − δ. However, this rate is less sharp than the rate

derived in this paper, O(n−
2αs′

2αs′+1 ) = O(n−
ds′

ds′+d−1 ), for all s′ ≥ 3. In particular, when our
PGD is employed to train the two-layer NN (1), the induced kernel is the integral kernel
K(int) instead of the regular NTK K (2). Under certain mild conditions on the covariate
distribution guaranteeing the polynomial EDR and the source condition that the target
function f∗ ∈ [HK ]s

′
(µ0), the rate derived in this paper is sharper than the prior risk rates,

including those in Hu et al. (2021); Suh et al. (2022); Li et al. (2024); Yang and Li (2024);
Yang (2025).

While the rate of O(n−
d

2d−1 ) in Hu et al. (2021); Suh et al. (2022); Yang and Li (2024)
remains minimax optimal in the context of kernel regression with the regular NTK K̃ when
f∗ ∈ HK̃(µ0), a faster rate is achievable if the target function lies in a stricter space. In par-

ticular, if f∗ ∈ HK(int)(µ0) = [HK ]s
′
(µ0) ⊆ HK(µ0), then kernel regression using the integral

kernel K(int) attains the sharper rate O(n−
ds′

ds′+d−1 ), which, as in Theorem 5.1, is minimax
optimal in the sense of regression by the kernel K(int) over the space HK(int)(µ0) (Stone,
1985; Yang and Barron, 1999; Yuan and Zhou, 2016). In fact, Theorem C.2 shows that

K(int) has the EDR of λ
(int)
j = λs

′
j ≍ j−2αs′ with s′ = s + 2 for all s ≥ 1 and j ≥ 1. Ac-

cordingly, the associated fixed point of the kernel complexity function associated with the

integral kernelK(int) is O(n−
ds′

ds′+d−1 ), yielding the claimed sharper risk rate of O(n−
ds′

ds′+d−1 ).

Our findings show that PGD changes the effective kernel in the reference training dynam-
ics from the regular NTK K to K(int). Under the common source and spectral conditions,
the statistical improvement over the displayed vanilla-GD bound in Li et al. (2024, Propo-
sition 13) is removal of the logarithmic factor. The polynomial exponent is unchanged. The
faster exponent relative to ordinary-RKHS results reflects the smaller target class. This
comparison does not contradict a minimax lower bound or establish that logarithmic losses
are unavoidable for regular-NTK methods. See Section 6.4.

4. Training by Gradient Descent and Preconditioned Gradient Descent

We next describe the training procedures used in this paper and highlight the key difference
between vanilla GD and the proposed PGD. Both methods optimize the same empirical
quadratic loss on the training data. The distinction lies in the preconditioner introduced
by PGD which changes the training dynamics of the vanilla GD so as to induce the integral
kernel.

In the training process, only W is optimized with a randomly initialized to ±1 and then
fixed. The following quadratic loss function is minimized during the training process:

9
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Algorithm 2 Algorithm that generates the preconditioner M ∈ Rmd×md

1: M ∈ Rmd×md ← Generate-Precondition-Matrix(N)
2: input: N,W(0)

3: Generate an i.i.d. sample Q =
{
⇀
q i

}N
i=1

such that
⇀
q i ∼ P for all i ∈ [N ].

4: Compute the matrix ZQ(0) ∈ Rmd×N according to (9) with S replaced by Q, using the

randomly initialized weight vectors W(0) =
{
⇀
wr(0)

}m
r=1

.

5: Compute the preconditioner M = 1
NZQ(0)K

(s)
N ZQ(0)⊤ ∈ Rmd×md.

6: return M

L(W) :=
1

2n

n∑
i=1

(
f(W,

⇀
x i)− yi

)2
. (6)

In the (t+1)-th step of GD with t ≥ 0, the weights of the neural network, WS, are updated
by one step of GD through

vec (WS(t+ 1))− vec (WS(t)) = −
η

n
ZS(t)(ŷ(t)− y). (7)

When the target function lies in the interpolation space [HK ]s
′
(µ0) and the covariate

distribution on X satisfies the spectral assumptions of Section 5, we propose to use a novel
Preconditioned Gradient Descent (PGD) instead of GD to train the network, which achieves
a provably sharper generalization bound than the regular GD detailed in Section 5.2. Let
the preconditioner M ∈ Rmd×md be generated by Algorithm 2. M is computed by the
sample Q of N i.i.d. random variables with distribution P on X used in the definition of
K̂(int) in (5), and Q is independent of W(0). In the (t+ 1)-th step of PGD with t ≥ 0, the
weights of the neural network, WS, are updated by one step of PGD,

vec (WS(t+ 1))− vec (WS(t)) = −
η

n
MZS(t)(ŷ(t)− y), (8)

where yi = yi, ŷ(t) ∈ Rn with [ŷ(t)]i = f(W(t),
⇀
x i). Compared to the vanilla GD up-

date (7), the PGD update (8) inserts the preconditioner M, which reweights the update
directions and thereby alters the effective kernel dynamics induced during training. We
also denote f(W(t), ·) by ft(·) as the neural network function with weight vectors W(t)
obtained after the t-th step of PGD. ZS(t) ∈ Rmd×n is defined as

[ZS(t)][(r−1)d+1:rd]i =
1√
m
1I{⇀

wr(t)⊤
⇀
x i≥0

}⇀x iar, i ∈ [n], r ∈ [m], (9)

where [ZS(t)][(r−1)d+1:rd]i ∈ Rd is a vector with elements in the i-th column of ZS(t) with
indices in [(r − 1)d + 1 : rd]. We employ the following particular symmetric random ini-
tialization so that ŷ(0) = 0, which has been used in existing works such as Chizat et al.

(2019); Zhang et al. (2020). In our two-layer NN, m is even,
{
⇀
w2r′(0)

}m/2
r′=1

and {a2r′}
m/2
r′=1

are initialized randomly and independently according to

⇀
w2r′(0) ∼ N (0, κ2Id), a2r′ ∼ unif ({−1, 1}) , ∀r′ ∈ [m/2], (10)

10
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whereN (µ,Σ) denotes a Gaussian distribution with mean µ and covarianceΣ, unif ({−1, 1})
denotes the uniform distribution over {1,−1}, κ = Θ(1) ∈ (0, 1) controls the magnitude

of initialization. We set
⇀
w2r′−1(0) =

⇀
w2r′(0) and a2r′−1 = −a2r′ for all r′ ∈ [m/2]. One

can verify that ŷ(0) = 0, that is, the initial output of the two-layer NN is zero. Similar
to Du et al. (2019b); Yang and Li (2024); Yang (2025), once randomly initialized, a is fixed
during the training. We use W(0) to denote the set of all the random weight vectors at

initialization, that is, W(0) =
{
⇀
wr(0)

}m
r=1

. We run Algorithm 1 to train the two-layer

NN by PGD, where T is the total number of steps for PGD. Early stopping is enforced in
Algorithm 1 through a bounded T .

5. Main Results

We present the definition of kernel complexity in Section 5.1, and then introduce the main
results for nonparametric regression of this paper in Section 5.2 for a covariate distribution
P supported on X . Furthermore, Section 5.4 presents an extension to a more general
covariate distribution P supported on the entire Rd.

5.1 Kernel Complexity

The local kernel complexity has been studied by Bartlett et al. (2005); Koltchinskii (2006);
Mendelson (2002). For the PD kernel K, we define the empirical kernel complexity R̂K and
the population kernel complexity RK as

R̂K(ε) :=

√√√√ 1

n

n∑
i=1

min
{
λ̂i, ε2

}
, RK(ε) :=

√√√√ 1

n

∞∑
i=1

min {λi, ε2}. (11)

It can be verified that both σ0RK(ε) and σ0R̂K(ε) are sub-root functions (Bartlett et al.,
2005) in terms of ε2. Sub-root functions are defined in Definition A.2. For a given noise
ratio σ0, the critical empirical radius ε̂K,n > 0 is the smallest positive solution to the

inequality R̂K(ε) ≤ ε2/σ0, where ε̂
2
K,n is also the fixed point of σ0R̂K(ε) as a function of

ε2: σ0R̂K(ε̂K,n) = ε̂2K,n. Similarly, the critical population rate εK,n is defined to be the

smallest positive solution to the inequality RK(ε) ≤ ε2/σ0, where ε2K,n is the fixed point of

σ0RK(ε) as a function of ε2: σ0RK(εK,n) = ε2K,n. Kernel complexity can also be defined

for the integral kernel K(int), leading to the empirical kernel complexity R̂K(int) and the
population kernel complexity RK(int) for K(int), with the critical empirical radius ε̂K(int),n

and the critical population rate εK(int),n, respectively. For simplicity of notation, we use εn
and ε̂n to denote εK(int),n and ε̂K(int),n, respectively. In this paper we consider the kernel K
such that min {εK,n, εn} · n → ∞ as n → ∞, which covers most popular positive semi-
definite kernels including the kernel (2) and a broad range of data distributions (Yang
et al., 2017).

Let ηt := ηt for all t ≥ 0. We then define the stopping time T̂ as

T̂ := min
{
t ≥ 1: R̂K(int)(

√
1/ηt) > (σ0ηt)

−1
}
− 1. (12)

11
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The stopping time in fact limits the number of steps T for Algorithm 1, which enforces the
early stopping mechanism. In fact, as will be shown later in this section, we need to have
T ≤ T̂ when training the two-layer NN (1) by PGD with Algorithm 1. The stopping time
T̂ is chosen so that optimization progress and statistical complexity are balanced, which is
the standard role of early stopping in localized kernel-complexity analyses.

5.2 Nonparametric Regression with Covariate Distribution Supported on X

We present in Theorem 5.1 our main result for nonparametric regression where f∗ ∈
[HK ]s

′
(µ0) by training the two-layer NN (1) with PGD and early stopping using Algo-

rithm 1, when the covariate distribution P supported on X admits the polynomial EDR,
that is, λj ≍ j−2α for j ≥ 1 with 2α = d/(d− 1). It is shown by existing works such as Hu
et al. (2021, Lemma 3.1) that such polynomial EDR holds when P is the spherical uniform
distribution, that is, P = Unif (X ). We note that such an assumption about spherical
uniform distribution has been widely adopted in the theoretical analysis of neural networks
(Bai and Lee, 2020; Ghorbani et al., 2021; Hu et al., 2021).

Theorem 5.1. Suppose the covariate distribution P has full support on X and admits a
polynomial EDR such that λj ≍ j−2α for j ≥ 1 with α = d/(2(d − 1)). Suppose f∗ ∈
HK(int)(µ0) = [HK ]s+2 (µ0) for a fixed radius µ0 > 0. Let s ≥ 1, cT , ct ∈ (0, 1] be positive

constants, and cT T̂ ≤ T ≤ T̂ . Suppose δ ∈ (0, 1),

m ≳ n
25α(s+2)
2α(s+2)+1d

5
2 , N ≳ n

8α(s+2)
2α(s+2)+1 log(4n/δ), (13)

and the neural network ft = f(W(t), ·) is trained by PGD in Algorithm 1 with the learning
rate η = Θ(1) ∈ (0, 8) with T ≤ T̂ . Then for every t ∈ [ctT : T ], with probability (w.p.) at

least 1− exp (−Θ(n))− δ− 7 exp
(
−Θ(n

1
2α(s+2)+1 )

)
− 2/n over w,S,Q,W(0), the stopping

time satisfies T̂ ≍ n
2α(s+2)

2α(s+2)+1 , and

EP
[
(ft − f∗)2

]
≲ n

− 2α(s+2)
2α(s+2)+1 . (14)

Remark 5.2. It follows from the integral-operator comparison in the proof of Proposi-
tion 5.3 that if the Radon-Nikodym derivative of µ with respect to σ, where σ is the uni-
form probability measure on X , is dµ/dσ = ρ2 for a bounded non-zero Riemann-integrable
function ρ, then the polynomial EDR holds. As a result, Theorem 5.1 holds with such a
probability measure µ of the covariate distribution P whenever its remaining assumptions
are satisfied, which covers the spherical uniform distribution as a special case.

5.3 Significance of Theorem 5.1

Statistical Significance. Theorem 5.1 establishes the sharp rate O(n−
ds′

ds′+d−1 ) for target

functions in [HK ]s
′
(µ0) with s

′ = s + 2 ≥ 3. Since Theorem C.2 shows that λ
(int)
j = λs

′
j ≍

j−2αs′ , this rate matches the minimax optimal rate associated with kernel regression using
K(int) over HK(int) (Stone, 1985; Yang and Barron, 1999; Yuan and Zhou, 2016). In this
sense, the theorem identifies a sharp statistical regime for the neural network under the
interpolation-space target assumption.

12
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Reason for Improved Rate. Our sharp rate in Theorem 5.1 is sharper than that in exist-
ing works with algorithm guarantees as discussed in Section 3. Our rate arises because PGD
changes the kernel induced by training. Vanilla GD leads to the regular NTK (2), whose
spectrum yields the standard rate under the usual RKHS target assumption. In contrast,
PGD induces the integral kernel K(int), whose eigenvalues decay faster and therefore have
lower associated kernel complexity. In fact, the kernel induced by PGD is K(int) instead

of K defined in (2), whose eigenvalues satisfy λ
(int)
j = λs

′
j < λj with s′ ≥ 3. This spectral

change is the mechanism that enables the improved rate under spectral bias.

5.4 Extension to Covariate Distribution Supported on Rd

In this section, we consider a covariate distribution P supported on the entire space Rd
such that the distribution of the normalized covariate admits the polynomial EDR.

In order to handle data supported on Rd, we introduce a normalization map ϕ : Rd →
X = Sd−1, ϕ(x) = x/∥x∥2 for x ̸= 0. Define ϕ(0) arbitrarily. This choice has no effect for
covariate distributions with a density. We recall that the probability measure of P is still
µ, and the push-forward probability measure on X , denoted as ϕ∗µ which is induced by ϕ,
is defined as (ϕ∗µ)(A) := µ(ϕ−1(A)) for any set A ⊆ X . For simplicity of notation, we let
x̄ = ϕ(x). As a result, ϕ∗µ is the probability measure of the normalized covariate x̄.

We let µj(K,X , µ′) be the j-th eigenvalue of the integral operator TK associated with
K under the distribution with probability measure µ′ supported on X . Proposition 5.3
shows that when the probability density function p of the covariate distribution P satisfies
p(x) ≲ (1 + ∥x∥22)−(d+1)/2 for all x ∈ Rd, then the distribution of the normalized covariate
admits the polynomial EDR, that is, µj(K,X , ϕ∗(µ)) ≍ j−d/(d−1) holds for all j ≥ 1.

Proposition 5.3. Suppose the covariate distribution P , supported on Rd, has a bounded
probability density function p s.t. p(x) ≲ (1 + ∥x∥22)−(d+1)/2 for all x ∈ Rd. Then the
polynomial EDR µj(K,X , ϕ∗(µ)) ≍ j−d/(d−1) holds for all j ≥ 1.

When the target function, as a function of the normalized covariate, still lies in the
interpolation space corresponding to the NTK (2) defined on the normalized covariates,
then under the condition on the distribution P in Proposition 5.3, it can be shown as a
direct consequence of Theorem 5.1 that the sharp regression risk bound (14) still holds by
training the two-layer NN (1) with Algorithm 1. This result is presented as the following
corollary. The algorithm is applied to the normalized training features, with the independent
auxiliary sample drawn from ϕ∗µ.

Corollary 5.4. Suppose f∗ = f∗(x̄) ∈ [HK ]s
′
(µ0) whereK(ū, v̄) = ⟨ū,v̄⟩

2π (π − arccos ⟨ū, v̄⟩)
for every u,v ∈ Rd. Then under the conditions of Theorem 5.1 and Proposition 5.3, (14)
still holds with the same high probability as that claimed in Theorem 5.1.

Corollary 5.4 shows that PGD with early stopping still achieves a minimax optimal
regression risk rate under a general covariate distribution P supported on Rd satisfying
Proposition 5.3. We remark that Corollary 5.4 includes the sub-Gaussian distribution con-
sidered in Li et al. (2024) as a special case. To see this, the density p of the sub-Gaussian
distribution considered in Li et al. (2024) is assumed to satisfy p(x) ≲ (1 + ∥x∥22)−(d+3)/2

for all x ∈ Rd, which satisfies the condition in our Proposition 5.3. Our Corollary 5.4 holds
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for such a sub-Gaussian distribution whenever the remaining conditions of Theorem 5.1 are
satisfied.

5.5 Adaptivity to the Smoothness Parameter s′ of the Interpolation Space

In practice, the regularity exponent s′ such that f∗ ∈ [HK ]s
′
(µ0) may be unknown, whereas

the preconditioner in Algorithm 2 depends on s. The following nesting property shows that
the validity of our guarantees does not require exact knowledge of s′, although attaining
the rate corresponding to the largest admissible value of s may require such knowledge.

Proposition 5.5. We have [HK ]s1 (µ0) ⊆ [HK ]s2 (µ0) for all s1 ≥ s2 > 0.

Proof Every f ∈ [HK ]s1 (µ0) such that f =
∑

j≥1 βjej satisfies
∑

j≥1 β
2
j /λ

s1
j ≤ µ20. Since

λj < 1 for all j ≥ 1, we know that
∑

j≥1 β
2
j /λ

s2
j ≤ µ20 for s1 ≥ s2 > 0, hence f ∈ [HK ]s2 .

Proposition 5.5 implies robustness of PGD to underspecification of the regularity expo-
nent. In particular, if f∗ ∈ [HK ]s

′
(µ0) with s

′ ≥ 3, then for every 1 ≤ s ≤ s′ − 2,

f∗ ∈ [HK ]s
′
(µ0) ⊆ [HK ]s+2 (µ0).

Consequently, Theorem 5.1 and Corollary 5.4 remain valid with effective regularity exponent

s+2, yielding the risk rate O(n−
2α(s+2)

2α(s+2)+1 ). In particular, the universal choice s = 1 is valid

for every s′ ≥ 3 and requires no knowledge of s′. It guarantees the rate O(n−
6α

6α+1 ) uniformly
over these target classes. If s′ > 3, however, this choice does not generally attain the faster
oracle rate associated with the true exponent s′. Consequently, Proposition 5.5 establishes
robustness to underspecification, rather than full rate-adaptivity to unknown smoothness.
A practical possibility is to select s from a finite grid using validation data. A theoretical
analysis of such a data-dependent selection procedure is left for future work.

6. Roadmap of Proofs

We present the roadmap of proofs for the main result, Theorem 5.1, in this section. We
first present the results about the uniform convergence to the NTK (2) during the training
process by PGD in Section 6.1, then introduce the basic definitions in Section 6.2. The
detailed roadmap and key technical results for the main result are presented in Section 6.3.
The difference between this work and the existing kernel learning theory (Caponnetto and
De Vito, 2007) is introduced in Section 6.4, and our novel proof strategy is described in
Section 6.5.

The proof of Theorem 5.1 is based on the key technical results in Section 6.3, in par-
ticular, the uniform convergence of K̂(int)(·,x′) to K(int)(·,x′) for every fixed x′ ∈ X in
Theorem 6.2, the generalization result in Theorem 6.5, and the optimization results in
Lemma 6.3, Theorem 6.4, and Lemma 6.6.
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6.1 Uniform Convergence to the NTK and More

We define the following functions:

h(w,x,y) := x⊤y1I{w⊤x≥0}1I{w⊤y≥0}, ĥ(W,x,y) :=
1

m

m∑
r=1

h(
⇀
wr,x,y), (15)

vR(w,x) := 1I{|w⊤x|≤R}, v̂R(W,x) :=
1

m

m∑
r=1

vR(
⇀
wr,x). (16)

Then we have the following theorem stating the uniform convergence of ĥ(W(0), ·, ·) to the
NTK K defined in (2) and uniform convergence of v̂R(W(0),x) to 0.

Theorem 6.1 (Yang (2025, Theorem 6.1),Yang and Li (2024, Theorem VI.7, VI.8)). The

following results hold with η ≲ 1, m ≳ max
{
n2/d,Θ(T

5
3 )
}
, and m/ logm ≥ d. Here R =

ηcuT/(2
√
m), with cu defined in Section 6.2. The learning-rate condition is used to specialize

part (2) to this training-dependent radius. The underlying concentration inequality at a
fixed radius does not depend on η.

(1) With probability at least 1− 1/n over the random initialization W(0) =
{
⇀
wr(0)

}m
r=1

,

sup
x∈X ,y∈X

∣∣∣K(x,y)− ĥ(W(0),x,y)
∣∣∣ ≤ C1(m/2, d, 1/n) ≲

√
d logm

m
, (17)

(2) With probability at least 1− 1/n over the random initialization W(0) =
{
⇀
wr(0)

}m
r=1

,

sup
x∈X
|v̂R(W(0),x)| ≤ 2R√

2πκ
+ C2(m/2, d, 1/n) ≲

√
dm− 1

5T
1
2 . (18)

6.2 Basic Definitions

We introduce the following definitions for the proof of the main result. Let the gram matrix

of K(int) over the training features S be K(int) ∈ Rn×n,K(int)
ij = K(int)(

⇀
x i,

⇀
xj) for i, j ∈ [n],

and K
(int)
n := K(int)/n. Similarly, K̂(int) ∈ Rn×n is the gram matrix of K̂(int) over S,

and K̂
(int)
n = K̂(int)/n. Let the eigendecomposition of K

(int)
n be K

(int)
n = U(int)Σ(int)U(int)⊤,

whereΣ(int) is a diagonal matrix with its diagonal elements
{
λ̂
(int)
i

}n
i=1

being the eigenvalues

of K
(int)
n and sorted in a non-increasing order. We have λ̂

(int)
1 ∈ (0, 1/8].

We define u(t) := ŷ(t) − y. Let τ ≤ 1 be a positive number. We define cu :=
µ0/min

{
2
√
2,
√
2eη
}
+ σ0 + τ + 1. For t ≥ 0 and T ≥ 1, we define

R :=
ηcuT

2
√
m
, (19)

Vt :=
{
v ∈ Rn : v = −

(
In − ηK(int)

n

)t
f∗(S)

}
, (20)
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Et,τ :=

{
e : e =

⇀
e 1 +

⇀
e 2 ∈ Rn,⇀e 1 = −

(
In − ηK(int)

n

)t
w,
∥∥∥⇀e 2

∥∥∥
2
≲
√
nτ

}
, (21)

where the upper bound for
∥∥∥⇀e 2

∥∥∥
2
only hides an absolute positive constant independent of t.

The set Vt represents the clean signal trajectory in the training dynamics of PGD. The set
Et,τ captures the controlled residual and noise components which are added to the clean
signal trajectory. We define

W0 := {W(0) : (17), (18) hold} (22)

as the set of all the good random initializations which satisfy (17) and (18) in Theo-
rem 6.1. Theorem 6.1 shows that we have good random initialization with high proba-
bility, that is, Pr [W(0) ∈ W0] ≥ 1 − 2/n. When W(0) ∈ W0, the uniform convergence
results, (17) and (18), hold, which guarantees our main result about optimization of the
neural network by PGD.

We define the set of neural network weights and the set of functions represented by the
neural network during training as follows.

W(S,Q,W(0), T ) :=

{
W : ∃t ∈ [T ] s.t. vec (W) = vec (W(0))−

t−1∑
t′=0

η

n
MZS(t

′)u(t′),

u(t′) ∈ Rn,u(t′) = v(t′) + e(t′),v(t′) ∈ Vt′ , e(t′) ∈ Et′,τ , for all t′ ∈ [0, t− 1]

}
. (23)

W(S,Q,W(0), T ) is the set of weights of the neural network trained by PGD on the
training features S and random initialization W(0) with the preconditioner M generated
by Q and the steps of PGD not greater than T . The set of functions represented by the
two-layer NN with weights in W(S,Q,W(0), T ) is then defined as

FNN(S,Q,W(0), T ) := {ft = f(W(t), ·) : ∃ t ∈ [T ],W(t) ∈ W(S,Q,W(0), T )} . (24)

We define the function class Fext(B,w) for any B,w > 0 as

Fext(B,w) := {f : f = h+ e, h ∈ HK(int)(B), ∥e∥∞ ≤ w} . (25)

In Theorem 6.4, we will show that the neural network function at each step of PGD, ft,
belongs to the space Fext(Bh, w) with high probability where

Bh := µ0 + 1 +
√
2. (26)

6.3 Detailed Roadmap and Key Technical Results

The summary of the approaches and key technical results in the proofs is presented as
follows. Our main result is built upon the following three significant technical results of
independent interest. In the following text, δ ∈ (0, 1) denotes a small probability.

First, we establish the uniform convergence of the empirical integral kernel K̂(int)(·,x′) to
the integral kernelK(int)(·,x′) for every fixed x′ ∈ X . Such uniform convergence is presented
in the following theorem, Theorem 6.2, which is built upon the martingale concentration
inequality in Hilbert spaces (Pinelis, 1994, Theorem 3.5).
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Theorem 6.2. For every fixed x′ ∈ X and every δ ∈ (0, 1), with probability at least 1− δ
over Q =

{
⇀
q i

}N
i=1

, we have

sup
x∈X

∣∣∣K̂(int)(x,x′)−K(int)(x,x′)
∣∣∣ ≲√ log(4/δ)

N
. (27)

Theorem 6.2 is the key tool needed to analyze the training dynamics of PGD which
involves the integral kernel K(int). Then, using the novel PGD algorithm and the uniform
convergence in Theorem 6.2, we have the following optimization result in Lemma 6.3.

Lemma 6.3. Suppose the network width m and N are sufficiently large and finite, and the
neural network f(W(t), ·) is trained by PGD using Algorithm 1 with the learning rate η =
Θ(1) ∈ (0, 8) on the random initialization W(0) ∈ W0. Then for every δ ∈ (0, 1), with high
probability over the random noise w and the random sample Q, W(t) ∈ W(S,Q,W(0), T ).
Moreover, for all t ∈ [0, T ], u(t) = v(t) + e(t) where u(t) = ŷ(t)− y, v(t) ∈ Vt, e(t) ∈ Et,τ ,
and ∥u(t)∥2 ≤ cu

√
n.

Lemma 6.3 formalizes that the PGD residual dynamics u(t) can be decomposed into a
structured clean signal term v(t) and a controlled error term e(t), which is the basis for
the function-level decomposition to be established next. Based on Lemma 6.3, we obtain
a novel and principled decomposition of the neural network function at any step of PGD
into a function in HK(int) with bounded RKHS-norm, and an error function with a small
L∞-norm with high probability.

Theorem 6.4. Suppose the network width m and N are sufficiently large and finite, and
the neural network ft = f(W(t), ·) is trained by PGD using Algorithm 1 with the learning
rate η = Θ(1) ∈ (0, 8) and the random initialization W(0) ∈ W0. Then for every t ∈ [T ],
with high probability over w and Q, ft has the following decomposition on X : ft = ht+et ∈
Fext(Bh, w), where ht ∈ HK(int)(Bh) with Bh defined in (26), et ∈ L∞ with sufficiently small
magnitude on X , that is, ∥et∥∞ ≤ w.

Second, a new technique based on local Rademacher complexity is developed to tightly
bound the nonparametric regression risk in Theorem 6.5, which is based on the Rademacher
complexity of a localized subset of a much larger function class presented in Lemma B.7 in
the appendix. We then use Theorem 6.4 and Lemma B.7 to derive Theorem 6.5.

Theorem 6.5. Suppose w ∈ (0, 1), the network width m and N are sufficiently large and
finite, and the neural network ft = f(W(t), ·) is trained by PGD using Algorithm 1 with
the learning rate η = Θ(1) ∈ (0, 8) on the random initialization W(0), and T ≤ T̂ . Then
for every t ∈ [T ], with high probability over w, the random training features S, Q, and
W(0),

EP
[
(ft − f∗)2

]
− 2EPn

[
(ft − f∗)2

]
≲ min

0≤Q≤n

Qn +


∞∑

q=Q+1

λ
(int)
q

n


1/2
+ ε2n + w, (28)
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where εn = εK(int),n is the population critical radius associated with K(int), namely the

smallest positive ε satisfying RK(int)(ε) ≤ ε2/σ0.

Theorem 6.5 converts the spectral decay of K(int) into a sharp population risk control
for the neural network trained by PGD via localized Rademacher complexity.

Third, we obtain the following sharp upper bound for the training loss EPn

[
(ft − f∗)2

]
.

Lemma 6.6 provides the empirical loss decay needed to complement the local complexity-
based generalization bound in Theorem 6.5 and close the final rate.

Lemma 6.6. For every t ∈ [T ], with high probability over w,

EPn

[
(ft − f∗)2

]
≤ 3

ηt

(
µ20
2e

+
1

ηT
+ 2

)
, (29)

where µ0 is the target-class radius so that f∗ ∈ HK(int)(µ0) = [HK ]s
′
(µ0).

Proof Sketch of Theorem 5.1. We can then prove Theorem 5.1 using the upper bound for

the regression risk in (28) of Theorem 6.5 where w is set to n
− 2α(s+2)

2α(s+2)+1 . With T̂ ≍ n
2α(s+2)

2α(s+2)+1 ,

it follows from (29) of Lemma 6.6 that EPn

[
(ft − f∗)2

]
≲ n

− 2α(s+2)
2α(s+2)+1 . Then we have

EP
[
(ft − f∗)2

]
≲ n

− 2α(s+2)
2α(s+2)+1 with Q ≍ n

1
2α(s+2)+1 in (28). The formal proof of Theorem 5.1

is presented below.

Proof of Theorem 5.1. We apply Theorem B.8 and Lemma B.9 in the appendix to prove
this theorem, and Theorem B.8 and Lemma B.9 are the formal versions of Theorem 6.5 and
Lemma 6.6, respectively.

First, let An be the critical-radius comparison event used in the proof of Theorem B.8.
On this event, the stopping-time estimate below gives T ≤ T̂ ≲ n2α(s+2)/(2α(s+2)+1). The
width condition implies m ≳ max

{
n2/d, T 5/3

}
and m/ logm ≥ d for all sufficiently large n.

Applying Theorem 6.1 conditionally on S gives Pr [An ∩ {W(0) /∈ W0}] ≤ 2/n. It follows

from Theorem C.2 in Section C that λ
(int)
j = λs+2

j ≍ j−2α(s+2) for j ≥ 1. With η = Θ(1),

it follows by Lemma B.9 that with probability at least 1− exp
(
−Θ(nε̂2n)

)
over the random

noise w,

EPn

[
(ft − f∗)2

]
≲

1

ηt
.

Plugging such bound for EPn

[
(ft − f∗)2

]
in (113) of Theorem B.8 leads to

EP
[
(ft − f∗)2

]
≲

1

ηt
+

Qn +


∞∑

q=Q+1

λ
(int)
q

n


1/2
+ ε2n + w, (30)

where Q ≍ n
1

2α(s+2)+1 on the RHS of (30). It can be verified that

∞∑
q=Q+1

λ(int)q ≲
∫ ∞

Q
x−2α(s+2)dx ≲ 1/(2α(s+ 2)− 1) · n−

2α(s+2)−1
2α(s+2)+1 .
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As a result, we have

EP
[
(ft − f∗)2

]
− 6

ηt

(
µ20
2e

+
1

η
+ 2

)
≲ n

− 2α(s+2)
2α(s+2)+1 + ε2n + w. (31)

Due to the definition of T̂ and ε̂2n, we have

ε̂2n ≤
1

ηT̂
≤ 2

η(T̂ + 1)
≤ 2ε̂2n. (32)

It is well known, such as Raskutti et al. (2014, Corollary 3), that ε2n ≍ n
− 2α(s+2)

2α(s+2)+1 . It
follows from Lemma B.14 that ε̂2n ≍ ε2n with probability at least 1 − 4 exp(−Θ(nε2n)) over
S. In addition, combined with the fact that T ≍ T̂ , for any t ∈ [ctT, T ], we have

1

ηt
≍ 1

ηT̂
≍ 1

ηT
≍ ε̂2n ≍ ε2n ≍ n

− 2α(s+2)
2α(s+2)+1 .

Also, we set w = n
− 2α(s+2)

2α(s+2)+1 in (31), then with η = Θ(1),

EP
[
(ft − f∗)2

]
≲ n

− 2α(s+2)
2α(s+2)+1 . (33)

With N ≳ n
8α(s+2)

2α(s+2)+1 log(4n/δ), the requirement on N , (95) in Theorem B.6 that N ≳

max
{
T 2 log (4n/δ)/w2, T 4 log (4n/δ)

}
is satisfied. In addition, with m ≳ n

25α(s+2)
2α(s+2)+1d

5
2 and

w = n
− 2α(s+2)

2α(s+2)+1 , the condition (94) on m in Theorem B.6 that m ≳ max{T
15
2 d

5
2 /w5,

T
25
2 d

5
2 } is satisfied. The joint event constructed in the proof of Theorem B.8 includes the

initialization, critical-radius comparison, trajectory, and local-complexity events. On An,
the additional noise-filter failure probability in Lemma B.9 is bounded by exp(−Θ(nε2n)).
A union bound adds this term to the six exponential terms in Theorem B.8, while counting
the initialization failure 2/n and the failure of An only once, yielding the stated probability.

6.4 Difference from Existing Kernel Learning Theory

In this section, we compare our PGD guarantee with existing kernel learning theory and
vanilla-GD results under matching source and spectral parameters. The comparison distin-
guishes logarithmic confidence factors from the polynomial risk exponent.

Under the source condition f∗ ∈ HK(int)(µ0) = [HK ]s
′
(µ0) with s′ ≥ 3, and certain

spectral, embedding, and noise assumptions, the spectral algorithm in Zhang et al. (2024,
Theorem 1) using the regular NTK (2), with qualification at least s′/2, achieves the re-

gression risk bound O(n−
ds′

ds′+d−1 log2(6/δ)) with probability at least 1 − δ, for every fixed
δ ∈ (0, 1) and sufficiently large n ≥ n0(δ). This logarithmic confidence dependence log2(6/δ)
is consistent with the vanilla-GD upper bound in Li et al. (2024, Proposition 13), expressed
under the matching source and spectral parameters in Table 1. Related confidence depen-
dence appears in the finite-sample regularized least-squares upper bound of Caponnetto
and De Vito (2007, Theorem 4), which uses the multiplier 32 log2(6/δ).
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Furthermore, Zhang et al. (2024, Theorem 2) establishes the minimax lower bound

Ω(n
− ds′

ds′+d−1 ) over the corresponding source ball. Our Theorem 5.1 matches this minimax
lower bound without a logarithmic factor in the risk bound, under its stated assumptions
and probability guarantee.

In the comparisons above, canonical kernel regression methods (Caponnetto and De Vito,
2007; Yao et al., 2007) are applied to the regular NTK (2) with EDR λj ≍ j−2α. They
are not applied to the PGD-induced kernel K(int) in these comparisons. The general kernel
frameworks can also be applied to K(int) when their assumptions are satisfied. On the other
hand, the two-layer NN, trained by our novel PGD, approximately performs kernel regres-
sion with a completely different new kernel, the integral kernel K(int) with the smoother

capacity condition (λ
(int)
j = λs

′
j ≍ j−2αs′), compared to the original capacity condition. Our

key insight is that, the interpolation space [HK ]s
′
is in fact the RKHS associated with the

integral kernel: [HK ]s
′
= HK(int) . Kernel regression with the integral kernel and the target

function f∗ ∈ HK(int)(µ0) renders the minimax optimal rate of O(n−
ds′

ds′+d−1 ) according to
the analytical results in Stone (1985); Yang and Barron (1999); Yuan and Zhou (2016),
which is the same rate as that in Theorem 5.1.

Learning in the Induced RKHS. Our PGD analysis decomposes the trained network
as ft = ht + et, with ht ∈ HK(int)(Bh) and ∥et∥∞ ≤ w. In the matched-kernel notation of
Table 1, existing vanilla-GD methods such as Li et al. (2024, Proposition 13) approximate
kernel regression in HK and, under the comparable source condition s′ ≥ 3, learn target
functions in HK . The common target class satisfies HK(int) = [HK ]s

′
⊆ HK . PGD changes

the reference kernel and controls the RKHS component of its iterates in HK(int) . Under the
matching source and spectral parameters in Table 1, the existing vanilla-GD bound in Li
et al. (2024, Proposition 13) contains the logarithmic confidence factor log2(12/δ), whereas
our Theorem 5.1 gives a log-free bound under its stated assumptions and probability guaran-
tee. These statements compare proved upper bounds. It is technically nontrivial to induce
such a new kernel K(int) when training the two-layer NN with the novel PGD algorithm,
to be detailed by our novel proof strategies in the next subsection. Our results also give a
smaller sample-size exponent in the sufficient condition for network width compared with
the cited analyses, as detailed in the next subsection. We remark that PGD is used in the
training process to change the effective kernel from K to K(int), and the trained two-layer
NN approximates kernel regression with this integral kernel.

6.5 Novel Proof Strategy and Insights

Our results are built upon two significantly novel proof strategies. First, uniform conver-
gence to the NTK is established during the training process by PGD, so that we can have
a novel decomposition of the neural network function at any step of PGD into a function
in the RKHS associated with the integral kernel K(int) and an error function with small
L∞-norm with high probability in Theorem 6.4. We remark that PGD is carefully de-
signed so that the induced NTK of the two-layer NN (1) is the integral kernel K(int). In
a strong contrast, the vanilla GD extensively used in the existing works for the analysis of
over-parameterized neural networks, such as Suh et al. (2022); Li et al. (2024); Yang and
Li (2024); Yang (2025), induces the regular NTK such as (2). The uniform convergence of
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K̂(int) to K(int) is established in this work, using the martingale concentration inequality
in Hilbert spaces (Pinelis, 1994, Theorem 3.5). As explained in Section 3 and Section 5,
PGD leads to a sharper rate of the nonparametric regression risk due to the lower kernel
complexity of K(int) than that of the regular NTK such as (2).

Second, based on such novel decomposition in Theorem 6.4, a new technique based on
local Rademacher complexity is developed to tightly bound the Rademacher complexity of
the function class comprising all the neural network functions obtained by PGD iterations,
leading to the sharp bound for the regression risk in Theorem 6.5.

PGD changes the effective kernel within the reference training dynamics: it induces
K(int), whose complexity is lower than that of the regular NTK K. The resulting log-free
guarantee is proved under the stated source condition, without asserting that the network
must leave the linearized training regime.

Comparison of Sufficient Network Widths. Theorem 5.1 gives the sufficient condition
m ≳ d5/2n25α(s+2)/(2α(s+2)+1), whose sample-size exponent is less than 25/2. By comparison,
Suh et al. (2022, Theorem 3.11) uses m/ log3m ≳ L20n24. The proof of Li et al. (2024,
Proposition 13) imposes m−1/24

√
logm ≲ n−1, equivalently m/(logm)12 ≳ n24, as one of its

approximation requirements. The proposition states an unspecified polynomial condition
that also depends on the inverse smallest empirical NTK eigenvalue. Consequently, our
explicit sufficient width has a smaller sample-size exponent than these particular sufficient
requirements. This comparison does not establish a necessary width separation. PGD also
requires N ≳ n8α(s+2)/(2α(s+2)+1) log(4n/δ) auxiliary observations, so the width comparison
alone does not establish a reduction in total computational cost.

7. Discussion about Extension to General Multi-Layer Neural Networks

This section gives a conditional roadmap for extending PGD to general multi-layer neural
networks. The spectral construction parallels the two-layer argument, but a quantitative
finite-width theorem for discrete deep-network PGD or stochastic PGD is not proved here.
The main additional task is to establish kernel stability and accumulated approximation-
error bounds along the preconditioned trajectory.

We use f(·,θ) to denote the neural network function and θ is the collection of all the
M parameters in the neural network, and we use θt to denote the parameters of the neural

network at a continuous time point t ≥ 0.
{
⇀
x i, yi

}n
i=1

are the training data. Then the

gradient flow of the neural network by the vanilla GD is

dθt
dt

= −∇θL(θt) = −
1

n
∇θf(X,θt) (f(X,θt)− y) , t ≥ 0, (34)

where f(X,θt) =
[
f(
⇀
x1,θt), . . . , f(

⇀
xn,θt)

]
∈ Rn, y = [y1, . . . , yn] ∈ Rn, and ∇θf(X,θt) ∈

RM×n. It follows that the gradient flow of the neural network function f(·,θt) is

df(·,θt)
dt

= ∇⊤
θ f(·,θt)

dθt
dt

= − 1

n
∇⊤

θ f(·,θt)∇θf(X,θt) (f(X,θt)− y)

= − 1

n
Kt(·,X) (f(X,θt)− y) , (35)
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where Kt is the empirical kernel defined by

Kt(x,x
′) := ∇⊤

θ f(x,θt)∇θf(x′,θt),∀x,x′ ∈ X .

Extensive existing works show the uniform convergence of Kt to the NTK, denoted as KNT,
of the corresponding multi-layer neural network, such as Li et al. (2024, Proposition 45).

Using PGD instead of the vanilla GD in (34), we have the gradient flow for PGD as
follows,

dθ
(PGD)
t

dt
= − 1

n
M∇θf(X,θ

(PGD)
t )

(
f(X,θ

(PGD)
t )− y

)
, t ≥ 0 (36)

where θ
(PGD)
t denotes the PGD parameters and M ∈ RM×M is fixed at initialization. Let

Q =
{
⇀
qj

}N
j=1

be an independent auxiliary sample from the covariate distribution, and

set J0(Q) = ∇θf(Q,θ0) ∈ RM×N . In the PGD formulas below, use the mixed kernel

Kt(x,q) = ∇θf(x,θ
(PGD)
t )⊤∇θf(q,θ0) and its matrix Kt(X,Q) ∈ Rn×N . If the limiting

NTK has Mercer expansion K(NT)(x,x′) =
∑

j≥1 λjej(x)ej(x′), define

K(NT,s)(x,x′) =
∑
j≥1

λsjej(x)ej(x′), ∀x,x′ ∈ X ,

with s ≥ 1. We also defineK(NT,s) ∈ RN×N as the normalized kernel gram matrix ofK(NT,s)

specified by K
(NT,s)
ij = K(NT,s)(

⇀
q i,

⇀
qj)/N for all i, j ∈ [N ]. Then the preconditioner M,

similar to Algorithm 2, is computed by

M =
1

N
J0(Q)K(NT,s)J0(Q)⊤.

As a result, the gradient flow of the neural network trained by PGD is

df (·,θ(PGD)
t )

dt
= ∇⊤

θ f (·,θ
(PGD)
t )

dθ
(PGD)
t

dt

= − 1

nN
Kt(·,Q)K(NT,s)Kt(X,Q)⊤

(
f(X,θ

(PGD)
t )− y

)
, (37)

If the mixed kernels converge uniformly to K(NT) along the PGD trajectory, and the aux-
iliary approximation is uniformly controlled, then the effective kernel N−1Kt(·,Q)K(NT,s)

Kt(·,Q)⊤ approximates the integral kernel

K(NT,int)(x,x′) :=

∫
X×X

K(NT)(x,v)K(NT,s)(v,v′)K(NT)(v′,x′)dµ(v)⊗ µ(v′), ∀x,x′ ∈ X .

(38)

Writing the exact flow as the reference integral-kernel flow plus its discrepancy gives

df (·,θ(PGD)
t )

dt
= − 1

n
K(NT,int)(·,X)

(
f(X,θ

(PGD)
t )− y

)
+ Et, (39)
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where Et = −n−1(K̂
(NT,int)
t (·,X) − K(NT,int)(·,X))(f(X,θ

(PGD)
t ) − y) and K̂

(NT,int)
t =

N−1Kt(·,Q)K(NT,s)Kt(·,Q)⊤. If the kernel discrepancy is at most εt uniformly, then

∥Et∥∞ ≤ εt∥f(X,θ(PGD)
t ) − y∥2/

√
n. Controlling this error up to the stopping time re-

quires a trajectory-wise stability theorem for PGD.

If the deep NTK has positive eigenvalues λj ≍ j−2α and the target satisfies f∗ ∈
[HK(NT) ]

s+2 (µ0), the corresponding integral kernel has eigenvalues λs+2
j . This identifies

the candidate risk rate n−2α(s+2)/(2α(s+2)+1). Obtaining this rate for a finite deep network
additionally requires the preceding PGD stability bounds, a function decomposition, and
statistical error control. The value 2α = d/(d − 1) must be verified for the specific deep
NTK. The two-layer covariate corollary alone does not establish it.

Relation to finite-width deep GD and SGD. Zhou et al. (2026) provide uniform NTK
approximation and polynomial-width analysis for deep ReLU networks trained by discrete
GD and SGD. In their source and capacity notation, β = (s+2)/2 and γ = 1/(2α) match the
displayed exponents: their Corollary 6 bounds the excess risk by O(n−2β/(2β+γ) log4(n/δ)),
under its stated sample-size, width, and model assumptions. This exponent comparison
does not identify their deep NTK with our two-layer kernel. Extending their tools to PGD
requires simultaneous control of (1) layerwise movement under preconditioned updates, (2)
mixed-kernel stability on the training and auxiliary samples, (3) auxiliary-sample approxi-
mation, and (4) discrete-time error accumulation. Stochastic PGD also requires a martin-
gale analysis of its stochastic updates. A quantitative theorem with explicit dependence on
depth, width, auxiliary-sample size, and stopping time is left for future work.

8. Simulation Results

We present simulation results in this section. The simulations are designed to validate the
theoretical results in this paper: (1) improved generalization of PGD over vanilla GD with
spectrally biased target functions, and (2) the scaling behavior of the early stopping time.
We use spherical uniform inputs to match the theoretical setting, and we present results for
linear target function and quadratic target function.

8.1 Linear Target Function

We randomly sample n points
{
⇀
x i

}n
i=1

distributed uniformly on the unit sphere S49 in

R50. The sample size n ranges from 100 to 1000 with a step size of 100. We set the target
function to f∗(x) = s⊤x, where x ∈ S49 and s ∼ Unif (X ) is randomly sampled. The
variance of the noise is set to σ20 = 1. We also uniformly and independently sample 1000
points on the unit sphere in R50 to serve as the test set. We train the two-layer NN (1) by
Algorithm 1 with the network width m = 10000, N = 8000, and the learning rate is set to
η = 1. We also set s = 1, so that K(s) = K. The training is performed on an NVIDIA
A100 GPU, and we report the test loss in Figure 1 and Figure 2. It can be observed from
Figure 1 that PGD always demonstrates better generalization than the vanilla GD through
lower test losses across different training data sizes. Figure 2 illustrates the test loss with
respect to different numbers of PGD steps for n = 100, 300, 500, 1000. It can be observed
from Figure 2 that early stopping consistently improves generalization for neural network
training, as the test loss initially decreases and then increases due to overfitting.
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Figure 1: Left: illustration of the test losses by GD and PGD for varying n in [100, 1000]
with a step size of 100 for a linear target function. The shaded area in each plot
indicates the standard deviation across 10 random initializations of the neural
network. Right: illustration of the ratio of early stopping time.

Figure 2: Illustration of the test losses by PGD for a linear target function, which are
averaged over 10 random initializations of the neural network.

For each n ∈ {100, 200, . . . , 1000}, we identify the PGD step that achieves the minimum
test loss, denoted as t̂n, which serves as the empirical early stopping time. Theoretically,

the early stopping time is predicted to scale as T̂ ≍ n
2α(s+2)

2α(s+2)+1 ≍ n
3d

4d−1 with s = 1 and

2α = d/(d − 1). We compute the ratio of early stopping time, t̂n/n
3d

4d−1 , averaged over
10 random initializations of the neural network for each n and illustrated in the right plot
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of Figure 1. We observe that the ratio of early stopping time is relatively stable and it
lies within the interval [1.0736, 1.6972], suggesting that the theoretically predicted early
stopping time is empirically proportional to the empirical early stopping time.

8.2 Quadratic Target Function

We present additional simulation results under the same experimental setup as that in
Section 8.1 except for the target function, where the target function is a quadratic function
specified by f∗(x) = (s⊤x)2 with s ∼ Unif (X ). The purpose of this study is to demonstrate
the potential of PGD in learning more complex target functions than simple linear functions.
Figure 3 Illustrates the test loss by GD and PGD for varying n in [100, 1000] with a step
size of 100. Figure 4 illustrates the test loss with respect to different numbers of PGD steps
for n = 100, 300, 500, 1000. Similar to the case with the linear target function, it can be
observed from Figure 3 and Figure 4 that PGD with early stopping consistently improves
generalization for neural network training compared with the vanilla GD, and the ratio of
early stopping times is stable and lies within the interval [1.4560, 3.1001].

Figure 3: Left: illustration of the test losses by GD and PGD for varying n in [100, 1000]
with a step size of 100 for a quadratic target function. The shaded area in each
plot indicates the standard deviation across 10 random initializations of the neural
network. Right: illustration of the ratio of early stopping time.

8.3 Memory-Efficient PGD

We now describe a memory-efficient implementation of the PGD algorithm described in
Algorithm 1. The most computationally expensive step of Algorithm 1 is the computation of
G(t) := MZS(t)(ŷ(t)−y) ∈ Rmd in each PGD iteration (8). A straightforward computation
of G(t) requires that a large-scale matrix M ∈ Rmd×md be stored in memory, resulting
in a potentially prohibitive memory requirement for PGD with large network width m.
To address this computational challenge, we propose a memory efficient PGD algorithm
described in Algorithm 3 for each iteration t ∈ [T ] of Algorithm 1. Instead of updating all
the m neurons at one step, Algorithm 3 splits all the m neurons into B = m/S batches
where S is the batch size and m is divisible by S, and then updates the neurons in the
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Figure 4: Illustration of the test losses by PGD for a quadratic target function, which are
averaged over 10 random initializations of the neural network.

Algorithm 3 Memory-Efficient PGD

1: WS(t+ 1)← Memory-Efficient-PGD(t)
2: input: t ∈ [T ]
3: for b = 1, . . . , B do
4: Update the b-th batch of the neurons by

[vec (WS(t+ 1))− vec (WS(t))][(b−1)Sd+1:bSd] = −
η

n
M[(b−1)Sd+1:bSd]ZS(t)(ŷ(t)− y)

(40)

5: end for
6: return WS(t+ 1)

b-th batch by (40) for every b ∈ [B]. In every batch update, only a submatrix of ZQ(0),
ZQ(0)[(b−1)Sd+1:bSd] formed by rows of ZQ(0) with indices in [(b − 1)Sd + 1 : bSd], is in
memory, and such memory is released before the execution of the next batch update. Such
batch updates of all the neurons significantly reduce the memory need. In particular, for
each iteration t ∈ [T ], Algorithm 3 has the same time complexity, Θ(mdN), under N ≥ n
and N ≪ md, while its memory complexity is only Θ(SdN + N2), in contrast to the
significantly higher memory complexity of Θ(mdN) of a straightforward implementation of
Algorithm 1 withm≫ S. We note that the same idea of using neuron batches is also used in
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the computation of ZQ(0)⊤ZS(t) in (40). On the NVIDIA A100 GPU, our memory-efficient
PGD algorithm only needs 1.12 GB memory with a training speed of 9.2 seconds for each
PGD iteration for the simulation results in Section 8.2. We note that the memory cost and
the training speed are the same for simulation results in Section 8.1 and Section 8.2. It is
also worthwhile to mention that, although each iteration of our PGD algorithm requires
a higher time complexity, Θ(mdN), than that of the vanilla GD, Θ(mdn), this increased
computational cost yields sharper and optimal regression rate, as discussed in Section 3 and
Section 5.

9. Conclusion

We study nonparametric regression using an over-parameterized two-layer neural network
when the target function lies in an interpolation space exhibiting spectral bias, that is,
[HK ]s

′
(µ0) where s′ ≥ 3 is the smoothness parameter and K is the Neural Tangent Ker-

nel (NTK) of the network. We show that, when the network is trained using a novel and
carefully designed Preconditioned Gradient Descent (PGD) algorithm with early stopping,
the resulting estimator achieves a sharper and minimax optimal nonparametric regression

risk rate of O(n−
ds′

ds′+d−1 ). This result holds under general covariate distributions supported
either on the unit sphere Sd−1 or the entire Rd satisfying certain mild conditions, extending
beyond the commonly assumed spherical uniform distribution. Our result improves upon
current state-of-the-art risk bounds achieved by training neural networks for nonparametric
regression. We also provide a detailed comparison with prior works and outline the key
technical ideas underlying our analysis, highlighting how the proposed PGD training dy-
namics approximate kernel regression with the integral kernel K(int), rather than the regular
NTK K, and achieve the minimax optimal risk rate over HK(int)(µ0).
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We present the basic mathematical results required in our proofs in Section A, then
present proofs in the subsequent sections.

Appendix A. Mathematical Tools

We introduce the basic definitions and mathematical results as the basic tools for the
subsequent results in the next sections of this appendix.

Definition A.1. Let {σi}ni=1 be n i.i.d. random variables such that Pr[σi = 1] = Pr[σi =
−1] = 1

2 . The Rademacher complexity of a function class F is defined as

R(F) = E{
⇀
x i

}n

i=1
,{σi}ni=1

[
sup
f∈F

1

n

n∑
i=1

σif(
⇀
x i)

]
. (41)

The empirical Rademacher complexity is defined as

R̂(F) = E{σi}ni=1

[
sup
f∈F

1

n

n∑
i=1

σif(
⇀
x i)

]
, (42)

For simplicity of notation, Rademacher complexity and empirical Rademacher complexity

are also denoted by E
[
supf∈F

1
n

n∑
i=1

σif(
⇀
x i)

]
and Eσ

[
supf∈F

1
n

n∑
i=1

σif(
⇀
x i)

]
respectively.

For data
{
⇀
x
}n
i=1

and a function class F , we define the notation RnF by RnF :=

supf∈F
1
n

n∑
i=1

σif(
⇀
x i).

Theorem A.1 (Bartlett et al. (2005, Theorem 2.1)). Let X , P be a probability space,{
⇀
x i

}n
i=1

be independent random variables distributed according to P . Let F be a class

of functions that map X into [a, b]. Assume that there is some r > 0 such that for every

f ∈ F ,Var
[
f(
⇀
x i)
]
≤ r. Then, for every x > 0, with probability at least 1− e−x,

sup
f∈F

(
EP [f(x)]− Ex∼Pn [f(x)]

)
≤ inf

α>0

(
2(1 + α)E{

⇀
x i

}n

i=1
,{σi}ni=1

[RnF ] +
√

2rx

n

+ (b− a)
(
1

3
+

1

α

)
x

n

)
, (43)

and with probability at least 1− 2e−x,

sup
f∈F

(
EP [f(x)]− Ex∼Pn [f(x)]

)
≤ inf

α∈(0,1)

(
2(1 + α)

1− α
E{σi}ni=1

[RnF ] +
√

2rx

n

+ (b− a)
(
1

3
+

1

α
+

1 + α

2α(1− α)

)
x

n

)
. (44)

Pn is the empirical distribution over
{
⇀
x i

}n
i=1

with Ex∼Pn [f(x)] =
1
n

n∑
i=1

f(
⇀
x i). Moreover,

the same results hold for supf∈F
(
Ex∼Pn [f(x)]− EP [f(x)]

)
.
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In addition, we have the contraction property for Rademacher complexity, which is due
to Ledoux and Talagrand (Ledoux, 1991).

Theorem A.2. Let ϕ be a contraction,that is, |ϕ(x)− ϕ(y)| ≤ µ |x− y| for µ > 0. Then,
for every function class F ,

E{σi}ni=1
[Rnϕ ◦ F ] ≤ µE{σi}ni=1

[RnF ] , (45)

where ϕ ◦ F is the function class defined by ϕ ◦ F = {ϕ ◦ f : f ∈ F}.

Definition A.2 (Sub-root function, (Bartlett et al., 2005, Definition 3.1)). A function

ψ : [0,∞) → [0,∞) is sub-root if it is nonnegative, nondecreasing and if ψ(r)√
r

is nonin-

creasing for r > 0.

Theorem A.3 (Bartlett et al. (2005, Theorem 3.3)). Let F be a class of functions with
ranges in [a, b] and assume that there are some functional T : F → R+ and some constant
B̄ such that for every f ∈ F , Var [f ] ≤ T (f) ≤ B̄P (f). Let ψ be a sub-root function
and let r∗ be the fixed point of ψ. Assume that ψ satisfies, for any r ≥ r∗, ψ(r) ≥
B̄R({f ∈ F : T (f) ≤ r}). Fix x > 0. Then for any K0 > 1, with probability at least
1− e−x,

∀f ∈ F , EP [f ] ≤ K0

K0 − 1
EPn [f ] +

704K0

B̄
r∗ +

x
(
11(b− a) + 26B̄K0

)
n

.

Also, with probability at least 1− e−x,

∀f ∈ F , EPn [f ] ≤
K0 + 1

K0
EP [f ] +

704K0

B̄
r∗ +

x
(
11(b− a) + 26B̄K0

)
n

.

Appendix B. Detailed Proofs

Lemma B.4 

Lemma B.1 

Lemma B.2 

Lemma B.3 Lemma B.5 

Optimization  

Theorem B.6 

Lemma B.7 
Theorem B.8 

Generalization  

Lemma B.9 
Theorem 5.1 

Figure 5: Roadmap of Major Results Leading to Theorem 5.1.

Because Theorem 5.1 is proved by Theorem B.8 and Lemma B.9, we illustrate in Figure 5
the roadmap containing the intermediate theoretical results which lead to Theorem B.8.
Theorem B.6 is the formal version of Theorem 6.4, Theorem B.8 is the formal version of
Theorem 6.5, and Lemma B.9 is the formal version of Lemma 6.6. Lemma B.4 is the formal
version of Lemma 6.3.
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B.1 Theorem B.8, Lemma B.9, and related theoretical results

Relation to the proof framework of Yang (2025). The high-level proof architecture
in this subsection builds on Yang (2025): first decompose a finite-width neural-network
iterate into an RKHS component and a uniformly small residual, and then control the
resulting localized function class using local Rademacher complexity. Some general-purpose
arguments are therefore inherited. Most notably, Lemma B.7 is adapted from Yang (2025,

Lemma C.9). After replacing (K,HK , {λj}j≥1) by (K(int),HK(int) , {λ(int)j }j≥1), its localized-
Rademacher-complexity calculation is unchanged.

The arguments preceding Lemma B.7 require substantial new elements and modifica-
tions. The previous work analyzes vanilla GD, whose reference dynamics are governed by
the regular NTK K. In the present paper, PGD uses a random preconditioner constructed
from an independent auxiliary sample Q, and its reference dynamics are governed by the
integral kernel K(int). Consequently, the residual recursion contains not only the finite-
width error caused by variation of the empirical NTK along the training trajectory, as in
the previous work, but also a new approximation error associated with the auxiliary sample
and its interaction with the time-dependent empirical NTK. Lemmas B.1–B.5 modify the
earlier GD analysis to control these coupled errors uniformly up to the early-stopping time.
In particular, the spectral filters, critical radii, and stopping rule must now be analyzed

using K
(int)
n and the spectrum of K(int), rather than Kn and the spectrum of K.

The main results specific to the present setting of this paper are the uniform concentra-
tion of the empirical composite kernel around K(int) in Theorem B.10, the PGD function
decomposition in Theorem B.6, and the K(int)-based empirical-loss and population-risk
bounds in Lemma B.9 and Theorem B.8. Theorem B.6 shows that every relevant PGD
iterate can be written as a function in HK(int) with controlled RKHS norm plus a resid-
ual with small L∞-norm. Lemma B.7 is then applied to this new function class. Finally,

the identity λ
(int)
j = λs+2

j converts the eigenvalue-tail term in Lemma B.7 into the smaller

local complexity associated with K(int), which is the key spectral input leading to the
sharp rate in Theorem 5.1. Therefore, compared to Yang (2025), the reusable component
is the general localized Rademacher-complexity calculation, whereas the PGD dynamics,
the auxiliary-sample approximation, the integral-kernel decomposition, and the resulting
sharp-rate analysis are specific to the present paper and novel.

In this subsection, we first present The signal-and-noise norm bound in Lemma B.1,
followed by the neuron-movement bound in Lemma B.2, the one-step perturbed PGD re-
cursion in Lemma B.3, and finally the inductive convergence result in Lemma B.4.

Lemma B.1. Let t ∈ [0 : T ], v = −
(
I− ηK(int)

n

)t
f∗(S), e = −

(
I− ηK(int)

n

)t
w, and

η ∈ (0, 8). Then with probability at least 1− exp (−Θ(n)) over w,

∥v∥2 + ∥e∥2 ≤

(
µ0

min
{
2
√
2,
√
2eη
} + σ0 + 1

)
√
n. (46)

Lemma B.2. Suppose that t ∈ [0 : T − 1] for T ≥ 1, and ∥ŷ(t′)− y∥2 ≤
√
ncu holds for

all 0 ≤ t′ ≤ t. Then ∥∥∥⇀wS,r(t
′)− ⇀

wr(0)
∥∥∥
2
≤ R, ∀ 0 ≤ t′ ≤ t+ 1. (47)
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Lemma B.3. Let η = Θ(1) ∈ (0, 8), 0 ≤ t ≤ T − 1 for T ≥ 1, and suppose that
∥ŷ(t′)− y∥2 ≤ cu

√
n holds for all 0 ≤ t′ ≤ t and the random initialization W(0) ∈ W0.

Then

ŷ(t+ 1)− y =
(
I− ηK(int)

n

)
(ŷ(t)− y) +E(int)(t) (ŷ(t)− y) +E(t+ 1), (48)

where

∥E(t+ 1)∥2 ≲ Em,η,δ, (49)

and Em,η,δ is defined by

Em,η,δ := ηcu
√
n

(
2

(
2R√
2πκ

+ C2(m/2, d, 1/n)

)
+ C1(m/2, d, 1/n)

)
≲
√
dnm− 1

5T
1
2 (50)

for δ ∈ (0, 1). In addition, for every δ ∈ (0, 1), with probability at least 1− δ over Q,∥∥∥E(int)(t)
∥∥∥
2
≲ η

√
log(4n/δ)

N
. (51)

Lemma B.4. Suppose N ≳ T 2 log (4n/δ)/τ2, and

m ≳ T
15
2 d

5
2 /τ5. (52)

Suppose the neural network f(W(t), ·) is trained by PGD using Algorithm 1 with the
learning rate η = Θ(1) ∈ (0, 8) on the random initialization W(0) ∈ W0. Then for every δ ∈
(0, 1), with probability at least 1−exp (−Θ(n))−δ overw andQ, W(t) ∈ W(S,Q,W(0), T ).
Moreover, for all t ∈ [0, T ], u(t) = v(t) + e(t) where u(t) = ŷ(t)− y, v(t) ∈ Vt, e(t) ∈ Et,τ ,
and ∥u(t)∥2 ≤ cu

√
n.

Proof of Lemma B.4. First, when m ≳ T
15
2 d

5
2 /τ5 with a proper constant, it can be

verified that Em,η,δ ≤ τ
√
n/(2T ) where Em,η,δ is defined by (50) of Lemma B.3. We then

use mathematical induction to prove the lemma.
When t = 0, we have

u(0) = −y = v(0) + e(0), (53)

where v(0) := −f∗(S) = −
(
I− ηK(int)

n

)0
f∗(S), e(0) = −w =

⇀
e 1(0)+

⇀
e 2(0) with

⇀
e 1(0) =

−
(
I − ηK(int)

n

)0
w and

⇀
e 2(0) = 0. Therefore, v(0) ∈ V0 and e(0) ∈ E0,τ . Also, it follows

from the proof of Lemma B.1 that ∥u(0)∥2 ≤ cu
√
n w.p. at least 1− exp (−Θ(n)) over w.

Suppose that for all t1 ∈ [0, t] with t ∈ [0, T − 1], u(t1) = v(t1) + e(t1) where v(t1) ∈
Vt1 , and e(t1) =

⇀
e 1(t1) +

⇀
e 2(t1) with v(t1) ∈ Vt1 and e(t1) ∈ Et1,τ , and ∥u(t1)∥2 ≤

cu
√
n for all t1 ∈ [0, t]. Then it follows from Lemma B.3 that the recursion u(t′ + 1) =(

I− ηK(int)
n

)
u(t′) +E(int)(t′)u(t′) +E(t′ + 1) holds for all t′ ∈ [0, t]. As a result, we have

u(t+ 1) =
(
I− ηK(int)

n

)
u(t) +E(int)(t)u(t) +E(t+ 1)
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= −
(
I− ηK(int)

n

)t+1
f∗(S)−

(
I− ηK(int)

n

)t+1
w

+

t+1∑
t′=1

(
I− ηK(int)

n

)t+1−t′
E(t′) +

t+1∑
t′=1

(
I− ηK(int)

n

)t+1−t′
E(int)(t′ − 1)u(t′ − 1)

= v(t+ 1) + e(t+ 1), (54)

where v(t+ 1) and e(t+ 1) are defined as

v(t+ 1) := −
(
I− ηK(int)

n

)t+1
f∗(S) ∈ Vt+1, (55)

e(t+ 1) := −
(
I− ηK(int)

n

)t+1
w︸ ︷︷ ︸

⇀
e 1(t+1)

+

t+1∑
t′=1

(
I− ηK(int)

n

)t+1−t′
E(t′) +

t+1∑
t′=1

(
I− ηK(int)

n

)t+1−t′
E(int)(t′ − 1)u(t′ − 1)︸ ︷︷ ︸

⇀
e 2(t+1)

. (56)

We now prove the upper bound for
⇀
e 2(t+1). With η ∈ (0, 8), we have

∥∥∥I− ηK(int)
n

∥∥∥
2
∈ (0, 1].

It follows that∥∥∥⇀e 2(t+ 1)
∥∥∥
2

≤
t+1∑
t′=1

∥∥∥I− ηK(int)
n

∥∥∥t+1−t′

2

∥∥E(t′)
∥∥
2
+

t+1∑
t′=1

∥∥∥I− ηK(int)
n

∥∥∥t+1−t′

2

∥∥∥E(int)(t′ − 1)
∥∥∥
2

∥∥u(t′ − 1)
∥∥
2

1○
≤ τ
√
n

2
+ cu
√
n · T · max

t′∈[T ]

∥∥∥E(int)(t′ − 1)
∥∥∥
2

2○
≤
√
nτ, (57)

where 1○ follows from the fact that ∥E(t)∥2 ≤ Em,η,δ ≤ τ
√
n/(2T ) for all t ∈ [T ], (51)

in Lemma B.3, and the induction hypothesis. 2○ follows from N ≳ T 2 log (4n/δ)/τ2 with

maxt′∈[T ]
∥∥E(int)(t′ − 1)

∥∥
2
≲ η

√
log(4n/δ)

N by Lemma B.3 and cuη = Θ(1). It follows from

(57) that e(t+ 1) ∈ Et+1,τ . Also, it follows from Lemma B.1 that

∥u(t+ 1)∥2 ≤ ∥v(t+ 1)∥2 +
∥∥∥⇀e 1(t+ 1)

∥∥∥
2
+
∥∥∥⇀e 2(t+ 1)

∥∥∥
2

≤
(

µ0√
2eη

+ σ0 + τ + 1

)√
n ≤ cu

√
n,

which completes the induction step and the entire proof.

Proof of Lemma B.1. When t ≥ 1, we have v = −
(
I− ηK(int)

n

)t
f∗(S), and

∥v(t)∥22 =
n∑
i=1

(
1− ηλ̂(int)i

)2t [
U(int)⊤f∗(S)

]2
i
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1○
≤

rank(K
(int)
n )∑

i=1

1

2eηλ̂
(int)
i t

[
U(int)⊤f∗(S)

]2
i

2○
≤ nµ20

2eηt
. (58)

Here 1○ follows from Lemma B.12, which shows that the signal has zero components
in the empirical null space, and Lemma B.13 applied to the positive empirical eigenvalues.
2○ follows by Lemma B.12. Moreover, it follows from the concentration inequality about
quadratic forms of sub-Gaussian random variables in Wright (1973) that

Pr
[
∥w∥22 − E

[
∥w∥22

]
> n

]
≤ exp (−Θ(n)) , (59)

and E [∥w∥2] ≤
√

E
[
∥w∥22

]
≤
√
nσ0. Therefore, Pr [∥w∥2 −

√
nσ0 >

√
n] ≤ exp (−Θ(n)).

As a result, we have

∥v∥2 + ∥e∥2 ≤

√
nµ20
2eη

+ ∥w∥2 ≤
(

µ0√
2eη

+ σ0 + 1

)√
n, ∀t ∈ [T ].

When t = 0, ∥v∥2 = ∥f∗(S)∥2 ≤ µ0/(2
√
2) ·
√
n, which completes the proof of (46).

Proof of Lemma B.3. Because ∥ŷ(t′)− y∥2 ≤
√
ncu holds for all t′ ∈ [0, t], by Lemma B.2,

we have ∥∥∥⇀wr(t
′)− ⇀

wr(0)
∥∥∥
2
≤ R, ∀ 0 ≤ t′ ≤ t+ 1. (60)

Define two sets of indices

Ei,R :=
{
r ∈ [m] :

∣∣∣wr(0)
⊤⇀x i

∣∣∣ > R
}
, Ēi,R := [m] \ Ei,R.

We have

ŷi(t+ 1)− ŷi(t) =
1√
m

m∑
r=1

ar

(
σ
(
⇀
w

⊤
S,r(t+ 1)

⇀
x i

)
− σ

(
⇀
w

⊤
S,r(t)

⇀
x i

))
=

1√
m

∑
r∈Ei,R

ar

(
σ
(
⇀
w

⊤
S,r(t+ 1)

⇀
x i

)
− σ

(
⇀
w

⊤
S,r(t)

⇀
x i

))
︸ ︷︷ ︸

:=D
(1)
i

+
1√
m

∑
r∈Ēi,R

ar

(
σ
(
⇀
w

⊤
S,r(t+ 1)

⇀
x i

)
− σ

(
⇀
w

⊤
S,r(t)

⇀
x i

))
︸ ︷︷ ︸

:=E
(1)
i

= D
(1)
i +E

(1)
i , (61)

and D(1),E(1) ∈ Rn are vectors with their i-th elements being D
(1)
i and E

(1)
i defined on the

RHS of (61). Now we derive the upper bound for E
(1)
i . For all i ∈ [n] we have

∣∣∣E(1)
i

∣∣∣ =
∣∣∣∣∣∣ 1√
m

∑
r∈Ēi,R

ar

(
σ
(
⇀
wS,r(t+ 1)⊤

⇀
x i

)
− σ

(
⇀
wS,r(t)

⊤⇀x i

))∣∣∣∣∣∣
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≤ 1√
m

∑
r∈Ēi,R

∣∣∣⇀wS,r(t+ 1)⊤
⇀
x i −

⇀
wS,r(t)

⊤⇀x i

∣∣∣ ≤ 1√
m

∑
r∈Ēi,R

∥∥∥⇀wS,r(t+ 1)− ⇀
wS,r(t)

∥∥∥
2

1○
=

1√
m

∑
r∈Ēi,R

∥∥∥ η

nN
[ZQ(0)][(r−1)d+1:rd]K

(s)
N ZQ(0)⊤ZS(t) (ŷ(t)− y)

∥∥∥
2

2○
≤ cu√

m

∑
r∈Ēi,R

η

2
√
m
≤ ηcu ·

∣∣Ēi,R∣∣
2m

. (62)

Here 1○, 2○ follow from (81) and (82) in the proof of Lemma B.2, as well as the fact that∥∥∥K(s)
N

∥∥∥
2
≤ 1/2. Since W(0) ∈ W0, we have

sup
x∈X

v̂R(W(0),x) ≤ 2R√
2πκ

+ C2(m/2, d, 1/n), (63)

where v̂R(W(0),x) = 1
m

m∑
r=1

1I{∣∣∣⇀wr(0)⊤x
∣∣∣≤R}, so that v̂R(W(0),

⇀
x i) =

∣∣Ēi,R∣∣ /m. It follows

from (62), (63) and the induction hypothesis that∣∣∣E(1)
i

∣∣∣ ≤ ηcu
2

(
2R√
2πκ

+ C2(m/2, d, 1/n)

)
. (64)

It follows from (64) that
∥∥E(1)

∥∥
2
can be bounded by∥∥∥E(1)

∥∥∥
2
≤ ηcu

√
n

2

(
2R√
2πκ

+ C2(m/2, d, 1/n)

)
. (65)

D
(1)
i on the RHS of (61) is expressed by

D
(1)
i =

1√
m

∑
r∈Ei,R

ar

(
σ
(
⇀
w

⊤
S,r(t+ 1)

⇀
x i

)
− σ

(
⇀
w

⊤
S,r(t)

⇀
x i

))
=

1√
m

∑
r∈Ei,R

ar1I{⇀
wS,r(t)⊤

⇀
x i≥0

} (⇀wS,r(t+ 1)− ⇀
wS,r(t)

)⊤⇀
x i

=
1√
m

m∑
r=1

ar1I{⇀
wS,r(t)⊤

⇀
x i≥0

} (−η
n
[M][(r−1)d+1:rd] ZS(t) (ŷ(t)− y)

)⊤⇀
x i

+
1√
m

∑
r∈Ēi,R

ar1I{⇀
wS,r(t)⊤

⇀
x i≥0

} (η
n
[M][(r−1)d+1:rd] ZS(t) (ŷ(t)− y)

)⊤⇀
x i

= − η

nN
[H(t)]iK

(s)
N H(t)⊤ (ŷ(t)− y)︸ ︷︷ ︸

:=D
(2)
i

+
1√
m

∑
r∈Ēi,R

ar1I{⇀
wS,r(t)⊤

⇀
x i≥0

} (η
n
[M][(r−1)d+1:rd] ZS(t) (ŷ(t)− y)

)⊤⇀
x i

︸ ︷︷ ︸
:=E

(2)
i

, (66)
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where H(t) ∈ Rn×N is a matrix specified by

Hpq(t) =

⇀
x
⊤
p
⇀
qq
m

m∑
r=1

1I{⇀
wS,r(t)⊤

⇀
xp≥0

}1I{⇀
wr(0)⊤

⇀
q q≥0

}, ∀ p ∈ [n], q ∈ [N ].

Let D(2),E(2) ∈ Rn be vectors with their i-th elements being D
(2)
i and E

(2)
i defined on the

RHS of (66). E(2) can be expressed by E(2) = η
nN Ẽ(2)K

(s)
N H(t)⊤ (ŷ(t)− y) with Ẽ(2) ∈

Rn×N and

Ẽ(2)
pq =

1

m

∑
r∈Ēp,R

1I{⇀
wS,r(t)⊤

⇀
xp≥0

}1I{⇀
wr(0)⊤

⇀
q q≥0

}⇀x⊤
p
⇀
qq,

∣∣∣Ẽ(2)
pq

∣∣∣ ≤ ∣∣Ēp,R∣∣
m

for all p ∈ [n], q ∈ [N ]. The spectral norm of Ẽ(2) is bounded by∥∥∥Ẽ(2)
∥∥∥
2
≤
∥∥∥Ẽ(2)

∥∥∥
F
≤
√
nN max

p∈[n]

∣∣Ēp,R∣∣
m

1○
≤
√
nN

(
2R√
2πκ

+ C2(m/2, d, 1/n)

)
, (67)

where 1○ follows from (63). Also, ∥H(t)∥2 ≤ ∥H(t)∥F ≤
√
nN for all t ≥ 0. It follows from

(67) that
∥∥E(2)

∥∥
2
can be bounded by∥∥∥E(2)

∥∥∥
2
≤ η

nN

∥∥∥Ẽ(2)
∥∥∥
2

∥∥∥K(s)
N

∥∥∥
2
∥H(t)∥2∥ŷ(t)− y∥2 ≤

ηcu
√
n

2

(
2R√
2πκ

+ C2(m/2, d, 1/n)

)
.

(68)

D
(2)
i on the RHS of (66) is expressed by

D(2) = − η

nN
H(t)K

(s)
N H(t)⊤ (ŷ(t)− y)

= − η

nN
H(0)K

(s)
N H(0)⊤ (ŷ(t)− y)︸ ︷︷ ︸
:=D(3)

+
η

nN
(H(0)−H(t))K

(s)
N H(0)⊤ (ŷ(t)− y)︸ ︷︷ ︸

:=E(3)

+
η

nN
H(t)K

(s)
N (H(0)−H(t))⊤ (ŷ(t)− y)︸ ︷︷ ︸

:=E(4)

= D(3) +E(3) +E(4). (69)

On the RHS of (69), D(3),E(3),E(4) ∈ Rn are vectors which are analyzed as follows. In
order to bound the spectral norm of E(3) and E(4), we first estimate the upper bound for
|Hij(t)−Hij(0)| for all i ∈ [n] and j ∈ [N ]. We note that

1I{
1I{⇀wS,r(t)

⊤⇀
x i≥0} ̸=1I{wr(0)⊤

⇀
x i≥0}

} ≤ 1I{∣∣∣wr(0)⊤
⇀
x i

∣∣∣≤R} + 1I{∥∥∥wS,r(t)−
⇀
wr(0)

∥∥∥
2
>R

}. (70)

It follows from (70) that

|Hij(t)−Hij(0)|

=

∣∣∣∣∣∣
⇀
x
⊤
i
⇀
qj
m

m∑
r=1

(
1I{⇀

wS,r(t)⊤
⇀
x i≥0

}1I{⇀
wr(0)⊤

⇀
q j≥0

} − 1I{
wr(0)⊤

⇀
x i≥0

}1I{
wr(0)⊤

⇀
q j≥0

})∣∣∣∣∣∣
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≤ 1

m

m∑
r=1

1I{
1I{⇀wS,r(t)

⊤⇀
x i≥0} ̸=1I{⇀wr(0)⊤

⇀
x i≥0}

}

≤ 1

m

m∑
r=1

(
1I{∣∣∣⇀wr(0)⊤

⇀
x i

∣∣∣≤R} + 1I{∥∥∥wS,r(t)−
⇀
wr(0)

∥∥∥
2
>R

})

≤ v̂R(W(0),
⇀
x i)

1○
≤ 2R√

2πκ
+ C2(m/2, d, 1/n), (71)

where 1○ follows from (63). It follows from (71) that
∥∥E(3)

∥∥
2
,
∥∥E(4)

∥∥
2
are bounded by∥∥∥E(3)

∥∥∥
2
≤ η

2nN
·
√
nN ·

√
nN

(
2R√
2πκ

+ C2(m/2, d, 1/n)

)
∥ŷ(t)− y∥2

≤ ηcu
√
n

2

(
2R√
2πκ

+ C2(m/2, d, 1/n)

)
, (72)∥∥∥E(4)

∥∥∥
2
≤ ηcu

√
n

2

(
2R√
2πκ

+ C2(m/2, d, 1/n)

)
. (73)

We now approximate D(3) in terms of KS,Q ∈ Rn×N with [KS,Q]ij = K(
⇀
x i,

⇀
qj)

for i ∈ [n], j ∈ [N ]. We have

D(3) = − η

nN
H(0)K

(s)
N H(0)⊤ (ŷ(t)− y)

= − η

nN
KS,QK

(s)
N K⊤

S,Q (ŷ(t)− y)︸ ︷︷ ︸
:=D(4)

+
η

nN
(KS,Q −H(0))K

(s)
N K⊤

S,Q (ŷ(t)− y)︸ ︷︷ ︸
:=E(5)

+
η

nN
H(0)K

(s)
N (KS,Q −H(0))⊤ (ŷ(t)− y)︸ ︷︷ ︸

:=E(6)

. (74)

We now bound the spectral norm of E(5) and E(6). Since W(0) ∈ W0, we have

∥KS,Q −H(0)∥2 ≤ ∥KS,Q −H(0)∥F ≤
√
nNC1(m/2, d, 1/n), (75)

Also, ∥KS,Q∥2 ≤ ∥KS,Q∥F ≤
√
nN . As a result,∥∥∥E(5)

∥∥∥
2
≤ η

2nN
·
√
nN ·

√
nNC1(m/2, d, 1/n)∥ŷ(t)− y∥2 ≤

ηcu
√
n

2
· C1(m/2, d, 1/n),

(76)∥∥∥E(6)
∥∥∥
2
≤ ηcu

√
n

2
· C1(m/2, d, 1/n). (77)

It follows from (66), (69), and (74) that

D
(1)
i = D

(4)
i +E

(2)
i +E

(3)
i +E

(4)
i +E

(5)
i +E

(6)
i . (78)

It then follows from (61) that

ŷi(t+ 1)− ŷi(t) = D
(1)
i +E

(1)
i = D

(4)
i +E

(1)
i +E

(2)
i +E

(3)
i +E

(4)
i +E

(5)
i +E

(6)
i︸ ︷︷ ︸

:=Ei
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= − η

nN
[KS,Q]iK

(s)
N K⊤

S,Q (ŷ(t)− y) + [E(t+ 1)]i = −
η

n

[
K̂(int)

]
i
(ŷ(t)− y) + [E(t+ 1)]i ,

(79)

where E(t + 1) ∈ Rn with its i-th element being Ei, and E(t + 1) = E(1) + E(2) + E(3) +
E(4) +E(5) +E(6). It follows from (65), (68), (72), (73), (76), and (77) that

∥E(t+ 1)∥2 ≲ ηcu
√
n

(
2

(
2R√
2πκ

+ C2(m/2, d, 1/n)

)
+ C1(m/2, d, 1/n)

)
. (80)

The upper bound for ∥E(t+ 1)∥2 in (50) follows from (80), Theorem 6.1, and noting that
ηcu ≤ Θ(1). Finally, we have

ŷ(t+ 1)− y
1○
=
(
I− η

n
K̂(int)

)
(ŷ(t)− y) +E(t+ 1)

=
(
I− η

n
K(int)

)
(ŷ(t)− y) +E(int)(t) (ŷ(t)− y) +E(t+ 1),

where E(int)(t) = η/n ·
(
K(int) − K̂(int)

)
, and 1○ follows from (79). It follows from (133) of

Theorem B.10 that ∥∥∥E(int)(t)
∥∥∥
2
≲ η

√
log(4n/δ)

N

holds with probability at least 1− δ over Q, which proves (51).

Proof of Lemma B.2. Let [ZQ(0)][(r−1)d+1:rd] denote the submatrix of ZQ(0) formed by

the rows of ZQ(0) with row indices in [(r − 1)d+ 1 : rd]. By the PGD update rule (8), for
every t′′ ∈ [0 : T − 1], we have

⇀
wS,r(t

′′ + 1)− ⇀
wS,r(t

′′) = − η

nN
[ZQ(0)][(r−1)d+1:rd]K

(s)
N ZQ(0)⊤ZS(t

′′)
(
ŷ(t′′)− y

)
. (81)

Since
∥∥∥[ZQ(0)][(r−1)d+1:rd]

∥∥∥
2
≤
∥∥∥[ZQ(0)][(r−1)d+1:rd]

∥∥∥
F
≤
√
N/m, and

∥∥ZQ(0)⊤ZS(t)
∥∥
2
≤

√
nN , it then follows from (81) that∥∥∥⇀wS,r(t

′′ + 1)− ⇀
wS,r(t

′′)
∥∥∥
2

≤ η

nN

∥∥∥[ZQ(0)][(r−1)d+1:rd]

∥∥∥
2

∥∥∥K(s)
N

∥∥∥
2

∥∥∥ZQ(0)⊤ZS(t
′′)
∥∥∥
2

∥∥ŷ(t′′)− y
∥∥
2
≤ ηcu

2
√
m
, ∀t′′ ∈ [0 : t].

(82)

Note that (47) trivially holds for t′ = 0. For t′ ∈ [1, t+ 1], it follows from (82) that

∥∥∥⇀wS,r(t
′)− ⇀

wr(0)
∥∥∥
2
≤

t′−1∑
t′′=0

∥∥∥⇀wS,r(t
′′ + 1)− ⇀

wS,r(t
′′)
∥∥∥
2
≤ η

2
√
m

t′−1∑
t′′=0

cu ≤
ηcuT

2
√
m

= R, (83)

which completes the proof.
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Lemma B.5. Let η ∈ (0, 8) and h(·) =
∑t−1

t′=0 h(·, t′) for t ∈ [T ], T ≤ T̂ where

h(·, t′) = v(·, t′) + ê(·, t′),

v(·, t′) = η

n

n∑
j=1

K(int)(
⇀
xj ,x)vj(t

′),

ê(·, t′) = η

n

n∑
j=1

K(int)(
⇀
xj ,x)

⇀
e j(t

′),

and v(t′) ∈ Vt′ , e(t′) ∈ Et′,τ for all 0 ≤ t′ ≤ t− 1. Suppose that

τ ≲ 1/(ηT ). (84)

Then with probability at least 1− exp
(
−Θ(nε̂2n)

)
over w,

∥h∥H
K(int)

≤ Bh = µ0 + 1 +
√
2, (85)

where Bh is also defined in (26).

Proof We have y = f∗(S) +w, v(t) = −
(
I− ηK(int)

n

)t
f∗(S), e(t) =

⇀
e 1(t) +

⇀
e 2(t) with

⇀
e 1(t) = −

(
I− ηK(int)

n

)t
w,
∥∥∥⇀e 2(t)

∥∥∥
2
≲
√
nτ . We define

ê1(·, t) =
η

n

n∑
j=1

K(int)(
⇀
xj ,x)

[
⇀
e 1(t)

]
j
, ê2(·, t) =

η

n

n∑
j=1

K(int)(
⇀
xj ,x)

[
⇀
e 2(t)

]
j
,

we then have

t−1∑
t′=0

v(x, t′) = −η
n

n∑
j=1

t−1∑
t′=0

[(
I− ηK(int)

n

)t′
f∗(S)

]
j

K(int)(
⇀
xj ,x)

= −η
n

n∑
j=1

t−1∑
t′=0

[
U(int)

(
I− ηΣ(int)

)t′
U(int)⊤f∗(S)

]
j

K(int)(
⇀
xj ,x). (86)

We let r = rank(K
(int)
n ) ∈ [n]. It follows from (86) that∥∥∥∥∥

t−1∑
t′=0

v(·, t′)

∥∥∥∥∥
2

H
K(int)

=
η2

n2
f∗(S)⊤U(int)

t−1∑
t′=0

(
I− ηΣ(int)

)t′
U(int)⊤K(int)U(int)

t−1∑
t′=0

(
I− ηΣ(int)

)t′
U(int)⊤f∗(S)

=
1

n

∥∥∥∥∥η (K(int)
n

)1/2
U(int)

t−1∑
t′=0

(
I− ηΣ(int)

)t′
U(int)⊤f∗(S)

∥∥∥∥∥
2

2
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≤ 1

n

r∑
i=1

(
1−

(
1− ηλ̂(int)i

)t)2

λ̂
(int)
i

[
U(int)⊤f∗(S)

]2
i
≤ µ20, (87)

where the last inequality follows from Lemma B.12.
Similarly, we have

∥∥∥∥∥
t−1∑
t′=0

ê1(·, t′)

∥∥∥∥∥
2

H
K(int)

≤ 1

n

r∑
i=1

(
1−

(
1− ηλ̂(int)i

)t)2

λ̂
(int)
i

[
U(int)⊤w

]2
i
. (88)

It then follows from the argument in the proof of (Raskutti et al., 2014, Lemma 9) that the
RHS of (88) is bounded with high probability. We define a diagonal matrix R ∈ Rn×n with

Rii =
(
1− (1− ηλ̂(int)i )t

)2
/λ̂

(int)
i for i ∈ [r] and Rii = 0 for i ∈ [r + 1, n]. Then the RHS of

(88) is 1/n · tr
(
U(int)RU(int)⊤ww⊤

)
. It follows from (Wright, 1973) that

Pr
[
1/n · tr

(
U(int)RU(int)⊤ww⊤

)
− E

[
1/n · tr

(
U(int)RU(int)⊤ww⊤

)]
≥ u

]
≤ exp

(
−cmin

{
nu/∥R∥2, n

2u2/∥R∥2F
})

(89)

for all u > 0, and c is a positive constant. Recall that ηt = ηt for all t ≥ 0. We have

E
[
1/n · tr

(
U(int)RU(int)⊤ww⊤

)]
≤ σ20

n

r∑
i=1

(
1−

(
1− ηλ̂(int)i

)t)2

λ̂
(int)
i

1○
≤ σ20

n

r∑
i=1

min

{
1

λ̂
(int)
i

, η2t λ̂
(int)
i

}
≤ σ20ηt

n

r∑
i=1

min

{
1

ηtλ̂
(int)
i

, ηtλ̂
(int)
i

}
2○
≤ σ20ηt

n

r∑
i=1

min
{
1, ηtλ̂

(int)
i

}
=
σ20η

2
t

n

r∑
i=1

min
{
ηt

−1, λ̂
(int)
i

}
≤ σ20η2t R̂2

K(int)(
√
1/ηt) ≤ 1.

(90)

Here 1○ follows from the fact that (1 − ηλ̂
(int)
i )t ≥ max

{
0, 1− tηλ̂(int)i

}
, and 2○ follows

from min {a, b} ≤
√
ab for any nonnegative numbers a, b. Because t ≤ T ≤ T̂ , we have

R̂K(int)(
√

1/ηt) ≤ 1/(σ0ηt), so the last inequality holds.
Moreover, we have the upper bounds for ∥R∥2 and ∥R∥F as follows. First, we have

∥R∥2 ≤ max
i∈[r]

(
1−

(
1− ηλ̂(int)i

)t)2

λ̂
(int)
i

≤ max
i∈[r]

min

{
1

λ̂
(int)
i

, η2t λ̂
(int)
i

}
≤ ηt. (91)

We also have

1

n
∥R∥2F =

1

n

r∑
i=1

(
1−

(
1− ηλ̂(int)i

)t)4

(λ̂
(int)
i )2

≤ η3t
n

r∑
i=1

min

{
1

η3t (λ̂
(int)
i )2

, ηt(λ̂
(int)
i )2

}
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≤ η3t
n

r∑
i=1

min

{
λ̂
(int)
i ,

1

ηt

}
≤ η3t R̂2

K(int)(
√
1/ηt) ≤

ηt
σ20
. (92)

Combining (88)-(92) with u = 1 in (89), we have

Pr
[
1/n · tr

(
U(int)RU(int)⊤ww⊤

)
− E

[
1/n · tr

(
U(int)RU(int)⊤ww⊤

)]
≥ 1
]

≤ exp
(
−cmin

{
n/ηt, nσ

2
0/ηt

})
≤ exp

(
−nc′/ηt

)
≤ exp

(
−c′nε̂2n

)
,

where c′ = cmin
{
1, σ20

}
, and the last inequality is due to the fact that 1/ηt ≥ ε̂2n since

t ≤ T ≤ T̂ . It follows that w.p. at least 1 − exp
(
−Θ(nε̂2n)

)
,
∥∥∥∑t−1

t′=0 ê1(·, t′)
∥∥∥2
H

K(int)

≤

2. This event can be chosen simultaneously for t ∈ [T ]: the nonnegative diagonal filter

[1 − (1 − ηλ̂(int)i )t]2/λ̂
(int)
i is nondecreasing in t on the positive spectrum, so the quadratic

form at T dominates all earlier forms.
We now find the upper bound for

∥∥∥∑t−1
t′=0 ê2(·, t′)

∥∥∥
H

K(int)

. We have

∥∥ê2(·, t′)∥∥2H
K(int)

≤ η2

n2
⇀
e
⊤
2 (t

′)K(int)⇀e 2(t
′) ≲ η2λ̂

(int)
1 τ2,

so that ∥∥∥∥∥
t−1∑
t′=0

ê2(·, t′)

∥∥∥∥∥
H

K(int)

≤
t−1∑
t′=0

∥∥ê2(·, t′)∥∥H
K(int)

≲
√
λ̂
(int)
1 ηTτ ≤ 1, (93)

since τ ≲ 1/(ηT ). Finally, we have

∥h∥H
K(int)

≤

∥∥∥∥∥
t−1∑
t′=0

v(·, t′)

∥∥∥∥∥
H

K(int)

+

∥∥∥∥∥
t−1∑
t′=0

ê1(·, t′)

∥∥∥∥∥
H

K(int)

+

∥∥∥∥∥
t−1∑
t′=0

ê2(·, t′)

∥∥∥∥∥
H

K(int)

≤ µ0 + 1 +
√
2.

Theorem B.6. Suppose w ∈ (0, 1),

m ≳ max
{
T

15
2 d

5
2 /w5, T

25
2 d

5
2

}
, (94)

N ≳ max
{
T 2 log (4n/δ)/w2, T 4 log (4n/δ)

}
, (95)

and the neural network ft(·) = f(W(t), ·) is trained by PGD in Algorithm 1 with the
learning rate η = Θ(1) ∈ (0, 8) and the random initialization W(0) ∈ W0. Then for every
t ∈ [T ] with T ≤ T̂ and every δ ∈ (0, 1), w.p. at least 1− exp (−Θ(n))− δ− exp

(
−Θ(nε̂2n)

)
over the random noise w and the random sample Q, ft ∈ FNN(S,Q,W(0), T ), and ft can
be decomposed by

ft = h+ e ∈ Fext(Bh, w), (96)

where h ∈ HK(int)(Bh) with Bh defined in (26), e ∈ L∞ with ∥e∥∞ ≤ w. In addition,
∥ft∥∞ ≤

Bh

2
√
2
+ w.
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Proof It follows from Lemma B.4 and its proof that conditioned on an event with
probability at least 1 − exp (−Θ(n)) − δ over w and Q, f ∈ FNN(S,Q,W(0), T ) with

W(0) ∈ W0. Moreover, f(·) = f(W, ·) with W =
{
⇀
wr

}m
r=1
∈ W(S,Q,W(0), T ), and

vec (W) = vec (WS) = vec (W(0)) −
∑t−1

t′=0 η/n ·MZS(t
′)u(t′) for some t ∈ [T ], where

u(t′) ∈ Rn,u(t′) = v(t′) + e(t′) with v(t′) ∈ Vt′ and e(t′) ∈ Et′,τ for all t′ ∈ [0, t− 1].

We note that
⇀
wr is expressed as

⇀
wr =

⇀
wS,r(t) =

⇀
wr(0)−

t−1∑
t′=0

η

nN
[ZQ(0)][(r−1)d+1:rd]K

(s)
N ZQ(0)⊤ZS(t

′)u(t′), (97)

where the notation
⇀
wS,r emphasizes that

⇀
wr depends on the training features S. We define

the event

Er(R) :=
{∣∣∣⇀wr(0)

⊤x
∣∣∣ ≤ R} , r ∈ [m].

We now approximate f(W,x) by g(x) := 1√
m

∑m
r=1 ar1I

{
⇀
wr(0)⊤x≥0

}⇀w⊤
r x. We have

|f(W,x)− g(x)|

=
1√
m

∣∣∣∣∣
m∑
r=1

arσ
(
⇀
w

⊤
r x
)
−

m∑
r=1

ar1I{⇀
wr(0)⊤x≥0

}⇀w⊤
r x

∣∣∣∣∣
≤ 1√

m

m∑
r=1

∣∣∣∣ar (1I{Er(R)} + 1I{Ēr(R)}
)(

σ
(
⇀
w

⊤
r x
)
− 1I{⇀

wr(0)⊤x≥0
}⇀w⊤

r x

)∣∣∣∣
=

1√
m

m∑
r=1

1I{Er(R)}

∣∣∣∣σ (⇀w⊤
r x
)
− 1I{⇀

wr(0)⊤x≥0
}⇀w⊤

r x

∣∣∣∣
=

1√
m

m∑
r=1

1I{Er(R)}

∣∣∣∣σ (⇀w⊤
r x
)
− σ

(
⇀
wr(0)

⊤x
)
− 1I{⇀

wr(0)⊤x≥0
}(⇀wr −

⇀
wr(0))

⊤x

∣∣∣∣
≤ 2R√

m

m∑
r=1

1I{Er(R)}. (98)

Plugging R = ηcuT
2
√
m

in (98), we have

|f(W,x)− g(x)| ≤ 2R√
m

m∑
r=1

1I{Er(R)} = ηcuT ·
1

m

m∑
r=1

1I{Er(R)}

= ηcuT · v̂R(W(0),x) ≤ ηcuT
(

2R√
2πκ

+ C2(m/2, d, 1/n)

)
. (99)

Using (97), we can express g(x) as

g(x) =
1√
m

m∑
r=1

ar1I{⇀
wr(0)⊤x≥0

}⇀wr(0)
⊤x
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−
t−1∑
t′=0

1√
m

m∑
r=1

ar1I{⇀
wr(0)⊤x≥0

} (η
n
[M][(r−1)d+1:rd] ZS(t

′)u(t′)
)⊤

x︸ ︷︷ ︸
:=Gt′ (x)

1○
= −

t−1∑
t′=0

Gt′(x), (100)

where 1○ follows from the fact that 1√
m

∑m
r=1 ar1I

{
⇀
wr(0)⊤x≥0

}⇀wr(0)
⊤x = f(W(0),x) = 0

due to the symmetric initialization of the two-layer NN. For each Gt′ on the RHS of (100),

Gt′(x)
2○
=

η

nN
√
m

m∑
r=1

ar1I{⇀
wr(0)⊤x≥0

} ([ZQ(0)][(r−1)d+1:rd]K
(s)
N H(0)⊤u(t′)

)⊤
x

+
η

nN
√
m

m∑
r=1

ar1I{⇀
wr(0)⊤x≥0

} ([ZQ(0)][(r−1)d+1:rd]K
(s)
N

(
H(t′)−H(0)

)⊤
u(t′)

)⊤
x

3○
=

η

nN
√
m

m∑
r=1

ar1I{⇀
wr(0)⊤x≥0

} ([ZQ(0)][(r−1)d+1:rd]K
(s)
N K⊤

S,Qu(t′)
)⊤

x+

+
η

nN
√
m

m∑
r=1

ar1I{⇀
wr(0)⊤x≥0

} ([ZQ(0)][(r−1)d+1:rd]K
(s)
N (H(0)−KS,Q)⊤ u(t′)

)⊤
x

+
η

nN
√
m

m∑
r=1

ar1I{⇀
wr(0)⊤x≥0

} ([ZQ(0)][(r−1)d+1:rd]K
(s)
N

(
H(t′)−H(0)

)⊤
u(t′)

)⊤
x

4○
=

η

nN

n∑
j=1

N∑
j′,p=1

K(x,
⇀
qj′)

[
K

(s)
N

]
j′p

[
K⊤

S,Q

]
pj
uj(t

′)

︸ ︷︷ ︸
:=D(x)

+
η

nN

n∑
j=1

N∑
j′,p=1

qj′
[
K

(s)
N

]
j′p

[
K⊤

S,Q

]
pj
uj(t

′)

︸ ︷︷ ︸
:=E1(x)

+
η

nN
√
m

m∑
r=1

ar1I{⇀
wr(0)⊤x≥0

} ([ZQ(0)][(r−1)d+1:rd]K
(s)
N (H(0)−KS,Q)⊤ u(t′)

)⊤
x︸ ︷︷ ︸

:=E2(x)

+
η

nN
√
m

m∑
r=1

ar1I{⇀
wr(0)⊤x≥0

} ([ZQ(0)][(r−1)d+1:rd]K
(s)
N

(
H(t′)−H(0)

)⊤
u(t′)

)⊤
x︸ ︷︷ ︸

:=E3(x)

(101)

where H(t) ∈ Rn×N in 2○ is a matrix defined by

Hpq(t) =

⇀
x
⊤
p
⇀
qq
m

m∑
r=1

1I{⇀
wS,r(t)⊤

⇀
xp≥0

}1I{⇀
wr(0)⊤

⇀
q q≥0

}, ∀ p ∈ [n], q ∈ [N ].

KS,Q ∈ Rn×N in 3○ is specified by [KS,Q]ij = K(
⇀
x i,

⇀
qj) for i ∈ [n], j ∈ [N ], and qj′ :=

ĥ(W(0),
⇀
qj′ ,x)−K(

⇀
qj′ ,x) for all j

′ ∈ [N ] in 4○.
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We now analyze each term on the RHS of (101). Let h(·, t′) : X → R be defined by

h(x, t′) :=
η

n

n∑
j=1

K(int)(x,
⇀
xj)uj(t

′),

then h(·, t′) is an element in the RKHS HK(int) for each t′ ∈ [0, t− 1]. It follows from (132)
in Theorem B.10 that with probability at least 1− δ over Q,

sup
x∈X ,i∈[n]

∣∣∣K̂(int)(x,
⇀
x i)−K(int)(x,

⇀
x i)
∣∣∣ ≲√ log(4n/δ)

N
. (102)

As a result, we have

∥∥D(x)− h(x, t′)
∥∥
∞ =

η

n
sup
x∈X

∣∣∣∣∣∣
n∑
j=1

K̂(int)(·,⇀xj)uj(t′)−
n∑
j=1

K(int)(·,⇀xj)uj(t′)

∣∣∣∣∣∣
≲ η

√
log(4n/δ)

N
. (103)

We define

h(·) := −
t−1∑
t′=0

h(·, t′), (104)

and e(·) := f(W, ·)−h(·). We now derive the L∞-norm of e. To this end, we find the upper
L∞ bounds for E1, E2, E3 on the RHS of (101). Since W(0) ∈ W0,

∣∣qj′∣∣ ≤ C1(m/2, d, 1/n)

for all j′ ∈ [N ]. Moreover, ∥KS,Q∥2 ≤
√
nN , ∥u(t′)∥2 ≤ cu

√
n with high probability, and

we have

∥E1∥∞ =

∥∥∥∥∥∥ η

nN

n∑
j=1

N∑
j′,p=1

qj′
[
K

(s)
N

]
j′p

[
K⊤

S,Q

]
pj
uj(t

′)

∥∥∥∥∥∥
∞

≤ η

nN

∥∥u(t′)∥∥
2

∥∥∥K(s)
N

∥∥∥
2
∥KS,Q∥2

√
NC1(m/2, d, 1/n) ≤

ηcu
2
· C1(m/2, d, 1/n). (105)

We now bound the last term on the RHS of (101). Define X′ ∈ Rdm with [X′](r−1)d+1:rd =
ar√
m
1I{⇀

wr(0)⊤x≥0
}⇀x for all r ∈ [m], then ∥X′∥2 ≤ 1. Moreover, ∥KS,Q −H(0)∥2 ≤

√
nN

C1(m/2, d, 1/n) by (75) in the proof of Lemma B.3, and ∥ZQ(0)∥2 ≤
√
N , so we have

∥E2∥∞ ≤
η

nN

∥∥∥(X′⊤ZQ(0)K
(s)
N (H(0)−KS,Q)⊤ u(t′)

)∥∥∥
2

≤ η

nN

∥∥X′∥∥
2
∥ZQ(0)∥2

∥∥∥K(s)
N

∥∥∥
2
∥H(0)−KS,Q∥2

∥∥u(t′)∥∥
2

≤ η

2nN
·
√
N ·
√
nNC1(m/2, d, 1/n) · cu

√
n ≤ ηcu

2
· C1(m/2, d, 1/n). (106)

We have ∥Hij(t)−Hij(0)∥2 ≤
√
nN

(
2R√
2πκ

+ C2(m/2, d, 1/n)
)

by (71) in the proof of

Lemma B.3. As a result, E3 can be bounded by

∥E3∥∞ ≤
η

nN

∥∥∥X′⊤ZQ(0)K
(s)
N

(
H(t′)−H(0)

)⊤
u(t′)

∥∥∥
2
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≤ η

nN

∥∥X′∥∥
2
∥ZQ(0)∥2

∥∥∥K(s)
N

∥∥∥
2

∥∥H(t′)−H(0)
∥∥
2

∥∥u(t′)∥∥
2

≤ η

2nN
·
√
N ·
√
nN

(
2R√
2πκ

+ C2(m/2, d, 1/n)

)
· cu
√
n

≤ ηcu
2

(
2R√
2πκ

+ C2(m/2, d, 1/n)

)
. (107)

Combining (101), (103), (105), (106), and (107), for any t′ ∈ [0, t− 1], we obtain

sup
x∈X

∣∣Gt′(x)− h(x, t′)∣∣ ≤ sup
x∈X

∣∣D(x)− h(x, t′)
∣∣+ ∥E1∥∞ + ∥E2∥∞ + ∥E3∥∞

≤ ηcu


√

log(4n/δ)
N

cu
+ C1(m/2, d, 1/n) +

1

2

(
2R√
2πκ

+ C2(m/2, d, 1/n)

) . (108)

It then follows from (99), (100), and (108) that ∥e∥∞ can be bounded by

∥e∥∞ = ∥f(W, ·)− h∥∞ ≤ ∥f(W, ·)− g∥∞ + ∥g − h∥∞

≤ ∥f(W, ·)− g∥∞ +

t−1∑
t′=0

∥∥Gt′ − h(·, t′)∥∥∞
2○
≤ ηcuT

(
2R√
2πκ

+ C2(m/2, d, 1/n)

)

+ ηcuT


√

log(4n/δ)
N

cu
+ C1(m/2, d, 1/n) +

1

2

(
2R√
2πκ

+ C2(m/2, d, 1/n)

)
≤ ηcuT


√

log(4n/δ)
N

cu
+ C1(m/2, d, 1/n) +

3

2

(
2R√
2πκ

+ C2(m/2, d, 1/n)

) := ∆m,n,N,η.

(109)

We now give estimates for ∆m,n,N,η. Since W(0) ∈ W0, it follows from Theorem 6.1 that

∆m,n,N,η ≲ T

√
log(4n/δ)

N
+
√
dm− 1

5T
3
2 ,

By direct calculations, for any w > 0, when

N ≳ T 2 log(4n/δ)/w2, m ≳ T
15
2 d

5
2 /w5,

we have ∆m,n,N,η ≤ w. It follows from Lemma B.5 that with probability at least 1 −
exp

(
−Θ(nε̂2n)

)
over the random noise w,

∥h∥H
K(int)

≤ Bh, (110)

where Bh is defined in (26), and τ is required to satisfy τ ≲ 1/(ηT ). Let τ = Θ(1/(ηT )).

Lemma B.4 requires that m ≳ T
15
2 d

5
2 /τ5. As a result, we have

m ≳ T
25
2 d

5
2 .
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We note that the requirement on N , N ≳ T 2 log (4n/δ)/τ2, in Lemma B.4 is satisfied with
N ≳ T 4 log (4n/δ). Finally, it follows from the Cauchy-Schwarz inequality that ∥h∥∞ ≤
Bh/(2

√
2) since supx∈X K

(int)(x,x) ∈ (0, 1/8]. It then follows from (109) (110) and the
above calculations that

∥f(W, ·)∥∞ ≤ ∥h∥∞ + ∥e(x)∥∞ ≤
Bh

2
√
2
+ w,

which completes the proof.

We then have the following lemma about the Rademacher complexity of a localized
function class

{
f ∈ Fext(B,w) : EP

[
f2
]
≤ r
}
.

Lemma B.7 (Adapted from (Yang, 2025, Lemma C.9)). For every B,w > 0 and every
r > 0,

R
({
f ∈ Fext(B,w) : EP

[
f2
]
≤ r
})
≤ φB,w(r), (111)

where

φB,w(r) := min
Q : Q≥0

(
√
r + w)

√
Q

n
+B


∞∑

q=Q+1

λ
(int)
q

n


1/2
+ w. (112)

Theorem B.8. Suppose w ∈ (0, 1) and m,N satisfy (94) and (95), respectively. Suppose
also that m ≳ n2/d and m/ logm ≥ d. Suppose the neural network ft = f(W(t), ·) is
trained by PGD in Algorithm 1 with the learning rate η = Θ(1) ∈ (0, 8) on the random
initializationW(0), and T ≤ T̂ . Then for every t ∈ [T ] and every δ ∈ (0, 1), with probability
at least 1−2/n− exp (−Θ(n))− δ−6 exp

(
−Θ(nε2n)

)
over the random noise w, the random

training features S, the random sample Q, and the random initialization W(0),

EP
[
(ft − f∗)2

]
− 2EPn

[
(ft − f∗)2

]
≲ min

0≤Q≤n

B0Q

n
+Bh


∞∑

q=Q+1

λ
(int)
q

n


1/2
+ ε2n + w,

(113)

where B0 := Bh/(2
√
2) + 1 + µ0/(2

√
2).

Proof We first remark that the conditions on m,N are required by Lemma B.4 and
Theorem B.6. Define I0 = {W(0) ∈ W0}. Since T ≥ 1, the width assumptions imply the
conditions of Theorem 6.1, which gives Pr [Ic0] ≤ 2/n. If T is chosen from S, this bound
follows by applying that theorem conditionally on S and integrating. Let 0 < c− ≤ c+ be
fixed constants from Lemma B.14, and define the training-feature event

An =
{
c−ε

2
n ≤ ε̂2n ≤ c+ε2n

}
, Pr [Acn] ≤ 4 exp(−Θ(nε2n)).
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For each fixed realization of S and W(0) in I0, Lemma B.4 and Theorem B.6 give the
trajectory and decomposition event Ω with

Pr [Ωc | S,W(0)] ≤ exp(−Θ(n)) + δ + exp(−Θ(nε̂2n)).

We regard Ω as the corresponding event in the joint probability space of (W(0),w,Q,S).
Both An and I0 are measurable with respect to (S,W(0)). Since ε̂2n ≥ c−ε

2
n on An, the

tower property gives

Pr [An ∩ I0 ∩ Ωc] = E
[
1I{An∩I0}Pr [Ω

c | S,W(0)]
]

≤ exp(−Θ(n)) + δ + exp(−Θ(nε2n)).

On I0 ∩ Ω, we have W(t) ∈ W(S,Q,W(0), T ) and

f(W(t), ·) = ft = h+ e ∈ Fext(Bh, w)

with h ∈ HK(int)(Bh) and ∥e∥∞ ≤ w.
We then derive the sharp upper bound for EP

[
(ft − f∗)2

]
by applying Theorem A.3 to

the function class

F =
{
F = (f − f∗)2 : f ∈ Fext(Bh, w)

}
.

With B0 = Bh/(2
√
2) + 1 + µ0/(2

√
2) ≥ Bh/(2

√
2) + w + µ0/(2

√
2), we have ∥F∥∞ ≤ B2

0

with F ∈ F , so that EP
[
F 2
]
≤ B2

0EP [F ]. Let T (F ) = B2
0EP [F ] for F ∈ F . Then

Var [F ] ≤ EP
[
F 2
]
≤ T (F ) = B2

0EP [F ]. We have

R ({F ∈ F : T (F ) ≤ r}) = R

({
(f − f∗)2 : f ∈ Fext(Bh, w),EP

[
(f − f∗)2

]
≤ r

B2
0

})
1○
≤ 2B0R

({
f − f∗ : f ∈ Fext(Bh, w),EP

[
(f − f∗)2

]
≤ r

B2
0

})
2○
≤ 4B0R

({
f ∈ Fext(Bh, w) : EP

[
f2
]
≤ r

4B2
0

})
, (114)

where 1○ is due to the contraction property of Rademacher complexity in Theorem A.2.
Since f∗ ∈ Fext(Bh, w), f ∈ Fext(Bh, w), we have f−f∗

2 ∈ Fext(Bh, w) due to the fact that
Fext(Bh, w) is symmetric and convex, and it follows that 2○ holds.

It follows from (114) and Lemma B.7 that

B2
0R ({F ∈ F : T (F ) ≤ r}) ≤ 4B3

0R

({
f : f ∈ Fext(Bh, w),EP

[
f2
]
≤ r

4B2
0

})
≤ 4B3

0φBh,w

(
r

4B2
0

)
:= ψ(r). (115)

ψ defined as the RHS of (115) is a sub-root function since it is nonnegative, nondecreasing

and ψ(r)√
r

is nonincreasing. Let r∗ be the fixed point of ψ, and 0 ≤ r ≤ r∗. It follows
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from Bartlett et al. (2005, Lemma 3.2) that 0 ≤ r ≤ ψ(r) = 4B3
0φ
(

r
4B2

0

)
. Therefore, by

the definition of φ in (112), for every 0 ≤ Q ≤ n, we have

r

4B3
0

≤
( √

r

2B0
+ w

)√
Q

n
+Bh


∞∑

q=Q+1

λ
(int)
q

n


1/2

+ w. (116)

Solving the quadratic inequality (116) for r, we have

r ≤ 8B4
0Q

n
+ 8B3

0

w
(√

Q

n
+ 1

)
+Bh


∞∑

q=Q+1

λ
(int)
q

n


1/2
 . (117)

(117) holds for every 0 ≤ Q ≤ n, so we have

r ≤ 8B3
0 min
0≤Q≤n

B0Q

n
+ w

(√
Q

n
+ 1

)
+Bh


∞∑

q=Q+1

λ
(int)
q

n


1/2
 . (118)

It then follows from (115) and Theorem A.3 that there is an event Gx, depending only on S,
with probability at least 1−exp(−x), on which the following inequality holds simultaneously
for every ft ∈ Fext(Bh, w):

EP
[
(ft − f∗)2

]
− K0

K0 − 1
EPn

[
(ft − f∗)2

]
−
x
(
11B2

0 + 26B2
0K0

)
n

≤ 704K0

B2
0

r∗, (119)

or

EP
[
(ft − f∗)2

]
− 2EPn

[
(ft − f∗)2

]
≲ r∗ +

x

n
(120)

with K0 = 2 in (119). It follows from (118) and (120) that

EP
[
(ft − f∗)2

]
− 2EPn

[
(ft − f∗)2

]

≲ min
0≤Q≤n

B0Q

n
+ w

(√
Q

n
+ 1

)
+Bh


∞∑

q=Q+1

λ
(int)
q

n


1/2
+

x

n
. (121)

Let x = nε2n. On I0∩An∩Gnε2n ∩Ω, (113) holds. The preceding bounds and a union bound
give

Pr
[(
I0 ∩ An ∩ Gnε2n ∩ Ω

)c] ≤ Pr [Ic0] + Pr [Acn] + Pr
[
Gcnε2n

]
+ Pr [An ∩ I0 ∩ Ωc]
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≤ 2

n
+ exp(−Θ(n)) + δ + 6 exp(−Θ(nε2n)).

This proves the stated joint probability bound without requiring independence among these
events.

Lemma B.9. Let η ∈ (0, 8). Suppose the neural network trained after the t-th step of
PGD, ft = f(W(t), ·), satisfies u(t) = ft(S)−y = v(t)+e(t) with v(t) ∈ Vt and e(t) ∈ Et,τ ,
and t ∈ [T ] with T ≤ T̂ . If

τ ≲
1

ηT
, (122)

Then for every t ∈ [T ], with probability at least 1− exp
(
−c′nε̂2n

)
over the random noise w,

we have

EPn

[
(ft − f∗)2

]
≤ 3

ηt

(
µ20
2e

+
1

ηT
+ 2

)
. (123)

Proof

We have

ft(S) = f∗(S) +w + v(t) + e(t), (124)

where v(t) ∈ Vt, e(t) ∈ Et,τ ,
⇀
e (t) =

⇀
e 1(t) +

⇀
e 2(t) with

⇀
e 1(t) = −

(
In − ηK(int)

n

)t
w and∥∥∥⇀e 2(t)

∥∥∥
2
≲
√
nτ . It follows from (124) that

EPn

[
(ft − f∗)2

]
=

1

n
∥ft(S)− f∗(S)∥22 =

1

n
∥v(t) +w + e(t)∥22

=
1

n

∥∥∥∥−(I− ηK(int)
n

)t
f∗(S) +

(
In −

(
In − ηK(int)

n

)t)
w +

⇀
e 2(t)

∥∥∥∥2
2

1○
≤ 3

n

n∑
i=1

(
1− ηλ̂(int)i

)2t [
U(int)⊤f∗(S)

]2
i
+

3

n

n∑
i=1

(
1−

(
1− ηλ̂(int)i

)t)2 [
U(int)⊤w

]2
i
+

3

n

∥∥∥⇀e 2(t)
∥∥∥2
2

2○
≤ 3µ2

0

2eηt
+

3

n

n∑
i=1

(
1−

(
1− ηλ̂(int)i

)t)2 [
U(int)⊤w

]2
i
+

3

n

∥∥∥⇀e 2(t)
∥∥∥2
2

≤ 3

ηt

(
µ2
0

2e
+

1

ηT

)
+ 3 · 1

n

n∑
i=1

(
1−

(
1− ηλ̂(int)i

)t)2 [
U(int)⊤w

]2
i︸ ︷︷ ︸

:=Eε

(125)

Here 1○ follows from the Cauchy-Schwarz inequality, 2○ follows from (58) in the proof
of Lemma B.1. The final inequality follows from (122), with the implicit constant chosen

sufficiently small that ∥⇀e 2(t)∥2 ≤
√
n/(ηT ).
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We then derive the upper bound for Eε on the RHS of (125). We define a diagonal

matrix R ∈ Rn×n with Rii =
(
1 − (1 − ηλ̂

(int)
i )t

)2
for i ∈ [n]. Then we have Eε =

1/n · tr
(
U(int)RU(int)⊤ww⊤

)
. It follows from Wright (1973) that

Pr
[
1/n · tr

(
U(int)RU(int)⊤ww⊤

)
− E

[
1/n · tr

(
U(int)RU(int)⊤ww⊤

)]
≥ u

]
≤ exp

(
−cmin

{
nu/∥R∥2, n

2u2/∥R∥2F
})

(126)

holds for all u > 0, and c is a positive constant. With ηt = ηt for all t ≥ 0, we have

E
[
1/n · tr

(
U(int)RU(int)⊤ww⊤

)]
≤ σ20

n

n∑
i=1

(
1−

(
1− ηλ̂(int)i

)t)2

1○
≤ σ20

n

n∑
i=1

min
{
1, η2t (λ̂

(int)
i )2

}
≤ σ20ηt

n

n∑
i=1

min

{
1

ηt
, ηt(λ̂

(int)
i )2

}
2○
≤ σ20ηt

n

n∑
i=1

min

{
1

ηt
, λ̂

(int)
i

}
= σ20ηtR̂

2
K(int)(

√
1/ηt) ≤

1

ηt
. (127)

Here 1○ follows from the fact that (1 − ηλ̂
(int)
i )t ≥ max

{
0, 1− tηλ̂(int)i

}
, and 2○ follows

from min {a, b} ≤
√
ab for any nonnegative numbers a, b. Because t ≤ T ≤ T̂ , we have

R̂K(int)(
√

1/ηt) ≤ 1/(σ0ηt), so the last inequality holds.
Moreover, we have the upper bounds for ∥R∥2 and ∥R∥F as follows. First, we have

∥R∥2 ≤ max
i∈[n]

(
1−

(
1− ηλ̂(int)i

)t)2

≤ max
i∈[n]

min
{
1, η2t (λ̂

(int)
i )2

}
≤ 1. (128)

We also have

1

n
∥R∥2F =

1

n

n∑
i=1

(
1−

(
1− ηλ̂(int)i

)t)4

≤ ηt
n

n∑
i=1

min

{
1

ηt
, η3t (λ̂

(int)
i )4

}

≤ ηt
n

n∑
i=1

min

{
λ̂
(int)
i ,

1

ηt

}
= ηtR̂

2
K(int)(

√
1/ηt) ≤

1

σ20ηt
. (129)

Combining (126)-(129), we have

Pr
[
1/n · tr

(
U(int)RU(int)⊤ww⊤

)
− E

[
1/n · tr

(
U(int)RU(int)⊤ww⊤

)]
≥ u

]
≤ exp

(
−cnmin

{
u, u2σ20ηt

})
.

Let u = 1/(ηt) in the above inequality. We have

exp
(
−cnmin

{
u, u2σ20ηt

})
= exp

(
−c′n/ηt

)
≤ exp

(
−c′nε̂2n

)
where c′ = cmin

{
1, σ20

}
, and the last inequality is due to the fact that 1/ηt ≥ ε̂2n since

t ≤ T ≤ T̂ . It follows that with probability at least 1− exp
(
−Θ(nε̂2n)

)
,

Eε ≤ u+
1

ηt
=

2

ηt
. (130)
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It then follows from (125), (126)-(130) that

EPn

[
(ft − f∗)2

]
≤ 3

ηt

(
µ20
2e

+
1

ηT
+ 2

)
with probability at least 1− exp

(
−c′nε̂2n

)
. The same event works for every t ∈ [T ]: apply

the noise-energy bound at T and use the monotonicity of [1− (1− ηλ̂(int)i )t]2, together with
1/(ηT ) ≤ 1/(ηt).

B.2 Proofs for the Approximate Uniform Convergence for the Kernel K(int)

In this subsection, we present the main theorem, Theorem B.10, regarding the approximate
uniform convergence of K̂(int)(·,x′) to K(int)(·,x′) for every fixed x′ ∈ X . Theorem B.10 is
the formal version of Theorem 6.2 in Section 6.3.

Theorem B.10. For every fixed x′ ∈ X and every δ ∈ (0, 1), with probability at least 1−δ
over Q =

{
⇀
q i

}N
i=1

, we have

sup
x∈X

∣∣∣K̂(int)(x,x′)−K(int)(x,x′)
∣∣∣ ≲√ log(4/δ)

N
. (131)

As a result, with probability at least 1− δ over Q,

sup
x∈X ,i∈[n]

∣∣∣K̂(int)(x,
⇀
x i)−K(int)(x,

⇀
x i)
∣∣∣ ≲√ log(4n/δ)

N
, (132)

∥∥∥K̂(int) −K(int)
∥∥∥
2
≲ n

√
log(4n/δ)

N
. (133)

Proof We define

p(q,x′) :=
1

N

N∑
j=1

K(s)(q,
⇀
qj)K(

⇀
qj ,x

′), ∀q,x′ ∈ X . (134)

It follows from Theorem C.1 and the fact that |K(x,x′)| ≤ 1/2 for all x,x′ ∈ X that
supq,x′∈X |p(q,x′)| ≤ 1/4. We now fix x′ ∈ X in the following arguments. It follows from
(140) of Lemma B.11 that for every t > 0 and every i ∈ [N ],

Pr

∥∥∥∥∥∥ 1

N

N∑
j=1

K(s)(·,⇀qj)K(
⇀
qj ,x

′)− K̄(s)(·,x′)

∥∥∥∥∥∥
HK

< t

 ≥ 1− 2 exp
(
−Θ(Nt2)

)
, (135)

where K̄(s)(·,x′) := Eq

[
K(s)(·,q)K(q,x′)

]
. The following arguments are conditioned on

the event that (135) holds.

For each i ∈ [N ], we have K(s)(·,⇀q i) ∈ HK , and K̄(s)(·,x′) ∈ HK . It follows from (135)
that, for all q ∈ X ,∣∣∣p(q,x′)− K̄(s)(q,x′)

∣∣∣ = ∣∣∣∣〈p(·,x′)− K̄(s)(·,x′),K(·,q)
〉
HK

∣∣∣∣
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≤

∥∥∥∥∥∥ 1

N

N∑
j=1

K(s)(·,⇀qj)K(
⇀
qj ,x

′)− K̄(s)(·,x′)

∥∥∥∥∥∥
HK

· ∥K(·,q)∥HK
≤ t√

2
. (136)

Define

K̄(int)(x,x′) :=
1

N

N∑
j=1

K(x,
⇀
qj)K̄

(s)(
⇀
qj ,x

′), ∀x,x′ ∈ X .

Then it follows from the definition of K̂(int) in (5) that for all x ∈ X ,

∣∣∣K̂(int)(x,x′)− K̄(int)(x,x′)
∣∣∣ =

∣∣∣∣∣∣ 1N
N∑
j=1

K(x,
⇀
qj)p(

⇀
qj ,x

′)− 1

N

N∑
j=1

K(x,
⇀
qj)K̄

(s)(
⇀
qj ,x

′)

∣∣∣∣∣∣
≤ 1

N

N∑
j=1

∣∣∣K(x,
⇀
qj)
∣∣∣ ∣∣∣p(⇀qj ,x′)− K̄(s)(

⇀
qj ,x

′)
∣∣∣ ≤ t

2
√
2
, (137)

where the last inequality follows from (136).
Given the fixed x′ ∈ X , we now approximate K(int)(·,x′) by K̄(int)(·,x′). First, it can

be verified from the definition of K̄(s) and Theorem C.1 that supq,x′∈X
∣∣K̄(s)(q,x′)

∣∣ ≤ 1/4
and supq∈X |p(q,x′)| ≤ 1/4. It then follows from (139) of Lemma B.11 that

Pr

[∥∥∥K̄(int)(·,x′)− Eq

[
K(·,q)K̄(s)(q,x′)

]∥∥∥
HK

> t

]
≤ 2 exp

(
−Θ(Nt2)

)
, (138)

and we have Eq

[
K(·,q)K̄(s)(q,x′)

]
= K(int)(·,x′). It follows from (137) and (138) that

with probability at least 1− 4 exp
(
−Θ(Nt2)

)
, for all x ∈ X ,∣∣∣K̂(int)(x,x′)−K(int)(x,x′)

∣∣∣ ≤ ∣∣∣K̂(int)(x,x′)− K̄(int)(x,x′)
∣∣∣+ ∣∣∣K̄(int)(x,x′)−K(int)(x,x′)

∣∣∣
≤ t

2
√
2
+
∥∥∥K̄(int)(·,x′)− Eq

[
K(·,q)K̄(s)(q,x′)

]∥∥∥
HK

· ∥K(·,x))∥HK
≤ 3t

2
√
2
,

Choosing t = C
√

log(4/δ)/N with C sufficiently large proves (131). Applying this bound
with failure probability δ/n at each training feature and using the union bound proves (132).
The spectral-norm bound (133) follows from∥∥∥K̂(int) −K(int)

∥∥∥
2
≤ n max

i,j∈[n]

∣∣∣K̂(int)(
⇀
x i,

⇀
xj)−K(int)(

⇀
x i,

⇀
xj)
∣∣∣ .

Lemma B.11. Suppose that p is a measurable function defined on X and supx∈X |p(x)| ≤
p0 <∞. Then for every r > 0,

Pr

∥∥∥∥∥ 1

N

N∑
i=1

K(·,⇀q i)p(
⇀
q i)− Eq [K(·,q)p(q)]

∥∥∥∥∥
HK

> r

 ≤ 2 exp
(
−Θ(Nr2)

)
. (139)
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Similarly, for every r > 0,

Pr

∥∥∥∥∥ 1

N

N∑
i=1

K(s)(·,⇀q i)p(
⇀
q i)− Eq

[
K(s)(·,q)p(q)

]∥∥∥∥∥
HK

> r

 ≤ 2 exp
(
−Θ(Nr2)

)
. (140)

Proof We work in B = HK with its RKHS norm, which is used whenever the norm subscript
is omitted below. Since K is continuous on the compact space X , HK is separable. By
the parallelogram identity, HK is (2, 1)-smooth in the sense of Pinelis (1994). If p ≡ 0,
the conclusion is immediate. Otherwise choose p0 > 0 with supx∈X |p(x)| ≤ p0. We then
construct the martingale {fk}k∈[N ]. For each k ∈ [N ], we define

fk := E

[
1

p0
√
2N

N∑
i=1

(
K(·,⇀q i)p(

⇀
q i)− Eq [K(·,q)p(q)]

) ∣∣∣∣∣Fk
]
,∀k ∈ [N ],

where {Fk}Nk=0 is an increasing sequence of σ-algebras, Fk is the σ-algebra generated by{
⇀
q t

}k
t=1

. F0 is the trivial σ-algebra so that f0 = 0. We note that

fN =
1

p0
√
2N

N∑
i=1

(
K(·,⇀q i)p(

⇀
q i)− Eq [K(·,q)p(q)]

)
,

dk = fk − fk−1 =
1

p0
√
2N

(
K(·,⇀qk)p(

⇀
qk)− Eq [K(·,q)p(q)]

)
,∀k ∈ [N ],

and f∗ = maxk∈[N ] ∥fk∥. For every k ∈ [N ], we have

∥dk∥HK
=

∥∥∥∥ 1

p0
√
2N

(
K(·,⇀qk)p(

⇀
qk)− Eq [K(·,q)p(q)]

)∥∥∥∥
HK

1○
≤ 1

p0
√
2N

(
p0

∥∥∥K(·,⇀qk)
∥∥∥
HK

+ p0Eq

[
∥K(·,q)∥HK

]) 2○
≤ 1√

N
, (141)

where 1○ follows from the triangle inequality and the Jensen’s inequality, and 2○ follows

from the fact that
∥∥∥K(·,⇀qk)

∥∥∥
HK

≤ 1/
√
2.

Extend the martingale by fk = fN and Fk = FN for k > N , so that dk = 0 for
k > N . The deterministic bound in (141) gives

∑∞
k=1 ess supQ ∥dk∥

2
HK
≤ 1. Apply-

ing Pinelis (1994, Theorem 3.5) with smoothness constant D = 1 and b∗ = 1, we have

Pr
[
f∗ = maxk∈[N ] ∥fk∥ > r

]
≤ 2 exp

(
− r2

2

)
, and it follows that for every r > 0,

Pr

∥∥∥∥∥ 1

p0
√
2N

N∑
i=1

(
K(·,⇀q i)p(

⇀
q i)− Eq [K(·,q)p(q)]

)∥∥∥∥∥
HK

> r

 ≤ 2 exp

(
−r

2

2

)
,

and it follows that

Pr

∥∥∥∥∥ 1

N

N∑
i=1

K(·,⇀q i)p(
⇀
q i)− Eq [K(·,q)p(q)]

∥∥∥∥∥
HK

> r

 ≤ 2 exp
(
−Θ(Nr2)

)
,
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which completes the proof of (139) and the constant in Θ(Nr2) depends on p0.

For each i ∈ [N ], we have K(s)(·,⇀q i) ∈ HK according to the definition of K(s) in (4)

and noting that
{√

λjej

}
is an orthonormal basis of HK . Moreover,∥∥∥K(s)(·,⇀q i)
∥∥∥2
HK

=
∑
j≥1

λ2s−1
j ej(

⇀
q i)

2 = K(2s−1)(
⇀
q i,

⇀
q i) ≤

1

2
,

because 2s−1 ≥ 1 and Theorem C.1 applies. Repeating the proof of (139) to the martingale

f
(s)
k = E

[
1

p0
√
2N

N∑
i=1

(
K(s)(·,⇀q i)p(

⇀
q i)− Eq

[
K(s)(·,q)p(q)

]) ∣∣∣∣Fk] ,∀k ∈ [N ] ∪ {0},

proves (140).

B.3 More Results about Reproducing Kernel Hilbert Spaces

Lemma B.12 (In the proof of Raskutti et al. (2014, Lemma 8)). Let rK = rank(Kn) and

rint = rank(K
(int)
n ). For every f ∈ HK(µ0),[

U⊤f(S)
]
i
= 0, i > rK ,

and

1

n
f(S)⊤ (Kn)

† f(S) =
1

n

rK∑
i=1

[
U⊤f(S)

]2
i

λ̂i
≤ µ20.

Similarly, for every f ∈ HK(int)(µ0),[
U(int)⊤f(S)

]
i
= 0, i > rint,

and

1

n
f(S)⊤

(
K(int)
n

)†
f(S) =

1

n

rint∑
i=1

[
U(int)⊤f(S)

]2
i

λ̂
(int)
i

≤ µ20.

Proof We first prove the results for the kernel K. Define the empirical kernel operator
T̂K,n : HK → HK by (

T̂K,ng
)
(·) := 1

n

n∑
j=1

K(
⇀
xj , ·)g(

⇀
xj), g ∈ HK .

Recall that Kn = UΣU⊤, Σ = diag
(
λ̂1, . . . , λ̂n

)
, where λ̂1 ≥ · · · ≥ λ̂rK > 0, λ̂rK+1 =

· · · = λ̂n = 0. For every i ∈ [rK ], let Ui denote the i-th column of U, and define

êi(·) :=
1√
nλ̂i

n∑
j=1

[Ui]jK(
⇀
xj , ·).
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It can be verified that {êi}rKi=1 are the orthonormal eigenfunctions of T̂K,n associated with

its positive eigenvalues
{
λ̂i

}rK
i=1

. We next show that the evaluation vector of every function

in HK has no component in the null space of Kn. For every i > rK , we have KnUi = 0,
and hence ∥∥∥∥∥∥

n∑
j=1

[Ui]jK(
⇀
xj , ·)

∥∥∥∥∥∥
2

HK

= U⊤
i KUi = nU⊤

i KnUi = 0.

Consequently,[
U⊤f(S)

]
i
=

n∑
j=1

[Ui]j f(
⇀
xj) =

〈
f,

n∑
j=1

[Ui]jK(
⇀
xj , ·)

〉
HK

= 0, i > rK .

For every i ∈ [rK ], the reproducing property gives

⟨f, êi⟩HK
=

1√
nλ̂i

n∑
j=1

[Ui]j f(
⇀
xj) =

[
U⊤f(S)

]
i√

nλ̂i

.

Since

K†
n = Udiag

(
λ̂−1
1 , . . . , λ̂−1

rK
, 0, . . . , 0

)
U⊤,

we have

1

n
f(S)⊤K†

nf(S) =
1

n

rK∑
i=1

[
U⊤f(S)

]2
i

λ̂i
=

rK∑
i=1

⟨f, êi⟩2HK
≤ ∥f∥2HK

≤ µ20,

where the first inequality follows from Bessel’s inequality. The results for K(int) are proved
by a similar argument.

Lemma B.13. For any positive real number a ∈ (0, 1) and positive integer t, we have

(1− a)t ≤ e−ta ≤ 1

eta
. (142)

Proof The result follows from the facts that log(1−a) ≤ −a for a ∈ (0, 1) and supu∈R ue
−u

≤ 1/e.

Lemma B.14. For all sufficiently large n, with probability at least 1− 4 exp(−Θ(nε2n)),

ε2n ≲ ε̂2n, ε̂2n ≲ ε2n. (143)

Similarly, with probability at least 1− 4 exp(−Θ(nε2K,n)),

ε2K,n ≲ ε̂2K,n, ε̂2K,n ≲ ε2K,n. (144)
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Proof We verify the hypotheses of Yang and Li (2024, Lemma B.7) for both kernels, K
and K(int). The kernel K is continuous and satisfies K(x,x) = 1/2 for every x ∈ X . By
Theorems C.1 and C.2, K(int) is continuous and

K(int)(x,x) =
∑
j≥1

λs+2
j ej(x)

2 > 0, ∀x ∈ X .

The strict positivity follows from
∑

j≥1 λjej(x)
2 = K(x,x) = 1/2 and positivity of every

λj . Compactness of X , together with λ1 ≤ 1/2 and s ≥ 1, gives

0 < cint := min
x∈X

K(int)(x,x) ≤ max
x∈X

K(int)(x,x) ≤ 1

8
.

Here cint may depend on the fixed design distribution and on s, but is independent of n.
Both kernels satisfy the required diagonal bounds. Their largest population eigenvalues are

λ1 > 0 and λ
(int)
1 = λs+2

1 > 0. For all sufficiently large n, the sample-size requirements

n ≳ max
{
λ−1
1 , (λ

(int)
1 )−1

}
are satisfied. Applying the cited lemma to K yields (144), and applying it to K(int) yields
(143).

Lemma B.15 (Yang and Li (2024, Lemma B.9)). Suppose ψ : [0,∞)→ [0,∞) is a sub-root
function with the unique fixed point r∗. Then the following properties hold.

(1) Let a ≥ 0. Then ψ(r) + a as a function of r is also a sub-root function with fixed point
r∗a, and r

∗ ≤ r∗a ≤ r∗ + 2a.

(2) Let b ≥ 1, c ≥ 0. Then ψ(br + c) as a function of r is also a sub-root function with fixed
point r∗b , and r

∗
b ≤ br∗ + 2c/b.

(3) Let b ≥ 1. Then ψb(r) = bψ(r) is also a sub-root function with fixed point r∗b , and
r∗b ≤ b2r∗.

Appendix C. More Results about HK(int)

Theorem C.1. The RHS of (3),
∑
j≥1

λsjej(x)ej(x
′), converges uniformly on X × X with

s ≥ 1, and K(s) is well-defined. Moreover, supx,x′∈X
∣∣K(s)(x,x′)

∣∣ ≤ 1/2.

Proof It follows from the proof of Mercer’s theorem, such as that in (Sun, 2005), that the
convergence on the RHS of

K(s)(x,x′) =
∑
j≥1

λsjej(x)ej(x
′), ∀x,x′ ∈ X ,
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with s ≥ 1 is uniform and absolute. Moreover, by the definition of the eigenvalue and
eigenfunction, we have TKe1 = λ1e1, so that

λ21 = λ21

∫
X
e21(x)dµ(x) =

∫
X
(λ1e1(x))

2 dµ(x) =

∫
X
(TKe1) (x)

2dµ(x)

=

∫
X

(∫
X
K(x,x′)e1(x

′)dµ(x′)

)2

dµ(x)

≤
∫
X

(∫
X
K2(x,x′)dµ(x′) ·

∫
X
e21(x

′)dµ(x′)

)
dµ(x) ≤ 1

4
,

where the first inequality is due to the Hölder’s inequality. It follows that λj ≤ 1/2 < 1 for
all j ≥ 1. As a result, for all x ∈ X , we have

K(s)(x,x) =
∑
j≥1

λsje
2
j (x) ≤

∑
j≥1

λje
2
j (x) = K(x,x) =

1

2
.

Also, for all x,x′ ∈ X , it follows from the Cauchy-Schwarz inequality that

∣∣∣K(s)(x,x′)
∣∣∣ =

∣∣∣∣∣∣
∑
j≥1

λsjej(x)ej(x
′)

∣∣∣∣∣∣ ≤
∑
j≥1

λsje
2
j (x)

1/2

·

∑
j≥1

λsje
2
j (x

′)

1/2

≤ 1

2
.

Theorem C.2. Let {ej}j≥1 ⊆ L
2(X , µ) be a countable orthonormal basis of range(TK) =

(kerTK)⊥ consisting of the eigenfunctions of the integral operator TK : L2(X , µ)→ L2(X , µ),
(TKf) (x) :=

∫
X K(x,x′)f(x′)dµ(x′), a positive, self-adjoint, and compact operator on

L2(X , µ). Let {λj}j≥1 be a sequence with 1
2 ≥ λ1 ≥ λ2 ≥ . . . > 0 such that ej is the eigen-

function of TK with λj being the corresponding eigenvalue. Then ej is the eigenfunction of
TK(int) with λs+2

j being the corresponding eigenvalue. That is, TK(int)ej = λs+2
j ej , so that

λ
(int)
j = λs+2

j for all j ≥ 1. Moreover, TK(int) vanishes on kerTK , and kerTK(int) = kerTK .

Proof First, it follows from the Mercer’s theorem that

K(v,v′) =
∑
j≥1

λjej(v)ej(v
′), ∀v,v′ ∈ X ,

and the convergence on the RHS of the above equality is uniform and absolute. Then it
follows from the definition of K(int) in (4) that

K(int)(x,x′) =

∫
X×X

K(x,v)K(s)(v,v′)K(v′,x′)dµ(v)⊗ µ(v′)

1○
=

∫
X

∫
X

∑
j≥1

λjej(x)ej(v) ·
∑
j≥1

λsjej(v)ej(v
′)dµ(v)

 ·∑
j≥1

λjej(v
′)ej(x

′)µ(v′)
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2○
=

∫
X

∑
j≥1

λs+1
j ej(x)ej(v

′)

 ·∑
j≥1

λjej(v
′)ej(x

′)µ(v′)
3○
=
∑
j≥1

λs+2
j ej(x)ej(x

′) (145)

where 1○ follows from the Fubini’s Theorem, and 2○, 3○ follow by the orthogonality of the
orthogonal basis {ej}j≥1.

It follows from (145) that for all j ≥ 1,

(TK(int)ej) (x) =

∫
X

∑
j′≥1

λs+2
j′ ej′(x)ej′(x

′)

 ej(x
′)dµ(x′) = λs+2

j ej(x),

which proves that λ
(int)
j = λs+2

j for all j ≥ 1. If h ∈ kerTK , then ⟨h, ej⟩L2(X ,µ) = 0 for
all j, so the same kernel expansion gives TK(int)h = 0. Conversely, if TK(int)h = 0, then
λs+2
j ⟨h, ej⟩L2(X ,µ) = 0 for every j. Since every λj is positive, h ∈ (range(TK))⊥ = kerTK .

Appendix D. More Result about the Eigenvalue Decay Rate

Proof of Proposition 5.3. We first let λj = µj(K,X , ϕ∗(µ)), and let S(d − 1) =
2πd/2/Γ(d/2) denote the surface area of Sd−1. Let µ̂ = ϕ∗(µ) with probability density
function p̂. For any measurable subset A ⊆ X , we have

µ̂(A) =

∫
x∈A

∫ ∞

0
p(rx)rd−1drdσ̃ = S(d− 1)

∫
x∈A

∫ ∞

0
p(rx)rd−1drdσ(x), (146)

where σ̃ is the surface measure on X , and σ = σ̃/S(d−1) is the uniform probability measure
on X . It follows from (146) that

dµ̂

dσ
= q,

where, for σ-almost every x ∈ X ,

q(x) = S(d− 1)

∫ ∞

0
p(rx)rd−1dr ≲ S(d− 1)

∫ ∞

0
rd−1(1 + r2)−(d+1)/2dr

≲
S(d− 1)

2
B(d/2, 1/2), (147)

and B denotes the Beta function. The last inequality of (147) follows from Lemma D.1.

We have B(d/2, 1/2) =
√
π Γ(d/2)
Γ((d+1)/2) ≍ 1/

√
d. It then follows from (147) that q(x)

≲ S(d− 1)/
√
d. Set ν = µ̂ = qσ and Q = ∥q∥L∞(σ). The preceding estimate gives Q <∞,

and
∫
X qdσ = 1 implies Q ≥ 1. We compare the integral operators

(TK,ξf)(x) =

∫
X
K(x,y)f(y)dξ(y), ξ ∈ {σ, ν}.
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These are positive, self-adjoint, compact operators on L2(ξ). Let λσj = µj(K,X , σ) denote
the positive eigenvalues of TK,σ, counted with multiplicity and ordered nonincreasingly. By
the spherical uniform EDR in Hu et al. (2021); Bietti and Mairal (2019); Bietti and Bach
(2021), there are constants c0, C0 > 0, depending only on d, such that

c0j
−b ≤ λσj ≤ C0j

−b, b =
d

d− 1
, j ≥ 1.

For f ∈ L2(ν), define qf = 0 on {q = 0}. Since 0 ≤ q ≤ Q, we have qf ∈ L2(σ) and

∥qf∥2L2(σ) =

∫
X
q2f2dσ ≤ Q

∫
X
qf2dσ = Q∥f∥2L2(ν).

Boundedness of K justifies Fubini’s theorem. Using dν = qdσ gives

⟨TK,νf, f⟩L2(ν) =

∫∫
X 2

K(x,y)f(x)f(y)dν(x)dν(y) = ⟨TK,σ(qf), qf⟩L2(σ) . (148)

Let e1, e2, . . . be real L2(σ)-orthonormal eigenfunctions corresponding to λσ1 , λ
σ
2 , . . .. They

belong to L2(ν) because q ≤ Q. Fix j ≥ 1. If f ∈ L2(ν) satisfies ⟨f, ea⟩L2(ν) = 0 for

1 ≤ a < j, then qf is orthogonal to these eigenfunctions in L2(σ). The spectral theorem
gives

⟨TK,νf, f⟩L2(ν) = ⟨TK,σ(qf), qf⟩L2(σ) ≤ λ
σ
j ∥qf∥2L2(σ) ≤ Qλ

σ
j ∥f∥2L2(ν).

Write λj = µj(K,X , ν), listing eigenvalues with multiplicity and appending zeros if the
rank is finite. The orthogonality conditions impose at most j − 1 linear constraints. The
min–max principle on L2(ν) therefore gives

λj ≤ Qλσj ≤ QC0j
−b.

We now prove the lower bound λj ≳ j−b for all j ≥ 1. For τ > 0, let Eτ be the direct
sum of all eigenspaces of TK,σ whose eigenvalues are at least τ . When m = dimEτ > 0,
choose a real L2(σ)-orthonormal eigenbasis e1, . . . , em of Eτ , ordered so that TK,σea = λσaea.
These eigenfunctions have continuous representatives, given by ea = (λσa)

−1TK,σea.
We first claim that

m∑
a=1

ea(x)
2 = m, ∀x ∈ X . (149)

For an orthogonal matrix R ∈ Rd×d, we define (URf)(x) = f(R−1x). Rotation invariance
of σ makes UR unitary. The identity K(Rx,Ry) = K(x,y) and a change of variables give
TK,σUR = URTK,σ. For every f in an eigenspace with eigenvalue λ ≥ τ , commutation gives

TK,σ(URf) = UR(TK,σf) = λURf.

Therefore, UR maps each such eigenspace into itself. Since Eτ is the direct sum of these
complete eigenspaces, UREτ ⊆ Eτ . The same argument applies to UR−1 = U−1

R , which
gives UREτ = Eτ . There is an orthogonal matrix OR ∈ Rm×m such that(

e1(R
−1x), . . . , em(R

−1x)
)⊤

= OR

(
e1(x), . . . , em(x)

)⊤
.
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This equality holds everywhere because both sides are continuous and σ has full support.
Taking squared Euclidean norms shows that F (x) =

∑m
a=1 ea(x)

2 is invariant under ro-
tations. Transitivity of the rotation action on X makes F constant. Its constant value
is

F (x) =

∫
X
F (y)dσ(y) =

m∑
a=1

∫
X
ea(y)

2dσ(y) = m,

which proves (149).
Fix j ≥ 1 and we set

L = ⌈2Qj⌉, τ = c0L
−b.

Since λσL ≥ τ , the subspace Eτ has dimension m ≥ L. We define A ∈ Rm×m by

Aab =

∫
X
q(x)ea(x)eb(x)dσ(x), a, b ∈ [m].

Orthonormality of {ea}ma=1 and 0 ≤ q ≤ Q give 0 ⪯ A ⪯ QIm. By (149) and normalization
of q,

tr (A) =

∫
X
q(x)

m∑
a=1

ea(x)
2dσ(x) = m.

If k eigenvalues of A are at least 1/2, then

m ≤ kQ+
m− k

2
, k ≥ m

2Q− 1
≥ m

2Q
≥ j.

For every f ∈ L2(ν), the quadratic-form identity (148) and the spectral theorem give

⟨TK,νf, f⟩L2(ν) = ⟨TK,σ(qf), qf⟩L2(σ) ≥ τ
m∑
a=1

∣∣ ⟨f, ea⟩L2(ν)

∣∣2.
Let Fj ⊆ Rm be spanned by j orthonormal eigenvectors of A corresponding to the largest
j eigenvalues at least 1/2. For z ∈ Fj , set fz =

∑m
a=1 zaea, viewed as an element of L2(ν).

Then

∥fz∥2L2(ν) = z⊤Az ≥ 1

2
∥z∥22,

m∑
a=1

∣∣ ⟨fz, ea⟩L2(ν)

∣∣2 = z⊤A2z ≥ 1

2
z⊤Az.

Consequently, {fz : z ∈ Fj} is a j-dimensional subspace of L2(ν) on which

⟨TK,νfz, fz⟩L2(ν) ≥
τ

2
∥fz∥2L2(ν).

The min–max principle on L2(ν) gives

λj ≥
τ

2
=
c0
2
⌈2Qj⌉−b ≥ c0

2(3Q)b
j−b,
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where Q ≥ 1 gives ⌈2Qj⌉ ≤ 3Qj. This bound for every j also proves that TK,ν has infinitely
many positive eigenvalues. Combining the upper and lower bounds yields

c0
2(3Q)b

j−b ≤ µj(K,X , ϕ∗µ) ≤ QC0j
−b, j ≥ 1. (150)

Since d is fixed and Q < ∞ follows from the original density assumption, (150) proves
µj(K,X , ϕ∗µ) ≍ j−d/(d−1).

Lemma D.1. The beta function defined on the real numbers, B(a, b) =
∫ 1
0 t

a−1(1− t)b−1dt
for all a, b > 0, can be written as

B(a, b) =

∫ ∞

0
ua−1(1 + u)−(a+b)du.

Proof This lemma can be verified by the change of variable t = u
1+u .
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Lénäıc Chizat, Edouard Oyallon, and Francis Bach. On lazy training in differentiable pro-
gramming. Curran Associates Inc., Red Hook, NY, USA, 2019.

Moulik Choraria, Leello Tadesse Dadi, Grigorios Chrysos, Julien Mairal, and Volkan Cevher.
The spectral bias of polynomial neural networks. In International Conference on Learning
Representations. OpenReview.net, 2022.

Alexandru Damian, Jason D. Lee, and Mahdi Soltanolkotabi. Neural networks can learn
representations with gradient descent. In Po-Ling Loh and Maxim Raginsky, editors,
Conference on Learning Theory, 2-5 July 2022, London, UK, volume 178 of Proceedings
of Machine Learning Research, pages 5413–5452. PMLR, 2022.

Simon S. Du, Jason D. Lee, Haochuan Li, Liwei Wang, and Xiyu Zhai. Gradient descent finds
global minima of deep neural networks. In Kamalika Chaudhuri and Ruslan Salakhutdi-
nov, editors, International Conference on Machine Learning, volume 97 of Proceedings of
Machine Learning Research, pages 1675–1685. PMLR, 2019a.

Simon S. Du, Xiyu Zhai, Barnabas Poczos, and Aarti Singh. Gradient descent provably
optimizes over-parameterized neural networks. In International Conference on Learning
Representations, 2019b.

Simon Fischer and Ingo Steinwart. Sobolev norm learning rates for regularized least-squares
algorithms. Journal of Machine Learning Research, 21(205):1–38, 2020. URL http:

//jmlr.org/papers/v21/19-734.html.

Behrooz Ghorbani, Song Mei, Theodor Misiakiewicz, and Andrea Montanari. Linearized
two-layers neural networks in high dimension. Ann. Statist., 49(2):1029 – 1054, 2021.

Tianyang Hu, Wenjia Wang, Cong Lin, and Guang Cheng. Regularization matters: A non-
parametric perspective on overparametrized neural network. In Arindam Banerjee and
Kenji Fukumizu, editors, International Conference on Artificial Intelligence and Statis-
tics, volume 130 of Proceedings of Machine Learning Research, pages 829–837. PMLR,
2021.

Masaaki Imaizumi and Kenji Fukumizu. Deep neural networks learn non-smooth func-
tions effectively. In Kamalika Chaudhuri and Masashi Sugiyama, editors, International

61

http://jmlr.org/papers/v21/19-734.html
http://jmlr.org/papers/v21/19-734.html


Yang and Li

Conference on Artificial Intelligence and Statistics, volume 89 of Proceedings of Machine
Learning Research, pages 869–878. PMLR, 2019.

Arthur Jacot, Clément Hongler, and Franck Gabriel. Neural tangent kernel: Conver-
gence and generalization in neural networks. In Samy Bengio, Hanna M. Wallach, Hugo
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