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Abstract

Graph neural networks (GNNs) have achieved remarkable empirical success in processing
and representing graph-structured data across various domains. However, a significant
challenge known as “oversmoothing” persists, where vertex features become nearly indis-
tinguishable in deep GNNs, severely restricting their expressive power and practical utility.
In this work, we analyze the asymptotic oversmoothing behavior of deep GNNs with and
without residual connections by deriving explicit convergence rates for a normalized vertex
similarity measure. Our analytical framework is grounded in the multiplicative ergodic the-
orem. Furthermore, we demonstrate that adding residual connections effectively mitigates
or prevents oversmoothing across several broad families of parameter distributions. The
theoretical findings are strongly supported by numerical experiments.

Keywords: Deep graph neural networks, oversmoothing, residual connection, multiplica-
tive ergodic theorem

1. Introduction

Graph neural networks (GNNs) (Scarselli et al., 2008; Wu et al., 2020; Zhou et al., 2020;
Kipf and Welling, 2017; Velickovi¢ et al., 2018) have achieved significant empirical success in
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learning and representing graph data, with broad applications across fields such as physics
(Shlomi et al., 2020), bioinformatics (Zhang et al., 2021), finance (Wang et al., 2022),
electronic engineering (Liao et al., 2021; He et al., 2021; Lee et al., 2022), and operations
research (Gasse et al., 2019).

Among many types of GNN architectures, the most foundational one is the message-
passing graph neural network (MP-GNN), which employs a message-passing mechanism
(Gilmer et al., 2017) to update each vertex’s feature by aggregating information from its
neighbors. Specifically, given an undirected and unweighted graph G = (V, E), where
V ={v1,...,v,} is the vertex set and E C V x V represents the edges, the vertex features
{z;i(t):1=1,...,n} at the t-th layer are computed as:

mxt+1):j“)Cm@%AGGREGATE({{fﬂ@y@D:je]%}})), (1)

where f® and ¢(*) are trainable functions of local updates, AGGREGATE is an aggregation
function (e.g., sum, average, max, attention), N; = {j € {1,...,n} : (v;,v;) € E} is the
index set of neighbors of v;, and {{...}} denotes a multiset allowing repeated elements.

The widespread adoption and practical success of MP-GNNs can be attributed to two
key features. The first is their permutation-invariant/equivariant property, which ensures
that when vertices are relabeled, the vertex features undergo a corresponding relabeling,
preserving the MP-GNN’s outputs on isomorphic graphs up to a permutation. The second
is their efficient and scalable implementation, where vertex features are updated according
to (1) using only local functions and neighborhood information from a small subgraph.
Together, these properties make MP-GNNs particularly well-suited for graph learning tasks,
allowing them to handle graphs of varying sizes and scale effectively across large datasets.

Despite their strengths, MP-GNNs face certain limitations that constrain their applica-
tions. A primary challenge is the oversmoothing phenomenon in deep GNNs, which is well
documented empirically (Rusch et al., 2023; Zhang et al., 2023; Chen et al., 2020; Li et al.,
2018; Oono and Suzuki, 2020; Wu et al., 2023b). More specifically, vertex features tend to
become increasingly similar as the network depth grows. Although researchers have pro-
posed various mitigation strategies including residual connections, attention mechanisms,
and normalization layers (Wu et al., 2023a; Chen et al., 2020; Rusch et al., 2023; Scholkem-
per et al., 2025; Dezoort and Hanin, 2025), oversmoothing remains a persistent challenge.
This phenomenon indicates that deep MP-GNNs struggle to maintain vertex distinctiveness
even when the underlying properties differ significantly. The resulting homogeneity in ver-
tex features creates numerical difficulties during training, often forcing the use of shallow
architectures and thereby limiting MP-GNNs’ expressiveness and, in turn, hinders their
performance in complex, large-scale applications.

This work focuses on understanding and mitigating oversmoothing in deep GNNs.
Specifically, we conduct a theoretical investigation into the oversmoothing phenomenon
in deep MP-GNNSs, offering practical insights and guidance.

We analyze the asymptotic behavior of oversmoothing in two widely used families of
MP-GNN architectures. The first architecture is given by

(t+1) §: D 0o (;(t)), (nrs)
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where Pi(f) > 0 and Pi(;) > 0 if and only if j € N;. This architecture encompasses graph
convolutional networks (GCNs) (Kipf and Welling, 2017), where the aggregation coefficient
matrix P) = P is time-independent and is given by P = D~'A or P = D~1/24D~1/2,
with A € {0,1}™*™ as the symmetric adjacency matrix and D € R"*" as the degree matrix,
a diagonal matrix whose diagonal entries represent the vertex degrees, and graph attention
networks (GATs) (Velickovié et al., 2018), where P(®) is time-varying and is determined by
the attention mechanism on the graph.
The second architecture employs a residual connection, and is defined as

zi(t+1) = a;(t +az W Wg (z(t)) . (rs)

In (nrs) and (rs), W® € R¥? is a matrix of learnable parameters with d being the
(®)

dimension of vertex feature, P;;” represents the coefficients in information aggregation,
o : R — R is an activation function, and o« > 0 is a constant. By examining these
architectures, we aim to provide a deeper understanding of oversmoothing and strategies to
alleviate its impact. We note that our analytical framework would be focusing on constant
aggregation case PZ-(;) = P while we still use the notation Pi(jt) in

and comparison.

(nrs) and (rs) for discussion

Related work. Several works in the literature have analyzed the oversmoothing phe-
nomenon in deep GNNs from a theoretical perspective.

For GNNs without residual connections, Li et al. (2018); Keriven (2022) prove that
for GCNs with time-independent P(Y) = P, the vertex features converge to a subspace
of identical or highly correlated features. This analysis is further refined in Oono and
Suzuki (2020); Cai and Wang (2020), showing that the convergence occurs at an exponential
rate, determined by the eigengap of the normalized graph Laplacian. Additionally, non-
asymptotic analysis for GCNs is provided in Wu et al. (2023b). For GATs without residual
connections and with time-varying P®), Wu et al. (2023a) demonstrate that they also suffer
from oversmoothing at an exponential rate. Moreover, the upper bound of the convergence
rate established in Wu et al. (2023a) is shown to be greater than or equal to the rate
derived for GCNs in Oono and Suzuki (2020); Cai and Wang (2020). While this observation
pertains only to upper bounds that could be loose, it points to the potential mitigation of
oversmoothing in GATs even in the absence of a residual connection.

Previous works have also analyzed GNNs with residual connections. Scholkemper et al.
(2025) demonstrate that oversmoothing can be prevented by introducing a residual connec-
tion between each hidden layer and the initial layer which amounts to adding a constant
drift x;(0) to the right-hand side of (nrs). The nature of this remedy is in sharp contrast
to (rs), where the residual connection links consecutive layers as in classical ResNets (He
et al., 2016).

Closer to our setting in (rs), Dezoort and Hanin (2025) investigate the oversmoothing
phenomenon in residual GNNs when o is a ReLU activation and the entries of W® are i.i.d.
Gaussian. They prove that for a deep residual GNN with 7" message-passing layers, the
oversmoothing issue can be prevented if the stepsize « is chosen as small, say o = O(1/T).
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Our contributions. We define a normalized vertex similarity measure p(z) € [0,1] for
= (r1,...,2,) € R>" where pu(z) = 0 indicates that all vertex features are identical,
and analyze the asymptotic behavior of p(znrs(t)) and p(xs(t)), where {nws(t)}ieny and
{zs(t) }+en are generated by (nrs) and (rs), respectively.

We establish a new and unified analytical framework that rigorously demonstrates that
residual connections mitigate or prevent oversmoothing in deep GNNs. In particular, our
main contributions are summarized informally as follows:

o Non-residual dynamics: we prove that p(znes(t))/? — maXyespec(P)\{1} |A| < 1 as
t — 400 almost surely, and the limit is independent of the distribution of w®.

e Residual dynamics: We show that almost surely, limy_, oo u(a:rs(t))l/ 2t is lower bounded

by a constant depending on the spectrum of P and the distribution of W® . The
lower bound is achieved if P is diagonalizable in C. Furthermore, this bound can be
explicitly computed or estimated for several commonly used distributions of W®).

o Comparison of non-residual and residual dynamics: For several distributions of W®,
we rigorously demonstrate that limy e pt(2rs(t))/? > limy e p(znrs(t))/?, and in
some cases, lim; o0 p1(s(t))'/?* = 1, which indicates that u(xs(t) can only converge
to zero at a subexponential rate. This shows that residual connections effectively
mitigate the oversmoothing issue.

Our analysis relies on three main assumptions: (i) o = Id, (ii) P®) = P € R™" is a
nonnegative matrix for which the Perron-Frobenius theorem applies with leading eigenvector
1=(,..., 1)T € R™ associated to the leading eigenvalue assumed equal to 1, and (iii)
W®, t € N are sampled i.i.d. from some probability distribution on R**?. Note that (ii)
holds when P is the probability transition matrix of a simple random walk on a graph that
is irreducible and aperiodic, as in Norris (1998). A significant strength of our analysis is
that it extends readily to asymmetric matrices P with complex spectrum.

Our proof techniques draw inspiration from the multiplicative ergodic theorem (Os-
eledets, 1968; Arnold, 1998), which precisely characterizes the asymptotic behavior of linear
random dynamical systems or products of random matrices.

Organization. The rest of this paper will be organized as follows. We state our main the-
ory on the asymptotic oversmoothing rate and their applications for several commonly used
distributions in Section 2 . All proofs are presented in Section 3 and numerical experiments
are conducted in Section 4. Section 5 concludes the paper.

2. Main Results

This section presents our main results. In Section 2.1, we establish the asymptotic over-
smoothing rates for (nrs) and (rs). In Section 2.2, we compare the oversmoothing rates of
(nrs) and (rs) for several specific distributions.

2.1 Asymptotic oversmoothing rate

We will use the (normalized) vertex similarity measure introduced below to quantify the
degree of oversmoothing.
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Definition 1 (Vertex similarity measure) For x = (z1,...,2,) € R>" we define
(normalized) vertex similarity measure as

_ ity i — a3

we) = S R ®

= _ 1 n .
where T = - > 1" x;.

It is straightforward to check that u(z) € [0, 1] for any € R¥*™\{0} and that u(x) =0
if and only if 1 = --- = z,. Next, we outline the assumptions used in our analysis. The
first assumption is that o = Id, which simplifies (nrs) and (rs) to linear dynamics.

Assumption 1 (Activation function) We assume that the activation function o : R —
R is the identity map, i.e., the dynamics in (nrs) and (rs) are linear.

The second assumption concerns the aggregation coefficients P®).

Assumption 2 (Aggregation coefficients) We assume that the aggregation coefficients
PO € R™ ™ satisfy the followings:

(i) P = P is a constant matriz in t € N.
(i1) P is a primitive matriz: 3 k > 1 such that for any i, j, Pi; > 0 and lej > 0.

(iii) P;j > 0 if and only if j € N, and for any i € {1,...,n}, it holds that

zn:Pm'Z > Py=1 (3)
j=1

JEN;

Assumption 2 states that P() = P € R™ ™ is a probability transition matrix of an
irreducible aperiodic Markov chain on the underlying graph G. Moreover, for a nonnegative
matrix P > 0 with P;; > 0 if and only if j € N;, the primitivity of P, or equivalently the
irreducibility and aperiodicity of P, can be ensured by specific properties of the graph G:
namely, G is connected and contains at least one odd-length cycle.

We also note that though the primitivity of P implies the connectivity of the graph
G, our theory can extend directly to disconnected graphs, since P is block-diagonal across
connected components and the dynamics decouple. The analysis therefore applies indepen-
dently on each component whose block in P satisfies Assumption 2.

Remark 2 Suppose that Assumption 2 holds. By the Perron-Frobenius theorem, the spec-
tral radius of the matriz P is 1, and A1 = 1 is an eigenvalue with multiplicity being one.
One can see from (3) that 1 = (1,...,1)T € R™ is an eigenvector corresponding to A\; = 1.
Moreover, the magnitudes of all other eigenvalues of P are strictly smaller than 1, i.e.,

Al <1, V X€spec(P)\{1},

where spec(P) C C is the spectrum of P. Note that we do not assume that P is symmetric
and our analysis accounts for the presence of complex eigenvalues in P. In comparison,
prior works (Oono and Suzuki, 2020; Cai and Wang, 2020; Dezoort and Hanin, 2025)
assume symmetry or a real spectrum for P.
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We also assume that the weight matrices Wi, Wo, ... are i.i.d. from some ensemble.

Assumption 3 (Weight matrices) We assume that W, t € N are i.i.d. drawn from a
Borel probability measure Py, over R¥¢ that satisfies that

E [max {10g ||W(t)H2,0H < H00. (4)

Moreover, we require that the probability distribution Py, satisfies some non-degenerate
conditions. To state them rigorously, we present the next proposition that will be proved
in Section 3.1.

Proposition 3 Suppose that Assumption 3 holds. The followings are true.

(i) There exists a constant R(Py ) > 0 depending on the probability distribution Py, such
that

1/t
i (t=1) ...y <0>H _
Jim HW wOwO|| " = REw), as. (5)
(i) For any B € C, there exists a constant R(,Pw) > 0 depending on B and the proba-
bility distribution Py, such that

1/t
lim H (Id n 5W<t—1>) . (Id + BW(”) (Id + 5W<0>) H

2

t—+o00

= R(5,Pw), a.s. (6)

Our last set of assumptions is on the constants in Proposition 3.
Assumption 4 The constant R(Pw ) defined in Proposition 3 (i) satisfies that R(Py ) > 0.

Assumption 5 The spectrum of aggregation coefficient matriz P and the constants in
Proposition 5 (ii) satisfy that maxycgyec(p) R(aA, Py ) > 0, where a > 0 is defined in (rs).

With the assumptions outlined above, we are now prepared to present our main results.
The first result characterizes the asymptotic oversmoothing rate of deep GNNs described
by (nrs) without residual connections.

Theorem 4 (Asymptotic oversmoothing rate of deep non-residual GNNs)
Consider the GNN dynamics {xns(t) }en generated by (nrs), and suppose that Assump-
tions 1, 2, 3, and 4 hold. With probability one, we have for almost every xn(0) € Rdxn
that

I ars (1)) 1/ = 1.
t—3+moo“<x (1)) Aespgclgg()\g}‘)\‘ = @

Theorem 4 establishes that p(zns(t)) converges to 0 at an exponential rate determined
solely by the spectrum of P, independent of the distribution of W®). Specifically, the con-
vergence rate is governed by the eigenvalue A with the second largest magnitude. Notably,
Theorem 4 remains valid even when P has complex eigenvalues. The proof of Theorem 4 is
provided in Section 3.3, following an introduction to linear random dynamical systems and
to the multiplicative ergodic theorem in Section 3.1.
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In the special case of GCNs where P = D™ 'A, the gap 1 — MaXyegpec(P)\{1} |A| coT-
responds to the second smallest eigenvalue of the normalized graph Laplacian A = I —
D~1/2AD~1/2. Moreover, recall that for graphs satisfying Assumption 2, all eigenvalues of
A lie in [0,2), and there is exactly one eigenvalue equal to 0. Hence, Theorem 4 confirms
the findings of Oono and Suzuki (2020); Cai and Wang (2020), with the difference that we
offer greater precision by establishing an exact convergence rate in the case of an identity
activation function, whereas Oono and Suzuki (2020); Cai and Wang (2020) present upper
bounds for nonlinear activations (ReLU and Leaky-ReLU). Our sharp characterization is
necessary to demonstrate that residual dynamics improve on this limit.

Our second main theorem characterizes the asymptotic oversmoothing rate of deep resid-
ual GNNs as described by (rs).

Theorem 5 (Asymptotic oversmoothing rate of deep residual GNNs) Consider
the GNN dynamics {x,s(t) }en generated by (rs), and suppose that Assumptions 1, 2, 3,
and 5 hold. With probability one, we have for almost every x.5(0) € R&>™ that

max  R(aA Pw)

. s Aespec(P)\{1}
tli—‘,—moo H(xrb(t)) = max R(O{)\, ]P)W) (8)
A€spec(P)

Moreover, if P is diagonalizable in C, then the inequality above becomes an equality.

Theorem 5 establishes a lower bound for limy s oo ut(2s(t))"/?, which depends on the
distribution Py, the spectrum of P, and the step size « in the residual connection. This
lower bound is achieved when P is diagonalizable in C. The proof of Theorem 5 is presented
in Section 3.4 and is also based on linear random dynamical systems and the multiplicative
ergodic theorem.

From Theorem 4 and Theorem 5, one can conclude that the oversmoothing issue is mit-
igated if the lower bound in (8) is strictly greater than maxyecgpec(p)\ {1} |A- In Section 2.2,
we discuss several commonly used probability distributions Py, for which the lower bound
in (8) can be explicitly computed or estimated. In these cases, it is either strictly greater
than maxycgpec(p)\ {1} |A| OF equal to 1.

Dezoort and Hanin (2025) also consider residual aggregation operators Py, = (1—s)I+sP
for s € (0, 1], which interpolate between the identity and the base aggregator P. Whenever
P satisfies Assumption 2, so does Ps (after adjoining self-loops to the neighborhoods N;),
and

spec(Ps) = {(1 — s) + sA : X € spec(P)}.

Theorems 4 and 5 therefore apply verbatim with P replaced by Ps. Thus s is an additional
architectural handle on the asymptotic rate: in the non-residual dynamics it acts only
through the second spectral radius of Py (still independently of Py ), whereas in the residual
dynamics it reshapes the spectrum fed into the map R(-,Py) and complements the step size
a. Residual aggregation (identity mixed into the graph operator) and residual connections
(identity mixed into the feature update) are therefore distinct, complementary mechanisms;
the case s = 1 recovers Theorem 4 and Theorem 5 as stated.
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To conclude this section, we note that if we do not assume the row sums of P are equal
to 1, as in (3), our theory still holds for a modified vertex similarity measure, given by

lz — zmmy ||

(1%

p(x) = : )

where || - || denotes the Frobenius norm, and m; € R” is the eigenvector corresponding to
the leading eigenvalue of P, with ||71[2 = 1 and strictly positive entries, as guaranteed by
the Perron-Frobenius theorem. The proofs almost follow the same lines. If (3) is assumed,
then m = ﬁ(l, ...,1)T, and (9) coincides with (2). If the entries of 7] are not identical,
then p(z) = 0 does not imply that z1,...,z, are equal but rather that they all lie on a
one-dimensional subspace of R%.

2.2 Weight matrices

Comparing Theorems 4 and 5 indicates that the distribution Py, of the weight matrix
controls the oversmoothing of residual GNNs whereas it has no impact on their nonresidual
counterparts. In this section, we examine the effect of this distribution in more details in
the context of specific choices for Pyy. All the cases considered here indicate that residual
connections effectively mitigate oversmoothing over a wide class of distributions, and all the
proofs are deferred to Section 3.5. In comparison to Dezoort and Hanin (2025), our analysis
encompasses a broader class of parameter distributions, not limited to i.i.d. Gaussian.

2.2.1 DETERMINISTIC

We begin by considering the case where W® = W is deterministic, i.e., Py is a point mass
at W € R?4, In this case, equality holds in (8) even if P is not diagonalizable in C.

Theorem 6 Suppose that Assumptions 1, 2, 5, and 5 hold with W® = W almost surely,
where W is a matriz with deterministic entries. Let {zs(t) }1en be generated by (rs). Then
we have for almost every x,5(0) € R™ that

max  p(Id + aAW)

I . 1/2t _ Aespec(P)\{1}
Hm is(?)) max_ p(Id + a\W)
A€spec(P)
where p(A) = max |A| is the spectral radius of a matriz A.

AEspec(A)

The following theorem characterizes several cases with deterministic W® in which the
oversmoothing problem is provably mitigated or prevented.

Theorem 7 Suppose that Assumptions 1, 2, 3, 4, and 5 hold with W® = W almost surely,
and in addition that P has a real spectrum. Let {xns(t) }en and {xys(t) hen be generated
by (nrs) and (rs), respectively. We also assume that p(I + aW) is achieved by |1 + aug| for
o € spec(W).



RESIDUAL CONNECTIONS PROVABLY MITIGATE OVERSMOOTHING

(i) If  max |\ is achieved by \g € spec(P)\{1} and 14+ X\o(2aRe(uo)+1) > 0, then
Aespec(P)\{1}

for almost every xn,5(0) € R¥*™ and x,5(0) € R,

. 1/2t _ 1 1/2t
Jm e (t) >A€Sp1£3§)\{l}!%! Jm p(ans ()

(ii) If 2Re(po) + (X + 1)|pol? < 0 for some X € spec(P)\{1}, then for almost every
2,5(0) € R,
- 1/2t _
tilinooﬂ(d’UrS(t)) =1
We remark that the condition that P has a real spectrum holds for GCNs with P =
D~'A since spec(D~'A) = spec(D~Y/2AD~1/2) ¢ (-1,1].

2.2.2 GINIBRE ENSEMBLE

Next, consider the case where the entries of W® are i.i.d. Gaussian with a mean of 0 and
variance 72 (Ginibre ensemble) as in Dezoort and Hanin (2025). The following theorem
provides a characterization of the lower bound in (8) in terms of one-dimensional normal
distribution and chi-squared distribution.

Theorem 8 Suppose that Assumptions 1, 2, 3, and 5 hold with entries of W® 4.4.d. drawn
from N(0,72), and in addition that P has a real spectrum. Let {zys(t)}ien be generated by
(rs). Then with probability one, for almost every x,4(0) € R¥*™,

max  exp (%Elog ((1 +adTé)? + 042)\2T2X(21_1))

i Lt 1/2t - A€spec(P)\{1}
t—>1£rnoou(aj (1) 2 max exp (%Elog (1 + arT8)? 4+ a?X272%2_,))
A€spec(P)

, (10)

where & ~ N(0,1) is a one-dimensional standard real Gaussian distribution, and x3_,
18 a chi-squared random wvariable with d — 1 degrees of freedom that is independent of &.
Additionally, if P is diagonalizable in C, then the equality in (10) holds.

1/2t

Based on the lower bound (10), it can be proved that lims, o p(z:s()) is strictly

larger than limy_, u(:vnrs(t))l/Qt, for any o > 0 and 7 > 0.

Theorem 9 Suppose that Assumptions 1, 2, 3, 4, and 5 hold with entries of W i.i.d.
drawn from N(0,7%), and in addition that P has a real spectrum. Let {@ns(t) }en and
{z:s(t) }ren be generated by (nrs) and (rs), respectively. It holds for all « > 0 and 7 > 0
that, with probability one, for almost every Tns(0) € R¥*™ and 1,5(0) € RI*™,
~ 1/2t ~ 1/2t
t—li—&-moou(xm(t)) / - Aespgﬁé\{l} ’)\| - tliglooﬂ(xnrs(t)) / '

Our analysis for Ginibre ensembles differs from Dezoort and Hanin (2025) in several
senses. Firstly, we impose no requirement for a to depend on the number of layers, whereas
Dezoort and Hanin (2025) carefully select o based on the predetermined depth of GNNs.
Secondly, Dezoort and Hanin (2025) consider the ReLU activation, while our analysis is for
linear dynamics.
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2.2.3 BOUNDED NORM

Useful quantitative lower bounds can be extracted under minimal assumptions on the distri-
bution of weight matrices. In this part, we examine compactly supported distributions for
which limy_, 4 oo p1(21s(t))'/?* can be proved as strictly greater than limy o p(ns(t)) /2,
provided that « is sufficiently small.

Theorem 10 Suppose that Assumptions 1, 2, 3, 4, and 5 hold with |W®|| < ry almost
surely. Let {xns(t) hen and {xws(t) hren be generated by (nrs) and (rs), respectively. Then
it holds for any o < 1/ry that, with probability one, for almost every x,5(0) € R,

lim ,u(xrs(t))l/zt > 1 - ary min)\ESpec(P)\{l} |/\| ‘

t—+00 1+ arw
As a corollary, if
1—  max |}
Aespec(P)\{1} arwy
1+ min N~ 14+ary’
A€spec(P)\{1}

then with probability one, we have for almost every Tns(0) € R>™ and x,4(0) € R¥™ that
. 1/2t . 1/2t
t_lg_nooﬂ(xrsu)) /2> tl}_rglooﬂ(xan(t)) /2
Remark 11 The lower bound in Theorem 10 should be interpreted as a conservative,
distribution-free guarantee rather than as a sharp tuning rule for the residual stepsize o.
The proof uses only the almost-sure operator-norm bound |[W® |y < ry, and therefore ig-
nores finer information about the distribution of the weights. As a result, the bound may
be far from optimal for common initialization schemes. For such initialization schemes,
distribution-specific results can provide sharper guidance. As an example, in the Gini-
bre/Gaussian case, Theorem 9 shows that for every a > 0 and 7 > 0, the asymptotic
vertex-similarity rate of the residual GCN is strictly larger than that of the corresponding
non-residual GCN. Similar comparisons can be obtained for other common i.i.d. initializa-
tion distributions, such as uniform initializations, but require separate arguments. Thus,
Theorem 10 should be viewed as a robust sufficient condition under a minimal bounded-norm
assumption, not as a prescription for optimizing o or Ty .

2.2.4 SIMULTANEOUSLY DIAGONALIZABLE

Finally, we consider the scenario where all matrices in the support of Py, are simultaneously
diagonalizable.

Assumption 6 We assume that W ~ Py satisfies
w® = Q' diag (wgt), - ,wc(lt)) Q,
where Q@ € R is a fized invertible matriz and wgt), t € N are i.i.d. drawn from some
Borel probability distribution P; over R satisfying
log |1+ a)\wl(t)‘ € LY(P;), V X € spec(P).
fori=1,...,d.

10
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Under Assumption 6, the following theorem relates the constant R(aX,Py) to the
()

i

marginal distributions of w

Theorem 12 Suppose that Assumptions 1, 2, 3, 5, and 6 hold. Let {xs(t) }ten be generated
by (rs). Then with probability one, we have for almost every x.(0) € R¥X™ that

M max exp (E [mg ’1 + a)\wgtbp | )

: ()12t
m (s (1)) 2

max Imax exp <E [log )1 + aAwZ(t)
Ae€spec(P) 1<i<d

Additionally, if P is diagonalizable in C, then the equality in (11) holds.

Furthermore, when P has a real spectrum and the distribution P, ...,[P; are all sym-
metric, then pi(z.5(t))"/? converges to 1 almost surely as stated in the next theorem.

Theorem 13 Suppose that assumptions made in Theorem 12 are satisfied. Suppose in
addition that P has a real spectrum and that P; is symmetric, i.e., P;(B) = P;(—B) for any
Borel subset B C R, fori=1,2,...,d. Let {xs(t)}ten be generated by (rs). If ]wgt)| <r
almost surely, i = 1,...,d, and amaxi<j<qr; < 1, it holds with probability one that, for
almost every x.5(0) € R,

lim (s ()% = 1.

t—+00

3. Proofs

We collect all proofs in this section.

3.1 Preliminary on Linear Random Dynamical System

This section reviews some definitions and fundamental results for linear random dynamical
systems; see Arnold (1998) and references therein for more details.

Definition 14 (Metric dynamical system) Let (2, F,P) be a probability space. A met-
ric dynamical system on (0, F,P) is a family of maps {0(t) : Q@ — Q}ien satisfying that

(i) The mapping N x Q — Q, (t,w) — 0(t)w is measurable.
(ii) It holds that

0(0) =1Idq and 0(t+s)=0(t)ob(s), Vs,teN. (12)

(iii) O(t) is P-preserving for any t € N, i.e.,
P[A(t) 'B]=P[B], VBeF, teN.
In the above definition, the index ¢ € N serves as the notion of one-sided discrete time.

Though this paper focuses only on time represented by non-negative integers, we remark
that in general the metric dynamical system is defined with a time set T that can be a

11
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semigroup with 0 € T, including two-sided discrete time T = Z, one-sided continuous time
T = R>0, and two-sided continuous time T = R.

In the case of T = N, one can set § = 6(1) and (12) implies that 6(¢) is the ¢-fold
composition of #, namely, §(t) =6 =0o---00.

Definition 15 (Linear random dynamical system) Let {0' : Q — Q}ien be a metric
dynamical system on (Q,F,P) and let A : Q — R™*™ be measurable. A linear random
dynamical system on R™ over {0'}ien, induced by A, is the measurable map

P:NxQxR™— R™
(t,w,u) — P(t,w)u,
where

D(t,w) = A w) - A(Bw) A(w). (13)

We have slightly abused the notation by writing ®(t,w,u) = ®(t,w)u. The asymp-
totic behavior of a linear random dynamical system can be characterized precisely by the
celebrated multiplicative ergodic theorem in the following.

Theorem 16 (Multiplicative ergodic theorem (Arnold, 1998, Theorem 3.4.1))
Let {0" : Q — Q}ien be a metric dynamical system on (Q, F,P) and let A : Q — R™*™ pe
measurable. Consider a linear random dynamical system ®(t,w) as in (13). Suppose that

max {log | A(-)[l5,0} € L'(Q, F,P).
There exists QL € F with 0Q C Q and ]P’(ﬁ) =1, such that the followings hold for any w € Q:

(i) It holds that the limit

Aw) = lim (@(t,w)Ttl)(t,w))l/ "

t—o00

exists and is a positive semidefinite matriz.

(ii) Suppose A(w) has q(w) distinct eigenvalues, which are ordered as e*®) > ... >
") @) > 0. Denote Ei(w) as the corresponding eigenspace, with dimension d;(w) >
0, fori=1,...,q(w). Then the functions q(-), vi(:), and d;(-), i =1,...,p(-), are all
measurable and 0-invariant on Q:

q(0w) = q(w), v;(w) = vi(w), and d;(Ow) = d;(w).
(iti) Set Uj(w) = @;5; Ej(w), i=1,...,q(w), and Uy y1(w) = {0}. Then it holds that
1
Jim T log @t w)ull, = n(w), V€ Ui\ Ui (@) (14)

fori=1,...,q(w). The maps E;(-) and U;(-) from Q to the Grassmannian manifold
are measurable.

12
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(iv) It holds that
A(w)U;(w) CU;(Ow), i=1,...,q(w).

(v) When (Q,F,P,0) is ergodic, i.e., every B € F with 0~'B = B satisfies P(B) = 0 or
P(B) = 1, the functions q(-), v;(-), and d;(-), it = 1,...,p(+), are constants on ).

In Theorem 16, vi(w) > -+ > V() (w) are known as Lyapunov exponents and it is
possible that Ay, (w) = —o0o. Moreover, the filtration

{0} = Uq(w)—‘rl(w) - Uq(w) (w) c---C Ul(w) =R"™

is known as the Oseledets filtration and Theorem 16 is also named as Oseledets theorem.
In particular, V.I. Oseledets proves the first multiplicative ergodic theorem in Oseledets
(1968) and since then, there has been a rich literature in this field, see e.g., Raghunathan
(1979); Ruelle (1979); Walters (1993).

Remark 17 Although Theorem 16 is stated for only systems on R™, we remark that the
same result also holds for complex space C"™ as mentioned in Arnold (1998, Remark 3.4.10).

We prove the following general proposition, which will be used frequently in the proof
of results in Section 2.

Proposition 18 Adopting the notation in Theorem 16 in the case of C™. Assume that
Cm=Q1® - D Qy, where each Q; is almost surely a ®(t,w)-invariant C-linear subspace.
That is, with probability one, for any t € N and any u; € Q;, we have that ®(t,w)u; € Q;.
We define v1(Q;,w) as the largest Lyapunov exponent of the restriction of ®(t,w) on Q.
Then, for any fixed w € Q, there exists a proper C-linear subspace of C™, U(w), such that

1 m
Jim 2 1og [ 0(t,w)ulls = max 1(Quw), ¥ueC™\U(w).

Proof Without loss of generality, we assume that v1(Q1,w) = maxj<ij<i V1(Qs,w). We
then let U(w) & Q1 be the corresponding Us(w) in (14), part (iii) of Theorem 16, when we
consider the restriction of ®(t,w) on Q1. U(w) is also a C-linear subspace of C™.

For any v € C™, we can write u = Zle u; with u; € Q; for each i. We are going to
prove that if uy ¢ U(w), then

k
.1
Jim = log (Z; H‘I’(Rw)ui\\z) = 11(Q1,w).
First, by the definition of U(w) and (14), we see that

i 7 log ([8(t,w)ull2) = 11(Qr, ). (19)

On the other hand, by our assumption, we see that for any i € {1,... k},

. 1
Jim - log (|22 w)uill2) < v1(Qr,w).

13
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Hence, fiz any € > 0, there is a T'(¢), such that when t > T(€), we have that
1
Z 1Og ||(I)(t7w)uz‘|2 é Vl(Qla W) + €,

forany i€ {1,...,k}. So, whent > T(e),

k
Yo le(t whuillz < k- eap (t(1(Qrw) +6))

=1
and then
1 k
limsup —log | Y [|®(t, w)uillz | < v1(Q1,w) +e. (16)
t—+o0 t i—1

Because € > 0 is arbitrary, together with (15), we can conclude that

k
1
Jim - log (Z Hq’(t,W)uz'||2> = 11(Q1,w).

=1

Finally, we see that there is a constant C' > 0 only depending on the decomposition
C"=Q1D- - ®Qyg, such that for any v € C™ uniquely written as v = Zle v; with v; € Q;
for each i, we have that

k
CHvll2 <) llvillz < Cllol2.

=1

Then, if uy ¢ U(w), we conclude that

log Zf: | (¢, w)ui]|2 ) — log C loo || ®
(Z ) “15C_loga(tw)ull

lim <
fee t t—+o00 t
log (Zle H(I)(taw)UiHQ) +logC
< lim ’
t—+o00 t
and in both sides, the limits are v1(Q1,w) = max<i<k 1 (Qy,w). -

Next, because of Assumption 3 and the assumptions in Theorem 16, we can work with
(9, F,P) that is the product probability space of (R¥*? B(R¥*?) Py )y, where B(R4*4)
is the Borel o-algebra of R¥?, Specifically, 2 = (R¥*)N and a sample w € Q is a sequence
of matrices in R%*?, namely,

w=WO wh Heaq. (17)

We consider the metric dynamical system (€2, F,P) induced by the shift operator 6 : 3 — Q
that maps a sample w as in (17) to

Ow = (WD w0,

14
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which is clearly P-preserving. Additionally, (Q, F,P,6) is ergodic by the Kolmogorov’s
zero-one law.
With the preparations above, Proposition 3 can be proved straightforwardly.

Proof [Proof of Proposition 3| (i) (5) is a direct corollary of Theorem 16 and the ergodicity
of (Q,F,P,6). In particular, log R(Py ), where R(Py ) is the limit in (5), is the leading
Lyapunov exponent of the linear random dynamical system induced by A(w) = W with W
being the first matrix in the sequence w.

(ii) To prove (6), one needs to verify the condition (4) for Id+ W® provided Assumption 3.
We use 1(+) as the indicator function. Then, we see that

E |max {log||1d + BW©||5,0} | <E [log (1-+|8]|W"2)]
<E [log(1+ (801 (IOl < 1)] +E [log (1 + 1) IW ) 1 (IOl > 1)]
< 2log(1+8]) +E [log [WO||, - 1 (JW ], > 1)]
= 2log(1 + |A]) + E [max{log HW(t)HQ,o}] < .

Therefore, one can apply Theorem 16 to the linear random dynamical system induced by
A(w) = I 4+ W, with W being the first matrix in the sequence w, and (6) follows directly
from Theorem 16 and the ergodicity of (2, F,P,0). In particular, the largest Lyapunov
exponent of this linear random dynamical system is log R(3, Py ), where R(3,Py ) is the
limit in (6). [

Ergodic theory has appeared in analyses of oversmoothing, but for a different mathemat-
ical object than the one used in our work. Wu et al. (2023a) analyze attention-based GNNs
using product of aggregation matrices, where a sequence of matrices { M (k)} is ergodic if
limy— 0o B HZ:O M®) = 0, with B being the orthogonal projection onto the complement of
span{1}. This is used to prove exponential oversmoothing upper bounds with joint spec-
tral radius. By contrast, we rely on the multiplicative ergodic theorem (Theorem 16) for
products of i.i.d. random matrices. This yields almost-sure asymptotic oversmoothing rates
which is sharp in many cases. To the best of our knowledge, such Oseledets-type analysis
has not appeared in prior GNN oversmoothing theory, which has used spectral properties
of fixed graph operators (Oono and Suzuki, 2020; Cai and Wang, 2020) or ergodicity /
joint spectral radius of time-varying aggregations (Wu et al., 2023a) rather than Lyapunov
exponents of random matrix product.

3.2 Preliminary on Tensor Product Space

This section sets up more preparations for presenting the proofs of Theorem 4 and Theo-
rem 5.
For a y € C% and a € C", we use the notation

YR =yp

to denote the d x n dimensional matrix y¢ ', which can also be identified with C?*™. On
the other hand, any element in C**™ can be written as a finite linear combination of some
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y; @ ¢;’s for y; € C% and ¢; € C". That is, for any € C¥*™, one can assume that z has a

form of
z = Zyi @ P
i

We remark that, in general, the above linear combinations of y; ® ¢; may not be unique.
To get a unique decomposition, we need to fix a basis of either C* or C™.

Suppose that P has p Jordan blocks with eigenvlues Aq,..., A, and sizes n1,...,n,. By
Remark 2, without loss of generalization we can assume that

1:)\1>‘)\2|2--~2’/\p’, and nq =1.

Denote Vi,...,V, C C" as the corresponding generalized left eigenspaces for A; of P. For
each Vj, i € {1,...,p}, there exists a basis of Vi, @i 1,...,¢in,, satisfying that

Pcpi,j = Ai‘-Pi,j =+ ©ij+1, j = 1, RN 1, and PSDi,m- = )\zSOz,nz (18)

In particular, according to Remark 2, we have that Vi = spanc{¢i1}, with 11 = 1,, =
(1,...,1)T € C™. After fixing the basis {; ;} of C", we have the decomposition

CPm=CleC'=(C'eV)®- - (C aV,). (19)
That is, for any z € C**™, there is a unique series of {yi;}, such that
P ng
r=Y ) Ui ® i (20)
i=1 j=1

For any 2 € C¥™ with x uniquely written in the form of (20), we can define a norm ||z||p
by

P ng
lzllp =" llyiglle, (21)

i=1 j=1

where the norm |y; |2 is the usual L2mnorm for a vector in C?. Recall that the Frobenius
norm of z is defined by, if we write = (z1,...,z,) for 2;’s in C%, then

n >
)| = (Z !%‘H%) ,
i=1

where the norm ||z;||2 is also the usual L?-norm for a vector in C?. Because the corre-
spondence between z and the series {y; ;} forms a linear isomorphism on C¥" we know
that the norm ||z||p is equivalent to the norm ||z||z. More precisely, we have the following
proposition.

Proposition 19 There is a constant Cp > 0 depending on the matriz P, such that for any
z € C™" we have that

1
oozl < llzllp < Cplz]F.
P

16
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We omit the proof of this proposition. But for our purpose to estimate the vertex similarity
measure as defined in Definition 1, we need the following definition and proposition.

Definition 20 For any x € C™™ uniquely written in the form of (20), we define

P ng
T=T—y11Qp11 = Zzym @ pij-
i=2 j=1

In Definition 1, we defined the quantity >7 ; ||z; — z||3 with 2 = 2 3" | 2; = Lapy; € CL
This quantity equals to ||z — Z ® ¢11]|%. We remark that, in general, y; ; for z may not
necessarily equal to Z, and hence ||z — Z ® ¢1 1| may not be the same as ||Z||r. On the
other hand, these two quantities are equivalent in the following sense:

Proposition 21 There is a constant Cp > 0 depending on the matrix P, such that for any
x € C¥xn,

1 - _ ~
o zlr <llz —2® p1a]lr < Cpliz]lp. (22)
P

Proof We define a linear map 7' on C¥*" by T'(z) := z —  ® ¢1,1. Then we see that the
kernel of T is Ker(T) = C?® V;. Hence, T induces a linear isomorphism from C4*" /Ker(T)
to Im(T"). Because we have the unique decomposition (19) and (20), the norm ||Z||z can
induce a norm on the quotient space C4*"/Ker(T). Hence, ||Z| is equivalent to |T(z)| r
up to a constant depending on T'. This finishes the proof of (22). |

3.3 Proof of Theorem 4

This section proves Theorem 4.

3.3.1 RANDOM GNN DYNAMICAL SYSTEM ON TENSOR PRODUCT SPACE

We consider a linear random dynamical system ®(t,w) on C¥" over (2, F,P,#), induced
by

A(w) . (Cdxn _ (Cd ®C" N (Cdxn _ (Cd ® (Cn7
P n P (23)
T = Z Zy” ® @i j Z Z(Wy”) ® (Pij),
i=1 j=1 i=1 j=1

where W is the first matrix in the sequence w. This linear map is well-defined, as if we
regard = as a d x n dimensional matrix, then A(w)r = WxzPT. Then, we see that the
dynamics (nrs) with o being the identity map is precisely driven by ®(¢,w). More precisely,
if we write that, by abusing our notations,

Tnrs(0) = Z 2 Yi,;(0) ® @5 5, (24)

i=1 j=1

17
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then for t € N,

Tnps(t) = <I>(t w) (0) = A0 w) - - - A(Aw) A(w)z(0)
= Z Z ( LW )yi,j(0)> ® Ply . (25)

i=1 j=1

For notation purpose, we let W1 be the identity matrix.

By the definition of the action of A(w) in (23) and (18), one can easily see that C¢® V;
is an invariant subspace of A(w) and ®(t,w) for any ¢ € {1,...,p} and any t € N,w € Q.
Furthermore, by induction, one can show that for each i € {1,...,p},j € {1,...,n;},

n;—j
o[t
Pt(ﬂi,j — Z )\: <S> Pij+s- (26)

s=0

Hence, we see that (25) becomes

P ng J ]
- Z (Z )\;*(st) ( . t )W(t—l) e W(l)W(O)ym(O)) ® i ;. (27)
1

— S
i=1 j= s=1 J

To simplify our notations, we define

J
—(i— t
;i (1) = A=) W=D gy O, s 28
o) =370 L s 0) (28)
For notation purpose, we let (?) =0if 7> 0 and let ({)) =1if j > 0.

The forms of (27) and (28) suggests us to consider the following linear random dynamical
system on C%: for any y € C?, we define @y (t,w)y by

Theorem 16 applies for @y (t,w) since (4) is assumed. Denote v}" > ... > I/ > —00 as

the ordered Lyapunov exponents of ®y(t,w) on C? as in Theorem 16, Wthh are almost
surely constants on (2 according to the part (v) of Theorem 16 since (€2, F, P, ) is ergodic.
We then have that for any w € 2,

1 .
Jim log|[Bw(twlyle = v, Vye UV @N\Uiw), ie{l...d"}  (29)

In particular, we see that U}V = C%.
Next, similar to Definition 20, we can define

P

5nrs(t xnrs Z Z yz,] ® Pig- (30)

1=2 j=1

We remark that under this definition, we have that Zp.s(t) = ® (¢, w)(zns(0)). We have the
following lemma for ||Zpns(t)]| 7

18
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Lemma 22 Fiz anw € . For any z(0) in the form of (24), if y2.1(0) € UV (W)\UJY (w) =
CN\UY (w), then for the corresponding x(t) in (27), we have that

.1 ~
i 10g [ e (£) 1 = log [Ne] + 1" (31)

Proof We are going to prove that limy_, o 1 10g || Znrs(t) || p = log [Ao|+2]" first. According
o (21), (28), and (30), we see that

p n,;
|Zus()llD =Y > My (D], = ol 1w (£, w)y2.1(0 Hz+ZHyzg H2+ZZH%J )l2-

i=2 j=1 =3 j=1

Because we assumed that yo1(0) € CY\UJV (w) and by (29), we first see that
i 1
Jim = log (o] |®w (¢, w)y21(0)12) = log [Aof + 11" (32)

On the other hand, (29) also implies that limt_>+oo%log |®w (t,w)yll2 < v}V for any
y € C Fix any € > 0, there is a T'(¢), such that when ¢ > T'(¢), we have that

1
2 log [ ()i O]l < o1 + e,

for any ¢ € {2,...,p} and j € {1,...,n;}. By (28), we see that for any i € {2,...,p} and
jE {1,...,711'},

J

—(J—s t n

s @l < 31 Y o (el < nhafeep (101 + 0).
s=1

So, when ¢t > T'(e),
[Znes (D)l D < n*Aof't"exp (t1" +€))
and then

1
limsup —log | Znes () | p < log [Xa| + 17" + e, (33)

t——+o0

Because € > 0 is arbitrary, together with (32), we can conclude that

" -
Jlim_—10g [ ars (1) 1o = log ] + 1.

Then, by Proposition 19, we see that

log || Zurs ()| p — log € Lo — log ||Fus ()| p + log C
ti OB ZR0BCE iy g ) < i PEITanOl0 + To8Cr
t—+o0 t t—+oo t t—+00 t
and in both sides, the limits are log [Xa| + v{". [ |

Similar to the proof for Lemma 22, one can directly get the following lemma for ||@ns(t)|| ¢
and p(xns(t)).
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Lemma 23 Fiz anw € Q. For any ns(0) in the form of (24), ify11(0) € UV (w)\UY (w) =
CN\UY (w), then for the corresponding xns(t) in (27), we have that

1
i log e (0)]7 = log | + 1 = v, (34

If we further assume that y21(0) € CA\UY (w) and v}V > —oc0, then

1
i log (1)) = log ol (35)

Proof The proof for (34) is the same as the proof for Lemma 22. For (35), we notice that

||55nrs(t) - xnrs(t) & 301,1”%‘
||xnrs{t)”%“

as discussed after Definition 20. By Proposition 21, we see that

(@nrs(t)) =

9

log ||5nr5(t)||F —logCp

1 -
i < - — Tore
Jim n Jim - log [lans(t) = 2uis(t) ® p1alp
< lim log || Znys(? )HF‘FIOgCP,
t——+o0 t

and in both sides, the limits are log |A2| —i-l/ by Lemma 22. Hence, we can conclude (35). B

3.3.2 PROOF OF THEOREM 4

We notice that Lemma 23 with vV = log R(Py) already implies Theorem 4 for almost
every 2ns(0) € C¥™, because if we use the form (20), for any fixed w € Q, the set

{a: e C¥m | 11 € UV (w) or ya € UY (w)} (36)

is the union of two proper C-linear subspaces of C¢*" and hence has zero Lebesgue measure
in C¥", We can also get the conclusion for almost every z(0) € R¥*™ once we have the
following fact:

Lemma 24 Assume that U ;Cé Co*™ s a proper C-linear subspace of C¥*™, then U NRIX™
is a proper R-linear subspace of R4,

Proof Let {el}an be the standard coordinates vectors of R%*", that is, 1 on the i-th entry

and 0 on the other entries. If R = U NR¥™ then we have that {e;}?1" C U. As a
consequence,

C™ = spang{e; }X" C U, (37)

which is a contradiction. [ |
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3.4 Proof of Theorem 5

This section proves Theorem 5.

3.4.1 RANDOM RESIDUAL GNN DYNAMICAL SYSTEM ON TENSOR PRODUCT SPACE

The linear random dynamical system ®(t,w) associated to (rs) is defined on C%*" over
(Q, F,P,0), induced by

A(w) . (Cdxn _ (Cd ® C" N Cdxn _ (Cd ® (Cn7
P ng P ng (38)
x = Z Zyzg @ @i T+ Oéz Z(Wy”) ® (Ppi;),
i=1 j=1 i=1 j=1

where we still used the unique decomposition (20) for any = € C?¥*", and W is the first
matrix in the sequence w. This linear map is well-defined, as if we regard = as a d X n
dimensional matrix, then A(w)xr = x + aWxzPT. Then, we see that the dynamics (rs)
with ¢ being the identity map is precisely driven by ®(t,w). For any z.(0) € C*™,
Tys(t) = ®(t,w)5(0) = A0 w) -+ A(Bw)A(w)z5(0) in the dynamics (rs). For notation
purpose, we write

P n P n
ws() =D v (1) @ @ig, ws(0) =D 1i5(0) @ iy (39)

i=1 j=1 i=1 j=1
By the definition of the action of A(w) in (38) and (18), one can easily see that C¢® V;
is an invariant subspace of A(w) and ®(t,w) for any ¢ € {1,...,p} and any t € N,w € Q.
Hence, for each i € {1,...,p}, let v1(C? ® V;) be the largest Lyapunov exponent of ®(t,w)
restricted on C?*®V;, which is a constant for w € Q by ergodicity and part (v) of Theorem 16.

Next, similar to (30), we still define

p

Tys(t) = mys(t) = Z iyz](t) ® i j- (40)

i=2 j=1

P

We remark that under this definition, we have that Z,s(t) = ®(t,w)(zs(0)).

Lemma 25 Fiz an w € Q. There is a set U(w) consisting of the union of two proper
C-linear subspace of C4*™, such that for any x.(0) € C*>*™\U(w), we have that

1 g N T g
i 1og an(0)lr = max sy (C1 O V), lim; 1og |Fie(t) 7 = max 11 (C1 @ V),

(41)
As a corollary, if maxj<i<p 1 (CT®@ V;) > —o0,
. 1 . d : d
t_l)lgloo % log pu(zs(t)) = min {21(2?%7 (C*"@V;) — 1 (C*® V), O} . (42)

Proof (41) is a direct application of Proposition 18, and the proof of (42) is the same as
the proof of (35) in Lemma 23. [ |
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3.4.2 PROOF OF THEOREM b5

Now, we are going to use Lemma 25 and (38) to estimate v1 (C?®V;)’s for each i € {1,...,p}.
Again, assume that z(¢) has the form (39).

First, (18) gives that Py; ,, = Xiin,. Hence, A(w)(Yin, @ @in,) = (Id+aX\W)y; n,) ®
©in;- Hence, apply Theorem 16 and Proposition 3 (ii) to the linear random dynamic system
Ai(w)y = (Id + a)\;W)y, we see that there is a proper C-linear subspace U;(w) of C¢, such
that if y; ,,(0) € C\U;(w), then

. 1 . 1
Jlm : log [|Yin,; (t) @ wimllF = Jim -~ log Yin; (t) ® winllD

= lim_ % log H (Id + aAiW“*l)) . <Id + a)\iW(l)) (Id + a)\,-W(O)) yin: (0) H2 (43)

= log R(a\;, Pw),

where the first equality is by Proposition 19 and the last equality is by Proposition 3 (ii).
Because for any i € {1,...,p} and any t € N;w € Q, C?® V; is an invariant subspace of
A(w) and ®(t,w), we see that v1(C? ® V;) > log R(a\;, Pyy), and if n; = 1, we have that
11 (C?® Vi) = log R(a\;, Py).

Hence, by (42), because A\; = 1, we see that

. 1 . d N d
til?ooﬂlogu(:crs(t))—mln{Qrg?égyl(C ® Vi) — 11 (C ®V1),0}

= min { max v1(C? ® V;) — log R(a, Py ), O}
2<i<p

> min { max log R(a\;, Py ) — log R(a, Pyy), O} ,

2<i<p
where the last inequality is an equality if n;, = 1 for all ¢ € {1,...,p}, that is, if P is
diagonalizable in C. This finishes the proof of Theorem 5.
3.5 Proofs for Section 2.2

This section collects proofs for results in Section 2.2.

3.5.1 PROOFS OF THEOREM 6 AND THEOREM 7

Proof [Proof of Theorem 6] Again, because of (38), we see that C¢ ® V;’s are invariant

subspaces of the action A : x — z+aWaP' forany i € {1,...,p}. According to Lemma 25,

we only need to estimate v1(C? @ V;) for each i € {1,...,p}. We fixani € {1,...,p}.
Hence, as in (39), we assume that

n; U
Trs(t) =D vig(O) @ @ij, 2s(0) = 4i5(0) @ i .
j=1 j=1

We can explicitly compute y; ;(t)’s in the following: by induction, one can first show that

g

Tys(t) = kz:% <2) oFWEL(0)(PF)T = kZ:O (;) aF Z(kal.7j(o)) ® (Pko; ).

J=1
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By (26), we see that the right hand side of the above equation equals to

k=0 Jj=1 =J
EOE[E (] on
S [EE (e ] e

S5 S O o] oo

s=1 [j=1k=s—j

where we used the notation that (Z) =0 1if b < a. We notice that

(2) (i) T —%!k! (k- <s—];!>> (s — ) (siy) (Z:((:l?))

So,

=1 k=s—j
B -;(QW)H <s ij) k:i_ <zi: ( >> (X)) 5(0)

Hence, by (21), we see that

ng

(@)D <> lyis(t)ll2 < nyt™ max ZH@WHZ 11 + aXi W)= 5]y 5 (0)]|2
s=1

< C(ni; o, A, Wi {llyi,5(0)12}) 'th(Id+a/\iW)t "2,

where we used C(n;, o, A\, W, {||y;,;(0)||2}) to denote a constant depending on n;, a, A, || W2,
and {||y;;(0)||2}’s, which is independent of ¢. Hence,

1 1
v1(CY® V;) = limsup - log ||z(t)||p < limsup - log ||(Id + aX; W) " |,
t—+too t—stoo Ut
= log p(Id + a\; V),

where the last equality is because of Gelfand’s formula. Together with the proof for Theo-
rem 5, we see that for each i € {1,...,p}, 11(C% ® Vi) = p(Id + aX;W). This fact together
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with Lemma 25 finishes the proof. |

Proof [Proof of Theorem 7| (i) Take Ao € spec(P)\{1} C (-1, 1) achieving I\l

max
A€spec(P)\{1}
It follows from 1+ Ag(2aRepup + 1) > 0 that

(1+ aXoRe(u0))? — (Ao + aroRe(uo))? = (1 = Xo)(1 + Ao(2aRepo + 1)) > 0,

which implies that

p(I + aXoW) > 1+ aodopo| = (1 + ahoRe(un))? + (@holm(410))?) /2

1/2
> (Ao + adoRe(ko))” + (aXolm(0))2) * = Ao - [1+ apto] = Ao - p(I + W),
where the inequality is guaranteed by aRe(ug) + 1 > 0. Therefore, if

max  p(L +a\W) > p(I + aW),

Aespec(P)\{1}
then,
Jlimja(es(8) /2 > mj;‘;;;:;if:z:p}gﬁ XVAVV)W -
Aespee( P)\{1} A= tg?w“(xnrs(t))l/%-
Otherwise,

lim  p(as(t) V2 > maxxespec(P)\ (1} AL+ AW) (I + adoW)

t—+o0 B maX\espec(P) p(I + Oé)\W) N p(I + OdW)
>\ = A= 1 s (0))/2.
0 Aespg(agg\{l}! | =, tm (@ (t))

(ii) Take a A € spec(P)\{1} C (—1,1) with 2Repo + (A + 1)|po|* < 0, we see that

p(I + aXW)? — p(I + aW)?
> ((1+ aARe(p0))? + (@AIm(uo))?) — ((1 + aRe(uo))® + (alm(pp))?)
= 2a(X — D)Repp + a*(A\* — 1)|po|* = a(X — 1) (2Repo + a(A + 1)|uo?) > 0,
which implies that
p(I + adW) > p(I + aW).

We can thus conclude that

1ot 5 MAXespec(P\(1} AU+ aAW)

li rs(t =1> Al
t—}-&-moou(x (1) T maX)egpee(p) P + aAW) AESpgg(aIg()\{l} A
which completes the proof together with Theorem 4. |
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3.5.2 PROOFS OF THEOREM & AND THEOREM 9

We first present a proposition that implies Theorem 8 immediately.

Proposition 26 Assume that Assumption 3 holds and in addition that W®) s entries are
drawn i.i.d. from N(0,72). Then, for 3 € R, the R(3,Pw) defined in Proposition 3 (ii)
satisfies that

log (8, Pw) = 5Elog (1+ B7€) + Br°x31)

where & ~ N(0,1) is a 1-dimensional standard real Gaussian distribution, and X% | is a
chi-squared distribution with d — 1 degrees of freedom that is independent of €.

Proof [Proof of Theorem 8| Theorem 8 is a direct corollary of Theorem 5 and Proposi-
tion 26. |

We then present the proof of Proposition 26, with the main tool being Proposition 2.1
in Cohen and Newman (1984). For the convenience of the readers, we adopt the statement
of this proposition in the settings of our Proposition 3 (ii).

Theorem 27 (Cohen and Newman (1984, Proposition 2.1)) Suppose Assumption 5
holds. If B € R and ||(Id + BW®)z|lo has a distribution which does not depend on
z € ST C R?, where S*1 is the unit sphere in R?, then

log R(B,Pw) = Elog || (Id + BW )ey 2,
where e; = (1,0,...,0)" € Re.

Proof [Proof of Proposition 26] By Theorem 27, we need to verify that ||Id+ W ®)z||, has
a distribution which does not depend on x € S*~1. We notice that for any x € Sdil, there
is an orthonormal matrix Q@ € R?¥*? such that = Qey, where e; = (1 O ,0)T € si-1,

We are going to show that the entries of W)@, which we denote as {Z } s, are also i.i.d.
Gaussian distributions A/(0, 72). By definition, we see that Z;; © Zk 1 Z.k ij, which is a

linear combination of Gaussian distributions, and hence Zi(j) is also a Gaussian distribution.
Also, for (i1,71), (i2,j2) € {1,...,d} x {1,...,d}, we have that

d
E [22(3122(22)] =E Z Wi(ltl)cQ ki1 ZQZQZJQ Z Qk]lQlJ2 [ zll)ch(gtl)}

k=1 k=1

iol

w® If4; =ig, then E [Wl(lt,)CW( )} = 726}, and then E [Z( ) 7® } = 72 Dok y Qrjr QujyOx1 =

zzl 12l 1171 112

T Zk Qrjy Qrj,- Because @ is an orthonormal matrix, its columns consist of an orthonor-
mal basis of R%. Hence, E [Z( AR } =72, Qrjy Qrjy = 720;,5,- We can then conclude

If iy # ig, then E [W( Tyt )] = 0 for any k,l € {1,...,d} because W(t,)C is independent of

1171 12
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that the entries of W Q are also i.i.d. standard Gaussian distributions N(0,72). Re-
peating the same arguments yields that the entries of QTW®Q are still i.i.d. standard
Caussian distributions A/(0, 72), which implies that the distribution of ||(Id + AW ")z, =
|(Id + BQTW®Q)ey||2 is the same as the distribution of ||(Id + SW®))eq||o and is hence
independent of z € S41.

Therefore, we can apply Theorem 27 and conclude that

1
log (B, Pw) = Elog | (1d + SW")ex s = SElog ((1+ 7€) + F7°X1)

where ¢ is a 1-dimensional standard Gaussian distribution N'(0, 1), and X?l—l is a chi-squared
distribution with d — 1 degrees of freedom that is independent of &. |

Next, we present the proof of Theorem 9, for which we need the following lemma.
Lemma 28 Let £ ~ N(0,1) and fir b > 0. The function

f(a) :=Elog ((a+&)* +b)
is strictly increasing on (0, +00).

Proof It can be computed that

1 _n?
f(a):m/Rlog((a+n)2+b)e 7 dn,

and that
+ 77 _n? V2 N _ma?
’ a) / (a e 2dnp = — e 2 d
7 T Vor e @t )2 +b "= w2t K
2 +o00 (n—a)2 +oo (—n—a)2
:f(/ -t dn+/ n_ o dn)
ﬁ 0 b 0 77 + b
+oo 2 2
(n—a)® a) (n+a)
dn >0,
EIA=1G
which completes the proof. |

Proof [Proof of Theorem 9| By using Lemma 28, one can compute for any A € spec(P) C
(—=1,1) that

Elog ((1 + aAT§)2 + a2)\272§§_1) = Elog ((1 + oz|)\|T§)2 + a2)\27'2x§_1)
=By, Eclog (1 + a|A[76)* + o A*72x7 )

1 2
= log(a2/\272) +Ey, E¢log (( N + 5) + X¢21—1>
1 2
> log(a2)\272) +E,, E¢log ((om- + §> + X3_1>
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=2log |\ +E,, ,E¢log (1 + até)® + o*7x5_4) -

Therefore, we have
1 1
exp <2Elog (1 +arté)® + 042)\27'2531)) > |\ exp <2E10g (1 +aré)® + a272£§1)> ,

which combined with (10) leads to that

max  exp (%Elog (1 + AT+ X273 _,))

li Wt 1/2t N A€spec(P)\{1}
i plen ()5 2 respee(P) ¥ (3Elog (1 + aX7€)? +a?X212x] )
€spec

> A= 1 nrs(? 1/2t'
Aspelgg;\{l}ll Jm (s (t))

3.5.3 PrROOF OF THEOREM 10

For any A € spec(P), one can estimate that

1/t

RieAPw) = lim_[[(T+axw D) (14 aaw®) (1+axw®) |

li
t——+o0
<1+ aArw <14 ary.
Moreover, for A € spec(P)\{1} and a < 1/ry, it follows from
[+ axw Oy = llyl = alx |WOy| = (1= allrw) 1yl
that
H (1 + oz)\W(t’l)) . (I + oz)\W(l)> (I + a)\W(O)) y” > (1— alAr)t Iyl -

One can thus conclude that

m [[(r+ e @) (14w ®) (1+axw©) Hl/t > 1 — afAlrw,

li
t—+00

R(aA, Pw) =

and hence that

lim (l’ (t))l/Qt > maXiespec(P)\{1} R(Oé)\, IP)W) 1—arw minAESpec(P)\{l} |)‘|
1o oo H TS T maX)egpec(p) RN, Pyw) T 1+ ary ’

If we further assume that

ary ( min |\ + = max W) <1— max |\,
A€spec(P)\{1} A€spec(P)\{1} A€spec(P)\{1}

then we notice that

1- i A
arwy mln,\egpeC(P)\{l} | | > max |A‘
1+ ary Aespec(P)\{1}

This together with Theorem 4 finishes the proof.
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3.5.4 PROOFS OF THEOREM 12 AND THEOREM 13

Proof [Proof of Theorem 12] It can be computed directly that

log R(aA, Py ) = lim — log H (I + aaw = 1’) (I + a/\W(l)> (I + a)\W(O)> H

t—+oo t
S - (4) (t)
J 't
= 1II<1;‘1<th lim : 10g ‘1 + a)\w = 1IE?<XdE [log ‘1 + a)\wl H y

where we used Proposition 18 and the last step is from the strong law of large numbers.
The Theorem 12 follows directly from Theorem 5. |

Proof [Proof of Theorem 13| For any A € spec(P)\{1} C (—1,1) and any i € {1,...,d},
because o maxj<;<qr; < 1 and P; is symmetric, we have that

E [log ’1 + a)\wgt) H =FE [log (1 + a/\wgt)ﬂ
1IE [log (1 + a)\w(t))} + 1IE [log (1 — a)\w(t))} = %E [log (1 — 042)\2(10?))2)}
fIE [log (1 —a?(w t)) )} IE [log (1 + aw( )>] + %E [log (1 - ozw,(t))}

(
—E[log(l%—awt)} [log‘l—i-aw()u.

| \/

This implies that

max max exp ( [log ‘1 + aAwEt) H)

lim H(CC (t))1/2t > A€spec(P)\{1} 1<i<d -1
fmrtoo B max max exp ( [log ’l + a)\wgt) H)
A€spec(P) 1<i<d

The proof is thus completed. |

4. Numerical Experiments

In this section, we validate our theoretical results and discuss some practical insights via
numerical experiments.

4.1 Experimental setup

Our experiments utilize three citation network datasets: Cora, CiteSeer, and PubMed (Yang
et al., 2016). In these datasets, vertices represent publications, and edges denote citation
relationships. Features are encoded as binary bag-of-words representations based on the
corpus vocabulary, where a feature value of 1 signifies the presence of a word in the paper and
0 indicates its absence. Each vertex is labeled with a class corresponding to the category of
the publication. For all three datasets, the graphs are treated as undirected, with symmetric
adjacency matrices A. We use the dataset versions provided in the PYTORCH GEOMETRIC
(PYG) library (Fey and Lenssen, 2019).
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For each dataset, we implement GCNs and residual GCNs with P = D~! A, considering
the linear activation ¢ = Id matching Assumption 1 and two nonlinear activation func-
tions: ReLU and LeakyRuLU, with the negative slope in LeakyRuLU being 0.8. ReLU
and LeakyReLU have the positive homogeneity property, matching in some sense the scale-
equivariant structure of the normalized node similarity measure. Other nonlinear activa-
tions such as tanh can change normalized dynamics and are not covered by our theory; we
leave a systematic study of such nonlinearities to future work. In all models, each message-
passing layer, i.e., (nrs) or (rs), is configured with 32 hidden dimensions, preceded by an
embedding MLP layer for vertex feature encoding and followed by an output MLP layer for
classification. We set o = 0.1 in all residual connections.

The properties of the datasets are summarized in Table 1.

Dataset  #Vertices #Edges #Features #Classes #CC Agrcc(P)

Cora  2708(2485) 5278(5069) 1433 7 78 0.99638
Citeseer 3327(2120) 4552(3679) 3703 6 438 0.99874
PubMed 19717 44324 500 3 1 0.99052

Table 1: Properties of citation network datasets: Cora, CiteSeer, and PubMed. We use the
versions available in PYG. Abbreviations: CC = connected components, LCC = largest
connected components. The numbers in parentheses indicate the numbers of vertices and
edges in the LCC of each graph. A2 pcc(P) = maxXyegpec(P|oc)\{1} |A] 18 the second-largest
magnitude of eigenvalues of P on LCC.

4.2 Vertex similarity of initialized GCNs and residual GCNs

We begin by comparing the vertex similarity at initialization with the standard method in
the PYG library. Specifically, the weights are initialized using the Xavier uniform distribu-
tion (Glorot and Bengio, 2010).

In Figure 1, we illustrate the evolution of both the normalized vertex similarity measure,
wu(x(t)), as defined in Theorem 1, and the unnormalized vertex similarity measure, ji(x(t)),

defined as

3

ilz) =) |l — 213, (44)

=1

on the largest connected component of each graph as the input z(¢) propagates through the
model with 1000 message-passing layers. Fach experiment is repeated 15 times. The solid
lines in Figure 1 represent exp(E[log uu(x(t))]) and exp(E[log fi(z(t))]), where the expectation
is taken over the 15 independent trials. The shaded regions indicate the standard deviation
across these trials.

As shown in Figure 1, the normalized vertex similarity measure, p(z(t)), for GCNs
decays at a faster rate compared to residual GCNs across all settings, corroborating our
theoretical findings in Section 2. Furthermore, the benefit of residual connections becomes
more pronounced when Mg ycc(P) is smaller. This observation aligns with our theory, as
Theorem 4 establishes that p(z(t)) of deep GCNs diminishes more rapidly when Ao 1,cc(P)
is smaller. We also plot the unnormalized vertex similarity measure, ji(z(t)), as defined in
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Figure 1: Vertex similarity measure of initialized GCNs and residual GCNs on the largest
connected component

(44). As seen in Figure 1, fi(z(t)) converges to zero exponentially fast for GCNs, while for
residual GCNs, it remains away from zero.
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Figure 2: Vertex similarity measure of trained GCNs and residual GCNs on the largest
connected component

4.3 Vertex similarity and performance of trained GCNs and residual GCNs

In this subsection, we present the vertex similarity and performance of GCNs and residual
GCNs after training. We utilize the “full split” mode in the PYG library to generate train,
validation, and test masks for each dataset. Specifically, 500 vertices are used for validation,
1200 vertices for test, following the setup in Chen et al. (2018), and all remaining vertices
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are used for training. The cross-entropy loss is employed, and the Adam optimizer (Kingma,
2014) is used to minimize the loss, with a fixed learning rate of 1 x 10™° and weight decay
of 5 x 10~%. Each model is trained for 3000 epochs, and all experiments are performed with
15 independent trials. The models are trained on an Nvidia RTX 4090 GPU.

Figure 2 shows the vertex similarity measure for trained GCNs and residual GCNs of 300
message-passing layers, with all other settings consistent with Figure 1. The observations are
similar to those in Figure 1. In particular, the normalized vertex similarity measure p(xz(t))
for GCNs decays more quickly than for residual GCNs. Additionally, the unnormalized
vertex similarity measure fi(z(t)) for GCNs converges exponentially to 0, while it remains
away from 0 for residual GCNs.

Next, we train GCNs and residual GCNs with 0, 20, 40, ..., 300 message-passing layers,
and compare their performance on the training, validation, and test sets. The training loss
and training classification accuracy are shown in Figure 3, while the classification accuracies
on the validation and test sets are displayed in Figure 4. In both figures, solid lines represent
the average values, and shaded regions indicate the standard deviation.

As shown in Figure 3, residual GCNs generally achieve lower training loss and higher
training accuracy as the model depth increases. In contrast, deeper GCNs experience larger
training loss and lower training accuracy. Similar trends are observed in the validation and
test accuracies, as displayed in Figure 4. Furthermore, deep residual GCNs consistently
outperform their non-residual counterparts, highlighting the effectiveness of residual con-
nections in building and training deep graph machine learning models.

We also briefly comment on the choice of activation. In both residual and non-residual
models, ReLU and LeakyReLU in general lead to faster decay of p and slightly worse
classification accuracy than the identity activation. This empirical gap is not covered by
our analytical framework and might be due to the extra coordinatewise contraction from
ReLU/LeakyReLU.

5. Conclusion

This work establishes the asymptotic oversmoothing rates for deep GNNs with and without
residual connections using the multiplicative ergodic theorem. Under suitable assumptions,
we show that the normalized vertex similarity of deep non-residual GNNs converges to zero
at an exponential rate determined by the second-largest eigenvalue magnitude of the aggre-
gation coefficient matrix. Furthermore, we precisely characterize the asymptotic behavior of
the normalized vertex similarity of deep residual GNNs, proving that it either avoids expo-
nential oversmoothing or exhibits a significantly slower rate compared to deep non-residual
GNNs across several broad classes of parameter distributions. These findings highlight that
incorporating residual connections effectively mitigates or prevents the oversmoothing issue.
Our theoretical results are strongly corroborated by numerical experiments.

Let us also comment on the limitations and future works. First, the current analysis
relies on the linearity of the dynamics, which does not account for nonlinear activations.
In particular, one could try analytical tools from nonlinear random dynamical system and
there exists some extension of the multiplicative ergodic theorem in the nonlinear setting,
say the stable/unstable manifold theorem. However, such extension holds in a random
local neighborhood of the equilibrium, making it hard to obtain a global oversmoothing
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Figure 3: Training loss and training classification accuracy of GCNs and residual GCNs

rate as in the present work. Second, the assumption that the parameters of each layer are
independently drawn from the same distribution may not hold for trained neural networks.
A potential idea is to start from the setting that trained weights are within a certain distance
from initialization, which is still limited though. Finally, our analytical framework assumes
constant aggregation coefficients across layers, whereas, in practice, different aggregations
could be used in different layers. One technical difficulty is also that it breaks the linear
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Figure 4: Validation and test classification accuracy of GCNs and residual GCNs

random dynamical system structure; for instance, attention-based aggregations make each
layer nonlinear in the parameters. These limitations and challenges present important
directions for future research.
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