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Abstract

This paper aims to develop tuning-free and robust regularized methods for partially linear
models based on partial residual methods. In order to preserve the near-oracle rate of
rank Lasso, we construct a new estimator via a data-splitting procedure and name the
resulting estimator as data-splitting (DS) rank Lasso, which is based on partial prediction
residuals. Thus, the proposed estimation procedure is distinguished from the traditional
partial residual based methods, which are based on the model-fitting residuals. We show
that the DS rank Lasso enjoys several appealing features including tuning-free property and
robust property to heavy-tailed random errors, and possesses near-oracle rate. We further
propose statistical inference procedures for individual coefficients using the debiased Lasso
techniques. The resulting estimator is termed the debiased DS rank Lasso estimator. This
paper reveals an interesting theoretical finding: the DS rank Lasso estimate achieves near-
oracle rate and the proposed debiased DS rank Lasso estimator does not suffer asymptotic
efficiency loss due to the use of data-splitting. We further establish a simultaneous inference
procedure based on multiplier bootstrap. We conduct Monte Carlo studies to assess finite
sample performance of the proposed procedures, and illustrate the proposed methodology
via an empirical analysis of a real-world data set.

Keywords: Data splitting, heavy-tailed error, tuning-free regularization, variable selec-
tion

1. Introduction

Statistical inference for high-dimensional linear and generalized linear models receives in-
creasing attention in the recent literature. See, for example, Chapter 7 of Fan et al. (2020a)
and references therein for a comprehensive account of this topic. Zhang and Zhang (2014)
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and van de Geer et al. (2014) proposed debiased and desparsified Lasso to construct infer-
ence procedures for low-dimensional regression coefficients based on the Lasso estimator.
A decorrelated score method was proposed by Ning and Liu (2017) to derive an inference
procedure for low-dimensional regression coefficients based on penalized M-estimators. To
have better finite sample performance, bootstrap-assisted procedures were used in Zhang
and Cheng (2017) and Dezeure et al. (2017) to conduct simultaneous inference based on
the debiased Lasso estimator. Inference on low-dimensional regression coefficients in high-
dimensional linear models has been considered by Belloni et al. (2014), Cai and Guo (2017),
Zhu and Bradic (2018a), Zhu and Bradic (2018b), Neykov et al. (2018), Javanmard and
Montanari (2018), Chang et al. (2021) and among many others. To address the limitation
that existing inference methods are not robust against heavy-tailed errors, several impor-
tant works have proposed distinct approaches: Feng et al. (2013) developed a rank-based
score test, Fan et al. (2020b) introduced a debiased rank Lasso estimator, and Cai et al.
(2025) proposed a debiased convoluted rank Lasso estimator. This paper aims to develop
robust statistical inference procedures for high-dimensional partially linear models.

Let Y be a response along with a p-dimensional covariate vector x and a univariate
covariate Z. The partially linear model was first introduced by Engle et al. (1986) and is
defined by

Y =x"By + g0(Z) + €. (1)

where ¢o(-) is a nonparametric baseline function, and € is a random error. Compared
with linear models and generalized linear models, there is much less work on inference
for partially linear models. Zhu (2017) conducted a nonasymptotic analysis, for a two-
step projection based Lasso estimator under the setting of p > n, and Zhu et al. (2019)
extended the debiased Lasso for linear models to partially linear models by using partial
residual techniques. Both works are based on penalized least squares with the Lasso penalty.
It is well-known that least squares is not robust to outliers and heavy-tailed random errors.
This motivates us to consider penalized rank regression (Wang et al., 2020) to achieve
robustness. Furthermore, rank Lasso enjoys the tuning-free property for high-dimensional
linear models.

In this paper, we first aim to develop a tuning-free and robust regularized regression
method for partially linear models based on partial residual methods. In order to preserve
the near-oracle rate of rank Lasso under mild conditions on nonparametric estimators, we
construct a new estimator via a data-splitting procedure. Specifically, we randomly partition
the entire sample into two subsamples with equal sizes, and employ the first-half subsample
to estimate the nonparametric functions, and then we obtain a rank Lasso estimate based
on the partial prediction residuals of the second-half subsample. See Section 2 for the
definition of partial prediction residuals. We further switch the roles of the two subsamples
and obtain another rank Lasso estimate. Thus, a natural estimator of By is the average
of the two estimators from the data-splitting procedure. This estimator is termed data-
splitting (DS) rank Lasso. We show that the DS rank Lasso enjoys several appealing
properties including the tuning-free property and robustness to heavy-tailed random errors.
We systematically study its asymptotic properties and establish its near-oracle rate.

Another goal of this paper is to develop robust statistical inference procedures for 3.
We apply the debiased Lasso technique to the proposed DS rank Lasso and propose a new
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estimator, termed the debiased DS rank Lasso estimator. We first establish the asymptotic
normality of the debiased DS rank Lasso estimator. The asymptotic normality reveals an
interesting theoretical finding: the proposed debiased DS rank Lasso estimator does not
suffer asymptotic efficiency loss despite the use of data-splitting. Based on the asymp-
totic normality of the estimator, we can construct robust confidence intervals for either
individual coefficients or any finite-dimensional subvector of By. We further develop a si-
multaneous inference procedure based on the multiplier bootstrap. We show that the two
proposed inference procedures are robust to heavy-tailed random errors. Furthermore, a
comprehensive numerical study demonstrates the effectiveness of the proposed estimation
and inference procedures.

This paper is organized as follows. In Section 2, we propose the DS rank Lasso estimator
for high-dimensional partially linear models and establish its theoretical properties. In Sec-
tion 3, we propose a debiased DS rank Lasso estimator for statistical inference for individual
coefficients in Section 3.1 and then develop a simultaneous inference procedure in Section
3.2. Numerical comparisons are presented in Section 4. Some discussion and concluding
remarks are given in Section 5. All technical proofs are included in the Appendix.

2. Rank Lasso for Partially Linear Models

It is assumed throughout this paper that my(z) = E(x | Z = z) is well-defined and finite.
Furthermore, we focus on settings where mg(z) = E(Y | Z = z) is also well-defined and
finite. Based on model (1), it follows that

E(Y | Z) = E(x| Z2)"Bo + 90(%), (2)
since it is assumed that E(e | Z) = 0. It follows from (2) that
Y —mo(Z) = {x —mx(Z2)} "By +e.

This leads to the partial residual method for estimating Bg. Specifically, denote Y =
Y —mo(Z) and X = x — mx(Z). If both mo(Z) and mx(Z) were known, we could directly
apply rank Lasso proposed in Wang et al. (2020) for

}7 = )’ET,BO + €.

In practice, both E(Y | Z) and E(x | Z) are unknown. Intuitively, we may obtain estimates
of mo(+) and mx(-) by regressing Y and x on Z, respectively. In particular, one may use
nonparametric regression techniques to estimate mg(-) and mx(-) so that the forms of the
regression functions are flexible. Once we obtain the estimated partial residuals from the
nonparametric regression, we can apply the rank Lasso to these residuals. To allow flexibility
in choosing the nonparametric estimators, we only assume the convergence rates of these
estimators without specifying their exact forms. However, overfitting in the nonparametric
regression may lead to poor performance of the rank Lasso if it uses the same data as the
nonparametric regression. We propose using data-splitting to deal with this challenge.

2.1 Data-Splitting Rank Lasso
We randomly split the data into two equal halves, D; and D,. For simplicity, assume the

sample size N is even, let n = N/2, and denote D; = {xgl),Y-(l),Z-(l),z’ =1,... ,n} and

(2 3
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[Data: D={x,Y,Z,i=1, ...,N}]
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Figure 1: Flowchart of the procedure for constructing the DS rank Lasso estimator.

{x Y, Z(2) =1,... ,n}. The strategy of the data-splitting rank Lasso can
be descrlbed as follows. We use the first half of the data to estimate mg(-) and my(-),
(1)

obtaining the nonparametric estimators m;’(-) and I/I\l)((l)('). Next, we use the second
half of the data to calculate the partial prediction residuals 171-(2) = Yi(2) - ﬁél)(Z -(2)) and

2 _ x® _ @0(z®) i _ 1.,

; ,n. Here, we introduce the term “partial prediction

residuals” to distinguish these residuals {Y 2) X 2)}" from the model-fitting residuals

{Yi(l) — ﬁz(()l)(Z a )), El) (1)(ZZ(1)) These partial prediction residuals are then used

7
to construct the rank Lasso estimator 5 J(AM), defined as

BOOW) = argurin{nn - 1} Y (T2 - 422) - (7 - @122+ A0 g1,

BeRr i#]

where AV is a tuning parameter to be determined by a data-driven method. Similarly, we
may switch the roles of D; and Dy and obtain the second rank Lasso estimator ,8(2)()\(2)).
The data-splitting (DS) rank Lasso estimator is then defined as

BOD)Y) + B (A@)
2 )

8=

where we use A and A\(?) to allow flexibility in choosing the tuning parameters. Figure 1
illustrates the overall procedure for constructing the DS rank Lasso estimator.

We next show that the proposed DS rank Lasso enjoys the tuning-free property (Wang
et al., 2020). Denote g(z,80) = E(Y | Z =2)-BgE(x | Z = z) = mo(2) —Bimx(2) = go(2)
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and gV (z, By) = ( )— 50 my{ ( ). Further define 6(2 = 2 —{ﬁ(l)(Zi@),,80)—90(252))}.
Thus, m((]l)(-), m)((l)(') and gV (-, By) are independent of {e ,i=1,...,n}. This is critical
for DS rank Lasso to retain the tuning-free property of the rank Lasso for linear regression
models. Denote v = 3 — By. By the definition of }71.( ) and X(Q),

nn =1} Y |FP - g% - (7 - g%
i#]
_ 2 2 ~(2) (2
= {n(n -1} 3l o) - & 27T = QP ).
i#j
Because Q2 (7) is piecewise linear in =y, its gradient is defined everywhere excluding the
linear boundaries. The gradient of Q(?) () with respect to ~ is

$P() = {nln -0} &Y - )sien{(e? — ) - & %))
i#]
= 2n( - D} YK Y sien{(e? — ) - & - %))
i=1 j=1,57#1i

Note that 377, ;; sign{(e; 2 - 65-2)) - ()ACZ(-Q) - §§2))T’y} depends on the rank of el(. )y x( )
over {eg- 'yTA( ) ,7=1,---,n}. Motivated by the tuning parameter selection framework

in Wang et al. (2020), we select 2D to satisfy
pr{A > ¢[|S®(0) [} > 1 — g

for constants ¢ > 1 and oy > 0. Under mild conditions on nonparametric estimators, S (0)
and 862) (defined below) are asymptotically equivalent with a difference of o,(1/logp/n):

D= —2n(n—D} YR Y sign(e? — ),

=1 j=1j#i

where {ZJ 1ji Sign(e E ) 6§»2)) »_, follows a uniform distribution over permutations of
2{1,...,n}—(n+1)={-—n+1,—n+3,...,n—3,n—1}. Following Wang et al. (2020), let
G(_S(l — ap) denote the (1 — ap)-quantile of the conditional distribution of HS(()Q) |loo given

§§2) 22 where | - lloc is the infinity norm. The quantile G(_S(l — agp) can be easily

simulated. We then set the tuning parameter A(!) for ,8(1 (AD) as

A = c{G@%(l —ap) + COW}? (3)

where ¢ > 1, and ¢, a9 > 0 are pre-specified constants. By swapping the roles of D; and
Dy, we analogously obtain A for 3 (A(?). The final DS rank Lasso estimator is

BLONDY) + BAN@)

B= 2

5
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2.2 Rates of Convergence

Let ¢ = ||Bollo, where || - ||o denotes the £y norm. Define B as the index set of the non-zero
components of By, and introduce the following cone set:

I={yeRP: ||vge1 < élvslli}

where ¢ = (¢+1)/(c¢ — 1) and c is the constant defined in (3). We denote the cumulative
distribution function and probability density function of €; — €; (for i # j) as F*(-) and
f*(+), respectively.

To establish the theoretical properties of the DS Rank Lasso estimator, we impose the
following regularity conditions.

(C1) There exist sequences 1, > 0 and p, = o(1) such that for [ € {1, 2},

~ (1)
T max sup|my’(z) — mu(z)| > r <o
P {ke{o,L...,p}zeg' k(%) k(2)] 2 n} < Pn

Here, ﬁ’bg) (z) and my(z) are the k-th components of m (z) and my(z), respectively,

where k € {1,...,p}. The sequence r, satisfies (||Bo|l1 V 1)r, = o(1) and (||Bo|1 V
1)r2 = o(y/logp/n), where || - || is the £; norm of a vector, and Z is the support of
Z.

(C2) We assume that X; = x; — mx(Z;) is sub-Gaussian with parameter o. That is, for
any unit vector e € RP, the random variable a™X; is sub-Gaussian with parameter at
most o.

(C3) The population covariance matrix 3 = E(X;X]) is positive definite.

(C4) There exist constants dp > 0 and ry, ky, > 0 such that infyc_5 50 f*(t) > s and
supser f*(t) < ky. There exists some Ly > 0 such that |f*(t1) — f*(t2)| < Li|t1 — to|
for any t1,t2 € R.

Condition (C1) plays a similar role to Assumption 5 in Zhu et al. (2019). It imposes
requirements on the model parameters (n,p,q,||Bol|1) and the uniform convergence rate
r, for the nonparametric estimators my(-). Although we focus on univariate Z; in this
paper, our results apply to z; € R? provided that Condition (C1) holds for r,. For standard
nonparametric regression estimators on a compact domain, r, is typically of order O[{log(pV
n)/n}"] under Condition (C2), after applying a union bound to the (p+ 1) estimators. For
example, under certain regularity conditions (Masry, 1996; Li and Racine, 2007), local
constant and local linear kernel estimators (Fan and Gijbels, 1996) can achieve a rate of
= O[{log(p V n)/n}?/®] when mg(-) and my(-) are twice continuously differentiable and
E(|Y;]¥) < +o0 for some s > 2. Consequently, Condition (C1) is satisfied for a wide range of
(n,p,4,]1Boll1)- Notably, this moment condition on Y; is much weaker than the sub-Gaussian
assumption imposed in Zhu (2017) and Zhu et al. (2019). This condition is only required in
the first-step for estimating the nonparametric functions and is not needed in the second-
step for estimating Bp. The uniform bound required in Condition (C1) can be relaxed to

an /o bound, that is, pr(maxke{0717._.7p} E[{ﬁzg)(Z@)) — mk;(Zi(Q))}2 | D] > 7",%) < pn. We

K2
assume the uniform bound to simplify the presentation and avoid technical complications.
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Condition (C2) assumes that the design matrix is sub-Gaussian, a common assumption
in high-dimensional regression (Fan et al., 2020a).

Condition (C3) is a standard assumption for high-dimensional design matrices and is
relatively mild as it concerns the population covariance (van de Geer et al., 2014; Javanmard
and Montanari, 2014; Zhang and Zhang, 2014; Ning and Liu, 2017; Zhang and Cheng, 2017).
Moreover, we only require X to be positive definite, without imposing uniform boundedness
on A1 (2) or |©]. Here, ® = 7! and ||©||; = maxy [|0%||1 is the 1 norm of ©, where
0y, is the k-th column of ©. Note that since X is symmetric, we have ||®]]; > Al (£). In
our theoretical analysis, we allow both ||®]|; and A~} (X) to diverge at a certain rate as n
increases.

The assumptions on random errors in Condition (C4) are substantially weaker than
those required in existing literature for high-dimensional partially linear models. For exam-
ple, Zhu (2017) and Zhu et al. (2019) impose sub-Gaussianity on random errors, thereby
excluding heavy-tailed distributions such as t-distributions. In general, Condition (C4) is
not restrictive and can be satisfied by a wide range of density functions. Two examples are
provided in Section A.6 of the Appendix.

To establish the theoretical properties of 31 (X ( M) for I € {1,2}, we first introduce the
following lemma;:

min

Lemma 1 Under Conditions (C1), (C2) and (C4), and on the event { . {Iélfux }sup \mk )(z)_
€ yLyeesP ZGZ

mg(2)] < rn}, we have the following results:

(i) There exists some Cy, > 0 such that pr{ﬁ(l)(/):(l)) —Bp el ) Dl} > 1704074]9—(031—1)’
where C,, — 00 as n — 00.

(i) For any C > 1, if ag > 2p_(c 1, then pr( < c1y/logp/n ‘ Dl) > 1—pexp(—n),
where c1 = c{co + 4v2C (230 +r,)}.

These results also hold when the roles of D1 and Do are switched.

Part (i) of Lemma 1 indicates that BOADY — By belongs to the cone set I' with high
probability. Part (ii) implies that A(!) has an upper bound of ¢;+/log p/n with probability
tending to one. Then, the following theorem establishes the ¢; and £5 convergence rates of

BORADY.

Theorem 2 Under Conditions (C1)-(C4), for any C > 1, if oy > 2p_(c2_1), then EU)(XU))
satisfies

18" q ) =Bl < 5v/qlogp/n,
1BYAD) = Bolli < (1+)dg+/logp/n,

with probability at least 1—8p~(C* Y —cy exp(—csn[{ Amin () /q}2/0* Al]+log p)— pn—ao—a,
for some universal constants ca,cs3 > 0, provided that 2{2(CoL,, + r,)(1 + ¢)gd+/logp/n +
2([1Boll1 V D)} < 8o and 16k,(]|Bollr V 1)72 < coy/logp/n, where § = 2(1 + ¢)[c1 +
32C{40(kydo V 1) + mp}]/{kiAmin(2)}, L, = /log(pVn), ayn, = 4p*(c721*1), with ¢1 and
Cy, defined in Lemma 1. Here, || - ||2 denotes the {3 norm.
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Theorem 2 demonstrates that under mild conditions on nonparametric estimators and
error distributions, the DS rank Lasso estimator achieves near-oracle rates comparable to
those of the rank Lasso estimator in linear models (Wang et al., 2020), as if the unknown
functions mg(-) and my(-) were known. Although Zhu (2017) obtained similar conver-
gence rates for a two-step projection based Lasso estimator, their analysis requires the
sub-Gaussian error assumption, which is substantially more restrictive.

Remark 3 Data-splitting allows the rank Lasso to achieve near-oracle rates under mild
conditions on nonparametric estimators. Suppose we use the full sample to construct both
the nonparametric estimators and the rank Lasso estimator. We define S(0) as the full-
sample counterpart of S(Z)(O). Following the tuning parameter selection framework in Wang
et al. (2020), we choose X such that X\ > ||S(0)||sc with high probability. However, if over-
fitting occurs in the nonparametric estimators, the quantity ||S(0)|lecc may no longer scale
as Op(+/logp/N). Consequently, without data splitting, the ¢2 convergence rate of the rank
Lasso estimator could fail to achieve the near-oracle rate of Op(\/qlogp/N). A toy example
illustrating this phenomenon is provided in Section A.7 of the Appendiz.

3. Robust Statistical Inference

In this section, we introduce a one-step update to the DS rank Lasso estimator for statistical
inference in high-dimensional partially linear models. We define the debiased estimator as

Bd,(l) _ ,3( +®T{n 12[41 i.l
i#£]
xsign{(ﬂ”—?.(”)—(ﬁg” =) }] /{4f
= B —e7sO(BY - By)/{4*(0)}, (4)

for each [ € {1,2}, where B = ﬁ(l)()\ ), and © and f*(O) are estimators of ® and f*(0),
respectively.

Estimator of ®. For simplicity, we directly apply a modified version of the nodewise
regression method proposed by van de Geer et al. (2014), as suggested in Zhu et al. (2019),
to estimate ©. As shown in the proofs of Zhu et al. (2019, Theorems 1 and A.1), this method
effectively controls the error bound 16 — Of1 = maxy |61, — 64]|1 under mild conditions,
where Bk and 0, are the k-th columns of © and ©, respectively. However, it is important
to note that any estimator capable of providing reasonable control over ||@ Ol can be
employed for this task.

Estimator of f*(0). Based on the observation that f*(0) = [0 f2(¢t)dt = E{f(e;)},
we estimate f*(0) by

0 =0t FUOED), (5)
=1

where f)@)) = (n— 1) 20, L K@)~ &) /n)/h and & = P — (27)TBO. Here,
K(-) is a kernel function, and h > 0 is the bandwidth. The final estimator for f*(0) is
defined as f*(0) = (f*’(l)(O) + f*’(Q)(O))/Z For this estimator, we impose the following

assumption:
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(C5) The kernel function K : R — [0,00) satisfies (i) K(t) = K(—t) for any ¢t € R, (ii)
7 K(t)dt =1, (iii) [ 2K (t)dt < oo, (iv) [T K?(t)dt < oo, and (v) there exists
some Ly > 0 such that |K(t1) — K(t2)| < La|t1 — to| for any t¢1,ts € R. Furthermore,
there exists some Lg > 0 such that the first derivative of f*, denoted (f*)’, satisfies
[(f*)(t1) = (f)(t2)| < Lslt1 — tof for any t1,t2 € R.

Condition (C5) is a standard assumption in kernel density estimation.
The rationale for the proposed debiased estimators stems from the following linear ap-
proximation

Vn®TSO(BO — 8o) /{4f*(0)} = vn@"SV(0)/{4f*(0)} + vn(BY — Bo).

While Hettmansperger and McKean (2010) and Fan et al. (2020b) derived similar expres-
sions for fixed-dimensional linear models, we extend their results to partially linear models
and allow the dimensionality p to diverge. Let F'(-) denote the distribution function of €;. It

can further be shown that the two terms —/n@F S (0)/{4f*(0)} and n=1/2 37", OESEZ(-I) {F(eg

1/2}/f*(0) are asymptotically equivalent. The following lemma formally states these re-
sults.

Lemma 4 Under Conditions (C1)—(C5), ||©||1Lng\/logp/n = o(1), |© — O||; = op(1),
18V lo = Op(a), and h = {[|®|l1glog(p)/n}*/* v n=1/5, B satisfies

B0 — gy = —©"8V(0)/{4f"(0)} + RY),
with
IR = Op[lI011v/al0gp/n{/all® — O] v |©ILu/glog p/n
VIO (IBolls v 1yra } \/ 101> L3/ (10g(p)} /4 (a/m) 4.

Furthermore, we have
~0750(0)/{4f*(0 —n—lz@ﬂw {F(e”) = 1/2}/1*(0) + R,

with
IR e = Op | [1©112{ (180l v 1)r2 v V/{[Boll V 1) log p/n V L log p/n } .

If we were to use only one of the estimators, B\d*(l) or Bd’@), for statistical inference,
this would result in a loss of efficiency, since each estimator asymptotically uses only half
of the data. However, full efficiency can be recovered by averaging Bd’(l) and B\d’@). The
intuition is that, by Lemma 4, Bd’(l) — B for I € {1,2} decomposes into a leading term,
n iy @Tigl){F(egl)) —1/2}/f*(0), plus a remainder term that is asymptotically negli-
gible. The two leading terms are independent and have mean zero, so Bd’(l) and Bd’@) are
asymptotically independent and unbiased. Therefore, we define the final debiased DS rank
Lasso estimator as
4 Bd 4 /Bd

pr=t P (6)

9
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and in the following section, we show that this debiased estimator achieves the same asymp-
totic variance as a full-sample oracle estimator. This means that data-splitting does not
lead to any asymptotic efficiency loss in our setting.

3.1 Inference for Individual Coefficients

In Theorem 5, we present the theoretical properties of B\g, the k-th component of the
debiased estimator 39.

Theorem 5 Under the conditions of Lemma 4, if in addition ||®||3L {log(p)}1/2q3/2n_1/2 =

o(1), I®I;(IBolls v D)rn(valogp Vlogp) = o(1), vul®[1(IBolls v Dri = o(1), and
|®]l1gv/10g p||® — Ol|1 = 0p(1), the debiased DS rank Lasso estimator Bk satisfies

VN (B = Bor) /@ 5 N(0,1),
for each k € {1,...,p}, where

SO SC)

o = 61> )8k /1207 (0},

with SO = =1y @ &R -7 and TV =ty 20

(]

Remark 6 Without data-splitting, some remainder terms in \/N(Bg—ﬁ()’k) may not vanish
if overﬁttzng occurs in the nonparametric estimators. This can lead to poor performance
of 5/‘3 A toy example, as used in Remark 5, is provided in Appendix A.7 to illustrate this
issue.

Based on Theorem 5, we construct the (1 — a)-confidence interval for fy ;, as follows:
Bl - 0711 - /2@ /VN, B+ 071 - a/2)@/VN],

where ®~1(1 — «/2) denotes the (1 — a/2)-quantile of the standard normal distribution.
Theorem 5 implies that under mild conditions, the asymptotic distribution of 3,‘3 behaves

as if the unknown functions mg(-) and my(-) were known. To elaborate, if mg(-) and my(-)

were known, we could define the debiased full-sample (FS) oracle rank Lasso estimator as:

Bl =B+ O™ {N(N -1} (& —x))sign{(V; - V;) — (% — X;)"B}/ {41 (0)},
i#]

where B and © are, respectively, the ordinary rank Lasso estimator (Wang et al., 2020)
and the nodewise Lasso estimator (van de Geer et al., 2014) for By and ©, based on

{%i,Yi,i = 1,...,N}, and f*(0) = {N(N = 1)} 1 320 K[{(Y; - V) — (%i - >~mTﬁ}/h]/h
Following arguments similar to those in the proofs of Lemma 4 and Theorem 5, it can be
shown that

VN(BE — Bo) /@ % N(0,1),

10
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where @ wk = HTEGk/[IQ{f*( )}2], 6}, is the k-th column of ©, ¥ = N~! SN & -X) (X —
X)" and X = N~! Z ', X;. Both ©&2/w? and &F/w? converge in probability to 1, where
wi = O/ [12{ (0 )}2] This implies that the proposed debiased DS rank Lasso estima-
tor achieves the same asymptotic variance as the debiased F'S oracle rank Lasso estima-
tor. The intuition is that, by Lemma 4, v/ N(8% — Bg) decomposes into a leading term,
N2 Zf\;l O"x;{F(e) —1/2}/f*(0), plus remainder terms; similarly, \/N(Bd — Bo) de-
composes into the same leading term plus its own remainder terms. These remainder terms
can be shown to vanish asymptotically under the conditions of Theorem 5. In Section B.1
of the Appendix, we provide simulation studies comparing inference based on the debiased
DS rank Lasso estimator with that based on the debiased FS oracle rank Lasso estimator.
The results demonstrate that data splitting introduces only minor efficiency loss in finite
samples when the sample size is moderately large.

As shown in Zhu et al. (2019, Theorem 1), the debiased two-step projection-based Lasso
estimator ,BLaSSO satisfies

> -~ d
\/ﬁ(ﬁg,Lasso - BO,k)/thaSSO — N(()? 1)7

. . A ~92 2 P, 2 _
under the sub-Gaussian assumption for €;, where thasso/thasso = 1 for Wi Lasso =

Ok xE(€?). Consequently, the asymptotic relative efficiency (ARE) of our estimator Bg
relative to B,‘j Lasso 18 12{f*(0)}?E(€?). This ARE can be substantially greater than one for
heavy-tailed error distributions (Hettmansperger and McKean, 2010; Wang et al., 2020). For
example, when ¢; follows a mixture-normal distribution with density fc(z) = (1 —¢)o(z) +
ep(x/3)/3 and e varies in {0.00,0.01,0.03,0.05,0.10,0.15}, where ¢(-) is the density of the
standard normal distribution, the corresponding ARE values are {0.955,1.009, 1.108,1.196,
1.373,1.497} (Hettmansperger and McKean, 2010, Table 1.7.1). This indicates that the
proposed debiased DS rank Lasso estimator offers greater robustness against heavy-tailed
errors compared to the debiased two-step projection-based Lasso estimator.

It is worth mentioning that the initial DS rank Lasso estimator can be replaced by
its ANOPE subsampled version, as suggested by Fan et al. (2020b). Specifically, the loss
function Q) (v) can be replaced by

Q(l),sub( ) M |S| ZZ| ﬂ( - 6 M _H)) (§7(r2()z) o §7(r2()f\4n-&-i))T’y‘7

meSs 1=1

where S is sampled with replacement from permutations of {1,...,n}, |S| denotes its cardi-
nality, and M,, = [n/2] is the largest integer smaller than or equal to n/2. This subsampling
method can further reduce computational complexity. Our simulation studies in Section
4.1 demonstrate that ANOPE only results in a negligible loss of statistical efficiency.

In this paper, we randomly split the data into two equal halves to construct a two-
split debiased estimator. It is also possible to partition the data into K > 3 equally
sized subsamples. For | € {1,..., K}, we compute the nonparametric estimators using
all subsamples except the [-th one and then obtain the corresponding debiased estimator
similar to (4). The final debiased estimator is then obtained by averaging the K debiased
estimators. Similar to the two-split case, the error of the K-split debiased estimator can
be decomposed into an O, (N ~1/2) asymptotically normal term and a remainder term. For
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fixed K, the remainder term is asymptotically negligible, and the K-split debiased estimator
shares the same asymptotic normality as ,gd. Although theoretically valid, this approach
is less computationally attractive, as it requires performing K nonparametric regressions
without improving asymptotic efficiency compared to the two-split estimator.

Alternatively, one may consider unbalanced splitting instead of balanced splitting. In
such cases, the final debiased estimator is a weighted average of the subsample-specific
estimators, with weights proportional to their respective sample sizes. Theoretical analysis
for unbalanced splitting follows similar reasoning as in the balanced case, and the resulting
estimator exhibits analogous asymptotic properties. Since unbalanced splitting likewise
does not improve asymptotic efficiency, we adopt the two-split debiased estimator with
balanced splitting in this article for simplicity.

3.2 Simultaneous Inference
In high-dimensional settings, researchers may be interested in conducting a simultaneous
hypothesis test for a set of coefficients indexed by G C {1,...,p}:

H[)yg : ,607}6 = BZ, for all k € g,

Versus

Hag : Bor # By, for some k € G,

where {f}}rcg are prespecified values. We allow the cardinality of G, denoted by |G|, to
grow as fast as p, which itself may grow exponentially with the sample size. To test Hyg,
we use two test statistics: the non-studentized statistic Tg = maxgpeg VN ]52 — | and
the studentized statistic Tg = maxpeg VN| B\g — B}]/@k, where @? is defined in Theorem 5.
Inspired by Zhang and Cheng (2017) and Zhu et al. (2019), and based on the asymptotic
expansions in Lemma 4, we propose two multiplier bootstrap statistics:

We = max| 36" -] /IVRN{F 0},

keg =1 i=1
2 n
We — ‘ or (=) _ =0 (z)‘ 12N { F*(0)) 3]
o = x| L0 -l /YN (T )
where §(l) =n! Yo igl), and ugl), . ,ug),u?), e ,ug) are independent standard normal

random variables, independent of {x;, Y;, Zi}f-il. Then, the corresponding bootstrap critical
values are given by cg(a) = inf{t € R : pr[Wg < t | {x;,Y;, Z;}¥;] > 1 — a} and ¢g(a) =
inf{t € R:pr[Wg <t | {x;,Y;,Z}¥,] > 1—a} for any a € (0,1). We reject Hyg if
Tg > cg(a), or Tg > Cg(a) at significance level . Furthermore, we can construct two
simultaneous confidence intervals for {5y s }reg as [BY — cg(a)/V'N, B + cg(a)/v/N], and
[B]‘j —Opcg(a)/VN, B,g +&reg(a)/v/N]. Note that the first simultaneous confidence intervals
have equal lengths across all k € G, while the second can have varying lengths.

The validity of these bootstrap-based methods is established by the following theorem.

12



DEBIASED RANK LASSO FOR PARTIALLY LINEAR MODELS

Theorem 7 Under the conditions of Lemma 4, if further ||®|3L3 {log(p)}3/2¢3/?n=1/2 =
o(1), [®[(IBollr v )raly/glogp v {log(p)}?] = o(1), [|©[l1v/nlogp(l|Bollr V 1)ry = o(1),

1®||8L/n < Mn~* for some M,. > 0, and there ewists some (, — +oo such that
¢alll®lliglogp Vv {log(p)}*]© — O]l = 0,(1), we have

sup ‘pr{ max \/N|§g — Bokl/@r > Eg(a)} - oz‘ =o0(1).
a€e(0,1) keg

If in addition maxyeqy, . p) Ok < +00, we have

N|Bd - —a| = o(1).
az?g?l)’pr{glgg\ﬁ [Ei Bo,k!>0g(a)} a) o(1)

Theorem 7 shows that the coverage probabilities of the two types of simultaneous con-
fidence intervals converge to the nominal level 1 — . It also implies that under Hyg,
SUPaco.) P1{T5 > cg(a)} — af = o(1) and supae(o.y pr{Tg > ég(a)} — af = o(1), indicat-
ing that the bootstrap-based tests have correct size under the null hypothesis. Furthermore,
Theorem 7 enables power analysis of the two tests, analogous to Zhang and Cheng (2017,
Theorem 2.3 and Theorem 2.4).

4. Numerical Studies

This section presents numerical studies to evaluate the performance of the proposed meth-
ods. Specifically, we demonstrate the effectiveness of the proposed estimation and inference
methods through simulation studies in Section 4.1. In Section 4.2, we examine the perfor-
mance of the proposed methods in solving real-world problems.

4.1 Simulation Studies

In the simulation study, covariates x; (¢ = 1,..., N) are generated as follows. First, x¢;
is sampled from a p-dimensional normal distribution with mean 0 and covariance matrix
3 = (Zg i )pxp, Where Xy 1 = 0.5/k=*1. Then, Z; is generated from a uniform distribution
on the interval [0,2]. Finally, the covariates X;j are defined as: X;1 = X1 + 37,
Xio=Xo,2+322, X;3=Xo,3—3Z;, and X; 5 = Xop for 4 <k <p, forall 1 <i<N.

Following Example 1 in Wang et al. (2020), we define the active set as B = {1,2,3}
and set the regression coefficient By to be (v/3,v/3,v/3,0,...,0)T. For the nonlinear nui-
sance function, we use go(z) = 1.58in(27z) in this section. The sensitivity of the proposed
inference methods to different forms of go(2) is further examined in Section B.3 of the Ap-
pendix. To evaluate the performance of the proposed methods, we consider the following

error distributions for ¢;:
(i) Normal distribution: €; ~ N(0, 22);
(ii) Standard log-normal (LogN) distribution: log(e;) ~ N (0, 1);
(iii) Mixture-Normal (MN) distribution: €; ~ 0.95A (0, 1) + 0.05N(0, 102);
)

(iv) Scaled t-distribution: €;/v/2 ~ t(2), where #(2) denotes the t-distribution with 2
degrees of freedom;

13
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(v) Standard Cauchy distribution: €; ~ Cauchy(0, 1).

We then simulate Y; based on model (1). We set the sample size N € {300,450} and the
dimensionality p = 500. We consider both the DS rank Lasso estimator (denoted as DSR-
Lasso) and its ANOPE (Fan et al., 2020b) subsampled version (denoted as DSRLasso®").
To estimate mg(-), we use local linear regression (Fan and Gijbels, 1996). For my(-), where
p estimators are required, we apply local constant regression due to its faster computational
speed. The sensitivity of the proposed methods to the choice of nonparametric estimators
is investigated in Section B.4 of the Appendix.

In Example 1, we compare the proposed DSRLasso estimator with the two-step pro-
jection based Lasso estimator (denoted as TSLasso; Zhu, 2017). In Examples 2 and 3, we
further compare the performance of two debiased procedures: the proposed debiased DSR-
Lasso and the debiased TSLasso (Zhu et al., 2019), with Example 2 focusing on inference
for individual coefficients and Example 3 on simultaneous inference. For the T'SLasso-based
methods, we follow Zhu et al. (2019) and use smoothing splines for the first-step nonpara-
metric projection. In these examples, we observe that although the moment condition on
Y; required by local regression fails to hold under ¢(2) and Cauchy errors, the proposed
DSRLasso and debiased DSRLasso estimators still exhibit reasonable performance. This
contrasts sharply with the degraded performance of the TSLasso and debiased TSLasso
estimators. This discrepancy arises because the moment condition is necessary only for
the first-step local regression, whereas the second-step penalized rank regression does not
require it. In contrast, the sub-Gaussian assumption on Y; is crucial for both the first-step
regularized nonparametric least squares and the second-step penalized least squares in the
TSLasso methods (Zhu, 2017; Zhu et al., 2019).

For high-dimensional linear models, aside from the debiased rank Lasso estimator (Fan
et al., 2020b), another robust inference method that does not rely on sub-Gaussian or mo-
ment conditions for random errors is the one based on the debiased Lasso-penalized quantile,
particularly median, estimator (Bradic and Kolar, 2017). However, to the best of our knowl-
edge, median-based inference methods have not been developed for high-dimensional par-
tially linear models. Moreover, median-based methods have been shown to incur significant
efficiency loss for light-tailed errors (e.g., normal errors) compared to rank-based methods
(Hettmansperger and McKean, 2010; Wang et al., 2020; Cai et al., 2025). In Section B.5
of the Appendix, we show this efficiency loss persists when the debiased Lasso-penalized
median estimator is extended to high-dimensional partially linear models.

Following the recommendations of Wang et al. (2020) and Fan et al. (2020b), we set the
constants ¢ = 1.01 and ap = 0.10 in (3). Additionally, we set the constant cg = 0.01. These
choices lead to satisfactory performance in our practice. Furthermore, a sensitivity analysis
for these constants is conducted in Section B.2 of the Appendix.

Example 1. The comparison between the proposed DSRLasso estimator and the
TSLasso estimator is conducted using the following four metrics: (i) ¢y error [|3 — Boll1;
(i) 42 error ||B — Bol|2; (iii) number of false positive variables (FP) >, g. I(B # 0); and

~

(iv) number of false negative variables (FN) >, -z I(8x = 0). The results are summarized
in Table 1, which presents the averages and standard errors of these metrics based on 200
simulations.
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Error N Method {1 Error {9 Error FP FN
TSLasso | 1.141(0.050) 0.450(0.008) 10.77(0.871) 0.000(0.000)
300 DSRLasso | 1.212(0.015) 0.776(0.010) 0.225(0.035) 0.000(0.000)
N(0.22) DSRLasso™™ | 1.225(0.016) 0.783(0.011)  0.360(0.043) 0.000(0.000)
’ TSLasso | 0.926(0.040) 0.351(0.006) 11.46(0.828) 0.000(0.000)
450  DSRLasso | 0.976(0.012) 0.632(0.008) 0.200(0.032) 0.000(0.000)
DSRLasso™™ | 0.986(0.013) 0.637(0.008)  0.400(0.047) 0.000(0.000)
TSLasso | 1.195(0.057) 0.464(0.011) 11.15(0.775) 0.000(0.000)
300 DSRLasso | 0.789(0.012) 0.507(0.008) 0.250(0.037) 0.000(0.000)
LogN DSRLasso®™" | 0.799(0.013)  0.512(0.008) 0.450(0.047)  0.000(0.000)
TSLasso | 0.928(0.037) 0.372(0.008) 10.34(0.756) _0.000(0.000)
450  DSRLasso | 0.610(0.009) 0.394(0.006) 0.260(0.034) 0.000(0.000)
DSRLasso™ | 0.615(0.010) 0.397(0.006) 0.480(0.045) 0.000(0.000)
TSLasso | 1.306(0.057) 0.530(0.012) 10.32(0.783) 0.000(0.000)
300 DSRLasso | 0.840(0.013) 0.539(0.009) 0.260(0.036) 0.000(0.000)
N DSRLasso®™? | 0.845(0.014)  0.540(0.009) 0.420(0.047)  0.000(0.000)
TSLasso | 1.137(0.044) 0.438(0.009) 11.97(0.777) 0.000(0.000)
450  DSRLasso | 0.636(0.009) 0.412(0.006) 0.200(0.029) 0.000(0.000)
DSRLasso®™? | 0.641(0.009) 0.413(0.006) 0.360(0.043)  0.000(0.000)
TSLasso | 1.998(0.080) 0.854(0.029) 9.450(0.664) 0.025(0.013)
300 DSRLasso | 1.401(0.020) 0.886(0.013) 0.280(0.038) 0.000(0.000)
“2) DSRLasso™™ | 1.415(0.020) 0.892(0.013) 0.485(0.050) 0.000(0.000)
TSLasso | 1.710(0.070) 0.692(0.025) 10.76(0.726) 0.030(0.016)
450  DSRLasso | 1.051(0.016) 0.666(0.010) 0.275(0.042) 0.000(0.000)
DSRLasso™™ | 1.061(0.016) 0.670(0.010) 0.475(0.050) 0.000(0.000)
TSLasso | 5.331(0.181) 2.542(0.049) 4.995(0.551) 1.685(0.090)
300 DSRLasso | 2.397(0.062) 1.451(0.033) 0.545(0.058) 0.055(0.025)
Canchy DSRLasso™™? | 2.433(0.064) 1.462(0.033) 0.815(0.072) 0.045(0.023)
TSLasso | 5.185(0.130) 2.515(0.047) 4.910(0.506) 1.680(0.088)
450  DSRLasso | 1.907(0.066) 1.170(0.035) 0.525(0.054) 0.010(0.007)
DSRLasso®™? | 1.943(0.078) 1.186(0.046) 0.820(0.067) 0.010(0.007)

Table 1: Simulation Results for Example 1. Averages (and Standard Errors) of ¢; Error,

¢y Error, # of False Positive Variables (FP) and # of False Negative Variables (FN) Based
on 200 Simulations.
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We have the following observations. (1) DSRLasso yields considerably fewer false posi-
tives than T'SLasso across all error distributions. (2) When random errors follow the normal
distribution, DSRLasso produces comparable #1 errors to TSLasso, while under heavy-tailed
distributions, such as mixture-normal, log-normal, and ¢(2), DSRLasso yields significantly
smaller ¢1 errors. (3) In the case of Cauchy-distributed errors, DSRLasso outperforms
TSLasso across all four evaluation metrics. Notably, TSLasso fails to control false nega-
tives: on average, it incorrectly shrinks more than half of the coefficients in the active set
to zero. This leads to substantially larger ¢; and fs errors compared to DSRLasso. For
example, when N = 450, the average ¢; error, {5 error and FN for DSRLasso are 1.907,
1.170 and 0.010, respectively, while the corresponding values for TSLasso are 5.185, 2.515
and 1.680. (4) DSRLasso®"” incurs only a negligible loss of statistical efficiency compared to
DSRLasso. (5) Overall, DSRLasso demonstrates greater robustness to heavy-tailed random
errors, which aligns with its weaker assumptions on error distributions and is consistent
with earlier findings on the robustness of rank Lasso (Wang et al., 2020).

Example 2. We compare the performance of the proposed debiased DSRLasso and the
debiased TSLasso in inferring individual coeflicients, using the following metrics:

Coverage probability for Sy 1 (CP1): pr(fo1 € Cly);

Coverage probability for 5o 500 (CPs00): pr(80,500 € Cls00);

Average coverage probability for B (ACPg): Y cgpr(Bor € Cli)/q;
Average coverage probability for B¢ (ACPge): Y ;g pr(0 € CLy)/(p — q);
Average rejection probability /power for B (ARPg): 1 -3, zpr(0 € Cly)/g;
Rejection and coverage probability for 8y 1 (RCPy): pr(0 ¢ CIy, Bo,1 € Cly);
Average interval length for B (AILg): >, zlength(Cly)/q;

Average interval length for B¢ (AILge): Y, g length(CI)/(p — q),

where CI, denotes the two-sided 95% confidence interval for Sy .

The results reported in Table 2 are based on 200 simulations. Both debiased DSR-
Lasso and debiased TSLasso show coverage probabilities close to the nominal 95% level
for B¢. For B, however, debiased DSRLasso exhibits coverage probabilities closer to 95%
in most cases compared to debiased TSLasso. Furthermore, debiased DSRLasso demon-
strates greater robustness to heavy-tailed errors. For heavy-tailed error distributions such
as mixture-normal, log-normal, ¢(2), and Cauchy, the confidence intervals of debiased DSR-
Lasso are significantly shorter than those of debiased TSLasso. In particular, debiased
DSRLasso consistently maintains interval lengths below 1.5 across all settings, whereas
debiased TSLasso’s intervals exceed 10 under Cauchy errors. When errors follow ¢(2) or
Cauchy distributions, debiased DSRLasso achieves significantly higher power in detecting
nonzero coefficients. For example, under Cauchy errors with N = 450, debiased DSRLasso
attains values of 0.992 and 0.940 for metrics (v) and (vi), respectively, whereas debiased
TSLasso yields substantially lower values of 0.438 and 0.360. This implies that under heavy-
tailed errors, the excessively wide confidence intervals of debiased TSLasso can lead to the
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Error N Method CPl CP500 ACPB ACPBC ARPB RCP1 AILB AILBC

TSLasso 0.870 0.940 0.848 0948 1.000 0.870 0.454 0.457
300 DSRLasso | 0915 0.925 0.898 0.947 1.000 0.915 0.617 0.600

N(0,22) DSRLasso®™ | 0.910 0.930 0.893  0.947  1.000 0.910 0.618 0.601

TSLasso 0.925 0940 0.928 0949 1.000 0.925 0.384 0.388
450  DSRLasso | 0.955 0.955 0.942 0.949 1.000 0.955 0.483 0.476
DSRLasso™™ | 0.960 0.950 0.943  0.949  1.000 0.960 0.483 0.477

TSLasso 0.885 0.945 0.872 0949 1.000 0.885 0.467 0.470
300 DSRLasso | 0.950 0.950 0.925 0.952 1.000 0.950 0.486 0.473
DSRLasso®™™ | 0.965 0.950 0.933  0.952  1.000 0.965 0.487 0.474

LogN TSLasso 0.915 0.935 0.903 0949 1.000 0915 0.406 0.410
450  DSRLasso | 0.960 0.935 0953  0.953  1.000 0.960 0.363 0.359
DSRLasso™ | 0.950 0.935 0.953  0.953  1.000 0.950 0.364 0.359

TSLasso 0.830 0.955 0.858 0.948 1.000 0.830 0.549 0.552

300 DSRLasso | 0.900 0.960 0.902 0.949 1.000 0.900 0.435 0.424

MN DSRLasso™ | 0.900 0.955 0.903  0.949  1.000 0.900 0.436 0.424

TSLasso 0.905 0.950 0.875 0949 1.000 0.905 0.464 0.470
450  DSRLasso | 0.945 0.950 0.937 0.948 1.000 0.945 0.329 0.326
DSRLasso®™™ | 0.955 0.950 0.942  0.948  1.000 0.955 0.330 0.326

TSLasso 0.875 0.925 0.860 0.949 0.985 0.870 0.936 0.942
300 DSRLasso | 0.940 0.940 0.918 0.951 1.000 0.940 0.754 0.752
DSRLasso™ | 0.940 0.945 0.927  0.951 1.000 0940 0.755 0.753

H2) TSLasso 0.905 0.960 0.903 0948 0985 0.885 0.827 0.836
450  DSRLasso | 0.950 0.960 0.940 0.949 1.000 0.950 0.555 0.560
DSRLasso™ | 0.965 0.960 0.943  0.949  1.000 0.965 0.556 0.562

TSLasso 0.945 0.960 0.922 0949 0.445 0425 10.30 10.34
300 DSRLasso | 0.950 0.925 0.955  0.947 0.973 0.930 1.457 1.454

DSRLasso®™® | 0.940 0.935 0.952 0.948  0.973 0920 1.461 1.458
Cauchy

TSLasso 0.915 0.965 0913 0949 0438 0.360 12.90 13.10
450  DSRLasso | 0.950 0.945 0937 0.951 0.992 0.940 1.104 1.116
DSRLasso®™™ | 0.945 0.935 0.933  0.952 0987 0.930 1.137 1.150

Table 2: Simulation Results for Example 2. Empirical Coverage Probabilities, Power and
Lengths of Confidence Intervals Based on 200 Simulations.
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omission of important variables. Finally, debiased DSRLasso®"® and debiased DSRLasso
show comparable performance.

Example 3. We compare the performance of the proposed debiased DSRLasso and the
debiased TSLasso in simultaneous inference, using the following three metrics:

(a) Coverage probability (CP): pr[Ngeg{Bor € SCI;}];
(b) Rejection probability/power (RP): pr[Uigeg{0 ¢ SCI}];
(c) Average interval length (AIL): ), . length(SCIy)/|G],

where {SCIj }rcg denotes the 95% simultaneous confidence interval (SCI) for {5 1 }reg-

We set G = {1,...,p} and consider both non-studentized (NST) and studentized (ST)
SCIs. The NST intervals have equal lengths across all k € G, whereas the ST intervals have
varying lengths. Empirical values of the three metrics, estimated from 200 simulations,
are summarized in Table 3. The overall pattern aligns with Table 2. Generally, SCIs
based on the debiased DSRLasso exhibit coverage probabilities closer to the nominal 95%
level than those based on the debiased T'SLasso. Moreover, the debiased DSRLasso-based
intervals are significantly shorter under heavy-tailed error distributions. When errors follow
t(2) or Cauchy distributions, the debiased DSRLasso-based method has significantly better
power performance than the debiased T'SLasso-based method in testing the simultaneous
hypothesis Hy g : 8o = 0 for all k € G. Additionally, the performance of ST-based methods
is comparable to NST-based methods, though the NST intervals tend to be slightly longer.
Finally, DSRLasso®"P-based and DSRLasso-based SCIs show similar performance.

4.2 A Real Example

In this section, we apply the proposed methods to analyze the breast cancer dataset
GSE93601 from the GEO database (https://www.ncbi.nlm.nih.gov/geo). This dataset
was analyzed in Wang et al. (2015) and Zhao et al. (2022). It includes clinical informa-
tion, such as age, body mass index (BMI), and alcohol consumption, from participants of
the Nurses’ Health Study I and II who were diagnosed with invasive breast cancer, along
with gene expression profiling of 602 breast tumors and 508 tumor-adjacent normal tissues.
Among the genes studied, TP53 (tumor protein p53) plays a critical role in inducing apop-
tosis under various stress conditions, including oncogene activation or DNA damage. Loss
of p53 tumor-suppressor activity, whether through mutation/deletion of the TP53 gene or
inhibition of the p53 protein, promotes cancer development. Our objective is to identify
genes whose expression levels are associated with TP53. Hence, we use TP53 expression as
the response variable and the expression levels of other genes as explanatory variables.

We restrict our analysis to breast tumor tissues. Individuals with missing age, BMI, or
alcohol consumption data are excluded, resulting in a final sample size of n = 596. Genes
with a missing rate exceeding 10% are removed, and the remaining missing gene expression
values are imputed using the “impute.knn” from the R package impute. Among the retained
genes, the MDM2 (mouse double minute 2 homolog) protein is a known negative regulator of
p53. By binding to p53, it suppresses its transcriptional activity, promotes nuclear export,
and enhances degradation. Overexpression of MDM2 in various tumors inhibits p53, thereby
facilitating uncontrolled cell proliferation (Chene, 2003). Therefore, we include MDM2 in
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TSLasso DSRLasso DSRLasso®"P
Brror N Method | (" pp " Ap | cP RP AIL | CP RP  AIL
200 NST 0855 1000 09120040 1000 1.207|0.940 1000 1.200
N(0.22) ST |0.850 1.000 0.903 | 0.920 1.000 1.189 | 0.940 1.000 1.191
’ o NST 0880 L1000 0.773 (0985 1000 0951 [0.935 L1000 0.952
ST [0.900 1.000 0.768 | 0.940 1.000 0.944 | 0.940 1.000 0.944
a0 NST [ 0840 1000 0938 0.955 1000 1014|0960 1.000 1016
LogN ST |0.855 1.000 0.929 | 0.955 1.000 0.997 | 0.950 1.000 0.999
o NST 0020 1000 0817 0955 1000 0.713 [0.960 1000 0.714
ST [0910 1.000 0.812]0.960 1.000 0.706 | 0.960 1.000 0.707
200 NST [ 0870 1.000 1103 [0.900 1000 0.851 | 0.905 1000 0.852
AN ST |0.850 1.000 1.093 | 0.940 1.000 0.838 | 0.945 1.000 0.839
50 NST [0870 L1000 0934|0955 1000 0.651 | 0.950 1000 0.651
ST |0.880 1.000 0.929 | 0.945 1.000 0.646 | 0.945 1.000 0.646
200 NST [0.905 0.980 1879|0045 LO00 1514[0950 L1000 L1516
") ST |0880 0980 1.861 | 0.950 1.000 1.487 | 0.950 1.000 1.489
o NST 0930 0.985 1663|0965 1000 LIL9|0.965 L1000 LI2I
ST |0935 0985 1.652|0.965 1.000 1.107 | 0.960 1.000 1.109
200 NST [0.800 0.325 2064|0015 0.915 3.769 | 0.900 0910 3.777
Cauchy ST |0910 0.320 20.39 | 0.905 0.765 3.583 | 0.905 0.775 3.590
o NST 0905 0320 2601|0930 0.985 2868 [0.935 0980 2.900
ST |0910 0.330 25.81 | 0.960 0.955 2.810 | 0.960 0.945 2.841

Table 3: Simulation Results of Example 3. Empirical Coverage Probabilities, Power and
Average Interval Lengths for Non-studentized (NST) and Studentized (ST) Methods Based
on 200 Simulations.
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our analysis and assume a functional relationship between MDM2 and TP53. For the
remaining genes, we further filter the genes by including only those with expression values
that fall within the top 800 in terms of absolute Spearman correlation with TP53.

Given that aging, excess body weight, and alcohol consumption are widely recognized as
significant risk factors for many cancers (Renehan et al., 2008; Yoo et al., 2022; Montégut
et al., 2024), we also include age, BMI, and alcohol intake as explanatory variables. We
define two dummy variables for BMI and two for alcohol consumption. Specifically, for i =
1,...,596, let Y; = TP53;, Z; = MDM2;, and x; = {Xi,k}iofl € R where X;; = Age;,
X;2 = I(BMI; > 25 kg/m?), X; 3 = I(BMI; > 30 kg/m?), X;4 = I(0 g/day < Alcohol; <
10 g/day), X;5 = I(Alcohol; > 10 g/day), and {X; ;}3%% represents the expression values
of the 800 selected genes for the i-th sample. We consider the following partially linear
model:

805

Yi=g0(Z) + Y BoxXik+ €, i=1,...,596.
k=1

The kurtosis of TP53 expression values is 2.36, suggesting a potentially heavy-tailed
distribution. Let pESLaSSO and p]kDSRLaSSO denote the p-values from the debiased two-step
projection-based Lasso estimator and the proposed debiased DS rank Lasso estimator, re-
spectively, for testing the significance of (. At the 1% significance level, DSRLasso
indicates a significant positive effect of aging (pESRLE‘SSo = 0.003) consistent with previous
findings that aging is a significant risk factor for cancer, whereas the Lasso-based method
does not (pESLaSS0 = 0.059). A summary of the p-values for the regression coefficients of
the genes from both methods is provided in Table 4.

Overall, the genes selected by the two methods show considerable overlap at the 5%
significance level. In particular, the p-values for the regression coefficients of the genes
{C170rf85, POLR2B, COL10A1, KTAA0368, PRODH2} are all below 0.01 in both methods,
and these genes have been previously implicated in tumorigenesis and prognosis (Zacharakis
et al., 2018; Zhang et al., 2019; Hu et al., 2025; Wang et al., 2025; Gong et al., 2025). More-
over, the proposed debiased DSRLasso method identifies several genes not detected by the
debiased TSLasso method. Specifically, the p-values for {PAPOLA, HBP1,SMG7, EP300,
WDR75} are all below 0.05 for DSRLasso, whereas they exceed 0.05 for TSLasso. These
genes have been linked to p53 or breast cancer in existing literature (Yang et al., 2020;
Komini et al., 2021; Moudry et al., 2022; Zhou et al., 2023; Gronkowska and Robaszkiewicz,
2024). This demonstrates that the proposed debiased DSRLasso method is effective in
identifying genes that the debiased TSLasso method fails to detect.

We also apply the proposed methods to a worker wage dataset in Section B.6 of the
Appendix.

5. Discussion

In this study, we propose the DS rank Lasso, a novel regularized method for high-dimensional
partially linear models. We also develop a debiased DS rank Lasso estimator to enable in-
ference for individual coefficients as well as simultaneous inference. All proposed methods
exhibit robustness against heavy-tailed random errors. To preserve the near-oracle rate
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P € [0,0.01)

proLasso € [0.01,0.05)

Pt € [0.05, 1]

pIkDSRLasso c [070.01)

C170rf85(NCBP3),
POLR2B, COL10A1,
KIAA0368
PRODH2(NPHS1)

C130rf23, N-PAC
PIBF1(C130rf24),
STAU2, RBM39

PAPOLA,
Q6ZU24(FERILS5)

pPSRLasso € 10 01, 0.05)

BRWDI, SFPQ,
WDR57, TRAPPCI,
STAB2, ZC3H1IA,
NCKAP1

SET, NAT10, UBA3,
CNOT6, GOPC,
ATP2A2, TMEM131,
NUP188, SETD2,
WAC

WDRA2A, ZZEF1,
HBP1, SPTLC2,
SMG?7, WDR75,
NUPL1, EP300,
ZNF23(ZNF19),
NUP214, RPN1,

ZC3HTA, KIAA0494,

UBQLN1, SLC33A1

pESRLasso c [0.05, 1}

GFM1, DNAH2,
DDX5

WNK1, POLR2A,
BIRC6, AKAPI11,
MYOM1, TUBAIB,
LOC645159(MLL3),
KPNB1, KIAA0196,
ELF1, SEC31A,
TRAMI, PSMDI,
NRAP, CEP350,
ANXA7, ZNF124,
LRRC16A(LRRC16),
GNPTAB, NRD1

Other Genes

Table 4: A Summary of the p-values for the Regression Coefficients of the 800 Genes.
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of rank Lasso under mild conditions on nonparametric estimators, we incorporate data-
splitting into the regularized regression method. The two-split procedure is also used for
inference, where the proposed debiased DS rank Lasso estimator is constructed as an average
of two debiased estimators. Furthermore, we demonstrate that data splitting asymptotically
incurs no loss of statistical efficiency in the inference procedure.
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Appendix A. Technical Details

In this appendix, we provide proofs for Lemma 1 and Lemma 4, and Theorem 2, Theorem
5, and Theorem 7 in the main text, assuming without loss of generality that each subsample
has an equal size of n.

We define the event

N = max  sup |[m\ (2) — m(z <rn}.
{ke{o,l,...,p}zeg‘ ko (2) k(2)] <

Consequently, we have pr(.4¢) < p,, by Condition (C1). For notational simplicity, we denote
an = 2(|Bolli V1), ALY (27) = D (22 —mi(27), AP (2) = 522, Bo) —90(2),
and use E,(-) and pr,(-) to represent the conditional expectation and conditional probability

given Dj.

A.1 Proof of Lemma 1

Proof We will prove the results only for [ = 1, as the results for [ = 2 can be obtained
directly by swapping the roles of the two subsamples.

For the first part of Lemma 1, we will derive a high probability upper bound for
182 (0)lloc — 8 loo < S2)(0) — S, where

n n

5(2)(’7) = —2n(n-— 1)}_1 Zigz) Z Sign{(egz) _ 6§2)) . (%(2) . §§2))T7}
=1 Jj=1,j#1
= (-} Y &Y - xP)sign{(el? — el?) - &P~z
i#]

and

This can be achieved by upper bounding ||S1 /oo = [[{n(n—1)}~1 > iz S1ijlleo and [[Saffee =
{n(n — 1)} 325 Saiijlles, Where S1 = (S11,...,81)", S1ij = (Sniga, - Stijp) "
Stagr = (X7 = X3 {sien(e? - 655)) - Sign(ez@i_ eV}, 8y = (San,.- . S2p)", B2 =
(Soitse -+ Soiip)"s and Spgu = (A (27) = AV (Z)) Msign(e?) - ef?) — sign(¢”) -
2
ey
Note that for any ¢ > 0,

pr.(|S1k| > t) = pr(S1p > t) +pr(Sip < —1).
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We denote M,, = [n/2], the largest integer smaller than or equal to n/2, and 7 the permu-
tations of {1,...,n}. For pr,(Si; > t), we have for any A > 0, that

pr, (Sl,k > t) < FE, (exp [)\{n n—1)} ZS’LW kD/exp()\t)
z#]

= nfeo(y] n 2 M 1251“ sk / expO)
c L5 e (Wt 851y s)}
™ =1

The two inequalities follow from Markov’s and Jensen’s inequalities, respectively, and the
equality is due to the property of U-statistic. It’s thus sufficient to deal with the sum-
mand for any given m. We will frequently use the above arguments in our proofs. Because
O %

a(i)k Xf&wn i)k is zero-mean sub-Gaussian with parameter v/20 under Condition (C2),
E*]Xff(z)’k - X7(r2(3\4n+i),k|t < (40?)Y%tT(t/2) by using Proposition 2.5.2 (i) in Vershynin

(2018), where I'(-) represents the Gamma function. Therefore, on A, E4[S1 1) x(My+i) kl° <
320%(2kyan), and for t > 3,

IA

(402) %40 (¢/2)2! (4K uan)
< {t(t/2)/2}(640°kyay) (40) 2,

E, |Sl,7r(i),7r(Mn+i),k |t

A

so that Sy x(i),r(a,+i),k Satisfies Bernstein’s condition (see, for example, Wainwright, 2019,
Chapter 2.1) with parameters (6402k,a,,40). Therefore, following similar arguments to
Wainwright (2019, Proposition 2.10),

Mn
B { exp (A" 81 no v k) b < exp[320%0%gan/ {My (1 = 40| XM )},

for all [\|M,1 < 1/(40). By letting A\ = M,t/ (4ot + 640°K,a,), we have
r,(S1x > t) < exp[—M,t?/{2(dat + 6402 kyan)}],
and hence

pr, (|S1,k] > 1) 2exp[—Mnt2/{2(4at + 6402/<auan)}]

<

< 2exp[—M,t*/{4(40t V 640> Kyan)}],

by processing pr, (51, < —t) in similar steps. By the union bound, we have that
pr,([|S1llee > t) < 2exp[—M,t*/{4(40t V 640%kyan)} + log p).

Denote . = [||S1]loo < 16v/2C0+/log p/n{(kuan)/?V (21logp/n)'/*}], and then pr, (f) <
2exp(—[{C? A C(2logp/n)~1/*} —1]logp) on A
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As for |Sy |, we can follow a similar paradigm to |y x|. Specifically,

|E*(S2,7r(i),7r(Mn+i),k)’ — ’E* <{Al(€l)(ZZ(2)) . 3]((;1)(ZJ(2))}

<2F{AP(Z7) - B (2)} ~1]) | < Sruruan,

under Condition (C4) and on .#". Moreover, we note that
EL| 2 (i) m(Mnti) e — B (So,n(i) m(Mnri) o)
< E*|SQ’W(i)77r(Mn+i)’k| < 3212 kytn,
and for ¢ > 3,
Bl S5 (i) M-ty ke — B (S2,n(0) w0t )|

QtE*‘S2,7r(i),7r(Mn+i),k|t < (32T72z“uan)(4rn)t_22t
2’5_2(1287'%/1“@”)(47"”)'5_2 < t!/2(1287“721/<cuan)(4rn)t_2,

IN

on 4", which implies S5 x(s) r(M,+4),k Satisfies Bernstein’s condition (see, for example, Wain-
wright, 2019, Chapter 2.1) with parameters (128r2k,a,,4r,). Following a similar argu-
ment to .7, pr,(.75) < 2exp(—[{C? A C(logp/n)~Y*} — 1]logp) when D; € .4, where
o = [||S2]lcc < 8Kyrnan + 32CTy+/log p/n{(kuan) 1/2 logp/n)1/4}]

To conclude,

I1S1]loc + [I1S2lloc < 8kurnan +32C(0 + ra)\/log p/n{(ruan)'/? v (2log p/n)"/*},

on N, and pr, { (A1 N.%)¢} < dexp(—[{C*AC(2logp/n)~/*} —1]log p) on A . This
implies for any constant cg > 0, by letting

C = [{co — 8/<;urnan(logp/n)_l/Q}/{BQ(a + rn)}} {(Fauan)l/2 V(2 logp/n)1/4}_1,

we have ||S1]|so + [|S2]loe < co/log p/n. Therefore, pr,{(.71 N %)} < 4p~(@=D on 4,

where
Co = ([{eo = Skuraan(ogp/m) ™2}/ {32(0 + ra)}| A1) {(uan) /2 v (210g p/m) 4},
Denote 4 )()\( )) by 4V for simplicity. By the definition of BU)(X(U), we have,
QP AM) + AV BW [ < @@ (0) + AN |1Bo]1.
This implies

QPAEY) =™ (0) < AV (B0l — 1BV ) < AN (145 I — 1757 11h)-
By simple calculation, the subgradient of Q(Q) () is

—{n(n—-1)}" Z %\ Slgn{( e§~2)) — (iz@) - §§2))T’y}
i#£]
~{n(n =)} I OGP - el - P = &P - %)y,
i#j
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where v( ) ¢ € [~1,1]. We note that with probability one, the subgradient of Q(?) (v) at v = 0
(2)

is exactly S(z)(O) because the distribution of €, has no point masses. By the convexity of
Q(+), the definition of subdifferential and the above discussion,

QPERW) - QP0) > —|7M|1[8®(0)]|w
> AR (1867 lse + o/ log p/n)
> —(IF 1 + 175111 AW fe),
where the second inequality holds on %1 N %%, and the third inequality holds with prob-
ability at least 1 — o by the definition of A(M). This implies pr, (H’A)’l(glc)||1 < cH’yB)H )
pr, {’7(1)(3\\(1)) € F} > 1—ag—4p~ @i~ Here, C,, — 0o as n — oo since a, = o(1),

anry, = 0(y/logp/n) and logp/n = o(1) by Condition (C1).

For the second part of Lemma 1, it suffices to upper bound |]S(()2)HOO = [{n(n
1)}t Zi;ﬁj S0,i,jlloc, conditioning on {%(2) " ., where S(Z) = (S0,1,---,5p)", S04 =
(S0ij,1s---+50,,5p)" and Sk = ()?ﬁ) — )?J(Q))sgn( @ _ (2))

We note that D; and {X(Q) Z }” , are independent of {e ™ ,, then conditioning

(2
Gaussian, with parameter at most

on D; and {X(Q) zPhn n, Mt Zi:l S0,7(i),w(Mn+i),k fOr any given 7 is zero-mean sub-

My

-1 L) 2012 _ 1 1/2
My, {Z(Xfr(i),k X (Mot ) } [16/n{ Z zk nH :
i=1
on .#. Denote the event .# = {max;n~' 2?21()?@{?)2 < 1202}, and then the above
equation is upper bounded by {(16/n)(120% + r2)}*/? on .#, N 4. Using Honorio and
Jaakkola (2014, Appendix B), since )NCZ(? is sub-Gaussian with parameter o, its square is

sub-exponential with parameter (4v/202,402). Besides, E{()Zﬁ))g} < 402 by Vershynin
(2018, Proposition 2.5.2), then

{maxn 12 } z_:pr{ Z Xz.(i))2 Zt}

=1
p n
~(2) 2 S(2)\2
< ( (
n kzxe[o (402 /n)~1) (eXp [ An) ; Xz,k) 1 +E{(Xz,k) }D/GXP()\t)
p
- kz o 2, ) exP160°A%/n = (¢ — 40%)}

< exp [ —n(t —40%)?/ max{640?, 802 (t — 40°)} + logp] .

Consequently, pr(.#{) < pexp(—n). Then, by properties of sub-Gaussian random variables
and similar arguments to [|S1]|cc and ||S2||ec, it follows that

e[S loe > ¢ | D1, {x?, 2P} 1] < 2exp{—(n/32)t2/(120° + r2) + log p},
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on A N .#,, where €@ = (egz), e 67(12))T. Consequently, for any C' > 1,

pr{|8$ oo > 4v2C(2v/30 + 1)/ logp/n | D1, {xP, 221 ]
< 2exp{—(C* - 1)logp},

on AN ﬁ///l, which implies, for ag > 2p~(C*~1), pr[HSE)2)HOO > 44/2C(2v/30 + 1) /log p/n |
D {x Z(Q)} 1] < ap. By the definition of A AW s the infimum of A(®) such that
pr (18§ oo + cov/log p/n) > AW | Dy, {x, 2P} |
= pr[ (HS )Hoo—l—co\/logp/n) > A1 ‘ {x I 1} < .

We can then conclude that A(1 ) < c{co+ 4[0(2[0 + ) }y/1logp/n on A N .#,. Thus,

on A4, we have A < c{co + 4v2C(2v/30 + r,) }+/log p/n with probability at least 1 —
pexp(—n), which tends to one as n — co. Then the proof is completed. |

A.2 Proof of Theorem 2

Proof We focus on proving the properties of B(l), because the properties of 3(2) follow
directly by swapping the roles of the two subsamples.
We write L) () = Q@ (~) + AM||By + /|1, and then by definition,

FOAW) = BOAW) — gy = argmin L) (v).
YERP

Recall that I' = {v € R? : ||ypc||1 < ¢||ygll1} and A = c{G ) + co/logp/n}. It
follows from Lemma 1 that pr,{MAM) € T} > 1 - ag — an and )\( ) < ¢14/logp/n on
ML NN, where ¢ = c{co + 4v2C(2V/30 + 1)} and oy, = 4p~(@2~D 0 as n — co. Let

hn = +v/qlogp/n, and denote
I*={yeRP:vyel,|vl|2=dhn},

where 0 is a constant to be set large enough later. We note that

pr{ DAz < by

bz 1= e {IFOAD) s 2 ok, FOAD) T | 4}
_pr{f’))(l)(/):(l))éérlw}
oo 70500 1)

= ol g 200 > 200 [ 4}~ 0 -0

where the third inequality is due to the convexity of L(Z)(-). To see this, for an arbitrary
point s outside the £y ball centered at 0 with radius dh,,, we can write it as s = [u, where
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u is a unit vector and [ > &h,, is a positive constant. The convexity of L(?)(-) implies that
(1 —176h, )L (0) + 17 *6h,, L?)(s) > L) (6h,u). Hence,
I76h {LP(s) — L@ (0)} > LO(Sh,u) — LP(0)

inf_ {L®(7) - LO(0)}.
l¥ll2=0hn

IV

Besides, on A" N 41,

A1y + ’YHl — [1Boll1]

AWyl = XD (sl + vse )

A1+ 2) [yl < AV (1 + )/l vsll

AD (1 +8)y/gohn < c1(1 + )62,

for any 4 € T*. We denote Q@) () = {n(n — 1)}, ”( ) with B ;(y) = [(e?) —
65»2)) - (iz(?) AJ2 )T|. We further define for simplicity that C (2) §.2), and by the
Knight’s identity (Koenker, 2005), we have

QD7) —Q@0) = 2{n(n -1} Y &Y )y {1 <0)-1/2}
i#£j

INIA A

,\(2) ﬁ(?) )T'Y
J

+2{n(n — 1)}~ Z/ {](Cz(?) Su)—](gi(? <0)}du
i#£]
= 20{"(v) + 208" ().
We further denote E_2)(+), varg (-) and proe) (-) as taking expectation, variance and prob-

ability with respect to €2 = (652), cel 6%2))T only.

We first note that for any v € I'*,

Eaof@" )} = {nn- 111> {&? - =)ty

i#]j
X[F*{zngf)) ~ APz} -1/2}
> it - 03 S (AP (2 - AP (2} - 172
1#]

x (& ==} (1+2)v/adha.
On the one hand, by Condition (C4) and the mean value theorem, there exists some p;
lying between 0 and ﬁgl)(Zi(Q)) - ﬁél)(Z](-Q)), such that,

[t =033 (P AP EP) - AP (zP)} - 172
i#]

= |t =0y Y [P BP (2 - ﬁg%z;?’)}
i#j

ALz - AL )| < amiraan,
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under Condition (C1) and on .4, where B,(cl)(Zi(Q)) = (ﬁgl)(Z( )), ,31(,1)(2-(2)))T.

7 7

On the other hand, denote Hi ;. = [F*{A}(2?) - A (Z*)} - 1/2)(X3) - X1).

Then we claim that conditioning on D1, Hy()r(M,+i)k 1S zero-mean sub-Gaussian with

parameter 4v/2kya,0 under Condition (C2) and on .#". To see this, recall that E, |)A(/ (2)
)NCT(EVI ), < (402 )t/24T'(t/2) by Proposition 2.5.2 (ii) in Vershynin (2018), and then

- t
E, [F*{Aél)( (())) A(l)( (() Mot )} _ 1/2]( )) _ X(() Mot k)‘
< (4kyan0)tT(t)2).

Therefore,
E{exp(NHZ ) 201, +i)00)} = B {1 + Z (N HZ ) w(at+i00) /t'}

= 1+ Y NEu(HZ wt i) /1 <142 Z(zmmuana)?t
t=1 t=1

< Z (4V2Xkya,0)? = 1/(1 — 320%K2a262).
t=0

Similar to the proof of Vershynin (2018, Proposition 2.5.2), E.{exp()\? HF(Z) (Mo-ti) Wt <

exp(64A\2k2a20?) for |\ < (8kyano) ™!, since 1/(1 — x) < exp(2z) for z € [0, 1/2] Further-
more, when \ < (8kya,0)"

)

B {exp(AH r(3) x(My+i) k) }

IA

EANH () w0ty e + PO HZ gy con oy 1)}
exp(64\2k2a2o?),

A

as exp(r) < x + exp(z?). When \ > (8kya,0) 71,
E{exp(NH () r(Mpti) )} < exp(32\%k2a
< exp(32)%ka

%) Bulexp{H ) (as, 4i) 1/ (128k5a70°)}]
0?) exp(1/2) < exp(64X*K2aZa?).

::\3 :m
3&\3 3[\3

That is, Hr(j)x(M,+i),k 15 sub-Gaussian with parameter at most 8v/2kyuan0. Denote the
event

{n(n - DI L FHAD (2P — AP (2P} —1/2)
x(iZ@) - )Ncg.Z))}HOO < 16\/§Cmu0an\/logp/n],

then pr, (Z5) < 2exp{—(C? — 1)logp} on 1.

To sum up, inf,er- Ee(g){le)('y)} > —4(1 + €)\/qg0hnkuan(rn + 4v/2Ca+/log p/n) on
Mo N

As for le)('y), we have

A(2) AEQ))T"/
B {QV )} = {(ntn— 1)}y / (F*(u+ E9,) - F*(E%,)} du,
i#£]
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where EZQJ. = ﬁél)(Z(z)) - ﬁ(l)(Z(g)) Again by the mean value theorem, there exists some

i ; lying between EO and EO (A(Q) A(.Q))Try, such that

A(2) ,\(2)

B QY (1)} = fn(n— 1)} Y / £ udu,

i#j
which we claim is lower bounded by (x;/2){n(n — 1)}~* Zi#{(i?) — §§-2))T7}2 on A,
provided that 2{(2CoL,, + 7,,)(1 + €)\/qdhn + ay} < do. To see this, note that

pr((max %7 oo > 1) < inf B{ exp (Amax [ ) } / exp(nt)

n p
— WwfE [ 3 {exp(AXD) + exp(_w?i{?)}] / exp(\t)

A>0
i=1 k=1

< 2)i\n%exp {)\202/2 — At + log(np)} < 2exp { —t2/(20%) + 21og(p V n)}
>
Therefore,

mﬁx\ A( ) 2)) v <2(2Co Ly, + 1,)(1 + €)\/qohn,
i#j

under Condition (C1), and on .4 and .#3 = {max; \\i§2)|]00 < 2CoLy,}, where pr(#5) <

2exp{—2(C? —1)L2} and L, = +/log(p V n). Consequently, we have f*(u;;) > r; under
Condition (C4), provided that 2{(2Co L, + 7,)(1 + €)\/qdhn + an} < do.

Then, we observe that
~(2 ~(2 ~(2 2 N(1 2 D(1 2
(& -2 = (&P )y (AL (27) - AL (2P
2y (& - AL (Z) - AL(Z)) )
On the one hand, we have

2{n(n— D} Yy & —2HAL(ZP) - AP (2}

i#]
< 2f|{ntn -0} Y@ -2HALY(ZP) - AL )| iz
i#]

< 64C(1 + &) %0or,q0°h2+\/log p/n,

on 4/ and the event

= [t - 03 SR -xPHAL ) - AL
i)

< 3200rn\/logp/n] .

Following similar arguments to .#5, we note that [()Nfgz)k - 2(2( M), ){A(l)( (2()))
A(l)( Z(Q&\/[ _H))}], conditioning on Dy, is zero-mean sub-Gaussian with parameter 8v/207r,,

under Condition (C2) and on .#". We then have pr, () < 2exp{—2(C?—1)logp} on ¥ .
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On the other hand, we note that for any v € R?,
_ ~(2) (=(2) - (X 2
12 T g) T,Y/ _ ( )TE,Y + { IZ () }7/

Auin(E) 113 = | m IZX )T -3 _IWIE,

v

and similarly,
‘12 )R G < Ama(Z) 13 + || —1Zx2 &) -=|_IvIE.

It is well-known that the product of sub-Gaussian is sub-exponential (Vershynin, 2018,
Lemma 2.7.7). In particular, since for all k, k' =1,...,p and ¢t > 1,

E|IXE XS - BXQXE) = E|BXEXE - X[PX () yX@)XﬁQ,)

»

B(XHXE - xPx0r) = QtE{|X(2>Xf,3, XX /21

< 2B(XEXE < 2{B(XEPHEIXEP,

IN

where ()?;(5 ), )Z'Z{(,f,)) is an independent copy of (X ﬁ),)?z( k),) the first two inequalities follow
from Jensen’s inequality, and the last inequality follows from Cauchy-Schwarz inequality.
Then following a similar argument to Honorio and Jaakkola (2014, Appendix B), X Z( )X l(i,),

E(XZ,sz’k/) is sub-exponential with parameter (8\[02, 8o ), so that

(am Sy 3] =

p p noo_ " _ _
© S Pl O 3RS - R v
< 9 zp: zp: exp{ — nt?/ max (25604, 1602t)}

k'=1k=1

= 2exp { — nt?/ max(2560%, 160%t) + 2 logp}.

For notational simplicity, denote

_ [H(l/n) ii@(i?& - EHOO < t]
=1

This means when t = A\pin(2)/{4(1 + €)2¢}, we have

S EE) Y 2 (D)3 - Anin(2)/41 + 2)2a} VI3,
=1

DY @) ZED) Y < Ana(E)AY13 + Auin () /{41 + 22} Y13,
=1
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on .%, and

pr(2%) < 2exp (= nlhuin(E) {41+ &)%)
/max[25604, 40% Amin () /{(1 + &)2q}] + 210gp>.

Because v € T'*, we have ||v||? < (1+ ¢)2q||v|3, and

(3/) Amin (B) Y113 = (3/4) Amin (£)8%h3,

L
-
s M:
[
—
—
[\)
2
—
no
V

DS {EE < (5/9)Amax(D) |3 < 5026202,

where the last inequality holds because for any unit o € RP,
a"Sa = E(a™3x"a) = E{(X"a)?} < 402,

under Condition (C2) (see, for example, Vershynin, 2018, Proposition 2.5.2).
Besides, denote
M = Ms(t) = [H{n(n ~ Y ZEP)T < t],
i#]

for simplicity. This means when t = Apin(2)/{4(1 + ¢)%q}, we have

20n(n — 1)} Y A=)y

i#]

< 2H{nn—1} Z 52)T
i#]

||7||1 (1/2) mln(2)52h3n

for any v € I'* and on .#5. Because

pr(|[{n(n -0} V&)
i#j

- 1
Z Z inf ]

: f=1 k=1 AE0,(2V20%/n)=1) T
S B e (A K2, 50, )} el
™ i=1
< 2 Zp: zp: exp{ — nt?/ max(8c?, 4\/50215)}

k'=1k=1
= 2exp { — nt?/ max(8c*, 4v/202t) + 2 logp},
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where the second inequality follows from the fact that the product of two independent sub-
Gaussian random variables with parameter o is sub-exponential with parameter (\@02, ﬂaQ)
(Wainwright, 2019, Exercise 2.13), we then have

pr(f) < 2exp (= nfAuin()/{4(1 + )%}
/max[80'4, V20 Anin (2)/{(1 + &)2¢}] + 2log p).

Putting the pieces together, we have infycp- E€(2>{Q§1)(7)} > k1622 {(1/2) Amin(Z) —
320(1 +¢)20rpgy/logp/n}y on L NN N M3 O My M.

Since we have known that

inf {L(v) - L?(0)}
yer#

> inf Ea{QP() - Q@(0)}
= sup [Q®(v) = QP(0) — B {Q® (v) - @®(0)}|

~yel'*

— sup AD([18o + /1 — 1Bollul;
yel'*

it remains to deal with the following term

W= sup [Q(7) = Q(0) — B (@ () — Q¥ (0}

~er+

By Markov’s inequality, for any A > 0,

Pree)(Wn > 1)

E. 2 {exp ()\ sup
~YET*

IN

{n(n =1} [hig () = hii(0)

i#£]

B {hig(v) = his(0)}][) } / exp(rt)
- Z M, Z [ (i) (M) (V) = hae(i) (1,10 (0)

— B {ratiy (1Y) = riiy it (O] ) } / exp000)
— Z E.o { exp ()\ sup

~yEeT*

=B iy wt19() = By w0 O] )}/ exp00).

= FEo { exp ()\ sup
~Ee*

IN

IZ[ (@) w (M +i) (V) = P, (01, 44) (0)
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Write

wrl(m) = sup My Z[ ()7 +) (V) = Py (01, 1) (0)

B {aiy m(hta 1Y) = ortiy m(rta (0}

w—(’ﬂ) = SSII‘) M 12[ (i 7T(Mn+l) ) h7r(z),7r(Mn+z)<0)
,7 *

—E ) {Pr(i)m(Mati) (V) — hw(i),w(Mn-i-i)(O)}}'

Given the set I'*, we define its e-covering I'*(¢) following Wainwright (2019, Chapter 5),
and denote the covering number by [I*(¢)| = N(g). We will show that the concentration
inequalities for the supremum over I'*(¢) are independent of N(g). Therefore, by letting
€ — 0, we can extend the results to I'*. For simplicity, we will not distinguish between I'*
and I'*(¢) in the following analysis. Using Massart (2000, Lemma 8), we have

AE (o) [w.(7) exp{Aw.(7) }] — E 2 [exp{\w.(7) }] log E_2) [exp{Aw.()}]
My,

< 3 B (expDw.(m)}o[-Mw.(r) — w(m)}]),

=1

where ¢(u) = exp(u)—u—1, and w.\i(w) is defined similarly to w.(m), but with Ay (a4 (V) —

P (i) (M +i) (0) = 5(2){h’ (0) 7 (Mn44) (V) —Pr(i) w(M,+i) (0) } replaced by 2\(A§r2)z)—x(2()]\4n+i))T’Y|

for w}r( ) and 2[( x(Q()MnH))T’y\ for WY(W), respectively. Since

Ben(iy ety (V) = By ety O] < N&E = R, )™,
we have

\h (4) 7T(Mn+l)( ) = (i) m (M +0) (0) = Ee { (i) w(dn+3) (V) = Pr(i) (M) (0) }]

2(2)

— X (r) V-

Therefore, for v* such that

M,
we(rm) = Mrfl Z |:h77(i)77r(Mn+i) (v*) - hfr(i),Tr(MnJri)(O)
=1
—E ) {Pr(i) m(Mati) (V) — hw(i),ﬂ(Mn+i)<0)}]v
or
M,
wo(m) = —M;' ) [hﬂ(z’)ﬂr(Mn—&—i) (V") = h(i),m(M+4) (0)
i—1

—E ) {Pr(i) m(Moti) (V) — hw(i),n(Mn+i)(0)}]v
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we have
2 *
0 <w.(m) —w(r) <AM D -=D, )Ty
Note that ¢(u)/u? is nondecreasing on R, ¢(u) < u2 /2 for u < 0, which implies

> B (exp Ao (m)}41-Muw () — ()

=1
< ZSM DHED,) =% )Y P E e lexpOw (1)),

and

AE e [w. (7 )exp{M( M = Ec@ [exp{Aw.(m) }]log E [exp{Aw.(m)}]

< sup My 22{ R == ) Y8 E e lexp{w. (1)}
yel™

On the one hand, on .4, we have that

Mn
MY THAL(Z0) = AZ 0 )Y A < 401+ e gt hi,

On the other hand, on .Z,

n

12{ O ) Y < (4/n) Y {E) )2 < 20020702,

=1

Consequently, on £ N A,

AE (o) [w.(7) exp{Aw.(7) }] — E2) [exp{\w.(7) }] log E 2 [exp{Aw.()}]
< 128{(1 4+ &)*r2q + 50°}(1/n)6*h2 N’ E_(2 [exp{ \w.(7)}].

This inequality holds for all positive A and therefore yields the differential inequality
(L/N{T'(N)/TN)} — (/X)) log T(N) < 128{(1 +&)*r2q + 5%} (1/n)62R2,

for T'(\) = E 2 {exp(Aw.(7) — E_2){w.(7)}])}. Setting H(X) = (1/A)log T'(\), the differen-
tial inequality becomes H'(\) < 128{(1+¢)?r2q+502}(1/n)62h2, which in turn implies since
H(\) tends to 0 as A tends to 0, H()\) < 128{(1 +¢)*r2q + 502}(1/n)52h2>\ Equivalently,
on ZNN,

E o {exp(Mw.(1) — B {w.(m)}])} < exp[128{(1 + &) + 507} (1/n) 8% hy A?].

Putting the pieces together, on Z N A",

preey(Wa 2 ) < %Zexp (12841 + 2 + 502} (1/m)3*h2 N’
At = Ega{e.(m)}])
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It thus suffices to deal with E, 2){w.(m)}:

B {w.(m)} s2amahwﬁw12kmz w00 +9(Y) = Bt w04 (O}
=1
}

12“ (z - Mn+z))T7
500 [l B o [0 DLy - X0}
=1

32 sup 17vIl1 {maxn 12 X(Q) } /2\/logp/n7

< 4F ) a{ sup
T L yer

IN

IN

where o = (01,...,0n,)" are i.i.d. Rademacher random variables, the first inequality fol-
lows from the property of U-statistic, the symmetrization technique (Wainwright, 2019) and
Ledoux and Talagrand (1991, Theorem 4.12), and the last equality follows from Wainwright
(2019, Exercise 2.12). On ., NN, E o {w.(m)} < 32(14¢)(120% +1r2)1/26h2. As a result,
on ZNANNM,

prea (Wy, >t) < 2)i\r>1% exp {128{(1 +8)%r2q + 502} (1/n)6%h2 N\
Mt —32(1 +¢)(120% + r,%)l/%hi}}
< 2exp { ~n{t—32(1 + &)(120% + 12)/25K212
/[512{(1 +2)2r2q + 502}6%h2) }

That is, define

W = {Wn < 16V2C{(1 +&)*r2q + 502126 h,\/logp/n
132(1 + &) (1202 + 7 )1/26h2}

we have pr(# N L NN Nr) < 2exp(—C?logp).
Putting the pieces together, we have

inf {L)(y) - L®(0)}

~yer*
> 51022 Amin(T) — 64C(1 + ¢)?07rnq+/logp/n}

—8(1 + &)\/q0hnkuan(rn + 4v/2Ca\/logp/n)
—64(1 +¢)C(30 + 7,)6h2 — c1(1 + €)6h?

> k16202 Amin(2) — 64C (1 4 €)okyudodhZ — co(1 + ¢)dh2
—64C(1 +¢)(30 + 7)6h2 — c1(1 + €)6h?
> K10%h2 Amin(2) — 64C (1 4 €){40(kudo V 1) + 17, }0h2 — 2¢1 (1 + €)6h2,
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on W NN NLNAM N MO M3 My M5, provided that 2{(2Co Ly, 4 ry) (1 +¢)\/q0hn +
an} < 9o and 8kyrnpa, < co\/m. By letting § = 2(1 + ¢)[c1 + 32C{4o(kyudp V 1) +
7o Y/ {KiAmin ()}, infyer-{LP® (y) — L#)(0)} > 0. Therefore, for each I € {1,2}, we have
pr([FY D)2 < 5v/qlog p/n]

1—pr{(# NL NN My MOy M) NN} —Dr(NC) — g —

1 —8exp{—(C? —1)logp}

—cz exp(—en[{Amin(2)/q}? /0! A 1] +logp) — pr — a0 — an,

AV

for some universal constants co, c3 > 0. Furthermore,

IFOAD)L < (1 +2)valAP A2 < (1 + )dqy/log p/n,

with probability at least 1 — 8 exp{—(C? — 1) logp} — ca exp(—c3n[{A\min(X)/q}?/oc* A 1] +
logp) — pn — ap — a, as well. Then the proof is completed. |

Remark 8 The proof of Theorem 2 can be adapted to obtain similar results for the ANOPE
(Fan et al., 2020b) subsampled version of DS Rank Lasso. Specifically, the loss function now
becomes

~(2 ~(2
QP () = (MlS|)~ Z Z’ (ex 7T(Mn+z)) (X7(r()i) - Xgr()Mn-l—i))T’ﬂ’
meSs =1
where S is sampled with replacement from permutations of {1,...,n}, and |S| denotes its

cardinality. Recall that
Wy = sup [QP(7) = QP(0) — Eq{Q®(7) - Q®(0)}],

~er*

we can similarly derive that

Pree (Wy > 1)

< Ee<2>{eXp (A sup |(M,|S])” Z Z (i) (Mn+0) (V) = Pox(i) (01, +i) (0)
~yer- TES i=1
—E){Pr(i) m(Mo+i) (V) — hﬂ(i)ﬂr(Mn-&-i)(O)}]D }/GXP(M)
1 - My
= E.o { exp (A Sup | o7 Z Mt Z (i) e (Mo+0) (F) = (i) (M) (0)
~yel'* ’S| reS i=1
_E5(2){h7r(7, (Mp+1) (V) = (i) (0 41) (0) 3] ‘) }/GXP(/\t)
<

|S| ZE 2>{exp ()\ sup

M, Z [Pe(i) e (Mo+0) (F) = Po(i) (M 40) (0)
yer i=1

—E ) { (i) r(Mnti) (V) = (i) m(Mt0) (0) ] ‘) }/GXP(/\t),

with h; j(y) = |(e§2) - 65-2)) - (252) - §§2))T'y|. Then it is also sufficient to deal with the
summand for any given w, and further details are thus omitted here.
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A.3 Proof of Lemma 4

Proof For consistency in notation, we next deal with ,@d’@). Now recall that

S@(y) = —{n(n—1)}~ Z g2 81gn{ @) €§-2)) — (ﬁl@) — §§2))T7}.
i#]

Given any C’ > 0, we note that uniformly for ~ € RP such that ||v||o < C'q, the number of

(4, 7) pairs such that ;" —e;” = (X; )
one, because the distribution of 65-2) has no pomt masses (see, for exmaple, Koenker, 2005,

Section 2.2). Consequently, with probability one,

~ is at most of order O(q?) with probability

s ot - 103 Y& - el - o = &P - xP)T|
~ERP:||]l0<C'q oy oo
= O{(q/n)ZLn}7
on 5 defined in the proof of Theorem 2. We shall see this quantity is neghglble. Thus, it
is sufficient to consider the term 2{n(n — 1)}~1 E#j(ig) A(2))[ {( (2)) < (§§2) -

§§2))T7} —1/2], which we also denote by S() () for notational simplicity. Then the debiased
estimator can be represented as

B — gy = —{n(n -1} 1Y 0" — )1 <0)-1/2}/{2F*(0)}

i#]
O gra® i@y [0 g ~(2)
Foo ¢ 0" f*(0)®E PO 43
_ _8"s(0)/ 47 (0)) - L Verae) 3
(0)/{4f7(0)} - 0) )
_f*(o)@T ) v
7 0) o (P FP)} +3

where G (5) denotes the empirical process

G (y) =1 (y) = B (P ()},

and for v € RP,

v (y) = {n(n - )} &P ) 2 onre? < @ -2y -1 <o)l
i#]

Denote

and



DEBIASED RANK LASSO FOR PARTIALLY LINEAR MODELS

where Co g = e? _ (.2). Then

Z

v () = {nn = D} IR %)/ 0){P () - Py(0)).
i#]
We let {¥s}se[n,) be centers of the balls of radius 0,¢, that cover the set C(d,,q") = {7 €

P lyll2 < 6n, lIYllo < ¢’} Such a cover can be constructed with Ny < C’g,(?)/{n)q/ (see,
for exmaple, Wainwright, 2019, Example 5.8). Furthermore, let

B(vs,7) ={v € RV : ||[v — 52 < r Asupp(y) € supp(7s) }

be a ball or radius r centered at 4, with points that have the same support as 4, for
s =1,...,N,. We define G,(f) () as the k-th component of G(?)(v), and in what follows
we shall bound sup,ec(s, ¢ IG® (7)]|oe = max SUD~eC(5,.4') ]GS)(')/)\ using a standard
discretization argument. In particular, using the notation introduced above, we have the
following decomposition

sup |G ()]
YEC(On,q")

(2)
= max sup G, (v
SE[N’Y} YEB(Fs,0nén) ’ ‘ ( )‘

max |G, (7vs)| + max sup G(Q) Y *G(2) Ys)| =Tk + To.
56[N7}| k( ) seJ\L,],yelg(,y&(sngn)| k (7) k( )| 1 2

IN

Notice that the term Ty arises from discretization of the set C(dy,,q"). To control it, we
will apply the union bound for s € [N,]. The term T5; captures the deviation of the
empirical process in a small neighborhood around the fixed center ;. We first bound 7 .

Let aijx = (X3 — X7)/(2f*(0)), and
Dinjvkrs = ai»j»k[{‘Pivj (:);5) - 'PZJ (:}75)} - {PZJ(O) - 'P7/7.7 (0)}]
That is,

Ty = max ’{nn—l} ZDJ’“’
i#]

We note that E_(2)(D; k) = 0 and for some 7; ; € [0, 1],

varge (Dijk,s) = azz,j,k [Pi,j (¥s) — Pi2,j (¥s) + P5,5(0) — PiZ,j(O)

~2{P,j(0) A Pij(3)} + 2P,5(7:) P15 (0)

< afjx[Pij(¥s) + Pij(0) — 2{P; ;(0) A P j(¥5)}]

< a2l & -0y, (AN (2 - AP (2)
iR = %7 )T%}

< el | R - %) =02
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where the first inequality follows by dropping a negative term, the second inequality follows
by the mean value theorem, and the last inequality is from Condition (C4). Furthermore,
bi,s :=max |D; 1 s| < 2malz< |a; jk|. Therefore, for a fixed s, we have that

Z?] 17]’

E eXp{)‘(Dﬂ(i),Tr(MnJri),k,s)}]

= 1+ X026 iy hs/2F D AN By (Dhiy winty sy k) /!
t=3
< L X026 (i ks 2 X060 (i s/ 2 D (AR
t=3
2 92 2 2
N i) w(Mati) s 2 (A O (i) (M) s/ 2)

= 1+ < exp
1_bk,s|>" 1_bk,s|>‘|

for |A\| < 1/bys. Let Cp > 0 be a constant that may vary from line to line in the proof. On
AN M5 N L N A and under Condition (C1), we have that

br,s < 2max|ai ;x| < (2/f7(0))(2C0 Ly +1m) < CoLn,
17‘77
and by the Cauchy-Schwarz inequality,
S S @ _ 2@
-1 2 -1 2 ~(2 ~(2 -
Mt Y 020 mtinks = Ma D2 (et Bny = Kngag, 40) sl < CodnLn.
i=1 i=1

Then for arbitrary € > 0, following similar arguments to Theorem 2 and Bernstein’s in-
equality (Wainwright, 2019, Proposition 2.10), we have

’{n(n — 1} Digs| < Co[VAlos(2/)/n}onLn V (Lu/n)log(2/e)],

i#]

with probability 1 — e. Therefore, using the union bound over s € [N,], with probability
1 — ¢, we have

Ty x < Co[{log(2Ny /)8, L /n}Y /% v (L /1) log(2N, /€)].

Let us now focus on bounding 75 ; term. For a fixed s, we denote

Tors= sup |G (y)—GPF,)):
’763(’75,571{71)

We will use the fact that I(- < z) and pr(- < x) are monotone function in . Note that
~2) a2 ~
max max sup \(XE ) _ X;- ))T(’Y —s)|
SE[N’Y] %] ‘YEB(:)"Sy(Snfn)

< unv/d max %~ %7 loo < C00u0v/d'L3 = Lo,
Z?]
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on .3 N .4, because

%Y — )Ty - 7,)]

< by = Fllav/ Ty = Fallo max % — %5

We further denote Ef; = (%17 - x)™3, + A (2) — AV (21?) and B, = A}V (2) -
3;1)(Z](2)), and then

Tops < {nln =D} |lasgal {2, < By + L) = 163, < BY; = L)
7]

~I(6; < By — L) + 1, < B+ L) |
+’ai,j,k’{ - F*(Ef] — L)+ F*(E?; + L)
+FH (S + L) — F*(EY, — En)H .
Furthermore,
Tops < {n(n—1)}7"1Y [\ai,j,k|{f () < Ep + L)~ I(Q2, < BY, — L)
i

—I(, < Bl - L) + 1) < BY + L)}

Hlaigl{ = F* (B3 + La) + F*(EY, - Ly)
+F* (B} — L) = F*(B{; + L)}

+2{n(n -1}y [|amk|{F*( + L) — F*(EY, — L)
i#]
—F*(B;; — L) + F*(EY; + Zn)}]

The first term in this equation can be bounded in a similar way to T by applying Bern-
stein’s inequality and hence the details are omitted. For the second term, we have a bound
Coann, since |a; j 1| < CoLy and F* (:H—En)—F* (x—fn) < 2k, Ly, for all x € R. Therefore,
with probability 1 — e,

Togs < Col{LnLnlog(2/e)/n}"/? v Ly{log(2/e)/n} V LyLy).

A bound on T, now follows using a union bound over s € [N,]. We choose &, = n™!,

which gives Ny < (3np)?. Then we let ¢ = C'q, and 8, = 8h,, with J, h,, given in the proof
of Theorem 2. Using a union bound over k € {1,...,p}, we have, on .#3N.Z N .4, that

max sup |G (9)] < Co[/log(np/2)/n}8uq' L V (Lud'[n) log(np/e)]
ko ~yeC(on,q)

with probability 1 — 2¢. That is,

s 1GP (7)o = Op Al 2 () L3> {log (p)} /4 (g /n)*/* v L3 g/n)].
~YeC(n,q’'
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Thus, we have

P 3/2
sup 7GR ()]l = O,[1©11* LY log ()} (a/n)*1),
VEC(Sn,a")

since ||®||1Lng\/logp/n = o(1) and ||© — ©|; = 0,(1) by assumption, and since 1/(40?) <
Aatn(B) = Anax(©) = [©]|5 < [[©]1, where ||| = maxy [|64]|1 and [[©]2 = Aiix(©7O)
are the /1 norm agd spectral norm of ©, respectively.

Next, denote I'* = {y € R? : v € T, ||y|l2 < dh,}. Using the mean value theorem, we
note that there exists some f; j lying between 3&1)(2-(2)) — 3&1)(2(2)) and (ﬁl@) (2)) ¥+

% J
AP (zP) — AP (2), such that

Eo{v®)} = {n(n-1}" Z{ (2 A(Q) \/(21(0))
i#]
X [F* {(X§2) §§2))T7 + A0 (Z?) - ﬁél)(Za@))}

X[f (i) = FHAD 2 = ADZPNHED - 2P) )]
= T3(y) + Ta(y).

For T4(7), by Condition (C1), we have known that Hx@) A(-2) loo < CoLy, on Az N .
Furthermore, we have

sup {n(n — 1)} ST1f (ig) — FHAD(27) - AP (2P

el i#j
< L¥sup {n(n— 1)} 1Y (&P - 2P < Co{A2,(D)qlog(p)/n},
YEer* i#j

as well as

sup {n(n — 1)} Y (&P — xP)Ty)? < Co{ A2, (D)qlog(p)/n},

verr i#]
on .Z N .Y, then

sup |87 T4 ()llse = Op [{I®]11 + 0p(1)}A,(E) Luglog(p) /n] = Op{[|®|{Lnglog(p)/n}.
~yer*
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For T3(y), we further decompose it into

Toa(y) = {nln—D} Y {&P -2P)/@r O =)
i#]

| )
Tia(y) = {nln—1}"1Y &Y - PP - zP)y)/2.

and

sup {n(n — 1)} 1Y {&P —xP)"912 < GofA2 (S)qlog(p) /n},
yerr i#j

we have, by the Cauchy-Schwarz inequality, that

sup €731 (7)o = Oplan At (2)[©Il1{glog(p)/n}'/*] = Oplas|©||H{glog(p) /n}'/?).
~el*

On the other hand, recall .Z(t) and .#5(t) defined in the proof of Theorem 2, we note let

t1 = 163v/2C0%\/log p/n(v/2C\/logp/n v 1) and ty = 4Co?+/log p/n(2v/2C\/logp/n V 1),

so that

sup [T32(7) — Zvlloo

~yel'*

sup [{n(n Y g -2 - 22}7“&/2
~yer+ i#j

Corta(Z)av/logp/n | {n(n — 1)} !

T - 2@ _ g@yr _zzH < Corin(Z){qlog(p)/n},
i#]

on Z(t1) Ny N M5(t2) N A" This implies that

IN

IN

sup |@"T32(7) — O Ev[lec < 1Ol sup [ T32(7) — Ev/lo
~yer* ~yer*

Op[l1®]1175i, (2){glog(p) /n}].

IN

Moreover,

IN

sup [|©" Xy — v/|o 1© — O1]|Z][o sup [I¥]1
~yel™ ~yel'™*

= 0[11® — O[5, (B)aflog(p) /n}' /7).
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and
F(0) B 74(0)
o [0 0,70 o)
Thus,
sup [©7T32(v) — V]l = Op{||®||1q\/W(||@ —0|, v H@Hlm)}’
yelr'*
and

O7E, o (12 AC
j;lfp oY ()} f*(O)VHoo

(0 5
Op[\@un/qlogp/n{)f*goi =1V all® - 8|1 v |83 Lav/glog p/n v ] 1a, }]
Next we derive the convergence rate of f*(0) = (J?*’(l)(O) +f*’(2)(0))/2 to f*(0). Denote

Ta(y) = {n(n =D} Y (KHel? — el = & - =)™/
i#]

2 2
~K{(e? = eP)/n}) /.
and
_ 2 2
Tro = {n(n = D} Y K{(e? — ) /h}/h.
i
We first upper bound sup_ _g. |T5,1()|. On the one hand, following an argument anal-

ogous to that used for W,, in the proof of Theorem 2, we have that

sup |T5.1(7) = B {T51(7)} = Op{ A0, (Z)qlog p/(nh?)},
~Ee*

under Condition (C5). On the other hand,

sup |Ec {T5,1(7)}

~yel™
< sup [tnen- 103t o [ (Klfu— Bym
yEr™ i#j o
~K{(u— E)/h}) f*(u) dul
= sup [{n(n— 1)} Z/ K @)lf* {hu+ B ()} — £ (hu+ E9,)]
yer= 1#]
< sup Ll{n(n — 1)}7 Z‘ QZ(Q) _ §§2))T7|
~yer- i#]

= Op[Amhn(){qlog(p)/n}?],
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on .Z N4 and under Condition (C1), where EZQJ- = ﬁgl)(Zi@)) — 3;1)(2(-2)) and E; j(vy) =

’ J
(252) - Xg' )) v+ AE, )(Zi(z)) A(l)(Zj(?)). Thus, we have that

sup |T5,1(7)| = Op{ Auin(Z)V/qlog p/n(/qlogp/n/h* v 1) }.

Then we upper bound |75 2— f*(0)|, which is further decomposed into |T5 2 —FE(2) (T52)|+
|E 2)(T52) — f*(0)|. By standard arguments for kernel density estimation, we have that

|Ee (T52) — f7(0)]

+oo
< IPED = FOI+] [ E K du= ()
+o00
~ Oyfan+| / (7Y (s () — (P (B2} ()
oo .
< Oy(ay) + Lsh? / V2K (u) du = Op(an V h2),

under Conditions (C1), (C4) and (C5), where p; j(u) lies between E?,j and E?J + hu. As
for the first term, we note that

varge (Tsp) < n.ZM QZE@ (K20 = €2y o — B /Y2
< Mn_lmu/ K2(u) du/h = O{1/(nh)},

by Jensen’s inequality, so that [T52 — E 2 (Ts2)| = Op{1/(nh)'/?} by Chebyshev’s inequal-
ity.
Therefore, we have
FO = O = 0,[{I®lv/alogp/n(v/alogp/n/h? V1)V 1/(nh)Y2 v 12} v a]
= Op(H(")Hl qlogp/nvn=2%v an>,

if we let h =< {||©]l1qlog(p)/n}'/* v n=1/%, and

i* —1‘ p(H@Hl qlogp/n\/n*Q/E’\/an),
because f*(0) > k; under Condition (C4). Putting the pieces together, we have

~

éTEe2{ (2)( ) f:(o)
j;lfp* @ [ (0)7

= o{lelhalogp/n (1@l valogp/nvn=2/v /3| - O
VIO Lav/alogp/n v 1©]1an ) }
= 0p{18lValogp/n(n>" v al® — O] v [ Lav/glogp/n v [©]1an) }.
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and
1B — By + ©7S(0)/(47*(0))
= Op{lI®lvalogp/n(n™" v /d|® - O] v 10|} Lay/alog p/n V O],
\/ 1813/ {10g(p)} /4 (a/n)*/*}
= 0,{1el1Valogp/n(val® - Ol v ||} L,/glogp/n v O] 1a,)
\/ 11012 L3/ {1og(p)} /4 (a/n)** }.
This is because, by Theorem 2 and the assumption that || B o = 0,(q), for any ¢ > 0,

there exist sufficiently large constants C' > 0 and C’ > 0 (associated with § and ¢’) such
that pr{7? ¢ C(5 ¢)NT*} <e. R
Because [|S(?(0)]| = Op(1/logp/n) by the proof of Lemma 1, and |1/f*(0)| = O,(1),

we have

1(© — ©)78%)(0)/(41*(0) [l = Op([|® — ©l1/Tog p/n).

Moreover, because

Fo) )
7(0) 1‘ = Op(ll@lh qlogp/nVn=2/5V an),
we have
1©7S@ (0)[{1/(45*(0))} — {1/(4f*(0))}Hlloo
= 0,{(I®l1Vqlogp/n V0 v a,) @] Iog p/n}.
Thus,

184® — By + ©7S(0)/(41*(0)) -
= 0y{I18lh/alogp/n(al® - Ol v |83 L.v/glogp/n v [O]1a, )

\/ 11012 L3/ {tog(p)} /4 (a/n)*/* }.

Then we prove the second part of Lemma 4. Denote Tg = @7(S(2)(0) — S(()Q)). We note
that

Tolloe < 101118)(0) 8§l = Op{1©I1 (raan v a3/ /iogp/n V logp/n) }.

(2)

by using the proof of Lemma 1. It thus remains to deal with ®*S;”, and we claim it is
asymptotically equivalent to

T; = —{n(n—1)} Z@T N(Q) ~]2 )sign(e; @ _ 65»2)),
i#£]
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in the sense that

1©7SY) — T+le = Op([|®l|17n/Tog p/n).

To see this, we note that

178 — Trllos < [[O1|{{n(n — 1)} Y AL (2?) - AL (2))sign(e? - )

i >
= Op([®]lirn/logp/n),
following similar arguments to the proof of Lemma 1 (ii). Finally, let’s consider
—(4/n) 3 O"EIF ()~ 1/2}.
=1
We first define a truncated version of X i(,i)’ X ﬁ)T (Q)I (]X ] <T,), for some T}, > 0.
Then, we define in addition
Try, = —{n(n—1)}"'> O &7, —x7) )sign(e?) — 7)),
i#]
. ~(2 (2
Tor, = —(4/n) 3 O{x7, - BE7)HF(E) ~1/2)
i=1
where x(% = ()Nfi(i)’Tn, . Xz(?a)T ). Therefore,

IT7 = Tolloo < [T7 = T7,1, [l + T7,15, = To,7, [l + [ To,7, = Tolloo-
For || T71, — To1,| o0, we note that it is upper bounded by ||®||1||A7, ||oc, Where
Az, = —{n(n-1}"

> &D, - %3 sign(e® - ) 2%, — BEE)HFE) - 1/2}
i#j

2z} ~ BEP) VHF(P) —1/2}.

Thus, it suffices to upper bound A7, componentwise. For the k-th component, Ay 7, , we
observe that it is a degenerate U-statistic. Therefore, according to Proposition 2.3 (d) in
Arcones and Gine (1993),

pr{(n — 1)|Ag1,| >t} < caexp{—cst/(61},)},

for some universal constants ¢4, c5. By the union bound, we have that

pr{(n — D||A7,|lcc > CoTylogp} < cqexp{—(c5Cy/6 — 1)logp}.

By letting T, = 2Co Ly, |A7, |l = Op(||®|l1Lslogp/n). Moreover, | T7 — T71,|l = 0,
and

ITo, = Tolloo = 4@ B ~ ), )(1/n) Z{F D) -12y
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on /5. For HE(iEz) — )~<§2T)n)||oo, we observe that

(2 (2
B(XS X5

IN

(2 (2
IE{XS 11X > T}
220 exp{—T?2/(40%)} = 2v/20 exp(—C*L2),

A

by Cauchy-Schwarz inequality, E{(f(ﬁ))Q} < 40?, and pr(|)~(ﬁ)| >Ty,) < 2exp{—T2/(20%)}.
Therefore,

ITo,z, — Tolloo = Op{1©]1n Y2 B — %) )} = 0p(|©] 107 1),
and
I = Tolloc = Oy ([I©ll1Ln log p/n).

To sum up,

H@Ts<2> + (4/n) Z 0" %D (F(?) 1/2}”
= {H(—)H (rnan\/al/Q\/logp/n\/L logp/n)}
Then the proof is completed. |

A.4 Proof of Theorem 5
Proof Note that the assumptions ||©||3L3 {log(p)}'/2¢*/?>n=1/2 = 0(1) and ||®|?(v/qlog pV
log p)a, = o(1) imply that
o) n- = o0
1©]Lnglog(p)n "/ ,
1012 LY (log(p)}/1¢*/ 0=t = o(1),

(1)
(1)
1©]1Lnlog(p)n? = o(1),
(1)
(1)

Q

1©]13v/qlog pay 1
H@Hm/logpa}/2 = 1).

Therefore, we have ||R ll||OO = 0,(n~/?) and ||R£Ll’)2”oo = 0,(n~/2) by assumptions. Recall
that ,Bd (B )+ ﬂ )/2 We then have

I
S

Y

Q

VN[(B — o) — N™ Zekxz (e) — 1/2)/1*(0)] = op(1),

by Lemma 4, where N = 2n. For OTE(Z)Ok with &0 = p-1 Yo 1(’\(1 §(l))(§§-l) — §(l))T
and X = n~! Yoy % we note that

7 )

107EVO — 0720 < |2V — B[ |©]3} + |06 — OTE0 .
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On the one hand, because &) = n~2 szzl(ﬁgl) — §§l))(§2@ — §§l))T/2 =n"2 Z#j(ﬁgl) —

ig-l))(il(-l) - ﬁgl))T/Z it follows from the proof of Lemma 4 that |E¢) — %o = p{(rn V

1)\logp/n +r2} = Oy(+/logp/n). Besides, [|©] = O(|©|} v [|© - ©}) = O,(||©]f}) by

assumption. Therefore,
ISY ~ Sl|l1©]F = Op(|©]F \/log p/n).
On the other hand, we have that

|07E0 - O0"E0|x < [(© - ©)'E(O — 0)|x +2[07E(0 - )]«
0(|© —e|}) +0(|e - e]).

Therefore,
107E6 — @20« = 0,(]|® — ©]|; v [|©]}\/log p/n).

Furthermore, by the proof of Lemma 4 and the assumptions, we have

@2 -ufl = 0{I® el Vel Viogp/n
Vil (Ielvalogp/n v n=v a,) }
= 0,{I18 -0l vIel(lelhvalogp/nvn? va,)} = o, 1),
Gy % o o, (|FEe))
W wk

Wi (w/aﬁ —w,%—l—w,%—i—wk)
= 0,(I8 - @ VI8 [3viogp/n v [ll1/alogp/n vV n ™ v a, ) = 0,(1).
Hence we have @y, /wy, — 1, where w? = O x/[12{f*(0)}?] and

o ég(i(l) n §<2>>

0r/[12{/*(0)}7.

By Lindeberg-Feller CLT for triangular arrays (Resnick, 2019, Exercise 9.9.1),
N
NY23" 01 Fer) — 1/2}/{wef* (0)} 5 N (0, 1),
i—1

since B[OF%;{F(e;) — 1/2}/{N" 2w f*(0)}] = 0,
N
" BIOFRAF(e) — 1/2}/ AN f0)}]? = 1,

i=1
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and for any € > 0,
N
S B(I0F%{F () — 1/2} AN (0)
=1

XINOF%AF (e) — 1/2} AN 2w f* (0)}] > €]
= NE([0F%i{F(er) = 1/2} AN f* ()}

XII0F%1 {F (1) = 1/21/{N" 2 f(0)}] > €])
< E[6f{F(a) - 1/2}/{wf (0)}F)/(NY2) = 0.

This is because E|0] /||0x/|1X1]> = O(1) and Oy 5, > 1/E()A512k) > 1/(40?) by sub-Gaussianity
of X1 (see, for exmaple, Vershynin, 2018, Proposition 2.5.2), f*(0) > ; and ||®|3N~/2 =
o(1). It thus implies by Slutsky’s theorem that

VN (B~ Bo)/@x 5 N(0,1),

since f*(O)/f* (0) 5 1, and then the proof is finished. [ |

A.5 Proof of Theorem 7

Proof The proof will follow similar arguments to Chernozhukov et al. (2013) and Zhang
and Cheng (2017). To begin, we apply Chernozhukov et al. (2013, Corollary 2.1) to derive
the following result under the assumption that ||®||¢L*/n < Mn=* for some M, 1 > 0:

N <) ] Y
=1

VN )| <oN @)

N
p 1= sup ‘pr(max‘ ik
teR keg ; l

for any G C {1,...,p} and some constants C’, C” > 0, where & , = 07 %;{F (e;) —1/2}/f*(0)
and & = (§1,...,&p)", ¢ = 1,...,N is a sequence of zero-mean independent Gaussian
vectors with E(&:£F) = ©/[12{f*(0)}?]. Because

JVE = s (3 6= 3 6ua) V.
i=1 i=1

N
max ;
keg ‘ ; gz’k keg

N N N
‘. N = ( ‘. — ‘. )/ N,
Illclggx ‘ ; ik /f rlrcleagx max ZZ; ik ; ik VN

it suffices to verify Condition (E.1) of Chernozhukov et al. (2013), that is, there exist some
constants C1,Cs > 0 and a sequence of constants By, such that

Cr < B(E)) < Co, max B(IGal*/BL) + E{exp(&il/Ba)} < 4

uniformly over k£ € {1,...,p}. We have that E(ﬁfk) = Ox/[12{f*(0)}?] is bounded away
from zero and infinity, uniformly over k € {1,...,p}, because 1/(40?) < minge(y,. py Okk <
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maxye(1,.. p} Ok < +00 and k; < f*(0) < ky. By the independence between X; and ¢;, we
have, for B,, = B||®||3 with sufficiently large B > 0, that

o P10 BI{F (ei) = 1/2}/ 1 (0)]**]

max B(|& 4[>/ BL) =

t=1 21,2 Bt
1110y /.
<
< ngg(t+2)l“(t/2+1)( N B, <1,

and

i E|0;%;|'E[|{F () — 1/2
1+Z ]\Bsttk'! —1+Z |05 {;;t! /2}/1*(0)[]

|©]]10 2
1+2Z(\fB m) _1_\%9310<3,
nki

E{exp(|&ikl/Bn)} =

IN

uniformly over k € {1,...,p}, where we use the fact f*(0) > r;, E|0}/|0k]1X:]" <
(202)1/24T(t/2) under Condition (C2) (see, for exmaple, Vershynin, 2018, Proposition 2.5.2)
and tT'(t/2) < 2t! for all t > 1. Therefore, for B,, = B||® ||} with sufficiently large B > 0, we
have max;—12 E(|& £[*t/Bt) + E{exp(|&ik|/Bn)} < 4. Thus, (7) is proved, with constants
C’,C" > 0 depending only on Cy, Cy, M, and .

Then, without loss of generality, we set G = {1,...,p}. Define

JVN

N N
T = max VN|B3 — , T :max‘ ; /\/N, T :max‘ g
g =max VNIG; — foxl, Tig=ma ;fz,k 0.g = max ;&,k

By Lemma 4, we have

| V(B - o) - fjsi/x/NHm
=1

= 0,[I®lhv/qlogp(vall® — Ol v [©]Lav/glogp/n v [©]1a)
\/ I1©I1/2L3/*{1og(p)}/*q*/ =4 \/ @11 (Varaan v aff*\/1ogp) |

where & = (§1,...,&p)"-
Note that the assumptions ||@HZ{’Li{log(p)}3/2‘]3/271_1/2 = o(1), ||@||%an[\/§logp\/{log(p)}2] -

o(1) and the existence of ¢, — +oo such that ¢,[||®]1qlogp V {log(p)}?]|© — O = op(1),
imply that

1©113 2L {log(p)}*/*¢*/*n~ 1 = o
I1©1[3 Lug{log(p)}*/*n~1? = o
1©[1vanlogp = o1
1©|3any/qlogp = o1
Gall®lliqlogpl|© — O = o0,(1).

1
1

)

)

(1)
(1),
(1)
(1)

)
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Then we can always choose (1,(2 > 0 such that ¢1+/1 Vlog(p/¢1) = o(1), (2 = o(1) and

pr(|Tg — Tigl > C1) < G

For example, we can choose (; such that ¢(; = o(p~!) and

¢ = 10lva(I®I3Lav/alogp/n v ©]han) \/ (¢ny/logp) 2
V11012 L3/ 1og(p)} /16?4014 \/ @111 (/i Tog prnan v af?),

so that ¢1/1V1og(p/C1) = o(1) and |T5—Tig| < [VN(B—B0)— 1 1 &/VNlloo = 0p(C1).
Recall that

cg(a) = inf (t eER:pr {Wg <t ‘ {Xi,Yz‘,Zi}i]\;J >1-— a),

where
&, n =0 =
Wgzggg‘x FEY % )UE)‘/[\/l?N{f*(O)}],
1=1 i=1
§( =n 1Y 1x , and u(ll),...,ug) ugz), ,(1) are i.i.d. AN(0,1) random variables

1ndependent of {XZ,YZ,Z MW Let cogla) = 1nf{t € R:pr(Tpg <t) >1—a}. Because
C1 < B(@,) = B(§,) < Gy, and

2 n
orx® _zW (l)‘
pa | LA =0

n

2 n
= maxmax { 323 BF&" - - Y3 A =},

=1 i=1 =1 i=1

we have, for some constant C's > 0 depending only on Cy and Cs, that
sup ‘pr[Wg <t ‘ {x;,Y;, Z; Y 1} —pr(Tog < t)‘
< C3A1/3{1V10g(p/ﬂ)}2/3a
by Chernozhukov et al. (2013, Lemma 3.1) or Chernozhukov et al. (2015, Theorem 2), where
o= |6 (ZEEN G a(0))7) - o /(s )|
By the proofs of Lemma 4 and Theorem 5, we have

=0,(18 -8l v 8]} Viogp/n v [©]1/alogp/n v 1 v ay),

under the assumption that maxgc(q, . py Ok < +o0.
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Moreover, on the event {A < (3}, we have

sup |pr [Wo < | {xi, Yi Zia] — pr(Tog < 1)] < 7(Gs)
te

where 7((3) = 03C§/3{1 Vv log(p/¢3)¥?/3. Then, for any a € (0,1), we have

pr|Wo < eogla—m(Gr)) | fxi Vi, Zi}L

> pr{Thg < eoglo—(G:) } — ()
= 1l—a+7(@G)—7m(GB)=1—a

because the distribution of T g has no point masses, and hence

pr{cg(a) < cogla—m(G3))} = 1 —pr(A > G3),

by the definition of cg(«) and because the distribution of Wg has no point masses, either.
Similarly, we can derive that

pr{cog(a+m(¢3)) < cg(a)} > 1 —pr(A > (3).

Now, we have that

lpr(Tg > cg(a)) —pr(Ti,g > cog(a))|
pr({7g > cg(a)} © {T1g > cog(a)},[Tg — Tigl < 1) + G
(

)
pr|{Tg > cg(@)} ©{Ti,g > cog(a)},[Tg — Tigl < (i,

co,g(a+m((3)) < cg(a) < cogla— W(Ca))} + (2 + 2pr(A > (3)

pr{cog(a+m(¢3)) — 1 < Tig < cogla—m(¢3)) + (1} + G2 + 2pr(A > (3)
pricog(a+m(¢3)) — 1 < Tog < cogla —7(¢3)) + (1} + G2+ 2pr(A > (3) +2p
2m(C3) + G2 + 2pr(A > (3) +4C4¢1/ 1V log(p/¢1) + 2p,

for some constant Cy > 0 depending only on Cy and Cy, where A© B = (ANB°)U (BN A°),
the first two inequalities hold because pr(|7¢ — T1g| > (1) < (2 and pr{cog(a + 7(¢3)) <
cg(a) < cogla—m(¢3))} > 1 —2pr(A > (3), respectively, and the second-to-last inequality
follows from the definition of p. The last inequality is because the anti-concentration in-
equality (see, for exmaple, Chernozhukov et al., 2013, Lemma 2.1 or Chernozhukov et al.,
2015, Corollary 1), that is,

IN

IN

IAIA

IN

suppr( m]gsz:&k/\/ﬁ—Z‘ < Cl)
z€R i—1
N N
= Slel]g pr(mng&Ux/ﬁS z—i—Cl) —pr(mkangk/\/ﬁg z—§1>’
# i=1 i=1

IN

CiC1v/1 Vlog(p/Cr).
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To obtain the last inequality, we also use the fact that the distribution of Tj g has no point
masses, and

Y E— (ég,k,_ég,k)/m.

N
max ;
keg ‘ ; ik

Finally, we note that
sup |pr(Tg > cg(a)) —al < sup |pr(Tg > cg(a)) — pr(Tig > cog())|

ae(0,1) a€(0,1)

+ sup |pr(Ti,g > cog()) —pr(Tog > cogla))|
a€e(0,1)

< 27(G3) + G2 + 2pr(A > (3) + CaCiy/1 V log(p/C1) + 3p,

because the distribution of Tj g has no point masses and pr(Tpg > cog()) = a. By the

previous discussion, ¢11/1V log(p/C1) = o(1), (s = o(1) and p < C"N~¢" = o(1), we can

conclude that

sup [pr(T2 > eg(a)) — a] = o(1),
a€e(0,1)

if we choose (3 such that

@G = ¢ {log(p)} ™ Van{log(p)} 2V ||©]1¢"/*{log(p)} ¥/ 2n 1/
V{log(p)}~*n~%/% v ||©|[}{log(p)} ~*/*n /2.

This is because under the assumptions ||©||3¢L3 {log(p) }*/2¢"/?n=1/2 = o(1), ||©|2as[,/q log pV
{log(p)}?] = o(1), and the existence of ¢, — +oo such that ¢, [||©|1qlogpV {log(p)}?][|© —
Ol = 0p(1), we have

O[3 {log(p)}**n~ 12 = o(1),
1Ol {log(p)}*/2¢"*n~ 1% = o(1),
{log(p)}*n~2° = o(1),
an{log(P)}* = o(l),
(a{log(p)}?1©@ — O = opy(1),

and then 7(¢3) = o(1) and A = 0,((3).
Next, we can follow a similar argument to prove

sup |pr(Tg > cg(a)) — al = o(1),
a€e(0,1)

where TZ = maxyeg VN|BL — Box

/ak,

JUSIPS SO 5IC APt -
G = O (55— ) B/ 12 P (0)},
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and =0 =1 S 1( - §(l))(§§l) - §(l))T. We define accordingly
Tig= I,?élgx‘ ;&,k/wk‘/\/ﬁa Tog = max ‘ ;&,k/u)k’/\/ﬁ7

with w? = O /[12{f*(0)}?], and ¢y g(a) = inf{t € R : pr(Tog <t) > 1—a}. Then we can
similarly derive: (i) Under the assumption that ||®||$L.*/n < Mn~" for some M,1 > 0, we
have

g gl 3 ot VT < 1) < [ S| v <) <N
=1 i=1

teR

where C',C" > 0 depend only on Cy = Cy = 1, M, and ¢. This is because E{(&x/wr)*} =
1, and for B,, = B||®|? with sufficiently large B > 0,

E|0TX;|* Tt E[|\/12/0; 1 {F(¢;) — 1/2}|*Tt
1{naxE(|§Zk/wk|2+t/B) = max |05 Xil UW{ () /2}7T]

n

max(t + 2)0(t/2 + 1)(2\/6”@“102)”2/?2 <1,

IN

and

E{exp(|&in/wil/Bn)} = 1+ Z |€zk/wk| )
1+ Z EWT?‘ZVE V\/W{F (&) — 1/2}[1]

Bt'

1+2Z(2\[H9”10 ) < 2 < 3,
t=1

IN

B, T 2\/6%)”102

uniformly over k € {1,...,p}.
(i) Under the assumptions, there exist some (y,y > 0 such that ¢;{1V log(p/Cy) Y2 =
o(1), (5 =0(1) and

pr(\TZ - Tl,g| > () < Ca.

This is because

max ’\ﬁ BOk/wk—Z&k/ \ka)’

ke{l,...,p}
0, [l v/alogn(v/al® - ®H1VHGH?L Valogp/nV |©]ay)
\/ @133/ {10g(p)}/1¢* n= 4\ |©1|1 (Vairnan V ai/*v/l0gp) |
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and

N

max ‘Zfz‘,k/\/ﬁ(l/@k - 1/6%)‘

ke{l,...p =1
= 0,{ll®l:Viogp(|© - ©ll1 v O] Iog p/n v [©]1+/glog p/n v n 7V a, ) |

by the proofs of Lemma 4 and Theorem 5, the sub-Gaussianity of /|0 1X;{F (&) —
1/2}/f7(0), and the boundedness of maxyeqy,. py 1/wi-

(iii)
pr{Zog(a +7(Cs)) < 2(a) < Togla— F(Cy))} = 1 - 20r(B > Gy,

where 7(C5) = 63@,/3{1 Vlog(p/¢3)}?/? for some C's > 0 depending only on Cq = Ca = 1,

A = max 0;20;@/ ek’kl

CR L 0rS0 6156, VOREV Ok
and & = (2D 4 2(2))/2. By the proof of Theorem 5, we have

A=0,(1© - ©|:V|[®liVigp/n).

Under the assumptions, there exist some (5 > 0 such that 7((3) = o(1) and A = 0,((5).

(iv)

z€R

N
suppr(| max Y & feon/ VN = 2| <C1) < Caly{1 V1o (p/C1)} 2,
=1

for some Cy > 0 depending only on Ci=0C9=1.
Finally, following similar arguments to sup,e(o 1) \pr(Tz > ¢g(a)) — a|, we can derive
that

sup |pr(Tg > g(a)) — o
ae(0,1)
< 27(Cs) + Gy + 2pr(A > C3) + Oy {1 Viog(p/Ci) % +3p = o(1).

Note that the condition maxge(y, . py Ok < +00 is not required for this part of the proof.
This completes the proof. |

A.6 The Assumptions on Random Errors

In general, the assumptions on random errors in Condition (C4) is not restrictive and can
be satisfied by a wide range of density functions. Below, we provide two examples for the
density of € — €;.
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Suppose ¢; follows a normal distribution with mean 0 and variance o2. Then, the den-
sity function of €;—¢; is f*(t) = (4m0?)~ /2 exp{—t2/(40?)}. We have infye_5,.50 f*(t) =
(4m0?) V2 exp{—62/(40?)} =: Ky and sup,cg f*(t) < (4n10%)~Y? =i Kk,. The first
derivative of f*(t) satisfies sup,cp |f*'(t)] = (2v/270%) L exp(—1/2). Hence, |f*(t1) —
f*(t2)| < Li|t1 — t2| holds with L = (2v/270?) L exp(—1/2).

Now, suppose ¢; follows a t distribution with v degrees of freedom, location parameter
1, and scale parameter o. The density function of ¢; is

v+l B 9 —(v+1)/2
£t :—f(t;u,a,V)—”Q)(lJrl(t “)) ,

I’(%)a TV v o

and the density function of ¢; — €; is f*(?) f flx —t)f(z)dz. By the symmetry
and unimodality of the ¢ density around u, for any 0 <t < o,

£ = / f(x — 1) f(x) da
. / fa—1)f )dx+/+tf($—t)f(l‘)dff

Vv

/_ fg(w—t) dz + f2($) dx

ptt

\Y

/# F2(x — do) dar + ) f(a)da

n+do
u—3o
> 2/ f2(z) da.

—00

Since f*(t) is symmetric about zero, it follows that

)
inf  f*(t) > 2 / A(z) dx
te[—d0,00] —0o
2 (vt 1 =00
= 2 ()T (v +3) f(:v;u,\/u/(Qu—l—l)a,Ql/—l—l) dx

25 rv+1)oymr )
=: K1 >0.

On the other hand, we have
T
sup () €
teR ( ) r (5
I (4L

L
RGN

) — =: Ky.

Moreover, the first derivative of f*(t) satisfies
swplf ()] < suplr@) [ fa
teR

teR
_ T (%) (V + 1) <1 N 1 >—(v+3)/2

I'(%) oy 2mv(v+2) v+2
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Thus, [f*(t1) — f*(t2)| < Lilt:1 — ta].

A.7 The Necessity of Data Splitting

Illustration of Remark 3. Consider the following toy example: Assume that Z; is a
continuous random variable, and both {x; — mx(Z;)}*By and ¢; are bounded. Define the
nonparametric estimators as my(z) = mx(z), and

N
Mo(z) = mo(z)+rn Y _{Yi—mo(Z:)}(Zi = z)
=1

N
= mo(2)+ryn Z[{Xi —my(Z;)} Bo + &lI(Z; = 2),
=1

so that mg(-) converges uniformly to mg(-) at rate ry. Direct calculation yields

S(O) = —{N(N — 1)}71 Z(gz — %-)sign{(l — TN)(Q‘ — ej) — TN(gi — ﬁj)Tﬁo}.
i#]

Consequently,

E{S(0)} = —2B{(—x;)[F"{rn/(1—rn)(Xi —%;)"Bo} —1/2]}
= —27"1\/'/(1 — TN)E{()’EZ — ij)(iz — ij)Tﬂo} = —4T‘N/(1 — T‘N)Eﬁo.

Therefore, if \/logp/N = o(ry) and |[|X6y||~ is bounded away from zero, it follows that
1S(0)|loc =<p rn. Consequently, using arguments similar to those in the proof of Theorem
2, selecting A < 7y yields an /5 convergence rate of Op(,/qrx) for the rank Lasso estimator.
This demonstrates that the near-oracle rate O,(y/qlogp/N) cannot be guaranteed. In
contrast, data-splitting removes the bias induced by overfitting and ensures E{S®)(0)} = 0.
Thus, the proposed DS rank Lasso achieves near-oracle rates under mild conditions on
nonparametric estimators, even when they are overfitted.

Illustration of Remark 6. Consider the same toy example and the remainder term

Rg?Q introduced in Lemma 4. The full-sample version of the k-th component of the remain-

der term is

Ryop = OF| —{AN(N - 1)} 1 (% — %j)sign{(1 — rn)(ei — €) — rn (% — X;)"Bo}
i#

N
SNTUS R AR (@) - 1/21] /17(0).
i=1
Through direct calculations, we obtain

E(Ryaxr) = —E(0p& —X)[F{rn/(1—7rn)(X —%;)"Bo} — 1/2])/{2f"(0)}
= —rn/(1 = rn)E{0; (X — X;)(Xi — X;5)" Bo}/{2f7(0)}
= —rn/(1=rn)Box/f*(0).
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Error Method CP; CPsp9 ACPp ACPp ARPp RCP; AlLg AllLg.
DSRLasso 0.955 0.955 0.942 0.949 1.000 0.955 0.483 0.476
DSRLassos™® | 0.960 0.950 0.943 0.949 1.000 0.960 0.483 0.477
FSORLasso | 0.965 0.955 0.940 0.950 1.000 0.965 0.462 0.468
FSORLasso™ | 0.970 0.955 0.943  0.950 1.000 0.970 0.462 0.468
DSRLasso 0.945 0.950 0.937 0.948 1.000 0.945 0.329 0.326
DSRLasso®™ | 0.955 0.950 0.942  0.948 1.000 0.955 0.330 0.326
FSORLasso | 0.930 0.965 0.937 0.950 1.000 0.930 0.314 0.318
FSORLasso™ | 0.935 0.965 0.940 0.950 1.000 0.935 0.314 0.318

N(0,22)

MN

Table 5: A Comparison of the Proposed Methods and Full-sample Oracle Methods. Em-
pirical Coverage Probabilities, Power and Lengths of Confidence Intervals Based on 200
Simulations.

Given that the optimal rate of convergence for nonparametric regression is ry = N —1/24e
for some ¢ > 0 (Stone, 1982), it follows that \/NRN,Q,k: =, N® — oo when [y # 0.
On the other hand, data splitting eliminates the bias induced by overfitting and ensures
E (RS)Q) = 0. Consequently, the remainder terms in v N (32 — Bo k) can converge to zero
even when overfitting occurs in the nonparametric estimators.

Appendix B. Additional Numerical Results

In this section, we provide additional simulation results to support our proposed method
and complement the simulations presented in the main article. The data generation process
is the same as that in Example 2 of Section 4.1. Unless otherwise stated, we fix N = 450
and consider two error distributions: a light-tailed normal distribution ¢; ~ N(0,22) and a
heavy-tailed mixture normal distribution €; ~ 0.95A/(0,1) + 0.05N(0, 10?).

B.1 Comparison with Full-sample Oracle Methods

As established in Theorem 5 and the subsequent discussions in Section 3.1, the proposed de-
biased data-splitting (DS) rank Lasso estimator does not suffer from asymptotic efficiency
loss due to data splitting. Specifically, it achieves the same asymptotic variance as the
debiased full-sample (FS) oracle rank Lasso estimator introduced in Section 3.1. Table 5
compares the finite-sample performance of the inference procedure based on the proposed
debiased DS rank Lasso estimator with that based on the debiased FS oracle rank Lasso
estimator. The evaluation metrics are the same as those in Example 2, and the results are
based on 200 simulations. We denote the debiased full-sample oracle rank Lasso estimator
and its ANOPE (Fan et al., 2020b) subsampled version as FSORLasso and FSORLasso®"",
respectively. Overall, the finite-sample performance of the two methods is roughly compa-
rable. In particular, the proposed debiased DS rank Lasso yields slightly wider but still
comparable confidence intervals relative to the debiased FS oracle rank Lasso. This in-
dicates that data splitting introduces only minor efficiency loss in finite samples when the
sample size is moderately large. Such efficiency loss diminishes asymptotically, as supported
by our theoretical analysis.
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Figure 2: Sensitivity Analysis for ¢ with ag = 0.10 and ¢ = 0.01 Fixed. Empirical coverage
probabilities (a, ¢) and interval lengths (b, d) of confidence intervals are shown on the
vertical axis against i € {—1,0,...,8} (for ¢ = 14 10%/8-2) on the horizontal axis, based on
200 simulations. Results are displayed for DSRLasso (o for B, A for B¢) and DSRLasso®"?
(+ for B, x for B¢). A red dashed line indicating the nominal 95% level is overlaid in (a)
and (c).

B.2 Sensitivity Analysis for Constants Used in Tuning Parameter Selection

In this section, we conduct a sensitivity analysis of the constants ¢, ag and ¢y used in
the selection of the tuning parameter given in (3). We evaluate the empirical coverage
probabilities and lengths of confidence intervals based on 200 simulations, as shown in
Figures 2-4. Specifically, in Figure 2, we fix ap = 0.10 and ¢y = 0.01, and vary ¢ =
1+ 10732 for i € {—1,0,...,8}. In Figure 3, we fix ¢ = 1.01 and ¢y = 0.01, and vary
ap € {0.025,0.050,...,0.250}. In Figure 4, we fix a9y = 0.10 and ¢ = 1.01, and vary
co = 207/8-1/5 for i € {—1,0,...,8}.

Overall, the performance of the proposed methods, in terms of both coverage probability
and interval length, is quite robust to the choice of these constants. The results suggest
that it is preferable to choose o not too small, and ¢ and ¢y not too large.
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Figure 3: Sensitivity Analysis for ay with ¢ = 1.01 and ¢g = 0.01 Fixed. Empirical coverage
probabilities (a, ¢) and interval lengths (b, d) of confidence intervals are shown on the
vertical axis against ag € {0.025,0.050,...,0.250} on the horizontal axis, based on 200
simulations. Results are displayed for DSRLasso (o for B, A for B¢) and DSRLasso®"" (+
for B, x for B¢). A red dashed line indicating the nominal 95% level is overlaid in (a) and

().
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Figure 4: Sensitivity Analysis for ¢y with ¢ = 1.01 and ag = 0.10 Fixed. Empirical coverage
probabilities (a, ¢) and interval lengths (b, d) of confidence intervals are shown on the
vertical axis against i € {—1,0,...,8} (for ¢g = 20/8~1/5) on the horizontal axis, based on
200 simulations. Results are displayed for DSRLasso (o for B, A for B¢) and DSRLasso™
(+ for B, x for B¢). A red dashed line indicating the nominal 95% level is overlaid in (a)
and (c).
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Error  go(2) Method CP; CPsop9 ACPs ACPpc ARPp RCP; AlLg AllLge

TSLasso 0.925 0945 0.923 0948 1.000 0.925 0.386 0.390
(1) DSRLasso | 0.960 0.965 0.942  0.950 1.000 0.960 0.482 0.476
DSRLasso™ | 0.955 0.965 0.938  0.950 1.000 0.955 0.483 0.477

TSLasso | 0.920 0.935 0925 0.949 1.000 0.920 0.385 0.389
N(0,2%) (i)  DSRLasso | 0.940 0.940 0.938 0.949  1.000 0.940 0.483 0.477
DSRLasso™ | 0.940 0935 0.940  0.949  1.000 0.940 0.483 0.477

TSLasso 0.920 0.945 0918 0949 1.000 0920 0.384 0.388
(iii) DSRLasso | 0.960 0.950 0.940 0.949  1.000 0.960 0.483 0.477
DSRLasso™ | 0.965 0.960 0.942  0.949 1.000 0.965 0.483 0.477

TSLasso 0.910 0.950 0.872 0.949 1.000 0910 0.466 0.472
(1) DSRLasso | 0.955 0.955 0.945 0.949 1.000 0.955 0.327 0.324
DSRLasso™ | 0.955 0.950 0.943  0.949  1.000 0.955 0.327 0.324

TSLasso 0.905 0.955 0.880 0949 1.000 0.905 0.464 0.470
MN (i) DSRLasso | 0.965 0.950 0.948  0.949  1.000 0.965 0.326 0.323
DSRLasso™ | 0.955 0.950 0.943  0.949  1.000 0.955 0.326 0.323

TSLasso 0.905 0.955 0.872 0.949 1.000 0.905 0.465 0.471
(iii) DSRLasso | 0.950 0.960 0.943  0.950  1.000 0.950 0.330 0.327
DSRLasso®™ | 0.950 0.945 0.942  0.950  1.000 0.950 0.330 0.327

Table 6: Simulation Results for Example 2 with Different Forms of Nuisance Functions
go(z). Empirical Coverage Probabilities, Power and Lengths of Confidence Intervals Based
on 200 Simulations.

B.3 Different Forms of Nuisance Functions
In this section, we examine the sensitivity of the proposed inference methods to different

forms of the nuisance function go(z). Specifically, we consider the following additional forms:

(i) go(z) = (Z/Q)IO(I_Z/B)( (;;)/2)4(1 2/2)%° , where B(a,b) fo 1(1 —2)*~1 dz is the beta

function;
(ii) go(z) = exp{sin(272)} + (z — 1)%; and
(iii) go(z) = z{1 +sin(27z)}.

The results based on 200 simulations are summarized in Table 6. The evaluation metrics
remain the same as those used in Example 2. Overall, the performance of the proposed
inference methods is robust across the different functional forms of go(z2).

B.4 Different Nonparametric Estimators

To investigate the sensitivity of the proposed methods to the choice of nonparametric es-
timators, we first compare the simulation results for Example 2 using kernel-based and
B-spline-based estimators for the nonparametric functions mg(-) and mx(-), as summarized
in Table 7. Here, DSRLasso(Kernel) and DSRLasso®"?(Kernel) denote the methods using
kernel estimation, while DSRLasso(Spline) and DSRLasso""(Spline) denote those using
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Error Method CP1 CP500 ACPB ACPBc ARPB RCP1 AILB AILBc

DSRLasso(Kernel) | 0.955 0.955 0.942 0.949  1.000 0.955 0.483 0.476
DSRLasso™"(Kernel) | 0.960 0.950 0.943  0.949  1.000 0.960 0.483 0.477
DSRLasso(Spline) 0.945 0.955 0.938 0.952 1.000 0.945 0.531 0.533
DSRLasso®"P(Spline) | 0.950 0.955 0.940  0.952  1.000 0.950 0.532 0.534

N(0,22)

DSRLasso(Kernel) | 0.945 0.950 0.937 0.948  1.000 0.945 0.329 0.326
DSRLasso™"(Kernel) | 0.955 0.950 0.942  0.948  1.000 0.955 0.330 0.326
DSRLasso(Spline) 0.960 0.930 0.943 0954 1.000 0.960 0.386 0.387
DSRLasso®™P(Spline) | 0.960 0.935 0.943  0.954  1.000 0.960 0.387 0.387

MN

Table 7: A Comparison of Kernel-Based and Spline-Based Estimators for Nonparametric
Functions. Empirical Coverage Probabilities, Power and Lengths of Confidence Intervals
Based on 200 Simulations.

B-splines. We note that, under certain regularity conditions (Newey, 1997), uniform con-
vergence rates have been established for B-splines and, more generally, for series estimators.
Hence, Condition (C1) can also be satisfied by such nonparametric estimators under ap-
propriate regularity assumptions. The results indicate that the spline-based methods yield
coverage probabilities comparable to those of the kernel-based methods, though with slightly
wider interval lengths.

In addition, as discussed in Section 4.1, even when the moment condition for 171 is not
satisfied, such as when the error follows a ¢(2) or Cauchy distribution, the performance
of the proposed methods remains reasonable. This indicates that even mild violations of
Condition (C1) do not substantially impair the methods, since this condition is only re-
quired in the first-step regression and not in the second-step rank regression. To further
illustrate this point, we also compare the results from Example 2 using local linear mean
regression (Fan and Gijbels, 1996; the method used in the main article) and local linear
median regression (Koenker, 2005) for estimating mg(-), as presented in Table 8. Here,
DSRLasso(Mean) and DSRLasso®"P(Mean) refer to the methods using local mean regres-
sion, while DSRLasso(Median) and DSRLasso®"?(Median) denote those using local median
regression. It is worth noting that, under certain regularity conditions (Guerre and Sabbah,
2012), uniform convergence rates for local median regression have been established. In our
simulation settings, Condition (C1) holds even for ¢(2) and Cauchy errors when local me-
dian regression is employed. We observe that the interval lengths for DSRLasso(Mean) and
DSRLasso®"?(Mean) are slightly smaller under normal, mixture-normal, and #(2) distribu-
tions, but larger under the Cauchy distribution. Nevertheless, the coverage probabilities
across all methods remain roughly comparable.

In summary, although the interval lengths of the confidence intervals may vary depend-
ing on the choice of nonparametric estimator, the coverage probabilities of the proposed
methods are quite robust to this choice. Moreover, while Condition (C1) is important for
theoretical justification, the methods perform well even when it is mildly violated.
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Error Method CP1 CP500 ACPB ACPBC ARPB RCP1 AILB AILBC
DSRLasso(Mean) 0.955 0.955 0.942  0.949 1.000 0.955 0.483 0.476

N(0,22) DSRLassosub(Mean) 0.960 0.950 0.943  0.949 1.000 0.960 0.483 0.477
’ DSRLasso(Median) 0.950 0.950 0.938  0.948 1.000 0.950 0.518 0.522
DSRLasso®"?(Median) | 0.940 0.950 0.942  0.947 1.000 0.940 0.518 0.522
DSRLasso(Mean) 0.945 0.950 0.937  0.948 1.000 0.945 0.329 0.326

MN DSRLasso®""(Mean) | 0.955 0.950 0.942  0.948 1.000 0.955 0.330 0.326
DSRLasso(Median) 0.950 0.955 0.942  0.951 1.000 0.950 0.367 0.363
DSRLassoS“b(Median) 0.955 0.960 0935 0.951 1.000 0.955 0.367 0.363
DSRLasso(Mean) 0.950 0.960 0.940 0.949 1.000 0.950 0.555 0.560

{2) DSRLassos“b(Mean) 0.965 0.960 0.943  0.949 1.000 0.965 0.556 0.562
DSRLasso(Median) 0.950 0.955 0.942  0.951 1.000 0.950 0.561 0.566
DSRLasso™"(Median) | 0.945 0.960 0.935  0.951 1.000 0.945 0.562 0.568
DSRLasso(Mean) 0.950 0.945 0.937 0.951 0.992 0.940 1.104 1.116

Cauchy DSRLassoS“b(Mean) 0.945 0.935 0.933  0.952 0.987 0.930 1.137 1.150
DSRLasso(Median) | 0.965 0.940 0.948 0.950 1.000 0.965 0.610 0.616
DSRLassoSUb(Median) 0.965 0.940 0948  0.950 1.000 0.965 0.611 0.617

Table 8: A Comparison of Local Mean Regression and Local Median Regression for Non-
parametric Functions. Empirical Coverage Probabilities, Power and Lengths of Confidence
Intervals Based on 200 Simulations.

B.5 Comparison with the Median-based Method

For comparison, we constructed a debiased data-splitting (DS) Lasso-penalized median
estimator, following ideas similar to our proposed debiased DS rank Lasso estimator, as
follows:

Using the partial prediction residuals {ﬁ(l),ﬁgl) » . and {}71.(2),%(
Section 2.1, we define

2) i, obtained in

(B Boae) = argmin {n™ 3717 — 8= — 5o+ 20| ]},
5€RP7BOGR i=1

(Bl Bimao) = argmin {n™ 370 - g7 — sl + 2?81 }.
ﬁERPwBOGR i=1

where A and A are tuning parameters selected via cross-validation. The debiased esti-
mator is then defined as

ALY =B+ 0"ty % sign(¥V — (B ) =" — B, )}/ (2Rnea).
=1

for each [ € {1,2}. Here, © is the estimator of ® as in Section 3, and Kpeq is the es-
timator of kmeq = f{med(e;)}, with f(-) and med(e;) denoting the probability density
o _

function and the population median of ¢;, respectively. Specifically, we define & &, =

n~ty K(EU) /h)/h, where K(-) is a kernel function, ~ > 0 is the bandwidth, and

med,i
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()
emed,z’
The final debiased DS Lasso-penalized median estimator is

= ?Z.(l) — (QEZ))TBI(I?ed — Bl(fl)ed’o. The final estimator for Kmed IS Kmed = (ﬁggd +7%ffgd)/2.

2d.(1) | 7d,(2)
ad Bmed + leed
med — 2 :

Following arguments similar to Bradic and Kolar (2017) and the proof of Theorem 5,
we can show that, under certain conditions,

VN(Beas — Bok) /Dmed s 2 N(0,1),

~

for each k € {1,...,p}, where ngd i is the k-th component of B4

med’
N M) @) N
WrQned,k: = 01? (%)ek/(‘m;ed)a

with 80 = n1 Y & - &Y -2 and T = vt %0, The (1 - a)-
confidence interval for g is thus

Bleak — @71 — @/2)Bmeap/ VN,  Blear + 2711 — /2)Bimean/ VN | -

For wfned’k = @k7k/(4"5r2ned)v we have C\ufned’k/w?ned?k probability to 1, and hence the asymp-
totic relative efficiency (ARE) of B¢ with respect to 84, is 3{f*(0)}%/k2,4- When ¢
follows a normal distribution, the ARE is 1.5, indicating sighiﬁcant efficiency loss when us-
ing the debiased DS Lasso-penalized median estimator compared to the debiased DS rank
Lasso estimator.

Table 9 compares the performance of the proposed methods with the median-based
method described above (denoted DSMLasso). The evaluation metrics are the same as
those in Example 2, and the results are based on 200 simulations. Overall, the confidence
intervals for the median-based method are significantly wider than those for the proposed
rank-based methods when the random errors follow a normal distribution. As the error
distributions become more heavy-tailed, the difference diminishes, and the median-based
intervals even become slightly shorter than those of the proposed methods under a Cauchy
error distribution.

B.6 An Additional Real Example

We apply the proposed methods to analyze workers’ wage data from Berndt (1991), which
includes 534 workers’ wages, years of experience, education, living region, gender, race,
occupation, and marital status. This data set has also been studied in Xie and Huang (2009)
and Zhu et al. (2019), both of which concern high-dimensional partially linear models. We
consider the following model:

14

Yi= XirBok +90(Zi) + e, i=1,...,534,
k=1
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Error Method CP; CPsp9 ACPp ACPp ARPp RCP; AlLg AllLge
DSRLasso | 0.955 0.955 0.942  0.949 1.000 0.955 0.483 0.476
N(0,2%) DSRLasso®™™ | 0.960 0.950 0.943  0.949 1.000 0.960 0.483 0.477
DSMLasso | 0.930 0.955 0.945  0.951 1.000 0.930 0.596 0.588
DSRLasso | 0.945 0.950 0.937  0.948 1.000 0.945 0.329 0.326
MN DSRLasso®™ | 0.955 0.950 0.942  0.948 1.000 0.955 0.330 0.326
DSMLasso | 0.960 0.960 0.943  0.953 1.000 0.960 0.369 0.366
DSRLasso | 0.950 0.960 0.940  0.949 1.000 0.950 0.555 0.560
t(2) DSRLasso®™ | 0.965 0.960 0.943  0.949 1.000 0.965 0.556 0.562
DSMLasso | 0.940 0.950 0.947  0.952 1.000 0.940 0.584 0.577
DSRLasso | 0.950 0.945 0.937  0.951 0.992 0.940 1.104 1.116
Cauchy DSRLasso®™ | 0.945 0.935 0933  0.952 0.987 0.930 1.137 1.150
DSMLasso | 0.950 0.965 0.955 0.962 0.990 0.945 1.067 1.079

Table 9: A Comparison of the Proposed Methods and the Median-based Method. Em-
pirical Coverage Probabilities, Power and Lengths of Confidence Intervals Based on 200
Simulations.

0.125 0.8

0.100
0.6
0.075
0.4
0.050

0.025 02

0.000

0.0
40 50 0 1 2 3 4

0 10 20 30 40 50 0 1 2 3 4

(a) (b)

Figure 5: (a) Histogram of Wages (Y;) for 534 Workers, Overlaid with a Boxplot, a Kernel
Density Curve (Solid Line), and a Log-normal Density Curve (Dashed Line); (b) Histogram
of Natural Logarithms of Wages (log(Y;)), Overlaid with a Boxplot, a Kernel Density Curve
(Solid Line), and a Normal Density Curve (Dashed Line).
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o TSLasso DSRLasso
Description ~d ~d

B5.(SE)  p-value B5.(SE)  p-value

X1 Years of education 0.620(0.100) < 0.001 0.486(0.088) < 0.001
Xy 1 = southern region, 0 = other —0.505(0.403) 0.209 —0.882(0.353) 0.013
X3 1 = female, 0 = other —2.002(0.411) < 0.001 —1.833(0.367) < 0.001
X4 1 = union member, 0 = nonmember 1.582(0.479) 0.001 1.767(0.413) < 0.001
X5 1 = nonwhite, 0 = other —0.838(0.554) 0.130  —0.547(0.480) 0.255
Xg 1= Hispanic, 0 = other —0.545(0.838)  0.515 —1.089(0.741)  0.142
X7 1 = management, 0 = other 3.401(0.767) < 0.001 2.710(0.660) < 0.001
Xs 1 =sales, 0 = other —0.588(0.793) 0458 —0.195(0.681)  0.775
X9 1 = clerical, 0 = other 0.084(0.630) 0.894 0.620(0.542) 0.253
X10 1 = service, 0 = other —0.522(0.643) 0.417 —0.265(0.561) 0.637
X111 = professional, 0 = other 2.096(0.689) 0.002 1.919(0.599) 0.001
X121 = manufacturing, 0 = other 1.171(0.537) 0.029  1.398(0.465) 0.003
Xi3 1 = construction, 0 = other 0.691(0.930) 0.458  0.922(0.797) 0.247
Xi4 1 = married, 0 = other 0.026(0.410) 0.949 0.428(0.357) 0.230

Table 10: Estimates of Sy (k = 1,...,14) for the Real Data Example. The debiased

estimators (Bg) are presented alongside their standard errors (in parentheses) and corre-
sponding p-values.

where Y, denotes the wage of the i-th worker, Z; represents the years of experience, and
€ (i =1,...,534) are independent and identically distributed random errors. The design
matrix X = (X )s34x14 contains covariates other than the years of experience, with X j
being the k-th covariate for the i-th worker.

The histogram of wages for 534 workers and their corresponding natural logarithm
transformations are presented in Figures 5 (a) and (b), respectively. Boxplots and kernel
density curves are included in both panels. Additionally, a log-normal density curve is
overlaid in Figure 5 (a), while a normal density curve is overlaid in Figure 5 (b). Notably, the
wage distribution shows a close resemblance to a log-normal distribution, which motivates
the application of the proposed debiased DS rank Lasso (DSRLasso) to this data set.

Table 10 presents the debiased DSRLasso estimators of Sy (kK = 1,...,14), along
with their standard errors and p-values. For comparison, we also include results from the
debiased two-step projection based Lasso (TSLasso; Zhu, 2017; Zhu et al., 2019). The
signs of the debiased DSRLasso and TSLasso estimators align exactly. However, debiased
DSRLasso yields consistently smaller standard errors. Furthermore, debiased DSRLasso
identifies one additional significant covariate (X3, whether living in the south or not) at the
5% significance level, compared to debiased T'SLasso.

To evaluate the performance of debiased DSRLasso in high-dimensional settings, we ex-
pand the original design matrix X into an augmented matrix X, = (X, XM ,X(4O)) €
R534X574 " Each submatrix X(®) (b = 1,...,40) is constructed by randomly sampling rows
from X, ensuring each row of X® has the same distribution as the original covariates
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Description TSLasso DSRLasso
X1 Years of education 1.000 1.000
X9 1 = southern region, 0 = other 0.110 0.985
X3 1 = female, 0 = other 1.000 1.000
X4 1 = union member, 0 = nonmember 1.000 1.000
X5 1 = nonwhite, 0 = other 0.015 0.005
Xg 1 = Hispanic, 0 = other 0.000 0.160
X7 1 = management, 0 = other 1.000 1.000
Xg 1 = sales, 0 = other 0.050 0.195
X9 1 = clerical, 0 = other 0.000 0.000
X109 1 = service, 0 = other 0.155 0.580
X111 = professional, 0 = other 1.000 0.955
X121 = manufacturing, 0 = other 0.830 0.880
X131 = construction, 0 = other 0.000 0.040
X114 1 = married, 0 = other 0.000 0.010

Table 11: Rejection probabilities of the first 14 variables at the 5% significance level in 200
replications.

TSLasso DSRLasso

Power Length Power Length
NST 1.000 3.812  1.000 3.558
ST 1.000 2.913  1.000 2.713

Method

Table 12: Empirical Powers and Average Interval Lengths of NST-TSLasso, ST-TSLasso,
NST-DSRLasso and ST-DSRLasso for Testing the Simultaneous Hypothesis Ho g, : Bo,1 =
-+ = fo,14 = 0. “Power” and “Length” denote the empirical powers and average interval
lengths, respectively. The results are based on 200 replications.

{X; 1L ,. The augmented model is:

574
Yi=> XiwBok+90(Zi) + e, i=1,...,534,
k=1
where £o.15 = -+ = Bo,574 = 0 by construction.

Let pp denote the p-value for testing the significance of the k-th covariate. The average
type I error rate, defined as Eiﬁm pr(pr < 0.05)/560, is estimated based on 200 replications.
The resulting values are 0.051 for debiased DSRLasso and 0.052 for debiased TSLasso,
demonstrating that both methods effectively control type I errors at the 5% significance
level.

To evaluate the relative importance of the first 14 variables, we compare their rejection
probabilities at the 5% significance level across 200 replications. As shown in Table 11, co-
variates with smaller p-values in Table 10 generally demonstrate higher relative importance.
Notably, the living region covariate (X32) is identified as highly important by debiased DSR-
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1.004

0.25+

Figure 6: Empirical Type I Error Rates (a) and Average Interval Lengths (b) for Testing
the Simultaneous Hypothesis Ho g, : 80,15 = -+ = Bo1ax(B+1) = 0 Across B € {1,...,40}.
The results compare four methods: NST-TSLasso (o), ST-TSLasso (A), NST-DSRLasso
(4), and ST-DSRLasso (x). A red dashed line indicating the significance level v = 0.05 is
overlaid in (a). All results are based on 200 replications.

Lasso but not by debiased TSLasso, which echoes our prior results in the low-dimensional
setting.

Finally, we apply the proposed debiased DSRLasso-based simultaneous testing procedure
to test Hyg : Box = 0 for all k € G. Here, G is either Gy = {1,...,14} or Gp = {15,...,14 x
(B+ 1)} for B € {1,...,40}. In the case of Gy, the null hypothesis holds, while for Gp
the alternative hypothesis holds. We use the debiased TSLasso-based simultaneous testing
procedure from (Zhu et al., 2019) as a benchmark for comparison. Both non-studentized
(NST) and studentized (ST) test statistics are considered, leading to four methods: NST-
TSLasso, ST-TSLasso, NST-DSRLasso, and ST-DSRLasso. The empirical type I error
rates for testing Hpg,, along with the average lengths of the corresponding simultaneous
confidence intervals, are presented in Table 12. These results are based on 200 replications.
On the other hand, empirical powers for testing Hy g,, along with average interval lengths,
are shown in Figure 6. The results indicate that NST-type methods generally achieve better
control of type I errors for testing Hy g, compared to ST-type methods, although with wider
interval lengths. Moreover, all four methods achieve an empirical power of one when testing
Hj g,, and our proposed simultaneous testing procedure provides better type I error control
and narrower interval lengths than the debiased T'SLasso-based procedure.
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