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Abstract

Expected shortfall (ES), also known as conditional value-at-risk, is a widely recognized risk
measure that complements value-at-risk by capturing tail-related risks more effectively.
Compared with quantile regression, which has been extensively developed and applied
across disciplines, ES regression remains in its early stage, partly because the traditional
empirical risk minimization framework is not directly applicable. In this paper, we develop
a nonparametric framework for expected shortfall regression based on a two-step approach
that treats the conditional quantile function as a nuisance parameter. Leveraging the rep-
resentational power of deep neural networks, we construct a two-step ES estimator using
feedforward ReLU networks, which can alleviate the curse of dimensionality when the un-
derlying functions possess hierarchical composition structures. However, ES estimation is
inherently sensitive to heavy-tailed response or error distributions. To address this chal-
lenge, we integrate a properly tuned Huber loss into the neural network training, yielding a
robust deep ES estimator that is provably resistant to heavy-tailedness in a non-asymptotic
sense and first-order insensitive to quantile estimation errors in the first stage. Compre-
hensive simulation studies and an empirical analysis of the effect of El Nifo on extreme
precipitation illustrate the accuracy and robustness of the proposed method.

Keywords: expected shortfall, deep learning, Huber loss, neural networks, non-asymptotic
bounds, nonparametric regression, quantile regression

x. Corresponding author.

(©2026 Myeonghun Yu, Kean Ming Tan, Huixia Judy Wang and Wen-Xin Zhou.

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided
at http://jmlr.org/papers/v27/25-0545.html.


https://creativecommons.org/licenses/by/4.0/
http://jmlr.org/papers/v27/25-0545.html

Yu, TAN, WANG AND ZHOU

1. Introduction

Expected shortfall (ES), also known as conditional value-at-risk, is defined as the expected
value of a random variable given that its realization falls below a specified quantile of the
underlying distribution. Introduced as a risk measure by Artzner et al. (1997), ES has gained
widespread recognition and application across multiple disciplines, including financial risk
management (Acerbi and Tasche, 2002; McNeil et al., 2015; Patton et al., 2019), operations
research (Rockafellar and Uryasev, 2000), and actuarial modeling (Fissler et al., 2023).
Notably, under the recent Fundamental Review of the Trading Book!, the Basel Committee
on Banking Supervision confirmed the replacement of value-at-risk (quantile) with ES as the
standard regulatory risk measure for market risk. Furthermore, in the context of insurance
regulation, ES has been adopted as the risk measure in the Swiss Solvency Test.

Formally, let Y be a real-valued random variable, such as the return of an asset or
investment portfolio, with cumulative distribution function (CDF) Fy. Denote the quantile
of YV at level a € (0,1) by ¢o(Y) := inf{y € R: Fy(y) > a}. Provided that E|Y| < oo, the
ES of Y at level « is defined as

al¥) = EY]Y < ga(Y)} = EVL{Y < (V)]

where 1(-) denotes the indicator function. Intuitively, the a-level ES represents the average
of the lowest (100 - )% realizations of Y. If Fy is continuous at ¢,(Y"), the a-level ES can
be equivalently expressed as e,(Y) = a™! [;" qu(Y)du. We refer readers to Section 2.2.4 of
McNeil et al. (2015) for a concise introduction to ES and its fundamental properties.

In the presence of covariates X € R%, we consider the problem of estimating the condi-
tional ES of Y given X from a sample {(X;, Y;)}" ; under a nonparametric framework. Esti-
mating conditional ES is substantially more challenging than estimating conditional means
or quantiles. A central difficulty is that ES is not elicitable (Gneiting, 2011); that is, there
exists no loss function for which ES uniquely minimizes the expected loss. To address this
issue, Fissler and Ziegel (2016) demonstrated that ES is jointly elicitable with the quantile,
constructing a class of strictly consistent joint loss functions. Building upon this property,
Dimitriadis and Bayer (2019) developed a joint linear regression framework for modeling
conditional quantile and ES, while Patton et al. (2019) studied a semi-parametric version in
the autoregressive setting. From an alternative viewpoint that treats the conditional quan-
tile as a nuisance parameter, Barendse (2026), Peng and Wang (2023) and He et al. (2023)
proposed two-step estimators and established their (non-)asymptotic properties under joint
linear models. Although their approaches differ, they all rely on an orthogonality property,
which we revisit in Section 2. To capture complex nonlinear relationships between Y and
X, several nonparametric methods, such as the Nadaraya-Watson estimator (Scaillet, 2005;
Cai and Wang, 2008; Kato, 2012) and the local linear estimator (Olma, 2021), have been
proposed for estimating conditional ES functions. However, these nonparametric methods
suffer from deteriorating accuracy and efficiency as the dimension d increases and do not
scale well even in moderate-dimensional settings. To address this limitation, Fang et al.
(2023) proposed a weighted single-index quantile regression method based on the central
quantile subspace approach of Christou (2020), though its theoretical foundations remain
to be fully established.

1. https://www.bis.org/bcbs/publ/d457.htm
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Deep learning has achieved remarkable success as a powerful tool for capturing nonlinear
relationships between outcomes and explanatory variables. For instance, in climate science,
deep neural network (DNN)-based methods have demonstrated high predictive accuracy
for El Nino—Southern Oscillation, precipitation, and temperature (Huang et al., 2019; Jose
et al., 2022; Wang et al., 2023). From a statistical perspective, the effectiveness of DNNs
arises from their ability to approximate complex functions efficiently. Recent studies show
that DNN regression estimators can adapt to the intrinsic low-dimensional structure of the
conditional mean function, either when it possesses a hierarchical composition of smooth
functions (Bauer and Kohler, 2019; Schmidt-Hieber, 2020; Kohler and Langer, 2021) or when
the support of the predictors lies on a lower-dimensional manifold (Chen et al., 2022; Jiao
et al., 2023), thus mitigating the curse of dimensionality. DNNs have also been successfully
used to estimate nonlinear components in semiparametric models (Farrell et al., 2021; Zhong
et al., 2022).

Most existing DNN regression studies assume that the response or noise variable is
bounded or sub-Gaussian, an assumption often unrealistic in applications involving ex-
treme outcomes such as precipitation, wages, earnings, or insurance claims. Cont et al.
(2010) demonstrated a conflict between subadditivity and robustness in risk measurement
procedures, implying that the empirical ES estimator lacks robustness. Consequently, re-
cent research has increasingly focused on nonparametric regression under heavy-tailed er-
rors. Several works have examined how heavy-tailed noise affects the convergence rates of
least squares estimators constrained to a nonparametric function class corresponding to the
true conditional mean function (Han and Wellner, 2019; Kuchibhotla and Patra, 2022).

In this paper, we study nonparametric expected shortfall regression for heavy-tailed
data, where high-order moments of the response variable may be infinite. The main chal-
lenge arises because the conditional quantile function, treated as a nuisance parameter,
is unknown. Motivated by Barendse (2026) and Peng and Wang (2023), we propose a
two-stage estimation approach based on an orthogonal score function, which ensures that
the estimator is first-order insensitive to quantile estimation errors. Our method avoids
sample-splitting, thereby preserving efficiency and reducing uncertainty. We also propose a
novel procedure for jointly estimating multiple ES functions that satisfy the non-crossing
property, specifically, ensuring that fitted ES functions are monotone across quantile levels
(higher quantiles yield large ES values) and that each fitted ES does not exceed its cor-
responding fitted quantile. Another challenge is that ES estimation is more sensitive to
tail behavior than quantile or mean estimation. To address this, we employ the Huber loss
(Huber, 1964) with a data-driven, diverging robustification parameter.

We establish non-asymptotic error bounds for both the two-step robust and two-step
least squares estimators (LSEs) under heavy-tailed error distributions, characterizing the
effects of quantile estimation and heavy tails without relying on sample-splitting. When
the underlying functions satisfy smoothness conditions, our results demonstrate that neu-
ral networks mitigate the curse of dimensionality, with convergence rates determined by
the intrinsic dimension. Under heavy-tailed noise, the robust estimator outperforms the
LSE, achieving a faster convergence rate. Moreover, from a non-asymptotic perspective,
the robust estimator enjoys exponential-type deviation bounds, whereas the LSE exhibits
only polynomial-type error bounds with high probability. To complement this analysis, we
also derive non-asymptotic error bounds for the robust estimators under light-tailed noise,
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showing that a properly tuned robust estimator incurs negligible efficiency loss relative to
the LSE in such settings.

The remainder of the paper is organized as follows. Section 2 introduces the problem
setup and DNN-based two-step estimation methods, along with their implementation. Sec-
tion 3 presents the theoretical properties of the proposed estimators. Section 4 reports
numerical studies and an application to the U.S. precipitation reanalysis dataset (Slivinski
et al., 2019). All proofs, along with the theoretical properties of the non-crossing esti-
mator for jointly estimating multiple ES functions under the non-crossing constraint, and
additional simulation results, are deferred to the Appendix.

NOTATION. We use cq,co,... to denote global constants and C7,C5,... to denote local
intermediate constants that may vary across lines within a proof. Each ¢y, co, ... represents
a distinct fixed constant, whereas Cq,C5,... may take different values from one line to

another. We write a < b if there exists an absolute constant C' > 0 such that a < Cb,
and a = bif b < a. Moreover, we write ¢ < b when both a < b and a 2 b hold. We
denote Ny = {0,1,2,...} and NT = {1,2,...} as the sets of nonnegative integers and
positive integers, respectively. For any real-valued function h defined on a domain X, let
|h]|se = sup,ex |h(z)|. Let Px denote a probability measure on X'. For any ¢ > 1, Ls-norm
under Py is defined as ||hlly := ||h|lpy.q = {Ex~py|R(X)|7}1/? for any function h : X — R.

Throughout, we assume the sample size satisfies n > 3, ensuring that logn > 1.

2. Methodologies
2.1 Model Setup and Neural Network

Let {(Y;, Xi)}I~; be a collection of independent observations from the random variable
(Y,X) € R x [0,1]%. Here, Y is a real-valued response variable and X is a d-dimensional
vector of covariates that follows some distribution Px. Given a quantile level a € (0, 1), we
denote the conditional a-level quantile and expected shortfall of Y given the covariates X as
7o (Y] X) and e, (Y|X), respectively. The conditional ES is formally defined as e, (Y |X) =
E{Y|Y < ¢u(Y]X),X}. We consider the following nonparametric joint quantile and ES
regression model:

CIa(YHXi) = fO(X'L) and ea(YVi|X’L’) = gO(X’i)v (21)

where fo,go : [0,1]¢ — R are two unknown functions satisfying P{Y < fo(X)|X =z} = a
and
go(x) = 'E[YI{Y < fo(X)}|X =], for = c[0,1]%

The primary objective is to propose a fully nonparametric estimator g of the ES function
go, which also depends on the unknown quantile function fp.

To provide insight into the relationship between the quantile and ES regression functions,
we present illustrative examples along with their corresponding functions for simple models

Example 1 (Location-scale model). Quantile regression is often applied to capture het-
erogeneity in the predictors at different quantile levels of the response distribution, which
can be caused by heteroscedastic variance. As a typical heteroscedastic model, we consider
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a location-scale model of the form Y = hy(X) + ho(X) - n, where n € R, independent of
X, follows a continuous distribution and hy, kg : [0,1]¢ — R with he(z) > 0 for = € [0, 1]¢.
Since hg is non-negative, the conditional quantile and ES functions are

fo(x) = hi(x) + ha(x) - go(n) and  go(x) = hi(x) + ha(x) - ea(n),

respectively. When hy is a constant function, this reduces to a homogeneous model, in
which case fy and gg only differ by a constant. If there is heterogeneity, the difference
between the two functions is affected by the heterogeneity in the predictors. The joint
linear model (Dimitriadis and Bayer, 2019) assumes h1(X) = X" fy and ho(X) = X0,
where Sy, 09 € R? are such that X"y > 0 almost surely.

Example 2 (Quantile regression process). Another widely used model is the nonseparable
model of the form Y = fy(X,U) (Chernozhukov et al., 2007), where fj is strictly increasing
in its second argument, and U ~ Uniform(0, 1) is an unobserved random variable that is
independent of X. Then, for each u € (0, 1), the conditional u-th quantile of Y given X = x
is fo(x,u) and the collection {fo(-,u) : u € (0,1)} is referred to as a quantile regression
process. Given a € (0, 1), it is easy to see that

do(@) = ea(Y|X = 2) = ;/Oa Fol, u)du.

Of particular interest is the semiparametric model, fo(x,u) = s(x)" fo(u), where s(x) € R™
is an m-dimensional series representation of & € R? This implies that go(z) = s(x) 6y
with g = ot [ fo(u)du € R™.

The estimation of the nonlinear conditional quantile function fy is self-contained, and
has been extensively studied in the literature. Motivated by the recent success of deep
learning, we construct nonparametric estimators for joint quantile and ES regression using
deep neural networks.

Specifically, we construct nonparametric estimators using truncated fully-connected
deep neural networks with the rectified linear unit (ReLU) activation function, denoted
as o(-) = max(-,0). These networks are succinctly referred to as truncated deep ReLU
neural networks throughout the paper. We start with a brief introduction to the structure
of a fully-connected DNN. Let L > 0 and N > 0 be the depth and width parameters,
respectively. Define a class of deep ReLU neural networks, Fpnn(d, L, N'), which consists of
functions f : RY — R that can be expressed as f(x) = Ly 1000Lp000---Ly000Li(x).
BEach £; is an affine transformation, i.e., £;(x) = Wz + b;, where W; € R%*4-1 is the
weight matrix, b; € R% is the bias vector, and (dg,dy, ...,dr,dp11) = (d,N,...,N,1) is the
width vector of layers. When « is a vector, the ReLU function o(x) is defined by applying
o(-) to each coordinate of . Next, for any M > 0, we define a truncated ReLU neural
network as

fDNN(d,L,N, M) = TM]:DNN(d,L,N) = {TMh :he fDNN(d,L,N)},

where the truncated function 7ysh is given by (Tah)(x) = sgn{h(x)}(|h(x)| A M). Here,
we focus exclusively on the class of uniformly bounded neural networks, as we assume
that both fp and gg are uniformly bounded in Section 3. Moreover, the use of uniformly
bounded nonparametric estimators is common in the nonparametric regression literature
for theoretical convenience (see, e.g., Gyorfi et al. (2006)).
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2.2 Tail-Robust Nonparametric ES Regression

In this section, we introduce a nonparametric two-step ES regression estimator using deep
ReLU neural networks, without the need for sample splitting. We will discuss the impact
of sample splitting and the absence thereof in Remark 16, following the presentation of
the theoretical properties of the resulting ES estimator. In the first step, we define the
Deep Quantile Regression (DQR) estimator within the class F,, of truncated ReLU neural
networks as

fneargmm{ . Zpan Fx >>} (2.2)

feFn

where po(u) = {a — 1(u < 0)}u is the check function (Koenker and Bassett, 1978). The
convergence rate of f, (in high probability) will be presented in Section 3.2. Our results
complement those obtained in Padilla et al. (2022) and Shen et al. (2024) by employing
different proof techniques and leveraging new approximation results in Proposition 6.
Turning to the estimation of gg, recall from the definition of ES that go(z) = o 'E[Y 1{Y <

fo(X)}HX = x]. Let € :== Y — fy(X) be the quantile regression error, which satisfies
P(e < 0|X) = a, and denote its negative part by e_ = min(e, 0). Then, the conditional ES
function can equivalently be written as

go(@) = ~Ble_|X =) + folw) = ~Efe_ +afo(X)|X ==},

In light of this, for each f :[0,1]¢ — R, we define the surrogate response variable

Zi(f) == min{Y; — f(X;), 0} + af(Xi). (2.3)

When f = fy, the oracle response Z;(fy) = - + afo(X;) satisfies E{Z;(fo)| X} = ago(X).
By plugging-in f = f,, we propose the following two-step estimator

Jn € argminﬁ(ﬁl,g), where R (f,9): Z{Z —ag(X;)}?, (2.4)
gng

and G, is a class of truncated ReLU neural networks. We refer to g, as the Deep least
squares ES regression (DES) estimator.

The two-step estimator g, as defined in (2.4) can be regarded as a nonparametric least
squares estimator (LSE) with response variables Z;(f,,) generated nonparametrically. The
underlying model is Z;( fo) = ago(X;)+w;, where w; = ¢; — —E(¢; —|X;) and ¢;— = min(e;, 0)
is the negative part of the quantile regression error ¢; :=Y; — fo(X;).

Due to the sensitivity of the quadratic loss to outliers, the performance of LSE dete-
riorates when w; has heavy tails, which correspond to the left tails of ¥;. From a non-
asymptotic perspective, the Lo-error of the LSE exhibits an exponential-type deviation
(high probability) bound under light-tailed noise distributions, while it only demonstrates
a polynomial-type deviation bound under heavy-tailed distributions. Furthermore, in con-
trast to the parametric setting where LSEs achieve the same convergence rates in terms of
mean squared error (MSE) under both (exponentially) light-tailed errors and errors with
bounded p-th (p > 1) moments, recent studies have shown that heavy-tailed errors can
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degrade the convergence rate of nonparametric LSEs, resulting in a slower convergence
rate (Han and Wellner, 2019; Kuchibhotla and Patra, 2022; Fan et al., 2024). Therefore,
the LSE g,, may exhibit a slower convergence rate when the noise follows a heavy-tailed
distribution.

To address this issue, we propose an alternative approach by replacing the quadratic
loss with a robust loss function that exhibits both global Lipschitz continuity and local
quadratic behavior near 0, ensuring insensitivity to heavy-tailed noises. Specifically, we
employ the Huber loss (Huber, 1964), defined as

() = 50?1 (u] < 7)+ (rlu] = 7/2)0 (u] > 7). (25)

Here, 7 > 0 is a robustification parameter that separates its quadratic and linear com-
ponents. Then, given an initial estimator f,, of fy, a nonparametric robust ES regression
estimator is defined as

. P N 1
Gn,r € argrélmRT(fn,g), where R;(f,g) := - > 4 (2Zi(f) - ag(Xy)). (2.6)
9geYn =1

We refer to g, as the Deep Robust ES regression (DRES) estimator.

The choice of the robustification parameter 7 plays a crucial role in achieving a balance
between robustness and bias. To investigate the effect of employing the Huber loss, we
define the global minimizer of the population Huber risk as

go,r € arﬂ%migRT(fo, 9) :=El-(Zi(fo) — ag(Xy)), (2.7)
g: d—y

where the minimization is taken over all measurable functions g. Recalling e =Y — f(X)
and e_ = min(e, 0), we have

Ur(afo(X) +{Y = fo(X)I{Y < fo(X)} — ago(X)) = £r (- — E(e—|X)).

Note that the zero-mean random variable e_ —E(e_| X)) is generally asymmetric (with respect
to zero), particularly left-skewed, which leads to a deviation between g, and gy. This
represents the approximation error or bias incurred due to robustification. The following
proposition provides an upper bound for this robustification bias, defined as ||go - — gol|2,
when e_ has a finite p-th moment for some p > 1.

Condition 2.1 (Moment conditions). The negative part of the quantile residual, e_ =
min(e, 0), has uniformly bounded (conditional) p-th central moments for some p > 1, that
is, there exists v, > 0 such that E{|e_ — E(e_|X)[?|X} < v, almost surely.

Proposition 1. Assume that the quantile residual e satisfies Condition 2.1 for some p > 1.
Then the global minimizer go - defined in (2.7) is unique up to sets of probability zero with
respect to X, and satisfies

allgo,r — gollos < 20p7' 7P,

provided that 7 > (41,,)/P for 1 < p < 2, or 7 > (41)'/? for p > 2.
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Proposition 1 reveals that the upper bound on bias depends on the robustification
parameter 7 and the moment index p. Thus, to mitigate the bias induced by using the
Huber loss, it is necessary to employ a sufficiently large 7. However, a large value of 7 will
increase the statistical error, as demonstrated in Theorem 13. Therefore, it is crucial to
carefully calibrate the value of 7 in order to strike a balance between robustness and bias.

Remark 2 (Examples of heavy-tailed distributions). In Condition 2.1, we assume that
the noise w := e_ — E(e_ | X) has a bounded (conditional) p-th moment for some p > 1,
rather than imposing a light-tailed condition such as sub-Gaussianity. Many heavy-tailed
distributions commonly used to model or approximate real-world data satisfy this condition.
To illustrate, consider the location—scale model in Example 1. In this setting, bounded p-th
central moments of e_ are equivalent to bounded p-th moments of (7 — ¢, (n))—, provided
that ho(X) is uniformly bounded. Concrete examples of such heavy-tailed distributions are
provided below.

(i) If n ~ t; with £ > 1, then w has bounded p-th central moments for 1 < p < k.

(ii) If n follows a Pareto (Type I) distribution with minimum value s, > 0 and shape
parameter k > 1, i.e., P(n > s) = (s,n/s)* for s > 0, then w has bounded p-th central
moments for 1 < p < k.

(iii) If 7 follows a Fréchet distribution with P(n < s) =e™* " for s > 0 and k > 1, then w
has bounded p-th central moments for 1 < p < k.

(iv) If n follows a Burr Type XII (Singh-Maddala) distribution (Singh and Maddala,
1976) with shape parameters ki, ks > 1 and density f(z) = kikoa® 1 /(1 + k1 )k2Hl
for x > 0, then w has bounded p-th central moments for 1 < p < kiks.

2.3 Connections to Existing Methods

We begin with a brief review of the joint loss minimization framework introduced in Fissler
and Ziegel (2016). Consider a class of strictly consistent joint loss functions for the pair of
quantile and ES (with slight modifications)

La(g,6;Y) = {a—1(Y < ¢ H{G1(Y) — G1(q)} (2.8)
—{aqg+ (Y —@)1(Y < q) — ae}Ga(e)/a — Ga(e), e<q,
—iSalaesY)

where G is an increasing and integrable function, Go is a three-times continuously differen-
tiable function such that both Gy = G5 and GY are strictly positive. Given n independent
samples {(Y;, X;)}' ;, a nonparametric estimator of the function pair (fy, go) can be esti-
mated as

- 1 &
(fnygn) € argmin —

La XZ ) XZ 7Y—Z ) .
jrmmin S L(7(00), 000 Y) (2.9

where F,, and G, are pre-determined classes of functions [0,1]? — R. Building on this,
Fissler et al. (2023) employs the aforementioned consistent joint loss functions with a shared
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neural network for quantile and ES estimation. However, the non-differentiability and non-
convexity of the objective function in (2.9) introduce numerical challenges, particularly
for complex neural network architectures and large-scale data. Moreover, the theoretical
properties of this approach remain undeveloped, and how to adapt the loss function for
heavy-tailed error distributions remains unclear.

In the context of the joint conditional quantile and ES model (2.1), our primary objective
is to estimate the conditional ES function gg, treating the conditional quantile function fy
as a nuisance function parameter. While the objective function (q,e) — Ln(g,€;Y) may
lack desirable properties, Barendse (2026) observed that

PE{La(f(X), 0V} o OB{Salf(X), 6(X)5Y)/0|X}
S = Ghex)) 5 \

Fyx(f(X)) -«

«

f=fo

= Gy(9(X)) =0

f=fo

for any function g as long as the conditional distribution function of Y given X, denoted
by Fy|x, is continuous. Equivalently, we have

O Sala.:YV)IX Y|, ) = 0 — Frpx (foX)) = 0. (2.10)

This implies that the partial derivative of the score function (¢, e) — E{S.(g,€;Y)| X} with
respect to ¢, evaluated at the true conditional quantile function, is zero. Moreover, based on
the definition of (conditional) expected shortfall, this score function satisfies the moment
condition E{Sq(fo(X),90(X);Y)|X} = 0. Due to this orthogonality property, both the
two-step estimators proposed in Barendse (2026) and Peng and Wang (2023) exhibit local
robustness to prior quantile estimation under a joint linear model. Our method accommo-
dates complex nonlinear structures and, through the use of Huber loss with an adaptively
chosen hyper-parameter, achieves robustness against heavy-tailed errors. The estimation
in Peng and Wang (2023) is based on a more complex objective function. However, the
effectiveness of its nonparametric extension using neural networks remains unclear from
both statistical and computational perspectives. On the other hand, the use of surrogate
responses makes it more convenient to obtain a robust estimator.

2.4 Practical Implementation

We implement all neural network-based estimators in Python using the PyTorch library.
We first obtain a deep QR estimator ]’; by solving (2.2), and then compute the deep
ES regression estimator g, 7 by solving (2.6). The estimator g, 7 involves a robustification
parameter 7 = 7(n), which we select using a data-driven approach guided by the theoretical
results from the next section.

Recall from Section 2.2 that € is the quantile regression residual and that e_ = min(e, 0).
Assume that the (conditional) variance of e_ is bounded by some positive constant vo. In
light of Theorem 17, ideally, 7 should be selected to be of order 1/21/2(71/ logn)27" /(67" +2)
However, such a choice is practically infeasible because the intrinsic smoothness parame-
ter v* defined in (3.1) is unknown. As a trade-off, in practice, we replace the exponent
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2v*/(6v* + 2) by 0.3, which serves as a reasonable approximation provided that v* is suf-
ficiently large. On the other hand, we use the sample variance estimator of the fitted
negative QR residuals {€ — := min{Y; — f,,(X;),0}}";, denoted by 73, as a proxy for the
unknown noise scale vo. Consequently, we use the rule-of-thumb robustification parameter
T = ’V\Ql/ 2 (n/logn)?3 throughout the numerical studies in Section 4.

We remark that the true quantile and ES functions satisfy a monotonicity condition
such that, for any «,

go(@) = a"E(e-|X =) + fo(x) < fo().

Although this monotonicity holds for the true target functions, even consistent estimators
may violate it because of finite-sample variability. Such violations can become particularly
evident when estimating quantile and ES functions at multiple levels 0 < a1 < -+ <
ag < 1 for some K > 1, potentially deteriorating estimator performance—analogous to the
well-known crossing issue encountered in the simultaneous estimation of multiple quantile
functions. Specifically, for any 0 < o < o < 1, we have ¢, (Y |X) < ¢ (Y|X), which implies

deq (Y[X) =EYI{Y < qu(Y]X)}X]
= E[YI{Y < qo(Y[X)}HX] + E[Y I{ga(Y]X) <Y < g (Y[X)}|X]
= aea(Y|X) + (o) — 0)E[Y]X, ¢ (Y[X) <Y < qu(Y|X)]
> aeq(Y|X) + (@ — a)ga(Y]|X) > d/eq (Y] X).

Hence, ey (Y]X) > eq(Y]X). However, when each ES function is estimated independently
at different quantile levels, the resulting estimators may fail to preserve this monotonicity.
To address this issue, inspired by the recent works of Padilla et al. (2022) and Shen et al.
(2025) on non-crossing deep quantile estimation, we propose a variant of the DRES method
that enforces monotonicity both between the quantile and ES estimators and across ES
estimators at multiple levels.

Let go, (Y | X) = for(X) and €4, (Y | X) = gox(X). Given the true quantile regression
function fo 1, estimating go i is equivalent to estimating ho r = gox — fo.x, where hg () =
o 'E{min(e,0)|X = z}, and ¢t = Y — fo.(X) denotes the QR residual at level a;. We
are now ready to introduce the non-crossing ES estimators. As a preliminary step, we
construct non-crossing QR estimators following Shen et al. (2025), which guarantees that
the estimated quantile functions are monotone and do not cross. Specifically, for K quantile
levels, let v(-) denote the mean function, and let w = (w1, ..., wx_1)' denote the vector of
pre-activated gap functions. Let ¢ : R — RT be any smooth, 1-Lipschitz, bijective function,
such as ¢(u) = (u+ V1 + u?)/2. The quantile function at level oy is then constructed as

k—1

fk:’l)—’lf)-f—ZL(wj),

7

<

where w = K~} Efz_ll(K — Ek)e(wy). Since «(+) > 0, it follows that fri1 — fr = t(wg) > 0,
thereby ensuring monotonicity of the quantile functions. Based on this construction, we

10
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define the class of non-crossing quantile functions as

k-1
FNe :.FNc(d,L,N,M,K) = {(fl,...,fK) Cfe = U—ﬂ}-l-ZL(wj) for 1 <k <K,
j=1
v,w; € Fpan(d, L, N, M) for 1§l§K—1}. (2.11)
The corresponding estimator is defined as
(ﬁ,NC, ce fK,Nc) € argmin Z Zpak Y — fr(X5)). (2.12)
(fi,enfr)EFNC T i=1 k=1
Next, to construct the non-crossing ES estimators, let v and (r1,...,rx_1)" be the ES

mean function and the vector of ES pre-activated gap functions, respectively. Analogously
to the construction of the quantile functions, the ES function at level oy, is defined as

k—1
= —|— L
=1

.

where 7 = K~! Zi:ll(K — k)u(rg). Since ¢(-) > 0, it follows that gx41 — g = t(rg) > 0,
thus ensuring monotonicity of the ES functions. Based on this construction, we define

(Gns---,0nk) € argmin Z Z 0 (Z fk Ne) — argr(X5)). (2.13)
(91,910€Fwe MR T IS

By definition, the resulting estimators satisfy gy x+1(x) > gni(x) for all x € X'. However,
it is possible that g, x(x) > fk,Nc(:c) for some &, thereby violating the joint monotonicity
between the quantile and ES regression functions. To address this issue, we define gy nc =
min{ﬁmk,fk,Nc} for 1 < k < K. By construction, we have gy nc < kac for all k, and
since both {g,x}5_ , and {ﬁ;’NC}szl are monotone, the sequence {gr nc}A_; is also non-
decreasing in k. In Section 3, we focus on the theoretical properties of the quantile and ES
estimators at a single quantile level. The theoretical analysis of the non-crossing quantile
and ES estimators is deferred to Appendix A.

Remark 3. In this section and throughout the rest of the paper, we focus on the condi-
tional left/lower tail average e, (Y |X) = E{Y|Y < ¢,(Y|X), X} for some « € (0,1). If the
conditional right /upper tail of the random variable Y is of interest, we can consider the con-
ditional right/upper ES regression denoted as e*(Y]X) =E{Y]Y > q1_(Y|X), X}. Not-
ing that el (Y|X) = —eq(—Y|X), to estimate el (Y|X) given n data points {(V;, X;)}7,
we can apply the same method and implementation proposed in this section by considering
the transformed data {(—Y;, X;)}*; and then negating the final estimator.

3. Statistical Theory

In this section, we analyze the statistical properties of the proposed nonparametric quantile
and expected shortfall regression estimators using ReLLU neural networks, with a focus on

11



Yu, TAN, WANG AND ZHOU

the latter. In the two-step approach, estimating ES involves the use of (surrogate) response
variables that are not directly observable but need to be estimated from data in a preliminary
step. The first challenge is characterizing their impact on the statistical properties of the ES
estimator in the second stage. The second challenge arises when analyzing the robustified
estimator for ES, even when the “noise” variable is heavy-tailed and skewed, despite having
a zero conditional mean. In this case, even with the oracle surrogate response variables
incorporated into the procedure, the existing results and techniques from Farrell et al.
(2021), Padilla et al. (2022), and Shen et al. (2021) do not apply.

We begin by introducing the hierarchical interaction model (Bauer and Kohler, 2019) in
Section 3.1, which defines the function class to which our target functions belong. In Sec-
tion 3.2, we revisit the deep QR estimators given in (2.2) and examine their non-asymptotic
statistical guarantees. Notably, we improve the existing results in the literature by employ-
ing different proof techniques and leveraging the new approximation result, Proposition 6;
see Remark 11 for a comprehensive comparison with two existing related works. In Sec-
tion 3.3, we derive a generic upper bound on the estimation error for the robust ES estimator
defined in (2.6). Our focus is on the case where the noise distribution has a finite p-th mo-
ment (p > 1). We consider both the DRES and DES estimators with various configurations
of deep ReLU neural networks, as well as any DQR estimator f,. We also derive non-
asymptotic error bounds for the DRES estimators under light-tailed noise distributions.
This demonstrates that using a proper robust estimator leads to minimal to no efficiency
loss from a non-asymptotic perspective, in comparison to least squares estimators. Finally,
in Section 3.4, we combine the results from Sections 3.3 and 3.2 to establish the conver-
gence rate of deep ES estimators when a DQR estimator is used to construct the surrogate
responses.

3.1 Function Class

We start with the definition of Hélder smooth classes (Stone, 1982).

Definition 4 (Hélder class of functions H?(X, Mp)). Let 8 = r + s for a nonnegative
integer r = | 8] and 0 < s < 1, where |a| denotes the largest integer that is strictly smaller
than a € R. Given a subset X C R? and a constant My > 0, a function f : X — R is called
(B, Mp)-smooth on X if for every a = (a1,...,a4)" € N& with Z;l:l a; < r, the partial
derivative 0% f = (0f)/(0x]" --- 0xy?) exists and satisfies max|q, <, [|0%flloc < Mo and
MAX|| |, = SUDgsy sy [0V F (1) — D% f(2)|/||T1 — @2||5 < Mo, where [lafly = Y0_; a. We
then use H” (X, Mp) to denote collection of all (3, Mp)-smooth functions on X.

Without loss of generality, we assume My > 1 throughout the paper. Note that the defi-
nition of Holder class implies that if a function f belongs to H? (X, My), then f is bounded in
magnitude by My. This can be derived by considering a« = 0 in Definition 4. Nonparamet-
ric estimation of a function within Holder classes exhibits significantly slower convergence
rates as the dimension d becomes large. For example, it has been well established that the
minimax rate of convergence for estimating a mean regression function within H?(X, M)
is of order n=#/(28+d) (Stone, 1982). This phenomenon is commonly recognized as the curse
of dimensionality.

12
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To circumvent the curse of dimensionality, we focus on functions that have a composi-
tional structure, also known as the hierarchical interaction model (Bauer and Kohler, 2019;
Kohler and Langer, 2021).

Definition 5 (Hierarchical interaction model). Let I,d € N*, My > 1 and P be a subset of
[1,00) x N* with sup(g yep(8 V1) < 0o. The hierarchical interaction model H(d, 1, Mo, P)
is defined recursively as follows.

(i) We say that a function h : R? — R satisfies the model H(d, 1, My, P) if there exist
some (B,t) € P, hg € HP(R*, My) and {j1,...,5:} € {1,...,d} such that h(z) =
ho(xjy, ..., xj,) for all & = (z1,...,24)" € R

(ii) For [ > 1, we say that a function h satisfies the hierarchical interaction model
H(d, 1, My, P) if there exist some (3,t) € P, hg € HP(R!, My) and wy,...,u; €
H(d,l — 1, My, P) such that h(x) = ho(ui(x),...,u(x)) for all z € RY.

As discussed in Kohler and Langer (2021), the hierarchical interaction model encom-
passes various well-known nonparametric and semiparametric models, including additive
models (Stone, 1985), single index models (Héardle et al., 1993) and the projection pursuit
(Friedman and Stuetzle, 1981). Extensive research (Bauer and Kohler, 2019; Kohler and
Langer, 2021; Schmidt-Hieber, 2020) has established that the minimax optimal convergence
rate for the hierarchical composition model is determined by the most challenging (least
smooth) component within the composition. This challenging component is characterized
by the quantity

v = ﬁ—, where (5%, t%) = argminé. (3.1)
t* Brep t

We refer to the ratio 3/t as the dimension-adjusted degree of smoothness. Additionally, let
tmax = maX(tﬁ)ep t.
The following result provides an error bound for approximating functions within a hier-

archical interaction model using truncated deep ReLU neural networks. For a given index
set P C [1,00) x NT| recall the definition of v* in (3.1).

Proposition 6 (Neural network approximation error for H(d,l, My, P)). Given a hierar-
chical interaction model H(d, 1, My, P), there exist universal constants ¢;—c3 such that, for
any Lo, Ng > 3 and a probability measure u on [0, 1]¢ that is absolutely continuous with
respect to the Lebesgue measure, it holds

1/2
sup inf {/ *(x) — folx)|?p(de } < e3(LoNg) ™2,
o s Uy )~ Sl Pz (LoVo)
where v* is defined in (3.1),

L =ci[Lplog Ly] and N = co[Nylog Ny|, (3.2)

and [a] denotes the smallest integer no less than a € R. Here, the constants ¢;—c3 depend
on tyax polynomially.
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The above approximation result holds for general neural networks without imposing
any structural assumptions. Proposition 6 demonstrates the validity of the approximation
results across a wide range of neural networks, regardless of sparsity, boundedness of the
network weights, or specific architectural characteristics, such as being thin and deep or
wide and shallow.

Remark 7. In comparison to the result in Fan et al. (2024), our approximation error
bound features a polynomial dependence on t,,x through the prefactor c3. Specifically, our
prefactor cs depends on ty,x through the expression t}f&aﬂ P/ 2(1 + Motrln/fx)l_l, where

Pmax = max(g yep B. In contrast, the prefactor of the approximation bound in Proposition

3.4 of Fan et al. (2024) depends on tpax through (| Bmax | +1)imex (1+M0t111{a2x)l_1. Hence, our

approximation error bound is more favorable when ¢,y is larger than Bnax, while still being
comparable to the result of Fan et al. (2024) if Bpax and tpax are of similar magnitudes.
Nevertheless, it should be noted that Proposition 6 establishes an Lo approximation error
bound, while Fan et al. (2024) derived a uniform (L) bound. By applying a similar line of
arguments in the proof of Proposition 6 combined with Corollary 3.1 of Jiao et al. (2023), we
can derive an Lo.-approximation error bound that also features a polynomial dependence on
tmax- However, this comes at the cost of requiring a larger network width N. In detail, our
prefactor co of the network width in Proposition 6 depends on ¢,,,x through the expression
(| Bmax] + 1)2151[][’?;??"J+l, whereas the prefactor of the network width required for L, bound
will depend on tyax exponentially through (|Smax]| + 1)21&}5;1;{““[3“““. Therefore, if we
employ these neural networks with enlarged network width to define an estimator, the error
bound will exhibit exponential dependence on t,,x; see Theorem 8 and Theorem 13. The
exact values of ¢;—cs are specified in the proof of Proposition 6.

3.2 Error Bounds for Deep QR Estimators

In this section, we provide concentration bounds for the DQR estimator defined in (2.2),
which is the nonparametric QR estimator obtained through empirical risk minimization over
truncated ReLU neural networks using the check loss. As is common in the QR literature,
we begin by imposing certain regularity conditions on the conditional density function of €
given X.

Condition 3.1 (Conditional density).

(i) The conditional density function of € =Y — fo(X) given X, denoted by p|x, exists
and is continuous and bounded on its support. That is, there exists a constant p > 0
satisfying sup,eg pe|x (v) < p almost surely (over X).

(ii) The function px is lower-bounded at 0, that is, there exists a constant p > 0 such
that pex(0) > p almost surely (over X).

(iii) The function p,x is Lipschitz continuous, that is, there exists a constant Iy > 0 such
that [pex (u1) — pejx (u2)] < lolur — ug| for all ug, us € R almost surely.

Condition 3.1 is a standard assumption for the analysis of quantile regression estimators,
especially from a non-asymptotic perspective. Recall that the empirical quantile loss Q,, is
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defined as @a( f)=n"13" pa{Yi— f(X;)} for any real-valued function f. In the following
theorem, we present an oracle-type error bound for the DQR estimator with an arbitrary
ReLU neural network configuration.

Theorem 8 (Oracle-type inequality for the DQR estimator). Assume Condition 3.1 holds
and || folleo < My for some My > 1. Let F,, = Fpnn(d, Ly, Ny, My) with Ly, Ny € {3,4,...},
6 = infrer, || f — foll2 and & = LgNg\/{dlog(dLyNy)logn}/n. Then, there exists some
universal constant ¢4 > 0 independent of (Ny, Ly, n,d, o) and fo such that for any u > 1,
the DQR estimator f, in (2.2) satisfies

P{an — foll2 > ca(ds + 6 + \/u/n)} Se (3.3)

The non-asymptotic deviation bound, as presented in (3.3), comprises two main com-
ponents: the stochastic error ds and the approximation error J, concerning fo. Here, the
statistical error term J increases as the network hyper-parameters L, and N, grow, while
the approximation error term d, decreases; see Proposition 6. Furthermore, it is important
to note that exponential-type concentration inequalities naturally apply to nonparametric
QR estimators even without requiring moment conditions on ¢;. However, specific regular-
ity conditions on its (conditional) density function are still necessary. This underscores the
robustness of quantile regression, particularly in handling the tails of the response variable.

By selecting suitable values for L, and N, to balance the stochastic and approximation
errors, we demonstrate in the following result that the DQR estimator achieves optimal
convergence rates when fy has a hierarchical interaction structure.

Theorem 9 (Convergence rate for the DQR estimator). Assume Condition 3.1 holds and
that Py is absolutely continuous with respect to the Lebesgue measure on [0,1]¢. Given
H(d,l, My, P), let v* be as in (3.1), and Lo, Ny > 3 be such that LyNy = (n/log® n)!/ (47" +2),
Consider the function class F,, = Fpnn(d, L, N, My), where (L, N) satisfies (3.2). Set d,, =
{n/log®(n)}=7"/@r"+1)  Then, for any u > 1, it holds uniformly over fo € H(d,l, My, P)
and for all sufficiently large n that

. logb n\ 7 /@7 +D) ”
#l17 - o> e (2E22) T )

where c5 > 0 is a universal constant depending polynomially on ¢,,x and d.

—U
Se,

An immediate consequence of Theorem 9 is that
H]?" — foll2 = Op (n_w/(%*‘kl)(log n)GV*/(QW*-H))‘

We improve existing results in the literature by employing different proof techniques and
leveraging the new approximation result in Proposition 6. By combining this upper bound
with the following proposition, we establish that the DQR estimator, when equipped with
an appropriately specified network structure, achieves the minimax-optimal convergence
rate for the hierarchical interaction model, up to logarithmic factors. Recall the definition
of t* in (3.1).
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Proposition 10 (Minimax lower bound for the hierarchical interaction model). Assume
that d > t* and that Condition 3.1 holds. Then,

lim inf inf sup n2" /@R £, — foll2 >0,
T fu fo€H(dLP,Mo),
X~Px

where the infimum is taken over all estimators constructed from the sample {(X;,Y;)}7" ;.

In Proposition 10, we impose the condition d > t* to ensure that the critical (i.e.,
least favorable) component can be embedded into the ambient d-dimensional space. This
condition is essential for constructing the minimax lower bound. We emphasize, however,
that d > t* does not automatically follow from the definition of a hierarchical interaction
model. Nevertheless, such models are designed to exploit the adaptivity of neural networks
by representing complex functions as compositions of low-order modules, each depending
on only a small number of inputs (Bauer and Kohler, 2019; Kohler and Langer, 2021),
thereby mitigating the curse of dimensionality. From this perspective, t* can be viewed
as an effective local interaction order, which is typically small in practice. Consequently,
in regimes of practical interest, the condition d > ¢* is mild and aligns with the intended
modelling framework.

Remark 11. In recent years, there has been a growing interest in applying DNNs for
nonparametric quantile regression problems. When the true conditional quantile function
has a compositional structure, Shen et al. (2021) derived upper bounds on a hybrid of L;-
and Lo-errors of the QR estimator using ReLLU neural networks. Their analysis is restricted
to the case where the smoothness of each component function does not exceed 1. Moreover,
assuming that the response variable, or equivalently, the regression error, has bounded p-th
absolute moment, Shen et al. (2021) showed that

EA(f, fo) S m™C2/P1 /74 D 1062 (n),

where A2(f, fo) = Exp, min{|f(X) — fo(X)|,1f(X) — fo(X)|*}, and v* plays a similar
role as that defined in (3.1), which is the dimension-adjusted degree of smoothness. When
both ]? and fp are bounded, as in our setting, the bound also implies an Lo-error bound.
However, in the presence of heavy-tailed errors, the convergence rate deteriorates by a factor
of n/P)7" /(27" +1) relative to the case of exponentially light-tailed errors, making the rate
suboptimal. This finding appears somewhat at odds with the commonly held view that
quantile regression is robust to heavy-tailed response distributions.

Another recent work Padilla et al. (2022) also explored nonparametric QR estimators
using deep ReLU neural networks and established optimal convergence rates for cases where
the quantile function is compositional with Holder smooth components or belongs to a Besov
space. Our results differ from Padilla et al. (2022) in several aspects. First, Padilla et al.
(2022) constrained their function class to sparse neural networks with bounded weights and
biases, while the function class examined in this section does not have such restrictions.
As a result, our approach is more practical, as implementing the restrictions mentioned in
Padilla et al. (2022) necessitates various techniques like projection and dropout, as described
in Goodfellow et al. (2016). Secondly, when the true quantile function is a composition of
Hélder smooth functions, Theorem 2 in Padilla et al. (2022) requires the width of neural
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networks to increase as a power of n, and the depth L to be L < logn to attain the optimal
convergence rate. In contrast, Theorem 9 only necessitates an assumption regarding the
product of the depth and width of neural networks, thereby offering flexibility in network
design. This means that the optimal rate can be achieved with wide and shallow neural
networks, thin and deep neural networks, or wide and deep neural networks as long as the
product satisfies the assumption. Third, the dimension-dependent prefactor in the error
bounds of Padilla et al. (2022) grows exponentially, whereas in Theorem 9 it increases only
polynomially. Specifically, because Padilla et al. (2022) relied on the approximation theory
of Schmidt-Hieber (2020), their bound contains a prefactor that scales as a? for some a > 2,
while our prefactor grows polynomially, as discussed in Remark 7. Consequently, in modest-
dimensional settings, the exponential prefactor in Padilla et al. (2022) may dominate the
overall error bound.

Remark 12. We remark that our convergence rate results for DQR estimators assume a
fixed quantile level and therefore do not extend to the extremal setting o — 0. As observa-
tions beyond the target quantile become increasingly scarce in this regime, existing methods
typically rely on extreme value theory. In particular, they assume that the conditional dis-
tribution of Y | X belongs to a maximum (or minimum) domain of attraction (De Haan
and Ferreira, 2006); see, for example, Chernozhukov (2005) and Wang et al. (2012). After
estimating intermediate conditional quantiles, extremal quantiles are typically extrapolated
by fitting a conditional generalized Pareto distribution, rather than directly estimating each
conditional quantile function.

Our Condition 3.1 is weaker than such distributional tail assumptions, and our proce-
dure directly targets the conditional quantile function rather than tail-parameter functions.
Consequently, our estimation framework does not directly extend to extremal quantile re-
gression where a — 0; addressing this regime would require a specialized approach tailored
to the extremal setting. Most existing methods are linear or rely on classical nonparametric
techniques (e.g., kernel smoothing), and few results are available for flexible learners such as
neural networks. A notable exception is Gnecco et al. (2024), who employ random forests
and establish consistency but not convergence rates. Extending deep-learning—based quan-
tile regression to the extremal regime and developing its theoretical foundations represents
an important direction for future research, but it lies beyond the scope of the present paper.

3.3 A Generic Upper Bound of Deep ES Estimator

In this section, we provide an oracle-type inequality for the DRES estimator. Under the
finite moment assumption for the negative part of €, this inequality provides an upper bound
on the Lo-error of the DRES estimator for any truncated deep ReLU network architecture,
any robustification parameter 7 > ¢g = 2 max{4M,, (21/p)1/ P} and any DQR estimator.

Theorem 13 (Oracle-type inequality for the DRES estimator). Assume that Condition 2.1
with p > 1 and Condition 3.1-(i) hold, and max (|| follco, ||gollec) < My for some My > 1.
Let qu L€7NQJ Ne € {3747 e }7 fn = FDNN(d7 LQ7 NQ7 M0)7 gn - fDNN(d7 L67 N67 MO) and
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T > ¢g. Define

= T = infyeg, g = golle,
N = {Tmax(lfp/Q,O)V[I)nm(l/2,1/p) 4 ﬁ} Vn,T,va 55 — Lqu\/{dlog(quNq) log n}/n’
(3.4)

and Vy 7., = LeN, \/d log(dLeN,) log(nQT/V;/p)/n. Then, there exists a universal constant
c7 > 0 such that, for any u > 1, the DRES estimator g, , in (2.6) satisfies the bound

~ Cc7 u
(s = olle < Z b+ a0+ 67+ 7 2 (35)

with probability at least 1 — Ce~* conditioning on the event {f, € Fo(84)} for some 64 > 0,
where Fo(0) :={f € Fn : ||f — folla < d}.

Theorem 13 establishes a non-asymptotic error bound for approximate DRES estimators
using a plugged-in QR estimator fn This upper bound consists of six distinct terms:
two stochastic error terms 7y and Jg that correspond to the (conditional) quantile and
ES estimation respectively, the bias 7, induced by the Huber loss, the neural network
approximation error 7, for the underlying ES regression function go, and the squared Ls-
error 07 for the QR estimator f,,.

The two terms ng and 1, highlight the trade-off between the complexity of the network
function class and its approximation power. Moreover, the term s + 67 + m, + 75 explicitly
reveals the impact of nonparametric QR estimation in stage one and the use of the Huber
loss. The former is quantified by &5 and 67. Thanks to the orthogonality condition (2.10),
the squared L4-error of the nonparametric QR estimator contributes to the Lo-error bound
for the two-step ES estimator. Consequently, even if the QR estimator converges at a sub-
optimal rate (under the Ly-norm), the ES estimator can still achieve the optimal convergence
rate under the Lo-norm, as if the true quantile function fy were known. We note that L4-
error bounds for the nuisance parameter, rather than the more common Ls-error bounds,
also appear in Foster and Syrgkanis (2023). The term 7, + 75 clarifies the role of the
robustification parameter 7. A larger 7 reduces bias, resulting in a smaller m,. However,
this reduction comes at the expense of compromising robustness, leading to a larger 7.
Therefore, it is crucial to properly tune the robustification parameter 7 to balance bias and
robustness.

As a benchmark, we also derive non-asymptotic deviation bounds for DES estimators
using any truncated ReLU network architecture along with a DQR estimator.

Theorem 14 (Oracle-type inequality for the DES estimator). Assume Conditions 2.1
and 3.1 hold with p > 1, and max(]| folloos lg0/|cc) < Mo for some My > 1. Let F,, =
]:DNN(da Lq,Nq,Mo),gn = ]:DNN(dy Le,Ne,Mo) with Lq,Le,Nq,Ne 2 3. Deﬁne

dlog(dL,N,)1
= 0 g = olla, e = 0PV 4 VI and 5, = 1,y [ ToE LN logn,
9gEUn

n

where V,, = L.N, \/d log(dLeN,)log(n)/n. For sufficiently large n such that V,, < 1, there
exists a universal constant c¢g > 0 such that, for any u > 1, the DES estimator g, in (2.4)
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satisfies
al[Gn — goll2 < cs(ns + na + & + 63)V/u (3.6)

with probability at least 1 — C(e~"% + u ™), conditioned on the event {f, € Fo(d4)}.

In contrast to the result of Theorem 13, Theorem 14 demonstrates that the deviation
bound of the DES estimator does not include the bias term. This is because the population
Huber loss minimizer gor, defined in (2.7), coincides with go when 7 = oo, resulting in
n, = 0. However, since DES uses the Ls-loss, the corresponding estimator exhibits only
a polynomial-type deviation bound, as shown in Theorem 14. This is in contrast to the
exponential-type deviation bound achieved by the DRES estimator.

To complement our analysis, we investigate the non-asymptotic error bound for the
DRES estimator under light-tailed noise distributions. Specifically, we assume that the
negative part of the quantile residual € follows a sub-Gaussian distribution, as described
below.

Condition 3.2 (Light-tailed noise). The conditional density function of € given X, denoted
by pe|x, exists and satisfies sup,cg pe| x(u) < p for some constant p > 0 almost surely (over
X). Moreover, there exists a constant op > 0 such that the negative part of the QR residual
satisfies E[ele~—E(-1X)}*/78| X] < 2 almost surely over X.

Theorem 15 (Oracle-type inequality for the DRES estimator with sub-Gaussian errors).
Assume Condition 3.2 holds for some oy > 0, and max(||fo||cc, ||90/lcc) < My for some
My > 1. Let Ly, Le, Ny, Ne > 3, Fp, = Fpnn(d, Lg, Ny, My), Gn, = Fponn(d, Le, Ne, Mp) and
T > ¢o := 2max{4 My, (log4)'/?0¢}. Define

(3.7)

m = 2(2Mo + og)e” 7/ 298), N = infyeg, |lg — goll2,
N = JoLeNe\/{{dlog(dLeNe) logn}/n, 4= Lqu\/{dlog(quNq) logn}/n.

Then, there exists some universal constant cjg > 0 such that for any 64 > 0 and u > 1, gy, -
in (2.6) satisfies

—~ Cc u
e = ool < 2 (a6 02 ) 55)

n
with probability at least 1 — Ce™* conditioning on the event {f, € Fo(d4)}.

In contrast to the setting where e_ only possesses a bounded (conditional) p-th central
moment, Theorem 15 reveals that the bias term 7, decays exponentially in 7 when e_ is
(conditional) sub-Gaussian. In particular, we have 7, < oon~1/2 as long as T > og\/logn.
Consequently, the impact of the robustification bias becomes negligible compared to the
statistical error 7 in (3.7), which is unaffected by 7.

Remark 16 (Sample splitting and cross-fitting). We can eliminate the statistical error
term Js, induced by the estimation of the conditional QR function, from the error bounds
of the proposed estimator by incorporating a sample-splitting algorithm.

Specifically, we first split the entire dataset into two parts: {(X1,Y1),...,(Xn,, Yn,)} and
{(Xny41, Yni41)s - - -5 (X0, Yn)}, where ny = [n/2]. The first subsample is used to train a
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QR estimator ﬁ, while the remaining subsample, together with j/”;L, is employed to compute
the ES regression estimator gspli¢. Following similar arguments as in the proofs of Theorems
13-15, it can be established that under the same conditions as outlined in Theorems 13-15,
Jsplit satisfies concentration bounds that are similar to (3.5), (3.6) and (3.8), without the
appearance of §s. As a result, the impact of QR estimation is only reflected by &3.

Nevertheless, using only half of the data to compute gspii¢ may result in a loss of sta-
tistical efficiency. To mitigate this issue, the widely recognized approach is cross-fitting
as discussed in Chernozhukov et al. (2018). Nonetheless, it remains uncertain whether
the cross-fitting method improves the statistical efficiency over the basic sample-splitting
method in our case. As pointed out by Foster and Syrgkanis (2023), establishing this
improvement typically requires the demonstration of asymptotic normality or linear ap-
proximation of the nonparametric estimator in the literature. However, it remains an open
question whether a DNN estimator exhibits an asymptotic linear approximation, which in
turn leads to asymptotic normality. As a result, from a theoretical perspective, it remains
unclear whether the use of cross-fitting can enhance the statistical efficiency over the basic
sample-splitting in our setting.

3.4 Error Bounds for Deep ES Regression Estimators

Building on the results from Sections 3.2 and 3.3, along with the neural network approx-
imation result in Proposition 6, we establish the convergence rates of two-step DRES and
DES estimators in this section. The key insight, based on the findings from the previ-
ous subsections, is that properly tuning the hyperparameters is essential for achieving
an optimal balance among the various error terms. We note that Theorem 8 and The-
orem 9 establish only Lo-error bounds for DQR estimators, while theoretical results on
their Ly-error bounds remain scarce. To partially address this limitation, we apply a
simple inequality to control the Ls-error. For any function f satisfying [|fllcc < Mo,
17113 = E{f4(X)} < MEE{f*(X)} = M{|/f||3. Hence, the Ly-error of the DQR estimator
can be bounded by its corresponding Lo-error bound. To improve upon this straightforward
result, it would be desirable to establish convergence rates under the Lo,-norm. However,
such results remain an open question for neural network-based estimators.

We first analyze the DRES estimator defined in (2.6) under heavy-tailed noise. By
leveraging previously established results and selecting appropriate tuning parameters, we
derive its convergence rate as follows

Theorem 17 (Convergence rate for the DRES estimator). Assume Conditions 2.1 and 3.1
hold for some p > 1, and that Px is absolutely continuous with respect to the Lebesgue
measure on [0, 1]%. Let v* be as in (3.1), and Lg, Ny > 3 be such that

1

LoNo = {n/log®(n)}/47"+2%0) with ¢, =1 — e
p J—

Consider the function classes F,, = G, = Fpnn(d, L, N, My) with depth L and width N
satisfying (3.2). Set

and 7T x y;/p

6 Y Cp/ (27" +Cp)
A = max(v}/?,1) - {IOg(")}
n

n 29" (1-¢p) /(27" +Cp)
{ log®(n) } '
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Then, for any v > 1 and sufficiently large n, the DRES estimator g, r with the plugged-in
DQR estimator f,, satisfies

-~ C11 AH 1/(2 u -
P{Hgnﬁ—gob > - | +max{1/p/( p),l}dncp]} <e

Here, ¢11 > 0 is independent of (n,u,p,vp) and depends polynomially on tyax and d.

Next, we investigate the DES estimator defined in (2.4) in the presence of heavy-tailed
noises. By combining Theorem 8, Proposition 6, and Theorem 14, we derive the convergence
rate for the DES estimators as follows.

Theorem 18 (Convergence rate for the DES estimator). Under the same conditions as in
Theorem 17, let Ly, Ng > 3 be such that

n Ep/ (4" +28p)
log”(n)

Consider the function classes F,, = G, = Fpnn(d, L, N, My) with depth L and width N
satisfying (3.2). Set nkS = max(u;/p7 1) - {log®(n)/n}7"& /(27" +&)  Then, for any v > 1 and
sufficiently large n, the DES estimator g, with the plugged-in DQR estimator ]’;L satisfies
P([|gn — goll2 > croa™tunkS) < u™P. Here, c12 > 0 is independent of (n,u,p,vp) and
depends polynomially on ty,.x and d.

Given v, < 1, nLS is larger than n{?H as & < (p. Therefore, the DES estimator converges
at a slower rate than the DRES estimator. More importantly, the deviation bounds in
Theorem 17 and Theorem 18 confirm that, from a non-asymptotic perspective, the DRES
estimator is significantly more robust against heavy tails.

Remark 19. When e_ has a (conditional) bounded p-th (p > 2) moment and fp,g0 €
H(d,l, My, P), Theorem 17 and Theorem 18 establish that after selecting an appropriate

robustification parameter and network structures, the two-step robust estimator g, » satis-
fies

al[Gn.r — goll2 = Op (nw*cp/(zwcp)(log n)ﬁv*cp/@wcp)), (3.9)
and the two-step LSE g, achieves the following convergence rate
Ongn _ QOHQ =Op <n*“/*§p/(2'y*+§p)(log 7ﬂL)6'y*fp/(2'y*Jrfp))7 (3.10)

respectively. We remark that when the function class #H(d, [, My, P) satisfies d > t*, these
upper bounds are sharp up to a logarithmic factor of n. In detail, for given depth L and
width N of neural networks, define

AH %) : %) —100
/ o = € Fn(d,L,N,1) : R~ , < nf R~ ,q) + (o)
n,T (Topt) {g ( ) (fo.9) gEFn%d,L,N,l) (fo.9) +n r

7/?\'7' ) < 7/2\'7' ) T \ i f 7/?\’7' ) C 2 )
(fo,9) < R+(fo,90,7) {ge}_n%g’L’N?l) (fo,9) + 1770pt}}
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where go . is defined in (2.7). Furthermore, for a fixed function f; : [0,1]¢ — R, and
a function class # C {g : R — [~1,1]}, define the family of data generating processes
U(d,p,H) as follows: (i) Each coordinate of X € [0,1]? follows the uniform distribution,
(il) Y = fo(X) + € with P(e < 0|X) = a, (iii) eo(Y|X) = go(X) € H, and (iv) E{|e_ —
E(e_|X)[P|X} < 1. We denote 1, < n~7 /7" +0) (1ogn) =7 Bt/ (27" +G) for a given
H(d,l,1,P). Then, by combining Lemma 4.1 Fan et al. (2024) and Theorem 4.1 in Fan
et al. (2024), we have

lim inf inf P{35ec TAH h that /g — > =1
e N,LZICI;JZCS(X,Y)SELZ}IE()d,p,H) 139 € Tizr () such that allg = gollz 2 m.} =1,

where H = H(d,l,P,1) with d > t*. Therefore, the Ly error bound (3.9) for g, . is sharp
up to logarithmic terms. In a similar manner, it can be shown that the bound (3.10) of g,
is also sharp up to logarithmic terms by Theorem 4.2 in Fan et al. (2024).

Finally, we consider the case where the noise is sub-Gaussian. The following theorem
shows that with a sufficiently large robustification parameter, the DRES estimator achieves
the same convergence rate as the DES estimator.

Theorem 20 (Convergence rate for the DRES estimator using a plugged-in DQR estimate
under sub-Gaussian noise). Assume Conditions 3.1 and 3.2 hold. Moreover, assume that
Py is absolutely continuous with respect to the Lebesgue measure on [0,1]%. Let v* be as
n (3.1), and Lo, Ny > 3 be such that LoNy =< {n/log®(n)}/*7"+2) Consider the function
classes F,, = G, = Fpnn(d, L, N, My), where the depth L and width N satisfy (3.2). Set
7 € [max(cg, ogv/Togn), c0] and nP™PCG = {logb(n)/n}Y"/¥"+1  Then, for any u > 1, it

holds uniformly over fy, go € H(d,l, My, P) that

]P’{ 1Gnr — goll2 > =2 max(o9, 1) (ni“bc’ + \ﬁ> } Se ™,
o)) n

where ¢13 > 0 is independent of (n,u, o) and depends polynomially on ty,.x and d.

4. Numerical Studies

4.1 Monte Carlo Experiments

In this section, we conduct simulation studies to evaluate the performance of the proposed
ES regression estimators. Specifically, we compare the proposed deep robust ES regression
estimator (DRES) with several benchmark methods: (i) the deep least squares ES estimator
(DES) defined in (2.4); (ii) the oracle deep robust ES estimator (oracle-DRES); (iii) the ora-
cle deep least squares ES estimator (oracle-DES); (iv) the two-step local linear ES estimator
(LLES) (Olma, 2021), in which the conditional quantile function is also estimated by local
linear regression; and (v) the weighted single-index quantile regression estimator (WSIQR)
(Fang et al., 2023), in which the conditional ES is obtained by aggregating conditional
quantile estimates over a grid of quantile levels, with each conditional quantile modeled via
single-index quantile regression combined with dimension reduction. The oracle methods,
oracle-DRES and oracle-DES, correspond to the two-step robust ES estimator in (2.6)
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Figure 1: Boxplots of MSPE (based on 200 repetitions) for the five estimators—LLES, WSIQR,
DES, DRES, and NC-DRES-in estimating the conditional 10% ES function under the
location—scale model Y = hy(X) + ho(X)n, where X € [0,1]® and sample size is
n = 4,096.

and the two-step LSE in (2.4), respectively, with j/’;t replaced by the true conditional quan-
tile function fy. The non-crossing variant of DRES, introduced in Section 2.4, is denoted
by NC-DRES. Both the local linear estimator and the neural-network-based estimators are
implemented using the Python package quantes?.

To train the NN-based estimators, we employ a fully connected feedforward neural net-
work structure with four hidden layers containing h, 2k, 2h, and h neurons, respectively. In
all simulations, we set h = 64. The network parameter, including both weights and biases,
are optimized using the Adam optimizer (Kingma and Ba, 2014). The learning rate, batch
size, and maximum number of epochs are fixed at 10~%, 128, and 200, respectively. For a
training sample of size n, 20% of the observations are randomly selected as a validation set,
which is used to choose the best model based on the validation loss. All other hyperparam-
eters are kept at their default values. The local linear estimator requires two bandwidths
(smoothing parameters), one for estimating fy and the other for gg. Following the same
procedure as in NN training, 20% of the data is randomly drawn as a validation set to select
the optimal bandwidths.

To evaluate the performance of an estimator g, we compute the empirical (out-of-sample)
mean squared prediction error (MSPE) based on a test set {(X;, YY)}, defined as

T
— 1 PP )
MSPE = - ; {9(X7) —g0(X))}".

The MSPE serves as an empirical approximation to the squared Lo-error || — go|3 =
Ex+py {|(G — 90)(X*)|?}. We generate the training and test samples, {(X;,Y;)}"; and

2. https://pypi.org/project/quantes/
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Figure 2: Plots of empirical mean squared prediction error (M/Sﬁ*l) versus training sample
size, ranging from 2,048 to 9,216, are shown based on 100 replications. As before,
the target is the conditional 10% ES function from a location-scale model.

{(X7,Y)}E,, from a heteroscedastic model Y = hy(X )+ ha(X)-n, where X € R® consists
of independent Unif(0, 1) entries. The two functions hy, hy : R® — R are specified as

1 n 1 n 1
1+e 2723 (1+mxy+ax5)%  x6+ %778’

heo(x) = sin <7T(x12+$2)> + log(1 + z3x3x?) +

hi(x) = cos(2wz1) +

g

Additional simulation results based on alternative choices of h; and he are provided in Ap-
pendix E.1. We consider two error distributions for n: (i) the standard normal distribution
N(0,1) (light-tailed) and (ii) the scaled ¢-distribution ¢ 25/3 (heavy-tailed), both with mean
zero and unit variance. In Appendix E.1, we also consider a Pareto noise distribution. Since
ha > 0, the conditional a-level quantile and ES functions are fo(x) = hi(x) + qa(n) - ha(x)
and go(x) = hi(x) + eq(n) - ha(x), where g,(n) and ey (n) denote the a-level quantile and
ES of 7, respectively. We fix T = 10° and vary n across different simulation settings.

To examine the stability of Huberization in neural network regression under heavy-
tailed errors, we fix the sample size at n = 4,096 and consider quantile levels o € A :=
{0.05,0.1,0.15,0.2,0.25}. The estimators LLES, DES, and DRES estimate the a-level quantile
and ES functions separately for each o« € A, whereas NC-DRES jointly estimates them, as
described in Section 2.4, to €nsure noN-crossing ES functions. Figure 1 presents the boxplots
of the empirical MSPEs, MSPE, for the five estimators at « = 0.1. The robust neural
network estimator (DRES) markedly outperforms its least-squares counterpart under heavy-
tailed errors. Notably, it not only maintains accuracy under normal errors but also achieves
modest improvements. Furthermore, all DNN-based estimators (DES, DRES, and NC-DRES)
consistently outperform the local linear estimator (LLES) and the weighted single index
quantile regression estimator. Results for other quantile levels are reported in Appendix E.1.

Furthermore, we implement the four nonparametric estimators together with two bench-
mark oracle DNN estimators that incorporate the true conditional quantile function in their
construction. We fix a = 0.1 and vary the sample size n from 2,048 to 9,216 in increments
of 1,024. Figure 2 displays the empirical MSPE as a function of the training sample size
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for the five estimators. The relatively slow convergence of WSIQR arises from its reliance
on the single-index model assumption, which is violated in our setting. The slower con-
vergence of LLES reflects an inherent limitation of local linear approximation: being based
on a first-order Taylor expansion, it does not fully exploit the underlying low-dimensional
structure of the target function. In contrast, the two-step ES estimator performs almost as
well as its oracle counterpart, as if fo were known in advance. This observation supports the
orthogonality property of the two-step framework, under which the resulting ES estimator
is largely insensitive to small perturbations in the QR estimator in the first step.

4.2 Precipitation Pattern Analysis

The El Nino-Southern Oscillation (ENSO) is an irregular climate phenomenon characterized
by periodic fluctuations in wind patterns and sea surface temperatures across the tropical
eastern Pacific Ocean. The U.S. Climate Prediction Center defines El Nino conditions (or
La Nina conditions) as periods when the sea surface temperature in the Nino-3.4 region of
the equatorial Pacific deviates more than 0.5°C above (below) the long-term average for the
same season. Substantial anomalies in seasonal precipitation have been linked to warm (El
Nino) and cool (La Nina) phases of ENSO (Ropelewski and Halpert, 1986). Recent studies
further suggest that ENSO events may amplify regional rainfall variability (Yun et al., 2021).
Accordingly, understanding the relationship between ENSO and the upper-tail behavior of
precipitation is of critical importance.

We investigate the influence of El Nifio on the upper-tail average of precipitation across
the continental United States. To this end, we apply the proposed methodology to the
U.S. precipitation reanalysis dataset of (Slivinski et al., 2019). This dataset contains daily
precipitation measurements (in millimeters) obtained from reanalysis, which integrates a
wide range of observational data and numerical model outputs. It covers 819 grid points
over the continental U.S. at a spatial resolution of 1° x 1°, spanning the period from 1950
to 2015. For preprocessing, we aggregate daily precipitation into monthly totals, yielding a
dataset with 647,829 observations. The data are further categorized into four meteorological
seasons: winter (December-February), spring (March-May), summer (June-August), and
fall (September-November). The winter dataset consists of 161,343 observations, while
each of the other seasons contains 162,162 observations. The left panel of Figure 3 displays
the distribution of monthly precipitation, revealing pronounced right skewness, indicating
that the mean alone is inadequate for characterizing extreme rainfall events. The right panel
shows an approximately linear pattern in the upper tail, suggesting a moderately heavy-
tailed distribution. Together, these findings underscore the need for a robust approach to
estimating the upper-tail average of precipitation.

We fit the proposed robust ES regression at the upper-tail level o = 0.99, with the ro-
bustification parameter selected according to the tuning procedure described in Section 2.4.
The primary covariate of interest is the ENSO (Nino-3.4 index), while additional control vari-
ables include YEAR, SEASON, and the spatial coordinates LAT (latitude) and LON (longitude)
of each grid point within the continental United States. To construct the Nino-3.4 index,
we compute monthly averages of sea surface temperature in the Nino-3.4 region, subtract
the corresponding annual mean, and normalize the resulting series. As noted in Remark 3,
estimating the conditional upper-tail average at level « is equivalent to applying the pro-
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Figure 3: Histogram and log-log plot of precipitation. The blue and red horizontal lines
represent the sample mean and the 99% quantile of precipitation.
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Figure 4: Subfigures (a)—(d) show the differences in the predicted ES of precipitation be-
tween El Nifio and non-El Nifio conditions across the four seasons, while subfigures
(e)—(h) show the corresponding differences in the predicted mean precipitation.
In the plots, red indicates increased precipitation during El Nino, and blue rep-
resents decreased precipitation.

posed DRES method at level 1 — « after negating the response variable. The conditional
quantile function at level « is estimated using the DQR estimator defined in (2.2). For
implementation, we employ fully connected ReLLU neural networks with depth L = 4 and
width N = 512, implemented in PyTorch. The learning rate is set to 1073, with a batch
size of 1,024 and a total of 500 epochs. Following the procedure in Section 4.1, we reserve
a validation set of size nyaq = [n/5] to select the best-performing model across the 500
training epochs.

To assess the impact of El Nifio on the upper tail of precipitation, we first compute the
predicted conditional ES of precipitation at level @ = 0.99 for each grid location, setting
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Figure 5: Variable permutation importance for conditional mean and ES regressions.

the Nino-3.4 index set to 1.0 (representing El Nifio conditions) and 0 (representing neutral
conditions). To mitigate variability arising from random splits of the training and vali-
dation sets, the model-fitting procedure is repeated 10 times. In addition, to reduce the
influence of year-specific fluctuations, we average the predicted values over the period 1991-
2010. Subfigures (a)—(d) of Figure 4 display the differences in predicted ES between El Nifio
and non-El Nino conditions for each season. The remaining subfigures present the corre-
sponding differences in predicted mean precipitation, obtained using the same procedure-10
repetitions and 20-year averaging—based on deep neural network mean regression.

Our results reveal that the influence of El Nino varies substantially across both space and
season. In particular, during winter and spring, both regression approaches predict drier
conditions in the northern United States and wetter conditions in the southern regions
under El Nino episodes, consistent with the well-documented north-south seesaw pattern
in precipitation reported in the climate science literature (Dettinger et al., 1998). Notably,
in winter, the spatial teleconnections are more pronounced when examining the upper-tail
average than the mean. The ES regression uncovers a stronger linkage between ENSO
and precipitation in southern California and along the Gulf Coast, consistent with earlier
studies (Kurtzman and Scanlon, 2007), whereas the mean regression indicates only a weak
association in these areas.

Additionally, we employ Variable Permutation Importance (VPI) (Breiman, 2001) to
quantify the contribution of individual features to predicting both mean and upper-tail
average precipitation. The VPI for a given feature is computed by randomly permuting
its sample values while holding all other variables fixed and then measuring the resulting
relative increase in prediction loss. For mean regression, model performance is evaluated
using the mean squared error (MSE) computed with respect to the original outcome Y. In
contrast, for ES regression, the MSE is calculated with respect to the estimated surrogate
response variable defined in (2.3). Figure 5 displays boxplots of the VPI values for the mean
(left) and the 1% upper ES (right), showing the relative increases in losses, ordered by their
average magnitudes.

The feature LON (longitude) exhibits the highest VPI for both mean and upper-tail ES re-
gression. This likely reflects the influence of longitudinal geographic features—most notably,
the Rocky Mountains and the Appalachian Mountains—which generate strong orographic
effects on precipitation (Houze Jr., 2012). Moreover, longitudinal variation in distance from
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the oceans also plays a key role in shaping precipitation patterns (Curtis, 2019). Interest-
ingly, the importance of LAT (latitude) increases when focusing on the upper percentiles
of precipitation. Because latitude is strongly linked to temperature, which governs at-
mospheric circulation and air mass characteristics, it substantially contributes to regional
precipitation variability across the United States. Overall, these findings provide a more
nuanced understanding of how multiple factors, including El Nifio events, jointly influence
the upper tails of U.S. precipitation distributions.
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Appendix A. Theoretical Results for Non-Crossing Estimators

In this section, we derive the non-asymptotic deviation bounds for non-crossing DQR
estimators defined in (2.12) and non-crossing ES estimators. Given multiple quantile
levels 0 < a1 < ag < ... < ag < 1, recall the notation ¢n, (Y|X) = for(X) and
Cay, (X) = QO,k(X)'

We first provide an error bound for approximating function vectors, where each compo-
nent lies in a hierarchical interaction model using (2.11). Recall the definition of v* in (3.1)
for a given index set P C [1,00) x NT, and the function ¢ used in Fyc.

Proposition 21. Given a hierarchical interaction model H(d,l, My, P) and a smooth,
monotone, Lipschitz function ¢ with L_1|[M0—17M0] € HP([M; ™, My), M) for some M/, and f3
satisfying (/3,t) € P for some t, there exist universal constants ¢}, ch, ¢ and M; > 0 such
that for any Lo, No > 3, any probability measure y on [0, 1]d absolutely continuous with re-
spect to the Lebesgue measure, and any fo = (fo1,..., fo,x) with each fy € H(d,l, Mo, P)
and for — for—1 > M(;l for2 <k <K,

1/2
inf max (x) — z)2u(dx < Kch(LoNg)~ 2",
i [, i) = @) )} < K o)

where 7* is defined in (3.1), and
L=¢c\|LologLy| and N = ch|NylogNp]. (A1)

Compared with the approximation result in Proposition 6, the approximation error in
Proposition 21 additionally scales with K.

We next establish concentration bounds for the NC-DQR estimator defined in (2.12),
namely, the nonparametric quantile regression estimator with the non-crossing constraint.
Analogously to Condition 3.1, we first impose regularity conditions on the conditional den-
sity of €, given X for each quantile level ay.

Condition A.1 (Conditional density assumption for the NC-DQR estimator).

(i) For 1 <k < K, the conditional density function of ¢, =Y — fy (X)) given X, denoted
by pe,|x, exists and is continuous and bounded on its support. That is, there exists a
constant py > 0 satisfying sup,cg Pe,|x (v) < Py almost surely (over X).

(ii) The function p,,|x is lower-bounded at 0, that is, there exists a constant p, > 0 such
that p.,x(0) > p, almost surely (over X).

(iii) The function Pey|x is Lipschitz continuous, that is, there exists a constant loj > 0
such that |pe,|x(u1) — Peyx (u2)| < lok|ur — uz| for all ug, ug € R almost surely.

We are now in a position to establish an oracle-type error bound for the NC-DQR
estimator over Fnc under an arbitrary ReLLU neural network configuration.
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Theorem 22 (Oracle-type inequality for the NC-DQR estimator). Assume Condition A.1
holds and for 1 < k < K, || fo k|lcc < Mo with some My > 1. Let F,, = Fnc(d, Ly, Ng, Mo, K)
with Ly, Ny € {3,4,...}. Moreover, we denote

. . B Kdlog(dK LyNy)logn
dvca = ol max [~ foule and dyos = LyN, : -

Then, there exists some universal constant ¢ > 0 independent of (Ng, Lg,n,d, oy) and fy
such that for any u > 1, the DQR estimator f, = (f1,..., fx) in (2.12) satisfies

K
1 f —
[P{ T ; | frene — forld = ¢ (dnes + Onea + u/n)} <o

Similar to Theorem 8, the non-asymptotic deviation bound consists of two main compo-
nents: the stochastic error dnc s and the approximation error dnc.a. As with the stochastic
error s in the deviation bound for the DQR estimator at a single quantile level, dnc ¢ in-
creases with the network hyperparameters L, and N,. In addition, because we consider K
quantile levels simultaneously, dncs also increases with K. On the other hand, Proposi-
tion 21 shows that the approximation error dnc,, decreases as L, and IV, increase, but also
grows with K. Hence, the bound makes explicit how the number of quantile levels K affects
the estimation error. Finally, as in Theorem 3.3, we obtain an exponential-type concentra-
tion inequality without imposing moment conditions on ¢; ;, underscoring the robustness of
quantile regression.

Similarly to Theorem 9, by choosing L, and IV, to balance the stochastic and approx-
imation errors, we obtain the following bound for the NC-DQR estimator; the proof is
omitted.

Theorem 23. Assume Condition A.1 holds, and that Px is absolutely continuous with re-
spect to the Lebesgue measure on [0, 1]d. Given a hierarchical interaction model H(d, I, My, P),
¢ in the definition of Fn¢ is a smooth monotone and Lipschitz function with Fl\[ Mt Mo €

HO([Myt, Mo], M) for some M} and B satistying (3,t) € P for some t. Let v* be as in
(3.1), and Lg, Ny > 3 be such that LoNy = (n/log® n)l/(47*+2). Consider the function class
Fn = Fnc(d, Ly, Ny, My, K), where (Lg, N,) satisfies (A.1). Then, for any v > 1, it holds
uniformly over fo = (fo1,. .., fox)" with for € H(d,1, Mo, P) with for — for—1 > My "
for 2 < k < K, and for all sufficiently large n that

logh 1\ 7/ (27" +D)
g k()
n n

We next turn to the theoretical properties of the NC-DRES estimator. The following
theorem provides an oracle-type inequality for the estimator. We begin by imposing moment
conditions on the centered noise terms €, — — E(e, — | X).

< e Y.

~

1
P K;ka,NC_fO,k

Condition A.2 (Moment conditions for the NC-DRES estimator). The negative part of
the quantile residual, €, — = min(eg,0), has uniformly bounded (conditional) p-th central
moments for some p > 1, that is, there exists v, > 0 such that E{|e; — —E(e;,—|X)P| X} <
Vp i almost surely for all 1 <k < K.
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Theorem 24 (Oracle-type inequality for the NC-DRES estimator). Assume that Condi-
tion A.2 with p > 1 and Condition A.1-(i) hold, and for 1 < k < K, max(|| fo kllco>, |90.k|/0c) <
My for some My > 1. Let Ly, Le, Ng, Ne € {3,4,...}, F = Fnel(d, Ly, Ny, Mo, K), G, =
Fxc(d, Le, Ny Mo, K) and 7, > 2 max{4My, (2v,%)'/P}. Define

2
_ 1 K Yok . *
INCb =\ & Zk:l 7(%/5)2;772, TINC,a = lnfg*egn maxi<g<i ||9k - go,k”%

mNes = (VN + TNC) Vasmewnes  ONGs = LgNgy/{Kdlog(dLyNg) logn} /n,

where

1 = 1 &
2 max(2—p,0) min(1,2/p)
TNC:?ZTkv e T Tk Vo ke ,
k=1 k=1

and

Kdlog(dL.N.)log(n2mncrak
anTNC,l/NC:LeNe\/ g( = 6) g( e NC)-

n

Then, there exists a universal constant ¢f > 0 such that, for any v > 1, the NC-DRES

estimator gnc,r = (g1,NC, - - -, gr,Ne) " satisfies the bound
K
1 21 2 / U
e > a2 |Grnc — 9okl < 5 mnes + e + INea + Oxes + 62 + (Une + VINC) -
k=1

with probability at least 1 — C'e™ conditioning on the event

K
1 ~
= {K; 1o~ sl < 3.

As we allow the robustification parameter 75, and the upper bound on the pth moment
to vary across quantile levels, the bound involves 7vc and l/l%c, which are weighted averages
of these quantities. Similar to Theorem 22, the stochastic error term nncs also increases
with K. We also note that the terms dnc s and o capture the effect of the nonparametric
NC-QR estimator from the first stage.

In contrast to Theorem 13, the estimation error here depends on dy, rather than §2. The
main reason is that, to enforce joint monotonicity between the quantile and ES regression
functions, we define gy nc = min{g,, fr,Nc}. By an argument similar to that used in
Theorem 13, one can show that the estimation error of g, ; depends on 6%, thus it is first-
order insensitive to the L4 error; however, after applying the above truncation, the resulting
estimator gj nc no longer exhibits this.

By appropriately choosing Ly, Ng, L, and N, together with 7, to balance the stochastic
and approximation terms, we obtain the following bound for the NC-DRES estimator. The
proof is omitted, as it proceeds along lines similar to those of Theorem 17. For simplicity
of presentation, we assume that the upper bounds on the pth moments are common across
quantile levels and that the same robustification parameter 7 is used for all quantile levels.

31



Yu, TAN, WANG AND ZHOU

Theorem 25. Assume Conditions A.1 and A.2 hold with v, ; = v, and Px is absolutely
continuous with respect to the Lebesgue measure on [0, 1]%. Given a hierarchical interaction
model H(d, 1, My, P), ¢ in the definition of Fn¢ is a smooth monotone and Lipschitz function
with L_1|[M071’M0} € HP([My*, Mo), M}) for some M} and j satisfying (3,t) € P for some
t. Let v* be as in (3.1), and Lo, No > 3 be such that

1
2p—1°

LoNo =< {n/1log"(n)}/U7 %) ieh ¢, =1 -

Consider the function classes F,, = G, = Fnc(d, L, N, My, K) with depth L and width N
satisfying (A.1). Set

and 7, = 7 =< v}/P

10g6(n) }’Y*CP/(2’Y*+<P)
p

At = max(yg/p, 1)- {

n )27 (-G)/2r 4G
- .

log®(n)
Then, for any v > 1 and sufficiently large n, it holds uniformly over fo = (fo1,..., fox)"

and go = (go,1,---,90.)" with fox, gor € H(d, 1, Mo, P) with for — for—1 > My " and
9ok — 90,k—1 > Mgl for 2 < k < K, and for all sufficiently large n that

K
1 R - .
P{ K Zangkz,NC — goxl3 2 K" —i—max{z/;/(gp), 1}\/;} Se .
k=1

Appendix B. Proofs of Main Theorems
B.1 Supporting Technical Lemmas

We first introduce some basic notations that will be used throughout. Recall that quantile
regression residuals are defined as ¢; = Y; — fo(X;) for 1 <i<mnand e =Y — fy(X). For
any f:[0,1] — R, we define

Z(N)(X,€) ={Y = f(X)IHY < f(X)} + af(X), (B.1)
and denote Z;(f) := Z(f)(X;,€;) for 1 <i < n. Furthermore, we write
w; = Z(f0)(Xi, €) — ago(X;). (B.2)

Then, for any 7 > 0, we can express the empirical joint Huber loss (2.4) as
. 1 <
R:(f.9) = > l(Zi(f) — ag(Xy))
i=1

for real-valued functions f, g on [0, 1]%. Also, note that
w; = eiﬂ(ei < O) + afO(Xz) — Oégo(Xi) =€ — E(EL,‘XZ‘),

where €, — = ¢;1(e; < 0). Throughout the proof, we assume that max(|| fo/sc, [|90/|s0) < Mo.

For ease of notations, we write > ., (W; — EW;) = > (1 — E)W; for any sequence of
random variables {W;}7 ;.

32



DEEP NEURAL EXPECTED SHORTFALL REGRESSION WITH TAIL-ROBUSTNESS

To establish a convergence rate for the deep quantile regression estimator, we require
lower and upper bounds on the excess quantile risk. Recalling the definition of Q. (f) in
(2.2), we define the population check loss function as

Qu(f) = EQa(f) = Epa(Yi — £(Xi))
for any f:[0,1] — R.

Lemma 26. Assume Condition 3.1 holds. For any function f : [0,1] — [~Mjy, Mo], the
population check loss function satisfies

cuallf = foll3 < Qa(f) = Qalfo) < sl f — foll3,
where ¢14 = min{p/(8Mp), p*/(32Moly)} and c15 = p/2.
Next, we write F;, = Fpnn(d, Ly, Ng, Mp), and for any § > 0,
Fn(0) ={f € Fu - [If = foll2 < 6}

The next lemma characterizes the tail probabilities of the empirical quantile process. Recall
that ds = LqNg+\/{dlog(dLyNy)logn}/n.

Lemma 27. There exists a universal constant cjg > 0 such that for any 6 > J5 and
0<x< n62,

n

P[ sup |1 S0 B) (s - F06) = Vi~ XD} | 2 058+ \/f)] <o

fEFL () IT i=1

For the convergence rate for the DRES, recall that R,(-,-) represents the population
joint loss function, which is the expectation of the empirical joint Huber loss function,

R-(f,9) = ER.(f,9) = Et-(Z:(f) — ag(X;))

for any fixed functions f and g. The following two lemmas establish both lower and upper
bounds for the excess Huber risk under heavy-tailed noises and light-tailed noises, respec-
tively.

Lemma 28. Assume Condition 2.1 with p > 1 and Condition 3.1 (i) hold and let 7 > ¢ =
2 max{4My, (2v,)'/P}. Then, for any f,g: [0,1]¢ — [~My, Mo], we have

2 —
Re(£.9) = RelFogn) = g = ool - allg — aolla{ 517 = ol + (s .

and
2
RT(f,g)—RT(f,go)Sa\\9—90\\§+0‘”9_90H2{ I = oll+ s }
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Lemma 29. Assume Condition 3.2 holds for some og > 0 and let
T > ¢ = 2max{4My, oo(log4)"/?}.

For any functions f, g : [0,1]% — [~ My, Mo], we have

o p 2/
R-(f,9) —R+(f,90) > ZHg - go”% —allg — 90”2<2”f _ f0||421 + epre /(2 (2))>

and

o? p 220
Re(f.9) = Re(f,90) < 5 llg = 90l3 + llg —gorz(QHf — fol} + crre™ T/ 3>),

where c17 = 4My + 209.

For the truncated neural network function class G, = Fpnn(d, Le, Ne, M), define

Gn(n) ={9€Gn:llg—golla <n}, n>0.

Moreover, for any function pair (f, g), we denote the difference of Huber losses as

hyg(X,€) = € (Z(f)(X, €) — ag(X)) — £-(Z(f)(X, €) — ago(X)). (B.3)

In order to obtain the convergence rate of the ES estimator Jgn given a DQR estimate
fn € Fn, it is necessary to derive concentration inequalities for the supremum of local
empirical processes that are of the form

sup sup
fe}—n gng(T])

Z{hngmez —Ehy(Xi i)}

for some n > 0. To this end, by the fundamental theorem of calculus and the triangle
inequality, the supremum is upper bounded by a sum of three suprema, namely,

n

1
sup sup |— Y (1 —E)hyy(Xi,€)
feFn gegn(n) n i=1

n

— s sup 12(1—E>{ /0 aAg(Xi)iﬁr(wiJrZi(f)—Zi(fo)th)dt}'

fEFn g€Gn(n) 1T 5

a-of | QA"(X”wwi)dt}\ (B.4)

< s
gGQn z:1
1 n alg(X;)
- s [13%0- o) [ e 0 = vt
1 n aAg(Xi)
+sup sup |—» (1-E) [/ {r(wi + Zi(f) — Zi(fo) + ) — ¥r(wi +t)}dt} 7
fE€Fn geGn(n) 1™ 55 0

where Ag(X) = go(X) — g(X) and ¢, = £/.. The following three lemmas give concentration
inequalities for the above three suprema. Recall that

log(dL,N,)log(n2rv; /P log(dL,N,)1
vn,f,,,szeNe\/d LN sl 15 )y [T o,

n n
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Lemma 30. Assume E(|w;[?|X;) < v, < 0o almost surely (over X;) for p > 1. Then, there
exists a universal constant cig > 0 such that, for any n > max(y/7Vyr,,,1/n),0 < z <
nn?/T and T > V;/p,

n

=3 (1= E)pr(wi) {g0(Xi) — Q(Xi)}‘ > crgen{r X mP/ 20 min(U/BLR) 4 /7

1
]P’{ sup
9€Gn(n) 1T ;=
° <Vn77-7yp + \/E) } S e_m.
n

Lemma 31. There exists a universal constant cijg > 0 such that for any 7 > 0,7 > V,, and

0<z< an,
1 & alg(X;) ) z
Pl s 1S -B)] [ )~ vwr] | 2 - a?a (Vs Ve
g€Gn(n) n i=1 0 n
<e 7.

Lemma 32. There exists a universal constant cog > 0 such that for any 7 > 0,7 > (ds+V;,)
and 0 <z < m]2,

n

> a-E) M%Q(Xi) {wr (s + Zi(f) = Zilfo) +1) = ¥r(wi + t)}dt] ’

=1
xr _
2020-an(5s+Vn+\/;)} <e .

Assuming that the random variables w; defined in (B.2) are sub-Gaussian, we can derive
a more refined tail inequality for the supremum of local empirical processes.

PJ sup sup
fEfn gegn(n)

Lemma 33. Assume that w; satisfies
E(e“’?/”g|Xi) <2 almost surely (over X;) (B.5)

for some o9 > 0. Then, there exists a universal constant co; > 0 such that for any n > V,,
and 0 < z < nn?, the following bound

1 n aAg(Xl) 2 9 €T
- > - E){ / %(wz’)dt}‘ <o OzUon{Vn +e T /) 4 \/;}
0

=1

sup
9€Gn(n)

holds with probability at least 1 — 3e™*.

B.2 Proof of Proposition 1

In the proof, we first construct a function go r satisfying

gor € arg;ninE{@T(Zi(fo) —ag(X;))} (B.6)
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Then, we show that go  satisfies the bound in Proposition 1. Finally, we show that gg r is
the unique minimizer of (B.6) almost surely over X.

To begin with, recall that Z;(fy) = ago(X) + w; with w; = ¢;— — E(¢; —|X). For each
x € X, consider

I;leiﬂlglE{ZT(Zi(fo) —aa)|X =z} = E{l;(w; + ago(x) — aa)| X =z} =: Ly(a).

Since (i) Ly (a) is convex and (ii) Ly(a) — oo as a — oo, the set of minimizers is nonempty
for each x. Let W(x) denote this set. By the Kuratowski-Ryll-Nardzewski measurable
selection theorem (Theorem 6.9.3 in Bogachev (2007)), there exists a measurable function
go,r such that go -(z) € ¥(z) for all z € X'. For any measurable function g (not necessarily
bounded by Mj), we then have

E{l;(Zi(fo) — ag(X))|X =z} > E{{-(Zi(fo) — ago-(X))|X =z}, (B.7)
which implies
E{t-(Zi(fo) — ag(X))} = E{-(Zi(fo) — g0, (X))} (B.8)

Hence, go - is a minimizer.

To obtain a bound for go -, we follow a similar argument as in the proof of Proposition
1 in Sun et al. (2020). Specifically, define A, = go(z) — go-(x) for each z € X. For
convenience, fix x € X and denote go () = af and go(x) = a*. By the optimality of a}
and the mean value theorem, we have L/ (af) = 0 and

Li(@)A7 = {Ly(a") = Ly (a1)}Ag = Ly (a")Ag = —aB{yr ()| X = 2}A,, (B.9)
where @ = Aa* + (1 — A\)a} for some 0 < A < 1. Since E(w|X =z) =0 and

E{|w]’|X = 2}

-1

[E{w[X = 2} — E{¢r (w)|X = 2}| = 7[P(jw| > 7]X = 2)| <

we have [E{¢(w)|X = z}| < vp/7P~1. Now, letting @ = Z;(fy) — aa, we have
Ll(@) = o?{1 - P(|&| > 7|X = x)}.
To bound P(|@| > 7|X = z), we remark that
P(|@| > 7|X = 2) < 'E{|@|1(|@] > 7)|X = z}.
Now, since L, is a convex function and minimized at a}, we have

Lo(@) < ALu(a”) + (1= N Lo(a?) < Lo(a®). (B.10)

X =af.

By definition, we have

‘w|2 2

La(a) =B Bl 0 < 1)+ (ol = 5 )10l > )
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Therefore, it follows that
7_max(?—p,O) |w |min(p,2)

2

Ly(a*) < E{ 1(Jw| < 7) + 72xC=P0) || M2 (|| > 7)

X =z

where 1, = v, if 1 < p < 2 and p, = vy if p > 2. Thus, (B.10) implies L, (@) < p,r™a*x2=P.0),

Since we have
2
L.(a) > E{ <T@| - ;) 1(&| > T)},

< MmeaX(Q—p,O),

it follows that

2
TE{@|L(|5] > )| X =2} < %p(m > 71X = @) 4 T Cp0)

IN

gE{IM(m > VX = 2} + g @p0),
Therefore, we have
E{|@|1(|] > 7)|X = 2} < 2uyrmext-—p—l),
and
P(lo] > 7|X =x) < Qlumeax(—p,_Q).

As a result, given that 7 > (4u,)"/ ™"®2) we have L (t) > o?/2, and combining this with
(B.9) gives

2vy

algo(z) = gor(x)| < 2[E{tr(w)|X =2} < — 7.

Finally, assume that ¢’ is another minimizer of (B.6). Since any function ¢ satisfies
(B.8), it follows that

0 =E{¢(Zi(fo) — ag' (X))} = E{:(Zi(fo) — ago.r (X))}
= E[E{(-(Zi(fo) — ag" (X)X} = E{¢:(Zi(fo) — agor(X))IX}] > 0.
Therefore, combining with (B.7), we obtain
E{l-(Zi(fo) — ag' (X)X} — B{t-(Zi(fo) — ago-(X))| X} =0

almost surely over X. Let x € X be any element such that the above equation holds for
X = x. Denoting af = g'(z) and a* = go (), we have L,(a’) = L,(a) and a' is also a

Since the bound holds for any x € X, so we obtain a||go — go.r|lec < 2vp/7P71.

x
minimizer of L,. Denoting Al =a' — a¥, applying the mean value theorem gives

Ly@) AR = {L(a") - Liy(a7)}AL = 0,

where @' lies between af and a?. Since both af and a* are minimizers of L,, it follows that
L.(a') < L,(a*). By applying a similar argument as in the previous step, we further obtain
that L,(a")” > 1/2 under the given condition on 7. Hence, g' = go -, and the minimizer
is unique almost surely with respect to the probability measure of X. This completes the
proof.

|

37



Yu, TAN, WANG AND ZHOU

B.3 Proof of Theorem 8
To begin with, let d, = c4(ds + 6a + \/u/n) for given u > 1, where ¢4 is given by

Cy = max{(\/8015/014, \/2/014, 16016/614} Z 1. (B.ll)

Here, c¢14 and ¢;5 are given in Lemma 26 and cy¢ is given in Lemma 27. We then define the
donut-shaped sets for integers j = 1,2,... as

Dpj = }—n(2j5*) \]:n(2j_15*) ={feFn: 2715, < 1f = foll2 < 2j5*}7

so that we can write

P{|Ifa — foll2 > 6.} < S P{fu € Dy} (B.12)
j=1

Therefore, it reduces to bounding each probability IP’{J/";Z € D, ;} separately. Following
Lemma 26, any f € D, ; satisfies

14297262 < cullf — f0||g < Qulf) — Qalfo)- (B.13)

We next derive an upper bound of the right-hand side of (B.13). By the definition of da,
there exists f,, € F,, such that ||f, — foll2 < 20,. Now, if f,, € D,, j, we have

Qu(fn) — Qalfo)

-~ ~ ~

= Qu(fn) = Qalfa) + Qalfu) = Calfn) + Qalfn) — Qalfu) + Qalfa) — Qalfo)

~ ~ o~

< Qu(fn) = Qalfn) + Qalfn) — Qalfn) + Qalfn) — Qalfo),

where the last line follows from the definition of fn By Lemma 26, it follows that Q. (fn) —
Qa(fo) < 4c1502. Denoting

Aulf) = - 30— E)pal¥; — F(X0)) — pal¥i — folX0)}.
=1

the earlier inequality is further bounded as
Qu(fn) = Qalfo) < Aulfn) = Au(f) + 4e1563. (B.14)

Note that f, € Fn(2/6,) for any j > 1 because 25, < 274, for any j > 1. Combining this
with (B.14) and (B.13), we obtain upper bounds of the probability P{f, € D, ;} as

P{f, € D, } < P{Hf € Dy such that A, (fn) — An(f) > %221'53 - 4c155§}

gP{ sup yAn(f)|26116422153}, (B.15)
FEFn(296,)

where the last line follows from the choice of ¢4 in (B.11).
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We next bound the probability P{supc 7, (2is,) [An(f)] > €142%67/16} via Lemma 27.
To this end, we choose 6 = 276, and z = 227y Since ¢4 > 1,wehave §d > dsand 0 < z < no2.
Then, Lemma 27 yields

IP’{ sup  |AR(f)| > 0162%53}

fEFR(2964) s
) l : ) - ) 2 ; €16 52 ¢2
_ PLEFS&I;”*) " ;(1 E){pa(Yi = f(X:)) = pal¥i fo(Xz))}' > 20
1 & x
< P[fe;:l(gja*) n ;(1 —E){pa(Yi — f(X3)) — palY; — fO(Xi))}' > 0165(% n \/;)]

< exp(—z) = exp(—2%u).

Since ¢4 satisfies ¢16/cs4 < ¢14/16, the above probability bound yields

FEFn(296.) 16
Combining this with (B.12) and (B.15) implies
P{Hﬁt - fOHQ > 5*} < Zexp(—Qqu) < ZeXp(—ju) < (1 _ 6_1)_1e_u,
J=1 j=1

where the last inequality uses the fact that «w > 1. This proves the claim. |

B.4 Proof of Theorem 13

Following a similar line to the proof of Theorem 8, we start with the peeling argument. To
begin with, denote for any u > 1 fixed that

u
M :07{775+77b+77a+5s+5z+(V;/p+\/a\/;}a

where c¢7 is given by

c7 = max (V24 - 7p, V28 - 24,192¢15, 192¢19, 192¢90) > 1. (B.16)

Here, c13, c19 and coq are defined in Lemma 30, Lemma 31 and Lemma 32, respectively. For
integers j = 1,2,..., define donut-shaped sets

Dy, = gn(2j77*/04) \gn(zjiln*/a) = {g €Gn: 23;177* < allg —goll2 < 2j77*}-

Since we have

00
7=1
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it suffices to bound each probability on the right-hand side of the above inequality. Recall
the local function class Fo(d) = {f € Fp : |[f — folla < &} for any 6 > 0. Conditioning on
the event {f, € Fo(d4)}, Lemma 28 implies that if g, € Dy, ;, we have

22j—2 9 ~ R ) }3 9
4 Ny < Rf(fnagn) - RT(fnaQO) + 2j7)* (254 + 77b>
T o~ = 2 ¢4 2 22] 2
< Rf(fnagn) - RT(fnaQO) + 6]5 54 + 247710 + En*a (B18)

where the last inequality follows from the basic inequalities ab < 12a?+4b%/48 and (a+b)? <
2(a® + b?) for any a,b € R.

We will now establish an upper bound for RT(]?n,fq\n) - RT(]’";L, go), which appears on
the right-hand side of inequality (B.18). The definition of 7, in (3.4) allows us to choose
gn € Gn such that ||gn — goll2 < 21,. When we condition on the event {f, € Fo(d4)}, Gn
satisfies that

RT(};L’@?’L) - Rr(j?n,g())
< RT(ﬁl?ﬁ’n) - ﬁ’?’(ﬁl?ﬁﬂ) + ﬁ’r(ﬁlagn) - R’T(ﬁl?gn) + RT(ﬁugn) - RT(ﬁbgO)'

The upper bound in Lemma 28 with g = g,, implies

Ro(Fovt) = Ro(Fosn) < 2072 + a5 )

17 .
< g+ POL+ A,
which, combined with the earlier inequality, further yields

RT(ﬁu/g\n) - RT(J?mgO) < RT(ﬁ@agn) - ﬁT(ﬁn/g\n) + ﬁT(ﬁzagn) - RT(ﬁzagn)
+ 302 + p2o; + A (B.19)

For any f € F, and g € Gy, recall the definition of hf4(X,€) in (B.3). Moreover, define

n

(7,0 = + 3 {pg(Xe ) — Bhyy(Xi )}, (B.20)
=1

so that we can write
RT(ﬁh/g\n) - ﬁ’r(ﬁu/g\n) + ﬁr(ﬁugn) - Rr(ﬁ%gn) = An(.ﬁhgn) - An(ﬁu/g\n)
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Combining this with the bounds (B.18) and (B.19), we have conditioning on the event
{fn € Fo(d4)} that

P(:q\n S 'ij)

< IP’{Hf € F0(d4),3g € Dy, ; such that

22
An(frgn) = An(fr9) = S = 307 = T5°01 — 28n%}
(i) 227,
< P<3f € Fo(d4),3g € Dy such that Ay, (f, gn) — An(f,9) > 35
(ii) 1 9 9
<P{sup  sup  |Au(fig)l > 22, (B.21)
JEFn gEGn (2in. /o) 64

where the second inequality (i) follows from the definition of ¢7 in (B.16) that

1 2% :
3 + TP*01 + 28n, < Soef(ng + 01 + 1) < o for j > 1,

and the last inequality (ii) follows from the choice of g,,, which satisfies

g — goll2 < 2na < 20,/

for any j > 1.

So, the key task is to derive a concentration inequality for the supremum of the empirical
process {An(f,9) : f € Fn,9 € Gn(27n./a)}. From the bound (B.4), we can see that

1 ..
IP’{ sup  sup  |An(f,9)| > 22]773}

feFn gng(Zjn*/a) — 64
7| L aenf [ vl =
< sup — — / (w; t}‘ > — n*]
9€Gn (29n. /o) | TV i 0 192
P{ 1 En:(l E)[ alg(X:) (il ) (what] | = L 2 o
+ sup — - / rwi +1) — Y- (w; t”_ 77*}
gegn(2j77*/a) n i=1 0 192

n

%Z(l ~E) Uo%gm) (e (i + Zi(f) = Zi(fo) + 1) — tr(wi + t)}dt] ‘

=1
1 ..
> —9%p?
> o2

=: Py + Py + Ps. (B22)

+ ]P’{ sup sup
fE€EFn g€Gn(2in. /)

We proceed to bound the three probabilities P1,Ps and Pgs, separately. To apply
Lemma 30, we choose n = 2/n,/a and z = 2% for the given v > 1. Note that n >

max((ué/p + VT)Varw,,1/n) and 0 < z < np?/7 as 0 < a < 1 and ¢7 > 1. Furthermore,
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T > ¢; implies 7/ V;/ P> 1. Therefore, applying Lemma 30 gives

n

ol (Xs) ,
: > (- E){/O wf(wi)dt}‘ > 0617822]773]

P sup
9€Gn (27n. /o) |V 1
a n
<P sup Z(lE){wf(Wi)Ag(X)}' > c1s - am(v, 1/p+\f)< n,rvp LE)
9EGn (20 /o) | TV i n

_ _92j
<ex:€2u.

Here, we remark that the choice of ¢7 in (B.16) is such that ¢15/c; < 1/192. Thus, the
above probability bound implies

Py < exp(—2%u).

Similarly, for n = 2/, /a and z = 2%u, it follows that 7 > &+ V,, and = < nn?. Combining
Lemma 31, Lemma 32 with the choice of ¢7 in (B.16) yields

Py < exp(—2%u) and P3 < exp(—2%u).

Together, the above bounds on Py, Py and P3, (B.17), (B.21) and (B.22) imply

[e.e]

o
P{allgn — goll2 = n.} < ZSexp(—QQJ Z iU < 3(1— e ) le,
J=1 j=1

which completes the proof. |

B.5 Proof of Theorem 14

The proof employs the truncation argument as in Kuchibhotla and Patra (2022) and Fan
et al. (2024), and the peeling argument as in the proof of Theorem 13.
For any u > 1, define

Ty = Cg - \/E(ns + M2+ ds + 53)7
where cg is given by
cs = max (V24 - 4p, V72,4 - 192¢15, 2 - 192¢19, 2 - 192¢90) > 4. (B.23)

We note that it is sufficient to consider the case where v < n and v, < nP. Otherwise,
N« 2= 1, so that the deviation bound becomes trivial due to the uniform bounded property
of go and G,,. Denote R(f,g9) = ER(f,g) for any f, g, where R is given in (2.4), and define
Dy = Gn(29n/a) \ Gn(277 10, /a) for any j > 1. Taking 7 = oo in Lemma 28, §,, € D, ;
implies
92j—2
4

o R .
12 < R(FasGn) = R(Fu 90) + 2. - 563

~ ~ - 2%
R(fnsGn) — R(fn, 90) + 30°01 + @nf, (B.24)
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conditioning on the event {fn € Fo(d4)}. Choose g, € Gy satisfying ||gn — goll2 < 27, which
is possible by the definition of 7,. Conditioning on the event {f, € Fo(d4)}, we have

R(ﬁ%/g\n) - R(fna gO)
< R(ﬁ?@\n) - ﬁ(ﬁh/g\n) + 7/?\’(.]?’rhgn) - R(ﬁlv gn) + 204277;21 +an, - gfﬁ

~ ~ o ~ -~ 33 _
< R(fmgn) - R(fmgn) + R(fmgn) - R(fmgn) + T6a2n§ +p2514f7

where the second inequality follows from the upper bound in Lemma 28. Combining this
bound with (B.24), g, € Dy, ; implies

22 ~ S = = _
ﬂnz < R(fnagn) - R(fnagn) + R(fnvgn) - R(fnagn) + 4p253 + 37723

conditioning on the same event. From the choice of ¢g in (B.23), we have
22
4p°8% + 33 < %7}3

Then, by employing the peeling argument and following a similar line of reasoning that
leads to (B.21), we can obtain

o0
N 1 5
P{angn—gonzm*}SZP{ sup  sup IAn(f,g)|>22”nf}, (B.25)

j=1 JEFn g€Gn (204 /) T 64

where A, (f, g) is defined as

n

AnlF:9) = 5 S = E){Z(F) — ag(X0) ~ {Zf) — ago(X)}?].

i=1

The bound (B.4) with 7 = oo gives

1 ..
Pl swp s M) 2 20
fE€Fn g€Gn(29ns /)

¥ >y E>{ " L 2,2
< sup - 1— / s t}‘ > —_9%y)?
1 <& alg(X;) 1 4
+P sup — Z(l — E){/ tdt}‘ > —2%p?
9EGn (20m. fa) | TV i 0 192

n

aAg(Xi) .
—i—IP{ sup sup iZ(l—E)[/O {Zi(f) —Zi(fo)}dtH > 1;2223773}

JE€Fn g€Gn (29 /) I 5
—: Py + Py + P (20
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For ) = 2/, /a and z = 2%nuV?, it follows that n > V,, and & < nn?. Then, Lemma 31

implies
n aly(X;)
P sup = (1-— E){ / ’ tdt}' 219 ——
9EGn (2in. Jor) I TV 5 0 €8
n alg(X;)
<P sup 12(1—1&?){/ ’ tdt}‘ chg'OHI(Vn—F\/E)
9EGn (20 fa) | TV 5 0 n

< exp(—2%nuV?).

By the definition of cg in (B.23), we have 2c19/cg < 1/192 so that Py < exp(—2%nuV;2).
Similarly, applying Lemma 32 yields P3 < exp(—2%nuV2).
We next derive an upper bound of the probability P;. Remark that

1 n
sup - (1- aw;Ag(X; ‘
9EGn(27n. /) ”; ot J
1 n
< sup - > (1- g, (wi)Ag(X;) ‘
9EGn (27n. far) | T Zz; { }
1 n
+ sup =Y (1-E){oawil(lwi] > B)Ag(Xi)}, (B.27)
9€Gn (29, /a) IV i

/Py~ 2P - Given our assumption that u > 1 and V,, < 1, it follows

where we choose B; = uv,
that B;/vp /P > 1. Furthermore, we only consider the case u < n and v, < nP, implying

J/y;/p < n3. Thus, 7. satisfies

1/p)

NL)?1 B,
M = du(v/ PV + 0/ PVITUP) > LN (/7 + @)\/( S

n
- (u;/p + /B) Vo By,

Choose T = Bj,n = 2/n,/a and x = 2%nV;2, which satisfy 7 -2 < nn?. From Lemma 30 it
follows that

L Y 2018 2 9
P sup — E (1 -E){ap. (wi)Ag(X;) ‘ > Z28927)2
[gegn(2j77*/a) n 1 { J g } o
1 & ;
=F SUDn Z(l N E){ad}Bj (wi) Ag(Xi )}‘ > o cign(y, /p +/B;) ( n,Bjvp t \/7)
9€Gn(2im) 1M 52 n
< 6_22j”V3.

Thus, from the choice of cg, the above probability bound implies that

n

! L e
Pl osup = (1 —E){avs (@)A(X) ‘22%3 CoEE (nag)
Legn<2"”*/a> " tows, ()8 (X} 2 57,
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Turning to the second term on the right-hand side of (B.27), we apply Markov’s in-
equality to obtain that for any y > 0,

%2(1 - E){aw;1(|w;| > Bj)Ag(X@-)}‘ > y]

P [ sup
i=1

gegn(an*/a)

1 1 «
< -E sup =Y (1 =E){aw;l(jw;| > Bj)A4(X;) ‘
Yy [gegn(%n*/a) n ; { 7 }

40[M0

<

E{lwiL(jwil > Bj)},

where the last inequality follows from the uniform boundedness of G,, and gg. Furthermore,
E(lil?) _ v

E{luil1 (il > By)} < = A0 <
J J

Combining this expectation bound with y = 2252 /(2 - 192) in the earlier bound gives

n

1 1 . 8 - 192 Myv.
P su - 1 —E){awl(|wi| > B)ALX;)}| > ——2%p2| < ——F
Legn(zﬂgy*/a) ”;( Howlll > B8l )}’ 2-192 n] T 2un2B
1
~ up22i’

where the last inequality follows from the choice of B;, which satisfies
p—1 2 -1, 1-1/py,—2+42 1/py2—2/p _
B ni >y, Iry /puup/an /p—upyp.

Together, the above probability bound, (B.28) and the choice of ¢g yield

1
up22

Finally, it follows from (B.25), (B.26) and the upper bounds on Pj,P2 and P3 that
conditioning on the event {f, € Fy(d4)},

P; <exp(—2¥nV?) +

[e.e]
~ ; ; _ V2 1
P{al|gn — goll2 = e} S z; { exp(—2¥nu?V?) + exp(—2%nV?) + 9% } <e Vi 4 —
]:
where the second inequality follows from the fact that v > 1. This proves the claim. |

B.6 Proof of Theorem 15

9 u
N« = C10 775+nb+77a+6s+54+00 E ,

c10 = max (V24 - 7p, V28 - 24,192¢19, 192¢90, 192¢21) > 1.

For any u > 1, denote

where cyg is given by

45



Yu, TAN, WANG AND ZHOU

Recall the definition of notations Fy(d) and A,, in the proof of Theorem 13. By employing
the peeling argument and following a similar line of reasoning that leads to (B.21) in con-
junction with Lemma 29 and the definition of 7, it can be shown that conditioning on the

event {f, € Fo(61)},
1
P{allg = goll2 > n.} < P{ sup  sup  |An(f,9)| > 6422%7*} (B.29)

where A, is defined in (B.20). Moreover, we have for each j > 1 that

Pe sup  sup  [AL(f, )!2*22“7*
JE€Fn g€Gn (294 /ax) 64

P 1 i( E) O‘Ag(Xi)¢ ( )d 1 2j o
< sup  |— 1-— {/ (w; t}‘zz n?
9€Gn (27n.) 1T 5 0 192
P 1 i:(l E)[ o) {1 ( ) — o (wi) Yt || = 1 o5, 2
+ sup ;. - / i +1) — U (w; I{H 5
gegn(2j77*) n i=1 0 192

n

1 alg(X;)
+ IP’{ sup sup |— Z(l —E) {/O {¥r(wi + Zi(f) = Zi(fo) + 1) — s (wi + t)}dt] ’

fEFn g€Gn(n) 1T
L g2
=z 128 77*}

=: Py +Py+ P3.

To bound Py, we choose = 2/n,/a and = 2%u. Then, n > V;,, 0 < 2 < nn? and
Vi, + e T/ (20%) 4 x/n < 271, /c10. Thus, applying Lemma 33 yields

n

1 x8(X2) C21 25
Z(l — E){/ wT(wi)dtH 22 b < e? u
0 €10

]P’{ sup —
9EGn(29n. Ja) | T =1

which, combined with the choice of cg, further implies

P1 < 6_22ju.
Moreover, for the same choice of  and z, Lemma 31 and Lemma 32 imply that Py < e 27u
and P3 < 6*22]“, respectively.
Combining the upper bounds on P1, Py and P3 with (B.29) implies
o0 [e.e]
25 .
Plaflg—golla > m} <3) e " <3y et <3(1—e ) e,

Jj=1 J=1

which completes the proof. |
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B.7 Proof of Theorem 9

The proof proceeds by specifying each term in the error bound in Theorem 8. For the
approximation error, we can utilize Proposition 6 since the probability measure of X; is
absolutely continuous with respect to the Lebesgue measure. Applying Proposition 6 with
our chosen values of Ly and Ny, there exists a universal constant C; > 0 such that for any
fO S H(da l7 Mo, P)a

‘ X log® n v/ (2v*+1)
0a = flen]f_ If = foll2 < es(LoNo) ™" < CIC3< & ) -

Furthermore, from the choice of L and N, we have
LN S C1C2 [L(] log LO_I (N() log N0-| S 40162(LON0) IOg LO log No.

Then, it follows that log(LN) < Cycicalog(LoNg) for some universal constant Cy > 0.
Combining this with the choice of Ly and Ny gives

log(dLN)1 LoNolog Lo log No){log(LoNo)log n}!/2
5S:LN\/d og(dLN)logn S03(0162)3/2d( 0No log Lo log No){log(LoNo) logn}
n \/ﬁ
(LoNo)logSn
Vn

for some universal positive constants C3 — C5. Remark that the prefactors ¢; — ¢3 have a
polynomial dependence on t,,x so that the prefactors Chc3 and 05(6102)3/ 2 in the bounds
of 0, and ds also demonstrate a polynomial dependence on tyax. Therefore, there exists a
positive constant cg > 0, which depends on t,x and d polynomially and satisfies that for

6,,\ 7" /(27" +1)

n

< 05(0162)3/261(

any u > 1,
U U
c4<5s+5a+ \/ﬁ> S C5<(5n+ \/2)
Plugging these values into the deviation bound in Theorem 8 establishes the claim. |

B.8 Proof of Theorem 17

In a similar manner to the proof of Theorem 9, we proceed to specify each term that
constitutes the bound in Theorem 13. To begin with, recall that we choose 7 as

< ,1/p
TXU,

n 29" (1=Cp)/ (27" +Cp) 1
ith =1- .
<log6 n) with 6 2 — 1

Then, for all sufficiently large n satisfying

2t
oo\ 1 1/pp—1/2
<10g6n> Z maX{Vp/p,Mo/I/p/p} s (BBO)
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2/p

we have 7 2 v,'" and 7 > ¢;. Furthermore, we have 71, 1/p < n. Thus, following a similar
argument in the proof of Theorem 9 yields

LN)2log(dLN)log(n2rv, /P LoNy) log?
= (V;/p+\ﬁ)\/d( L ogdl ) loglnrp ) 301(0102)3/%\5—( ofo) log_n
n \/ﬁ
log®n QJ*ipCp
< Calcres)*/ 2w}/ <n>

for some universal constants C7,C > 0. In addition, we have
6 29* (1=¢p) (p—1) 6 7 ¢p
2~ F+ 2~F+
oy = Vp < /p log®n TFHCp _ log®n\ 2v Cp’
(r/2)p—1 ~ P n p n

and there exist universal constants C3 > 0 such that

6, \ 3
5. — \/d(LN)zdlog(LN) logn _ 03(6162)3/2d<10g n)zw =

n n
logb n\ =i
Yy
gogmwzd(W) v (B.31)
n

Regarding the approximation error 7,, Proposition 6 implies that there exists a universal
positive constant Cy satisfying

logb n

Y Cp/ (27" +Cp)
) \V/go EH(d,l,M@,P).

Na = glengf lg — goll2 < ca(LoNo) ™" < 0463(

Next, we apply Theorem 8 to find an upper bound of an — folla. Following the same
argument for deriving an upper bound of the approximation 7, gives

log®n

Y/ (27 +Cp)
inf — <C .
nf If = foll2 < 403< >

Combining the two bounds with (B.31) and applying Theorem 8, we have

~ log® 7*Cp/ (27" +Cp)
P[an—fon > s max (/7,1) - (5 ahEe

where C5 has a polynomial dependence on tpax and d. Since || follco < Moy and || f|lcoc < Mo
for any f € F,, this implies

~ log6 n \ 7V /27" +Cp)
Pl  folf = 200 o max (1) - (<57 wfiH g

n

Finally, under the scaling condition (B.30), we have

1/p < < Vi 1/(2p) | Y
vy J”f\[ f\f ! DTG A 2G) = U nSe
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Putting the pieces together into the bound (3.5), there exists ¢;; > 0 with a polynomial
dependence on ty,x and d satisfying

P{“Hﬁn —goll2 > e

UQH + max {V;/@p), 1} nlép] } Se
This concludes the proof of the claim. |

B.9 Proof of Theorem 18

To apply Theorem 14, we follow a similar line of argument in the proof of Theorem 17.
To begin with, from the choice of L and NN, there exist some positive constants C1,Cy > 0
satisfying

LN)2log(dLN)1 LoNy) log?
Vi = \/d( JlogldLN) logn < 01(0162)3/2d—( oNo) log” n
n \/ﬁ
log® n) W?jrép

- (B.32)

< 02(6162)3/2(1(

Given that n is sufficiently large so that V,, < 1, we have
W*fp
log® n> 2 +ép

N = V;/pvn i V;/(Qp)vnl—l/p < 202(0102)3/2d,max{V;/p,V;/(Qp)} . < ~

6 V*Ep
log® n \ 27" +&
- .

< 202(0102)3/2dmax (V;/p, 1) . (

Furthermore, Proposition 6 implies

lo 6 n 7€/ (27" +Ep)
Na < C3C3< 8 ) :

Turning to deriving a high-probability bound of || f, — fo|l, note that

Vfo € H(d, 1, My, P).

10g6 n Y Ep/ (27" +Ep)
n

fienffn If— foll2 < 0403(

Combining these two bounds with (B.32), Theorem 8 implies that there exists a constant
Cs with a polynomial dependence on ty,x and d satisfying

R 6 Y*Ep/ (27 +Ep)
’fn—f0!2205{maX(V;/p,1)- <log n) +\/§}] Se ™™

P

n

for any 2 > 1. Taking = = n - u{log®(n)/n}?7"&/(27" &%) > n1/P in this bound and recalling
the boundedness of F;, and fy, we further have

n

. log® v &p/ (27" +Ep)
IP{ | frn — fg”i > 4C5Mo+/u - max (V;/p, 1) <0gn> < e
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Remark that it suffices to consider the case u < n?. Otherwise, the deviation bound becomes
trivial by the uniform boundedness of gy and G,,. Then, putting the pieces together and
applying Theorem 14, there exists a positive constant c;2 with a polynomial dependence on
tmax and d, which satisfies

. ey
Plallgn — goll2 2012'7“771{8 <e nVy 4 en p+%
1
< *anl/p L
~ € + "
R
Y Y
<1
for sufficiently large n and 1 < u < n?. This proves the theorem. m

B.10 Proof of Theorem 20

By following a similar argument as presented in the proof of Theorem 17, the theorem can
be readily derived from Proposition 6, Theorem 9 and Theorem 15. |

B.11 Proof of Proposition 6

The following ReLU network approximation result for the function class H%([0,1]%, Mo)
plays a crucial role in the proof of Proposition 6.

Lemma 34 (Theorem 3.3 in Jiao et al. (2023)). For any Cy > 0, assume that f €

HA([0,1]%,Cy) with B = r+s, 7 = |B] € Ng and s € (0,1]. For any Lo, Ny € N and

§ € (0,1/(3B)] with B = [(LoNg)*?], there exists a function ¢ € Fpnn(d, L, N) with

depth L = 21(r 4+ 1)2Lg[logs(8Lo)] and width N = 38(r + 1)2d" ! Ny [log, (8 Ng)] such that
[f(2) = ¢(@)| < 19Co(r + 1)°d"HVD/2(LoNg) 27/

for all € [0,1]4\ Q([0, 1]¢, B, §), where
d B-1
Q([0,1]%, B,6) = | J {w = (z1,...,20)" €[0,1]* 125 € | J (0/B -3, b/B)}.
j=1 b=1

We also need the following lemma which is derived from the discussions in Section B.1
of Fan et al. (2024).

Lemma 35. Assume that g; € Fpnn(d, L, N;) for 1 < ¢ < t for some ¢t € N and h €
Fpnn(t, L, N). Then, we have
t
h(g1,---,9t) € FDNN (d,L+ IHSl%th‘,NV Z;Nz)
1=
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The proof of Proposition 6 is based on and refines the argument presented in the proof
of Proposition 3.5 in Fan et al. (2024). The primary distinction lies in the use of Lemma 34,
which results in a polynomial dependence on ty.x for the prefactors in our approximation
bound and the width N. In contrast, the approximation error from Proposition 3.5 in
Fan et al. (2024) exhibits an exponential dependence on t,,4;. Furthermore, the proof of
Proposition 6 requires a more delicate analysis to manage unfavorable subsets in which the
approximation bound is not valid.
Proof Proof of Proposition 6

To begin with, define Bax = SUpP(g,1)ep B and tpax = sup(g ep t- We first show that
there exist positive constants ¢y — ¢4 that depend on ty,x polynomially such that for any
fo € H(d,l, My, P) and d¢ € (0, 1), there exists a neural network

J* € Fonn(d, c2[Lolog Lo, cs[ Nolog No |, Mo)
such that
|fol@) — f* ()| < ea(LoNo)™2" for all x e [0,1]%\ =, (B.33)

where =y C [0, l]d is defined below and the Lebesgue measure of Zg is less than dg.

STEP 1. CONSTRUCTION OF NEURAL NETWORKS. For a fixed fo € H(d,l, My, P) with
[ > 1, we denote hgl)(a:) = fo(x). By the definition of H(d, 1, My, P), hgl)(ac) is recursively
computed consisting of various hierarchical interaction models at level i € {1,...,1 — 1}.
Let R; denote the number of hierarchical composition models at level ¢, which are necessary
to compute hgl). For each level i € {1,...,l}, we denote hy) : R — R to be the j-th
(7 € {1,..., R;}) hierarchical composition model at the i-th level. From the definition, each

function hg) depends on functions at level ¢ — 1 through a function g](~) e MY (RtJ , M)
with (B](.i),tgi)) € P. Then, hgl) is recursively described as
@D () — @O [ 501 (i-1)
h;' (x) = g; <h2i:11 t,(j>+1(m)’ - i:_ltl(ci)(a:)> (B.34)
forje{l,...,R;} and i € {2,...,1}, and
1 1
hg )(m) = g§ )<£L'j1, ceey xjt(,l))
J
for some {j1,...,j,m} C{1,...,d} and = € [0, 1]¢. Furthermore, we can recursively calcu-
late that ’
Ri11 '
Ry=1 and R; = Ztyﬂ) for ie{1,...,1—1},
j=1

so that R; <t~ forie {1,...,1}.
To approximate fg, we construct a sequence of deep ReLLU neural networks, approximat-

ing the sequence of functions h;i). For the given &y, we start with ¢ =1and j € {1,..., R }.
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(1)

Note that it suffices to approximate each function 9;

(1)
b~ [(LONO)Q/tJ'1 | and choose

(1)
on the domain [0,1]% . Define

oV = 80/(31- Rit'\VBW) € (0,1/(3BM)].

By applying Lemma 34 with Cy = My, 5 = ﬂ](-l) and § = 5](.1), there exists a function §J(.1) in

Fpnn(t 5 ), L(l) N( )) with some L;”,N;l) € N such that

(1) /(1) *
‘N(l) (1) )| < C](-l)(LONO)_zﬁjl /tjl < CJ(-I)(LONO)_}Y (B35)

e

for all y € [0,1]% \ (0,115, B, uD), where ¢V = 190(|80 | + 1)2al8 "1 +6,"/2

and ) is defined in Lemma 34. Here, the last 1nequahty holds by the definition of v* and
recall that P € [1,00) x Nt so that ﬁ;n > 1. Remark that for any t € N, L; < Ly and

Ny < No, Fpnn(t, L1, N1) € Fpnn(t, Lo, No). Therefore, we can regard ﬁjm to be a function
in ]:DNN( ¢ , L', N"), where

= C1 (LO log L()—‘ and N/ = CQ [No log NO-I

with C1 = 63(| Bmax] + 1)? and Cy = 114(| Bmax | + 1)2t£?§,‘(‘*"J+1. Remark that the range of

’g“jl) may not be contained in [—Mj, My]. To correct this, we truncate each neural networks
§](.1) as
31" = max(min{g\" (2), Mo}, ~Ma] = 0(2Mo — o (Mo — 3"(2))) — Mo,

where o(-) is the ReLU activation function. Note that if ¢ € Fpnn(t, L1, N1) for some
t,L1,N; € N, then for any a,b € R, ao(g9) + b € Fpn~(t, L1 + 1, N1). Therefore, §](-1) IS
]:DNN(tg-l), L'+ 2,N’). Now, we define

~(1 (1
hg-)( )—g]()<xj1,...,xjt<.1>) for mE[O,l]d.
J

Since [|g'" o < Mo, (B.35) implies that

O a Oy
Jis o ]t(l) g] Jis o Jt(l)
J J
,Y*

< Cj(l)(LoNo)_2
< C3(LoNo) " (B.36)

\Eg.”(a,-) hl )| = (3

for all € [0,1]4\ Egl), where (5 is defined as

Cs = 19 - 2Bmax] pplimed T g 14 1)2¢LBmax]+Bmax/2 (B.37)
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and
iV B -1
E§1>:U{m:(gg1,..., DT E0,1)%: € U (b/B 5,b/B§1))}.
k=1

Note that the Lebesgue measure of U] 1:(1) is not larger than do/(30).

Next, we recursively construct a neural network Ey) fori e {2,...,l1}andj € {1,...,R;}
to approximate hg.i). Suppose that ﬁyﬁl) is defined for j/ € {1,..., R;—1}. Define B()
[(LONO)Q/'#)] and choose (5]@ € (0, 1/(3B§i))] to be determined. Note that it suffices to

; (1)
approximate g](-l) on the domain [— M), Mo]tj . Define the function

' ' (4)
39 () = ¢ @Mz — M) for = € [0,1]°

; (i) @ g6 B804
Then, it is easy to see that gj(.’) is contained in H”% " ([0,1)% ", 2% MOBJ i ), and satisfies
. G + My @
¢ (y) =3 (Y for y € [~ Mo, M) . (B.38)
2My
. . 50 ,B( )41 (i) 0 .
Applying Lemma 34 with Cy = 275 , 8= ﬁ and 0 =9 JR similar argument as in

the case of i = 1 gives a function g( ) S fDNN( 0 , L', M) such that
57(2) - 3" (2)] < C3(LoNo) ™

O] (O] i ;
for all z € [0,1]% \ Q([0,1]% ,B](-Z),éj(-z)). To ensure that the range of the approximating
O
as

neural network is in [—My, M|, we truncate g;

3\ := max[min{g\" (z), Mo}, — M) = 0(2My — o(My — 3 (2))) — Mo,

so that f]j() € Fonn(t; ¢ , L'+ 2, N'). Also, by (B.38), we have

i) (Y+ Mo\  _i)(y+ Mo < oy
9; <2Mo ) 9; <2M0 < C3(LoNo) (B.39)

(3)
for all y € [— My, Mo]tj except the small subset. Now, we construct a neural network as

i—1 (-1
s . h(J)l @, (®) + Mo h(j) o (@) + Mo
2 (z) = g [ Za=rte k=1
J J 2 M 2 M, ’

which approximates h§i) defined in (B.34). To determine the value of 5§i) given neural

~i , (i)
networks hgf Yfor1 < j" < R;_1, consider the map ’r](-z) :[0,1]¢ - R% " defined as

j—1 (%) J
2ot b 2*]‘\14 k:”;M ) for x € [0,1)%
0 0

<ﬁ<z b (z) + My Y (@) + My
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Then, we choose 5j(-i) such that the Lebesgue measure of Uf;15§i) is less than dy/l, where

=0 = (¢ (0,105, BY,60)).

(@)

The existence of § ji is guaranteed, as each 'r](-i)
neural network f* = Egl) recursively, which approximates fy. Remark that by the definition,

we have || f*]|cc < Mp. Also, denoting

is a continuous function. Finally, we set a

= R; —=(9)

it follows that the Lebesgue measure of = is less than dy by construction.

STEP 2. CALCULATING WIDTHS AND DEPTHS. To calculate the width and depth of f*,
()
o N J
construction of hg.l), we have h§1) € ]:DNN(tg-l),L/ + 2,N’). Recursively, for 2 < i <,
combining Lemma 35 with the inequality R; < t.~? implies that ’ng) € fDNN(tgi),i(L’ +

max

2),tiL N’). Therefore, we have f* € F(d, L, N), where the depth L satisfies

? Ymax

we sequentially specify width and depth of 2 from i = 1toi =1. Fori= 1, from the

l(L/ + 2) <co (LO log LO-‘ =L
with ¢ = 2IC1, and the width IV satisfies

=1 N” < e3[Nglog Ng| =: N,

max

where cp = t-1 Cs.
STEP 3. CALCULATING APPROXIMATION ERRORS. Now, we calculate the approximation
error bound of f*. To this end, we show by induction on i that

A9 (@) — h(@)| < Co(MotlfZ + 1" (LoNo) ™" for @€ [0,1°\Zp.  (B.40)

Starting with the case of i = 1, (B.40) holds for j = 1, ..., R; by (B.36). Suppose that (B.40)
holds for some ¢ — 1 and every j = 1,..., R;—1. Denoting

w = <h<“> (@),..., R Y t(i)($)> and @ = (ﬁ‘il) (@),..., A" © (m)>,
k k

j—1 (2 j—1 (2
St k=1 ST+ k=1
we have that for any x € [0, 1]¢,

R0@) — A @)] = o7 (T ) — g (M),

AQMO J A2M0 R
<[ (%5t~ () o ()~ ()

Now, (B.39) gives that

J

‘,ﬁ)(’[ﬁ + Mo) B 751)(’&3 + My

. < O3(LoNg) 2"
2 Mo 2 M, )’—03( oNo)™,
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when x € [0,1]? \ Z9. Moreover, note that P C [1,00) x N so that gj(.i) is My-Lipschitz by
the definition of the Hélder function class. Therefore, when € [0, 1]¢ \ =, we have
() (W+ Mo\ @ wH+Mo\| | (i), (i)
‘gﬂ' ( 2 M, ) ~ 9 ( 2 M, )‘ = lg;" (@) = g, (w)|
< My|w — w2
< Mot | ® — wloo

< Mot /2 (1 + Moth/2 )i=2C5(LoNg) =2,

max

where the last inequality follows from the induction hypothesis. Together with earlier
inequalities, we have for = € [0,1]%\ =y that
ﬁ¥0($)‘—fén(w)\§ Cs(LoNo)™" + Moty 2 (1 + Moty/2) >Cs(LoNo) ™"
< O3(1 + Motl/2) ™ (LoNo) 7"

max

Therefore, inductively, we have

(@) — fo(@)| = [0 (@) — h{ (@)] < C3(1 + Motl/2) " (LoNo) ="

max

=:c3

for any x € [0,1]%\ Zo, which establishes the claim. Remark that from the definition of C3
in (B.37), ¢4 also has a polynomial dependence on -

To complete the proof, fix a function fo € H(d,l, My, P) and € > 0. Since the given
measure u is absolutely continuous with respect to the Lebesgue measure, there exists
dp € (0,1) satisfying that any measurable set £ whose Lebesgue measure is less than dy
satisfies pu(€) < e. Then, there exist a measurable set =y whose Lebesgue measure is
less than dp, and a neural network f* € Fpnn(d,ce[Lolog Lol, cs[Nolog Noy|, My) which
satisfies (B.33). Therefore, it follows that

{ /u Jolw) = f*<w>12u<dw>}l/2

1/2 1/2
x) — f*(x 2 €T x) — *(x 2 T
g{/{071]d\50|f0< )~ (@) 2u(d )} +{[0|f0( ) @) )}
< e4(LoNo) ™2 + 2Moe'/?.

1]

Since € is arbitrary, this completes the proof. |

B.12 Proof of Proposition 10

For simplicity, we only consider the case when 7 = 0.5. Also, we assume that X; follows
the uniform distribution and ¢; is independent with X; and follows the normal distribu-
tion NV (0,0%) with 0® = (2mp?)~!. Remark that p,x,(0) = p. When t* < d, we have
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HOE"([0,1]F", My) C H(d,1, P, My), which implies

inf  sup  E[fn — foll2 = inf sup Ell fn = foll2-
Fn fo€H(d,L,P,Mo) o foem®” (10,1]",Mo)
X~Px X ~Unif([0,1]%)

Here, the supremum on the left-hand side is taken over all data-generating processes (X,Y)
satisfying

Y :fO(X)+€7

where fy € H(d,l,P, M), and the quantile regression noise € satisfies P(e < 0|X) = 0.5
and Condition 3.1. The supremum on the right-hand side is taken over all data generating
processes (X,Y) with fo € HP"([0,1]*", Mp) and € ~ N(0,0%). Then, applying Theorem
3.2 of Gyorfi et al. (2006) establishes the claim. |

Appendix C. Proofs of Technical Lemmas

We frequently utilize Talagrand’s inequality throughout the proofs of technical lemmas to
obtain non-asymptotic bounds of suprema of empirical processes. The following refined
Talagrand inequality is derived from Theorem 7.3 in Bousquet (2003) combining with the
basic inequalities that va + b < v/a + vb and 2vab < a + b for any a,b > 0.

Lemma 36 (Talagrand’s inequality). Let Xi,..., X, be i.i.d. random variables from some
distribution Px and F be a measurable class of functions such that Ef(X) = 0 for any
[ € F. Assume supscr|[fllc < A and let o be a positive constant such that o2 >

sup e 7 Ef?(X;). Then, for any x> 0,
20 4Ax
toy ) 4
n 3n

We next introduce the definitions of uniform covering number and pseudo dimension
followed by Lemma 39 which bounds the uniform covering number of a function class with
the finite pseudo dimension.

n

:sz(Xi)

1

1 n
P — X
i w20

> 2E< sup
fer

Definition 37 (Uniform covering number). Let n € NT and F = {f : X — R} be a
function class. For a given € > 0, the uniform covering number under L.,-norm for the
function class F is defined as

NOO(€7‘7:7 ’I’L) = sup N(Ea]:|11,~-,$n’ H : ||00)a
(T1yeeeyn ) EXT
where Flz,. o, = {(f(z1),..., f(zn))" : f € F} CR™ and N(e, W, | - ||x) is the e-covering
number of a subset W C R"™ under the supremum norm || - ||sc-

Definition 38 (Pseudo dimension (Anthony and Bartlett, 1999)). Let F be a set of real-
valued functions on a domain X. The pseudo dimension of F, denoted by Pdim(F),
is defined to be the largest integer N for which there exist {x1,x9,...,2n} € XN and
{r1,r9,...,7n} € RY such that for any b = (by,...,bx)T € {0,1}¥, there is a function
f € F with ﬂ{f(aﬁl) Zri}:bi for 1 <i<N.
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Lemma 39 (Uniform covering number bound). Let F be a set of real functions bounded
by A > 1 with finite pseudo dimension Pdim(F) < co. For any € € (0, A), we have

log Noo(€, F,n) < Pdim(F) - log(enA/e).
Proof By Theorem 12.2 of Anthony and Bartlett (1999), we have

Pdim(F)

Neole, Fn) < Y <?>(f)

i=1

Therefore, when n > Pdim(F), it follows that Nu (e, F,n) < {enA/(ePdim(F)} 4™ so
the inequality holds. Meanwhile, when n < Pdim(F), we have

e <$ (1)) - (42)

which establishes the claim since € € (0, A). [ |

We also need the following maximal inequality from Corollary 5.1 in Chernozhukov et al.
(2014) to prove technical lemmas.

Lemma 40 (A maximal inequality). Denote S = [0,1] x R and let F be a measurable
class of functions S — R, to which a measurable envelope F' is attached. Assume that
|F|l2 < oo and let 0 > 0 be any positive constant such that suprer Ef(X, €)? < o? <
|F||3. Furthermore, we assume that there exists constants A > e and v > 1 such that
supg N (e[| Fllg,2, F, || - [lg.2) < (A/€)? for any 0 < € < 1, where the supremum is taken over
all n-discrete probability measures Q on S and N(e, F, || - ||g,2) is the e-covering number of

F under the L2(Q) norm. Then,
A|lF F A|lF
}gg\/mog< [ ||2) Ll u210g< || |2>,
o N4D o

Finally, the next lemma bounds the pseudo dimension of the class of deep ReLLU neural
networks, which allows us to apply Lemma 39 when F is a class of ReLU deep neural
networks.

n

IE{ sup ‘\/1% Zf(YZ,Xz) —Ef(Yi, Xi)

fer i=1

where F = IMaXxj<i<n F(Xl, €i).

Lemma 41. Let F = Fpnn(d, L, N, M) be the function class of deep ReLU neural networks
truncated at M > 0. Then, it follows that

Pdim(F) < d(LN)?log(dLN).

Proof Proof of Lemma 41. Denote W to be the number of all parameters of the net-
work Fpnn(d, L, N). Then, we have Pdim(Fpnn(d, L, N)) < WLlog(W) by Theorem 7
of Bartlett et al. (2019). Since W < dLN?, it follows that

Pdim(Fpnn(d, L, N)) < dL2N?log(dLN).

57



Yu, TAN, WANG AND ZHOU

To calculate the pseudo dimension of the truncated neural network, note that the truncation
function Ty/(+) is a non-decreasing function. Therefore, applying Theorem 11.3 of Anthony
and Bartlett (1999) completes the proof. |

C.1 Proof of Lemma 26

We first prove the lower bound. From the Lipschitz continuity of px(-), it follows that
Pejx (t) = p/2 when [t| < p/(2lp). Then, we apply Lemma S6 in the supplement of Padilla
and Chatterjee (2022) to obtain

2
0u(f) = Qulfo) 2 min (&, £ Vi [1£06) — ACOL L1CX) ~ HCOY)

On the other hand, we have {f(X) — fo(X)}? < 2Mo|f(X) — fo(X)| by the definition of
Fn. Combining this with the earlier inequality and the assumption that My > 1, we have
the desired lower bound of the excess quantile risk.

We next prove the upper bound. From Knight’s inequality (Knight, 1998), for any
u,v € R, it follows that

pr(u—v)—pr(u) = —v{r —1L(u<0)} + /Ov{ﬂ(u <t) —1(u < 0)}dt.

Taking expectation this equality with u = ¢; and v = f(X;) — fo(X;), we obtain

FX)=fo(X) gt P )
L) = L) = | | paxtosar < B - ol
where the last inequality follows from Condition 3.1. This concludes the proof. |

C.2 Proof of Lemma 27

Recall that F,, = Fpnn(d, Ly, Ng, My) and F,(0) = {f € F : ||f — foll2 < 6}. For each
f € Fn(d), denote

my(Xi, €) == pa(Yi — f(Xi)) — pa(Yi — fo(X3)).
Since p,(+) is a Lipschitz function, we have

sup |my(Xi &) < sup [f(Xi) — fo(Xi)| < 2Mo.
feFn(d) fEFn(0)

Therefore, sup e r, (5) Mg (Xi, €;) — Ems (X, €;)| < 4Mo =: A. Moreover,

sup E{my(Xi )}’ < sup E{f(X;) — fo(Xi)}* < 8%
feFn(d) feFn(d)

which further implies

2 2
sup E{mf(Xi,ei) — Emf(Xi,ei)} < sup E{mf(Xi,ei)} < 62 =: o2,
feFn(5) feFn(0)
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Denoting E(6) = Esupjcr, g In~" 2imy ms(Xi, &) — Emy(X;, €;)|, Lemma 36 gives

2$ 4Am
n 3n

me (Xi,€) —Emy(Xj,6)| > 2E(0) +

sup <e ¥ (C1)
feFn(d)
for any x > 0.

Now, we find an upper bound of the expectation E(§). We denote M, (0) := {m(X;, &) :

f € Fn(6)}. Combining the Lipschitz continuity of p,(-) with Lemma 39 and Lemma 41
gives that for any € € (0, My),

log Noo (6, My (8),n) < log Noo(€, Fn,n) S d(LyNy)? log(dLy,N,) log(Mone/e).

Also, the Lipschitz property of p,(-) implies that F' = 2M) is an envelope function of M,,(4).
Thus, for any n-discrete probability measure @,

log N (e[| FllQ2, Mu(6), I| - lo.2) < d(LqNg)*log(dLyNg) log(en/(2¢)).

Applying Lemma 40, we have

2 2
B) <0 \/d(Lqu) log(dLyNy) | (enMo) + 201 MEaNo) 2 o8(dLNy) | (enMo)
g g

~ n n

< 805 + 62

for any 6 > 1/n. Thus, when 6 > d5, we have E(§) < 6ds. By combining this and (C.1),
there exists a universal positive constant cig > 0 such that

> 6165<5s + \/E> } <e™®
n

holds for any 0 < 2 < né? and § > d;. This completes the proof. |

n

1
P<  sup —me(Xi,ei) — Em¢(X;, €)
feF(d) I i

C.3 Proof of Lemma 28

To begin with, we fix real-valued functions f and g. By the definition of the joint excess
risk, we can represent R, as follows:

R:(f,9) = Bl (Zi(f) — ag(Xi)).

We first derive the lower bound of the excess joint risk R,. Recall that ¢, = ¢, and
1, is absolutely continuous and has a derivative ¢ (t) = 1(|t| < 7). From the fundamental
theorem of calculus, it follows that for every a,b € R,

b
ET(a—l—b)—KT(a):wT(a)b—i—/O Yl (a+t)(b— t)dt.
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Therefore, denoting Ay(X ) = go(X;) — 9(X;), it follows that

i),
R+ (f,9) = Re(f, 90) = Bl (Zi(f) — ag(Xi)) — Bl (Zi(f) — ago(Xi))
—E{% i(f) — ago(Xi)) - aA( i)}

=:1

alg(X;)
/O GL(Zi(F) — ago(Xi) + ){adg(X) — t}dt| . (C.2)

+E

=:1I
We next bound I and II separately.
We first bound the term I. Let Ex, be the conditional expectation given X;. Observe
that we can write

Ex, {¢r(Zi(f) — ago(Xs))} = Ex, {¢+(Zi(f) — ago(Xi)) — ¥r(wi) } + Ex,¢-(wi).  (C.3)

To bound the first term on the right-hand side of (C.3), the fundamental theorem of calculus
and the definition of w; in (B.2) imply

Zi(f)—Zi(fo)
Ex {vr (Z:(f) — ago(X2)) — v (wi)} = EX{ / w;<wz~+t>dt}

Zi(f)~Zi(fo)
:}Exi[/ {1 - 1(Jjw; + ¢ >7’)}dt:|. (C.4)
0

Denote Af(X;) = fo(X;) — f(Xi), and p,|x, to be the conditional density function of e;
given X;. Then, we have

Zi(f)=Zi(fo)
Ex{/o 1’dt} =Ex,{Zi(f) — Zi(fo)}

=E[{e; + Ap(Xi) {6 < —Ap(Xi)} — aAf(X;) — €1(e; < 0)]

Af(X5) 0
_ / (64 Ap(X0) }poyx, (B)dt / tpepx, (D)t — aAf(X))

—00

Ag(X;) —Ap(X5)
_ /0 e, (Bt + A (X)) /0 Pe ., (DL,

where the last line follows from the model assumption P(e; < 0|X;) = a. Combining this
with Condition 3.1 (i) gives

Zi(f)—Zi(fo) —Ap(X5)
IEXi{/ 1-dt} _/ {t + Ap(X;) }pex, (t)dt
0 0

To establish a bound of the remaining term on the right-hand side of (C.4), we find an
upper bound of Z;(f) — Z;(fo). We first assume that Ar(X;) < 0. From the definition of
Zi(f), we have

Zi(f) = Zi(fo)]

= [{Yi = F(X)}1{Y; < F(Xa)} — {Yi — fo(X)}Y1{Yi < fo(X)} + af f(Xi) — fo(Xi)}]

< [{Ap(X)}L(Y: < fo(Xa)} +{Ys — F(X)I{fo(X0) < Yi < f(X0)} — @l s (X))

< |Ap(X5)],

<t {Af )Y (C5)
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where the first inequality follows from the assumption A¢(X;) < 0 and the second inequality
is derived from the following inequality

Jo(Xi) = f(Xa) <A{Y: = f(X)}1{fo(X:) <Y < f(Xi)} <0.
Exchanging the roles of f and fy gives the same inequality when A;(X;) > 0, leading to

\Zi(f) = Zi(fo)| < |Ap(X0)| = |F(Xi) — fo(Xs)|. (C.6)

Therefore, we have

52 o)
JEXZ{/ 1(|w; + ¢ >7')dt}
0
18500
gEXZ.{/ 1(Jwi + 4 >7‘)dt}
0

[Af(X3)]
<Ex{ [ 10l > 7/2 4 108/060] > /2)1

_ EXZ.{ /OlAf(Xi)| 1(jwi] > T/Z)dt}, .7

where the last step follows, provided 7 > 4Mj so that [Af(X;)| = | f(X;) — fo(Xi)| < 2Mp <
7/2. By Markov’s inequality and Condition 2.1, it follows that

Ex,(lwil”) _ 2Pvp

P(]wll > T/Q‘Xl) < (7-/2)10 S5

(C.8)

Combining this with Fubini’s theorem gives

Zi(f)—Zi(fo)
IEXl{/ 1 (Jws + 1] > T)dt}
0

where the last inequality follows given 7 > 8Mj. Finally, for Ex,{1r(w;)}, note that
|- (t) —t| = (|t| — 7)L(|t| > 7). Since Ex,(w;) = 0, we obtain

[Ex,{r w}] = [Ex, {ur(w) - wi}|

< Ex, {(|lwi| = 7)1(jwi| > 7)}
Ex, (lwil”) . v

2Py, 2p’21/p
< 7‘Af<Xz‘)’ < PSR

< S R (C.9)
Putting the pieces into (C.3), we have
p o 2p71y
Ex, {vr(Zi(f) — ago(X;)) }| < §{Af(Xi)} + Tp,lpa
which, combined with Hélder’s inequality, further implies
D 2r—1y
1< allg - ol (517 - ol + 22 ) (©10)
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when 7 > 8 M.
We next turn to bound II. By the definition of ¥/ and w;, we have

alg(X;)
=) [ 1120) - am(X) + o < THad (%) - )l

alg(Xi)
= E{ / (1= 1{|wi + Zi(f) = Zi(fo) + t] > T} {aAg(Xi) — t}dt}_
0

Furthermore, |Z;(f) — Zi(fo)| < |f(X:) — fo(X;)| < 2Mj from (C.6). Therefore, we obtain
alg(X;)
Exd [ 1= 1+ 20 - 2 4] > 7] (X)) - at)

alg(Xs)
2 EXZ»{ /0 [1 = Jwi] > 7/2} = L{Ap(X3)| + |adg(Xi)] > 7/2} [ {adg (Xi) — t}dt}

alg(Xi)
= EXi{ / [1 — 1{|w;| > 7/2}] {aAg(X;) — t}dt}, (C.11)
0
as long as 7 > 8 My. By Markov’s inequality and Condition 2.1,
P(lws| > 7/21X;) < 222 <
wil > 7/21X;) < > <3

provided that 7 > 2(2yp)1/ P, Therefore, taking the expectation, we obtain

2 2
= E[O‘QWH ~ Pl > T/zpm}] > E[QQ{AQ(Xi)} } _ a®llg— g0l

4 4 ’
(C.12)

as long as 7 > max{8My, 2(2v,)"/P}.
Combining (C.10) with (C.12) yields that when 7 > max{8My, 2(2v,)'/7},

a? p 2r—1y,
R, = Re(Frg0) = Sl = ol = ally = ol 517 = ol + 252 ).

Next, we derive the upper bound of the excess joint risk. From the decomposition (C.2),
we have the upper bound of the term |I| as in (C.10). In addition, 0 < ¢/ (-) < 1, so that

I=E

alg(Xi)
/0 Y (Zi(f) — ago(Xi) + t){adg(X;) — t}dt]

<E

alg(X;) o2 )
| e — ar| = Gla— (©13)

Therefore, we obtain
alg(Xi)
R-(f.9) —R:(f,90) <E !/0 Vr(Zi(f) — ago(Xi) + ) {adg(X;) — t}dt]

+[E{¢r(Zi(f) = ago(X0) - aly(X)}]
o2 2r=1y,
F)

P
< llg - sl + alg - aola (517 - ol + 2 ).

p—1

which completes the proof. |
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C.4 Proof of Lemma 29

The proof follows a similar structure to that of Lemma 28 with the exception that we employ
more refined bounds for (C.8) and (C.9) by utilizing the sub-Gaussian property of w;.

Recall that Ex, represents the conditional expectation given X;. By Markov’s inequality,
we have

P(|w;| > 7/2|X;) = P{exp(w}/03) > exp(T?/(405))|X;}
< e_t2/(403)EXi{exp(w?/ag)} < 26_72/(408), (C.14)

where the last inequality follows from Condition 3.2. To find a refined bound of Ex, - (w;),
note that ze®’/2 < e for any x > 0. Since Ex,w; = 0, it follows that

|Ex,r(wi)] = |Ex, {¢r(wi) —wi}| < Ex, {|wil1(|wi] > 7)}
= agEXi{|wi/00|]l(\wi/Uo| > T/Jo)}

w? 7’
=ooEx; |:|wi/00|]1{ exp <2;8> - P (M) H

2
< 006_72/(2‘7(21)EXi{’wi/00‘ P <2%2>}
g

0
< 006772/(2"(2))]]3)(1.{exp(w?/ag)} < 200e" 7 /(270). (C.15)

Based on these two bounds, we prove the lemma. Provided that 7 > 4My, (C.7)
and (C.14) give

Zi(f)—Zi(fo) |Af(X5)]
[EXI,{/ 1 (| + ] > T)dt} < EXZ{/ 1(jwi] > T/Z)dt}
0 0

2 /(952
<277/ C0)| AL (X))
< AMye~ ™/ (200)

which, together with (C.3), (C.4), (C.5) and (C.15), further implies

[E{r(Zi(f) — ago(Xi)) - alg(Xi) }]
< allg = mle{ 51 - folf + (4o + 2000 DL (caao)

Next, we have from (C.11) that
alg(X;)
B [ 1020 - as(X) + 4] < rad, (%) —
0

alg(X;)
> E{EXI. [ /0 {1- 1(lwi] > 7/2) Had, (X)) - t}dt} }
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as long as 7 > 8My. By (C.14), note that P(jw;| > 7/2|X;) < 1/2 provided that 7 >
200+/log 4. Therefore, the earlier expectation bound is further lower bounded as

alg(X;)
E[ [ 1020 — o6+ < rhan, (X >—t}dt]

>]E|: Q{A ( )} {1_ (‘wz‘ >7—/2|X7,)}:| > CVQHQZQOHQ.

Together, this bound, (C.16) and (C.2) give the lower bound of joint Huber loss.
For the upper bound of joint Huber loss, combining the decomposition (C.2) with (C.13)
and (C.16) yields the upper bound. [ |

C.5 Proof of Lemma 30
Recall the definition of w; in (B.2) and G,, = Fpnn(d, Le, Ne, Mp). Denote

mg(Xi, &) = Ag(Xi)Pr(wi)

for any g € G,. From the definition of ¥,(-) and the boundedness of g € G, and gg, we
obtain

sup |mg(Xi, &) = sup [Ag(X;)|-7 < 2Mor,
9€Gn(n) 9€Gn(n)
which further implies supgcg, () [mg(Xi, €) — Emg(Xi, ;)| < 4MoT =: A. Moreover, since
Y7 (w;) < max(7, |w;l|), it follows that

sup E{mg Xl,ez} < sup IE{A2( w ZZ}
9EGn(n) 9EGn(n)
< PGP0, 02y E{g(X;) - go(X0))
9€Gn(n)
< 7_ma,x(2—p,0)VZIJIlin(l,2/p)772

We thus have

sup E{my(Xi, &) — Emy(X;, ei)}z < sup E{my(X; &)}
9€Gn(n) 9€Gn (1)
< Tmax(2—p,0)yll)nin(1,2/p),'72 —. 0_2.

Denoting E(n) := Esup,eg, () In~" 2oimy my(Xi) — Emy(X;)|, Lemma 36 implies

/2 4A
sup >2E(n)+o i <e ™ (C17)
9E€Gn(n) I n 3n

for any = > 0.

To establish an upper bound of E(n), we first find an upper bound of the uniform
covering number for the function class M, (1) := {mgy : g € Gn(n)}. For any g,¢" € Gn(n),
it follows that

ng (Xi, ) —Emg(X;, €)

|mg(Xi, €) —mg (Xi, €3)| = |1 () {Ag(Xi) — Ay (Xa) }| < TIg(X3) — ¢/ (X0).
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Combining this with Lemma 39 and Lemma 41 yields

log Noo (€, My (1), n) < log Noo(€/(T),Gn,n)

2en M,
< log <M> d(N.Le)?log(dN,L.). (C.18)

€

Now, let F(X;,¢;) := 2My7. Then, F is an envelop function of the function class M, (n).

Denoting [ := maxi<i<n F'(Xi, €;) = I, we have
IFllg2 = |Fll2 = 2Mor, and ||F||s = 2Mor

for any n-discrete probability measure (). Therefore, for any n-discrete probability measure

Q,

log N (€]| |

Q2: Mun(m), || - lg2) <log Noo(€| Fl[q,2, Mn(n), 1)
< d(L.N.)?log(dL.N,)log (e”> .
€
Combining this with Lemma 40, it follows that for any n > 1/n and 7/ V;/ P>,
E(n)
2
< o LN, \/ dlog(dLeNe) | <en ' 2M()7') o LN log(dLeN,) - 2MoT | (en : 2M07’>
o

n n o
dlog(dLeN,) nr d(LeNe)? log(dLeN,)T nr
S {o « LeNe - log ( p > + - log SV
Vp 1 Vp 1

2., ~1/p 2 2. ~1/p
< {a . LeNe\/dlog(dLeNe)log(n Ty 1) N 7d(LeNe)? log(dLe Ne ) log(n*1up )}
n n

max(l—p/Z,O) V;nm(l/ll/p) Vn,T,l/p + TV’N?,T,VP}'

={n7
Therefore, there exists a universal constant C; > 0 such that

B(y) < Cy - e s0-r/20mim0/2000) 4 /Y,

for any 1 > max(y/7Vi7.,,1/n). Also, if 0 < z < nn?/7, we have Tz/n < ny7\/z/n.
Putting the pieces together in (C.17), there exists a universal constant c;g > 0 such that
for any T/V;/p > 1,17 > max(y/7Vp,ry,, 1) and 0 < z < np? /1,

n

231 - E)my(Xi )

P{ sup Z 618'n{TmaX(lfp/Q,O)V;nin(l/?,l/p) + \/7-}
9€Gn(n) 1™

: (Vn,‘r,up + \/E> } < 6—33’
n

which completes the proof. |
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C.6 Proof of Lemma 31
For each g € G,(n), define

OLAg(XZ)
myXKei= [ (it ) = )Yt
and let My (n) :== {my : g € Go(n)}. To employ Lemma 36, note that
alg(X;)
[ s 0 - wrlaar

alg(X;)
/ |t|dt’ < 2% M,
0

sup |m(X;, €)= sup
meMaq(n) 9€Gn(n)

< sup
9€Gn(n)

where the first inequality follows from the Lipschitz property of .(-). Thus, we have
SUPpe M, () [M(Xis €) — Em(X, €)] < 402M2 =: A. Also, by the Lipschitz property of
¥-(+) and the boundedness, we have

2

alg(Xi)
sup  E{m(X;, ei)}2 = sup E[/ {¢r(wi+1t) - wr(wi)}dt]
mEMn(n) gegn(n) 0

alg(X;) 2 ol "
< sup E{/ \t\dt} = sup ZE{Q(XZ')_QO(XZ')}
9€Gn(n) 0 9€Gn(n)

2
<a'M§ sup E{g(X;) —go(Xi)}” < a*Mgn?,
9EGn (M)

which further implies

sup  E{m(X;,¢) — Em(Xi,Q)}Q < sup E{m(Xi,Gi)}z < a'Min? = o?.
mEMon (1) meMay(n)

Then, applying Lemma 36 yields

P<  sup > 2E(n) + o4/ 2 + 14z <e®  (C19)
meMa(n) n 3n

for any x > 0, where E(n) := Esup,,c m, (y) n=LY R (1 - E)m(Xi, ).
We follow a similar argument as in the proofs of Lemma 30 to derive a bound of E(n).
By the Lipschitz property of 1., we have for any ¢,¢ € G, that

1 n
ﬁ Z m(X’u Ei) - Em(X’Lv 62‘)
i=1

alg(X;)
‘mg(Xi,ei) — mg/(Xi, EZ)‘ = ‘ /A x {¢T(wi —l—t) — 1/17—<wi)}dt‘

alg(X;) o N 9
<| [ ] = s - {0y
Al (Xi) 2

< 202My|g(X;) — ¢'(X5)].
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Together with Lemma 39 and Lemma 41, we obtain for any 0 < ¢ < 4a?M¢ that

1og Noo (€, My (), 1) < log Noo(e/(202My), Gn,n) < d(LeNe)* log(dLeN,) log(4a® Mine/e).
We choose an envelope function F' := 4a2M3. Then, for any n-discrete probability @,
Q2 Mn(0), || - lo2) S d(LeNe)? log(dLeNe) log(ne/e).

Thus, by Lemma 40, we have

log N (€l| |

E(n)
o LN, ¢ dlog(dLeNe) | <en4a2M3> 4 LN og(dLeNe) 402 MG | <en4a2M3>
n g n g
dlog(L.N, d(L.N,)?log(dL.N,
o T ) i 2

as long as 7 > 1/n. Thus, we have E(n) < o?n -V, for n > V,. Also, if 0 < 2 < nn?,
then x/n < ny/x/n. Putting the pieces together in (C.19), there exists a universal constant
c19 > 0 satisfying

IP’{ sup
9EGn (1)

n

S a-m] [ 0 - veteoar

i=1
2 E —x
> cr9an| Vy, + <e
n

for n > V,,. This establishes the claim. |

C.7 Proof of Lemma 32

Recall that F,, = Fpnn(d, Lg, Ny, Mo) and G, = Fpnn(d, Le, Ne, Mp). For each given
g € Gn(n) and f € F,,, define

alg(X;)
myg(Xi, €) = /0 {br(wi + Zi(f) = Zi(fo) + ) — ¥r(wi + t) }dt,

and let M,,(n) = {mys4: f € F, and g € G,,(1)}. Then, we need to find a high probability
bound of the following empirical process,

n

LS (1 - Bym(Xs ).

sup |—
n <
=1

meMy, (77)

To apply Lemma 36, it follows from the bounded property of F,, Gy, fo and gg that

sup |m(X;,€)| = sup sup
meMan(n) J€Fn g€Gn(n)
<sup s alA(X)IIF(X) — fo(Xo)] < dabdZ,

fe»/—‘ngegn(n)

alg(X;)
/0 {r(wi+ Zi(f) = Zi(fo) + t) — ¥r(w; + ) }dt
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where the first inequality follows from (C.6) and

|r(wi + Zi(f) = Zi(fo) + 1) — ¥r(wi + )| <1Zi(f) — Zi(fo)].

Therefore, we obtain sup,,c ., () [M(Xi, &) — Em(X;, )] < 8aM? =: A. Moreover, it
follows from (C.6) that

2
sup E{m(XZ-, ez)} < 4Mga2 sup E{g(Xi) - gO(Xi)}2 < 4M§a2n2,
mEMan(n) 9€Gn(n)

which further implies

sup  E{m(Xi, &) — Em(Xi,ei)}Q < sup E{m(Xi,ei)}2 < AMEo’n? =: 0%
meMan(n) meMan(n)

1 n
— Z m(Xl, Ei) — ]Em(Xl, Ei)

Denoting E(1) = Esup,,em, o 77" 2ims m(Xi, &) — Em(X;, )|, Lemma 36 gives
P sup
meMn(n) | i

2¢  4Ax
>2FE — + — 5 <" C.20
> (n)+0\/n+3n}_€ (C.20)
for any « > 0.

Next, we turn to bounding the expectation, E(n). We choose F' = 4aM§ to be an
envelope function of M, (). To calculate the uniform covering number of the function
class My, (n), note that following a similar argument which leads to (C.6) gives that

Zi(f) — Zi(f)] < |f(X3) — f/(X3)]
for any f, f' € F,. Thus, given f, f' € F,, and g,¢’ € G,,, we have
]mf,g(Xi, 62') — mf/y/(Xi, él)’
< ‘mﬂg(Xi, €i) — mfﬁg(Xi? €i)| + ‘mf’,g(Xzﬁ €) — myr g (X, €)l

alg(X;)
[ ot 4 200 = 20 40 = s+ 27 - 2 + t)}dt\

OcAg(Xi)
i ] [ e+ 20 - 2400+ —%(w“)}dt‘
OéAgl(Xi)

< alg(Xi) = go(X)IZi(f) = Zi(f)] + alg(Xs) = g (XD Zi(f) = Zi( fo)
< - 2Mo|f(X;) — f'(Xi)| + o - 2Mo|g(X;) — go(X)],

where the second inequality follows from the Lipschitz property of 1, and the last inequality
holds by the bounded property. Thus, it follows that

Noo (€ - 4M0204,./\/ln(n),n) < Noo(€ - My, Fpnyn) - Noo(€ - Moy, Gpym),
which, combined with Lemma 39 and Lemma 41, implies that

log N (e[| Fllg.2, Mn(n), || - lg.2) S {d(LgNg)*log(dLgNy) + d(LeNe)? log(dLeNe) } log(en/e)
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for any n-discrete probability Q). Together, this and Lemma 40 give

2 2 . 2
) < o \/d(Lqu) log(dLyNq) + d(LeNe)?log(dLeNe) | <en 4aMO)
n g

+ daM§ - {d(LyNg)*log(dLyNg) + d(LeNe)* log(dLeNe) } log <€n . 4aM02>
n

S a{n(ds + Vi) + (65 + Vn)Q)y

as long as n > 1/n. Therefore, there exists a universal constant C > 0 satisfying F(n) <
Cran(ds+V,,) for n > (6s+V,). Combining this with (C.20), there exists a universal positive

constant cgg such that for any 0 < x < n772,
T _
P sup > 620007<5s +V, + \/7> <e 7.
meMan(n) n

This completes the proof. |

1 n
1

n
3

C.8 Proof of Lemma 33
To begin with, note that

sup |E[¢r (wi){9(Xs) — 9o(X0)}]| £ sup E[|E{vr(wi)|Xi}| - [9(Xs) — 90(Xi)|]
9€Gn(n) 9€Gn (n)
< 2006”7/ (270) . 7, (C.21)
where the last inequality follows from (C.15). Therefore, it suffices to derive a bound for
the tail probabilities of

sup
9€Gn(n)

U5 () {a(X) — g0(X0)} |
1=1

To this end, we first fix covariates (X1, ..., X,) and let Ex and Px be the conditional expec-
tation and conditional probability given (Xi,...,X,,), respectively. Consider the stochastic
process {Sg : g € G, U{go}}, where Sy is defined as

Sy = \/lﬁ > {r(wi) — Extor(wi) }{o(Xi) — go(Xi) }.
=1

Since |1, (t)| < |t], the assumption (B.5) implies that Ex exp(¥2(w;)/o3) < 2. Combining
this with Proposition 2.6.1 and Lemma 2.6.8 in Vershynin (2018), there exists a universal
constant Cy > 0 such that

x2

P+v(|S, — S| > <2 _
x(|Sy = 8ol 2 @) < eXp( CroZlg =92

> for g,9" € G, U{g0},

where || - ||2 is the empirical Ly norm defined as

lg —g'll7 = % S {g(X0) - g'(X0)}2.
=1
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Now, we denote

M (v) := My (v; (X1, .., Xn)) = {9 € G U{g0} : lg — golln < v}

for any v > 0. Applying Theorem 8.1.6 in Vershynin (2018), there exists an absolute
constant Cy > 0 such that for every v,z > 0,

Px

sup  |Sg — Sy| > 020'0{
9,9’ EMn (v)

2v
V1og N(e,Grn U{go}, || - ln)de + vﬁ}] <27
(C.22)

0

For any (X1,...,X,), it follows that
N(€,GnU{go}, - In) <1+ Neo(e,Gn,n).

Then, by combining Lemma 39 and Lemma 41, it follows that

2v
; V1og N(€,Gn U {go}, || - [ln)de

2v
< / V/1+log Noo(€, G, n)de
0

2v
< V/1+d(L.N,)21og(dL.N,)log(enMy/€)de

~

0

2v
< LeNex/dlog(dLeNe){v + vy/log(enMy) + V1og(1l/e) v 0}.
0
By the inequality [; \/log(1/€) V 0de < z\/(1/x) V 1, we obtain
2v
/ Viog(1/e) v 0 < vy/(1/v) V1 < vy/logn
0

for any v > 1/n. Thus, the earlier inequality gives

2v
\/logN(e, GnU{go}, | - [ln)de Sv- LeNe\/d log(dLeNe) logn,
0

which, combined with (C.22), further implies that for any x > 0,

IPX[ sup |Sy — Sgr| > C'go'o{v\/d(LeNe)2 log(dLeNe)logn + vﬁ}] <277,
9,9'€M(v)

as long as v > 1/n, where Cj is a universal constant. Since gg € M (v) for any v > 0, this tail
probability further implies with probability at least 1 —2e™* (conditioned on (X1,...,X,))
that

gseuéi ’; z“; {7 (wi) — Exvr(w;) }{g(X;) — go(Xi)}' < Cso0v <V" + \/i)
lg=golln<v =
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for v > 1/n and = > 0. Moreover, it follows from the Cauchy-Schwartz inequality that

Z {Extr(wi) f{o(X ¢>}' < [711 2: {EXwT(wz-)}Q] ”,

llg— goHn<v i=1

_ 2 2 2
< 20qve T /(290)

where the last inequality follows from (C.15). Together, this bound and the earlier tail

xT

probability imply that with probability at least 1 — 2e™7,

1 n
sup |13 0 {9(X) — 060} | < max(Ca Do {, + 70+ [T
gEYn i=1

llg—golln<v

(C.23)

Note that when 7 = oo, we have

n

alg(X;) (12
S =B [ {4 0 = vewn}ae] = 5l - ol -l - ol

i=1
Therefore, Lemma 31 with 7 = oo implies that for n > V,, and 0 < z < m72 that
T
sup |llg — gollz = llg — goll3| < 2¢c19m <Vn + \/D < dergn’? (C.24)

9EGn(n)

—X

with probability at least 1 — e™®. Conditioned on the event where the inequality (C.24)

holds, we obtain

sup [lg—gnll2 < sup |llg—gollz — llg — goll3| + sup [lg — goll3 < (1 + dero)n?
9€Gn(n) 9€Gn(n) 9€Gn(n)

Thus, for the event B(n) defined as

B(y) = { sup g —golln < (1 +4c19>1/2n},
9EGn(n)

we have P{B(n)} > 1 —e~* for any 0 < x < nn?. Therefore, denoting Cy = max(Cs,2)(1 +
4e19)'/2, we obtain

sup Z% wi){g(X )}’ > C4aon{Vn e/ x}
9EGn(n) I "
<P| suwp Z«/JT (wi){g(X )}‘ > 040077{Vn +e77 /00 4 \/i} Bn)| +e*
gEgn
<3e™7,
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where the last inequality follows from (C.23) after taking v = (1 4 4¢19)"/?n. Combining
this with (C.21) gives

1 n
Pl sup |~ > (1-E)-(wi){g(X:) - gO(Xi)}‘ > (Cy+2) Uon{Vn e/ x}
9€Gn(n) | 12 — n
=:c21
<3e ® (C.25)
for n > V,, and 0 < 2 < nn?. This completes the proof. |

Appendix D. Proof of Theorems for Non-Crossing Estimators

As in Appendix B.1, we provide some notations that will be used in this section. Given
multiple quantile levels 0 < o < ... < ag < 1, recall that the quantile regression residuals
at the level oy, is defined as €, =Y — fo 1 (X) where fo = ¢a, (X), and €, = Y; — fo 1(Xi)
for 1 <7 <n. Define

Ze(N)(X;€) ={Y = f(X)F{Y < f(X)} + e f(X),

and denote Z; (f) := Z; 1 (f)(Xi, € 1) for 1 <4 < n. Furthermore, we write

wik = Zr(for)(Xi, €ix) — argor(Xi).

Then, for any given sequence T = (71,...,7x)", we can express the empirical joint Huber
loss (2.13) as

1 K n

Rycr(f,9) = K YO b (Zik(fr) — angr(X0)-
k=1 1i=1

Then, let Rnc,+(f,9) = E{ﬁNc;(_f,g)} be the population joint Huber loss. Also, note
that for 1 <k < K,

wik = € rl(€r < 0)+ agfor(Xi) =€ r— —E(er—|Xi),
where €, — =€ ;1(€ < 0).

To establish a convergence rate for the non-crossing deep quantile regression estimator,
we denote the empirical joint quantile loss (2.12) as

n K
ONC(f) = = 3D e (Vi — fulX0).

i=1 k=1

Moreover, we define the population joint quantile loss as

R K
One(f) = E{Oxc(f)} — E{ S g (Vi f(Xz')>}
k=1
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for any given a sequence of functions f. Next, we write Fnc = Fnc(d, Lq, Ny, M, K), and
for any § > 0,

K
Fuel®) ={ £ € Pt e 3k~ foall <
k=1

The next lemma characterizes the tail probabilities of the empirical joint quantile loss
function. Recall that dncs = LgNgy/{Kdlog(dK LyNy)logn}/n.

Lemma 42. There exists a universal constant ¢ > 0 such that for any 6 > dncs and
0 < x < nd?, it follows that

P sup

feFnc(d)

Onc(f) — Onc(fo) — {One(f QNC(fO)}’ > cg - 5<5Nc,s + ﬁ)] <e ™

Next, to establish the convergence rate of NC-DRES estimators, denote Rnc ~(f,g) =

ﬁNC,T( f,g). The following lemmas are the non-crossing analogues of Lemmas 30, 31 and
32. Recall that

LS ~ _max( in(12/9)
— max(2—p,0) mln 1,2/p
™NC = ? ZTk, I/ Z ’
k=1 k:
and
Kdlog(dL.N,) log(n? - Kdlog(dL.N,)1
vnﬂ'NC,VNc =L Ne\/ Og( ) Og(n TNCVNC) and VNC,n = LeNe Og( ) Ogn.
n n

Lemma 43. Assume E(|w; ;|P|X;) < vp 1 < oo almost surely (over X;) for p > 1. Then,
there exists a universal constant ¢7, > 0 such that, for any n > max(\/7™Nc Vi, meones 1/1),0 <
r < nn?/m~c and T > vNe,

n

K
— > (1= E)agtbr, (wi) {gox(Xi) — gk(Xi)}’

k=11i=1
€ _
> C? n{VNC + V TNC} ( n,TNC,YNC + \/;)} S € (E'

Lemma 44. There exists a universal constant ¢ > 0 such that for any 7, > 0,7 > Ve
and 0 <z < m]z,

P sup
g€Gna(n) 1T

K n

ak{go,k(Xi)—gr(Xi)}
2 >a-n|f (W na +0) — b )|

k=11=1
> / < —T
= Cgl) LNC,n n ~€e .
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Lemma 45. There exists a universal constant cg > 0 such that for any 7 > 0, n > (ds+ V)
and 0 <z < m72,

K n ar{go,x(Xi)—gr(Xi)}
! ZZ(l—E)[/ {Ur Wikt Zi g (fe) = Zi i (for)+t)

nk
k=1 i=1 0

— P (Wi ke —I-t)}dtH >y 04?7(55 +V, + \/§>} <e %,

D.1 Proof of Proposition 21

To begin with, recall that the given functions f1, fa, ..., fx belong to H(d, 1, My, P). Then,
it is easy to show that f = K~! Zle fr € H(d,l, My, P). Thus, applying Proposition 6,
for any given § > 0, there exists a function v € Fpnn(d, L, N, My) with L, N given in (3.2)
such that

PJ sup sup
.fe]:n gegn(n)

) 1/2 )
{ / If(w)—v(w)IQu(dw)} < es(LoNo) ™" +6.
[0,1]¢

We next consider the approximation of the pre-activated gap functions. By definition,
feo1 — fr € (Mo_l,Mo) and is in H(d,l,2Mp, P). Denote Ap = 1~ (fxr1 — fr), which is
the target function of wy. By Lemma 6.37 of Gilbarg and Trudinger (1998), there exists a
function 7 € H?(R, M'), where M’ only depends on 3 and My, M, such that ﬂ[

L_ll[Mo_l,Mo]‘ Since fr41 — fr € (M(fl,Mo), we have

Myt Mo —

Ag =0 (Frpr — ) = W frr1 — fr)-

Denoting M7 = max(2My, M') and P’ = P U (B,1), we have Ay € H(d,l1, M1, P’). As we
assume that 3 satisfies (f3,t) € P for some ¢, we have

min = min é
Br)er t Br)er t

Then, by Proposition 6, there exists a function wy € Fpnn(d, L', N', M7) with such that

1/2
{ / |Ag(z) — wk<w>|2u(dm>} < O3(LoNo) ™" +3,
[0,1]4

where
L/ = Cl (LO IOg L()-| and N, = CQ [NO log N0-|

for some constant C; — C3 and 1 < k < K — 1. Now, since we assume that ¢ is 1-Lipschitz,
we have

{ [, o) - L<wk<w>>12u<dx>}” ’

1/2
/ |Ak(z) — wk(w)!2u(dw)} < C3(LoNo) ™"+,
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Now, define ¢, = max(¢;,C;) for ¢ = 1,2,3. Then, we can see that v,ws,...,w; €
Fpnn(d, L, N, My) with

L =c{[LologLy] and N = c,[Nylog Ny].

Constructing function (f},..., f5) in Fxc = Fnc(d, L, N, M;, K) by paralleling stacking
the neural networks, we have

1/2
{ /[0 1] o X) = fg(X)2”(dx)} < Kdy(LoNo)™ +6

for 1 <k < K. Since § > 0 was chosen arbitrarily, this completes the proof.

D.2 Proof of Theorem 22

To begin with, Lemma 26 implies that given any f = (f1,..., fx)" with f : [0,1] —
[— My, Mp], we have

Crill fe = forlls < Qay(fr) — Qay (for) < Copllfr — forll3,

where C j, = min{gk/(8MO),Qi/(?}?Mng,k)} and Cy = pi/2. Then, after averaging them,
we have

C1 & Cy &
fZka—fo,kH% < One(f) — Qne(fo) < fZka— (D.1)
k=1 k=1
where Cl = minlSkSK Cl,k and CQ = maxlSkSK Cg?k.
Now, let 0, = ¢;(dnc,s + ONC,a + y/u/n for given u > 1, where ¢} is given by
) = max{(1/8Cy/C1,\/2/C1,16¢;/C1} > 1. (D.2)

Following a similar line to the proof of Theorem 8, we define the donut-shaped sets for
integers j =1,2,... as

Dy j = Fne(276.) \ Fne(22716,) = {f € Fnc: 297262 < — Z I fx — forlls < 2%2}
so that we can write

K o0
P{Il( > [ Fak — forllz > 5*} < ZIP’{fn € Dy} (D.3)
k=1 j=1

Therefore, it reduces to bounding each probability P{ j/";l € D, ;} separately. Following
(D.1), any f € D, ; satisfies

C K
BP0 O Y 1o sl < Ol ~ Qv (0.4
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We next derive an upper bound of the right-hand side of (D.4). By the definition of dnc a,
there exists f, € Fnc such that K1 Zszl | fr — Soll2 < 26nca. Now, if f, € D, j, we
have

One(fn) — QNC(fO)

= Onc(fn) — One(Fn) + Onc(Fn) — One(Fa) + One(Fa) — One(fn) + One(Fn) — One(Fo)

~ ~

< One(fan) — One(fn) + Onc(fn) — One(fn) + One(Fa) — One(fo),

where the last line follows from the definition of fn By (D.1), it follows that Onc(fn) —
One(fo) < 402512\10@. Denoting

K n
An(f) = niK DD (1 =E){pa, (Vi = f1(X3)) = pay, (Vi — for(X:)},

k=1 i=1
the earlier inequality is further bounded as
Oxc(fn) = Onc(fo) < An(fa) = Au(fa) +4C28%c 0 (D.5)

Note that f,, € Fnc(274,) for any j > 1 because 20nca < 276, for any j > 1. Combining
this with (D.5) and (D.4), we obtain upper bounds of the probability P{f, € D, ;} as

P{ﬁl € ,Dn,j} < P{El.f € ,Dnyj such that An(fn) - An(f) 041 22]52 40261%10,’@}
C1 2j <2
<P sup  |An(f)| = —2746; (D.6)
FeFnc(276.) 16

where the last line follows from the choice of ¢} in (D.2).

We next bound the probability P{sup gc 7 (25.) |An(f)| = C12%52/16} via Lemma 42.
To this end, we choose § = 27§, and * = 2¥u. Since ¢ > 1, we have § > onc,s and
0 < 2 < ndé%. Then, Lemma 42 yields

/
]P’{ sup IAL(f)] > %22j53}
C

FEFNC(2764)
=P| sup . sz 1= E){pa, (Yi — fe(X:)) — p (Y—fOk(X'))}' > 6252
.fe]:NC(Qj(S* 7’LK k=1 i=1 § g 7 B Cl :
K n
1 x
<P| sup (1= E) po (Vi — FilX0)) — pon (Vi — fou(X:) ' > c'é(aNc,s + \f)
FEFne(25.) nK ;; { k k } 6 n

< exp(—x) = exp(—2%u).

Since ¢ satisfies ¢f/c); < C1/16, the above probability bound yields

P{ sup A (f)] > 06122”52}§exp(—22jU)-
FEFNC(2764)
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Combining this with (D.3) and (D.6) implies

K [e'S) %)
1 ~ 1
e 2o Jol 2 ) < 3 enpl-2%h) < 3 exp() < 17 e
k=1 j=1 j=1
where the last inequality uses the fact that « > 1. This proves the claim. |

D.3 Proof of Theorem 24

To begin with, Lemma 28 implies that, given any f = (f1,..., fx)" and g = (¢1,...,9x)"
with fi, gr : [0,1]% — [~ My, Mp], we have

E{lr (Zix(fr) — argn(Xi)) } — B{lr, (Zin(fr) — xgr O(Xi))}

2 _
Pk D,k
=7 Hgk Oék”gk gOk’Z{ 2 ka f0k||4 ( /2)p 1}

and

E{ﬂ,-k i k(fk) — akgk } ]E{fﬂ-k (fk) — Ok O(Xz))}
aQ
< ?k”gk -

’Bl

2
2+ ollgr — go7k!2{2||fk forllt + (/2),,1}

Then, after averaging them, we have

Rnc,r(f,9) — Rne+(F,90)

> 4Kzak||gk_90k||2—Zakllgk—QOkHz{ka fOkH4+( /2)p 1}

Moreover, by the Cauchy-Schwarz inequality and the inequality || fx — foxlli < 4MZ||fx —
foxll3, we further have

RNCT(f g) — Rnc,+(f, 90)

4 Z%Hgk 9o, kHz

k=1
K | K L E e,
SECTEPHR RS S TP IR ofev. =1
= k=1 k:l
K
1
T(Zaiﬂgk—quﬂg— *Z%Hgk ( - max pkMo+7INCb) (D.7)
k=1

under the event £. Similarly, we have

Rnec,r(f,9) — Rnc+(F,90)

K K

1
2 2 2 2 = D
2K k§—1: allgr — 90,k||2 + e 1?—1 angk - 90,k||2 (52 -2 1§Hlk€§<kaMo + UNC,b)- (D.8)
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Following a similar line to the proof of Theorem 8, we start with the peeling argument. To
begin with, denote for any u > 1 fixed that

K
1 1 u
e = Ci}{”NC,S +1Ne,b + NG + ONe,s + 02 + e ;(Vp(kp + \/Tk)\/;},

PR
where ¢, is given by

¢y = max(v/24 - 56 My 1I<r}€a<xK]§k, V28 - 24,192¢7,192¢5, 192¢5) > 1. (D.9)

Here, ¢, ¢ and ¢ are defined in Lemma 43, Lemma 44 and Lemma 45, respectively.
We first derive the convergence rate for g, = (Gin,...,gn,k)" defined in (2.13). For
integers j = 1,2,..., define donut-shaped sets

K
. . . 1 .
Dy = Gne(21:) \ Gne (277 1n,) = {g € Gne 1 2972 < I7a > aillgr — goklls < 22”773}-
k=1

Since we have

K 00
P(Zai\@n,k —goxll3 > 773) <> P(gn € Dyy), (D.10)
=1 =1

it suffices to bound each probability on the right-hand side of the above inequality. Recall
the local function class Fonc(6) = {f € Fxc : K130, 1 fx — foxll3 < 62} for any 6 > 0.

Conditioning on the event {fn € Fonc(02)}, (D.7) implies that if g, € D, j, we have
22j—2

4

12 < RxCr (Fns Gn) — RNCr (Fns 90) + 271 <52 : 1g}€a<XKI5kM0 + 77Nc,b>

~ ~ - 22
< Rnc,(fns Gn) — Rnc,r(Fn, go) + 24 12}%XKP2M025§ + 247712\10,13 + fgnf, (D.11)

where the last inequality follows from the basic inequalities ab < 12a?+b?/48 and (a+0b)? <
2(a® + b?) for any a,b € R. R R

We will now establish an upper bound for Rxc +(fn, gn) — Rnc,+(fn, go), which appears
on the right-hand side of inequality (D.11). The definition of nnc . allows us to choose

gn € Gne such that ||gn —goll2 < 2nnc,a. When we condition on the event {fn e Fonc(d2)},
gn satisfies that

RNCr(Frr Gn) — RNC,r (Fr 90)
< RNC,r(Fns Gn) = RNC,r (Fur Gn) + RNCr (Frr Gn) — Rxcor (£ gn)
+ RNC,r (s Gn) — RNCor (Fns 90)-
The upper bound (D.8) with g = g,, implies

K

K
Rxcr(fn gn) = Rcr(fu 90) < 4 ; ORINCa 4| 72 ; AN <52 -2 lrgrggpkMo + nNc,b>

IN

11 5 2 202 2
o + 32M | max p 05 + 4,
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which, combined with the earlier inequality, further yields

RNC,T(ﬁl’gn) - RNC,T(.E’L?QO) < RNC,T(ﬁLa gﬂ) - ﬁNC,T(ﬁ?En) + ﬁNC,T(ﬁhgn) - RNC,T(ﬁhgn)
+ 312 + 32M§ max P05 + 4ng.
(D.12)

For any f € Fnc and g € Gne, we denote the difference of Huber losses across K levels as

hyg(Xi,Yi) = Zi ke (f1)(Xi,Ys) — angn(Xi)) = bo (Zin(f1) (X3, Yi) — argor(Xi)) }-

|MN

Moreover, define

n

Au(F.9) =+ 3" {hpg(Xe YD)~ Bhy o(X: V), (D.13)
=1

so that we can write
RNC,T(ﬁ%.&n) - ﬁNC,T(ﬁuﬁn) + ﬁNC,T(ﬁlagn) - RNC,T(J?TH gn) = An(ﬁla gn) - An(.fna gn)

Combining this with the bounds (D.11) and (D.12), we have, conditioning on the event
{fn € Fo(d2)}, that

]P’(ﬁn S ij)

< IP’{EIf € Fo(62),3g € D, such that

2% )
An(fagn) - (.f g) = ﬂn* 37712\TC,a — 56M3 H}CaSXKpi(S% — 28171%0’13}
(i) 22]
< P<3f € Fo(d2),3g € Dy, such that A, (f,gn) — An(f,g9) > @77*
(i)
< P{ sup sup  |Au(f,9)| > 6422]77*} (D.14)
feFNC g€GNC(279n4)

where the second inequality (i) follows from the definition of ¢} in (D.9) that

1, 22

3n%ca + HOMG lg}fé(ﬁifs; + 28R < ﬂc7(77NC ot 05+ nkep) < 96 “n? forj>1,

and the last inequality (ii) follows from the choice of g,, which satisfies
| K
7 2 0kllonk — g0kll3 < 4nkc. < 2
k=1

for any j > 1.
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So, the key task is to derive a concentration inequality for the supremum of the empirical
process {A,(f,g9) : f € Fnc,9g € Gne(27n,)}. Following a similar argument as in deriving
the bound (B.4), we can see that

1 )
Pl s s (Al g2
FeFnc gebne(29ns)

n

K
1 1 ;
< IP’[ sup — (1 = E)apthr, 190,6(Xs) — gr(X5) ‘ > 22]773}
seomstn | E 2 2 a =
K n N )
1 ar{go,k(Xi)—gr(X:)}
+ IP){ sup 0 (1 - E) |:/ r (wi,k + t) w'r Wik dt:| ‘ = 22]77*}
gng(QjT]*) mn ; im1 0 { k } 192
1 K n ar{go,k(Xi)—gr(Xs)}
+PJ sup  sup — Z (1-E) {/ {¢m (Wik + Zik(fx) — Zix(for) +1)
FEFn geGn(2n,) 1Y 1 1 0

L o) 9
s+ )}t | > g
=: Py + Py + Ps. (D15)
We proceed to bound the three probabilities Py, P2 and Ps, separately. To apply
Lemma 43, we choose n = 2/n, and x = 2%y for the given v > 1. Note that n >
max((vNc + VTNC) Vamewnes 1/n) and 0 < z < nn?/7nc as ¢j > 1. Furthermore, 7 > ¢
implies 7/ V;/ P> 1. Therefore, applying Lemma 43 gives

o
P[ sup (1 = E)artr, 190k (Xi) — gx(Xs) ‘ > 722]773]
ol KZZ o e
1
<P|  sup | ZZ(l — E)otr, { 90,k (Xi) — gk(Xi)}‘
g€GNC(2n,) I WY 1 i

T _ _92j
> chn(vne + \/TNc)< ewne T )] <e T =2y

n

Here, we remark that the choice of ¢ in (D.9) is such that ¢ /¢j < 1/192. Thus, the above
probability bound implies

Py < exp(—2%u).

Similarly, for n = 2/n, and = = 2%y, it follows that n > oncs + Vo and z < m]Q.
Combining Lemma 44, Lemma 45 with the choice of ¢ in (D.9) yields

Py < exp(—2%u) and Ps < exp(—2%u).

Together, the above bounds on P, Py and P3, (D.10), (D.14) and (D.15) imply

K o) o8]
1 2> 2 2 2j -1 _—
P{KZangn,k—gg,kHQZn*} Z exp(—27u Z eIt <3(1—eHlem

k=1

80



DEEP NEURAL EXPECTED SHORTFALL REGRESSION WITH TAIL-ROBUSTNESS

To derive the convergence rate for gnc = (giNc,--.,9k,Nc)T, recall that gpne =
min(Gn 1, fine) and gop < for. Now, if kac > Gnk, then gxNc = Gnik, implying
Ik, NC ~ 9ok = Onk — 90,k Otherwise, when fk Ne < gnk, we can consider two cases:

(i) fk: NC < gok and (ii) fk: NC > gok- For the first case, fk NC < Gnk and fk Ne < go,k With
90k < fox imply

= ’ﬁc,NC - gox\ < \f/@NC —

|GkNe —
For the second case, kaC < gn,i; and ﬁc,Nc > gok imply

|GkNC — go| = }J?k,Nc = 90| < |G — foxl-
Combining the two cases and noting that 7, > do, we have
| K
P{K > il Gng — goxl3 > 773} <3(1—e )l
k=1

which completes the proof. |

D.4 Proof of Technical Lemmas in Section D
D.4.1 PROOF OF LEMMA 42
For each f € Fnc(d), denote

(XuY; Zpak Y fk )) - pak(Yi - fO,k(Xz))

Since pq, (+) is a Lipschitz function for any 1 < k < K, we have

K

1
sup  |myg(X;, Vi) < sup I Z | fr(Xi) = for(Xi)| < 2Mo.
feFnc(d) feFnc(d) —1

Therefore, supgc 7, (s) [mf(Xi, Yi) — Emyp(X;, Y;)| < 4Mo =: A. Moreover,

2
sup E{ms(X;,Y;)} = sup E{ ZP%Y fu(X ))—pak(Yi—fo,k(Xi))}

feFnc(d) feFnc(d

< sup fEZ{p%Y Fe(X2)) = pay (Vi = for(X0))}

fEfNC(5)

< sup *EZ {Fe(X3) = for(X)}* < 02,

feFnc(o )

which further implies

2 2
sup E{mf(Xi,Y;) - Emf(Xi,Y;)} < sup E{mf(Xi,Y;-)} < 6% =: o2,
feFNc(9) feFnc(9)
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Denoting E(6) = Esupser.s) [0 Yiey my(Xi, Yi) — Emg(X;,Y;)|, Lemma 36 gives

2 4A
sup > 2E(0) + o4/ e (D.16)
Fe€Fnc(s n 3n

for any = > 0.

Now, we find an upper bound of the expectation £(5). We denote M,,(9) := {m¢(X;,Y;) :
f € Fne(0)}. To find an upper bound of the covering number of M, (§), choose any f, f’ €
M, (0). By definition of Gne, there exist v, v/, wi, wf, ..., wk_1, Wy _; € Fponn(d, Ly, Ny, Mp)
such that

me X;,Y;) — Emy(X;, ;)

el

-1 K-1 k—1

K-
1
= Z )+ > (wj) and f =0 — e (K = )u(wl) + > o(w)).
j=1 j=1 j=1 j=1

Thus, it follows that

Imp(Xi,Y;) — myp (X, Y7)| < | Py, (Yi — fr(Xi)) = pay, (Yi — fr(X0))]

= =
M) =

1 k;l
<% Z | fr(Xi) — Fr(X5)]
= K—1
< Jo(Xy) =o' (X)) + D |u(w;(Xy)) — e(wf(X3)))|
o
k=1

where the last inequality follows from the Lipschitz property of .. Now, we denote F,, =
Fonn(d, Lg, Ny, My). Combining this with Lemmas 39 and 41 gives that, for any € €
(0, K My),

log Noo (6, My (8),n) < Klog Neo(¢/ K, Fny,n) S Kd(LyN,)? log(dLyN,) log( K Myne/e).

Also, the Lipschitz property of p,(-) implies that F' = 2M) is an envelope function of M,,(4).
Thus, for any n-discrete probability measure @,

log N (e M (6), ] lg2) S Kd(Lqu)2 log(dLqNy) log(Ken/(2e)).
Applying Lemma 40, we have
2 2
B) < a\/Kd(Lqu) log(dLyNy) log (enKM()) oM, Kd(LyNg)”log(dLyNy) log <KenM0>
o

n n g

< 80 + 62

for any § > 1/n. Thus, when § > dncs, we have E(0) < 0ds. By combining this and (D.16),
there exists a universal positive constant ¢ > 0 such that

5up > o (65 + \/E> <e®
fEFn(S n

holds for any 0 < x < m52 and d > ds. This completes the proof. [ ]

me Xi,€) —Ems(X;, €)
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D.4.2 PrROOF OF LEMMA 43

Denote

mg(Xi,Y;) = Z apr, (wik) {90 k( gk(Xi)}

for any g € Gne, and denote the function class Mnc(n) = {mg : g € Gne(n)}. From the
definition of 1, (-) and the boundedness of g € Gne and g, we obtain

2M,
sup |mg(X;,Y;)| = sup Zaka‘QOk ae(Xi)| < =2

Z ) =: 2Mo7TNC,
9€Gnc(n) g€Gnc(n

which further implies SUPgeg,, () Img(Xi, €;) —Emg(X;, &) < 4AMomne =: A. Moreover, since
e, (Wi ) < max(7g, lw;k|), it follows that

K
1
sup E{mg(Xi7Y;)}2 < sup E Ezakwm(wi,k){go,k()(i) — ge(X5)}
gebne(n) HGQNC( )

max(2—p, mln 1,2
< L3 oman),miian) g Zakﬁ{g 90(X)P?
k=1 g€ine(n
L~ max( ), min(1,2/p)
max(2—p,0) min(1,2 2
< K Tk o Yok Y.
k=1

We thus have

2
sup  E{mg(X;, Vi) —Emg(X;,Yi)}” < sup  E{mgy(X;,Y;)}”
g€lne(n) gEGNc( )

Z x(2-p,0 mln(l 2/p)77 — o2
k

—y,2
=UNC

Denoting E(n) := Esupgegyo(n) In=LY  mg(X;,Y;) — Emg(X;,Y;)|, Lemma 36 implies

2z  4Azx
7+7

ngXZ,Y — Emy(X;,Y;) —

>2E(n) +

} <e® (D.18)

sup
g€Gne(n)

for any = > 0.

To establish an upper bound of E(n), we first find an upper bound of the uniform
covering number for the function class Mnc(n) = {mg : g € Gne(n)}. For any g,g" €
Gne(n), it follows that

}m!](Xiv YZ) - mg'(Xiv Y;)‘ =

K
% Z et (€i1) {gr(Xi) — gk(Xz‘)}‘- (D.19)
=1
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By definition of Gne, there exist 0,0, 71,7],...,rk—1,7%_1 € Fonn(d, Le, Ne, M) such
that
1 K-1 k—1 = k—1
= )+ Y urj) and g, =70 — I (K —j)u(r}) + ZL(T;)
]:1 j=1 j=1 j=1

Following a similar argument as in (D.17), we obtain from (D.19) that

mg(Xi,Yi) — mg (X, V)] STNC{W(Xi Xi)| + Z |7k (X3) — 7 X)|}.
Denote G, = Fpnn(d, Le, Ne, My). Combining the previous inequality with Lemma 39 and
Lemma 41 yields
log Noo (€, Mn(n),n) < Klog Noo(€/(KTNe), Gn, 1)

2e KM
< Klog (MOTNC> d(N.L.)? log(dN,L.). (D.20)

€

Now, let FI(X;, €;) := 2My7nc. Then, F' is an envelop function of the function class M,,(n).
Denoting F' := maxj<;<, F'(X;, ¢;) = F, we have

IFllgz = IFllz = 2Mor~c, and ||Fl2 = 2Mo7ne

for any n-discrete probability measure (). Therefore, for any n-discrete probability measure

Q,
log N (e[ F'll@.2: Mn(n), || - l@.2) < 1og Noo (€l FllQ.2, Mn (1), 1)

K
< Kd(L.N,)?log(dL.N.) log (e ”)
€

Combining this with Lemma 40, it follows that for any n > 1/n and 7/vnc > 1,
E(n)

Kdlog(dL.N, Kn - 2M,
<o- LeNe\/ og( ) log (e i OTNC)

n g

| Kd(LeN,)*log(dL,Ne) - 2Morxc log (eKn : 2MOTNC>
n

2
< {U ) LENE\/KdIOg(dLeNe) log (nTNC> n TNcKd(LeNe)*log(dLeNe) log (nTNC>}
n

UNCT) n UNCT)

. {U.LQNE \/Kdlog(dLeNe)1og(n27-NCyNé) N TNCKd(LeNe)Qlog(dLeNe)log(nQTNCVNé)}
n n

= nNC Vo, rvowne T 7—NCVn TNGLUNG

Therefore, there exists a universal constant C; > 0 such that

E(n) <0 '77{VNC + m}vn,TNc,VNc
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for any n > max(\/7NCVarnewnes 1/n). Also, if 0 < z < nn?/7ne, we have mnex/n <
ny/TNCy/ x/n. Putting the pieces together in (D.18), there exists a universal constant ¢ > 0
such that for any 7nc/vne > 1,17 > max(y/TNc Vi, rwene, 1) and 0 <z < nT]Q/TNc,

1 <& T 7x
130 - By (X, 2 hnfime + Ve (Vameone + /%) } <e,

]P’{ sup
g<onc(n) 1™ 5

which completes the proof. |

D.4.3 PrROOF OF LEMMA 44
For each g € Gne(n), define
K

1 ar{go,k(Xi)—gr(X:)}
mg<XZ,Y;) = /

K —~ Jo {w’l’k (wi,k +t) — s, (Wi,k)}dt,

and let My, (n) := {mg : g € Gne(n)}. To employ Lemma 36, note that

1 K rar{gor(X:)—gr(Xi)}
swp [m(X¥) = swp | [ (i ) = hry (i) bl
mEMun () g€bne(n) k=10
1 K rar{gor(Xi)—ge(Xi)}
< sup | / |t|dt| < 2Mg,
9€Gn(m) 1 1€ 1= Jo

where the first inequality follows from the Lipschitz property of ¢, (-). Thus, we have
SUDpe M, () |M(Xiy Vi) —Em(X;, Yi)| < 4MZ =: A. Also, by the Lipschitz property of ¥, (+)
and the boundedness, we have

2

) 1 K rar{gor(Xi)—ge(X:)}
sup E{m(X;,Y;)}" = sup E [K Z / {0, (Wi +1) — tbr, (wig) pdt
mEMn(n) gEQn(ﬁ) k=1 0

K rar{gor(Xi)—gr(X)} 2
< sup E{IZ/ |t|dt}

9€Gnc(n) K k=1"0
1 i Cti{ }2 2
= sup E{ - go,k(Xi)_gk(Xi) }
gelne(n) K k=1 2
1 K ot 4
< sup — Y —EE{gos(Xi) — gk(X,)}
g€Gne(n) K ; 4
K

which further implies

sup  E{m(X;,Y;) - Em(X;,Y)}? < sup  E{m(X;,Y)}* < M3n* =: o
meMy(n) meMy(n)
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Then, applying Lemma 36 yields

P sup
meMan(n)
for any = > 0, where E(n) := Esup,,c u,, () In~130 (1 —E)m(X,,Y;)].

We follow a similar argument as in the proofs of Lemma 43 to derive a bound of E(n).
By the Lipschitz property of ¢, , we have for any g,g’ € Gne that

>2E(n) +o i W} <e* (D.21)

}jnlxum —Em(X;,Y) s

K
) {906 (X0)~ g (X))
a0 g (06| = | 3 wmmﬂw%mmﬂ
k=1 7 {90,k (X Xi)}
K N (X
1 Oék{go,k(Xz) gk (Xi)}
<= |t]dt
K= Jatgon(Xi)—g}, (X))
K 9
1 @k 2 2
=% ; 5 [{90.6(Xi) — gx(Xi)}? — {g0.4(Xi) — g1(Xi)}?]
K
2M,
<% Z (X3)]-
By definition of Gy, there exist v, 7', 71,7, ..., 7xk—1,7%_; € Fpnn(d, Le, Ne, Mp) such
that
1 K- 1 k-1 1 K-1 o k—1 /
= J(r)+ > u(ry) and g, =7 — 7 2 (E = g)elrg) + ) olrj).
]:1 j=1 J=1 J=1

Following a similar argument as in (D.17), we obtain from the previous inequality that
K—1
Img (X, Yi) — mg/(X;, V)| < 2Mo{\5(X¢) V(X)) + D (X)) - T;@(Xi)l}-
k=1

Denote G, = Fpnn(d, Le, Ne, My). Together with Lemma 39 and Lemma 41, we obtain for
any 0 < e < 4M73 that

log Noo (€, M (n),n) < K log Noo(€/(2Mo), Gn, ) < Kd(LeNe)? log(dLeNe) log(8Mgne/ e).
We choose an envelope function F := 4Mg. Then, for any n-discrete probability Q,
log N(el| Fllg.2, Mn(n), || llg.2) S Kd(LeNe)?log(dLeNe) log(2Mone/e).
Thus, by Lemma 40, we have
E(n)

2 2 CAM2 2772
<o LeNe\/Kdlog(dLeNe) log <6n4M0> + d(LeNe)*log(dLeNe) - 4Mg log <en4a MO>
o

n g n

Kdlog(LeN, Kd(L.N.)?1og(dL.N,
gn.LGNe\/ L) (o1, KALNP (AL, (o)
n

n n i

S nVNC,n + VI\QIC,nv
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as long as n > 1/n. Thus, we have E(n) <1 Ve for n > Vg Also, if 0 < o < nn?,

then x/n < ny/x/n. Putting the pieces together in (D.21), there exists a universal constant
¢ > 0 satisfying

K n . )
1 ak{go,k(xz)_gk(xz)}
g€Gne(n) [T 3= Z—1
/ € —z
> cgn| Vnen + - <e
for n > Vnc,n. This establishes the claim. |

D.4.4 PrROOF OoF LEMMA 45

For each given g € Gne(n) and f € Fne, define

ap{go,k(Xi)—gr(Xs)}
mfg(Xqu; Z/ {wTk(wzk"i_Zz k(fk) 2k(f0k)+t) wﬂg(wzk"'t }dt

and let My(n) = {mgq : f € Fncand g € Gne(n)}. Then, we need to find a high
probability bound of the following empirical process,

1 n
EZ 1_ X’M}/;/)

=1

sup
mEMn

To apply Lemma 36, it follows from the bounded property of Fxc, One, fo and gg that
sup  |m(X;,Y])]

meMn(n)
K par{gor(Xi)—gr(Xi)}
= sup sup | Z/ {r, (Wi + Zi k(&) = Zip(for) + 1) — r (wige + t) pdt
FeFnc gebne(n) k=1
< sup sup Zak|go k gr(X) || fe(Xi) = for(Xi)| < 4Mg,

feFne gegno(n) K
where the first inequality follows from (C.6) and
[Vre (Wi + Zie(fr) = Zip(foge) + 1) — ¥r, (Wi + )] < 1 Ziw(fr) = Zig(for)l-

Therefore, we obtain sup,,c aq, () (X, ¥i) —Em(X;, Y;)| < 8MZ =: A. Moreover, it follows
from (C.6) that

sup E{m(X,, 1)}

meMn(n)
K 2
1
< sup  sup E ® Zak‘go,k(xi) — 9k(X)|| Zik (Fr) = Zig(for)|
FeFnc geGne(n) k=1

<4ME sup E

< 4M0 77 )
gebne(n)

K
Z Fo0(X3) — gr(X3)}*
k:
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which further implies

sup  E{m(X;,Y;) —Em(X;,Y;)}? < sup E{m(X;,¥)} <4Min? =: o
mEMn(n) meEMn(n)

Denoting E(n) = Esup,,cat, (n) In=13°  m(X;,Y;) — Em(X;,Y;)|, Lemma 36 gives

9r  4A
P{ sup >2B(n) +oy) — + 2\ <o (D22)
meMy(n) | T n 3n

for any x > 0.

Next, we turn to bounding the expectation, E(n). We choose F = 4M¢ to be an envelope
function of M,,(n). To calculate the uniform covering number of the function class M,,(n),
note that following a similar argument which leads to (C.6) gives that

\Zi k(fr) = Zia(fi)| < 1fe(Xe) = fr(X0)]

for any f, f;. € Fn := Fonn(d, Lq, Ng, My). Thus, given f, f' € Fnc and g,¢’ € Gne, we
have

Zm Xw}/l ]Em(X’Lv}/Z)

|mf»9(Xi’ Yl) — mygr g (Xia Y;)‘
< |myg(Xi,Y) — mypr g(Xi, Yi)| + [myr g (Xi, Yi) — myr g/ (X3, Vi)

1 ak{g0,k(Xi)—gK(Xe)}
= ‘K Z/ {Vre Wik + Zin(fr) — Zig(for) + 1)
k=170

— Un Wik + Zik(fr) = Zin(for) +1)}dt

1 Ko rar{gor(Xi)—gr(Xi)} ,
+ ‘K 2. {Un @ik + Zik(fi) = Zig(For) +) = Ur(wip + 1) bt
—1 Y or{go.r(Xi)—g;, (X))}
1 K
< o 2 19X~ a0a (Kl Zin(fi) — Zun(l)l + 2 Z l96(X2) = Gk (X1 Zi (1) = Zi( fou)
=1
K
2M, 2M
< 'a Z = Z lgr (X Xi)l,
k=1

where the second inequality follows from the Lipschitz property of 1., and the last in-
equality holds by the bounded property. Denote F, = Fpnn(d, Ly, Ny, Mp) and G,, =
Fponn(d, Le, Ne, My). Then, following a similar argument as in the proofs of Lemmas 42
and 43, we have

Noo(e - AMg, My (n),n) < Noo(e - Mo/ K, F,n)™ - No(e - Mo/ K, Gr,n) ",

which, combined with Lemma 39 and Lemma 41, implies that
log N(e| Fllg.2: Ma(n), I - l02) S {Kd(LyNy)?log(dLyNy) + Kd(L.N,)* log(dLN,)} log(enk /e)
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for any n-discrete probability @, where F' = 4Mg. Together, this and Lemma 40 give

En) < .

i \/Kd(Lqu)2 log(dLyNg) + Kd(LeNo)? log(dLeNe) | <enK : 4M02)
n

N AM@ - {Kd(LyN,)?log(dL,N,) + Kd(L¢N.)*log(dLeNe)} log (enK : 4M3>

n g

S n(ones + Wom) + (Ones + V),

as long as n > 1/n. Therefore, there exists a universal constant C; > 0 satisfying E(n) <
Cin(dncs + Vnon) for n > (oncs + VNe,n). Combining this with (D.22), there exists a
universal positive constant cj such that for any 0 < x < nn?,

P sup > 0577 <5NC,S + VNC,n + \/E> < e ”.
meMy (n) n

This completes the proof. |

1 n
— > m(X;,Yi) - Em(X;, ;)
=1

Appendix E. Additional Simulation Results

E.1 Simulation Results for Various Data-Generating Processes

In this section, we present simulation results for five estimators—DES, DRES, NC-DRES, LLES,
and WSIQR—under four distinct data-generating processes. Following the setup in Section 4.1,
we generate data from the heteroscedastic model Y = hq(X) + ho(X)n, where each coor-
dinate of X is independently sampled from Unif(0,1). The four scenarios are defined as
follows:

(i) For & = (x1,...,28)" €[0,1]%,

ha () = cos(2ma) + oty
x) = cos(2mx
! VT T4 emmeas (L4 24 +x5)3 26+ 7778’ (E.1)
. m(x1 + z2) g '
(ii) For = (z1,...,210)" € [0,1]1,
B 1 T3+ T4 . T7 +x8 + T9 + T10
hl(m) o 14 e T1—22 (1 + 3+ ZL‘4)2 + SIH(QW('TE’ + x6)) + 2(1 + er7+w8+19+x10)’
ho(x) = 0.1 + sin (g(azl + x2 + x3)> + log(1 + (xgz10)?). (E.2)
(iii) For = (z1,...,712)" € [0,1]*2,

hi(x) = exp(x1 — 22 + 23 — 24 + 25 — T + o7 — 28 + Tg — T10 + T11 — T12),

hg(m) = 0.1 +sin <17T2(—$1 + T3 —Ts +xT7 — Tg + .CIZ‘11)) . (E3)
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Normal

T ‘ DES DRES NC-DRES LLES WSIQR
0.05 | 0.216 (0.006) 0.184(0.007) 0.234(0.007) 0.769(0.004) 1.173(0.005)
0.10 | 0.139(0.004) 0.132(0.005) 0.131(0.002) 0.522(0.003) 1.006 (0.003)
0.15 | 0.108 (0.002) 0.104 (0.002) 0.098 (0.001) 0.359(0.002) 0.907 (0.002)
0.20 | 0.093(0.001) 0.090(0.001) 0.086(0.001) 0.364(0.002) 0.841(0.002)
0.25 | 0.082(0.001) 0.081(0.001) 0.084(0.001) 0.329(0.002) 0.791(0.002)

t distribution

T ‘ DES DRES NC-DRES LLES WSIQR
0.05 | 0.875(0.017) 0.585(0.016) 0.345(0.007) 1.400(0.224) 1.502 (0.160)
0.10 | 0.373(0.013) 0.229(0.009) 0.149(0.003) 0.742(0.066) 0.981 (0.032)
0.15 | 0.224(0.010) 0.123(0.003) 0.101(0.002) 0.537(0.047) 0.806 (0.002)
0.20 | 0.146 (0.008) 0.085(0.002) 0.085(0.002) 0.486(0.025) 0.756 (0.001)
0.25 | 0.106 (0.006) 0.066 (0.001) 0.081(0.002) 0.408 (0.023) 0.721(0.001)

Pareto

T ‘ DES DRES NC-DRES LLES WSIQR
0.05 | 1.186(0.023) 0.890(0.022) 0.538(0.013) 1.545(0.067) 1.492(0.033)
0.10 | 0.579(0.021) 0.318(0.010) 0.213(0.004) 0.985(0.033) 1.044 (0.009)
0.15 | 0.289(0.011) 0.164 (0.003) 0.135(0.002) 0.820(0.069) 0.903 (0.003)
0.20 | 0.177(0.007) 0.110(0.002) 0.108(0.002) 0.559(0.039) 0.865 (0.002)
0.25 | 0.128(0.004) 0.083(0.001) 0.099(0.002) 0.431(0.025) 0.851(0.001)

Table 1: Empirical mean squared error (MSE) with corresponding standard errors (in
parentheses) under model (E.1). The best performance at each 7 level is high-
lighted in bold.

. ,{L‘Qo)T S [0, 1]20,
_ 1 T4+ X5 + T
14 exp(—(z1+ 22 +23)) 1+ (24 + 25+ 26)

(12 + T13)T14
1+ ($12 + 213+ 1‘14)2

(iv) For & = (z1,..

hy(z) 5 + sin(2 (27 + 23))

+ cos(w(acg + 10 + xn)) +

15 + Z16 + T17
2(1 + exp(:r15 + 216 + 3:17))

+ tanh(z18 + 219 + 20),

ho(x) = 0.1 + sin (;r(xl + 22 + 23 + 219 + x20)> +log(1 + (z9z10)?). (E.4)

We consider three error distributions for 7: (i) the standard normal distribution N(0,1)
(light-tailed), (ii) the scaled t-distribution t2.25/3 (heavy-tailed), and (iii) the scaled reflected
Pareto distribution —Z/3, where Z ~ Pareto(2.25) with support [1,00). We set n = 4,096
for DGPs (i)-(iii), and n = 8,192 for model (iv). The results are reported in Tables 1-4.
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Normal

T ‘ DES DRES NC-DRES LLES WSIQR
0.05 | 0.806 (0.007) 0.758 (0.006) 0.625(0.040) 0.644(0.001) 0.763(0.003)
0.10 | 0.671(0.008) 0.644 (0.009) 0.466 (0.016) 0.617(0.001) 0.684(0.002)
0.15 | 0.563(0.010) 0.543(0.011) 0.419(0.013) 0.582(0.001) 0.636(0.001)
0.20 | 0.468(0.011) 0.464 (0.012) 0.402(0.012) 0.561(0.001) 0.605 (0.001)
0.25 | 0.411(0.012) 0.409(0.012) 0.391(0.011) 0.548(0.000) 0.581(0.001)

t distribution

T ‘ DES DRES NC-DRES LLES WSIQR
0.05 | 0.786(0.023) 0.671(0.006) 0.482(0.009) 1.017(0.071) 0.883(0.055)
0.10 | 0.658 (0.009) 0.611(0.007) 0.371(0.011) 0.774(0.020) 0.696 (0.015)
0.15 | 0.579(0.008) 0.522(0.010) 0.338(0.011) 0.588(0.008) 0.631(0.001)
0.20 | 0.542(0.010) 0.463(0.013) 0.320(0.011) 0.540(0.004) 0.619(0.001)
0.25 | 0.480(0.012) 0.391(0.015) 0.305(0.011) 0.527(0.002) 0.611(0.001)

Pareto

T ‘ DES DRES NC-DRES LLES WSIQR
0.05 | 0.919(0.035) 0.756 (0.006) 0.647(0.014) 1.021(0.057) 1.002(0.047)
0.10 | 0.692(0.008) 0.651(0.005) 0.413(0.009) 0.746(0.016) 0.744(0.015)
0.15 | 0.616(0.023) 0.534(0.007) 0.349 (0.008) 0.662(0.008) 0.673(0.002)
0.20 | 0.534(0.009) 0.425(0.011) 0.323(0.008) 0.576(0.004) 0.672(0.001)
0.25 | 0.455(0.010) 0.323(0.011) 0.306 (0.008) 0.564 (0.003) 0.680 (0.001)

Table 2: Empirical mean squared error (MSE) with corresponding standard errors (in
parentheses) under model (E.2). The best performance at each 7 level is high-
lighted in bold.

E.2 Sensitivity Analysis on the Robustification Parameter

In Section 2.4, we specified the robustification parameter as 7 = ’1/\;/ 2(n/ logn)%3, and
this choice was used throughout the numerical studies in Section 4. In this section, we
perform a sensitivity analysis to examine the impact of varying 7. Specifically, for const €
{0.1,0.2,...,2.0}, we compute the DRES estimator using 7 = Tconstf/\;ﬂ(n/ logn)?3. The
data-generating process follows that described in Section 4.1, with a sample size n = 4,096.

Figure 6 presents boxplots of the empirical MSPEs (M/SFE) corresponding to each choice
of Teonst at @ = 0.1. From left to right, we observe that a very small 7 value leads to higher
bias—reflected in noticeably larger MSPEs—but provides greater robustness, as indicated by
fewer outlying points outside the boxes. In contrast, a large 7 value makes the estimator
more sensitive to heavy-tailed error distributions, resulting in a higher likelihood of poor
estimates.
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Normal

T ‘ DES DRES NC-DRES LLES WSIQR
0.05 | 0.110(0.001) 0.105(0.001) 0.115(0.000) 0.088(0.000) 0.209 (0.001)
0.10 | 0.079(0.001) 0.077(0.000) 0.079(0.000) 0.062 (0.000) 0.136 (0.000)
0.15 | 0.062(0.000) 0.061 (0.000) 0.061(0.000) 0.047 (0.000) 0.099 (0.000)
0.20 | 0.050(0.000) 0.050(0.000) 0.050(0.000) 0.034 (0.000) 0.077(0.000)
0.25 | 0.041(0.000) 0.041 (0.000) 0.042(0.000) 0.032(0.000) 0.062 (0.000)

t distribution

T ‘ DES DRES NC-DRES LLES WSIQR
0.05 | 0.094 (0.003) 0.077(0.001) 0.083(0.000) 0.074(0.005) 0.127(0.003)
0.10 | 0.042(0.001) 0.038(0.000) 0.040(0.000) 0.033(0.002) 0.060 (0.001)
0.15 | 0.027(0.000) 0.025(0.000) 0.026 (0.000) 0.022(0.001) 0.036 (0.000)
0.20 | 0.020(0.000) 0.018(0.000) 0.019(0.000) 0.015(0.000) 0.026 (0.000)
0.25 | 0.015(0.000) 0.014 (0.000) 0.014(0.000) 0.011 (0.000) 0.019 (0.000)

Pareto

T ‘ DES DRES NC-DRES LLES WSIQR
0.05 | 0.060 (0.004) 0.048(0.001) 0.071(0.000) 0.057(0.015) 0.084 (0.005)
0.10 | 0.022(0.001) 0.019(0.000) 0.026 (0.000) 0.022(0.005) 0.034 (0.001)
0.15 | 0.013(0.000) 0.011(0.000) 0.014(0.000) 0.011(0.002) 0.018(0.000)
0.20 | 0.009 (0.000) 0.007 (0.000) 0.008(0.000) 0.009 (0.002) 0.012(0.000)
0.25 | 0.007 (0.000) 0.006 (0.000) 0.006 (0.000) 0.006 (0.001) 0.009 (0.000)

Table 3: Empirical mean squared error (MSE) with corresponding standard errors (in
parentheses) under model (E.3). The best performance at each 7 level is high-
lighted in bold.
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