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Abstract

We present statistical convergence results for the learning of (possibly) non-linear mappings
in infinite-dimensional spaces. Specifically, given a map G0 : X → Y between two separable
Hilbert spaces, we analyze the problem of recovering G0 from n ∈ N noisy input-output
pairs (xi, yi)

n
i=1 with yi = G0(xi) + εi; here the xi ∈ X represent randomly drawn “de-

sign” points, and the εi are assumed to be either i.i.d. white noise processes or subgaussian
random variables in Y. We provide general convergence results for least-squares-type em-
pirical risk minimizers over compact regression classes G ⊆ L∞(X,Y), in terms of their
approximation properties and metric entropy bounds, which are derived using empirical
process techniques. This generalizes classical results from finite-dimensional nonparamet-
ric regression to an infinite-dimensional setting. As a concrete application, we study an
encoder-decoder based neural operator architecture termed FrameNet. Assuming G0 to be
holomorphic, we prove algebraic (in the sample size n) convergence rates in this setting,
thereby overcoming the curse of dimensionality. To illustrate the wide applicability, as
a prototypical example we discuss the learning of the non-linear solution operator to a
parametric elliptic partial differential equation.

Keywords: nonparametric estimation, neural networks, operator learning, minimax con-
vergence rates, empirical risk minimization, partial differential equations

1. Introduction

Learning non-linear relationships of high- and infinite-dimensional data is a fundamental
problem in modern statistics and machine learning. In recent years, “Operator Learning”
has emerged as a powerful tool for analyzing and approximating mappings G0 between
infinite-dimensional spaces (Li et al., 2020; Hesthaven and Ubbiali, 2018; Bhattacharya
et al., 2021; Lu et al., 2021; Raonic et al., 2023; Anandkumar et al., 2019; Owhadi and
Yoo, 2019; Nelsen and Stuart, 2024; Kovachki et al., 2024b). The primary motivation for
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considering truly infinite-dimensional data stems from applications in the natural sciences,
where inputs and outputs of operators are elements in function spaces. For instance, G0

could be the operator relating an initial condition x of a dynamical system to the state
G0(x) of the system after a certain time, or a coefficient-to-solution map of a parametric
partial differential equation (PDE).

For finite-dimensional inputs and outputs, nonparametric regression is the standard
framework for inferring general, non-linear relationships. There, one aims to reconstruct
some “ground truth” G0 : Rd → Rm, d, m ∈ N, from noisy data (xi, yi) ∈ Rd × Rm,
i = 1, . . . , n, generated via yi = G0(xi) + εi, where xi are called the “design points” and
εi are typically independent and identically distributed (i.i.d.) noise variables. In the
framework of empirical risk minimization (ERM), one chooses a suitable function class GGG
of mappings from Rd to Rm and some loss function L : Rm × Rm → R measuring the
discrepancy between predictions G(xi) and the data yi. Statistical estimation is achieved
by minimizing

Ĝn ∈ argmin
G∈GGG

Jn(G), Jn(G) :=
1

n

n∑
i=1

L(G(xi), yi), (1.1)

assuming that minimizers exist. In the finite-dimensional setting, statistically optimal con-
vergence rates for such estimators were established for least-squares, maximum likelihood,
and more generally “minimum contrast” estimators (van de Geer, 2000; Barron et al., 1999;
Birgé and Massart, 1993); see also Schmidt-Hieber (2020a) where such results are shown for
ERMs over neural network classes. However, as is well-known, both—approximation rates
(DeVore et al., 1989; DeVore and Lorentz, 1993) as well as statistical convergence rates
(van de Geer, 2000; Giné and Nickl, 2016) over classical smoothness classes—deteriorate
exponentially in terms of the dimension d. This renders computations practically infeasible
for large d. This phenomenon is referred to as the curse of dimensionality, see also Section
4.1 ahead.

The framework for operator learning considered in this paper can be viewed as a direct
extension of (1.1) to infinite dimensions. Given Hilbert spaces X and Y, and a mapping
G0 : X → Y, the goal is to reconstruct G0 from “training data” (xi, yi) ∈ X× Y with

yi = G0(xi) + εi,

where the regression class GGG is a suitable set of measurable mappings between X and Y

and εi are centered noise variables, see Section 2 for details. This “supervised learning”
setting underlies popular methods such as the PCA-Net (Hesthaven and Ubbiali, 2018;
Bhattacharya et al., 2021).

We also mention the framework of “physics-informed learning” which is common in
operator learning (relevant e.g. for the DeepONet Lu et al. 2021), but which is not considered
in the present manuscript. Here, information on the ground truth G0 is not known in the
form of input-output pairs, but instead is implicitly described via

N(x,G0(x)) = 0,

where N : X × Y → Z for a third vector space Z. Typically, N(x, ·) encodes a family of
differential operators parametrized by x which represent the underlying physical model. In
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this case, the loss to minimize is a residual of the form
∑n

i=1 ∥N(xi, G(xi))∥2Z, thus leading to
an “unsupervised learning problem”. The two cases, supervised and unsupervised learning,
can also be combined. Various different (neural network based) architectures (i.e. regression
classes GGG) have been proposed in recent years for the purpose of supervised or unsupervised
operator learning.

1.1 Outline and Contributions

We provide statistical convergence results for operator learning which do not suffer from
the curse of dimensionality, and which can be applied to prototypical problems in the PDE
literature. We first develop our theory in an abstract setting for ERMs over classes of map-
pings between separable Hilbert spaces, and later apply our theory to concrete examples.
In doing so, we build upon and synthesize influential proof techniques from nonparametric
statistics, in particular M-estimation (van de Geer, 2001; Nickl et al., 2020), approximation
theory for parametric PDEs (Cohen et al., 2011; Cohen and DeVore, 2015; Herrmann et al.,
2024), and empirical process theory (Talagrand, 2005; Dirksen, 2015).

To illustrate the scope of our contributions, we start by stating a convergence result for
the elliptic “Darcy flow” problem on the d-dimensional torus. This is a standard example
in PDE driven forward and inverse problems (Babuška et al., 2010; Chkifa et al., 2015b;
Cliffe et al., 2011; Schwab and Stuart, 2012; Stuart, 2010; Nickl, 2023; Nickl et al., 2020).
We aim for an informal exposition here, with full details given in Section 4: Denote by Td

the d-dimensional torus, fix a smooth source function f : Td → (0,∞) and let amin > 0. For
a sufficiently smooth and uniformly positive conductivity a : Td → R, denote by G0(a) the
unique solution of the elliptic PDE

−∇ · (a∇u) = f on Td and

∫
Td

u(x)dx = 0. (1.2)

Now let γ be some probability distribution on L2(Td) such that

supp(γ) ⊆
{
a ∈ Hs(Td) : inf

x∈Td
a(x) ≥ amin, ∥a∥Hs(Td) ≤ R

}
, (1.3)

for some R > 0, s > 2d + 1. Suppose we observe noisy input-output pairs (ai, yi)
n
i=1 given

by yi = G0(ai) + εi, where the εi are independent L2(Td)-Gaussian white noise processes
(Section 2). The operator G0 can then be learned from this data as stated in the next
theorem (for details see Section 4.2); it regards empirical risk minimizers Ĝn over the so-
called FrameNet GGGFN, which corresponds to a neural network based class of measurable
mappings X → Y (Section 3). Formally, Ĝn is defined as a minimizer of the least squares
objective

Ĝn ∈ argmin
G∈GGGFN

1

n

n∑
i=1

∥yi −G(ai)∥2L2(Td), (1.4)

although a suitable modification is required to make this mathematically rigorous (Section
2.1).

Theorem 1 (Informal) Consider the operator G0 from the Darcy problem on the d-di-
mensional torus Td (d ≥ 2), and suppose that γ satisfies (1.3) for some s > 3d/2 + 1 and
amin > 0. Fix τ > 0 (arbitrarily small).
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Then there exists a constant C such that for each n ∈ N there exists a FrameNet class
GGGFN(n) and any empirical risk minimizer Ĝn in (1.4) satisfies1

EG0

[∫
∥Ĝn(a)−G0(a)∥2L2(Td)dγ(a)

]
≤ Cn−

2s+2−3d
2s+2−d

+τ . (1.5)

The most significant feature of the above statement is that, although G0 maps between
infinite-dimensional spaces, the convergence rate in (1.5) is algebraic in n. Thus, it does
not suffer from a curse of dimensionality with respect to the operator input a. The strong
dependence on the spatial dimension d remains, but this reflects a curse of dimensionality
that is generally unavoidable due to finite spatial smoothness, e.g., DeVore et al. (1989).
Moreover, for infinitely smooth input data (s → ∞), the convergence rate gets arbitrarily
close to n−1. The classesGGGFN, whose existence is postulated by the theorem, can be precisely
characterized in terms of the sparsity, depth, width and other network class parameters,
which are chosen in terms of the statistical sample size n. We also note that the regularity
assumption s > 3d/2 + 1 was made here for convenience and can be weakened to s > 3d/2,
see Theorem 27 and Remark 28 below.

To achieve Theorem 1 and several other related results, we build our theory in multiple
steps. In Section 2, a general regression framework for mappings between Hilbert spaces is
considered. Our first main result, Theorem 5, gives a non-asymptotic concentration upper
bound on the empirical risk between Ĝn and G0, with respect to the design points ai. The
upper bound is quantified in terms of the metric entropy of the “regression class” GGG and
the best approximation of G0 from GGG. Theorem 6 strengthens this statement to L2(γ)-loss,
for the case of random design points ai ∼ γ. These results provide an operator learning
analogue to classical convergence rates in nonparametric regression. The proofs rely on
probabilistic generic chaining techniques (Talagrand, 2014; Dirksen, 2015) and “slicing” ar-
guments as introduced in van de Geer (2001), which we generalize to the current setting. We
also note our proofs contrast existing nonparametric statistical analyses of neural networks
(Schmidt-Hieber, 2020a) for real-valued regression, where generic chaining techniques were
not required for obtaining optimal rates (up to log-factors).

In the second part of this work, we apply our statistical results to the specific deep
operator network class GGGFN termed “FrameNet” and introduced in Herrmann et al. (2024).
Together with their underlying decoder-encoder structure and feedforward neural network
structure, FrameNet classes are defined in Section 3. These classes are known to satisfy
good approximation properties for holomorphic operators, a property which is fulfilled for
the Darcy problem (1.2) and more broadly a wide range of PDE based problems (Cohen
et al., 2010, 2011; Cohen and DeVore, 2015; Jerez-Hanckes et al., 2017; Harbrecht et al.,
2016; Henŕıquez and Schwab, 2021; Hiptmair et al., 2018; Spence and Wunsch, 2023; Cohen
et al., 2018). In Section 3, we identify such operator holomorphy as a key regularity property
which allows to derive “dimension-free” statistical convergence rates. By extending approx-
imation theoretic results from Herrmann et al. (2024), see Theorem 18 below, as well as
establishing metric entropy bounds forGGGFN based on Schmidt-Hieber (2020a), we obtain al-
gebraic convergence results for ERMs over FrameNet classes, for reconstructing holomorphic
operators G0. Specifically, Theorem 23 bounds the L2-risk E[∥Ĝn −G0∥2L2(γ)] ≲ n−κ/(κ+1),

1. Here and in the following EG0 denotes the expectation w.r.t. the random data (xi, yi)i generated by the
ground truth G0. Similarly, we write PG0 for corresponding probabilities.
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Theorem 18
Approximation

[CDS11],
[HSZ24] Lemma 20
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Darcy Flow

[HSZ24]

Theorem 26
Finite-Dim

Figure 1: Dependency diagram of the main theorems, lemmas and references in this work.

where κ > 0 denotes the approximation rate established in Herrmann et al. (2024). We
treat the case of ReLU and RePU (Li, 2020) activation functions for both sparse and fully-
connected architectures.

In Section 4, we illustrate the usefulness of our general theory in two concrete settings.
First, we show how our theory recovers well-known minimax-optimal convergence rates for
real-valued regression (i.e., Y = R) on d-dimensional domains. This proves that our abstract
results from Section 2 cannot be improved in general, although matching lower bounds are
yet unknown in the infinite-dimensional setting. Thereafter, Section 4.2 demonstrates how
our theory can be used to yield the first algebraic convergence rates for a non-linear operator
arising from PDEs—see in particular Theorem 27 and Remark 28, which underlie Theorem
1. Figure 1 summarizes the dependencies between the main theorems, lemmas and key
references underlying the results in this work.

1.2 Existing Results

The approximation of mappings between infinite-dimensional spaces has been studied ex-
tensively in the context of Uncertainty Quantification, where G0 corresponds to the solution
operator of a parameter dependent PDE. Various methodologies have been proposed and
analyzed for this task, including for example compressed sensing (Doostan and Owhadi,
2011; Rauhut and Schwab, 2017), sparse-grid interpolation (Chkifa et al., 2013; Nobile
et al., 2008), least-squares (Cohen et al., 2017; Chkifa et al., 2015a), and reduced basis
methods (Quarteroni et al., 2016; Hesthaven et al., 2016). Recently, neural network ap-
proaches have become increasingly popular for this task as they provide a highly expressive
and fast to evaluate parametrization of high-dimensional functions. These attributes make
them particularly useful for learning surrogates in scientific applications (Hesthaven and
Ubbiali, 2018; Lu et al., 2021; Li et al., 2020; Bhattacharya et al., 2021; Anandkumar et al.,
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2019; O’Leary-Roseberry et al., 2022; O’Leary-Roseberry et al., 2024; Becker et al., 2024;
Cicci et al., 2022; Dal Santo et al., 2020; Kröpfl et al., 2022).

Approximation Theory for Neural Operators. First theoretical results on operator learning
focused on the approximation error, establishing the existence of neural network archi-
tectures capable of approximating G0 up to a certain accuracy, with the error decreasing
algebraic in terms of the number of learnable network parameters. For example, the works
Schwab and Zech (2019); Kutyniok et al. (2022); Schwab and Zech (2023) showed that neu-
ral networks have sufficient expressivity to efficiently approximate certain (holomorphic)
mappings G0. Such results are based on the observation that the smoothness of G0 im-
plies the image of this operator to have moderate n-widths, i.e. to be well approximated
in moderate-dimensional linear subspaces (Dung et al., 2023; Cohen et al., 2010, 2011; Co-
hen and DeVore, 2015; Hoang and Schwab, 2014; Bachmayr et al., 2017). Specifically for
DeepONets (Lu et al., 2021), such a result was obtained in Lanthaler et al. (2022), and for
the presently considered architecture in Herrmann et al. (2024). Moreover, Schwab et al.
(2025) provided a statement of this type for Lipschitz continuous operators by exploiting
so-called superexpressivity of certain classes of neural networks.

Statistical Theory for Neural Operators. The analysis of sample complexity has received
less attention so far. In Lanthaler (2023), the authors analyzed in particular the error of
PCA encoders and decoders used for PCA-Net, but did not analyze the statistical error for
the full operator. The work de Hoop et al. (2023) provides such a result for the estimation
of linear and diagonalizable mappings from noisy data; for lower bounds see for example
Chagny et al. (2025). For other work on “functional regression”, see, e.g., Greven and
Scheipl (2017); Morris and Carroll (2006). An analysis for nonparametric regression of
nonlinear mappings from noisy data in infinite dimensions was provided in Liu et al. (2024).
There, the authors considered Lipschitz continuous mappings G0, and proved consistency
in the large data limit. Additionally they give convergence results, which, however, are
subject to the curse of dimensionality. This is due to their very general assumption on the
smoothness of G0: It was shown very early (Mhaskar and Hahm, 1997), that the nonlinear
n-width of Lipschitz operators in L2 decays only logarithmically, i.e. the number of (exact)
data points needed for the reconstruction of the functional is exponential in the desired
accuracy. Recently, Kovachki et al. (2024a) generalized these results and showed a generic
curse of dimensionality for the reconstruction of Lipschitz operators and Ck-operators from
exact data. Moreover, the authors show that under the existence of some intrinsic low-
dimensionality allowing for fast approximation, also the dependence on the data complexity
improves.

Concerning the case of noisy and holomorphic operators, we also refer to the recent
works Adcock et al. (2025, 2024) who consider a setup similar to ours, and, unlike us, treat
the more general case of Banach space valued functions. The authors derive upper bounds
and concentration inequalities for the L2-error, and lower bounds for the approximation
error, in terms of a neural network based architecture. Key differences to our work include
in particular that the results of Adcock et al. (2025, 2024) do not address convergence in
the noise-polluted large data limit n→ ∞, nor do they directly yield convergence rates for
concrete PDE models; the latter typically requires to exploit PDE regularity theory to show
holomorphy in spaces of higher spatial regularity, leading to a multilevel decomposition of
the operator. Moreover, the generalization results in these works either focus on linearly
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parametrized models (Adcock et al., 2025, 2024), or are restricted to specific subsets of min-
imizers (Adcock et al., 2024, Theorem 3.2). Our analysis aims to fill this gap by providing
generalization bounds for arbitrary minimizers and nonlinear parameter dependence, as is
standard for neural networks.

M-Estimation in Nonparametric Regression. Convergence theory of M-estimators and (pe-
nalized) empirical risk minimizers was investigated around the 2000s in foundational works
(van de Geer, 2000; van de Geer, 2001; Birgé and Massart, 1993; Barron et al., 1999). These
works build on concentration inequalities for empirical processes using “chaining” techniques
which date back to seminal contributions, see Talagrand (2014); Giné and Nickl (2016)
and references therein. These techniques are known to produce minimax-optimal rates
n−2s/(2s+d) for ERMs over s-smooth Sobolev, Hölder and more generally, Besov smoothness
classes of real-valued functions on bounded d-dimensional Euclidean domains. The analysis
of neural-network based ERMs was initiated by the work Schmidt-Hieber (2020a), which
considered regression over (compositional) Hölder classes on finite-dimensional domains,
and was followed by several other works such as Suzuki (2019). We also mention Nickl
et al. (2020); Nickl and Wang (2024); Agapiou and Wang (2024) which analyze ERMs in
non-linear elliptic PDE-based inverse problems such as the “Darcy” flow problem studied
here. The present Hilbert space setting falls outside the scope of such classical theory
for scalar-valued functions. However, the derivation of our concentration inequalities for
ERMs does build upon the same probabilistic empirical process machinery laid out above
(Talagrand, 2014; Dirksen, 2015).

1.3 Notation

We write N = {1, 2 . . . } and N0 = {0, 1, 2, . . . }. We write an ≲ bn, an ≳ bn for real sequences
(an)n∈N, (bn)n∈N if an is respectively upper or lower bounded by a positive multiplicative
constant which does not depend on n (but may well depend on other ambient parameters
which we make explicit whenever confusion may arise). By an ≃ bn, we mean that both
an ≲ bn and an ≳ bn.

For a pseudometric space (T, d) and any δ > 0, let N(T, d, δ) be the δ-covering number
of T , i.e. the minimal number of open δ-balls in d needed to cover T . We denote the metric
entropy of T by

H(T, d, δ) = logN(T, d, δ).

Given a Borel probability measure γ on X and a subset D ⊆ X, we define the norms

∥G∥2L2(X,γ;Y) :=

∫
X

∥G(x)∥2Y dγ(x),

∥G∥∞,D := sup
x∈D

∥G(x)∥Y

and also write ∥ · ∥L2(γ) and ∥ · ∥∞ if the underlying spaces are clear from context. The
space of real-valued, square summable sequences indexed over N is denoted by ℓ2(N). The
complexification of a real Hilbert space H is denoted by HC (Kirwan, 1997; Muñoz et al.,
1999).
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2. Regression in Hilbert Spaces

In the following we formalize a regression framework for mappings between Hilbert spaces.

2.1 Problem Formulation

Throughout, let X and Y denote two separable (real) Hilbert spaces with respective inner
products ⟨·, ·⟩X, ⟨·, ·⟩Y and suppose

G0 : X → Y

is some non-linear (Borel measurable) operator which we aim to reconstruct. The observed
data are assumed to be noisy “input-output pairs” (xi, yi)

n
i=1 ∈ (X× Y)n given by

xi
iid∼ γ, i = 1, . . . , n, (2.1a)

and
yi = G0(xi) + σεi, i = 1, . . . , n, (2.1b)

where σ > 0 denotes a scalar “noise level”, εi are independent random noise variables and
γ is a probability distribution on X. The xi ∈ X are also referred to as the “design points”,
and we write xxx = (x1, ..., xn) ∈ Xn. We will both derive results which are conditional on the
design xxx, as well as results for random design. To avoid confusions, we will use the notations
Pxxx
G0

, Exxx
G0

to denote probabilities and expectations under the distribution (2.1) with fixed
design xxx, and we use PG0 , EG0 to denote probabilities and expectations with random design
xi ∼ γ.

Remark 2 In practice, we will often deal with scenarios in which G0 is only defined on
some measurable subset V ⊂ X, see e.g. the solution operator for the Darcy flow in Section
4.2.1. In this case, our results from Section 2.2 can be applied to any measurable extension
of G0 onto X. To apply the sample complexity results from Section 3.4 the extension addi-
tionally needs to be holomorphic in an open set containing V, see Assumption 2 and Section
3 for the precise setup and statement.

White Noise Model. We shall treat two different assumptions on the noise, the first being
that the (εi)

n
i=1 in (2.1) are independent copies of a Y-white noise process. Recall that

for any given separable Hilbert space Y, the Y-Gaussian white noise process is defined as
the mean-zero Gaussian process WY = (WY(y) : y ∈ Y) indexed by Y with “iso-normal”
covariance structure

WY(y) ∼ N(0, ∥y∥2Y), Cov(WY(y),WY(y
′)) = ⟨y, y′⟩Y, for all y, y′ ∈ Y.

It is well-known that WY does not take values in Y unless dim(Y) <∞, but is interpreted as
a stochastic process indexed by Y, see Giné and Nickl (2016, p.19) for details. Nevertheless,
we slightly abuse notation and use the common notation ⟨WY, y⟩Y := WY(y).

Under this assumption, conditionally on xi we interpret each observation yi in (2.1) as
a realisation of a Gaussian process (yi(f) : f ∈ Y) with

E[yi(f)] = ⟨G0(xi), f⟩Y, Cov(yi(f), yi(f
′)) = ⟨f, f ′⟩Y,

and we shall again use the notation ⟨yi, f⟩Y to denote yi(f) (see also Tsybakov 2009; Giné
and Nickl 2016; Nickl et al. 2020 where this common viewpoint is explained in detail).
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Example 1 Let O ⊆ Rd be a bounded, smooth domain. Then, for Y = L2(O), one can show
that draws of an L2(O)-white noise process a.s. take values in negative Sobolev spaces H−κ

for κ > d/2 (Nickl, 2020; Castillo and Nickl, 2013).

Sub-Gaussian Noise Model. The second setting we consider is that of sub-Gaussian noise.
We say that a random vector X taking values in Y is sub-Gaussian with parameter η > 0
if E[X] = 0 and

P(∥X∥Y ≥ t) ≤ 2 exp

(
− t2

2η2

)
, for all t ≥ 0.

In the sub-Gaussian noise model, we assume that (εi)
n
i=1 in (2.1) are independent sub-

Gaussian variables in Y with parameter η = 1.

2.1.1 Empirical Risk Minimization

Let GGG be a class of (measurable) operators GGG ∋ G : X → Y. We would like to study classical
empirical risk minimizers of least-squares type over GGG. Specifically, given regression data
(xi, yi)

n
i=1, consider the empirical risk

Ĩn(G) :=
1

n

n∑
i=1

∥∥yi −G(xi)
∥∥2
Y
, Ĩn :GGG→ [0,∞]. (2.2)

However, this functional takes finite values almost surely only in the sub-Gaussian noise
model. In the white noise model, since yi /∈ Y, it holds Ĩn(G) = ∞ almost surely—we
thus consider a modified definition of least-squares type estimators which is common in the
literature on regression with white noise (Nickl et al., 2020; Giné and Nickl, 2016). Instead
of (2.2), we consider

In(G) =
1

n

n∑
i=1

−2⟨G(xi), yi⟩Y +
∥∥G(xi)∥∥2Y, In :GGG→ R, (2.3)

which takes finite values a.s. also in the white noise model. Note that the latter objective
function can be obtained from (2.2) by formally subtracting the term n−1

∑n
i=1 ∥yi∥2Y which

exhibits no dependency on G. Therefore in the sub-Gaussian noise model the minimization
of Ĩn and In are equivalent which is why we consider (2.3) in the following. We will denote
minimizers of In(G) by Ĝn.

Our assumptions on the class GGG in the ensuing theorems will ensure that a measurable
choice of minimizers Ĝn of In exists, see Theorem 5 (i). However, the ERM Ĝn will in
general not be unique, since we do not impose convexity on GGG. The reason is that our main
application, the NN-based FrameNet class GGGFN, is non-convex.

Remark 3 (Connection to maximum likelihood) In the white noise model, it follows
from the Cameron-Martin theorem (see for example Giné and Nickl 2016, Theorem 2.6.13)
that −nIn(G)/(2σ2) constitutes the negative log-likelihood of the (dominated) statistical
model arising from (2.1) with white noise. In this case Ĝn can also be interpreted as a
(nonparametric) maximum likelihood estimator over the class GGG.

9



Reinhardt, Wang and Zech

Remark 4 Consider nonparametric regression of an unknown function f : O → R for
some bounded, smooth domain O. Here, it is well-known that the observation white noise
error model, where data is given by Y = f + σW (with W a L2(O)-white noise process)
is asymptotically equivalent in a Le Cam-sense to an observation model with m “equally
spaced” (random or deterministic) observation points throughout O,

Yi = f(zi) + ηi, i = 1, ...,m,

with i.i.d. N(0, 1) errors, where the equivalence holds for σ ≍ 1/
√
m, see Reiß (2008).

Therefore, our observation model (2.1) may be viewed as a simplified proxy.

2.2 General Convergence Results

Let GGG be a class of operators mapping from X to Y. For any fixed xxx = (x1, ..., xn) ∈ Xn and
(Borel) measurable map G : X → Y, we denote the empirical seminorm induced by xxx with

∥G∥2n =
1

n

n∑
i=1

∥G(xi)∥2Y. (2.4)

For any element G∗ ∈GGG and δ > 0, define the localized classes

GGG∗
n(δ) =

{
G ∈GGG : ∥G−G∗∥n ≤ δ

}
,

and denote its metric entropy integral by

J(δ) = J(GGG∗
n(δ), ∥ · ∥n) :=

∫ δ

0
H

1
2 (GGG∗

n(δ), ∥ · ∥n, ρ)dρ. (2.5)

The following result provides a general convergence theorem for empirical risk minimizers
with high probability, which relates the empirical risk of ERMs over some operator class GGG
to the metric entropy of GGG. It can be viewed as a generalisation of classical convergence
results for sieved M-estimators (van de Geer, 2000) to Hilbert space valued functions. The
proof can be found in Appendix B.1.

Theorem 5 For some measurable G0 : X → Y, let the data (xi, yi)
n
i=1 arise from (2.1)

either with white noise or with sub-Gaussian noise. Let GGG be a class of measurable maps
from X → Y, let G∗ ∈GGG, and let xxx = (x1, ..., xn) ∈ Xn be such that the following holds.

(a) There exists a constant C > 0 s.t. GGG is compact with respect to some norm ∥ · ∥
satisfying ∥ · ∥n ≤ C∥ · ∥.

(b) There exists Ψn : (0,∞) → [0,∞) s.t. Ψn(δ) ≥ J(GGG∗
n(δ), ∥ · ∥n) for all δ > 0 and

δ 7→ Ψn(δ)

δ2
is non-increasing for δ ∈ (0,∞).

Then the following holds.

(i) Minimizers Ĝn of the empirical risk (2.3) exist, and there is a measurable selection
(with respect to the data (xi, yi)

n
i=1) of such a minimizer.

10
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(ii) Fix any measurable selection Ĝn from part (i). Then there exists a universal constant
CCh > 0 (see Lemma 32) such that for any G∗ ∈ GGG as above, any positive sequence
(δn)n∈N satisfying

√
nδ2n ≥ 32CchσΨn(δn), (2.6)

and for any

Rn ≥ max
{
δn,

4Cchσ√
n

,
√
2∥G∗ −G0∥n

}
,

it holds that

Pxxx
G0

(
∥Ĝn −G0∥n ≥ Rn

)
≤ 2 exp

(
− nR2

n

16C2
chσ

2

)
. (2.7)

The lower bound for Rn in (ii), which determines the convergence rate of ∥Ĝn − G0∥n, is
typically optimized by balancing the “stochastic term” δn and the empirical approximation
error ∥G∗ − G0∥n, see, e.g., Theorem 23 below. Note that Theorem 5 gives a convergence
rate with respect to the empirical seminorm ∥ · ∥n. Therefore, when the design points xxx
are random, the norm itself is also random, and the assumptions (a) and (b) in Theorem
5 have to be understood conditional on possible realizations of xxx. Theorem 6 below will
give a corresponding concentration inequality on the ∥ · ∥L2(γ)-error under the assumption
of i.i.d. random design xi ∼ γ. In this setting, a sufficient condition for (b) to be satisfied
almost surely is to take Ψn as an upper bound for the entropy integral with uniform entropy
H(GGG, ∥ · ∥∞,supp(γ), δ).

The compactness of GGG in part (a) is needed for the existence of the ERM Ĝn in (2.3).
The existence result for Ĝn (see for example Nickl 2007, Proposition 5) requires compact
metric spaces, which is why we assume compactness w.r.t. a norm ∥ · ∥ stronger than the
empirical seminorm ∥ · ∥n.

In particular, compactness implies separability of GGG with respect to ∥ · ∥n, which in turn
is needed to guarantee the measurability of certain suprema of empirical processes ranging
over GGG. See the proof of Theorem 5 below, in particular (B.4) and (B.6). The technical
growth restriction in (b) on the function Ψn(δ) (i.e., our upper bound for the entropy
integral) is required for the “peeling device” in (B.4). In particular, this assumption is
satisfied in case that H(GGG, ∥ · ∥∞, δ) ≲ δ−α for any 0 < α < 2, see Corollary 8 below for
details.

Theorem 5 provides a concentration inequality for the empirical seminorm ∥Ĝn−G0∥n.
Under the assumption of randomly chosen design points xi ∼ γ, xi ∈ X, this statement can
be extended to a convergence result for the L2(γ)-norm. To this end, we also need slightly
stronger technical assumptions on the class GGG with respect to the ∥ · ∥∞,supp(γ)-norm.

Assumption 1 For some probability measure γ on X, assume xxx = (x1, . . . , xn) arise
from i.i.d. draws xi ∼ γ. Let GGG be a class of measurable maps X → Y, G∗ ∈ GGG and
∥G0∥∞,supp(γ) <∞. Suppose

(a) GGG is compact with respect to ∥ · ∥∞,supp(γ),

11
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(b) There exists a (deterministic) upper bound Ψn : (0,∞) → [0,∞) such that for a.e. xxx ∼
γn, it holds Ψn(δ) ≥ J(GGG∗

n(δ), ∥ · ∥n) for all δ > 0 and

δ 7→ Ψn(δ)

δ2
is non-increasing for δ ∈ (0,∞). (2.8)

Note that Assumption 1 is strictly stronger than assumptions (a) and (b) in Theorem 5,
since ∥·∥∞,supp(γ) is stronger than ∥·∥n and Ψn in (2.8) does not depend on xxx. In particular,

Assumption 1 implies the existence of a measurable ERM Ĝn by Theorem 5 (i).

The uniform ∥ · ∥∞,supp(γ) assumptions are used to control the concentration of the
empirical seminorm ∥ · ∥n around the “population norm”∥ · ∥L2(γ), see Lemma 33 and also
Lemma 34 below. Let us write FFF = {G − G0 : G ∈ GGG}. As an immediate consequence of
Assumption 1, there exists some MFFF <∞ such that

sup
F∈FFF

∥F∥∞,supp(γ) = sup
G∈GGG

∥G−G0∥∞,supp(γ) ≤MFFF . (2.9)

We can now state our main concentration inequality for the convergence of ∥Ĝn−G0∥L2(γ),

which in particular provides a bound for the mean squared error EG0 [∥Ĝn − G0∥2L2(γ)] as
well. The proof of Theorem 6 can be found in Appendix B.2.

Theorem 6 (L2(γ)-Concentration under Random Design) Consider the nonparame-
tric regression model (2.1) either with white noise or with sub-Gaussian noise and any mea-
surable empirical risk minimizer Ĝn from (2.3). Suppose that G0, GGG, G

∗, γ and Ψn(·) are
such that Assumption 1 holds. Then there exists some universal constant C > 0 such that
for any positive sequences (δn)n∈N and (δ̃n)n∈N with

√
nδ2n ≥ CσΨn(δn) and nδ̃2n ≥ CM2

FFFH(GGG, ∥ · ∥∞,supp(γ), δ̃n), (2.10)

all G∗ ∈GGG as above and all

Rn ≥ Cmax

{
δn, δ̃n, ∥G∗ −G0∥∞,supp(γ),

σ +MFFF√
n

}
(2.11)

we have,

PG0

(
∥Ĝn −G0∥L2(γ) ≥ Rn

)
≤ 2 exp

(
− nR2

n

C2(σ2 +M2
FFF )

)
. (2.12)

To keep the presentation simple, we have left the numerical constants in the preceding
theorem implicit. However, they can be made explicit, see the proof for details. The
following bound on the mean squared error is obtained upon integration of the concentration
inequalities from Theorem 5 and Lemma 33. Note that directly integrating the L2(γ)-
concentration, cf. (2.12), gives an approximation term in the uniform norm ∥ · ∥∞,supp(γ)

(following 2.11), which has weaker convergence properties in general, see Theorem 18. For
the proof of Corollary 7, see Appendix B.3.

12
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Corollary 7 (L2(γ)-Mean Squared Error) Consider the setting of Theorem 6 and as-
sume in addition that Assumption 1 is fulfilled for all G∗ ∈ GGG (with the same Ψn). Then,
for some universal constant C > 0 and all n ∈ N,

EG0

[
∥Ĝn −G0∥2L2(γ)

]
≤ C

(
δ2n + δ̃2n +

σ2 +M2
FFF

n

)
+ 8 inf

G∗∈GGG
∥G∗ −G0∥2L2(γ). (2.13)

To demonstrate the typical use-cases of our abstract results, we summarize in the fol-
lowing corollary the rates which can be obtained under algebraic approximation properties
of GGG and two concrete scalings of the metric entropy of GGG. These correspond to the typical
entropy bounds satisfied by (i) some fixed n-independent, infinite-dimensional regression
class, and (ii) an N -dimensional approximation class, where N is chosen in terms of n. In
the following corollary, ≲ refers to an inequality involving a constant independent of n, N
and δ. For a proof of Corollary 8, see Appendix B.4.

Corollary 8 Consider the setting of Corollary 7. Let GGG = GGG(N), N ∈ N, be a sequence
of regression classes2 such that infG∗∈GGG(N)∥G∗ − G0∥2L2(γ) ≲ N−β for some β > 0 and all

N ∈ N. Denote the entropy by H(N, δ) := H(GGG(N), ∥ · ∥∞,supp(γ), δ).

(i) If H(N, δ) ≲ δ−α for some 0 < α < 2, then for all n ∈ N and all N = N(n) =

⌈n
2

(2+α)β ⌉, it holds
EG0

[
∥Ĝn −G0∥2L2(γ)

]
≲ n−

2
2+α .

(ii) If H(N, δ) ≲ N log(δ−1), then for all n ∈ N, n ≥ 2 and all N(n) = ⌈n
1

β+1 ⌉, it holds

EG0

[
∥Ĝn −G0∥2L2(γ)

]
≲ log(n) n

− β
β+1 .

Remark 9 (Effective smoothness) In classical nonparametric regression over s-smooth
function classes on [0, 1]d, the entropy assumption H(N, δ) ≲ δ−α from part (i) is fulfilled

for α = d/s, which yields the minimax-optimal rate n−
2s

2s+d , see Section 4.1 for details.
Since the rate only depends on α (or equivalently α−1), we can think of α−1 = s/d as the
“effective smoothness” of the statistical model at hand.

The sub-Gaussian noise model poses a more restrictive regularity assumption on εi than
the assumption of white noise. It is possible to get L2(γ)-convergence for sub-Gaussian
noise in the case the entropy integral J(δ) in (2.5) is not finite, such that Assumption 1 (b)
does not hold. The details are shown in the next theorem, its proof is deferred to Appendix
B.5.

Theorem 10 Consider the nonparametric regression model (2.1) with sub-Gaussian noise
and the empirical risk from (2.3). Let Assumption 1 (a) hold, that means suppose that

2. We may think of N as the number of parameters of GGG, e.g. the size of the FrameNet class GGGFN in Section
3 below.
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∥G0∥∞,supp(γ) < ∞ and GGG is compact with respect to ∥ · ∥∞,supp(γ). Then there exists some

universal constant C1 > 0, such that for any positive sequences (δn)n∈N and (δ̃n)n∈N with

nδ4n ≥ C2
1σ

2M2
FFFH

(
δ2n

8σ2 + δ2n

)
and nδ̃2n ≥ 6M2

FFFH(GGG, ∥ · ∥∞,supp(γ), δ̃n), (2.14)

all G∗ ∈GGG and all

Rn ≥ max

{
δn, δ̃n, ∥G∗ −G0∥∞,supp(γ),

MFFF√
n

}
,

we have

PG0

(
∥Ĝn −G0∥L2(γ) ≥ Rn

)
≤ 4 exp

(
− nR4

n

C2
1σ

2(1 +M2
FFF )

)
+ 2 exp

(
− nR2

n

C2
1M

2
FFF

)
.(2.15)

Furthermore, for all n ∈ N there exists a universal constant C2 > 0 such that

EG0

[
∥Ĝn −G0∥2L2(γ)

]
≤ C2

(
δ2n + δ̃2n +

(1 + σ)(1 +M2
FFF )√

n
+ inf

G∗∈GGG
∥G∗ −G0∥2L2(γ)

)
. (2.16)

Remark 11 Consider α ≥ 2 in Corollary 8 (i). Then J(δ) in (2.5) is not necessarily finite,
and hence Assumption 1 (b) need not be satisfied. Therefore Theorem 6 cannot be applied.
In the sub-Gaussian noise case, we may still use the L2(γ)-bound in (2.16) however. Similar

to the proof of Corollary 8, it can then be shown that δ2n ≲ n−
1

2+α and δ̃2n ≲ n−
2

2+α satisfy
(2.14). This yields

EG0

[
∥Ĝn −G0∥2L2(γ)

]
≲ n−

1
2+α ,

i.e. half the convergence rate of the “chaining regime” considered in Corollary 8.

3. Learning Holomorphic Operators with FrameNet

In this section we first recall the NN-based operator class FrameNet from Herrmann et al.
(2024, Section 2), see Sections 3.1 and 3.2. This will provide the regression class GGGFN over
which to estimate G0. Similar to for example PCA-Net (Hesthaven and Ubbiali, 2018),
FrameNet consists of mappings

G = DY ◦ g ◦ EX, (3.1)

for a linear encoder EX : X → ℓ2(N), a linear decoder DY : ℓ2(N) → Y, and a coefficient
map ℓ2(N) → ℓ2(N). The encoder maps an x ∈ X to its coefficients in some representation
system of X. Conversely, the decoder builds a y ∈ Y out of a coefficient series in ℓ2(N).
These representation systems consist of frames that are fixed a priori. The coefficient map
g is represented by a feedforward neural network, that will be trained by ERM.

Subsequently, in Sections 3.3-3.4, we apply our analysis to the learning of holomorphic
operators G0 : X → Y. For such mappings, the FrameNet architecture was shown in
Herrmann et al. (2024) to be capable of overcoming the curse of dimensionality in terms
of the approximation error. We generalize this property to the case of bounded network
parameters in Subsection 3.3 and furthermore show metric entropy bounds. This allows
us to prove that FrameNet can overcome the curse of dimensionality in the learning of
holomorphic operators, both in terms of the approximation capability and in terms of sample
complexity.
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3.1 Representation Systems

We briefly recall basic definitions and properties of frames. For more details see for instance
Christensen (2016).

3.1.1 Frames

Definition 12 A family ΨΨΨ = {ψj : j ∈ N} ⊂ X is called a frame of X, if the analysis
operator

TΨΨΨ : X → ℓ2(N), v 7→
(
⟨v, ψj⟩X

)
j∈N

is bounded and boundedly invertible between X and range(F ) ⊂ ℓ2(N).

Every orthonormal basis of X is trivially a frame. Since Definition 12 merely requires
bounded invertibility on the range of TΨΨΨ, TΨΨΨ need not be surjective, and in particular ΨΨΨ
need not consist of linearly independent vectors. The frame bounds of ΨΨΨ are defined as

ΛΨΨΨ := ∥TΨΨΨ∥X→ℓ2 = sup
0̸=v∈X

∥TΨΨΨv∥ℓ2
∥v∥X

, λΨΨΨ := inf
0̸=v∈X

∥TΨΨΨv∥ℓ2
∥v∥X

, (3.2)

the synthesis operator T ′
ΨΨΨ as

T ′
ΨΨΨ : ℓ2(N) → X,

(
vi
)
i∈N 7→ vvvTΨΨΨ :=

∑
i∈N

viψi,

and finally the frame operator as QΨΨΨ := T ′
ΨΨΨTΨΨΨ : X → X. The frame operator QΨΨΨ is

boundedly invertible, self-adjoint and positive, see Christensen (2016, Lemma 5.1.5). The
family Ψ̃ΨΨ := Q−1

ΨΨΨ ΨΨΨ is a frame of X, called the (canonical) dual frame of X. The analysis

operator of the dual frame is T̃ΨΨΨ := TΨΨΨ(T
′
ΨΨΨTΨΨΨ)

−1 and its frame bounds are λ−1
ΨΨΨ and Λ−1

ΨΨΨ .

Definition 13 A family ΨΨΨ = {ψj : j ∈ N} ⊂ X is called a Riesz basis of X if there exists
a bounded, bijective operator A : X → X and an orthonormal basis (ej)j∈N with ψj = Aej
for all j ∈ N.

A Riesz basis is a frame ΨΨΨ which is also a basis. Equivalently, a Riesz basis is a frame with
ker(T ′

ΨΨΨ) = 0 and therefore range(TΨΨΨ) = ℓ2(N). Moreover, the dual frame Ψ̃ΨΨ of a Riesz basis
is also a Riesz basis (Christensen, 2016, Section 5).

3.1.2 Encoder and Decoder

Throughout the rest of this paper we fix frames and their duals on X, Y and denote them
by

ΨΨΨX = (ψj)j∈N, Ψ̃ΨΨX = (ψ̃j)j∈N, ΨΨΨY = (ηj)j∈N, Ψ̃ΨΨY = (η̃j)j∈N.

The corresponding analysis operators are TΨΨΨX
, TΨ̃ΨΨX

, TΨΨΨY
and TΨ̃ΨΨY

. We then introduce
encoder and decoder maps via

EX := TΨΨΨX
=

{
X → ℓ2(N),

x 7→ (⟨x, ψ̃j⟩X)j∈N,
DY := T ′

ΨΨΨY
=

{
ℓ2(N) → Y,

(yj)j∈N 7→
∑

j∈N yjηj .
(3.3)

In case ΨΨΨX and ΨΨΨY are Riesz bases, the mappings in (3.3) are boundedly invertible.
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3.1.3 Smoothness Scales

The encoder mapping EX : X → ℓ2(N) maps an element to its coefficients in the frame
representation. For computational purposes, this coefficient sequence must be truncated, as
only finitely many coefficients can be considered. Consequently, it is essential to control the
error resulting from discarding higher-order frame coefficients. To formalize this we next
introduce scales of subspaces of X, Y, whose elements exhibit a certain coefficient decay.

Definition 14 Let θθθ = (θj)j∈N be a strictly positive, monotonically decreasing sequence
such that θθθ1+ε ∈ ℓ1(N) for all ε > 0.

For all r, t ≥ 0 we introduce the subspaces Xr ⊂ X and Yt ⊂ Y via

Xr := {x ∈ X : ∥x∥Xr <∞} and Yt := {y ∈ Y : ∥y∥Yt <∞}

where

∥x∥2Xr
:=
∑
j∈N

⟨x, ψ̃j⟩2Xθ−2r
j and ∥y∥2Yt

:=
∑
j∈N

⟨y, η̃j⟩2Yθ−2t
j .

For every r ≥ 0, Xr is a Hilbert space (Herrmann et al., 2024, Lemma 1).

3.2 FrameNet

In this subsection we recall the FrameNet architecture from Herrmann et al. (2024, Section
2). We start by formally introducing feedforward neural networks (NNs) following Opschoor
et al. (2022a); Herrmann et al. (2024).

3.2.1 Feedforward Neural Networks

Definition 15 A function f : Rp0 → RpL+1 is called a neural network, if there exist σ :
R → R, integers p1, . . . , pL+1 ∈ N, L ∈ N and real numbers wl

i,j, b
l
j ∈ R such that for all

xxx = (xi)
p0
i=1 ∈ Rp0

z1j = σ

( p0∑
i=1

w1
i,jxi + b1j

)
, j = 1, . . . , p1, (3.4a)

zl+1
j = σ

( pl∑
i=1

wl+1
i,j z

l
i + bl+1

j

)
, l = 1, . . . , L− 1, j = 1, . . . , pl+1,

f(x) = (zL+1
j )

pL+1

j=1 =

( pL∑
i=1

wL+1
i,j zLi + bL+1

j

)pL+1

j=1

. (3.4b)

We call σ the activation function, L the depth, p := maxl=0,...,L+1 pl the width, wl
i,j ∈ R

the weights, and blj ∈ R the biases of the NN.

While different NNs can realize the same function, for simplicity we refer to a function
f : Rp0 → RpL+1 as an NN of type (3.4), if it allows for (at least) one such representation.
Additionally, our analysis will require some further terminology: For a NN f : Rp0 → RpL+1

as in (3.4) its
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• size is the number of nonzero parameters

size(f) := |{(i, j, l) : wl
i,j ̸= 0}|+ |{(j, l) : blj ̸= 0}|,

• maximum of parameters is

mpar(f) := max
{
max
i,j,l

|wl
i,j |,max

j,l
|blj |
}
,

• maximum range on Ω ⊆ Rp0 is

mranΩ(f) := sup
x∈Ω

∥∥f(x)∥∥
2
= sup

x∈Ω

pL+1∑
j=1

(
zL+1
j (x)

)2 1
2

.

Throughout, for q ∈ N, q ≥ 1, we consider the activation function

σq(x) := max{0, x}q, x ∈ R.

For q = 1, σ1 is the rectified linear unit (ReLU), for q ≥ 2, σq is called rectified power unit
(RePU).

Remark 16 Definition 15 introduces a NN as a function f : Rp0 → RpL+1. Throughout,
we also understand the realization of a NN as a map f : ℓ2(N) → ℓ2(N) via extension by
zeros. This is equivalent to suitably padding the weight matrices (wl

i,j)i,j and bias vectors

(blj)j in Definition 15 for l ∈ {0, L + 1} with infinitely many zeros, see Herrmann et al.
(2024, Remark 13).

3.2.2 The FrameNet Class

By definition of frames, the encoding operator EX : X → ℓ2(N) in (3.3) is injective, and the
decoding operator DY : ℓ2(N) → Y is surjective. Thus for every mapping G : X → Y, there
exists a coefficient map g : ℓ2(N) → ℓ2(N) such that

G = DY ◦ g ◦ EX .

This motivates the introduction of the following function class.
Given σ : R → R, positive integers L, p, s ∈ N, and reals M , B ∈ R, let

gggFN(σ, L, p, s,M,B) :=
{
g : Rp0 → RpL+1 is NN with activation function σ s.t.

depth(g) ≤ L, width(g) ≤ p, size(g) ≤ s,

mpar(g) ≤M, mran[−1,1]p0 (g) ≤ B, p0, pL+1 ≤ p
}
.

Instead of directly considering (3.1), for our analysis, contrary to Herrmann et al. (2024),
with θθθ from Definition 14, fixed R > 0, and U := [−1, 1]N, it will be convenient to introduce
the linear scaling

Sr :=

{
×j∈N[−Rθrj , Rθrj ] → U

(xj)j∈N 7→
( xj

Rθrj

)
j∈N.

(3.5)

The FrameNet class then consists of all operators

GGGFN(σ, L, p, s,M,B) :=
{
G = DY ◦ g ◦ Sr ◦ EX : g ∈ gggFN(σ, L, p, s,M,B)

}
. (3.6)
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3.3 Approximation of Holomorphic Operators

Our statistical theory established in Section 2 shows that sample complexity depends on

(i) the approximation quality ofGGG w.r.t G0, cf. the term infG∗∈GGG ∥G∗−G0∥L2(γ) in (2.13),

(ii) the metric entropy of GGG, cf. the terms δ2n and δ̃2n in (2.13).

In this subsection we give results for both the approximation quality and the metric entropy
of the FrameNet class GGGFN.

3.3.1 Setting

Let us start by making the assumptions on G0 and the sampling measure γ on X more
precise. Denote in the following U := [−1, 1]N, let r > 1

2 , R > 0, and let the frames (ψj)j∈N,
(ηj)j∈N be as in Section 3, and (θj)j∈N as in Definition 14. Then

σrR :=

{
U → X,

y 7→ R
∑

j∈N θ
r
jyjψj

(3.7)

yields a well-defined map, since by construction (yjθ
r
j )j∈N ∈ ℓ2(N) for every y ∈ U , and

(ψj)j∈N is a frame. Next, we introduce the “cubes”

Cr
R(X) =

{
a ∈ X : sup

j∈N
θ−r
j |⟨a, ψ̃j⟩X| ≤ R

}
. (3.8)

Observe that with σrR(U) := {σrR(y) : y ∈ U}, clearly

Cr
R(X) ⊆ σrR(U),

but equality holds in general only if the (ψj)j∈N form a Riesz basis (Herrmann et al., 2024,
Remark 10).

Example 2 Let X = R, r = 1, R = 1, θ1 = 3/2 and θ2 = 1/2. Consider the frame
ΨΨΨ = {1, 1} (which is not a basis) with dual analogue Ψ̃̃Ψ̃Ψ = {1/2, 1/2}. Then with U = [−1, 1]2

C1
1 (R) = [−1, 1] ⊊ [−2, 2] = {θ1y1ψ1 + θ2y2ψ2 : y ∈ U}.

The holomorphy assumption on G0 can now be formulated as follows (Herrmann et al.,
2024, Assumption 1). Recall that for a real Hilbert space X, we denote by XC its complex-
ification.

Assumption 2 For some r > 1, R > 0, t > 0, CG0 <∞ there exists an open set OC ⊂ XC

containing σrR(U), such that

(a) supa∈OC
∥G0(a)∥(YC)t

≤ CG0, and G0 : OC → YC is holomorphic,

(b) γ is a probability measure on X with supp(γ) ⊆ Cr
R(X).

The assumption requires G0 to be holomorphic on a superset of σrR(U). The probability
measure γ is allowed to have support on Cr

R(X) which is potentially smaller than σrR(U).
In particular, G0 is then holomorphic on a superset of the support of γ.
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Example 3 Denote by λ the Lebesgue measure. Then π := ⊗j∈N
λ
2 is the uniform probability

measure on U = [−1, 1]N, and

γ := (σrR)♯π (3.9)

defines a probability measure on X with support σrR(U). If ΨXΨXΨX is a Riesz basis, then
supp(γ) = Cr

R(X), so that supp(γ) ⊆ Cr
R(X) as required in Assumption 2.

We emphasize that Assumption 2 does not require ΨΨΨX to be a Riesz basis, and all results
below remain valid for general frames. However, the Riesz basis property yields sharper
rates when combined with the specific choice of γ from Example 3.

3.3.2 Approximation Theory

Theorem 1 in Herrmann et al. (2024) establishes a convergence rate for approximating
G0 within GGGFN (with unbounded weights), in terms of the number of trainable network
parameters. Our main results on sample complexity depend on bounds on the metric
entropy, which require bounded network weights. To address this, we now extend Herrmann
et al. (2024, Theorem 1) to FrameNet architectures with bounded weights, as introduced in
Section 3.

Similar to Schwab and Zech (2019); Opschoor et al. (2022b); Herrmann et al. (2024),
the analysis builds on polynomial chaos expansions (Xiu and Karniadakis, 2002). Denote
by (Lj)j∈N the univariate Legendre polynomials normalized such that 1

2

∫ 1
−1 Lj(x)

2 dx = 1
for all j ∈ N. Then (see Abramowitz and Stegun 1948, Chapter 22)

sup
x∈[−1,1]

|Lj(x)| ≤
√

2j + 1 ∀j ∈ N0. (3.10)

Next, let F be the set of infinite-dimensional multiindices with finite support, i.e.

F :=
{
(νj)j∈N0 ∈ NN

0 : | suppν| <∞
}
, (3.11)

where suppν := {j : νj ̸= 0}. For finite sets of multiindices Λ ⊆ F, their effective dimension
and maximal order is defined as

d(Λ) := sup{| suppν| : ν ∈ Λ} and m(Λ) := sup{|ν| : ν ∈ Λ},

where |ν| :=
∑

j∈N νj . Moreover, with U := [−1, 1]N for all y ∈ U and ν ∈ F, we let Lν(y) :=∏
j∈N Lνj (yj) be the corresponding multivariate Legendre polynomial. This infinite product

is well-defined, since for all but finitely many j holds νj = 0 so that Lνj ≡ 1. The next
Proposition gives an approximation result for multivariate Legendre polynomials. It is an
extension of Opschoor et al. (2022a, Proposition 2.13) to the case of bounded network
parameters. The proof is provided in Appendix D.1.

Proposition 17 (σ1-NN approximation of Lν) Let δ ∈ (0, 1/2) and Λ ⊂ F be finite.
Then there exists a σ1-NN fΛ,δ, such that its outputs {L̃ν,δ}ν∈Λ satisfy

∀ν ∈ Λ : sup
yyy∈U

|Lν(yyy)− L̃ν,δ(yyy)| ≤ δ. (3.12)
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Furthermore, there exists a constant C > 0 independent of Λ, d(Λ), m(Λ) and δ such that

depth(fΛ,δ) ≤ C
[
log(d(Λ))d(Λ) log(m(Λ))m(Λ) +m(Λ)2 + log(δ−1)

(
log(d(Λ)) +m(Λ)

)]
width

(
fΛ,δ

)
≤ C|Λ|d(Λ)

size
(
fΛ,δ

)
≤ C

[
|Λ|d(Λ)2 log

(
m(Λ)

)
+m(Λ)3d(Λ)2 + log

(
δ−1
)(
m(Λ)2 + |Λ|

)
d(Λ)

]
mpar

(
fΛ,δ

)
≤ 1.

A similar result holds for RePU neural networks, see Proposition 51. Given q ∈ N, and
N ∈ N, we introduce the two FrameNet classes

GGGsp
FN(σq, N) :=GGGFN(σq,widthN ,depthN , sizeN ,M,B),

GGGfull
FN(σq, N) :=GGGFN(σq,widthN ,depthN ,∞,M,B)

(3.14a)

where for certain constants CL, Cp, Cs, M , B ≥ 1 (to be determined later)

depthN = max{1, ⌈CL log(N)⌉}, widthN = ⌈CpN⌉, sizeN = ⌈CsN⌉, (3.14b)

and ⌈x⌉ denotes the smallest integer larger or equal to x ∈ R.
We emphasize thatGGGsp

FN(σq, N) corresponds to a sparsely connected architecture, where-
as GGGfull

FN(σq, N) represents a fully connected architecture (because there is no constraint on
its size). In particular, since every linear transformation in between activation functions
has at most widthN +width2N parameters, we have

size(GGGfull
FN(σq, N)) ≤ (depthN + 1)(widthN +width2N ) = O(log(N)N2) as N → ∞.

(3.15)
Thus GGGfull

FN(σq, N) can essentially be quadratically larger than GGGsp
FN(σq, N).

The proof of Theorem 18 below, given in Appendix D.3, crucially uses Proposition 17 to
construct FrameNets that approximate the multivariate Legendre polynomials correspond-
ing to the ’most relevant’ Legendre coefficients of G0. Hereby Assumption 2 guarantees
sufficient decay of the Legendre coefficients by using that algebraic decay in the input
space, see Assumption 2 (b), is inherited by the Legendre coefficients of the output (see
Theorem 54 and 55) if the respective operator is holomorphic, see Assumption 2 (a).

Theorem 18 is an extension of Herrmann et al. (2024, Theorems 1 and 2) to the case of
bounded network parameters.

Theorem 18 (Sparse network approximation) Let G0, γ satisfy Assumption 2 with
r > 1, t > 0. Let q ≥ 1 be an integer and fix τ > 0 (arbitrarily small).

(i) There exists C > 0 s.t. for all N ∈ N

inf
G∈GGGsp

FN(σq ,N)

[∥∥G−G0

∥∥2
∞,supp(γ)

]
≤ CN−2min{r−1,t}+τ .

(ii) Let ΨΨΨX be a Riesz basis and let γ be as in (3.9). Then there exists C > 0 s.t. for all
N ∈ N

inf
G∈GGGsp

FN(σq ,N)

[∥∥G−G0

∥∥2
L2(γ)

]
≤ CN−2min{r− 1

2
,t}+τ .
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Remark 19 Theorem 18 provides an approximation rate for GGGsp
FN(σq, N) in terms of N .

SinceGGGfull
FN(σq, N) ⊇GGGsp

FN(σq, N), trivially the statement remains true forGGGfull
FN(σq, N). How-

ever, as the size of GGGfull
FN(σq, N) can be quadratically larger by (3.15), the convergence rate

in terms of network size is essentially halved for the fully connected architecture.

3.3.3 Entropy Bounds for FrameNet

In the following we bound the metric entropy (see 1.3) of FrameNets for ReLU activation
functions. Recall that ΛΨΨΨY

is the frame constant in (3.2). The proof of Lemma 20 is given
in Appendix D.4.

Lemma 20 (see Schmidt-Hieber 2020a, Lemma 5) Let L, p, s, M , B ≥ 1, σrR be as
in (3.7) and U = [−1, 1]N. Then GGGFN = GGGFN(σ1, L, p, s,M,B) is compact with respect to
∥ · ∥∞,σr

R(U) and ∥ · ∥n. Furthermore, GGGFN satisfies for all δ > 0

H(GGGFN, ∥ · ∥∞,σr
R(U), δ) ≤ (s+ 1) log

(
2L+6ΛΨΨΨY

L2ML+1pL+4max{1, δ−1}
)
. (3.16)

In particular there exist constants CSP
H , CFC

H > 0 such that for the sparse and fully-connected
FrameNet classes from (3.14) it holds

H(GGGsp
FN(σ1, N), ∥ · ∥∞,σr

R(U), δ) ≤ CSP
H N

(
1 + log(N)2 + log

(
max

{
1, δ−1

}))
H(GGGfull

FN(σ1, N), ∥ · ∥∞,σr
R(U), δ) ≤ CFC

H N2
(
1 + log(N)3 + log

(
max

{
1, δ−1

}))
for all δ > 0.

Remark 21 The entropy bound is independent of the constant B bounding the maximum
range of the network, see Subsection 3.2. However, B < ∞ will be necessary to apply
Theorem 6.

For RePU activation, as mentioned before, the metric entropy bounds exhibit a worse
dependency on the network parameters, due to the lack of global Lipschitz continuity of σq
if q ≥ 2. The proof of Lemma 22 is given in Appendix D.5.

Lemma 22 Let q ∈ N, q ≥ 2, and L, p, s, M , B ≥ 1, σrR be as in (3.7) and U =
[−1, 1]N. Then GGGFN = GGGFN(σq, L, p, s,M,B) is compact with respect to ∥ · ∥∞,σr

R(U) and
∥ · ∥n. Furthermore, GGGFN satisfies for all δ > 0

H(GGGFN, ∥ · ∥∞,σr
R(U), δ) ≤ (s+ 1) log

(
ΛΨΨΨY

LqL+q(2pM)4q
2L+2

max{1, δ−1}
)
. (3.17)

Consider the constant CL from (3.14). Then there exists CSP
H , CFC

H > 0 such that

H(GGGsp
FN(σq, N), ∥ · ∥∞,σr

R(U), δ) ≤ CSP
H N1+2CL log(q)

(
1 + log(N)2 + log

(
max

{
1, δ−1

}))
H(GGGfull

FN(σq, N), ∥ · ∥∞,σr
R(U), δ) ≤ CFC

H N2+2CL log(q)
(
1 + log(N)2 + log

(
max

{
1, δ−1

}))
for all δ > 0.
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3.4 Statistical Theory

Using our statistical results from Theorem 6 and Corollaries 7-8 as well as the approximation
result from Theorem 18, we can bound EG0 [∥Ĝn−G0∥2L2(γ)] solely in terms of the statistical
sample size n. This is formalized in the next two theorems, for ReLU and RePU activation.

Our result distinguishes between the sparse and fully connected architecturesGGGsp
FN(σq, N)

andGGGfull
FN(σq, N) in (3.14). In practice, fully connected architectures are often preferred, due

to their simpler implementation, and because training sparse NN architectures can run into
problems like “bad” local minima, see for example Evci et al. (2019). Our theoretical upper
bounds are sharper for sparse architectures; this is because the additional free parameters
in the fully connected architecture increase the entropy of this class, but do not yield better
approximation properties in our proofs.

Theorem 23 (ERM for white noise and ReLU) Let G0 : X → Y and γ satisfy As-
sumption 2 for some r > 1, t > 0. Fix τ > 0 (arbitrarily small) and set (cp. Example
3)

κ :=

{
2min{r − 1

2 , t} if ΨΨΨX is a Riesz basis and γ = (σrR)#π,

2min{r − 1, t} otherwise.

For every n ∈ N, let (xi, yi)
n
i=1 be data generated by (2.1) either in the white noise model

or in the sub-Gaussian noise model. Then there exist constants CL, Cp, Cs, M , B ≥ 1 in
(3.14) and C > 0 (all independent of n) such that

(i) Sparse FrameNet: with N = N(n) = ⌈n
1

κ+1 ⌉ and GGG = GGGsp
FN(σ1, N), there exists a

measurable choice of an ERM Ĝn of (2.3). Any such Ĝn satisfies

EG0 [∥Ĝn −G0∥2L2(γ)] ≤ Cn−
κ

κ+1
+τ , (3.18)

(ii) Fully connected FrameNet: with N = N(n) = ⌈n
1

κ+2 ⌉ and GGG =GGGfull
FN(σ1, N), there

exists a measurable choice of an ERM Ĝn of (2.3). Any such Ĝn satisfies

EG0 [∥Ĝn −G0∥2L2(γ)] ≤ Cn−
κ

κ+2
+τ . (3.19)

Proof The proof follows directly from the entropy bounds in Lemma 20 and Corollary 8
(ii): First, Lemma 20 in particular verifies Assumption 1 for all G∗ ∈ GGG, which is required
for Corollary 8. Applying the corollary with β = κ+ τ and absorbing the logarithmic term
into τ then gives (3.18). With β = κ/2 + τ we obtain (3.19). Note that crucially MFFF , see
(2.9), does not depend on N , because ∥G0∥∞,supp γ < ∞ and GGGFN is universally bounded
by the N -independent constant B, see (3.6).

Remark 24 Consider the sparse FrameNet class from above. Similar to the proof of Corol-
lary 8 (ii), one can show that the sequences

(δn)n∈N , (δ̃n)n∈N, δn = δ̃n = N log(N)2(1 + log(n))/n

22



Statistical Learning Theory for Neural Operators

satisfy the entropy conditions (2.10) for the sparse FrameNet class GGGsp
FN(σ1, N). By choosing

N = ⌈n1/(κ+1)⌉ to balance the approximation term in (2.11), Theorem 6 gives the following
high probability bound for ∥Ĝn −G0∥L2(γ): For all τ > 0 there exists a constant C > 0 such

that for all n ∈ N and all Rn ≥ Cn−κ/(κ+1)+τ it holds

PG0

(
∥Ĝn −G0∥L2(γ) ≥ Rn

)
≤ 2 exp

(
− nR2

n

C2
(
σ2 +M2

FFF

)) .
Similar high-probability bounds hold for the fully connected FrameNet class and the RePU
activation function.

Theorem 25 (ERM for white noise and RePU) Consider the setting of Theorem 23
and let q ∈ N, q ≥ 2. There exist constants CL, Cp, Cs, M , B ≥ 1 in (3.14) and C > 0 (all
independent of N) such that

(i) Sparse FrameNet: with N = N(n) = ⌈n
1

κ+1+4CL log(q) ⌉ and GGG = GGGsp
FN(σq, N), there

exists a measurable choice of an ERM Ĝn of (2.3). Any such Ĝn satisfies

EG0 [∥Ĝn −G0∥2L2(γ)] ≤ Cn
− κ

κ+1+4CL log(q)
+τ
. (3.20)

(ii) Fully connected FrameNet: with N = N(n) = ⌈n
1

κ+2+4CL log(q) ⌉, GGG = GGGfull
FN(σq, N),

there exists a measurable choice of ERM Ĝn of (2.3). Any such Ĝn satisfies

EG0 [∥Ĝn −G0∥2L2(γ)] ≤ Cn
− κ

κ+2+4CL log(q)
+τ
. (3.21)

Proof Similar to the proof of Theorem 23, the proof of Theorem 25 follows from the
entropy bounds in Lemma 22 and Corollary 8 (ii) with β = κ/(1+2CL log(q))+τ for (3.20)
and β = κ/(2 + 2CL log(q)) + τ/2 for (3.21). Again the logarithmic term is absorbed into
τ .

A few remarks are in order. In the RePU case the activation function σq(x) = max{0, x}q
has no global Lipschitz condition for q ≥ 2. As a result, the entropy bounds obtained for the
corresponding FrameNet class are larger than for ReLU. This leads to worse convergence
rates. Moreover, for the RePU case, the convergence rate depends on the constant CL in
(3.14b). The proof of Theorem 18 shows that CL depends on the decay properties of the
Legendre coefficients (cνi,j)i,j∈N of the function G0 ◦ σrR, i.e. CL depends on G0 (see (D.23)
and (D.24) in Theorem 54). Explicit bounds on CL are possible, see Zech (2018, Lemma
1.4.15).

4. Applications

We now present two applications of our results. First, in finite dimensional regression, our
analysis recovers well-known minimax-optimal rates for standard smoothness classes. This
indicates that our main statistical result in Theorem 6 is in general optimal. However, we do
not claim optimality specifically for the approximation of holomorphic operators discussed
in Section 3. Second, for an infinite dimensional problem we address the learning of a
solution operator to a parameter dependent PDE.
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4.1 Finite Dimensional Regression

Let d ∈ N and X = Rd, Y = R. Moreover, let D ⊆ Rd be a bounded, open, smooth domain,
and G0 : D → R a ground-truth regression function. Suppose that

xi
iid∼ γ and εi

iid∼ N(0, 1) ∀i ∈ N

are independent samples for some probability measure γ on D, and let

yi = G0(xi) + εi ∀i ∈ N.

Given a regression class GGG of measurable mappings from D → R, the least-squares problem
is to determine

Ĝn ∈ argmin
G∈GGG

n∑
i=1

−2G(xi)yi +G(xi)
2 = argmin

G∈GGG

n∑
i=1

|G(xi)− yi|2. (4.2)

For s ≥ 0, it is well-known that the minimax-optimal rate of recovering a ground-truth
function G0 in s-smooth function classes, such as the Sobolev space Hs(D) or the Besov

space Bs
∞,∞(D) (see Edmunds and Triebel 1996 for definitions), equals n−

2s
2s+d (Giné and

Nickl, 2016; van de Geer, 2000).
Denote now by GGGs

R the ball of radius R > 0 around the origin in either Hs(D) or
Bs

∞,∞(D). Then,

H(GGGs
R, ∥ · ∥∞,supp(γ), δ) ≃

(R
δ

)d/s
∀δ ∈ (0, 1),

which holds for all s > 0 if GGGs
R is the ball in Bs

∞,∞(D), and for all s > d/2 in case GGGs
R is

the ball in Hs(D), see Triebel (1995, Theorem 4.10.3). Corollary 8 (i) (with α = d/s <
2) then directly yields the following theorem. It recovers the minimax optimal rate for
nonparametric least squares/maximum likelihood estimators.

Theorem 26 Let R > 0 and s > d/2. Then, there exists C > 0 such that for all G0 ∈GGGs
R,

the estimator Ĝn in (4.2) with GGG =GGGs
R and data as in (4.1) satisfies

EG0

[
∥Ĝn −G0∥2L2(D)

]
≤ Cn−

2
2+α = Cn−

2s
2s+d ∀n ∈ N.

4.2 Parametric Darcy Flow

As a second application we apply Theorem 23 to the solution operator of the diffusion
equation, extending the discussion of approximation errors in Herrmann et al. (2024, Section
7.1).

4.2.1 Setup

We recall the setup from Herrmann et al. (2024, Sections 7.1.1, 7.1.2).
Let d ∈ N, and denote by Td ≃ [0, 1]d the d-dimensional torus. In the following, all

function spaces on Td are understood to be one-periodic in each variable. Fix ā ∈ L∞(Td)
and f ∈ H−1(Td)/R such that for some constant amin > 0

ess inf
x∈Td

(ā(x) + a(x)) > amin. (4.3)
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We consider the ground truth G0 : a 7→ u, mapping a ∈ L∞(Td) to the solution u ∈ H1(Td)
of

−∇ · ((ā+ a)∇u) = f on Td and

∫
Td

u(x) dx = 0. (4.4)

Then G0 : {a ∈ L∞(Td) : (4.3) holds} → H1(Td) is well-defined.
To represent a and u, we use Fourier expansions on Td. Denote for j ∈ N0 and j ∈ Nd

0,
d ≥ 2,

ξ0 := 1, ξ2j(x) :=
√
2 cos(2πjx), ξ2j−1(x) :=

√
2 sin(2πjx), ξj(x1, . . . , xd) :=

d∏
k=1

ξjk(xk).

Then for r ≥ 0, {max{1, |j|}rξj : j ∈ Nd
0} forms an ONB of Hr(Td) equipped with inner

product

⟨u, v⟩Hr(Td) :=
∑
jjj∈Nd

0

⟨u, ξjjj⟩L2⟨v, ξjjj⟩L2 max {1, |jjj|}2r .

In the following, fix r0, t0 ≥ 0 and set

X := Hr0(Td), ψj := max{1, |j|}−r0ξj ,

Y := Ht0(Td), ηj := max{1, |j|}−t0ξj ,
(4.5)

so that ΨX := (ψj)j∈Nd
0
, ΨY := (ηj)j∈Nd

0
form ONBs of X, Y respectively. The encoder EX

and decoder DY are now as in (3.3). Direct calculation shows Xr = Hr0+rd and Yt = Ht0+td

for r, t ≥ 0; for more details see Herrmann et al. (2024, Section 7.1.2).

4.2.2 Sample Complexity

We now analyze the sample complexity for learning the PDE solution operator G0 in Section
4.2.1. For a proof of Theorem 27, see Appendix E.1.

Theorem 27 Let d ∈ N, d ≥ 2, s > 3d
2 and t0 ∈ [0, 1]. Fix τ1 > 0, τ2 ∈ (0,min{s− 3d

2 ,
τ1d
8 })

(both arbitrarily small), and set

r0 =

{
d
2 + τ2 if s ∈ (3d2 , 2d+ 1− t0]
s+t0−1

2 if s > 2d+ 1− t0.

Moreover let f ∈ C∞(Td), and let

(a) ground truth: G0 : a 7→ u be given through (4.4),

(b) representation system: EX, DY be as in (3.3) with the orthonormal basis in (4.5),
and r0, t0 from above,

(c) data: γ be the measure defined in (3.7) and (3.9) with r = s−r0
d such that ā + a

satisfies (4.3) for all a ∈ supp(γ), and let (xi, yi)
n
i=1 be generated by (2.1) with the

additive white noise model or the sub-Gaussian noise model,
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(d) regression class: GGG =GGGsp
FN(σ1, N) be the n-dependent sparse FrameNet architecture

in (3.14) with N(n) = ⌈n
1

κ+1 ⌉.

Then there exists a constant C > 0 such that for all n ∈ N there exists a measurable
ERM Ĝn ∈GGGsp

FN(σ1, N(n)) in (2.3), and any such Ĝn satisfies

EG0 [∥Ĝn −G0∥2L2(Hr0 (Td),γ;Ht0 (Td))] ≤ Cn−
κ

κ+1
+τ1 (4.6)

where

κ =

{
2min

{
s
d − 1, 1−t0

d

}
if s ∈ (3d2 , 2d+ 1− t0],

s+1−t0
d − 1 if s > 2d+ 1− t0.

(4.7)

Remark 28 Consider the setting of Theorem 27, and let supp(γ) ⊆ Cr
R(X). A slight

modification of the proof of Theorem 27 similar to Herrmann et al. (2024), using the ap-
proximation bound in Theorem 18 (i) instead of (ii), then yields

EG0 [∥Ĝn −G0∥2L2(Hr0 (Td),γ;Ht0 (Td))] ≤ Cn−
κ

κ+1
+τ1 (4.8)

where for some (small) τ2 > 0

(r0, κ) =

{
(d2 + τ2,

2s
d − 3) if s ∈ (3d2 ,

3d
2 + 1− t0]

(
s+t0− d

2
−1

2 , s+1−t0
d − 3

2) if s > 3d
2 + 1− t0.

Since

BR(H
s(Td)) = BR(X

r) = {x ∈ X : ∥x∥Xr ≤ R} =

x ∈ X :
∑
j∈N

⟨x, ψ̃j⟩2Xθ−2r
j ≤ R2


⊆

{
a ∈ X : sup

j∈N
θ−r
j |⟨a, ψ̃j⟩X| ≤ R

}
= Cr

R(X),

in particular, (4.8) holds for any γ with supp(γ) ⊆ BR(H
s(Td)). This shows Theorem 1.

Similar rates can also be obtained for this PDE model on a convex, polygonal domain
D ⊂ T2 with Dirichlet boundary conditions. The argument uses the Riesz basis constructed
in Davydov and Stevenson (2005), but is otherwise similar to the torus, for details see
Herrmann et al. (2024, Section 7.2). Moreover, using the RePU activation function, (4.6)
holds with convergence rate κ/(κ + 1 + 4CL log(q)), where κ is from (4.7) and CL from
(3.14b). The proof is similar to Theorem 27 using Theorem 25 instead of Theorem 23.
Finally, rates for the fully-connected class GGGfull

FN(σq, N) can be established using Theorems
23 (ii) and 25 (ii).

5. Conclusions

In this work, we established convergence theorems for empirical risk minimization to learn
mappings G0 between infinite dimensional Hilbert spaces. Our setting assumes given data
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in the form of n input-output pairs, with an additive noise model. We discuss both the case
of Gaussian white noise and sub-Gaussian noise. Our main statistical result, Theorem 6,
bounds the mean-squared L2-error E[∥Ĝn −G0∥2L2(γ)] in terms of the approximation error,

and algebraic rates in n depending only on the metric entropy ofGGG. This provides a general
framework to study operator learning from the perspective of sample complexity.

In the second part of this work, we applied our statistical results to a specific oper-
ator learning architecture from Herrmann et al. (2024), termed FrameNet. As our main
application, we showed that holomorphic operators G0 can be learned with NN-based sur-
rogates without suffering from the curse of dimensionality, cf. Theorem 23. Such results
have wide applicability, as the required holomorphy assumption is well-established in the
literature, and has been verified for a variety of models including for example general el-
liptic PDEs (Cohen et al., 2010, 2011; Cohen and DeVore, 2015; Harbrecht et al., 2016),
Maxwell’s equations (Jerez-Hanckes et al., 2017), the Calderon projector (Henŕıquez and
Schwab, 2021), the Helmholtz equation (Hiptmair et al., 2018; Spence and Wunsch, 2023)
and also nonlinear PDEs such as the Navier-Stokes equations (Cohen et al., 2018).

The main observation model considered in this work is white noise, which can be un-
derstood as an idealization of taking (equally spaced, noisy) point evaluations, see Remark
4. Our measurement model hence represents the process of gathering real-world data from
physical systems rather than data generated from approximate solutions of PDEs, in which
case the numerical error can be made arbitrarily small. Covering noise-free data with our
statistical framework is left for future research.

Extending our results from Hilbert spaces to Banach spaces seems non-trivial. The white
noise model is not well-defined in Banach spaces and would need to be replaced. Moreover,
bounding the empirical risk in Theorem 5 uses the Hilbert space structure in an essential
way: both the basic inequality (Lemma 30) and the chaining Lemma (Lemma 32) rely on
the presence of an inner product and would need to be adapted in a Banach space setting.

We have also not discussed the training procedure for finding an empirical risk minimizer.
The underlying optimization problem is in general non-convex and hence algorithms can
typically only approximate the global minimizer up to some tolerance. However, we believe
that large parts of our analysis extend straightforwardly to such approximate minimizers
with the tolerance appearing as an additional additive term in the mean squared error
bound. Full details are left for future work.
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Appendix A. Auxiliary Probabilistic Lemmas

We recall the classical Bernstein inequality.

Lemma 29 (Bernstein’s inequality) Let X1, . . . , Xn be independent, centered RVs with
finite second moments E[X2

i ] < ∞ and uniform bound |Xi| ≤ M for i = 1, . . . , n. Then it
holds

P

(∣∣∣∣∣
n∑

i=1

Xi

∣∣∣∣∣ ≥ t

)
≤ 2 exp

(
− t2

2
∑n

i=1 E[X2
i ] +

2
3Mt

)
, t ≥ 0.

For a proof of Bernstein’s inequality, see Pollard (1984, page 193).

Lemma 30 (Basic Inequality) Let εi, i = 1, . . . , n be i.i.d. white noise or sub-Gaussian
noise. Then it holds for all G∗ ∈GGG

∥Ĝn −G0∥2n ≤ ∥G∗ −G0∥2n +
2σ

n

n∑
i=1

⟨εi, Ĝn(xi)−G∗(xi)⟩Y.

Proof Let G∗ ∈GGG be arbitrary. Using the definition of Ĝn from (2.3), it holds

∥Ĝn −G0∥2n

=
1

n

n∑
i=1

∥Ĝn(xi)∥2Y − 2⟨G0(xi), Ĝn(xi)⟩Y + ∥G0(xi)∥2Y

=
1

n

n∑
i=1

∥Ĝn(xi)∥2Y − 2⟨G0(xi) + σεi, Ĝn(xi)⟩Y + 2σ⟨εi, Ĝn(xi)⟩Y + ∥G0(xi)∥2Y

≤ 1

n

n∑
i=1

∥G∗(xi)∥2Y − 2⟨G0(xi) + σεi, G
∗(xi)⟩Y + 2σ⟨εi, Ĝn(xi)⟩Y + ∥G0(xi)∥2Y

=
1

n

n∑
i=1

∥G∗(xi)∥2Y − 2⟨G0(xi), G
∗(xi)⟩Y + ∥G0(xi)∥2Y + 2σ⟨εi, Ĝn(xi)−G∗(xi)⟩Y

= ∥G∗ −G0∥2n +
2σ

n

n∑
i=1

⟨εi, Ĝn(xi)−G∗(xi)⟩Y,

which shows the claim.

Next, we state a generic chaining result from Dirksen (2015, Theorem 3.2), originally derived
for finite index sets, for countable index sets T . We restrict ourselves to the case of real-
valued stochastic processes.

Lemma 31 Let T be a countable index set and d : T × T → [0,∞) a pseudometric. Fur-
thermore, let (Xt)t∈T be an R-valued stochastic process such that for some α > 0 and all
s, t ∈ T ,

P (|Xt −Xs| ≥ ud(t, s)) ≤ 2 exp (−uα) , u ≥ 0. (A.1)
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Then, there exists a constant M > 0 depending only on α, such that for all t0 ∈ T it holds
that

P

(
sup
t∈T

|Xt −Xt0 | ≥M

(
Jα(T, d) + u sup

s,t∈T
d(s, t)

))
≤ exp

(
−u

α

α

)
, u ≥ 1,

where Jα denotes the metric entropy integral

Jα(T, d) =

∫ ∞

0
(logN(T, d, u))

1
α du.

Proof Since T is countable, we can write T = {tj : j ∈ N}. Using this, we define
Tn = {tj : j ≤ n} for n ∈ N. Since Tn is finite (Dirksen, 2015, Theorem 3.2, Eq. 3.2 and its
proof) gives M̃ > 0 s.t.(

E

[
sup
t∈Tn

|Xt −Xt0 |p
]) 1

p

≤ M̃

(
Jα(Tn, d) + sup

s,t∈Tn

d(s, t)p
1
α

)
(A.2)

for all p ≥ 1, t0 ∈ T and n ∈ N. In (A.2), we used Dirksen (2015, Eq. (2.3)) to upper bound
the γα-functionals by the respective metric entropy integrals Jα. The monotone convergence
theorem shows (A.2) for T in the limit n→ ∞. Applying Dirksen (2015, Lemma A.1) then
gives the claim with M = exp(α−1)M̃ .

We now use Lemma 31 to establish the following concentration bound, which is tailored
towards the empirical processes appearing in our proofs, cf. Lemma 30. Note that this
lemma can be viewed as a generalization of the key chaining Lemma 3.12 in Nickl and
Wang (2024) to Y-valued regression functions; the proof follows along the same lines.

Lemma 32 (Chaining Lemma) Let X,Y be separable Hilbert spaces, and suppose Θ is a
(possibly uncountable) set parametrizing a class of maps

H = {hθ : X → Y, θ ∈ Θ} .

Consider an empirical process of the form

Zn(θ) =
1

n

n∑
i=1

⟨hθ(xi), εi⟩Y,

where x1, . . . , xn ∈ X are fixed elements and εi, . . . , εn are either (i) i.i.d. Gaussian white
noise processes indexed by Y, or (ii) i.i.d. sub-Gaussian random variables in Y with param-
eter 1.

Recall the empirical seminorm ∥ · ∥n. Suppose that

sup
θ∈Θ

∥hθ∥n =: U <∞, (A.3)

and define the metric entropy integral

J(H, dn) =

∫ U

0

√
logN(H, dn, τ) dτ, dn(θ, θ

′) = ∥hθ − hθ′∥n.
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Let the space (Θ, dn) be separable. Then supθ∈Θ Zn(θ) is measurable and there exists a
universal constant CCh > 0 such that for all δ > 0 with

√
nδ ≥ CChJ(H, dn), (A.4)

it holds

P

(
sup
θ∈Θ

|Zn(θ)| ≥ δ

)
≤ exp

(
− 8nδ2

C2
ChU

2

)
.

Proof In both cases, we will apply Dirksen (2015, Theorem 3.2), which we stated in Lemma
31.

White noise case. Let θ, θ′ ∈ Θ be arbitrary. Since εi, i = 1, . . . , n are independent
white noise processes, we have Zn(θ) − Zn(θ

′) ∼ N(0, n−1∥hθ − hθ′∥2n), i.e. the increments
of Zn are normal (recall that xxx is regarded as fixed here). Thus,

P
(
|Zn(θ)− Zn(θ

′)| ≥ t
)
≤ 2 exp

(
−nt2/(2∥hθ − hθ′∥2n)

)
, t ≥ 0,

and

P

(∣∣Zn(θ)− Zn(θ
′)
∣∣ ≥ √

2tdn(θ, θ
′)√

n

)
≤ 2 exp

(
− dn(θ, θ

′)2t2

∥hθ − hθ′∥2n

)
= 2 exp

(
−t2
)
, t ≥ 0, (A.5)

which verifies the assumption (A.1) for α = 2 and d̄n :=
√
2dn/

√
n.

Eq. (A.5) shows that the process Zn(θ) is sub-Gaussian with respect to the pseudometric
d̄n(θ, θ

′) =
√
2∥hθ − hθ′∥n/

√
n. Therefore Giné and Nickl (2016, Theorem 2.3.7 (a)) yields

that Zn(θ) is sample bounded and uniformly sample continuous. Since (Θ, dn) is separable,
so is (Θ, d̄n). Thus it holds

sup
θ∈Θ

Zn(θ) = sup
θ∈Θ0

Zn(θ) a.s., (A.6)

where Θ0 ⊂ Θ denotes a countable, dense subset. The right hand side of (A.6) is measurable
as a countable supremum. Therefore also the left hand side supθ∈Θ Zn(θ) is measurable.
Applying Lemma 31 (to the countable set Θ0) and using (A.6) gives that for some universal
constant M and all θ† ∈ Θ,

P

(
sup
θ∈Θ

|Zn(θ)− Zn(θ†)| ≥M

(
J(H, d̄n) +

tU√
n

))
≤ exp

(
− t

2

2

)
, t ≥ 1.

Due to (A.3) it holds N(H, dn, δ) = 1 for all δ ≥ U , and thus

N(H, d̄n, τ) = N(H, dn,
√
nτ/

√
2) = 1 ∀τ ≥

√
2U√
n
.
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Substituting ρ =
√
nτ/

√
2 we get

J(H, d̄n) =

∫ √
2U/

√
n

0

√
logN(H, d̄n, τ) dτ

=

√
2√
n

∫ U

0

√
logN

(
H, d̄n,

√
2ρ√
n

)
dρ

=

√
2√
n

∫ U

0

√
logN(H, dn, ρ) dρ =

√
2J(H, dn)√

n

and therefore

P

(
sup
θ∈Θ

|Zn(θ)− Zn(θ†)| ≥
√
2M√
n

(J(H, dn) + tU)

)
≤ exp

(
− t

2

2

)
, t ≥ 1. (A.7)

Since Zn(θ†) ∼ N(0, n−1∥hθ†∥2n), it holds for all θ† ∈ Θ

P

(
|Zn(θ†)| ≥

MtU√
n

)
≤ exp

(
−M2U2t2

2∥hθ†∥2n

)
≤ exp

(
−M

2t2

2

)
, t ≥ 0. (A.8)

Combining (A.7) and (A.8) yields for t ≥ 1

P

(
sup
θ∈Θ

|Zn(θ)| ≥
3M√
n
(J(H, dn) + tU)

)
≤ P

(
sup
θ∈Θ

|Zn(θ)− Zn(θ†)| ≥
√
2M√
n

(J(H, dn) + tU)

)

+ P

(
|Zn(θ†)| ≥

M√
n
(J(H, dn) + tU)

)
≤ exp

(
−t2

2

)
+ P

(
|Zn(θ†)| ≥

MtU√
n

)
≤ exp

(
−t2

2

)
+ exp

(
−M2t2

2

)
= 2 exp

(
−t2

2

)
,

where we assumed without loss of generality thatM ≥ 1. Substitute δ = 3M/
√
n (J(H, dn)

+tU), i.e. t = (
√
nδ/3M−J(H, dn))/U . Because N(H, dn, τ) ≥ 2 for τ ≤ U/2, we have that

J(H, dn) ≥ U/2
√

log(2) > U/4. Therefore
√
nδ ≥ 15MJ(H, dn) := CChJ(H, dn) implies

t ≥ 1 and thus

P

(
sup
θ∈Θ

|Zn(θ)| ≥ δ

)
≤ 2 exp

(
−(

√
nδ/(3M)− J(H, dn))

2

2U2

)
≤ 2 exp

(
− 8nδ2

C2
ChU

2

)
,(A.9)

which gives the claim for the white noise case.
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Sub-Gaussian case. For θ, θ′ ∈ Θ it holds

Zn(θ)− Zn(θ
′) =

1

n

n∑
i=1

⟨εi, hθ(xi)− hθ′(xi)⟩Y.

Since the centered RVs n−1⟨εi, hθ(xi) − hθ′(xi)⟩Y are i.i.d. sub-Gaussian with parameter
n−1∥hθ(xi) − hθ′(xi)∥Y, the ‘generalized’ Hoeffding inequality for sub-Gaussian variables
(see Vershynin 2018, Theorem 2.6.2) implies that for some universal constant c > 0 the
increment Zn(θ)− Zn(θ

′) is sub-Gaussian with parameter c∥hθ − hθ′∥n/
√
n. Therefore

P

(∣∣Zn(θ)− Zn(θ
′)
∣∣ ≥ √

2tc√
n
dn(θ, θ

′)

)
≤ 2 exp

(
−t2
)
, t ≥ 0.

From here on, the proof is similar to the white noise case and we obtain (A.9) by absorbing
c into CCh.

The following Lemma uses the ’peeling device’ proof technique as developed in van de Geer
(2000, Section 5) and is a generalization of van de Geer (2000, Lemma 5.13).

Lemma 33 Let xi
iid∼ γ and consider the entropy H(δ) = H(GGG, ∥·∥∞,supp(γ), δ). Let (δ̃n)n∈N

be a positive sequence with

nδ̃2n ≥ 6M2
FFFH(δ̃n).

Then for R ≥ max{8δ̃n, 18MFFF /
√
n}, it holds that

P
(
∥Ĝn −G0∥L2(γ) ≥ R, ∥Ĝn −G0∥L2(γ) ≥ 2∥Ĝn −G0∥n

)
≤ 2 exp

(
− nR2

320M2
FFF

)
.

Proof In the following we write ∥ · ∥∞ = ∥ · ∥∞,supp(γ). Let FFF = {G−G0 : G ∈GGG}. Then
for R ≥ 0 it holds that

PG0

(
∥Ĝn −G0∥L2(γ) ≥ R, ∥Ĝn −G0∥L2(γ) ≥ 2∥Ĝn −G0∥n

)
≤ PG0

(
sup

F∈FFF , ∥F∥L2(γ)≥R
∥F∥L2(γ) ≥ 2∥F∥n

)
. (A.10)

For s ∈ N, we define FFF s = {F ∈ FFF : sR ≤ ∥F∥L2(γ) ≤ (s + 1)R}. As a union of disjoint
events, it holds

PG0

(
sup

F∈FFF , ∥F∥L2(γ)≥R
∥F∥L2(γ) ≥ 2∥F∥n

)
=

∞∑
s=1

PG0

(
sup
F∈FFF s

∥F∥L2(γ) ≥ 2∥F∥n
)

≤
∞∑
s=1

PG0

(
sup
F∈FFF s

∣∣∥F∥L2(γ) − ∥F∥n
∣∣ ≥ sR

2

)
,

where we used for F ∈ FFF s and s ∈ N

∥F∥L2(γ) ≥ 2∥F∥n =⇒ ∥F∥L2(γ) − ∥F∥n ≥
∥F∥L2(γ)

2
≥ sR

2
.

32



Statistical Learning Theory for Neural Operators

Now consider some coveringFFF ∗
s = {Fs,j}Nj=1 withN = N(FFF s, ∥·∥∞, R/8). Thus for arbitrary

s ∈ N and F ∈ FFF s there exists Fs,j ∈ FFF ∗
s s.t. ∥F − Fs,j∥∞ ≤ R/8. We get

∣∣∥F∥L2(γ) − ∥F∥n
∣∣ ≤ ∣∣∥F∥L2(γ) − ∥Fs,j∥L2(γ)

∣∣+ ∣∣∥Fs,j∥L2(γ) − ∥Fs,j∥n
∣∣

+ |∥Fs,j∥n − ∥F∥n|

≤ R

4
+
∣∣∥Fs,j∥L2(γ) − ∥Fs,j∥n

∣∣ .
Therefore

∞∑
s=1

PG0

(
sup
F∈FFF s

∣∣∥F∥L2(γ) − ∥F∥n
∣∣ ≥ sR

2

)

≤
∞∑
s=1

PG0

(
max

j=1,...,N

∣∣∥Fs,j∥L2(γ) − ∥Fs,j∥n
∣∣ ≥ sR

4

)

≤
∞∑
s=1

N(FFF s, ∥ · ∥∞, R/8) max
j=1,...,N

PG0

(∣∣∥Fs,j∥L2(γ) − ∥Fs,j∥n
∣∣ ≥ sR

4

)
, (A.11)

where we used sR/2 − R/4 ≥ sR/4 for s ∈ N. Since Fs,j ∈ FFF s, we have ∥Fs,j∥L2(γ) ≥ sR
and therefore

∣∣∥Fs,j∥L2(γ) − ∥Fs,j∥n
∣∣ =

∣∣∣∥Fs,j∥2L2(γ) − ∥Fs,j∥2n
∣∣∣

∥Fs,j∥L2(γ) + ∥Fs,j∥n

≤ 1

sR

∣∣∣∥Fs,j∥2L2(γ) − ∥Fs,j∥2n
∣∣∣ .

Inserting into (A.11) gives

∞∑
s=1

N(FFF s, ∥ · ∥∞, R/8) max
j=1,...,N

PG0

(∣∣∥Fs,j∥L2(γ) − ∥Fs,j∥n
∣∣ ≥ sR

4

)

≤
∞∑
s=1

N(FFF s, ∥ · ∥∞, R/8) max
j=1,...,N

PG0

(∣∣∣∥Fs,j∥2L2(γ) − ∥Fs,j∥2n
∣∣∣ ≥ s2R2

4

)
.

Define the variables

Yi =
1

n

(
∥Fs,j∥2L2(γ) − ∥Fs,j(xi)∥2Y

)
, i = 1, . . . , n.
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It holds for all i = 1, . . . , n

E[Yi] = 0,

|Yi| ≤
2M2

FFF

n
,

E[Y 2
i ] =

1

n2
E

[(
∥Fs,j∥2L2(γ) − ∥Fs,j(xi)∥2Y

)2]
=

1

n2
E
[(

∥Fs,j∥4L2(γ) − 2∥Fs,j∥2L2(γ)∥Fs,j(xi)∥2Y + ∥Fs,j(xi)∥4Y
)]

=
1

n2
E
[
∥Fs,j(xi)∥4Y

]
− ∥Fs,j∥4L2(γ)

≤
M2

FFF

n2
∥Fs,j∥2L2(γ).

Applying Bernstein’s inequality (Lemma 29) for the variables Yi yields

∞∑
s=1

N(FFF s, ∥ · ∥∞, R/8) max
j=1,...,N

PG0

(∣∣∣∥Fs,j∥2L2(γ) − ∥Fs,j∥2n
∣∣∣ ≥ s2R2

4

)

≤
∞∑
s=1

N(FFF s, ∥ · ∥∞, R/8) max
j=1,...,N

exp

(
− ns4R4

32M2
FFF (∥Fs,j∥2L2(γ)

+ s2R2

6 )

)

≤
∞∑
s=1

exp

(
H(FFF s, ∥ · ∥∞, R/8)−

ns2R2

160M2
FFF

)
,

where we used ∥Fs,j∥2L2(γ) ≤ (s + 1)2R2 ≤ 4s2R2 for all j = 1, . . . , N and s ∈ N, since

Fj,s ∈ FFF s.

Since H(δ)/δ2 is non-increasing in δ and R ≥ 8δ̃n, we have

ns2R2

160M2
FFF

≥ n

3M2
FFF

(
R

8

)2

≥ 2H(GGG, ∥ · ∥∞, R/8) ≥ 2H(FFF s, ∥ · ∥∞, R/8).

Therefore we get

∞∑
s=1

exp

(
H(FFF s, ∥ · ∥∞, R/8)−

ns2R2

160M2
FFF

)

≤
∞∑
s=1

exp

(
− ns2R2

320M2
FFF

)
≤

∞∑
s=1

1

s2
exp

(
− nR2

320M2
FFF

)
< 2 exp

(
− nR2

320M2
FFF

)
. (A.12)

Note that for x, y ≥ 1, we have exp(−xy) ≤ exp(−y)/x. Applying this in the case x = s2 ≥ 1
and y = nR2/(320M2

FFF ) ≥ 1 for R ≥ 18MFFF /
√
n, together with

∑∞
s=1 1/s

2 = π2/6 < 2, gives
(A.12). Combining (A.10)–(A.12) shows the claim.

In the case of sub-Gaussian noise, standard bounds on the maximum of sub-Gaussian RVs
suffice to bound the generalisation error.
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Lemma 34 Consider the sub-Gaussian noise model, i.e. suppose ∥εi∥Y are i.i.d. sub-Gaus-
sian with parameter 1. Abbreviate H(δ) = H(GGG, ∥ · ∥∞,supp(γ), δ). Then there exists a
universal constant C > 0 s.t. for all positive sequences (δn)n∈N with

nδ4n ≥ C2σ2M2
FFFH

(
δ2n

8σ2 + δ2n

)
,

all G∗ ∈GGG and R ≥ max{δn,
√
2∥G∗ −G0∥n}, it holds for every xxx = (x1, ..., xn) ∈ Xn

Pxxx
G0

(
∥Ĝn −G0∥n ≥ R

)
≤ 4 exp

(
− nR4

C2σ2(1 +M2
FFF )

)
. (A.13)

Proof In the following we write ∥ · ∥∞ = ∥ · ∥∞,supp(γ). For R
2 ≥ 2∥G∗ −G0∥2n, we use the

basic inequality (Lemma 30) to obtain

Pxxx
G0

(
∥Ĝn −G0∥2n ≥ R2

)
≤ Pxxx

G0

(
∥Ĝn −G0∥2n − ∥G∗ −G0∥2n ≥ R2

2

)
.

≤ Pxxx
G0

(∣∣∣∣∣ 1n
n∑

i=1

⟨εi, Ĝn(xi)−G∗(xi)⟩Y

∣∣∣∣∣ ≥ R2

4σ

)
. (A.14)

For R > 0, letGGG∗ = {G−G∗, G ∈GGG} and (Gj)
N
j=1 with N = N(GGG∗, ∥·∥∞, R2/(8σE[∥εi∥Y]+

R2)) denote a minimal ∥ · ∥∞-cover of GGG∗.

It holds for R > 0

Pxxx
G0

(∣∣∣∣∣ 1n
n∑

i=1

⟨εi, Ĝn(xi)−G∗(xi)⟩Y

∣∣∣∣∣ ≥ R2

4σ

)

≤ Pxxx
G0

(
sup
G∈GGG

∣∣∣∣∣ 1n
n∑

i=1

⟨εi, G(xi)−G∗(xi)⟩Y

∣∣∣∣∣ ≥ R2

4σ

)

≤ Pxxx
G0

(
sup
G∈GGG

∣∣∣∣∣ 1n
n∑

i=1

⟨εi, G(xi)−G∗(xi)−Gj∗(xi)⟩Y

∣∣∣∣∣+ max
j=1,...N

∣∣∣∣∣ 1n
n∑

i=1

⟨εi, Gj(xi)⟩Y

∣∣∣∣∣ ≥ R2

4σ

)

≤ Pxxx
G0

(
sup
G∈GGG

∣∣∣∣∣ 1n
n∑

i=1

⟨εi, G(xi)−G∗(xi)−Gj∗(xi)⟩Y

∣∣∣∣∣ ≥ R2

8σ

)
︸ ︷︷ ︸

(i)

+ Pxxx
G0

(
max

j=1,...N

∣∣∣∣∣ 1n
n∑

i=1

⟨εi, Gj(xi)⟩Y

∣∣∣∣∣ ≥ R2

8σ

)
︸ ︷︷ ︸

(ii)

.
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We estimate the terms (i) and (ii) separately. For (i), use ∥G−G∗−Gj∗∥∞ ≤ R2/(8σE[∥εi∥Y]
+R2) for all G ∈GGG and estimate

Pxxx
G0

(
sup
G∈GGG

∣∣∣∣∣ 1n
n∑

i=1

⟨εi, G(xi)−G∗(xi)−Gj∗(xi)⟩Y

∣∣∣∣∣ ≥ R2

8σ

)

≤ Pxxx
G0

(∣∣∣∣∣ 1n
n∑

i=1

∥εi∥Y
R2

8σE[∥εi∥Y] +R2

∣∣∣∣∣ ≥ R2

8σ

)

≤ Pxxx
G0

(∣∣∣∣∣ 1n
n∑

i=1

∥εi∥Y − E[∥εi∥Y]

∣∣∣∣∣ ≥ R2

8σ

)
≤ 2 exp

(
− nR4

C2σ2

)
,

where we used the Hoeffding inequality for sub-Gaussian random variables from Vershynin
(2018, Theorem 2.6.2).

For (ii), it holds

Pxxx
G0

(
max

j=1,...N

∣∣∣∣∣ 1n
n∑

i=1

⟨εi, Gj(xi)⟩Y

∣∣∣∣∣ ≥ R2

8σ

)

≤ N max
j=1,...N

Pxxx
G0

(∣∣∣∣∣ 1n
n∑

i=1

⟨εi, Gj(xi)⟩Y

∣∣∣∣∣ ≥ R2

8σ

)

≤ 2N exp

(
− 2nR4

C2σ2M2
FFF

)
≤ 2 exp

(
H

(
R2

8σ2 +R2

)
− 2nR4

C2σ2M2
FFF

)
,

where we used E[∥εi∥Y] ≤ σ (Cauchy–Schwarz) and Vershynin (2018, Theorem 2.6.2) for
Yi = n−1⟨εi, Gj(xi)⟩Y, i = 1, . . . , n.

Since H(δ)/δ2 is non-increasing, also H(δ/(8σ2 + δ))/δ2 is non-increasing and thus it
holds for R ≥ δn

nR4

C2σ2M2
FFF

≥ H

(
R2

8σ2 +R2

)
.

This gives for R ≥ δn

(ii) ≤ 2 exp

(
− nR4

C2σ2M2
FFF

)
. (A.15)

Combining (A.14)–(A.15) gives the result.

Appendix B. Proofs of Section 2

B.1 Proof of Theorem 5

B.1.1 Existence and Measurability of Ĝn

White noise case. For i = 1, . . . , n, denote the probability space of the RVs xi and the
white noise processes εi as (Ω,Σ,P). Furthermore, equip the Hilbert spaces X and Y with
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Borel σ-algebras BX and BY and the space GGG with the Borel σ-algebra BGGG. Then, there
exists an orthonormal basis (ψj)j∈N of Y and i.i.d. Gaussian variables Zj ∼ N(0, 1) s.t.

εi : Ω× Y → R,

εi(ω, y) =
∞∑
j=1

⟨y, ψj⟩YZj(ω)

for i = 1, . . . , n, see also Giné and Nickl (2016, Example 2.1.11)

Recall the noise level σ > 0. For i = 1, . . . , n, we define

ui : Ω×GGG→ R,

ui(ω,G) = 2σεi (ω,G(xi(ω))) + 2⟨G0(xi(ω)), G(xi(ω))⟩Y − ∥G(xi(ω))∥2Y. (B.1)

We aim to apply Nickl (2007, Proposition 5) to u := 1/n
∑n

i=1 ui in order to get existence

and measurability of Ĝn in (2.3).

Per assumption, the metric space (GGG, ∥ · ∥) is compact. We show that ui from (B.1)
is measurable in the first component and continuous in the second component for all i =
1, . . . , n. Then Nickl (2007, Proposition 5) shows the claim. Consider an arbitrary G ∈ GGG.
We show that ui(. , G) is (Σ,BR)-measurable, where BR is the Borel σ-algebra in R.

The RVs xi are (Σ,BX)-measurable by definition. The maps G and G0 are assumed
to be (BX,BY)-measurable. Furthermore, because of their continuity, the scalar product
⟨. , .⟩Y is (BY,BR)-measurable in both components and also the norm ∥ . ∥Y is (BY,BR)-
measurable. Therefore, since the composition of measurable functions is measurable, the
latter two summands in (B.1) are (Σ,BR)-measurable.

Proceeding with the first summand, the RVs Zj are (Σ,BR)-measurable by definition
for all j ∈ N. Therefore the products ⟨ . , ψj⟩YZj are (Σ⊗BY,BR)-measurable for all j ∈ N.
Thus εi is, as the pointwise limit, (Σ ⊗ BY,BR)-measurable. Then, as the composition of
measurable functions, the first summand in (B.1) is (Σ,BR)-measurable. Therefore ui( . , G),
i = 1, . . . , n, and thus u( . , G) is (Σ,BR)-measurable for all G ∈GGG.

We proceed and show that u(ω, . ) is continuous w.r.t. ∥ · ∥. Therefore choose G,G′ ∈GGG
and ω ∈ Ω. Then it holds for i = 1, . . . , n and xi = xi(ω)∣∣ui(ω,G)− ui(ω,G

′)
∣∣ ≤ 2σ

∣∣εi (ω,G(xi)−G′(xi)
)∣∣+ 2

∣∣⟨G0(xi), G(xi)−G′(xi)⟩Y
∣∣

+
∣∣∥G(xi)∥Y − ∥G′(xi)∥Y

∣∣ ∣∣∥G(xi)∥Y + ∥G′(xi)∥Y
∣∣

≤ 2σ
∣∣εi (ω,G(xi)−G′(xi)

)∣∣
+

√
n
(
2∥G0(xi)∥Y + ∥G(xi)∥Y + ∥G′(xi)∥Y

)
∥G−G′∥n

≤ 2σ
∣∣εi (ω,G(xi)−G′(xi)

)∣∣
+ C

√
n
(
2∥G0(xi)∥Y + ∥G(xi)∥Y + ∥G′(xi)∥Y

)
∥G−G′∥, (B.2)

where we used that ∥G(xi)−G′(xi)∥Y ≤
√
n∥G−G′∥n for i = 1, . . . , n and ∥ · ∥n ≤ C∥ · ∥ at

the last inequality. Furthermore, Giné and Nickl (2016, page 40 and Proposition 2.3.7(a))
yields that the white noise processes εi are a.s. sample dεi-continuous w.r.t. their intrinsic
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pseudometrics dεi : Y × Y → R, dεi(y, y
′) = E[⟨εi, y − y′⟩2Y]1/2 = ∥y − y′∥Y. Since for all G,

G′ ∈GGG we have

∥G(xi)−G′(xi)∥Y ≤
√
n∥G−G′∥n ≤ C

√
n∥G−G′∥,

the white noise processes are also a.s. sample d-continuous, where d is the metric induced
by ∥·∥.

Together with (B.2) this shows that there exists a null-set Ω0 ⊂ Ω such that for all
ω ∈ Ω\Ω0, u(ω, .) is continuous w.r.t. ∥·∥. Now we choose versions x̃i and ε̃i s.t. u(ω, .) = 0
for all ω ∈ Ω0. Then G 7→ u(ω,G) : (GGG, ∥ · ∥) → R is continuous for all ω ∈ Ω. Applying
Nickl (2007, Proposition 5) gives an (Σ,BGGG)-measurable MLSE Ĝn in (2.3) with the desired
minimization property.

Sub-Gaussian case. For i = 1, . . . , n, consider the functions ui from (B.1). The
measurability of ui( . , G), i = 1, . . . , n follows from the measurability of the scalar product
⟨. , .⟩Y, the norm ∥ · ∥Y, G0 and all G ∈ GGG. Note that in contrast to the white noise
case, εi are RVs in Y for all i = 1, . . . , n and therefore measurable without any further
investigation. Also, since εi(ω) ∈ Y for all ω, Cauchy–Schwarz immediately shows that
ui(ω, .) and therefore u(ω, .) is continuous w.r.t. ∥ · ∥ for all ω ∈ Ω\Ω0. Choosing versions
x̃i and ε̃i and applying Nickl (2007, Proposition 5) as above gives the existence of an
(Σ,BGGG)-measurable LSE Ĝn in (2.3) and therefore finishes the proof.

B.1.2 Concentration Inequality for Ĝn

The proof follows ideas developed in van de Geer (2000, Section 10.3) as well as Nickl and
Wang (2024), where generic chaining bounds from Dirksen (2015) were used to bound the
relevant empirical processes appearing below.

Slicing argument. Recall the definition (2.4) of the empirical norm. For R2
n ≥ 2∥G∗−G0∥2n,

we have

Pxxx
G0

(
∥Ĝn −G0∥2n ≥ R2

n

)
≤ Pxxx

G0

(
2
(
∥Ĝn −G0∥2n − ∥G∗ −G0∥2n

)
≥ R2

n

)
. (B.3)

As a union of disjoint events, it holds

Pxxx
G0

(
2
(
∥Ĝn −G0∥2n − ∥G∗ −G0∥2n

)
≥ R2

n

)
=

∞∑
s=0

Pxxx
G0

(
22sR2

n ≤ 2
(
∥Ĝn −G0∥2n − ∥G∗ −G0∥2n

)
< 22s+2R2

n

)
.

Applying the basic inequality (Lemma 30) and defining the empirical process (XG : G ∈GGG)
indexed by the operator class GGG as

XG =
1

n

n∑
i=1

⟨εi, G(xi)−G∗(xi)⟩Y,
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gives

∞∑
s=0

Pxxx
G0

(
22sR2

n ≤ 2
(
∥Ĝn −G0∥2n − ∥G∗ −G0∥2n

)
< 22s+2R2

n

)

≤
∞∑
s=0

Pxxx
G0

(∣∣XĜn

∣∣ ≥ 22s−2R2
n

σ
, ∥Ĝn −G0∥2n − ∥G∗ −G0∥2n < 22s+1R2

n

)

≤
∞∑
s=0

Pxxx
G0

(
sup

G∈GGG∗
n(2

s+3/2Rn)

∣∣XG

∣∣ ≥ 22s−2R2
n

σ

)
. (B.4)

In (B.4), we additionally used that if 2∥G∗ −G0∥2n ≤ R2
n and∣∣∥Ĝn −G0∥2n − ∥G∗ −G0∥2n

∣∣ < 22s+1R2
n

then ∥Ĝn −G0∥2n ≤ 22s+1R2
n +R2

n/2 and thus

∥Ĝn −G∗∥2n ≤ 2
(
∥Ĝn −G0∥2n + ∥G∗ −G0∥2n

)
≤ 22s+2R2

n + 2R2
n ≤ 22s+3R2

n.

Concentration inequality for each slice. We wish to apply Lemma 32 to bound the proba-
bilities in (B.4). Let CCh be the generic constant from this lemma and let δn satisfy (2.6).
Then, due to δ 7→ Ψn(δ)/δ

2 being non-increasing, (2.6) gives for all Rn ≥ δn and s ∈ N0

√
n(22s+3R2

n) ≥ 32CChσΨn(2
s+3/2Rn)

so that with Θ :=GGG∗
n(2

s+3/2Rn)

√
n
22s−2R2

n

σ
≥ CChΨn(2

s+3/2Rn) ≥ CChJ(Θ, ∥ · ∥n). (B.5)

With hG := G − G∗ and H := {hG : G ∈ Θ} we have J(Θ, ∥ · ∥n) = J(H, ∥ · ∥n) and thus
(B.5) verifies assumption (A.4) of Lemma 32 for δ = 22s−2R2

n/σ.
Furthermore, since Θ = GGG∗

n(2
s+3/2Rn) ⊂ GGG for s ∈ N0, Rn > 0 and (GGG, ∥ · ∥n) is

compact, the space (Θ, ∥ · ∥n) is separable, which verifies the last assumption of Lemma 32.
Applying this lemma with U = 2s+3/2Rn shows that the (uncountable) suprema in (B.4)
are measurable and that for all Rn ≥ δn,

∞∑
s=0

Pxxx
G0

(
sup

G∈GGG∗
n(2

s+3/2Rn)

∣∣XG

∣∣ ≥ 22s−2R2
n

σ

)
≤

∞∑
s=0

exp

(
− 8n24s−4R4

n

C2
Chσ

222s+3R2
n

)

≤
∞∑
s=0

exp

(
−22s−4nR2

n

C2
Chσ

2

)

≤
∞∑
s=0

2−2s exp

(
− nR2

n

16C2
Chσ

2

)
< 2 exp

(
− nR2

n

16C2
Chσ

2

)
. (B.6)

In (B.6) we additionally used exp(−xy) ≤ exp(−x)/y, which holds for all x, y ≥ 1, i.e. for
Rn ≥ 4CChσ/

√
n. Combining (B.3)–(B.4) and (B.6) gives (2.7) and therefore shows the

claim.
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B.2 Proof of Theorem 6

We use the concentration inequality from Theorem 5 for the empirical error and combine it
with a key concentration result for the empirical norm around the L2(γ)-norm, proved in
Lemma 33. For any R > 0,

PG0

(
∥Ĝn −G0∥L2(γ) ≥ R

)
≤ PG0

(
∥Ĝn −G0∥n ≥ R

2

)
(B.7)

+PG0

(
∥Ĝn −G0∥L2(γ) ≥ R, ∥Ĝn −G0∥L2(γ) ≥ 2∥Ĝn −G0∥n

)
.

Now suppose that Rn satisfies

Rn ≥ 2max

{
δn, 4δ̃n,

√
2∥G∗ −G0∥∞,supp(γ),

4Cchσ√
n

,
9MFFF√
n

}
.

This is implied by (2.11) for an appropriate choice of C. In particular, Rn ≥ 2
√
2∥G∗−G0∥n

for all xxx ∈ Xn. Since Theorem 5 holds for γn-almost every xxx ∈ Xn, taking expectations over
xxx ∼ γn gives

PG0

(
∥Ĝn −G0∥n ≥ Rn

2

)
≤ 2 exp

(
− nR2

n

64C2
Chσ

2

)
. (B.8)

Furthermore, Lemma 33 gives

PG0

(
∥Ĝn −G0∥L2(γ) ≥ Rn, ∥Ĝn −G0∥L2(γ) ≥ 2∥Ĝn −G0∥n

)
≤ 2 exp

(
− nR2

n

320M2
FFF

)
, (B.9)

since we have assumed Rn ≥ max{8δ̃n, 18MFFF /
√
n}. Combining (B.8) and (B.9) shows

(2.12) for some C.

B.3 Proof of Corollary 7

It remains to show (2.13). We use (B.7) to estimate

EG0

[
∥Ĝn −G0∥2L2(γ)

]
(B.10)

=

∫ ∞

0
PG0

(
∥Ĝn −G0∥L2(γ) ≥

√
Rn

)
dRn

≤
∫ ∞

0

∫
Xn

Pxxx
G0

(
∥Ĝn −G0∥n ≥

√
Rn

2

)
dγ(xxx) dRn

+

∫ ∞

0
PG0

(
∥Ĝn −G0∥L2(γ) ≥

√
Rn, ∥Ĝn −G0∥L2(γ) ≥ 2∥Ĝn −G0∥n

)
dRn.
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For G∗ ∈ GGG set Rn,1 = 2max{δn,
√
2∥G∗ − G0∥n, 4CChσ√

n
}, where CCh is from Lemma 32.

Then Theorem 5 gives∫ ∞

0

∫
Xn

Pxxx
G0

(
∥Ĝn −G0∥n ≥

√
Rn

2

)
dγ(x) dRn

≤
∫
Xn

R2
n,1 dγ(xxx) + 2

∫ ∞

R2
n,1

exp

(
− nRn

64C2
Chσ

2

)
dRn

≤ 4δ2n + 8∥G∗ −G0∥2L2(γ) +
16C2

Chσ
2

n
+ 2

∫ ∞

R2
n,1

exp

(
− nRn

64C2
Chσ

2

)
dRn

≤ 4δ2n + 8∥G∗ −G0∥2L2(γ) +
80C2

Chσ
2

n
.

Lemma 33 gives with Rn,2 = max{8δ̃n, 18MFFF /
√
n}∫ ∞

0
PG0

(
∥Ĝn −G0∥L2(γ) ≥

√
Rn, ∥Ĝn −G0∥L2(γ) ≥ 2∥Ĝn −G0∥n

)
dRn

≤ R2
n,2 + 2

∫ ∞

R2
n,1

exp

(
− nRn

320M2
FFF

)
dRn

≤ 64δ̃2n +
964M2

FFF

n
. (B.11)

Combining (B.10)–(B.11) and taking an infimum over G∗ ∈GGG shows (2.13) for some C and
thus finishes the proof of Corollary 7.

B.4 Proof of Corollary 8

We construct sequences (δn)n∈N and (δ̃n)n∈N satisfying (2.10) and balance the approxima-
tion term and the entropy terms in (2.12) by choosing N(n) appropriately.
Proof of (i): Choosing δ̃2n ≃ n−2/(2+α) immediately shows the second part of (2.10). For
J(δ) from (2.5) it holds

J(δ) ≤
∫ δ

0

√
H(ρ,N) dρ ≲ δ1−α/2 =: Ψn(δ).

Hence δ2n ≃ n−2/(2+α) satisfies the first part of (2.10). Therefore Corollary 7 shows

EG0

[
∥Ĝn −G0∥2L2(γ)

]
≲ N−β + n−

2
2+α .

Choosing N = ⌈n
2

(2+α)β ⌉ gives the claim.
Proof of (ii): Choosing δ̃2n ≃ N(1+log(n))/n shows in particular log(n) ≳ log(δ̃−1

n ), which
in turn shows that δ̃n satisfies the second part of (2.10). For J(δ) from (2.5) it holds

J(δ) ≲
∫ δ

0

√
H(ρ,N) dρ ≲

√
Nδ
(
1 + log(δ−1)

)
=: Ψn(δ).

Hence δ2n ≃ N(1 + log(n))/n satisfies the first part of (2.10). Therefore Corollary 7 shows

EG0

[
∥Ĝn −G0∥2L2(γ)

]
≲ N−β +

N(1 + log(n))

n
.

Choosing N(n) = ⌈n
1

β+1 ⌉ for all n ≥ 1 gives the claim.
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B.5 Proof of Theorem 10

The concentration inequality (2.15) follows immediately from (B.7), (B.9) (which holds for
sub-Gaussian noise) and (A.13) from Lemma 34. Application of Lemma 34 yields

∫ ∞

0

∫
Xn

Pxxx
G0

(
∥Ĝn −G0∥n ≥

√
δ

2

)
dγ(xxx) dδ

≤ 4δ2n + 8∥G∗ −G0∥2L2(γ) + 4

∫ ∞

0
exp

(
− nδ2

16C2
1σ

2(1 +M2
FFF )

)
dδ

≤ 4δ2n + 8∥G∗ −G0∥2L2(γ) + 16C1σ(1 +MFFF )

√
π

n
.

Using (B.10) and (B.11), and minimizing over G∗ ∈GGG gives the bound on the mean-squared
error (2.16) for some C2.

Appendix C. Neural Network Theory

In this section we recap elementary operations and approximation theory for neural net-
works, based on Petersen and Voigtlaender (2018). For a NN f : Rp0 → RpL+1 (see Definition
15) we denote by sizein(f) and sizeout(f) the number of nonzero weights and biases of the
first and last layer respectively.

C.1 Operations on Neural Networks

In this subsection, we recap elementary operations on NNs. We start with the parallelization
of two NNs following Opschoor et al. (2022a, Section 2.2.1).

Definition 35 (Parallelization) Let q ∈ N, q ≥ 2 and σ ∈ {σ1, σq}. Let f and g be two
σ-NNs realizing the functions f and g with the same depth L. Furthermore, define the input
dimensions of f and g as nf and ng and the output dimensions as mf and mg.

3 Then there
exists a σ-NN (f, g), called the parallelization of f and g, which simultaneously realizes f
and g, i.e.

(f, g) : Rnf × Rng → Rmf × Rmg : (xxx, x̃xx) 7→ (f(xxx), g(x̃xx)).

It holds

size ((f, g)) = size(f) + size(g),

depth ((f, g)) = depth(f) = depth(g),

width ((f, g)) = width(f) + width(g),

mpar ((f, g)) = max {mpar(f),mpar(g)} , (C.1)

mranΩ ((f, g))2 = mranΩ(f)
2 +mranΩ(g)

2.

3. Using the syntax from (3.4a)–(3.4b), it holds nf = p0(f), ng = p0(g), mf = pL+1(f) and mg = pL+1(g).
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Let N ∈ N, N ≥ 3. We extend Definition 35 to parallelize N σ-neural networks fi,
i = 1, . . . N with equal depth and denote the resulting σ-NN as ({fi}Ni=1). It holds that

size
((

{fi}Ni=1

))
=

N∑
i=1

size(fi), (C.2)

sizein

((
{fi}Ni=1

))
=

N∑
i=1

sizein(fi),

sizeout

((
{fi}Ni=1

))
=

N∑
i=1

sizeout(fi),

depth
((

{fi}Ni=1

))
= depth(f1),

width
((

{fi}Ni=1

))
=

N∑
i=1

width(fi), (C.3)

mpar
((

{fi}Ni=1

))
= max

i=1,...,N
mpar(fi),

mranΩ

((
{fi}Ni=1

))2
=

N∑
i=1

mranΩ(fi)
2.

Next, we recall the concatenation of NNs, see Petersen and Voigtlaender (2018, Defini-
tion 2.2).

Lemma 36 (Concatenation) Let q ∈ N, q ≥ 2 and σ ∈ {σ1, σq}. Let f and g be two
σ-NNs. Furthermore, let the output dimension mg of g equal the input dimension nf of f .
Then there exists a σ-NN f •g realizing the composition f ◦g : x 7→ f(g(x)) of the functions
f and g. It holds

depth (f • g) = depth(f) + depth(g),

width (f • g) = max{width(f),width(g)},
mranΩ (f • g) = mrang(Ω) (f) .

There is no simple control over the size and the weight bound of the concatenation f • g
in Definition 36. The reason is that the network f • g multiplies network weights and biases
of the NNs f and g at layer l = depth(g)+1 (for details see Petersen and Voigtlaender 2018,
Definition 2.2). In the following we use sparse concatenation to get control over the size and
the weights. We first introduce the realization of the identity map and separate the analysis
for the σ1- and σq-case. The following lemma is proven in Petersen and Voigtlaender (2018,
Remark 2.4).

Lemma 37 (σ1-realization of identity map) Let d ∈ N and L ∈ N. Then there exists
a σ1-identity network IdRd of depth L, which exactly realizes the identity map IdRd : Rd →
Rd, xxx 7→ xxx. It holds

size (IdRd) ≤ 2d(L+ 1), (C.4)

width (IdRd) ≤ 2d, (C.5)

mpar (IdRd) ≤ 1.
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We proceed with the analogous result for the RePU activation function. The following
lemma follows from the construction in Li (2020, Theorem 2.5 part 2) with a parallelization
argument.

Lemma 38 (σq-realization of identity map) Let q ∈ N with q ≥ 2. Further let d ∈ N
and L ∈ N be arbitrary. Then there exists a σq-NN IdRd of depth L, which exactly realizes
the identity map IdRd. It holds

size(IdRd) ≤ CqdL, (C.6)

width(IdRd) ≤ Cqd,

mpar(IdRd) ≤ Cq,

where Cq is independent of d (but does depend on q).

We next define the sparse concatenation of two NNs, see Petersen and Voigtlaender
(2018, Definition 2.5).

Definition 39 (σ1-sparse concatenation) Let f and g be two σ1-NNs. Furthermore, let
the output dimension mg of g equal the input dimension nf of f . Then there exists a σ1-NN
f ◦ g with

f ◦ g := f • IdRmg
•g

realizing the composition f ◦ g : x 7→ f(g(x)) of the functions f and g.4 It holds

size(f ◦ g) ≤ size(g) + sizeout(g) + sizein(f) + size(f) ≤ 2size(f) + 2size(g), (C.7)

sizein(f ◦ g) ≤

{
sizein(g) depth(g) ≥ 1,

2sizein(g) depth(g) = 0,

sizeout(f ◦ g) ≤

{
sizeout(f) depth(f) ≥ 1,

2sizeout(f) depth(f) = 0,
(C.8)

depth(f ◦ g) = depth(f) + depth(g) + 1, (C.9)

width(f ◦ g) ≤ 2max{width(f),width(g)}, (C.10)

mpar(f ◦ g) ≤ max {mpar(f),mpar(g)} , (C.11)

mranΩ (f ◦ g) = Bg(Ω) (f) . (C.12)

Proof The bounds in (C.9), (C.10) and (C.12) follow from Definition 37 with the NN
calculus from Definition 36. The bounds on the sizes in (C.7)–(C.8) and the weight and
bias bound (C.11) follow from the specific structure of the σ1-identity network, see Petersen
and Voigtlaender (2018, Remark 2.6).

We proceed with the sparse concatenation of σq-NNs.

4. The symbol ◦ does mean either the functional concatenation of f and g or the sparse concatenation of
the NN f and g (which realizes the function f ◦ g).
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Definition 40 (σq-sparse concatenation) Let q ∈ N with q ≥ 2. Let f and g be two
σq-NNs. Furthermore, let the output dimension mg of g equal the input dimension nf of f .
Then there exists a σq-NN f ◦ g with

f ◦ g := f • IdRmg
•g

realizing the composition f ◦ g : x 7→ f(g(x)) of the functions f and g. It holds

size(f ◦ g) ≤ size(g) + (Cq − 1)sizeout(g) + (Cq − 1)sizein(f) + size(f)

≤ Cqsize(f) + Cqsize(g), (C.13)

sizein(f ◦ g) ≤

{
sizein(g) depth(g) ≥ 1,

Cqsizein(g) depth(g) = 0,

sizeout(f ◦ g) ≤

{
sizeout(f) depth(f) ≥ 1,

Cqsizeout(f) depth(f) = 0,
(C.14)

depth(f ◦ g) = depth(f) + depth(g) + 1, (C.15)

width(f ◦ g) ≤ Cq max{width(f),width(g)}, (C.16)

mpar(f ◦ g) ≤ Cq max {mpar(f),mpar(g)} , (C.17)

mranΩ (f ◦ g) = Bg(Ω) (f) (C.18)

with a constant Cq > 1 depending only on q.

Proof The bounds in (C.15), (C.16) and (C.18) follow from Definition 38 with the NN
calculus from Definition 36. The bounds on the sizes in (C.13)–(C.14) and the weight and
bias bound in (C.17) hold because of the specific structure of the σq-identity network IdRn ,
see Li (2020, Eq. 2.57).

Definitions 39 and 40 show that one can control the size, as well as the weights and biases
of the concatenation of two NN by inserting one additional identity layer between the two
networks. We end this subsection by introducing summation and scalar multiplication
networks.

Definition 41 (Summation networks) Let q ∈ N, q ≥ 2, σ ∈ {σ1, σq} and d,m ∈ N.
Then there exists a σ-NN Σm such that for x1, . . . , xm ∈ Rd

Σm(x1, . . . , xm) =

m∑
i=1

xi,

with depth(Σm) = 0, width(Σm) = md, size(Σm) = md and mpar(Σm) = 1.

Proof Set www1 = (1d, . . . ,1d) and bbb
1 = 0 with the d× d identity matrices 1d.

Definition 42 (Scalar multiplication networks) Let q ∈ N, q ≥ 2 and σ ∈ {σ1, σq}.
Let α ∈ R and d ∈ N. Then there exists a σ-NN SMα with

SMα(x) = αx, x ∈ Rd.
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Furthermore, there exists a constant Cq only depending on q such that

depth (SMα) ≤ Cq max{1, log(|α|)},
width (SMα) ≤ Cqd,

size (SMα) ≤ Cqdmax{1, log(|α|)},
mpar (SMα) ≤ Cq.

Proof For the proof of the σ1-case, see Elbrachter et al. (2021, Lemma A.1). We prove
the RePU case in the following.

Without loss of generality we can choose α > 1. For α < 0 we set SMα = −SM−α. For
0 < α < 1 we set SMα = α IdRd , where we directly multiply the weights and biases of the
identity network (with depth L = 1) with α.

Therefore let α > 1. Let K be the maximum integer smaller than log2(α), and set
α̃ = 2−K+1α < 1. Furthermore, set A1 = (IdRd , IdRd) and A2 = Σ2 with the one-layered
identity network IdRd and the summation network Σ2 from Definition 41. We notice that

A2 •A1x = 2x ∀x ∈ Rd.

Using the bounds for Σ2 from Definition 41 and IdRd from Definition 38, we have depth(A2 •

A1) = 1, width(A2 • A1) ≤ Cqd, size(A2 • A1) ≤ Cqd and mpar(A2 • A1) ≤ Cq. Setting
A2k+1 = A1, A2k+2 = A2 for k = 1, . . . ,K and A2K+3 = α̃ IdRd , we get

A2K+3 ◦A2K+2 •A2K+1 ◦A2K •A2K−1 ◦ . . . .. ◦A2 •A1x = αx ∀x ∈ Rd.

Applying the σq-NN calculus for concatenation (Definition 36) and sparse concatenation
(Definition 40) gives the desired bounds for SMα.

C.2 Neural Network Approximation Theory

In this subsection, we summarize approximation results for ReLU and RePU neural net-
works. In recent years, the expressivity and approximation properties of neural network
architectures have been extensively studied in the literature (Mhaskar, 1996; Pinkus, 1999;
Yarotsky, 2017; Poggio et al., 2017; Petersen and Voigtlaender, 2018; Elbrachter et al., 2021;
Opschoor et al., 2022a; De Ryck et al., 2021). However, with few exceptions (Schmidt-
Hieber, 2020a; De Ryck et al., 2021; Elbrachter et al., 2021), most of these works do not
provide bounds on the size of the weights, which are crucial for controlling the entropy.
Therefore, we revisit some of these arguments to provide complete proofs of our results.

We start with the well-known result that ReLU-NNs can approximate the multiplication
map exponentially fast. The following proposition was shown in Elbrachter et al. (2021,
Proposition III.3).

Proposition 43 (σ1-NN approximation of multiplication) Let D ∈ R, D ≥ 1 and
δ ∈ (0, 1/2). Then there exists a σ1-NN ×̃δ,D : [−D,D]2 → R satisfying

sup
x,y∈[−D,D]

∣∣×̃δ,D(x, y)− xy
∣∣ ≤ δ.
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Furthermore, there exists a constant C, independent of D and δ, such that

depth
(
×̃δ,D

)
≤ C

(
log(D) + log

(
δ−1
))
, (C.19)

width
(
×̃δ,D

)
≤ 5, (C.20)

size
(
×̃δ,D

)
≤ C

(
log(D) + log

(
δ−1
))
, (C.21)

mpar
(
×̃δ,D

)
≤ 1. (C.22)

The next proposition shows that the multiplication map can be exactly realized by a
σq-NN, which follows directly from Li (2020, Theorem 2.5 and Eq. 2.59).

Proposition 44 (σq-NN approximation of multiplication) Let q ∈ N, q ≥ 2. There
exists a σq-NN ×̃ : R2 → R with depth(×̃) = 1 exactly realizing the multiplication of two
numbers, i.e.

×̃(x, y) = xy ∀x, y ∈ R.

We can extend the above results to the multiplication of N numbers, see Opschoor et al.
(2022a, Proposition 2.6).

Proposition 45 (σ1-NN multiplication of N numbers) Let N ∈ N with N ≥ 2. Fur-

thermore, let D ∈ R, D ≥ 1 and δ ∈ (0, 1/2). Then there exists a σ1-NN
∏̃

δ,D: [−D,D]N →
R such that

sup
(yi)Ni=1∈[−D,D]N

∣∣∣∣∣∣
N∏
j=1

yj −
∏̃

δ,D
(y1, . . . , yN )

∣∣∣∣∣∣ ≤ δ. (C.23)

Furthermore, there exists a constant C independent of N , δ and D such that

depth

(∏̃
δ,D

)
≤ C log(N)

(
log(N) +N log(D) + log

(
δ−1
))
,

width

(∏̃
δ,D

)
≤ 5N, (C.24)

size

(∏̃
δ,D

)
≤ CN

(
log(N) +N log(D) + log

(
δ−1
))
, (C.25)

mpar

(∏̃
δ,D

)
≤ 1.

Proof Analogous to Opschoor et al. (2022a, Proposition 2.6) we construct
∏̃

δ,D as a binary

tree of ×̃.,.-networks from Proposition 43. We modify the proof of Opschoor et al. (2022a)
to get a construction with bounded weights.

Define Ñ := min{2k : k ∈ N, 2k ≥ N}. We now consider the multiplication of Ñ
numbers with yN+1, . . . , yÑ := 1. This can be implemented by a zero-layer network with

w1
i,j =

{
1 i = j ≤ N,

0 otherwise,

b1j =

{
0 j ≤ N,

1 N < j ≤ Ñ .
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For l = 0, . . . , log2 Ñ − 1 we define the mapping Rl

Rl : [−Dl, Dl]
Ñ

2l 7→ [−Dl+1, Dl+1]
Ñ

2l+1 ,

Rl(yl1, . . . , y
l
2log2(Ñ)−l) :=

(
×̃δ′,Dl(yl1, y

l
2), . . . , ×̃δ′,Dl(yl

2log2(Ñ)−l−1
, yl

2log2(Ñ)−l)
)

(C.26)

with δ′ := δ/(Ñ2D2Ñ ) and Dl := 2lD2l . We now set

∏̃
δ,D

:= Rlog2(Ñ)−1 ◦ · · · ◦R0. (C.27)

Eq. (C.27) shows that the map Rl describes the multiplications on level l of the binary tree∏̃
δ,D. In order for (C.27) to be well-defined, we have to show that the outputs of the NN

Rl are admissible inputs for the NN Rl+1.

We therefore denote with ylj , j = 1, . . . , 2log2(Ñ)−l, l = 1, . . . , log2(Ñ)− 1, the output of

the network Rl−1 ◦ · · · ◦ R0 applied to the input y0k = yk, k = 1, . . . , Ñ . Then we have to

show |ylj | ≤ Dl for l = 0, . . . , log2(Ñ)− 1 and j = 1, . . . , 2log2(Ñ)−l. We will show this claim

by induction. For l = 0 it holds |ylj | ≤ D = D0. Now assume |ylj | ≤ Dl for arbitrary but

fixed l ∈ {0, . . . , log2(Ñ)− 2} and all j = 1, . . . , 2log2(Ñ)−l. Then it holds

|yl+1
j | = |×̃δ′,Dl(yl2j−1, y

l
2j)|

= |yl2j−1 · yl2j + δ′| ≤ D2
l + δ′︸︷︷︸

≤1≤D2
l

≤ 2D2
l = Dl+1

for all j = 1, . . . , 2log2(Ñ)−(l+1), which shows the claim. We proceed by showing the error
bound in (C.23). Therefore define

zlj :=
2l∏

k=1

yk+2l(j−1)

for l = 0, . . . , log2(Ñ) and j = 1, . . . , 2log2(Ñ)−l. The quantites zlj describe the exact com-
putations up to level l of the binary tree, i.e. the output of level l− 1, if one uses standard
multiplication instead of the multiplication networks ×̃ in the first l − 1 levels. We now
prove

|ylj − zlj | ≤ 4lD2l+1
δ′, j = 1, . . . , 2log2(Ñ)−l (C.28)

by induction over l = 0, . . . , log2 Ñ . Inserting l = log2(Ñ) then shows the error bound in
(C.23) using the definition of δ′.
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We have y0j = yj = z0j for j = 1, . . . , Ñ , therefore (C.28) holds for l = 0. Now assume

(C.28) for arbitrary but fixed l ∈ {0, . . . , log2(Ñ)− 1}. For j = 1, . . . , 2log2(Ñ)−(l+1) it holds

|yl+1
j − zl+1

j | =
∣∣∣×̃Dl,δ′(y

l
2j−1, y

l
2j)− zl2j−1z

l
2j

∣∣∣
=
∣∣∣yl2j−1y

l
2j + δ′ − zl2j−1z

l
2j

∣∣∣
=
∣∣∣(yl2j−1 − zl2j−1 + zl2j−1) · (yl2j − zl2j + zl2j) + δ′ − zl2j−1z

l
2j

∣∣∣
=
∣∣(yl2j−1 − zl2j−1) · (yl2j − zl2j) + (yl2j−1 − zl2j−1)z

l
2j

+ (yl2j − zl2j)z
l
2j−1 + δ′

∣∣
≤
∣∣∣yl2j−1 − zl2j−1

∣∣∣︸ ︷︷ ︸
use(C.28)

·
∣∣∣yl2j − zl2j

∣∣∣︸ ︷︷ ︸
≤1

+
∣∣∣yl2j−1 − zl2j−1

∣∣∣︸ ︷︷ ︸
use(C.28)

·
∣∣∣zl2j∣∣∣︸︷︷︸
≤D2l

+
∣∣∣yl2j − zl2j

∣∣∣︸ ︷︷ ︸
use(C.28)

·
∣∣∣zl2j−1

∣∣∣︸ ︷︷ ︸
≤D2l

+|δ′|

≤ δ′
(
4lD2l+1

(
1 + 2D2l

)
+ 1
)

≤ 4 4lD2l+1
D2l+1

δ′ ≤ 4l+1D2l+2
δ′,

which shows (C.28) for l + 1 and therefore the claim.

We proceed by calculating the depth of
∏̃

δ,D. Since
∏̃

δ,D concatenates the maps ×̃δ′,Dl
,

we can repeatedly use (C.9) and get

depth

(∏̃
δ,D

)
≤

log2(Ñ)−1∑
j=0

depth
(
×̃δ′,Dj

)
+ log2(Ñ)− 1.

We use the depth bound for ×̃ from (C.19) and calculate

depth

(∏̃
δ,D

)
≤ C

log2(Ñ)−1∑
j=0

log
(
Djδ

′−1
)
+ log2(Ñ)

= C

log2(Ñ)−1∑
j=0

log
(
2jD2jδ′−1

)
+ log2(Ñ)

= C log

log2(Ñ)−1∏
j=0

2jD2jδ′−1

+ log2(Ñ)

≤ C log

(
2

log2(Ñ)·(log2(Ñ)−1)
2 D2log2(Ñ) (

δ′
)− log2(Ñ)

)
+ log2(Ñ)

≤ C log
(
2(log2(Ñ))

2

DÑ Ñ2 log2(Ñ)D2Ñ log2(Ñ)δ− log2(Ñ)
)
+ log2(Ñ)

≤ C log
(
2(log2(Ñ)

2

Ñ2 log2(Ñ)D3Ñ log2(Ñ)δ− log2(Ñ)
)
+ log2(Ñ)

≤ C log(N)
(
log(N) +N log(D) + log

(
δ−1
))
. (C.29)
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The constant C changes from line to line in (C.29).

For a bound on the width we use the fact that
∏̃

δ,D is a parallelization of at most

Ñ/2 ≤ N networks ×̃δ′,Dl
in each layer l ∈ {1, . . . , log2(Ñ)}. With (C.3) and the width

bound of ×̃ in (C.20) it holds

width

(∏̃
δ,Dl

)
≤ N width

(
×̃δ′,Dl

)
≤ 5N.

For a bound on the size size(
∏̃

δ,D) we observe that level l, l = 0, . . . , log2(Ñ) − 1, of the

binary tree
∏̃

consists of 2log2(Ñ)−l−1 product networks ×̃δ′,Dl
. We calculate

size

(∏̃
δ,D

)
≤

log2(Ñ)−1∑
l=0

2log2(Ñ)−l−1
(
sin
(
×̃δ′,Dl

)
+ sout

(
×̃δ′,Dl

)
+ size

(
×̃δ′,Dl

))
≤

log2(Ñ)−1∑
l=0

2log2(Ñ)−l−13C log
(
Dlδ

′−1
)

≤ C

log2(Ñ)−1∑
l=0

2log2(Ñ)−l−1 log
(
2lD2lÑ2D2Ñδ−1

)

≤ C

log2(Ñ)−1∑
l=0

2log2(Ñ)−l−1
(
l + 2l log(D) + log

(
Ñ
)
+ Ñ log(D) + log

(
δ−1
))

≤ C
(
Ñ log2(Ñ) + Ñ log2(Ñ) log(D) + Ñ log(Ñ) + Ñ2 log(D) + Ñ log

(
δ−1
))

≤ CN
(
log(N) +N log(D) + log

(
δ−1
))
. (C.30)

In (C.30) we used (C.7) to bound the size of a sparse concatenation and (C.21) for the size
of the product network ×̃δ,D.

For the bound on the weights and biases, we get mpar(
∏̃

δ,D) ≤ 1 because of mpar(×̃δ,D)
≤ 1, see (C.22), and the NN calculus for sparse concatenation in (C.11) and parallelization
in (C.1).

We continue with the RePU-case.

Proposition 46 (σq-NN of multiplication of N numbers) Let N, q ∈ N with N, q ≥
2. Then there exists a σq-NN

∏̃
: RN → R such that

∏̃
(y1, . . . , yN ) =

N∏
j=1

yj .
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Furthermore, there exists a constant Cq independent of N such that

depth

(∏̃
δ,D

)
≤ Cq log(N), (C.31)

width

(∏̃
δ,D

)
≤ CqN, (C.32)

size

(∏̃
δ,D

)
≤ CqN, (C.33)

mpar

(∏̃
δ,D

)
≤ Cq. (C.34)

Proof The construction is similar to the ReLU case. We define
∏̃

as a binary tree of
product networks ×̃, see (C.26) and (C.27). The binary tree has a maximum of 2N binary
networks ×̃, a maximum height of log2(2N) and a maximum width of N . Therefore (C.31)–
(C.34) follow with the NN calculus rules from Definition 40.

We proceed and state the approximation results for univariate polynomials. We start
with the ReLU case. The following proposition was shown in Elbrachter et al. (2021,
Proposition III.5).

Proposition 47 (σ1-NN approximation of polynomials) Let m ∈ N and a = (ai)
m
i=0

∈ Rm+1. Further let D ∈ R, D ≥ 1 and δ ∈ (0, 1/2). Define a∞ = max{1, ∥a∥∞}. Then
there exists a σ1-NN p̃δ,D : [−D,D] → R satisfying

sup
x∈[−D,D]

∣∣∣∣∣p̃δ,D(x)−
m∑
i=0

aix
i

∣∣∣∣∣ ≤ δ.

Furthermore, there exists a constant C independent of m, ai, D and δ such that

depth(p̃δ,D) ≤ Cm
(
m log (D) + log

(
δ−1
)
+ log(m) + log(a∞)

)
,

width (p̃δ,D) ≤ 9,

size (p̃δ,D) ≤ Cm
(
m log (D) + log

(
δ−1
)
+ log(m) + log(a∞)

)
,

mpar (p̃δ,D) ≤ 1.

In the RePU-case we get the well-known result that polynomials can be exactly realized
by σq-NNs, see Li et al. (2019).

Proposition 48 (σq-NN realization of polynomials) Let m, q ∈ N, q ≥ 2 and a =
(ai)

m
i=0 ∈ Rm+1. Set a∞ = max{1,maxi=0,...,m ai}. Then there exists a σq-NN p̃ : R → R

satisfying

p̃(x) =
m∑
i=0

aix
i ∀x ∈ R.
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Furthermore, there exists a constant Cq only depending on q such that

depth(p̃) ≤ Cq (log(a∞) +m) ,

width (p̃) ≤ Cq,

size (p̃) ≤ Cq (log(a∞) +m) ,

mpar (p̃) ≤ Cq.

Proof We use Horner’s method for polynomial evaluation and write

m∑
i=0

aix
i = a∞

(
a0
a∞

+ x

(
a1
a∞

+ · · ·+ x

(
am−1

a∞
+ x

am
a∞

)
. . .

))
. (C.35)

Following (C.35), we build p̃ via

p̃ = SMa∞ ◦ Σ2

(
a0
a∞

, ×̃
(
IdR,Σ2

(
a1
a∞

, . . . , SMama−1
∞

(IdR)

)
. . .

))
.

The bounds for p̃ follow from the respective bounds for Σ2 from Definition 41, IdR from
Lemma 38 and SMα from Definition 42.

We now use Propositions 47 and 48 to get an approximation result for univariate Leg-
endre polynomials.

Corollary 49 (σ1-NN approximation of Lj) Let j ∈ N0 and δ ∈ (0, 1/2). Then there
exists a σ1-NN L̃j,δ : [−1, 1] → R with

sup
x∈[−1,1]

|L̃j,δ(x)− Lj(x)| ≤ δ.

Furthermore, there exists a constant C such that it holds

depth
(
L̃j,δ

)
≤ Cj

(
j + log(δ−1)

)
, (C.36)

width
(
L̃j,δ

)
≤ 9, (C.37)

size
(
L̃j,δ

)
≤ Cj

(
j + log

(
δ−1
))
, (C.38)

mpar
(
L̃j,δ

)
≤ 1.

Proof For j ∈ N, l ∈ N0, l ≤ j, denote the coefficients of Lj with cjl . In Opschoor

et al. (2020, Eq. (4.17)) the bound
∑j

l=0 |c
j
l | ≤ 4j is derived. With cj = (cjl )

j
l=0 it holds

∥cj∥∞ ≤
∑j

l=0 |c
j
l | ≤ 4j . The result now follows with Proposition 47.

We continue with the σq-case.
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Corollary 50 (σq-NN approximation of Lj) Let j ∈ N0. Then there exists a σq-NN
L̃j : R → R with

L̃j(x) = Lj(x) ∀x ∈ R.

Furthermore, there exists a constant Cq only depending on q such that it holds

depth
(
L̃j

)
≤ Cqj, (C.39)

width
(
L̃j

)
≤ Cq, (C.40)

size
(
L̃j

)
≤ Cqj, (C.41)

mpar
(
L̃j

)
≤ Cq.

Proof The bounds follow similar to the σ1-case using Proposition 48.

Appendix D. Proofs of Section 3

D.1 Proof of Proposition 17

We proceed analogously to the proof of Opschoor et al. (2022a, Proposition 2.13). We

define fΛ,δ as a composition of two subnetworks, fΛ,δ := f
(1)
Λ,δ ◦f

(2)
Λ,δ. Corollary 49 ensures the

existence of (arbitrarily good) σ1-NN approximations of univariate Legendre polynomials.

All relevant approximations are evaluated, in parallel, by subnetwork f
(2)
Λ,δ, i.e.

f
(2)
Λ,δ(yyy) :=

({
IdR ◦L̃νj ,δ′(yj)

}
(j,νj)∈T

)
, (D.1)

where we used

T :=
{
(j, νj) ∈ N2 : ννν ∈ Λ, j ∈ suppννν

}
, (D.2)

δ′ := (2d(Λ))−1 (2m(Λ) + 2)−d(Λ)+1 δ

and yyy = (yj)(j,νj)∈T . In (D.1) the big round brackets denote a parallelization and we use the

identity networks to synchronize the depth. The subnetwork f
(1)
Λ,δ takes the output of f

(2)
Λ,δ as

input and computes, in parallel, tensorized Legendre polynomials using the multiplication
networks

∏̃
.,. introduced in Proposition 45. With Mννν := 2|ννν|1 + 2 we define

f
(1)
Λ,δ

(
(zk)k≤|T |

)
= f

(1)
Λ,δ

(
f
(2)
Λ,δ(yyy)

)
:=

({
IdR ◦

∏̃
δ/2,Mννν

({
IdR ◦L̃νj ,δ′(yj)

}
j∈suppννν

)}
ννν∈Λ

)
. (D.3)

The multiplication networks in (D.3) are well-defined, since

sup
yj∈[−1,1]

|L̃νj ,δ′(yj)| ≤ 2νj + 2 ≤ 2|ννν|1 + 2 =Mννν , (D.4)
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where we used (3.10) and δ′ < 1.

We will first show the error bound in (3.12). Let ννν ∈ Λ be arbitrary. We use the
shorthand notation ∥ · ∥ := ∥ · ∥L∞([−1,1]|T |) and calculate

∥∥∥Lννν − L̃ννν,δ

∥∥∥
≤

∥∥∥∥∥∥Lννν −
∏

j∈suppννν
L̃νj ,δ′

∥∥∥∥∥∥+
∥∥∥∥∥∥
∏

j∈suppννν
L̃νj ,δ′ −

∏̃
δ/2,Mννν

({
L̃νj ,δ′

}
j∈suppννν

)∥∥∥∥∥∥
≤

∑
k∈suppννν

∥∥∥∥∥∥∥∥
∏

j∈suppννν:
j<k

L̃νj ,δ′

∥∥∥∥∥∥∥∥ ·
∥∥∥Lνk − L̃νk,δ′

∥∥∥ ·
∥∥∥∥∥∥∥∥
∏

j∈suppννν:
j>k

Lνj

∥∥∥∥∥∥∥∥+
δ

2

≤d(Λ)Md(Λ)−1
ννν δ′ +

δ

2
≤
(

Mννν

2m(Λ) + 2

)d(Λ)−1 δ

2
+
δ

2
≤ δ,

where we used (D.4), Mννν ≤ 2m(Λ) + 2 and the definition of δ′.

We proceed and calculate the depth L of fΛ,δ. Since fΛ,δ = f
(1)
Λ,δ ◦ f (2)Λ,δ, it holds

depth(fΛ,δ) ≤ depth(f
(1)
Λ,δ) + depth(f

(2)
Λ,δ) + 1, see (C.9). We start with a depth bound

of f
(2)
Λ,δ. Denoting by C a universal multiplicative constant that is allowed to change from

line to line, it holds that

depth
(
f
(2)
Λ,δ

)
= 1 + max

ννν∈Λ
j∈suppννν

depth
(
L̃νj ,δ′

)
≤ C max

ννν∈Λ
j∈suppννν

νj
(
νj + log

(
δ′−1

))
≤ Cm(Λ)

(
m(Λ) + log

(
δ′−1

))
≤ Cm(Λ)

(
log (d(Λ)) + d(Λ) log (m(Λ)) +m(Λ) + log

(
δ−1
))

≤ Cm(Λ)
(
log (d(Λ)) + d(Λ) log (m(Λ)) +m(Λ) + log

(
δ−1
))
. (D.5)

In (D.5) we used the depth bound for univariate Legendre polynomials, (C.36), at the first

inequality. Furthermore, we used νj ≤ m(Λ). For the depth of f
(1)
Λ,δ it holds

depth
(
f
(1)
Λ,δ

)
= 1 +max

ννν∈Λ
depth

(∏̃
δ/2,Mννν

)
≤ 1 + Cmax

ννν∈Λ
log (| supp ννν|)

(
log (| supp ννν|) + | supp ννν| log (Mννν) + log

(
δ−1
))

≤ 1 + C log (d(Λ))
(
log (d(Λ)) + d(Λ) log (m(Λ)) + log

(
δ−1
))
, (D.6)

where we used | supp ννν| ≤ d(Λ) for all ννν ∈ Λ, Mν ≤ 4m(Λ) and the depth bound for σ1-
multiplication networks from Proposition 45. Combining the two depth bounds (D.5) and
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(D.6), we get

depth (fΛ,δ) = 1 + depth
(
f
(1)
Λ,δ

)
+ depth

(
f
(2)
Λ,δ

)
≤ Cm(Λ)

(
log (d(Λ)) + d(Λ) log (m(Λ)) +m(Λ) + log

(
δ−1
))

+ C log (d(Λ))
(
log (d(Λ)) + d(Λ) log (m(Λ)) + log

(
δ−1
))

≤ C
[
log(d(Λ))d(Λ) log(m(Λ))m(Λ) +m(Λ)2 + log(δ−1)

(
log(d(Λ)) +m(Λ)

)]
.

For the width width(fΛ,δ) we use width(fΛ,δ) ≤ 2max{width(f (1)Λ,δ),width(f
(2)
Λ,δ)}, see (C.10).

This leaves us to calculate width(f
(2)
Λ,δ) and width(f

(1)
Λ,δ). It holds

width
(
f
(2)
Λ,δ

)
≤

∑
(j,νj)∈T

width
(
IdR ◦L̃νj ,δ′

)
≤ 2

∑
(j,νj)∈T

width
(
L̃νj ,δ′

)
≤ 18|T |, (D.7)

where we used (C.5) for the width of the σ1-identity network and (C.37) for the width of

L̃νj ,δ′ . For width(f
(1)
Λ,δ) it holds

width
(
f
(1)
Λ,δ

)
≤
∑
ννν∈Λ

width

(
IdR ◦

∏̃
δ/2,Mννν

)
≤ 2

∑
ννν∈Λ

width

(∏̃
δ/2,Mννν

)
≤
∑
ννν∈Λ

10d(Λ) = 10|Λ|d(Λ), (D.8)

again using (C.5) and (C.24) for the width of the multiplication network
∏̃
. Combining

(D.7) and (D.8) gives

width (fΛ,δ) ≤ 36|Λ|d(Λ),

where |T | ≤ |Λ|d(Λ) was used.
To estimate size(fΛ,δ), we use (C.7) and find size(fΛ,δ) ≤ 2size(f

(1)
Λ,δ) + 2size(f

(2)
Λ,δ). We

calculate

size
(
f
(2)
Λ,δ

)
= size

({
IdR ◦L̃νj ,δ′(yj)

}
(j,νj)∈T

)
=

∑
(j,νj)∈T

size
(
IdR ◦L̃νj ,δ′(yj)

)
≤ 2m(Λ)d(Λ) max

(j,νj)∈T

(
size (IdR) + size

(
L̃νj ,δ′(yj)

))
≤ 10m(Λ)d(Λ) max

(j,νj)∈T
size

(
L̃νj ,δ′(yj)

)
≤ Cd(Λ)m(Λ)2

(
m(Λ) + log

(
δ′−1

))
≤ Cd(Λ)m(Λ)2

(
log (d(Λ)) + d(Λ) log (m(Λ)) +m(Λ) + log

(
δ−1
))
. (D.9)
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In (D.9) we used the NN calculus rules for the sizes of a sparse concatenation in (C.7) and
a parallelization in (C.2). Furthermore, we used |T | ≤ m(Λ)d(Λ) at the first equality and

size (IdR) ≤ 4 max
(j,νj)∈T

depth
(
L̃νj ,δ′(yj)

)
≤ 4 max

(j,νj)∈T
size

(
L̃νj ,δ′(yj)

)
, (D.10)

which follows from (C.4). At the third inequality in (D.9) we used the size bound for the
univariate Legendre polynomials from (C.38).

For size(f
(1)
Λ,δ) it holds

size
(
f
(1)
Λ,δ

)
=
∑
ννν∈Λ

size

(
IdR ◦

∏̃
δ/2,Mννν

)
≤ 2

∑
ννν∈Λ

(
size(IdR) + size

(∏̃
δ/2,Mννν

))
≤ 10|Λ|max

ννν∈Λ
size

(∏̃
δ/2,Mννν

)
≤ C|Λ|max

ννν∈Λ
| supp ννν|

(
log (| supp ννν|) + | supp ννν| log(Mννν) + log

(
δ−1
))

≤ C|Λ|d(Λ)
(
log (d(Λ)) + d(Λ) log(m(Λ)) + log

(
δ−1
))
. (D.11)

In (D.11), we used the size bound for
∏̃

from (C.25) and the argument from (D.10). Ad-
ditionally we used Mννν = 2|ννν|1 + 2 ≤ 4m(Λ). Combining (D.9) and (D.11) shows the size
bound for fΛ,δ.

The network fΛ,δ consists of sparse concatenations and parallelizations of the networks∏̃
and L̃j . Because we have mpar(

∏̃
) ≤ 1 and mpar(L̃j) ≤ 1, the NN calculus rules (C.11)

and (C.1) yield mpar(fΛ,δ) ≤ 1. This finishes the proof.

D.2 RePU-Realization of Tensorized Legendre Polynomials

We show a result analogous to Proposition 17 for the RePU-realization of tensorized Legen-
dre polynomials. The construction is similar to Opschoor et al. (2022a, Proposition 2.13).

Proposition 51 (σq-NN approximation of Lν) Consider the setting of Proposition 17.
Let q ∈ N, q ≥ 2. Then there exists a σq-NN fΛ such that the outputs {L̃ν}ν∈Λ of fΛ satisfy

∀ν ∈ Λ, ∀yyy ∈ U : L̃ν(yyy) = Lν(yyy).

Furthermore, there exists a constant Cq > 0 depending only on q such that

depth
(
fΛ
)
≤ Cq

(
m(Λ) + log

(
d(Λ)

))
,

width
(
fΛ
)
≤ Cq|Λ|d(Λ),

size
(
fΛ,δ

)
≤ Cqd(Λ)

(
|Λ|+m(Λ)2

)
,

mpar
(
fΛ,δ

)
≤ Cq.
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Proof Similar to the proof of Proposition 17 we define fΛ as a composition of two subnet-

works f
(1)
Λ and f

(2)
Λ . It holds

f
(2)
Λ (yyy) :=

({
IdR ◦L̃νj (yj)

}
(j,νj)∈T

)
and

f
(1)
Λ

(
(zk)k≤|T |

)
= f

(1)
Λ

(
f
(2)
Λ (yyy)

)
:=

({
IdR ◦

∏̃({
IdR ◦L̃νj (yj)

}
j∈suppννν

)}
ν∈Λ

)
with T from (D.2) and yyy = (yj)(j,νj)∈T . Furthermore, we use the σq-NNs L̃j from Corollary

50 and
∏̃

from Proposition 46. The calculations are similar to the proof of Proposition 17.
It holds

depth
(
f
(2)
Λ

)
= 1 + max

ννν∈Λ
j∈suppννν

depth
(
L̃νj

)
≤ Cq max

ννν∈Λ
j∈suppννν

νj ≤ Cqm(Λ). (D.12)

In (D.12) we used the depth bound for univariate Legendre polynomials, (C.39). Further-

more, we used νj ≤ m(Λ) for all ννν ∈ Λ and j ∈ supp ννν. For the depth of f
(1)
Λ it holds

depth
(
f
(1)
Λ

)
= 1 +max

ννν∈Λ
depth

(∏̃)
≤ 1 + Cq max

ννν∈Λ
log (| supp ννν|)

≤ 1 + Cq log (d(Λ)) , (D.13)

where we used | supp ννν| ≤ d(Λ) for all ννν ∈ Λ and the depth bound for σq-multiplication
networks from Proposition 46. Combining the two depth bounds from (D.12) and (D.13),
we get

depth(fΛ) ≤ Cq (m(Λ) + log(d(Λ))) .

For the width width(fΛ) we calculate

width
(
f
(2)
Λ

)
=

∑
(j,νj)∈T

width
(
IdR ◦L̃νj

)
≤ Cq

∑
(j,νj)∈T

width
(
L̃νj

)
≤ Cq|T |, (D.14)

where we used (C.16) for the width of a σq-sparse concatenation and (C.40) for the width

of L̃νj . For width(f
(1)
Λ ) it holds

width
(
f
(1)
Λ

)
≤
∑
ννν∈Λ

width

(
IdR ◦

∏̃)
≤ Cq

∑
ννν∈Λ

width

(∏̃)
≤ Cq

∑
ννν∈Λ

d(Λ) = Cq|Λ|d(Λ) (D.15)

using (C.16) and (C.32) for the width of the multiplication network
∏̃
. Combining (D.14)

and (D.15) gives

width (fΛ) ≤ Cq|Λ|d(Λ),
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where |T | ≤ |Λ|d(Λ) was used.
To estimate size(fΛ), we use (C.13) and find size(fΛ) ≤ Cq(size(f

(1)
Λ ) + size(f

(2)
Λ )). We

calculate

size
(
f
(2)
Λ

)
= size

({
IdR ◦L̃νj (yj)

}
(j,νj)∈T

)
=

∑
(j,νj)∈T

size
(
IdR ◦L̃νj (yj)

)
≤ Cqm(Λ)d(Λ) max

(j,νj)∈T

(
size (IdR) + size

(
L̃νj (yj)

))
≤ Cqm(Λ)d(Λ) max

(j,νj)∈T
size

(
L̃νj (yj)

)
≤ Cqd(Λ)m(Λ)2. (D.16)

In (D.16) we used |T | ≤ m(Λ)d at the first inequality and

size (IdR) ≤ Cq max
(j,νj)∈T

depth
(
L̃νj (yj)

)
≤ Cq max

(j,νj)∈T
size

(
L̃νj (yj)

)
, (D.17)

which follows from (C.6). At the third inequality in (D.16) we used the size bound for the
univariate Legendre polynomials from (C.41).

For size(f
(1)
Λ ) it holds

size
(
f
(1)
Λ

)
=
∑
ννν∈Λ

size

(
IdR ◦

∏̃)
≤ Cq

∑
ννν∈Λ

(
size(IdR) + size

(∏̃))
≤ Cq|Λ|max

ννν∈Λ
size

(∏̃)
≤ Cq|Λ|max

ννν∈Λ
| supp ννν|

≤ Cq|Λ|d(Λ). (D.18)

In (D.18) we used the size bound for
∏̃

from (C.33) and the argument from (D.17). Com-
bining (D.16) and (D.18) shows the size bound for fΛ.

The network fΛ consists of sparse concatenations and parallelizations of the networks∏̃
and L̃j . Because we have mpar(

∏̃
) ≤ Cq and mpar(L̃j) ≤ Cq, the NN calculus rules

(C.17) and (C.1) yield mpar(fΛ) ≤ Cq. This finishes the proof.

D.3 Proof of Theorem 18

The following two theorems are similar to Herrmann et al. (2024, Theorem 5) and will be
required for the proof of Theorem 18.
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Theorem 52 For N, q ∈ N, consider the sparse FrameNet class GGGsp
FN(σq, N). Let Assump-

tion 2 be satisfied with r > 1 and t > 0. Fix τ > 0 (arbitrary small). Then there exists a
constant C > 0 independent of N , such that there exists ΓN ∈GGGsp

FN(σq, N) with

sup
a∈Cr

R(X)
∥ΓN (a)−G0(a)∥Y ≤ CN−min{r−1,t}+τ . (D.19)

Theorem 53 Consider the setting of Theorem 52. Let ΨΨΨX be a Riesz basis. Additionally,
let γ be as in (3.9). Fix τ > 0 (arbitrary small). Then there exists a constant C > 0
independent of N , such that there exists ΓN ∈GGGsp

FN(σq, N) with

∥ΓN −G0∥L2(Cr
R(X),γ;Y) ≤ CN−min{r− 1

2
,t}+τ . (D.20)

We first show that Theorems 52 and 53 imply Theorem 18.
Proof [Proof of Theorem 18] First consider the setting of Theorem 52. Let τ > 0. Then
there exists a constant C independent of N and a FrameNet ΓN ∈ GGGsp

FN(σq, N) such that
for all N ∈ N

∥ΓN −G0∥2∞,supp(γ) ≤ sup
a∈Cr

R(X)
∥ΓN (a)−G0(a)∥2Y ≤ CN−2min{r−1,t}+τ ,

where we used (D.19) with τ/2 and supp(γ) ⊆ Cr
R(X) by Assumption 2.

Now consider the setting of Theorem 53. Let τ > 0. Then there exists a constant C
independent of N and a FrameNet GGGsp

FN(σq, N) with

∥ΓN −G0∥2L2(γ) ≤ ∥ΓN −G0∥2L2(Cr
R(X),γ;Y) ≤ CN−2min{r− 1

2
,t}+τ ,

where we used supp(γ) ⊂ Cr
R(X) (Assumption 2) and (D.20) with τ/2.

We are left to prove Theorems 52 and 53. We need some auxiliary results.

D.3.1 Auxiliary Results

For r > 1, R > 0, U = [−1, 1]N and σrR from (3.7) we define

u : U → Y, u(yyy) := (G0 ◦ σrR)(yyy).

For the proofs of Theorems 52 and 53 we do a Y-valued tensorized Legendre expansion of u
in the frame (ηjLννν(yyy))j,ννν of L2(U, π;Y), which reads

u(yyy) = G0(σ
r
R(yyy)) =

∑
j∈N

∑
ννν∈F

cννν,jηjLννν(yyy) (D.21)

with Legendre coefficients

cννν,j :=

∫
U
Lννν(yyy) ⟨u(yyy), η̃j⟩Y dπ(yyy). (D.22)

Our aim is to construct the network ΓN out of the tensorized Legendre polynomials with
the “most important” contributions to the expansion. This contribution is quantified via
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the Legendre coefficients cννν,j in (D.22). We therefore have to examine bounds on cννν,j and
analyze their respective structure. Therefore consider the following order relation on multi-
indices in F from (3.11). For µµµ,ννν ∈ F we write µµµ ≤ ννν if and only if µj ≤ νj for all j ∈ N.
We call a set Λ ⊂ F downward closed if and only if ννν ∈ F implies µµµ ∈ F for all µµµ ≤ ννν.
Furthermore, for ννν ∈ F, define

ωννν :=

∞∏
j=1

(1 + 2νj).

The following theorem is a special case of Zech (2018, Theorem 2.2.10). The formulation is
similar to Herrmann et al. (2024, Theorem 4).

Theorem 54 (Herrmann et al. 2024, Theorem 4) Let Assumption 2 be satisfied with
r > 1 and t > 0. Fix τ > 0, p ∈ (1r , 1] and t′ ∈ [0, t]. Consider F from (3.11), and let

π = ⊗j∈N
λ
2 be the infinite product (probability) measure on U = [−1, 1]N, where λ denotes

the Lebesgue measure on [−1, 1]. Then there exists C > 0 and a sequence (aννν)ννν∈F ∈ ℓp(F)
of positive numbers such that

(i) for each ννν ∈ F

ωτ
ννν

∥∥∥∥∫
U
Lννν(yyy)u(yyy) dπ(yyy)

∥∥∥∥
Yt′

≤ Caννν ,

(ii) there exists an enumeration (νiνiνi)i∈N of F such that (aνiνiνi)i∈N is monotonically decreasing,
the set ΛN := {νiνiνi : i ≤ N} ⊆ F is downward closed for each N ∈ N, and additionally

m(ΛN ) := max
i=1,...,N

|νiνiνi| = O (log(|ΛN |)) , (D.23)

d(ΛN ) := max
i=1,...,N

| suppνiνiνi| = o (log(|ΛN |)) (D.24)

for N → ∞,

(iii) the following expansion holds with absolute and uniform convergence:

∀yyy ∈ U : u(yyy) =
∑
ννν∈F

Lννν(yyy)

∫
U
Lννν(xxx)u(xxx) dπ(xxx) ∈ Yt′ .

The following proposition reformulates Theorem 54 (i) into a bound for cννν,j . It was
shown in Herrmann et al. (2024, Proposition 2). Recall that θj denote the weights to define
the spaces Yt′ , t′ > 0, see Definition 14.

Proposition 55 (Herrmann et al. 2024, Proposition 2) Consider the setting of The-
orem 54. Then for each ννν ∈ F

ω2τ
ννν

∑
j∈N

θ−2t′

j c2ννν,j ≤ C2a2ννν .

Proposition 55 gives decay of the coefficients cννν,j in both j and ννν. Since θj = O(j−1+τ )
for all τ > 0 we have c2ννν,j = O(j−1−2t′+τ̃ ) for τ̃ < 2τt′ and every ννν ∈ ΛN . Furthermore,
since (aννν)ννν∈F ∈ ℓp(F) the Legendre coefficients cννν,j decay algebraically in ννν. We continue
with a technical lemma, which was shown in Herrmann et al. (2024, Lemma 4).
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Lemma 56 (Herrmann et al. 2024, Lemma 4) Let α > 1, β > 0 and assume two
sequences (ai)i∈N and (dj)j∈N in R with ai ≲ i−α and dj ≲ j−β for all i, j ∈ N. Additionally
assume that (dj)j∈Nis monotonically decreasing. Suppose that there exists a constant C <∞
such that the sequence (ci,j)i,j∈N satisfies

∀i ∈ N :
∑
j∈N

c2i,jd
−2
j ≤ C2a2i .

Then for every τ > 0

(i) for all N ∈ N there exists (mi)i∈N ⊆ NN
0 monotonically decreasing s.t.

∑
i∈Nmi ≤ N

and ∑
i∈N

∑
j>mi

c2i,j

 1
2

≲ N−min{α−1,β}+τ ,

(ii) for all N ∈ N there exists (mi)i∈N ⊆ NN
0 monotonically decreasing s.t.

∑
i∈Nmi ≤ N

and ∑
i∈N

∑
j>mi

c2i,j

 1
2

≲ N−min{α− 1
2
,β}+τ .

In the following, we use Lemma 56 to get a decay property for the Legendre coefficients
cνiνiνi,j with the enumeration νiνiνi of ΛN from Theorem 54. The sequencemmm = (mi)i∈N quantifies
which coefficients of the Legendre expansion are “important” and are therefore used to define
the surrogate ΓN .

We first show that Theorem 54 yields sufficient decay on the Legendre coefficients cνiνiνi,j
s.t. the assumptions of Lemma 56 are satisfied.

Lemma 57 Consider the setting of Theorem 54. Let τ̃ > 0 such that 1/p > r− τ̃ /2. Then
the assumptions of Lemma 56 are fulfilled for α = r − τ̃ /2, β = t− τ̃ /2, ai = aνiνiνi, dj = θt

′
j

and ci,j = ω
1/2
νiνiνi cνiνiνi,j for i, j ∈ N.

Proof Proposition 55 with τ = 1
2 gives

ω
1
2
νiνiνi

∑
j∈N

θ−2t′

j c2νiνiνi,j

 1
2

= O(aνiνiνi) = O
(
i−r+ τ̃

2

)
. (D.25)

The last equality in (D.25) holds because iapνiνiνi ≤
∑

j∈N a
p
νjνjνj <∞ (since aνiνiνi is monotonically

decreasing) implies aνiνiνi = O(i−1/p) = O(i−r+τ̃ /2). Since (θt
′
j )j∈N ∈ ℓ1/(t−τ̃ /2) (see Definition

14) it holds

θt
′
j = O(j−t+τ̃ /2)

with the same argument.
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D.3.2 Proofs of Theorems 52 and 53

The proof of Theorems 52 and 53 is similar to Herrmann et al. (2024, Sections 4.2-4.4,
Proofs of Theorems 1,2 and 5).

Proof [Proof of Theorem 52] Let (aννν)ννν∈F be the enumeration (νiνiνi)i∈N from Theorem 54,
where we use the case τ = 1

2 . Therefore (aνiνiνi)i∈N is monotonically decreasing and belongs

to ℓp with p ∈ (1r , 1]. We further fix τ̃ > 0 and demand 1
p > r − τ̃

2 . Fix Ñ ∈ N and set

ΛÑ := {νjνjνj : j ≤ Ñ} ⊂ F, which is downward closed by Theorem 54. Now we approximate
the tensorized Legendre polynomials Lννν on the index set ΛÑ . Let ρ ∈ (0, 12). In the ReLU

case, Proposition 17 gives a NN fΛÑ ,ρ with outputs {L̃ννν,ρ}ννν∈ΛÑ
s.t.

sup
yyy∈U

max
ννν∈ΛÑ

∣∣∣Lννν(yyy)− L̃ννν,ρ(yyy)
∣∣∣ ≤ ρ.

Using |ΛÑ | = Ñ , (D.23) and (D.24), it holds for Ñ ≥ 2

depth(fΛÑ ,ρ) = O
(
log(Ñ)2 log(log(Ñ))2 + log(Ñ) log

(
ρ−1
))
,

width(fΛÑ ,ρ) = O(Ñ log(Ñ)),

size(fΛÑ ,ρ) = O
(
Ñ log(Ñ)2 log(log(Ñ)) + Ñ log(Ñ) log

(
ρ−1
))
,

mpar(fΛÑ ,ρ) = 1.

The constants hidden in O( . ) are independent of Ñ and ρ. For Ñ ∈ N, set the accuracy

ρ := Ñ−min{r− 1
2
,t}. Then it holds

depth(fΛÑ ,ρ) = O
(
log(Ñ)2 log(log(Ñ))2

)
,

size(fΛÑ ,ρ) = O
(
Ñ log(Ñ)2 log(log(Ñ))

)
.

Proposition 51 shows that the ReLU bounds also hold for the RePU-case.

By Lemma 57 the assumptions of Lemma 56 are satisfied. Applying Lemma 56 (i) with
α := r − τ̃ /2 and β := t− τ̃ /2 gives a sequence (mi)i∈N ⊂ NN

0 such that
∑

i∈Nmi ≤ Ñ and

∑
i∈N

ω
1
2
νiνiνi

∑
j>mi

c2νiνiνi,j

 1
2

≤ CÑ−min{r−1,t}+τ̃ . (D.26)

We now define (
γ̃Ñ,j

)
:=

∑
{i∈N:mi≥j}

L̃νiνiνi,ρ(yyy)cνiνiνi,j (D.27)
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for j ∈ N, where empty sums are set to zero. Recall the uniform distribution π on U =
[−1, 1]N, see Example 3. With γ̃Ñ = (γ̃Ñ,j)j∈N it holds

∥G0 ◦ σrR(yyy)−DY ◦ γ̃Ñ (yyy)∥Y =

∥∥∥∥∥∥
∑
i,j∈N

cνiνiνi,jLνiνiνi(yyy)ηj −
∑
i∈N

∑
j≤mi

cνiνiνi,jL̃νiνiνi,ρ(yyy)ηj

∥∥∥∥∥∥
Y

≤

∥∥∥∥∥∥
∑
i∈N

Lνiνiνi(yyy)
∑
j>mi

cνiνiνi,jηj

∥∥∥∥∥∥
Y

+

∥∥∥∥∥∥
∑
i∈N

(Lνiνiνi(yyy)− L̃νiνiνi,ρ(yyy))
∑
j≤mi

cνiνiνi,jηj

∥∥∥∥∥∥
Y

≤ ΛΨΨΨY

∑
i∈N

∥Lνiνiνi∥∞,π︸ ︷︷ ︸
≤ω

1
2
νiνiνi

∑
j>mi

c2νiνiνi,j

 1
2

+ ΛΨΨΨY
ρ
∑
i∈N

∑
j≤mi

c2νiνiνi,j

 1
2

≤ C̃ΛΨΨΨY
Ñ−min{r−1,t}+τ̃ + C̃ΛΨΨΨY

ρ ≤ C̃Ñ−min{r−1,t}+τ̃ (D.28)

for all yyy ∈ U . In (D.28) we used the definition of DY, (D.27) and (D.21) at the first equality.
Furthermore, we used (D.26), the definition of ρ and

∑
i∈N

∑
j≤mi

c2νiνiνi,j

 1
2

≤
∑
i∈N

∑
j∈N

c2νiνiνi,j

 1
2

≤ C̃
∑
i∈N

ω
1
2
νiνiνi

∑
j∈N

θ−2t′

j c2νiνiνi,j

 1
2

≤ C̃
∑
i∈N

aνiνiνi ≤ C̃
∑
i∈N

i−r+τ̃/2 ≤ C̃ (D.29)

at the second-to-last inequality. We changed the constants C̃ from line to line in (D.28)
and (D.29). The last line of (D.28) shows why the RePU-case does not improve the approx-
imation property qualitatively. In the RePU-case, Proposition 51 gives a σq-NN fΛ exactly
realizing the tensorized Legendre polynomials, i.e. the case ρ = 0 from above. Therefore
the second summand in the last line of (D.28) vanishes. This does not improve the approx-
imation rate due to the first summand. This part depends on the summability properties
of the Legendre coefficients cνiνiνi,j following Assumption 2 and is therefore independent of the
activation function σ.

Now we argue similarly to Herrmann et al. (2024, Proof of Theorem 1). Consider the
scaling Sr from (3.5). It holds

Sr ◦ EX(a) ∈ U ∀a ∈ Cr
R(X), (D.30)
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because of (3.8) and (3.5). We define Γ̃Ñ := DY ◦ γ̃Ñ ◦ Sr ◦ EX and calculate

sup
a∈Cr

R(X)

∥∥∥G0(a)− Γ̃Ñ (a)
∥∥∥
Y
= sup

a∈Cr
R(X)

∥∥G0(a)−DY ◦ γ̃Ñ ◦ Sr ◦ EX(a)
∥∥
Y

= sup
{yyy∈U :σr

R(yyy)∈Cr
R(X)}

∥∥G0 ◦ σrR(yyy)−DY ◦ γ̃Ñ ◦ Sr ◦ EX ◦ σrR(yyy)
∥∥
Y

≤ sup
yyy∈U

∥∥G0 ◦ σrR(yyy)−DY ◦ γ̃Ñ (yyy)
∥∥
Y
≤ C̃Ñ−min{r−1,t}+τ̃ , (D.31)

where we used (D.30) and (D.28).

In order to finish the proof of Theorem 52, we relate Ñ to N and show ΓN := Γ̃Ñ ∈
GGGsp

FN(σq, N), i.e. we show that the approximation networks we constructed have the desired
sparse structure. We simultaneously prove the ReLU- and RePU-case.

In order to analyze the NNs γ̃Ñ from (D.27), we specify its structure. We set nj =
|{mi ≥ j}| and define

γ̃Ñ =

({
Σnj

({
IdR ◦SMcνiνiνi,j

◦ L̃νiνiνi,ρ

}
mi≥j

)}
j∈N

)
. (D.32)

The round brackets in (D.32) denote a parallelization. The networks SMcνiνiνi,j
denote the

scalar multiplication networks from Definition 42. Furthermore, Σnj denotes the summa-
tion network from Definition 41 and we use the identity networks IdR from Lemma 37 or
38 to synchronize the depth. Using the respective bounds for the summation and scalar
multiplication networks and the NN calculus for parallelization and sparse concatenation
we get

depth(γ̃Ñ ) ≤ 2 + max
i,j∈N2,mi≥j

(
depth

(
L̃νiνiνi,ρ

)
+ depth

(
SMcνiνiνi,j

))
+max

j∈N
depth

(
Σnj

)
≤ 3 + O(log(Ñ)2 log(log(Ñ))) + max

i,j∈N2,mi≥j
Cq log (|cνiνiνi,j |) + 0

= O(log(Ñ)2 log(log(Ñ))), (D.33)

width(γ̃Ñ ) ≤ max

{∑
j∈N

∑
mi≥j

width
(
L̃νiνiνi,ρ

)
,
∑
j∈N

∑
mi≥j

width
(
SMcνiνiνi,j

)
,

∑
j∈N

∑
mi≥j

width (IdR) ,
∑
j∈N

width
(
Σnj

)}

≤ Cq max

O(Ñ log(Ñ)),
∑
j∈N

∑
mi≥j

Cq,
∑
j∈N

nj

 = O(Ñ log(Ñ)),

64



Statistical Learning Theory for Neural Operators

as well as

size(γ̃Ñ ) ≤ Cq

∑
j∈N

∑
mi≥j

(
size

(
L̃νiνiνi,ρ

)
+ size

(
SMcνiνiνi,j

)
+ size (IdR)

)
+ Cq

∑
j∈N

size
(
Σnj

)

= O
(
Ñ log(Ñ)2 log(log(Ñ))

)
+
∑
j∈N

 ∑
mi≥j

Cq log (|cνiνiνi,j |)

+ Cqnj


≤ O

(
Ñ log(Ñ)2 log(log(Ñ))

)
+ Cq

∑
j∈N

∑
mi≥j

1

= O
(
Ñ log(Ñ)2 log(log(Ñ))

)
, (D.34)

mpar(γ̃Ñ ) ≤ Cq.

In (D.33)–(D.34) we used log (|cνiνiνi,j |) ≤ Cq for all i, j ∈ N independent of n. Furthermore,
we used ∑

j∈N

nj =
∑
j∈N

∑
mi≥j

1 =
∑
i∈N

∑
j≤mi

1 =
∑
i∈N

mi ≤ Ñ .

To get rid of the logarithmic terms, we define N = N(Ñ) := max{1, Ñ log(Ñ)3} and obtain
a NN γN = γ̃Ñ with

depth(γN ) = O(log(N)),

width(γN ) = O(N),

size(γN ) = N,

mpar(γN ) ≤ Cq

and error less than

C̃Ñ−min{r−1,t}+τ̃ = C̃Ñ−κ ≤ C̃(3κ/τ̃)3κN−κ+τ̃ := CN−min{r−1,t}+τ . (D.35)

Per definition depth(γN ) = O(log(N)) and width(γN ) = O(N) yields constants C̃L, C̃p and
N1, N2 ∈ N s.t.

depth(γN ) ≤ C̃Lmax{1, log(N)}, N ≥ N1,

width(γN ) ≤ C̃pN, N ≥ N2.

Setting CL = max{C̃L,maxN=2,...,N1−1 depth(γN )/ log(2)} and

Cp = max{C̃p,maxN=1,...,N2−1width(γN )} shows

depth(γN ) ≤ CL log(N), N ∈ N,

width(γN ) ≤ CpN, N ∈ N.

In order to show ΓN := DY ◦ γN ◦ Sr ◦ EX ∈ GGGsp
FN(σq, N), we are left to show that the

maximum Euclidean norm ∥ · ∥2 of γN in U is independent of N . It holds for all yyy ∈ U that
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DX ◦ S−1
r (yyy) ∈ Cr

R(X). We get

sup
yyy∈U

∥γN (yyy)∥2 = sup
yyy∈U

∥EY ◦ ΓN ◦DX ◦ S−1
r (yyy)∥2

≤ ΛΨΨΨY
sup

a∈Cr
R(X)

∥ΓN (a)∥Y

= ΛΨΨΨY
sup

a∈Cr
R(X)

∥ΓN (a)−G0(a) +G0(a)∥Y

≤ ΛΨΨΨY
sup

a∈Cr
R(X)

(∥ΓN (a)−G0(a)∥Y + c∥G0(a)∥Yt)

≤ ΛΨΨΨY
(C + cCG0) =: B, (D.36)

where ΛΨΨΨY
denotes the upper frame bound of ΨΨΨY and c = θt0, see Definition 14. In (D.36)

we used Assumption 2 and the approximation error from (D.35). Thus ΓN ∈ GGGsp
FN(σq, N)

for all N ∈ N, where we set Cs = 1. Using supp(γ) ⊂ Cr
R(X), see Assumption 2, in (D.31)

finalizes the proof of Theorem 52.

Proof [Proof of Theorem 53] By Lemma 57 the assumptions of Lemma 56 are satisfied.
Applying Lemma 56 (ii) with α := r− τ̃ /2 and β := t− τ̃ /2 gives a sequence (mi)i∈N ⊂ NN

0

such that
∑

i∈Nmi ≤ Ñ and∑
i∈N

ωνννi
∑
j>mi

c2νiνiνi,j

 1
2

≤ C̃Ñ−min{r− 1
2
,t}+τ̃ . (D.37)

Define γ̃Ñ = (γ̃Ñ,j)j∈N for all y ∈ U with γ̃Ñ,j as in (D.27). Then it holds

∥G0 ◦ σrR −DY ◦ γ̃Ñ∥L2(U,π;Y) ≤

∥∥∥∥∥∥
∑
i∈N

∑
j>mi

cνiνiνi,jLνiνiνiηj

∥∥∥∥∥∥
L2(U,π;Y)

+

∥∥∥∥∥∥
∑
i∈N

∑
j≤mi

cνiνiνi,jηj

(
Lνiνiνi − L̃νiνiνi,ρ

)∥∥∥∥∥∥
L2(U,π;Y)

≤ ΛΨΨΨY

∑
i∈N

∥Lνiνiνi∥2∞,π︸ ︷︷ ︸
≤ωνiνiνi

∑
j>mi

c2νiνiνi,j


1
2

+ ΛΨΨΨY
ρ

∑
i∈N

∑
j≤mi

c2νiνiνi,j

 1
2

≤ C̃ΛΨΨΨY
Ñ−min{r− 1

2
,t}+τ̃ + C̃ΛΨΨΨY

ρ ≤ C̃Ñ−min{r− 1
2
,t}+τ̃ . (D.38)

In (D.38) we used the definition ofDY, (D.27) and (D.21) at the first inequality. Additionally
we used that (Lνννηj)ννν,j is a frame of L2(U, π;Y) at the second inequality. Finally we used
(D.37), the definition of ρ and an argument similar to (D.29) at the second-to-last inequality.
Note that again we changed the constants C̃ from line to line in (D.38).

Since ΨΨΨX is a Riesz basis, we have (see Section 3.1.2 and 3.5)

Cr
R(X) = {σrR(yyy), yyy ∈ U} and EX ◦ σrR(yyy) = S−1

r (yyy). (D.39)
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With Γ̃Ñ := DY ◦ γ̃Ñ ◦ Sr ◦ EX we calculate∥∥∥Γ̃Ñ −G0

∥∥∥
L2(Cr

R(X),(σr
R)#π;Y)

=
∥∥DY ◦ γ̃Ñ ◦ Sr ◦ EX −G0

∥∥
L2(Cr

R(X),(σr
R)#π;Y)

=
∥∥DY ◦ γ̃Ñ ◦ Sr ◦ EX ◦ σrR −G0 ◦ σrR

∥∥
L2(U,π;Y)

=
∥∥DY ◦ γ̃Ñ −G0 ◦ σrR

∥∥
L2(U,π;Y)

≤ C̃Ñ−min{r− 1
2
,t}+τ ,

where we used (D.39) and (D.38). Defining N = N(Ñ) := max{1, Ñ log(Ñ)3} we can pro-
ceed similar to the proof of Theorem 52 from (D.31) on. The reason this works is that
the NNs γ̃Ñ are defined in the same way in the L2- and the L∞-case (only the sequence mmm

changes, but not its properties). This shows ΓN := Γ̃Ñ ∈ GGGsp
FN(σq, N) for all N ∈ N and

thus finishes the proof of Theorem 53.

D.4 Proof of Lemma 20

The arguments in the following proof are based on entropy bounds for feedforward neural
network classes, first established in Schmidt-Hieber (2020a, Proof of Lemma 5).

Define the supremum norm ∥ · ∥∞,∞ on gggFN as

∥g∥∞,∞ := sup
yyy∈Rp0

∥g(yyy)∥∞, g ∈ gggFN, (D.40)

where ∥·∥∞ denotes the maximum norm in Rn. Then Petersen et al. (2021, Proposition 3.5)
shows that (gggFN, ∥·∥∞,∞) is compact. Since the map i : gggFN →GGGFN, g → G = DY ◦g ◦EX is
linear, also (GGGFN, ∥·∥∞,supp(γ)) and hence (GGGFN, ∥·∥n) is compact. We now show the entropy
bounds for GGGFN.

Step 1. Recall depth(g) ≤ L, depth(g) ≤ p, size(g) ≤ s and mpar(g) ≤M for g ∈ gggFN.
We first estimate the entropy H(GGGFN, ∥·∥∞,supp(γ), δ) against the respective entropy of gggFN.
For G,G′ ∈GGGFN and g, g′ ∈GGGFN with G = DY ◦ g ◦ Sr ◦ EX, G

′ = DY ◦ g′ ◦ Sr ◦ EX, it holds

∥G−G′∥∞,σr
R(U) = sup

x∈σr
R(U)

∥DY ◦ g ◦ Sr ◦ EX(x)−DY ◦ g′ ◦ Sr ◦ EX(x)∥Y

≤ ΛΨΨΨY
sup
yyy∈U

∥g(yyy)− g′(yyy)∥2 ≤ ΛΨΨΨY

√
p∥g − g′∥∞,∞, (D.41)

where we used σrR = DX ◦ S−1
r and ∥ · ∥∞,∞ from (D.40). Furthermore, we used ∥g(u)∥2 ≤√

p∥g∥∞ for all g ∈ gggFN, since NNs g ∈ gggFN have width(g) ≤ p. Then (D.41) yields

H(GGGFN, ∥ · ∥∞,σr
R(U), δ) ≤ H

(
gggFN, ∥ · ∥∞,∞,

δ

ΛΨΨΨY

√
p

)
. (D.42)

Step 2. It remains to bound H(gggFN, ∥ · ∥∞,∞, δ) = log(N(gggFN, ∥ · ∥∞,∞, δ)). To this end
we follow the proof and notation of Schmidt-Hieber (2020a, Lemma 5). For l = 1, . . . L+1,
define the matrices Wl = (wl

i,j)i,j ∈ Rpl−1×pl and the vectors Bl = (blj)j ∈ Rpl . Furthermore,
define

σBl : Rpl → Rpl , σBl(x) = σ1(x+Bl) = max{0, x+Bl}, l = 1, . . . L,

σBL+1 : RpL+1 → RpL+1 , σBL+1(x) = x+BL+1. (D.43)
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Then we can write a NN g ∈ gggFN as a functional composition of σBl and Wl, i.e.

g : Rp0 → RpL+1 , g(x) = σBL+1WL+1σ
Bl . . .W2σ

B1W1x.

For k ∈ {1, . . . , L+ 1} we define the functions

A+
k g : Rp0 → Rpk , A+

k g(x) = σBkWk . . . σ
B1W1x,

A−
k g : Rpk−1 → RpL+1 , A−

k g(x) = σBL+1WL+1 . . . σ
BkWkx. (D.44)

Furthermore, set A+
0 g = IdRp0 and A−

L+2g = IdRpL+1 . For all 1 ≤ l ≤ L+ 1 holds

∥σBl(x)∥∞ ≤ ∥x∥∞ +M

∥W l(x)∥∞ ≤ ∥W l∥∞∥x∥∞ ≤Mp∥x∥∞.

We claim that for k ∈ {1, . . . , L+ 1}

sup
x∈[−1,1]p0

∥A+
k g(x)∥∞ ≤ (M(p+ 1))k

and proceed by induction. The case k = 0 is trivial. To go from k − 1 to k we compute

sup
x∈[−1,1]p0

∥A+
k x∥∞ = sup

x∈[−1,1]p0
∥σBkWk(σ

Bk−1Wk−1 · · ·σB1W1x)∥∞

≤ sup
x∈[−(M(p+1))k−1,(M(p+1))k−1]pk−1

∥σBkW kx∥∞

≤ (Mp(M(p+ 1))k−1 +M) ≤ (M(p+ 1))k, (D.45)

as claimed.
Moreover, for l = 1, . . . , L + 1, Wl : (Rpl−1 , ∥ · ∥∞) → (Rpl , ∥ · ∥∞) is Lipschitz with

constant Mp and σBl : (Rpl , ∥ · ∥∞) → (Rpl , ∥ · ∥∞) is Lipschitz with constant 1. Thus we
can estimate the Lipschitz constant of A−

k g for k = 1, . . . , L+ 1. It holds∥∥A−
k g(x)−A−

k g(y)
∥∥
∞ =

∥∥σBL+1WL+1 . . . σ
BkWkx− σBL+1WL+1 . . . σ

BkWky
∥∥
∞

≤Mp
∥∥σBLWL . . . σ

BkWkx− σBLWL . . . σ
BkWky

∥∥
∞

≤ · · · ≤ (Mp)L+2−k ∥x− y∥∞ for x, y ∈ Rpk−1 . (D.46)

Now let g, g∗ ∈ gggFN be two NN such that |wl
i,j −wl,∗

i,j | < ε and |bli − bl,∗i | < ε for all i ≤ pl+1,
j ≤ pl, l ≤ L+ 1. Then

∥g − g∗∥∞,∞ ≤
L+1∑
k=1

∥∥∥A−
k+1gσ

BkWkA
+
k−1g

∗ −A−
k+1gσ

B∗
kW ∗

kA
+
k−1g

∗
∥∥∥
∞,∞

≤
L+1∑
k=1

(Mp)L+1−k
∥∥∥σBkWkA

+
k−1g

∗ − σB
∗
kW ∗

kA
+
k−1g

∗
∥∥∥
∞,∞

≤
L+1∑
k=1

(Mp)L+1−k
(∥∥(Wk −W ∗

k )A
+
k−1g

∗∥∥
∞,∞ + ∥Bk −B∗

k∥∞
)

≤ ε
L+1∑
k=1

(Mp)L+1−k
(
pMk−1(p+ 1)k−1 + 1

)
< ε(L+ 1)ML(p+ 1)L+1, (D.47)
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where we used (D.45), (D.46) and M ≥ 1. The total number of weight and biases is less
than (L+ 1)(p2 + p). Therefore there are at most(

(L+ 1)(p2 + p)
s

)
≤ ((L+ 1)(p2 + p))s

combinations to pick s nonzero parameters. Since all parameters are bounded by M , we
choose ε = δ/((L+ 1)ML(p+ 1)L+1) and obtain the covering bound for all δ > 0

N(gggFN, ∥ · ∥∞,∞, δ) ≤ max

{
1,

s∑
s∗=1

(
2Mϵ−1(L+ 1)(p2 + p)

)s∗}

≤ max

{
1,

s∑
s∗=1

(
2δ−1(L+ 1)ML+1(p+ 1)L+1(L+ 1)(p2 + p)

)s∗}

≤ max

{
1,

s∑
s∗=1

(
2δ−1(L+ 1)2ML+1(p+ 1)L+3

)s∗}
≤
(
2L+6L2ML+1pL+3max

{
1, δ−1

})s+1
, (D.48)

where we used L ≥ 1 and p ≥ 1 at the last inequality. Eqs. (D.48) and (D.42) show (3.16).
Applying (3.16) to the sparse FrameNet class GGGsp

FN(σ1, N) gives

H
(
GGGsp

FN(σ1, N), ∥ · ∥∞,σr
R(U), δ

)
≤ (sizeN + 1) log

(
2depthN+6ΛΨΨΨY

depth2NM
depthN+1width

depthN+4
N max

{
1, δ−1

})
≤ (CsN + 1)

× log
(
2CL log(N)+6ΛΨΨΨY

(CL log(N))2MCL log(N)+1(CpN)CL log(N)+4max
{
1, δ−1

})
≤ CSP

H N
(
1 + log(N)2 + log

(
max

{
1, δ−1

}))
, N ∈ N, δ > 0, (D.49)

where we defined

CSP
H = 2Cs

(
(CL + 6) log(2) + log(ΛΨΨΨY

) + C2
L+

+ (CL + 1) log(M) + (CL + 4)(log(Cp) + 1)

)
.

Applying (3.16) to the fully connected FrameNet class GGGfull
FN(σ1, N) gives

H
(
GGGfull

FN(σ1, N), ∥ · ∥∞,σr
R(U), δ

)
≤ (sFC(N) + 1) log

(
2depthN+6ΛΨΨΨY

depth2NM
depthN+1width

depthN+4
N max

{
1, δ−1

})
≤
(
(depthN + 1)

(
width2N +widthN

)
+ 1
)

× log
(
2CL log(N)+6ΛΨΨΨY

(CL log(N))2MCL log(N)+1(CpN)CL log(N)+4max
{
1, δ−1

})
≤
(
(CL log(N) + 1)

(
C2
pN

2 + CpN
)
+ 1
)

× log
(
2CL log(N)+6ΛΨΨΨY

(CL log(N))2MCL log(N)+1(CpN)CL log(N)+4max
{
1, δ−1

})
≤ CFC

H N2
(
1 + log(N)3 + log

(
max

{
1, δ−1

}))
, N ∈ N, (D.50)
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where we defined

CFC
H = 8CLC

2
p

(
(CL + 6) log(2) + log(ΛΨΨΨY

) + C2
L+

+ (CL + 1) log(M) + (CL + 4)(log(Cp) + 1)

)
.

Equations (D.49) and (D.50) finish the proof of Lemma 20.

D.5 Proof of Lemma 22

The following proof is a modification of Schmidt-Hieber (2020a, Proof of Lemma 5) to the
case where the activation function is not globally, but only locally Lipschitz continuous.
The compactness of (GGG, ∥ · ∥∞,supp(γ)) follows similarly to the ReLU case since Petersen
et al. (2021, Proposition 3.5) holds for any continuous activation function.

Let q ∈ N, q ≥ 2 and let σq : R → R, σq(x) = max{0, x}q denote the RePU activation
function. Recall depth(g) ≤ L, width(g) ≤ p, size(g) ≤ s and mpar(g) ≤ M for g ∈ gggFN.
We argue analogously to the ReLU-case in Lemma 20 and bound the entropy of the NN
class gggFN(σq, L, p, s,M,B). Recall the definitions of σBl , A+

k g and A−
k g from (D.43)-(D.44).

Similar to (D.45) it holds that

∥A+
k g∥∞,∞ = sup

x∈[−1,1]p0
∥A+

k g(x)∥∞

≤ sup
x∈[−M(p+1),M(p+1)]p1

∥∥σBkWkσ
Bk−1 . . .W2σqx

∥∥
∞

≤ sup
x∈[−Mq(p+1)q ,Mq(p+1)q ]p1

∥∥σBkWkσ
Bk−1 . . .W2x

∥∥
∞

≤ · · · ≤ (M(p+ 1))
∑k

j=1 q
j

≤ (M(p+ 1))q
k+1

,

where we used M ≥ 1.
In the RePU-case, A−

k g is only locally Lipschitz: Since |σq(x)′| ≤ q|x|q−1 it holds

|σq(x)− σq(y)| ≤ qmax{|x|, |y|}q−1|x− y| ∀x, y ∈ R.

Therefore for k = 1, . . . , L+ 1 and x, y ∈ Rpk−1 , ∥x∥∞, ∥y∥∞ ≤ C, we get∥∥A−
k g(x)−A−

k g(y)
∥∥
∞

=
∥∥σBL+1WL+1σ

BL . . .Wkx− σBL+1WL+1σ
BL . . .Wky

∥∥
∞

≤ Mp
∥∥σBLWLσ

BL−1 . . .Wkx− σBLWLσ
BL−1 . . .Wky

∥∥
∞

≤ Mpq

(
sup

∥x∥∞≤C

∥∥WLσ
BL−1 . . .Wkx

∥∥
∞

)q−1

×
∥∥WLσ

BL−1 . . .Wkx−WLσ
BL−1 . . .Wky

∥∥
∞

≤ (Mpq)L+2−k

(
sup

∥x∥∞≤C

∥∥WLσ
BL−1 . . .Wkx

∥∥
∞

)q−1

×

(
sup

∥x∥∞≤C

∥∥WL−1σ
BL−2 . . .Wkx

∥∥
∞

)q−1

× · · · ×

(
sup

∥x∥∞≤C
∥Wkx∥∞

)q−1

∥x− y∥∞.
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Using

sup
∥x∥∞≤C

∥∥Wjσ
Bj−1 . . .Wkx

∥∥
∞ ≤ sup

∥x∥∞≤(M(p+1)C)q

∥∥Wjσ
Bj−1 . . .Wk+1x

∥∥
∞

≤ sup
∥x∥∞≤(M(p+1))q+q2Cq2

∥∥Wjσ
Bj−1 . . .Wk+2x

∥∥
∞

≤ · · · ≤ sup

∥x∥∞≤(M(p+1))
∑j−k

l=1
ql
Cqj−k

∥Wjx∥∞

≤ (M(p+ 1))
∑j−k

l=0 ql Cqj−k ≤ (M(p+ 1)C)q
j−k+1

for j = k, . . . , L and C,M ≥ 1, we get∥∥A−
k g(x)−A−

k g(y)
∥∥
∞ ≤ (Mpq)L+2−k

L∏
j=k

(
M(p+ 1)Ĉ

)qj−k+1

∥x− y∥∞ (D.51)

≤ (Mpq)L+2−k
(
M(p+ 1)Ĉ

)qL+2−k

∥x− y∥∞, x, y ∈ Rpk−1 .

Now we proceed similarly to (D.47). Let g, g∗ ∈ gggFN be two NN such that |wl
i,j − wl,∗

i,j | < ε

and |bli − bl,∗i | < ε for all i ≤ pl+1, j ≤ pl, l ≤ L + 1. Then with A+
0 g = IdRp0 and

A−
L+2g = IdRpL+1 we estimate

∥g − g∗∥∞,∞

≤
L+1∑
k=1

∥∥∥A−
k+1gσ

BkWkA
+
k−1g

∗ −A−
k+1gσ

B∗
kW ∗

kA
+
k−1g

∗
∥∥∥
∞,∞

≤
L+1∑
k=1

(Mpq)L+1−k
(
M(p+ 1) (M(p+ 1))q

k+1
)qL+1−k

∥∥∥σBkWkA
+
k−1g

∗ − σB
∗
kW ∗

kA
+
k−1g

∗
∥∥∥
∞,∞

≤
L+1∑
k=1

(Mpq)L+1−k
(
M(p+ 1) (M(p+ 1))q

k+1
)qL+1−k

(∥∥(Wk −W ∗
k )A

+
k−1g

∗∥∥
∞,∞ + ∥Bk −B∗

k∥∞,∞

)
q
(
M(p+ 1)

∥∥A+
k−1g

∗∥∥
∞,∞

)q−1

≤ 2ε
L+1∑
k=1

(Mpq)L+2−k
(
M(p+ 1) (M(p+ 1))q

k+1
)qL+1−k ∥∥A+

k−1g
∗∥∥

∞,∞(
M(p+ 1)

∥∥A+
k−1g

∗∥∥
∞,∞

)q−1

≤ 2ε(L+ 1) (M(p+ 1)q)L+q
(
M(p+ 1) (M(p+ 1))q

L+2
)qL (

(M(p+ 1))q
L+1
)q

< εLqL+q (2pM)4q
2L+2 (

2M
√
p(p2 + p)(L+ 1)

)−1
. (D.52)

In (D.52) we used the Lipschitz bound (D.51) with

C = max
{
1, ∥σBkWkA

+
k−1g

∗∥∞,∞, ∥σB
∗
kW ∗

kA
+
k−1g

∗∥∞,∞

}
≤ (M(p+ 1))q

k+1

,
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and p ≥ 1, L ≥ 1, q ≥ 2 at the last inequality.
As in the proof of Lemma 20, there are(

(L+ 1)(p2 + p)
s

)
≤ ((L+ 1)(p2 + p))s

combinations to pick s nonzero weights and biases. Since all parameters are bounded by
M , we choose

ε =
2M

√
p(p2 + p)(L+ 1)δ

LqL+q (2pM)4q
2L+2

and obtain the covering bound

N(gggFN, ∥ · ∥∞,∞, δ) ≤ max

{
1,

s∑
s∗=1

(
2Mϵ−1(L+ 1)(p2 + p)

)s∗}

≤ max

{
1,

s∑
s∗=1

(
LqL+q (2pM)4q

2L+2

(
√
pδ)−1

)s∗}

≤
(
LqL+q (2pM)4q

2L+2 √
p−1max

{
1, δ−1

})s+1
. (D.53)

Eqs. (D.53) and (D.42) show (3.17).
Applying (3.17) to the sparse FrameNet class GGGsp

FN(σq, N) gives

H
(
GGGsp

FN(σq, N), ∥ · ∥∞,σr
R(U), δ

)
≤ (sSP (N) + 1) log

(
ΛΨΨΨY

depthNq
depthN+q (2widthNM)4q

2depthN+2

max
{
1, δ−1

})
≤ (CsN + 1) log

(
ΛΨΨΨY

CL log(N)qCL log(N)+q (2CpNM)4q
2CL log(N)+2

max
{
1, δ−1

})
≤ CSP

H N1+2CL log(q)
(
1 + log(N) + log

(
max

{
1, δ−1

}))
, (D.54)

where we set

CSP
H = 2Cs

(
log(ΛΨΨΨY

) + CL + (CL + q) log(q) + 4q2 (log(2CpM) + 1)
)
.

Applying (3.17) to the fully connected FrameNet class GGGfull
FN(σq, N) gives the entropy

bound

H
(
GGGfull

FN(σq, N), ∥ · ∥∞,σr
R(U), δ

)
≤ (sFC(N) + 1) log

(
ΛΨΨΨY

depthNq
depthN+q (2widthNM)4q

2depthN+2

max
{
1, δ−1

})
≤
(
(depthN + 1)

(
width2N +widthN

)
+ 1
)

× log
(
ΛΨΨΨY

depthNq
depthN+q (2widthNM)4q

2depthN+2

max
{
1, δ−1

})
≤
(
(CL log(N) + 1)

(
C2
pN

2 + CpN
)
+ 1
)

× log
(
ΛΨΨΨY

CL log(N)qCL log(N)+q (2CpNM)4q
2CL log(N)+2

max
{
1, δ−1

})
≤ CFC

H N2+2CL log(q)
(
1 + log(N)2 + log

(
max

{
1, δ−1

}))
, (D.55)
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where we set

CFC
H =8CsC

2
p

(
log(ΛΨΨΨY

) + CL + (CL + q) log(q) + 4q2 (log(2CpM) + 1)

)
.

Equations (D.54) and (D.55) finish the proof of Lemma 22.

Appendix E. Proofs of Section 4

E.1 Proof of Theorem 27

In Herrmann et al. (2024, Proof of Proposition 3, Step 1), the holomorphy in Assumption
2 is verified for X, Y in (4.5) with r0 > d/2 and t ∈ [0, (1 + r0 − d/2 − t0)/d). Moreover,
γ = (σrR)#π in particular shows supp(γ) ⊆ Cr

R(X) and hence verifies the second part of
Assumption 2. Substituting s = r0+rd, i.e. r =

s−r0
d , and taking t = (1+r0−d/2−t0)/d−τ

with some small τ , Theorem 23 (i) then gives

EG0 [∥Ĝn −G0∥2L2(γ)] ≤ Cn−
κ

κ+1
+τ ,

where

κ = 2min

{
s− r0
d

− 1

2
,
1 + r0 − d

2 − t0

d

}
− τ

for all r0 > d/2 and t0 ∈ [0, 1].
From here on the proof is essentially the same as Herrmann et al. (2024, Proof of Propo-

sition 3, Step 2); the only difference is that while Herrmann et al. (2024) uses the uniform
bound in Theorem 18 (i), we require the L2-bound in Theorem 18 (ii). For completeness,
we repeat the argument. The constraint r > 1 implies s > r0 + d on s. We now choose
r0 >

d
2 in order to maximize the convergence rate. Solving

s− r0
d

− 1

2
=

1 + r0 − d
2 − t0

d

for r0 gives

r0 =
s+ t0 − 1

2
. (E.1)

The constraint r0 >
d
2 implies the constraint s > d+ 1− t0.

We look at two cases separately. First, if s ∈ (3d2 , 2d+1− t0], we set r0 := d
2 + τ2, where

we choose τ2 > 0 s.t. τ2 < s − 3d/2 which guarantees s > r0 + d. For τ < τ2/d, we obtain
the convergence rate

κ = 2min
{s− d

2 − τ2

d
− 1

2
,
1 + d

2 + τ2 − d
2 − t0

d

}
− τ ≥ 2min

{ s
d
− 1− 2τ2

d
,
1− t0
d

}
.

In the case s > 2d+ 1− t0, define r0 as in (E.1). The constraint s > r0 + d amounts to

s >
s+ t0 − 1

2
+ d ⇔ s > 2d+ t0 − 1,

which holds since s > 2d + 1 − t0 ≥ 2d + t0 − 1 for all t0 ∈ [0, 1]. In this case we get the
convergence rate

κ = 2
s− r0
d

− 1− τ =
s+ 1− t0

d
− 1− τ.

Choosing τ1 > 8τ2/d > 8τ shows (4.6) and finishes the proof of Theorem 27.
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Gaëlle Chagny, Anouar Meynaoui, and Angelina Roche. Adaptive nonparametric estimation
in the functional linear model with functional output. Electronic Journal of Statistics, 19
(1):2990–3039, 2025.

Abdellah Chkifa, Albert Cohen, Ronald DeVore, and Christoph Schwab. Sparse adaptive
Taylor approximation algorithms for parametric and stochastic elliptic PDEs. ESAIM
Math. Model. Numer. Anal., 47(1):253–280, 2013. ISSN 0764-583X. doi: 10.1051/m2an/
2012027. URL https://doi.org/10.1051/m2an/2012027.

Abdellah Chkifa, Albert Cohen, Giovanni Migliorati, Fabio Nobile, and Raul Tempone.
Discrete least squares polynomial approximation with random evaluations—application
to parametric and stochastic elliptic PDEs. ESAIM Math. Model. Numer. Anal., 49(3):
815–837, 2015a. ISSN 0764-583X. doi: 10.1051/m2an/2014050. URL https://doi.org/

10.1051/m2an/2014050.

Abdellah Chkifa, Albert Cohen, and Christoph Schwab. Breaking the curse of dimension-
ality in sparse polynomial approximation of parametric PDEs. J. Math. Pures Appl. (9),
103(2):400–428, 2015b. ISSN 0021-7824,1776-3371. doi: 10.1016/j.matpur.2014.04.009.
URL https://doi.org/10.1016/j.matpur.2014.04.009.

Ole Christensen. An Introduction to Frames and Riesz Bases [recurso electrónico]. Applied
and Numerical Harmonic Analysis. Birkhauser, Cham, second edition, 2016. ISBN 978-
3-319-25613-9.

Ludovica Cicci, Stefania Fresca, and Andrea Manzoni. Deep-hyromnet: A deep learning-
based operator approximation for hyper-reduction of nonlinear parametrized pdes. Jour-
nal of Scientific Computing, 93(2):57, 2022.

K. A. Cliffe, M. B. Giles, R. Scheichl, and A. L. Teckentrup. Multilevel Monte Carlo
methods and applications to elliptic PDEs with random coefficients. Comput. Vis. Sci.,
14(1):3–15, 2011. ISSN 1432-9360,1433-0369. doi: 10.1007/s00791-011-0160-x. URL
https://doi.org/10.1007/s00791-011-0160-x.

Albert Cohen and Ronald DeVore. Approximation of high-dimensional parametric PDEs.
Acta Numer., 24:1–159, 2015. ISSN 0962-4929. doi: 10.1017/S0962492915000033. URL
https://doi.org/10.1017/S0962492915000033.

Albert Cohen, Ronald DeVore, and Christoph Schwab. Convergence rates of best N -term
Galerkin approximations for a class of elliptic sPDEs. Found. Comput. Math., 10(6):
615–646, 2010. ISSN 1615-3375. doi: 10.1007/s10208-010-9072-2. URL http://dx.doi.

org/10.1007/s10208-010-9072-2.

Albert Cohen, Ronald Devore, and Christoph Schwab. Analytic regularity and polynomial
approximation of parametric and stochastic elliptic PDE’s. Anal. Appl. (Singap.), 9(1):

75

https://doi.org/10.1051/m2an/2012027
https://doi.org/10.1051/m2an/2014050
https://doi.org/10.1051/m2an/2014050
https://doi.org/10.1016/j.matpur.2014.04.009
https://doi.org/10.1007/s00791-011-0160-x
https://doi.org/10.1017/S0962492915000033
http://dx.doi.org/10.1007/s10208-010-9072-2
http://dx.doi.org/10.1007/s10208-010-9072-2


Reinhardt, Wang and Zech

11–47, 2011. ISSN 0219-5305. doi: 10.1142/S0219530511001728. URL http://dx.doi.

org/10.1142/S0219530511001728.

Albert Cohen, Giovanni Migliorati, and Fabio Nobile. Discrete least-squares approxima-
tions over optimized downward closed polynomial spaces in arbitrary dimension. Constr.
Approx., 45(3):497–519, 2017. ISSN 0176-4276. doi: 10.1007/s00365-017-9364-8. URL
https://doi.org/10.1007/s00365-017-9364-8.

Albert Cohen, Christoph Schwab, and Jakob Zech. Shape holomorphy of the stationary
navier-stokes equations. SIAM J. Math. Analysis, 50(2):1720–1752, 2018. doi: https:
//doi.org/10.1137/16M1099406.
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