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Abstract

We present statistical convergence results for the learning of (possibly) non-linear mappings
in infinite-dimensional spaces. Specifically, given a map Gg : X — Y between two separable
Hilbert spaces, we analyze the problem of recovering Gy from n € N noisy input-output
pairs (x;,y;)"; with y; = Go(x;) + &;; here the z; € X represent randomly drawn “de-
sign” points, and the €; are assumed to be either i.i.d. white noise processes or subgaussian
random variables in Y. We provide general convergence results for least-squares-type em-
pirical risk minimizers over compact regression classes G C L*°(X,Y), in terms of their
approximation properties and metric entropy bounds, which are derived using empirical
process techniques. This generalizes classical results from finite-dimensional nonparamet-
ric regression to an infinite-dimensional setting. As a concrete application, we study an
encoder-decoder based neural operator architecture termed FrameNet. Assuming Gg to be
holomorphic, we prove algebraic (in the sample size n) convergence rates in this setting,
thereby overcoming the curse of dimensionality. To illustrate the wide applicability, as
a prototypical example we discuss the learning of the non-linear solution operator to a
parametric elliptic partial differential equation.

Keywords: nonparametric estimation, neural networks, operator learning, minimax con-
vergence rates, empirical risk minimization, partial differential equations

1. Introduction

Learning non-linear relationships of high- and infinite-dimensional data is a fundamental
problem in modern statistics and machine learning. In recent years, “Operator Learning”
has emerged as a powerful tool for analyzing and approximating mappings Gg between
infinite-dimensional spaces (Li et al., 2020; Hesthaven and Ubbiali, 2018; Bhattacharya
et al., 2021; Lu et al., 2021; Raonic et al., 2023; Anandkumar et al., 2019; Owhadi and
Yoo, 2019; Nelsen and Stuart, 2024; Kovachki et al., 2024b). The primary motivation for
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considering truly infinite-dimensional data stems from applications in the natural sciences,
where inputs and outputs of operators are elements in function spaces. For instance, G
could be the operator relating an initial condition x of a dynamical system to the state
Go(z) of the system after a certain time, or a coefficient-to-solution map of a parametric
partial differential equation (PDE).

For finite-dimensional inputs and outputs, nonparametric regression is the standard
framework for inferring general, non-linear relationships. There, one aims to reconstruct
some “ground truth” Go : R — R™, d, m € N, from noisy data (z;,y;) € R? x R™,
i =1,...,n, generated via y; = Go(x;) + €;, where x; are called the “design points” and
g; are typically independent and identically distributed (i.i.d.) noise variables. In the
framework of empirical risk minimization (ERM), one chooses a suitable function class G
of mappings from R? to R™ and some loss function L : R™ x R™ — R measuring the
discrepancy between predictions G(z;) and the data y;. Statistical estimation is achieved
by minimizing

. 1 —
Gy € argmin J,(G), Jn(G):=— ZL(G(azi),yi), (1.1)
GeG n-4
assuming that minimizers exist. In the finite-dimensional setting, statistically optimal con-
vergence rates for such estimators were established for least-squares, maximum likelihood,
and more generally “minimum contrast” estimators (van de Geer, 2000; Barron et al., 1999;
Birgé and Massart, 1993); see also Schmidt-Hieber (2020a) where such results are shown for
ERMs over neural network classes. However, as is well-known, both—approximation rates
(DeVore et al., 1989; DeVore and Lorentz, 1993) as well as statistical convergence rates
(van de Geer, 2000; Giné and Nickl, 2016) over classical smoothness classes—deteriorate
exponentially in terms of the dimension d. This renders computations practically infeasible
for large d. This phenomenon is referred to as the curse of dimensionality, see also Section
4.1 ahead.

The framework for operator learning considered in this paper can be viewed as a direct
extension of (1.1) to infinite dimensions. Given Hilbert spaces X and Y, and a mapping
Go : X — Y, the goal is to reconstruct Gy from “training data” (x;,y;) € X x Y with

vi = Go(z;) + &,

where the regression class G is a suitable set of measurable mappings between X and Y
and ¢; are centered noise variables, see Section 2 for details. This “supervised learning”
setting underlies popular methods such as the PCA-Net (Hesthaven and Ubbiali, 2018;
Bhattacharya et al., 2021).

We also mention the framework of “physics-informed learning” which is common in
operator learning (relevant e.g. for the DeepONet Lu et al. 2021), but which is not considered
in the present manuscript. Here, information on the ground truth Gy is not known in the
form of input-output pairs, but instead is implicitly described via

N(IE, Go(l‘)) = 0,

where N : X x Y — Z for a third vector space Z. Typically, N(z,-) encodes a family of
differential operators parametrized by x which represent the underlying physical model. In
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this case, the loss to minimize is a residual of the form > ; || N(z;, G(x;))||2, thus leading to
an “unsupervised learning problem”. The two cases, supervised and unsupervised learning,
can also be combined. Various different (neural network based) architectures (i.e. regression
classes G) have been proposed in recent years for the purpose of supervised or unsupervised
operator learning.

1.1 Outline and Contributions

We provide statistical convergence results for operator learning which do not suffer from
the curse of dimensionality, and which can be applied to prototypical problems in the PDE
literature. We first develop our theory in an abstract setting for ERMs over classes of map-
pings between separable Hilbert spaces, and later apply our theory to concrete examples.
In doing so, we build upon and synthesize influential proof techniques from nonparametric
statistics, in particular M-estimation (van de Geer, 2001; Nickl et al., 2020), approximation
theory for parametric PDEs (Cohen et al., 2011; Cohen and DeVore, 2015; Herrmann et al.,
2024), and empirical process theory (Talagrand, 2005; Dirksen, 2015).

To illustrate the scope of our contributions, we start by stating a convergence result for
the elliptic “Darcy flow” problem on the d-dimensional torus. This is a standard example
in PDE driven forward and inverse problems (Babuska et al., 2010; Chkifa et al., 2015b;
Cliffe et al., 2011; Schwab and Stuart, 2012; Stuart, 2010; Nickl, 2023; Nickl et al., 2020).
We aim for an informal exposition here, with full details given in Section 4: Denote by T¢
the d-dimensional torus, fix a smooth source function f : T — (0, 00) and let api, > 0. For
a sufficiently smooth and uniformly positive conductivity a : T* — R, denote by Go(a) the
unique solution of the elliptic PDE

—V - (aVu)=f onT¢ and / u(z)dz = 0. (1.2)
Td

Now let v be some probability distribution on L?(T¢) such that

supp(v) € {a € Hs(Td) : iand a(r) > amin, HaHHﬁ(Td) < R}7 (1.3)
ze

for some R > 0, s > 2d + 1. Suppose we observe noisy input-output pairs (a;, y;)?_; given
by y; = Go(a;) + &;, where the &; are independent L?(T%)-Gaussian white noise processes
(Section 2). The operator Gy can then be learned from this data as stated in the next
theorem (for details see Section 4.2); it regards empirical risk minimizers G, over the so-
called FrameNet Gpyn, which corresponds to a neural network based class of measurable
mappings X — Y (Section 3). Formally, G, is defined as a minimizer of the least squares
objective

. R
Gy, € arg min — Z lyi — G(ai)”ig(-rd), (1.4)
GeGrn i=1
although a suitable modification is required to make this mathematically rigorous (Section
2.1).

Theorem 1 (Informal) Consider the operator Gy from the Darcy problem on the d-di-
mensional torus T¢ (d > 2), and suppose that v satisfies (1.3) for some s > 3d/2 + 1 and
Amin > 0. Fix 7 > 0 (arbitrarily small).
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Then there exists a constant C' such that for each n € N there exists a FrameNet class
Grx(n) and any empirical risk minimizer Gy, in (1.4) satisfies*

~ 254+2—3d
Ecy [ [ 16afa) = Gofa) agraytn(@)| < Cn™ B+ (15)

The most significant feature of the above statement is that, although Gy maps between
infinite-dimensional spaces, the convergence rate in (1.5) is algebraic in n. Thus, it does
not suffer from a curse of dimensionality with respect to the operator input a. The strong
dependence on the spatial dimension d remains, but this reflects a curse of dimensionality
that is generally unavoidable due to finite spatial smoothness, e.g., DeVore et al. (1989).
Moreover, for infinitely smooth input data (s — o0), the convergence rate gets arbitrarily
close to n~!. The classes Gy, whose existence is postulated by the theorem, can be precisely
characterized in terms of the sparsity, depth, width and other network class parameters,
which are chosen in terms of the statistical sample size n. We also note that the regularity
assumption s > 3d/2 + 1 was made here for convenience and can be weakened to s > 3d/2,
see Theorem 27 and Remark 28 below.

To achieve Theorem 1 and several other related results, we build our theory in multiple
steps. In Section 2, a general regression framework for mappings between Hilbert spaces is
considered. Our first main result, Theorem 5, gives a non-asymptotic concentration upper
bound on the empirical risk between G, and Gy, with respect to the design points a;. The
upper bound is quantified in terms of the metric entropy of the “regression class” G and
the best approximation of G from G. Theorem 6 strengthens this statement to L?(v)-loss,
for the case of random design points a; ~ . These results provide an operator learning
analogue to classical convergence rates in nonparametric regression. The proofs rely on
probabilistic generic chaining techniques (Talagrand, 2014; Dirksen, 2015) and “slicing” ar-
guments as introduced in van de Geer (2001), which we generalize to the current setting. We
also note our proofs contrast existing nonparametric statistical analyses of neural networks
(Schmidt-Hieber, 2020a) for real-valued regression, where generic chaining techniques were
not required for obtaining optimal rates (up to log-factors).

In the second part of this work, we apply our statistical results to the specific deep
operator network class Gpy termed “FrameNet” and introduced in Herrmann et al. (2024).
Together with their underlying decoder-encoder structure and feedforward neural network
structure, FrameNet classes are defined in Section 3. These classes are known to satisfy
good approximation properties for holomorphic operators, a property which is fulfilled for
the Darcy problem (1.2) and more broadly a wide range of PDE based problems (Cohen
et al., 2010, 2011; Cohen and DeVore, 2015; Jerez-Hanckes et al., 2017; Harbrecht et al.,
2016; Henriquez and Schwab, 2021; Hiptmair et al., 2018; Spence and Wunsch, 2023; Cohen
et al., 2018). In Section 3, we identify such operator holomorphy as a key regularity property
which allows to derive “dimension-free” statistical convergence rates. By extending approx-
imation theoretic results from Herrmann et al. (2024), see Theorem 18 below, as well as
establishing metric entropy bounds for Gyx based on Schmidt-Hieber (2020a), we obtain al-
gebraic convergence results for ERMs over FrameNet classes, for reconstructing holomorphic
operators Gg. Specifically, Theorem 23 bounds the L2-risk E[||G,, — GOH%Q(W)} < p /st

1. Here and in the following E¢, denotes the expectation w.r.t. the random data (z;,y;); generated by the
ground truth Go. Similarly, we write Pg, for corresponding probabilities.
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Figure 1: Dependency diagram of the main theorems, lemmas and references in this work.

where £ > 0 denotes the approximation rate established in Herrmann et al. (2024). We
treat the case of ReLU and RePU (Li, 2020) activation functions for both sparse and fully-
connected architectures.

In Section 4, we illustrate the usefulness of our general theory in two concrete settings.
First, we show how our theory recovers well-known minimax-optimal convergence rates for
real-valued regression (i.e., Y = R) on d-dimensional domains. This proves that our abstract
results from Section 2 cannot be improved in general, although matching lower bounds are
yet unknown in the infinite-dimensional setting. Thereafter, Section 4.2 demonstrates how
our theory can be used to yield the first algebraic convergence rates for a non-linear operator
arising from PDEs—see in particular Theorem 27 and Remark 28, which underlie Theorem
1. Figure 1 summarizes the dependencies between the main theorems, lemmas and key
references underlying the results in this work.

1.2 Existing Results

The approximation of mappings between infinite-dimensional spaces has been studied ex-
tensively in the context of Uncertainty Quantification, where GGy corresponds to the solution
operator of a parameter dependent PDE. Various methodologies have been proposed and
analyzed for this task, including for example compressed sensing (Doostan and Owhadi,
2011; Rauhut and Schwab, 2017), sparse-grid interpolation (Chkifa et al., 2013; Nobile
et al., 2008), least-squares (Cohen et al., 2017; Chkifa et al., 2015a), and reduced basis
methods (Quarteroni et al., 2016; Hesthaven et al., 2016). Recently, neural network ap-
proaches have become increasingly popular for this task as they provide a highly expressive
and fast to evaluate parametrization of high-dimensional functions. These attributes make
them particularly useful for learning surrogates in scientific applications (Hesthaven and
Ubbiali, 2018; Lu et al., 2021; Li et al., 2020; Bhattacharya et al., 2021; Anandkumar et al.,
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2019; O’Leary-Roseberry et al., 2022; O’Leary-Roseberry et al., 2024; Becker et al., 2024;
Cicci et al., 2022; Dal Santo et al., 2020; Kropfl et al., 2022).

Approzimation Theory for Neural Operators. First theoretical results on operator learning
focused on the approximation error, establishing the existence of neural network archi-
tectures capable of approximating Gg up to a certain accuracy, with the error decreasing
algebraic in terms of the number of learnable network parameters. For example, the works
Schwab and Zech (2019); Kutyniok et al. (2022); Schwab and Zech (2023) showed that neu-
ral networks have sufficient expressivity to efficiently approximate certain (holomorphic)
mappings Gg. Such results are based on the observation that the smoothness of Gy im-
plies the image of this operator to have moderate n-widths, i.e. to be well approximated
in moderate-dimensional linear subspaces (Dung et al., 2023; Cohen et al., 2010, 2011; Co-
hen and DeVore, 2015; Hoang and Schwab, 2014; Bachmayr et al., 2017). Specifically for
DeepONets (Lu et al., 2021), such a result was obtained in Lanthaler et al. (2022), and for
the presently considered architecture in Herrmann et al. (2024). Moreover, Schwab et al.
(2025) provided a statement of this type for Lipschitz continuous operators by exploiting
so-called superexpressivity of certain classes of neural networks.

Statistical Theory for Neural Operators. The analysis of sample complexity has received
less attention so far. In Lanthaler (2023), the authors analyzed in particular the error of
PCA encoders and decoders used for PCA-Net, but did not analyze the statistical error for
the full operator. The work de Hoop et al. (2023) provides such a result for the estimation
of linear and diagonalizable mappings from noisy data; for lower bounds see for example
Chagny et al. (2025). For other work on “functional regression”, see, e.g., Greven and
Scheipl (2017); Morris and Carroll (2006). An analysis for nonparametric regression of
nonlinear mappings from noisy data in infinite dimensions was provided in Liu et al. (2024).
There, the authors considered Lipschitz continuous mappings Gy, and proved consistency
in the large data limit. Additionally they give convergence results, which, however, are
subject to the curse of dimensionality. This is due to their very general assumption on the
smoothness of Go: It was shown very early (Mhaskar and Hahm, 1997), that the nonlinear
n-width of Lipschitz operators in L? decays only logarithmically, i.e. the number of (exact)
data points needed for the reconstruction of the functional is exponential in the desired
accuracy. Recently, Kovachki et al. (2024a) generalized these results and showed a generic
curse of dimensionality for the reconstruction of Lipschitz operators and C*-operators from
exact data. Moreover, the authors show that under the existence of some intrinsic low-
dimensionality allowing for fast approximation, also the dependence on the data complexity
improves.

Concerning the case of noisy and holomorphic operators, we also refer to the recent
works Adcock et al. (2025, 2024) who consider a setup similar to ours, and, unlike us, treat
the more general case of Banach space valued functions. The authors derive upper bounds
and concentration inequalities for the L?-error, and lower bounds for the approximation
error, in terms of a neural network based architecture. Key differences to our work include
in particular that the results of Adcock et al. (2025, 2024) do not address convergence in
the noise-polluted large data limit n — oo, nor do they directly yield convergence rates for
concrete PDE models; the latter typically requires to exploit PDE regularity theory to show
holomorphy in spaces of higher spatial regularity, leading to a multilevel decomposition of
the operator. Moreover, the generalization results in these works either focus on linearly
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parametrized models (Adcock et al., 2025, 2024), or are restricted to specific subsets of min-
imizers (Adcock et al., 2024, Theorem 3.2). Our analysis aims to fill this gap by providing
generalization bounds for arbitrary minimizers and nonlinear parameter dependence, as is
standard for neural networks.

M-Estimation in Nonparametric Regression. Convergence theory of M-estimators and (pe-
nalized) empirical risk minimizers was investigated around the 2000s in foundational works
(van de Geer, 2000; van de Geer, 2001; Birgé and Massart, 1993; Barron et al., 1999). These
works build on concentration inequalities for empirical processes using “chaining” techniques
which date back to seminal contributions, see Talagrand (2014); Giné and Nickl (2016)
and references therein. These techniques are known to produce minimax-optimal rates
n~2/(25td) for ERMs over s-smooth Sobolev, Holder and more generally, Besov smoothness
classes of real-valued functions on bounded d-dimensional Euclidean domains. The analysis
of neural-network based ERMs was initiated by the work Schmidt-Hieber (2020a), which
considered regression over (compositional) Holder classes on finite-dimensional domains,
and was followed by several other works such as Suzuki (2019). We also mention Nickl
et al. (2020); Nickl and Wang (2024); Agapiou and Wang (2024) which analyze ERMs in
non-linear elliptic PDE-based inverse problems such as the “Darcy” flow problem studied
here. The present Hilbert space setting falls outside the scope of such classical theory
for scalar-valued functions. However, the derivation of our concentration inequalities for
ERMs does build upon the same probabilistic empirical process machinery laid out above
(Talagrand, 2014; Dirksen, 2015).

1.3 Notation

We write N = {1,2...} and Nop = {0, 1,2,... }. We write a,, < by, a, = b, for real sequences
(an)neNs (bn)nen if ay is respectively upper or lower bounded by a positive multiplicative
constant which does not depend on n (but may well depend on other ambient parameters
which we make explicit whenever confusion may arise). By a, ~ b,, we mean that both
an < by and ay, 2 by,.

For a pseudometric space (T, d) and any 6 > 0, let N(T,d,d) be the §-covering number
of T, i.e. the minimal number of open d-balls in d needed to cover T. We denote the metric
entropy of T by

H(T,d,s) =log N(T,d,0).

Given a Borel probability measure v on X and a subset D C X, we define the norms

1G122 0 = /x 1G(@)I2 dv(a),

|Glo0,p = sup||G(z)|ly
zeD

and also write || - [z2(,) and || - [ if the underlying spaces are clear from context. The
space of real-valued, square summable sequences indexed over N is denoted by #?(N). The
complexification of a real Hilbert space H is denoted by H¢ (Kirwan, 1997; Munoz et al.,
1999).
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2. Regression in Hilbert Spaces

In the following we formalize a regression framework for mappings between Hilbert spaces.

2.1 Problem Formulation

Throughout, let X and Y denote two separable (real) Hilbert spaces with respective inner
products (-, )x, (-, )y and suppose
Go X = H

is some non-linear (Borel measurable) operator which we aim to reconstruct. The observed
data are assumed to be noisy “input-output pairs” (x;,y;)"; € (X x Y)" given by
NN i=1,....n, (2.1a)
and
yi = Go(x;) + o0&y, 1=1,...,n, (2.1b)

where ¢ > 0 denotes a scalar “noise level”, g; are independent random noise variables and
v is a probability distribution on X. The x; € X are also referred to as the “design points”,
and we write x = (1, ..., x,) € X". We will both derive results which are conditional on the
design x, as well as results for random design. To avoid confusions, we will use the notations

Gos EG, to denote probabilities and expectations under the distribution (2.1) with fixed
design z, and we use Pg,, Eg, to denote probabilities and expectations with random design
Ty ~ 7.

Remark 2 In practice, we will often deal with scenarios in which Gy is only defined on
some measurable subset V C X, see e.g. the solution operator for the Darcy flow in Section
4.2.1. In this case, our results from Section 2.2 can be applied to any measurable extension
of Go onto X. To apply the sample complexity results from Section 3.4 the extension addi-
tionally needs to be holomorphic in an open set containing V, see Assumption 2 and Section
3 for the precise setup and statement.

White Noise Model. We shall treat two different assumptions on the noise, the first being
that the (g;)7; in (2.1) are independent copies of a Y-white noise process. Recall that
for any given separable Hilbert space Y, the Y-Gaussian white noise process is defined as
the mean-zero Gaussian process Wy = (Wy(y) : y € Y) indexed by Y with “iso-normal”
covariance structure

Wy(y) ~ N0, [lyll§),  Cov(Wy(y),Wy(y)) = (y,)y, forally,y' €Y.

It is well-known that Wy does not take values in Y unless dim(Y) < oo, but is interpreted as
a stochastic process indexed by Y, see Giné and Nickl (2016, p.19) for details. Nevertheless,
we slightly abuse notation and use the common notation (Wy, y)y := Wy(y).

Under this assumption, conditionally on z; we interpret each observation y; in (2.1) as
a realisation of a Gaussian process (y;(f) : f € Y) with

Elyi(f)] = (Go(x:), fy,  Cov(wi(f),ui(f) = (£ [y,

and we shall again use the notation (y;, f)y to denote y;(f) (see also Tsybakov 2009; Giné
and Nickl 2016; Nickl et al. 2020 where this common viewpoint is explained in detail).
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Example 1 Let O C R? be a bounded, smooth domain. Then, forY = L?(0), one can show
that draws of an L*(O)-white noise process a.s. take values in negative Sobolev spaces H ™"
for k > d/2 (Nickl, 2020; Castillo and Nickl, 2013).

Sub-Gaussian Noise Model. The second setting we consider is that of sub-Gaussian noise.
We say that a random vector X taking values in Y is sub-Gaussian with parameter n > 0
if E[X] =0 and

2

P(||[ Xy >t) <2exp (—22> , forall £ > 0.

n
In the sub-Gaussian noise model, we assume that (g;)!_; in (2.1) are independent sub-
Gaussian variables in Y with parameter n = 1.

2.1.1 EMPIRICAL RiSK MINIMIZATION

Let G be a class of (measurable) operators G 3 G : X — Y. We would like to study classical
empirical risk minimizers of least-squares type over G. Specifically, given regression data
(@i, yi)i—;, consider the empirical risk

= Sl Gl TG [0,00] (22)
=1

However, this functional takes finite values almost surely only in the sub-Gaussian noise
model. In the white noise model, since y; ¢ Y, it holds I,,(G) = oo almost surely—we
thus consider a modified definition of least-squares type estimators which is common in the
literature on regression with white noise (Nickl et al., 2020; Giné and Nickl, 2016). Instead
of (2.2), we consider

Z —2(G(z;) yzyﬂ—HG T Hy’ I,:G—R, (2.3)
=1

S\H

which takes finite values a.s. also in the white noise model. Note that the latter objective
function can be obtained from (2.2) by formally subtracting the term n=1 Y7, ||y; H% which
exhibits no dependency on G. Therefore in the sub-Gaussian noise model the minimization
of I,, and I,, are equivalent which is why we consider (2.3) in the following. We will denote
minimizers of I,,(G) by Gp.

Our assumptions on the class G in the ensuing theorems will ensure that a measurable
choice of minimizers G, of I, exists, see Theorem 5 (i). However, the ERM G, will in
general not be unique, since we do not impose convexity on G. The reason is that our main
application, the NN-based FrameNet class Ggy, is non-convex.

Remark 3 (Connection to maximum likelihood) In the white noise model, it follows
from the Cameron-Martin theorem (see for example Giné and Nickl 2016, Theorem 2.6.13)
that —nl,(G)/(20?) constitutes the negative log-likelihood of the (dominated) statistical
model arising from (2.1) with white noise. In this case G, can also be interpreted as a
(nonparametric) mazimum likelihood estimator over the class G.
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Remark 4 Consider nonparametric regression of an unknown function f : O — R for
some bounded, smooth domain O. Here, it is well-known that the observation white noise
error model, where data is given by Y = f + oW (with W a L?(O)-white noise process)
is asymptotically equivalent in a Le Cam-sense to an observation model with m “equally
spaced” (random or deterministic) observation points throughout O,

Yi:f(zl-)—l—m, 1=1,....m,
with i.i.d. N(0,1) errors, where the equivalence holds for o =< 1/\/m, see Reifi (2008).

Therefore, our observation model (2.1) may be viewed as a simplified proxy.

2.2 General Convergence Results

Let G be a class of operators mapping from X to Y. For any fixed £ = (21, ..., z) € X" and
(Borel) measurable map G : X — Y, we denote the empirical seminorm induced by & with

1 n
IGle =~ > lIGE) - (2.4)
=1

For any element G* € G and ¢ > 0, define the localized classes
G:(6)={GeqG: |G- G*Hnécs}

and denote its metric entropy integral by

J(6) = (G (6 / HE(G(60), - s p)dp. (2.5)

The following result provides a general convergence theorem for empirical risk minimizers
with high probability, which relates the empirical risk of ERMs over some operator class G
to the metric entropy of G. It can be viewed as a generalisation of classical convergence
results for sieved M-estimators (van de Geer, 2000) to Hilbert space valued functions. The
proof can be found in Appendix B.1.

Theorem 5 For some measurable Go : X — Y, let the data (z;,y;);—, arise from (2.1)
either with white noise or with sub-Gaussian noise. Let G be a class of measurable maps
from X =Y, let G* € G, and let x = (x1, ..., x,) € X™ be such that the following holds.

(a) There exists a constant C > 0 s.t. G is compact with respect to some norm || - ||
satisfying || - ||ln < C|| - ||

(b) There exists W,, : (0,00) — [0,00) s.t. U, () > J(GE(D),] - ||n) for all 6 > 0 and

Un(9)
52

0 is non-increasing for § € (0,00).

Then the following holds.

1 INIMIZErs An of the empirical ris .3) exist, an ere 15 a measurable selection
1) Minima G, of th [ risk (2.3 t d th ble select
(with respect to the data (x;, )} ) of such a minimizer.

10
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(ii) Fiz any measurable selection Gy, from part (i). Then there exists a universal constant
Ccn > 0 (see Lemma 32) such that for any G* € G as above, any positive sequence

(On)neN satisfying

and for any

4
R, > max {5717 C\;%O-a \/i”G* - GOHTL}’

1t holds that

2 (G — Golln = Ro) < 2exp( — -5, @)
’ - - 16C2, o2

The lower bound for R, in (ii), which determines the convergence rate of |Gy, — Go||n, is
typically optimized by balancing the “stochastic term” d,, and the empirical approximation
error ||G* — Gol|n, see, e.g., Theorem 23 below. Note that Theorem 5 gives a convergence
rate with respect to the empirical seminorm || - ||,,. Therefore, when the design points z
are random, the norm itself is also random, and the assumptions (a) and (b) in Theorem
5 have to be understood conditional on possible realizations of . Theorem 6 below will
give a corresponding concentration inequality on the || - [[12(,)-error under the assumption
of i.i.d. random design z; ~ . In this setting, a sufficient condition for (b) to be satisfied
almost surely is to take ¥, as an upper bound for the entropy integral with uniform entropy
H(Gv H ’ Hoo,supp(’y)v 5)

The compactness of G in part (a) is needed for the existence of the ERM G, in (2.3).
The existence result for G, (see for example Nickl 2007, Proposition 5) requires compact
metric spaces, which is why we assume compactness w.r.t. a norm || - || stronger than the
empirical seminorm || - |-

In particular, compactness implies separability of G with respect to || - ||,, which in turn
is needed to guarantee the measurability of certain suprema of empirical processes ranging
over G. See the proof of Theorem 5 below, in particular (B.4) and (B.6). The technical
growth restriction in (b) on the function ¥, (d) (i.e., our upper bound for the entropy
integral) is required for the “peeling device” in (B.4). In particular, this assumption is
satisfied in case that H(G, || - ||oc,d) S 07 for any 0 < a < 2, see Corollary 8 below for
details.

Theorem 5 provides a concentration inequality for the empirical seminorm |Gy, — Go|ln.
Under the assumption of randomly chosen design points x; ~ 7, x; € X, this statement can
be extended to a convergence result for the L?()-norm. To this end, we also need slightly

stronger technical assumptions on the class G with respect to the || - [|o supp(y)-nOrm.

20)

Assumption 1 For some probability measure v on X, assume £ = (x1,...,%,) arise
from i.i.d. draws x; ~ . Let G be a class of measurable maps X — Y, G* € G and
HGoHoqsuppm < 0o. Suppose

(a) G is compact with respect to || - ||oo supp(y);

11
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(b) There exists a (deterministic) upper bound ¥, : (0,00) — [0,00) such that for a.e. & ~
", it holds Wy, (8) > J(G3(5), || - ||n) for all 6 > 0 and

¥n(9)

o — 52

is non-increasing for 6 € (0,00). (2.8)

Note that Assumption 1 is strictly stronger than assumptions (a) and (b) in Theorem 5,
since || - || oo supp(y) 18 stronger than [|-[|;, and ¥,, in (2.8) does not depend on . In particular,
Assumption 1 implies the existence of a measurable ERM G, by Theorem 5 (i).

The uniform || - | supp(y) @ssumptions are used to control the concentration of the
empirical seminorm || - [|;, around the “population norm”|| - [[z2(,), see Lemma 33 and also
Lemma 34 below. Let us write FF = {G — Gy : G € G}. As an immediate consequence of
Assumption 1, there exists some Mg < oo such that

;161% HFHoo,supp(v) = élég HG - GOHoo,supp('y) < Mp. (2'9)

We can now state our main concentration inequality for the convergence of ||Gy, — Gol|£2(4),

which in particular provides a bound for the mean squared error Eg,[||G, — Goll3» (,y)] as
well. The proof of Theorem 6 can be found in Appendix B.2.

Theorem 6 (L?(y)-Concentration under Random Design) Consider the nonparame-
tric regression model (2.1) either with white noise or with sub-Gaussian noise and any mea-
surable empirical risk minimizer Gy, from (2.3). Suppose that Gy, G, G*, v and V,(-) are
such that Assumption 1 holds. Then there exists some universal constant C' > 0 such that

for any positive sequences (6n)neN and (On)nen with
Vnbk > Coly(8,) and ndl > CMEH(G, || |l supp(y)» On): (2.10)

all G* € G as above and all

= " o+ M
R, > C'max {@,,, I 1G* = Gollosupnty =7 F} (2.11)
we have,
A nRk?2
PGO (HGTL - GOHLQ(’y) > Rn) < 2exp <_CW> . (212)
F

To keep the presentation simple, we have left the numerical constants in the preceding
theorem implicit. However, they can be made explicit, see the proof for details. The
following bound on the mean squared error is obtained upon integration of the concentration
inequalities from Theorem 5 and Lemma 33. Note that directly integrating the L2(v)-
concentration, cf. (2.12), gives an approximation term in the uniform norm || - || supp(y)
(following 2.11), which has weaker convergence properties in general, see Theorem 18. For
the proof of Corollary 7, see Appendix B.3.

12
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Corollary 7 (L?(y)-Mean Squared Error) Consider the setting of Theorem 6 and as-
sume in addition that Assumption 1 is fulfilled for all G* € G (with the same V). Then,
for some universal constant C' > 0 and all n € N,

o? —G—Mg—.)
n

Eco [1Gn — GOH%%W)} < C(@% + 0+ + 8Gi,}1€fGHG* - GOH%%W)- (2.13)

To demonstrate the typical use-cases of our abstract results, we summarize in the fol-
lowing corollary the rates which can be obtained under algebraic approximation properties
of G and two concrete scalings of the metric entropy of G. These correspond to the typical
entropy bounds satisfied by (i) some fixed n-independent, infinite-dimensional regression
class, and (ii) an N-dimensional approximation class, where N is chosen in terms of n. In
the following corollary, < refers to an inequality involving a constant independent of n, N
and 6. For a proof of Corollary 8, see Appendix B.4.

Corollary 8 Consider the setting of Corollary 7. Let G = G(N), N € N, be a sequence
of regression classes® such that infgcqm IG* — GOHQLQ(7 < N8 for some > 0 and all
N € N. Denote the entropy by H(N,0) == H(G(N), || - [|oc supp(y) 9)-

(i) If H(N,0) < 7% for some 0 < a < 2, then for alln € N and all N = N(n) =
2

[n+aIB | it holds
A _ 2
By [[|Gn = Goll3ay)| S 705

(i) If H(N,68) < Nlog(6~1), then for allm € N, n > 2 and all N(n) = [nﬁ], it holds

~ __B
B [[|Gn = Goll3z)| S log(n) n” 71,

Remark 9 (Effective smoothness) In classical nonparametric regression over s-smooth
function classes on [0,1]¢, the entropy assumption H(N,8) < 6~ from part (i) is fulfilled
for o = d/s, which yields the minimax-optimal rate n_%, see Section 4.1 for details.
Since the rate only depends on « (or equivalently a~'), we can think of a=! = s/d as the
“effective smoothness” of the statistical model at hand.

The sub-Gaussian noise model poses a more restrictive regularity assumption on &; than
the assumption of white noise. It is possible to get L?(7y)-convergence for sub-Gaussian
noise in the case the entropy integral J(d) in (2.5) is not finite, such that Assumption 1 (b)
does not hold. The details are shown in the next theorem, its proof is deferred to Appendix
B.5.

Theorem 10 Consider the nonparametric regression model (2.1) with sub-Gaussian noise
and the empirical risk from (2.3). Let Assumption 1 (a) hold, that means suppose that

2. We may think of N as the number of parameters of G, e.g. the size of the FrameNet class Grn in Section
3 below.

13
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Then there exists some

1Golloo,supp(y) < 00 and G is compact with respect 1o || - || s supp(y)-
universal constant Cq > 0, such that for any positive sequences (6p)nen and (Sn)nEN with
52 ~ ~
4
nit > C20?MRH (W) and 12 > 6MEH(G, | loomppiny 0n)s  (214)

all G* € G and all
N * MF
R, > max {(5”7 5“? HG - Go”oo,supp(w)a \/ﬁ} )
we have
A nR: nR2

Pa, (||Gn — Gollr2(y) > Rn> < 4dexp <—01202(1 n M%)) + 2exp <_012M§,> .(2.15)
Furthermore, for all n € N there exists a universal constant Co > 0 such that
(1+0)(1+ M)

Vn
Remark 11 Consider a > 2 in Corollary § (i). Then J(§) in (2.5) is not necessarily finite,

and hence Assumption 1 (b) need not be satisfied. Therefore Theorem 6 cannot be applied.
In the sub-Gaussian noise case, we may still use the L(y)-bound in (2.16) however. Similar

to the proof of Corollary 8, it can then be shown that 62 < n" T and 5,% < n" e satisfy
(2.14). This yields

Ec, [Hén - GOH%‘Z(W)} < Cy (5,% +02 + + nf |IG" - Gouizm). (2.16)

A _ 1
B [[IGn = Goll32()| S 77,

i.e. half the convergence rate of the “chaining regime” considered in Corollary 8.

3. Learning Holomorphic Operators with FrameNet

In this section we first recall the NN-based operator class FrameNet from Herrmann et al.
(2024, Section 2), see Sections 3.1 and 3.2. This will provide the regression class Gpn over
which to estimate Gp. Similar to for example PCA-Net (Hesthaven and Ubbiali, 2018),
FrameNet consists of mappings

G =Dyogoély, (3.1)

for a linear encoder €y : X — £2(N), a linear decoder Dy : 2(N) — Y, and a coefficient
map ¢2(N) — ¢%(N). The encoder maps an = € X to its coefficients in some representation
system of X. Conversely, the decoder builds a y € Y out of a coefficient series in £2(N).
These representation systems consist of frames that are fixed a priori. The coefficient map
g is represented by a feedforward neural network, that will be trained by ERM.

Subsequently, in Sections 3.3-3.4, we apply our analysis to the learning of holomorphic
operators Gg : X — Y. For such mappings, the FrameNet architecture was shown in
Herrmann et al. (2024) to be capable of overcoming the curse of dimensionality in terms
of the approzimation error. We generalize this property to the case of bounded network
parameters in Subsection 3.3 and furthermore show metric entropy bounds. This allows
us to prove that FrameNet can overcome the curse of dimensionality in the learning of
holomorphic operators, both in terms of the approrimation capability and in terms of sample
complezity.

14
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3.1 Representation Systems

We briefly recall basic definitions and properties of frames. For more details see for instance
Christensen (2016).

3.1.1 FRAMES

Definition 12 A family ¥ = {+; : j € N} C X is called a frame of X, if the analysis
operator
Ty: X = (N), v ((0,9)x) ey

is bounded and boundedly invertible between X and range(F) C ¢*(N).

Every orthonormal basis of X is trivially a frame. Since Definition 12 merely requires
bounded invertibility on the range of Ty, Ty need not be surjective, and in particular ¥
need not consist of linearly independent vectors. The frame bounds of ¥ are defined as

[Tyl [Twvl|e

Ay = || Ty||x_p2 = sup Ay = (3.2)

ofvex [[vllx 0£veX ol

the synthesis operator Ty, as

Ty : EQ(N) — X, (Ui)ieN v W= Zvﬂ/)i,
€N
and finally the frame operator as Qw = TyTy : X — X. The frame operator Qg is
boundedly invertible, self-adjoint and positive, see Christensen (2016, Lemma 5.1.5). The
family ¥ = QE,I\II is a frame of X, called the (canonical) dual frame of X. The analysis
operator of the dual frame is Ty = T@(T&,T\p)_l and its frame bounds are )\E,l and Agl.

Definition 13 A family ¥ = {¢; : j € N} C X is called a Riesz basis of X if there exists
a bounded, bijective operator A : X — X and an orthonormal basis (ej)jen with ¢ = Ae;
for all 7 € N.

A Riesz basis is a frame ¥ which is also a basis. Equivalently, a Riesz basis is a frame with
ker(Ty) = 0 and therefore range(Ty) = ¢2(N). Moreover, the dual frame ¥ of a Riesz basis
is also a Riesz basis (Christensen, 2016, Section 5).

3.1.2 ENCODER AND DECODER

Throughout the rest of this paper we fix frames and their duals on X, Y and denote them
by R 5 3

Uy = (¥j)jen,  Pa = (¥5)jen, Py = (nj)jen, ¥y = (7j)jen-
The corresponding analysis operators are Ty, T\i/xv Ty, and T\i,y. We then introduce
encoder and decoder maps via

X — £2(N),

T = (<5Ua1[’j>x)jeNa

2(N) — Y,

(3.3)
(Yj)jeN > D ien Yin-

'Dy = T‘i"d = {

In case ¥y and Wy are Riesz bases, the mappings in (3.3) are boundedly invertible.

15
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3.1.3 SMOOTHNESS SCALES

The encoder mapping €y : X — £2(N) maps an element to its coefficients in the frame
representation. For computational purposes, this coefficient sequence must be truncated, as
only finitely many coefficients can be considered. Consequently, it is essential to control the
error resulting from discarding higher-order frame coefficients. To formalize this we next
introduce scales of subspaces of X, Y, whose elements exhibit a certain coefficient decay.

Definition 14 Let 8 = (0;)jen be a strictly positive, monotonically decreasing sequence

such that 011 € (1(N) for all e > 0.
For all r, t > 0 we introduce the subspaces X,, C X and Yy CY via

Xy ={zeX: |zflx, <oo}  and  Yr:={ye¥: |yly <oo}

where

Iz, = (. 030, and |yl =D (.30
jEN JEN

For every r > 0, X, is a Hilbert space (Herrmann et al., 2024, Lemma 1).

3.2 FrameNet

In this subsection we recall the FrameNet architecture from Herrmann et al. (2024, Section
2). We start by formally introducing feedforward neural networks (NNs) following Opschoor
et al. (2022a); Herrmann et al. (2024).

3.2.1 FEEDFORWARD NEURAL NETWORKS

Definition 15 A function f : RPO — RPL+1 4s called a neuml network, if there exist o :
R — R, integers py1,...,pr+1 € N, L € N and real numbers w bl € R such that for all
T = (xl)fil € RPo

= <waxz + bl) ji=1,...,p1, (3.4a)

’L]’

L+1

flz) = (zLJrl pL+1 = (Z wL+1 L + bL+1> ) (3.4b)

J=1

We call o the activation function, L the depth, p := maxj—¢ . 141 p; the width, wﬁ,j €R
the weights, and bé- € R the biases of the NN.

While different NNs can realize the same function, for simplicity we refer to a function
f :RP0 — RPL+1 a5 an NN of type (3.4), if it allows for (at least) one such representation.
Additionally, our analysis will require some further terminology: For a NN f : RP0 — RPL+1
as in (3.4) its

16
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e size is the number of nonzero parameters
size(f) = [{(i,4,1) = wi; # O} + [{(4,1) : b} # 0},
o maximum of parameters is

mpar(f) := max {max|w§j\7max\b§-|},
AR AR

3Js

e mazimum range on 2 C RPY ig

PrL+1

mrang(f) = iléng(I)HQ = ilelg JZ; (Z],L-H(m))z

Throughout, for ¢ € N, ¢ > 1, we consider the activation function
o4(x) == max{0, xz}9, z €R.
For g = 1, o7 is the rectified linear unit (ReLU), for ¢ > 2, o, is called rectified power unit
(RePU).

Remark 16 Definition 15 introduces a NN as a function f : RP© — RPL+1. Throughout,
we also understand the realization of a NN as a map f : £>(N) — £2(N) via extension by
zeros. This is equivalent to suitably padding the weight matrices (w;j)i,j and bias vectors

(bé-)j in Definition 15 for | € {0, L + 1} with infinitely many zeros, see Herrmann et al.
(2024, Remark 13).

3.2.2 THE FRAMENET CLASS

By definition of frames, the encoding operator €y : X — ¢?(N) in (3.3) is injective, and the
decoding operator Dy : £2(N) — Y is surjective. Thus for every mapping G : X — Y, there
exists a coefficient map g : £2(N) — ¢2(N) such that

G=Dyogolx.
This motivates the introduction of the following function class.
Given o : R — R, positive integers L, p, s € N, and reals M, B € R, let
grn(o, Lyp,s, M, B) = {g : RP0 — RPL+1 ijg NN with activation function o s.t.
depth(g) < L, width(g) < p, size(g) < s,
mpar(g) < M, mran;_ yjno(9) < B, po,pr1 < pj-

Instead of directly considering (3.1), for our analysis, contrary to Herrmann et al. (2024),
with @ from Definition 14, fixed R > 0, and U := [—1, 1]V, it will be convenient to introduce
the linear scaling

g o {oenl=RO, RO U 55
(wj)jEN = (RT%)]Q\]
The FrameNet class then consists of all operators
Grn(o, L,p,s, M, B) := {G =DyogoS,o0&x: gegrn(o,L,p,s, M, B)} (3.6)

17
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3.3 Approximation of Holomorphic Operators

Our statistical theory established in Section 2 shows that sample complexity depends on
(i) the approximation quality of G w.r.t Gy, cf. the term infg«cq [|G* — Go|| 12(4) in (2.13),

(ii) the metric entropy of G, cf. the terms 02 and 2 in (2.13).

In this subsection we give results for both the approximation quality and the metric entropy
of the FrameNet class Gn.

3.3.1 SETTING

Let us start by making the assumptions on Gy and the sampling measure v on X more

precise. Denote in the following U := [—1, 1]N, let 7 > %, R > 0, and let the frames (¢;) jen,
(nj)jen be as in Section 3, and (#;)jen as in Definition 14. Then
U—X,
op = . (3.7)
y = Ry ien 0505

yields a well-defined map, since by construction (yjﬁg)jeN € (?(N) for every y € U, and
(1j)jen is a frame. Next, we introduce the “cubes”

CR(X) = {a eX: sug 0]77"\<a,1j~1j>x\ < R}. (3.8)
j€
Observe that with o}, (U) = {0 (y) : y € U}, clearly
Cr(X) € aR(U),

but equality holds in general only if the (¢;);en form a Riesz basis (Herrmann et al., 2024,
Remark 10).

Example 2 Let X =R, r =1, R =1, 6, = 3/~Q and 0y = 1/2. Consider the frame
U = {1,1} (which is not a basis) with dual analogue ¥ = {1/2,1/2}. Then with U = [—1,1]?

Ci(R) = [-1,1] € [-2,2] = {61y13)1 + bayotho s y € U}.

The holomorphy assumption on Gy can now be formulated as follows (Herrmann et al.,
2024, Assumption 1). Recall that for a real Hilbert space X, we denote by X¢ its complex-
ification.

Assumption 2 For somer >1, R > 0,t >0, Cg, < oo there exists an open set Oc C X¢
containing op(U), such that

(a) supgeoc[Go(a)llye), < Cao» and Go : Oc — Yc is holomorphic,
(b) v is a probability measure on X with supp(y) C CR(X).

The assumption requires G to be holomorphic on a superset of o, (U). The probability
measure 7 is allowed to have support on C(X) which is potentially smaller than o, (U).
In particular, Gy is then holomorphic on a superset of the support of ~.
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Example 3 Denote by A the Lebesgue measure. Then m = ®jeN% is the uniform probability

measure on U = [—1,1]N, and
,

v = (oR)ym (3.9)
defines a probability measure on X with support o (U). If Wx is a Riesz basis, then
supp(y) = CR(X), so that supp(y) € CR(X) as required in Assumption 2.

We emphasize that Assumption 2 does not require ¥y to be a Riesz basis, and all results
below remain valid for general frames. However, the Riesz basis property yields sharper
rates when combined with the specific choice of v from Example 3.

3.3.2 APPROXIMATION THEORY

Theorem 1 in Herrmann et al. (2024) establishes a convergence rate for approximating
Go within Gpy (with unbounded weights), in terms of the number of trainable network
parameters. Our main results on sample complexity depend on bounds on the metric
entropy, which require bounded network weights. To address this, we now extend Herrmann
et al. (2024, Theorem 1) to FrameNet architectures with bounded weights, as introduced in
Section 3.

Similar to Schwab and Zech (2019); Opschoor et al. (2022b); Herrmann et al. (2024),
the analysis builds on polynomial chaos expansions (Xiu and Karniadakis, 2002). Denote
by (L;)jen the univariate Legendre polynomials normalized such that % f_ll Li(z)?dz =1
for all j € N. Then (see Abramowitz and Stegun 1948, Chapter 22)

sup |Lj(z)| <+/2j+1 Vj € Np. (3.10)

ze[—1,1]

Next, let F be the set of infinite-dimensional multiindices with finite support, i.e.
F = {(Vj)jeNo e N : |suppy| < oo}, (3.11)

where suppv = {j : v; # 0}. For finite sets of multiindices A C F, their effective dimension
and maximal order is defined as

d(A) = sup{|suppv|: v € A} and  m(A) =sup{|v|: v € A},

where |v| == ZjeN vj. Moreover, with U := [-1,1]Nforally € U and v € F, we let L, (y) ==
11 jeN Ly, (y;) be the corresponding multivariate Legendre polynomial. This infinite product
is well-defined, since for all but finitely many j holds v; = 0 so that L,;, = 1. The next
Proposition gives an approximation result for multivariate Legendre polynomials. It is an
extension of Opschoor et al. (2022a, Proposition 2.13) to the case of bounded network
parameters. The proof is provided in Appendix D.1.

Proposition 17 (0;-NN approximation of L,) Let § € (0,1/2) and A C T be finite.
Then there exists a 01-NN fa 5, such that its outputs {Ly s}ven satisfy

Vv eA: sup | Ly (y) — Ly, 5(y)| < . (3.12)
yeU
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Furthermore, there exists a constant C' > 0 independent of A, d(A), m(A) and § such that

depth(fr.5) < C[Tog(d(A))d(A) log(m(A))m(A) + m(A)? +log(6™) (log(d(A)) +m(A))]

width(fa ) < CJAld(A)
size(fa.4) < c[|A|d(A)2 log(m(A)) + m(A)3d(A)? + log(671) (m(A)? + \A\)d(A)}
mpar(fA’g) <1

A similar result holds for RePU neural networks, see Proposition 51. Given ¢ € N, and
N € N, we introduce the two FrameNet classes

G\ (04, N) := Gpn(og, widthy, depth y, sizey, M, B),

Gfull( N . (3.14a)
i (0¢, N) := Gpn(og, widthy, depthy, 0o, M, B)

where for certain constants Cr,, Cp, Cs, M, B > 1 (to be determined later)
depth = max{1, [Cr log(N)]}, widthy = [C,N], sizey = [CsN, (3.14b)

and [z] denotes the smallest integer larger or equal to = € R.

We emphasize that GstN (04, N) corresponds to a sparsely connected architecture, where-
as Gll(o,, N) represents a fully connected architecture (because there is no constraint on
its size). In particular, since every linear transformation in between activation functions
has at most widthy + Width?\/ parameters, we have

size(GW (0, N)) < (depthy + 1)(widthy + width%) = O(log(N)N?)  as N — oo.
(3.15)
Thus GiWl(oy, N) can essentially be quadratically larger than Gpx (oq, N).

The proof of Theorem 18 below, given in Appendix D.3, crucially uses Proposition 17 to
construct FrameNets that approximate the multivariate Legendre polynomials correspond-
ing to the 'most relevant’ Legendre coefficients of Gy. Hereby Assumption 2 guarantees
sufficient decay of the Legendre coefficients by using that algebraic decay in the input
space, see Assumption 2 (b), is inherited by the Legendre coefficients of the output (see
Theorem 54 and 55) if the respective operator is holomorphic, see Assumption 2 (a).

Theorem 18 is an extension of Herrmann et al. (2024, Theorems 1 and 2) to the case of
bounded network parameters.

Theorem 18 (Sparse network approximation) Let Gy, v satisfy Assumption 2 with
r>1,t>0. Let ¢ > 1 be an integer and fix 7 > 0 (arbitrarily small).

(i) There exists C >0 s.t. for all N € N

2
o0,supp(7y)

inf [HG — GOH :| < CN*2min{r71,t}+7-.
GGG;pN (oq,N)

(ii) Let Wy be a Riesz basis and let v be as in (3.9). Then there exists C > 0 s.t. for all
NeN

inf [[¢ - Go

] < CN72 min{rf%,t}+7"
GEG;pN(O—th) B

2
HLQ(’Y)
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Remark 19 Theorem 18 provides an approrimation rate for Gsl;pN(aq,N) in terms of N.
Since Gl(o4, N) 2D Gi\ (04, N), trivially the statement remains true for G2 (o, N). How-
ever, as the size of G{}lﬁ%(aq,]\f) can be quadratically larger by (3.15), the convergence rate
in terms of network size is essentially halved for the fully connected architecture.

3.3.3 ENTROPY BOUNDS FOR FRAMENET

In the following we bound the metric entropy (see 1.3) of FrameNets for ReLU activation
functions. Recall that Ay, is the frame constant in (3.2). The proof of Lemma 20 is given
in Appendix D.4.

Lemma 20 (see Schmidt-Hieber 2020a, Lemma 5) Let L, p, s, M, B> 1, o be as
in (3.7) and U = [-1,1]N. Then Gpn = Gyn (o1, L,p, s, M, B) is compact with respect to
| locor, @) and || - |ln. Furthermore, Grn satisfies for all § > 0

H(Gpn, || - HOO’G%(U), 0) < (s+1)log (2L+6A\I,,3 L2MEAL Lt max{1,5—1}>. (3.16)

In particular there exist constants C’flp, CEC > 0 such that for the sparse and fully-connected
FrameNet classes from (3.14) it holds

H(Gy\(o1,N), || - Hoo,U;%(U)v(s) < C}qIPN (1 + log(N)? + log (max {1,5*1}))
H(Gi (01, N), || - lso,or,0,8) < CHON? (14 log(N)? + log (max {1,67"}))

for all o > 0.

Remark 21 The entropy bound is independent of the constant B bounding the maximum
range of the metwork, see Subsection 3.2. However, B < oo will be necessary to apply
Theorem 6.

For RePU activation, as mentioned before, the metric entropy bounds exhibit a worse

dependency on the network parameters, due to the lack of global Lipschitz continuity of o,
if ¢ > 2. The proof of Lemma 22 is given in Appendix D.5.

Lemma 22 Let ¢ € N, ¢ > 2, and L, p, s, M, B > 1, of be as in (3.7) and U =
[~1,1N. Then Gpx = Ggn(oy, L,p, s, M, B) is compact with respect to || - loo,om () and
| - ||n. Furthermore, Gpn satisfies for all 6 > 0

H(GeN, || - looop, ), 6) < (54 1) log (A\py Lg™+1(2pM)*™" ™ max{1, 5—1}). (3.17)
Consider the constant Cp, from (3.14). Then there exists C}EP, CEC > 0 such that

H(G;%\I(UW N)? H : HOO,JTR(U)7 5) < C}S'IPN1+20L log(q) (1 + 10g(N)2 + log (max {17 5_1})>
H(G (04, N), || - lloo,or (1), ) < CHONT2CL181) (1 4+ 10g(N)? + log (max {1,67'}))

for all 6 > 0.
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3.4 Statistical Theory

Using our statistical results from Theorem 6 and Corollaries 7-8 as well as the approximation
result from Theorem 18, we can bound Eg, [|| G, — Goll7» (7)] solely in terms of the statistical
sample size n. This is tormalized in the next two theorems, for ReLU and RePU activation.

Our result distinguishes between the sparse and fully connected architectures G;I;\I(Ufb N)
and G%ﬁ%(aq, N) in (3.14). In practice, fully connected architectures are often preferred, due
to their simpler implementation, and because training sparse NN architectures can run into
problems like “bad” local minima, see for example Evci et al. (2019). Our theoretical upper
bounds are sharper for sparse architectures; this is because the additional free parameters
in the fully connected architecture increase the entropy of this class, but do not yield better
approximation properties in our proofs.

Theorem 23 (ERM for white noise and ReLU) Let Gy : X — Y and v satisfy As-
sumption 2 for some r > 1, t > 0. Fix 7 > 0 (arbitrarily small) and set (cp. Example
5)

{2 min{r — 3,t} if Uy is a Riesz basis and v = (o) x,
K=

2min{r — 1,t} otherwise.

For every n € N, let (x;,yi)i be data generated by (2.1) either in the white noise model
or in the sub-Gaussian noise model. Then there exist constants Cr,, Cp, Cs, M, B > 1 in
(3.14) and C > 0 (all independent of n) such that

(i) Sparse FrameNet: with N = N(n) = (nﬁ%rl] and G = Gpx (01, N), there exists a
measurable choice of an ERM G, of (2.3). Any such G, satisfies

EcolllGn — Goll72(,)) < Cn™ =1t (3.18)

(ii) Fully connected FrameNet: with N = N(n) = [n*ﬂ%ﬂ and G = G (o1, N), there
exists a measurable choice of an ERM Gn of (2.3). Any such Gn satisfies

EGo[Hén - GOH%%Y)] < Cn 7217, (3.19)

Proof The proof follows directly from the entropy bounds in Lemma 20 and Corollary 8
(ii): First, Lemma 20 in particular verifies Assumption 1 for all G* € G, which is required
for Corollary 8. Applying the corollary with 8 = k 4+ 7 and absorbing the logarithmic term
into 7 then gives (3.18). With 8 = k/2 + 7 we obtain (3.19). Note that crucially Mg, see
(2.9), does not depend on N, because ||Go||oo,suppy < 00 and Gpn is universally bounded
by the N-independent constant B, see (3.6). |

Remark 24 Consider the sparse FrameNet class from above. Similar to the proof of Corol-
lary 8 (ii), one can show that the sequences

(5n)n€N ) (Sn)nENy 571 = Sn = NlOg(N)2(1 + log(n))/n
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satisfy the entropy conditions (2.10) for the sparse FrameNet class G;Ii\r(dl, N). By choosing
N = [nl/("‘*'l)} to balance the approximation term in (2.11), Theorem 6 gives the following
high probability bound for ||Gn — Gol|p2(yy: For all T > 0 there exists a constant C' > 0 such

that for alln € N and all R, > Cn~ "/ W+DHT it holds

Py (G — Gl = ) < 20xp [~y T
Go n OlL2(v) = fn ) = p 02 (0’2+M12;1) .
Similar high-probability bounds hold for the fully connected FrameNet class and the RePU
activation function.

Theorem 25 (ERM for white noise and RePU) Consider the setting of Theorem 23
and let ¢ € N, ¢ > 2. There exist constants Cp,, Cp, Cs, M, B > 1 in (3.14) and C > 0 (all
independent of N ) such that

o ,
(i) Sparse FrameNet: with N = N(n) = [n~7CL1%@ ] and G = Gy (0g, N), there
exists a measurable choice of an ERM G, of (2.3). Any such Gy, satisfies

EcollGn — Gol|22)] < Cn” mrecrm@ 7, (3.20)

1
(ii) Fully connected FrameNet: with N :AN(n) = [prF2Hicy 108(‘1)], G =G¥ (s, N),
there exists a measurable choice of ERM G, of (2.3). Any such Gy, satisfies

EcolllGn — Gol22 ()] < On~ mraeceion@ ', (3.21)

Proof Similar to the proof of Theorem 23, the proof of Theorem 25 follows from the
entropy bounds in Lemma 22 and Corollary 8 (ii) with 8 = x/(1+2C,log(q)) + 7 for (3.20)
and S = rk/(2+2Crlog(q)) + 7/2 for (3.21). Again the logarithmic term is absorbed into
T. |

A few remarks are in order. In the RePU case the activation function og(x) = max{0, z}9
has no global Lipschitz condition for ¢ > 2. As a result, the entropy bounds obtained for the
corresponding FrameNet class are larger than for ReLLU. This leads to worse convergence
rates. Moreover, for the RePU case, the convergence rate depends on the constant Cp, in
(3.14b). The proof of Theorem 18 shows that Cf depends on the decay properties of the
Legendre coefficients (c,, j)i jen of the function Gg o 0%, i.e. Cr, depends on Gy (see (D.23)
and (D.24) in Theorem 54). Explicit bounds on Cp, are possible, see Zech (2018, Lemma
1.4.15).

4. Applications

We now present two applications of our results. First, in finite dimensional regression, our
analysis recovers well-known minimax-optimal rates for standard smoothness classes. This
indicates that our main statistical result in Theorem 6 is in general optimal. However, we do
not claim optimality specifically for the approximation of holomorphic operators discussed
in Section 3. Second, for an infinite dimensional problem we address the learning of a
solution operator to a parameter dependent PDE.
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4.1 Finite Dimensional Regression

Let d € N and X = R%, Y = R. Moreover, let D C R? be a bounded, open, smooth domain,
and G : D — R a ground-truth regression function. Suppose that

xiifig'y and siirigN(O,l) Vi e N

are independent samples for some probability measure «v on D, and let
Yi :Go(xi)—i-&“i Vi € N.

Given a regression class G of measurable mappings from D — R, the least-squares problem
is to determine

n n
Gn € arg minz —2G (x;)y; + G(x;)? = arg minz |G () — w3l (4.2)
GeG o GeG o
For s > 0, it is well-known that the minimax-optimal rate of recovering a ground-truth
function Gy in s-smooth function classes, such as the Sobolev space H*(D) or the Besov
25
space B, (D) (see Edmunds and Triebel 1996 for definitions), equals n~2+d (Giné and
Nickl, 2016; van de Geer, 2000).
Denote now by G% the ball of radius R > 0 around the origin in either H*(D) or
BS, 5 (D). Then,
R\d/s
HG |- losuppis ) = (5) Vo€ (01,
which holds for all 5 > 0 if G¥% is the ball in BY, (D), and for all 5 > d/2 in case G¥% is
the ball in H*(D), see Triebel (1995, Theorem 4.10.3). Corollary 8 (i) (with o = d/s <
2) then directly yields the following theorem. It recovers the minimax optimal rate for
nonparametric least squares/maximum likelihood estimators.

Theorem 26 Let R > 0 and s > d/2. Then, there exists C > 0 such that for all Gy € G¥%,
the estimator G, in (4.2) with G = G% and data as in (4.1) satisfies

Ea, [Hén - GOH%z(D)] < Cnfﬂ% = C’nf252ﬁ Vn € N.

4.2 Parametric Darcy Flow

As a second application we apply Theorem 23 to the solution operator of the diffusion
equation, extending the discussion of approximation errors in Herrmann et al. (2024, Section
7.1).

4.2.1 SETUP

We recall the setup from Herrmann et al. (2024, Sections 7.1.1, 7.1.2).

Let d € N, and denote by T¢ ~ [0,1]¢ the d-dimensional torus. In the following, all
function spaces on T? are understood to be one-periodic in each variable. Fix a € L>°(T%)
and f € H~(T)/R such that for some constant ap, > 0

eassz_irr(}f(d(w) +a(z)) > amin. (4.3)
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We consider the ground truth Gg : a — u, mapping a € LOO(Td) to the solution u € Hl(Td)
of

~V-((@+a)Vu) = f on T¢ and /Td u(z) dz = 0. (4.4)

Then Gy : {a € L=(T%) : (4.3) holds} — H(T?) is well-defined.
To represent a and u, we use Fourier expansions on T?. Denote for j € Ng and j € Ng,
d>2,

d
foi=1, &) = V2cos(2mjx), Eaj_1(x) = V2sin(2mjz), &(z1,... H & (@h)-

Then for r > 0, {max{1,|j|}"¢; : 5 € N¢} forms an ONB of H"(T%) equipped with inner
product

<'LL, U>HT(Td) = Z <u7 §j>L2 <'U, £j>L2 max {17 ‘j|}2T
jeNd
In the following, fix rg, tg > 0 and set
X = HO(TY, o :=max{1,|j]} ¢, (4.5)
Y= 1T, 5 :=max{l,|j]} ¢,

so that Wy := (ij)jeNgv Wy = (Uj)jeNg form ONBs of X, Y respectively. The encoder Ex

and decoder Dy are now as in (3.3). Direct calculation shows X" = H"0*7? and Yt = [lo+td
for r, t > 0; for more details see Herrmann et al. (2024, Section 7.1.2).
4.2.2 SAMPLE COMPLEXITY

We now analyze the sample complexity for learning the PDE solution operator Gg in Section
4.2.1. For a proof of Theorem 27, see Appendix E.1.

Theorem 27 Letd € N, d > 2,5 > 3 and to € [0,1]. Fiz >0, 7 € (0, min{s— 3¢, 7L¢})
(both arbitrarily small), and set

%%—7‘2 zfﬁe( ,2d 4+ 1 — to]
"0 = stto—1
st s > 9d 41— o,
Moreover let f € C=(T9), and let

(a) ground truth: Gy : a+— u be given through (4.4),

(b) representation system: Ex, Dy be as in (3.3) with the orthonormal basis in (4.5),
and rg, to from above,

(c) data: v be the measure defined in (3.7) and (3.9) with r = *° such that a + a
satisfies (4.3) for all a € supp(7y), and let (x;,y;)!_, be generated by (2.1) with the
additive white noise model or the sub-Gaussian noise model,
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(d) regression class: G = Gi\(01, N) be the n-dependent sparse FrameNet architecture
n (3.14) with N(n) = [n#+1].

Then there exists a constant C' > 0 such that for all n € N there exists a measurable
ERM G, € Gpx (o1, N(n)) in (2.3), and any such Gy, satisfies

EGo[”Gn - GU”%Q(HTO(Td)ﬁ;Hto(Td))] < Cp wi T (4.6)
where
o — zfse( 2d+1—t0] (47)
f’“dfO—l ifs>2d+1—t. '

Remark 28 Consider the setting of Theorem 27, and let supp(y) C Ci(X). A slight
modification of the proof of Theorem 27 similar to Herrmann et al. (2024), using the ap-
proximation bound in Theorem 18 (i) instead of (ii), then yields

EGo[”én - GO”%2(Hro (Td) s Hto (Td))] < Cn w1 tT (4.8)

where for some (small) 19 > 0

( ) {( —i-Tg,—— ) zf5€(3d 3d+1—t0]
To, =

5+t—7—1 1—t d
(o2, st 8y fe > 34—y,

2

Since

Br(H*(T%) = BR(X") ={z € X: || <R} =z e X: Y (w9302 < R?
JEN

- {a € X :supd;"|(a, g>x| < R} = CRr(X),

JEN
in particular, (4.8) holds for any v with supp(y) € Br(H*(T%)). This shows Theorem 1.

Similar rates can also be obtained for this PDE model on a convex, polygonal domain
D C T? with Dirichlet boundary conditions. The argument uses the Riesz basis constructed
in Davydov and Stevenson (2005), but is otherwise similar to the torus, for details see
Herrmann et al. (2024, Section 7.2). Moreover, using the RePU activation function, (4.6)
holds with convergence rate k/(k + 1 + 4Cp log(q)), where k is from (4.7) and C from
(3.14b). The proof is similar to Theorem 27 using Theorem 25 instead of Theorem 23.
Finally, rates for the fully-connected class G%ﬁl}(aq, N) can be established using Theorems
23 (ii) and 25 (ii).

5. Conclusions

In this work, we established convergence theorems for empirical risk minimization to learn
mappings Gg between infinite dimensional Hilbert spaces. Our setting assumes given data
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in the form of n input-output pairs, with an additive noise model. We discuss both the case
of Gaussian white noise and sub-Gaussian noise. Our main statistical result, Theorem 6,
bounds the mean-squared L?-error E[||G), — Goll3. (7)] in terms of the approximation error,
and algebraic rates in n depending only on the metric entropy of G. This provides a general
framework to study operator learning from the perspective of sample complexity.

In the second part of this work, we applied our statistical results to a specific oper-
ator learning architecture from Herrmann et al. (2024), termed FrameNet. As our main
application, we showed that holomorphic operators Gg can be learned with NN-based sur-
rogates without suffering from the curse of dimensionality, cf. Theorem 23. Such results
have wide applicability, as the required holomorphy assumption is well-established in the
literature, and has been verified for a variety of models including for example general el-
liptic PDEs (Cohen et al., 2010, 2011; Cohen and DeVore, 2015; Harbrecht et al., 2016),
Maxwell’s equations (Jerez-Hanckes et al., 2017), the Calderon projector (Henriquez and
Schwab, 2021), the Helmholtz equation (Hiptmair et al., 2018; Spence and Wunsch, 2023)
and also nonlinear PDEs such as the Navier-Stokes equations (Cohen et al., 2018).

The main observation model considered in this work is white noise, which can be un-
derstood as an idealization of taking (equally spaced, noisy) point evaluations, see Remark
4. Our measurement model hence represents the process of gathering real-world data from
physical systems rather than data generated from approximate solutions of PDEs, in which
case the numerical error can be made arbitrarily small. Covering noise-free data with our
statistical framework is left for future research.

Extending our results from Hilbert spaces to Banach spaces seems non-trivial. The white
noise model is not well-defined in Banach spaces and would need to be replaced. Moreover,
bounding the empirical risk in Theorem 5 uses the Hilbert space structure in an essential
way: both the basic inequality (Lemma 30) and the chaining Lemma (Lemma 32) rely on
the presence of an inner product and would need to be adapted in a Banach space setting.

We have also not discussed the training procedure for finding an empirical risk minimizer.
The underlying optimization problem is in general non-convex and hence algorithms can
typically only approximate the global minimizer up to some tolerance. However, we believe
that large parts of our analysis extend straightforwardly to such approximate minimizers
with the tolerance appearing as an additional additive term in the mean squared error
bound. Full details are left for future work.
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Appendix A. Auxiliary Probabilistic Lemmas

We recall the classical Bernstein inequality.

Lemma 29 (Bernstein’s inequality) Let X1,..., X, be independent, centered RVs with
finite second moments E[X?] < oo and uniform bound |X;| < M fori=1,...,n. Then it

holds
2
P >t] <2 — . t>0.
S el WS S =5 e Mt .

For a proof of Bernstein’s inequality, see Pollard (1984, page 193).

>

i=1

Lemma 30 (Basic Inequality) Lete;, i = 1,...,n be i.i.d. white noise or sub-Gaussian
noise. Then it holds for all G* € G

. . 20 — A %
|G — Golln < |G* = Goll? + - > (ei, Guli) — G*(m1))y.
i=1

Proof Let G* € G be arbitrary. Using the definition of G,, from (2.3), it holds

G — Goll

= LS Gl ~ 2(Cota). )y + 1 Gola)

i=1

1 e - . R
= D NGn(@i)ll§ — 2(Go(xi) + oei, Gn(@i))y + 2085, Gnl2:))y + | Golzs) I
=1

L . R
<o D NG @)l — 2(Gol@:) + ogi, G*(20))y + 20 (€3, Gu(wi))y + [ Gola) |3
=1
1 n % * A *
o NG @)l — 2(Go(:), G*(2:))y + Go(i) I + 20 (ei, Gn(w:) — G*(2:))y
i=1
* 2 20 . A *
= [G" = Goll7 + == > _(eir Gnlwi) = G*(wi))y,
=1
which shows the claim. |

Next, we state a generic chaining result from Dirksen (2015, Theorem 3.2), originally derived
for finite index sets, for countable index sets 1. We restrict ourselves to the case of real-
valued stochastic processes.

Lemma 31 Let T be a countable index set and d : T x T — [0,00) a pseudometric. Fur-
thermore, let (X¢)ier be an R-valued stochastic process such that for some o > 0 and all
s,telT,

P(|X: — Xs| > ud(t,s)) <2exp(—u®), u>0. (A.1)
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Then, there exists a constant M > 0 depending only on o, such that for all tg € T it holds
that

P <Sup ’Xt - Xto| > M <Ja(T’ d) + u sup d(sat)>> < exp <_ua> ,oou>1,

teT steT

where J, denotes the metric entropy integral
o0 1
Ja(T,d) = / (log N(T, d, u))* du.
0

Proof Since T is countable, we can write 7" = {t; : j € N}. Using this, we define
Tn=A{tj:j §~n} for n € N. Since T, is finite (Dirksen, 2015, Theorem 3.2, Eq. 3.2 and its
proof) gives M > 0 s.t.

teTn S,tGTn

<E [sup|Xt - XtO|PD’1’ < M (Ja(Tn,d) + sup d(s,t)pé) (A.2)

forallp > 1,ty € T and n € N. In (A.2), we used Dirksen (2015, Eq. (2.3)) to upper bound
the v,-functionals by the respective metric entropy integrals J,. The monotone convergence
theorem shows (A.2) for T in the limit n — co. Applying Dirksen (2015, Lemma A.1) then
gives the claim with M = exp(a~")M. [ |

We now use Lemma 31 to establish the following concentration bound, which is tailored
towards the empirical processes appearing in our proofs, cf. Lemma 30. Note that this
lemma can be viewed as a generalization of the key chaining Lemma 3.12 in Nickl and
Wang (2024) to Y-valued regression functions; the proof follows along the same lines.

Lemma 32 (Chaining Lemma) Let X,Y be separable Hilbert spaces, and suppose © is a
(possibly uncountable) set parametrizing a class of maps

H=1{hy: X—>Y,0€cO}.

Consider an empirical process of the form

n

1
Zn(0) = Z(he(%),&)y,
=1
where x1,...,x, € X are fized elements and €, ..., ey, are either (i) i.i.d. Gaussian white

noise processes indezed by Y, or (it) i.i.d. sub-Gaussian random variables in Y with param-
eter 1.
Recall the empirical seminorm || - ||,. Suppose that

sup ||hglln =: U < o0, (A.3)
0cO

and define the metric entropy integral

U
J(ﬂ{,dn):/ JIog N(T, dno ) dr, dn(0,0) = 7o — ey -
0
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Let the space (©,dy,) be separable. Then supgeg Zn(0) is measurable and there ezists a
universal constant Ccp > 0 such that for all § > 0 with

Vvnd > CenJ(H, dy), (A.4)

it holds

P (sup12,00) 2 5) < e nd” ).

-
6€O CE,U?

Proof In both cases, we will apply Dirksen (2015, Theorem 3.2), which we stated in Lemma
31.

White noise case. Let 6,0 € © be arbitrary. Since ¢;, ¢ = 1,...,n are independent
white noise processes, we have Z,(6) — Z,,(0') ~ N(0,n"t||hg — hg||?), i.e. the increments
of Z,, are normal (recall that z is regarded as fixed here). Thus,

P (1Zn(0) — Zn(0)| > t) < 2exp (—nt?/(2]|hg — hor||2)), >0,

and

P(‘Z"w) A= )SQ IS =

= 2exp (—tg) ,  t>0, (A.5)

which verifies the assumption (A.1) for o = 2 and d,, := v/2d,,/\/n.

Eq. (A.5) shows that the process Z,, () is sub-Gaussian with respect to the pseudometric
dn(0,0) = \/2||hg — her|ln//n. Therefore Giné and Nickl (2016, Theorem 2.3.7 (a)) yields
that Z,(6) is sample bounded and uniformly sample continuous. Since (©,d,,) is separable,
so is (0, d,). Thus it holds

sup Z,(0) = sup Z,(0) a.s., (A.6)
0cO 0€Bg

where ©g C © denotes a countable, dense subset. The right hand side of (A.6) is measurable
as a countable supremum. Therefore also the left hand side supycg Z,,(6) is measurable.
Applying Lemma 31 (to the countable set ©p) and using (A.6) gives that for some universal
constant M and all ; € ©,

P (328 | Zn(0) — Zn(04)] > M (J(H,Jn) + %)) < exp <_t22> , t>1

Due to (A.3) it holds N(H,d,,d) =1 for all 6 > U, and thus

N(H,dp,7) = N(H,dp,v/nr/V2) =1 Vr> ‘/jg
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Substituting p = /n7/v/2 we get

_ V2U/v/n -
J(H,d,) = / log N(H,dy,, ) dr
0
V2 (Y - V2p
= = log N ny T~
\/ﬁ/o 8 (g{’d \/ﬁ> dp
V2 /U V2J (K, dn)
= — log N(H,dy, p) dp = —————=
i ), ( p) dp NG
and therefore
2
P (sup|Z,(0) — Z.(6;)] > @ (J(H,d,) +tU) | <exp (—t) , t>1. (A7)
) vn 2

Since Z,(61) ~ N(O,n_1||h9f|]%), it holds for all 6; € ©

MtU —M2U?%2 ( M2t2)
P(|Z.,01)]>— ) <exp| ———— | <exp|-— . t>0. A.8
(126001 =7 p( 3o, T2 > P (48)

Combining (A.7) and (A.8) yields for ¢t > 1

P <sup |Z,(0)] > M (J(H,dy) + tU))
6co

Jn
<p <sup 12,0~ Zu(0)] > V2L (5004, + tU))
0cO \/ﬁ

P (12261)| > S U0 + 1))

— 2 MtU
— Pl|Z,(0:)] > ——
() o0 (> 20)
_t2 _M2t2
exp <2> + exp < 5 )
—¢2
=9 -
exp ( . > |
where we assumed without loss of generality that M > 1. Substitute § = 3M //n (J(H, d,)
+tU), i.e. t = (V/nd/3M—J(H,d,))/U. Because N(H,d,,,7) > 2 for 7 < U/2, we have that

J(H,d,) > U/2y/log(2) > U/4. Therefore /nd > 15MJ(H,d,) = CcpJ(H,d,) implies
t > 1 and thus

IN

IN

n — 2 n 2
P(supZn(Q)! 25) < 2exp (—(\fé/(i&M) J(H, dn)) > g2exp< 8nd
EC)

202 - cghm) (A-9)

which gives the claim for the white noise case.
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Sub-Gaussian case. For 6,0’ € © it holds

1 n
Zn(e) — Zn(el) = ﬁ ;(51', he(.ﬁlﬁ‘z) — hgl(.fvi»y.
1=
Since the centered RVs n~1(g;, hg(w;) — hg(z;))y are ii.d. sub-Gaussian with parameter
n~|he(x;) — her(z:)|ly, the ‘generalized’ Hoeffding inequality for sub-Gaussian variables
(see Vershynin 2018, Theorem 2.6.2) implies that for some universal constant ¢ > 0 the
increment Z,(0) — Z,(0") is sub-Gaussian with parameter c||hg — hgr||//n. Therefore

From here on, the proof is similar to the white noise case and we obtain (A.9) by absorbing
¢ into Cqy,. [ |

P (\Zn(e) — Zn(0")] > (0, 9’)) <2exp (—t?), t>0.

The following Lemma uses the 'peeling device’ proof technique as developed in van de Geer
(2000, Section 5) and is a generalization of van de Geer (2000, Lemma 5.13).

Lemma 33 Letz; ° ~ and consider the entropy H(6) = H(G, || [|oosupp(y), 9)- Let (On)neN
be a positive sequence with

né2 > 6 M2H (5,).

Then for R > max{83,, 18 Mp//n}, it holds that
P(|Gn—G >R, |G, —G > 2)|G — Golln) < 2 nh
(16 = Gollzzy = R 16 = Golzagy) 2 216 = Golla) < 2exp ( =575 )

Proof In the following we write || - [|oo = ||  [loosupp(y)- Let F ={G —Go: G € G}. Then
for R > 0 it holds that

P, (G = Gollzz) > R 11Gn = Gollzzga) > 201Ga = Golln)

< Pg, < sup 1Fll2(y) = QHFHn) : (A.10)

FEF,|F| 2., >R

For s € N, we define Fs = {I' € F': sR < ||F|12(,) < (s + 1)R}. As a union of disjoint
events, it holds

o0
Po s 1Flliee = 21 | = Pc<suquuLz zzan)
°<Fep,|FL2MzR ) n ; o {2 1P llz2e) 0

= sR
<Yy (s 1Pl ~ 171 > 5 ).

s=1
where we used for F € F; and s € N

S 11| 22 S SR

1E L2y 2 20 E N = [l z2) = I1Elln 2 === 2 5
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Now consider some covering F7% = {F ; }é\le with N = N(F, |||lco, R/8). Thus for arbitrary
s € N and F € F there exists Fy ; € F} s.t. ||F — Fs j|loc < R/8. We get

E 2y = IF | < (1PN 22y = 1Fsillzeen] + [1Fs;
I Fsjlln = I1Enl

L2(y HFSJ” ‘

12(7) = | Fs.jlln]

R
<—+|||F,]

Therefore

S Pe, (;up [1F N 223y = 1F ¢>8R>

s=1

R
ZPGO( max [P ll2) = | Fosl !>S)

IN

IN

sR
SN, locs RfS) max, P, (H!Fs,jllmm || Fuglla] = 4) (A1)
s=1

where we used sR/2 — R/4 > sR/4 for s € N. Since Fy; € Fs, we have ||Fy j|[12(,) > sR
and therefore

1212 = IF 12
HFS,J”L2(7 + ”Fs,an

1Fsill L2y — 1 Fsjlln| =

1 2 2
SR 1Fsjll72¢y) — 15l

Inserting into (A.11) gives

sR
SO NEL | s R18) s, P (sl ~ sl 2 °F )
s=1
82R2
< SNl 8) e, P ([Pl 1wl 2 1 ).

s=1

Define the variables

Yi=— (IRl = 1B @), i=1,...om.

3\*—‘
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It holds for allt=1,...,n
E[Y;] =0,

2M2
v;| < —E£,
n

2
e | (17l = 1Fes@lR)’|
E [(IFuslEa) = 2P 220 | o (@) 13 + 1 Fos )l
1
= SE (1P @)lI] ~ 1tz

M2
F 2
< ?HFSJHLQ(V)'

E[Y?

1
n2
1
n2

Applying Bernstein’s inequality (Lemma 29) for the variables Y; yields

0 ) ) 82R2
Z_;MFS,H~|roo,R/8>j:n;3§NPGO(]nFs,jHLzm—HFSJ»H” > )
> ns*R*

< D N(Fs, |- lloo, B/8) max_exp (— =7
p— j=1...N B2ME(1Fs 72y + 567)
> ns’>R?

< H FS: ' OO7R 8)— —— ’

< Do (- e 179 - i)

where we used HFSJH%Q(W) < (s4+1)2R? < 4s?R? for all j = 1,...,N and s € N, since
Fj,s e F,. R
Since H(§)/6? is non-increasing in § and R > 83, we have

ns?R2 n <R
= 8

2
— >2H * ooy 2 2H F87 " ooy .
o037 2 572 ) 2 2HG. o B/8) 2 2P| s BfS)

Therefore we get

= ns?R?
H(F,. || - oo, R/S) — —o
;exp< (Fo |- lloo: 2/8) 160M}%)
= ns®R? =1 nR? nR?
<> - <Y 5 - <2 )L (A2
N s:1eXp< 320M§> et eXp( 320M1%> eXp< 320M1%> (A.12)

Note that for z, y > 1, we have exp(—xy) < exp(—y)/z. Applying this in the case z = s? > 1
and y = nR?/(320M%) > 1 for R > 18 Mp/\/n, together with 22, 1/s* = 72/6 < 2, gives
(A.12). Combining (A.10)—(A.12) shows the claim. [ |

In the case of sub-Gaussian noise, standard bounds on the maximum of sub-Gaussian RVs
suffice to bound the generalisation error.
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Lemma 34 Consider the sub-Gaussian noise model, i.e. suppose ||g;|ly are i.i.d. sub-Gaus-
sian with parameter 1.  Abbreviate H(0) = H(G, || - [[oosupp(y):6)- Then there exists a
universal constant C > 0 s.t. for all positive sequences (0p)neN with

52
4 2 2372 n
no, > C*o"MgH <802+6,%>’

all G* € G and R > max{6,, V2| G* — Gol|»}, it holds for every x = (1, ..., x,) € X"

A nR4
12 - > < S b i— .
Go (IIGn Golln = R) < 4exp < T M%)> (A.13)

Proof In the following we write || - [loo = || - [lco supp(y)- For R* > 2||G* — Go||%, we use the
basic inequality (Lemma 30) to obtain

A 2 2 A 2 R2
£ (16— Gol? > 12) <5, (16, - Goll - "~ Gall = ).

< P&, <‘i D i Gulws) = G*())y

=1

R2
> 40> . (A14)

For R>0,let G* = {G—G*, G € G} and (G;)}L, with N = N(G*, ||||cc, B?/(80E[||ei]ly] +
R?)) denote a minimal || - ||sc-cover of G*.

It holds for R > 0
:1: 1 - A * R2
- Z<617G (ws) = G™(za))y| = 4~

< P%, (gu;c); (ei, G(x;) — G*(z))y| >
€

n

1 — R?
< N — G — G v (s _ . >
< (Cs:gg - (i, G(m3) — G™ () — Gy (i))y + max nZ:1<€uG3(l’z)>y > 40>

RZ
< — ) . >
< Zlég P %G(%) G* (i) — Gy (m4))y| > .

(2)
1 & R?
+ Pé, (J.fllflx n '_1<€zan(9Cz‘)>y 2 80) .
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We estimate the terms (i) and (i) separately. For (i), use |G—G*—Gj+||oo < R?/(80E[|cilly]
+ R?) for all G € G and estimate
R2>
>
~ 8o

n

1 Z<gi7 G(xi) — G (x;) — Gy« (24))y

n
R2>
>
— 8o

i—1
L RN
~ 8]~ P C?02 )’

where we used the Hoeffding inequality for sub-Gaussian random variables from Vershynin
(2018, Theorem 2.6.2).
For (i7), it holds

Go | sup
GeG

o

1
< P&, (‘n > leilly — Ellleilly]

=1

1< R?
= eilly - 5
n 8oE|||eilly] + R

1 R?
Co (J.H%%f( - Z:1<51,Gj($z')>y > 80)
s (|1 R?
SN o P || 2 (e Giledly) 2 5
1=

2nR* R? 2nR?
< 2N exp <_C%2MI%> < Zexp (H (802 + R2> B 0202M1%> ’
where we used E[||g;]ly] < ¢ (Cauchy—Schwarz) and Vershynin (2018, Theorem 2.6.2) for
Y, = ?7,71(61', Gj(xi»y, 1=1,...,n.
Since H(8)/4? is non-increasing, also H(§/(802% + §))/? is non-increasing and thus it
holds for R > 6,

nR* . R?
C2J2M12,.. - So2+ R2)°
This gives for R > 6,

nR*
(i) < 2exp (—) . (A.15)
C2O'QM12;,

Combining (A.14)—(A.15) gives the result. [ |

Appendix B. Proofs of Section 2
B.1 Proof of Theorem 5
B.1.1 EXISTENCE AND MEASURABILITY OF Gn

White noise case. For ¢ = 1,...,n, denote the probability space of the RVs z; and the
white noise processes ¢; as (2, X, P). Furthermore, equip the Hilbert spaces X and Y with
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Borel o-algebras By and By and the space G with the Borel o-algebra Bg. Then, there
exists an orthonormal basis () jen of Y and i.i.d. Gaussian variables Z; ~ N(0,1) s.t

i Q x H — R,
eiw,y) = > (0, ¥5)yZ;(w)
j=1

fori=1,...,n, see also Giné and Nickl (2016, Example 2.1.11)
Recall the noise level ¢ > 0. For ¢ = 1,...,n, we define

u;: 2 xG— R,
ui(w, G) = 20¢; (w, G(xi(w))) + 2(Go(2i(w)), G(zi(w)y — [Glai(W))F.  (B.1)

We aim to apply Nickl (2007, Proposition 5) to w:=1/n>""" ; u; in order to get existence
and measurability of G, in (2.3).

Per assumption, the metric space (G, || - ||) is compact. We show that u; from (B.1)
is measurable in the first component and continuous in the second component for all ¢ =
1,...,n. Then Nickl (2007, Proposition 5) shows the claim. Consider an arbitrary G € G.
We show that u,(.,G) is (¥, Br)-measurable, where Br is the Borel o-algebra in R.

The RVs z; are (3, By)-measurable by definition. The maps G and Gy are assumed
to be (By, By)-measurable. Furthermore, because of their continuity, the scalar product
(.,.)y is (By, Br)-measurable in both components and also the norm ||. ||y is (By, Br)-
measurable. Therefore, since the composition of measurable functions is measurable, the
latter two summands in (B.1) are (¥, Br)-measurable.

Proceeding with the first summand, the RVs Z; are (X, Br)-measurable by definition
for all j € N. Therefore the products (.,1;)yZ; are (¥ ® By, Br)-measurable for all j € N.
Thus ¢; is, as the pointwise limit, (X ® By, Bgr)-measurable. Then, as the composition of
measurable functions, the first summand in (B.1) is (¥, Br)-measurable. Therefore u;( ., G),
i=1,...,n, and thus u(.,G) is (X, Br)-measurable for all G € G.

We proceed and show that u(w, .) is continuous w.r.t. || - ||. Therefore choose G,G’ € G
and w € Q. Then it holds for i = 1,...,n and z; = z;(w)

‘ui(w,G) — ui(w, G')‘ <20 ’52- ( ,G(x5) xz))‘ + 2‘ (Go(x;), G(x;) — G/(.%'i»g‘
+ 1G]y — ||G' (x)lly| G Hy + |G () |ly]
<20 laz (w G(x;) ml))‘
+vn (2||Go(fcz)\|y + HG(fcz)Hy + G (@)ly) IG — Gl
< 20 |e; (w, G(z;) ()|

+C0vn (2[|Go(x )lly +HIG@)lly + G (@)lly) 1G =Gl (B2)
where we used that ||G(z;) — G'(z;)|ly < Vn||G =G|, fori=1,...,nand |||, < C| | at

the last inequality. Furthermore, Giné and Nickl (2016, page 40 and Proposition 2.3.7(a))
yields that the white noise processes ¢; are a.s. sample d.,-continuous w.r.t. their intrinsic
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pseudometrics de, : Y x Y = R, d;, (y,v') = E[{e;,y — y’>§]1/2

G’ € G we have

= |ly — ¢/|ly. Since for all G,

G (i) = G'(@i)lly < VnllG = G'lln < CVnllG = G,

the white noise processes are also a.s. sample d-continuous, where d is the metric induced
by |1

Together with (B.2) this shows that there exists a null-set ¢ C Q such that for all
w € N\Qo, u(w, .) is continuous w.r.t. ||-||. Now we choose versions #; and &; s.t. u(w, .) =0
for all w € Qp. Then G — u(w,G) : (G,] - ||) — R is continuous for all w € Q. Applying
Nickl (2007, Proposition 5) gives an (X, Bg)-measurable MLSE G,, in (2.3) with the desired
minimization property.

Sub-Gaussian case. For i = 1,...,n, consider the functions w; from (B.1). The
measurability of u;(.,G), i = 1,...,n follows from the measurability of the scalar product
(.,.)y, the norm || - ||y, Gp and all G € G. Note that in contrast to the white noise
case, €; are RVs in Y for all ¢ = 1,...,n and therefore measurable without any further
investigation. Also, since g;(w) € Y for all w, Cauchy—Schwarz immediately shows that
ui(w, .) and therefore u(w, .) is continuous w.r.t. || - || for all w € Q\Q°. Choosing versions
Z; and &; and applying Nickl (2007, Proposition 5) as above gives the existence of an
(3, Bg)-measurable LSE G, in (2.3) and therefore finishes the proof.

B.1.2 CONCENTRATION INEQUALITY FOR Gn

The proof follows ideas developed in van de Geer (2000, Section 10.3) as well as Nickl and
Wang (2024), where generic chaining bounds from Dirksen (2015) were used to bound the
relevant empirical processes appearing below.

Slicing argument. Recall the definition (2.4) of the empirical norm. For R2 > 2||G* — Gy||2,
we have

&, (1Gn = Golli, = R2) < PE, (2(I1Gn = Golly = 1G* = Goll7) = R?).  (B3)
As a union of disjoint events, it holds

PE, (2(1Gn = Goll7 = IG* = Goll) > R)

YR, (2283,% < 2(|[Gn — Gol2 = [G* = Gol12) < 22s+2Rg>.
s=0

Applying the basic inequality (Lemma 30) and defining the empirical process (X¢g : G € G)
indexed by the operator class G as
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gives

Z P <228R721 <2(|Gn — Goll2 — IG* — Gol|?) < 225+2Ri>

s=0
< ZP ol 2 R 6, - Gl — 67 - ol < 221 R
= o n n n
225—2R2
< ZP’50< sup | Xc| > ">. (B.4)
5=0 GEG;,(25T3/2Ry,) g

In (B.4), we additionally used that if 2||G* — Gy||? < R2 and
G = Gollz = G* = Goll| < 2**' R
then ||G,, — Gol|? < 2%*1R2 4+ R2/2 and thus
[Gn = G 17 < 2(IGn = Gollz + 16" = Goll) < 2% F2Ry, + 2R, < 22 RY.

Concentration inequality for each slice. We wish to apply Lemma 32 to bound the proba-
bilities in (B.4). Let Cqy be the generic constant from this lemma and let §,, satisfy (2.6).
Then, due to 6 — ¥, (6)/d? being non-increasing, (2.6) gives for all R,, > 6, and s € Ny

V(2% T3R2) > 32Cc,o ¥, (27792 R,,)
so that with © := G%(2513/2R,,)

225 2R2
V"> oW, (2732 R,,) > ConJ (O, | - n)- (B.5)
o

With hg := G — G* and H := {hg : G € O} we have J(O, | - |l») = J(H,| - ||») and thus
(B.5) verifies assumption (A.4) of Lemma 32 for § = 2272R2 /o,

Furthermore, since © = G%(2°t3/2R,) C G for s € No, R, > 0 and (G, || - ||n) is
compact, the space (O, || - ||) is separable, which verifies the last assumption of Lemma 32.
Applying this lemma with U = 2°+3/2R,, shows that the (uncountable) suprema in (B.4)
are measurable and that for all R,, > ¢y,

223 2R2 8n24s 4R4
P sup XG > ) exp < >
z g, el z S
223 4nR2
<
e
nR?
< 272 exp <— ”)
SZ:;) 16C3, 02

nR2

In (B.6) we additionally used exp(—zy) < exp(—=x)/y, which holds for all z,y > 1, i.e. for
R, > 4Ccpo/+y/n. Combining (B.3)-(B.4) and (B.6) gives (2.7) and therefore shows the
claim.
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B.2 Proof of Theorem 6

We use the concentration inequality from Theorem 5 for the empirical error and combine it
with a key concentration result for the empirical norm around the L?(vy)-norm, proved in
Lemma 33. For any R > 0,

R

Pe, (G — Coll iz > R) < P (||én Gyl > 2) ®B.7)

+Pay (1Gn = Gollzay = R, [1Gn = Gollza(sy = 2/1Ga = Golln) -

Now suppose that R,, satisfies

= 4C,, 9M,
R 2max {30,485, VRIG" = Gy, 2%, DI

Vo vn

This is implied by (2.11) for an appropriate choice of C. In particular, R,, > 2v/2||G*—Gy ||,
for all z € X™. Since Theorem 5 holds for y"-almost every & € X", taking expectations over
x ~ " gives

2
Pco (HGn — Golln > 2”) < 2exp <_an) : (B.8)

Furthermore, Lemma 33 gives

Pan (IGn = Gollz2y = By G = Goll 23y 2 201G = Golln)

nR?
< 2exp <_320M§,> , (B.9)

since we have assumed R, > max{80,,18Mp/\/n}. Combining (B.8) and (B.9) shows
(2.12) for some C.

B.3 Proof of Corollary 7

It remains to show (2.13). We use (B.7) to estimate

Eo G — GOH%%W)] (B.10)

_/0 Pc, (Hén—GOHLzmz\/Rn) dR,
< A Vi
L7 [ e (16 Gl = ) avie) an,

+/0 Pay (IGn = Gollzey) = Vs G = Gollzagsy = 201G = Golln) R,

IN
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For G* € G set R, 1 = 2max{d,, V2||G* — Golln, 4(’:/0%‘”}, where Ccy, is from Lemma 32.

Then Theorem 5 gives

* : VFa
/0 /x o <HGn — Golln > 5 dvy(z) dR,

> nR,
< R?2 . d 2 — n dR,
> /DC" n,1 7(2") + /Rfl ) exp ( 640(2]}10.2)

1602, o2 o nRk
< 452 . 2 Ch n
< 46, +8]G" = Goll72(,) + - +2/R$Llexp< 640%}102) dR,

80C2, o2
< 462 + 8||G* — G0||%2(-y) 4 —Ch”

Lemma 33 gives with R,, o = max{8,,, 18 Mp/\/n}

/0 Pa (G = Gollze() = V/Ras G = Gollga(sy = 2/1G = Golln) dR,

> nR
<R, +2/R2 exp (—320]\22> dR,
n,1 F
964 M2
—£.

Combining (B.10)—(B.11) and taking an infimum over G* € G shows (2.13) for some C and
thus finishes the proof of Corollary 7.

< 6452 + (B.11)

B.4 Proof of Corollary 8

We construct sequences (0p,)nen and (0y,)nen satisfying (2.10) and balance the approxima-
tion term and the entropy terms in (2.12) by choosing N(n) appropriately.

Proof of (i): Choosing 62 ~ n~2/(2*®) immediately shows the second part of (2.10). For
J(0) from (2.5) it holds

) < /0 " VHpN) dp < 8 =0, (6).
Hence §2 ~ n~%/(2+®) gatisfies the first part of (2.10). Therefore Corollary 7 shows
Ec, [Hén - GO||%2(7):| SN 4n w,
Choosing N = [nﬁw gives the claim.

Proof of (ii): Choosing 62 ~ N(14log(n))/n shows in particular log(n) > log(d; 1), which
in turn shows that d,, satisfies the second part of (2.10). For J(J) from (2.5) it holds

J(6) < /06 VH(p,N)dp S VNS (1 +1log(671)) = ¥, (6).

Hence 62 ~ N (1 + log(n))/n satisfies the first part of (2.10). Therefore Corollary 7 shows

N(1+ log(n))‘

Ec, [Hén - G0||%2(7)] SN+ -

1

Choosing N(n) = [n#+1] for all n > 1 gives the claim.
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B.5 Proof of Theorem 10

The concentration inequality (2.15) follows immediately from (B.7), (B.9) (which holds for
sub-Gaussian noise) and (A.13) from Lemma 34. Application of Lemma 34 yields

N (H@n ~Golln 2 “f) (@) do
0 xXn

00 52
< 452 ] G* o G 2 4/ N n d5
< 462 + 8|| ollz2() + ; eXp( 16C202(1 + M2)

< 407 + 8[|G* — Gol[72(,y + 16C1o(1 + MF)\/Z‘

Using (B.10) and (B.11), and minimizing over G* € G gives the bound on the mean-squared
error (2.16) for some Cj.

Appendix C. Neural Network Theory

In this section we recap elementary operations and approximation theory for neural net-
works, based on Petersen and Voigtlaender (2018). For a NN f : RP0 — RPL+1 (see Definition
15) we denote by sizej, (f) and sizeoy(f) the number of nonzero weights and biases of the
first and last layer respectively.

C.1 Operations on Neural Networks

In this subsection, we recap elementary operations on NNs. We start with the parallelization
of two NNs following Opschoor et al. (2022a, Section 2.2.1).

Definition 35 (Parallelization) Let ¢ € N, ¢ > 2 and o € {01,04}. Let f and g be two
0-NNs realizing the functions f and g with the same depth L. Furthermore, define the input
dimensions of f and g as ng and ng and the output dimensions as my and mgy.> Then there
exists a o-NN (f,g), called the parallelization of f and g, which simultaneously realizes f
and g, i.e.

(f,9) :R™ xR" — R™ x R™ : (z,2) — (f(x),9(2)).

It holds
size ((f, g)) = size(f) + size(g),
depth ((f, g)) = depth(f) = depth(g),
width ((f, g)) = width(f) + width(g),
mpar ((f,g)) = max {mpar(f), mpar(g)}, (C.1)
mrang ((f, g))” = mrang(f)® + mrang(g)°.

3. Using the syntax from (3.4a)—(3.4b), it holds ny = po(f), ng = po(g), my = pr+1(f) and mg = pr+1(9).
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Let N € N, N > 3. We extend Definition 35 to parallelize N o-neural networks f;,
i =1,... N with equal depth and denote the resulting o-NN as ({f;}}¥,). It holds that

size (({fi}gl)) = i\[:size(fi), (C.2)
i=1
sizein (({fi}iNﬂ)) = g:Sizein(fz)a
=1
sizeout (({fi}i:1>> = g:sizeout(fi),
=1
depth <<{f1}z:1>> = depth(f1),
width (({ fi}i:1>> - zN: width(f;), (C.3)
=1
mpar (({£:},)) = max, mpar(/,).

mrang <<{fz}f\il>>2 = imrang(fi)l

Next, we recall the concatenation of NNs, see Petersen and Voigtlaender (2018, Defini-
tion 2.2).

Lemma 36 (Concatenation) Let ¢ € N, ¢ > 2 and o € {o1,04}. Let f and g be two
o-NNs. Furthermore, let the output dimension mgy of g equal the input dimension ny of f.
Then there exists a o-NN f«g realizing the composition fog: x — f(g(z)) of the functions
f and g. It holds

depth (f + g) = depth(f) + depth(g),
width (f + g) = max{width(f), width(g)},
mrang (f + g) = mrangq) (f).

There is no simple control over the size and the weight bound of the concatenation f.g
in Definition 36. The reason is that the network f g multiplies network weights and biases
of the NNs f and g at layer [ = depth(g)+1 (for details see Petersen and Voigtlaender 2018,
Definition 2.2). In the following we use sparse concatenation to get control over the size and
the weights. We first introduce the realization of the identity map and separate the analysis

for the o1- and o4-case. The following lemma is proven in Petersen and Voigtlaender (2018,
Remark 2.4).

Lemma 37 (o;-realization of identity map) Let d € N and L € N. Then there ezists
a o1-identity network Idga of depth L, which exactly realizes the identity map Idga : R? —
R x> x. It holds

size (Idga) < 2d(L + 1), (C4)
width (Idpe) < 2d, (C.5)
mpar (Idge) < 1.
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We proceed with the analogous result for the RePU activation function. The following
lemma follows from the construction in Li (2020, Theorem 2.5 part 2) with a parallelization
argument.

Lemma 38 (o4-realization of identity map) Let ¢ € N with ¢ > 2. Further let d € N
and L € N be arbitrary. Then there exists a 04-NN Idga of depth L, which exactly realizes
the identity map Idga. It holds

size(Idga) < CydL, (C.6)
width(Idga) < Cyd,
mpar(Idga) < Cy,

where Cy is independent of d (but does depend on q).

We next define the sparse concatenation of two NNs, see Petersen and Voigtlaender
(2018, Definition 2.5).

Definition 39 (o;-sparse concatenation) Let f and g be two o1-NNs. Furthermore, let
the output dimension my of g equal the input dimension ny of f. Then there exists a o1-NN
fog with

fog=f-ldr,, g
realizing the composition fog: x> f(g(x)) of the functions f and g.* It holds

size(f o g) < size(g) + sizeout(g) + sizein (f) + size(f) < 2size(f) + 2size(g), (C.7)

i in depth > 17
sizesm(f o0 g) < 4 O2° (9) epth(g)
2sizein(g) depth(g) =0,

Sizeou depth >1,
sizeout (f 0 g) < { 2size01i{jf) deithég o (C.8)
depth(f o g) = depth(f) + depth(g) + 1, (C.9)
width(f o g) < 2max{width(f), width(g)}, (C.10)
mpar(f o g) < max {mpar(f), mpar(g)} , (C.11)
mrang (f o g) = Byq) (f) - (C.12)

Proof The bounds in (C.9), (C.10) and (C.12) follow from Definition 37 with the NN
calculus from Definition 36. The bounds on the sizes in (C.7)—(C.8) and the weight and
bias bound (C.11) follow from the specific structure of the o;-identity network, see Petersen
and Voigtlaender (2018, Remark 2.6). [ |

We proceed with the sparse concatenation of o,-NNs.

4. The symbol o does mean either the functional concatenation of f and g or the sparse concatenation of
the NN f and g (which realizes the function f o g).

44



STATISTICAL LEARNING THEORY FOR NEURAL OPERATORS

Definition 40 (o,-sparse concatenation) Let ¢ € N with ¢ > 2. Let f and g be two
04-NNs. Furthermore, let the output dimension my of g equal the input dimension ny of f.
Then there exists a 04-NN f o g with

fog=[f-Idr,, 9
realizing the composition fog: x +— f(g(x)) of the functions f and g. It holds

size(f o g) < size(g) + (Cyq — 1)sizeout(g) + (Cyq — 1)sizein (f) + size(f)
< Cgsize(f) + Cysize(g), (C.13)

sizen(f © ) < sizein(g) depth(g) > 1,
" | Cysizein(9) depth(g) =0,
. . sizeout (f) depth(f) > 1,
sizeon(f o9) < {c iz () depth(f) = 0. (G149

depth(f o g) = depth(f) + depth(g) + 1 (C.15)
width(f o g) < Cymax{width(f), width(g)}, (C.16)
mpar(f o g) < Cymax {mpar(f), mpar(g)}, (C.17)
mrang (f o g) = Byq) (f) (C.18)

with a constant Cq > 1 depending only on q.

Proof The bounds in (C.15), (C.16) and (C.18) follow from Definition 38 with the NN
calculus from Definition 36. The bounds on the sizes in (C.13)—(C.14) and the weight and

bias bound in (C.17) hold because of the specific structure of the o4-identity network Idr»,
see Li (2020, Eq. 2.57). [ |

Definitions 39 and 40 show that one can control the size, as well as the weights and biases
of the concatenation of two NN by inserting one additional identity layer between the two
networks. We end this subsection by introducing summation and scalar multiplication
networks.

Definition 41 (Summation networks) Let ¢ € N, ¢ > 2, 0 € {01,04} and d,m € N.
Then there exists a o-NN %, such that for x1,...,x;, € R

m
Y1, mm) = Z:Ei,
i=1

with depth(X,,) = 0, width(X,,) = md, size(3,,) = md and mpar(%,,) = 1.
Proof Set w! = (14,...,14) and b' = 0 with the d x d identity matrices 1. [ |

Definition 42 (Scalar multiplication networks) Let ¢ € N, ¢ > 2 and o € {o1,04}.
Let o € R and d € N. Then there exists a o-NN SM, with

SMy(z) = az, z e R
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Furthermore, there exists a constant Cq only depending on q such that

depth (SM,) < Cymax{1,log(|al)},
width (SM,) < Cyd,

size (SM,) < C, dmax{l log(|e|)},
mpar (SM,) <

Proof For the proof of the op-case, see Elbrachter et al. (2021, Lemma A.1). We prove
the RePU case in the following.

Without loss of generality we can choose a > 1. For a < 0 we set SM, = —SM_,. For
0 < a<1weset SM, = aldgae, where we directly multiply the weights and biases of the
identity network (with depth L = 1) with «.

Therefore let @ > 1. Let K be the maximum integer smaller than logs(a), and set
a = 27K+la < 1. Furthermore, set A; = (Idge,Idge) and Az = ¥y with the one-layered
identity network Idgs and the summation network ¥ from Definition 41. We notice that

Ays Ajx =22 Vz € R%

Using the bounds for 3y from Definition 41 and Idga from Definition 38, we have depth(As -
Ay) = 1, width(As « A1) < Cyd, size(Az » A1) < Cyd and mpar(As « A1) < Cy. Setting
A2k+1 = Al, A2k+2 = A2 for k = 1, ce ,K and A2K+3 = dIde, we get

A2K+3 o A2K+2 'A2K+1 OAQK °A2K_1 o..... OAQ °A1x =ax Vré€ Rd.

Applying the o,-NN calculus for concatenation (Definition 36) and sparse concatenation
(Definition 40) gives the desired bounds for SM,. [ |

C.2 Neural Network Approximation Theory

In this subsection, we summarize approximation results for ReLU and RePU neural net-
works. In recent years, the expressivity and approximation properties of neural network
architectures have been extensively studied in the literature (Mhaskar, 1996; Pinkus, 1999;
Yarotsky, 2017; Poggio et al., 2017; Petersen and Voigtlaender, 2018; Elbrachter et al., 2021;
Opschoor et al., 2022a; De Ryck et al., 2021). However, with few exceptions (Schmidt-
Hieber, 2020a; De Ryck et al., 2021; Elbrachter et al., 2021), most of these works do not
provide bounds on the size of the weights, which are crucial for controlling the entropy.
Therefore, we revisit some of these arguments to provide complete proofs of our results.

We start with the well-known result that ReLU-NNs can approximate the multiplication
map exponentially fast. The following proposition was shown in Elbrachter et al. (2021,
Proposition III.3).

Proposition 43 (01-NN approximation of multiplication) Let D € R, D > 1 and
§ € (0,1/2). Then there exists a 01-NN X5 p : [-D, D]?> — R satisfying

sup  |xsp(z,y) —ay| <0
x7y€[_D7D}
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Furthermore, there exists a constant C, independent of D and §, such that

depth (x4,p) < C (log(D) +1log (671)), (C.19)
width (%4,p) < (C.20)

size (X5p) < C (log(D) +1log (671)), (C.21)
mpar (X5p) < (C.22)

The next proposition shows that the multiplication map can be exactly realized by a
04-NN, which follows directly from Li (2020, Theorem 2.5 and Eq. 2.59).

Proposition 44 (0,-NN approximation of multiplication) Let ¢ € N, ¢ > 2. There
exists a o4-NN X : R? — R with depth(x) = 1 ezactly realizing the multiplication of two
numbers, i.e.

x(z,y) =2y Va,y€R.

We can extend the above results to the multiplication of N numbers, see Opschoor et al.
(2022a, Proposition 2.6).

Proposition 45 (0;-NN multiplication of N numbers) Let N € N with N > 2. Fur-
thermore, let D € R, D > 1 and § € (0,1/2). Then there exists a 01-NN[[5 p: [-D, DIV
R such that

sup Hy] H (Y1, yn)| < 0. (C.23)

(yi)7€\7:1€[ DD j=1

Furthermore, there exists a constant C independent of N, § and D such that

depth <ﬁ5,D> < Clog(N) (log(N) + Nlog(D) +log (67 1)),

width <H5D> < 5N, (C.24)

size H
(IL,,

)

) < CN (log(N) + Nlog(D) +log (671)), (C.25)

mpar (H67D> <1

Proof Analogous to Opschoor et al. (2022a, Proposition 2.6) we construct [ | 5.p as a binary
tree of x_ -networks from Proposition 43. We modify the proof of Opschoor et al. (2022a)
to get a construction with bounded weights.

Define N = min{2* : k € N, 2¥ > N}. We now consider the multiplication of N

numbers with yn41,...,y5 = 1. This can be implemented by a zero-layer network with
1 1 1=4j <N,
Wy = .
’ 0 otherwise,
bl = 0 J< N,
J 1 N<j<N.
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For 1 =0,...,log, N — 1 we define the mapping R

N
2l

_N_
R': [=Dy, D)2 v [=Dyy1, Diyq] 257,

1! l . Y Ll o l l
R (y17 s ?y210g2(1\~/)7[) = (X6’,Dl (yl? y2)7 ctt X§/,Dl (y2log2(1§7)7l_1’ y210g2(1§7)7l)) (026)

with & := §/(N2D?N) and D, == 2'D? . We now set

H(SD = RlOgQ(N)_]‘ 0O--+0 RO (027)

Eq. (C.27) shows that the map R! describes the multiplications on level [ of the binary tree
ﬁ s.p- In order for (C.27) to be well-defined, we have to show that the outputs of the NN
R! are admissible inputs for the NN R+,

We therefore denote with yé, 7=1,..., ZIOgQ(N)*l, l=1,... ,logQ(N) — 1, the output of
the network R o --- o R? applied to the input y,g =y, k=1,... ,N. Then we have to
show ]yé| < Dyforl=0,...,logy(N)—land j=1,..., 21082(N)~! | We will show this claim
by induction. For [ = 0 it holds \yé] < D = Dy. Now assume \yé\ < Dy for arbitrary but

fixed I € {0,...,logy(N) — 2} and all j =1,...,2982(N)~L Then it holds

I+1 v ! !
’yj+ | = ‘XJ’,DZ (3/2;‘71792]')‘
l l / 2 / 2
= Y < < =
[Ygj—1Yo; + 6| <Df+ & <2Df =Dy
<1<D?
forall j =1,... ,210%2(N )=(+1) which shows the claim. We proceed by showing the error

bound in (C.23). Therefore define

2l
L.
Zj = Y42l (j—1)
k=1

forl =0,..., logz(N) and j =1,..., 2logx(N)=l The quantites zé- describe the exact com-
putations up to level [ of the binary tree, i.e. the output of level [ — 1, if one uses standard
multiplication instead of the multiplication networks X in the first [ — 1 levels. We now
prove

W) — A < 4Dy, =1, s (C.28)

by induction over [ = 0,...,log, N. Inserting I = logy(N) then shows the error bound in
(C.23) using the definition of ¢'.
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We have y? =y; = z? for j = 1,..., N, therefore (C.28) holds for [ = 0. Now assume
(C.28) for arbitrary but fixed I € {0,...,logy(N) —1}. For j =1,...,21082(MN)=0+1) it holds

I+1 _ _I+1 v l I I I
| + '+ | = ‘XDZ,5’(y2j—17y2j) - ZQj—IZQj‘

_ | ! r !
= ‘y2j71y2j +4 - 223‘7122;“

! l !
‘(3/2] 1= Z9j-1 t23;1) - (92] Z2j + Z2]) +0' - Z2j 1732]‘

! ! ! l l
‘(3/2] 1 Z2j—1) : (?/2j - 2’2j) + (y2j—1 - ZZj—l)Z2j

W
+ (y2j — 25;)%9;_1 + 5/‘

I l I l ! ! !
< ‘ijfl - 223'71‘ ) ‘y2j - ZQj‘ + ’923'71 - Z2j71‘ " %25
use(‘rC.28) <1 use(C.28) <p?!
! l l
+ Y25 — 22]" : Zijl‘ +[0']
use(C.28) SDQl
< (41D2“1 (1 + 2D21) + 1)
< 44lD2l+1D2l+15/ < 4l+1D2l+25/

which shows (C.28) for [ 4+ 1 and therefore the claim.

We proceed by calculating the depth of 1:[5’ p- Since 1:[5’ p concatenates the maps X g p,,
we can repeatedly use (C.9) and get

—~ log, (N

depth (H6D> < Z depth X§ D )+log2(N) - 1.

We use the depth bound for x from (C.19) and calculate

— 10g2(N)_1 B
depth <H5 D) <C log (Djé’_l) + logy(N)

log, (N)—1 ‘
= C'log 2 D¥ 51 | +logy(N)

R )) + log,(N)
(2(log2( ) DN N2loga (V) 2N 1°g2<N)5‘1°g2(N)) + logy (V)
< Clog (2(1°g2( )" 21082 (V) 3N Togy (W) 5= log (N )> +logy (N)

< Clog(N) (log(N) + Nlog(D) +log (671)) . (C.29)
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The constant C' changes from line to line in (C.29).

For a bound on the width we use the fact that 1:[6’ p is a parallelization of at most

N/2 < N networks X p, in each layer I € {1,...,logy(N)}. With (C.3) and the width
bound of x in (C.20) it holds

width <H6D

s

) S N width (>~<§/’Dl) S 5N.

For a bound on the size Size(ﬁ&D) we observe that level I, [ = 0,...,logy(N) — 1, of the

binary tree ]:[ consists of 21082(N)~I=1 roduct networks >~<5/, p,- We calculate

— logs (N)—1

size <H5,D> < Z 210g2(N)—l—1 (Sin (>~<5/7Dl) + Sout (>25/’Dl) + size (ié/’Dl))
=0
10%2(]\7)*1 -
< 2log2(N)=l=13 150 (DZ(S'_l)
=0
logy (N)—1

<C Z 9logs(N)—I—1 log (21D21N2D2N5’1)
1=0
log(N)—1 . ~ ~
<C Z 91082(N)—I-1 (l + 2Mog(D) + log (N) + Nlog(D) + log (5_1)>
=0
<C (N logo(N) + N logy(N) log(D) + N log(N) + N%log(D) + N log (5_1)>
< CN (log(N) + Nlog(D) +log (671)). (C.30)

In (C.30) we used (C.7) to bound the size of a sparse concatenation and (C.21) for the size
of the product network xg p.

For the bound on the weights and biases, we get mpar(]:[(S p) < 1 because of mpar(X; p)

< 1, see (C.22), and the NN calculus for sparse concatenation in (C.11) and parallelization
in (C.1). |

We continue with the RePU-case.

Proposition 46 (0,-NN of multiplication of N numbers) Let N,q € N with N,q >
2. Then there exists a o4,-NN [[: RV — R such that

N
[T uw) =] v
j=1
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Furthermore, there exists a constant Cy independent of N such that

depth <H57D> < C,log(N), (C.31)

width <H§D> < C,N, (C.32)
size <H5D> < C,N, (C.33)

mpar (Hw) < C,. (C.34)

Proof The construction is similar to the ReLU case. We define l:[ as a binary tree of
product networks x, see (C.26) and (C.27). The binary tree has a maximum of 2N binary
networks X, a maximum height of log,(2N) and a maximum width of N. Therefore (C.31)—
(C.34) follow with the NN calculus rules from Definition 40. |

We proceed and state the approximation results for univariate polynomials. We start
with the ReLU case. The following proposition was shown in Elbrachter et al. (2021,
Proposition IIL.5).

Proposition 47 (01-NN approximation of polynomials) Let m € N and a = (a;)]",
€ R™L. Further let D € R, D > 1 and § € (0,1/2). Define ax = max{l,|la|}. Then
there exists a o1-NN psp : [-D, D] — R satisfying

m
sup |ps.p(x) — Zaixi <.
z€[—D,D] i—0

Furthermore, there exists a constant C independent of m, a;, D and § such that

depth(ps p) < Cm (mlog (D) + log (5_1) + log(m) + log(ass)) ,
width (psp) <9,

size (fs,p) < Cm (mlog (D) +log (1) + log(m) + log(ans)) ,
mpar (ps.p) < 1.

In the RePU-case we get the well-known result that polynomials can be exactly realized
by o4-NNs, see Li et al. (2019).

Proposition 48 (0,-NN realization of polynomials) Let m,q € N, ¢ > 2 and a =
(@)™, € R Set a0 = max{1,max;—g__ma;}. Then there exists a 0-NNp:R =R
satisfying
m
p(z) = Zaixi Vx € R.
i=0
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Furthermore, there exists a constant Cq only depending on q such that

depth(p) < Cq (log(ace) +m),
width (p) < Cy,

size (p) < Cy (log(ass) +m),
mpar (p) < Cj.

Proof We use Horner’s method for polynomial evaluation and write

Zaiwi:am<ao+x<al—1—-~—|—x<am_1+xam>...>>. (C.35)
pars a a a

0o 0o Qoo

Following (C.35), we build p via

p=SM,,_ o%, (;0 X (IdR,EQ (;1 o SM, (IdR)> )) .

[e.e] [e.e]

The bounds for p follow from the respective bounds for Yo from Definition 41, Idg from
Lemma 38 and SM,, from Definition 42. [ |

We now use Propositions 47 and 48 to get an approximation result for univariate Leg-
endre polynomials.

Corollary 49 (01-NN approximation of L;) Let j € No and 6 € (0,1/2). Then there
exists a 01-NN Ljs = [—1,1] = R with

sup |Ljs(x) — Lj(x)] < 6.
z€[—1,1]

Furthermore, there exists a constant C' such that it holds

depth (Ej’(;) <Cj(j+ log(é_l)) , (C.36)
width (Ej,5> <9, (C.37)
size (im) < Cj(j+log (57Y)), (C.38)

mpar <ﬂj’5> <1.
Proof For j € N, 1 € Ng, I < j, denote the coefficients of L; with cg In Opschoor

et al. (2020, Eq. (4.17)) the bound Y7_ |c/| < 47 is derived. With ¢ = (¢])7_, it holds
|7]loe < D°7_4lc]| < 47. The result now follows with Proposition 47. |

We continue with the o4-case.
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Corollary 50 (04NN approximation of L;) Let j € No. Then there exists a o4-NN
L;: R— R with

Lj(z) = Lj(z) Vz€R.

Furthermore, there exists a constant Cy only depending on q such that it holds

depth (ij) < Cyj, (C.39)
width (L;) < C,, (C.40)
size (E]) < CyJ, (C.41)

mpar (EJ) < (.

Proof The bounds follow similar to the o1-case using Proposition 48. |

Appendix D. Proofs of Section 3
D.1 Proof of Proposition 17

We proceed analogously to the proof of Opschoor et al. (2022a, Proposition 2.13). We

define fa s as a composition of two subnetworks, fa 5 == f/(\l()s o f/(\Q();. Corollary 49 ensures the
existence of (arbitrarily good) 01-NN approximations of univariate Legendre polynomials.

All relevant approximations are evaluated, in parallel, by subnetwork f/(&);, i.e.

(2) . i
18w = ({lwelost},, ). (1)
where we used

T ={(j,v;) € NZ:vel je suppv} , (D.2)
§ = (2d(A)) "t (2m(A) +2) 74N+

andy = (Z/j)(j,uj)eT In (D.1) the big round brackets denote a parallelization and we use the

identity networks to synchronize the depth. The subnetwork f/(\l()S takes the output of fl(f(); as
input and computes, in parallel, tensorized Legendre polynomials using the multiplication
networks [[ introduced in Proposition 45. With M, := 2[v[; + 2 we define

P ((zesizy) = Fi (fz(\Q,()s(y))

—JA
= ({IdR oﬁm% ({IdR oL, & (yj)}jesupw) }.,EA> . (D3)

The multiplication networks in (D.3) are well-defined, since

sup  |Ly, 5(y;)| < 2w +2 < 2|1 + 2= M,, (D.4)
yje[fl,l}
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where we used (3.10) and ¢’ < 1.
We will first show the error bound in (3.12). Let v € A be arbitrary. We use the

shorthand notation || - || := || - || jee((_ 1,171y and calculate
’ Lu - Lu,d ‘
L& Ly s — {Lo,}
. H vj,6 + ' H vj,0 H6/27My< vj:0 jesuppl/)
JEsupp v JEsupp v
< 5 | I Zos| Jou—Tus| | T 2u]+3
) ) 2
k€Esuppv ||jEsuppr: JESuppv:
i<k >k

5 M, )
<d(M)MIVT 4 S < S+ 2<s
<d(A) 2=\ ammy 12 p =0

where we used (D.4), M, < 2m(A) + 2 and the definition of §’.
We proceed and calculate the depth L of fps. Since fas = f[(xl()S o [(‘2()5, it holds
depth(fas) < depth(f{)) + depth(f) + 1, see (C.9). We start with a depth bound

of f/(f();. Denoting by C' a universal multiplicative constant that is allowed to change from
line to line, it holds that

depth <f(2)) =1+ max depth ([N/Vj75/)

jEsuppv
<C max v (v +log (57))
< Cm(A) (m(A) +log (571)
< Cm(A) (log (d(A)) + d(A) log (m(A)) + m(A) + log (671))
< Cm(A) (log (d(A)) + d(A) log (m(A)) +m(A) +1log (57)) . (D.5)

In (D.5) we used the depth bound for univariate Legendre polynomials, (C.36), at the first
inequality. Furthermore, we used v; < m(A). For the depth of f/(\l()s it holds

MY _
depth (fAv‘S) =1+ en depth (H5/2,Mu>
<1+ C'max log (| supp v|) (log (| supp v|) + [ supp v|log (M) +log (57))

<1+ Clog (d(A)) (log (d(A)) + d(A) log (m(A)) +1og (671)), (D.6)

where we used |supp v| < d(A) for all v € A, M, < 4m(A) and the depth bound for o;-
multiplication networks from Proposition 45. Combining the two depth bounds (D.5) and
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(D.6), we get

depth (fa,5) = 1 + depth (f(l)) + depth (fA ()5)

)

< Cm(A) (log (d(A)) + d(A) log (m(A)) + m(A) + log (671))
+ Clog (d(A)) (log (d(A)) + d(A) log (m(A)) + log (671))

< C[log(d(A))d(A) log(m(A)m(A) +m(A)? +1og(6~) (log(d(A)) +m(A))]

For the width width(fa 5) we use width(fs 5) < 2 max{width(f/(&()s), width(fl(f();)}, see (C.10).
This leaves us to calculate width( f,@;) and width( fl(\l()s) It holds
width (f3) < D width (TdgoLy, )
(J,v)ET
<2 3 width (EWS,) < 18/T), (D.7)
(vi)eT

where we used (C.5) for the width of the o;-identity network and (C.37) for the width of
Ly, 5. For width(f{}) it holds

width ( ) 3" width (IdR OH5/2,M,,>

veA
<2)  width (HMMV)
veA
<> 10d(A) = 10]Ald(A), (D.8)
veA

again using (C.5) and (C.24) for the width of the multiplication network 1:[ Combining
(D.7) and (D.8) gives

width (fa,s) < 36[Ald(A)
where |T'| < |A|d(A) was used.

To estimate size(fs 5), we use (C.7) and find size(fa5) < 2size(f/(\17();) + 2size(f/(\%()5). We
calculate

e (182) = e (frmer s} )
= Z size (IdR O[Nzyj,é'(yj)>
(Jvy)eT

<2m(A)d(A) max <size (Idr) + size (zuj,&(yj)))

]al’J)

(
<10 d(A L, sy
< 10m(A)d(A) mas size (L, (u7))

< Cd(A)m(A)? (m(A) +log (61))
< Cd(A)m(A)? (log (d(A)) + d(A)log (m(A)) +m(A) +log (571)) . (D.9)
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In (D.9) we used the NN calculus rules for the sizes of a sparse concatenation in (C.7) and
a parallelization in (C.2). Furthermore, we used |T'| < m(A)d(A) at the first equality and

ize (Idg) < 4 d th(f/,,/ -)<4 i (Ey., ) D.10
size (Idr) < (fax, dep oY) ) < Juax, sine ( Ly,s (y5) (D.10)

which follows from (C.4). At the third inequality in (D.9) we used the size bound for the
univariate Legendre polynomials from (C.38).

For size( f/(xlz);) it holds

size (f/(\lb = ;size <IdR Oﬁ5/2,M.,)

<2 Z <SiZe(IdR) + size <H5/2,M.,>>

veEA

< 10|A] max size (H5/2,M,>

< C|A|max | supp v| (log (| supp v|) + | supp v|log(M, ) +log (1))

< C|Ald(A) (log (d(A)) + d(A) log(m(A)) +1og (671)). (D.11)
In (D.11), we used the size bound for 1:[ from (C.25) and the argument from (D.10). Ad-
ditionally we used M, = 2|v|; + 2 < 4m(A). Combining (D.9) and (D.11) shows the size
bound for fj s.

The network fj s consists of sparse concatenations and parallelizations of the networks

]:[ and L;. Because we have mpar(f[) < 1 and mpar(L;) < 1, the NN calculus rules (C.11)
and (C.1) yield mpar(fa ;) < 1. This finishes the proof.

D.2 RePU-Realization of Tensorized Legendre Polynomials

We show a result analogous to Proposition 17 for the RePU-realization of tensorized Legen-
dre polynomials. The construction is similar to Opschoor et al. (2022a, Proposition 2.13).

Proposition 51 (o,-NN approximation of L,) Consider the setting of Proposition 17.
Let g € N, ¢ > 2. Then there exists a o4-NN fp such that the outputs {Ly },cn of fa satisfy

Ywel VyeU: Lo(y) = L,(y).
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Proof Similar to the proof of Proposition 17 we define fj as a composition of two subnet-
works f/(\l) and f/(\Q). It holds

f/(\2)(y) = <{IdR OiVJ(yj)}(j,yj)eT)

and

IO ((ieyr) = 10 ( e (y)) = ({IdR oﬁ ({IdR oLy, (yj)}jesuppu> }V€A>

with 7" from (D.2) and y = (y;)(j.,)
50 and 1:[ from Proposition 46. The calculations are similar to the proof of Proposition 17.
It holds

er- Furthermore, we use the o,-NNs f/j from Corollary

) — L, )< <
depth (fA ) 1+ rnflea/i( depth (Ll,].> <, Iglea/{( vj < Cym(A). (D.12)
JEsuppv JESuppv

In (D.12) we used the depth bound for univariate Legendre polynomials, (C.39). Further-
more, we used v; < m(A) for all v € A and j € supp v. For the depth of f/(\l) it holds

MY _ <
depth (fA ) =1+ Igleaicdepth <H> <1+ max log (| supp v|)
<1+ Cylog(d(A)), (D.13)

where we used |supp v| < d(A) for all v € A and the depth bound for o, -multiplication
networks from Proposition 46. Combining the two depth bounds from (D.12) and (D.13),
we get

depth(fx) < C, (m(A) + log(d(A))).
For the width width(fa) we calculate
width () = 37 width (IdroL,, ) <€, - width (Ly,) < CIT], (D.14)
(j,l/j)ET (j,l/j)ET

where we used (C.16) for the width of a o,-sparse concatenation and (C.40) for the width
of L,,,. For width(f{") it holds

width ( ﬂl)) <3 width <IdR oﬁ> < Cy ) width <ﬁ>

veA veA

< Cy Y d(A) = Cy|Ald(A) (D.15)

veA

using (C.16) and (C.32) for the width of the multiplication network ]:[ Combining (D.14)
and (D.15) gives

width (fa) < Cg|Ald(A),
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where |T'| < |A]d(A) was used.

To estimate size(fa), we use (C.13) and find size(fy) < C’q(size(f/(xl)) + size(f/(\z))). We
calculate

e (117) e ({ree ) )
= Z size (IdR szuj(yj))

(4,v;)€T
< Cym(A)d(A) max_(size (1dr) +size (Lo, (4) ) )

(j:Vj)ET

< e (L. (v
< Cm(A)d(A) e size (L, (7))

< Cyd(A)m(A)2. (D.16)

In (D.16) we used |T'| < m(A)d at the first inequality and

ize (Idg) < C, depth (L,.(y;)) < C ize (L. (y;)) , D.17
size (1dg) < Cy max depth (L, (35)) < Cy max sive (L) (D7)

which follows from (C.6). At the third inequality in (D.16) we used the size bound for the
univariate Legendre polynomials from (C.41).

For size( f/(\l)) it holds

size (1) = size <IdR oﬁ>

vEA

< Cq% <size(IdR) + size (ﬁ))

< C4|A i
< Gy ‘rzflea/)\( size (H)

< CylA
< CqlAlmax | supp v|

< O Ald(A). (D.18)

In (D.18) we used the size bound for 1:[ from (C.33) and the argument from (D.17). Com-
bining (D.16) and (D.18) shows the size bound for fy.
The network fj consists of sparse concatenations and parallelizations of the networks

[ and L;. Because we have mpar([]) < C, and mpar(L;) < C,, the NN calculus rules
(C.17) and (C.1) yield mpar(fy) < C,. This finishes the proof. |

D.3 Proof of Theorem 18

The following two theorems are similar to Herrmann et al. (2024, Theorem 5) and will be
required for the proof of Theorem 18.
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Theorem 52 For N,q € N, consider the sparse FrameNet class G;%\I(aq, N). Let Assump-
tion 2 be satisfied with r > 1 and t > 0. Fiz 7 > 0 (arbitrary small). Then there exists a
constant C > 0 independent of N, such that there exists I'y € G;pN(aq, N) with

sup [[I'v(a) — Go(a)lly < CN—min{r=Lt+r, (D.19)
a€CE(X)

Theorem 53 Consider the setting of Theorem 52. Let ¥y be a Riesz basis. Additionally,
let v be as in (3.9). Fiz 7 > 0 (arbitrary small). Then there ezists a constant C > 0
independent of N, such that there exists T'n € Gpx(oq, N) with

—min{r—1% T
ITN = Gollz2(or () ) < CN {r=stper (D.20)

We first show that Theorems 52 and 53 imply Theorem 18.

Proof [Proof of Theorem 18] First consider the setting of Theorem 52. Let 7 > 0. Then
there exists a constant C' independent of N and a FrameNet I'y € G\ (0q, N) such that
for all N € N

TN — GOHiO,Supp(’y) < sup |Dn(a) — Go(a)|[j < ONT2min{r=—1a+r
acCE(X)

where we used (D.19) with 7/2 and supp(y) C Cy(X) by Assumption 2.
Now consider the setting of Theorem 53. Let 7 > 0. Then there exists a constant C
independent of N and a FrameNet Gy (o4, N) with

_ i _1
HFN - GOH%Q(,Y) S HFN - GOH%Q(C%(X),'}/,H) S CN len{r 2,t}+‘l‘,

where we used supp(y) C Cx(X) (Assumption 2) and (D.20) with 7/2. [ |

We are left to prove Theorems 52 and 53. We need some auxiliary results.

D.3.1 AUXILIARY RESULTS

Forr>1, R>0, U = [-1,1]N and 0%, from (3.7) we define
u:U—=Y, uly) = (Gooog)(y).

For the proofs of Theorems 52 and 53 we do a Y-valued tensorized Legendre expansion of u
in the frame (n;Ly(y));» of L*(U,7;Y), which reads

u(y) = Golom®) =Y > v iniLu(y) (D.21)

JENVETF

with Legendre coefficients

e = /U L (y) (u(), 7}y dr(y). (D.22)

Our aim is to construct the network Iy out of the tensorized Legendre polynomials with
the “most important” contributions to the expansion. This contribution is quantified via
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the Legendre coefficients ¢, ; in (D.22). We therefore have to examine bounds on ¢, ; and
analyze their respective structure. Therefore consider the following order relation on multi-
indices in J from (3.11). For p,v € F we write p < v if and only if p; < v; for all j € N.
We call a set A C F downward closed if and only if v € F implies p € F for all p < v.

Furthermore, for v € F, define
o0

Wy = H(l + 2Vj).
j=1
The following theorem is a special case of Zech (2018, Theorem 2.2.10). The formulation is
similar to Herrmann et al. (2024, Theorem 4).

Theorem 54 (Herrmann et al. 2024, Theorem 4) Let Assumption 2 be satisfied with
r>1landt>0. Fizr >0, p€ (1] and t' € [0,t]. Consider F from (3.11), and let
= ®jeN% be the infinite product (probability) measure on U = [—1,1]N, where A denotes
the Lebesgue measure on [—1,1]. Then there exists C > 0 and a sequence (ay)yecg € (P(F)
of positive numbers such that

(i) for eachv € F

T
v

S CaV7
Yt

)

/ L (y)uly) dr(y)
U

(7i) there exists an enumeration (V;)ien of F such that (ay,; )ien is monotonically decreasing,
the set Ay ={v; : i < N} CF is downward closed for each N € N, and additionally

m(Ay) = max_ || = O (log(|An]) (D.23)

i=1,...,

d(An) = _max | suppv| = o (log(|An])) (D.24)

for N — oo,

(iii) the following expansion holds with absolute and uniform convergence:

VyecU: u(y) = Z L,(y) /U L, (x)u(z) dr(z) € Y*.

ved

The following proposition reformulates Theorem 54 (i) into a bound for ¢, ;. It was
shown in Herrmann et al. (2024, Proposition 2). Recall that 6; denote the weights to define
the spaces Y?', ' > 0, see Definition 14.

Proposition 55 (Herrmann et al. 2024, Proposition 2) Consider the setting of The-
orem 54. Then for eachv € F

o4t
waT E 0; 2 CEJ < C%d2.
JEN

Proposition 55 gives decay of the coefficients ¢, ; in both j and v. Since 6; = O(j~*7)
for all 7 > 0 we have c,2,7j = O(j712+7) for 7 < 2rt’ and every v € Ay. Furthermore,
since (ay)yey € P(F) the Legendre coefficients ¢, ; decay algebraically in v. We continue
with a technical lemma, which was shown in Herrmann et al. (2024, Lemma 4).
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Lemma 56 (Herrmann et al. 2024, Lemma 4) Let « > 1, 8 > 0 and assume two
sequences (a;)ieN and (d;)jen in R with a; $i™% and d; < 7B for alli,j € N. Additionally

assume that (d;) jenis monotonically decreasing. Suppose that there exists a constant C' < oo
such that the sequence (c; ;)i jen satisfies

. . 2 -2 2 2
VieN: ) ¢d?<C%;.
JEN

Then for every 7 >0

(i) for all N € N there exists (m;)ien C NY} monotonically decreasing s.t. > ;cymi < N
and

2

Z Z sz,j S.; N— min{afl,ﬁ}JrT’

ieN j>my

(it) for all N € N there exists (m;)ien € NY monotonically decreasing s.t. ;o mi < N
and

2
Z Z 6127]' 5 N—min{a—%,ﬁ}—‘ﬂ"

ieN j>mi

In the following, we use Lemma 56 to get a decay property for the Legendre coefficients
Cy;,; with the enumeration ¥; of A from Theorem 54. The sequence m = (m;);en quantifies
which coeflicients of the Legendre expansion are “important” and are therefore used to define
the surrogate I'y.

We first show that Theorem 54 yields sufficient decay on the Legendre coefficients ¢, ;
s.t. the assumptions of Lemma 56 are satisfied.

Lemma 57 Consider the setting of Theorem 54. Let T > 0 such that 1/p > r —7/2. Then
the assumptions of Lemma 56 are fulfilled for o =r —7/2, B =1t —7/2, a; = ay;, dj = 05/

1/2 .
and ¢; j = w,,,./ Cy;j fori,j €N,

Proof Proposition 55 with 7 = % gives

D=

1 / T
Wy, ZH;% Cgi,j =0(ay;) =0 (i_ﬂr?) . (D.25)
JEN

The last equality in (D.25) holds because ial, < > jEN aﬁj < 00 (since ay,; is monotonically
decreasing) implies a,, = O(i~/P) = O(i~"t7/2). Since (9§,)jeN € (1/(=7/2) (see Definition
14) it holds

t o i—t+7/2

9j = 0(j / )

with the same argument. |
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D.3.2 PROOFS OF THEOREMS 52 AND 53

The proof of Theorems 52 and 53 is similar to Herrmann et al. (2024, Sections 4.2-4.4,
Proofs of Theorems 1,2 and 5).

Proof [Proof of Theorem 52| Let (ay),cs be the enumeration (¥;);en from Theorem 54,
where we use the case 7 = l Therefore (ay,)ien is monotonically decreasing and belongs
to (7 with p € (,1]. We further fix 7 > 0 and demand 1> -7 Fix N € N and set
Ay ={y;:j< N } € &, which is downward closed by Theorem 54. Now we approximate
the tensorized Legendre polynomials L, on the index set Ag. Let p € (0, %) In the ReLLU
case, Proposition 17 gives a NN fa ., with outputs {E”vP}VGAN s.t.

sup max |Ly (y) — Ly ,(y)| < p.

yeU UGA

Using |Ag| = (D.23) and (D.24), it holds for N > 2
depth(fa ;) = O (log(IV)?1og (log(V))? + log(N) log (™) ),
width(fa;,p) = O(Nlog(N)),
size(fag,p) = O (N log(N)?log(log(N)) + N log(N) log (p*1)> ,
mpar(fAN,p) =

The constants hidden in O(.) are independent of N and p. For N € N, set the accuracy
p=N" min{r—3.} Then it holds

depth(fa,.) = O (log(V)? log(log(V))?)
size(fa ) = O (N log(W)? log(log(N)) ) .

Proposition 51 shows that the ReLU bounds also hold for the RePU-case.

By Lemma 57 the assumptions of Lemma 56 are satisfied. Applying Lemma 56 (i) with
o =71 —7/2and B :=1t— 7/2 gives a sequence (m;);en C N such that Y, ym; < N and

2

l ~ . ~
Sl (T, <om o -
€N j>myg
We now define
(7&3’) = Y Ly @, (D.27)
{ieN:m; >3}
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for j € N, where empty sums are set to zero. Recall the uniform distribution 7 on U =
[1,1]", see Example 3. With 35 = (75 ;)jen it holds

1Go 0 o) — Dy o7 @)y = || D i Los @5 — Y > coniLunp®)n

i,5€N 1€EN j<m; y

<Y Lu@) D cngm|| + DL ®) = Luo®) Y g

ieN j>my y ieN j<m; Yy
3 3
2 2
< Ag, Z || L[| oo, Z Cuj | T A%PZ Z Cvij
i€EN 1 j>my ieEN \j<m,
<wg,
< éA\I’y N— min{r—1,¢t}4+7 + éA\IIyP < ON— min{r—1,¢t}4+7 (D28)

for ally € U. In (D.28) we used the definition of Dy, (D.27) and (D.21) at the first equality.
Furthermore, we used (D.26), the definition of p and

(NI

1
b
Z ZC?«"J' SZ ZC'Q/M’

1eEN \j<m; ieN \jeN

- 1 ,
<O (S0,
ieN jEN
<C> a,<CY i< (D.29)
1€N ieN

at the second-to-last inequality. We changed the constants C' from line to line in (D.28)
and (D.29). The last line of (D.28) shows why the RePU-case does not improve the approx-
imation property qualitatively. In the RePU-case, Proposition 51 gives a 0,-NN fj exactly
realizing the tensorized Legendre polynomials, i.e. the case p = 0 from above. Therefore
the second summand in the last line of (D.28) vanishes. This does not improve the approx-
imation rate due to the first summand. This part depends on the summability properties
of the Legendre coefficients ¢, ; following Assumption 2 and is therefore independent of the
activation function o.

Now we argue similarly to Herrmann et al. (2024, Proof of Theorem 1). Consider the
scaling S, from (3.5). It holds

Sro&x(a) eU  Vae Cr(X), (D.30)
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because of (3.8) and (3.5). We define f‘N =Dy o7y oS, oy and calculate

sup HGO ~N(a)H = sup | Go(a) =Dy oy oS, o&x(a)ly
a€C(X J o aeCh(®)
= sup HG[)OO'TR(y) —DyonyoSrogxoaﬁ(y)Hy
{yeU: o (y)eCR(X)}
<sup |Go 0 o (y) — Dy 0 F5 ()|, < CN~minlr= LU+, (D.31)
yc

where we used (D.30) and (D.28).

In order to finish the proof of Theorem 52, we relate N to N and show I'y =T N €
G;%V(O'q, N), i.e. we show that the approximation networks we constructed have the desired
sparse structure. We simultaneously prove the ReLLU- and RePU-case.

In order to analyze the NNs 5 from (D.27), we specify its structure. We set n; =
[{m; > j}| and define

’7]\7 = ({an ({IdR OSMC,,i,j © INJVivP}mv>j> } 'eN) . (D32)
= J

The round brackets in (D.32) denote a parallelization. The networks SMC% ; denote the
scalar multiplication networks from Definition 42. Furthermore, %, denotes the summa-
tion network from Definition 41 and we use the identity networks Idg from Lemma 37 or
38 to synchronize the depth. Using the respective bounds for the summation and scalar
multiplication networks and the NN calculus for parallelization and sparse concatenation
we get,

depth(yy) <2+ max (depth (lé,,i,p) + depth (SMCV ])> + max depth (2,,)

1,jEN2 , m;>j JEN

<3+ O(log(N)*log(log(N))) +  max — Cylog (e ) +0
i,5EN2 m;>j

= O(log(N)*log(log(N))), (D-33)

width(7 ) < max{z Y width (E,,i,p) Sy Wldth( o J) ,

JENmM;>j JENmM;>j

> > width (Idr), > width (znj)}

JENmM;>j JEN

< C,max { O(Nlog(N Z Z C’q,Zn] = O(Nlog(N)),

JENmM;>j JEN
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as well as

size(Vy) Z Z (sme ( ) + size (SMCV j) + size (IdR)) +Cy Z size (Enj)

FJENmM;>j JEN

=0 (Nlog( )2 log(log(N ) + Z Z Cqlog (|cy; 51) | + Cyny

JEN mi>j
SO(NI g(N)?log(log(N )—i—CZZl
JENmM; >3
0 (N log(IN)?2 log(log(N))> : (D.34)

mpar(Yy) < Cq.

In (D.33)-(D.34) we used log (|cy, ;|) < Cy for all i, j € N independent of n. Furthermore,
we used

2= ) 1= > 1=) mi<N.

JEN JENmM;>j €N j<m; €N

To get rid of the logarithmic terms, we define N = N(N) := max{1, N log(N)?3} and obtain
a NN vy = :)/N with

depth(yn) = O(log(N)),

width(yy) = O(N),
size(yn) = N,

mpar(yn) < Cg

and error less than
C’Nﬁ min{r—1,t}+7 _ éfon < 6(3/1/7:)3/<N7n+7~' = CON~ min{rfl,t}JrT' (D35)

Per definition depth(vyy) = O(log(N)) and width(yy) = O(N) yields constants Cr, C,, and
Ny, Ny € N s.t.

depth(
width(

) ax{1,log(N)}, N > Ny,

v) < Crm
’VN)SCN’pN7 N > Ns.

Setting Cp, = max{é’L, maxy=2, . n,—1depth(yy)/log(2)} and
Cp = max{C), maxy—1,. N,—1 width(yx)} shows

depth(yny) < Crlog(N), N €N,
width(yy) < C,N, N eN.

In order to show I'y := Dy oyy o S, 0 &y € G;pN(aq,N), we are left to show that the
maximum Euclidean norm || - [|2 of v in U is independent of N. It holds for all y € U that
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Dy o S, (y) € CH(X). We get

sup ||y (¥)]l2 = sup [|€y o Ty 0 Dy 0 S, (y)]I2
U yeU

ye
<Ay, sup [[Tn(a)lly
acCE(X)
= Ay, sup [[I'n(a) —Go(a) + Go(a)lly
acCR(X)
<Ay, sup (|[I'n(a)—Go(a)lly + cl|Go(a)ly:)
acCT(X)
< Ay, (C +cCg,) = B, (D.36)

where Ay, denotes the upper frame bound of ¥y and ¢ = 0%, see Definition 14. In (D.36)
we used Assumption 2 and the approximation error from (D.35). Thus I'y € G\ (og, N)
for all N € N, where we set C; = 1. Using supp(y) C Cx(X), see Assumption 2, in (D.31)
finalizes the proof of Theorem 52. |

Proof [Proof of Theorem 53] By Lemma 57 the assumptions of Lemma 56 are satisfied.
Applying Lemma 56 (ii) with o :== 7 — 7/2 and 8 :=t — 7/2 gives a sequence (m;);en C N}

such that ), \m; < N and

2
S Y| Nt D7)

ieN j>my
Define 75 = (Y5 ;)jen for all y € U with § ; as in (D.27). Then it holds

IGo ook — Dy o Agllzwmyy < 1D D wiLun

€N j>m;

+ Z Z Cu;,575 (LW - EVMJ)

(EN = L2(Um3Y)

L2(U,m;Y)

D=
=

< Ag, Z HLVngoﬂr Z 612/,-,]‘ + Awyp Z Z 012«-73‘

iEN T > m i€N j<m;
< C’A\IlyN_ min{r—%,t}-l—% + C’A\IIHP < éN— min{r—%,t}-ﬁ-%' (D38)

In (D.38) we used the definition of Dy, (D.27) and (D.21) at the first inequality. Additionally
we used that (Lyn;)y; is a frame of L?(U,m;Y) at the second inequality. Finally we used
(D.37), the definition of p and an argument similar to (D.29) at the second-to-last inequality.
Note that again we changed the constants C' from line to line in (D.38).

Since Wy is a Riesz basis, we have (see Section 3.1.2 and 3.5)

Cr(X) ={ok(y),y €U} and ExooR(y) =S5 ") (D.39)

66



STATISTICAL LEARNING THEORY FOR NEURAL OPERATORS

With fN = Dy oYz 0 Sy 0 Ex we calculate

-

LZ(CB(XL(UE)#W;Q) = H®H OYN © S'r @) (C.:x - GOHL2(C§(:)C),(U;{)#N;5)

= H@g oYgoSro€xooy—Goo UTRHLQ(UJ#)

= 1y o35~ G oy < CN 4,

where we used (D.39) and (D.38). Defining N = N(N) := max{1, N log(N)?} we can pro-
ceed similar to the proof of Theorem 52 from (D.31) on. The reason this works is that
the NNs 7 are defined in the same way in the L?- and the L*-case (only the sequence m
changes, but not its properties). This shows I'y == I 5 € Gi\(0g, N) for all N € N and
thus finishes the proof of Theorem 53. |

D.4 Proof of Lemma 20

The arguments in the following proof are based on entropy bounds for feedforward neural
network classes, first established in Schmidt-Hieber (2020a, Proof of Lemma 5).

Define the supremum norm || - |[oc,00 OD grN as
9lloc.00 = sup [[g@¥)lloo, g € gEN, (D.40)
yeRPO

where |||/ denotes the maximum norm in R™. Then Petersen et al. (2021, Proposition 3.5)
shows that (grn, ||||co,00) is compact. Since the map i : gpn — GrN, g = G = Dyogo &y is
linear, also (GEN, ||[|oc supp(+)) @nd hence (G, [|-||») is compact. We now show the entropy
bounds for Gry.

Step 1. Recall depth(g) < L, depth(g) < p, size(g) < s and mpar(g) < M for g € gpN.
We first estimate the entropy H (Gpn, || - HOO,Supp(fy)7 J) against the respective entropy of gpn.
For G,G’ € Gy and g,¢' € Gpx with G = Dyogo S, 08y, G' = Dyog oS, o0&y, it holds

IG = G looor) = sup |[DyogoSyo&x(x)—Dyog o8, ox(x)|y

zeal(U)
< Ay, Sugllg(y) — 9 W2 < Awyv/Pllg — 9lloo.co; (D.41)
ye
where we used o’y = Dy 0 S, ! and || - [|so,00 from (D.40). Furthermore, we used [|g(u)|2 <

V/Pllglls for all g € gpn, since NNs g € gpx have width(g) < p. Then (D.41) yields
)
HGex, || - losor (1), 0 §H< , -OOOO,). D.42
(Grxs | Mloo,o,1r), 9) 9N || - oo, Koy b (D.42)
Step 2. It remains to bound H (grn, || - [|co,00, 9) = 1og(N (grN, || - 00,005 9)). To this end
we follow the proof and notation of Schmidt-Hieber (2020a, Lemma 5). For I =1,... L+1,

define the matrices W; = (wij)m € RPi-1*Pl and the vectors B; = (bé-)j € RPt. Furthermore,
define

oB R 5 RPL gBi(z) = 0y(z + B)) = max{0,2 + B}, 1=1,...L,

oBL1 . RPL+1 RPL+1, O.BL+1($) =2z+ Bpi1. (D.43)
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Then we can write a NN ¢ € gpy as a functional composition of o® and W7, i.e.
g:RPO — RPLHL () = GBL“WLHGBZ WP 2.
For k € {1,...,L + 1} we define the functions
A,Jgg : RPO — RPk Azg(x) = oWy, ... oP W,
Al g:RPF1 5 RPLHL A g(x) = oBrawp o W (D.44)
Furthermore, set Aarg = Idgro and AZ+2g = Idgrr41. For all 1 <1< L+ 1 holds
lo7! (@)oo < llzfloc + M

W (@)oo < W ool zlloo < Mpl|2]|oo.
We claim that for k € {1,..., L+ 1}

sup_ |4} g(@)[loo < (M(p+ 1))
z€[—1,1]P0

and proceed by induction. The case k = 0 is trivial. To go from k — 1 to & we compute

Sup [ Af 2o = sup 0B Wi(oP 1 Wiy - 0P W) oo
x€[—1,1]P0 z€[-1,1]P0
< sup lo P Wz
z€[— (M (p+1))F =1, (M (p+1))k~1]Pk—1
< (Mp(M(p+1))" + M) < (M(p+1))F, (D.45)
as claimed.
Moreover, for I = 1,..., L +1, Wy : (RP=1 | - [[oc) = (RP!, || - |l) is Lipschitz with
constant Mp and 0B : (RPL || - ||eo) — (RP%, || - ||oo) is Lipschitz with constant 1. Thus we

can estimate the Lipschitz constant of A, g for k =1,...,L + 1. It holds
HA,;g(x) — A,;g(y)Hoo = HUBL“WLH oW — UBL“WLH e UB"kaHOO
< Mp HJBLWL .. .O'BkaLIZ — O'BLWL .. UBkayHOO
<... < (Mp)L+2_k |z — ylloo for z,y € RPF-1. (D.46)

Now let g, g* € grn be two NN such that |w§7j — wi;| < e and |b£ — bi*| <eforalli<ppq,
7 <p, ! <L+1. Then
L+1
9= 8"l < D |[Aiiag0 ™ Widi_1g" = A g0 WEAL g
k=1
L+1
< 3" (Mp)tHIH HaBkaA;_lg* —oBiW AL g
k=1
L+1
L+1—k
<3 ()" ([ = WAL g |+ 1Bk~ Bill)
k=1

00,00

00,00

L+1

<e Z (Mp)L+i=* (pMk’l(p F1)Rl g 1)
k=1

<e(L+1)MEp+1)EH, (D.47)
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where we used (D.45), (D.46) and M > 1. The total number of weight and biases is less
than (L + 1)(p? + p). Therefore there are at most

G ) s

combinations to pick s nonzero parameters. Since all parameters are bounded by M, we
choose ¢ = §/((L + 1)M*%(p+ 1)¥*1) and obtain the covering bound for all § > 0

N(gex, || - oo, ) < max {1, > (2Me L+ 1)(p° —I—p))s*}

s*=1

< max {1, Z (2671 (L + )M  (p+ 1)FH(L + 1) (p? +p))8*}

s*=1

< max {1, Z (267 ML+ 1)2M" M (p + 1)L+3)5*}

s*=1
< (2P LAMEH IS max {1,567 1) 7T (D.48)

where we used L > 1 and p > 1 at the last inequality. Egs. (D.48) and (D.42) show (3.16).
Applying (3.16) to the sparse FrameNet class Gpx (o1, N) gives

H(G;g\l(al’ N)v || ’ ”oo,a%(U)a 5)
< (sizey + 1) log (QdepthNJ’GAq,% depth?vMdepthNHwidth?\?pthN+4 max {1, 5_1}>
< (CsN +1)
x log (20L IOg(N)—i_GA\I/‘d (CL 1Og(N))2MCL log(N)-l—l(CpN)CL log(N)+4 max {1, 5—1})
< CiPN (1 +log(N)? +log (max {1,67'})), Ne€N, §>0, (D.49)

where we defined

C3F =20, <(CL +6)log(2) + log(Aw, ) + C7+

+ (Cp +1)log(M) + (Cr, + 4)(log(Cp) + 1))

Applying (3.16) to the fully connected FrameNet class Gill(a1, N) gives

H(GEN (o1, N), || - llso,or (1) 6)
(s"C(N) + 1) log <2depthN+6Aq,Hdepth?VMdepthN+1width?\fpthN+ Y max {1,571 })
((depthy + 1) (width}, + widthy) + 1)

x log (20L log(N)-i—GA‘I’y (C, log(IN))2MCr10e(N)+1 (0 N)Cr1og(N)+4 {1, 5_1})
((CLlog(N) +1) (CZN? + C,N) +1)

x log (20L 1og(N)+6A% (C1 log(N))2MCr log(N)—H(CpN)CL log(N)+4 1o {1, 5—1})
CIEN? (1 41og(N)? +log (max {1,67'})), N €N, (D.50)

IN

IN

IN

IN
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where we defined

Cif =8CLC? ((CL +6)log(2) + log(Aw, ) + C7+

+ (Cr + 1) log(M) + (Cr, + 4)(log(Cp) + 1)>

Equations (D.49) and (D.50) finish the proof of Lemma 20.

D.5 Proof of Lemma 22

The following proof is a modification of Schmidt-Hieber (2020a, Proof of Lemma 5) to the
case where the activation function is not globally, but only locally Lipschitz continuous.
The compactness of (G, || - [|oosupp(y)) follows similarly to the ReLU case since Petersen
et al. (2021, Proposition 3.5) holds for any continuous activation function.

Let ¢ € N, ¢ > 2 and let 04 : R = R, 04(z) = max{0,2}? denote the RePU activation
function. Recall depth(g) < L, width(g) < p, size(g) < s and mpar(g) < M for g € gpN.
We argue analogously to the ReLU-case in Lemma 20 and bound the entropy of the NN
class grn (g, L, p, s, M, B). Recall the definitions of o7, Agg and A, g from (D.43)-(D.44).
Similar to (D.45) it holds that

1AL gllcoco = sup A5 g(x)[loo
z€[—1,1]P0
< sup HO‘BkaO'Bk_l . Wgaqa:HOO
x€[—M(p+1),M (p+1)]P1
< sup HO’BkaO'Bk_l ...ngHoo

e€[-Ma(p+1)¢,M4(p+1)d]P1
<M+ < M+

where we used M > 1.

In the RePU-case, A4, g is only locally Lipschitz: Since |oq(z)’| < g|z|?"! it holds

|og(2) = a4(y)| < gmax{la|, [y[}* e —y|  Vz,yeR.
Therefore for k =1,...,L+1 and z,y € RP*1, ||z]/ s, ||y]|cc < C, we get
A 9(z) = AL 9|
= HO-BL+1WL+10-BL Wi — UBL“WLHUBL ... kaHoo

< Mp H(;’BLI/VLUBL*1 Wiz — o BrwpeBr-t .kaHoo

q—1
e ( wp [Wyo™r. --kaum)
|z]| oo <C

X HVVLO’BL*1 o Wi — VVLO‘BL*1 e kaHOO

q—1
< (Mpq)L“*l€ < sup HWLUBL—l kaHoo>

[#]lo<C

q—1 q—1
X sup HWL,laBL*?...Wk:EHOO X oo X sup ||Wia|| o |z — yloo-
lzllo<C [z]lco<C
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Using
sup HWjaijl...Wka:HOO < sup HWjaijl...Wk_HxHoo
lzlloo<C 2]l 00 < (M (p+1)C)
< sup HWjan*l .. WkaHoo
200 (M (p+1))474 Ca?
<. < sup . [Wiz|
el oo < (M (p+1) Ei=1 ¢ cai =+
i—k i i

< (Mp+1)Xi=o? e’ < (Mp+noyr

forj=k,...,Land C,M > 1, we get
L N ikt
|47 9(@) = A5 9|, < Mp@) 2 TT (M+1DE)" o =yl (D.51)
j=k
R qL+27k
< (Mp) 2 (Mp+1C)" o=yl 2y RPN

Now we proceed similarly to (D.47). Let g,g* € grn be two NN such that |w§7j — wf;\ <e

and |b} — bi*| < eforalli < py1, 7 <p, ! <L+1 Then with AJg = Idgeo and
A7 109 = ldger+1 we estimate

Hg - g*Hoo,oo
L+1
< Z HAIZ—HgUBkaAI—:—lg* - Al;rlgaBk WiAi' 00,00
k=1 ’
L+1 S ft1 glt1i—k
< > (pg)" T (M(p+ 1) (Mp+ 1))
k=1
HJB’“W]CAZ__IQ* — O—BZW:AE__IQ*
00,00
L+1 S kb1 qL+1—k
< > (Mpg)" T (Mp+ 1) (Mp+ 1))
k=1
*\ A+ * * + * -t
<H<Wk - Wk)Ak_lg Hoo,oo + ||Bk - BkHoo,oo) q (M(p + 1) HAk—lg Hoo,oo>
= L+2—k k) a7
<2: ) (Mpo)" P (M) M+ ))TT)T (AL
k=1

(M(p +1) HAz_lg"‘HOO,OO)W1
< 25(L+1) (M(p+ 1)g)* (M(p+1) (M(p+ 1>>q“2)qL (6 + 1))’

< eLg™ta (2pM) " (2M /p(p? + p)(L+1))

In (D.52) we used the Lipschitz bound (D.51) with

(D.52)

k+1

€ = max {1, o P WAL 10"l 0P WAL 167l } < (M(p+1))""
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and p>1, L >1, ¢ > 2 at the last inequality.
As in the proof of Lemma 20, there are

<(L +1)(p* +p)

S

) < (L+ D@ +p)°

combinations to pick s nonzero weights and biases. Since all parameters are bounded by
M, we choose

_ 2M \/p(p* + p)(L +1)6
Lql+a (2pM)*""

and obtain the covering bound

N(grn, || - [loo,0050) < max {1, Z (2M€71(L+ 1)(102 +p))s*}

s*=1

< max {17 *E:I (LqL+q (2pM>4q2L+2 (@5)_1>8*}

2L+2 s+1

< (LqL+q (2pM)* VP~ ' max {1, 6_1}> (D.53)

Egs. (D.53) and (D.42) show (3.17).
Applying (3.17) to the sparse FrameNet class Gpy (0q, N) gives

H(GE\ (g N, || - oo, ) 9)
< (s5P(N) + 1) log (Aq,‘ddepth N PN (widthy M) max {1, 5*1})
< (CsN + 1) log (A%CL log(NV)gCr es(V)+a (ZCpNM)4‘120L lg(M+2 {1, 5_1})
< CRP N1+2Crlogla) (1 + log(N) + log (max {1, 5_1})) , (D.54)
where we set

Cif = 2C; (log(Aw,) + CL + (CL + q) log(q) + 4¢* (log(2C, M) + 1)) .

Applying (3.17) to the fully connected FrameNet class G%ﬁl}(oq,]\f ) gives the entropy

bound
H (G (04 N, || - llow,on, (1), )

< (sP9(N) + 1) log (A\p‘d depth yqdePthn+a (2WidthNM)Ll(fdepml\’+2 max {1, 5_1}>

< ((depthy + 1) (width + widthy) + 1)
% log (A\I,Hdepth N PN (2idthy M) max (1,67 })

< ((CLlog(N) + 1) (C2N? + C,N) + 1)
x log <A\py O log(N)gCrleeV)+a (ZC’pNM)4q20L S ax {1, 6_1})

< CEFENZF20L18() (1 4 1og(N)? + log (max {1,67'})), (D.55)
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where we set
Ci =8C,C3 <10g(1\\1:y) + Cr + (CL + q) log(q) + 4¢* (log(2C, M) + 1)>'

Equations (D.54) and (D.55) finish the proof of Lemma 22.

Appendix E. Proofs of Section 4
E.1 Proof of Theorem 27

In Herrmann et al. (2024, Proof of Proposition 3, Step 1), the holomorphy in Assumption
2 is verified for X, Y in (4.5) with 79 > d/2 and ¢ € [0,(1 + 9 — d/2 — ty)/d). Moreover,
v = (0)#m in particular shows supp(y) C Cg(X) and hence verifies the second part of
Assumption 2. Substituting s = ro+7d, i.e. r = 2, and taking t = (14+-ro—d/2—tg)/d—7
with some small 7, Theorem 23 (i) then gives

Ecol|Gn = Goll7z(,)) < Cn =17,

where

v — omind 570 1 14+r9—%—to

= - =7
d 2 d

for all rg > d/2 and ty € [0, 1].

From here on the proof is essentially the same as Herrmann et al. (2024, Proof of Propo-
sition 3, Step 2); the only difference is that while Herrmann et al. (2024) uses the uniform
bound in Theorem 18 (i), we require the L?-bound in Theorem 18 (ii). For completeness,
we repeat the argument. The constraint r > 1 implies s > rg + d on s. We now choose
ro > g in order to maximize the convergence rate. Solving

5—1p 1_1+7“0—g—t0

d 2 d

for rg gives

5+ to—1
-—

The constraint rg > % implies the constraint s > d + 1 — tp.

To (El)

We look at two cases separately. First, if s € (32—‘1, 2d+1—tg], we set g := % + 79, where
we choose 72 > 0 s.t. 79 < § — 3d/2 which guarantees s > rg + d. For 7 < 79/d, we obtain
the convergence rate

d d d
L (s—5—T2 1 1+5+7m—5—1 . (S 219 1 —tp
R e e PR R
K min 7 5 g T 2 2min | - 7 ¥
In the case s > 2d + 1 — tg, define rg as in (E.1). The constraint s > r¢ + d amounts to
s+tp—1
>+70+d & §>2d+ty— 1,

2
which holds since s > 2d + 1 — tg > 2d + top — 1 for all ¢y € [0,1]. In this case we get the

convergence rate
5—1T0 s+1—1tp
—1—-7= 7{[ —1—-7

Choosing 71 > 879/d > 87 shows (4.6) and finishes the proof of Theorem 27.

K=2
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