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Abstract

Neural scaling laws play a pivotal role in the performance of deep neural networks and
have been observed in a wide range of tasks. However, a complete theoretical framework
for understanding these scaling laws remains underdeveloped. In this paper, we explore the
neural scaling laws for deep operator networks, which involve learning mappings between
function spaces, with a focus on the Chen and Chen style architecture. These approaches,
which include the popular Deep Operator Network (DeepONet), approximate the output
functions using a linear combination of learnable basis functions and coefficients that de-
pend on the input functions. We establish a theoretical framework to quantify the neural
scaling laws by analyzing its approximation and generalization errors. We articulate the re-
lationship between the approximation and generalization errors of deep operator networks
and key factors such as network model size and training data size. Moreover, we address
practical cases where input functions exhibit low-dimensional structures, allowing us to
derive tighter error bounds. These results also hold for deep ReLU networks and other
similar network structures. Our results offer a partial explanation of the neural scaling
laws in operator learning and provide a theoretical foundation for their applications.

Keywords: deep operator learning, neural scaling law, approximation theory, general-
ization theory

1. Introduction

Deep neural networks have demonstrated remarkable performance in a wide range of appli-
cations, such as computer vision (He et al., 2016; Creswell et al., 2018), natural language
processing (Graves et al., 2013), speech recognition (Hinton et al., 2012), scientific comput-
ing (Han et al., 2018; Khoo et al., 2021; Zhang et al., 2023b; Bao et al., 2024), etc. In many
of these applications, the core problem is to learn an operator between function spaces.
For example, in Bhattacharya et al. (2021); Li et al. (2021), deep neural networks are used
to represent a solution map of Partial Differential Equations (PDEs), in which the net-
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work maps the initial/boundary conditions to PDE solutions. In Ronneberger et al. (2015),
deep neural networks are used for image segmentation, in which the network represents an
operator from any given image to its segmented counterpart.

In literature, many network architectures have been proposed to learn operators between
function spaces, such as Chen and Chen neural operators (Chen and Chen, 1995, 1993), Prin-
cipal Component Analysis-based Networks (PCANet) (Bhattacharya et al., 2021), Fourier
Neural Operator (FNO) (Li et al., 2021), Deep Operator Network (DeepONet) (Lu et al.,
2021b), Autoencoder-based Networks (AENet) (Kontolati et al., 2023; Liu et al., 2025) and
Basis Enhanced Learning (BelNet) (Zhang et al., 2023b). Since directly learning an operator
is difficult due to the curse of dimensionality, a popular strategy is to use an encoder-decoder
framework, i.e., one encodes infinite-dimensional functions into finite-dimensional latent fea-
tures and then learns a map in the latent space. FNO (Li et al., 2021) uses the Fourier
transform to convert computation to the frequency domain and then the map is learned
in the frequency domain. PCANet (Bhattacharya et al., 2021) uses Principal Component
Analysis (PCA) for encoding and decoding. DeepONet (Lu et al., 2021b; Lin et al., 2023)
uses a branch net to convert input functions to a set of coefficients, and a trunk net to learn
a set of basis functions in the output space. The resulting neural operator in DeepONet is
a linear combination of the bases weighted by the coefficients. A novel training strategy of
DeepONet is recently proposed in Lee and Shin (2024).

In the training of neural networks, neural scaling laws are observed in regard to the
scaling between the generalization error and the data size/model size/running time (Kaplan
et al., 2020). Neural scaling laws between the generalization error and the data size/model
size are also empirically observed for operator learning (Lu et al., 2021b; de Hoop et al.,
2022; Li et al., 2020; Subramanian et al., 2024). For example, Lu et al. (2021b) reported
an exponential convergence of the DeepONet test error as the training data size increases
for small training datasets, and a polynomial convergence for moderate and large training
datasets. de Hoop et al. (2022) reported a power law between the test error and the training
data size on various examples of learning PDE solutions. In the multi-operator learning
foundation model for PDE (Liu et al., 2023; Sun et al., 2024), the authors observed a
heuristic scaling law of the testing error as the number of distinct families of operators
increase (Sun et al., 2024); similar results were noted when scaling up the dataset diversity
in climate models (Bodnar et al., 2024), where the authors additionally reported a power
scaling law with increasing model size. The difficulty with PDE foundation scaling laws
is that they dependent on increasing the dataset heterogeneity, since the data sequences
cannot be i.i.d. due to temporal dependencies (Liu et al., 2024d).

Neural scaling laws are often used to quantify the performance of neural networks with
respect to the data size/model size/running time. A theoretical understanding of neural
scaling laws is of crucial importance, which allows one to analyze and quantify the gen-
eralization error in deep learning, and predicts how much the network performance can
be improved by increasing the data size, model size, and running time (Hestness et al.,
2017; Kaplan et al., 2020). A theoretical understanding of model/data scaling laws (scaling
between the generalization error and model/data size) can be related to neural network
representation and generalization theory. When feedforward ReLLU networks are used for
function approximation, the representation theory in Yarotsky (2017); Lu et al. (2021a)
quantifies the network approximation error with respect to the model size, which partially
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explains model scaling laws. Data scaling laws can be justified through the generalization
error bound in terms of the data size. It was shown that when feedforward neural networks
(Schmidt-Hieber, 2020) and convolutional neural networks (Oono and Suzuki, 2019; Yang
et al., 2024) are used for the regression of s-Holder functions in R”, the squared gener-

alization error converges on the order of n~ 4D where n denotes the training data size.
Similar error bounds are also established for piecewise smooth functions in Petersen and
Voigtlaender (2018); Imaizumi and Fukumizu (2019); Liu et al. (2024a) Due to the curse
of dimensionality, this rate converges slowly when the data dimension is high (D is large).
One way to mitigate the curse of data dimension and improve the rate is by incorporat-
ing low-dimensional data structures (Tenenbaum et al., 2000; Pope et al., 2021). Under a
manifold hypothesis, one can achieve the same approximation error with a much smaller
network size (Chen et al., 2019; Liu et al., 2021), and the squared generalization error is

improved to the order of n~ %+ where d is the intrinsic dimension of data (Nakada and
Imaizumi, 2020; Dahal et al., 2022; Chen et al., 2022; Liu et al., 2024b).

Compared to regression, theoretical analysis of neural scaling laws for operator learning
is less studied. An approximation result for PCANet was established in Bhattacharya
et al. (2021) . A thorough study on the approximation error of PCANet was conducted
in Lanthaler (2023), which derived both the upper and lower complexity bounds. The
generalization error of an encoder-decoder framework for operator learning was studied in
Liu et al. (2024c). This encoder-decoder framework assumes that the encoders and decoders
are either given or estimated from data, and a network is used to learn the mapping between
latent spaces. This encoder-decoder framework includes PCANet as a special case. The
generalization error derived in Liu et al. (2024c¢) consists of a network estimation error and
an encoding error. The squared network estimation error for Lipschitz operators is on the

order of n 24 where dy; is the dimension of the input latent space. Furthermore, if the

input functions exhibit a single-chart manifold structure with intrinsic dimension dy and

the latent variables are learned by Autoencoder, Liu et al. (2025) provided a generalization
1

error analysis where the squared generalization error is on the order of n 2+dv .

Regarding Chen and Chen (1995, 1993) style neural operators such as the popular Deep-
ONet (Lu et al., 2021a), the first universal approximation theory was established in Chen
and Chen (1995, 1993). The authors showed that DeepONet (Lu et al., 2021a,b) can approx-
imate continuous operators with arbitrary accuracy, the authors in Zhang et al. (2023b,a)
later extended the theorem to be invariant to the discretization. However, the network size
was not specified in Chen and Chen (1995); Lu et al. (2021a) and therefore this theory
cannot quantify model scaling laws. A more comprehensive analysis of DeepONet was con-
ducted in Lanthaler et al. (2022), which studied the approximation error of each component
in DeepONet with an estimation on the network size. These results were applied to study
several concrete problems on the solution operator of differential equations. A generaliza-
tion error was also studied in Lanthaler et al. (2022), which focused on the stochastic error
(variance). The bias-variance trade-off was not addressed and the neural scaling law is not
explicitly provided.

In this paper, we study the neural scaling laws of Chen-Chen style neural operators.
Specifically, let U and V' be two functions sets with domain dimensions d; and do respec-
tively, and G : U — V be a Lipschitz operator between U and V. We consider learning
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Approximation Error | Squared Generalization Error
T 2
log Ny Tdy logn '\ d1
General Case (m) Toglogn
J 2
b d W e
U Expanded by by Bases N# Utdz n 2tbytda

Table 1: Summary of the orders of our approximation and generalization error bounds of
DeepONet for Lipschitz operators. Nu denotes the network model size, n is the
number of input-output function pairs in the training data. U is the input set. d
and dg are the dimension of input domain {2y and output domain 2y, respectively.

Lipschitz operators by DeepONet and analyze its approximation error and generalization
error. Our main results are summarized as follows and in Table 1:

1. We show that if the network architecture is properly set, DeepONet can approximate
Lipschitz operators with arbitrary accuracy. In particular, if we denote the number
of network parameters by Ny, the approximation error of DeepONet for Lipschitz

1
log N )—a

operators is on the order of (m

2. We prove that the squared generalization error of DeepONet for learning Lipschitz

logn
loglogn

function pairs in the training data.

_2
operators is on the order of ( ) dl, where n is the number of input-output

3. Furthermore, we incorporate low-dimensional structures of input functions into our
analysis and improve the power law in log Ny and logn above to a power law in
Ny and n respectively. Specifically, when all functions in U can be represented by
by orthogonal bases, th(ff approximation error of DeepONet for Lipschitz operators

by +dg

is on the order of N?; , and the squared generalization error is on the order of

2
n 2tbutdz up to some logarithmic factor.

Our results establish novel approximation and generalization error bounds of a class of
neural operators originated from Chen and Chen (1995); Lu et al. (2021a), which provide a
theoretical justification of neural scaling laws. The slow convergence rate given by the power
law in log Ny and logn in the general case demonstrates the difficulty of learning general
Lipschitz operators without additional data structures. This difficulty is also discussed in
Mhaskar and Hahm (1997); Lanthaler and Stuart (2023). By utilizing low-dimensional data
structures, the neural scaling law is significantly improved to a power law in Ny (model
size) and n (data size), which partially explains the observed power scaling laws in many
existing works (de Hoop et al., 2022; Lu et al., 2021b).

This paper is organized as follows: We introduce related concepts and notations in
Section 2. The problem setup and DeepONet structure are presented in Section 3. We
present our main results in Section 4: Section 4.2 for the approximation theory and 4.3
for the generalization theory of learning general Lipschitz operators, and Section 4.4 for an
error analysis incorporating low-dimensional data structures. Our main results are proved
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in Section 5. We conclude this paper in Section 6. All proofs of auxiliary lemmata and
theorems are deferred to the appendix.

2. Preliminary
2.1 Neural Network
In this paper, we define a feedforward ReLU network ¢ : R% — R as

q(x) = W, - ReLU (WL_1 .- -RGLU(WL%' + b1> + o+ bL_1) + bz, (1)

where W)’s are weight matrices, b;’s are bias vectors, ReLU(a) = max{a, 0} is the rectified
linear unit activation (ReLU) applied element-wise, and € is the domain. We define the
network class Fyy : R% — R .

FNN(dL d27 Lapu K7 K, R)
={lq1,q2, .-, q4,]7 € R% : for each k =1, ..., ds,
¢e : R — R is in the form of (1) with L layers, width bounded by p,
L
lgkllzee < Ry [Willoooo < £y [billoo < 5, D IWillo + lltillo < K, V1}, (2)
=1
where [l =) = Sup (). [ Willc o0 = mase [ Wil bl = mae by an |- demotes the
XE ),
number of nonzero elements of its argument. The network class above has input dimension
d1, output dimension dg, L layers, width p, the number of nonzero parameters no larger
than K. All parameters are bounded by s and each element in the output is bounded by
R.
2.2 Cover and Partition of Unity

We define the cover of a set as follows:
Definition 1 (Cover) A collection of sets {Sk}gil is a cover of Q if Q C Ugﬁl Sk

The following lemma shows that, for a compact smooth manifold M and any given cover
of M, there exists a C'*° partition of unity of M that subordinates to the given cover.

Lemma 2 (Theorem 13.7(ii) of Tu (2011)) Let {Q4}2, be an open cover of a compact
smooth manifold M . There exists a C* partition of unity {wk}ljyzl that subordinates to
{3} such that supp(wy) C Q, for any k.

2.3 Lipschitz Functional

A Lipschitz functional is defined as follows:

Definition 3 (Lipschitz functional) Given a function set U with domain Qu such that
U C L*(Qu), we say a functional f: U — R is Lipschitz with Lipschitz constant Ly if

|f(u1) = f(u2)| < Lyllur — uellr2(0y), Yui,uz € U
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2.4 Clipping Operation

For a function f : R — R, we define the clipping operation:
CLo(f) = min{max{f, —a},a}
for some a > 0 . This clipping operation can be realized by a two-layer ReLU network

CL4(f) = —ReLU(—ReLU(f + a) + 2a) + a. (3)

2.5 Notation

In this paper, we use normal lowercase letters to denote scalars, and bold lowercase letters
to denote vectors. Matrices, sets and operators are denoted by upper case letters. We use
U to denote the input function set with domain 2y, and V' to denote the output function
set with domain Qy. We denote the operator to be learned which maps functions in U
to functions in V by G. Express a d-dimensional vector x as x = [z1,...,24]". The £

and £2? norm of a vector x is defined ||x| o = maxy |zx| and ||x|]2 = \/ZZ %, respectively.
We denote the Euclidean ball with center ¢ and radius § by Bs(c). The L> and L? norm
of a function over domain Qy is defined as [[ul| () = Supxeq,, |u(x)| and [[ullr2(q,) =

\ /fQU [u(x)]2dx, respectively. We define the || - ||oo,00 norm of an operator G : U — V by
[Glloc,00 = sUDyeq, supyer |G(u)(y)l

3. Problem Setup and Deep Operator Learning
3.1 Problem Setup and Examples

This paper studies the operator learning problem where the goal is to learn an unknown
Lipschitz operator G : U — V between two function sets U and V from n training samples
{(us,vi)}7—, where u; € U and

vi = G(ui) + G (4)

with (; representing noise. We consider Lipschitz operators in the following sense:

Assumption 1 Let Qy and Qy be the domain of functions in U and V respectively, and
UcC L), V C L®Qy). Assume G : U — V is a Lipschitz operator: there exists a
constant Lg > 0 such that

[G(u1) — G(uz)|lp=(ay) < Lallur — u2llr2y),
for any uy,ue € U.

In Assumption 1, the function distance in the output space is measured by the L
norm, and the function distance in the input space is measured by the L? norm. This
condition is needed in our network construction to derive an error bound for the branch
net. Assumption 1 is satisfied for the solution operator of many differential equations. We
provide some examples below.

The first example is a nonlinear ODE system known as gravity pendulum with external
force, which is studied in Lu et al. (2021b); Lanthaler et al. (2022); Reid and King (2009).
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Example 1 Consider the following ODE system

dvi __
at V2,
{dw _ (5)

g2 = —ysin(v1) + u(t)

with initial condition v1(0) = v2(0) = 0, and v > 0 is a parameter. In (5), v1,vy represent
the angle and angular velocity of the pendulum, v is the frequency parameter and u(t) is
an external force controlling the dynamics of the pendulum. For this ODE, we consider the
operator: G : u(t) — (v1(t),v2(t)). Let T > 0 the ending time. For any uy,us € L*([0,T]),
there exists a constant L such that

|G(u1) — G(uz2) ||z (o) < Lallur — uzll 20,1 (6)
which is proved in Lanthaler et al. (2022, Proof of Lemma 4.1).
In the second example, we consider a transport equation.

Example 2 Let Q C R? be a hyper-cube. Consider the transport equation on € x [0, T]

vy =c- Vv on 2 x (0,7
v(x,0) =u(x) onQ

equipped with periodic boundary condition where ¢ € R? is the velocity. Let G be the
solution operator from the initial condition u to the solution v(x,T) at time T > 0. We set
Qu =Qy =Q. Let {wj}jzl be a set of Fourier basis for some positive integer J > 0, and

J

U= g ajwj : max|aj| < C
: J
J=1

for some C > 0. Then Assumption 1 is satisfied with Lg = /J (see Section A.1 for a
proof ).

3.2 Deep Operator Learning

We study the DeepONet (Chen and Chen, 1995; Lu et al., 2021b) architecture which consists
of a branch net and a trunk net. The branch net encodes the input function and produces
a set of coefficients. The trunk net learns a set of basis functions for the output space. A
DeepONet takes an input function together with points in the output function domain. It
outputs a scalar which is the output function evaluated at the given points.

Let F1 = Fnn(di,1, L1, p1, K1, k1, R1) be the network class for the branch net and
Fo = Fnn(da, 1, Lo, pa, Ko, k2, R2) be the network class for the trunk net. We define the
network class of DeepONet as

N
QNN = {GNN(u)(y) = CLﬁV (Z&k(u)ijk(y)> : E]Vk S }"l,'dk S ./—"2 for k = 1, ..,N} y (7)
k=1
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Figure 1: Hlustration of the DeepONet architecture. Here u is the discretization of v € U,
and y € Qy.

where u is an input vector, which can be thought as a discretization of the input function,
and y is a point in the domain of output functions. The network architecture is illustrated
in Figure 1. A DeepONet takes the discretized function u and a point y € Qy as input,
where u is passed to the branch net ai’s to compute a set of coefficients, and y is passed to
the trunk net to evaluate each basis function g at y. The output Gyn(u)(y) is the sum of
the qi’s value weighted by the coefficients a’s from the branch net. Each network in Gny
is clipped so that its output is bounded by fy. This step does not increase the error and is
important for our theory.

4. Main Results

4.1 Assumptions

In this section, we make some assumptions on the function sets U and V.
Assumption 2 (Input space U) Suppose U is a function set such that

(i) Any function u € U is defined on Qu = [—y1,71]% for some v > 0.

(ii) Any function u € U is Lipschitz with a Lipschitz constant no more than Ly > 0:

lu(x1) — u(x2)| < Ly|[x1 — xal|2
for any x1,%x2 € Q.
(i4) Any function u € U satisfies |ul| o (q,) < Bu for some By > 0.
The following assumption is made on the output function set V.

Assumption 3 (Output space V) Suppose V' is a function space such that

(i) Any function in V is defined on Qy = [—7y2,72]% for some vo > 0,
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(ii) Any function v € V is Lipschitz with a Lipschitz constant no more than Ly > 0:
lv(y1) — v(y2)| < Lvly1 — v22
for any y1,y2 € Qy.
(ii) Any function v € V' satisfies ||v| o (q,) < Bv for some By > 0.

Assumption 2 and 3 are mild conditions on U and V and are usually satisfied in appli-
cations.

4.2 DeepONet Approximation Error and Model Scaling Law

Our first result is on the approximation error of DeepONet for the representation of Lipschitz
operators.

Theorem 4 Let di,do > 0 be integers, v1, Y2, Bu, Bv, Lu, Ly, Lg > 0, and U,V be function
sets satisfying Assumption 2 and 3 respectively. There exist constants C depending on
da, Ly, 72, Cr depending on v1, 81,d1, Lg and Cs depending on y1,72,d1, Ly, Ly such that
the following holds: For any ¢ > 0, set § = Cse and N = Ce~%. Choose {c,n}V_, C Qp
so that {Bs(cm)}V_, is a cover of Qu. Then there exist two network architectures: Fy =
fNN(dQ, 1, Ll,pl, Kl, K1, Rl) with

L, = 0 (log(gil)) y P1 = O(l)u Ky = O (log(é‘il)) , K1 = O(€7d271)7 R =1
and Fo = Fnn(cu, 1, Lo, p2, Ko, ko, Ra) with
Ly = O (cirlogey + cfylog(e™")) , pa = O((Cry/er) Ve V),
Ky =0 (((CF\/CU)CUs_CU)(c?] log cpy + c%] log(s_l))) ,

Ko = O(CE,U/QHz-:_CU_l), R = By.

such that, for any operator G : U — V satisfying Assumption 1, there are {i]vk}fy:l with
qr € F1 and {Zik}{gvzl with ay, C Fo such that

ar(w)qr(y)| < e,

M) =

sup sup |G(u)(y) —
uelU yeQy k=1

T

where u = [u(cy),u(ca), ..., u(ce, )] s a discretization of u. The constant hidden in O

depends on 1,72, ﬁU? IBV’ dlv d27 LGa LU7 LV'

Theorem 4 is proved in Section 5.1. Theorem 4 is a general result that holds for any
{Bs(cm)}Y_, covering Qp. The following lemma (see a proof in Section B.5) shows that
for any bounded hypercube, there always exists a cover with Euclidean balls, and an upper
bound on the covering number is provided.

Lemma 5 Let Q) = [—’y,’y]d for some v > 0. For any § > 0, there exists a cover
{Bs(cm)}M_| of Q with

M < s (8)

where C' is a constant depending on v and d.
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Combining Theorem 4 and Lemma 5 yields the following corollary, which quantifies ¢y
in terms of ¢ and d;.

Corollary 6 Let di,ds > 0 be integers, v1,v2, Bu, Bv, Lu, Ly > 0, and U,V be function
sets satisfying Assumption 2 and 3 respectively. There exist constants C depending on
da, Ly ,7v2, Cp depending on v1,B1,d1,Lg and Cs,C1 depending on vy1,d1, Ly, Ly, such
that the following hold: For any e > 0, set § = Cse, cy = Cie™ D and N = Ce~%.
There exist {cm }r-_y C Qu so that {Bs(cm)}Y_, covers Qu, and two network architectures:
fl = fNN(dQ, 1, Ll,pl, Kl, K1, Rl) and ./."2 = ./."NN(CU, 1, LQ,pQ, KQ, K2, RQ) with

Ly = O (log(c™Y)), p1 = O(1), K =0 (log(e ™)), k1 = O(e~%1), Ry = 1
and
Ly=0 <5*2d1 log 5*1> P =0 (C%—dl Ef(d1/2+cl)€—d1) 7
Ky=0 (Cfgdl€—<d1/2+cl)afd1_2dl log 5_1) |

ko = O <(Cls)*(cld1/2+01)€’d1 *dl’l) ., R= By,

such that, for any operator G : U — V satisfying Assumption 1, there are {ak}szl with
qr € F1 and {Zik}g:l with ay, € Fo such that

N
sup sup [G(u)(y) — D ar(wa(y)| <<,
uelU yeQy k—1
where u = [u(cy),u(ca), ..., u(ce, )] is a discretization of u. The constant hidden in O

depends on 1,72, Bu, Bv,d1,d2, Lg, Ly, Ly .

Corollary 6 can be proved by replacing Theorem 11 by Corollary 12 in the proof of Theorem
4. Theorem 4 and Corollary 6 have the following implications:

e Model scaling law. Theorem 4 and Corollary 6 show that if the network archi-
tecture is properly set, DeepONet can approximate any Lipschitz operator to ar-
bitrary accuracy. To achieve an accuracy e, the network size is on the order of
NK; = C%_dlef(dl/ﬂol)g_dl —2di=d21og =1 In other words, if we denote the total
number of network parameters by Ny = NK>, then the network approximation er-

log Ny

—1/dy
m) , which critically depends on the input domain

ror is in the order of (

dimension d;. This is because the network size is dominated by e " in N K5. This
dependence is consistent with existing analysis of curse of dimensionality for learning
functions, for which the curse is caused by the input dimension, not the output dimen-
sion. This result gives a theoretical estimation of the model scaling law, which depicts
the relation between the network approximation error and the network size. Without
making additional assumptions on the low-dimensional structures of the input func-
tion set, the network approximation error scales poorly (converges at an extremely
slow rate) as the model size increases. In Section 4.4, we will show that this scaling
law can be improved by utilizing low-dimensional structures.

10
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e Optimality. In the proof of Theorem 4, an important ingredient is to approximate
Lipschitz functionals, which is given in Theorem 11 and Corollary 12. The network
size in Theorem 4 is comparable to that in Corollary 12. As discussed in Remark 13,
our network size for approximating Lipschitz functionals is optimal up to a logarithmic
factor. Since approximating a Lipschitz operator is more difficult than approximating
a Lipschitz functional, we expect the network size in Theorem 4 to be close to the
optimal one. Notably, a lower bound of the network complexity of approximating
r-times Fréchet differentiable operators is analyzed in Lanthaler and Stuart (2023)
for several popular network architectures, including DeepONet. The lower bound of
the DeepONet size given in Lanthaler and Stuart (2023, Proposition 2.21) for the
approximation of Lipschitz functionals is on the order of exp(cie~1/(@+149)) where o
is a parameter depending on d; and ¢ is a positive number.

e Connection to existing works. Approximation theory of DeepONet has been
studied in Chen and Chen (1995) and Lanthaler et al. (2022). The network size
in Chen and Chen (1995) was not explicitly specified, which cannot explain model
scaling laws. Lanthaler et al. (2022) conducted an in-depth study of DeepONet, in
which a DeepONet is decomposed into three components: an encoder, an approxi-
mator and a reconstructor. Lanthaler et al. (2022) analyzed the network structure of
each component on several concrete examples. Our settings and results are different
from those in Lanthaler et al. (2022) in the following aspects: (i) Our approximation
error is measured by the L> norm, while Lanthaler et al. (2022) studied the L? error.
(ii) Lanthaler et al. (2022) decomposed the DeepONet approximation error into an
encoder error, an approximator error and a reconstructor error, and analyzed each
of them. The encoder error and reconstructor error are expressed in terms of the
eigenvalues of the covariate operator of the input and output function distributions.
An explicit relation between the network size and DeepONet approximation error for
general operators was not given. In our paper, we analyze the DeepONet approxima-
tion error for general Lipschitz operators and explicitly quantify how the error scales
with respect to the network size.

4.3 Generalization Error and Data Scaling Law

Let n > 0 be a positive integer. Assume we are given the data set S = {u;,v;}!"; where
u;’s are ii.d. samples following a distribution p,, and v; is given by (4). Our setting is
summarized below.

Setting 1 Let {Xj}?il C Qu (independent of i) be a fixed grid in Qu, where n, is the
number of grid points in Qg which is to be specified later. Fori=1,....n, let {ym}?il C Qy
be i.i.d. samples following a distribution p, on . Assume we are given a set of paired
samples {u;, v;}I", with

W = [ui(x1), oy ui(Xn,)] s Vi = [G(u)(¥in) + &ts ooy G3) (Yimy) + Eimy] s (9)

where u;’s are i.i.d. samples from the distribution p, in U, and {& ;} follows i.i.d sub-
Gaussian distribution with variance prozy o*. We denote & = [((yi1), - C(Yin,)]- Suppose
U,V satisfy Assumption 2 and 3, respectively.

11
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In Setting 1, {y; ; };-lil is the set of discretization grids in €y for the output function v;.
This setting allows output functions in the data set to have different discretization grids in
Qy.

We consider training DeepONet by minimizing % Yo Zyil(GNN(ui)(ym) — v 4)?
over GNN € Gnn to obtain the following minimizer:

n Ny
~

G = argmin — 3 (Gr (i) (y1) — vi)*. (10)

GnneEGan My S j=1

where v; j = (v;); an Gnn denotes the DeepONet network class given in (7). In this paper,
we study the squared generalization error of DeepONet given by:
Ty

1 .
Squared Generalization Error := EsEuNpuE{yj}?ilwp — Z(G(u)(yj) —G(u)(yj)?|,

v | n
yj:1

where u = [u(x1), ..., u(x,,)] . The following theorem gives an upper bound of the gener-
alization error of DeepONet for learning Lipschitz operators.

Theorem 7 Let dy,dz,ny,n > 0 be integers, v1,72,Bv,pPv,Lv,Lv,Lg > 0. Suppose
G : U — V satisfy Assumption 1 and consider Setting 1. There exist constants C de-
pending on da, Ly, Cr depending on v1, f1,d1, Lg and vz, Cy depending on y1,dv, Ly, Ly,
Cy depending on 1,72, Bu, Bv,di,d2, La, Ly, Ly, and Cs depending on y1,dy, Ly, Ly, such
that the following holds: Let ¢ € (0,1), § = Cse and N = Ce~%. Set n, = Cie™h,
and then there exist {x;}7=, such that {Bs(x;)};Z; is a cover of Qu. Consider the Deep-
ONet network (7) with the network architecture F1 = Fnn(de, 1, L1,p1, K1, k1, R1) and
Fo = ]:NN(CE_CPEﬂi1 , 1, Lo, pa, Ko, ko, RQ) with

Li=0 (log(eil)) y P1 = 0(1)7 Ky =0 (log(gil)) y K1 = O(Eid271)7 Ry =1 (11)
and
L2 -0 <5_2d1 10g€_1> . po = 0 (C%_dls—(dl/Q-i-Cl)E_dl) ’
Ky=O (C;fdl o (d1/2+C1)e" 1 ~2d; log 5‘1> Cky =0 ((Clg)—(C'ldl/Q—&-C’l)a*dl/2—d1—1) CR=By,

(12)

where the constant hidden in O depends on o,v1,%2, Bu, Bv,d1,ds, La, Ly, Ly. Let G be
the minimizer in (10). Then we have

EsBup By y1o oy | 1 D (Cl)(y;) — Glu)(y)

n
Y j=1

2
<G <52 + <" + 1) 1C%d15—<d1/2+01)ad1—5d1—d2> log 2. (13)
Ty n 3

12
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dq log n
d1+2C loglogn

_1
In particular, setting e = ( ) “ gives rise to

n 2
1 <=, ~ logn \ @
BB B v, | DGO ~ GO | <05 (200 ) T
J:

fOT’ some 03 dependmg on g,71,72, ﬁU)ﬁVv dl7an LG7 LUa LV'

Theorem 7 is proved in Section 5.2. To prove Theorem 7, we need to carefully perform a
bias-variance trade off. The bias term is related with the approximation error of DeepONet.
In practice, one has to train the network to learn the operator from a given data set. The
variance term captures the difference between the trained network and the network used in
the approximation theory. The network architecture suggested in Theorem 7 is a trade-off
by balancing the two error terms.

We have the following discussions:

e Data scaling law. Theorem 7 shows that to learn Lipschitz operators, the gener-
alization error of DeepONet decays in a power law of logn. This rate is slower than
the empirical observations in Lu et al. (2021b); de Hoop et al. (2022), which suggest
a power data scaling law on the order of n™ for some « > 0. This slow decay in our
theory comes from the intrinsic difficulty of operator learning in infinite-dimensional
spaces. Due to the curse of dimensionality, learning an operator is much more difficult
than learning a finite-dimensional function, leading to a slower decay of the general-
ization error. In the next subsection, we will show that when the input function set
U has some low-dimensional structures, we can derive an upper bound that matches
the empirical power law observed in Lu et al. (2021b); de Hoop et al. (2022).

e Effects of n and n,. The upper bound in Theorem 7 critically depends on n. As
indicated by equation (13), increasing n, reduces the impact of noise.

e Connection with existing works. A similar rate was derived in Liu et al. (2024c,
Section 4.3) for the encoder-decoder framework of operator learning. In Liu et al.
(2024c, Section 4.3), one assumed the input and output functions are C* functions
and Legendre polynomials were used as encoders and decoders. With a fixed grid in
Qu and Qy, it was shown that the squared generalization error decays on the order
of (log n)_s/ 41 where n is the number of training samples. The generalization error
of DeepONet was also analyzed in Lanthaler et al. (2022), which studied the variance
part and did not address the bias-variance trade-off.

4.4 Utilizing low-dimensional structures

Corollary 6 and Theorem 7 give rise to a slow rate of convergence of DeepONet due to
the curse of dimensionality. In this subsection, we incorporate low-dimensional structures
of input functions and prove a power law convergence which is consistent with empirical
observations in Lu et al. (2021b); de Hoop et al. (2022). Specifically, we consider the
following assumption on low-dimensional structures of U:

Assumption 4 Suppose the function set U satisfies

13
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1) There exists a finite orthonormal basis functions {wyg b so that any uw € U can be
k=1
expressed as

by
u= Zakwk, with oy = / u(x)wg (x)dx. (15)
k=1 Qu

(it) The discretization grid {x;}7*, satisfies that: there is a matriz A € ROUXe sych that
for any uw € U, we have
Au = [0, .y ] (16)

where u = [u(x1),...,u(x,,)]T € R™ and the ay’s are the coefficients of u in (15).
We denote Cy = || Al|so,00-

Assumption 4(i) assumes that the input functions in U live in a by-dimensional linear
subspace. This assumption is commonly used in numerical PDEs. In particular, for some
popular bases, such as Legendre polynomials or Fourier bases, Assumption 4(ii) is satisfied
by properly choosing {x;}7*,:

e Legendre polynomials. Let {wk}zlé , consist of Legendre polynomials up to degree
v along each dimension. Then wuwy is a polynomial with a degree no larger than
2pv along each dimension. By choosing {x;};Z; so that along each dimension, the
points are quadrature points corresponding to Legendre polynomials of degree 2p, the
integral for a in (15) can be exactly computed by quadrature rules:

ar =Y Bju(x;)wi(x;),
7j=1

where {ﬁj};ﬁl are quadrature weights. Assumption 4(ii) is satisfied by setting A =
(a1, ..., ap, | with a; = [Biwg(x1), ...,ﬁnzwk(xnz)]—r

e Fourier bases. Let {wk}Z’;l be Fourier bases so that wy has period 2/Nj along each

dimension for some integer N > 1, i.e., wy = H?lzl wi,j(z;) with wy ; = sin (%ag)
_ Npm . O\ Nz . .

Or wyj; = COS <7¢1x]> . One can choose {x]}j:1 as uniform grids so that the

number of grids along each dimension is maxy Ny. We set A = [ay,...,ap,]| with
ay = [wk(x1),...,wk(xn,)]". Note A is independent of u as j3; are the quadrature
weights.

The following theorem provides an approximation theory of DeepONet under the low
dimensional structure in Assumption 4.

Theorem 8 Let di,do,by,n, > 0 be integers, 1,72, Bu, By, Ly, Lyv,Ca > 0, U satisfy
Assumption 2 and 4(i), V satisfy Assumption 3, and the discretization grids {x; ?;1 mn
Qu satisfy Assumption 4(ii). There exist constants Cs depending on v1,d1, Ly, Ly and C

14
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depending on da, Ly, va such that the following holds: For anye > 0, set N = Ce~%. There
exist two network architectures: F; = Fnn(da, 1, L1, p1, K1, k1, R1) with

Li=0 (log(gil)) y D1 = O(l)) Ky =0 (log(eil)) y K1 = O(Eil)a R =1
and Fy = FNN(ng, 1, Lo, p2, Ko, ko, Ra) with

Ly =0 (log(e™)), po=0(""), Ky=0 (5_bU (log(e™1) + nx)) ,
Ko = O(ébe*l), R = By.

such that, for any operator G : U — V satisfying Assumption 1, there are {ak}]kvzl with
qr € F1 and {?ik}g:l with ay, C Fo such that

ar(n)gr(y)| < e

sup sup |G(u)(y) —
uelU yeQy k=1

M) =

The constant hidden in O depends on 1,72, Bu, Bv,d1,do, Lg, Ly, Ly, by, Cy.

Theorem 8 is proved in Section 5.3. Importantly, Theorem 8 implies a power-law con-
vergence of the DeepONet approximation error.

e Model scaling law. Compared to Corollary 6, Theorem 8 has a significant improve-
ment on the network size: the number of nonzero parameters is improved from the
order of C’If:dl5_(d1/2+01)57d1_2d1_d2 loge~! in Corollary 6 to the order of e ?v=% in
Theorem 8 for the C defined in Corollary 6 up to logarithmic factors. If we denote
the number of network parameters in Theorem 8 by Ny, the approximation error is

N
on the order of N. u Ut%2 - demonstrating a power model scaling law.

¢ Extension to nonlinear low-dimensional structures. Assumption 4 is a type
of linear low-dimensional structures of input functions. An interesting extension is
to consider nonlinear structures, such as the input functions locate on a manifold.
To characterize this structure one can utilize the concept of Minkowski dimension, as
used in Liu et al. (2025). Proof techniques of Theorem 8 cannot be directly extended
to study the case of nonlinear low-dimensional structures. The proof of Theorem 8
uses one network layer to extract the linear latent features. Nonlinear low-dimensional
structures are more complicated. Extra efforts are needed to analyze how DeepONet
learns and extracts these structures. We leave this direction as our future work.

Based on Assumption 4, we consider the following setting for learning Lipschitz operators
under low-dimensional structures of U:

Setting 2 Let {Xj}?il C Qu be a fixed discretization gird in Qy, where ng is the number of
grid points in Qu which is to be specified later. Fori=1,...,n, let {Yi,j}?il C Qy be i.i.d.
samples following a distribution p, on y. Assume we are given a set of paired samples

{ui , Vi }?:1 with

w; = [ui(x1), o ui(Xn,)] T, Vi = [G(u)(yin) + &ts oo G) (Yiimy ) + &imy) ' (17)
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where u;’s are i.4.d. samples from the distribution p, in U, and {& ;} follows i.i.d sub-
Gaussian distribution with variance prory o*. We denote & = [((yi1), s C(Yisny, )] Sup-
pose U satisfies Assumption 2 and 4 (i), V satisfies Assumption 3, and {Xj}?il satisfies
Assumption 4(ii).

The generalization error of DeepONet under Setting 2 is given in the following theorem:
Theorem 9 In Setting 2, let dy, d2, g, ny,n, by > 0 be integers, y1,72, Bu, Bv, Ly, Ly, Lg,Ca >

0. Suppose G : U — V satisfies Assumption 1, and consider Setting 2. There exist con-
stants C depending on do, Ly ,v2 and Cy depending on 0,71, 72, Bu, Bv,d1,d2, Lg, LU, Ly,

such that the following holds: Consider the DeepONet network (7) with N = Cn2+bv+d2
F1 = Fnn(d2, 1, Ly, p1, K1, k1, R1) and Fa = ]:NN(nz,lez’pz,K%@,Rz) where

1
Ly = O (logn), p1 = O(1), K1 = O(logn), m =0 (n¥7% ), By =1,  (18)
and

b b
Ly =0(ogn), po=0 <n2+bUU+d2) , Ko=0 <52+bUU+d2 logn + nx> ,

by +1
R = O (n2+bU+d2> s R2 = ﬁv. (19)

AThe constant hidden in O depends on o,7v1,%v2, Bu, Bv,d1,de, Lg, Ly, Ly, by,Ca. Then

G € Gy solving (10) satisfies the following generalization error bound

1< . 2

e By, [ (O3 = G@I))°| < Con T logm (20
J

Theorem 9 is proved in Section 5.4. We have the following discussion:

e Data scaling law. By exploiting low-dimensional structures of U, the squared gen-
eralization error is improved from the order of (logn/loglog n)_2/ % in Theorem 7 to

2
the order of n~ ZFu+d log® n in Theorem 9. This power law decay is consistent with
the empirical observations in Lu et al. (2021b); de Hoop et al. (2022), and our theory
provides a rigorous justification of the data scaling law.

e Adapting to low-dimensional data structures. By incorporating the low-dimensional
structure in Assumption 4, we can derive a faster rate of convergence in comparison
with the general case. In our network construction, we do not need to explicitly know
or learn the bases {wl}Zi , by neural networks. The bases are encoded in some func-
tionals which are to be learned by neural networks. Our results show that deep neural
networks are automatically adaptive to low-dimensional data structures.

5. Proof of main Results
5.1 Proof of Theorem 4

The proof of Theorem 4 relies on Theorem 10 and Theorem 11 below. Theorem 10 is an
approximation result for Lipschitz functions by deep neural networks.
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gi(u)

Input

i <_> Gr(u) Eklilakcjk(u) —> Output

gu(u)

Figure 2: Hlustration of the network architecture in Theorem 11. Here u is the discretization
of u e U.

Theorem 10 Let di; > 0 be an integer, v1, By, Ly > 0 and U satisfy Assumption 2. There
exists some constant C' depending on 1, Ly such that the following holds: For any & >
0, set N = Cy/dye'. Let {ck}kNji be a uniform grid on Qu with spacing 2v1/N along
each dimension. There exists a network architecture Fxn(di, 1, L,p, K, Kk, R) and networks
{qu}fCV:di with @ € Fxn(di,1,L,p, K,k,R), @ >0 for k =1,...,N%, such that for any
u € U, we have

u— > u(cy)gn <e. (21)

Such a network architecture has

L =0 (dilogdy +dilog(e™")),p = 0(1),K = O (dilogdy + d; log(¢ ")),
K =O0(d"*Memdi-1) p =1,

The constant hidden in O depends on Ly and 1.

Theorem 10 is proved in Section B.1. Theorem 11 below guarantees the approximation
error for Lipschitz functionals.

Theorem 11 Let di > 0 be an integer, v1, By, Ly, Ly, Ry > 0, and U satisfy Assumption
2. There exist constants C depending on 1, Bu,d1, Ly and Cs depending on ~y1,dy, Ly, Ly
such that the following holds: For any e > 0, set 6 = Cse and let {c,},0_y C Qu so that
{Bs(cm)},2_y is a cover of Qu for some ¢y > 0. Let H = (C\/cy)®Ve™V, and set the

m=1

network Fan(cy, 1, L, p, K, k, R) with

L=0 (ctlogey + cirlog(e™ ), p=0(1), K = O (c logcy + ¢ log(e™h)) |

K = O(CCUU/2+1€70U71)7 R=1.
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Denote Ug,, as the set of functions defined on Qy and having range [—By, Bu]. There are
{%}ng with g, € Fnn(cu, 1, L, p, K, k, R) for any k, such that for any Lipschitz functional
f on Ug, with Lipschitz constant Ly for and ||f||Loo(UBU) < Ry, we have

H
sup | f(u) = Y axGe(uw)| <, (22)
uelU he1
where u = [u(cy),u(ca), ..., u(ce,)] ", ar’s are coefficients depending on f and satisfying

lax| < Ry. The constant hidden in O depends on v1, By, d1, Ly, Ly.

Theorem 11 is proved in Section B.2. The network architecture is illustrated in Figure
2. Theorem 11 expresses the functional network as a sum of H parallel branches, and the
network architecture of each branch is quantified. In the following, we express the functional
network as one large network and quantifies the network architecture of this large network.
This network can be achieved by stacking the parallel branches together. It has depth
similar to that of each ¢ and width being H times of the width of each g, as shown in
Figure 2.

We set the network architecture Fnn(cy, 1, L, p, K, k, R) as

L=0/(ctlogey + crlog(e™)), p=O((Cy/ep) Ve V),
K =0 ((Cy/cy)Ve V) (c§ log ey + i log(e ™)), k= O(CZU/Qst_CU_l), R=Ry. (23)

For any Lipschitz functional f with Lipschitz constant Ly and || f|| (1) < Ry, there exists
fe Fnn(eu, 1, L, p, K, k, R) such that

sup [f(u) — f(u)] < e. (24)

uelU

The constant hidden in O in (23) depends on 71, Sy, dy, Ly, Ly and Ly.
The following corollary gives an estimation of ¢g;.

Corollary 12 Let di > 0 be an integer, v1,8v, Ly, Ly, Ry > 0, and U satisfy Assump-
tion 2. There exist constants C' depending on ~v1,Byu,d1, Ly, and Cs,Cy depending on
M,d1, Ly, Ly such that the following holds: For any € > 0, set § = Cse, cy = Cie~h
and H = (C\/cg)Ve V. There exist {Cm}v_y such that {Bs(cm)}v_q is a cover of Q.
Set the network Fnn(cy, 1, L,p, K, k, R) with

L =0 (cglogey +cplog(e™)), p=0(1), K =0 (cfrlogcy + cg log(e ™)),
K = O(C?]U/2+15_CU_1), R=1.

For any Lipschitz functional f with Lipschitz constant Ly and | f||r~@) < Ry, there are
{(Yk}kH:1 with g, € Fnn(cu, 1, L, p, K, k, R) such that

H
sup | f(u) = Y axGe(u)| <, (25)
uelU he1
where u = [u(cy),u(ca), ..., u(ce,)] ", ar’s are coefficients depending on f and satisfying

lax| < Ry. The constant hidden in O depends on v, By, dy, Ly, Ry, Ly.
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Corollary 12 is proved in Section B.3.

Remark 13 The approximation theory for functionals has been studied in Mhaskar and
Hahm (1997). It was proved in Mhaskar and Hahm (1997, Theorem 2.2) that, when the ac-
tivation function is infinitely smooth, the approximation error of a Lipschitz functional by a
two-layer network is lower bounded by O((log N)~Y%) where N is the number of computa-
tional neurons. In Corollary 12, N is bounded by the total number of weight parameters, thus

L
N =0 ((g*(dl/ﬁl)clfdl)(5*2d1 log 5*1)), which implies € = O <<log)ijng) “ > Rewrit-

1
e log N d
loglog N

Lo (U)
for some Cy depending on 1, By, dv, Ly, Ry, Ly. Qur result is consistent with the approxi-
mation rate in Song et al. (2023) and is optimal up to a (loglog N)'/% factor according to
Mhaskar and Hahm (1997).

ing (25) gives

H
Hf<u> — Y ardi(u)
k=1

Remark 14 A simple set of {cy}v_, satisfying the condition in Corollary 12 is the uni-

form grid in Qu with grid spacing 4x/E(2~/1)€d1/2LfLU'

Now we are ready to prove Theorem 4.
Proof [Proof of Theorem 4] By Theorem 10, for any £; > 0, there exists a constant
N = C’al_dQ for some constant C' depending on ds, Ly and 79, and a network architecture
Fi1 = fNN(dg, 1,L1,p1,K1,/€1,R1) and {ak}ivzl with ak e Fi, ak > 0 and {Ck}ivzl C Qy
such that for any v € U, we have

N
sup |G(u)(y) = Y G(u)(er)qi(y)| < e1- (26)
yeQy k=1
Such a network has parameters
Ly =0 (log(s7 1)), p1 = O(1), K1 =0 (log(e!)), k1 = O(e;™™), Ry =1,

where the constant hidden in O depends on ds, Ly and ~s.
For each k, define the functional f; : V' — R such that

Jr(G(u)) = G(u)(cp). (27)
For any u1,uz € U, we have [fx(G(w1))| < Bv, |fe(G(uz))| < By and

[fe(Gu1)) = fr(G(u2))| =[G (ur)(cr) — Guz)(cr)|

< sup |G(u1)(y) — G(u2)(y)|
yeQy

<Lg|lur — uzll 202> (28)

where the last inequality follows from Assumption 1.
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By Theorem 11, let Cr be a constant depending on 1, 87, d1, Lg and Cy be a constant
depending on ~;,dy, Ly, Ly. For any eo > 0, set § = C:;E,‘Q. There exists a network
architecture Fy = Fnn(cy, 1, Lo, p2, Ko, ko, Ro) with

Ly =0 (cflogey + cfrlog(es ), p2 = O((Cry/ep)Ve; @),
Ky=0 (((Cp\/cU)cUez_CU)(c%] log cy + C2U log(s_l))) , Ko = O(C?JU/QJrlsQ_CU_l), R = By,
(29)

such that, for every functional fi defined in (27), this network architecture gives a network
[ satisfying

sup | /(G (w) = fx(u)] < &2,

uelU

The constant hidden in O of (29) depends on ~1, B, Bv,d1, Lg, Ly.
Since 0 < gx(y) <1 for any y € Qy, we deduce

N N
sup | fr(Gu)gr(y) = Y (W) ()
yeQv |5 k=1
N ~
= sup |37 (u(Gw) — fiw)) & ()
YUV | =1
N ~
< sup 3 |(A(GW) = Fe(w) | @l)
yEQv 1

gi\\fk<c:<u>>—ﬁ<u>HLm @(y)

1 )
<> (). (30)

According to Theorem 10, for {gx}Y_,, the error bound (21) holds for any v in V. Set
v = 72, a constant function. We have

N N N
sup [v2 — Y 72Gk(y)| = sup |2 — 72> G@(y)| =72 sup |1— > G(y)| < e,
yeQv k=1 yeQv k=1 yeQy k=1
implying that
N
Y G(y) S14e/rn<1+1/y (31)
k=1
when €1 < 1. Substituting (31) into (30) gives rise to
N N
sup > fi(G(w)@k(y) = Y fr(w)gr(y)| < (14 1/72)e2. (32)
YEQ |k=1 k=1
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Putting (26) and (30) together, we have

N
ilelIU) ySequv Gu)(y) — ; ﬁ(u)fik(Y)
N N N
<sup sup |G(u)(y) = Y fu(G(w)gr(y)| +sup sup | fi(G(w)r(y) — Y ar(u)ge(y)
uelU yeQy =1 uel yeQy k=1 k=1

<er+ (14 1/3)ea.

Set g9 = m,el = 5, we have § = Cse and

sup sup
uelU yeQy

< €,

N
G(u)(y) = > ar(u)g(y)
k=1

here Cs is a constant depending on ~1,72,d1, Ly, Ly. The resulting network architectures
have N = O(e~%),

L1 =0 (log(e_l)) , p1 = O(l), K1 =0 (log(e_l)) , k1 = O(E_d2_1), R1 = 1,

and
Ly =0 (cflogey + cgrlog(e ™)), p2 = O((Cpy/ep) Ve V),
Ky = O (((Cry/eu)@e™V)(cf log ey + cfrlog(e71)))
Ky = O(C?]U/2+1570U71), R = By.
The constant hidden in O depends on 1, ve, Bv, Bv, d1,do, Lg, Ly, Ly . |

5.2 Proof of Theorem 7
Proof [Proof of Theorem 7| We rewrite the error as

{yi};2i~py ni Z(@(u)(yj) — G(u)(y;))?
v =1

EsEy-p,E

=25 (13" =3 (@) - Glulyy)?
=1 7j=1

T
1 <& -
+ESEUNPuE{yj};iIpr ny ZI(G(U)@’J) - G(“)(YJ))2
" (33)

IR JRAAPN

2B |3 3 (Gl (vig) — Gl (vig)?
i=1 Y j=1

To
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where u; and y; ; are given in the training dataset S.

e Bounding T;. For T;, we have

n

T, =2Eg lz L Z YZ,j G(u)(yi,j)>2]

n

1 "1 ~
=2Es E Z ;y Z(G(uz‘)(yz‘,y‘) —vij + fm')Ql

n

%z L3[@

|—|

)(yig) — vig)* + 2(G () (yig) — vij)€ij + 531}}

11 ~
=2Eg | — Z Z G uz Y1,j U%]) ]
n ny
1 1 4~ 1en 1 <4,
+ABs [ =Y — > (G(w)(yig) —viglij| +2Es =Y —> &
n — ny — n — ny —
=1 Jj=1 =1 Jj=1
_9Es  inf 1§:1§:(G (W) (yi) — viy)?
= SGNNGQNN n = n, Pt NN (Wi )\Yi,j 1,
I a1 & 4 1 en 1 oA,
+4Es | > — > (Gwi)(yiy) — Glui)(yiy) — &i)éig | + 2Es - > - > &
i=1 Y j=1 i=1 Y j=1
<2 inf Es L z”: L i(GNN(u )(¥ig) = vij)?
e Nivr=r, N n o Ny p 7 0.J ]
1 1 4~
+4Es [n > - > (G(ui)(yiy) — G(uz‘)(yz',j))ﬁi,j] —2Es { Z Zﬁzg}
i=1 Y j=1 i=1 Y j=1

GNNEGNN

=2 inf [ Z Z GNN uz y’Lj) G(ul)(y%]) - 5@],)2 - 612,])]

+4Es [Tll > ni > (Gw)(yiy) — G(Ui)(yi,j))ii,j]
i=1 Y j=1

ny

=2 inf E“NPuE{yj}?gIpr [1 Z(GNN(U)(yj) — G(U)(Yj))2]

GNNEONN Ny =
1SN 1 o4~
+4Es | > — > G(wi)(yiy)éis (34)
i=1 Y j=1
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The first term in (34) can be bounded by Corollary 6. More specifically, let Cr be a constant
depending on 71, B1,d1, Lg. For any € > 0, we choose ng, = Cie~% so that {Bs(cm) ey
is a cover of {}yy with 6 = Cse for some C1,Cs depending on 71,dy, Ly and Ly. According
to Corollary 6, we can set network architecture F; = Fnn(da2,1, L1,p1, K1, k1, R1) and

Fo = FNN(ng, 1, Lo, pa2, Ko, k2, Ro) with

L1 =0 (log(s_l)) , p1 = O(l), K1 =0 (log(e_l)) , kK1 = O(€_d2_1), R1 =1 (35)

Ly=0 (e—% log s‘l) , p2=0 (C;’dlg—(dl/%cl)e*dl) ,
Ky =0 (C%—chE—(d1/2+01)5—d1—2d1 10g571> . Ko = 10} ((Clg)f(01d1/2+d1)s_d1—d171> . R= /BV;
(36)

The constant in O depends on 71,79, Bu, Bv,d1,de, Lg, Ly, Ly. Set N = Ce~% for some
constant C depending on da, Ly and 2. There are {gx}2_, with g; € F1 and {ay}Y_, with
ai € Fo such that

N
sup sup |G(u)(y) = D ar(w)gi(y)| <e
uelU yeQy 1
The first term in (34) is bounded by
. 1 2 2
2yl BB |0 3 Gunw) = G| €2 a0

The second term in (34) is bounded by the following lemma (see proof in Section B.6):

Lemma 15 Denote ||Gun|2 = 2137, %Zyil |Gxn (W) (yij)|?. Under the condition of
Theorem 7, the second term in (34) is bounded as

I a1 & o
Es EZ@ZG(W)(%J)&J
i=1 Y j=1

<2 <\/]E5 [H@ - GII%] - 9) \/41°gN(9’ O, [ looco) £6 (38)

nny

Let G be the network specified in (35) and (36). Substituting (37) and (38) into (34)

gives rise to

Ny

IEEENESS nl S (Gl (yig) — Glus) (yis))?
=1 7j=1

~ 4log N'(6 Nloone
<2¢% 1 8o <\/IE3 [HG—GH%}+9>\/ BN (0, G || Mloooe) 6 4 g (59

nny
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Denote

= \JEs 16 - aIi).

a=¢e?+200+ 4(79\/41(%/\/‘(07 el HOO,OO) ha 67

nny

- 20\/4logN<e, G, | lloooo) +6

nny
Then (39) can be rewritten as
7’ < a+ 2by,
from which we deduce that
m=b2<a+b® = n<Va+b2+b = n><2a+4b
Thus we have

T1 :21’]2

41 0 * loo,00 41 3 s || 7 [Joo,00
og N(0, G, || - [l oo, )+6+1602 0g N (6, Gan, || - [loo,00) + 6

<4e® + 800 + 1600\/
nny nny

(40)

e Bounding T3. An upper bound of Ty is given by the following lemma (see a proof in
Section B.7)

Lemma 16 Under the condition of Theorem 7, we have

1957
T < W bog (7 G ) + 65 (1)

e Putting T, Ty together.
Substituting (40) and (87) into (33) gives rise to

1 <~ A
ESEuNpuE{yj};’gley ny Z(G(u y;)) — G(u;y;))
j=1
41 0 |l so,00 41 0, 3 1+ 1loo,00
1% 4 8004 1600 \/ BN, G0 lloooe) +5 16,2108 N OG- onse) +©
Y Y

1962
g7 (45 Ol ) + 60

6402 +6 1952
<t (M0 I Yt v (5 G e

nny
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410 Ni7g s |l lloo,00 +6
+1609\/ BN gy O | o) 6o ), (42)

nny

The following lemma (see a proof in Section B.8) gives an upper bound of N (6,Gnn, || -

||oo,oo):

Lemma 17 Let fl = fNN(dl, 1,L1,p1,K1,H1,R1) and .7:2 = .FNN(dQ, 1,L2,p2,K2,/€2,R2).
We have

2L1P%H1H)NK1 <2L2p%/€2H> NKz

N(0>gNN7 ” : HOO,OO) < < ) 0

with H = N (RiL1(p1y2 + 2)(k1p1)" ! + RaLa(p2Bu + 2)(k2p2)™2 7).

Substituting (35) and (36) into Lemma 17 gives rise to
logN(gvgNNa || ' ||OO700)
1
=NK;(log2 +log L1 + 2logp1 + log k1 + log H + log )

0
1
+ NKs(log2 + log Ly + 2log pa + log ko + log H + log 5)
1
<C4N (K1 + Ks)(log H + log 5)
1

<C4N(K1+ K3)(log N + La(log Lo + log ps + log ko) + log 5)

_ - 1 1 1 1 1 1
<C4C% g (d1/24+Cr)e™ " ~2d1—~dy log — <log ~ e 2 )og - <10g ~+e N log > + log >

€ € € € € 0

<CYO5 e B/2ODT S~ 105 L (log? 4 log ) (43)

where C} is a constant depending on vy, e, B, By, d1,ds, Lg, Ly, Ly .
Substituting (43) into (42) gives rise to
1 &

ESEuqu{yg‘}?ﬁlN/ﬂy niy Zl(a(u)(YJ) - G(U)(Yj))2
]:

402 1932 - - 1 1
<4e” + <6 Z 10y ﬁv) 0405 M e (/2O N =Bhda g ~ (1092 4 log
nny n g 3

40,057 M e=(d1/24+C1)e™ M =5d1—d2 |oo L (102 L 4 oo 1) + 6
+1600\/ e cgcllog’c T1085) F6 ot ayp (a4

nny

Set 8 = n~1. We have

EsEyp,E
Shupuly YV ~py | 3y
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for some Cy depending on 71,72, Bv, By, d1,ds, L, Ly, Ly
1

In particular, set ¢ = (% log’ﬁ)gﬂ) T After taking logarithm, €2 is of O(— loglogn),

%6*01(@“)5%1*Hdl/%d? is of O(—log(nny)). Thus the error inside the parenthesis of (45)
is dominated by £2. We have

Ny _2
1 ~ 9 logn 1
BB Bt | e DICE) — G| <O (o) ™ a0
for some constant C3 depending on o, 71,72, Su, Bv,d1,ds, La, Ly, Ly . |

5.3 Proof of Theorem 8

To prove Theorem 8, we need the following approximation result for functionals defined on
U satisfying Assumption 4.

Theorem 18 Let dy,n.,by > 0 be integers, v1, By, Ly, Ly, Ry > 0, and U satisfy Assump-
tion 2 and 4 (i), the discretization grids {Xj}?il satisfy Assumption 4 (ii). There exist con-
stant C' depending on y1, Bu,d1, Ly, Ry, by and C1 depending on 1, dy, Bu such that the fol-
lowing holds: For anye > 0, set H = (Cv/by)? e~ and the network Fx(ng, 1, L, p, K, k, R)
with

L=0 (log(efl)) , p=0(), K=0 (log(efl)) ;
k=01, R=1.

There are
H
sup | f(u) = > axdi(u)| <e, (47)
uclU k—1
where u = [u(x1),u(Xa), ..., u(x,,)]", ar’s are coefficients depending on f and satisfying

lag| < Ci. The constant hidden in O depends on v1, By, di, Ly, Ly, by, Ca.

Theorem 18 is proved in Section B.4. Theorem 18 expresses the functional network as a sum
of H parallel branches, and the network architecture of each branch is quantified. In the
following, we express the functional network as one large network and quantify the network
architecture of this large network.

If we set the network architecture Fnn(ng, 1, L, p, K, k, R) as

L=0(log(cY), p=0(c™), K=0 (s*bv 1og(e*1)) k=0, R= Ry, (48)

for any Lipschitz functional f with Lipschitz constant no more than Ly and || f|| (1) < Ry,
there exists f € Fnn(nz, 1, L, p, K, k, R) such that we have

sup [f(u) — f(u)] < e. (49)

uelU
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The constant hidden in O in (48) depends on 1, fv,d1, Ly, Ly, Ly, by, Ca.

Now we are ready to prove Theorem 8.
Proof [Proof of Theorem 8] We follow the proof of Theorem 4 until (28). By Theorem 18,
there exists a network architecture Fo = FNN(ng, 1, Lo, p2, Ko, k2, Re) with

Ly =0 (10g(531))  p2 = O(e3™), Kz = O (23" og(e3") + ), w2 = 055" ™), Ry =1

such that for every functional fj. defined in (27), this network architecture gives a network
[ satisfying
sup | f(G(u)) = fr(u)] <

uelU

The constant hidden in O depends on ~1, Sy, Bv,d1, Lg, Ly, Ca,by. Since 0 < gp(y) <1
for any y € Qy, we deduce

N
sup |57 FeGOEY) — 3 Fewity
YEQ [ k=1
N ~
= sup |3 (£(GW) = fuw) Guly)
YEQ [
< sup Z)fk Fiw)| ()
yEQy

<[ G - ), suw S
SV =1

N

<ez sup »_ Gu(y)
YEQV 1

<(1+1/y2)e2, (50)

where the last inequality follows from (31). Putting (26) and (50) together, we have

N
G(u)(y) = > fr(w)(y)
k=1

sup sup
uelU yeQy
N N
<sup s |G()w) 3 i )| 4 sup sup [3° AGC@IERG) - 3 Bwa)
uelU yeQy uel yeQly ke1 k=1

<e1+ (1 +1/%)e2

Set 2 =¢/(2(1+1/72)),e1 = 5, we have

sup sup |G(u)(y) = > ar(u)ge(y)

uel yeQy

T
l
l
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The resulting network architecture has N = O(£792) branch and trunk sub-networks. Each
branch sub-network has parameters

L1 =0 (log(s™")), p1=0(1), K1 =0 (log(c™")), k1 =0(7"), Ri =1,
and each trunk sub-network has parameters
Ly = 0 (log(e™)) , p2 = O(e™), Kz =0 (" (log(e™") + ),
ko = O(e ™ h, R=py.

The constant hidden in O depends on v1, 2, Bv, Bv,di,d2, Lg, Ly, Ly, Ca, by. |

5.4 Proof of Theorem 9

Proof [Proof of Theorem 9] We follow the proof of Theorem 7 until (42) and replace
Corollary 6 by Theorem 8 and F2 by F2 = Fnn(ng, 1, Lo, p2, Ko, k2, R2) with

Ly = 0 (log(e™)) , p2 = O(™), Kz =0 (< (log(e™") + ),
ko =0, R=py. (51)
Substituting (35) and (51) into Lemma 17 gives rise to

IOgN(evgNNa || : ||OO7OO)
1
=NK;(log2 +log L1 + 2logp1 + log k1 + log H + log 5)

1
+ NKs(log2 + log Ly + 2log pa + log ko + log H + log 5)

1
<CyN (K1 + Ka)(log H +1og )

0
1
<CyN (K1 + K3)(log N + La(log Lo + log p2 + log k2) + log 5)
o 1 ,1 1
<Cye™v7% | log Z +ng | | log Z + log i (52)

where Cjy is a constant depending on 71, e, Su, Bv,d1,de, Lg, Ly, Ly, by, Ca.
Substituting (52) into (42) gives rise to

AN
EsEunp.Bryym oy, | o D (G(;) - Gu)(y,))?
i v =
402 1932 1 1 1
§4€2 + <6 g +6 + ﬁV) 046_bU_d2 (log +nz> <10g2 - +10g >
nny n € € 0

4Cye~bv=d2 (log L +n,) (log? L 4+ log 1) + 6
+1609\/ 4e (log 2 + ) (log” £ + log ) + (80 +6)6. (53)

nny
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1
Set # =n~! and e = n >FuTd | we have

Ty

EsEup By v . |3 (@)ys) - C)y;)?| < Con 108 L (54)
SBurpy {Yj}jzf\’Py Ty “ f Y Y = -2 8 €
]:
for some Uy depending on o, v1,v2, fv, Bv,d1,d2, Lg, Ly, Ly, by, Ca. ]

6. Conclusion

In this paper, we have developed mathematical and statistical theories to justify neural
scaling laws of DeepONet by analyzing its approximation and generalization error. Our ap-
proximation theory can be used to quantify the model scaling law of DeepONet, depicting
the scaling between the DeepONet approximation error and the model size. Our generaliza-
tion theory can be used to quantify the data scaling law of DeepONet, depicting the scaling
between the DeepONet generalization error and the training data size. Our general results
for learning Lipschitz operators give rise to a slow rate of convergence of the DeepONet error
as the model/data size increases. Furthermore, we incorporate low-dimensional structures
of the input functions into consideration, and improve the rate of convergence to a power
law, which is consistent with the empirical observations in Lu et al. (2021b); de Hoop et al.
(2022). Our results provide theoretical foundations of DeepONet, to partially explain the
empirical success and neural scaling laws of DeepONet. In the future, we will investigate
the optimality of our error bound, and improve it if possible. Another interesting future
direction is to incorporate more complicated low-dimensional structures, such as manifold
setting, under the framework of DeepONet.
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Appendix
Appendix A. Proof of Examples in Section 3
A.1 Proof of Example 2

Proof [Proof of Example 2]
The exact solution is given as

v(x,T) =u(x+ Tc).

For any u,u € U with u = EJ

7 =S g,
i1 ajwy, U =) 5 4 Gjw;, we have

J
1G(u) — G(U)|| L (0y) = Z laj — ajlw;j(x + Tc) <|la—alp
j:l Loo(QV)
<VJla—al;e = VJllu— 1|20

Appendix B. Proof of Theorems and Lemmata in Section 5

B.1 Proof of Theorem 10

Proof [Proof of Theorem 10] We partition Q into N4 subcubes for some N to be specified
later. We are going to approximate u on each cube by a constant function and then assemble
them together to get an approximation of w on ;. Denote the centers of the subcubes by

{Ck}é\[:di with ¢ = [Ck,h CE,2y -+ Ck,d1]T~
Let {ck}évzdi be a uniform grid on Qg so that each ¢ € {7%’ A+ %7 m’%}ch for
each k. Define
1,]a| <1,
Y(a) ={0,lal > 2, (55)
2_|a|71 < |CL‘ §2a

with a € R, and

W1 cm) | (56)

In this definition, we have supp(¢e, ) = {x Hx = cklloo < %} C {X: % — cilloo < (]\27111)}

and
Nd1

Ierllzoe@e) =1, Y dep = 1.
k=1
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For any u € U, we construct a piecewise constant approximation to u as

Nd1

a(x) = Y ulcr)de, (x)-

k=1

By utilizing the partition of unity property given by fo:di ¢c, = 1, it follows that for any
x € Q,

N

[u(x) = a@(x)| =| Y e, (%) (ulx) — ulcr))
k=1

Nd1

<3 b, ()lulx) — uey)]
k=1
=Y eI - ule)

2
k:”Ck*xHOOS (le>

< max | [(u(x) - uler)| > dal®)
k:llck—xHooé(NfD 271
N-1)

Fellex—xlloo <

< max  |(u(x) — u(cy))|
E:]lcp—X] oo < 7k

-1
<2\/d1’}’1LU
- N-1 "~

(57)

where we use the Lipschitz assumption of U in the last inequality. Setting N = {@—‘ +
1 gives rise to

lu(x) —a(x)| < =, VxeQp. (58)

| ™

We then show that ¢¢, can be approximated by a network with arbitrary accuracy. Note
that ¢, is the product of d; functions, each of which is piecewise linear and can be realized
by 4-layer ReLLU networks.

The following lemma shows that a function of the product can be approximated by a
network with arbitrary accuracy.

Lemma 19 (Proposition 3 of Yarotsky (2017)) Given M > 0 and € > 0, there is a
ReLU network x : R? = R in Fxn(2,1, L, p, K, k, R) such that for any |z| < M,|y| < M,
we have

X (2, y) —ay| <e.

The network architecture has
L=0(oge™), p=6, K=0(loge™"), k=0(c"'), R= M>. (59)

The constant hidden in O depends on M.
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Let X be the network defined in Lemma 19 with accuracy §. We approximate oc, by q
defined as,

2x) = % (w (i”“;;”(m - ck,n) X (w (3“;;%2 - %2)) . )) |

For each k, g, € Fxn(di, 1, L, p, K, k, R) with
L=0(dlogé™),p=0(1),K =0(d1logd 1),k =001+ N),R=1.
For any x € 7, we have

Ge(x) — e ()]
<Ix (w (3@7;1)(3;1 . %)) 5 <¢ (3“;;%2 - Ck,2)> . )) o)

) (0 ). )
() (S ). )
- ‘1/1 <3(]\2[’71 ! (21 — Ck,l)) X (w <3(]\27,; ! (z2 — Ck,2)> ; ) — ¢, (x)
< + &9,
where
&= v (M5 - % (v (MG w0 ) e
= ‘w (3(1\;,;1)(901 - Ck,l)) X <¢ (3(]\2[,;1)(332 - Ck,2)> o ) —jdlj;ﬁ (3(]\2[,;1)(% - Ck,j)) '

Repeat this process to estimate &2, &3, ..., Eq 41, where £g, 41 = kﬁl Y (3(]2\777:1)(332 — Ck;,Q)) —
¢¢;, = 0. This implies that ||, — Gk llr=(0,) < d16. We define

@k = ReLU(qx) = max{0, G }-
Since ¢, > 0, we have

Per, — Gkl u) < llPer — Tkl () < did

and g > 0. It follows that,

Nd1 N1 N1

> ulcr) g — u = 1> ulew)d = Y uler)de,

k=t G L h= L ()
N4

< Z [u(cr)|lge — PexllLoo (@)
k=1
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<diN"Bys. (60)
Setting § = m and putting (58) and (60) together, we have
N M € €
U= Z u(ex)qk < lu— aHLOO(QU) + || - ZU(Ckﬁk < 5 + 5= e. (61)
k=1 L () k=1 Lo ()
The network architecture is specified in the theorem. |

B.2 Proof of Theorem 11

Proof [Proof of Theorem 11]

We let {Bs(cm)}Y_; be a finite cover of Qy by ¢y Euclidean balls, where ¢y can be
further estimated in Corollary 12. By Lemma 2, there exists a partition of unity {wp, (x)}77_,
subordinate to the cover {Bs(c,)}U_,. For any z = [z1,..., 2¢,] | € (—PBu,Bu)U, we can
then define a function z,(x) : Qy — R such that

cu

2(X) = Y Zmwm(x) VX € Q. (62)

m=1

Note that for u € U and u = [u(c1), ..., u(ce,)] |, if we set z = u, it follows that u, = 2z, €

U,BU is an approximation of w with the point-wise error estimation:

() — o (x I<Z|u ) = ulem)llom ()
= Z |U(X) - u(cm)||(*‘)m(x)|S Lyé

m:||x—cml|2<d

for any x € Q. Setting § = ———=5—— and using the Lipschtiz property of f, we have
2(271)d1/2LfLU
€
|f(u) = f(uw)| < Lyllu = uwllr2(0,) < Ly(271) M2 Ly = 7

We next define a function g : (—fy, fu)Y — R such that g(z) = f(zu), ie., g(z) =
f(uy). We claim that g is Lipschitz in the following sense: For any u,u € U, define u,, and
1, as in (62) where u = [u(cy), ..., u(ce,)] " and @ = [@(cy), ..., u(ce, )] . Then we have

lg(w) = g(@)] =[f () — f(t)]

<Lylluw — twll 2y

:Lf\//QU(uw )%

cy 2
=Ly /QU (n; (u(cm) —u(cm))wm(x)> dx
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<L m) — t(cm))? 3 (win(x))? dx
! /QU m=1 mzz:l
<L m) — i(cm))? 3 Wi (x) dx
! /QU m=1 mzzjl
<L; /Q —a(cy))? dx
Um= 1

=L Q0] [u -l
=Ly(271)""?|lu — all2

where the third equality follows from the property that {wy,};"_; is a partition of unity.
The claim is proved.

By Theorem 10, for ¢ > 0, if we set H = (C\/cy)Ve U for some C' depending on
di,v1,Pu and Ly, then there exists a network architecture Fnn(cy,1,L,p, K, k, R) and
{@ 1L, with g € Fan(cv, 1, L,p, K, k, R) for k= 1,..., H such that

Z akgr(u

where aj, are constants depending on f with |a;y| < Ry. Such an architecture has

€
sup |g 5
2

uelU

L =0 (clog(ey) + cflog(e™)), p=0(1), K = O (c logey + ¢ log(e ™)) ,
K= O(CCUU/QHE*CUA), R=1.

The constant hidden in O depends on dy,71, Sy and Ly. We have, for any v € U and
u = [u(cy), ...,u(cCU)]T

sup | f Zaqu < sup|f(u) - g(u)| +sup |g Zaqu
uelU uelU

9 g

<fifo

_2+2 €

B.3 Proof of Corollary 12

Proof [Proof of Corollary 12] © is bounded and closed; hence it is compact. Let {Bs(cm)}ro_,
be a finite cover of Qi by ¢y Euclidean balls, with centers {c,, },v_; and radius §. By Lemma
5, we have,

(63)

d
2<2w>d1/2LfLU> |

cy < Cg5fd1 = (Y < .
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for some 5 depending on 1 and dy. Then Corollary 12 is a direct result of Theorem 11. B

B.4 Proof of Theorem 18

Proof [Proof of Theorem 18] Under Assumption 3 and Assumption 4(ii), for each u € U,
we have |a;| < C, for k = 1,...,by where Cy = (271)%/28y. For any z = 21, ...,sz]T €
[~Cl, Cy]?, we define the function z, : Q — R such that

bu

20(X) = Y Zmwm(x), Vx € Qu, (64)

m=1

where {wm}%’:l are the orthonormal basis in Assumption 4(i).

For v € U and u = [u(x1),...,u(x,,)]", if z = Au then we have u = z,. Let us
define the function g : [~Cy,Cal®’ — R such that g(z) = f(z.) (ie., g(Au) = f(u)).
Then ¢ is Lipschitz in the following sense: For any u,@ € U, let u = [u(x1), ..., u(xp,)] T,
a = [u(x1),...,%(x,,)] ", and then we have

19(2) — 9(2)| =[f () — f(Z0)]

<Lfllzw — ZullL2(ay)

:Lf\// (Zw — Ew)zdx
Qu
2

by
<L; /Q <Z|Zm—2m|wm(x)> dx

m=1

by
<Ly / Z |Z, — Zon |Pw2, (x)dx
Q

U m=1

by
=Ly Z |Zm, —Zm|2/ w2, (x)dx
m=1 Qu

=Ly|z 22

By Theorem 10, for € > 0, set H = (Cv/by)?ve~ for some C' depending on by, dy, 1, Bur
and Ly. There exists a network architecture Fnn(ns,1, L, p, K, x, R) and {q;}L, with
gr € Fan(ng, 1, L,p, K, Kk, R) and g > 0, for k = 1, ..., H such that

sup <e, (65)

uelU

H
9(Au) = Y " i (u)
k

=1

where aj, are constants depending on f with |ax| < Ry. Such an architecture has

L=0(og(c™h), p=0(1), K =0(log(e Y +ny), k=001, R=1.
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Note that x depends on C4 as defined in Assumption 4 as the network weights are scaled
up by A. We have for any v € U,

H
Fw) = argr(n)
k=1

H
g(Aw) = 3" ayi(u)| = <.
k=1

sup = Sup
uelU uelU
|
B.5 Proof of Lemma 5
Proof [Proof of Lemma 5| By Conway and Sloane (2013, Chapter 2), we have,
27y d
c< {(J + 7dlogd < C6~ ¢ (66)
for some C' depending on ~ and d. |

B.6 Proof of Lemma 15

Proof [Proof of Lemma 15| We derive an upper bound of the second term in (34) using the
covering number of Gyy. Denote [|[Gan|2 = 1370, % ?il |Gxn (W) (yi )% Let G* =
{GZ}Q[:(?QNN’”'HW’“) be a 6 cover of Gy, where N (0, Gnn, || - ||oo,00) i the covering number.
Specifically, for any Gnn € Gnn, there exists G € G* satisfying |Gy — éHoo,oo <6. We
have

1 n 1 ny -
Es |~ —> Gu)(yiji
i=1 Y j=1

“Es (137 3 (Gl es) ~ Gam)(yi) + i () (ves) = Gr)1,)) &
i=1 Y j=1

=Es |= > L > (é(ui)(}’i,j) - GEN(W)(Y@‘J)) §i.j

Jj=1

In 1 &
+Es |- o > (Gin(wi)(yig) — Glui)(yig)) &g
i=1 Y j=1

<00+ Eg |G — Glln 2211 2252 (G;IN(ui)(*Yi,j) — G(ui)(yij)) i ‘ (67)
V1 VIyl|Gin = Glln
Note that
HG;IN - GHn
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~

- % Z nly Z |G (i) (i) — é(ui)(Yi,j) + G(w)(yi;) — G(ui)(yij )|?
i=1 j=1

< ZEI;ESO@mmme—émmWﬁP+@mmmﬂ—Gmeﬁﬂ
i=1 j=1
<22;ZWH@Mm%mwmm
i=1 j=1
=V2(|G = Gl +90). (68)

Substituting (68) into (67) gives rise to

1 n 1 ny .
Es |= Y — Y G(w)(yij)
i3 o

S 22 (G (W) (vig) — G(ui)(yig)) &g
VT |[GRy = Glln

IG — Gl +6

< \@ES
- /NNy

+ 6. (69)

Recall that {GZ}QZ(;’QNN’H'HMW) is a ¢ cover of Gy, and denote

Sim 25 (Gr(w) (yig) — Gui)(vig)) &ig .

ZE = .
\/"myHGNN — Gl
We have
ESHa*mh+9zﬁﬂZﬁMQWWMﬁﬂ*GWMWﬁMM
Ty, V|| G — Glln
g [IG=Glln 0 Zk,]
nny k

~ 2 1
S\/ES [(HG —Gln+ 9) ] Es [nn max |Zk|2]
Yy
S\/ZES [HCA? -Gl + 92] \/11@3 [max |Zk|2]
nny k
~ 1
Y

where Cauchy-Schwarz inequality is used in the second inequality, and the last inequality
uses the relation va + b2 < y/a + b for a,b > 0.

We next derive an upper bound of Eg [maxk |zk|2}. Since each &; ; is a sub-Gaussian

n
. . . . n . .
variable with variance proxy o, for given {Ui, {yz',j}jil} , each z, is a sub-Gaussian
i=1
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variable with variance proxy o2.

made clear later, we deduce,

2 {ui, {ym}?zl}jj

{Uia {yi,j}?i1};1] )
{ui, {yi,j}?il}jﬂ)}
S% log Es [zk: exp (t ‘Zkﬂ {ui’ {Yi7j}?il}j:1)]

zllog (N0 G | - oo [exp (il {uis fyi¥a ) )])
—log N (0,GNnN, || lloo,00) + %logEs [exp (ﬂZﬂQ‘ {ui’{yi’j}?il}jzlﬂ ’

Let t be a positive number depending on ¢ and will be

Es {mkaxlzﬂ

1
=7 log exp <E3 [t max B

1
§¥ logEs [exp (tml?x EnG

H—»—tﬁ-

where we use Jensen’s inequality in the first inequality. Due to the i.i.d. assumption of
n

{Uh {Yi,j}?il}l o we have
1=

< 5 [ fon ]
. n 15 7S 5=1 e
Es {exp (t !Z1|2’ {Uu {yi,j}jil}izl)} =1+ Z 14 -

(=1

Since z; is sub-Gaussian with variance proxy o2, it follows that

n
o t'Eg [Z%K‘ {“i’ {yi’j}?il}izl}
1+ Z 1

S Z R CIEE N AT
t 0 1/¢
§1+2Z£!/0 exp <—;‘2> dr
= 0

=1+2 Z(thﬂ)ﬁ
(=1

where ' denotes the Gamma function. Setting t = (40%)~!, we have

{u:, {Yz,]}ny }1:| S40’2 log/\/(Q, gNN7 H : ||oo,oo) + 40’2 10g3

<40?log N (0, GnN, ||+ [loo.co) + 602 (71)

Es {mkax|zk|2
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Substituting (71) and (70) into (69) gives rise to

n

Ny
ES Znizéuz yz,] §Z]

nny

B.7 Proof of Lemma 16
Proof [Proof of Lemma 16|

~ 2
Denote §(u)(y) = (G(w)(y) ~ Gu)(y)) . Due to the clipping by B, 3]0 < 457
Then

1 & 2.1 &
Ty =Es { Euep By o oy, nyz:gm)(yj) ‘Hizlijzlg(“”(y“)
n n n
1 1 1 1
=2Es ¢ ~EBup Epovw o | — > ga)(y;)| — =) — > g(ui)(yiy)
2 upuHy; j=1""Py nngl J nizl Ny = ’ b
1n 1 &
:QES{EuNpuE o z i) | -3 LS g
i=1 Y j=1

1
~ gEup By Z g(u } (73)

[% Z?il a(u)(YJ)} is given as

A lower bound of Eu~puE{yy’}?ﬁ

~pPy
462
Eu~pu {y] Zg :EUNPUE{y]’};iIpr %2145‘2/.9( )(Yj)
- ]:
BB e | LS LRy ()
B By it | 7y 2 a7 (WO
- j:

Substituting (74) into (73) implies

Ny n Ny
1 A
Ty gQES{EuNpu ) E g(u _EE nT,E g(wi)(yi;)
i—1 Y =1
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1

1 &
— —Eyp By — N 7 N
8BZ e vid ey [ny jz;g (u)(}’J)] } (75)

n
Denote S’ = {UQ, {y;j ?il} ) as an independent copy of S. Define the set
9 Z:

R = {g(u)(y) = (Gax(u)(y) — G(u)(y))? for Gun € Gunyu € Uy € Qv (76)
We have

1< 1 & 1<~ 1 &
Ty §2E5{ sup <E3’ |:n . 9(“2)(}’;])] o Z . Zg(ui)(yz‘,y‘)
X X X Yy

geER

i=1 Y j=1 i=1 Jj=1
1 1 n 1 o
- SB%/ESI |:n Zz; n7y = gz(ui)(yL])] ) }
_2153{ sup <IE5/ {121 (9(a))(yi ;) — 9(wi)(yiy))
gER s ™S ]
C L e |50 L SN (vl + o (re)
1682 77 | n = Wi R v
IO R
<2Eg S/{ sup < < (g(uz)(yZ]) 9(wi)(yi;))
geR \ M i=1 "y Jj=1
- mlﬁ‘g/Es,s' [nly 2 (> () (yi,) + QQ(Uz‘)(yz‘,j))] >> } (77)

By Lemma 20, let R* = {g; N(GR Hise.2) 1o 4 G-cover of R. Then for any g € R, there

exists g* € R* satisfying ||g — g Hoo,oo < 6. We will derive an upper bound of (77) using g*.
For the first term in (77), we have

g(ug)(yg,j) —g(u)(yij)
= (9(u)(yi;) — 9" () (yi ) + (9" (@) (yi;) — 9" (W) (yig)) + (¢ (W) (yiy) — 9(wi)(¥iy))
<(g"(0))(yi;) — 9" (0)(yi;)) + 20. (78)

For the second term in (77), we have

g* () (yi ) + % (w) (v
= (92( z)(y”) (g )2(
+ ((9")*(wi)(yiy) + (g*
>(g")?(wi) (yiy) + (9%)*(
—lg(ui)(yij) — g

)

Dig) + ( (W) (yig) — (9% (wi)(yiy))
) (u}) (v}
w)(vi;) — lg(u)(yi;) — 9" (W) (yi)llg(u)(yi,) + g (0))(y7 ;)]
(i) (yi)llg(wi) (yig) + g% (wi) (yi5)]
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>(9")?(wi)(yig) + () () (yi ;) — 16570. (79)

Substituting (78) and (79) into (77) gives rise to

Ty <2E3,3f{ sup <:L Z <n1 Z(g(u;‘)(yg,j) —g(w)(yij))

9ER \ ™ i=1 \' j=1

16152 Ess [nly () () (vi) + (9*)2(11;)(3’;,3'))} )) + 66
—2s | mpx (i 2 (nl > (g ) ) - g () (3i)
i=1 j=1
_ 16162E3,s/ [Tj Z ((g6)? () (yiy) + (g;:)?(u;)(y;]))} )) + 66 (80)
v v i

Denote 7y (u& {¥i 4t wi {yis 2 ) = oo 22 (i () (v ;) — g7 (ui)(vi,)). We have
Es s [Tk <u§; {yi i}t w, {yz',j}?ilﬂ =0,
and thus
Var (T‘k (u;a {y; j}?zlv u;, {y’i,j}?il>)
*ES S’ |:rk <uz’ {yz ]}] 1 Wi {y%J};Lil)}
— " 2
1 - * / / *

=Es s/ ) Z (gr(ui)(y7;) — gk (wi)(yij))

Yy j=1
Ty My

=Ess | — ZZ g (u})(yi,) gZ(uz')(yz',j))(gZ(ué)(YQ,z)g?é(uz')(yi,e))]

"y j=14=1
1
=Es.s

> (gi(a)(yi ;) — QZ(Ui)(yz‘,j))Ql
J=1

"2
ny

Y j=1 (£

+Es,s % DD (g (viy) — gk (i) (yig)) (9i () (yie) — QZ(ui)(Yi,é))] (81)

Note that for ¢ # j, we have

Es.s [(95(0})(yi;) — g5(wi)(yis)) (95 () (¥ie) — gr(wi)(yie)]

:Eui~pu,u;~pu [Eyi,j,yi,g,y;j,y;,[\apy [(glt(u;)(y;,]) - g;;(ui)(}’i,j)) (gl:(u;)(y;,f) - QZ(ui)(Yi,f))

2
“Eopitpa | (vt ony | G100 )) = 02 (0) (7:)) | )]

/
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* * 2
<Evmpusipn Bt o | (G000 E5) = g () (33))|

~Es.s | (910 (¥1,) = 9t (w)(3:.)) ] (s2)

where the inequality uses Jensen’s inequality. Substituting (82) into (81) gives rise to

Var (Tk <11§, (vt w, {Yz',j}?&))

n n
1w 9 1 < 2
<Ess 72 J¥ig) = i) (3i)*| +Essr |25 3D (9 (u)(¥h,) — gi(w)(yi,))
"y 3 Y j=1t#j

1
Es.s TZZ )¥hy) — 9w (vi))”
?J 1 4=

Fss nlyz (g ()) — gh(ws) (32))
j=1

s | -5 (602 (vL) + (o) 2(u)a)° | (83)
Y j=1

Next we define and estimate Cfg,

1 n
max (n > (?"k (ué, {¥i )t w, {yi,j}?il>

i=1

_ 1615%, Var [Tk (u;, v}ty w, {yi’j}gil>] ))l '

Ty <2Ess/

According to (80) and (83),
Ty < Ty + 66.

We estimate Th using the moment generating function of r;. Note that 7k ]lo0,00 < 487
For 0 < t < 3/4f%, we have

ES,S’ GXp(tTk( 7,7{Yz]}] 17ui7{yi,j} ) }

e tér {y 1> Wi, {Yz,]} 1)
:ES,S/ 1—|—t1"k (u;,{y;d j= 1,111,{}’1,]}] l) = ng =
i =2 ’
r 2\0—240,.2
/ /Ny ny > (4BV) try (u;’ {ygd j=1s Wi {yl’] }] 1)
<Ess [1+try (uw {vijhilowi{yish;Ls ) + Z 2 x 302
(=

) 527“]% <u27{y7,,’,] j= 1,1117{}’1,]}] 1) i 4B2 L— 2t€ 2

:ES,S/ 1+ trg (11;, {y’é,j j=11 Wi, {Yz,j }] 1 9

(=2
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EQT/% <u;7 {YZJ}:lla u;, {yld}:l1> 1

:ES,S/ 1 + t'f’k ( z? {ij}j 1,112‘, {YZ,1}721> +

2 1—46%t/3
1
=1+t Var[rg (u;a {Yg,j}?ip u;, {Yi,j}?il>]m
v
<exp | Var[ry (u}, {y: }72,wi, {yij} i 84
> €xXp k\ Uy, {Yz,j}jzlaulv {yl,j}jzl ]6 _ 8,82t ’ ( )
1%

where the last inequality comes from the relation 1+ z < exp(z) for z > 0.
For 0 < t/n < 3/45%, we have

tTy
exp 7
= exp (tEs S [ (:L 2 (Tk (u;, {yij )it w, {Yz‘,j}?i1>
1
165‘/ Var |:7’k (uw {yz,]}_y 1 u;, {y%]}_y 1):| ))])
SES,S’ [exp (t max < (rk (u;-, {yg,j}?ip U, {yi,j}?il)
1
16,8V Var {rk (uzv {Yz,]}] 1 Wi, {y’t,]}] 1):| )))]
<Es.s [Z exp ( <27’k <u§= {yi it w, {yz',j}?i)
k =1
1 n
- 16;", Var [rk <uz’ {yz]}] 1> Wis {yi,j}jil)} >>]
<> Ess [[exp (i’"k ( w), {yi ;2w {Yz‘,j}?L)
i i=1
i v ) )
n " 3(t/n)?
< Zexp (Z (Var rk (u,, {yij}itew, {yiJ}jil)]G_%/;‘Q/)t/n

=1
- Ve b Gz )] )

n o n 3t 1
- ZI; exp (Zl — Varfry (. vh Y m (i) (6 - S,é’gt/n - 16&2/)) )

3

S

=1

.

43



Liu, ZHANG, LIAO AND SCHAEFFER

where the first inequality follows from Jensen’s inequality and the third inequality uses (84)
by replacing t by t/n. Setting

3t/n -
6—83%t/n 1682

0,

we have t = 2552 and % < ﬁ. Substituting the choice of ¢ into (85) gives rise to
\% 1%
tTy
T < log Z exp(0).
k
Thus
~ 2 563%
Ty < glog/\/(Q,R, [+ [loo,00) = - log N (0, R, || * [|o0,00)
nny
and
56/3% 1982
T2 < DV log N (O R | lloeie) + 60 < oV log N(O, R, | o) 460 (86)

The following lemma (see a proof in Section B.9) gives a relation between the covering
number of R and Gnn:

Lemma 20 Let G* be a 0 cover with the covering number N'(6,Gzn, ||+ loo,c0)- There exists
a finite 0 cover R* of R, and the covering number is bounded by,

0
NOR o) <N (g5 G e )
4By
By Lemma 20, we have
196% 6
< —_— . .
T < 2 1067 (5 G e ) + 6 7

B.8 Proof of Lemma 17

Proof [Proof of Lemma 17| For h > 0 and each k, let @}, € F» be some network so that
each nonzero parameter of @) is at most different from the corresponding one in aj by h.
Similarly, let g € Fi be some network so that each nonzero parameter of g, is at most
different from the corresponding one in g by h.

According to Chen et al. (2022, Proof of Lemma 5.3), we have

1@}, — @klloo < hLa(p2Bu + 2)(Kap2)™2, 1@ — Gklloo < hL1(p17y2 + 2)(kap1)™ L
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We deduce
N N
CL, <Z a’;(U)EIZ(Y)) - CL, <Z 5k(u)q~k(Y))
k=1 k=1 00,00
N N
<[> @ (y) =D ar(w)a(y)
k=1 k=1 00,00
N
< lfar ()i (y) — @r(w)e(y)lloo,o
k;l
<> (Il @(y) — @ (W k() oo + 184 (W)dk(¥) — @k (0)Gk(¥)llo00)
k=1
N
< (oo llgh () = @)oo + 1G]l oo 1k (w) = @ (1) o)
k=1
N
<Y (RibLi(p1y2 +2)(51p1) " ™" + RohLa(pafBu + 2)(rap2)™> ™)

=hN (R1Li(p1v2 +2)(s1p1) ™ ™" + RaLa(paflur + 2)(r2p2)™*7") -
Set h so that hIN (R1L1(p1y2 + 2)(k1p1)" ™! + RaLa(p2Bu + 2)(k2p2)™2 1) = 6 gives
h= % with H = N (R1L1(p172 + 2)(k1p1)"* ™1 + RoLa(p2Bu + 2)(rop2) ™27 1) .
We uniformly discretize the parameters of Fy and Fy by 2r1/h and 22 /h. The collection

of all networks corresponding to those grid parameters forms a 6-cover of G. The covering
number is bounded by

Llp% 2/<61 NK: Lgpg 2%2 NKz
. < it ) ahe
N6, - ) <(07) (5 ) (&
261\ 2k \ K2
< (51) v ()

<2L1p§n1H>NK1 (2L2p%/<;2H>NK2
0 0 ‘

<

B.9 Proof of Lemma 20
Proof [Proof of Lemma 20| For any g,g € R, we have

g(w)(y) = (Gaa(u)(y) = GW)(¥))*,  g(w)(y) = (Gan(u)(y) - Gu)(¥)*  (88)
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for some Gnn, Gy € G. We have

lg = gllc,00 = sup sup [(Gan(u)(y) — G(u)(y))* = (Gan(w)(y) = G(u)(¥))?|

uelU yeQy
=sup ySGUQP | (Gan(u)(y) — Gan(u)(y)) (Gan(u)(y) + Gax(u)(y) — 2G(u)(y)) |
< sup yiquV |Grn () (y) — Gran (W) (9)]IGrn () (y) + Grn () (y) — 2G (u)(y)]

<4By||GNN — GNN || 0,00
We thus have

0
N@,R, * |loo,00 SN PR s || " lloo,00 | -
OR Jowoe) X (G0 |
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