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Département de Mathématiques et Applications

Ecole Normale Supérieure, Université PSL, CNRS
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Abstract

We study interpolation inequalities between Hölder Integral Probability Metrics (IPMs) in
the case where the measures have densities on closed submanifolds. Precisely, it is shown
that if two probability measures µ and µ⋆ have β-smooth densities with respect to the
volume measure of some submanifolds M and M⋆ respectively, then the Hölder IPMs dHγ

1

of smoothness γ ≥ 1 and dHη
1
of smoothness η > γ, satisfy dHγ

1
(µ, µ⋆) ≲ dHη

1
(µ, µ⋆)

β+γ
β+η ,

up to logarithmic factors. We provide an application of this result to high-dimensional
inference. These functional inequalities turn out to be a key tool for density estimation on
unknown submanifold. In particular, it allows to build the first estimator attaining optimal
rates of estimation for all the distances dHγ

1
, γ ∈ [1,∞) simultaneously.

Keywords: integral probability metrics, interpolation inequality, manifold data, distri-
bution estimation, minimax rate

1. Introduction

The development of methods for estimating probability measures from data has been a
major focus of contemporary statistics and machine learning (Bishop, 2006). This pursuit
has given rise to thriving research fields such as generative models (Ruthotto and Haber,
2021), reinforcement learning (Szepesvári, 2022) and geometrical inference (Chazal et al.,
2011). In order to evaluate the precision of the estimation, many methods use Integral
Probability Metrics (IPMs) (Müller, 1997) as the distances to compare probability measures.
It consists in choosing a class of functions F and looking at the distance between two
probability measures µ, µ⋆ defined by

dF (µ, µ
⋆) := sup

f∈F

∣∣∣∣∫ f(x)dµ(x)−
∫
f(x)dµ⋆(x)

∣∣∣∣ . (1)

Notable examples of IPMs include the total variation distance (Verdú, 2014) (F is the class
of functions taking value in [−1, 1]), the Wasserstein distance (Villani, 2009) (F is the class
of 1-Lipschitz functions) and Maximum Mean Discrepancies (Smola et al., 2006) (F is the
unit ball of a RKHS). In this paper we focus on the Hölder IPMs that have been used in
generative models (Arjovsky et al. (2017), Chakraborty and Bartlett (2024)) and geometric
learning (Tang and Yang, 2023). For η > 0, X ,Y two subsets of Euclidean spaces and
f = (f1, ..., fp) ∈ C⌊η⌋(X ,Y) the set of ⌊η⌋ := max{k ∈ N0| k ≤ η} times differentiable
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functions, denote ∂νfi = ∂|ν|fi
∂x

ν1
1 ...∂x

νd
d

the partial differential operator for any multi-index

ν = (ν1, ..., νd) ∈ Nd0 with |ν| := ν1 + ...+ νd ≤ ⌊η⌋. Write ∥fi∥η−⌊η⌋ = sup
x ̸=y

fi(x)−fi(y)
min{1,∥x−y∥η−⌊η⌋}

and let

Hη
K(X ,Y) =

{
f ∈ C⌊η⌋(X ,Y)

∣∣max
i

∑
|ν|≤⌊η⌋

∥∂νfi∥L∞(X ,Y) +
∑

|ν|=⌊η⌋

∥∂νfi∥η−⌊η⌋ ≤ K
}

denote the ball of radius K of the Hölder space Hη(X ,Y), the set of functions f : X → Y
of regularity η. In this work we are interested in comparing the Hölder IPMs

dHη
1
(µ, µ⋆) := sup

f∈Hη
1

∫
f(x)dµ(x)−

∫
f(x)dµ⋆(x) (2)

of different regularities η. The popularity of the Hölder IPM comes from its equivalence
with the Wasserstein metric in the case η = 1. This metric enjoys several useful properties
including the metrization of weak convergence of measures Villani (2021). Unfortunately,
the Wasserstein distance has been shown to be computationally expensive (Peyré et al.,
2019). Then, the need of finding smaller classes than the Lipschitz class in the IPM (1)
arises. Ideally one wants to have a class F that is smaller than the Lipschitz class but that
still controls the Wasserstein distance. Classical interpolation inequalities (Lunardi, 2018)
allow to show the connection between the different IPMs: if µ and µ⋆ have densities with
respect to the Lebesgue measure and that belong to Hβ

1 for β > 0, then for all 0 < γ < η,
we have

dHγ
1
(µ, µ⋆) ≲ dHη

1
(µ, µ⋆)

β+γ
β+η , (3)

up to logarithmic terms (see Theorem 5). These inequalities are key in the estimation of
smooth densities as they allow to show that if an estimator µ̂ of µ⋆ attains optimal rates of
estimation for the dHη

1
distance, then it also attains optimal rates for the dHγ

1
distance for

all γ ∈ (0, η) (Stéphanovitch et al., 2023).

Recent use of high dimensional data have shed light on the fact that the optimal rates
for the estimation of probability measures, degenerate exponentially with respect to the di-
mension of the data (Köppen, 2000). This is the so called ”curse of dimensionality” and has
led researchers to forsake density estimation to rather focus on measures with low intrinsic
dimensional structure. In this context, a natural setting is to consider measures having
densities with respect to the volume measure of a submanifold (Divol, 2022). However,
classical interpolation inequalities like (3) no longer apply in this setting. In order to obtain
efficient methods taking into account the low dimensional structure of the measures, it is
then crucial to understand how these inequalities can be generalized.

Stéphanovitch et al. (2023) have recently shown a generalization of these inequalities in
the case of push forward measures. Supposing that µ and µ⋆ have β-regular densities with
respect to the volume measure of submanifolds M and M⋆ respectively and that µ and
µ⋆ are push forward measures of β + 1-regular maps from the d-dimensional torus Td, it is
shown that inequality (3) still stands in the case γ ∈ [1, β+1] and η = β+1. In this paper,
this result is generalized to measures having β-regular densities with respect to the volume
measure of any closed submanifolds (without the push forward assumption) and to any
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0 < γ < η. This generalization allows measure estimation methods like Stéphanovitch et al.
(2023) to be generalized to the manifold setting. Precisely, we build the first estimator of
density on unknown manifold that attains optimal rates for all the distances dHγ

1
, γ ∈ [1,∞)

simultaneously. Its construction is more simpler than previous estimators like Tang and
Yang (2023) as its use of high regularity IPMs implicitly regularizes the data.

To motivate our result from a functional point of view, it is detailed in Section 3.1
how the generalization of inequality (3) is the extension of some interpolation inequali-
ties between Besov norms of L2 functions, to Besov norms of signed measures having low
dimensional smooth structure.

The remainder of this paper is organised as follows. In Section 2, we set the notation,
properly define our setting, and present the main results of the paper. In Section 3, we give
a walk-through of the proof by stating the key intermediate results that allow to obtain
Theorem 14. In Section 4 we present a direct application of Theorem 14 to the estimation
of density on unknown manifold. In Section 5, we detail a simple example to get some
intuition on Theorem 14. Technical points of the proofs are gathered in the supplementary
material.

2. Preliminaries and Main Results

2.1 Setting

Let us start by defining the precise setting of our work. The results focus on β-regular
densities with β ≥ 1 with respect to the volume measure of closed (i.e. compact without
boundary) manifolds that are of dimension d ∈ N⋆ and that are immersed in the ambient
space Rp with p > d an integer.

Throughout the paper, all manifolds (including M and M⋆) are assumed to have the
same fixed intrinsic dimension d.

For M a closed d-dimensional submanifold embedded in Rp and x ∈ M, note

Ux = Bp(x,K−1) ∩M and φx : Ux → Tx(M), φx = πTx(M) − x,

for πTx(M) the orthogonal projection onto the tangent space Tx(M) of M at the point x
and Bp(x,K−1) the p-dimensional ball of radius K−1 > 0 around x. Let us fix a certain
K > 1 and define the notion of regularity for manifold used in this work.

Definition 1 A closed d-dimensional submanifold M is said to verify the (β + 1,K)-
manifold condition if M ⊂ Bp(0,K) and for all x ∈ M, φx : Ux → Tx(M) is a diffeo-
morphism and verifies

φ−1
x ∈ Hβ+1

K (φx(Ux), Ux).

Definition 1 is equivalent to a reach condition (Federer, 1959) for β + 1-smooth sub-
manifolds. The reach rM of a manifold M corresponds to the largest ϵ ≥ 0 such that its
orthogonal projection πM is well defined from Mϵ to M with Mϵ = {x ∈ Rp| d(x,M) < ϵ}
the set of points having their distance to the manifold d(x,M) smaller than ϵ. Definition 1
is very general as any β+1-regular closed submanifold with reach uniformly bounded from
below, verifies the (β + 1,K)-manifold condition for a sufficiently large K (Divol, 2022).
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For α ∈ [0, β+1] and A ⊂ M an open subset of a (β+1)-smooth manifold M, the ball
of radius K > 0 of the α-smooth Hölder class of functions Hα(A) consists of all functions
f : A → R such that for every local charts (U,φ) such that U ∩ A ̸= ∅, its localization
f ◦ φ−1 : φ(U ∩A) → R satisfies f ◦ φ−1 ∈ Hα

K(φ(U ∩A)).
Note that if a manifold has regularity λ, it is not meaningful to define densities of

smoothness α > λ − 1, since higher-order derivatives may fail to be well defined globally:
the change-of-variables formula for densities involves the differentials of the charts. Conse-
quently, for a density of smoothness α, the supporting manifold must have smoothness at
least α+1. Moreover, if the manifold is smoother, say λ > α+1, the interpolation inequality
of Theorem 14 remains unchanged: the IPMs are governed by the density regularity, not
by any excess smoothness of the manifold. This is analogous to the Euclidean case where
the ambient space is C∞: the interpolation inequality still depends solely on the density
smoothness. Let us now define the notion of regularity for densities used in the paper.

Definition 2 A probability measure µ supported on a submanifold M is said to verify the
(β,K)-density condition if

i) µ admits a density fµ ∈ Hβ
K(M,R) with respect to the volume measure on M,

ii) fµ is bounded below by K−1.

Supposing that the densities are bounded below is a classical assumption in the setting
of density estimation on manifolds (Divol (2022), Tang and Yang (2023)). Here it is needed
in order to obtain smooth optimal transport maps between some push forward measures
in Proposition 6 using Caffarelli’s regularity (Villani, 2009). For a measure µ supported on
a set X and a function g defined on X and taking values in a set Y, we write g#µ for the
push forward measure of µ by g i.e. ∀f ∈ H0

1(X ,Y),∫
Y
f(x)dg#µ(x) =

∫
X
f(g(u))dµ(u).

In contrast to the classical Euclidean setting, where interpolation inequalities between
Hölder IPMs hold without any lower bound on the densities (as the proof relies solely
on wavelet coefficients), the manifold setting requires assuming that the density is bounded
below. This assumption ensures that the support of the measure does not exhibit regions
of vanishing mass, which would effectively behave like “holes” in the manifold. Such re-
gions would violate the closedness assumption and lead to situations akin to manifolds with
boundary, for which the validity of the interpolation inequality is unclear.

2.2 Main Results

Throughout, the quantities C,Cδ, Cδ,η... represent constants that can vary from line to line
and that only depend on p, d, β,K and there underscore. The following theorem provides
the core interpolation inequality of our work. Intuitively, it shows that if two probability
measures are very close according to a smoother IPM, then they are also close for rougher
IPMs. The exponent encodes how the regularity of the densities translates into stability
of distances: smoother densities make the measures “harder to distinguish” using rough
functions, and this is exactly what the inequality quantifies.
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Theorem 14: Let M,M⋆ be two submanifolds satisfying the (β + 1,K)-manifold
condition (Definition 1) and µ, µ⋆ two probability measures satisfying the (β,K)-density
condition (Definition 2) on M and M⋆ respectively. Then for all 0 < γ < η, we have

dHγ
1
(µ, µ⋆) ≤ C log(1 + dHη

1
(µ, µ⋆)−1)C2dHη

1
(µ, µ⋆)δ,

with

δ =


β+γ
β+η if γ ≥ 1

βγ+γ
β+η if γ ≤ 1 ≤ η
γ
η if η ≤ 1.

(4)

This result is sharp up to the logarithmic factor in the sense that the exponent δ is
optimal. More precisely, Theorem 17 (stated and discussed in Section 5) constructs an
explicit family of manifold-supported measures such that dHγ

1
(µk, µ

⋆
k) → 0 when k tends to

the infinity and dHγ
1
(µk, µ

⋆
k) ≥ C−1dHη

1
(µk, µ

⋆
k)
δ.

The logarithmic factor in Theorem 14 arises from the use of wavelet theory to describe
Hölder spaces. Throughout the paper, we highlight the efficiency of the wavelet tool to
describe smoothness as it allows to greatly simplify some geometric proofs. However, Hölder
spaces with integer regularity exponent, can not be exactly described by wavelets Haroske

(2006). This leads to the appearance of the term log
(
dHη

1
(µ, µ⋆)−1

)C2

in the inequality,

as it allows to have injection of Besov into Hölder spaces. We do not keep track of the
extra exponent C2 to avoid unnecessary heaviness, as the obtained exponent is very likely
suboptimal.

Theorem 14 is an improvement on Theorem 5.1 in Stéphanovitch et al. (2023) which
requires the additional assumptions that the measures are push forward measures from the
torus and that η = β+1. Precisely, it is supposed that there exist g, g⋆ ∈ Hβ+1

K (Rd/Zd,Rp)
embeddings, such that µ = g#λd and µ⋆ = g⋆

#λd
. In particular, this model can only describe

manifolds M and M⋆ that are smooth deformations of the torus. On the other hand, our
extension of the result for any η ≥ γ, shows that the inequality behaves like in the classical
case and the fact that the measures are on submanifolds (with possibly a complex topology)
does not impact the IPMs. Theorem 14 shows that although the measures do not have any
regularity from the point of view of the ambient space Rp, their low dimensional regularity
still intervenes the same way in their discrimination through IPMs. We also extend the
result to the simpler case γ ∈ (0, 1) in Proposition 13, where in this case the inequality is
naturally different.

The motivation behind Theorem 14 is to extend the results of Stéphanovitch et al.
(2023) to closed submanifolds that are not necessarily smooth deformations of the torus.
Specifically, it is built in Section 4 an estimator of density on unknown submanifold attaining
optimal rates.

Let us write F for the set of probability measures µ such that there exists a submanifold
M satisfying the (β + 1,K)-manifold condition and that µ satisfies the (β,K)-density
condition on M. Additionally, we write g(n) = Õ(f(n)) for g(n) ≤ C log(n)C2f(n).
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Theorem 16 : Let n ∈ N>0, µ
⋆ ∈ F and (X1, ..., Xn) an i.i.d. sample of law µ⋆. Then

for µ⋆n := 1
n

∑n
i=1 δXi , the estimator

µ̂ ∈ argmin
µ∈F

dHd/2
1

(µ, µ⋆n), (5)

satisfies for all γ ≥ 1,

sup
µ⋆∈F

EXi [dHγ
1
(µ̂, µ⋆)] = Õ

(
inf
θ̂∈Θ

sup
µ⋆∈F

EXi [dHγ
1
(θ̂, µ⋆)]

)
,

where Θ denotes the set of all possible estimators of µ⋆ based on n sample.

To the best of our knowledge, the estimator (5) is the first one attaining optimal rates
for all the distances dHγ

1
, γ ∈ [1,∞) simultaneously. This estimator uses high regularity

IPMs in the minimized loss which implicitly regularizes the data. Its construction is much
simpler than previous optimal estimators (like Tang and Yang (2023) and Liang (2021))
because it does not need to compute a complex regularization of the empirical measure as
the regularization is made through the use of high regularity IPMs.

2.2.1 Implications and Potential Applications

Although Theorem 14 is presented here primarily as a tool for constructing a simple estima-
tor of densities on unknown manifolds achieving minimax rates, the interpolation inequality
it establishes has broader relevance for machine learning tasks involving manifold-supported
distributions. Its key feature is that small discrepancies in a high-regularity Hölder IPM dHη

automatically imply small discrepancies in all lower-regularity IPMs dHγ , with the sharp
exponent δ capturing the smooth structure of the measures. This principle can be leveraged
in several settings:

1. Generative modeling on manifolds. Many generative models such as GANs, and
normalizing flows optimize an IPM between a measure reconstructed from the data
µ̂n and the model distribution µθ. In practice, training often benefits from using
smooth discriminators (high η) to stabilize optimization, while evaluation or theoret-
ical guarantees are typically given in coarser metrics such as Wasserstein-1 (γ = 1).
Theorem 14 provides a theoretical link: controlling a high-regularity IPM suffices to
control lower-regularity IPMs, which justifies training with smooth losses without loos-
ing guarantees. This principle has already been exploited in Stéphanovitch (2025) to
design a generative model that achieves state-of-the-art results on manifold-supported
data using high-regularity IPMs.

2. Two-sample testing and goodness-of-fit.
In manifold-aware two-sample tests (Wang et al., 2023), the test statistic is often an
IPM that measures a smooth discrepancy between the empirical and reference distri-
butions. Theorem 14 implies that a test based on a high-regularity IPM can detect
differences that are meaningful in coarser distances as well, a theoretical justification
for the power of smooth distances in low-dimensional manifold settings. Moreover, it
might allow one to derive finite-sample power guarantees by transferring bounds from
smooth metrics to Wasserstein metric.

6



IPMs on Submanifolds: Interpolation and Inference

3. Model-based reinforcement learning. In many control and RL applications,
the true and learned transition kernels are supported on low-dimensional manifolds
(e.g., in robotics, where trajectories lie on a configuration manifold). Performance
guarantees for planning and policy evaluation are typically expressed in low-regularity
IPMs such as Wasserstein-1, but model learning often provides control in a smoother
metric (e.g., via kernel embeddings or smoothed likelihoods). Theorem 9 provides a
principled tool to propagate smooth model errors to the coarser distances that directly
govern policy regret, potentially tightening sample-complexity bounds for model-based
RL (Shen et al., 2020).

More broadly, since high-regularity function classes have smaller covering numbers, they
can often be estimated more efficiently from finite samples; Theorem 14 then ensures that
this control transfers to larger, lower-regularity classes such as Lipschitz functions. This
makes the result a useful tool whenever data or distributions evolve on low-dimensional
structures, with potential applications in generative modeling, two-sample testing, domain
adaptation, and model-based reinforcement learning.

2.3 Besov Spaces and Additional Notations

Throughout the paper, we use the connection between Hölder and Besov spaces extensively
(Triebel, 2010). Let us define the Besov spaces through their wavelet characterization. Let
ψ, ϕ ∈ Hβ+2(R,R) be a compactly supported scaling and wavelet function respectively (see
Daubechies wavelets (Daubechies, 1988)). For ease of notation, the functions ψ, ϕ will be
written ψ0, ψ1 respectively. Then for j ∈ N, l ∈ {1, ..., 2p−1}, w ∈ Zp, the family of functions

ψ0w(x) =

p∏
i=1

ψ0(xi − wi) , ψjlw(x) = 2jp/2
p∏
i=1

ψli(2
jxi − wi)

form an orthonormal basis of L2(Rp,R) (with li the i-th digit of the base-2-decomposition

of l). Let q1, q2 ≥ 1, s > 0, b ≥ 0 be such that β + 2 > s. The Besov space Bs,bq1,q2(Rp,R)
consists of functions f that admit a wavelet expansion in L2:

f(x) =
∑
w∈Zp

αf (w)ψ0w(x) +

∞∑
j=0

2p−1∑
l=1

∑
w∈Zp

αf (j, l, w)ψjlw(x)

equipped with the norm

∥f∥Bs,b
q1,q2

=

((∑
w∈Zp

|αf (w)|q1
)q2/q1

+

∞∑
j=0

2jq2(s+p/2−p/q1)(1 + j)bq2
2p−1∑
l=1

( ∑
w∈Zp

|αf (j, l, w)|q1
)q2/q1)1/q2

.

with the usual modification for q1, q2 = ∞. Note that for b = 0, Bs,0q1,q2 coincides with the
classical Besov space Bsq1,q2 (Giné and Nickl, 2015). For simplicity of notation, we write

f(x) =
∞∑
j=0

2p∑
l=1

∑
w∈Zp

αf (j, l, w)ψjlw(x)
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with the convention that ψ02pw = ψ0w and for all j ≥ 1, ψj2pw = 0. The Besov spaces can
be generalized for any s ∈ R as a subspace of the space of tempered distribution S ′

(Rp).
Indeed for f ∈ S ′

(Rp), writing αf (j, l, w) = ⟨f, ψjlw⟩, the Besov space for s ∈ R is defined
as

Bs,bq1,q2 = {f ∈ S ′
(Rp)|∥f∥Bs,b

q1,q2
<∞}.

The same way, we write Bs,bq1,q2(K) = {f ∈ S ′
(Rp)|∥f∥Bs,b

q1,q2
≤ K}. In the following we

will use intensively the connection between Hölder and Besov spaces.

Lemma 3 (Proposition 4.3.23 Giné and Nickl (2015), (4.63) Haroske (2006)) If α > 0 is
a non integer, then

Hα(Rp,R) = Bα∞,∞(Rp,R)

with equivalent norms. If α ≥ 0 is an integer, then ∀ϵ > 0

Bα,1+ϵ∞,∞ (Rp,R) ↪−→ Hα(Rp,R) ↪−→ Bα∞,∞(Rp,R),

where we write A ↪−→ B if the function space A compactly injects in the function space B.

This lemma states that Besov infinity and Hölder spaces coincides except when the
regularity exponent is an integer. In particular, it implies that Theorem 12 extends to
Besov infinity IPMs up to additional logarithmic terms for integer regularity exponents.

We write ⟨·, ·⟩ the dot product on Rp, ∥x∥ the Euclidean norm of a vector x. For a, b ∈ R,
a∧ b and a∨ b denote the minimum and maximum value between a and b respectively. We
write Lip1 for the set of 1-Lipschitz functions. The support of a function f is denoted by
supp(f). We denote by Id the identity application from a Euclidean space to itself.

For any map f : Rk → Rl we denote by ∇f the differential of f and by ∥∇f(x)∥
its operator norm at the point x. We denote (∇f(x))⊤ its transpose matrix and if k ≤ l,
λmin((∇f(x))⊤∇f(x)) corresponds to the smallest eigenvalue of the matrix (∇f(x))⊤∇f(x).
We write

∫
M f(x)dλM(x) for the integration of a function f : M → R with respect to the

volume measure on M i.e. the d-dimensional Hausdorff measure. The Hausdorff distance
between two submanifold M,M⋆ is denoted by H(M,M⋆).

3. Walk-Through of the Construction of Theorem 14

In this section the main sub-results allowing to prove Theorem 14 are detailed. We first
prove the classical inequality in the full dimensional setting. Then, it is explained how it
can be generalized to the submanifold case.

3.1 The Classical Inequality

To build intuition, we first revisit the full-dimensional case where the measures have smooth
densities in Rp. In this simpler setting, the interpolation inequality can be understood as a
comparison between different levels of ‘magnifying glasses’ on the difference of the measures:
a high-regularity IPM looks only at very smooth features, whereas a low-regularity IPM
is more sensitive. By decomposing the measures into wavelets, we see how smoothness
dampens high-frequency components, leading naturally to the power-law relation between
IPMs of different orders.
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Let us give a sketch of the proof of the inequality. Take two densities f, f⋆ ∈ L2(Rp,R)
and a potential h ∈ Bs∞,∞(Rp,R) to compare them. We call h a potential in reference to
Kantorovich potentials in optimal transport (Santambrogio, 2015). The family of wavelets
functions (ψjlw)jlw being an orthonormal basis of L2, we can write for τ > 0 and q ∈
(0, 1), q⋆ = (1− 1/q)−1,∫

Rp

h(x)(f(x)− f⋆(x))dλp(x) =
∞∑
j=0

2p∑
l=1

∑
w∈Zp

αh(j, l, w)(αf (j, l, w)− αf⋆(j, l, w))

≤
∞∑
j=0

2p∑
l=1

∑
w∈Zp

2
−j τ

q
+j τ

q |αh(j, l, w)(αf (j, l, w)− αf⋆(j, l, w))|1/q+1/q⋆ .

Then, applying Hölder’s inequality we get∫
Rp

h(x)(f(x)− f⋆(x))dλp(x)

≤

 ∞∑
j=0

2p∑
l=1

∑
w∈Zp

2−jτ |αh(j, l, w)(αf (j, l, w)− αf⋆(j, l, w))|

 1
q

×

 ∞∑
j=0

2p∑
l=1

∑
w∈Zp

2
jτ q⋆

q |αh(j, l, w)(αf (j, l, w)− αf⋆(j, l, w))|

 1
q⋆

. (6)

This gives us (see the proof of Proposition 4 for details) a first interpolation inequality
between Besov IPMs:

dBs
∞,∞(f, f⋆) ≤ dBs+τ

∞,∞
(f, f⋆)

1
q d

B
s− q⋆

q τ

∞,∞

(f, f⋆)
1
q⋆ . (7)

Finding the smallest q ∈ (0, 1) such that the quantity d
B
s− q⋆

q τ

∞,∞

(f, f⋆) is finite, we obtain the

following result.

Proposition 4 Let f, f⋆ ∈ Bβ,2∞,∞(Rp,R,K) compactly supported in Bp(0,K). Then for all
α ≥ γ > 0, we have

sup
h∈Bγ

∞,∞(1)

∫
Rp

h(x)(f(x)−f⋆(x))dλp(x) ≤ C sup
h∈Bα

∞,∞(1)

(∫
Rp

h(x)(f(x)− f⋆(x))dλp(x)

) β+γ
β+α

.

The proof of Proposition 4 can be found in Section C.7.1. Note that this result can be
seen as a particular case of classical interpolation inequalities between Besov spaces (Hajaiej
et al., 2010). Indeed, noticing that for g ∈ L2 we have

sup
h∈Bγ

∞,∞(1)

∫
Rp

h(x)g(x)dλp(x) = ∥g∥B−γ
1,1
,

Proposition 4 is the application to the function g = f − f⋆ of the inequality

∥g∥B−γ
1,1

≤ ∥g∥
α−γ
β+α

Bβ,2
1,1

∥g∥
β+γ
β+α

B−α
1,1

, (8)

9
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which can be shown just like Proposition 4.

Finally, by paying a logarithmic factor, we obtain that Proposition 4 translates to Hölder
regularity.

Theorem 5 For f, f⋆ ∈ Hβ
K(Rp,R) with compact support in Bp(0,K), we have

dHγ
1
(f, f⋆) ≤ C log(1 + dHα

1
(f, f⋆)−1)2dHα

1
(f, f⋆)

β+γ
β+α .

The proof of Theorem 5 can be found in Section C.7.2. The goal of this paper is to generalize
this inequality to the case where f and f⋆ are densities with respect to the volume measures
of two different closed submanifolds. The main difficulty of this generalization is to exploit
the smoothness of the densities although, from the point of view of the ambient space Rp,
they do not have any. In particular, in the case where all the regularity exponents are
non integers, Theorem 14 can be seen as a generalization of the interpolation inequality
between Besov norms on functions (8) to Besov norms on the signed measures µ − µ⋆.
Indeed, although the tempered distribution µ − µ⋆ does not belong to any Besov space
with positive regularity exponent, Theorem 12 states that if µ and µ⋆ have low dimensional
β-regularity then the inequality

∥µ− µ⋆∥B−γ
1,1

≲ ∥µ− µ⋆∥
β+γ
β+α

B−α
1,1

stands up to logarithmic factors.

3.2 Proof Outline of the Main Result (Theorem 14)

In this Section, the principal steps of the proof of Theorem 14 are presented. We start by
stating some properties resulting of the manifold assumption and use them to show that
the integration with respect to a smooth density on M, can be parameterized through
the integration on Rd (Proposition 6). Then, we show that if two measures supported
on two manifolds respectively, are close enough for a distance dHα

1
, there exists a smooth

diffeomorphism between their support having some keys properties (Theorem 9). Finally,
this diffeomorphism is used to split the IPMs into two distances: a distance between the
support of the manifolds and a distance between the densities. This decomposition allows
to conclude the proof of Theorem 14.

3.2.1 Integration on Manifolds via Smooth Transport Maps

The first step is to handle measures supported on submanifolds. A challenge here is that the
densities are smooth along the manifold but may look extremely irregular from the ambient
space. Our approach is to ‘unfold’ the manifold into local coordinates using smooth charts.
In these coordinates, integration against the measure behaves like integration in Rd, allowing
us to leverage the same wavelet-based arguments as in the classical case.

For a manifold M satisfying the (β + 1,K)-manifold condition, there exists an atlas(
Ai, φi

)
i∈{1,...,m}

of M such that:

• for all i ∈ {1, ...,m}, Ai = φ−1
i (Bd(0, τ)) with τ = 1

4K ,

10
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• for all i ∈ {1, ...,m}, φi ∈ Hβ+1
K (Ai, B

d(0, τ)) and φ−1
i ∈ Hβ+1

K (Bd(0, τ), Ai),

• for all x ∈ M, there exists i ∈ {1, ...,m} such that Bp(x, τ/2) ∩M ⊂ Ai.

The existence of this atlas results from basic properties of the (β+1,K)-manifold condition
that are derived in Appendix Section A.1. Using this parametrization we can show that
the integration with respect to a smooth density on M can be parameterized through the
integration on Rd.

Proposition 6 Let M satisfying the (β + 1,K)-manifold condition and µ a probability
measure satisfying the (β,K)-density condition on M. Then there exists a collection of

constants Ci > 0, maps ϕi ∈ Hβ+1
C (Rd,Rp) with infu∈Bd(0,τ) λmin((∇ϕi(u))⊤∇ϕi(u)) ≥ C−1

and weight functions ζi ∈ Hβ+1
C (Rd,R) with supp(ζi) ⊂ Bd(0, τ), such that for all bounded

continuous function h : Rp → R we have∫
M
h(x)dµ(x) =

m∑
i=1

1

Ci

∫
Rd

h(ϕi(u))ζi(u)dλ
d(u).

The proof of Proposition 6 can be found in Section A.2. This is a key result that will
enable to exploit the β-regularity of the densities defined on manifolds, using the wavelet
decomposition on Rd of the β + 1-regular transport maps ϕi.

3.2.2 Existence of a Smooth Diffeomorphism Between the Manifolds

When the measures are very close in a high-regularity IPM, not only their densities are
close, but their supporting manifolds must also be geometrically near. This motivates
constructing a smooth map that deforms one manifold into the other. Conceptually, this
map lets us ‘align’ the supports so that the problem reduces to comparing densities on a
single manifold, where classical interpolation tools apply.

We shall distinguish two cases:

• the case where the distance dHη
1
(µ, µ⋆) is small enough so that there exists a smooth

diffeomorphism between M and M⋆,

• the case where the distance dHη
1
(µ, µ⋆) is not small enough.

In the second case, one has dHη
1
(µ, µ⋆) ≥ C−1 so it is easy to get dHγ

1
(µ, µ⋆) ≤ CdHη

1
(µ, µ⋆).

Therefore, let us focus on the first case and gather the properties that the diffeomorphism
needs to respect.

Definition 7 For M,M⋆ satisfying the (β + 1,K)-manifold condition and t ∈ (0, r⋆/2)
for r⋆ the reach of M⋆, such that H(M,M⋆) < t. We say that a map T : M⋆t → M⋆ is
(M,M⋆)KT

-compatible with a radius t if:

i) T ∈ Hβ+1
KT

(M,M⋆) and the restriction T|M : M → M⋆ is a diffeomorphism such that

for T−1
|M : M⋆ → M the inverse application such that T−1

|M ◦ T|M = Id|M, we have

T−1
|M ∈ Hβ+1

KT
(M⋆,M).

11
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ii) For all x ∈ M⋆, T−1({x})− x ⊂ Ex a p− d dimensional subspace of Rp and

(T−1({x})− x) ∩Bp(x, t) = BEx(0, t).

iii) For any f ∈ Hη
1(M⋆t,R) with η ∈ [1, β + 1], the map x 7→

∫
T−1({x}) f(y)dλ

p−d
Ex

(y)

belongs to Hη
KT

(M⋆,R).

iv) The map x 7→ apd(∇T (x)) (Definition 27) is bounded below by K−1
T .

We define T : M⋆t → M⋆ as a smooth tubular retraction around M⋆. Its restriction
T |M : M → M⋆ is a Cβ+1 diffeomorphism with (T |M)−1 ∈ Hβ+1

KT
(M⋆,M), which is exactly

the regularity required in item (i) to smoothly push measure on M onto M⋆. The larger
domain M⋆t is used only for items (ii)–(iv): it provides normal fibers T−1({x}) around
M⋆, enabling averaging along the tube and the use of the coarea formula when transferring
integrals to M⋆.

Definition 7 plays a central role in our proof strategy: it allows us to construct the
pushforward measure T#µ supported on M⋆, which inherits smoothness and geometric
properties from both µ and T . This measure serves as an intermediate object between µ
and µ⋆: it has the same support as µ⋆ but a density related to that of µ through T . This
intermediate step is essential in the decomposition (9), where the total discrepancy between
µ and µ⋆ is split into a support term (comparing µ and T#µ) and a density term (comparing
T#µ and µ⋆). The (M,M⋆)-compatibility of T ensures that both terms can be controlled
in terms of high-regularity IPMs, ultimately leading to Theorem 14.

Fulfilling compatibility may seem to be restrictive, but it is shown in Theorem 9, that
as long as the dHα distance between the measures is relatively small for any α > 0, there
exists a (M,M⋆)-compatible map. Let us first state that the distance dHα

1
controls the

Wasserstein and Hausdorff distances.

Lemma 8 Let M,M⋆ satisfying the (0,K)-manifold condition and µ, µ⋆ two probability
measures satisfying the (0,K)-regularity density condition on M and M⋆ respectively. Then
for all α ≥ 1, there exists a constant Cα > 0 such that ∀t > 0, if

dHα
1
(µ, µ⋆) ≤ t(d+1)(2α−1),

then
W1(µ, µ

⋆) ≤ Cαt
d+1 and H(M,M⋆) < Cαt.

The proof of Lemma 8 can be found in Section B.1. We are now in position to state the
existence of a (M,M⋆)-compatible map.

Theorem 9 Let M,M⋆ satisfying the (β + 1,K)-manifold condition and µ, µ⋆ probability
measures on M and M⋆ respectively satisfying the (0,K)-density condition. For all α > 0,
there exists a constant Cα > 0 such that if

dHα
1
(µ, µ⋆) ≤ C−1

α ,

then there exists a (M,M⋆)KT
-compatible map with radius t = C−1

α and KT = Cα.

12
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The proof of Theorem 9 can be found in Section B.2. We see that imposing that the
densities are close for any IPM, implies that the manifolds are close in the sense that there
exists a smooth diffeomorphism between them. This diffeomorphism is a key tool that is
going to allow to decompose the IPMs into two distinct distances.

3.2.3 Decomposition of the IPMs into a Manifold Distance and a Density
Distance

Once the manifolds are aligned, the IPM can be split into two contributions: one from
the geometric difference between the manifolds, and one from the difference in the den-
sities themselves. This separation mirrors our intuition: part of the discrepancy comes
from moving mass along the manifold (geometry), and part comes from adjusting the mass
distribution (density). Each term is then handled with a different regularity argument.

For h ∈ Hγ
1(Rp,R), T being (M,M⋆)-compatible and fT the density of T#µ with respect

to the volume measure on M⋆, we write∫
M
h(x)f(x)dλM(x)−

∫
M⋆

h(x)f⋆(x)dλM⋆(x)

=

∫
M
(h(x)− h(T (x)))f(x)dλM(x) +

∫
M⋆

h(x)(fT (x)− f⋆(x))dλM⋆(x). (9)

The cost is split this way to exploit the regularity of f and f⋆. Indeed, the second term
of (9) discriminates measures on the same support M⋆. We are going to show that this
case is equivalent to the classical inequality (Theorem 5) in full dimension. For the first
term of (9), we will use Proposition 6 to write the integration against the density f on M,
as the integration on Rd via β + 1-regular transport maps. This will enable to exploit the
regularity of the density through the wavelet coefficients of the transport maps.

Let us take care of the first term of (9) in the case h ∈ H1
1(Rp,R).

Lemma 10 Let M,M⋆ satisfying the (β + 1,K)-manifold condition and µ, µ⋆ two proba-
bility measures satisfying the (β,K)-density condition on M and M⋆ respectively. For all
α > 0, there exists a constant Cα > 0 such that if

dHα
1
(µ, µ⋆) ≤ C−1

α ,

then for T the (M,M⋆)-compatible map given by Theorem 9, we have for all ϵ ∈ (0, 1) and
η ∈ (1, β + 1],

dH1
1
(µ, T#µ) ≤ C log(ϵ−1)4 sup

h∈Hη
1

h|M⋆=0

(∫
M
h(x)dµ(x)

) β+1
β+η

+ ϵ.

The proof of Lemma 10 can be found in Section C.2. This result highlights the fact
that the first term of (9) focuses on the distance between the manifolds, as it bounds it
with a supremum over functions being equal to 0 on M⋆. Although Lemma 10 bounds the
distance dH1

1
(µ, T#µ) only in the case γ = 1, it is easy to generalize it to the case γ ≥ 1 (see

the detailed proof of Theorem 12 in Section C.4 for explicit arguments) using the classical
interpolation inequality (Corollary 26). Let us now bound the second term of (9).
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Lemma 11 Let M,M⋆ satisfying the (β + 1,K)-manifold condition and µ, µ⋆ two proba-
bility measures satisfying the (β,K)-density condition on M and M⋆ respectively. For all
α > 0, there exists a constant Cα > 0 such that if

dHα
1
(µ, µ⋆) ≤ C−1

α ,

then for T the (M,M⋆)-compatible map given by Theorem 9, we have for all ϵ ∈ (0, 1) and
0 < γ ≤ η ≤ β + 1,

dHγ
1
(T#µ, µ

⋆) ≤ C log(ϵ−1)2dHη
1
(T#µ, µ

⋆)
β+γ
β+η + ϵ.

The proof of Lemma 11 can be found in Section C.3. An immediate corollary of this
result is that if the two measures µ, µ⋆ live on the same manifold M⋆ (so that T#µ = µ),
then

dHγ
1
(µ, µ⋆) ≤ C log(ϵ−1)2dHη

1
(µ, µ⋆)

β+γ
β+η + ϵ.

This is due to the reach condition on M⋆, which allows to thicken the manifold and apply
the classical interpolation inequality as if we were in full dimension (see the proof of Lemma
11 for details). Note that contrary to Lemma 10, Lemma 11 allows to have γ ∈ (0, 1). This
supports the fact that the discrimination of densities with supports on the same manifolds
is equivalent to the discrimination in full dimension. We will see in Proposition 13 that
this is not true for densities having supports on different manifolds as the optimal potential
behaves differently in this case.

Putting Lemmas 10 and 11 together, we finally obtain the interpolation inequality for
densities having supports on different submanifolds.

Theorem 12 Let M,M⋆ satisfying the (β +1,K)-manifold condition and µ, µ⋆ two prob-
ability measures satisfying the (β,K)-density condition on M and M⋆ respectively. Then
for all 1 ≤ γ ≤ η, we have

dHγ
1
(µ, µ⋆) ≤ C log

(
1 + dHη

1
(µ, µ⋆)−1

)C2

dHη
1
(µ, µ⋆)

β+γ
β+η .

The detailed proof of Theorem 12 can be found in Section C.4. This result is the extension
of Theorem 5 to the submanifold case for γ ≥ 1. Let us now state the inequality between
low-regularity IPMs.

Proposition 13 Let M,M⋆ satisfying the (β + 1,K)-manifold condition and µ, µ⋆ two
probability measures satisfying the (β,K)-density condition on M and M⋆ respectively.
Then for all 0 < γ ≤ η ≤ 1, we have

dHγ
1
(µ, µ⋆) ≤ CdHη

1
(µ, µ⋆)

γ
η .

The proof of Proposition 13 can be found in Section C.5. Distances of very low regularity
(γ < 1) behave differently. In this regime, the optimal test functions resemble distance-
to-manifold functions rather than smooth oscillatory potentials. This is why the power
law changes, and the inequality becomes essentially geometric: the IPM is dominated by
how far the supports are from each other. The inequality of Proposition 13 is sharp as the
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equality is attained in numerous cases. For example, if M is the p − 1 sphere of radius 1,
M⋆ is the p − 1 sphere of radius 1 + ϵ and µ, µ⋆ are rescaled volume measure on M,M⋆

respectively. In this case we have that the dHγ
1
and dHη

1
distances behave like ϵγ and ϵη

respectively. The intuition behind this result is that for γ ∈ (0, 1), the optimal potential h
within Hγ

1 (i.e. dHγ
1
(µ, µ⋆) =

∫
hdµ−

∫
hdµ⋆) behaves like d(·,M⋆)γ .

Putting Theorem 12 and Proposition 13 together, we obtain a general result for all
γ > 0.

Theorem 14 Let M,M⋆ satisfying the (β +1,K)-manifold condition and µ, µ⋆ two prob-
ability measures satisfying the (β,K)-density condition on M and M⋆ respectively. Then
for all 0 < γ < η, we have

dHγ
1
(µ, µ⋆) ≤ C log(1 + dHη

1
(µ, µ⋆)−1)C2dHη

1
(µ, µ⋆)δ,

with

δ =


β+γ
β+η if γ ≥ 1

βγ+γ
β+η if γ ≤ 1 ≤ η
γ
η if η ≤ 1.

(10)

When 0 < γ < 1 < η, the exponent δ is obtained by applying first Proposition 13 on dHγ
1

and dH1
1
, then applying Theorem 12 on dH1

1
and dHη

1
. The exponent δ is still optimal as

outlined in (41) using the example of Section 5.
In the assumptions of Theorem 14, we suppose that both µ and µ⋆ verify the point ii)

of the density condition which is fµ, fµ⋆ ≥ K−1. However, it is only necessary that one of
the measures verifies this condition as stated in the next result.

Proposition 15 Let M,M⋆ satisfying the (2,K)-manifold condition and µ, µ⋆ two prob-
ability measures with densities with respect to the volume measure on M,M⋆ respectively.
Suppose that µ⋆ verifies the (0,K)-density condition and that fµ ∈ H1

K(M,R). Then for
all η > 0, there exist constants C,Cη > 0 such that if inf

x∈M
fµ(x) ≤ C−1

η , then

dHη
1
(µ, µ⋆) ≥ C−1.

The proof of Proposition 15 can be found in Section C.6. Using this result we have that
if µ does not verify point ii) of the density condition for K = Cη, we have

dHγ
1
(µ, µ⋆) ≤ C ≤ CdHη

1
(µ, µ⋆).

Therefore, we could only suppose that one of the measures verifies point ii) of the density
condition in Theorem 12. We did not write it this way for simplicity of read.

3.2.4 Comparison with the Torus Case

The interpolation inequality established in Stéphanovitch et al. (2023) is derived under the
assumption that both measures are prescribed as push–forwards of Lebesgue measure on
the torus, g♯λd and g

⋆
♯λd. This global parametrisation produces two decisive simplifications:
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(i) the β-regularity of the measures can be inferred directly from the wavelet expansions of
the maps g, g⋆; and (ii) the “support term” in the proof is integrated against the uniform
measure, so no Jacobian factors appear.

Neither convenience survives when the supports are arbitrary compact Cβ+1 manifolds
M,M⋆. To replace them we introduce three new ingredients.

1. Transport–chart representation. Proposition 6 constructs a finite Hβ+1 atlas
{(ϕi, ζi)}mi=1 such that, for every bounded test function h,∫

M
hdµ =

m∑
i=1

C−1
i

∫
Rd

h
(
ϕi(u)

)
ζi(u) dλ

d(u).

This change of variables recovers a Euclidean setting in which wavelet techniques can
exploit the full β-smoothness of the densities.

2. Density-aware control of the support term. Lemma 10 bounds the distance
between supports while keeping track of both the Jacobian of the compatible map T
and the Hölder norms of the densities ζi. Its proof is complemented by a Whitney–type
extension theorem (Proposition 32), which extends any Hη function defined on a
tubular neighbourhood of M⋆ to the whole Rp without loss of regularity.

3. Construction of a compatible diffeomorphism. In the torus setting the map T
was produced by convolving the generator g⋆. For arbitrary M,M⋆ we instead use
Fefferman et al. (2020) to obtain a C∞ manifold Ms at Hausdorff distance s2 from
M⋆. The orthogonal projection πs then yields T = πs|M, whose inverse and Jacobian
enjoy quantitative Hβ+1 bounds (Theorem 9 and Lemma 29).

Taken together, these three components replace the single push–forward toolkit used in
the torus proof and are indispensable for extending the interpolation inequality to any pair
of closed Cβ+1 manifolds.

4. A Direct Application: Optimal Estimator of Density on Unknown
Submanifold

Suppose that we observe an i.i.d. sample X1, ...Xn ∈ Rp from a probability measure µ⋆

satisfying the (β,K) density condition on an unknown M⋆ satisfying the (β+1,K) manifold
condition. A thriving field of Machine Learning/Statistics focuses on building an estimator
µ̂(X1, ..., Xn) of µ⋆ that achieves optimal rates of convergence (see for example Tang and
Yang (2023), Divol (2022), Schreuder et al. (2021), De Bortoli (2022)). In particular, fixing
a γ ∈ (0,∞), Tang and Yang (2023) build a theoretical estimator that attains the optimal
rate of estimation (up to a logarithmic factor) for the distance dHγ

1
. In this section we show

that Theorem 12 allows to build a much simpler estimator that attains optimal rates for all
the distances dHγ

1
, γ ∈ [1,∞) simultaneously.

4.1 The Estimator

Let us write F for the set of probability measures µ such that there exists a submanifold M
satisfying the (β+1,K)-manifold condition and that µ satisfies the (β,K)-density condition
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on M. Define the estimator

µ̂ ∈ argmin
µ∈F

dHd/2
1

(µ, µ⋆n), (11)

with µ⋆n := 1
n

∑n
i=1 δXi the empirical measure from the data (the existence of µ̂ is proven in

Proposition 38 in Section C.9). We first bound the expected error of our estimator, namely

EX1,....,Xn∼µ⋆ [dHd/2
1

(µ̂, µ⋆)].

To this end, define for all µ ∈ F

hµ ∈ argmax
h∈Hd/2

1

∫
h(x)dµ(x)−

∫
h(x)dµ⋆(x),

This is an optimal potential between µ and µ⋆, well defined by compactness of the class

Hd/2
1 (Bp(0,K)). We also define

hnµ ∈ argmax
h∈Hd/2

1

∫
h(x)dµ(x)− 1

n

n∑
i=1

h(Xi),

an optimal potential between µ and µ⋆n. We have

E[dHd/2
1

(µ̂, µ⋆)] =E[
∫
hµ̂(x)dµ̂(x)−

∫
hµ̂(x)dµ

⋆(x)]

=E[
∫
hµ̂(x)dµ̂(x)−

1

n

n∑
i=1

hµ̂(Xi) +
1

n

n∑
i=1

hµ̂(Xi)−
∫
hµ̂(x)dµ

⋆(x)]

≤E[
∫
hnµ̂(x)dµ̂(x)−

1

n

n∑
i=1

hnµ̂(Xi)] + E[dHd/2
1

(µ⋆n, µ
⋆)].

Furthermore, by definition of µ̂ we have

E[
∫
hnµ̂(x)dµ̂(x)−

1

n

n∑
i=1

hnµ̂(Xi)] ≤ E[
∫
hnµ⋆(x)dµ

⋆(x)− 1

n

n∑
i=1

hnµ⋆(Xi)] ≤ E[dHd/2
1

(µ⋆n, µ
⋆)].

Then, using Lemma 13 from Tang and Yang (2023) we have that

E[dHd/2
1

(µ⋆n, µ
⋆)] ≤ C log(n)n−1/2,

which gives us using the previous derivations

E[dHd/2
1

(µ̂, µ⋆)] ≤ C log(n)n−1/2.

Now, using Theorem 12 we have that for all γ ∈ [1, d/2],

E[dHγ
1
(µ̂, µ⋆)] ≤ CE[log(dHd/2

1

(µ̂, µ⋆)−1)C2dHd/2
1

(µ̂, µ⋆)
β+γ

β+d/2 ], (12)
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so using Jensen’s inequality, we finally get for all γ ∈ [1,∞),

E[dHγ
1
(µ̂, µ⋆)] ≤ C log(n)C2(n

− β+γ
2β+d ∨ n−1/2) (13)

and this rate has been proven to be optimal (up to the logarithmic factor) in Tang and
Yang (2023).

In all, we have shown the following minimax optimality for µ̂, where we write g(n) =
Õ(f(n)) if the exist C,C2 > 0 such that g(n) ≤ C log(n)C2f(n).

Theorem 16 Let n ∈ N>0, µ
⋆ ∈ F and (X1, ..., Xn) an i.i.d. sample of law µ⋆. Then the

estimator µ̂ from (11) satisfies for all γ ≥ 1

sup
µ⋆∈F

EXi [dHγ
1
(µ̂, µ⋆)] = Õ

(
inf
θ̂∈Θ

sup
µ⋆∈F

EXi [dHγ
1
(θ̂, µ⋆)]

)
,

where Θ denotes the set of all possible estimators of µ⋆ based on n sample.

4.2 Discussion

If we were to replace the IPM dHd/2
1

by the IPM dHγ
1
with 1 ≤ γ < d/2 in the estimator

(11), we would only attain the rate O(n−
γ
d ∨n−

1
2 ) which is not optimal for γ ∈ [1, d/2). The

intuition is that computing µ̂ with a high regularity IPM, implicitly regularizes the measure
µ⋆n which allows to not have to compute a complex regularization of µ⋆n like in Liang (2021)
or Tang and Yang (2023). This highlights the need of a sharp inequality like Theorem 12
allowing to compare the IPMs.

In contrast to Tang and Yang (2023), the estimator µ̂ (11) does not attain optimal rates

for the distance dHγ
1
with γ ∈ (0, 1). The intuition is that optimal potentials within Hd/2

1

and Hγ
1 tend to be very different when γ is small so the estimator µ̂ is not adapted to IPMs

of low regularity. This raises the question of whether there could exist an estimator being
optimal for every γ ∈ (0,∞) simultaneously.

Like in Tang and Yang (2023), the estimator (11) is theoretical meaning it is not com-
putable in practice. Nevertheless, the minimum over the class F and the supremum over

the class Hd/2
1 could be approximated using stochastic gradient descent on neural network

classes like in Stéphanovitch et al. (2023). The computational aspect of this estimator will
be investigated in a future work.

5. Lower Bound and Example

5.1 Sharpness of Theorem 14

In this section, we demonstrate that the bound provided by Theorem 14 is sharp, by con-
structing a simple example and analyzing it in detail. We begin with the following theorem,
which shows that the exponent appearing in Theorem 14 cannot be improved.

Theorem 17 For all ϵ > 0 and 0 < γ ≤ η there exists M,M⋆ satisfying the (β + 1,K)-
manifold condition and µ, µ⋆ two probability measures satisfying the (β,K)-density condition
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on M and M⋆ respectively such that dHγ
1
(µ, µ⋆) ≤ ϵ and

dHγ
1
(µ, µ⋆) ≥ C−1dHη

1
(µ, µ⋆)δ,

with δ defined in (4) and C > 0 a constant depending on d, β,K, γ, η but not on ϵ.

The proof of Theorem 17 is presented in Section C.8, together with a detailed analysis of an
example that saturates the inequality. Below, we provide a sketch that outlines the main
strategy and conveys the underlying geometric and analytic intuition.

5.2 Proof Sketch and Intuition

5.2.1 Objective

To prove Theorem 17 we construct a family of manifolds Mn,M⋆ with measures µn, µ
⋆
n

respectively that saturate the exponent in Theorem 14. Concretely, the sequence satisfies

dHγ
1
(µn, µ

⋆
n) → 0 while dHη

1
(µn, µ

⋆
n) ≍ dHγ

1
(µn, µ

⋆
n)
δ,

so that the power δ cannot be improved.

5.2.2 Geometric Construction

• Reference curve. M⋆ =
{
(cos 2πt, sin 2πt) : t ∈ [0, 1]

}
.

• Perturbed curve. For n ≥ 1, take

gn(t) =
(
1 + (2πn)−(β+1) sin 2πnt

)
g⋆(t), g⋆(t) = (cos 2πt, sin 2πt).

Let µn be the uniform measure on Mn = {gn(t) : t ∈ [0, 1]}. Denote by T the radial
projection onto M⋆ and µ⋆n is chosen as µ⋆n = T#µn.

• Low-order distance. Each point of Mn is displaced radially by (2πn)−(β+1) sin 2πnt;
hence

dH1
1
(µn, T#µn) ≃W1(µn, T#µn) ≍ n−(β+1).

5.2.3 Building a Hη Potential Adapted to the Oscillations for η ≥ 1

• Parameterisation. For Θ : M⋆ → R2 such that Θ(x) is the unitary normal vector
pointing outward the manifold M⋆ at the point x, set

h(x) = H1 ◦ g⋆−1 ◦ T (x)⟨Θ ◦ T (x), x− T (x)⟩

a function of regularity η with H1 such that h(x) is orthogonal to the manifold M⋆

and points towards Mn.

• Shape. Choose H1 so that on each semi-period of length 1
2n , it matches the sign of

sin 2πnt, vanishes at the nodes, and varies smoothly inside, e.g. let

H1(t) = (−1)⌊2nt⌋ n−(η−1) λ
(
2n
[
t− ⌊2nt⌋

2n

])
,

where λ ∈ Hη([0, 1]) a positive function satisfying λ(0) = λ(1) = 0.
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Figure 1: Mn and M⋆ with β = 0, n = 20 (left) and n = 50 (right).

M⋆
t

M
H1(t)

Figure 2: Zoom on a part of Mn,M⋆.

Then we obtain (in the case η ≥ 1) that∫
Mn

(
h− h ◦ T

)
dµn ≳ n−(β+η),

so proving that h is optimal we get

dHη
1
(T#µn, µn) ≍ n−(β+η). (14)

5.2.4 Optimality of the Exponent

Using the estimate (14), we directly obtain for all 1 ≤ γ < η

dHη
1
(µn, T#µn) ≍

(
dHγ

1
(µn, T#µn)

) β+η
β+γ ,

showing the exponent β+η
β+γ of Theorem 14. The same sequence yields the optimal mixed-

range exponent for all 0 < γ < η.

Appendix A. Proofs of the Properties of β + 1-Smooth Submanifolds
(Section 3.2.1)

In this Section, we give the detail of the proof of the integration on manifolds via smooth
transport maps (Proposition 6) and list some properties of manifolds satisfying the (2,K)-
manifold condition.
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A.1 Properties of β + 1-Smooth Submanifolds

Recalling the notation of Definition 1, we obtain in the following result that the images of
the charts contain the same ball around the origin.

Proposition 18 If M verifies the (2,K)-manifold condition, then for all x ∈ M,

Bd(0,
1

4K
) ∈ φx(B

p
(x,

√
3

4
K−1) ∩M).

Proof Let us first notice that for all z ∈ B
p
(x,
√

3
4K

−1) ∩M we have

∥z − πTx(M)(z)∥ =∥φ−1
x

(
πTx(M)(z)− x

)
− πTx(M)(z)∥

=∥φ−1
x (0) +∇φ−1

x (0)(πTx(M)(z)− x)

+

∫ 1

0
∇2φ−1

x

(
t(πTx(M)(z)− x)

)
(πTx(M)(z)− x)dt− πTx(M)(z)∥

=∥
∫ 1

0
∇2φ−1

x

(
t(πTx(M)(z)− x)

)
(πTx(M)(z)− x)dt∥

≤K∥πTx(M)(z)− x∥2

≤K∥z − x∥2.

Then we obtain

∥φx(z)− φx(x)∥2 = ∥x− z∥2 − ∥z − πTx(M)(z)∥2

≥ ∥x− z∥2 −K2∥x− z∥4 ≥ 1

4
∥x− z∥2,

so if ∥z − x∥ ≥ 1
2K we have

∥φx(z)− φx(x)∥ ≥ 1

4K
. (15)

Suppose now the result is not true and take y ∈ Bd(0, 1
4K ) ∩ φx(B

p
(x,
√

3
4K

−1))c with

Ac denoting the complementary of the set A. Define ỹ = tyy for

ty = argmax{t ∈ [0, 1) | ty ∈ φx(B
p
(x,

√
3

4
K−1))}.

As ∥ỹ−φx(x)∥ = ∥ỹ∥ ≤ ∥y∥ < 1
4K , we have by (15) that φ−1

x (ỹ) ∈ Bp(x, 1
2K ). But as φx

is a local diffeomorphism, there exists ϵ > 0 such that Bd(ỹ, ϵ) ∈ φx(B
p
(x,
√

3
4K

−1)) which

is in contradiction with the definition of ỹ.

This result enables to build a covering of M with images of the ball Bd(0, 1
4K ) by

smooth diffeomorphisms. Write τ = 1
4K and let (xi)i=1,...,m be a finite sequence such that

M ⊂
m⋃
i=1

Bp(xi,
τ
2 ).
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Corollary 19 If M verifies the (2,K)-manifold condition then M ⊂
m⋃
i=1

φ−1
xi (B

d(0, τ)) and

for all x ∈ M, there exists i ∈ {1, ...,m} such that Bp(x, τ2 ) ∩M ⊂ φ−1
xi (B

d(0, τ)).

Proof Let x ∈ Bp(xi, τ/2)∩M, as the projection πTxi (M) is 1-Lipschitz, we have φxi(x) ∈
Bd(0, τ/2). Furthermore

Bp(x,
τ

2
) ∩M ⊂ Bp(xi, τ) ∩M ⊂ φ−1

xi (B
d(0, τ)).

For ease of notation, we will write φi instead of φxi . Let us now bound below the norm of
the differential of the φi’s.

Proposition 20 If M verifies the (2,K)-manifold condition of Definition 1, then the charts
φ−1
i : Bd(0, τ) → M verify that for all u ∈ Bd(0, τ) and v ∈ Rd,

∥∇φ−1
i (u)

v

∥v∥
∥ ≥ 1/2.

Proof We have that ∇φi(xi) = Id so for all u ∈ Bd(0, τ) and v ∈ Rd we have

∥∇φ−1
i (u)v∥ = ∥∇φ−1

i (0)v +

∫ 1

0
∇2φ−1

i (tu)uvdt∥ ≥ ∥v∥ −K∥u∥∥v∥ ≥ (1− 1

4
)∥v∥

recalling that τ = 1
4K .

In the following we will use the characterization of the reach for submanifolds.

Lemma 21 (Federer (1959), Theorem 4.18) The reach r ∈ [0,∞) of a submanifold M
verifies

r = inf
q ̸=p∈M

∥q − p∥2

2d(q − p, Tp(M))
.

Using this result, let us prove a lower bound on the reach resulting of the (2,K)-manifold
condition.

Proposition 22 Let M satisfying the (2,K)-manifold condition, then r the reach of M
verifies r ≥ 1

2K .

Proof Let x, y ∈ M such that ∥x− y∥ ≤ K−1, for φy the orthogonal projection onto the
tangent space Ty(M), we have

d(x− y, Ty(M))

= d(φ−1
y (φy(x))− φ−1

y (0), Ty(M))

≤ d(∇φ−1
y (0)φy(x), Ty(M)) + d(

∫ 1

0
∇2φ−1

y (tφy(x))φy(x)
2(1− t)dt, Ty(M))

= d(

∫ 1

0
∇2φ−1

y (tφy(x))φy(x)
2(1− t)dt, Ty(M))

≤ K

2
∥φy(x)∥2 ≤

K

2
∥x− y∥2.
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Then ∥x− y∥ ≤ K−1 imply that

∥x− y∥2

2d(x− y, Ty(M))
≥ ∥x− y∥2

2K2 ∥x− y∥2
= K−1.

Now if ∥x− y∥ ≥ K−1 then

∥x− y∥2

2d(x− y, Ty(M))
≥ ∥x− y∥2

2∥x− y∥
≥ 1

2K
.

A.2 Proof of Proposition 6

Let us first define the notion of approximation of unity subordinated to an atlas.

Definition 23 A collection of C∞ functions (ρi)i=1,...,m on M is said to be an approxima-
tion of unity subordinated to (φ−1

i (Bd(0, τ)))i if for all i ∈ {1, ...,m},

• 0 ≤ ρi ≤ 1 and
m∑
i=1

ρi(x) = 1 for x ∈ M,

• supp(ρi) ⊂ φ−1
i (Bd(0, τ)).

It is well known that there exists an approximation of unity subordinated to any atlas on a
closed manifold (Jost, 2008). Using this approximation of unity we can now give the proof
of Proposition 6.

Proof As µ has a density fµ with respect to the volume measure on M, then by change of
variable we have that the measure φi#µ admits a density f iµ with respect to the Lebesgue

measure on Bd(0, τ) given by

f iµ(u) = fµ(φ
−1
i (u))det((∇φ−1

i (u))⊤∇φ−1
i (u))1/2.

Furthermore, as µ verifies the (β,K)-regularity density condition, we have by the Faa

di Bruno formula that f iµ ∈ Hβ
C(B

d(0, τ),R) and f iµ is bounded below by 1
2K . Write

λdi the Lebesgue measure on Bd(0, τ) normalized by C−1
i =

∫
f iµdλ

d/
∫
Bd(0,τ) dλ

d. Then

by Caffarelli’s regularity (Theorem 12.50, Villani (2009)) we have that there exists Ti ∈
Hβ+1
C (Bd(0, τ), Bd(0, τ)) such that Ti#λdi

= φi#µ. Furthermore, Ti is solution to the equa-
tion

det(∇Ti)−1 = f iµ ◦ Ti

so in particular det(∇Ti) ≥ C−1. As λmax(∇Ti) ≤ C we deduce that λmin(∇Ti) ≥ C−1.
Therefore we have that λmin(∇(φ−1

i ◦Ti)) ≥ C−1. Using Theorem 31, we can extend φ−1
i ◦Ti

to a map ϕi ∈ Hβ+1
C (Rd,Rp).
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Let h : Rp → R a bounded continuous function, then for ρi an approximation of unity
subordinated to (φ−1

i (Bd(0, τ)))i, we have

Eµ[h(X)] =
m∑
i=1

Eµ[h(X)ρi(X)] =
m∑
i=1

∫
Bd(0,τ)

h(φ−1
i (u))ρi(φ

−1
i (u))dφi#µ(u)

=
m∑
i=1

1

Ci

∫
Bd(0,τ)

h(φ−1
i ◦ Ti(u))ρi(φ−1

i ◦ Ti(u))dλdi (u)

=
m∑
i=1

1

Ci

∫
Rd

h(ϕi(u))ρi(ϕi(u))1{u∈Bd(0,τ)}dλ
d
i (u).

Let ζi : Rd → R defined by

ζi(u) = ρi(ϕi(u))1{u∈Bd(0,τ)}.

Then as ρi is subordinated to (φ−1
i (Bd(0, τ)))i, we have that ζi ∈ Hβ+1

C (Rd,R). Finally,

Eµ[h(X)] =
m∑
i=1

1

Ci

∫
Rd

h(ϕi(u))ζi(u)dλ
d
i (u),

which concludes the proof.

Appendix B. Proof of the Existence of a Diffeomorphism Between the
Manifolds (Section 3.2.2)

Let us first define an operator that allows to change the regularity of a function by modifying
its wavelet coefficients.

Definition 24 For a tempered distribution f ∈ Bs,b∞,∞(Rp,R), define the tempered distribu-

tion Γγ,c(f) ∈ Bs+γ,b+c∞,∞ (Rp,R) by its wavelets coefficients

⟨Γγ,c(f), ψjlz⟩ = 2jγ(1 + j)c⟨f, ψjlz⟩.

The tempered distribution Γγ,c(f) is a ”regularization” of f if γ < 0 or γ = 0 and c < 0.
For ease of notation, we will write Γγ instead of Γγ,0. Let us recall two results from
Stéphanovitch et al. (2023) :

Proposition 25 Let h1 ∈ Bs1,b1∞,∞(Rm,Rp, 1) , h2 ∈ Bs2,b2∞,∞(Rm,Rp, 1) for s1, s2, b1, b2 ∈ R.
Then for τ ∈ R, t, r ∈ [0, 1], q > 1 and 1/q + 1/q⋆ = 1 we have〈

h1, h2

〉
L2

≤
〈
Γ̃tτ (h1),Γ

(1−t)τ (h2)
〉 1

q

L2

〈
Γ̃
−r q⋆

q
τ
(h1),Γ

−(1−r) q
⋆

q
τ
(h2)

〉 1
q⋆

L2

for Γ̃tτ (h1) ∈ Bs1+tτ,b1∞,∞ and Γ̃
−r q⋆

q
τ
(h1) ∈ B

s1−r q⋆

q
,b1

∞,∞ such that

⟨Γ̃tτ (h1)i, ψjlz⟩ = S(j, l, w)i⟨Γtτ (h1)i, ψjlz⟩
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and

⟨Γ̃−t q
⋆

q
τ
(h1)i, ψjlz⟩ = S(j, l, w)i⟨Γ−r q⋆

q
τ
(h1)i, ψjlz⟩

with S(j, l, w)i ∈ {−1, 1} the sign of ⟨h1i , ψjlz⟩⟨h2i , ψjlz⟩, i = 1, ..., p.

This proposition is a key result that we will use numerous times along the proof of
Theorem 12. It is the classical interpolation inequality between Besov spaces of Section 3.1
in a more general form. An important Corollary is its applications to Hölder IPMs.

Corollary 26 Let µ, µ⋆ two probability measures with compact support in Rp. Then for
any θ, θ1, θ2 > 0 such that θ1 < θ < θ2, we have for all ϵ > 0

dHθ
1
(µ, µ⋆) ≤ C log(ϵ−1)2δθ1,θ2dHθ1

1

(µ, µ⋆)
θ2−θ
θ2−θ1 dHθ2

1

(µ, µ⋆)
θ−θ1
θ2−θ1 + ϵδθ1,θ2 ,

with δθ1,θ2 = 1 if θ1 or θ2 is an integer and δθ1,θ2 = 0 otherwise.

Let us define the notion of approximate Jacobian (Definition 2.10 in Federer (1959)).

Definition 27 Let M be a d-dimensional submanifold of Rp and a map T : Rp → M of
regularity C1. For x ∈ Rp, using the matrix of ∇T (x) with respect to orthonormal basis of
Rp and TT (x)(M), the approximate Jacobian of T , noted apd(∇T (x)), is equal to the square
root of the sum of the squares of the determinants of the d by d minors of this matrix.

We will use multiple times the next proposition.

Proposition 28 (Theorem 3.2.22, Federer (2014)) For t > 0, T : M⋆t → M⋆ of regularity
C1 and D : M⋆t → R, we have∫

M⋆t

D(x)apd(∇T (x))dλp(x) =
∫
M⋆

∫
T−1({z})

D(x)dλp−d(x)dλM⋆(z),

for λM⋆ the volume measure on the submanifold M⋆.

B.1 Proof of Lemma 8

Proof If α is not an integer, using Corollary 26 with θ = 1, θ1 = 1/2 and θ2 = α, we have

W1(µ, µ
⋆) ≤ 2KdH1

1
(µ, µ⋆)

≤ CdH1/2
1

(µ, µ⋆)
α−1

α−1/2dHα
1
(µ, µ⋆)

1
2α−1

≤ CdHα
1
(µ, µ⋆)

1
2α−1

If now α is an integer, then using Corollary 26 with θ = 1, θ1 = α−3/2
2(α−1) and θ2 = α + 1/2,

we get the same result. Then by hypothesis we have

W1(µ, µ
⋆) ≤ Ctd+1.
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Let δ > 0 and suppose that H(M,M⋆) ≥ δ. For x ∈ M such that d(x,M⋆) ≥ δ, write
ν = µ(· ∩Bp(x, δ/2)). Then has µ has a density with respect to the volume measure of M
bounded below by K−1, we have that

ν(Bp(x, δ/2) ∩M) ≥ K−1λM(M∩Bp(x, δ/2) ≥ Cδd.

Using the dual formulation of the 1-Wasserstein distance, we have that

W1(µ, µ
⋆) = sup

D∈Lip(1)
EX∼µ⋆
Y∼µ

[D(X)−D(Y )]

≥
∫
Bp(x,δ/2)

d(y,M⋆)dµ(y) ≥ δ

2
µ(Bp(x, δ/2) ∩M)

≥ Cδd+1.

Therefore as W1(µ, µ
⋆) ≤ Ctd+1, we can deduce that

H(M,M⋆) ≤ Ct.

B.2 Proof of Theorem 9

Let us first use Proposition 3.1 in Fefferman et al. (2020) to show that there exists a C∞

manifold close to M⋆.
As every charts ϕi (given by Proposition 6) of M⋆ belongs to H2

K(Bd(0, τ),M), we have
in particular that for all x ∈ M⋆ and 0 < s < τ ,

H(Bp(x, s) ∩M⋆, Tx(M)) ≤ Ks2.

Then applying Proposition 3.1 in Fefferman et al. (2020) we have that there exists a C∞

closed manifold Ms such that H(M⋆,Ms) ≤ 5s2 with charts φsx ∈ Hη
Cη

(Bd(0, s),Ms)

∀η > 0, and its reach rs verifies rs ≥ C−1s. We are going to use the orthogonal projection
πs onto the submanifold Ms to build our map.

From Leobacher and Steinicke (2021) we know that the canonical projection π onto a
submanifold M with strictly positive reach r, verifies

∇π(x) =
(
IdTπ(x)(M) − ∥x− π(x)∥Lπ(x),v

)−1
PTπ(x)(M). (16)

for Lπ(x),v the shape operator in the direction v = x−π(x)
∥x−π(x)∥ . From Corollary 3 in

Leobacher and Steinicke (2021), we also have that

∥
(
IdTπ(x)(M) − ∥x− π(x)∥Lπ(x),v

)−1
∥ ≤ (1− ∥x− π(x)∥/r)−1. (17)

Furthermore if M is of regularity η, there exists a constant Cη > 0 depending on the Hη

norm of the charts such that

∥π|Mr/2
∥Hη−1 ≤ Cη. (18)

Using these results, let us show that the restriction of πs to the manifold M⋆ is a diffeo-
morphism.
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Lemma 29 Let Ms and M⋆ satisfy the (β+1,K)-manifold condition, with H(Ms,M⋆) ≤
5s2. For sufficiently small s > 0, the map πs|M⋆ : M⋆ → Ms, i.e. the restriction of the
projection πs to the manifold M⋆, is a diffeomorphism.

Proof Let us first show that πs|M⋆ is a local diffeomorphism, by showing that if there

existed x ∈ M such that λmin(∇(πs ◦ φ−1
x )(0)⊤∇(πs ◦ φ−1

x )(0)) was too small, then the
Hausdorff distance between Ms and M⋆ would be too large.
Let x ∈ M⋆ and h ∈ (0, τ

2K ). For v ∈ Rd with ∥v∥ = 1 such that ⟨πs(φ−1
x (0))−φ−1

x (0),∇(πs◦
φ−1
x − φ−1

x )(0)v⟩ ≥ 0, using a Taylor expansion we have

∥πs(φ−1
x (hv))− φ−1

x (hv)∥
≥∥πs(φ−1

x (0))− φ−1
x (0) +∇(πs ◦ φ−1

x − φ−1
x )(0)hv∥ − Ch2

=
(
∥πs(φ−1

x (0))− φ−1
x (0)∥2 + 2⟨πs(φ−1

x (0))− φ−1
x (0),∇(πs ◦ φ−1

x − φ−1
x )(0)hv⟩

+ ∥∇(πs ◦ φ−1
x − φ−1

x )(0)hv∥2
)1/2

− Ch2

≥h∥∇(πs ◦ φ−1
x − φ−1

x )(0)v∥ − Ch2

≥h(∥∇φ−1
x (0)v∥ − ∥∇(πs ◦ φ−1

x )(0)v∥)− Ch2

≥h(1/2− ∥∇(πs ◦ φ−1
x )(0)v∥)− Ch2.

As H(Ms,M⋆) ≤ 5s2 we deduce with h = τ(1/2−∥∇(πs◦φ−1
x )(0)v∥)

2C that

τ2(1/2− ∥∇(πs ◦ φ−1
x )(0)v∥)2

4C
≤ 5s2

so
1/2−

√
20C

s

τ
≤ ∥∇(πs ◦ φ−1

x )(0)v∥

which gives for s small enough

λmin(∇(πs ◦ φ−1
x )(0)⊤∇(πs ◦ φ−1

x )(0))1/2 ≥ 1

4
. (19)

In particular πs ◦ φ−1
x is an immersion and therefore πs|M⋆ : M⋆ → Ms is a local

diffeomorphism.
Suppose there exists x, y ∈ M⋆ different such that πs(x) = πs(y). Then

∥x− y∥ ≤ ∥x− πs(x)∥+ ∥y − πs(y)∥ ≤ 2H(M⋆,Ms) ≤ 10s2.

Then taking 10s2 ≤ 1
K , we have that y ∈ φ−1

x (B(0, 10s2)). But from (19) and the fact
that ∥∇2(πs ◦ φ−1

x )∥ ≤ C we have that for s small enough, πs ◦ φ−1
x is a diffeomorphism on

Bd(0, 10s2) and therefore πs(x) ̸= πs(y).
As M⋆ is compact without boundary, πs(M⋆) is a closed submanifold of Ms so being

of same dimension, they are equal. We can conclude that πs|M⋆ is a diffeomorphism.

We can now define the map T : M⋆rs/4 → M⋆ by

T (x) = (πs|M⋆ )
−1 ◦ πs(x)

which is well defined for s small enough as H(Ms,M⋆) ≤ 5s2 < rs/4. Let us now state
that T is the map we are interested in.

27
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Proposition 30 The map T : M⋆rs/4 → M⋆ defined by T (x) = (πs|M⋆ )
−1 ◦ πs(x), is

(M,M⋆)KT
-compatible with radius t = C−1

α and KT = Cα.

Proof We have

∇T (x) = ∇(πs|M⋆ )
−1(πs(x)) ◦ ∇πs(x). (20)

From (19) and the fact that for all x ∈ M⋆, φ−1
x is 2-Lipschitz on Bd(0, τ), we have for all

h ∈ Tx(M⋆),

∥∇πs|M⋆h∥ ≥ 1

8
∥h∥. (21)

Then, from (20) and the Faa di Bruno formula, we deduce that T ∈ Hβ+1
Cs

(Mrs/4
s ,M⋆).

Supposing dHα
1
(µ, µ⋆) ≤ s2(d+1)(2α−1) we have from Lemma 8 that H(M,M⋆) ≤ Cs2

so H(Ms,M) ≤ H(M,M⋆) + H(Ms,M⋆) ≤ Cs2. We show the same way as we did with
M⋆, that for all x ∈ M, πs ◦ ϕ−1

x is a local diffeomorphism for ϕ−1
x the charts of M and

that πs is injective on M, so πs|M is a diffeomorphism. Therefore, we deduce that T|M is
also a diffeomorphism.

Doing the same derivation as for M⋆ to obtain (19), we get for M that

λmin(∇(πs ◦ ϕ−1
x )(0)⊤∇(πs ◦ ϕ−1

x )(0))1/2 ≥ C−1.

Furthermore, as for all y ∈ M⋆ and h ∈ Ty(M⋆), we have

∥∇πs|M⋆ (y)h∥ ≤ 2∥h∥,

we deduce that

λmin

(
∇(T ◦ ϕ−1

x )(0)⊤∇(T ◦ ϕ−1
x )(0)

)1/2 ≥ C−1. (22)

Then as ϕ−1
x is C-Lipschitz, we have that

λmin

(
∇T|M(X)⊤∇T|M(X)

)1/2 ≥ C−1,

so we deduce that T−1
|M ∈ Hβ+1

Cs
(M⋆,M). Therefore point i) is verified.

From Theorem 4.8 in Federer (1959) we have that πs : Mrs
s → Ms the projection onto

Ms verifies point ii) of Definition 7 for a radius t = rs, so as H(M⋆,Ms) ≤ Cs2 < rs, we
deduce that T verifies ii) for a radius rs/2.

Let us prove point iii). Let f ∈ Hβ+1
Cs

(Ms, (Rp)p−d) such that (f1(x), ..., fp−d(x)) is an

orthonormal basis of Tx(Ms)
⊤. Let Rx : Rp−d → Rp a linear map such that Rx(ei) = fi(x)

for (e1, ..., ep−d) the canonical basis of Rp−d. Then for h ∈ Hη
1(M⋆t,R) and x ∈ M⋆, we

have ∫
T−1({x})

h(y)dλp−dEx
(y) =

∫
Tπs(x)(Ms)⊥∩B(x,t)

h(y)dλp−dTπs(x)(Ms)⊥
(y)

=

∫
Rp−d∩B(0,t)

h(x+Rx(z))dλ
p−d(z).

Then as ∀z ∈ Rp−d, we have that the map x 7→ x + Rx(z) belongs to Hβ+1
Cs

(M⋆,Rp), so
x 7→ h(x+Rx(z)) belongs to Hη

Cs
(M⋆,Rp) and therefore T verifies iii).
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Let us prove iv). Using (19) and the fact that πs is 2-Lipschitz on M⋆, we have that
for all x ∈ M⋆t,

inf
z∈TT (x)(M⋆)

∥∇T (x) z

∥z∥
∥ ≥ C−1.

Therefore, we deduce that the approximate Jacobian of T verifies

apd(∇T (x)) ≥ C−1,

so T verifies the point iv) for s > 0 small enough.

Appendix C. Proofs of the Interpolation Inequalities in the Manifold
Case (Section 3.2.3) and Additional Results

C.1 Extension Lemma

In this section we prove a general result allowing to extend maps that are defined on
the neighborhood of a submanifold. This result is a corollary of the following version of
Whitney’s extension Theorem (Theorem A in Fefferman (2005) and Theorem 4 in Chapter
6 of Stein (1970)).

Theorem 31 Given η, p ≥ 1, there exists k ∈ N depending only on p and β, for which the
following holds. Let f : E → R a closed subset of Rp. Suppose that for any k distinct points
x1, ..., xk ∈ E, there exists ⌊η⌋ degree polynomials P1, ..., Pk on Rp, satisfying

a) Pi(xi) = f(xi) for i = 1, ..., k;

b) ∥∇αPi(xi)∥ ≤M for i = 1, ..., k and |α| ≤ ⌊η⌋ and

c) ∥∇α(Pi − Pj)(xi)∥ ≤M∥xi − xj∥η−α for i, j = 0, ..., k and |α| ≤ ⌊η⌋ with M indepen-
dent of x1, ..., xk

Then f extends to Hη
CM

(Rp,R).

Using this theorem we obtain the following extension result.

Proposition 32 Let E ⊂ Rp a closed set and M⋆ a closed submanifold covered by an atlas
(φ−1

i (Bd(0,K−1))){i=1,...m} with φ−1
i ∈ H1

K and with reach r⋆ ≥ K−1. Suppose that

i) d(E,M⋆) < r⋆/4,

ii) M⋆ ⊂ E,

iii) there exists a map π ∈ H0
C(E,M⋆) such that for all x ∈ E and t ∈ [0, 1], x+ t(π(x)−

x) ∈ E,

iv) there exists a map D ∈ H1
C(M⋆r⋆/2, E) such that D|E = Id.

Then for all maps H ∈ Hη
M (E,R), H can be extended into a map in Hη

CM
(Rp,R).
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Proof Let x1, ..., xk ∈ E and define for all r ∈ {1, ..., k}

Pr(x) =

⌊η⌋∑
α=0

∇αH(xr)
(x− xr)

α

α!
.

with the notations ∇αH(xr) the α-differential of H and

∇αH(xr)(x− xr)
α = ∇αH(xr)

(
x− xr, x− xr, ..., x− xr).

Then the polynomials Pr check conditions a) and b) of Theorem 31 for M = ∥H∥Hη(E,R) .
Let us show that they also verify condition c).

First, for α = ⌊η⌋, we have

∥∇⌊η⌋Pr(xr)−∇⌊η⌋Pj(xr)∥ = ∥∇⌊η⌋H(xr)−∇⌊η⌋H(xj)∥ ≤ C∥xr − xj∥η−⌊η⌋.

Let α ∈ {0, ..., ⌊η⌋−1} and take a path γ ∈ H1([0, 1], E) such that γ(0) = xj and γ(1) = xr.
Applying Taylor expansions recursively we obtain

∇αPr(xr) = ∇αH(xr) = ∇αH(xj) +

∫ 1

0
∇α+1H(γ(t1))γ̇(t1)dt1

=∇αH(xj) +

∫ 1

0

(
∇α+1H(xj) +

∫ 1

0
∇α+2H(γ(t2t1))t1γ̇(t2t1))dt2

)
γ̇(t1)dt1

=∇αH(xj)

+

⌊η⌋−α−1∑
l=1

∫ 1

0
...

∫ 1

0
∇α+lH(xj)γ̇(tltl−1...t1)dtl γ̇(tl−1tl−2...t1)tl−1dtl−1

...γ̇(t1)t
l−1
1 dt1

+

∫ 1

0
...

∫ 1

0
∇⌊η⌋H(γ(t⌊η⌋−α...t1)γ̇(t⌊η⌋−α...t1)dt⌊η⌋−α

× γ̇(t⌊η⌋−α−1...t1)tt⌊η⌋−α−1
dt⌊η⌋−α−1

...γ̇(t1)t
⌊η⌋−α−1
1 dt1

=∇αH(xj)

+

⌊η⌋−α∑
l=1

∫ 1

0
...

∫ 1

0
∇α+lH(xj)γ̇(tltl−1...t1)dtl γ̇(tl−1tl−2...t1)tl−1dtl−1

...γ̇(t1)t
l−1
1 dt1

+

∫ 1

0
...

∫ 1

0

(
∇⌊η⌋H(γ(t⌊η⌋−α...t1)−∇⌊η⌋H(xj)

)
γ̇(t⌊η⌋−α...t1)dt⌊η⌋−α

...γ̇(t1)t
⌊η⌋−α−1
1 dt1.

Using integration by part one can show that

⌊η⌋−α∑
l=1

∫ 1

0
...

∫ 1

0
∇α+lH(xj)γ̇(tltl−1...t1)dtl γ̇(tl−1tl−2...t1)tl−1dtl−1

...γ̇(t1)t
l−1
1 dt1

=

⌊η⌋−α∑
l=1

∇α+lH(xj)
1

l!
(xr − xj)

l,
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so from the previous derivation we get

∥∇αPr(xr)−∇αPj(xr)∥

= ∥
∫ 1

0
...

∫ 1

0

(
∇⌊η⌋H(γ(t⌊η⌋−α...t1)−∇⌊η⌋H(xj)

)
γ̇(t⌊η⌋−α...t1)dt⌊η⌋−α

...γ̇(t1)t
⌊η⌋−α−1
1 dt1∥

≤
∫ 1

0
...

∫ 1

0
C∥γ(t⌊η⌋−α...t1)− xj∥β−⌊β⌋∥γ̇(t⌊η⌋−α...t1)∥dt⌊η⌋−α

...∥γ̇(t1)∥t⌊η⌋−α−1
1 dt1.

Suppose that ∥xr − xj∥ ≤ r⋆/4 and for D the map of assumption iv), define

γ(s) = D(xr + s(xj − xr))

which is well defined as for s ∈ [0, 1],

d(xr + s(xj − xr),M⋆) ≤ ∥xr + s(xj − xr)− xr∥+ d(xr,M⋆) < r⋆/2.

We have ∥γ̇(s)∥ ≤ C∥xr − xj∥ so we deduce that

∥∇αPr(xr)−∇αPj(xr)∥

≤
∫ 1

0
...

∫ 1

0
C∥xr − xj∥β−⌊β⌋4C∥xr − xj∥dt⌊η⌋4C∥xr − xj∥dt⌊β⌋ ...4C∥xr − xj∥dtα

≤ C∥xr − xj∥β+1−α.

Suppose now that ∥xr − xj∥ ≥ r⋆/4 and define δ ∈ H1([0, 1],M⋆) a geodesic on M⋆ from
xj to xr. Let

γ(s) =


xr + 3s(π(xr)− xr) if s ∈ [0, 1/3]

δ(3(t− 1/3)) if s ∈ (1/3, 2/3)

π(xj) + 3(s− 2/3)(xj − π(xj)) if s ∈ [2/3, 1]

be the path from xr to xj that starts by projecting xr onto M⋆, then circulates along M⋆

until it reaches the projection of xj , and finally go to xj in a straight line.
For s ∈ [0, 1/3] ∪ [2/3, 1] we have

∥γ̇(s)∥ ≤ 3max(∥π(xr)− xr∥, ∥π(xj)− xj∥) ≤ C ≤ Cr⋆−1∥xr − xj∥.

As M⋆ can be covered by an atlas (φ−1
i (Bd(0, τ))){i=1,...m} with φ−1

i ∈ H1
K , we deduce

that ∫ 1

0
∥δ̇(t)∥dt ≤ mKτ.

Therefore, for δ with constant speed we have

∥δ̇(t)∥ ≤ mKτ ≤ Cr⋆−1∥xr − xj∥.

We then get as in the case where ∥xr − xj∥ ≤ t/4, that

∥∇αPr(xr)−∇αPj(xr)∥ ≤C(r⋆−1∥xr − xj∥)β+1−α.

Therefore using the sharp form of Whitney’s extension (Theorem 31), H can be extended
to a map in Hη

CM
(Rp,R).
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Stéphanovitch

C.2 Proof of Lemma 10

Let us first recall a result from Stéphanovitch et al. (2023) showing that we can gain some
weak Besov regularity by paying a logarithmic term. For 1 ≤ p ≤ ∞, we let Lp(Rd,R, C) be
the set of functions f : Rd → R with p-norm ∥f∥Lp :=

(∫
∥f∥pdλd

)1/p
bounded by C > 0.

Proposition 33 Let f ∈ L1(Rd,R, 1) ∩ L2(Rd,R) and g ∈ Hγ
1(Rd,R, 1) with γ > 0. Then

for all τ > 0, ϵ ∈ (0, 1) we have∫
Rd

f(x)g(x)dλRd(x) ≤ C log(ϵ−1)τ
∫
Rd

f(x)Γ̃0,−τ
ϵ (g)(x)dλRd(x) + Cϵ

for

Γ̃0,−τ
ϵ (g)(x) =

log(ϵ−1)∑
j=0

2d∑
l=1

∑
w∈Zd

(1 + j)−ταg(j, l, w)
αg(j, l, w)αf (j, l, w)

|αg(j, l, w)αf (j, l, z)|
ψj,l,z(x).

Using Proposition 32, we can extend T into a map belonging to Hβ+1
C (Rp,Rp). Let

h ∈ H1
1(Rp,R), using Proposition 6 we have∫

(h(x)− h(T (x))fµ(x)dλM(x) ≤
∫

∥x− T (x)∥fµ(x)dλM(x)

=
m∑
i=1

∫
Rd

1

Ci
∥ϕi(u)− T (ϕi(u))∥ζi(u)dλd(u).

Let ξ ∈ (0, 1) and for all i ∈ {1, ...,m}, define

Xi(u) = ϕi(u)− T (ϕi(u))

and Li : Rd → Rp by

Li(u) =

(
Xi(u)

ξ
1{∥Xi(u)∥<ξ} +

Xi(u)

∥Xi(u)∥
1{∥Xi(u)∥≥ξ}

)
1{u∈Bd(0,2τ)}. (23)

We have ∫
Rd

∥ϕi(u)− T (ϕi(u))∥ζi(u)dλd(u)

=

∫
Rd

⟨ ϕi(u)− T (ϕi(u))

∥ϕi(u)− T (ϕi(u))∥
, ϕi(u)− T (ϕi(u))⟩ζi(u)dλd(u)

≤
∫
Rd

⟨Li(u), Xi(u)⟩ζi(u)dλd(u) + ξ.

Let us write KX = max
i∈{1,...,m}

∥Xi∥Hβ+1∨1 ≤ C and δiu = ∥Xi(u)∥ for u ∈ Bd(0, 2τ). We have

that Li ∈ H0
1(B

d(0, 2τ),Rp), let us fix η ∈ (1, β + 1] and show that Li has some additional
Hölder regularity.
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Proposition 34 For all i ∈ {1, ...,m} and Li : Rd → Rp defined in (23), we have for all
u, v ∈ Bd(0, 2τ),

∥Li(u)− Li(v)∥ ≤ 8KX min(δiu, δ
i
v)

−(1−(η−⌊η⌋))∥u− v∥1−(η−⌊η⌋).

Proof Suppose first that ∥u− v∥ ≥ min(δiu, δ
i
v)/(4KX). Then

∥Li(u)− Li(v)∥ ≤ 2 = 2∥u− v∥−(1−(η−⌊η⌋))∥u− v∥1−(η−⌊η⌋)

≤ 8KX min(δiu, δ
i
v)

−(1−(η−⌊η⌋))∥u− v∥1−(η−⌊η⌋).

Now if ∥u− v∥ ≤ min(δiu, δ
i
v)/(4KX), then for us = u+ s(v − u) with s ∈ [0, 1], we have

∥X(us)∥ ≥ ∥Xi(u)∥ − sKX∥u− v∥

≥ δiu −
1

4
min(δiu, δ

i
v)

≥ 1

2
min(δiu, δ

i
v).

Furthermore,

∇Li(u) =
1{∥Xi(u)∥≥ξ}

∥Xi(u)∥

(
∇Xi(u)−

Xi(u)

∥Xi(u)∥
(Xi(u))

⊤

∥Xi(u)∥
∇Xi(u)

)
+
1{∥Xi(u)∥<ξ}

ξ
∇Xi(u),

so ∥∇Li(u)∥ ≤ KX∥Xi(u)∥−1 = KX(δ
i
u)

−1. Then

∥Li(u)− Li(v)∥ = ∥
∫ 1

0
∇Li(u+ s(v − u))(v − u)ds∥

≤ ∥v − u∥
∫ 1

0
∥∇Li(u+ s(v − u))∥ds ≤ 2KX min(δiu, δ

i
v)

−1∥v − u∥

≤ 2KX min(δiu, δ
i
v)

−(1−(η−⌊η⌋))∥u− v∥1−(η−⌊η⌋).

We have that ϕi|Bd(0,τ) the restriction of ϕi to B
d(0, τ), is a diffeomorphism on its image.

For x ∈ ϕi(B
d(0, τ)), we will write ϕ−1

i (x) for the inverse application of ϕi|Bd(0,τ).

Let us define Fi : T
−1(ϕi(B

d(0, τ))) → Bd(0, τ) by

Fi := ϕ−1
i ◦ T−1

|M ◦ T,

A := {x ∈ M⋆t| ∥x− T (x)∥ ≤ ∥T−1
|M ◦ T (x)− T (x)∥} (24)

and Hi : A→ R by

Hi(x) :=
〈
Γ̃−η+1,−2
ϵ (Li) ◦ Fi(x) , x− T (x)

〉
ζi(Fi(x))1{T−1

|M◦T (x)∈ϕi(Bd(0,τ))}. (25)

We have the following result on Li, Xi and Hi.
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Proposition 35 For all i ∈ {1, ...,m} and ϵ ∈ (0, 1) we have

∫
Rd

⟨Li(u), Xi(u)⟩ζi(u)dλd(u) ≤ C log(ϵ−1)2
(∫

M
Hi(x)dµ(x)

) β+1
β+η

+ Cϵ.

Proof For r ∈ {1, ..., p}, Let

Γ̃0,−2
ϵ (Lir)(u) =

log(⌊ϵ−1⌋)∑
j=0

2d∑
l=1

∑
z∈Zd

(1 + j)−2αLir
(j, l, z)S(j, l, w)irψjlz(u)

with S(j, l, w)ir =
αLir

(j,l,z)αXiζi
(j,l,z)r

|αLir
(j,l,z)αXiζi

(j,l,z)r| . Then using Proposition 33, we have

∫
Rd

⟨Li(u), Xi(u)⟩ζi(u)dλd(u) ≤ C log(ϵ−1)2
∫
Rd

⟨Γ̃0,−2
ϵ (Li)(u), Xi(u)⟩ζi(u)dλd(u) + Cϵ.

Applying Proposition 25 for h1 = Γ̃0,−2
ϵ (Li), h2 = Xiζi, s1 = 0, b1 = −2, s2 = β + 1,

b2 = 0, τ = −η + 1, t = 1, r = 0 and q = β+η
β+1 we get∫

Rd

⟨Γ̃0,−2
ϵ (Li)(u), Xi(u)⟩ζi(u)dλd(u)

≤
〈
Γ̃−η+1(Γ̃0,−2

ϵ (Li)), Xiζi

〉 β+1
β+η

L2

〈
Γ̃0(Γ̃0,−2

ϵ (Li)),Γ
β+1(Xiζi)

〉 η−1
β+η

L2

≤
〈
Γ̃−η+1,−2
ϵ (Li), Xiζi

〉 β+1
β+η

L2

〈
Γ̃0,−2
ϵ (Li),Γ

β+1(Xiζi)
〉 η−1

β+η

L2
.

We have that Γβ+1(Xiζi) ∈ B0
∞,∞(C) and Γ̃0,−2

ϵ (Li) ∈ B0,2
∞,∞(C) so

p∑
r=1

∞∑
j=0

2d∑
l=1

∑
z∈Zd

α
Γ̃0,−2
ϵ (Li)

(j, l, z)rαΓβ+1(Xiζi)(j, l, z)r

≤
p∑
r=1

∞∑
j=0

2d∑
l=1

∑
z∈Zd

(1 + j)−2C2−jd1{z∈Bd(0,C)}

≤ C

p∑
r=1

∞∑
j=0

(1 + j)−2 ≤ C.

Therefore, we have 〈
Γ̃0,−2
ϵ (Li),Γ

β+1(Xiζi)
〉 η−1

β+η

L2
≤ C.

Furthermore, recalling the proof of Proposition 6, we have

(ϕi)#λd
|Bd(0,τ)

= µ|ϕi(Bd(0,τ)).
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Therefore,〈
Γ̃−η+1,−2
ϵ (Li), Xiζi

〉
L2

=

∫
Rd

⟨Γ̃−η+1,−2
ϵ (Li)(u), Xi(u)⟩ζi(u)dλd(u)

=

∫
Rd

⟨Γ̃−η+1,−2
ϵ (Li)(ϕ

−1
i (x)), x− T (x)⟩ζi(ϕ−1

i (x))d(ϕi)#λd
|Bd(0,τ)

(x)

=

∫
M
Hi(x)dµ(x).

We can then conclude that∫
Rd

⟨Li(u), Xi(u)⟩ζi(u)dλd(u) ≤ C log(ϵ−1)2
(∫

M
Hi(x)dµ(x)

) β+1
β+η

+ Cϵ.

Let us now show that the maps Hi from (25) are of regularity η. To that end, let us
first show that ∇⌊η⌋Γ̃−η+1,−2

ϵ (Li) exists and has some Hölder regularity.

Lemma 36 For all i ∈ {1, ...,m}, i1, ..., i⌊η⌋ ∈ {1, ..., d} and u ∈ Bd(0, τ), we have

∥∂⌊η⌋i1,...,i⌊η⌋
Γ̃−η+1,−2
ϵ (Li)(u)∥ ≤ CKX(δ

i
u)

−(⌊η⌋+1−η),

(with δiu = ∥Xi(u)∥) and for u, v ∈ Bd(0, 2τ) we have

∥∂⌊η⌋i1,...,i⌊η⌋
Γ̃−η+1,−2
ϵ (Li)(u)− ∂

⌊η⌋
i1,...,i⌊η⌋

Γ̃−η+1,−2
ϵ (Li)(v)∥ ≤ CKX(δ

i
u ∧ δiv)−1∥u− v∥η−⌊η⌋.

Proof For u ∈ Bd(0, τ), we shall distinguish whether we have δiu > ξ or not.

Let us first consider the case δiu > ξ. Define Lui : B
d(u, δiu

4KX
) → Rp being equal to Li.

We then extend Lui to Rd by

Lui(v) = Lui(πBu(v))(0 ∨ (1− 3∥v − πBu(v)∥)), (26)

for πBu the projection on Bd(u, δiu
4KX

). For all v ∈ Bd(u, δiu
4KX

), we have δiv ≥ δiu/2 so from
Proposition 34 we get

Lui ∈ H0
1(B

d(u,
δiu

4KX
),Rp) ∩H1−(η−⌊η⌋)

16KX(δiu)
−(1−(η−⌊η⌋))(B

d(u,
δiu

4KX
),Rp).

Therefore, we also have that

Lui ∈ H0
1(Rd,Rp) ∩H1−(η−⌊η⌋)

16KX(δiu)
−(1−(η−⌊η⌋))(Rd,Rp).

For r ∈ {1, ..., p}, let us write (αLui
(j, l, z)r)(j,l,z) the wavelet coefficients of (Lui)r. As

support(ψjlz) ⊂ Bd(2−jz, C2−j), consider any (j, l, z) such that

j ≥ ⌊log2(CKX(δ
i
u)

−1)⌋+ 1,

support(ψjlz) ∩Bd(u,
δiu

8KX
) ̸= ∅.
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Then αLui
(j, l, z)i = αL(j, l, z)i. Let us note

ξiu = ⌊log2(CKX(δ
i
u)

−1)⌋+ 1

and

Γ̃−η+1,−2
ϵ (Lui)r(v) =

log2(ϵ
−1)∑

j=0

2d∑
l=1

∑
z∈Zd

2−j(η−1)(1 + j)−2S(j, l, z)irαLui
(j, l, z)rψj,l,z(v),

the (η − 1, 2) wavelet regularization of Lui . In particular we have

Γ̃−η+1,−2
ϵ (Lui) ∈ Hη−1

C (Rd,Rp) ∩H⌊η⌋
CKX(δiu)

−(1−(η−⌊η⌋))(Rd,Rp).

Let i1, ..., i⌊η⌋ ∈ {1, ..., d}, we have

|∂⌊η⌋i1,...,i⌊η⌋
Γ̃−η+1,−2
ϵ (Li)r(u)|

=|∂⌊η⌋i1,...,i⌊η⌋

log2(ϵ
−1)∑

j=0

2d∑
l=1

∑
z∈Zd

αΓ̃−η+1,−2(Li)
(j, l, z)rψj,l,z(u)|

≤|∂⌊η⌋i1,...,i⌊η⌋

ξiu∧log2(ϵ−1)∑
j=0

2d∑
l=1

∑
z∈Zd

(αΓ̃−η+1,−2(Li)
(j, l, z)r − αΓ̃−η+1,−2(Lui)

(j, l, z)r)ψj,l,z(u)|

+ |∂⌊η⌋i1,...,i⌊η⌋

ξiu∧log2(ϵ−1)∑
j=0

2d∑
l=1

∑
z∈Zd

αΓ̃−η+1,−2(Lui)
(j, l, z)rψj,l,z(u)

+ ∂
⌊η⌋
i1,...,i⌊η⌋

log2(ϵ
−1)∑

j=ξiu∧log2(ϵ−1)+1

2d∑
l=1

∑
z∈Zd

αΓ̃−η+1,−2(Li)
(j, l, z)rψj,l,z(u)|. (27)
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For k ∈ {1, ..., d}, let us write θk =
⌊η⌋∑
r=1

1{ir=k}. For the first term of (27) we have

|∂⌊η⌋i1,...,i⌊η⌋

ξiu∧log2(ϵ−1)∑
j=0

2d∑
l=1

∑
z∈Zd

(αΓ̃−η+1,−2(Li)
(j, l, z)r − αΓ̃−η+1,−2(Lui)

(j, l, z)r)ψj,l,z(u)|

≤
ξiu∧log2(ϵ−1)∑

j=0

2d∑
l=1

∑
z∈Zd

|(αΓ̃−η+1,−2(Li)
(j, l, z)r − αΓ̃−η+1,−2(Lui)

(j, l, z)r)

× 2j(⌊η⌋+d/2)
d∏

k=0

∂θkψlk(2
juk − zk)|

≤C
ξiu∧log2(ϵ−1)∑

j=0

∑
z∈Zd

2j(⌊η⌋+1−η)|
d∏

k=0

∂θkψlk(2
juk − zk)|

≤C
ξiu∧log2(ϵ−1)∑

j=0

∑
z∈Zd

2j(⌊η⌋+1−η)C1{u∈supp(ψjlz)}

≤C
ξiu∧log2(ϵ−1)∑

j=0

2j(⌊η⌋+1−η) ≤ C2ξ
i
u(⌊η⌋+1−η) ≤ CKX(δ

i
u)

−(⌊η⌋+1−η).

If ξiu < log2(ϵ
−1), for the second term we have

|∂⌊η⌋i1,...,i⌊η⌋

ξiu∑
j=0

2d∑
l=1

∑
z∈Zd

αΓ̃−η+1,−2(Lui)
(j, l, z)rψj,l,z(u)

+ ∂
⌊η⌋
i1,...,i⌊η⌋

log2(ϵ
−1)∑

j=ξiu+1

2d∑
l=1

∑
z∈Zd

αΓ̃−η+1,−2(Li)
(j, l, z)rψj,l,z(u)|

=|∂⌊η⌋i1,...,i⌊η⌋

log2(ϵ
−1)∑

j=0

2d∑
l=1

∑
z∈Zd

αΓ̃−η+1,−2(Lui)
(j, l, z)rψj,l,z(u)|

≤∥∂⌊η⌋i1,...,i⌊η⌋
Γ̃−η+1,−2(Lui)r∥∞ ≤ CKX(δ

i
u)

−(⌊η⌋+1−η).

On the other hand, if ξiu ≥ log2(ϵ
−1) we have that the second term is equal to

|∂⌊η⌋i1,...,i⌊η⌋

log2(ϵ
−1)∑

j=0

2d∑
l=1

∑
z∈Zd

αΓ̃−η+1,−2(Lui)
(j, l, z)rψj,l,z(u)|

≤∥∂⌊η⌋i1,...,i⌊η⌋
Γ̃−η+1,−2(Lui)r∥∞ ≤ CKX(δ

i
u)

−(⌊η⌋+1−η).

Now that we have shown that

|∂⌊η⌋i1,...,i⌊η⌋
Γ̃−η+1,−2
ϵ (Li)r(u)| ≤ CKX(δ

i
u)

−(⌊η⌋+1−η), (28)
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for u ∈ Bd(0, τ) satisfying δiu > ξ, in the case δiu ≤ ξ we have Li(u) = Xi(u) so it can be
treated the same way. Defining Lui coinciding with Li on B

d(u, ξ
4KX

) and doing the same

derivations, we also obtain |∂⌊η⌋i1,...,i⌊η⌋
Γ̃−η+1,−2
ϵ (Li)(u)r| ≤ CKX(δ

i
u)

−(⌊η⌋+1−η).

Let us now show that for u, v ∈ Bd(0, 2τ) we have

|∂⌊η⌋i1,...,i⌊η⌋
Γ̃−η+1,−2
ϵ (Li)r(u)− ∂

⌊η⌋
i1,...,i⌊η⌋

Γ̃−η+1,−2
ϵ (Li)r(v)|

≤ CKX((δ
i
u)

−1 ∨ (δiv)
−1)∥u− v∥η−⌊η⌋. (29)

If ∥u − v∥ < δiu∧δiv
8KX

, define Li(u,v) coinciding with L on Bd(argmax
w∈{u,v}

δw,
δiu∨δiv
8KX

) and extend

it into Li(u,v) : Bd(0, τ) → Rp by projection as we did with Lui in (26). Otherwise, if

∥u− v∥ ≥ δiu∧δiv
8KX

, define Li(u,v) coinciding with L on Bd(u, δ
i
u∧δiv
32KX

) ∪ Bd(v, δ
i
u∧δiv
32KX

). Then, we

have Li(u,v) ∈ H1
CKX(δiu)

−1∨(δiv)−1 and we can extend it by projection on the balls as we did

with Lui in (26):

Li(u,v)(w) =Li(u,v)(πBu(w))(0 ∨ (1− 32KX(δ
i
u)

−1∥w − πBu(w)∥))
+ Li(u,v)(πBv(w))(0 ∨ (1− 32KX(δ

i
v)

−1∥w − πBv(w)∥)).

We also have Li(u,v) ∈ H1
C(δiu)

−1∨(δiv)−1 . Then by splitting the wavelets coefficients of

∂
⌊η⌋
i1,...,i⌊η⌋

Γ̃−η+1,−2
ϵ (Li)r(u)− ∂

⌊η⌋
i1,...,i⌊η⌋

Γ̃−η+1,−2
ϵ (Li)r(v) as in (27), we obtain (29).

Using Lemma 36, we obtain that the maps Hi from (25) are of regularity η.

Proposition 37 For all i ∈ {1, ...,m}, the application Hi belongs to Hη
C(A,R).

Proof Define

Fi := ϕ−1
i ◦ T−1

|M ◦ T and σi := 1{T−1
|M◦T (·)∈ϕ

i|Bd(0,τ)
}ζi ◦ Fi.

We have Fi ∈ Hβ+1
C (A,Rd). Since supp(ζi) ⊂ Bd(0, τ), the map σi belongs to Hβ+1

C (A,Rp).
Furthermore, (Id− T ) ∈ Hβ+1

C (A,Rp), and

Γ̃−η+1,−2
ϵ (Li) ∈ Hη−1

C (Bd(0, τ),Rp).

Thus, by the Faa di Bruno formula, Hi ∈ Hη−1
C (A,R). Let i1, ..., i⌊η⌋ ∈ {1, ..., p} and write

P ({i1, ..., i⌊η⌋}) the set of subsets of {i1, ..., i⌊η⌋}. For x ∈ A, we have

∂
⌊η⌋
i1,...,i⌊η⌋

Hi(x) =
∑

S∈P ({i1,...,i⌊η⌋})

〈
∂
|S|
i∈S(Γ̃

−η+1,−2
ϵ (Li) ◦ Fi)(x) , ∂⌊η⌋−|S|

i/∈S ((Id− T )σi)(x)
〉
.

For all S ∈ P ({i1, ..., i⌊η⌋}) with |S| < ⌊η⌋, we have that

x 7→
〈
∂
|S|
i∈S(Γ̃

−η+1,−2
ϵ (Li) ◦ Fi)(x) , ∂⌊η⌋−|S|

i/∈S (Id− T )σi(x)
〉
∈ Hη−⌊η⌋

C (A,R).
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From the previous calculations, we know that

|∂⌊η⌋i1,...,i⌊η⌋
Γ̃−η+1,−2
ϵ (Li)(Fi(x))| ≤ CKXδ

i−(⌊η⌋+1−η)
Fi(x)

= CKX∥T−1
|M ◦ T (x)− T (T−1

|M ◦ T (x))∥−(⌊η⌋+1−η)

= CKX∥T−1
|M ◦ T (x)− T (x)∥−(⌊η⌋+1−η)

≤ C∥x− T (x)∥−(⌊η⌋+1−η),

so

|
〈
∂
⌊η⌋
i1,...,i⌊η⌋

(Γ̃−η+1,−2
ϵ (Li) ◦ Fi)(x) , (Id− T )σi(x)

〉
| ≤ C∥x− T (x)∥η−⌊η⌋σi(x). (30)

Let x, y ∈ A with T−1
|M ◦ T (x), T−1

|M ◦ T (y) ∈ ϕi(B
d(0, τ)) and ∥x− T (x)∥ ≤ ∥y − T (y)∥,

from (29) we get

|
〈
∂
⌊η⌋
i1,...,i⌊η⌋

(Γ̃−η+1,−2
ϵ (Li) ◦ Fi)(x) , (Id− T )σi(x)

〉
−
〈
∂
⌊η⌋
i1,...,i⌊η⌋

(Γ̃−η+1,−2
ϵ (Li) ◦ Fi)(y) , (Id− T )σi(y)

〉
|

≤|
〈
∂
⌊η⌋
i1,...,i⌊η⌋

(Γ̃−η+1,−2
ϵ (Li) ◦ Fi)(x)− ∂

⌊η⌋
i1,...,i⌊η⌋

(Γ̃−η+1,−2
ϵ (Li) ◦ Fi)(y) , (Id− T )σi(x)

〉
|

+ |
〈
∂
⌊η⌋
i1,...,i⌊η⌋

(Γ̃−η+1,−2
ϵ (Li) ◦ Fi)(y) , (Id− T )σi(x)− (Id− T )σi(y)

〉
|

≤Cmin(∥x− T (x)∥, ∥y − T (y)∥)−1∥x− y∥η−⌊η⌋∥x− T (x)∥
+ C∥T−1

|M ◦ T (y)− T (y)∥−(1−(η−⌊η⌋))∥(Id− T )σi(x)− (Id− T )σi(y)∥

≤C∥x− y∥η−⌊η⌋ + C∥T−1
|M ◦ T (y)− T (y)∥−(1−(η−⌊η⌋))∥(Id− T )σi(x)− (Id− T )σi(y)∥.

Furthermore,

∥(Id− T )σi(x)− (Id− T )σi(y)∥
= ∥(Id− T )σi(x)− (Id− T )σi(y)∥1−(η−⌊η⌋)∥(Id− T )σi(x)− (Id− T )σi(y)∥η−⌊η⌋

≤ (∥(Id− T )(x)∥+ ∥(Id− T )(y)∥)1−(η−⌊η⌋)∥x− y∥η−⌊η⌋

≤ 2∥(Id− T )(y)∥1−(η−⌊η⌋)∥x− y∥η−⌊η⌋

≤ 2∥T−1
|M ◦ T (y)− T (y)∥1−(η−⌊η⌋)∥x− y∥η−⌊η⌋.

Now if T−1
|M ◦ T (x) ∈ ϕi(B

d(0, τ)) and T−1
|M ◦ T (y) /∈ ϕi(B

d(0, τ)), we have from (30),

|
〈
∂
⌊η⌋
i1,...,i⌊η⌋

(Γ̃−η+1,−2
ϵ (Li) ◦ Fi)(x) , (Id− T )σi(x)

〉
| ≤ C∥x− T (x)∥η−⌊η⌋σi(x)

≤ Cσi(x)

= C(σi(x)− σi(y))

≤ C∥x− y∥.

Therefore we have finally that Hi ∈ Hη
C(A,R).

Let us now prove that we can extend H to the whole Rp space using our extension result for
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maps defined on the neighborhood of a submanifold (Proposition 32). Define D : M⋆t → A
by

D(x) =

 x if x ∈ A

x−T (x)
∥x−T (x)∥∥T

−1
|M ◦ T (x)− T (x)∥+ T (x) if x /∈ A.

For x /∈ A we have

∇D(x) =
∥T−1

|M ◦ T (x)− T (x)∥
∥x− T (x)∥

(
∇(Id− T )(x)− x− T (x)

∥x− T (x)∥
(x− T (x))⊤

∥x− T (x)∥
∇(Id− T )(x)

)
+

x− T (x)

∥x− T (x)∥
(x− T (x))⊤

∥x− T (x)∥
∇(T−1

|M ◦ T − T )(x) +∇T (x),

so ∥∇D(x)∥ ≤ C. Then using Proposition 32, for all i ∈ {1, ...,m}, Hi can be extended to
a map in Hη

C(R
p,R).

We can now conclude the proof of Lemma 10 using Proposition 35 as∫
M
Hi(x)dµ(x) ≤ C sup

f∈Hη
1 , f|M⋆=0

∫
M
f(x)dµ(x).

C.3 Proof of Lemma 11

Proof Let T be the (M,M⋆)-compatible map given by Theorem 9. As

T−1
|M ∈ Hβ+1

C (M⋆,M), we have that T#µ admits a density fT ∈ Hβ
C(M⋆,R) with respect

to the volume measure on M⋆. For t ≥ C−1 the radius of compatibility of the map T (see
Definition 7) define the t-envelope of fT and fµ⋆ as:

f tT (x) =
fT (T (x))Θ(4∥x− T (x)∥2/t2)|apd(∇T (x))|∫

Rp−d Θ(4∥y∥2/t2)dλp−d(y)

and

f tµ⋆(x) =
fµ⋆(T (x))Θ(4∥x− T (x)∥2/t2)|apd(∇T (x))|∫

Rp−d Θ(4∥y∥2/t2)dλp−d(y)

for apd the approximate jacobian defined in Definition 27 and Θ ∈ Hβ
C(R,R+) such that

Θ(x) = Θ(−x), Θ(0) = 1 and Θ|(1,∞) = 0.

As ∇T ∈ Hβ
K(Rp, L(Rp,Rp)) and apd(∇T (x)) is bounded below by K−1

T (T verifes point
(iv) of Definition 7), then from the Faa di Bruno formula, we deduce that apd(∇T ) belongs
to Hβ

C(M⋆t,R). Let h ∈ Hγ
K(Rp,R) and define h : M⋆t → R by

h(x) = h(T (x))κ(2∥x− T (x)∥2/t2),

for κ ∈ Hγ
C(R,R) such that κ|(−∞,1/2) = 1 and κ|(1,∞) = 0. Then h ∈ Hγ

C(R
p,R) and from

Proposition 28 we have,

40



IPMs on Submanifolds: Interpolation and Inference

∫
M
h(T (x))dµ(x)−

∫
M⋆

h(x)dµ⋆(x) =

∫
M⋆

h(x)(fT (x)− fµ⋆(x))dλM⋆(x)

=

∫
M⋆

h(x)(fT (x)− fµ⋆(x))∫
Rp−d Θ(4∥y∥2/t2)dλp−d(y)

∫
T−1({x})

Θ(4∥z − T (z)∥2/t2)dλp−d(z)dλM⋆(x)

=

∫
M⋆

∫
T−1({x})

h(T (z))(fT (T (z))− fµ⋆(T (z)))Θ(4∥z − T (z)∥2/t2)∫
Rp−d Θ(4∥y∥2/t2)dλp−d(y)

dλp−d(z)dλM⋆(x)

=

∫
Rp

h(T (x))(f tT (T (x))− f tµ⋆(T (x)))dλ
p(x)

=

∫
Rp

h(x)(f tT (x)− f tµ⋆(x))dλ
p(x).

Let

Γ̃0,−2
ϵ (h)(x) =

log(⌊ϵ−1⌋)∑
j=0

2d∑
l=1

∑
w∈Zp

(1 + j)−2S(j, l, w)αh(j, l, w)ψjlw(x)

for S(j, l, w) =
αh(j,l,w)(αft

T
(j,l,w)−α

ft
µ⋆

(j,l,w))

αh(j,l,w)(αft
T
(j,l,w)−α

ft
µ⋆

(j,l,w))| . Then using Proposition 33, we have

∫
Rp

h(x)(f tT (x)− f tµ⋆(x))dλ
p(x) ≤ C log(ϵ−1)2

∫
Rp

Γ̃0,−2
ϵ (h)(f tT (x)− f tµ⋆(x))dλ

p(x) + Cϵ.

Applying Proposition 25 for h1 = Γ̃0,−2
ϵ (h), h2 = f tT − f tµ⋆ , s1 = γ, b1 = 2, s2 = β,

b2 = 0, τ = γ − η, t = 1, r = γ
β+γ and q = β+η

β+γ we get∫
Rp

h
ϵ
(x)(f tT (x)− f tµ⋆(x))dλ

p(x)

≤
〈
Γ̃γ−η,−2
ϵ (h), f tT − f tµ⋆

〉β+γ
β+η

L2(Rp)

〈
Γ̃γ,−2
ϵ (h),Γβ(f tT − f tµ⋆)

〉 η−γ
β+η

L2(Rp)

and
∞∑
j=0

2p∑
l=1

∑
w∈Zp

2j(β+γ)|α
Γ̃0,−2
ϵ (h)

(j, l, w)||αfT (j, l, w)− αfµ⋆ (j, l, w)|

≤
∞∑
j=0

2d∑
l=1

∑
w∈Zp

(1 + j)−2C2−jp1{supp(ψjlw∩Bp(0,K)) ̸=∅}

≤ C

∞∑
j=0

(1 + j)−2 ≤ C.

Define Fh : M⋆ → R by

Fh(x) =

∫
T−1({x})

Γ̃γ−η,−2
ϵ (h)(z)

Θ(4∥z − T (z)∥2/t2)∫
Rp−d Θ(4∥y∥2/t2)dλp−d(y)

dλT−1({x})(z).
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Then∫
Rp

Γ̃γ−η,−2
ϵ (h)(x)(f tT (x)− f tµ⋆(x))dλ

p(x)

=

∫
M⋆

∫
T−1({x})

Γ̃γ−η,−2
ϵ (h)(z)(f tT (z)− f tµ⋆(z))|apd(∇T (z))|−1dλp−d(z)dλM⋆(x)

=

∫
M⋆

∫
T−1({x})

Γ̃γ−η,−2
ϵ (h)(z)

(fT (T (z))− fµ⋆(T (z)))Θ(4∥z−T (z)∥2
t2

)∫
Rp−d Θ(4∥y∥2/t2)dλp−d(y)

dλp−d(z)dλM⋆(x)

=

∫
M⋆

Fh(x)(fT (x)− fµ⋆(x))dλM⋆(x).

As T verifies point iii) of Definition 7, we have Fh ∈ Hη
C(M⋆,R) so it can be extended

using Proposition 32 to a map in Hη
C(R

p,R). Then, we can conclude that

∫
M⋆

h(x)(fT (x)− fµ⋆(x))dλM⋆(x) ≤ C sup
h∈Hη

1

(∫
M⋆

h(x)(fT (x)− fµ⋆(x))dλM⋆(x)

)β+γ
β+η

.

C.4 Proof of Theorem 12

Proof Let Cη the constant given by Theorem 9 such that if

dHη
1
(µ, µ⋆) ≤ C−1

η ,

then there exists a map T being (M,M⋆)-compatible.
Suppose first that dHη

1
(µ, µ⋆) > C−1

η , then

dHγ
1
(µ, µ⋆) ≤ 2K ≤ 2KCηdHη

1
(µ, µ⋆) ≤ CdHη

1
(µ, µ⋆)

β+γ
β+η .

Suppose now that dHη
1
(µ, µ⋆) ≤ C−1

η . Using Corollary 26 we have for all ϵ ∈ (0, 1)

dHγ
1
(µ, µ⋆) ≤ C log(ϵ−1)2dH1

1
(µ, µ⋆)

η−γ
η−1 dHη

1
(µ, µ⋆)

γ−1
η−1 + ϵ. (31)

Suppose first that η ≤ β + 1. Using lemmas 10 and 11 we have

dH1
1
(µ, µ⋆) ≤ C log(ϵ−1)4

 sup
h∈Hη

1
h|M⋆=0

(∫
M
h(x)dµ(x)

) β+1
β+η

+ dHη
1
(T#µ, µ

⋆)
β+1
β+η

+ ϵ.

On one hand we have

sup
h∈Hη

1
h|M⋆=0

∫
M
h(x)dµ(x) ≤ sup

h∈Hη
1

∫
M
h(x)dµ(x)−

∫
M⋆

h(x)dµ⋆(x) = dHη
1
(µ, µ⋆),
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on the other hand

dHη
1
(T#µ, µ

⋆) = sup
h∈Hη

1

∫
M
h(T (x))dµ(x)−

∫
M⋆

h(T (x))dµ⋆(x) ≤ CdHη
1
(µ, µ⋆),

as any map h◦T ∈ Hη
C(M⋆t/4,R) can be extended to a map in Hη

C(R
p,R) using Proposition

32. Therefore, we have

dH1
1
(µ, µ⋆) ≤ C log(ϵ−1)4dHη

1
(µ, µ⋆)

β+1
β+η + ϵ.

Then plugging this in (31) we obtain

dHγ
1
(µ, µ⋆) ≤ C log(ϵ−1)6dHη

1
(µ, µ⋆)

β+1
β+η

η−γ
η−1

+ γ−1
η−1 + ϵ

= C log(ϵ−1)6dHη
1
(µ, µ⋆)

β+γ
β+η + ϵ

so taking ϵ = dHη
1
(µ, µ⋆)

β+γ
β+η , we get the result.

Now if η > β + 1, using lemmas 10 and 11 we have again

dH1
1
(µ, µ⋆) ≤ dH1

1
(µ, T#µ) + dH1

1
(T#µ, µ

⋆)

≤ C log(ϵ−1)4dHβ+1
1

(µ, µ⋆)
β+1
2β+1 + ϵ.

And using again Corollary 26 we have

dHβ+1
1

(µ, µ⋆) ≤ C log(ϵ−1)2dH1
1
(µ, µ⋆)

η−(β+1)
η−1 dHη

1
(µ, µ⋆)

β
η−1 + ϵ

so

dH1
1
(µ, µ⋆) ≤ C log(ϵ−1)6dH1

1
(µ, µ⋆)

η−(β+1)
η−1

β+1
2β+1dHη

1
(µ, µ⋆)

β
η−1

β+1
2β+1 + ϵ.

Then, taking ϵ = dH1
1
(µ, µ⋆)dHη

1
(µ, µ⋆), we have

dH1
1
(µ, µ⋆) ≤ C log(dHη

1
(µ, µ⋆)−1)6dH1

1
(µ, µ⋆)

η−(β+1)
η−1

β+1
2β+1dHη

1
(µ, µ⋆)

β
η−1

β+1
2β+1 ,

which gives

dH1
1
(µ, µ⋆)(η−1)(2β+1)−(η−1−β)(β+1) ≤C log(dHη

1
(µ, µ⋆)−1)6(η−1)(2β+1)dHη

1
(µ, µ⋆)β(β+1).

As (η − 1)(2β + 1)− (η − 1− β)(β + 1)) = β(η + β) we obtain

dH1
1
(µ, µ⋆) ≤C log(dHη

1
(µ, µ⋆)−1)

6
(η−1)(2β+1)

β(η+β) dHη
1
(µ, µ⋆)

β+1
β+η .

Then plugging this result in (31), we obtain for ϵ = dHη
1
(µ, µ⋆),

dHγ
1
(µ, µ⋆) ≤ C log(dHη

1
(µ, µ⋆)−1)C2dHη

1
(µ, µ⋆)

β+1
β+η

η−γ
η−1

+ γ−1
η−1

= C log(dHη
1
(µ, µ⋆)−1)C2dHη

1
(µ, µ⋆)

β+γ
β+η .
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C.5 Proof of Proposition 13

Proof As explained at the beginning of the proof of Theorem 12, we can suppose that the
distance dHη

1
(µ, µ⋆) is small enough so that there exists a (M,M⋆)-compatible map T . We

have
dHγ

1
(µ, µ⋆) ≤ dHγ

1
(µ, T#µ) + dHγ

1
(T#µ, µ

⋆)

Using Lemma 11 we obtain

dHγ
1
(T#µ, µ

⋆) ≤ C log(ϵ−1)2dHη
1
(T#µ, µ

⋆)
β+γ
β+η + ϵ

≤ CdHη
1
(T#µ, µ

⋆)
γ
η

for ϵ = dHη
1
(T#µ, µ

⋆)
γ
η . On the other hand,

dHγ
1
(µ, T#µ) = sup

h∈Hγ
1

∫
M
(h(x)− h(T (x)))fµ(x)dλM(x)

≤
∫
M

∥x− T (x)∥γfµ(x)dλM(x)

≤
(∫

M
∥x− T (x)∥ηfµ(x)dλM(x)

) γ
η

using Jensen’s inequality. The function H : M⋆t → R defined by

H(x) = ∥x− T (x)∥η,

belongs toHη
C(M⋆t,R) and can therefore be extend to a map inHη

C(R
p,R) using Proposition

32.

C.6 Proof of Proposition 15

Proof Let s ∈ (0, rM⋆), we are going to show that W1(µ, µ
⋆) is bounded below which will

give us that dHη
1
(µ, µ⋆) is also bounded below by Lemma 8.

Suppose first that H(M,M⋆) > s and for y ∈ M⋆ such that d(y,M) ≥ s, define
Dy
s : Rp → R as

Dy
s (x) = (s− ∥x− y∥) ∨ 0.

As Ds is 1-Lipschitz, we have

W1(µ, µ
⋆) ≥

(∫
M⋆

Dy
s (x)fµ⋆(x)dλM⋆(x)−

∫
M
Dy
s (x)fµ(x)dλM(x)

)
=

∫
M⋆∩Bp(y,s)

(s− ∥x− y∥)fµ⋆(x)dλM⋆

≥ CsdK−1
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which gives the result. Now if H(M,M⋆) ≤ s, by Lemma 29 we have that for s > 0 small
enough, π the canonical projection onto M⋆, is a diffeomorphism from M to M⋆. Le be
z ∈ M such that fµ(z) ≤ s. Define Dz

s : Rp → R as

Ds(x) = (
s

2
∧ (s− ∥x− π(z)∥)) ∨ 0.

As Ds is 1-Lipschitz, we have

W1(µ, µ
⋆) ≥

∫
M⋆

Dz
s(x)fµ⋆(x)dλM⋆(x)−

∫
M
Dz
s(x)fµ(x)dλM(x)

and ∫
M⋆

Dz
s(x)fµ⋆(x)dλM⋆(x) =

∫
M⋆∩Bp(π(z),s)

s

2
∧ (s− ∥x− π(z)∥)fµ⋆(x)dλM⋆(x)

≥
∫
M⋆∩Bp(π(z),s/2)

s

2
fµ⋆(x)dλM⋆(x)

≥ Csd+1K−1.

On the other hand,

∫
M
Dz
s(x)fµ(x)dλM(x) =

∫
M∩Bp(π(z),s)

s

2
∧ (s− ∥x− π(z)∥)fµ(x)dλM(x)

≤
∫
M∩Bp(π(z),s)

sfµ(x)dλM(x)

= s

∫
φx(M∩Bp(π(z),s))

fµ(φ
−1
x (u))dφx#λM(u)

≤ s

∫
Bd(φx(z),2s)

fµ(φ
−1
x (u))Kddλd(u)

≤ Cs

∫
Bd(φx(π(z)),2s)

(fµ(z) +K∥φ−1
x (z)− u∥))dλd(u)

≤ Cs

∫
Bd(φx(π(z)),2s)

(1 + 2K)sdλd(u)

≤ Csd+2.

Therefore we have

W1(µ, µ
⋆) ≥ Csd+1(1− C2s),

so for s small enough we get the result.

C.7 Additional Proofs from Section 3.1

C.7.1 Proof of Proposition 4

Proof Take two densities f, f⋆ ∈ L2(Rp,R) and a potential h ∈ Bs∞,∞(Rp,R) to compare
them. The family of wavelets functions (ψjlw)jlw being an orthonormal basis of L2, we can
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write for τ > 0 and q ∈ (0, 1), q⋆ = (1− 1/q)−1,

∫
Rp

h(x)(f(x)− f⋆(x))dλp(x) =

∞∑
j=0

2p∑
l=1

∑
w∈Zp

αh(j, l, w)(αf (j, l, w)− αf⋆(j, l, w))

≤
∞∑
j=0

2p∑
l=1

∑
w∈Zp

2
−j τ

q
+j τ

q |αh(j, l, w)(αf (j, l, w)− αf⋆(j, l, w))|1/q+1/q⋆ .

Then, applying Hölder’s inequality we get∫
Rp

h(x)(f(x)− f⋆(x))dλp(x)

≤

 ∞∑
j=0

2p∑
l=1

∑
w∈Zp

2−jτ |αh(j, l, w)(αf (j, l, w)− αf⋆(j, l, w))|

 1
q

×

 ∞∑
j=0

2p∑
l=1

∑
w∈Zp

2
jτ q⋆

q |αh(j, l, w)(αf (j, l, w)− αf⋆(j, l, w))|

 1
q⋆

. (32)

Let us take Γ̃−τ (h) ∈ Bs+τ∞,∞ and Γ̃
q⋆

q
τ
(h) ∈ B

s− q⋆

q
τ

∞,∞ defined through their wavelet coefficients:

αΓ̃−τ (h)(j, l, w) = S(j, l, w)αΓ−τ (h)(j, l, w)

and

α
Γ̃

q⋆
q τ

(h)
(j, l, w) = S(j, l, w)α

Γ
q⋆
q τ

(h)
(j, l, w)

with S(j, l, w) ∈ {−1, 1} the sign of αh(j, l, w)(αf (j, l, w) − αf⋆(j, l, w)). Then, from (32)
we obtain∫

Rp

h(x)(f(x)− f⋆(x))dλp(x)

≤
(∫

Rp

Γ̃−τ (h)(x)(f(x)− f⋆(x))dλp(x)

) 1
q
(∫

Rp

Γ̃
q⋆

q
τ
(h)(x)(f(x)− f⋆(x))dλp(x)

) 1
q⋆

,

which gives a first interpolation inequality between Besov IPMs:

dBs
∞,∞(f, f⋆) ≤ dBs+τ

∞,∞
(f, f⋆)

1
q d

B
s− q⋆

q τ

∞,∞

(f, f⋆)
1
q⋆ . (33)

Using (33), we are looking for the smallest q ∈ (0, 1) such that d
B
s− q⋆

q τ

∞,∞

(f, f⋆) is finite.

Taking f, f⋆ ∈ Bβ,2∞,∞ compactly supported in Bp(0,K) we have
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d
B
s− q⋆

q τ

∞,∞

(f, f⋆)

= sup

h∈B
s− q⋆

q τ

∞,∞ (1)

∞∑
j=0

2p∑
l=1

∑
w∈Zp

αh(j, l, w)(αf (j, l, w)− αf⋆(j, l, w))

=

∞∑
j=0

2p∑
l=1

∑
w∈Zp

2
−j(s− q⋆

q
τ+p/2)

αh(j, l, w)|αf (j, l, w)− αf⋆(j, l, w)|

≤
∞∑
j=0

2p∑
l=1

∑
w∈Zp

2
−j(s− q⋆

q
τ+p/2)

2−j(β+p/2)(1 + j)−2∥f − f⋆∥Bβ,2
∞,∞

1{supp(ψjlw)∩Bp(0,K )̸=∅}

≤ C∥f − f⋆∥Bβ,2
∞,∞

∞∑
j=0

2
−j(s− q⋆

q
τ+β)

(1 + j)−2.

The last quantity is finite iff β ≥ q⋆

q τ − s which gives 1
q ≤ β+s

β+s+τ .

C.7.2 Proof of Theorem 5

Proof Using lemma 3 we have that f−f⋆ ∈ Bβ∞,∞(C) and h ∈ Bγ∞,∞(C), then for ϵ ∈ (0, 1)
we have

∫
Rp

h(x)(f(x)− f⋆(x))dλp(x)

=
∞∑
j=0

2p∑
l=1

∑
w∈Zp

αh(j, l, w)(αf (j, l, w)− αf⋆(j, l, w))

≤
log2(ϵ

−1)∑
j=0

2p∑
l=1

∑
w∈Zp

αh(j, l, w)(αf (j, l, w)− αf⋆(j, l, w))

+
∞∑

j=log2(ϵ
−1)+1

2p∑
l=1

∑
w∈Zp

2−j(γ+β+p)1{supp(ψjlw)∩Bp(0,K) ̸=∅}

≤ log2(ϵ
−1)2

log2(ϵ
−1)∑

j=0

2p∑
l=1

∑
w∈Zp

(1 + j)−2|αh(j, l, w)(αf (j, l, w)− αf⋆(j, l, w))|

+ Cϵγ+β

≤C log2(ϵ
−1)2dBγ

∞,∞(1)(Γ
0,−2(f),Γ0,−2(f⋆)) + Cϵγ+β.
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As f, f⋆ ∈ Bβ,2∞,∞(C), we can now use Proposition 4 and obtain

dBγ
∞,∞(1)(Γ

0,−2(f),Γ0,−2(f⋆)) ≤ CdBα
∞,∞(1)(Γ

0,−2(f),Γ0,−2(f⋆))
β+γ
β+α

= dBγ,2
∞,∞(1)

(f, f⋆)
β+γ
β+α

≤ CdHγ
C
(f, f⋆)

β+γ
β+α ,

where we used Lemma 3 for the last inequality. Putting everything together and taking
ϵ = dHα

1
(f, f⋆) ∧ 1/2 we obtain the result.

C.8 Proof of Theorem 17

C.8.1 Definition of the Manifolds and Measures

Let n, β ∈ N and gn, g
⋆ : [0, 1] → R2 defined by

g⋆(t) := (cos(2πt), sin(2πt)) and gn(t) := (1 + (2πn)−(β+1) sin(2πnt))g⋆(t). (34)

Define the two submanifolds Mn := gn([0, 1]),M⋆ := g⋆([0, 1]) and µn the uniform measure
on Mn. The manifolds Mn and M⋆ are represented in Figure 1. We choose the (Mn,M⋆)-
compatible map T to be the projection onto M⋆ for simplicity of the derivations.

We have that Mn verifies the (β + 1, C)-manifold condition and for all α > β + 1, we
have ∥gn∥Hα ≥ C−1nα−(β+1). Therefore this example is well suited to represent the case of
β + 1 regular manifolds.

C.8.2 Expected Shape of Optimal Potentials

To get some intuition let us analyze the behavior of dHγ
1
(µn, T#µn) for γ = 1. We have

dH1
1
(µn, T#µn) = max

h∈H1
1

∫
Mn

(h(x)− h(T (x))fµn(x)dλMn(x)

≤
∫
Mn

∥x− T (x)∥fµn(x)dλMn(x)

=

∫
M⋆

∥y − T−1
|Mn

(y)∥fµn(T−1
|Mn

(y))apd(∇T (T−1
|Mn

(y)))−1dλM⋆(y)

≤ C

∫
M⋆

∥y − T−1
|Mn

(y)∥dλM⋆(y)

≤ C

∫ 1

0
n−(β+1)| sin(2πnt)|dt

≤ Cn−(β+1).

Note that using the same derivations, we can show that dH1
1
(µn, T#µn) ≥ C−1n−(β+1) so

dH1
1
(µn, T#µn) behaves like O(n−(β+1)). To build an optimal potential in Hη

1 with η ≥ 1,
let us look at how to regularize the optimal Lipschitz potential

L⋆n := ∥x− T (x)∥ ∈ Lip1

48



IPMs on Submanifolds: Interpolation and Inference

such that it belongs to Hη for η ≥ 1. A simple way could be to use Jensen’s inequality:∫
Mn

∥x− T (x)∥fµn(x)dλMn(x) ≤
(∫

Mn

∥x− T (x)∥2fµn(x)dλMn(x)

) 1
2

. (35)

We have that L⋆n(x) := ∥x− T (x)∥2 belongs to Hβ+1 but is not an optimal potential as its
cost is too low. Indeed, we obtain an exponent 1/2 in (35), which is strictly smaller than
β+1
2β+1 , the one of Lemma 10. The reason why L⋆n is not optimal is that it does not use the
fact that Mn is of regularity β + 1. Let us study what should be the shape of an optimal
potential. For h ∈ Hη, we have∫

Mn

(h(x)− h(T (x)))fµn(x)dλMn(x)

=

∫
Mn

⟨
∫ 1

0
∇h(T (x) + t(x− T (x)))dt, x− T (x)⟩fµn(x)dλMn(x)

=

∫
Mn

(
⟨∇h(T (x)), x− T (x)⟩fµn(x) +O(∥x− T (x)∥2)

)
dλMn(x)

≤ C

∫
Mn

⟨∇h(T (x)), x− T (x)⟩dλMn(x) + Cn−2(β+1)

≤ C

∫ 1

0
⟨∇h(g⋆(t)), g⋆(t)n−(β+1) sin(2πnt)⟩dt+ Cn−2(β+1), (36)

with g⋆ defined in (34). We see that in order to determine a good potential h ∈ Hη, it is
enough to determine the function H : [0, 1] → R2 defined by

H(t) := ∇h(g⋆(t)). (37)

When n is very large, Mn and M⋆ behave locally like the images of

g⋆(t) = (t, 0) and gn(t) = (t, n−(β+1) sin(2πnt)), (38)

as represented in Figure 2. Let us first study the local case where we are looking for an
optimal potential between Mn and M⋆

defined as the images of g⋆ and gn in (38). Recall
from (36) that we want to maximize with respect to H ∈ Hη−1

1 ([0, 1],R2) the quantity∫ 1

0
⟨H(t), g⋆(t)n−(β+1) sin(2πnt)⟩dt,

which in the local case (38) corresponds to

n−(β+1)

∫ 1

0
H1(t) sin(2πnt)dt, (39)

for H1(t) := ⟨H(t), g⋆(t)⟩.
To maximise (39), we are going to take H1 having the same sign as the function x 7→

sin(2πnx). Therefore we will take H1(t) = 0 when sin(2πnt) = 0 (i.e. t ∈ {0, 1
2n , ...,

2n−1
2n }),
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and for t ∈ [ k2n ,
k+1
2n ], H1(t) will be increasing in the direction of

sin(
k+1/2

2n
)

| sin( k+1/2
2n

)|
as t gets closer

to the middle point k+1/2
2n . This is illustrated in Figure 2.

The idea behind this construction is to be able to utilize that Mn is of regularity β+1.
It implies that we can quantify the distance between two points of intersections of the
manifolds Mn and M⋆ with respect to the distance between the manifolds. Indeed for two
critical points k

2n ,
k+1
2n , we have

k + 1

2n
− k

2n
=

1

2n
= O(n−(β+1))

1
β+1 =

 sup
t∈[ k

2n
, k+1

2n
]

n−β+1| sin(2πnt)|

 1
β+1

=

(
sup

x∈Θn(k)
∥x− T (x)∥

) 1
β+1

, (40)

with Θn(k) = {x ∈ Mn| ∃λ ∈ [0, 1], T (x) = g⋆(λ k
2n + (1 − λ)k+1

2n )}. Therefore as H1 is

increasing between critical points k
2n ,

k+1
2n , we will be able to relate the value H1(

k+1/2
2n ) to

the distance

(
sup

x∈Θn(k)
∥x− T (x)∥

) 1
β+1

.

C.8.3 Explicit Construction of an Optimal Potential in the Case η ≥ 1

We first address the case η, γ ≥ 1, while the remaining cases follow directly by interpolation.
Let us build H1 ∈ Hη−1

1 that maximizes (up to a multiplicative constant) the objective (39).
Let λ ∈ Hη([0, 1], [0, 1]) such that for all k ∈ {0, ..., η − 1}, ∇kλ(0) = ∇kλ(1) = 0 and for
all x ∈ [1/4, 3/4], λ(x) ≥ 1/2. We define the optimal potential by

H1(t) :=
(−1)⌊2nt⌋

nη−1
λ
(
2n(t− ⌊2nt⌋

2n
)
)
.

The cost (39) of H1 can be lower bounded as follow.

n−(β+1)

∫ 1

0
H1(t) sin(2πnt)dt = 2n−β

∫ 1
2n

0
H1(t) sin(2πnt)dt ≥ 2n−β

∫ 3
8n

1
8n

H1(t) sin(2πnt)dt

and

2n−β
∫ 3

8n

1
8n

H1(t) sin(2πnt)dt ≥ 2n−β
∫ 3

8n

1
8n

1

2nη−1
sin(2πnt)dt ≥ C−1n−(β+η).

Let us now show that this potential is optimal (up to a multiplicative constant) by giving
an upper bound on (39). For f : R/Z → C, let (cf (k))k∈Z denote its Fourier coefficients
and let

Wη−1,2
1 = {f ∈ L2(R/Z,R)|

∑
k∈Z

|cf (k)|2|k|2(η−1) ≤ 1}
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be the unit ball of the L2 Sobolev space of regularity η − 1. As Hη−1 ↪−→ Wη−1,2, we have

sup
f∈Hη−1

1

∫ 1

0
f(t) sin(2πnt)dt ≤ C sup

f∈Wη−1,2
1

∫ 1

0
f(t) sin(2πnt)dt

= C sup
f∈Wη−1,2

1

∑
k∈Z

cf (k)csin(2πn·)(k)

= C sup
f∈Wη−1,2

− i

2
cf (n) +

i

2
cf (−n)

≤ Cn−(η−1).

Therefore,

n−(β+1) sup
f∈Hη−1

1

∫ 1

0
f(t) sin(2πnt)dt ≤ Cn−(β+η) ≤ C2n

−(β+1)

∫ 1

0
H1(t) sin(2πnt)dt,

so H1 is indeed optimal.
Coming back to the non local case, for Θ : M⋆ → R2 such that Θ(x) is the unitary

normal vector pointing outward the manifold M⋆ at the point x, defining

h(x) = H1 ◦ g⋆−1 ◦ T (x)⟨Θ ◦ T (x), x− T (x)⟩,

we have h ∈ Hη
C(M⋆n−(β+1)

,R) so using Proposition 32 it can be extended into a map
belonging to Hη

C(R
2,R). Furthermore, we have∫

Mn

(h(x)− h(T (x)))fµn(x)dλMn(x) ≥ C−1

∫ 1

0
⟨H1(t)g

⋆(t)), g⋆(t)n−(β+1) sin(2πnt)⟩dt

≥ C−1n−(β+η),

and for all h
′ ∈ Hη

1(R2,R) with h′

|Mg⋆=0, we have∫
Mn

h
′
(x)fµn(x)dλMn(x) ≤ C

∫ 1

0
⟨∇h′

(g⋆(t)), g⋆(t)n−(β+1) sin(2πnt)⟩dt+ Cn−2(β+1)

≤ n−(β+1) sup
f∈Hη−1

1

∫ 1

0
f(t) sin(2πnt)dt+ Cn−2(β+1)

≤ Cn−(β+η)

≤ C

∫
Mn

h(x)fµn(x)dλMn(x).

We conclude that h is an optimal potential for the non local case which gives

C−1n−(β+η) ≤
∫
h(x)dµn(x) ≤ CdHη

1
(µn, T#µn) ≤ C2

∫
h(x)dµn(x) ≤ C3n

−(β+η).

In particular, we obtain the sought-after inequality for all 1 ≤ γ < η:

dHη
1
(µn, T#µn)

β+γ
β+η ≤

(
Cn−(β+η)

)β+γ
β+η ≤ Cn−β+γ ≤ C2dHγ

1
(µn, T#µn).

Finally note that this example also allows to show that for γ ∈ (0, 1) and η ≥ 1 we have

dHγ
1
(µn, T#µn) = O(n−γ(β+1)) = O(n−β+η)

βγ+γ
β+η = O(dHη

1
(µn, T#µn)

βγ+γ
β+η ). (41)
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C.8.4 Further Remarks on the Example

We see that in the case η = β+1, the exponent β+1
2β+1 is an improvement over the exponent

1/2 given by Jensen’s inequality (35). In contrary to x 7→ ∥x−T (x)∥2, the potential h uses
the fact that Mn is of regularity β + 1. Instead of being equal to 0 on M⋆, ∇h increases
between the intersections points of M⋆ and Mn which corresponds to the irregularities of
the function x 7→ ∥x − T (x)∥. As the distance between these points is proportional to the
distance between M⋆ and Mn to the power 1

β+1 , we have that ∥∇h(T (x))∥ is proportional

to ∥x− T (x)∥
η−1
β+1 = ∥x− T (x)∥

β
β+1 for η = β + 1. This explains the improvement over the

potential x 7→ ∥x− T (x)∥2 as the norm of its gradient is proportional to ∥x− T (x)∥.
The construction of h is similar to the one used in the proof of Lemma 10. In both cases

we take
h(x) = ⟨F (x), x− T (x)⟩,

with F a regularization of the map x 7→ x−T (x)
∥x−T (x)∥ belonging to Hη−1

C and such that

∥∇⌊η⌋F (x)∥ ≤ ∥x − T (x)∥−1+η−⌊η⌋. The difference lies in the regularization of the map

x 7→ x−T (x)
∥x−T (x)∥ where here we did a geometrical construction which is already quite complex

even in the simple setting of this example. We believe that Lemma 10 could be proven
using a construction of this type but it might be very complicated to describe it in the
general case. In the proof of Lemma 10, we simply regularize the function x 7→ x−T (x)

∥x−T (x)∥ by
lowering the size of its wavelet coefficients. This trick allows us to obtain a good potential of
regularity η − 1 without really knowing its shape. In particular, this outlines the efficiency
of the wavelet tool which allows to easily modify the regularity of functions while controlling
their potential action.

C.9 Existence of the Minimizer (11)

Proposition 38 The minimizer

µ̂ ∈ argmin
µ∈F

dHd/2
1

(µ, µ⋆n),

is well defined.

Proof As each µ ∈ F is supported in Bp(0,K), we may have that F ⊂ P(Bp(0,K)), the
space of Borel probability measures on the compact metric space Bp(0,K). As P(Bp(0,K))
is compact for the weak topology (Prokhorov’s theorem), any sequence in F is tight and
admits weakly convergent subsequences in P(Bp(0,K)). We then need to show that F is
closed in P(Bp(0,K)), so that it is itself compact.

Let (µk)k≥1 ⊂ F with µk ⇀ µ weakly in P(Bp(0,K)). Write that each µk is supported
on some (β+1,K)-manifold Mk and has a (β,K)-density fk bounded below by K−1 (Defi-
nition 2). For each k, applying Proposition 4 to the pair (Mk, µk) we obtain that there exist

some maps φi,k ∈ Hβ+1
C (Rd,Rp) and weights ζi,k ∈ Hβ+1

C (Rd,R) with supp(ζi,k) ⊂ Bd(0, τ),
such that for every bounded continuous h : Rp → R,∫

hdµk =

m∑
i=1

1

Ci,k

∫
Rd

h(φi,k(u)) ζi,k(u) dλ
d(u).
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By Arzelà–Ascoli, after extracting subsequences (by diagonal argument over i), we may
assume φi,k → φi and ζi,k → ζi uniformly together with all derivatives controlled by the
Hölder norms; the Jacobian lower bound passes to the limit, so each φi is a C

β+1-immersion
with a uniform metric lower bound. Setting

M :=

m0⋃
i=1

φi(Bd(0, τ)) ⊂ Bp(0,K), and

∫
hdµ :=

m0∑
i=1

1

Ci

∫
h(φi(u))ζi(u) dλ

d(u),

we get that µ is supported on a d-dimensional (β+1, K̃)-manifold M and admits a (β, K̃)-
density bounded below by K̃−1.

Now for x ∈ M, we can take a sequence of points xk ∈ Mk with xk → x and as Mk

satisfies the (β + 1,K)-manifold condition, we have that the inverse of the projection into
the tangent plane at xk satisfies

(φx)
−1
k ∈ Hβ+1

K ((φx)k((Ux)k), (Ux)k).

Passing to the limit, we obtain that M satisfies the (β+1,K)-manifold condition and doing
the same for densities we obtain that µ satisfies the (β,K)-density condition and therefore
belongs to F . By continuity of the distance dHd/2

1

, we finally obtain that µ is a minimizer

over F of the function ν 7→ dHd/2
1

(ν, µ⋆n).
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