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Abstract

We study interpolation inequalities between Holder Integral Probability Metrics (IPMs) in
the case where the measures have densities on closed submanifolds. Precisely, it is shown
that if two probability measures p and p* have S-smooth densities with respect to the
volume measure of some submanifolds M and M™ respectively, then the Hélder IPMs dq_q

of smoothness v > 1 and dyn of smoothness 1 > =, satisfy dyy(u, p*) < dyn (u,u*)%,
up to logarithmic factors. We provide an application of this result to high-dimensional
inference. These functional inequalities turn out to be a key tool for density estimation on
unknown submanifold. In particular, it allows to build the first estimator attaining optimal
rates of estimation for all the distances dyyy, v € [1,00) simultaneously.

Keywords: integral probability metrics, interpolation inequality, manifold data, distri-
bution estimation, minimax rate

1. Introduction

The development of methods for estimating probability measures from data has been a
major focus of contemporary statistics and machine learning (Bishop, 2006). This pursuit
has given rise to thriving research fields such as generative models (Ruthotto and Haber,
2021), reinforcement learning (Szepesvéri, 2022) and geometrical inference (Chazal et al.,
2011). In order to evaluate the precision of the estimation, many methods use Integral
Probability Metrics (IPMs) (Miiller, 1997) as the distances to compare probability measures.
It consists in choosing a class of functions F and looking at the distance between two
probability measures pu, u* defined by

dr(p, _SUP’/f )dp(z /f )dp*(x

Notable examples of IPMs include the total variation distance (Verdd, 2014) (F is the class
of functions taking value in [—1, 1]), the Wasserstein distance (Villani, 2009) (F is the class
of 1-Lipschitz functions) and Maximum Mean Discrepancies (Smola et al., 2006) (F is the
unit ball of a RKHS). In this paper we focus on the Holder IPMs that have been used in
generative models (Arjovsky et al. (2017), Chakraborty and Bartlett (2024)) and geometric
learning (Tang and Yang, 2023). For n > 0, X',) two subsets of Euclidean spaces and
f = (fi, fp) € C(X,Y) the set of |n] := max{k € Ng| k < 1} times differentiable

(1)
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[v]
7696591 g -7 the partial differential operator for any multi-index
1 9%

v=(v1,...,vq) € N§ with [v] := v1 + ... 4 vq < [n]. Write || fill,—y = # fi(@)=Ji(y)

functions, denote 9" f; =

Y P min{1, lz—y[7- 01T}
and let

HE(2,9) = {f € C(X, D) [max 32 110" fillieeyy + . 10 illyto < K}

[v|<[n] [v|=Ln]

denote the ball of radius K of the Holder space H"(X,)), the set of functions f : X — Y

of regularity 7. In this work we are interested in comparing the Holder IPMs

o) i= sup [ F@)duto) - [ ) (o (2)

fer?

of different regularities n. The popularity of the Hélder IPM comes from its equivalence
with the Wasserstein metric in the case 7 = 1. This metric enjoys several useful properties
including the metrization of weak convergence of measures Villani (2021). Unfortunately,
the Wasserstein distance has been shown to be computationally expensive (Peyré et al.,
2019). Then, the need of finding smaller classes than the Lipschitz class in the IPM (1)
arises. Ideally one wants to have a class F that is smaller than the Lipschitz class but that
still controls the Wasserstein distance. Classical interpolation inequalities (Lunardi, 2018)
allow to show the connection between the different IPMs: if 4 and p* have densities with
respect to the Lebesgue measure and that belong to Hf for 8 > 0, then for all 0 < v < n,
we have

« o By
dH'ly(/’Lvl'L ) ,S d?’[? (M,,U, )BJrn? (3)

up to logarithmic terms (see Theorem 5). These inequalities are key in the estimation of
smooth densities as they allow to show that if an estimator ji of y* attains optimal rates of
estimation for the dHn distance, then it also attains optimal rates for the de distance for
all v € (0,7) (Stephanowtch et al., 2023).

Recent use of high d1mens1onal data have shed light on the fact that the optimal rates
for the estimation of probability measures, degenerate exponentially with respect to the di-
mension of the data (K&ppen, 2000). This is the so called ”curse of dimensionality” and has
led researchers to forsake density estimation to rather focus on measures with low intrinsic
dimensional structure. In this context, a natural setting is to consider measures having
densities with respect to the volume measure of a submanifold (Divol, 2022). However,
classical interpolation inequalities like (3) no longer apply in this setting. In order to obtain
efficient methods taking into account the low dimensional structure of the measures, it is
then crucial to understand how these inequalities can be generalized.

Stéphanovitch et al. (2023) have recently shown a generalization of these inequalities in
the case of push forward measures. Supposing that u and p* have S-regular densities with
respect to the volume measure of submanifolds M and M?* respectively and that p and
u* are push forward measures of 8 + 1-regular maps from the d-dimensional torus T, it is
shown that inequality (3) still stands in the case v € [1, 5+ 1] and n = S+ 1. In this paper,
this result is generalized to measures having S-regular densities with respect to the volume
measure of any closed submanifolds (without the push forward assumption) and to any
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0 < v < n. This generalization allows measure estimation methods like Stéphanovitch et al.
(2023) to be generalized to the manifold setting. Precisely, we build the first estimator of
density on unknown manifold that attains optimal rates for all the distances dHY? v € [1,00)
simultaneously. Its construction is more simpler than previous estimators like Tang and
Yang (2023) as its use of high regularity IPMs implicitly regularizes the data.

To motivate our result from a functional point of view, it is detailed in Section 3.1
how the generalization of inequality (3) is the extension of some interpolation inequali-
ties between Besov norms of L? functions, to Besov norms of signed measures having low
dimensional smooth structure.

The remainder of this paper is organised as follows. In Section 2, we set the notation,
properly define our setting, and present the main results of the paper. In Section 3, we give
a walk-through of the proof by stating the key intermediate results that allow to obtain
Theorem 14. In Section 4 we present a direct application of Theorem 14 to the estimation
of density on unknown manifold. In Section 5, we detail a simple example to get some
intuition on Theorem 14. Technical points of the proofs are gathered in the supplementary
material.

2. Preliminaries and Main Results

2.1 Setting

Let us start by defining the precise setting of our work. The results focus on S-regular
densities with 8 > 1 with respect to the volume measure of closed (i.e. compact without
boundary) manifolds that are of dimension d € N* and that are immersed in the ambient
space RP with p > d an integer.

Throughout the paper, all manifolds (including M and M*) are assumed to have the
same fixed intrinsic dimension d.

For M a closed d-dimensional submanifold embedded in RP and x € M, note

Uy =BP(z, K)YN M and ¢, : U, = To(M), Y =TT (M) — T,

for 77, m) the orthogonal projection onto the tangent space 7.(M) of M at the point x
and BP(x, K~') the p-dimensional ball of radius K~ > 0 around x. Let us fix a certain
K > 1 and define the notion of regularity for manifold used in this work.

Definition 1 A closed d-dimensional submanifold M is said to verify the (8 + 1, K)-
manifold condition if M C BP(0,K) and for all x € M, ¢, : Uy — To(M) is a diffeo-
morphism and verifies

o' € M (pa(Us), Un).

Definition 1 is equivalent to a reach condition (Federer, 1959) for § + 1-smooth sub-
manifolds. The reach ryq of a manifold M corresponds to the largest ¢ > 0 such that its
orthogonal projection ma is well defined from M€ to M with M = {z € RP| d(z, M) < €}
the set of points having their distance to the manifold d(z, M) smaller than e. Definition 1
is very general as any 8+ 1-regular closed submanifold with reach uniformly bounded from
below, verifies the (8 + 1, K)-manifold condition for a sufficiently large K (Divol, 2022).
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For a € [0, 8+ 1] and A C M an open subset of a (5 + 1)-smooth manifold M, the ball
of radius K > 0 of the a-smooth Hélder class of functions H*(A) consists of all functions
f A — R such that for every local charts (U, ) such that U N A # &, its localization
fop iU NA)— Rsatisfies fop™! € HE(p(U N A)).

Note that if a manifold has regularity A, it is not meaningful to define densities of
smoothness o« > A\ — 1, since higher-order derivatives may fail to be well defined globally:
the change-of-variables formula for densities involves the differentials of the charts. Conse-
quently, for a density of smoothness «, the supporting manifold must have smoothness at
least aw+1. Moreover, if the manifold is smoother, say A > a+1, the interpolation inequality
of Theorem 14 remains unchanged: the IPMs are governed by the density regularity, not
by any excess smoothness of the manifold. This is analogous to the Euclidean case where
the ambient space is C°°: the interpolation inequality still depends solely on the density
smoothness. Let us now define the notion of regularity for densities used in the paper.

Definition 2 A probability measure p supported on a submanifold M is said to verify the
(8, K)-density condition if

i) p admits a density f, € H%(M,R) with respect to the volume measure on M,

i) f, is bounded below by K.

Supposing that the densities are bounded below is a classical assumption in the setting
of density estimation on manifolds (Divol (2022), Tang and Yang (2023)). Here it is needed
in order to obtain smooth optimal transport maps between some push forward measures
in Proposition 6 using Caffarelli’s regularity (Villani, 2009). For a measure p supported on
a set X' and a function g defined on X and taking values in a set ), we write g4, for the
push forward measure of u by g i.e. Vf € H)(X,)),

/f Ddgnle) = [ faw)du(w).

In contrast to the classical Euclidean setting, where interpolation inequalities between
Hélder IPMs hold without any lower bound on the densities (as the proof relies solely
on wavelet coefficients), the manifold setting requires assuming that the density is bounded
below. This assumption ensures that the support of the measure does not exhibit regions
of vanishing mass, which would effectively behave like “holes” in the manifold. Such re-
gions would violate the closedness assumption and lead to situations akin to manifolds with
boundary, for which the validity of the interpolation inequality is unclear.

2.2 Main Results

Throughout, the quantities C, Cs, Cs,,... represent constants that can vary from line to line
and that only depend on p,d, 8, K and there underscore. The following theorem provides
the core interpolation inequality of our work. Intuitively, it shows that if two probability
measures are very close according to a smoother IPM, then they are also close for rougher
IPMs. The exponent encodes how the regularity of the densities translates into stability
of distances: smoother densities make the measures “harder to distinguish” using rough
functions, and this is exactly what the inequality quantifies.
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Theorem 14: Let M, M* be two submanifolds satisfying the (8 + 1, K)-manifold
condition (Definition 1) and u, u* two probability measures satisfying the (3, K)-density
condition (Definition 2) on M and M* respectively. Then for all 0 < v < 7, we have

dagy (11, 1) < Clog(1+ dygn (, 1) ™) Pdggn (1, 1)’

with
Bty ;
yezwy ifv>1
Byt i
=1 G ify<1<ny (4)
% if n <1.

This result is sharp up to the logarithmic factor in the sense that the exponent § is
optimal. More precisely, Theorem 17 (stated and discussed in Section 5) constructs an
explicit family of manifold-supported measures such that dHY (ks 1) — 0 when & tends to
the infinity and d;q (s pig;) > C_ld;,_lvli (uk,,uZ)‘s.

The logarithmic factor in Theorem 14 arises from the use of wavelet theory to describe
Holder spaces. Throughout the paper, we highlight the efficiency of the wavelet tool to
describe smoothness as it allows to greatly simplify some geometric proofs. However, Hélder
spaces with integer regularity exponent, can not be exactly described by wavelets Haroske

C:
(2006). This leads to the appearance of the term log (dH’] (u,,u*)_l) ’

in the inequality,
as it allows to have injection of Besov into Holder spaces. We do not keep track of the
extra exponent Cs to avoid unnecessary heaviness, as the obtained exponent is very likely

suboptimal.

Theorem 14 is an improvement on Theorem 5.1 in Stéphanovitch et al. (2023) which
requires the additional assumptions that the measures are push forward measures from the
torus and that 7 = §+ 1. Precisely, it is supposed that there exist g, g* € Hf(Jrl(Rd / 74, RP)
embeddings, such that y = g4y« and p* = g*# ¢+ In particular, this model can only describe
manifolds M and M™* that are smooth deformations of the torus. On the other hand, our
extension of the result for any 1 > -, shows that the inequality behaves like in the classical
case and the fact that the measures are on submanifolds (with possibly a complex topology)
does not impact the IPMs. Theorem 14 shows that although the measures do not have any
regularity from the point of view of the ambient space RP, their low dimensional regularity
still intervenes the same way in their discrimination through IPMs. We also extend the
result to the simpler case v € (0,1) in Proposition 13, where in this case the inequality is
naturally different.

The motivation behind Theorem 14 is to extend the results of Stéphanovitch et al.
(2023) to closed submanifolds that are not necessarily smooth deformations of the torus.
Specifically, it is built in Section 4 an estimator of density on unknown submanifold attaining
optimal rates.

Let us write F for the set of probability measures p such that there exists a submanifold
M satisfying the (8 + 1, K)-manifold condition and that p satisfies the (8, K)-density
condition on M. Additionally, we write g(n) = O(f(n)) for g(n) < C'log(n)“2 f(n).
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Theorem 16 : Let n € Ny, p* € F and (Xy, ..., X,,) an i.i.d. sample of law p*. Then
for pf =137 | bx,, the estimator

fi € arg mfin dyar2 (s i), (5)
ne

satisfies for all v > 1,

sup Ex, [dyy (1, 1)) = O ( inf sup Ex,[dy (9,M*)]> ,
prEF 0cO preF

where © denotes the set of all possible estimators of p* based on n sample.

To the best of our knowledge, the estimator (5) is the first one attaining optimal rates
for all the distances d;_q, v € [1,00) simultaneously. This estimator uses high regularity
IPMs in the minimized loss which implicitly regularizes the data. Its construction is much
simpler than previous optimal estimators (like Tang and Yang (2023) and Liang (2021))
because it does not need to compute a complex regularization of the empirical measure as
the regularization is made through the use of high regularity IPMs.

2.2.1 IMPLICATIONS AND POTENTIAL APPLICATIONS

Although Theorem 14 is presented here primarily as a tool for constructing a simple estima-
tor of densities on unknown manifolds achieving minimax rates, the interpolation inequality
it establishes has broader relevance for machine learning tasks involving manifold-supported
distributions. Its key feature is that small discrepancies in a high-regularity Holder IPM dy,,
automatically imply small discrepancies in all lower-regularity IPMs d3, with the sharp
exponent § capturing the smooth structure of the measures. This principle can be leveraged
in several settings:

1. Generative modeling on manifolds. Many generative models such as GANs, and
normalizing flows optimize an IPM between a measure reconstructed from the data
i, and the model distribution pg. In practice, training often benefits from using
smooth discriminators (high 7) to stabilize optimization, while evaluation or theoret-
ical guarantees are typically given in coarser metrics such as Wasserstein-1 (y = 1).
Theorem 14 provides a theoretical link: controlling a high-regularity IPM suffices to
control lower-regularity IPMs, which justifies training with smooth losses without loos-
ing guarantees. This principle has already been exploited in Stéphanovitch (2025) to
design a generative model that achieves state-of-the-art results on manifold-supported
data using high-regularity IPMs.

2. Two-sample testing and goodness-of-fit.

In manifold-aware two-sample tests (Wang et al., 2023), the test statistic is often an
IPM that measures a smooth discrepancy between the empirical and reference distri-
butions. Theorem 14 implies that a test based on a high-regularity IPM can detect
differences that are meaningful in coarser distances as well, a theoretical justification
for the power of smooth distances in low-dimensional manifold settings. Moreover, it
might allow one to derive finite-sample power guarantees by transferring bounds from
smooth metrics to Wasserstein metric.
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3. Model-based reinforcement learning. In many control and RL applications,
the true and learned transition kernels are supported on low-dimensional manifolds
(e.g., in robotics, where trajectories lie on a configuration manifold). Performance
guarantees for planning and policy evaluation are typically expressed in low-regularity
IPMs such as Wasserstein-1, but model learning often provides control in a smoother
metric (e.g., via kernel embeddings or smoothed likelihoods). Theorem 9 provides a
principled tool to propagate smooth model errors to the coarser distances that directly
govern policy regret, potentially tightening sample-complexity bounds for model-based
RL (Shen et al., 2020).

More broadly, since high-regularity function classes have smaller covering numbers, they
can often be estimated more efficiently from finite samples; Theorem 14 then ensures that
this control transfers to larger, lower-regularity classes such as Lipschitz functions. This
makes the result a useful tool whenever data or distributions evolve on low-dimensional
structures, with potential applications in generative modeling, two-sample testing, domain
adaptation, and model-based reinforcement learning.

2.3 Besov Spaces and Additional Notations

Throughout the paper, we use the connection between Hélder and Besov spaces extensively
(Triebel, 2010). Let us define the Besov spaces through their wavelet characterization. Let
¥, ¢ € HP2(R,R) be a compactly supported scaling and wavelet function respectively (see
Daubechies wavelets (Daubechies, 1988)). For ease of notation, the functions 1, ¢ will be
written g, ¢ respectively. Then for j € N,1 € {1,...,2P—1}, w € ZP, the family of functions

P
Yow (@ H% s () = 2P T ooy, (2 s — wy)
i=1
form an orthonormal basis of L?(RP,R) (with I; the i-th digit of the base-2-decomposition
of I). Let q1,q2 > 1,5 > 0,b > 0 be such that 8+ 2 > s. The Besov space Bgilqu(Rp,R)
consists of functions f that admit a wavelet expansion in L?:

oo 2P—-1
F@) =" apw)ou(z) + > D > ar(i, L w)jw(@)
wEZLP 7=0 =1 wezr
equipped with the norm
a2/q
Wiz, =(( X lestore)
weEZLP
oo 2P —1 @/a 1/g2
+ Zquz(erp/?—p/m)(l + j)ba Z ( Z ‘afo',l,w)‘ql) )

j=0 =1 weZzZr

with the usual modification for g1, g2 = oo. Note that for b = 0, BZ;?QQ coincides with the

classical Besov space By, ., (Giné and Nickl, 2015). For simplicity of notation, we write

oo 2P

=333 sl w)vjw(@)

§=0 I=1 wezZp
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with the convention that 1ar., = 10, and for all j > 1, 1jor,, = 0. The Besov spaces can
be generalized for any s € R as a subspace of the space of tempered distribution S’ (RP).
Indeed for f € S'(RP), writing ar(j,l,w) = (f, Yjiw), the Besov space for s € R is defined
as

q1,92

By, =1{f € SI(R”)IIIfIIB;b < oo}
1,92

The same way, we write By, (K) = {f € S/(Rp)\HfHBs,b < K}. In the following we
91,92

will use intensively the connection between Hélder and Besov spaces.

Lemma 3 (Proposition 4.3.23 Giné and Nickl (2015), (4.63) Haroske (2006)) If a > 0 is
a non integer, then
H*(RP,R) = BY, (R, R)

with equivalent norms. If o > 0 is an integer, then Ve > 0
BLIE(RP,R) — H*(RP,R) — BS o (RP,R),
where we write A — B if the function space A compactly injects in the function space B.

This lemma states that Besov infinity and Holder spaces coincides except when the
regularity exponent is an integer. In particular, it implies that Theorem 12 extends to
Besov infinity IPMs up to additional logarithmic terms for integer regularity exponents.

We write (-, -) the dot product on RP, ||z|| the Euclidean norm of a vector z. For a,b € R,
aAband aVb denote the minimum and maximum value between a and b respectively. We
write Lip; for the set of 1-Lipschitz functions. The support of a function f is denoted by
supp(f). We denote by Id the identity application from a Euclidean space to itself.

For any map f : R¥ — R! we denote by Vf the differential of f and by ||V f(x)|
its operator norm at the point z. We denote (Vf(z))' its transpose matrix and if k < I,
Amin((Vf(2)) TV f(z)) corresponds to the smallest eigenvalue of the matrix (V f(z)) "V f(z).
We write [, f(z)dA(z) for the integration of a function f: M — R with respect to the
volume measure on M i.e. the d-dimensional Hausdorff measure. The Hausdorff distance
between two submanifold M, M* is denoted by H(M, M*).

3. Walk-Through of the Construction of Theorem 14

In this section the main sub-results allowing to prove Theorem 14 are detailed. We first
prove the classical inequality in the full dimensional setting. Then, it is explained how it
can be generalized to the submanifold case.

3.1 The Classical Inequality

To build intuition, we first revisit the full-dimensional case where the measures have smooth
densities in RP. In this simpler setting, the interpolation inequality can be understood as a
comparison between different levels of ‘magnifying glasses’ on the difference of the measures:
a high-regularity IPM looks only at very smooth features, whereas a low-regularity ITPM
is more sensitive. By decomposing the measures into wavelets, we see how smoothness
dampens high-frequency components, leading naturally to the power-law relation between
IPMs of different orders.
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Let us give a sketch of the proof of the inequality. Take two densities f, f* € L?(RP,R)
and a potential h € B3,  (RP,R) to compare them. We call h a potential in reference to
Kantorovich potentials in optimal transport (Santambrogio, 2015). The family of wavelets
functions (1) 1w being an orthonormal basis of L?, we can write for 7 > 0 and ¢ €

0,1),¢* =1 —-1/¢9)7 ",
oo 2P

/ h@) (F@) — AN @) =33 S anlLw)(ag(ilw) — ap (. w))
RP =0 =1 wezZr

oo 2P

<N 2T ay (i, Lw) (g (5,1 w) — agp (G, 1 w)) [V

§=0 I=1 weZp

Then, applying Holder’s inequality we get

| h@)(¢@) = ranavia)

co 2P

YOS 2 an( Lw) (e (.1 w) — aps (.1 w))|

§=0 I=1 wezp

Qe

1
0o 2P q*

ADIDIE ik T lon (G L w)(ag G lw) — ap Glw))l | (6)

7=0 I=1 wezZr

This gives us (see the proof of Proposition 4 for details) a first interpolation inequality
between Besov IPMs:

dsy, (f, 1%) < dgsir (£, £7)

S

d g (f 1) (7)

oooo

Finding the smallest ¢ € (0,1) such that the quantity d __ . _(f, f*) is finite, we obtain the
q

following result.

Proposition 4 Let f, f* € Bgo’?oo(Rp,R, K) compactly supported in BP(0, K). Then for all
a >y >0, we have

B+~
B+a

sup( )/Rp h(z)(f(z)—f*(x))d\P(z) < C  sup </Rp h(z)(f(z) — f*(x))d)\p(x)>

hGBgoyoo 1 hEBgc,oo(l)

The proof of Proposition 4 can be found in Section C.7.1. Note that this result can be
seen as a particular case of classical interpolation inequalities between Besov spaces (Hajaiej
et al., 2010). Indeed, noticing that for g € L? we have

sup / h(z)g(x)dNP(z) = ”gHB;}?

heBL oo (1) JRP

Proposition 4 is the application to the function ¢ = f — f* of the inequality

a—y Bty
lgll sy < ||9||6;3”§ 9] ﬁf‘;, (8)
B B
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which can be shown just like Proposition 4.
Finally, by paying a logarithmic factor, we obtain that Proposition 4 translates to Holder
regularity.

Theorem 5 For f, f* € ’H%(RP,R) with compact support in BP(0, K), we have

=)

+

dogy (f, 1*) < Clog(1 + dawg (f, *) ™) dus (f, f*) e

|

The proof of Theorem 5 can be found in Section C.7.2. The goal of this paper is to generalize
this inequality to the case where f and f* are densities with respect to the volume measures
of two different closed submanifolds. The main difficulty of this generalization is to exploit
the smoothness of the densities although, from the point of view of the ambient space RP?,
they do not have any. In particular, in the case where all the regularity exponents are
non integers, Theorem 14 can be seen as a generalization of the interpolation inequality
between Besov norms on functions (8) to Besov norms on the signed measures p — p*.
Indeed, although the tempered distribution p — p* does not belong to any Besov space
with positive regularity exponent, Theorem 12 states that if 4 and p* have low dimensional
[B-regularity then the inequality
biry

e = 1y Sl = u*llézg

stands up to logarithmic factors.

3.2 Proof Outline of the Main Result (Theorem 14)

In this Section, the principal steps of the proof of Theorem 14 are presented. We start by
stating some properties resulting of the manifold assumption and use them to show that
the integration with respect to a smooth density on M, can be parameterized through
the integration on R¢ (Proposition 6). Then, we show that if two measures supported
on two manifolds respectively, are close enough for a distance dygq, there exists a smooth
diffeomorphism between their support having some keys properties (Theorem 9). Finally,
this diffeomorphism is used to split the IPMs into two distances: a distance between the
support of the manifolds and a distance between the densities. This decomposition allows
to conclude the proof of Theorem 14.

3.2.1 INTEGRATION ON MANIFOLDS VIA SMOOTH TRANSPORT MAPS

The first step is to handle measures supported on submanifolds. A challenge here is that the
densities are smooth along the manifold but may look extremely irregular from the ambient
space. Our approach is to ‘unfold’ the manifold into local coordinates using smooth charts.
In these coordinates, integration against the measure behaves like integration in R, allowing
us to leverage the same wavelet-based arguments as in the classical case.

For a manifold M satisfying the (8 + 1, K)-manifold condition, there exists an atlas

<Ai, %)ie{l ) of M such that:

o forallie {1,..m}, A; = soi_l(Bd(Oﬂ')) with 7 = ﬁ?

10
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o foralli € {1,....,m}, p; € Ho' ' (A;, B40,7)) and o7t € HE (B0, 7), Ay),
e for all x € M, there exists i € {1,...,m} such that BP(z,7/2) N M C A;.

The existence of this atlas results from basic properties of the (8+ 1, K)-manifold condition
that are derived in Appendix Section A.1. Using this parametrization we can show that
the integration with respect to a smooth density on M can be parameterized through the
integration on RY.

Proposition 6 Let M satisfying the (5 + 1, K)-manifold condition and p a probability
measure satisfying the (B, K)-density condition on M. Then there exists a collection of
constants C; > 0, maps ¢; € HgH(Rd,Rp) with inf ¢ ga(o ) Amin(Véi(u)) "V (u)) > C~1
and weight functions (; € Hgﬂ(Rd,R) with supp(¢;) € BY0,7), such that for all bounded
continuous function h : RP — R we have

— - i (u iU d u
[ e =37 [ mocint,

The proof of Proposition 6 can be found in Section A.2. This is a key result that will
enable to exploit the S-regularity of the densities defined on manifolds, using the wavelet
decomposition on R? of the  + 1-regular transport maps ¢;.

3.2.2 EXISTENCE OF A SMOOTH DIFFEOMORPHISM BETWEEN THE MANIFOLDS

When the measures are very close in a high-regularity IPM, not only their densities are
close, but their supporting manifolds must also be geometrically near. This motivates
constructing a smooth map that deforms one manifold into the other. Conceptually, this
map lets us ‘align’ the supports so that the problem reduces to comparing densities on a
single manifold, where classical interpolation tools apply.

We shall distinguish two cases:

e the case where the distance d;,_[;z (1, 1*) is small enough so that there exists a smooth
diffeomorphism between M and M*,

o the case where the distance dyn(p, %) is not small enough.

In the second case, one has dy (1, 1i*) = C~1 so it is easy to get dygy (ps ) < Oy (p, 1)
Therefore, let us focus on the first case and gather the properties that the diffeomorphism
needs to respect.

Definition 7 For M, M* satisfying the (5 + 1, K)-manifold condition and t € (0,r*/2)
for r* the reach of M*, such that H(M, M*) < t. We say that a map T : M** — M* is
(M, M*) . -compatible with a radius t if:

i) T e ’Hf;;l(./\/l, M*) and the restriction T}, : M — M* is a diffeomorphism such that
for T‘;Al : M* = M the inverse application such that T@l ol = Id,,, we have

T} € Hig (MH M).

11
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i) For allx € M*, T"*({z}) —x C E, a p — d dimensional subspace of RP and

(T '({x}) — ) N BP(x,t) = Bg, (0,1).

ii) For any f € HI(M* R) with n € [1,8 + 1], the map x fol({x}) f(y)d)\%;d(y)
belongs to Hi. (M*,R).

w) The map x — apy(VT(x)) (Definition 27) is bounded below by K.

We define T : M** — M* as a smooth tubular retraction around M*. Its restriction
Ty : M — M* is a CP*1 diffeomorphism with (T'|a) 7! € "Hfg;l (M*, M), which is exactly
the regularity required in item (i) to smoothly push measure on M onto M*. The larger
domain M*! is used only for items (ii)—(iv): it provides normal fibers T~!({z}) around
M*, enabling averaging along the tube and the use of the coarea formula when transferring
integrals to M*.

Definition 7 plays a central role in our proof strategy: it allows us to construct the
pushforward measure T supported on M*, which inherits smoothness and geometric
properties from both p and 7. This measure serves as an intermediate object between p
and p*: it has the same support as p* but a density related to that of p through 7. This
intermediate step is essential in the decomposition (9), where the total discrepancy between
pand p* is split into a support term (comparing p and Ty p) and a density term (comparing
Typ and p*). The (M, M*)-compatibility of T' ensures that both terms can be controlled
in terms of high-regularity IPMs, ultimately leading to Theorem 14.

Fulfilling compatibility may seem to be restrictive, but it is shown in Theorem 9, that
as long as the dyo distance between the measures is relatively small for any a > 0, there
exists a (M, M*)-compatible map. Let us first state that the distance dy controls the
Wasserstein and Hausdorff distances.

Lemma 8 Let M, M* satisfying the (0, K)-manifold condition and p, u* two probability
measures satisfying the (0, K)-regularity density condition on M and M* respectively. Then
for all a > 1, there exists a constant C, > 0 such that Vt > 0, if

d?—[o‘(,u ,LL*) < t(d+1)(2a—1)
) = )

then
Wi, p1*) < Cot™  and  H(M, M*) < Cyut.

The proof of Lemma 8 can be found in Section B.1. We are now in position to state the
existence of a (M, M*)-compatible map.

Theorem 9 Let M, M* satisfying the (B + 1, K)-manifold condition and p, u* probability
measures on M and M* respectively satisfying the (0, K)-density condition. For all a > 0,
there exists a constant Co, > 0 such that if

dug (n 1*) < Cg,

then there exists a (M, M*),.-compatible map with radius t = C1 and Kp = C,.

«
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The proof of Theorem 9 can be found in Section B.2. We see that imposing that the
densities are close for any IPM, implies that the manifolds are close in the sense that there
exists a smooth diffeomorphism between them. This diffeomorphism is a key tool that is
going to allow to decompose the IPMs into two distinct distances.

3.2.3 DECOMPOSITION OF THE IPMsS INTO A MANIFOLD DISTANCE AND A DENSITY
DISTANCE

Once the manifolds are aligned, the IPM can be split into two contributions: one from
the geometric difference between the manifolds, and one from the difference in the den-
sities themselves. This separation mirrors our intuition: part of the discrepancy comes
from moving mass along the manifold (geometry), and part comes from adjusting the mass
distribution (density). Each term is then handled with a different regularity argument.

For h € H](RPF,R), T being (M, M*)-compatible and fr the density of T, with respect
to the volume measure on M*, we write

/ W) f (@) dA(x) — / W) (@) dA e ()

M M*

- / (h(z) — W(T(@)) (@) dApa() + /
M

A“}KfoT@ﬂ“f%$»dAﬂﬁ(x) (9)
The cost is split this way to exploit the regularity of f and f*. Indeed, the second term
of (9) discriminates measures on the same support M*. We are going to show that this
case is equivalent to the classical inequality (Theorem 5) in full dimension. For the first
term of (9), we will use Proposition 6 to write the integration against the density f on M,
as the integration on R¢ via 8 + l-regular transport maps. This will enable to exploit the
regularity of the density through the wavelet coefficients of the transport maps.
Let us take care of the first term of (9) in the case h € Hi(R?,R).

Lemma 10 Let M, M* satisfying the (8 + 1, K)-manifold condition and u, u* two proba-
bility measures satisfying the (B, K)-density condition on M and M* respectively. For all
a > 0, there exists a constant Cy, > 0 such that if

dygo (p, ") < G0,

then for T' the (M, M*)-compatible map given by Theorem 9, we have for all € € (0,1) and
ne®p+1],
B+1

B+
. T) < Cloge ) sup ([ ntaauta)) ™ e
he#] M
h‘M*:O

The proof of Lemma 10 can be found in Section C.2. This result highlights the fact
that the first term of (9) focuses on the distance between the manifolds, as it bounds it
with a supremum over functions being equal to 0 on M*. Although Lemma 10 bounds the
distance dH% (p, Ty,,) only in the case v = 1, it is easy to generalize it to the case v > 1 (see

the detailed proof of Theorem 12 in Section C.4 for explicit arguments) using the classical
interpolation inequality (Corollary 26). Let us now bound the second term of (9).

13
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Lemma 11 Let M, M* satisfying the (8 + 1, K)-manifold condition and u, u* two proba-
bility measures satisfying the (B, K)-density condition on M and M* respectively. For all
a > 0, there exists a constant Co, > 0 such that if

dg (1, 1) < G 1,

then for T the (M, M*)-compatible map given by Theorem 9, we have for all e € (0,1) and
O0<y<n<p+1,

oy (T 1) < Clog(e )2 dygn (T, ) F1 + €.

The proof of Lemma 11 can be found in Section C.3. An immediate corollary of this
result is that if the two measures p, u* live on the same manifold M* (so that T, = u),
then e

dagy (1, 1*) < Clog(e™ ) dyn (p, 1) 57 + €.

This is due to the reach condition on M*, which allows to thicken the manifold and apply
the classical interpolation inequality as if we were in full dimension (see the proof of Lemma
11 for details). Note that contrary to Lemma 10, Lemma 11 allows to have v € (0,1). This
supports the fact that the discrimination of densities with supports on the same manifolds
is equivalent to the discrimination in full dimension. We will see in Proposition 13 that
this is not true for densities having supports on different manifolds as the optimal potential
behaves differently in this case.

Putting Lemmas 10 and 11 together, we finally obtain the interpolation inequality for
densities having supports on different submanifolds.

Theorem 12 Let M, M* satisfying the (8 + 1, K)-manifold condition and j, p* two prob-
ability measures satisfying the (8, K)-density condition on M and M* respectively. Then
for all 1 <~ <n, we have
* *\—1 C2 * Bty
dygy (1, %) < C'log <1+dyy(u,u ) ) daygn (py %) 5.
The detailed proof of Theorem 12 can be found in Section C.4. This result is the extension

of Theorem 5 to the submanifold case for v > 1. Let us now state the inequality between
low-regularity IPMs.

Proposition 13 Let M, M* satisfying the (6 + 1, K)-manifold condition and p,p* two
probability measures satisfying the (5, K)-density condition on M and M* respectively.
Then for all0 < v <n <1, we have

X
dayy (b, 1) < Clggn (p, )7

The proof of Proposition 13 can be found in Section C.5. Distances of very low regularity
(v < 1) behave differently. In this regime, the optimal test functions resemble distance-
to-manifold functions rather than smooth oscillatory potentials. This is why the power
law changes, and the inequality becomes essentially geometric: the IPM is dominated by
how far the supports are from each other. The inequality of Proposition 13 is sharp as the
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equality is attained in numerous cases. For example, if M is the p — 1 sphere of radius 1,
M* is the p — 1 sphere of radius 1 + € and u, u* are rescaled volume measure on M, M*
respectively. In this case we have that the de and dHn distances behave like €7 and €
respectively. The mtultlon behind this result is that for v € (0,1), the optimal potential h
within H] (i.e. dyy (ps 1*) = [ hdp — [ hdp*) behaves like d(-, M*)7.

Putting Theorem 12 and Proposition 13 together, we obtain a general result for all
v > 0.

Theorem 14 Let M, M* satisfying the (5 + 1, K)-manifold condition and u, pi* two prob-
ability measures satisfying the (8, K)-density condition on M and M* respectively. Then
for all 0 < v < n, we have

dagy (1, 1*) < Clog(1 + dygn (1, 1) 1) P dgn (s, 1)’

with 5
+v ;
B ify>1
Bty
5= BB yy<isy (10)
z ifn <1

When 0 < v < 1 < n, the exponent § is obtained by applying first Proposition 13 on dH?
and dH?I’ then applying Theorem 12 on dﬂ% and dHrlz. The exponent § is still optimal as
outlined in (41) using the example of Section 5.

In the assumptions of Theorem 14, we suppose that both p and p* verify the point ii)
of the density condition which is f,, f,~ > K —1. However, it is only necessary that one of
the measures verifies this condition as stated in the next result.

Proposition 15 Let M, M* satisfying the (2, K)-manifold condition and p, p* two prob-
ability measures with densities with respect to the volume measure on M, M* respectively.
Suppose that p* verifies the (0, K)-density condition and that f, € Hi (M,R). Then for
all n > 0, there exist constants C,Cy, > 0 such that if xlen/f/l fulz) < Cn_l’ then

dygr (p, %) > C1

The proof of Proposition 15 can be found in Section C.6. Using this result we have that
if 1 does not verify point ii) of the density condition for K = (), we have

iy (1, 7) < C < Clygy (1, 15),
Therefore, we could only suppose that one of the measures verifies point ii) of the density
condition in Theorem 12. We did not write it this way for simplicity of read.
3.2.4 COMPARISON WITH THE TORUS CASE

The interpolation inequality established in Stéphanovitch et al. (2023) is derived under the
assumption that both measures are prescribed as push—forwards of Lebesgue measure on
the torus, gz Ag and 9 T Ad. This global parametrisation produces two decisive simplifications:
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(i) the B-regularity of the measures can be inferred directly from the wavelet expansions of
the maps ¢, ¢*; and (ii) the “support term” in the proof is integrated against the uniform
measure, so no Jacobian factors appear.

Neither convenience survives when the supports are arbitrary compact C?*1 manifolds
M, M*. To replace them we introduce three new ingredients.

1. Transport—chart representation. Proposition 6 constructs a finite H?+! atlas
{(¢s, i)}, such that, for every bounded test function h,

— S -1 iu iU du.
/Mhdu _ ;c /Rdh(qz( )) Gilu) A (u)

This change of variables recovers a Euclidean setting in which wavelet techniques can
exploit the full S-smoothness of the densities.

2. Density-aware control of the support term. Lemma 10 bounds the distance
between supports while keeping track of both the Jacobian of the compatible map T’
and the Holder norms of the densities (;. Its proof is complemented by a Whitney—type
extension theorem (Proposition 32), which extends any #" function defined on a
tubular neighbourhood of M* to the whole R? without loss of regularity.

3. Construction of a compatible diffeomorphism. In the torus setting the map T’
was produced by convolving the generator g*. For arbitrary M, M* we instead use
Fefferman et al. (2020) to obtain a C* manifold My at Hausdorff distance s? from
M*. The orthogonal projection 7, then yields T' = 74| o, whose inverse and Jacobian
enjoy quantitative H#+1 bounds (Theorem 9 and Lemma 29).

Taken together, these three components replace the single push—forward toolkit used in
the torus proof and are indispensable for extending the interpolation inequality to any pair
of closed C#*! manifolds.

4. A Direct Application: Optimal Estimator of Density on Unknown
Submanifold

Suppose that we observe an i.i.d. sample X1,...X,, € RP from a probability measure p*
satisfying the (8, K) density condition on an unknown M* satisfying the (541, K') manifold
condition. A thriving field of Machine Learning/Statistics focuses on building an estimator
(X1, ..., Xp) of u* that achieves optimal rates of convergence (see for example Tang and
Yang (2023), Divol (2022), Schreuder et al. (2021), De Bortoli (2022)). In particular, fixing
a vy € (0,00), Tang and Yang (2023) build a theoretical estimator that attains the optimal
rate of estimation (up to a logarithmic factor) for the distance dyy- In this section we show
that Theorem 12 allows to build a much simpler estimator that attains optimal rates for all
the distances dyy, v € [1,00) simultaneously.

4.1 The Estimator

Let us write F for the set of probability measures i such that there exists a submanifold M
satisfying the (8+1, K)-manifold condition and that u satisfies the (5, K)-density condition
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on M. Define the estimator

ft € argmind,, d/2(,LL L), (11)
peEF

with p = % Y i, dx, the empirical measure from the data (the existence of f is proven in
Proposition 38 in Section C.9). We first bound the expected error of our estimator, namely

IE)(1 ------ Xprop* [d’H;l/Q (//:[/’M*)]

To this end, define for all y € F

h, € argmax/h(x)d,u(x) —/h(:v)d/ﬁ(m),

hen/?

This is an optimal potential between p and p*, well defined by compactness of the class
7—[‘11/2(Bp(0, K)). We also define

1 n
hy, € argmax/h(x)d,u(x) - — E h(X3),
d/2 n -

heH; i=1

an optimal potential between y and ;. We have
Bld, g (o)) =B b)) — [ (o))
5[ [ ha(a)die) - ;Z ha(X:) + % Z () = [ ha(e)d* (@)
<E| / B @) di(z) — — Z B (X)) + Eld 02 (1, 1)

Furthermore, by definition of i we have

n

[/ W (x - = Zh” /h” (z)dp* () — iz; hige (X3)] < Eldyara (g, 7))

Then, using Lemma 13 from Tang and Yang (2023) we have that
E[d, a2 (p, )] < Clog(n)n™'/?,
1
which gives us using the previous derivations

Eld, a2 (i1, p")] < C log(n)n~'/2.
1

Now, using Theorem 12 we have that for all v € [1,d/2],

B+~

Eldy (1 1)) < CE[log(d, a2 (i, p) e dyyar2 (i 1) P2 (12)
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so using Jensen’s inequality, we finally get for all v € [1, c0),
- Cy (. — 2L —1/2
Eldyg (i, 1)) < Clog(n) 2 (n” 557 v n~1/2) (13)

and this rate has been proven to be optimal (up to the logarithmic factor) in Tang and
Yang (2023).

In all, we have shown the following minimax optimality for fi, where we write g(n) =
O(f(n)) if the exist C,Cy > 0 such that g(n) < C'log(n)2f(n).

Theorem 16 Let n € Ny, p* € F and (X1,...,X,) an i.i.d. sample of law pu*. Then the
estimator i from (11) satisfies for all v > 1

sup Ex, [dyy (f1, ")) = O (iﬂf sup Ex, [d’H](évN*)O ;
urEF bco per

where © denotes the set of all possible estimators of u* based on n sample.

4.2 Discussion
If we were to replace the IPM de/g by the IPM dH? with 1 <« < d/2 in the estimator
1

(11), we would only attain the rate O(n =4 \/n_%) which is not optimal for v € [1,d/2). The
intuition is that computing & with a high regularity IPM, implicitly regularizes the measure
wr which allows to not have to compute a complex regularization of u like in Liang (2021)
or Tang and Yang (2023). This highlights the need of a sharp inequality like Theorem 12
allowing to compare the IPMs.

In contrast to Tang and Yang (2023), the estimator /i (11) does not attain optimal rates
for the distance dHY with v € (0,1). The intuition is that optimal potentials within Hil/ 2
and H] tend to be very different when v is small so the estimator j is not adapted to IPMs
of low regularity. This raises the question of whether there could exist an estimator being
optimal for every v € (0, 00) simultaneously.

Like in Tang and Yang (2023), the estimator (11) is theoretical meaning it is not com-
putable in practice. Nevertheless, the minimum over the class F and the supremum over
the class Hf/ % could be approximated using stochastic gradient descent on neural network
classes like in Stéphanovitch et al. (2023). The computational aspect of this estimator will
be investigated in a future work.

5. Lower Bound and Example
5.1 Sharpness of Theorem 14

In this section, we demonstrate that the bound provided by Theorem 14 is sharp, by con-
structing a simple example and analyzing it in detail. We begin with the following theorem,
which shows that the exponent appearing in Theorem 14 cannot be improved.

Theorem 17 For all € > 0 and 0 < v < n there exists M, M* satisfying the (8 + 1, K)-
manifold condition and u, p* two probability measures satisfying the (8, K)-density condition
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on M and M* respectively such that dy;y (1, 1*) < € and

dagy (p, 12%) > C Vel (1, p1*)°,
with § defined in (4) and C > 0 a constant depending on d, 3, K,~,n but not on e.

The proof of Theorem 17 is presented in Section C.8, together with a detailed analysis of an
example that saturates the inequality. Below, we provide a sketch that outlines the main
strategy and conveys the underlying geometric and analytic intuition.

5.2 Proof Sketch and Intuition
5.2.1 OBJECTIVE

To prove Theorem 17 we construct a family of manifolds M,,, M* with measures pu,,
respectively that saturate the exponent in Theorem 14. Concretely, the sequence satisfies

so that the power d cannot be improved.

5.2.2 GEOMETRIC CONSTRUCTION

e Reference curve. M* = {(cos2mt,sin2nt) : ¢t € [0,1]}.
e Perturbed curve. For n > 1, take
gn(t) = (1 + (27n)~ B+ D gin 27mt) g (1), g*(t) = (cos 27t, sin 27t).

Let u, be the uniform measure on M,, = {g,(t) : t € [0,1]}. Denote by T the radial
projection onto M* and gy, is chosen as py = Tl iy,

e Low-order distance. Each point of M,, is displaced radially by (27m)_(5+1) sin 27nt;
hence

d?—[% (lU’TLa T#,L/Jn) ~ Wl(ﬂn, T#un) =~ n_(B'H),

5.2.3 BUILDING A H" POTENTIAL ADAPTED TO THE OSCILLATIONS FOR 1 > 1

e Parameterisation. For © : M* — R? such that ©(z) is the unitary normal vector
pointing outward the manifold M* at the point z, set

h(z) = Hiog* Lo T(x)(© o T(z), — T(x))
a function of regularity n with H; such that h(z) is orthogonal to the manifold M*
and points towards M,,.
e Shape. Choose H; so that on each semi-period of length ﬁ, it matches the sign of
sin 27nt, vanishes at the nodes, and varies smoothly inside, e.g. let

Hy (1) = (=1) 2 =0 3(2n [t - 224]),

where A € H"([0, 1]) a positive function satisfying A(0) = A(1) = 0.
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Figure 1: M,, and M* with 8 =0, n = 20 (left) and n = 50 (right).

t\A\ Hy (t) e

\{ \Z l v M*

Figure 2: Zoom on a part of M,,, M*.

Then we obtain (in the case n > 1) that

/ (h—hoT)du, = n B,

n

so proving that h is optimal we get

dagy (T ins pin) =<~ 4. (14)

5.2.4 OPTIMALITY OF THE EXPONENT

Using the estimate (14), we directly obtain for all 1 <~y <7

=

+n
d?—{’f (Mna T#Nn) = (dH;Y (Nm T#Hn)) Aty
showing the exponent % of Theorem 14. The same sequence yields the optimal mixed-

range exponent for all 0 < v < 7.

Appendix A. Proofs of the Properties of § + 1-Smooth Submanifolds
(Section 3.2.1)

In this Section, we give the detail of the proof of the integration on manifolds via smooth
transport maps (Proposition 6) and list some properties of manifolds satisfying the (2, K)-
manifold condition.
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A.1 Properties of 5+ 1-Smooth Submanifolds

Recalling the notation of Definition 1, we obtain in the following result that the images of
the charts contain the same ball around the origin.

Proposition 18 If M wverifies the (2, K)-manifold condition, then for all x € M,
B0 i) € 0. (B"(z \/gK_l)ﬂM)
74K x ) 4 .
Proof Let us first notice that for all z € B' (x, \/%K_l) N M we have
Iz = 77 (2l ZH%l(Wn(M)( ) — ) = 77, () (2)]]
=[5 1 (0) + Vo H(0) (77, (ag) (2) — )
+ [V o (2) - 2) () - 20— a2
=) [ Ve o (2) - 2) () - 2]

<K|l77,m(2) — |
SKHz—wHQ.

Then we obtain

lpa(2) = @a(@)I* = llz = 2[I* = Iz = 77, (1) ()

1
> |z = 2" = K|z = 2] = Jlle = 2|,

so if ||z — z|| > 5% we have

1
lie(z) — @e@ll > 75 (15)
Suppose now the result is not true and take y € B%(0, 5 i) N cpz fK ¢ with

A¢ denoting the complementary of the set A. Define y = ¢,y for

t, = argmax{t € [0,1) | ty € @.(B" (=, \/iKl

As 17— o (@)l = 17l < lyll < 1, we have by (15) that ¢, '(7) € B?(z, 55). But as ¢,

is a local diffecomorphism, there exists ¢ > 0 such that B%(7, ¢) € ¢.(B"(z, \/gK 1)) which
is in contradiction with the definition of . |

This result enables to build a covering of M with images of the ball B(0, 4K) by
smooth diffeomorphisms. Write 7 = & and let (x;)i=1,..m be a finite sequence such that

Mc U BP(zi,5).

=1
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Corollary 19 If M verifies the (2, K)-manifold condition then M C G 1 (BY(0,7)) and
for all x € M, there exists i € {1,...,m} such that BP(x,5) N M C cp;_i:ll(Bd(O, T)).
Proof Let z € BP(z;,7/2) N M, as the projection 77, (uq) is 1-Lipschitz, we have ¢g, (z) €
B%40,7/2). Furthermore
BP(z, %) NM C BP(z;,7) N M C ;1 (BY0,7)).
|

For ease of notation, we will write ¢; instead of ¢,,. Let us now bound below the norm of
the differential of the ¢;’s.

Proposition 20 If M wverifies the (2, K)-manifold condition of Definition 1, then the charts
@; 1 BY0,7) — M werify that for all u € B4(0,7) and v € RY,

_ v
V7 (u) ol > 1/2.

o]

Proof We have that V;(z;) = Id so for all u € B4(0,7) and v € R? we have
1
_ _ _ 1
IV (] = [[Ve; ' (0)v +/0 Vi, (tuywvdt]| > vl = Kull[lvll > (1 = )]l]

recalling that 7 = ﬁ. |
In the following we will use the characterization of the reach for submanifolds.

Lemma 21 (Federer (1959), Theorem 4.18) The reach r € [0,00) of a submanifold M
verifies

SR lg—pl*
a#peM 2d(q — p, Tp(M))

Using this result, let us prove a lower bound on the reach resulting of the (2, K')-manifold
condition.

Proposition 22 Let M satisfying the (2, K)-manifold condition, then r the reach of M
verifies r > %

Proof Let x,y € M such that ||z — y|| < K, for ¢, the orthogonal projection onto the
tangent space Ty (M), we have

d(z -y, Ty(M))
= d(ey (py(2)) = 2, (0), Ty (M)

1
< d(V o7 (0)py (), Ty (M) + d / V2o (b0, () (2)2(1 — )dt, Ty (M)
1
= dl [V b @)y @ (1~ Ot Ty (M)
loy@)I2 < Sz — g2
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Then ||z —y|| < K~ imply that

—yll? — 12
[ A e
2z —y. T, (M)) = 2z — y?

Now if [l — y[| > K" then

lz =yl lz—yl* o 1
2d(x =y, Ty(M)) ~ 2|z —yl| — 2K

A.2 Proof of Proposition 6

Let us first define the notion of approximation of unity subordinated to an atlas.

Definition 23 A collection of C*° functions (p;)i=1,..m on M is said to be an approxima-
tion of unity subordinated to (p; *(B(0,7))); if for alli € {1,...,m},

e 0<p; <1land) pi(x)=1 forxe M,
i=1

o supp(pi) C w;l(Bd(OaT))'

It is well known that there exists an approximation of unity subordinated to any atlas on a
closed manifold (Jost, 2008). Using this approximation of unity we can now give the proof
of Proposition 6.

Proof As p has a density f, with respect to the volume measure on M, then by change of
variable we have that the measure ¢;4, admits a density fﬁ with respect to the Lebesgue
measure on B4(0,7) given by

Fiw) = fulpi Hw)det(Ve; H(w) Vit (w) 2.

Furthermore, as p verifies the (3, K)-regularity density condition, we have by the Faa
di Bruno formula that fli € Hg(Bd(O,T),]R) and f; is bounded below by ﬁ Write
A? the Lebesgue measure on B%(0,7) normalized by C;" = [ fid\?/ JBa0.r d\?. Then
by Caffarelli’s regularity (Theorem 12.50, Villani (2009)) we have that there exists T; €
%g+1(Bd(O,T), B%(0,7)) such that Tiyrt = @iy Furthermore, T; is solution to the equa-
tion

det(VT;) ™" = floT;

so in particular det(VT;) > C~1. As A\uax(VT;) < C we deduce that A\pin(VZ;) > C7L.
Therefore we have that )\min(V(goi_l oT;)) > C~!. Using Theorem 31, we can extend goi_l oT;
to a map ¢; € ’Hgﬂ(Rd,Rf’).
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Let h : RP — R a bounded continuous function, then for p; an approximation of unity
subordinated to (¢; '(B%(0,7)))i, we have

— S . ,—1 u . u
Eu[h(X)];:l By [h(X E /B(OT u)pi(p; ())dpizu(u)

= v i f U “LoTi(u d(y

—ZZIQ/BM o7t o Ty(w)pilei! o Tilw))dN (v)

o
:Zq/Rdh ))pi(0i(w) L e pao.r)ydA (w).

Let ¢ : RY — R defined by
Gi(u) = pi(¢i(u)Luepagr)-
Then as p; is subordinated to (¢; '(B%(0,7)));, we have that (; € H'gH(Rd,R). Finally,
1 d
= Z h(@i(u))Gi(u)dA (u),
i=1 l R?

which concludes the proof. |

Appendix B. Proof of the Existence of a Diffeomorphism Between the
Manifolds (Section 3.2.2)

Let us first define an operator that allows to change the regularity of a function by modifying
its wavelet coeflicients.

Definition 24 For a tempered distribution f € Bgé,b,oo(Rp,R), define the tempered distribu-
tion TVC(f) € B 1PTE(RP,R) by its wavelets coefficients

(L), giz) = 27 (L+ ) f e

The tempered distribution I'""¢(f) is a ”regularization” of f if v < 0 or v = 0 and ¢ < 0.
For ease of notation, we will write I'? instead of I'""?. Let us recall two results from
Stéphanovitch et al. (2023) :

Proposition 25 Let hy € Bgéjgé(Rm,Rp,l) , hy € Bié:g@(Rm,Rp,l) for s1,89,b1,b0 € R.
Then for T € R, t,r € [0,1], ¢ > 1 and 1/q+ 1/q* = 1 we have

(hh) < <f”<h1>,r<1“T<hz>>i2<f”57<h1>7r 0 () )

St s1+t7,b1 Sl_r%vbl
for T (hy) € BEET™ and T™" (hl) € Boo,o ' such that

(T (h1)i, jiz) = S(G, L w)i (T (ha)i, i)
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and X X

~—tLr . —rLlr

(T (ha)is i) = S0y Lw)i(T a7 (R, j1z)
with S(j,1,w); € {—1,1} the sign of (h1,,Vji>)(h2,, Vjiz), i =1,...,p

This proposition is a key result that we will use numerous times along the proof of
Theorem 12. It is the classical interpolation inequality between Besov spaces of Section 3.1
in a more general form. An important Corollary is its applications to Hoélder IPMs.

Corollary 26 Let p, u* two probability measures with compact support in RP. Then for
any 0,601,052 > 0 such that 0, < 6 < 62, we have for all e >0

05—0 0—0,

dags (") < Clog(e )22l oy (1, o )7 d 2 (1 187) 200 + €,
with 69, 6, = 1 if 61 or O3 is an integer and g, p, = 0 otherwise.

Let us define the notion of approximate Jacobian (Definition 2.10 in Federer (1959)).

Definition 27 Let M be a d-dimensional submanifold of RP and a map T : RP — M of
regqularity C'. For x € RP, using the matriz of VT () with respect to orthonormal basis of
RP and Tp(z) (M), the approximate Jacobian of T, noted apy(VT(x)), is equal to the square
root of the sum of the squares of the determinants of the d by d minors of this matriz.

We will use multiple times the next proposition.

Proposition 28 (Theorem 3.2.22, Federer (2014)) Fort >0, T : M*' — M* of regularity
C' and D : M** — R, we have

D(x)apy(VT(2))dN( // oy PN ) dA s (2),

M*t
for Apq« the volume measure on the submanifold M*.

B.1 Proof of Lemma 8
Proof If a is not an integer, using Corollary 26 with § = 1, 6; = 1/2 and 03 = «, we have

Wi (p, 1) < 2KdH%(,u,M*)
_a—1 1
< Cd,H1/2 (/J, ,u*)a—lﬂ dH‘l”‘ (M7 M*)Qa—l
1

< Cdye (p, )z

If now « is an integer, then using Corollary 26 with § =1, 6; = ;‘(;i/f) and 0y = o + 1/2,
we get the same result. Then by hypothesis we have

Wi (g, ) < CtHL
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Let § > 0 and suppose that H(M, M*) > §. For & € M such that d(x, M*) > §, write
v =pu(-N BP(x,§/2)). Then has p has a density with respect to the volume measure of M
bounded below by K !, we have that

v(BP(x,6/2) N M) > K"\ (M N BP(x,8/2) > C§.

Using the dual formulation of the 1-Wasserstein distance, we have that

Wi(p, p*) = sup Ex.,+[D(X)— D(Y)]
DeLip(1)  Yrp

z/ d(y, M*)dp(y) >
BP(x,6/2)

> 06d+1.

| >

p(BP(x,6/2) A M)

Therefore as Wy (p, i*) < Ct¥*1, we can deduce that
H(M, M*) < Ct.

B.2 Proof of Theorem 9

Let us first use Proposition 3.1 in Fefferman et al. (2020) to show that there exists a C*°
manifold close to M*.

As every charts ¢; (given by Proposition 6) of M* belongs to H%-(B%(0, 1), M), we have
in particular that for all x € M* and 0 < s < T,

H(B?(x,s) N M* Tp(M)) < Ks2.

Then applying Proposition 3.1 in Fefferman et al. (2020) we have that there exists a C'™
closed manifold Mg such that H(M*, M) < 5s% with charts ¢ € H&I(Bd((),s),/\/ls)
Vn > 0, and its reach ry verifies 7, > C~1's. We are going to use the orthogonal projection
s onto the submanifold M to build our map.

From Leobacher and Steinicke (2021) we know that the canonical projection 7 onto a
submanifold M with strictly positive reach r, verifies

-1
V(@) = (a7, o) = 1 = 7@ ryo)  Preg, o (16)
for L(z), the shape operator in the direction v = ”i::ggu. From Corollary 3 in

Leobacher and Steinicke (2021), we also have that

I (17, a0 — 12 = 7@ Enar) < (0~ = 7@ /) (17)

Furthermore if M is of regularity 7, there exists a constant C; > 0 depending on the H"
norm of the charts such that

I, . et < G, (18)

Using these results, let us show that the restriction of 75 to the manifold M* is a diffeo-
morphism.
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Lemma 29 Let Mg and M* satisfy the (841, K)-manifold condition, with H(Mg, M*) <
5s2. For sufficiently small s > 0, the map Tyl @ MT = My, i.e. the restriction of the
projection 7s to the manifold M*, is a diffeomorphism.

Proof Let us first show that m, . is a local diffeomorphism, by showing that if there
existed x € M such that A\puin(V (s 0 07 1)(0)T V(s 0 ¢;1)(0)) was too small, then the
Hausdorff distance between Mg and M* would be too large.
Let 2 € M* and h € (0, 5% ). For v € R? with [jv|| = 1 such that (r,(¢; ' (0))—¢;1(0), V(70
oz — 971 (0)v) >0, using a Taylor expansion we have
175 (03 (hv)) = 5 (ho) |
>|17s(03 1 (0) = 92 (0) + V(s 0 9t — 1) (0)ho| — CR?

:(st«p;l(o)) — 0 017 + 2(ms (93 1(0) — ¢ 1(0), V(ms 0 03" — 0 1)(0)hov)
+ | V(ms o, — sc>;1)(0)hv\|2>1/2 — Ch?
>h||V(ms 09" —¢; )(0)]| — Ch?

>h([[Vpz (0)v]| = V(75 0 03 1) (0)0]]) — Ch?
>h(1/2 = ||V (75 0 03 1)(0)v])) — Ch.

As H(Mg, M*) < 552 we deduce with h = T(1/2_Hv(72rsc?¢;l)(0)”||) that

T2(1/2 = [V (s 0 9 H)(0)v])

< 552
iC =08

SO

1/2 = V200~ < |[V(ms 0, ) (O]
which gives for s small enough

_ _ 1
Auin(V (5 0 03 )(0) V(s 007 )(0))/2 > 7. (19)
In particular 74 o ¢! is an immersion and therefore Ty ye + M* = M is a local
diffeomorphism.

Suppose there exists z,y € M* different such that m4(z) = m5(y). Then
lz =yl < llo = ms(@)]| + [ly — ms(m)]] < 2H(M*, M) <105,

Then taking 10s? < +, we have that y € ¢;(B(0,10s%)). But from (19) and the fact
that ||V2(7s 0 p;1)|| < C we have that for s small enough, 75 0 ;! is a diffeomorphism on
B%(0,10s?) and therefore 74 (z) # ms(y).

As M* is compact without boundary, 7,(M*) is a closed submanifold of M so being
of same dimension, they are equal. We can conclude that 7y, is a diffeomorphism. |

*

We can now define the map T : M*"s/* — M* by

T(x) = (5], )" 0 7s(2)

which is well defined for s small enough as H(Mg, M*) < 552 < r,/4. Let us now state
that T is the map we are interested in.
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Proposition 30 The map T : M*"s/* — M* defined by T(x) = (g ppe ) 0 (), is
(M, M*) k. -compatible with radius t = C; and K1 = C,,.

Proof We have
VT(:C) = V(WS|M*)_1(7TS(:C)) o Vﬂ-s($)' (20)
From (19) and the fact that for all x € M*, ¢! is 2-Lipschitz on B4(0,7), we have for all
h € Tz(M*),
1
IV Pl = Gl (21)

Then, from (20) and the Faa di Bruno formula, we deduce that T' € Hg:rl( 25/4, MF).
Supposing dye (1, p*) < s2(d+1)(2e=1) we have from Lemma 8 that H(M, M*) < Cs?
so H(Mg, M) < H(M, M*) + H(M,, M*) < Cs?. We show the same way as we did with
M*, that for all x € M, 750 ¢, is a local diffeomorphism for ¢! the charts of M and
that 7 is injective on M, so gy is a diffeomorphism. Therefore, we deduce that 7], is
also a diffeomorphism.
Doing the same derivation as for M* to obtain (19), we get for M that

Amin(V (75 0 65 1)(0) TV (s 0. 671)(0))1/2 > 071
Furthermore, as for all y € M* and h € T,(M*), we have
VT e ()R < 2[| 2],
we deduce that
N (V(T 2 6;)(0) V(T 0 651)(0)* = 0. (22)
Then as ¢, ! is C-Lipschitz, we have that
Auin (V] (X) TV}, (X)) 2 = €7,

so we deduce that T|;/11 € H’gjl(/\/l*, M). Therefore point i) is verified.

From Theorem 4.8 in Federer (1959) we have that 7, : M’ — M, the projection onto
M verifies point 4i) of Definition 7 for a radius ¢ = 7y, so as H(M*, M) < Cs? < rg, we
deduce that T verifies i7) for a radius rs/2.

Let us prove point iii). Let f € ’ngl(/\/ls, (RP)P=4) such that (f1(z), ..., fp—a(x)) is an
orthonormal basis of To(M;)T. Let R, : RP~¢ — RP a linear map such that R,(e;) = fi(x)
for (e1,...,e,_q) the canonical basis of RP~¢. Then for h € H](M* R) and x € M*, we

have
h(y)dNE 4 (y) = / h(y)d\P=? y
/T ORI = [ B . 0)

_ / Bz + Ro(2))dN4(2).
RP—4NB(0,t)

Then as Vz € RP™?, we have that the map z +— = + R.(2) belongs to ngl(M*,Rp), o
x = h(z + Ry (2)) belongs to H/, (M*,RP) and therefore T verifies 7i7).
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Let us prove iv). Using (19) and the fact that s is 2-Lipschitz on M*, we have that

for all z € M*,
)Hv:rmin >Cc L

inf
2€Tp(z) (M* [l 2]l

Therefore, we deduce that the approximate Jacobian of T" verifies

ap(VI(x)) > C71,

so T verifies the point iv) for s > 0 small enough. |

Appendix C. Proofs of the Interpolation Inequalities in the Manifold
Case (Section 3.2.3) and Additional Results

C.1 Extension Lemma

In this section we prove a general result allowing to extend maps that are defined on
the neighborhood of a submanifold. This result is a corollary of the following version of
Whitney’s extension Theorem (Theorem A in Fefferman (2005) and Theorem 4 in Chapter
6 of Stein (1970)).

Theorem 31 Given n,p > 1, there exists k € N depending only on p and 3, for which the
following holds. Let f : E— R a closed subset of RP. Suppose that for any k distinct points
Z1, ..., € E, there exists |n] degree polynomials Py, ..., P, on RP, satisfying

a) Pi(x;) = f(x;) fori=1,..k;
b) |\VOPi(z)|| < M fori=1,...k and |o| < [n] and

c) ||V — Pj) ()| < M|z —a4||"" fori,j=0,....k and |a| < [n] with M indepen-
dent of x1, ..., Tk

Then f extends to H¢, (RP,R).
Using this theorem we obtain the following extension result.

Proposition 32 Let E C RP a closed set and M* a closed submanifold covered by an atlas
(go;l(Bd(O, K‘l))){i:17...m} with goi*l € H}. and with reach r* > K~1. Suppose that

i) d(E, M*) <1r*/4,
ii) M* C E,

iii) there exists a map m € HL(E, M*) such that for allz € E and t € [0,1], z+ t(r(z) —
x) € E,

w) there exists a map D € H&(M*™ /2 E) such that Dy = Id.

Then for all maps H € H},(E,R), H can be extended into a map in ’HZM (RP,R).
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Proof Let z1,...,x; € E and define for all r € {1, ..., k}

[n]
Pi(z) =) V*H(x,)

a=0

(x — :c,«)o‘.

a!
with the notations V*H (z,) the a-differential of H and
VeH (z,)(z — 2;)* = V*H(z,) (2 — Ty, @ — Ty, .o, & — Ty).

Then the polynomials P, check conditions a) and b) of Theorem 31 for M = || H |lyn(gR) -
Let us show that they also verify condition c).
First, for a = |n], we have

V1P, (2) = VI By ()| = IV (o) = VO ()] < Clar = 1717,

Let o € {0, ..., [n] — 1} and take a path v € H1([0, 1], E) such that v(0) = z; and (1) = ;.
Applying Taylor expansions recursively we obtain

1
VOP,(z,) = VO H(2,) = VO H () + / VO H ((t1))5 (81 )dty

1
:vaH(Ij)-f-/ (V"‘“H /Va+2H( (tztl))tl’y(tgtl))dt2> (tl)dtl
0
:VQH(l'j)
LnJ a—1
+ / / VO H (2)3(ttr—1 - t1)dy (1t —ge ity )ty dy,_ A ()t

/ /VL" Va2 F () —at1)dr

( n]—a—1- tl)ttL"J*afldthjfafl"".Y(tl)t%nJiaildtl

:vaH(l‘j)
[n]—o 1
+ Z / / VOH_ZH(xj)")/(tltl_l...tl)dtl"y(tl_ltl_g...tl)tl_lthl...")/(tl)tll_ldtl

/ / VLn \_UJ a: ) vl—nJH(xj)) (\_UJ - )dtmj—a V(tl) LnJ o ldtl.

Using integration by part one can show that

[n]—a 1
Z / / VO H (2)3(tity 1. t1)dy Y (t_1ti—o.t1)t1dy,_, ()t dty

[n]—a

= > VH ) - o),

=1
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so from the previous derivation we get

VP () = VP ()|

. . —a—1
= H/ / VMJH th —a ) - VMJI‘I(xj))’)/(ifmj,0[...t1)dthJ7a...’}/(tl)tll‘nJ dtl”

< /0 /0 Ol (g —artr) = 251 (g et o ) [
Suppose that ||z, — z;|| < r*/4 and for D the map of assumption iv), define
V(s) = D(@r + s(zj — 1))
which is well defined as for s € [0, 1],
d(zy + s(zj — z), M*) < ||r + s(z; — zp) — || + d(@p, M*) < 177/2.
We have ||§(s)|| < C|la, — ;|| so we deduce that

VP (2y) — VP (zr)|
1 1
< /0 /0 Cllar — 231 PC |y — 25 1duy, AC e — w5llde, -AC |0 — 5| e

< Oy — a1

Suppose now that ||z, — z;|| > r*/4 and define § € H!([0, 1], M*) a geodesic on M* from
x; to x,. Let

zr + 3s(m(xy) — xy) if s € [0,1/3]
v(s) =< 8(3(t—1/3)) if s €(1/3,2/3)
m(z;) +3(s —2/3)(x; — w(x;)) if s €([2/3,1]

be the path from z, to z; that starts by projecting x, onto M*, then circulates along M*
until it reaches the projection of x;, and finally go to x; in a straight line.
For s € [0,1/3] U [2/3,1] we have

()l < 3max(||m(xr) — a7, I7(2;) — 2;1) < C < Or*H|ay — a5,

As M* can be covered by an atlas (w;l(Bd(O, 7))){i=1,..m} With cp{l € Hi., we deduce
that

/1 16(t)||dt < mKT.
Therefore, for § with constant speedowe have
16(0)]] < mKT < Cr* |z, — a]l.
We then get as in the case where ||z, — x| < t/4, that
VP () = VP ()| SO lam — )7+

Therefore using the sharp form of Whitney’s extension (Theorem 31), H can be extended
to a map in H/, (RP,R). |
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C.2 Proof of Lemma 10

Let us first recall a result from Stéphanovitch et al. (2023) showing that we can gain some
weak Besov regularity by paying a logarithmic term. For 1 < p < oo, we let LP(R% R, C) be

the set of functions f : R? — R with p-norm | f||z» := ([ ||f]|PdA?) VP bounded by C' > 0.

Proposition 33 Let f € L'(R% R, 1) N L3R4, R) and g € H](R% R, 1) with v > 0. Then
for all T >0, e € (0,1) we have

F(@)g(x)dAga () < Clog(e / F(@)T07 (g) (2)dAga(z) + Ce
Rd

for
log(e 1) od - .
Ly A,
L Z DD (i) Tagl L w) g(‘]. w)af(j. w) Vi, ().
J=0 I=1 wezd log (4, 1, w)oy (4,1, 2)]

Using Proposition 32, we can extend T into a map belonging to HgH(Rp,Rp). Let
h € Hi(RP,R), using Proposition 6 we have

/(h(az)—h(T(ae))fﬂ Yz / & = T@)|| fu(x)dApa ()

Let £ € (0,1) and for all ¢ € {1,...,m}, define

Xi(u) = ¢i(u) —T(ps(u))

and L; : R? — RP by

Xi(u) Xi(u)
Li(u)Z( e HXwl<e T g oy HIXiIze | Luesioan): (23)

We have
/R s(u) — T(61(u)) [ Ga(w)aN )
) = T@)
— R () = T () G ()
< / (Lo(us), X (00)) G () AN (ur) + €.
R‘i

Let us write Kx = {max , | X341 V1 < C and 6, = || X;(u)|| for u € B0, 27). We have
i€

goooy

that L; € HY(B%(0,27),RP), let us fix n € (1,3 + 1] and show that L; has some additional
Hoélder regularity.
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Proposition 34 For alli € {1,....,m} and L; : R? — R? defined in (23), we have for all
u,v € BY0,27),

ILi(u) = Li(v)|| < 8K x min(8},6,) =01 gy — 1= (=1al),

ur v

Proof Suppose first that ||u — v|| > min(8’,6?)/(4Kx). Then

ur v

IZi(u) = Li(w)] < 2 = 2l|u— v =07y — o] =010
< 8K x min(87,, 60) =A==y — ||t =t=1n])

ur v

Now if ||u — v|| < min(d%,4?)/(4K x), then for us = u + s(v — u) with s € [0, 1], we have

ur v
X (us) || = [[Xi(u)]] = sKxlu— o]

> 5~ min(5), 01)
> %min(éi 5.

ur v

Furthermore,

oy X @I (G - 0@ (G@) o L Lixwi<a oy oy,
VI =Sl (VR Pl T V) e v,

so [|[VL;(u)| < Kx || Xi(u)||~! = Kx(61)~1. Then

[1Li(w) = Li(o)|| = || /0 VLi(u+s(v—u))(v—u)ds|

1
< lv = wll / IVLi(u + s(v = u))|lds < 2Kx min(8,,8,) ™" [Jv — u]
0
< 2K x min(67, 62) ===l ||y — |t =0r=10]),
|
We have that ¢;ga(q ) the restriction of ¢; to B0, 1), is a diffeomorphism on its image.

For x € ¢,(B%0,7)), we will write ¢; *(x) for the inverse application of b3\ Ba(0,7)-
Let us define F; : T~'(¢;(B%(0,7))) — B%0,7) by

F’i = ¢;1 Oz—ij\/l[ OT,

A= {z e M| |z~ T(2)|| < | T3 0 T(x) — T ()]} (24)
and H; : A — R by
Hy(@) i= (T 2(Lg) o Fiw) , @ = T(w) )G(Fi()) T (rer@es o) (29)

We have the following result on L;, X; and H;.
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Proposition 35 For alli € {1,...,m} and € € (0,1) we have

B+1

B+n

[ Xtwiswaie < clog e ([ mwau) "+ ce
Proof Forr e {1,...,p}, Let
) tog(L< =) 21
R0 = 3 30 D (0+0) e, (4,250 L w0
7=0 =1 274

ap, (3h2)ox;c, (4L2)r
|O‘Lir (G:l,2)ax, ¢, (G:L,2)r]

with S(j, 1, w);, = Then using Proposition 33, we have

/R (L), X ()G ()N () < Clog(e ™) / (P02 (L) (), X (1)) (w)dA () + Ce

Rd

Applying Proposition 25 for h; = fS"Q(Li), ho = X;(i, 51 =0,b1 = =2, s9 = B+ 1,
bQ:O,T:—n—l—l,tzl,ranndqz%weget

R ), X)) G w)
< (D710 2(L), X, <Z>“"<r0<r0 (L)) T (xG) )
B+1 -1
< (B0, X6 ) (B0, D (0 ) T

We have that I'*1(X;(;) € BY, o (C) and TP 2(Ly) € BY2oo(C) so

Therefore, we have

(T072(Ly), 741 (X, g)>5+’7 <c.
Furthermore, recalling the proof of Proposition 6, we have

(hi) gra = ¢s(B4(0,7))-

|B4(0,7)
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Therefore,
(Formt=rwa ), = [ 22 0000, G

/ (L2 (L) (67 (@) @ = T(@))G(9; (2))d(94) o

d A\Bdm )

[, e
M

We can then conclude that

()

=

B+1

+
[ (it X w)axa) < Clog(e ( /. H@aute ) e
R4
|

Let us now show that the maps H; from (25) are of regularity n. To that end, let us
first show that VT, "H’_Q(Li) exists and has some Holder regularity.
Lemma 36 For alli € {1,....m}, i1,...,iy € {Ll,....,d} and u € B40,7), we have

107 ;. B2 (L) )| < CRx(s) (i),
(with 6 = || X;(w)||) and for u,v € B%0,27) we have
19, 2L ) = O T L) @) < CRx (8 A 83) ™ — w0

Proof For u € B%(0,7), we shall distinguish whether we have 8¢, > ¢ or not.
Let us first consider the case 8% > &. Define Ly; : B%(u
We then extend L,; to R? by

u, 4K ) — RP being equal to L;.

Lui(v) = Lui(7p, (v))(0V (1 = 3|lv — 7p, (v)|)), (26)

% ), we have 65 > &¢ /2 so from

). For all v e B (u, gz

for mp, the projection on B%(u, 4‘;(
Proposition 34 we get

5. (- 5.
0/ pd u 1=(n—[n)) d
Lui € Hi(B(u, 4KX),RP) mHMK’;@Z),(I,(,],L,,J))(B (u, IR ), RP).

Therefore, we also have that

Lui € HY(RY,RP) N 7'[16[(: (m))f(k(n—tsz))(Rd?Rp)-

For r € {1,...,p}, let us write (aL (4,1,2)r)(j1,2) the wavelet coefficients of (Lyi)r- As
support(¢;;,) C BY(277z,0277), consider any (7,1, z) such that

j > [logy(CKx(6,) ")) + 1,

Oy
sy 7 2

support (1) N Bd(u,
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Then ag (j,1,2); = ar(j,,2);. Let us note

¢ = [logy(CKx(5,) )] +1

and

D172 (L), (v) = > 27901+ )28, 2)irar, (5,1 2)rtba 2 (v),

the (n — 1,2) wavelet regularization of L,,. In particular we have

[0 2(T,) € HIH(RERP) N %L’” (RY, RP).

Kx (5i)~ (== Ln))

Let i1,...,7|, € {1,...,d}, we have

gl pontl=2(1.
| 21, ’ZUIJ E (LZ)T(U’)|
log, (€ N 2
“, i) Z Z Z Op—n+1,-2(L,) (4,1, 2)r %,z,z( u)|

j=0 =1 zez4
gl Nlogy(e™!) 24
| ztlnyJ ) Z Z Z OF—nt1,-2 (L; )(],Z,Z) af‘*n+1y*2(fm~)(jvlaZ)T')wj,l,z(u”
=1 ze74

& /\10g2(e*1

+of > Z > ap oz, Ul 2t s ()

Jj=0 = 1z€Zd
log, (€ 1)

+ aZLKJvl\_'qJ Z Z Z aF n+1, 2(L ],Z,Z) 1/]]7Z7Z( )|

j=€iNoga (e~ 1)+1 =1 zez4
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Ln]
For k € {1,...,d}, let us write 6 = > 1y; —y). For the first term of (27) we have
r=1

éuAlogQ 71)
‘ 2L177,J St Z Z Z Op—nt1, —2(L;) (]7lvz) — Op—n+1, —2(L, )(]’l’z) )U}j,l,z(u)’
=1 ze74d
&, /\1032(6 1 2

< Z Z Z [(e7 (L; )(]7l72) Oéf—n+1,—2(zui)(j7laz)r)

j=0 =1 2¢74

d
% 23([n]+d/2) H 89kwlk(2juk — )|
k=0
&6 Nlogy(e7 1)
<C Z Z 9i(lnj+1=n ’H %y, (P uy — 21|
2€74
fu/\logz( -1

<C Z Z 2j(LWJ+1—77)C]1{uesupp(¢jlz)}

& Nlogy(e7 1) ‘
<c Y v < oot timn < ORy (7)),
7=0

If £ < logy(e™1), for the second term we have

g, 24

ztln,J i) ZZ Z Op—n+t1, —2(L, )(],Z,Z) @ij,l,z( )

7=01=1 ze7d
logy(e™!) 24

Zl.lnyj i) Z Z Z Opni1-2(,) (s s 2)rt 0,2 ()]

j=&+1 1=1 274
logy(e™1) 24

SCATTED Db 9P SETERTRE R )

Jj=0 I=1 zc74
p n+1, 2( wi)r|loo <CKX((5Z) (In]+1-=m)

—H 7,17 ,Z’
On the other hand, if £, > log,(¢~!) we have that the second term is equal to

logy(e71) 2d

ZL:?,J i) Z Z Zar r+1-2(E,;) (0 b 2)rjn ()]

Jj=0 I=1 ze7d
<[l TTLA(Ly), e < CRx (1)~ (Ini+1=m),

Zl7 7ZLnJ

Now that we have shown that

o T2 (L), (u)] < CKx (85)~(l+1=m), (28)

U5l L
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for u € B(0,7) satisfying 6% > &, in the case 0/, < ¢ we have L;(u) = X;(u) so it can be
treated the same way. Defining L.,; coinciding with L; on B%(u 3 ) and doing the same

) TR x
|6iL117,J.--7iL7,J f‘;n+l,—2(Li)(u)T| < CKX((s;)_(LWJ-i-l—n).

Let us now show that for u,v € B%(0,27) we have

derivations, we also obtain

05" i Do (L)) = O TR (L), ()]

7,1,...,7,“” € Zl""’”’ﬂ €

< OKx((8,) 7V (85) ™) llu — o] 7717, (29)
If |lu—v] < %}@i@, define Lj(,,) coinciding with L on Bd(arg{ma;c S, %Igff) and extend

it into Ly, v) B40,7) — RP by projection as we did with L,; in (26). Otherwise, if

6 5¢ s . 5% NS 58 NG?
|lu— o] > A , define L;, ) coinciding with L on B(u, 315?(;) U B%(v, 3;2;) Then, we

have Lj(y ) 6 HCKX((SZ' )~1y(si)-1 and we can extend it by projection on the balls as we did
with Ly, in (26):

Lituw)(w) =Ligu,) (75, () (0 V (1 = 32Kx(5,) " |w — 7p, (w)])
+ Liguw) (75, (w)) (0 V (1 = 32Kx(6,) " w — g, (w)]).
We also have fi(u’v) € Hé(&z‘)—lv(ai)—l' Then by splitting the wavelets coefficients of
ol P2 (L(w) — 0 . TIMYT2(L),(v) as in (27), we obtain (29). m

2150052 | 2150092 |

Using Lemma 36, we obtain that the maps H; from (25) are of regularity 7.
Proposition 37 For alli € {1,...,m}, the application H; belongs to Hl.(A,R).

Proof Define
e — _1 . . .
Fi = ¢; |M oT and o; := ]l{:ﬂ]iOT(')e%Bd(o,T)}Q o F;.

We have F; € HgH(A, R9). Since supp(¢;) € B0, 1), the map o; belongs to HgH(A, RP).
Furthermore, (Id — T) € H% (A, RP), and

oMb =2(L;) € HE H(BY(O, 7), RP).

Thus, by the Faa di Bruno formula, H; € Hg_l(A,R). Let i1,...,7|, € {1,...,p} and write
P({i1,...,7y }) the set of subsets of {i1,...,7|, }. For x € A, we have

o @ = > (AT (L) 0 B (@) 91 - Ty (@) ).
SeP{i1,ifn })

For all S € P({i1,...,i|,}) with |S| < [n], we have that
S — S _
o (2T (L) o B (), 005110 - Thai(a) ) € 1l (A,R).
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From the previous calculations, we know that

|81L1777J JMFE ML=2(1(Fy(z))| < CKx S5t ((xL;?JH—n)
= CKx|T, IM oT(x) — T(T|7v1( o
:CKﬂmﬁoTw>fm>utﬂ“”
< Oz — T(a) |~

T(z))|~(bl+1=n)

(O B 2(L) 0 F) (@), (1d = T)oy(x) )| < Clla = T(@) " Woy(z).  (30)
Let 2,y € A with Tj3h o T(x), Tirk 0 T(y) € 64(B40,7)) and o = T(@)|| < lly = T(w)l)
from (29) we get

(o, (T 2(Ly) 0 F) (@) , (14 = T)oy(x))

RERRULT
=o)L (ETTA (L) 0 F)(y) (14 - T)ai(y) )|
sq<a£?,ﬂm<fzﬂ+L—2un>oz%xx>—-@ﬁ%imﬁf:”+h-2un>ozaxy>,ad-—zvaxx>>

+ (oK, (CTT2 (L) 0 F)(y) , (14 = T)oy(a) — (14 = T)oy(y))
<Cmin(|z = T(@)|, lly = T(w)I) o — "~ |l - T()]

+ ClTpk 0 T(y) = T)l|~ O~ (1d = T)oi() - (1d = T)(y)|

<Cllz =yl + CT3 0 T(y) = T~ (1d = T)oi() - (1d = Tl

Furthermore,
I(Id = T)oi(z) — (Id = T)oi(y)]|
= [|(1d = T)ai(w) — (1d = T)ai(y) '~V (1d = T)oi(z) — (Id = T)os(y) ||~
< (|(1d = T)(@)|| + [[(1d = T) () [)' ="~ 1D | — ||~
<2[(1d = T)(y) '~ ||z — 7L
< 2| T 0 T(y) = T(w)|I' = D |z — g7~ L),
Now if T;/ll oT(x) € ¢;(B%0,7)) and T|M T(y) ¢ ¢:(B%(0,7)), we have from (30),

\
(0, (T 2L 0 B (@), (1d = T)oy(x) )| < Cllz = T(@) [ ey(a)
< Co;i(x)
= C(oi(z) — 0i(y))
< Cllz -~y

Therefore we have finally that H; € H/ (A, R). [ |

Let us now prove that we can extend H to the whole R? space using our extension result for
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maps defined on the neighborhood of a submanifold (Proposition 32). Define D : M* — A
by

T fxeA

D(z) = ‘
||x T \” T(x)—T(z)||+T(x) ifx¢ A.

For z ¢ A we have
1T o T(a) - v = T(@) (3-T@)T

()|
e~ 7] (md A P oy I e oy A T)“))

r—T(x) (x-T(x)"
|z =T (@) [l =T ()]

VD(x) =

V(T[4 o T = T)(z) + VT(),

so ||[VD(z)|| < C. Then using Proposition 32, for all i € {1,...,m}, H; can be extended to
a map in H/L(RP,R).
We can now conclude the proof of Lemma 10 using Proposition 35 as

| @i <c s / F(@)du(s
M feH =0

C.3 Proof of Lemma 11

Proof Let T be the (M, M*)-compatible map given by Theorem 9. As

T‘;Al € Hgﬂ(./\/l*,/\/l), we have that T, admits a density fr € Hé}(M*,R) with respect
to the volume measure on M*. For t > C'~! the radius of compatibility of the map T (see
Definition 7) define the t-envelope of fr and f,« as:

fr(T(x)O Az — T(2)|?/t*)]aps (VT ()|
Jro-a ©(Allyl?/t2)dNr=4(y)

fr(@) =

and
fur (T(x))0 4|z — T()||*/#*)[apa (VT (2))]
Jro-a OAlly[12/t2)dNr—7(y)

fie () =

for ap,; the approximate jacobian defined in Definition 27 and © € Hg(R,R” such that
@(:c) = @(*ﬂi), @(0) =1 and @\(l,oo) = 0.

As VT e H%(R”, L(RP,RP)) and ap,(VT(z)) is bounded below by K;' (T verifes point
(iv) of Definition 7), then from the Faa di Bruno formula, we deduce that ap,(VT') belongs
to H2(M*,R). Let h € H).(RP,R) and define i : M*' — R by

(@) = (T (x))r(2]lz = T(2)]?/t),

for k € HL(R,R) such that koo 1/2) = 1 and k(1 o) = 0. Then h € H/(R?,R) and from
Proposition 28 we have,
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| nrea <> / @@ = [ B (o) = fie @) @)

- &) — Ju () 2 — T()|?/t2)dNP~%(» «(x
e pr d@ 4||y||2/t2)dAp Ay )/T_l({x})@(‘l” T(2)|?/) AN~ (2)dM e ()

TE)(r(T(E) ~ fe (TENOU = TEI/) g
/ */Tl{x}) Tar—s Oy [2/22)dXr=(y) AN (z) A ()

WT (@) (f1(T(@)) = fo- (T(2)))dN(2)
= [ (@)X (2).

Il
—

RP

Il
\

]RP
Let
. B log(le™']) 2
22 (h)(z) = Z 14 5)728(j, 1, w)og (4, 1, w)hji ()
7=0 =1 wEZP
O‘ﬁ(jvlrw)(af%(jvlvw)fo‘ft*(jvlvw))
for S(j,1,w) = L . Then using Proposition 33, we have

ag(ilw)(a e (Glw)=ag (Flw))l
m

| B@ (@) = 1 @)aN @) < Clog(e™)? [ T B)(Fh) = e (2)dN (@) + C

RP
Applying Proposition 25 for hy; = o 2( h), hy = ft — ft*, s1 =17, by = 2, 89 = f3,
bo=0,7T=~v—n,t=1,r= m andq—g—]:zweget

| F@ha@) = i @)av @)

< (R0 720 = i) o (EE72 ). T2 — £ >>‘”"

L2(RP)

and
co 2P

SN 2 age g (G L w)lag, (G, w) — ay,. (5,1, w)]

7=0 I=1 wezZr

oo 24
<D DD (DO L s 0,K) 20
§=0 I=1 weZp
<C) (1+5h)7*<cC.
=0

Define Fj, : M* — R by

O4llz — T(2)|*/t?)
Jrr-a ©(4lyl[2/t2)dAP=d(y)

B@= [ e A1 (2)
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Then
/ LY 72(h) () (fr () = fe (2))dAP (@)
/ */ 1({z}) F'Y " ( )( )(fT( ) t*(Z))|apd(VT(Z))|_1d)\p_d(z)d)\M*(x)

y=n,— (fr(T(2)) — fur(T(2 )))9(4W) i
/ */ 1({z}) I? (R Jaw—a O(4][y][2/12)dNr=d(y) AN (2)dA p ()

— [ B@)rla) - fe@)dae o).
»

As T verifies point iii) of Definition 7, we have F}, € HL(M*,R) so it can be extended
using Proposition 32 to a map in H/,(RP,R). Then, we can conclude that

[ 1) = fe @Dt @) <€ sup ([ a)(Frte) = e @)irne @)

heH?

C.4 Proof of Theorem 12
Proof Let C), the constant given by Theorem 9 such that if

* -1

then there exists a map T being (M, M*)-compatible.
Suppose first that dyn (py ) > Cn_l, then

Ay (1, 1%) < 2K < 2K Cydygs (1, 1) < Cldyg (1, 1) 760,
Suppose now that dy (, p*) < Cn*l. Using Corollary 26 we have for all € € (0, 1)

dygr (1, %) < Clog(E‘l)Qdm(u,u*)z%dyg (0, 1*) 7T +e. (31)
Suppose first that 7 < 5+ 1. Using lemmas 10 and 11 we have

B+1

* 1 4 Btn B4t
dH%(,u,u)SCIOg(e sup / h(z)du(x +d7—t"(T#ua Vet | +e.
heH?
hj =0
On one hand we have

sup [ h)duta) < swp [ ha)duta) - [ @)t (a) = ),

heH] JM heHT J/ M *

h‘M*:O
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on the other hand

(T i) = 5o [ W @)nte) — [ W@ ) < e ),

as any map hoT € H/, (M*/4 R) can be extended to a map in H/L(RP, R) using Proposition
32. Therefore, we have
B+1

dygr (p1, ") < Clog(e ) dagn (p, ) 70 + €.

Then plugging this in (31) we obtain

=)

+1 n*“/_i_wfl
+n n—1 n—1 _|_ €
+v

+n + €

o

dagy (1, 1) < Clog(e™")0cdyyn (, 1*)

_ —1\6
= Clog(e™ ) dyyn (1, 1)

=)

o

Bty
so taking € = dyn (1, %) B+Z, we get the result.
Now if n > 8+ 1, using lemmas 10 and 11 we have again

d%}(lla pr) < d%} (1 Tp) + dy} (T 1)
B+1
< Clog(e’l)‘ldﬂgﬂ(M,M*)‘zﬁ% +e.
1
And using again Corollary 26 we have

d ) < C'log(e1)2d N L
o (s ) < Clog (e ) g (s 1) 171 dagp (p, 7)1 + €

SO
n—(8+1) B+1 B B+1

dagr (1, 1) < Clog(e )0 (p, ) 770 275 dyyn (p, ) 772981 e,
Then, taking € = dH%(u,,u*)dH?(u,u*), we have

_ n—=(8+1) B+1 B_ B+1
dagr (s 11*) < Clog(dagn (g, %) 1) s (py ) =1 255 gy (p, i) 112551

which gives
days (1, )1 DEAFD==1=5)(B+1) < log(dyqn (1, M*)_1)6(”_1)(2ﬁ+1)dyy (o, p*)PBHD).

As (n—=1)(26+4+1) —(n—1—=p6)(B+1)) = B(n+ B) we obtain

« o1 =D (28+1) o Bt
dygr (ps ) <C'log(dagn (p, ) ~7)" B0 dyyn (p, ™) 550

Then plugging this result in (31), we obtain for € = dyn (p, p1*),

dagy (11, 127) < Clog(dygn (1) ™) P dlggn (1, 12*) 7

= Clog(dygr (1, 1*) ™) P dggn (p, 1) 750
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C.5 Proof of Proposition 13

Proof As explained at the beginning of the proof of Theorem 12, we can suppose that the
distance dH’l’ (w4, 1*) is small enough so that there exists a (M, M*)-compatible map 7. We
have

dagr (1, 17) < dpgy (1, Tp) + digy (T, 17)

Using Lemma 11 we obtain

dagy (T, 1*) < Clog(e ™) dy

1 (T, p7) P51 + €
< Cdyyn (T, 1°)

3R~

for € = dyn (T, ,u*)?li. On the other hand,

Qo (1, Tipy) = s1p / (h(x) — h(T(@))) f () A ()

heH]

< [ le=T@ uaaru (@)

< ([ le-r@Ps@iu)"

using Jensen’s inequality. The function H : M** — R defined by
H(z) = [lv = T()]",

belongs to H/,(M*,R) and can therefore be extend to a map in H/.(R?, R) using Proposition
32.
|

C.6 Proof of Proposition 15

Proof Let s € (0,7r+), we are going to show that Wi (u, ©*) is bounded below which will
give us that dyn (u, p*) is also bounded below by Lemma 8.
Suppose first that H(M, M*) > s and for y € M* such that d(y, M) > s, define
DY .RP 5 R as
Di(x) = (s = llz —yl) VO

As Dy is 1-Lipschitz, we have

_/ (5 — Hx—y\l)f#*(:c)dw*
M*NBP(y,s)
> CsdK !
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which gives the result. Now if H(M, M*) < s, by Lemma 29 we have that for s > 0 small
enough, 7 the canonical projection onto M*, is a diffeomorphism from M to M*. Le be
z € M such that f,(z) < s. Define D : RP — R as

Dy(@) = (5 A (s = lle = m(2)])) V0.

As Dy is 1-Lipschitz, we have

Wi (1) = /M* D3 (@) e () e () — /M D (2) fu2)dA ()

and
2 S
| Di@pe @@ = [ > A s =l = 7)) s () )
M* M*NBP(7(z),s)
S
-/ o Fur (@)D (2)
M*NBP(7(z),s/2)
> CSdJrlel.

On the other hand,

| Di@ @i = [ 2 A (s =l = () ) fulz)dAm (@)
M MNBP(n(2),s)

/ s fu(x)dA ()
MNBP(7(z),s)

fu(@:;l (w))dpagan (u)

IN

= 8§ /
Pa (MNBP(7(2),5))

<s / L3 () K9dN (u)
Bi(pz(z),2s)

<Cs (fu(2) + Klloz ' (2) = ull))dr(u)

/Bd(<p1(7r(z)),2s)
<(Cs

/ (1 + 2K)sd\4(u)
B (ipx(m(2)),25)

Therefore we have
Wi, %) > Cs™ (1 = Cos),

so for s small enough we get the result. |

C.7 Additional Proofs from Section 3.1
C.7.1 PROOF OF PROPOSITION 4

Proof Take two densities f, f* € L?(RP,R) and a potential h € B, (RP,R) to compare
them. The family of wavelets functions (1), )i being an orthonormal basis of L?, we can
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write for 7 > 0 and ¢ € (0,1),¢* = (1 —1/¢)7 !,

co 2P

/ h(z)(f(x) — f*(x))dNP(x ZZ Z ap(g, Lw)(ap(d, L, w) —ap (4,1, w))
® 7=0 I=1 wezr
oo 2P
SZZ Z 2ﬁ%r]%’()éh(jvly’LU)(Ozf(j,l,w) - af*(jJ’w))’l/qul/q*_

§=0 I=1 weZp

Then, applying Holder’s inequality we get

| h@)(¢@) = ra)avia)

Q|

oo 2P
< (Z > 27w, L w) (e (G, 1 w) Oéf*(j,l,w)))

§=0 I=1 wezp

1
q*

oo 2P
(Zzzwcwmwmm>www0. (32)

7=0 I=1 weZr

_a*

Let us take T~7(h) € BT, and f‘%T(h) € 820,307 defined through their wavelet coefficients:

af‘—T(h) (.77 L 'lU) = S(]a L, w)aF*T(h) (jv L w)

and

(07

~4q"
ra’

(jvlaw):S(jal7w)a a* (J7l7w)
h) a7 (h)

with S(j,1,w) € {—1,1} the sign of oy, (j,1, w)(ar(j,l,w) — as+(j,l, w)). Then, from (32)
we obtain

| h@)¢@) = ranavia)

S%fmmmwﬂmwww@ﬁwwm>ﬁwwg,
which gives a first interpolation inequality between Besov IPMs:

- (f, ). (33)

Q=

W 7)) Sdgser (F, )

Boo,oo
Using (33), we are looking for the smallest ¢ € (0,1) such that d __ . (f, f*) is finite.

oo,oo

Taking f, f* € Bgo ~ compactly supported in BP(0, K) we have
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d o (f, )

oo 2P

= Sup ZZ Z ah(j,l,w)(af(j,l,w)—af*(j,l,w))

a p
hEBooog (1)] =0 I=1 weZ

oo 2P .
—j(s—L-7 . . .
- ZZ Z 2770 +p/2)ah(J,l,w)\04f(J,l,w) —ap (4,1, w)|
7=0 I=1 wezr

co 2P

< Z Z Z 9 37—7+p/2)2 ](/3+P/2)( _i_])fQHf _ f*”B&?OO]l{supp(wjlw)me(OiK)#@}

7=0 I=1 wezr

Cllf - f||562 22 Lreh) 1+ )72

B+s
< B+s+T1°

The last quantity is finite iff § > q 7 — s which gives

C.7.2 PROOF OF THEOREM 5

Proof Using lemma 3 we have that f— f* € Bgo,m(C) and h € Bl

we have

| m@)¢@) - ranavia)
oo 2P

:ZZ Z ah(j,l,w)(af(j,h’w) - af*<j7l7w))

=0 I=1 wezZr
log,(e™1) 2p

< Yo D anlG bw)(ag(Gl,w) = ag (.1, w))

j=0 i=1 wezr

(%) 2P
+ ) DY I i )nBr(0.K) 20}

j:logQ(efl)—i—l =1 weZpP

10g2 1)

(C), then for € € (0,1)

<10g2 Z Z Z 1+.7 2|ah ]7l7w)(af(j7l7w) —Oéf*(j,l,w))’

=0 =1 weZr
+ CetP

<Clogy(e ") gy, y(TO2(F), TO2(f*)) + CetP.
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As f, fr e B&?OO(C), we can now use Proposition 4 and obtain
iy, (1 (T2 72(f), T 2(£)) < O, ) (TO72(F), TO2(f))
£
Ay (> 1) e
— 'Hg, (fa f )ﬁ"'a

where we used Lemma 3 for the last inequality. Putting everything together and taking
€ = duo(f, f*) A1/2 we obtain the result. [ |

C.8 Proof of Theorem 17
C.8.1 DEFINITION OF THE MANIFOLDS AND MEASURES

Let n, 3 € N and gy, g* : [0,1] — R? defined by

g*(t) := (cos(2mt), sin(2mt)) and g, (t) := (1 + (27n)~ P+ sin(27nt))g* (¢). (34)

Define the two submanifolds M,, := g¢,([0,1]), M* := ¢*(]0, 1]) and p,, the uniform measure
on M,,. The manifolds M,, and M™* are represented in Figure 1. We choose the (M,,, M*)-
compatible map T to be the projection onto M* for simplicity of the derivations.

We have that M,, verifies the (5 + 1, C')-manifold condition and for all & > 8+ 1, we
have ||gn|[3e > C~'n®~ B+ Therefore this example is well suited to represent the case of
B + 1 regular manifolds.

C.8.2 EXPECTED SHAPE OF OPTIMAL POTENTIALS

To get some intuition let us analyze the behavior of d'H’l‘/(/,[/n, Ty, ) for v = 1. We have

g s T) = [ (@) T (@) ()N, ()

< /Mn & = @) £, (@)dAss, )
- /M* Iy = T3 @)l (TR, )apa(VI(TR (9)) " A (1)
<C [ =T, e )
1
< C/ n~ Y| sin(2nt)|dt
0

< Cn~ B+

Note that using the same derivations, we can show that dH%(un,T##n) > C~ln~ B+ 50

dyy1 (ttn, Ty, ) behaves like O(n~#*+1). To build an optimal potential in H] with n > 1,
let us look at how to regularize the optimal Lipschitz potential

Ly, = [lz = T(z)| € Lip;
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such that it belongs to H" for n > 1. A simple way could be to use Jensen’s inequality:

/ \|x—T<x>||fun<x>dAMn<x>s(/ ux—T<x>||2fun<x>dmn<x>)2. (35)

n Mn

We have that L% (z) := ||z — T'(z)||> belongs to HA+! but is not an optimal potential as its
cost is too low. Indeed, we obtain an exponent 1/2 in (35), which is strictly smaller than
%, the one of Lemma 10. The reason why L% is not optimal is that it does not use the
fact that M, is of regularity 8 + 1. Let us study what should be the shape of an optimal
potential. For h € H", we have

/ (h(x) — W(T(@)) f ()dA 0, ()
1
- / ( / VI(T () + t(z — T(@)))dt, & — T(2) fn (£)dAan, (2)
M, JO
— [ (V@2 = T@) (o) + Oz = T@)) ) dsa, (2)

n

<C (Vh(T(2)),x — T(z))dM, (z) + Cn =26+
Mnp

= C/1<Vh(9*(t)),g*(t)n_(BH) sin(2mnt))dt + Cn~28+1), (36)
0

with ¢* defined in (34). We see that in order to determine a good potential h € H", it is
enough to determine the function H : [0, 1] — R? defined by

H(t) = Vh(g*(1)). (37)
When n is very large, M,, and M* behave locally like the images of
7' (t) = (¢,0) and g,,(t) = (t,n”“*V sin(2mnt)), (38)
as represented in Figure 2. Let us first study the local case where we are looking for an

optimal potential between M,, and M" defined as the images of g* and g,, in (38). Recall
from (36) that we want to maximize with respect to H € H7~'([0,1], R?) the quantity

1
/ CH (1), g* (tyn=P+D sin(2mnt))dt,
0
which in the local case (38) corresponds to
1
p=(B+1) / Hy(t) sin(2mnt)dt, (39)
0
for Hi(t) := (H(t), g*(t)).

To maximise (39), we are going to take Hj having the same sign as the function z —
sin(2mnx). Therefore we will take Hi(t) = 0 when sin(27nt) =0 (i.e. t € {0, o, ..., 221},

’ 2n) 2n
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. kF1/2
sin(~5~~)
Hkiilﬂ as t gets closer

and for ¢ € [£, BEL] H\(¢) will be increasing in the direction of - T
2n

k+1/2

to the middle point This is illustrated in Figure 2.

The idea behind thls construction is to be able to utilize that M,, is of regularity 8+ 1.
It implies that we can quantify the distance between two points of intersections of the
manifolds M,, and M* with respect to the distance between the manifolds. Indeed for two

critical points 5 w3 k; L we have
1
k+1 k1 "
B 1C e CaONY== =B gin (2t
o o O TTOT swp " [sin(2mmi)]
[Zn’ 2n ]
1
B+1
= ( sup ||z —T(z )H) , (40)
Jleen(k?)
with ©,(k) = {z € My| I\ € [0,1],T(z) = g"(A\£ + (1 — \)5EL)}. Therefore as H; is
increasing between critical points %, k;; L we will be able to relate the value H 1(k+1/ 2) t

B+1
the distance [ sup ||z —T'(x)|| .
€0, (k)

C.8.3 ExpLiCIT CONSTRUCTION OF AN OPTIMAL POTENTIAL IN THE CASE 1 > 1

We first address the case 1,y > 1, while the remaining cases follow directly by interpolation.
Let us build H; € 7-[;’_1 that maximizes (up to a multiplicative constant) the objective (39).
Let A € H"([0,1],[0,1]) such that for all k € {0,...,n — 1}, VFA(0) = V*X(1) = 0 and for
all z € [1/4,3/4], A(z) > 1/2. We define the optimal potential by

(~1)l20t) |2nt]

Hy(t) == WA(zn(zt -, ).

The cost (39) of H; can be lower bounded as follow.

1

g+ [ - g [ : 5[ ;
Hi(t)sin(27nt)dt = 2n Hy(t) sin(27wnt)dt > 2n Hi(t) sin(27nt)dt
0 0

and

3

-8B 8n . -8 % 1
2n H,(t) sin(27nt)dt > 2n 5o
1

— sin(27nt)dt > Clp= B+,
1 n

8n 8n

Let us now show that this potential is optimal (up to a multiplicative constant) by giving
an upper bound on (39). For f : R/Z — C, let (cs(k))rez denote its Fourier coefficients
and let

W = {f € A(R/Z,R)| Y les(R)PIRPTY < 1}
keZ
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be the unit ball of the L? Sobolev space of regularity n — 1. As H7~' < W" 12 we have
1 1
sup / f(t)sin(2mnt)dt < C  sup / f(t) sin(27nt)dt
feny 7o fewy~12J0

=C sup Z Cf(k)csin(%rn) (k)
fewi 2 ez,

=C sup —%q(n)%—%q«(—n)
fewn=1:2
< Cn*(nfl)'
Therefore,
1 1
n~ () sup / f(#)sin(2mnt)dt < Cn~ ) < Coyn~ (O / Hy(t) sin(2mnt)dt,
feH';]—l 0 0

so H; is indeed optimal.
Coming back to the non local case, for © : M* — R? such that ©(z) is the unitary
normal vector pointing outward the manifold M* at the point z, defining

h(z) = Hy o g o T(2)(0 0 T(z), x — T(x)),

we have h € Hg(M*"f(ﬁH),]R) so using Proposition 32 it can be extended into a map
belonging to H{,(R?, R). Furthermore, we have

1
/ (h(x) = W(T(2))) fu (€)dAp,, () = 0—1/0 (Hi(1)g*(8)), g" ()~ TFY sin(2mnt)) dt

> C—ln—(ﬁ-ﬁl),

and for all b’ € H](R? R) with hy,, _,, we have
g

/ W (@) fn (@)dA s, (@) < C / 1<Vh'(g*(t))7g*(t)n_(ﬁ“) sin(2mnt))dt + Cn =20+
0

n

1
<n~ B+ gup /f(t)sin(27mt)dt+Cn_z(ﬁﬂ)
fen?tJo

< on~ B+
<c /M B(&) fun (2)dA 0, ().
We conclude that h is an optimal potential for the non local case which gives
€t < [ ha)dyn(2) < Oy n, T,) < Ca [ hla)dan() < Can™ 750,
In particular, we obtain the sought-after inequality for all 1 <~y < n:
By e
gy (tin, T, ) 77 < (Cn*(m")) ' <O < Cadygy (ptns T,
Finally note that this example also allows to show that for v € (0,1) and n > 1 we have

Byt~

day (pin Tp,,) = O(n 1Ty = O(n=PH1) 550 = O(dyyn (s T 757). (41)
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C.8.4 FURTHER REMARKS ON THE EXAMPLE

We see that in the case n = f+ 1, the exponent 2%111 is an improvement over the exponent

1/2 given by Jensen’s inequality (35). In contrary to = +— ||z — T(z)||?, the potential h uses
the fact that M,, is of regularity 5 + 1. Instead of being equal to 0 on M*, Vh increases
between the intersections points of M* and M,, which corresponds to the irregularities of
the function = +— ||z — T'(x)||. As the distance between these points is proportional to the
distance between M* and M,, to the power ﬁ, we have that | Vh(T'(x))|| is proportional
to ||z — T(CL‘)H% = ||z — T(x)H% for n = 8+ 1. This explains the improvement over the
potential = + ||z — T'(z)||? as the norm of its gradient is proportional to ||z — T'(z)]|.

The construction of h is similar to the one used in the proof of Lemma 10. In both cases
we take

h(z) = (F(z),z = T(x)),

with F' a regularization of the map = — m belonging to 7—[" and such that
IV F(z)| < ||z — T(x)|| =17, The difference lies in the regularization of the map
T ﬁ where here we did a geometrical construction which is already quite complex
even in the simple setting of this example. We believe that Lemma 10 could be proven
using a construction of this type but it might be very complicated to describe it in the
general case. In the proof of Lemma 10, we simply regularize the function z — %ﬁig“ by
lowering the size of its wavelet coefficients. This trick allows us to obtain a good potential of
regularity 7 — 1 without really knowing its shape. In particular, this outlines the efficiency
of the wavelet tool which allows to easily modify the regularity of functions while controlling
their potential action.

C.9 Existence of the Minimizer (11)

Proposition 38 The minimizer

fu € argmind, a2 (i, ;).
neF

is well defined.

Proof As each p € F is supported in B,(0, K'), we may have that 7 C P(B,(0, K)), the
space of Borel probability measures on the compact metric space B,(0, K). As P(B,(0, K))
is compact for the weak topology (Prokhorov’s theorem), any sequence in F is tight and
admits weakly convergent subsequences in P(B,(0,K)). We then need to show that F is
closed in P(By(0, K)), so that it is itself compact.

Let (pg)k>1 C F with py — p weakly in P(B,(0, K)). Write that each puy is supported
on some (41, K)-manifold Mj, and has a (3, K)-density fx bounded below by K1 (Defi-
nition 2). For each k, applying Proposition 4 to the pair (M, i) we obtain that there exist
some maps @; € Hgﬂ(Rd, R?) and weights (; € H'gH(Rd, R) with supp(¢; ) C Bq(0,7),
such that for every bounded continuous h : RP — R,

[ = Z o L () Gt axo).
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By Arzela—Ascoli, after extracting subsequences (by diagonal argument over i), we may
assume @;  — @; and ¢, — ¢; uniformly together with all derivatives controlled by the
Hélder norms; the Jacobian lower bound passes to the limit, so each ¢; is a C#*-immersion
with a uniform metric lower bound. Setting

M = i(Ba(0,7)) C By(0,K),  and / hap= & / o)) Gi(1r) AN (u),
i=1 '

=1

we get that p is supported on a d-dimensional (841, K)-manifold M and admits a (8, K)-
density bounded below by K.

Now for z € M, we can take a sequence of points x; € My with 2, — 2 and as Mjy
satisfies the (8 + 1, K)-manifold condition, we have that the inverse of the projection into
the tangent plane at xj satisfies

()it € Ho () (Un)i)s (Un)i).

Passing to the limit, we obtain that M satisfies the (54 1, K )-manifold condition and doing

the same for densities we obtain that u satisfies the (8, K)-density condition and therefore

belongs to F. By continuity of the distance de/z, we finally obtain that p is a minimizer
1

over F of the function v +— d, a/> (v, 1y). [ |
1
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