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Abstract

In this paper, we study policy evaluation in continuous-time reinforcement learning (RL),
where the state follows an unknown stochastic differential equation (SDE) but only discrete-
time data are available. We first highlight that the discrete-time Bellman equation (BE)
is not always a reliable approximation to the true value function because it ignores the
underlying continuous-time structure. We then introduce a new Bellman equation, PhiBE,
which integrates the discrete-time information into a continuous-time PDE formulation. By
leveraging the smooth structure of the underlying dynamics, PhiBE provides a provably
more accurate approximation to the true value function, especially in scenarios where the
underlying dynamics change slowly or the reward oscillates. Moreover, we extend PhiBE
to higher orders, providing increasingly accurate approximations.

We further develop a model-free algorithm for PhiBE under linear function approxima-
tion and establish its convergence under model misspecification, together with finite-sample
guarantees. Directly applying classical discrete-time LSTD bounds to the continuous-time
RL setting yields a model-misspecification bound with an O(∆t−1/2) stability factor and
a sample-complexity bound of order O(∆t−2). By exploiting the smooth structure of
the underlying dynamics, our analysis instead gives a model-misspecification bound with
a stability factor independent of ∆t and a sample-complexity bound of order O(∆t−1).
Moreover, we identify a fundamental trade-off between discretization error and sample er-
ror that is intrinsic to continuous-time policy evaluation: finer time discretization reduces
bias but amplifies variance, so excessively frequent sampling does not necessarily improve
performance. This is an insight that does not arise in classical discrete-time RL analyses.
Numerical experiments are provided to validate the theoretical guarantees we propose.

Keywords: continuous-time reinforcement learning, continuous-time policy evaluation,
optimal control with unknown dynamics, model-free reinforcement learning, higher-order
approximation

1. Introduction

Reinforcement learning (RL) has achieved remarkable success in digital environments, with
applications such as AlphaGo (Silver et al., 2016), strategic gameplay (Mnih et al., 2015),
and fine-tuning large language models (Ziegler et al., 2019). In these applications, the
system state changes only after an action is taken. In contrast, in many systems in the
physical world, the state evolves continuously in time, regardless of whether actions are
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taken in continuous or discrete time. Although these systems are fundamentally continuous
in nature, the available data are typically collected at discrete time points. In addition,
the time difference between data points can be irregular, sparse, and outside our control.
Examples arise in the following applications:

• Health care: for instance, in diabetes treatment, a patient’s glucose level changes
continuously, but measurements are recorded only when tests are performed (Guo
et al., 2023; Amos et al., 2018; Romero et al., 2024; Emerson et al., 2023; Cobelli
et al., 2009; Battelino et al., 2019);

• Robotic control (Karimi et al., 2023; Kober et al., 2013; Siciliano and Villani, 1999) and
autonomous driving (Sciarretta et al., 2004): the environment evolves continuously,
but sensor data are collected at discrete intervals;

• Financial markets (Merton, 1975; Moody and Saffell, 2001; Wang and Zhou, 2020;
Whittle, 1981): asset prices move continuously, but trades and quotes occur at discrete
times;

• Plasma fusion reactors (Degrave et al., 2022): the plasma evolves in continuous time,
while all experimental data are recorded as discrete-time samples via sensors.

This paper directs its focus toward addressing continuous-time RL problems (Wang
et al., 2020; Doya, 2000; Basei et al., 2022; Jia and Zhou, 2022b, 2023) where the underlying
dynamics follow unknown stochastic differential equations (SDEs) but only discrete-time
observations are available. Since one can divide the RL problem into policy evaluation
(PE) and policy update (Sutton et al., 1999; Konda and Tsitsiklis, 1999; Tallec et al., 2019;
Jia and Zhou, 2022b), we first concentrate on the continuous-time PE problem in this paper.

Currently, there are two main approaches to addressing this challenge. One approach is
to learn the continuous-time dynamics from discrete-time data and formulate the problem as
a policy-evaluation problem with known dynamics (Kamalapurkar et al., 2016; Della Santina
et al., 2023; Lee and Sutton, 2021; Vamvoudakis and Lewis, 2010). The key advantage of
this approach is that it preserves the continuous-time nature of the problem, enhancing the
stability and interpretability of the resulting algorithms. However, identifying continuous-
time dynamics from discrete-time data is often challenging and, in general, ill-posed: there
are infinitely many continuous-time dynamics that can yield the same discrete-time transi-
tions. Consequently, a misspecified continuous-time model may introduce significant errors,
which can propagate to the learned optimal policy and lead to suboptimal decision-making.

Another common approach to addressing the continuous-time PE problem involves dis-
cretizing time and treating it as a Markov reward process. This method yields an approxi-
mate value function satisfying a (discrete-time) Bellman equation (BE), thereby allowing RL
algorithms such as temporal difference (TD) (Sutton and Barto, 2018), gradient TD (Pre-
cup et al., 2001), and least-squares TD (Bradtke and Barto, 1996) to be used to solve the
BE. This approach is appealing for several reasons. First, it relies only on the discrete-time
transition dynamics, thereby avoiding the non-identifiability issues inherent in the first ap-
proach. Second, many RL algorithms are model-free, eliminating the need to explicitly learn
the transition dynamics, making these plug-and-play algorithms convenient to implement in
practice. Despite these advantages, it has been observed empirically that the RL algorithms
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can be sensitive to time discretization (Tallec et al., 2019; Munos, 2006; Park et al., 2021;
Baird, 1994). As illustrated in Figure 1, such algorithms often yield poor approximations
(see Section 5.1 for the details of Figure 1). Crucially, this failure is not due to stochasticity
or insufficient data; rather, it stems from a more fundamental issue: the (discrete-time)
Bellman equation is not a faithful approximation of the underlying continuous-time prob-
lem. We show in the paper that the solution to the Bellman equation is sensitive to time
discretization, the rate of change of the rewards, and the discount coefficient, as shown in
Figure 1. Fundamentally, the (discrete-time) Bellman equation is designed for discrete-time
decision-making processes, where only the discrete-time transition dynamics are utilized. In
contrast, the continuous-time dynamics considered in this paper are governed by an SDE,
a structure that the (discrete-time) Bellman equation does not capture. To faithfully ap-
proximate the true continuous-time value function, it is therefore necessary to move beyond
the standard MDP and (discrete-time) Bellman-equation frameworks.

The central question we aim to address in this paper is: if the dynamics are known
to follow a standard SDE but only discrete-time data are available, can we design algo-
rithms that exploit this structure to decisively outperform generic RL methods for policy
evaluation?

First, we view the continuous-time PE problem in terms of the solution to a PDE. Then,
we tackle the overall goal in two steps. The first step is to approximate the PDE operator
with the discrete-time transition dynamics, and the second step is to solve the resulting
equation in a model-free way. In the first step, we propose a PDE-based Bellman equation,
called PhiBE, which integrates discrete-time information into a continuous PDE. PhiBE
combines the advantages of both existing frameworks while mitigating their limitations.
First, PhiBE is a PDE that preserves the continuous-time differential equation structure
throughout the learning process. At the same time, PhiBE relies only on discrete-time
transition distributions, which is similar to the BE, making it directly compatible with
discrete-time data and enabling model-free algorithm design. Moreover, our framework
overcomes key drawbacks of existing methods. Unlike the continuous-time PDE approach,
which requires estimating the continuous-time dynamics and may suffer from identifiability
issues, PhiBE depends solely on discrete-time transitions and does not require explicit
dynamic modeling. Compared with the BE, PhiBE yields a more accurate approximation
of the exact solution as it utilizes the underlying differential equation structure. In addition,
PhiBE is more robust than BE to rapidly changing reward functions, which allows greater
flexibility in designing reward functions to effectively achieve RL objectives. Moreover,
higher-order PhiBE achieves comparable error to BE with sparser data collection, enhancing
the efficiency of RL algorithms. As illustrated in Figure 1, when provided with the same
discrete-time information, the exact solution derived from PhiBE is closer to the true value
function than the BE solution.

In the second step, we introduce a model-free algorithm for approximating the solution
to PhiBE when only discrete-time data are accessible. This algorithm can be viewed as
a continuous-time counterpart of least-squares temporal difference (LSTD) (Bradtke and
Barto, 1996) by replacing the (discrete-time) Bellman equation with the PhiBE equation.
Since PhiBE enjoys a smaller discretization error than the Bellman equation, the resulting
algorithm achieves significantly improved approximation accuracy for free with a slight
modification of the standard RL algorithm. As depicted in Figure 1, with exactly the
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(a) ∆t = 5, β = 0.1, V (s) =
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(c) ∆t = 0.1, β = 10, V (s) =
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Figure 1: Here the data are collected every ∆t units of time, β is the discount coefficient,
and V (s) is the true value function. In our setting, a larger discount coefficient indicates
that future rewards are discounted more. LSTD (Bradtke and Barto, 1996) is a popular
RL algorithm for linear function approximation. The PhiBE is proposed in Section 3 and
the algorithm is proposed in Section 4.

same data and the same computational cost, the proposed algorithm outperforms the RL
algorithms drastically. PhiBE can also be solved in a model-based way by first estimating
the discrete-time transition dynamics. This differs from model-based continuous-time RL,
as discussed in Section 1.1.2 and Remark 10.

The error analysis for continuous-time reinforcement learning differs fundamentally from
that of classical discrete-time RL. For continuous-time PE under function approximation,
the total error can be decomposed into three components, as illustrated in Figure 2. The
first component is the discretization error, which arises from the mismatch between the
underlying continuous-time dynamics and the discrete-time observations used for learning.
The second component is the algorithmic error, which may be caused by model misspec-
ification or by finite iterations when iterative solvers are employed. In this work, we use
an offline solver, and therefore the algorithmic error refers to a pure model misspecification
error. The third component is the finite-sample error, which results from having only a
finite number of observations. We denote by V n,Φ

∆t the value function approximation ob-
tained from n samples collected at intervals of ∆t using linear basis functions Φ(s). As
n → ∞, the estimator converges to V Φ

∆t, which still differs from the true value function V
due to discretization error and the limited expressiveness of the basis functions. As the
approximation space is enriched, i.e., as the number of basis functions p → ∞, V Φ

∆t further
converges to V∆t, the solution of the discretized Bellman equation in the MDP framework or
of PhiBE, the new equation proposed in this paper. Finally, as the data collection frequency
∆t → 0, V∆t converges to the true continuous-time value function V . Most of the existing
reinforcement learning literature focuses on analyzing the finite-sample and algorithmic er-
rors, namely the gap between V n

∆t and V∆t (Munos and Szepesvári, 2008; Yang and Wang,
2019; Jin et al., 2020; Cai et al., 2020; Zhang et al., 2021). In contrast, comparatively little
work has addressed the discretization error arising from the time discretization itself.
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Figure 2: Error decomposition for continuous-time RL

In this paper, we analyze all three error components within the proposed PhiBE frame-
work and its associated algorithm. In addition, we explicitly characterize the discretization
error incurred by the MDP formulation, namely the gap between the (discrete-time) Bellman
equation and the true continuous-time value function. In other words, the discretization er-
ror associated with the (discrete-time) Bellman equation represents the best approximation
achievable by the standard policy-evaluation algorithms derived from the (discrete-time)
Bellman equation, including temporal difference learning (Sutton, 1988), least-squares tem-
poral difference methods (Bradtke and Barto, 1996), and gradient-based temporal difference
methods (Sutton et al., 2009).

Our analysis leads to two notable observations. First, in terms of discretization error,
PhiBE can provide a more accurate approximation than the MDP framework when the
reward function exhibits high oscillation and the system dynamics evolve smoothly. This
regime is common in practice because reward functions are often designed to vary sharply in
order to distinguish rewards from penalties, while physical systems typically evolve smoothly
over time. These properties suggest that the MDP framework may be suboptimal for certain
continuous-time control problems, a limitation that has also been observed empirically
(De Asis and Sutton, 2024). Second, for continuous-time PE, we identify an inherent
trade-off with respect to the time discretization ∆t. More frequent data collection reduces
discretization bias but increases statistical variance, requiring more samples to achieve the
same accuracy. To the best of our knowledge, the only prior work reporting a similar
trade-off is (Zhang et al., 2023), which provides analytical results only for linear-quadratic
policy evaluation without function approximation. In contrast, our results apply to general
controlled diffusion processes and incorporate function approximation.

Contributions

• We show that the classical Bellman equation, which does not exploit the underlying
continuous-time structure, is a first-order approximation to the continuous-time PE
problem, whose error deteriorates when the reward oscillates. To address this limi-
tation, we develop the PhiBE framework that explicitly utilizes the structure of the
underlying dynamics, yielding provably smaller approximation error than the Bellman
equation when rewards oscillate or dynamics evolve slowly. Furthermore, we derive
higher-order extensions to further enhance the approximation accuracy.

• We propose a Galerkin method to approximate the solution to PhiBE under linear
function approximation when the discrete-time transition dynamics are given, and es-
tablish its convergence under model misspecification. Directly applying the classical
LSTD bound to the continuous-time setting yields a model-misspecification bound
with an O(∆t−1/2) stability factor. By exploiting the smooth structure of the under-
lying dynamics, our analysis instead yields an approximation bound with a stability
factor independent of ∆t.
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• We propose a model-free algorithm to approximate the Galerkin solution to PhiBE
when only data are available, and provide a sample-complexity bound guaranteeing an
ϵ-accurate approximation. Under consistent continuous-time scaling, directly applying
the classical LSTD bound gives sample complexity of order O(ϵ−2β−4∆t−2). By
contrast, our bound is O(ϵ−2β−4∆t−1), improving the dependence on the sampling
interval from ∆t−2 to ∆t−1.

• Combining all the errors, we identify an inherent trade-off with respect to the time
discretization ∆t in continuous-time PE. More frequent data collection reduces dis-
cretization bias but increases statistical variance, requiring more samples to achieve
the same accuracy. To the best of our knowledge, such an explicit trade-off, together
with a nonasymptotic characterization of its dependence on ∆t, n, and β, has not
been systematically analyzed in prior work.

• The PhiBE formulation integrates discrete-time information with a continuous-time
PDE. By leveraging the continuous-time structure, it achieves smaller discretization
error than classical RL. Moreover, due to its structural similarity to the discrete-time
Bellman equation, existing RL algorithms can be seamlessly adapted to the PhiBE
framework, achieving improved approximation accuracy essentially for free.

1.1 Related Work

1.1.1 Continuous-Time RL

There are primarily two approaches to addressing continuous-time RL from the continuous-
time stochastic optimal control perspective. One involves employing machine learning
techniques to learn the dynamics from discrete-time data and subsequently transforming
the problem into a model-based continuous-time RL problem (Kamalapurkar et al., 2016;
Della Santina et al., 2023; Lee and Sutton, 2021; Vamvoudakis and Lewis, 2010). However,
the underlying continuous dynamics are often unidentifiable when only discrete-time data
are available. Another approach involves developing an algorithm for the continuous-time
optimal control problem and then adapting it to discrete-time data (Basei et al., 2022; Jia
and Zhou, 2022a,b). Typically, numerical summation in discrete time is used to approxi-
mate continuous integrals (e.g., Algorithm 2 of Basei et al. (2022) or Equation (19) of Jia
and Zhou (2022a)). While these methods offer valuable theoretical insights, two issues re-
main underexplored. First, most analyses guarantee convergence to the true value function
when continuous-time data are available, but do not explicitly account for discretization
error arising when only discrete samples are available. Second, although these works as-
sume dynamics governed by a standard SDE, the resulting algorithms are not tailored to
this structure and remain broadly applicable to other dynamics. By contrast, the central
question of this paper is: when the dynamics follow a standard SDE but only discrete data
are available, can we exploit this structure to build algorithms that outperform generic RL
methods? To the best of our knowledge, this is the first work to address this question
systematically and establish corresponding theoretical guarantees.

The proposed method fundamentally differs from the existing literature in three key as-
pects. First, unlike model-based approaches, which end up solving a PDE with continuous-
time information, we integrate discrete-time information into the PDE formulation. Second,
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unlike alternative methodologies that view the problem as a Markov reward process and
neglect the smoothness of the underlying dynamics, our method results in a PDE that
incorporates gradients of the value function, which ensures that the solution closely ap-
proximates the true value function under smooth dynamics. Third, in contrast to most
continuous-time RL algorithms that require long trajectory data, our formulation depends
only on the current and next states. Consequently, algorithms derived from it require access
only to transition pairs rather than full trajectories, making the approach more flexible and
broadly applicable to diverse data sources.

To sum up, our work complements this line of research by bridging the gap between
continuous-time algorithms and discrete-time data. We treat the discrete-time data before
the algorithm design. The PhiBE formulation offers a systematic way to approximate
the continuous-time problem from discrete-time data. First, from a theoretical standpoint,
because our learning algorithms retain the continuous-time PDE form, existing convergence
analyses developed in the PDE literature (Guo et al., 2025; Kerimkulov et al., 2020; Tang
et al., 2025, 2022) can be directly applied or adapted to analyze the proposed methods.
Second, from a numerical perspective, PhiBE and the (discrete-time) Bellman equation are
structurally similar and both depend only on the current and next states. Therefore, most
existing RL algorithms developed for solving Bellman equations can be directly applied to
PhiBE.

1.1.2 Statistical Estimation of Diffusion Dynamics from Discrete
Observations

One model-based approach is to estimate the continuous-time drift and diffusion coef-
ficients directly from discrete observations. Representative methods include kernel esti-
mation (Florens-Zmirou, 1993), parametric contrast estimation (Kessler, 1997), penalized
projection estimation (Comte et al., 2007; Schmisser, 2013), maximum likelihood (Peder-
sen, 1995; Aı̈t-Sahalia, 2002), and operator- or neural-network-based methods (Hansen and
Scheinkman, 1995; Gobet et al., 2004; Oga and Koike, 2024). Most studies either fix the
sampling interval ∆t when deriving rates in n or give asymptotic results as ∆t → 0. Non-
asymptotic risk bounds depending explicitly on both n and ∆t are available for joint drift
and diffusion estimation in the one-dimensional stationary ergodic setting (Comte et al.,
2007) and for drift estimation in multidimensional stationary or mixing settings (Schmisser,
2013; Oga and Koike, 2024).

A second model-based approach is to estimate the discrete-time transition dynamics di-
rectly. Representative nonparametric results include adaptive transition-density estimation
for homogeneous Markov chains (Lacour, 2007; Sart, 2014), transition-operator estimation
motivated by multidimensional diffusions observed at low frequency (Löffler and Picard,
2021), and diffusion transition-density estimation at a fixed lag (Comte and Marie, 2025).
These results treat the Markov kernel or transition lag as fixed and therefore do not char-
acterize the joint dependence of estimation error on n and a shrinking ∆t. An estimated
transition model can be inserted into either the Bellman equation or the conditional mo-
ments defining PhiBE, but propagating transition-estimation error to the final solution
requires a separate analysis. Classical simulation-lemma arguments provide such propa-
gation bounds for discrete-time Bellman equations (Kearns and Singh, 2002). Remark 10
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explains the corresponding plug-in construction for PhiBE, whose end-to-end error analysis
is left for future work.

The statistical analysis in this paper instead concerns the proposed model-free route. It
estimates the value function from data without first fitting a model of either the continuous-
time dynamics or the discrete-time transitions. The finite-sample guarantees established
here apply only to this route. They explicitly characterize how the data-to-solution error
depends jointly on n and ∆t. Together with our discretization and function-approximation
bounds, they control the error of the final policy-evaluation approximation.

1.1.3 Numerical Schemes for the HJB Equation

Although the formulation of the PhiBE closely resembles the PDE associated with the
continuous-time PE problem, our method is fundamentally different from traditional nu-
merical schemes for solving PDEs in three key aspects. First, classical schemes require full
knowledge of the system dynamics, whereas our model-free algorithm does not. Second,
numerical schemes approximate trajectories based on known dynamics, while our approach
leverages exact trajectory data to approximate the underlying dynamics. Consequently, the
corresponding error analysis framework also differs. Third, the objectives of error analysis
are distinct. Numerical schemes typically focus on the convergence order of the discretiza-
tion, whereas one of the aims in this paper is to compare the first-order PhiBE formulation
with the discrete-time MDP formulation. Since both are first-order formulations, our analy-
sis emphasizes the leading constant, which ultimately determines the practical performance
of continuous-time PE. (See more discussion after Remark 6.)

1.1.4 Model-Free Algorithms for RL

Due to the structural similarity between PhiBE and the (discrete-time) Bellman equation,
our model-free algorithm for solving PhiBE is closely related to model-free algorithms for
the BE, particularly the LSTD method (Bradtke and Barto, 1996). Conceptually, the
proposed solver serves as the continuous-time analogue of LSTD by replacing the (discrete-
time) Bellman equation with the PhiBE equation. Both approaches are model-free, employ
linear function approximation, and can be derived via a Galerkin projection followed by
a stochastic approximation procedure. This connection highlights an important feature of
the PhiBE framework: most existing RL algorithms developed for the BE can be readily
adapted to the PhiBE setting with minimal modification. Moreover, because the PhiBE for-
mulation incurs a smaller discretization error than the BE, it achieves higher approximation
accuracy given sufficient data (see Remark 18 for detailed discussion). From a theoretical
perspective, directly applying the classical LSTD bound of Lazaric et al. (2012) to the
continuous-time setting yields a model-misspecification bound with an O(∆t−1/2) stability
factor. By exploiting the ellipticity of the infinitesimal generator, our analysis instead yields
a stability factor independent of ∆t. Under consistent continuous-time scaling, the classical
bound gives sample complexity of order O(∆t−2), whereas our bound is O(∆t−1). These
comparisons concern the dependence of the bounds on ∆t and do not imply that the LSTD
estimator itself diverges (see the discussions following Theorems 16 and 19).
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Organization The setting of the problem is specified in Section 2. Section 3 introduces
the PDE-based Bellman equation, PhiBE, and establishes the discretization error of PhiBE
and the (discrete-time) BE. In Section 4, a model-free algorithm for solving PhiBE is pro-
posed, and the algorithmic and finite-sample errors are derived. Numerical experiments are
conducted in Section 5.

Notation For a function f(s) ∈ R, ∥f∥L∞ = sups f(s); ∥f∥ρ =
√∫

f(s)2ρ(s)ds. For

a vector function f(s) ∈ Rd, ∇f(s) ∈ Rd×d with (∇f(s))ij = ∂sifj ; ∥f∥22 =
∑d

i=1 f
2
i

represents the Euclidean norm; ∥f∥L∞ =
√∑d

i=1 ∥fi(s)∥
2
L∞ , and similarly for ∥f∥ρ. For a

matrix function f(s) ∈ Rd×d, ∇ · f =
∑d

l=1 ∂slfi,l.

2. Setting

Consider the following continuous-time policy-evaluation (PE) problem, where the value
function V (s) ∈ R, defined as follows, is the expected discounted cumulative reward starting
from s:

V (s) = E
[∫ ∞

0
e−βtr(st)dt|s0 = s

]
. (1)

Here β > 0 is a discount coefficient, r(s) ∈ R is a reward function, and the state st ∈ S = Rd
is driven by the stochastic differential equation (SDE)

dst = µ(st)dt+ σ(st)dBt, (2)

with unknown drift function µ(s) ∈ Rd and unknown diffusion function σ(s) ∈ Rd×d. In
this paper, we assume that µ(s) and σ(s) are Lipschitz continuous and that the reward
function ∥r∥L∞ is bounded. This ensures that (2) has a unique strong solution (Oksendal,
2013) and that the infinite-horizon integral is bounded.

Remark 1 Continuous-time reinforcement learning (Wang et al., 2020) can be formulated
as follows:

max
at=π(st)

V π(s) = E
[∫ ∞

0
e−βtr(st, at)dt|s0 = s

]
s.t. dst = µ(st, at) + σ(st, at)dBt, at = π(st).

where the goal is to find the optimal policy π(s) that maximizes the value function under
unknown drift and diffusion. In this paper, we focus on the unregularized optimal control
problem and therefore restrict attention to deterministic feedback policies at = π(st). For
stochastic policies (see, e.g., (Jia and Zhou, 2022a; Wang et al., 2020)), additional chal-
lenges may arise (see, e.g., (Jia et al., 2025; Szpruch et al., 2024)), which we leave for
future study.

The policy evaluation problem is a fundamental step in reinforcement learning algo-
rithms, such as actor-critic and PPO (Konda and Tsitsiklis, 1999; Schulman et al., 2017).
Its goal is to assess the quality of a fixed policy π by evaluating the value function under that
policy. The continuous-time PE problem (1)–(2) considered in this paper arises by denoting
rπ(s) = r(s, π(s)), µπ(s) = µ(s, π(s)), σπ(s) = σ(s, π(s)). For simplicity, we omit the
subscript π throughout, as the policy is fixed in the entire paper.
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We aim to approximate the continuous-time value function V (s) when only discrete-time
information is available. To be more specific, we consider the following two cases:

Case 1. The transition distribution ρ(s′,∆t|s) over the discrete time interval ∆t, driven by the
continuous dynamics (2), is given. Here ρ(s′,∆t|s) represents the probability density
function of s∆t given s0 = s.

Case 2. Trajectory data generated by the continuous dynamics (2) and collected at discrete
times j∆t are given. Here the trajectory data s = {sl0, sl∆t, · · · , slm∆t}Il=1 contain I
independent trajectories, and the initial state sl0 of each trajectory is sampled from a
distribution ρ0(s).

The error analysis in Section 3 is conducted under Case 1. We demonstrate that the
(discrete-time) Bellman equation is not always the optimal equation for solving continuous-
time PE problems, even when the discrete-time transition dynamics are known, and con-
sequently, that the RL algorithms derived from it are not optimal either. To address this,
we introduce a physics-informed Bellman equation (PhiBE) and establish that its exact
solution provides a superior approximation to the true value function compared with the
classical Bellman equation. When only trajectory data are available (Case 2), one can also
use the data to solve PhiBE through model-free RL, as discussed in Section 4.

3. A PDE-Based Bellman Equation (PhiBE)

In Section 3.1, we first introduce the (discrete-time) Bellman equation, followed by an error
analysis to demonstrate why it is not always a good approximation. Then, in Section 3.2,
we propose the PhiBE, a PDE-based Bellman equation, considering both the deterministic
case (Section 3.2.1) and the stochastic case (Section 3.2.2). The error analysis provides
guidance on when PhiBE is a better approximation than the BE.

3.1 (Discrete-Time) Bellman Equation

By approximating the definition of the value function (1) in discrete time, one obtains the
approximate value function

Ṽ (s) = E

 ∞∑
j=0

e−β∆tjr(sj∆t)∆t|s0 = s

 . (3)

In this way, it can be viewed as a policy-evaluation problem in a Markov decision process,
where the state is s ∈ S, the reward is r(s)∆t, the discount factor is e−β∆t, and the transition
kernel is ρ(s′,∆t|s). Therefore, the approximate value function Ṽ (s) satisfies the following
(discrete-time) Bellman equation (Sutton and Barto, 2018). In this paper, we will simply
refer to it as the Bellman equation (abbreviated as BE).

Definition 2 (Definition of BE)

Ṽ (s) = r(s)∆t+ e−β∆tEs∆t∼ρ(s′,∆t|s)[Ṽ (s∆t)|s0 = s]. (4)
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When the discrete-time transition distribution is not given, one can utilize various RL
algorithms to solve the Bellman equation (4) using the trajectory data. Note that some
continuous-time RL papers approximate the value function by V (s) ≈

∑T
i=0 e

−βi∆tr(si∆t),
which in fact is also approximating the solution of the Bellman equation, owing to the
equivalence between (4) and (3). However, if the exact solution to the Bellman equation is
not a good approximation to the true value function, then all the RL algorithms derived
from it will not effectively approximate the true value function. In the theorem below, we
provide an upper bound for the distance between the solution Ṽ to the above BE and the
true value function V defined in (1).

Theorem 3 (Discretization error for BE) Assume that ∥r∥L∞ and ∥Lµ,Σr∥L∞ are bounded.

Then the solution Ṽ (s) to the BE (4) approximates the true value function V (s) defined in
(1) with an error

∥∥∥V (s)− Ṽ (s)
∥∥∥
L∞

≤
1
2(∥Lµ,Σr∥L∞ + β ∥r∥L∞)

β
∆t+ o(∆t),

where

Lµ,Σ = µ(s) · ∇+
1

2
Σ : ∇2, (5)

with Σ = σσ⊤, and Σ : ∇2 =
∑

i,j Σij∂si∂sj .

Remark 4 (Assumptions on ∥Lµ,Σr∥L∞) One sufficient condition for the assumption
to hold is that ∥µ(s)∥L∞, ∥Σ(s)∥L∞ ,

∥∥∇kr(s)
∥∥
L∞ for k = 0, 1, 2 are all bounded. However,

∥Lµ,Σr∥L∞ is less restrictive than the above and allows, for example, linear dynamics µ(s) =
λs,Σ = 0, with the derivative of the reward decreasing faster than a linear function at
infinity, ∥s · ∇r(s)∥L∞ ≤ C.

The proof of the theorem is given in Section 6.1. In fact, by expressing the true value
function V (s) as the sum of two integrals, one can see more clearly where the error in the
BE comes from. Note that V (s), as defined in (1), can be equivalently written as

V (s) =E
[∫ ∆t

0
e−βtr(s)dt+

∫ ∞

∆t
e−βtr(st)dt|s0 = s

]
=E

[∫ ∆t

0
e−βtr(s)dt|s0 = s

]
+ e−β∆tE [V (st+∆t)|s0 = s]

(6)

One can interpret the Bellman equation defined in (4) as an equation resulting from approx-

imating E
[

1
∆t

∫ ∆t
0 e−βtr(st)dt|s0 = s

]
in (6) by r(s). The error between these two terms

can be bounded by:∣∣∣∣E [( 1

∆t

∫ ∆t

0
e−βtr(st)dt

)
− r(s0)

∣∣∣∣ s0 = s

]∣∣∣∣ ≤ 1

2

(
β ∥r∥L∞ + ∥Lµ,Σr∥L∞

)
∆t+ o(∆t), (7)

characterizes the error of
∥∥∥V − Ṽ

∥∥∥
L∞

in Theorem 3.
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Theorem 3 indicates that the solution Ṽ to the Bellman equation (4) approximates the
true value function with a first-order error of O(∆t). Moreover, the coefficient before ∆t
suggests that for the same time discretization ∆t, when β is small, the error is dominated
by the term ∥Lµ,Σr(s)∥L∞ , indicating that the error increases when the reward changes
rapidly. Conversely, when β is large, the error is mainly affected by ∥r∥L∞ , implying that
the error increases when the magnitude of the reward is large.

Fundamentally, the Bellman equation is designed for discrete-time decision-making pro-
cesses and depends only on the discrete-time transition kernel ρ(s′,∆t|s). This kernel may
arise from any underlying mechanism. As a result, the Bellman equation does not utilize
or encode any assumption about how ρ(s′,∆t | s) is generated. In particular, it does not
exploit the assumption made in this paper that the discrete-time dynamics are induced by
a continuous-time SDE. To incorporate this continuous-time structure into the approxima-
tion, one must go beyond the standard MDP framework. The question that the rest of
this section seeks to address is whether, given the same discrete-time information, i.e., the
transition distribution ρ(s′,∆t|s), time discretization ∆t, and discount coefficient β, one
can combine the differential equation structure with the discrete-time transition dynamics
and estimate the value function more accurately.

3.2 A PDE-Based Bellman Equation

In this section, we introduce a PDE-based Bellman equation, referred to as PhiBE. We
begin by discussing the case of deterministic dynamics in Section 3.2.1 to illustrate the idea
clearly. Subsequently, we extend our discussion to the stochastic case in Section 3.2.2.

3.2.1 Deterministic Dynamics

When σ(s) ≡ 0 in (2), the dynamics become deterministic and can be described by the
following ODE:

dst
dt

= µ(st). (8)

If the discrete-time transition dynamics p(s′,∆t|s) = p∆t(s) are given, where p∆t(s) provides
the state at time t+∆t when the state at time t is s, then the BE for deterministic dynamics
reads as follows:

1

∆t
Ṽ (s) = r(s) +

e−β∆t

∆t
Ṽ (p∆t(s)).

The key idea of the new equation is that, instead of approximating the value function
directly, one approximates the dynamics. First note that the value function defined in (1)
can be equivalently written as the solution to the following PDE,

βV (s) = r(s) + µ(s) · ∇V (s). (9)

The above equation is known as the Hamilton–Jacobi–Bellman (HJB) equation, often re-
ferred to as the continuous-time Bellman equation. In this paper, we will consistently refer
to it as the HJB equation. A detailed derivation can be found in Appendix A or in classical
control textbooks such as Fleming and Rishel (1975). Applying a finite-difference scheme,
one can approximate µ(st) by

µ(st) =
d

dt
st ≈

1

∆t
(st+∆t − st) =

1

∆t
(p∆t(st)− st),

12
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and substituting it back into (9) yields

βV̂ (st) = r(st) +
1

∆t
(st+∆t − st) · ∇V̂ (st).

Alternatively, this equation can be expressed in the form of a PDE as follows:

βV̂ (s) = r(s) +
1

∆t
(p∆t(s)− s) · ∇V̂ (s), (10)

Note that the error now arises from∣∣∣∣µ(st)− st+∆t − st
∆t

∣∣∣∣ ≤ 1

2
∥µ · ∇µ∥L∞ ∆t,

which only depends on the dynamics. As long as the dynamics change slowly, i.e., the

acceleration of dynamics
∥∥∥ d2dt2 st∥∥∥L∞

= ∥µ · ∇µ∥L∞ is small, the error diminishes.

We refer to (10) as PhiBE for deterministic dynamics, an abbreviation for the physics-
informed Bellman equation, because it incorporates both the current state and the state
after ∆t, similar to the Bellman equation, while also resembling the form of the PDE (9)
derived from the true continuous-time physical environment. However, unlike the Bellman
equation, which is blind to the underlying SDE structure, PhiBE explicitly exploits this
structure by involving the gradient of the value function, thereby embedding the smoothness
induced by the continuous-time dynamics. At the same time, unlike the true PDE (9), which
requires direct access to the continuous-time dynamics and is therefore non-identifiable from
discrete-time information, PhiBE depends only on the discrete-time transition kernel. This
makes PhiBE amenable to model-free algorithm design while still leveraging continuous-
time structure.

One can derive a higher-order PhiBE by employing a higher-order finite-difference
scheme to approximate µ(st). For instance, the second-order finite-difference scheme

µ(st) ≈ µ̂2(st) :=
1

∆t

[
−1

2
(st+2∆t − st) + 2(st+∆t − st)

]
,

results in the second-order PhiBE

βV̂2(s) = r(s) +
1

∆t

[
−1

2
(p∆t(p∆t(s))− s) + 2(p∆t(s)− s)

]
· ∇V̂2(s).

In this approximation, ∥µ(s)− µ̂2(s)∥L∞ has a second-order error O(∆t2). We summarize
the ith-order PhiBE for deterministic dynamics in the following definition.

Definition 5 (i-th order PhiBE in deterministic dynamics) When the underlying dy-
namics are deterministic, the ith-order PhiBE is defined as follows:

βV̂i(s) = r(s) + µ̂i(s) · ∇V̂i(s), (11)

where

µ̂i(s) =
1

∆t

i∑
j=1

a
(i)
j

p∆t ◦ · · · ◦ p∆t︸ ︷︷ ︸
j

(s)− s

 , (12)

13
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and

(a
(i)
0 , · · · , a(i)i )⊤ = A−1

i bi, with (Ai)kj = jk, (bi)k =

{
0, k ̸= 1

1, k = 1
for 0 ≤ j, k ≤ i. (13)

Remark 6 Note that µ̂i(s) can be equivalently written as

µ̂i(s) =
1

∆t

i∑
j=1

a
(i)
j [sj∆t − s0|s0 = s].

There is an equivalent definition of a(i), given by

i∑
j=0

a
(i)
j jk =

{
0, k ̸= 1,

1, k = 1,
for 0 ≤ j, k ≤ i. (14)

Discussion on the relation to numerical schemes for the HJB equation. The
PhiBE formulation is fundamentally different from classical numerical schemes for the HJB
equation in three key aspects.

First of all, the goals of the two approaches are different. Classical numerical schemes
aim to approximate the solution of the PDE Lµ,σV (s) = 0, where the operator Lµ,σ is
explicitly given. In contrast, our goal is not only to approximate the solution to the PDE
but also to do so without full knowledge of the PDE operator. We tackle the overall goal
in two steps. The first step is to approximate the PDE operator Lµ,σ, and the second step
is to solve the resulting equation. The PhiBE formulation (11) is constructed to address
the first task, namely approximating the unknown operator Lµ,σV (s) = 0 by Lµ̂,σ̂V (s) = 0
using only partial information in the form of the discrete-time transition kernel ρ(s′,∆t | s),
with no direct access to µ(s) or σ(s). Consequently, the “discretization error” analyzed in
this section refers to the error incurred from observing ρ(s′,∆t | s) at ∆t > 0 rather than
the infinitesimal kernel lim∆t→0 ρ(s

′,∆t | s). It does not refer to the numerical error of
solving the PDE.

Second, the discretization formulations differ. Classical schemes discretize the state
space over a uniform mesh h, e.g., V ′(s) ≈ 1

h(V (s+h)−V (s)), while such uniform meshing
cannot be directly applied in RL because trajectory data are irregularly distributed. Con-
sequently, numerical error in classical schemes arises from spatial discretization, whereas
in PhiBE it originates from time discretization through the approximation of µ̂ and Σ̂.
Moreover, although the definition of µ̂(s) superficially resembles a finite-difference expres-
sion, its meaning is fundamentally different. In classical methods, one starts from known
dynamics µ(s) and uses numerical schemes to approximate the trajectory sj∆t. As a result,
numerical error propagates and accumulates over time. In contrast, PhiBE takes the op-
posite approach: the trajectories sj∆t are observed from data and used to approximate the
underlying dynamics µ(s). This inversion of roles leads to a distinct analytical treatment of
convergence and convergence rates for V̂i(s) that does not accumulate over time, in sharp
contrast to classical numerical discretization errors.

Finally, the error analysis frameworks and emphasis are distinct. Classical analyses es-
tablish convergence by verifying that the discrete operator is monotone, stable, and consis-
tent, then applying comparison principles and perturbation arguments to derive convergence
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rates. In contrast, our analysis first quantifies the discrepancy between the data-driven dy-
namics (µ̂, Σ̂) and the true dynamics (µ,Σ), a component never addressed in traditional
numerical analyses, and then propagates this discrepancy to the value function via PDE
stability. Furthermore, while classical numerical analyses focus on the order of accuracy in
the mesh size h and typically omit constants, our comparison with discrete-time RL requires
explicit characterization of these constants, as both standard RL and PhiBE are first-order
approximations. The leading constant, which depends on the reward and dynamics, ulti-
mately determines the practical performance of continuous-time RL algorithms.

In summary, PhiBE differs fundamentally from classical numerical schemes for HJB
equations. Nevertheless, because the continuous-time RL problem is connected to a PDE
through the PhiBE formulation, one could, in principle, estimate ρ∆ from data, compute
(µ̂, Σ̂) explicitly, and then apply standard numerical schemes to solve the resulting PhiBE
equation. The classical convergence results would then apply to this model-based approach.
However, this paper will focus on developing a model-free algorithm for solving the PhiBE
equation directly from data without explicitly estimating µ̂ or Σ̂.

The error analysis of PhiBE for deterministic dynamics is presented in the following
theorem.

Theorem 7 (Discretization error for deterministic PhiBE) Assume that ∥∇r(s)∥L∞

and
∥∥Liµµ(s)∥∥L∞ are bounded. Additionally, assume that ∥∇µ(s)∥L∞ < β. Then the solu-

tion V̂i(s) to the PhiBE (11) is an ith-order approximation to the true value function V (s)
defined in (1) with an error∥∥∥V̂i(s)− V (s)

∥∥∥
L∞

≤ 2Ci
∥∇r∥L∞

∥∥Liµµ∥∥L∞

(β − ∥∇µ∥L∞)2
∆ti,

where
Lµ = µ · ∇, (15)

and Ci is a constant defined in (50) that only depends on the order i.

See Section 6.2 for the proof of Theorem 7. Several remarks regarding this theorem are in
order.

1st-order PhiBE vs. BE By Theorem 7, the distance between the first-order PhiBE
solution and the true value function can be bounded by∥∥∥V̂1 − V

∥∥∥
L∞

≤
2 ∥∇r∥L∞ ∥µ · ∇µ∥L∞

(β − ∥∇µ∥L∞)2
∆t.

Comparing it with the difference between the BE solution and the true value function in
deterministic dynamics, ∥∥∥Ṽ − V

∥∥∥
L∞

≤
∥µ∇r∥L∞ + β ∥r∥L∞

2β
∆t,

one observes that when the change of the reward is rapid, i.e., ∥∇r∥L∞ is large, but the

change in velocity is slow, i.e.,
∥∥∥ d2dt2 st∥∥∥L∞

= ∥µ · ∇µ∥L∞ is small, even though both V̂1 and

Ṽ are first-order approximations to the true value function, V̂1 has a smaller upper bound.
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Higher-order PhiBE The advantage of the higher-order PhiBE is two-fold. Firstly,
it provides a higher-order approximation, enhancing accuracy compared to the first-order
PhiBE or BE. Secondly, as demonstrated in Theorem 7, the approximation error of the i-th
order PhiBE decreases as

∥∥Liµµ∥∥L∞ decreases. If the “acceleration,” i.e., d2

dt2
st = Lµµ, of

the dynamics is large but the change in acceleration, i.e., d3

dt3
st = L2

µµ, is slow, then the
error reduction with the second-order PhiBE will be even more pronounced in addition to
the higher-order error effect.

Dependence on β When β is large, PhiBE always has a smaller discretization error than
BE. However, when β is small, the BE error scales as O(β−1), whereas the PhiBE error
scales as O(β−2). Thus, when β is small, the gap in discretization error between the two
methods naturally narrows. However, as shown later in Section 4, the finite-sample error of
the model-free algorithms for both BE and PhiBE scales as O(β−2). As a result, in data-
driven settings, the potential advantage of BE for small β is dominated by the finite-sample
error, which scales as O(β−2). In contrast, PhiBE retains an advantage in regimes with
slowly varying dynamics and rapidly changing reward functions.

In addition, in standard RL settings, the discount factor is γ = e−β∆t ∈ [0.9, 0.99], so
the resulting range of β depends on the sampling frequency. When the data are collected
at ∆t = 0.01, we expect β = O(1), i.e., β ∈ [1, 10]. For data collected at ∆t = 0.1, one
obtains a smaller β ∈ [0.1, 1]. In the experiments in Section 5, we therefore evaluate both
methods across a broad range β ∈ [0.1, 10].

When does PhiBE outperform BE? In summary, PhiBE outperforms BE in terms
of discretization error whenever one of the following conditions is present: (i) the dynam-
ics evolve slowly; (ii) the reward function varies sharply; or (iii) the discount rate is not
extremely small. In summary, these features arise frequently in continuous-time RL appli-
cations. First, slow dynamics are common in physical and biomedical systems, where state
variables evolve gradually and smoothly. For instance, in glucose–insulin regulation, blood
glucose levels follow physiological ODE models with inherently slow drift dynamics. Second,
the reward function often needs to sharply penalize excursions outside a healthy range, so
that the optimal policy strongly encourages keeping the patient within a safe region. This
leads to a highly varying reward landscape, i.e., a large ∥∇sr(s)∥. Third, discount coeffi-
cients used in practice are rarely associated with extremely small continuous-time rates. In
OpenAI Gym environments with ∆t ∼ 10−2, the typical choice γ ∈ [0.9, 0.99] corresponds
to β ∈ [1, 10]. In clinical settings with larger sampling intervals, objectives often focus on
maintaining stability over short or moderate horizons, so the effective discount rate is sim-
ilarly not small. Taken together, the three features are common in real-world applications,
making the settings where PhiBE outperforms BE not exceptional but the typical regime
for continuous-time reinforcement learning.

Assumptions on
∥∥Liµµ(s)∥∥L∞ Note that the boundedness assumption of

∥∥Liµµ(s)∥∥L∞

is required in general to establish that µ̂i(s) is an i-th order approximation to µ(s). A
sufficient condition ensuring that

∥∥Liµµ(s)∥∥L∞ is bounded is that
∥∥∇kµ(s)

∥∥
L∞ is bounded

for all 0 ≤ k ≤ i. Note that the linear dynamics µ(s) = As do not satisfy this condition.
We lose some sharpness in the upper bound to make the theorem applicable to general
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dynamics. However, we prove in Theorem 8 that PhiBE works when µ(s) = As, and one
can derive a sharper error estimate for this case.

Theorem 8 When the underlying dynamics follow d
dtst = Ast, where st ∈ Rd and A ∈

Rd×d, the solution to the i-th order PhiBE in deterministic dynamics approximates the true
value function with an error∥∥∥V̂i − V

∥∥∥
L∞

≤ Ci
β2

∥s · ∇r(s)∥L∞ ∥A∥2D
i
A∆ti, DA = e∥A∥2∆t ∥A∥2

where Ci is a constant defined in (50) that only depends on the order i.

The proof of the above theorem is provided in Section 6.3. According to Theorem 8,
even when the dynamics st = eAts0 evolve exponentially fast due to positive real parts in
the eigenvalues of A, the PhiBE solution remains a good approximation to the true value
function provided that DA∆t is small. In particular, when DA∆t < 1, higher-order PhiBE
achieves a smaller approximation error than the first-order PhiBE.

3.2.2 Stochastic Dynamics

When σ(s) ̸≡ 0 is a non-degenerate matrix, the dynamics are stochastic and driven by
the SDE in (2). By the Feynman–Kac theorem (Stroock and Varadhan, 1997), the value
function V (s) satisfies the following HJB equation:

βV (s) = r(s) + Lµ,ΣV (s), (16)

where Lµ,Σ is an operator defined in (5). However, one cannot directly solve the PDE
(16) as µ(s), σ(s) are unknown. In the case where one only has access to the discrete-time
transition distribution ρ(s′,∆t|s), we propose an i-th order PhiBE for stochastic dynamics
to approximate the true value function V (s).

Definition 9 (i-th order PhiBE in stochastic dynamics) When the underlying dynam-
ics are stochastic, the ith-order PhiBE is defined as follows:

βV̂i(s) = r(s) + Lµ̂i,Σ̂i
V̂i(s), (17)

where

µ̂i(s) =
1

∆t

i∑
j=1

Esj∆t∼ρ(·,j∆t|s)

[
a
(i)
j (sj∆t − s0)|s0 = s

]

Σ̂i(s) =
1

∆t

i∑
j=1

Esj∆t∼ρ(·,j∆t|s)

[
a
(i)
j (sj∆t − s0)(sj∆t − s0)

⊤|s0 = s
] (18)

where Lµ̂i,Σ̂i
is defined in (5), and a(i) = (a

(i)
0 , · · · , a(i)i )⊤ is defined in (13).

Remark 10 (Model-based and model-free implementations of PhiBE) Suppose that
trajectory data are used to estimate the transition densities ρ̂j∆t(s

′ | s), j = 1, . . . , i. Re-

placing ρ(·, j∆t | s) in (18) with ρ̂j∆t(· | s) yields estimates (µ̂ρi , Σ̂
ρ
i ). Substituting these
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estimated coefficients into (17) gives a model-based PhiBE that can be solved by a PDE
or Galerkin method. The estimated one-step transition operator can likewise be inserted
directly into the Bellman equation.

These plug-in operations introduce a second error stage after transition estimation. For
example, writing δρj(s

′ | s) = ρ̂j∆t(s
′ | s)− ρ(s′, j∆t | s), the induced drift error satisfies

µ̂ρi (s)− µ̂i(s) =
1

∆t

i∑
j=1

a
(i)
j

∫
S
(s′ − s)δρj(s

′ | s) ds′.

The corresponding expression for the error in Σ̂ρi is analogous. Thus, transition-density
error must first be converted into weighted moment error, with the factor 1/∆t, and the
resulting coefficient perturbation must then be propagated through the PhiBE. The transition-
estimation results cited in Section 1.1.2 do not provide the corresponding transition-to-final-
solution bound for PhiBE. Such a bound requires norms strong enough to control the weighted
moments above, their spatial regularity, and the stability of the perturbed PDE. We therefore
leave a complete end-to-end analysis of this model-based PhiBE procedure for future work.
Section 4.2 instead studies our model-free implementation, which bypasses a global estimate
of ρ∆t and directly estimates the Galerkin system; the finite-sample theory in Section 4.3
applies only to that proposed estimator.

Remark 11 There is another i-th order approximation for Σ(s),

Σ̃i(s) =
1

∆t

i∑
j=0

a
(i)
j

(
E[s⊤j∆tsj∆t|s0 = s]− E[sj∆t|s0 = s]⊤E[sj∆t|s0 = s]

)
.

However, the unbiased estimate for Σ̃(s)

Σ̃i(s0) ≈
1

∆t

i∑
j=1

a
(i)
j

(
s⊤j∆tsj∆t − s′j∆tsj∆t

)
requires two independent samples sj∆t, s

′
j∆t starting from s0, which are usually unavail-

able in the RL setting. This is known as the “double-sampling” problem. One could
apply a similar idea in (Zhu and Ying, 2020; Zhu et al., 2022) to alleviate the double-
sampling problem when the underlying dynamics are smooth, that is, by approximating
s′j∆t ≈ s(j−1)∆t + (s(j+1)∆t − sj∆t). However, this would introduce additional bias into

the approximation. We leave the study of this approximation Σ̃i(s) or the application of
BFF to Σ̃i(s) for future research.

The first- and second-order approximations are presented as follows. The first-order
approximation reads

µ̂1(s) =
1

∆t
E [(s∆t − s0)|s0 = s] , Σ̂1(s) =

1

∆t
E
[
(s∆t − s0)(s∆t − s0)

⊤|s0 = s
]
;

and the second-order approximation reads

µ̂2(s) =
1

∆t
E
[
2(s∆t − s0)−

1

2
(s2∆t − s0)|s0 = s

]
,

Σ̂2(s) =
1

∆t
E
[
2(s∆t − s0)(s∆t − s0)

⊤ − 1

2
(s2∆t − s0)(s2∆t − s0)

⊤|s0 = s

]
.
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Next, we show that the solution V̂i(s) to the ith-order PhiBE provides an ith-order
approximation to the true value function V (s) under the following assumptions.

Assumption 1 Assumptions on the dynamics:

(a) λmin(Σ(s)) > λmin > 0 for all s ∈ S, where λmin(A) is the smallest eigenvalue of A.

(b)
∥∥∇kµ(s)

∥∥
L∞ ,

∥∥∇kΣ(s)
∥∥
L∞ are bounded for 0 ≤ k ≤ 2i.

The first assumption ensures the coercivity of the operator Lµ,Σ, which is necessary to
establish the regularity of V (s). The second assumption is employed to demonstrate that
µ̂i and Σ̂i are ith-order approximations to µ and Σ, respectively.

To establish the error analysis, we define a weighted L2 inner product and norm under
a probability density ρ(s) by

⟨f, g⟩ρ =
∫

f(s)g(s)ρ(s)ds, ∥f∥2ρ =
∫

f2(s)ρ(s)ds. (19)

In addition, the density ρ satisfies

Lρ = ∥∇ log ρ∥ρ is bounded. (20)

One may take ρ(s) to be the stationary distribution (when it exists), namely a density
satisfying ∫

Lµ,Σϕ(s)ρ(s)ds = 0. for all ϕ(s) ∈ C∞
c . (21)

If a stationary distribution does not exist, one may select a density ρ such that∥∥∥∥−µ+
1

2
∇ · Σ+

1

2
Σ∇ log ρ

∥∥∥∥2
L∞(Ω)

≤ 1

2
βλmin, (22)

where Ω = {s : ρ(s) ̸= 0}. If Ω ̸= Rd, then all assumptions and results hold on Ω, rather
than on the entire space Rd.

Remark 12 Several remarks regarding the weight ρ(s) are in order. First, classical results
(e.g., (Huang et al., 2015)) imply that when the drift and diffusion satisfy a suitable dissipa-
tion condition, a stationary distribution exists. Furthermore, once a stationary distribution
exists, Theorem 1.1 of (Bogachev et al., 1996) yields the bound Lρ ≤ 1

λmin
∥µ+∇·Σ∥L∞ .

Second, if no stationary distribution exists, one can still choose a density ρ such that
(22) holds. For example, in one of our numerical experiments (36), the system admits no
stationary solution when λ > 0. In this case, one may take

ρ(s) =


1

2c
, s ∈ [−c, c],

0, s /∈ [−c, c],
|c| ≤ βσ2

2λ
,

which ensures (22). The trade-off is that under this choice of weighted norm, one can
guarantee convergence of the approximation error only on the domain Ω = {s : ρ(s) ̸= 0},
rather than on the entire space Rd. At the same time, Assumption 1 on the drift and
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diffusion is also relaxed: instead of requiring it to hold globally, it only needs to be satisfied
on the domain Ω.

Third, if one chooses to work with the Lebesgue measure on Ω ⊂ Rd, then, in addition
to Assumption 1 on the drift and diffusion terms, we require∥∥∥∥−µ+

1

2
∇ · Σ

∥∥∥∥2
L∞(Ω)

≤ 1

2
βλmin.

This ensures that the requirement (22) remains valid when the density ρ is taken to be the
(unnormalized) Lebesgue measure.

The error analysis for BE in the weighted L2 norm is presented in the following theorem.

Theorem 13 (Discretization error for BE in weighted L2 norm) Assume that ∥r∥ρ
and ∥Lµ,Σr∥ρ are bounded. Then the solution Ṽ (s) to the BE (4) approximates the true
value function V (s) defined in (1) with an error

∥∥∥V (s)− Ṽ (s)
∥∥∥
ρ
≤

2(∥Lµ,Σr∥ρ + β ∥r∥ρ)
β

∆t+ o(∆t).

The proof of Theorem 13 is given in Section 6.4. Next, the error analysis for PhiBE in
stochastic dynamics is presented in the following theorem.

Theorem 14 (Discretization error for stochastic PhiBE) Under Assumption 1 and
∆ti ≤ Dµ,Σ,β, the solution V̂i(s) to the ith-order PhiBE (17) is an ith-order approximation
to the true value function V (s) defined in (1) with an error

∥∥∥V (s)− V̂i(s)
∥∥∥
ρ
≤

(
Cr,µ,Σ
β2

+
Ĉr,µ,Σ

β3/2

)
∆ti,

where Dµ,Σ,β, Cr,µ,Σ, and Ĉµ,Σ,β are constants defined in (56) and (57) that depend on µ,
Σ, and r.

The proof of Theorem 14 is given in Section 6.5.

Remark 15 (PhiBE vs. BE) Here we discuss two cases. The first case is when the
diffusion is known, that is, Σ̂i = Σ. In this case, the distance between the PhiBE and the
true value function can be bounded by

∥∥∥V̂i − V
∥∥∥
ρ
≲

1

β2

∥∥Liµ,Σµ∥∥L∞

∥∇Σ∥L∞

λmin
+

√
∥∇µ∥L∞

λmin

 ∥r∥ρ + ∥∇r∥ρ

∆ti.

Similar to the deterministic case, the error of the ith-order PhiBE is proportional to the
rate of change of the dynamics E[ di+1

dti+1 st] = Liµ,Σµ. See the discussion under Theorem 7 for
the benefits of the first- and higher-order PhiBE under different dynamics.
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The second case is when both the drift and diffusion are unknown. Then the distance
between the first-order PhiBE and the true value function can be bounded by∥∥∥V̂1 − V

∥∥∥
ρ

≲
∆t

β2

[(
Lµ + L∇·Σ +

LΣ

λmin
∥µ+∇ · Σ∥L∞

)(√
C∇
λmin

∥r∥ρ,L∞ + ∥∇r∥ρ,L∞

)]

+
∆t

β3/2

1√
λmin

LΣ

(√
C∇
λmin

∥r∥ρ + ∥∇r∥ρ

)
,

where

Lµ ≲ ∥Lµ∥ , LΣ ≲
∥∥∥µµ⊤ +Σ∇µ+ LΣ

∥∥∥
L∞

+ ∥µ∥L∞ ,

L∇·Σ ≲

√
C∇
λmin

∥∥∥µµ⊤ +Σ∇µ+ LΣ
∥∥∥
L∞

+
∥∥∥∇ ·

(
µµ⊤ +Σ∇µ+ LΣ

)∥∥∥
L∞

+

√
C∇
λmin

∥µ∥L∞

+ ∥∇µ∥L∞ ,√
C∇
λmin

≲
∥∇µ∥L∞

2λ
+

√
∥∇Σ∥L∞

λmin
, ∥r∥ρ,L∞ = ∥r∥ρ + ∥r∥L∞ .

Here the operator L represents Lµ,Σ. This indicates that when λmin is large or ∇µ,∇Σ

are small, the difference between V̂1 and V is smaller. Compared with the BE upper bound
∥Lr∥ρ + β ∥r∥ρ, which is more sensitive to large β and variations in the reward function,
the PhiBE upper bound is less sensitive to these factors. When the change in the dynamics
is slow, or the noise is large, even the first-order PhiBE solution is a better approximation
to the true value function than the BE.

4. Model-Free Algorithm for PhiBE

In this section, we assume that one only has access to the discrete-time trajectory data
{sl0, sl∆t, · · · slm∆t}Il=1. We first revisit the Galerkin method for solving PDEs with known
dynamics in Section 4.1, and we provide the error analysis of the Galerkin method for
PhiBE. Subsequently, we introduce a model-free Galerkin method in Section 4.2. Finally,
we conclude this section with an end-to-end error analysis for the model-free algorithm in
Section 4.3.

4.1 Galerkin Method

Given p basis functions {ϕi(s)}pi=1, the objective is to find an approximation V̄ (s) = Φ(s)⊤θ
to the solution V (s) of the PDE,

βV (s)− Lµ,ΣV (s) = r(s),

where θ ∈ Rp,Φ(s) = (ϕ1(s), · · · , ϕp(s))⊤, and Lµ,Σ is defined in (5). The Galerkin method
involves inserting the ansatz V̄ into the PDE and then projecting it onto the finite basis,〈

βV̄ (s)− Lµ,ΣV̄ (s),Φ(s)
〉
ρ
= ⟨r(s),Φ(s)⟩ρ ,
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where the same measure ρ defined in (19) is used here. This results in a linear system for
θ:

Aθ = b, A = ⟨βΦ(s)− Lµ,ΣΦ(s),Φ(s)⟩ρ , b = ⟨r(s),Φ(s)⟩ρ .

When the dynamics µ(s),Σ(s) are known, one can explicitly compute the matrix A and the
vector b, and find the parameter θ = A−1b accordingly.

In continuous-time PE problems, one does not have access to the underlying dynamics
µ,Σ. However, the approximate dynamics µ̂i, Σ̂i are given through PhiBE. Therefore, if one
has access to the discrete-time transition distribution, then the parameter θ = Â−1

i b can be

obtained by approximating A with Âi:

Âi =
〈
βΦ(s)− Lµ̂i,Σ̂i

Φ(s),Φ(s)
〉
ρ
, (23)

where µ̂i, Σ̂i are defined in (18). We give the error estimate of the Galerkin method for
PhiBE in the following theorem.

Theorem 16 (Galerkin Error) The Galerkin solution V̂ G
i (s) = θ⊤Φ(s) satisfies〈

(β − Lµ̂i,Σ̂i
)V̂ G
i (s),Φ

〉
ρ
= ⟨r(s),Φ(s)⟩ρ . (24)

For sufficiently small ∆t satisfying ∆ti ≤ min {ηµ,Σ,β, Dµ,Σ,β}, the Galerkin solution V̂ G
i (s)

approximates the solution to the i-th order PhiBE defined in (17) with an error∥∥∥V̂ G
i (s)− V̂i(s)

∥∥∥
ρ
≤ CG

β
inf

V P=θ⊤Φ

∥∥∥V̂i − V P
∥∥∥
H1

ρ

.

Here, ηµ,Σ,β, CG, and Dµ,Σ,β are constants depending on µ, Σ, β, L∞
ρ , and L∞

Φ , defined in
(60), (61), and (56), respectively, and ∥f∥H1

ρ
= ∥f∥ρ + ∥∇f∥ρ.

The proof of the theorem is given in Section 6.6.
Several remarks are in order. First, the above theorem establishes an approximation-

error bound under model misspecification, that is, the error arising when the true value
function cannot be exactly represented within the chosen linear bases Φ(s). More specifi-
cally, the bound in Theorem 16 can be interpreted as the limiting error of the data-driven
algorithms (Algorithms 1 and 2) when infinite data are available.

Second, the Galerkin solver (24) is a continuous-time counterpart of LSTD (Bradtke
and Barto, 1996): LSTD projects the discrete-time Bellman equation onto a linear function
space, whereas our method projects the PhiBE equation. This connection motivates com-
paring the Galerkin error of Theorem 16 with the approximation error obtained by applying
an LSTD bound to the same setting. The discrete-time value function Ṽ is defined in (3),
and its Galerkin approximation Ṽ G(s) = θ⊤∆tΦ(s) satisfies the BE (4) in the following weak
form: 〈

Ṽ G(s)− e−β∆tE
[
Ṽ G(s∆t) | s0 = s

]
,Φ(s)

〉
ρ
= ⟨r(s)∆t,Φ(s)⟩ρ .

The population LSTD approximation term in Theorem 1 of Lazaric et al. (2012) gives

∥Ṽ − Ṽ G∥ρ ≤
1√

1− e−2β∆t
inf

V P=θ⊤Φ
∥Ṽ − V P ∥ρ ≲

1√
β∆t

inf
V P=θ⊤Φ

∥Ṽ − V P ∥ρ. (25)
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For a fixed feature space with a nonvanishing best approximation error, the right-hand
side of (25) diverges as ∆t → 0. This does not imply that the population Galerkin error
∥Ṽ − Ṽ G∥ρ itself diverges. Rather, it shows that directly applying the classical discrete-
time RL bound to the continuous-time setting yields no uniform error guarantee as the data
interval ∆t vanishes.

In contrast, the PhiBE Galerkin bound in Theorem 16 is independent of ∆t. Although
this comparison does not establish that the PhiBE Galerkin error is always smaller than
the population Galerkin error of LSTD, it demonstrates that our error analysis is sharper in
its dependence on ∆t when the transition kernel is induced by an SDE. This improvement
arises because our analysis exploits the coercivity and elliptic structure of the infinitesimal
generator, whereas the general contraction-based LSTD bound does not use this structure.
The resulting ∆t-uniform stability guarantee is the key novelty of Theorem 16.

The role of regularity in sharpening RL error bounds also appears in other settings.
For example, Maran et al. (2023) use Lipschitz and Hölder regularity to analyze policy-
performance mismatch in continuous-action behavioral cloning. Their result, however, does
not address LSTD or policy-evaluation Galerkin error. Whether the regularity of SDE-
induced transitions can also yield a ∆t-uniform Galerkin bound for the discrete-time BE
remains an interesting direction for future work.

Remark 17 The Galerkin error remains bounded even when ∥∇ log ρ∥L∞ is unbounded.
However, since the sample-complexity analysis in this paper assumes boundedness of ∥∇ log ρ∥L∞,
we move the Galerkin error theorem under unbounded ∥∇ log ρ∥L∞ assumption to Sec-
tion 6.6 to maintain internal consistency. The corresponding result is stated in Theorem 27.

4.2 Model-Free Galerkin Method for PhiBE

When only discrete-time trajectory data are available, we first develop unbiased estimates
µ̄i, Σ̄i of µ̂i, Σ̂i from the trajectory data:

µ̄i(s
l
j∆t) =

1

∆t

i∑
k=1

a
(i)
k (sl(j+k)∆t − slj∆t),

Σ̄i(s
l
j∆t) =

1

∆t

i∑
k=1

a
(i)
k (sl(j+k)∆t − slj∆t)(s

l
(j+k)∆t − slj∆t)

⊤,

(26)

with a(i) defined in (13). Then, using the above unbiased estimates, one can approximate
the matrix Â and the vector b by

Āi =
I∑
l=1

m−i∑
j=0

Φ(slj∆t)
[
βΦ(slj∆t)− Lµ̄i(slj∆t),Σ̄i(slj∆t)

Φ(slj∆t)
]⊤

,

b̄i =

I∑
l=1

m−i∑
j=0

r(slj∆t)Φ(s
l
j∆t).

By solving the linear system Āiθ = b̄i, one obtains the approximate value function V̄ (s) =
Φ(s)⊤θ in terms of the finite basis. Note that our algorithm can also be applied to stochastic
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or even unknown rewards, as only reward observations at discrete times are required. We
summarize the model-free Galerkin method for deterministic and stochastic dynamics in
Algorithm 1 and Algorithm 2, respectively.

Algorithm 1 Model-free Galerkin method for i-th order PhiBE in deterministic dynamics

Given: discrete time step ∆t, discount coefficient β, discrete-time trajectory data
{(slj∆t

, rlj∆t
)mj=0}Il=1 generated from the underlying dynamics, and a finite basis set Φ(s) =

(ϕ1(s), · · · , ϕp(s))⊤.
1: Calculate Āi:

Āi =
I∑
l=1

m−i∑
j=0

Φ(slj∆t)
[
βΦ(slj∆t)− µ̄i(s

l
j∆t) · ∇Φ(slj∆t)

]⊤
,

where µ̄i(s
l
j∆t) is defined in (26).

2: Calculate b̄i:

b̄i =
I∑
l=1

m−i∑
j=0

rlj∆tΦ(s
l
j∆t).

3: Calculate θ:
θ = Ā−1

i b̄i.

4: Output V̄ (s) = θ⊤Φ(s).

Algorithm 2 Model-free Galerkin method for i-th order PhiBE in stochastic dynamics

Given: discrete time step ∆t, discount coefficient β, discrete-time trajectory data
{(slj∆t

, rlj∆t
)mj=0}Il=1 generated from the underlying dynamics, and a finite basis set Φ(s) =

(ϕ1(s), · · · , ϕp(s))⊤.
1: Calculate Āi:

Āi =
I∑
l=1

m−i∑
j=0

Φ(slj∆t)

[
βΦ(slj∆t)− µ̄i(s

l
j∆t) · ∇Φ(slj∆t)−

1

2
Σ̄i(s

l
j∆t) : ∇2Φ(slj∆t)

]⊤
,

where µ̄i(s
l
j∆t), Σ̄i(s

l
j∆t) are defined in (26).

2: Calculate b̄i:

b̄i =
I∑
l=1

m−i∑
j=0

rlj∆tΦ(s
l
j∆t).

3: Calculate θ:
θ = Ā−1

i b̄i.

4: Output V̄ (s) = θ⊤Φ(s).

Remark 18 (Comparison to the LSTD Algorithm) Algorithms 1 and 2 serve as continuous-
time counterparts of LSTD (Bradtke and Barto, 1996) by replacing the discrete-time Bell-
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man equation with the PhiBE equation. Both our algorithms and LSTD are model-free
and employ linear basis functions. In addition, both methods can be derived by applying the
Galerkin method, followed by a stochastic approximation of the resulting system (Szepesvári,
2011).

This connection, however, highlights a key advantage of our formulation. Owing to the
structural similarity between PhiBE (11), (17) and the discrete-time Bellman equation, both
depend only on the current and next states. Thus, most existing RL algorithms developed
for solving Bellman equations can be directly applied to PhiBE. Moreover, as shown in Sec-
tion 3, our method enjoys a smaller discretization error, allowing one to achieve significantly
improved approximation accuracy for free with a slight modification of the RL algorithm.

4.3 Sample Complexity of the Model-Free Algorithm for First-Order PhiBE

We now establish the sample complexity of the model-free algorithm for solving the first-
order PhiBE. A sample complexity analysis for higher-order PhiBE is deferred to future
work. We assume that the data consist of n independent short trajectories {si, s′i}ni=1.
Each trajectory provides a single transition pair: an initial state si ∼ ρ(s) and its one-step
successor s′i ∼ ρ(s′,∆t | si). Here the initial density ρ(s) is the weight we defined in (19),
and the discrete-time transition ρ(s′,∆t | s) is driven by the underlying SDE (2). The
model-free algorithm approximates the value function by V̂n(s) = Φ(s)⊤θn, where θn ∈ Rp
is obtained by solving the empirical linear system

Anθn = bn, An =
1

n

n∑
i=1

Φ(si)
[
βΦ(si)− Lµ̄i1,Σ̄i

1
Φ(si)

]⊤
, bn =

1

n

n∑
i=1

r(si)Φ(si), (27)

where

µ̄i1 =
1

∆t
(s′i − si), Σ̄i1 =

1

∆t
(s′i − si)(s

′
i − si)

⊤.

This estimator targets the Galerkin solution V̂ G
1 (s) = Φ(s)⊤θ of the first-order PhiBE

defined in (24) when the discrete-time transition dynamics are known. Here θ solves

Aθ = b, A =

∫
Φ(s)

[
βΦ(s)− Lµ̂1,Σ̂1

Φ(s)
]⊤

ρ(s)ds, b =

∫
r(s)Φ(s)ρ(s)ds. (28)

The theorem below establishes both consistency and finite-sample guarantees.

Theorem 19 (Sample Complexity) Assume that
∥∥∇kΦ

∥∥ ≤ LΦ ρ-a.s. for k = 0, 1, 2
and that the Gram matrix for the basis functions satisfies

GΦ =

∫
Φ(s)Φ(s)⊤ρ(s) ds ⪰ λΦI. (29)

Suppose further that ∆t ≤ ηµ,Σ,β (the same ηµ,Σ,β as in Theorem 16). Then, for any
sufficiently small ϵ > 0, if

n ≳
log(2p/δ)R2L8

Φσ
2
max

β4ϵ2∆tλ4
Φ

,

where R = ∥r∥L∞ and σmax = ∥σ∥L∞, then, with probability at least 1− δ, we have

∥V̂n − V̂ G
1 ∥L∞ ≤ ε.
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Equivalently, if n ≳
L4
Φ log(2p/δ)σ2

maxλ
−2
Φ

β2∆t
, then, with probability 1− δ,∥∥∥Vn − V̂ G

1

∥∥∥
L∞

≤
(
L4
ΦRσmaxλ

−2
Φ

√
log(2p/δ)

) 1

β2
√
n∆t

.

The proof of the above theorem is given in Section 6.7. Several remarks are in order.
The model-free Galerkin estimator analyzed in Theorem 19 is a continuous-time counterpart
of LSTD, as discussed in Remark 18. This connection motivates a comparison of their finite-
sample estimation errors. To express the estimation term in Theorem 1 of Lazaric et al.
(2012) under the same continuous-time scaling, let γ∆t = e−β∆t and ∥r∆t∥∞ = O(R∆t).
Then Vmax = ∥r∆t∥∞/(1−γ∆t) = O(R/β), and their term O((1−γ∆t)

−1Vmaxn
−1/2) becomes

O(Rβ−2∆t−1n−1/2). The corresponding sample-complexity bound is therefore of order
O(ϵ−2β−4∆t−2). This bound need not be sharp when the transition kernel is induced by
an SDE; rather, it shows that a direct application of the general LSTD sample complexity
analysis to the continuous-time setting yields a ∆t−2 dependence.

By comparison, Theorem 19 gives a sample-complexity bound of order O(ϵ−2β−4∆t−1),
improving the dependence on the data interval from ∆t−2 to ∆t−1. Although this com-
parison does not establish that our estimator always has a smaller finite-sample error than
LSTD, it demonstrates that our analysis is sharper in its dependence on ∆t when the tran-
sition kernel is induced by an SDE. This improved dependence on the data interval is the
key finite-sample contribution of Theorem 19.

Corollary 20 (Overall Error Bound) Under the same assumptions as in Theorem 19,
with probability at least 1− δ,

∥Vn − V (s)∥ρ ≲
Cr,µ,Σ
β2

∆t+
CG
β

inf
V P=θ⊤Φ

∥∥∥V̂i − V P
∥∥∥
H1

ρ,∞
+

Cr,Σ,Φ

β2
√
n∆t

,

where Cr,Σ,Φ = L4
ΦRσmaxλ

−2
Φ

√
log(2p/δ), and Cr,µ,Σ, CG are the same constants as in The-

orems 14 and 16.

Several remarks are in order. The total error consists of three components: a discretiza-
tion error, a model approximation error, and a finite-sample error. Among these terms,
only the model error is independent of the time step ∆t. The discretization and sample
errors exhibit opposite dependencies on the data-collection frequency ∆t, i.e.,

∥V̂n − V ∥ = O

(
∆t

β2
+

1

β2
√
n∆t

)
.

This bound highlights a fundamental trade-off inherent in continuous-time PE. Decreasing
∆t reduces the discretization bias but increases the variance of the estimator, thereby
requiring a larger sample size to maintain the same level of accuracy. As a result, excessively
frequent sampling does not necessarily improve overall performance.

This phenomenon is not specific to the PhiBE framework but is intrinsic to continuous-
time reinforcement learning. As illustrated in Figure 6 of our numerical experiments, the
model-free RL algorithm (LSTD) exhibits a similar trade-off. Similar behavior was observed
in (Zhang et al., 2023), which studied a Monte Carlo sampling algorithm for linear–quadratic

26



PhiBE

(LQ) policy evaluation. Their theoretical analysis is restricted to the LQ setting, with non-
linear dynamics examined only through numerical experiments. In contrast, our analysis
applies to general controlled diffusion processes and provides explicit non-asymptotic error
bounds. Moreover, their approach evaluates the value function only at discrete states and
does not involve function approximation, whereas our algorithm produces a global approx-
imation of the value function via function approximation, leading to a substantially more
involved analysis. Finally, our results explicitly characterize the dependence on the discount
parameter β, which is not addressed in Zhang et al. (2023).

5. Numerical Experiments

All MATLAB code used to generate the numerical results is available.1

5.1 Deterministic Dynamics

We first consider deterministic dynamics, where the state space is defined as S = [−π, π].
We consider two kinds of underlying dynamics: one is linear,

d

dt
st = λst, (30)

and the other is nonlinear,
d

dt
st = λ sin2(st). (31)

The reward is set to be r(s) = β cos(ks)3 − λs(−3k cos3(ks) sin(ks)) for the linear case
and r(s) = β cos3(ks) − λ sin2(s)(−3k cos2(ks) sin(ks)) for the nonlinear case, for which
the exact value function is V (s) = cos3(ks) in both cases. We use periodic basis functions
{ϕk(s1)}2M+1

k=1 = 1√
π
{ 1√

2
, cos(ms1), sin(ms1)}Mm=1 with M large enough so that the solution

can be accurately represented by this finite basis (M = 4 for the low-frequency value
function and M = 30 for the high-frequency value function).

For the linear dynamics, the discrete-time transition dynamics are

p∆t(s) = eλ∆ts.

Hence, one can express the BE as

Ṽ (s) = r(s)∆t+ e−β∆tṼ (eλ∆ts), (32)

and the ith-order PhiBE as

βV̂i(s) = r(s) +
1

∆t

[
i∑

k=1

a
(i)
k (eλk∆ts− s)

]
· ∇V̂i(s), (33)

respectively, where a(i) is defined in (13). For the nonlinear dynamics, we approximate
p∆t(s) and generate the trajectory data numerically,

st+δ = st + δλ sin2(st)

1. The repository is available at https://github.com/yuhuazhumath/phibe-matlab.
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with δ = 10−4 sufficiently small.

The trajectory data are generated from J different initial values s0 ∼Unif[−π, π], and
each trajectory has m = 4 data points, {s0, · · · , s(m−1)∆t}. Algorithm 1 is used to solve for
the PhiBE, and LSTD is used to solve for BE. LSTD is similar to Algorithm 1 except that
one uses Ã derived from the BE (4),

Ã =
I∑
l=1

m−2∑
j=0

Φ(slj∆t)
[
Φ(slj∆t)− e−β∆tΦ(sl(j+1)∆t)

]⊤
(34)

instead of Āi.

In Figure 1, the data are generated from the linear dynamics (30) with λ = 0.05 and
collected at different ∆t. For the low-frequency value function (Figure 1/(a), (c)), we
use 40 data points with J = 10,m = 4, whereas for the high-frequency value function
(Figure 1/(b)), we use 400 data points with J = 100,m = 4. We compare the second-
order PhiBE solution with the BE solution (when the discrete-time transition dynamics
are known) and the performance of LSTD with that of the proposed Algorithm 1 (when
only trajectory data are available) under different data-collection intervals ∆t, discount
coefficients β, and reward oscillations k. Note that the exact solution to BE is computed
as Ṽ (s) =

∑I
i=0 r(e

λ∆tis) with I = 500/∆t large enough, and the exact solution to PhiBE
is calculated by applying the Galerkin method to (33).

In Figure 3, the data are generated from the nonlinear dynamics (31) and collected at
different ∆t. For the low-frequency value function (Figure 3/(a), (c)), we use 80 data points
with J = 20,m = 4, whereas for the high-frequency value function (Figure 3/(b)), we use
400 data points with J = 100,m = 4. We compare the first- and second-order PhiBE
solutions with the BE solution (when the discrete-time transition dynamics are known) and
the performance of LSTD with that of the proposed Algorithm 1 (when only trajectory
data are available) under different values of ∆t, β, k, and λ.

In Figure 4, the distances from the PhiBE and BE solutions to the true value function
are plotted as ∆t → 0; the distances from the solutions approximated by Algorithm 1
and LSTD to the true value function are plotted as the amount of data increases. We set
J = [10, 102, 103, 103] and m = 4 for the data size. Here, the distance is measured using the
L2 norm

D(V, V̂ ) =

√∫ π

−π
(V (s)− V̂ (s))2ds. (35)

In Figures 1 and 3, when the discrete-time transition dynamics are known, the PhiBE
solution is much closer to the true value function than the BE solution in all the experiments.
In particular, the second-order PhiBE solution is almost identical to the exact value function.
Additionally, when only trajectory data are available, one can approximate the solutions to
PhiBE very well with only 40 or 400 data points. In particular, when ∆t = 5 is large, the
solution to PhiBE still approximates the true solution very well, which indicates that one
can collect data sparsely using PhiBE. Moreover, the solution to PhiBE is not sensitive to
oscillations in the reward function, which implies greater flexibility in designing the reward
function in the RL problem. The BE error increases when β is too small or too large, whereas
the PhiBE error decays as β increases. Furthermore, it is noteworthy that in Figure 3/(b)
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Figure 3: The PhiBE solution and the BE solution, when the discrete-time transition
dynamics are given, are plotted in solid lines. The approximate PhiBE solution based on
Algorithm 1 and the approximate BE solution based on LSTD, when discrete-time data are
given, are plotted in dashed lines. Both algorithms utilize the same data points.

and (c), for relatively large changes in the dynamics indicated by ∥∇µ∥ ≤ λ = 5 and 2,
respectively, PhiBE still provides a good approximation.

In Figure 4/(a) and (b), one can observe that the solution for BE approximates the true
solution with first-order accuracy, while the solution for the ith-order PhiBE approximates
the true solution with ith-order accuracy. In Figure 4/(c) and (d), one can see that as
the amount of data increases, the error from the LSTD algorithm stops decreasing when it

reaches 10−1. This is because the error between BE and the true value function
∥∥∥Ṽ − V

∥∥∥ =

O(∆t) dominates the data error. On the other hand, for higher-order PhiBE, as the amount
of data increases, the performance of the algorithm improves, and the error can reach
O(∆ti).
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Figure 4: The L2 errors (35) of the PhiBE and BE solutions with decreasing ∆t are plotted
in the two left panels. The L2 errors (35) of the approximate PhiBE and BE solutions
with increasing amounts of data collected every ∆t = 5 units of time are plotted in the two
right panels. The solid lines are averages over 100 simulations for all data sizes. We set
λ = 0.05, β = 0.1, k = 1 in both the linear and nonlinear cases.

5.2 Stochastic Dynamics

We consider the Ornstein–Uhlenbeck process,

ds(t) = λsdt+ σdBt, (36)

with λ = 0.05, σ = 1. Here the reward is set to be r(s) = β cos3(ks)−λs(−3k cos2(ks) sin(ks))
−1

2σ
2(6k2 cos(s) sin2(ks) − 3k2 cos3(ks)), for which the exact value function is V (s) =

cos3(ks). For the OU process, the conditional density function for st given s0 = s fol-

lows a normal distribution with expectation seλt and variance σ2

2λ(e
2λt − 1). Both PhiBE

and BE have explicit forms. One can express PhiBE as

βV̂i(s) =r(s) +
1

∆t

i∑
k=1

a
(i)
k (eλk∆t − 1)s∇V̂ (s)

+
1

2∆t

i∑
k=1

a
(i)
k

[
σ2

2λ
(e2λk∆t − 1) + (eλk∆t − 1)2s2

]
∆V̂ (s);

(37)

and BE as
Ṽ (s) =r(s)∆t+ e−β∆tE

[
Ṽ (st+1)|st = s

]
= r(s)∆t+ e−β∆t

∫
S
Ṽ (s′)ρ∆t(s

′, s)ds′,
(38)

where

ρ∆t(s
′, s) =

1√
2πσ̂

exp

(
− 1

2σ̂2
(s′ − seλ∆t)2

)
, with σ̂ =

σ2

2λ
(e2λ∆t − 1).

In Figure 5, we compare the exact and approximate solutions to PhiBE and BE, re-
spectively, for different values of ∆t, β, and k. For the approximate solution, we set the
data size m = 4, and J = 104 for Figure 5/(a), J = 105 for Figure 5/(b), and J = 100
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Figure 5: The PhiBE solution and the BE solution, when the discrete-time transition
dynamics are given, are plotted in solid lines. The approximate PhiBE solution based on
Algorithm 2 and the approximate BE solution based on LSTD, when discrete-time data are
given, are plotted in dashed lines. Both algorithms utilize the same data points.

for Figure 5/(c). In Figure 6/(a), the errors of the exact PhiBE and BE solutions are
plotted as ∆t → 0. In Figure 6/(b), the errors of the approximate PhiBE and BE solu-
tions based on Algorithm 2 and LSTD are plotted as the amount of data increases. We set
J = [103, 104, 105, 106, 107] and m = 4 for the data size. In Figure 6/(c), the errors of the
approximate PhiBE and BE solutions based on Algorithm 2 and LSTD are plotted as ∆t
decreases. We set J = 106 and m = 4 for the data size.

We observe similar performance under stochastic and deterministic dynamics, as shown
in Figures 5 and 6. In Figure 6, the variance of the higher-order PhiBE is larger than
that of the first-order PhiBE because it involves more future steps. However, note that
the error is plotted on a logarithmic scale. Therefore, when the error is smaller, although
the variance appears to have the same width on the plot, it is actually much smaller. In
particular, when the amount of data exceeds 106, the variance is smaller than 10−1. Figure
6/(c) illustrates a non-monotone dependence of the error on the time discretization ∆t when
the total data budget is fixed. For the data-driven RL algorithm and the first-order PhiBE
method, the error initially decreases as ∆t is reduced from 1 to 0.1, reflecting a regime in
which discretization error dominates. As ∆t is further reduced from 0.1 to 0.01, the error
increases, indicating that finite-sample error becomes dominant. The second-order PhiBE
method, which exhibits higher variance, enters the variance-dominated regime earlier: its
error already increases as ∆t decreases from 1 to 0.1.

5.3 Stabilization Problem

In the previous section, we compared the PhiBE framework with the standard RL formula-
tion and validated our theoretical results using a synthetic example. We now examine their
performance on a real control problem.
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Figure 6: The L2 error (35) of the PhiBE and BE solutions as a function of the time
discretization ∆t is shown in (a). Plot (b) reports the L2 error of the data-driven approxi-
mations as the amount of data increases, with samples collected every ∆t = 1 unit of time.
Plot (c) shows the L2 error of the data-driven approximations with a fixed budget of 4×106

data points as ∆t decreases. Solid lines denote averages over 100 independent simulations.
In all plots, we set β = 0.1 and k = 1.

Problem setup. We consider the continuous-time PE problem

V (s) = E
[∫ ∞

0
e−βt(qs2t + ru(st)

2)|s0 = s

]
dSt =

(
−κs3t + (αst − bu(st)

)
dt+ σ dWt,

(39)

with parameters κ > 0, α ∈ R, b > 0, and σ > 0. We focus on the linear feedback policy

u(s) = Ks.

Under this policy, the true value function V solves the elliptic equation

βV (s)− LV (s) = r(s), Lf(s) =
(
− κs3 + (α− bK)s

)
f ′(s) +

σ2

2
f ′′(s), (40)

where r(s) = qs2 + rK2s2.

This model represents a standard stabilization problem, where the quadratic reward
balances state deviation and control effort, and the linear policy u(s) = −Ks acts as a pro-
portional controller. When κ = 0, the dynamics reduce to a linear system, corresponding
to the classical continuous-time LQR formulation widely used in robotics, aerospace, and
process control. In this regime, the value function admits a closed-form solution, provid-
ing a baseline against which the approximation accuracy of RL and PhiBE can be directly
evaluated. When κ ̸= 0, the cubic drift introduces strong nonlinear restoring forces, mod-
eling phenomena such as soft-spring mechanical systems or the stabilization of an inverted
pendulum near its upright position.
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5.3.1 Linear Dynamics

In the linear-dynamics setting, the true value function admits a closed-form solution,

V (s) = a1s
2 + a2, a1 =

R

β − 2λ
, a2 =

σ2

β
a1, (41)

where R = q+rK2 and λ = α−bK. Moreover, for this linear system, the Bellman equation
(BE) and PhiBE both admit exact analytical solutions. For the discrete-time BE, we have

BE : Ṽ (s) = Rs2∆t+ γ

∫
V (s′)ρ(s′|s)ds′, R = q + rK2, γ = e−β∆t,

where

ρ(s′|s) ∼ N (eλ∆ts, σ̂2∆t), σ̂2 =
σ2

2λ∆t
(e2λ∆t − 1).

This yields the quadratic solution for BE,

Ṽ (s) = aR1 s
2 + aR0 , aR1 =

R∆t

1− γe2λ∆t
, aR0 =

γ∆t

1− γ
σ̂2aR1 . (42)

Similarly, the PhiBE equation can be evaluated exactly:

PhiBE : V̂ (s) =Rs2 + V̂ ′(s)

∫
s′ − s

∆t
ρ(s′|s)ds′ + 1

2
V̂ ′′(s)

∫
(s′ − s)2

∆t
ρ(s′|s)ds′

=Rs2 + λ̂sV̂ ′(s) +
σ̂2 + λ̂2s2∆t

2
V̂ ′′(s), λ̂ =

eλ∆t − 1

∆t
.

This yields another quadratic solution,

V̂ (s) = aP1 s
2 + aP0 , aP1 =

R

β − 2λ̂− η
, aP0 =

σ̂2

β
aP1 , (43)

where η = 1
∆t(e

2λ∆t − 2eλ∆t + 1).

Figure 7 compares the analytical BE and PhiBE solutions, Ṽ and V̂ , with the true value
function V (s) across four test cases. Throughout all experiments we set q = 1, r = 0.1, and
K = 2. The four configurations are:

case 1 Baseline: α = b =
1

4
, σ = 0.5, β = 1,∆t = 0.1.

case 2 More frequent observations (smaller ∆t): α = b =
1

4
, σ = 0.5, β = 1,∆t = 0.01.

case 3 Quicker dynamics: α = b = 1, σ = 1, β = 1,∆t = 0.1.

case 4 Less discounted (smaller β): α = b =
1

4
, σ = 0.5, β = 0.1,∆t = 0.1.

(44)
From Figure 7, we observe that reducing ∆t by one order decreases the approxima-

tion error of both formulations by approximately one order, consistent with the theoretical
convergence rates. Moreover, as the system dynamics become faster or the discount fac-
tor β becomes smaller, the advantage of PhiBE over BE diminishes, although PhiBE still
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mean (PhiBE) mean (BE) variance (PhiBE) variance (BE)

Baseline (n = 106) 4.76× 10−3 4.54× 10−2 2.7× 10−6 1.02× 10−5

Smaller ∆t (n = 106) 9.64× 10−3 1.04× 10−2 3.84× 10−5 4.3× 10−5

Smaller ∆t (n = 107) 2.91× 10−3 4.7× 10−3 3.6× 10−6 8.1× 10−6

Quick dynamics (n = 106) 3.45× 10−2 5.5× 10−2 3.87× 10−4 8.07× 10−4

Smaller β (n = 106) 7.48× 10−2 7.81× 10−2 2.11× 10−3 2.93× 10−3

Smaller β (n = 107) 3.41× 10−2 4.97× 10−2 1.97× 10−4 3.89× 10−4

Table 1: Comparison of the approximation error for the model-free PhiBE solver and the
LSTD method under linear dynamics.
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Figure 7: Stabilization control under linear dynamics. The error V̂ (s) − V (s) from the
PhiBE solution (red) and Ṽ (s) − V (s) from the BE solution (green) are plotted, where
V (s), V̂ (s), and Ṽ (s) are given in (41), (43), and (42). Each subplot corresponds to one
scenario in (44).

performs better overall. This observation aligns with our theoretical analysis: (1) PhiBE
achieves greater improvement when the dynamics evolve more slowly, and (2) the approx-
imation error of PhiBE scales as O(1/β2), whereas that of BE scales as O(1/β) when β is
small.

We next evaluate the data-driven algorithms. To solve the PhiBE formulation, we use
the first-order method in Algorithm 2; for the BE formulation, we apply LSTD as in (34).
We generate {si}ni=1 from [−1, 1] on the uniform mesh, and s′i ∼ N (eλ∆tsi, σ̂

2∆t) for all
1 ≤ i ≤ n, consistent with the linear system dynamics. The mean and variance of the
approximation error, computed over 100 Monte Carlo repetitions for all four cases, are
shown in Figure 8.

Figure 8 demonstrates that the data-driven estimators concentrate around the corre-
sponding analytic solutions in Figure 7 when the sample size is sufficiently large. However,
the variability differs across scenarios. To examine this more closely, Table 1 reports the
mean and variance of the approximation error. Two observations stand out from Table 1.
First, across all test cases, PhiBE consistently attains smaller mean error and smaller vari-
ance compared with BE given the same amount of data. Second, for a fixed sample size, the
variance increases for both methods as ∆t decreases, β decreases, or the dynamics become
faster.
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(a) Baseline: n = 106 (b) Smaller ∆t: n = 107 (c) Quicker dynamics: n = 106 (d) Smaller β: n = 107

Figure 8: Stabilization control under linear dynamics. The mean and variance of the
approximation error |V̂ (s) − V (s)| from the PhiBE algorithm (Algorithm 2) are shown in
red, and those of Ṽ (s)−V (s) from the LSTD method (34) are shown in green. Each subplot
corresponds to one scenario in (44), illustrating how the error behaves under different values
of ∆t, β, and the system dynamics.

5.3.2 Nonlinear Dynamics

In this section, we demonstrate that our approach also applies to nonlinear dynamics. In
this setting, the true value function is no longer available in closed form, so we approximate
the ground-truth solution using a high-accuracy Galerkin method with sufficiently many
polynomial basis functions. The data collection procedure follows the linear case, except
that we generate each s′i by simulating the SDE using the Euler-Maruyama scheme with
step size δt = 10−3.

We consider the following four cases, setting q = 1, r = 0.1, K = 2, and n = 106 for all
experiments:

case 1 Baseline: α = b = κ = 0.1, σ = 0.05, β = 1,∆t = 0.1;

case 2 More frequent observations (smaller ∆t): α = b = κ = 0.1, σ = 0.05, β = 1,∆t = 0.01;

case 3 Quicker dynamics: α = b = κ = 1/2, σ = 1/4, β = 1,∆t = 0.1;

case 4 Less discounted (smaller β): α = b = κ = 0.1, σ = 0.05, β = 0.1,∆t = 0.1.
(45)

The resulting approximation errors are shown in Figure 9. The qualitative behavior is
similar to the linear-dynamics experiments: PhiBE exhibits smaller mean error and more
stable performance across all cases.

One caveat appears in Case 3, where both methods exhibit a few significant outliers.
These outliers inflate the empirical variance, especially for LSTD, which in one run produced
an error nearly two orders of magnitude larger than the average. This behavior is sensitive
to the random sample, and a systematic analysis of such instability phenomena is left for
future work.

5.4 High-Dimensional Case

We next evaluate the algorithms on a 10-dimensional linear-quadratic PE problem:

V (s) = E
[∫ ∞

0
e−βt(s⊤t Qst)dt|s0 = s

]
dst = Ast dt+ σ dWt,
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(a) Baseline (b) Smaller ∆t (c) Quicker dynamics (d) Smaller β

Figure 9: Stabilization control under nonlinear dynamics. The mean and variance of the
approximation error |V̂ (s) − V (s)| from the PhiBE algorithm (Algorithm 2) are shown in
red, and those of Ṽ (s)−V (s) from the LSTD method (34) are shown in green. Each subplot
corresponds to one scenario in (45), illustrating how the error behaves under different values
of ∆t, β, and the system dynamics.

Figure 10: Stabilization control under linear dynamics with high-dimensional state space

s ∈ R10. The mean and variance of the approximation error
∥∥∥V̂ (s)− V (s)

∥∥∥
ρ
from the

PhiBE algorithm (Algorithm 2) are shown in red, and those of
∥∥∥Ṽ (s)− V (s)

∥∥∥
ρ
from the

LSTD method (34) are shown in green.

where Q ∈ R10×10 is constructed to have eigenvalues (1, . . . , 10) by generating a random
orthonormal matrix O and setting Q = O⊤diag(1, . . . , 10)O. The drift matrix A ∈ R10×10 is
generated analogously with eigenvalues −(1, . . . , 10)×0.1. The diffusion matrix Σ ∈ R10×10

is a diagonal matrix with all diagonal entries equal to 0.3, and we set β = 1.

We use polynomial basis functions up to second order. The dataset consists of samples
(si, s

′
i)
n
i=1, where si ∼ Unif([−1, 1]10), and s′i is obtained by simulating the SDE for one

step of size ∆t starting from si. Since achieving a smaller discretization error at smaller
∆t requires more samples, we choose n = 105, 106, 108 for ∆t = 1, 0.1, 0.01,
respectively.

Figure 10 reports the results for LSTD and the model-free PhiBE algorithm. The
findings closely parallel the one-dimensional case: both error curves decay approximately at
first order in ∆t, confirming that the approach scales effectively to higher dimensions and
that the theoretical predictions remain valid in the high-dimensional setting.
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6. Proofs

6.1 Proof of Theorem 3.

Let ρ(s′, t|s) be the probability density function of st starting from s0 = s. It satisfies the
following PDE

∂tρ(s
′, t|s) = ∇ · [µ(s′)ρ(s′, t|s)] + 1

2

∑
i,j

∂si∂sj [Σij(s
′)ρ(s′, t|s)]. (46)

with initial data ρ(s′, 0|s) = δs(s
′). Let f(t, s) = e−βtr(s). Then

V (s)− Ṽ (s) = E

[ ∞∑
i=0

∫ ∆t(i+1)

∆ti
f(t, st)− f(∆ti, s∆ti)dt|s0 = s

]

=

∞∑
i=0

∫ ∆t(i+1)

∆ti

(∫
S
f(t, s′)ρ(s′, t|s)− f(∆ti, s′)ρ(∆ti, s′)ds′

)
dt.

(47)

Since

∫
S
f(t, s′)ρ(s′, t|s)− f(∆ti, s′)ρ(∆ti, s′)ds′

=

∫
S
f(t, s′)(ρ(s′, t|s)− ρ(s′,∆ti|s)) + (f(t, s′)− f(∆ti, s′))ρ(s′,∆ti|s)ds′

=

∫
S
f(t, s′)∂tρ(s

′, ξ1|s)(t−∆ti) + ∂tf(ξ2, s
′)(t−∆ti)ρ(s′,∆ti|s)ds′

where ξ1, ξ2 ∈ (∆ti,∆t(i+ 1))

=

∫
S
Lµ,Σf(t, s′), ρ(s′, ξ1|s)(t−∆ti)ds′ −

∫
S
βe−βξ2r(s′)ρ(s′,∆ti|s)(t−∆ti)ds′

=

(
e−βt

∫
S
Lµ,Σr(s′)ρ(s′, ξ1|s)ds′ − βe−βξ2

∫
S
r(s′)ρ(s′,∆ti|s)ds′

)
(t−∆ti),

(48)

where the second equality is due to the mean value theorem, and the third equality is
obtained by inserting the equation (46) for ρ(s′, t|s) and integrating by parts. Therefore,
for t ∈ [∆ti,∆t(i+ 1)],

∣∣∣∣∫
S
f(t, s′)ρ(s′, t|s)− f(∆ti, s′)ρ(∆ti, s′)ds′

∣∣∣∣
≤∥Lµ,Σr∥L∞ e−β∆ti(t−∆ti) + βe−β∆ti ∥r∥L∞ (t−∆ti).

37



Yuhua Zhu

Therefore, one has∥∥∥V (s)− Ṽ (s)
∥∥∥
L∞

≤
∞∑
i=0

∫ ∆t(i+1)

∆ti
∥Lµ,Σr∥L∞ e−β∆ti(t−∆ti) + βe−β∆ti ∥r∥L∞ (t−∆ti)dt

≤
(
∥Lµ,Σr∥L∞ + β ∥r∥L∞

) ∞∑
i=0

e−β∆ti
∫ ∆t(i+1)

∆ti
(t−∆ti)dt

≤1

2

(
∥Lµ,Σr∥L∞ + β ∥r∥L∞

) ∞∑
i=0

e−β∆ti∆t2 =
C

1− e−β∆t
∆t2 =

C

β
∆t+ C

(
1

1− e−β∆t
∆t2 − ∆t

β

)
,

where C = 1
2

(
∥Lµ,Σr∥L∞ + β ∥r∥L∞

)
. Since

lim
∆t→0

C

(
1

1− e−β∆t
∆t2 − ∆t

β

)
1

∆t
= 0,

one has ∥∥∥V (s)− Ṽ (s)
∥∥∥
L∞

=
L∆t

β
+ o(∆t).

6.2 Proof of Theorem 7

Note that the true value function V and the ith-order PhiBE solution V̂ satisfy

βV (s) = r(s) + µ(s) · ∇V (s), βV̂i(s) = r(s) + µ̂i(s) · ∇V̂i(s).

First, by the following lemma, one can bound
∥∥∥V − V̂i

∥∥∥
L∞

with ∥µ− µ̂i∥L∞ .

Lemma 21 For functions V and V̂ satisfying

βV (s) = r(s) + µ(s) · ∇V (s), βV̂ (s) = r(s) + µ̂(s) · ∇V̂ (s),

the distance between V and V̂ can be bounded by∥∥∥V − V̂
∥∥∥
L∞

≤
2 ∥µ− µ̂∥L∞ ∥∇r∥L∞

(β − ∥∇µ∥L∞)2
.

(See Section B.1 for the proof of the above lemma.) Therefore, one has∥∥∥V − V̂i

∥∥∥
L∞

≤
∥µ− µ̂i∥L∞ ∥∇r∥L∞

(β − ∥∇µ∥L∞)2
. (49)

Then by the following lemma, one can further bound ∥µ− µ̂i∥L∞ .

Lemma 22 The distance between µ̂i(s) defined in (12) and the true dynamics can be
bounded by

∥µ̂i(s)− µ(s)∥L∞ ≤ Ci
∥∥Liµµ(s)∥∥L∞ ∆ti,

where Lµ is defined in (15), and

Ci =

∑i
j=0 |a

(i)
j |ji+1

(i+ 1)!
. (50)
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(See Section B.2 for the proof of the above lemma.) Hence, applying the above lemma to
(49) completes the proof:∥∥∥V − V̂i

∥∥∥
L∞

≤
Ci
∥∥Liµµ∥∥L∞ ∥∇r∥L∞

(β − ∥∇µ∥L∞)2
∆ti.

6.3 Proof of Theorem 8

For the linear dynamics dst = Astdt, one has st = eAts0; therefore,

µ̂(s) =
1

∆t

i∑
j=1

a
(i)
j (sjdt − s0) =

1

∆t

i∑
j=1

a
(i)
j (eAj∆t − I)s.

Let Âi = a
(i)
j (eAj∆t − I). Then the ith-order PhiBE reads

βV̂i(s) = r(s) + Âis · ∇V̂i(s),

which can be equivalently written as

βV̂i(s) =

∫ ∞

0
e−βtr(eÂits)dt.

Now define ϕ(θ) = eAteθ∆its, where ∆i = Â − A, then eAts = ϕ(0), eÂts = ϕ(1), which
implies

r(eAts)− r(eÂts) = r(ϕ(0))− r(ϕ(1)) =

∫ 1

0

d

dθ
r(ϕ(θ))dθ =

∫ 1

0
∇(r(ϕ(θ)))⊤ϕ′(θ)dθ

=

[∫ 1

0
(∇r(ϕ(θ)))⊤ϕ(θ)dθ

]
∆it.

Therefore, one has∣∣∣V (s)− V̂1(s)
∣∣∣ = ∣∣∣∣∫ ∞

0
e−βt

(
r(eAts)− r(eÂts)

)
dt

∣∣∣∣
=

∣∣∣∣∫ 1

0

(∫ ∞

0
(∇r(ϕ(θ)))⊤ϕ(θ)e−βttdt

)
dθ∆i

∣∣∣∣ ≤ ∥u · r(u)∥L∞

∫ 1

0

(∫ ∞

0
e−βttdt

)
dθ |∆A|

=
∥u · r(u)∥L∞

β2
∥∆i∥ .

Next we estimate ∥∆i∥. First note that

Âi =
1

∆t

i∑
j=1

a
(i)
j (eAj∆t − I) =

1

∆t

i∑
j=1

a
(i)
j

(
i∑

k=1

1

k!
(Aj∆t)k +Rij

)

where

Rij = eAj∆t −
i∑

k=0

1

k!
(Aj∆t)k =

Ai+1(j∆t)i+1

(i+ 1)!
eAξ, for ξ ∈ [0, j∆t),
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and therefore

∥Rij∥ ≤ ∥A∥i+1 (j∆t)i+1

(i+ 1)!
e∥A∥j∆t ≤ ∥A∥i+1 (j∆t)i+1

(i+ 1)!
e∥A∥i∆t.

By the definition of a
(i)
j , one has

Âi =
i∑

k=1

1

k!
Ak∆tk−1

 i∑
j=1

a
(i)
j jk

+
1

∆t

i∑
j=1

a
(i)
j Rij = A+

1

∆t

i∑
j=1

a
(i)
j Rij ,

which leads to

∥∆i∥ =
∥∥∥Âi −A

∥∥∥ ≤ 1

∆t

i∑
j=1

∣∣∣a(i)j ∣∣∣ ∥Rij∥ ≤ Ci ∥A∥Di
A∆ti, with DA = e∥A∥∆t ∥A∥ (51)

where Ci is defined in (50).

6.4 Proof of Theorem 13

We first present, in the following proposition, a property of the operator Lµ,Σ that will be
used frequently later.

Proposition 23 For the operator Lµ,Σ defined in (5), under Assumption 1/(a), one has

⟨Lµ,ΣV (s), V (s)⟩ρ ≤ −λmin

2
∥∇V ∥2ρ ;

∑
i

⟨∂siLµ,ΣV (s), ∂siV (s)⟩ρ ≤ C∇µ,∇Σ ∥∇V ∥2ρ ;

⟨Lµ,Σf(s), g(s)⟩ρ ≤
[(

∥µ∥L∞ +
1

2
∥∇ · Σ∥L∞

)
∥g∥ρ +

1

2
∥Σ∥L∞ ∥∇g∥ρ

]
∥∇f∥ρ

+
1

2
∥Σ∥L∞ ∥∇ log ρ∥ρ ∥g∥ρ ∥∇f∥L∞ ;

⟨Lµ,Σf(s), g(s)⟩ρ ≤
[(

∥µ∥L∞ +
1

2
∥∇ · Σ∥L∞ +

1

2
∥Σ∥L∞ ∥∇ log ρ∥L∞

)
∥g∥ρ

+
1

2
∥Σ∥L∞ ∥∇g∥ρ

]
∥∇f∥ρ ,

where C∇µ,∇Σ is defined in (53) depending on the first derivatives of µ,Σ.
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Proof Inserting the operator Lµ,Σ and applying integration by parts gives

⟨Lµ,ΣV (s), V (s)⟩ρ = ⟨µ · ∇V, V ⟩ρ −
1

2

∑
i,j

〈
∂sj (ΣijV ρ), ∂siV

〉
=
∑
i

〈
µiρ, ∂si

(
1

2
V 2

)〉
− 1

2

∑
i,j

〈
∂sj (Σijρ), ∂si

(
1

2
V 2

)〉
− 1

2

∑
i,j

〈
(∂sjV )Σij , ∂siV

〉
ρ

=−
∑
i

〈
∂si(µiρ),

1

2
V 2

〉
+

1

2

∑
i,j

〈
∂si∂sj (Σijρ),

1

2
V 2

〉
− 1

2

∫
(∇V )⊤Σ(∇V )ρ ds

=

〈
∇ ·
(
−µρ+

1

2
∇ · (Σρ)

)
,
1

2
V 2

〉
− 1

2

∫
(∇V )⊤Σ(∇V )ρ ds

≤
〈
∇ ·
(
−µρ+

1

2
∇ · (Σρ)

)
,
1

2
V 2

〉
− λmin

2
∥∇V ∥2ρ ,

(52)
where the last inequality is because of the positivity of the matrix Σ(s) in Assumption 1.

If ρ is the stationary solution, then〈
∇ ·
(
−µρ+

1

2
∇ · (Σρ)

)
,
1

2
V 2

〉
= 0.

If ρ satisfies 1
λmin

∥∥−µ+ 1
2∇ · Σ+ 1

2Σ∇ log ρ
∥∥2
L∞ ≤ β

2 , then〈
∇ ·
(
−µρ+

1

2
∇ · (Σρ)

)
,
1

2
V 2

〉
=

〈(
µ− 1

2
∇ · Σ− 1

2
Σ∇ log ρ

)
ρ,∇

(
1

2
V 2

)〉
≤
∥∥∥∥µ− 1

2
∇ · Σ− 1

2
Σ∇ log ρ

∥∥∥∥
L∞

∥V ∥ρ ∥∇V ∥ρ

≤ 1

λmin

∥∥∥∥µ− 1

2
∇ · Σ− 1

2
Σ∇ log ρ

∥∥∥∥2
L∞

∥V ∥2ρ +
λmin

4
∥∇V ∥2ρ ≤

β

2
∥V ∥2ρ +

λmin

4
∥∇V ∥2ρ .

Substituting this into (52) completes the proof of the first inequality.
For the second part of the lemma, first note that

∂siLµ,ΣV = ∂siµ · ∇V +
1

2
∂siΣ : ∇2V + Lµ,Σ∂siV.

Therefore, applying the first part of the lemma gives∑
i

⟨∂siLµ,ΣV (s), V (s)⟩ρ

≤
∑
i

(
⟨∂siµ · ∇V, ∂siV ⟩ρ +

1

2

〈
∂siΣ : ∇2V, ∂siV

〉
ρ

)
− λmin

4

∑
i

∥∇∂siV ∥2ρ +
β

2
∥∇V ∥2ρ

≤∥∇µ∥L∞ ∥∇V ∥2ρ +
1

2
∥∇Σ∥L∞

∥∥∇2V
∥∥
ρ
∥∇V ∥ρ −

λmin

4

∥∥∇2V
∥∥2
ρ
+

β

2
∥∇V ∥2ρ

=− λmin

4

(∥∥∇2V
∥∥
ρ
−

∥∇Σ∥L∞

λmin
∥∇V ∥ρ

)2

+

(
∥∇Σ∥2L∞

4λmin
+ ∥∇µ∥L∞ +

β

2

)
∥∇V ∥2ρ

≤
C∇µ,∇Σ

2
∥∇V ∥2ρ ,
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where

C∇µ,∇Σ =
∥∇Σ∥2L∞

2λmin
+ 2 ∥∇µ∥L∞ + β. (53)

For the last two inequalities, one notes

⟨Lµ,Σf, g⟩ρ

= ⟨µ · ∇f, g⟩ρ −
1

2

[
⟨∇f · ∇ · Σ, g⟩ρ + ⟨∇fΣ,∇g⟩ρ +

〈
∇fΣ,

∇ρ

ρ
g

〉
ρ

]

≤
[(

∥µ∥L∞ +
1

2
∥∇ · Σ∥L∞

)
∥g∥ρ +

∥Σ∥L∞

2
∥∇g∥ρ

]
∥∇f∥ρ +

〈
∇f

Σ

2
, g∇ log ρ

〉
ρ

.

By bounding the last term differently,

1

2
∥∇ log ρ∥L∞ ∥Σ∥L∞ ∥g∥ρ ∥∇f∥ρ or,

1

2
∥∇ log ρ∥ρ ∥Σ∥L∞ ∥g∥ρ ∥∇f∥L∞ ,

one obtains the last two inequalities of the lemma.

Proof of Theorem 13 Now we are ready to prove Theorem 13.

Proof By (47), one has∥∥∥V (s)− Ṽ (s)
∥∥∥
ρ

≤
∞∑
i=0

√
∆t

∫ ∆t(i+1)

∆ti

∥∥∥∥∫
S
f(t, s′)ρ(s′, t|s)− f(∆ti, s′)ρ(∆ti, s′)ds′

∥∥∥∥2
ρ

dt,
(54)

where Jensen’s inequality is used. By (48), one has for t ∈ [∆ti,∆t(i+ 1)]∥∥∥∥∫
S
f(t, s′)ρ(s′, t|s)− f(∆ti, s′)ρ(∆ti, s′)ds′

∥∥∥∥
ρ

≤e−β∆ti(t−∆ti)
(
∥p1(ξ1, s)∥ρ + β ∥p2(∆ti, s)∥ρ

)
,

where

p1(s, t) =

∫
S
Lµ,Σr(s′)ρ(s′, t|s)ds′, p2(s, t) =

∫
S
r(s′)ρ(s′, t|s)ds′.

Note that both p1(s, t) and p2(s, t) satisfy

∂tpi(s, t) = Lµ,Σpi(s, t), with initial data p1(0, s) = Lµ,Σr(s), p2(0, s) = r(s).

By Proposition 23, one has

∂t

(
1

2
∥pi(t)∥2ρ

)
≤ −λmin

4
∥∇pi(t)∥2ρ +

β

2
∥pi(t)∥2ρ ,

42



PhiBE

which implies,

∥pi(t)∥ρ ≤ e
β
2
t ∥pi(0)∥ρ .

Therefore, one has∥∥∥∥∫
S
f(t, s′)ρ(s′, t|s)− f(∆ti, s′)ρ(∆ti, s′)ds′

∥∥∥∥
ρ

≤e−β∆ti(t−∆ti)e
β
2
∆ti
(
e

β
2
(ξ1−∆ti) ∥Lµ,Σr(s)∥ρ + β ∥r(s)∥ρ

)
, ξ1 ∈ [∆ti,∆t(i+ 1)].

Substituting this into (54) yields∥∥∥V (s)− Ṽ (s)
∥∥∥
ρ

≤
(
∥Lµ,Σr(s)∥ρ + β ∥r(s)∥ρ

)
e

β
2
∆t

∞∑
i=0

√
∆te−β∆ti

∫ ∆t(i+1)

∆ti
(t−∆ti)2dt

=
(
∥Lµ,Σr(s)∥ρ + β ∥r(s)∥ρ

)
e

β
2
∆t 1√

3
∆t2

∞∑
i=0

e−
β
2
∆ti

=
2

β

(
∥Lµ,Σr(s)∥ρ + β ∥r(s)∥ρ

)
∆t+ o(∆t),

where the last equality comes from

e
β
2
∆t∆t2

∞∑
i=0

e−
β
2
∆ti =

2∆t

β
+ o(∆t),

which completes the proof.

6.5 Proof of Theorem 14

First note that V and V̂i satisfy

Lµ,ΣV = βV − r, Lµ̂i,Σ̂i
V̂i = βV̂i − r.

By the following lemma, one can bound
∥∥∥V − V̂i

∥∥∥
ρ
by the distance between µ,Σ and µ̂i, Σ̂i.

Lemma 24 For V, V̂ satisfying

Lµ,ΣV = βV − r, Lµ̂,Σ̂V̂ = βV̂ − r,

under Assumption 1/(a), if ∥µ̂− µ∥L∞ ≤ Cµ,
∥∥∥Σ̂− Σ

∥∥∥
L∞

≤ CΣ,
∥∥∥∇ · (Σ̂− Σ)

∥∥∥
L∞

≤ C∇·Σ,

∥∇ log ρ∥ρ ≤ Lρ , and Cµ +
1
2CΣ ≤

√
βλmin

8 , CΣ ≤ λmin
4 , one has∥∥∥V − V̂

∥∥∥
ρ
≤
[
4Cµ + 2C∇·Σ

β

(
1 +

2CΣ

λmin

)
+

2CΣ√
βλmin

]
∥∇V ∥ρ +

2CΣLρ
β

∥∥∥∇V̂
∥∥∥
L∞

.
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(See Section B.3 for the proof of the above lemma.) Then we further apply the following
lemma regarding the distance between µ,Σ and µ̂i, Σ̂i.

Lemma 25 Under Assumption 1, for µ̂(s), Σ̂(s) defined in (18), one has

∥µ̂i(s)− µ(s)∥L∞ ≤ Lµ∆ti,
∥∥∥Σ̂i(s)kl − Σ(s)kl

∥∥∥
L∞

≤ LΣ∆ti + o(∆ti),

and ∥∥∥∇ · (Σ̂− Σ)
∥∥∥2
L∞

≤ L∇·Σ∆ti + o(∆ti), (55)

where Lµ, LΣ, L∇·Σ are constants depending on µ,Σ, i defined in (76), (79), (81), respec-
tively.

(See Section B.4 for the proof of the above lemma.) Combining the above two lemmas
yields∥∥∥V − V̂i

∥∥∥ ≤
[(

3Lµ + 2L∇·Σ
β

(
1 +

LΣ∆ti

λmin

)
+

LΣ√
βλmin

)
∥∇V ∥ρ +

2LΣLρ
β

∥∥∥∇V̂
∥∥∥
L∞

]
∆ti+o(∆ti)

for

∆ti ≤ Dµ,Σ,β, Dµ,Σ,β = min

{
λmin

2LΣ
,

√
2βλmin

2Lµ + L∇·Σ

}
, (56)

with Lµ, LΣ, L∇·Σ defined in (76), (79), (94). Furthermore, the following lemma provides

upper bounds for ∥∇V ∥ρ and
∥∥∥∇V̂

∥∥∥
L∞

, completing the proof of Theorem 14.

Lemma 26 Under Assumption 1/(a), for V (s) satisfying (16), one has

∥∇V (s)∥ρ ≤
2

β

(√
C∇µ,∇Σ

λmin
∥r∥ρ + ∥∇r∥ρ

)

∥∇V (s)∥L∞ ≤ 1

β

(√
2C∇µ,∇Σ

λmin
∥r∥L∞ + ∥∇r∥L∞

)
+ o(∆ti/2)

where C∇µ,∇Σ is a constant defined in (53) that depends on ∇µ(s),∇Σ(s).

(See Section B.5 for the proof of the above lemma.) Therefore, one has

∥∥∥V − V̂i

∥∥∥
ρ
≤

[(
3Lµ + 2L∇·Σ

β2
+

LΣ

β
√
βλmin

)(√
C∇µ,∇Σ

λmin
∥r∥ρ + ∥∇r∥ρ

)

+
2LΣLρ
β2

(√
2C∇µ,∇Σ

λmin
∥r∥L∞ + ∥∇r∥L∞

)]
∆ti + o(∆ti)

≤

[
Cr,µ,Σ
β2

+
Ĉr,µ,Σ

β3/2

]
∆ti + o(∆ti),
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where

Cr,µ,Σ =(3Lµ + 2L∇·Σ)

(√
C∇µ,∇Σ

λmin
∥r∥ρ + ∥∇r∥ρ

)

+ 2LΣLρ

(√
2C∇µ,∇Σ

λmin
∥r∥L∞ + ∥∇r∥L∞

)
,

Ĉr,µ,Σ =
LΣ√
λmin

(√
C∇µ,∇Σ

λmin
∥r∥ρ + ∥∇r∥ρ

)
,

(57)

with Lµ, LΣ, L∇·Σ, Lρ, C∇µ,∇Σ defined in (76), (79), (94), (20), (53).

6.6 Proof of Theorem 16 and Galerkin Error with Unbounded ∥∇ log ρ∥L∞

The ith-order approximation V̂i(s) can be decomposed into two parts:

V̂i(s) = V̂ P
i (s) + ePi (s) with V̂ P

i (s) =

p∑
k=1

v̂kϕk(s), e
P
i (s) = V̂i(s)− V̂ P

i (s),

where V̂ P
i (s) can be any function in the linear space spanned by Φ(s). Note that V̂i(s)

satisfies 〈
(β − Lµ̂i,Σ̂i

)V̂i(s),Φ
〉
ρ
= ⟨r(s),Φ(s)⟩ρ ,

which can be decomposed into two parts:〈
(β − Lµ̂i,Σ̂i

)V̂ P
i (s),Φ

〉
ρ
= ⟨r(s),Φ(s)⟩ρ −

〈
(β − Lµ̂i,Σ̂i

)ePi (s),Φ
〉
ρ
,

Subtracting the above equation from the Galerkin equation (24) gives〈
(β − Lµ̂i,Σ̂i

)(V̂ G
i (s)− V̂ P

i (s)),Φ
〉
ρ
=
〈
(β − Lµ̂i,Σ̂i

)ePi (s),Φ
〉
ρ
.

Let eGi (s) = V̂ G
i (s) − V̂ P

i (s) =
∑p

k=1 ekϕk(s). Then multiplying the above equation by
(e1, · · · , ep) yields〈

(β − Lµ̂i,Σ̂i
)eGi , e

G
i

〉
ρ
=
〈
(β − Lµ̂i,Σ̂i

)ePi , e
G
i

〉
ρ〈

(β − Lµ,Σ)eGi , eGi
〉
ρ
=
〈
Lµ̂i−µ,Σ̂i−Σe

G
i , e

G
i

〉
ρ
+
〈
(β − Lµ̂i,Σ̂i

)ePi , e
G
i

〉
ρ
.

(58)

When L∞
ρ = ∥∇ log ρ∥L∞ is bounded, by applying the last inequality of Proposition 23

and Lemma 25, one has

β

2

∥∥eGi ∥∥2ρ + λmin

4

∥∥∇eGi
∥∥2
ρ
≤c1

∥∥∇eGi
∥∥2
ρ
+ c2

∥∥eGi ∥∥ρ ∥∥∇eGi
∥∥
ρ
+ β

∥∥ePi ∥∥ρ ∥∥eGi ∥∥ρ
+ c3

∥∥∇ePi
∥∥
ρ

∥∥∇eGi
∥∥
ρ
+ c4

∥∥∇ePi
∥∥
ρ

∥∥eGi ∥∥ρ ,
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where

c1 =
LΣ

2
∆ti, c2 =

(
Lµ +

L∇·Σ
2

+
LΣL

∞
ρ

2

)
∆ti,

c3 =
1

2

(
∥Σ∥L∞ + LΣ∆ti

)
,

c4 =

(
∥µ∥L∞ +

∥∇ · Σ∥L∞

2
+

∥Σ∥L∞ L∞
ρ

2

)
+

(
Lµ +

L∇·Σ
2

+
LΣL

∞
ρ

2

)
∆ti

(59)

with Lµ, LΣ, L∇·Σ defined in (76), (79), (94). Under the assumption that c1 ≤ λmin
16 , c22 ≤

min
{
λmin
16 , β4

}
, i.e.,

∆ti ≤ ηµ,Σ,β, ηµ,Σ,β =
min

{
λmin
4 , β

}
2Lµ + L∇·Σ + LΣmax{L∞

ρ , 4}
(60)

with Lµ, LΣ, L∇·Σ defined in (76), (79), (94), one has

β

4

∥∥eGi ∥∥2ρ + λmin

8

∥∥∇eGi
∥∥2
ρ
≤β
∥∥ePi ∥∥ρ ∥∥eGi ∥∥ρ + c3

∥∥∇ePi
∥∥
ρ

∥∥∇eGi
∥∥
ρ
,

+ c4
∥∥∇ePi

∥∥
ρ

∥∥eGi ∥∥ρ∥∥eGi ∥∥ρ ≤4
∥∥ePi ∥∥ρ +

√
8

β

(
2c23
λmin

+
4c24
β

)∥∥∇ePi
∥∥
ρ
,

which implies that∥∥∥V̂i − V̂ G
i

∥∥∥
ρ
≤
∥∥ePi ∥∥ρ + ∥∥eGi ∥∥ρ ≤5

∥∥ePi ∥∥ρ +
√

8

β

(
2c23
λmin

+
4c24
β

)∥∥∇ePi
∥∥
ρ
.

Since the above inequality holds for all V P
i in the linear space spanned by {Φ},∥∥∥V̂i − V̂ G

i

∥∥∥
ρ
≤ 1

β
CG inf

V=θ⊤Φ

∥∥∥V̂i − V
∥∥∥
H1

ρ

where

CG = max

{
5β,

4c3
√
β√

λmin
+ 6c4

}
, ∥f∥H1

ρ
= ∥f∥ρ + ∥∇f∥ρ . (61)

with c3, c4 defined in (59).

Theorem 27 (Galerkin Error with unbounded ∥∇ log ρ∥L∞) The Galerkin solution

V̂ G
i (s) = θ⊤Φ(s) satisfies〈

(β − Lµ̂i,Σ̂i
)V̂ G
i (s),Φ

〉
ρ
= ⟨r(s),Φ(s)⟩ρ . (62)

When ∥∇ log ρ∥L∞ is unbounded, assume that the basis vector L∞
Φ = ∥Φ∥L∞ is bounded.

Then, as long as ∆ti ≤ min {η̂µ,Σ,β, Dµ,Σ,β}, the Galerkin solution V̂ G
i (s) approximates the

solution to the ith-order PhiBE defined in (17) with an error∥∥∥V̂ G
i (s)− V̂i(s)

∥∥∥
ρ
≤ ĈG

β
inf

V P=θ⊤Φ

∥∥∥V̂i − V P
∥∥∥
H1

ρ,∞
.
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where η̂µ,Σ,β, ĈG, Dµ,Σ,β are constants depending on µ,Σ, β, L∞
ρ , L∞

Φ defined in (65), (66),
(56) respectively, and ∥f∥H1

ρ,∞
= ∥f∥H1

ρ
+ ∥∇f∥L∞.

Proof When L∞
ρ = ∥∇ log ρ∥L∞ is not bounded, applying the second-to-last inequality of

Proposition 23 and Lemma 25 to (58) gives

β

2

∥∥eGi ∥∥2ρ + λmin

4

∥∥∇eGi
∥∥2
ρ
≤ c1

∥∥∇eGi
∥∥2
ρ
+ c5

∥∥eGi ∥∥ρ ∥∥∇eGi
∥∥
ρ
+ c6

∥∥eGi ∥∥L∞

∥∥∇eGi
∥∥
ρ

+ β
∥∥ePi ∥∥ρ ∥∥eGi ∥∥ρ + c3

∥∥∇ePi
∥∥
ρ

∥∥∇eGi
∥∥
ρ
+ c7

∥∥∇ePi
∥∥
ρ

∥∥eGi ∥∥ρ + c8
∥∥∇ePi

∥∥
L∞

∥∥eGi ∥∥ρ , (63)

where

c5 =

(
Lµ +

L∇·Σ
2

)
∆ti, c8 =

∥Σ∥L∞ Lρ
2

+
LΣLρ
2

∆ti,

c6 =
LΣLρ
2

∆ti, c7 =

(
∥µ∥L∞ +

∥∇ · Σ∥L∞

2

)
+

(
Lµ +

L∇·Σ
2

)
∆ti,

(64)

with Lµ, LΣ, L∇·Σ, Lρ defined in (76), (79), (94), (20). Since∥∥eGi ∥∥L∞ =
∥∥∥e⊤Φ∥∥∥

L∞
≤ ∥e∥2 ∥Φ∥L∞ ≤ 1√

λ̂

∥∥eGi ∥∥ρ ∥Φ∥L∞ ,

where λ̂ is the smallest eigenvalue of the matrix B, where Bij =
∫
ϕi(s)ϕi(s)ρ(s)ds. Note

that the matrix B is always positive definite when {ϕi(s)} are linearly independent basis
functions with respect to the weighted L2 norm. Let L∞

Φ = ∥Φ∥L∞ ; then (63) can be
rewritten as

β

2

∥∥eGi ∥∥2ρ + λmin

4

∥∥∇eGi
∥∥2
ρ
≤ c1

∥∥∇eGi
∥∥2
ρ
+ c9

∥∥eGi ∥∥ρ ∥∥∇eGi
∥∥
ρ
+ β

∥∥ePi ∥∥ρ ∥∥eGi ∥∥ρ
+ c3

∥∥∇ePi
∥∥
ρ

∥∥∇eGi
∥∥
ρ
+ c7

∥∥∇ePi
∥∥
ρ

∥∥eGi ∥∥ρ + c8
∥∥∇ePi

∥∥
L∞

∥∥eGi ∥∥ρ ,
where

c9 =

(
Lµ +

L∇·Σ
2

+
LΣLρL

∞
Φ

2
√

λ̂

)
∆ti.

When c1 ≤ λmin
16 , c92 ≤ min{λmin

16 , β4 }, i.e.,

∆ti ≤ η̂µ,Σ,β, η̂µ,Σ,β =
min

{
λmin
4 , β

}
2Lµ + L∇·Σ + LΣmax

{
LρL∞

Φ√
λ̂

, 4

} , (65)

with Lµ, LΣ, L∇·Σ defined in (76), (79), (94), then one has

β

4

∥∥eGi ∥∥2ρ + λmin

8

∥∥∇eGi
∥∥2
ρ
≤β
∥∥ePi ∥∥ρ ∥∥eGi ∥∥ρ + c3

∥∥∇ePi
∥∥
ρ

∥∥∇eGi
∥∥
ρ

+ c7
∥∥∇ePi

∥∥
ρ

∥∥eGi ∥∥ρ + c8
∥∥∇ePi

∥∥
L∞

∥∥eGi ∥∥ρ ,∥∥eGi ∥∥ρ ≤ 7
∥∥ePi ∥∥ρ+

√
16c23
βλmin

+
48c27
β2

∥∥∇ePi
∥∥
ρ
+

7c8
β

∥∥∇ePi
∥∥
L∞ ,
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which implies that

∥∥∥V̂i − V̂ G
i

∥∥∥
ρ
≤8
∥∥ePi ∥∥ρ +

√
16c23
βλmin

+
48c27
β2

∥∥∇ePi
∥∥
ρ
+

7c8
β

∥∥∇ePi
∥∥
L∞ .

Since the above inequality holds for all V P
i in the linear space spanned by {Φ},∥∥∥V̂i − V̂ G

i

∥∥∥
ρ
≤ 1

β
ĈG inf

V=θ⊤Φ

∥∥∥V̂i − V
∥∥∥
H1

ρ,∞
,

where

ĈG = max

{
8β,

4c3
√
β√

λmin
+ 7c7, 7c8

}
, ∥f∥H1

ρ,∞
= ∥f∥H1

ρ
+ ∥∇f∥L∞ . (66)

with c3, c7, c8 defined in (59), (64).

6.7 Proof of Theorem 19

Note that in the proof, we refer to the vector norm ∥b∥ as the Euclidean norm and the
matrix norm ∥A∥ as the operator norm.

We first prove that the matrix A defined in (27) is positive definite. By applying the
first and last inequalities of Proposition 23, one has, for all θ ∈ Rp,

θ⊤Aθ =
〈
βV (s)− Lµ̂1,Σ̂1

V (s), V (s)
〉
ρ
, with V = Φ(s)⊤θ

=β ∥V (s)∥2ρ − ⟨Lµ,ΣV (s), V (s)⟩ρ −
〈
Lµ̂1−µ,Σ̂1−ΣV (s), V (s)

〉
ρ

≥β ∥V ∥2ρ +
λmin

2
∥∇V ∥2ρ

−
[(

∥ϵµ∥∞ +
1

2
∥∇ · ϵΣ∥∞ +

1

2
∥ϵΣ∥∞ ∥∇ log ρ∥∞

)
∥V (s)∥ρ ∥∇V ∥ρ +

1

2
∥ϵΣ∥∞ ∥∇V ∥2ρ

]
where ϵµ = µ̂1 − µ, ϵΣ = Σ̂1 − Σ. By Lemma 25, one has

∥ϵµ∥∞ +
1

2
∥∇ · ϵΣ∥∞ +

1

2
∥ϵΣ∥∞ ∥∇ log ρ∥∞ ≲ (Lµ + LΣL

∞
ρ + L∇·Σ)∆t, ∥ϵΣ∥∞ ≤ LΣ∆t.

Under the assumption that ∆t ≤ ηµ,Σ,β defined in (60) is small enough, one can further
bound

θ⊤Aθ ≥ β

2
∥V ∥2ρ =

β

2
θ⊤GΦθ ≥ βλΦ

2
∥θ∥2 ,

where the last inequality comes from Assumption (29) on Φ.

In addition, one also has the following bound on ∥b∥:

∥b∥ =

∥∥∥∥∫ r(s)Φ(s)ρ(s)ds

∥∥∥∥ ≤ RLΦ, R = ∥r∥L∞ .
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Next, one can decompose the error ∥θn − θ∥ as

∥θn − θ∥ =
∥∥A−1

n bn −A−1b
∥∥ =

∥∥A−1
n (bn − b)− (A−1

n −A−1)b
∥∥

≤
∥∥A−1

n

∥∥ ∥bn − b∥+
∥∥A−1

n

∥∥ ∥An −A∥
∥∥A−1

∥∥ ∥b∥ .
If one has

∥An −A∥ ≲ min

{
βλΦ

4
,
(βλΦ)

2ϵ

16RL2
Φ

}
, ∥bn − b∥ ≤ ϵβλΦ

8LΦ

then, by the positive definiteness of A and the boundedness of b, one has

∥Vn − V ∥ ≤ ∥θn − θ∥LΦ ≤
(

4

βλΦ
∥bn − b∥+ 8LΦR

(βλΦ)2
∥An −A∥

)
LΦ ≤ ϵ

Since we assume that ϵ is small enough, the goal becomes determining the sample complexity
required to bound

∥bn − b∥ ≤ ϵβλΦ

8LΦ
, ∥An −A∥ ≲

(βλΦ)
2ϵ

16RL2
Φ

(67)

Next, we bound the first term. Let bi = r(si)Φ(si) with si ∼ ρ. By the boundedness
of ∥r∥∞ and the almost-sure boundedness of Φ(s), the random vectors bi are uniformly
bounded. Applying Bernstein’s inequality for sums of bounded random vectors (Vershynin,
2018), we obtain that for n ≥ log(1/δ), with probability at least 1− δ,

∥bn − b∥ =

∥∥∥∥∥ 1n
n∑
i=1

bi − E[bi]

∥∥∥∥∥ ≲ LΦR

√
log(1/δ)

n

Therefore, the sample complexity to achieve the first error in (67) is

n ≳
log(1/δ)L2

ΦR
2

ϵ2β2λ2
Φ

Now we bound the second term. Let wi = s′i − si. Under Assumption 1, the transition
density ρ(∆t, w | si) admits two-sided Gaussian bounds of Aronson type (Aronson, 1967).
Specifically, there exist positive constants c1, c2, c3, c4, depending only on the dimension d,
the ellipticity constants λ,Λ of σσ⊤, and ∥b∥∞, such that for all sufficiently small ∆t,

c1∆t−d/2 exp
(
− |w|2

c2∆t

)
≤ ρ(∆t, w | si) ≤ c3∆t−d/2 exp

(
− |w|2

c4∆t

)
.

Define the norm ∥·∥ψ1
for a scalar random variable X as

∥X∥ψ1
= inf

{
C > 0 : E

[
e

|X|
C

]
≤ 2
}
,

and for a vector or matrix X, define it as

∥X∥ψ1
= sup

∥u∥2=1

∥∥∥u⊤X∥∥∥
ψ1

, ∥X∥ψ1
= sup

∥u∥2=∥v∥2=1

∥∥∥u⊤Xv
∥∥∥
ψ1

.
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Then one has
∥wi∥ψ1|si ≲ σmax

√
∆t.

It is well known that sub-Gaussian random variables are sub-exponential and that

∥X∥ψ1 ≲ ∥X∥ψ2 ,

where the implicit constant is universal (Vershynin, 2018).
Let Mi(t) :=

∫ t
0 u

⊤σ(sτ )dBτ with some ∥u∥ = 1, Since the quadratic variation of Mi(t)
can be bounded by (Karatzas and Shreve, 2014)

⟨Mi⟩t =
∫ t

0
u⊤σ(sτ )σ(sτ )

⊤u dτ ≤ σ2
maxt,

λMi(t) is a continuous local martingale with Mi(0) = 0 and E[exp(λ22 ⟨M⟩t)] < ∞ for any
finite t. By the Doléans–Dade exponential martingale theorem (Karatzas and Shreve, 1998,
Chapter 3),

Zt := exp

(
λMt −

λ2

2
⟨M⟩t

)
is a martingale, and therefore

E[Zt | si(0) = si] = Z0 = 1.

It follows that

E[exp(λM∆t) | si(0) = si] ≤ exp

(
λ2

2
⟨M⟩∆t

)
≤ exp

(
λ2

2
σ2
max∆t

)
.

This implies (Vershynin, 2018)

∥Mi(∆t)∥ψ2|si ≤ Cσmax

√
∆t, (68)

for a universal constant C. In addition, because the upper bound is independent of si, the
relation between ∥·∥ψ1

and ∥·∥ψ2
(Vershynin, 2018) implies

∥Mi(∆t)∥ψ1 ≲ σmax

√
∆t. (69)

Let Yi =
∫ ∆t
0 µ(si(t))dt. Then |Yi| ≤ ∥µ∥L∞ ∆t. By (69) and u⊤wi = Mi(∆t) + u⊤Yi, one

has
∥wi − E[wi]∥ψ1 ≤ 2∥wi∥ψ1 ≲ σmax

√
∆t+ ∥µ∥L∞ ∆t.

Therefore, ∥∥∥wi
∆t

· ∇Φ(si)− E
[wi
∆t

· ∇Φ(si)
]∥∥∥

ψ1

≲ LΦ

(
σmax√
∆t

+ ∥µ∥L∞

)
.

By (68) and the boundedness of
∥∥∇2Φ(s)

∥∥ ≤ LΦ, M
⊤
i ∇2Φ(si)Mi is sub-exponential; there-

fore,∥∥∥w⊤
i ∇2Φ(si)wi

∥∥∥
ψ1|si

≤
∥∥∥M⊤

i ∇2Φ(si)Mi

∥∥∥
ψ1|si

+ 2
∥∥∥M⊤

i ∇2Φ(si)Yi

∥∥∥
ψ1|si

+
∥∥∥Y ⊤

i ∇2Φ(si)Yi

∥∥∥
ψ1|si

≲LΦ

(
σ2
max∆t+ ∥µ∥L∞ σmax∆t

√
∆t+ ∥µ∥2L∞ ∆t2

)
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Hence, one has∥∥∥∥ 1

∆t
w⊤
i ∇2Φ(si)wi − E

[
1

∆t
w⊤
i ∇2Φ(si)wi

]∥∥∥∥
ψ1

≤ 2

∥∥∥∥ 1

∆t
w⊤
i ∇2Φ(si)wi

∥∥∥∥
ψ1

≲LΦ(σ
2
max + σmax ∥µ∥L∞

√
∆t+ ∥µ∥2L∞ ∆t).

Therefore, for Ai = Φ(si)
(
βΦ(si)− wi

∆t · ∇Φ(si)− 1
2∆tw

⊤
i ∇2Φ(si)wi

)⊤
∥Ai − E[Ai]∥ψ1

≲ L2
Φ

(
β +

σmax√
∆t

+ ∥µ∥L∞ + σ2
max + σmax ∥µ∥L∞

√
∆t+ ∥µ∥2L∞ ∆t

)
.

Finally, by applying Bernstein’s inequality (Tropp, 2012), one obtains, with probability
1− δ,

∥An −A∥ ≲ ∥Ai − E[Ai]∥ψ1

(√
log(2p/δ)

n
+

log(2p/δ)

n

)
In addition, for n ≥ log(2p/δ) sufficiently large and ∆t sufficiently small, one can further
simplify the above inequality:

∥An −A∥ ≲
L2
Φσmax√
∆t

√
log(2p/δ)

n

Therefore, the sample complexity to achieve the error in (67) is

n ≳
log(2p/δ)R2L8

Φσ
2
max

β4ϵ2∆tλ4
Φ

.

To summarize, with probability 1− δ, if

n ≳ max

{
log(2p/δ)R2L8

Φσ
2
max

β4ϵ2∆tλ4
Φ

,
log(1/δ)L2

ΦR
2

ϵ2β2λ2
Φ

}
one has ∥∥∥Vn − V̂ G

1

∥∥∥
ρ
≤ ϵ

This gives the first inequality.
On the other hand, if

n ≳ n1 =
16L4

Φ log(2p/δ)
(
σmax√
∆t

)2
β2λ2

Φ

≈
L4
Φ log(2p/δ)σ2

maxλ
−2
Φ

β2∆t

then w.p. 1− δ, one has

∥An −A∥ ≤ βλΦ

4
.

Therefore, for all n ≥ n1, with probability 1− δ, one has

∥Vn − V ∥ ≤
(

4

βλΦ
∥bn − b∥+ 8LΦR

(βλΦ)2
∥An −A∥

)
LΦ

≲

(
4

βλΦ
LΦR

√
log(p/δ)

n
+

8LΦR

(βλΦ)2
L2
Φσmax

√
log(2p/δ)

n∆t

)
LΦ

≲
(
L4
ΦRσmaxλ

−2
Φ

√
log(2p/δ)

) 1

β2
√
n∆t
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7. Conclusion

In this paper, we introduce PhiBE, a PDE-based Bellman equation that integrates discrete-
time information into a continuous-time PDE. PhiBE outperforms the classical Bellman
equation in approximating the continuous-time PE problem, particularly in scenarios where
underlying dynamics evolve slowly. Importantly, the approximation error of PhiBE depends
on the dynamics, making it more robust against changes in reward structures. This property
allows greater flexibility in designing reward functions to effectively achieve RL objectives.
We further propose higher-order PhiBE, which yields improved approximations of the true
value function and achieves the same accuracy with sparser data, thereby improving sam-
ple efficiency. In addition, we develop a model-free algorithm for solving PhiBE under
linear function approximation and establish theoretical guarantees that sharpen classical
RL convergence results, particularly in their dependence on the discretization step size ∆t.

This work serves as the first step toward a systematic PDE-based approach to continuous-
time reinforcement learning. We expect the PhiBE framework to extend naturally to more
general RL settings, including richer function classes and control problems beyond policy
evaluation. Another direction for future work is a systematic theoretical and empirical
comparison among direct estimation of the continuous-time SDE coefficients, transition-
model-based PhiBE, and the model-free PhiBE estimator proposed and analyzed here.
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Appendix A. Derivation of the HJB Equation Under Deterministic
Dynamics

By the definition of V (s) in (1), one has

V (st) =

∫ ∞

t
e−β(t̃−t)r(st̃)dt̃,

which implies that
d

dt
V (st) =β

∫ ∞

t
e−β(t̃−t)r(st̃)dt̃− r(st).

Using the chain rule on the LHS of the above equation yields d
dtV (st) =

d
dtst · ∇V (st), and

the RHS can be written as βV (st)− r(st), resulting in a PDE for the true value function

βV (st) = r(st) +
d

dt
st · ∇V (st). (70)

or equivalently,

βV (s) = r(s) + µ(s) · ∇V (s). (71)
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Appendix B. Proof of Lemmas

B.1 Proof of Lemma 21

By the Feynman–Kac theorem, V̂ can be equivalently written as

V̂ =

∫ ∞

0
e−βtr(ŝt)dt with

d

dt
ŝt = µ̂(st).

Hence,∣∣∣V (s)− V̂ (s)
∣∣∣ = ∣∣∣∣∫ ∞

0
e−βt(r(st)− r(ŝt))dt

∣∣∣∣ = ∣∣∣∣∫ ∞

0
e−βt

(∫ ŝt

st

∇r(s)ds

)
dt

∣∣∣∣
≤∥∇r∥L∞

∫ ∞

0
e−βt |ŝt − st| dt,

(72)

where
d

dt
st = µ(st),

d

dt
ŝt = µ̂(ŝt), s0 = ŝ0 = s. (73)

Subtracting the two equations in (73) and multiplying by (ŝt − st)
⊤ gives

1

2

d

dt
∥ŝt − st∥2 =(µ̂(ŝt))− µ(st))(ŝt − st)

= ((µ̂(ŝt)− µ(ŝt) + (µ(ŝt)− µ(st))) (ŝt − st)

≤∥µ− µ̂∥L∞ ∥ŝt − st∥+ ∥∇µ(s)∥L∞ ∥ŝt − st∥2

≤ 1

2ϵ
∥µ− µ̂∥2L∞ +

( ϵ
2
+ ∥∇µ(s)∥L∞

)
∥ŝt − st∥2 , for ∀ϵ > 0,

where the mean value theorem is used in the first inequality. This implies

∥ŝt − st∥2 ≤
1√
ϵ
∥µ− µ̂∥L∞ t1/2e(ϵ/2+∥∇µ∥L∞ )t.

Inserting the above inequality back to (72) gives∥∥∥V (s)− V̂ (s)
∥∥∥
L∞

≤ 1√
ϵ
∥∇r∥L∞ ∥µ− µ̂∥L∞

∫ ∞

0
e−(β−ϵ/2−∥∇µ∥L∞ )tt1/2dt

=

√
π ∥µ− µ̂∥L∞ ∥∇r∥L∞

2
√
ϵ(β − ϵ/2− ∥∇µ(s)∥L∞)3/2

.

Assigning ϵ = 1
2(β − ∥∇µ(s)∥L∞) to the above inequality completes the proof.

B.2 Proof of Lemma 22

By Taylor expansion, one has

sj∆t =
i∑

k=0

(j∆t)k

k!

(
dk

dtk
st

∣∣∣∣
t=0

)
+

(j∆t)i+1

(i+ 1)!

(
di+1

dti+1
st

∣∣∣∣
t=ξj

)
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with ξj ∈ (0, j∆t). Inserting it into µ̂i(s) gives,

µ̂i(s) =
1

∆t

i∑
j=0

a
(i)
j [sj∆t|s0 = s]

=
1

∆t

i∑
j=0

a
(i)
j

[
i∑

k=0

(
dk

dtk
st

∣∣∣∣
t=0

)
(∆tj)k

k!
+

(
di+1

dti+1
st

∣∣∣∣
t=ξj

)
(∆tj)i+1

(i+ 1)!

]

=
1

∆t

i∑
k=0

(
dk

dtk
st

∣∣∣∣
t=0

)
(∆t)k

k!

i∑
j=0

a
(i)
j jk +

1

∆t

i∑
j=0

a
(i)
j

(
di+1

dti+1
st

∣∣∣∣
t=ξj

)
(∆tj)i+1

(i+ 1)!

=

(
d

dt
st

∣∣∣∣
t=0

)
+

∆ti

(i+ 1)!

i∑
j=0

a
(i)
j ji+1

(
di+1

dti+1
st

∣∣∣∣
t=ξj

)
,

where the last equality is due to the definition of a(i) in (14). Since

d

dt
st

∣∣∣∣
t=0

= µ(s0) = µ(s),

one has

|µ̂i(s)− µ(s)| = ∆ti

(i+ 1)!

∣∣∣∣∣∣
i∑

j=0

a
(i)
j ji+1

(
di+1

dti+1
st

∣∣∣∣
t=ξj

)∣∣∣∣∣∣ .
Since

di+1

dti+1
st =

di

dti
(µ(st)) = Liµµ(st),

as long as
∥∥Liµµ(st)∥∥L∞ is bounded, one has

∥µ̂i(s)− µ(s)∥L∞ ≤
∥∥Liµµ(s)∥∥L∞

(i+ 1)!

i∑
j=0

|a(i)j |ji+1∆ti = Ci
∥∥Liµµ(s)∥∥L∞ ∆ti.

B.3 Proof of Lemma 24

Subtracting the second equation from the first and letting e(s) = V (s)− V̂ (s) gives

βe = Lµ,Σe+ (Lµ,Σ − Lµ̂,Σ̂)V̂ .

Multiplying the above equation by e(s)ρ(s) and integrating it over s ∈ S yields

β

2
∥e∥2ρ = ⟨Lµ,Σe, e⟩ρ +

〈
Lµ̂−µ,Σ̂−ΣV̂ , e

〉
ρ

≤− λmin

4
∥∇e∥2ρ +

(
Cµ +

1

2
C∇·Σ

)
∥e∥ρ

∥∥∥∇V̂
∥∥∥
ρ
+

1

2
CΣ ∥∇e∥ρ

∥∥∥∇V̂
∥∥∥
ρ

+
1

2
CΣLρ ∥e∥ρ

∥∥∥∇V̂
∥∥∥
L∞

≤−
(
λmin

4
− c2

)
∥∇e∥2ρ +

(
c1 ∥e∥ρ + c2 ∥∇V ∥ρ

)
∥∇e∥ρ +

(
c1 ∥∇V ∥ρ + c3

∥∥∥∇V̂
∥∥∥
L∞

)
∥e∥ρ ,

(74)
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where the first and third equations in Proposition 23 are used for the first inequality,∥∥∥∇V̂
∥∥∥
ρ
≤ ∥∇V ∥ρ + ∥∇e∥ρ are used for the second inequality, and c1 = Cµ + 1

2C∇·Σ,

c2 =
1
2CΣ, c3 =

1
2CΣLρ. Under the assumption that c2 ≤ λmin

4 , one has

β

2
∥e∥2ρ ≤− λmin

8

(
∥∇e∥ρ −

4

λmin
(c1 ∥e∥ρ + c2 ∥∇V ∥ρ)

)2

+
2

λmin
(c1 ∥e∥ρ + c2 ∥∇V ∥ρ)

2 +
(
c1 ∥∇V ∥ρ + c3

∥∥∥∇V̂
∥∥∥
L∞

)
∥e∥ρ

≤ 2c21
λmin

∥e∥2ρ +
[(

4c1c2
λmin

+ c1

)
∥∇V ∥ρ + c3

∥∥∥∇V̂
∥∥∥
L∞

]
∥e∥ρ +

2c22
λmin

∥∇V ∥2ρ .

Under the assumption that 2c21 ≤ 1
8βλmin, one has

β

4
∥e∥2ρ ≤

[
4

β

(
4c1c2
λmin

+ c1

)2

+
2c22
λmin

]
∥∇V ∥2ρ +

4c23
β

∥∥∥∇V̂
∥∥∥2
L∞

+
β

8
∥e∥2ρ ,

which yields

∥e∥ρ ≤
[
4c1
β

(
4c2
λmin

+ 1

)
+

3c2√
βλmin

]
∥∇V ∥ρ +

4c3
β

∥∥∥∇V̂
∥∥∥
L∞

.

B.4 Proof of Lemma 25

The proof of Lemma 25 relies on the following two lemmas, which we prove below.

Lemma 28 Define the operator Πi,∆tf(s) = 1
∆tE[

∑i
j=1 a

(i)
j f(sj∆t − s0)|s0 = s] with a

(i)
j

defined in (14) and f(0) = 0. Then

Πi,∆tf(s) = [Lµ,Σf ](0) +
1

∆ti!

i∑
j=1

a
(i)
j

∫ j∆t

0
E[Li+1

µ,Σf(st − s0)|s0 = s]tidt.

Lemma 29 For p(s, t) = E[f(st)|s0 = s] with st driven by the SDE (2), under Assumption
1/(a), one has

∥∇p(s, t)∥L∞ ≤
√

C∇µ,∇Σ

λmin
∥f∥L∞ + ∥∇f∥L∞ , with C∇µ,∇Σ defined in (53).

For p(s, t) = E[f(st)(st − s0)|s0 = s] with st driven by the SDE (2), under Assumption
1/(a), one has

∥p(s, t)∥L∞ ≤ C1(∥µ∥C1 , ∥Σ∥C1 , ∥f∥C1)
√
et − 1.

∥∇p(s, t)∥L∞ ≤C2(∥µ∥C2 , ∥Σ∥C2 , ∥f∥C2)
√
et − 1.

Here, C1(∥µ∥C1 , ∥Σ∥C1 , ∥f∥C1) and C2(∥µ∥C2 , ∥Σ∥C2 , ∥f∥C2) are defined in (87) and (92).
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Now we are ready to prove Lemma 25. By Lemma 28, one has

µ̂i(s) = µ(s) +
1

∆ti!

i∑
j=1

a
(i)
j

(∫ j∆t

0
E[Liµ,Σµ(st)|s0 = s]tidt

)
, (75)

which implies that

∥µ̂i(s)− µ(s)∥L∞ ≤

∥∥∥Liµ,Σµ(s)∥∥∥
L∞

∆ti!

i∑
j=1

|a(i)j |
∫ j∆t

0
tidt ≤ Lµ∆ti,

where

Lµ = Ĉi
∥∥Liµ,Σµ(s)∥∥L∞ with Ĉi =

i∑
j=1

|a(i)j |ji+1

(i+ 1)!
defined in (50). (76)

To prove the second inequality in the lemma, we first apply Lemma 28 to obtain

Σ̂i(s) =Σ(s)

+
1

∆ti!

i∑
j=1

a
(i)
j

∫ j∆t

0
E[Liµ,Σ

(
µ(st)(st − s0)

⊤ + (st − s0)µ
⊤(st) + Σ(st)

)
|s0 = s]tidt.

(77)
Note that

h(st) :=Liµ,Σ
(
µ(st)(st − s0)

⊤ + (st − s0)µ
⊤(st) + Σ(st)

)
−
[
Liµ,Σµ(st)(st − s0)

⊤ + (st − s0)(Liµ,Σµ(st))⊤
] (78)

is a function that depends only on the derivatives ∇jΣ and ∇jµ of order up to 2i, which
can be bounded under Assumption 1/(b). Thus applying the second inequality of Lemma
29 yields ∥∥∥E[Liµ,Σ (µ(st)(st − s0)

⊤ + (st − s0)µ
⊤(st) + Σ(st)

)
|s0 = s]

∥∥∥
L∞

≤∥h(s)∥L∞ + 2C1e
t/2,

where C1 = C1(∥µ∥C1 , ∥Σ∥C1 ,
∥∥∥Liµ,Σµ∥∥∥

C1
) is defined in (87). Hence, one has∥∥∥∥∫ j∆t

0
E[Liµ,Σ

(
µ(st)(st − s0)

⊤ + (st − s0)µ
⊤(st) + Σ(st)

)
|s0 = s]tidt

∥∥∥∥
L∞

≤ 1

i+ 1
∥h∥L∞ (j∆t)i+1 + 2C1

∫ j∆t

0
(2 + t)tidt, for j∆t ≤ 3

=
1

i+ 1
(∥h∥L∞ + 4C1) (j∆t)i+1 + 2C1

1

i+ 2
(j∆t)i+2,

where et/2 ≤ 2 + t for t ≤ 3 is used in the first inequality. Plugging the above inequality
back to (77) implies ∥∥∥Σ̂i(s)− Σ(s)

∥∥∥
L∞

≤ LΣ∆ti + o(∆ti),
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where
LΣ = Ĉi(∥h(s)∥L∞ + 4C1(∥µ∥C1 , ∥Σ∥C1 ,

∥∥Liµ,Σµ∥∥C1)) (79)

with Ĉi, h(s), C1(p, q, g) defined in (76), (78), (87).
To prove the third inequality, one first applies ∇· to (77):

∇ · Σ̂i(s) = ∇ · Σ(s) + 1

∆ti!

i∑
j=1

a
(i)
j

∫ j∆t

0
∇ · p(s, t)tidt,

where

p(s, t) = E[h(st)|s0 = s] + E[Liµ,Σµ(st)(st − s0)
⊤ + (st − s0)(Liµ,Σµ(st))⊤|s0 = s],

with h defined in (78). Therefore, by the first and third inequalities in Lemma 29, and

denoting c1 =
√
C∇µ,∇Σ/λmin ∥h∥L∞ +∥∇ · h∥L∞ , c2 = C2(∥µ∥C2 , ∥Σ∥C2 ,

∥∥∥Liµ,Σµ∥∥∥
C2

), one

has ∥∥∥∇ · Σ̂i(s)−∇ · Σ(s)
∥∥∥
L∞

≤ 1

∆ti!

i∑
j=1

|a(i)j |
(∫ j∆t

0
c1t

i + 2c2e
t/2tidt

)

≤ 1

∆ti!

i∑
j=1

|a(i)j |
(∫ j∆t

0
(c1 + 4c2)t

i + 2c2t
i+1dt

)
= L∇·Σ∆ti + o(∆ti),

(80)

where

L∇·Σ =Ĉi

[√
C∇µ,∇Σ/λmin ∥h∥L∞ + ∥∇ · h∥L∞

+4C2(∥µ∥C2 , ∥Σ∥C2 ,
∥∥Liµ,Σµ∥∥C2)

]
,

(81)

with Ĉi, h(s), C∇µ,∇Σ, C2(p, q, g) defined in (76), (78), (53), (92).

Proof of Lemma 28 Proof First note that

Πi,∆tf(s) =
1

∆t

i∑
j=1

a
(i)
j

∫
S
f(s′ − s)ρ(s′, j∆t|s)ds′, (82)

where ρ(s′, t|s) is defined in (46). By Taylor’s expansion, one has

ρ(s′, j∆t|s) =
i∑

k=0

∂kt ρ(s
′, 0|s)(j∆t)k

k!
+

1

i!

∫ j∆t

0
∂i+1
t ρ(s′, t|s)tidt.

Inserting the above equation into (82) yields

Πi,∆tf(s) =
1

∆t

i∑
k=0

 i∑
j=1

a
(i)
j jk

 (∆t)k

k!

∫
S
f(s′ − s)∂kt ρ(s

′, 0|s)ds′

︸ ︷︷ ︸
I

+
1

∆ti!

i∑
j=1

a
(i)
j

(∫
S

∫ j∆t

0
f(s′ − s)∂i+1

t ρ(s′, t|s)tidtds′
)

︸ ︷︷ ︸
II

.
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By the definition of a
(i)
j , the first part can be simplified to

I =
1

∆t

 i∑
j=1

a
(i)
j

∫
S
f(s′ − s)ρ(s′, 0|s)ds′ +

∫
S
f(s′ − s)∂tρ(s

′, 0|s)ds′

=

∑i
j=1 a

(i)
j

∆t
f(0) +

∫
S
Lµ,Σf(s′ − s)ρ(s′, 0|s)ds′ = Lµ,Σf(0).

After integration by parts, the second part can be written as

II =
1

∆ti!

i∑
j=1

a
(i)
j

∫ j∆t

0
E[Li+1

µ,Σf(st − s0)|s0 = s]tidt,

which completes the proof.

Proof of Lemma 29 Proof Note that p(s, t) satisfies the following forward Kolmogorov
equation (Pavliotis, 2016),

∂tp(s, t) = Lµ,Σp(s, t), with p(s, 0) = f(s).

Multiplying the above equation by p and letting ql = ∂slp, under Assumption 1/(a), one
has

∂t(
1

2
p2) = Lµ,Σ(

1

2
p2)− 1

2
q⊤Σq, ∂t(

1

2
p2) ≤ Lµ,Σ(

1

2
p2)− λmin

2
∥q∥22 . (83)

On the other hand, ql satisfies

∂tql = Lµ,Σql + L∂slµ,∂slΣp, with q(s, 0) = ∂slf(s). (84)

Multiplying the above equation by ql and then summing over l gives

∂t(
1

2
∥q∥22) =Lµ,Σ(

1

2
∥q∥22)−

1

2

∑
l

(∇ql)
⊤Σ(∇ql) + q⊤∇µ · q +

∑
l

1

2
(∂slΣ : ∇q)ql,

∂t(
1

2
∥q∥22) ≤Lµ,Σ(

1

2
∥q∥22)−

λmin

2
∥∇q∥22 + ∥∇µ∥2 ∥q∥

2
2 +

1

2
∥∇Σ∥2 ∥∇q∥2 ∥q∥2

≤Lµ,Σ(
1

2
∥q∥22) +

(
∥∇µ∥L∞ +

∥∇Σ∥2L∞

8λmin

)
︸ ︷︷ ︸

λmin
2

c

∥q∥22 .

Adding the above inequality to c×(83) with c =
C∇µ,∇Σ

λmin
and C∇µ,∇Σ defined in (53), one

has

∂t

(
c

2
p2 +

1

2
∥q∥22

)
≤ Lµ,Σ(

c

2
p2 +

1

2
∥q∥22).

Let g(s, t) = c
2p

2+ 1
2 ∥q∥

2
2. Then ∂tg ≤ Lµ,Σg. Let g1(s, t) = E[cf(st)2/2+∥∇f(st)∥22 /2|s0 =

s]. Then g1(s, t) satisfies ∂tg1 = Lµ,Σg1, with g1(0, s) = g(0, s). Since ∥g1(t, s)∥L∞ ≤
c
2 ∥f∥

2
L∞ + 1

2 ∥∇f∥L∞ , by the comparison theorem, one has, for all s ∈ S,

g(t, s) ≤ g1(t, s) ≤
1

2
(c ∥f∥2L∞ + ∥∇f∥2L∞),
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which completes the proof for the first inequality.
For the second inequality, let p(t, s) = E[f(st)(st−s0)|s0 = s]. Let p1(t, s) = E[f(st)st|s0 =

s] and p2(t, s) = E[f(st)|s0 = s]. Then p satisfies the following PDE:

∂tp = ∂t(p1 − p2s) = Lµ,Σp1 − (Lµ,Σp2)s = Lµ,Σp+ µp2 +Σ∇p2, with p(0, s) = 0.

Multiplying it by p⊤ and letting q = ∇p gives

∂t(
1

2
∥p∥22) ≤ Lµ,Σ(

1

2
∥p∥22)−

λmin

2
∥q∥22 +

1

2a
∥µp2 +Σ∇p2∥2L∞ +

a

2
∥p∥22 , for all a > 0.

Let c2 = ∥µp2 +Σ∇p2∥2L∞ , one has

∂t(
1

2
∥p∥22) ≤ Lµ,Σ(

1

2
∥p∥22)−

λmin

2
∥q∥22 +

c2
2a

+
a

2
∥p∥22 , for all a > 0. (85)

Let g(t, s) = 1
2 ∥p∥

2
2 e

−at + c2
2a2

e−at. Then

∂tg ≤ Lµ,Σg, with g(0, s) =
c2
2a2

. (86)

Similarly, by the comparison theorem, ∥g(t, s)∥L∞ ≤ ∥g(0, s)∥L∞ = c2
2a2

, which implies

∥p(t, ·)∥L∞ ≤
√
c2
a

√
eat − 1 =

√
c2
√
et − 1 ≤ C1(∥µ∥C1 , ∥Σ∥C1 , ∥f∥C1)

√
et − 1

with

C1(∥µ∥C1 , ∥Σ∥C1 , ∥f∥C1) = ∥µ∥L∞ ∥f∥L∞ + ∥Σ∥L∞

(√
C∇µ,∇Σ

λmin
∥f∥L∞ + ∥∇f∥L∞

)
(87)

where the first equality is obtained by selecting a = 1. One obtains the last inequality by
applying the first inequality in this lemma to ∥∇p2∥L∞ and ∥p2∥L∞ ≤ ∥f∥L∞ .

On the other hand, letting h(t, s) = µp2 + Σ∇p2, applying ∇ to (86), and multiplying
it by q⊤ gives

∂t(
1

2
∥q∥22) =Lµ,Σ(

1

2
∥q∥22)−

1

2

∑
l

(∇ql)
⊤Σ(∇ql) + q⊤∇µ · q +

∑
l

1

2
(∂slΣ : ∇q)ql + q · ∇h,

(88)

∂t(
1

2
∥q∥22) ≤Lµ,Σ(

1

2
∥q∥22)−

λmin

2
∥∇q∥22 + ∥∇µ∥2 ∥q∥

2
2 +

1

2
∥∇Σ∥2 ∥∇q∥2 ∥q∥2 +

1

2a
∥∇h∥2L∞

+
a

2
∥q∥22

≤Lµ,Σ(
1

2
∥q∥22) +

(
∥∇µ∥L∞ +

∥∇Σ∥2L∞

8λmin

)
∥q∥22 +

1

2a
∥∇h∥2L∞ +

a

2
∥q∥22 .

Adding the above inequality to c×(85) with c =
C∇µ,∇Σ

λmin
and C∇µ,∇Σ defined in (53), one

has

∂t

(
1

2
p2 +

c

2
∥q∥22

)
≤ Lµ,Σ

(
1

2
p2 +

c

2
∥q∥22

)
+

1

2a

(
∥∇h∥2L∞ + c ∥µ∥2L∞

)
+a

(
1

2
∥p∥22 +

c

2
∥q∥22

)
.
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Let g(s, t) =
(
c
2p

2 + 1
2 ∥q∥

2
2

)
e−at + 1

2a2
(c ∥µ∥2L∞ + ∥∇h∥2L∞)e−at. Then

∂tg ≤ Lµ,Σg, with g(s, 0) =
1

2a2
(c ∥µ∥2L∞ + ∥∇h∥2L∞).

By the comparison theorem, one has g(s, t) ≤ 0, which implies

c

2
∥p∥2L∞ +

1

2
∥q∥2L∞ ≤ 1

2a2
(c ∥µ∥2L∞ + ∥∇h∥2L∞)(eat − 1)

∥q∥L∞ ≤ (
√
c ∥µ∥L∞ + ∥∇h∥L∞)

√
et − 1

Since one needs to bound ∇2p2, we estimate it first. Differentiating (84) with respect to sk
and letting qlk = ∂sk∂slp gives

∂tqlk = Lµ,Σqlk + L∂slµ,∂slΣqk + L∂skµ,∂skΣql + L∂sl∂skµ,∂sl∂skΣp

Multiplying both sides of the above equation by qlk and summing over l,m gives

∂t

(
1

2

∥∥∇2p
∥∥2
2

)
≤Lµ,Σ

(
1

2

∥∥∇2p
∥∥2
2

)
+

(
∥∇µ∥2L∞ +

∥∇Σ∥2L∞

2λmin
+

1

2

∥∥∇2Σ
∥∥2
L∞

)
︸ ︷︷ ︸

c3

∥∥∇2p
∥∥2
2
+

1

2

∥∥∇2µ
∥∥2
2
∥q∥22

(89)
The equation (88) gives

∂t

(
1

2
∥∇p∥22

)
≤ Lµ,Σ

(
1

2
∥∇p∥22

)
− λmin

4

∥∥∇2p
∥∥2
2
+ λminc ∥q∥22 . (90)

Now combining (83), (90), and (89) leads to

(83)× 2

λmin

(
1

2

∥∥∇2µ
∥∥2
2
+ 4cc3

)
+ (90)× 4c3

λmin
+ (89)

=
1

2
∂t

[
2

λmin

(
1

2

∥∥∇2µ
∥∥2
2
+ 4cc3

)
∥p∥22 +

4c3
λmin

∥∇p∥22 +
∥∥∇2p

∥∥2
2

]
≤1

2
Lµ,Σ

[
2

λmin

(
1

2

∥∥∇2µ
∥∥2
2
+ 4cc3

)
∥p∥22 +

4c3
λmin

∥∇p∥22 +
∥∥∇2p

∥∥2
2

] (91)

By the comparison theorem, one has

∥∥∇2p
∥∥
2
≤ 1√

λmin

(∥∥∇2µ
∥∥
2
+ 2

√
cc3
)
∥f∥22 +

2
√
c3√

λmin
∥∇f∥2 +

∥∥∇2f
∥∥
2

By the first inequality of this lemma and the above inequality, one has

√
c ∥µ∥L∞ + ∥∇h∥L∞ ≤ C2(∥µ∥C2 , ∥Σ∥C2 , ∥f∥C2)
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where

C2(∥µ∥C2 , ∥Σ∥C2 , ∥f∥C2)

=
√
c ∥µ∥L∞ + ∥∇µ∥L∞ ∥f∥L∞

+ (∥µ∥L∞ + ∥∇Σ∥L∞) (
√
c ∥f∥L∞ + ∥∇f∥L∞)

+ ∥Σ∥L∞

[
1√
λmin

(∥∥∇2µ
∥∥
2
+ 2

√
cc3
)
∥f∥22 +

2
√
c3√

λmin
∥∇f∥2 +

∥∥∇2f
∥∥
2

] (92)

which completes the proof.

B.5 Proof of Lemma 26

Based on Proposition 23, one has

β

2
∥V ∥2ρ − ⟨r(s), V (s)⟩ρ ≤ −λmin

4
∥∇V (s)∥2ρ ;

β ∥∇V ∥2ρ − ⟨∇r(s),∇V (s)⟩ρ ≤
C∇µ,∇Σ

2
∥∇V ∥2ρ .

Multiplying the first inequality by
2C∇µ,∇Σ

λmin
and adding it to the second gives

β

(
C∇µ,∇Σ

λmin
∥V ∥2 + ∥∇V (s)∥2ρ

)
≤ 1

2β

(
C∇µ,∇Σ

λmin
∥r∥2ρ + ∥∇r∥2ρ

)
+

β

2

(
2C∇µ,∇Σ

λmin
∥V ∥2ρ + ∥∇V ∥2ρ

)
,

(93)

which implies

∥∇V (s)∥ρ ≤
2

β

(√
C∇µ,∇Σ

λmin
∥r∥ρ + ∥∇r∥ρ

)
.

For the second inequality, let p(s, t) = E[r(st)|s0 = s]. Then, by Lemma 29, one has∥∥∥∇V̂ (s)
∥∥∥
L∞

=

∥∥∥∥∫ ∞

0
e−βt∇p(s, t)dt
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L∞

≤
∫ ∞

0
e−βt ∥∇p(s, t)∥L∞ dt

≤
∫ ∞

0
e−βt

√C∇µ̂,∇Σ̂

λmin
∥r∥L∞ + ∥∇r∥L∞

 dt

≤ 1

β

(
1√
λmin

√
2C∇µ,∇Σ +

1

2λmin

∥∥∥∇(Σ− Σ̂)
∥∥∥2
L∞

+ 2 ∥∇(µ− µ̂)∥L∞ ∥r∥L∞ + ∥∇r∥L∞

)
.

As in the estimate of
∥∥∥∇ · (Σ− Σ̂)

∥∥∥
L∞

in Lemma 22, one has

∥∥∥∇(Σ− Σ̂i)
∥∥∥
L∞

≤ L∇Σ∆ti + o(∆ti),
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where

L∇Σ = Ĉi

[√
C∇µ,∇Σ/λmin ∥h∥L∞ + ∥∇h∥L∞ + 4

(√
C∇µ,∇Σ/λmin ∥µ∥L∞ + ∥∇µ∥L∞

)]
,

(94)
with Ĉi, h(s), C∇µ,∇Σ defined in (76), (78), (53). Applying ∇ to (75) gives

∥∇(µ− µ̂i)∥L∞ ≤ 1

∆ti!

i∑
j=1

|a(i)j |
∫ j∆t

0
∥∇p(s, t)∥ tidt

with
p(s, t) = E[Liµ,Σµ(st)|s0 = s].

By Lemma 29, one has
∥∇(µ− µ̂i)∥L∞ ≤ L∇µ∆ti

with

L∇µ = Ci

(√
C∇µ,∇Σ

λmin

∥∥Liµ,Σµ(s)∥∥L∞ +
∥∥∇Liµ,Σµ(s)

∥∥
L∞

)
. (95)

Therefore,∥∥∥∇V̂ (s)
∥∥∥
L∞

≤ 1

β

[(√
2C∇µ,∇Σ

λmin
+

L∇Σ√
2λmin

∆ti +

√
2L∇µ
λmin

∆ti/2

)
∥r∥L∞ + ∥∇r∥L∞

]
+ o(∆ti).
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