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Abstract

Surrogate variables play an important role in various fields due to the scarcity or absence
of gold-standard labels. We develop a novel approach named SASH for Surrogate-Assisted
and data-Shielding High-dimensional integrative regression. It is a semi-supervised ap-
proach that efficiently leverages sizable unlabeled samples with error-prone surrogate out-
comes from multiple local sites to improve model estimation using the small gold-labeled
sample. To facilitate stable and efficient knowledge extraction from the surrogates, our
method first obtains a preliminary supervised estimator, and then uses it to assist in train-
ing a regularized single-index model (SIM) for the surrogates. Interestingly, through a
chain of convex and properly penalized sparse regressions that approximate the SIM loss
using bias correction, our method avoids the problem of local minima in the SIM, and
fully eliminates the impact of the preliminary estimator’s excessive error. In addition, it
protects individual-level information through the aggregation of summary statistics from
local sites, leveraging a similar idea of bias-corrected approximation. Through simulation
studies, we demonstrate that our method outperforms existing approaches. Finally, we
apply our method to develop a genetic risk model for type 2 diabetes using large-scale data
sets from UK and Mass General Brigham biobanks, where only a small fraction of subjects
in one site are labeled through manual chart review.
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1. Introduction

1.1 Background

Electronic health records (EHRs) have become a crucial resource for a growing number
of data-driven biomedical studies including disease diagnosis (Beaulieu-Jones et al., 2020;
Zhang et al., 2020a), clinical knowledge extraction (Harnoune et al., 2021; Hong et al., 2021),
treatment response evaluation (Franklin et al., 2021), and genotype-phenotype association
characterization when linked with biobank data sets (Kohane, 2011; Cai et al., 2018; Maior-
ino and Loscalzo, 2023). However, realizing the potential of EHRs in data-driven research is
challenging. This is because surrogate variables, such as diagnostic codes, are widely avail-
able but often noisy, failing to accurately reflect the true disease status and introducing
bias (Zhang et al., 2019; Geva et al., 2021). Manual chart review, while accurate, is labor-
intensive and yields only a small number of gold-standard labels, exacerbating challenges in
analyzing high-dimensional data. This creates a trade-off: surrogates reduce variance due
to their large sample sizes but introduce bias, whereas gold labels are unbiased but inflate
variance due to their limited availability. To balance this trade-off, robust semi-supervised
methods are needed to integrate large, noisy surrogate data sets with small samples with
gold-standard labels efficiently.

In addition to EHR studies, surrogate variables also play an important role in diverse
application fields. For example, in time-series forecasting, surrogates often represent in-
termediate data points collected between the observed present and the predicted future.
They are useful for improving predictions in social and economic contexts by bridging the
gap between initial and final observations (Box et al., 2015). In addition, various types of
surrogates have been introduced for long-term user experience characterization in recom-
mendation systems (Wang et al., 2022), automated vehicle safety modeling (Wang et al.,
2021), and purchasing behavior prediction on e-commerce platforms (Wu et al., 2018).

When combining data across institutions, privacy constraints further complicate mat-
ters, as individual-level data cannot be directly shared. Frameworks like DataSHIELD
(Wolfson et al., 2010) allow only the transfer of summary statistics, which, along with high-
dimensional data, intensifies the issue of noisiness and label scarcity (e.g., Jones et al., 2012;
Doiron et al., 2013; Gaye et al., 2014). Our real-world study aims to address the combined
challenges of label scarcity, high-dimensionality, and privacy constraints.

1.2 Problem Setup

Suppose individual-level data are stored at M local sites indexed by 1, 2, . . . ,M . In each
site m ∈ {1, 2, . . . ,M}, there are Nm independent and identically distributed subjects with
underlying full data F (m) = {(Y (m)

i , S(m)

i ,X(m)T

i )T : i = 1, 2, . . . , Nm}, where X(m)

i is the p-
dimensional covariate vector of subject i in site m, Y (m)

i denotes the binary true outcome of
interest, and S(m)

i is some imperfect surrogate or proxy of Y (m)

i .

We assume that the true label Y (m)

i is only observed for m = 1 and i = 1, 2, ..., n
with n ≪ min(N1, p) and denote the labeled subset of subjects in site 1 by L (1) =
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{(Y (1)

i , S(1)

i ,X(1)T

i )T : i = 1, 2, . . . , n}, while for the remaining subjects in site 1 and all sub-
jects from sites 2, . . . ,M , we only observe their covariates and surrogates, and let U (m) =
{(S(m)

i ,X(m)T

i )T : i = 1, 2, . . . , Nm} denote the observed unlabeled data for m = 1, 2, . . . ,M .
For the true outcome Y (m)

i , we are interested in estimating the coefficients in the logistic
risk model

P(Y (m)

i = 1 | X(m)

i ) = g(α(m)

0 + βT
0X

(m)

i ) with g(a) = ea/(1 + ea), for 1 ≤ m ≤ M, (1)

where α(m)

0 is the intercept for site m and β0 represents the high-dimensional sparse model
coefficients shared by the local sites. One could simply use ℓ1-regularized logistic regression
on the labeled data L (1) to obtain a supervised estimator of β0. However, this may not
perform well due to the small size of L (1) and the high-dimensionality.

To estimate and infer β0 more efficiently, we leverage the large unlabeled samples from
all sites with the surrogate S(m)

i that is predictive of Y (m)

i but imperfect and error-prone. Our
main model assumption for the surrogate outcome S(m)

i is that it relates to X(m)

i through a
single index model (SIM):

E(S(m)

i | X(m)

i ) = f̆m(βT
0X

(m)

i ) = fm(γT
0X

(m)

i ) for 1 ≤ m ≤ M, (2)

where γ0 is a scaled vector with the same direction as β0 and f̆m and fm are some unknown
and nuisance link functions varying across different sites.

The SIM assumption (2) holds in various practical scenarios such as the post hoc sur-
rogate illustrated in diagram (i) on the right panel of Figure 1, which is frequently used
in practice (e.g., Hong et al., 2019). In this case, S(m)

i is a proxy coming directly from the
disease outcome Y (m)

i appearing between S(m)

i and the baseline risk factors X(m)

i . For exam-
ple, in our real-world study, X(m)

i is genetic variants and S(m)

i is the total count of diagnostic
codes for the disease Y (m)

i . The diagnostic counts S(m)

i are related to the disease-causing
genetic variants only through the disease status, leading to the conditional independence:

S(m)

i ⊥⊥ X(m)

i | Y (m)

i for m = 1, 2, . . . ,M. (3)

In Proposition 1 (justified in Appendix B.1), we show that our SIM assumption (2) holds
under the logistic model assumption (1) and the conditional independence condition (3)
that is reasonable for post hoc surrogates.

Proposition 1 The surrogate SIM assumption (2) holds under conditions (1) and (3).

Assumption (2) also holds in other contexts such as the early-endpoint surrogate de-
scribed by diagram (ii) in Figure 1 and the example (iii). Early-endpoint surrogates in (ii)
are frequently encountered in contemporary clinical and biomedical studies (Prentice, 1989;
VanderWeele, 2013). They encompass factors that can be rapidly assessed and used as an
indicator of the long-term outcome Y . For instance, the tumor response rate could be used
as a surrogate for overall survival in clinical studies. Similar to Proposition 1, it is not hard
to justify that such types of surrogates in (ii) and (iii) also follow the SIM (2) under the
outcome model (1).

Note that β0 can be identified from (2) only up to scalar multiples. To ensure identifi-
ability, we assume that β01 ∕= 0 and take γ0 = β0/β01, consequently γ01 = 1. For training
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stability, one may set the first covariate in X as the risk factor believed to have a strong
association with the outcome so that β01 is away from zero. This requires moderate prior
knowledge of the model. For example, in our T2D genetic risk study, we set X1 as the
ethnicity variable since it has been found and confirmed that the risk of T2D is significantly
associated with ethnicity (Abate and Chandalia, 2003).

Under the framework introduced above, we aim to derive an efficient estimator for β0

through semi-supervised learning assisted by the surrogate while overcoming the DataSHIELD
constraint (Wolfson et al., 2010) that only summary statistics like mean vectors and covari-
ance matrices are allowed to be transferred across the local sites. In our method, we will
only transfer summary-level data between site 1 (with a few samples of Y ) and the other
sites. We illustrate this data-sharing scheme as well as the structure of our observed data
sets in the left panel of Figure 1.

SHIR plot 1.pdf
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Figure 1: Left panel: an illustration of the structure of the observed data and the scheme
of communication under DataSHIELD. Right panel: directed acyclic graphs (DAGs) of
data generation examples. (i) Post hoc surrogates; (ii) Early-endpoint surrogates; (iii) An
illustrative example in which the surrogate is neither post hoc nor early-endpoint but our
SIM assumption (2) still holds. Here V (m) is some key latent factor mediating the effects of
X (m) on both S(m) and Y (m).

1.3 Related Literature

Surrogates play an important role in various application fields where the collection of the
primary or true outcome of interest is expensive, e.g., requiring intensive human efforts or
long-term follow-up. With a partially observed true outcome Y and fully observed surro-
gate S, surrogate-assisted semi-supervised (SAS) learning methods have been proposed to
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leverage unlabeled data to improve the learning accuracy of the true outcome model in the
paucity or even absence of the gold-standard label Y . The key is to model and incorporate
S in a way that could reduce the variance without introducing bias. For example, Huang
et al. (2018), Zhang et al. (2020a), and Hong et al. (2019) used a maximum likelihood
framework to address error-prone or anchor-positive labels. Kallus and Mao (2020) studied
the semiparametric efficiency bounds for estimating the average treatment effects (ATE) in
the presence of surrogates, to demonstrate the usefulness of surrogates in causal inference.
Athey et al. (2019) and Athey et al. (2020) proposed methods that leverage observational
data and secondary surrogates to mitigate the missingness of the long-term primary out-
come Y in experimental data. Lin and Bradic (2021) addressed the noisiness of surrogate
outcomes in deep learning through a novel algorithm curbing memorization of the noisy
instances in neural networks.

For high-dimensional data, Zhang et al. (2022) proposed an adaptive SAS sparse regres-
sion approach that effectively leverages valid and informative surrogates while maintaining
robustness to the surrogates of poor quality. They directly modeled S against a linear func-
tion of X, which is valid for the SIM only when X satisfies a restrictive Gaussian condition.
They also aim to model Y against both S and X for the purpose of EHR phenotyping. In
contrast, we are interested in Y ∼ X only, which is for risk prediction with the baseline
factors X, as well as identifying key risk factors. Recently, Hou et al. (2021) introduced a
working imputation model for Y including both X and S as predictors and deployed it on
unlabeled data to estimate the high-dimensional sparse Y ∼ X. Their method is guaranteed
to improve statistical accuracy when the imputation model is sparser than Y ∼ X. To the
best of our knowledge, there is no existing SAS method that is effective under a flexible SIM
in (2) with a non-Gaussian design X, let alone one that integrates multi-source SIMs under
the DataSHIELD constraint. As will be discussed later, this methodological gap is due to
the statistical and computational challenges of sparse SIM under non-Gaussian designs.

With the promise of more generalizable research findings through integrative analysis
of multi-institutional data, much research in recent years has focused on federated learning
that achieves information integration without sharing individual-level data. For example,
He et al. (2016) utilized this strategy for sparse meta-analysis assuming that the model
coefficients from local sites have similar supports. Under high-dimensional settings, Lee
et al. (2017) and Battey et al. (2018) conducted communication-efficient distributed learn-
ing for the high-dimensional model by averaging and truncating the local debiased Lasso
estimators (e.g., van de Geer et al., 2014). Cai et al. (2022b) proposed a federated learning
method that accommodates model heterogeneity across local sites and complies with the
DataSHIELD constraint by aggregating bias-corrected summary statistics. Jordan et al.
(2019) proposed an approximate likelihood approach for communication-efficient aggre-
gation of homogeneous data under the DataSHIELD constraint and Duan et al. (2022)
extended their framework to address distributional heterogeneity. Nevertheless, all these
methods require observing the outcome Y in all local sites. In our current set-up with only
a few gold labels available in one site and abundant samples with the error-prone surrogate
S in all sites, directly implementing existing methods for Y on the error-prone S can result
in severe bias due to the error of S and the heterogeneity of Y | S across the sites.

Technically, our work is also relevant to the estimation and inference of high-dimensional
sparse SIM. Due to the unknown link function, it is much more challenging to study sparse
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SIM under high-dimensional settings. A common strategy is to employ surrogate loss func-
tions. Specifically, Neykov et al. (2016) and Eftekhari et al. (2021) used ℓ1-regularized
linear regression to learn the sparse coefficients in SIM. The validity of such a surrogate-loss
approach heavily relies on the Gaussian (elliptical) distribution assumption of the design,
which is often violated in practice. Under SIM with a non-Gaussian design, Radchenko
(2015) used splines to model the unknown link function and gradient-based procedures to
estimate coefficients. To the best of our knowledge, no existing work ensures convergence
of the optimization algorithm for sparse SIM with a non-Gaussian design matrix.

Semiparametric efficient score functions have been frequently used to correct regulariza-
tion bias in various inference problems such as those of high-dimensional generalized linear
models (GLM) (Zhang and Zhang, 2014; van de Geer et al., 2014; Javanmard and Mon-
tanari, 2014), treatment and structural effects (e.g., Chernozhukov et al., 2018), and deep
neural networks (e.g., Farrell et al., 2021). Recently, Wu et al. (2023) developed a debiasing
method to infer the coefficient of the high-dimensional sparse SIM, which is motivated by
the semiparametric efficient score for SIM coefficients derived in Liang et al. (2010).

More complicated than earlier work, the debiasing form of Wu et al. (2023) can simulta-
neously remove the first-order regularization bias of the parametric part and the smoothing
bias of the nonparametric link function. This is because the unknown link in SIM is a
nuisance model for the target coefficients. Our work essentially leverages this property to
construct the one-step approximation for the non-convex SIM loss, which enables both the
iterative updates towards the global solution and efficient data aggregation under the pri-
vacy constraints. A similar intrinsic relationship between debiased inference and efficient
one-step approximation has been discussed in the context of high-dimensional GLMs (Cai
et al., 2022b), but not studied for the SIM with a larger technical complication.

1.4 Our Contribution

To address limitations of existing approaches for sparse SIM and effectively leverage the sur-
rogates to improve the learning efficiency on the outcome model in a multi-source setting,
we propose a novel Surrogate-Assisted and data-Shielding High-dimensional integrative
regression (SASH) method. First, it extracts a preliminary estimator with the small la-
beled samples only, to initiate the training of high-dimensional SIM (2) at each local site.
Interestingly, our use of the preliminary supervised estimator plays an important role in
ensuring the desirable convergence of the sparse SIM regression while the impact of its er-
ror can be fully removed through proper iteration and regularization. Then SASH derives
proper bias-corrected summary statistics to approximate the SIM loss in local sites, and
aggregates them to obtain an accurate estimator for the direction coefficients of β. Finally,
it refits to the labeled data with the estimated direction to obtain the estimator for β.

We show that under mild and reasonable assumptions, our SASH estimator attains the
optimal convergence rate, outperforms the supervised and local analyses, and incurs no
first-order convergence-rate loss relative to the ideal IPD estimator obtained by pooling
the individual data. We also demonstrate that our method achieves better performance
than recent SAS methods in simulation and real-world studies. This is because the above-
reviewed SAS learning methods (e.g., Hou et al., 2021; Zhang et al., 2022) incorporate
the surrogate S through fully parametric regression or unstable SIM-training procedures
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that fail to characterize the semiparametric SIM (2) effectively and consequently cause
efficiency loss. Technically, this limitation is mainly due to the convergence problem caused
by local minima in single-index regression under non-Gaussian designs, which is even more
pronounced in high-dimensional settings.

To overcome the convergence issue of the sparse SIM, we introduce a preliminary su-
pervised estimator to guide the training, followed by two key innovative components: an
efficient (bias-corrected) one-step approximation for the loss of SIM and an iterative up-
dating algorithm with carefully tuned parameters. The resulting semi-supervised estimator
achieves an error rate independent of the small labeled sample size n, instead leveraging the
large unlabeled data size. However, the preliminary estimator driven by the small n plays
a central role in guiding our iterative algorithm and protecting it from falling into local
minima at the very beginning. Importantly, we justify that an ℓ2-consistent preliminary
estimator, guaranteed by the mild sparsity and regularity assumptions, is sufficient for our
method to achieve the same convergence rate as the global optimum without reliance on
the small n. At first glance, this seems to be just a simple improvement of the Newton-type
optimization. However, our strategy of addressing the nonparametric estimator in SIM via
orthogonality, as well as adapting the regularization to control the excessive approximate
errors, is actually more sophisticated than approaches in the existing literature and essential
for eliminating the impact of the high-error preliminary estimator and ensuring the optimal
convergence rate. Our work is also the first one to achieve an efficient multi-site aggregation
for high-dimensional sparse SIM under the DataSHIELD constraint. This advancement is
also based on our novel bias-corrected approximation procedure for SIM.

2. Method

2.1 Outline of SASH

Let 󰁥P(m) denote the empirical probability measure with observed data in U (m) and 󰁥P(1)
n

denote the empirical probability measure on the labeled data set L (1). For a vector v =

(v1, v2, . . . , vd)
T ∈ Rd and q > 0, we denote the ℓq norm of v as 󰀂v󰀂q =

󰀃󰁓d
i=1 |vi|q

󰀄1/q
.

For ease of notation, we drop the superscript in α(1) and denote it as α throughout the
remainder of the paper since the intercept terms in sites 2, 3, . . . ,M do not appear in our
formulation. We write an = O(bn) or an ≲ bn if an ≤ Cbn for some constant C > 0, write
an = o(bn) if limn→∞ an/bn = 0, and write an ≍ bn if C ≤ an/bn ≤ C ′ for some constants
C,C ′ > 0. Also, we write an = Op(bn) and an = op(bn) respectively for an = O(bn) and
an = o(bn) with probability approaching 1.
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Algorithm 1 Outline of SASH.

Input: L (1) and {U (m),m = 1, ...,M}.
Step I: Obtain an initial estimator of the direction vector γ0 using L (1) through supervised
learning (4), and broadcast the estimator 󰁨βsup to all local sites.

Step II: In each local site, fit the SIM to estimate the direction γ0 using the preliminary
direction estimator from site 1 as shown in Algorithm 2. Then derive summary statistics
to approximate the individual-level loss function, and transfer them to site 1.

Step III: Aggregate in site 1 the summary statistics from the local sites to obtain the final
estimator of β0.

In Algorithm 1, we outline SASH, a three-step learning approach that effectively lever-
ages the unlabeled data {U (m),m = 1, ...,M} and the labeled subset L (1). Our identification
strategy is to decompose the target β0 into two parts, its direction γ0 and magnitude β01.
We first estimate γ0 precisely through fitting model (2), the SIM of S(m)

i ∼ X(m)

i , with the
large samples {U (m),m = 1, ...,M} via federated SIM learning. Crucially, this procedure is
supported by a preliminary supervised estimator derived with the labeled data L (1). Then
for the one-dimensional magnitude β01, we estimate it using L (1) and the estimate of γ.
The details of the main steps are described in Section 2.2.

2.2 Details of the main steps

Step I. We first obtain an initial estimator by fitting a supervised penalized logistic model
using the small labeled samples in site 1:

{󰁨αsup, 󰁨βsup} = argmin
α∈R,β∈Rp

󰁥P(1)
n ℓ{Y, g(α+ βTX)}+ λsup󰀂β-1󰀂1, (4)

where ℓ(y, x) = −{y log x + (1 − y) log(1 − x)} and λsup > 0 is a tuning parameter. Since
we assume that β01 ∕= 0, we impose the Lasso penalty only on β-1 = (β2, . . . ,βp)

T in
(4), thereby avoiding direct shrinkage of the normalizing coefficient toward zero. We then
broadcast 󰁨γsup = 󰁨βsup/

󰁨βsup,1 to all sites for local training of the sparse SIM in the next

step. Here, the normalization of 󰁨βsup with
󰁨βsup,1 is made corresponding to the identification

condition γ1 = 1.

Remark 1 We assume that at least one of the risk factors is known to be strongly associated
with Y and specify it as X1. Without such prior knowledge, it is plausible to modify our
proposed algorithm by introducing a screening procedure to select a strong risk factor of Y
at the beginning. Existing variable selection methods such as Lasso (Tibshirani, 1996) and
sure independence screening (Fan and Lv, 2008) could be applied to the labeled sample L (1).
Alternatively, surrogate-based screening could be applied to the combined (S,X) data from
the labeled sample and the unlabeled samples {U (m),m = 1, . . . ,M}.

Step II. Based on Step I, we next model S(m)

i ∼ X(m)

i in each local site, to obtain a more
accurate estimator for γ and use it to derive appropriate summary statistics for integrative
analyses. For this purpose, we first define the loss of the SIM (2). Given any γ and
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subject X(m)

i , the unknown link function fm(·) can be naturally estimated through a kernel
smoothing estimator:

󰁥fm(X(m)

i ;γ) =

󰁓Nm
j=1,j ∕=iKhm(γ

TX(m)

j − γTX(m)

i )S(m)

j󰁓Nm
j=1,j ∕=iKhm(γ

TX(m)

j − γTX(m)

i )
(5)

with Khm(u) = K(u/hm)/hm, where K(u) represents a kernel function and hm > 0 is a
bandwidth parameter specific for each m. Then the individual-level loss function for S(m)

can be formulated as

L(m)(γ) = 󰁥P(m)󰁥φm(X;γ){S − 󰁥fm(X;γ)}2, (6)

where 󰁥φm(X;γ) is a weighting function introduced to improve estimation efficiency and it
may be data-driven. Typically, improper specification of φm has no impact on the conver-
gence rate of the estimator but the finite-sample performance may be affected. In Appendix
D.1, we provide practical suggestions on φm for binary, count, and continuous surrogates.

The objective (6) is challenging to optimize since the presence of 󰁥fm(X;γ) makes it
non-convex and, thus, prone to the problem of local minima. Our solution is to initiate at
the supervised estimator 󰁨γsup and approximate (6) with some quadratic function of γ(m). For
the quadratic approximation with sufficiently small bias, the key procedure is to linearize
󰁥fm(X(m)

i ;γ) with respect to γ. Heuristically, with some preliminary 󰁨γ, e.g., 󰁨γ = 󰁨γsup, we

approximate 󰁥fm(X(m)

i ;γ) by

󰁥fm(X(m)

i ;γ) ≈ 󰁥fm(X(m)

i ; 󰁨γ) + (γ − 󰁨γ)T∂γ 󰁥fm(X(m)

i ; 󰁨γ) +O(󰀂γ − 󰁨γ󰀂22), (7)

where ∂γ 󰁥fm(X;γ) represents the partial derivative function of 󰁥fm(X;γ) on γ with its ex-

plicit form given by equation (D.35) in Appendix. To make the explicit form of ∂γ 󰁥fm(X;γ)
extractable, we further require K(u) to be differentiable with derivative K ′(u) and K ′

h(u) =
h−2K ′(u/h), as satisfied, for example, by a suitably normalized triweight kernel K(u) ∝
(1 − u2)31(|u| ≤ 1). Based on (7), we define the one-step approximation of the SIM loss
L(m)(γ) around 󰁨γ as

Q(m)(γ; 󰁨γ) = 󰁥P(m)

󰁱
S − 󰁥fm(X; 󰁨γ)− (γ − 󰁨γ)T∂γ 󰁥fm(X; 󰁨γ)

󰁲2
. (8)

As will be justified in Section 3, impact of the preliminary 󰁨γ on the solution of (8) is up
to the second order, in a similar spirit to the classic one-step approximation theory (e.g.,
Bickel, 1975). However, when n is much smaller than Nm, the second-order impact of 󰁨γsup

can still exceed the error of the desirable global solution to L(m)(γ) and, thus, dominate the
error rate. Thus, instead of one-shot updating, we carry out multiple rounds of updates on
γ with Q(m)(γ; 󰁨γ) in our proposed Algorithm 2.

Algorithm 2 is an iterative algorithm that starts at 󰁥γ(m)

[0] = 󰁨γsup, and updates from 󰁥γ(m)

[t−1]

to 󰁥γ(m)

[t] with (9), an ℓ1-regularized quadratic objective with loss Q(m)(·). In (9), we force the

first coefficient of 󰁥γ(m)

[t] to be 1 corresponding to our identification assumption. The penalty

parameter λ(m)

t in (9) is set to gradually decrease with t so that the excessive error of the
preliminary estimator can be properly controlled in early iterations, and the regularization
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Algorithm 2 Sparse SIM regression with multi-round convex approximation.

Input: The preliminary estimator 󰁨γsup, samples {U (m),m = 1, ...,M} with surrogates, and
the number of iterations Tm. For site m = 1, 2, . . . ,M , initiate with 󰁥γ(m)

[0] = 󰁨γsup,

For t = 1, 2, . . . , Tm,

󰁥γ(m)

[t] = argmin
γ∈Rp

Q(m)(γ; 󰁥γ(m)

[t−1]) + λ(m)

t 󰀂γ󰀂1, s.t. γ1 = 1. (9)

Return in site m: 󰁥γ(m) = 󰁥γ(m)

[Tm].

error caused by λ(m)

t can be controlled at its optimal rate around the final rounds; see
Theorem 1. This indicates an essential difference between our strategy and a standard
Newton-type procedure for the ℓ1-penalized SIM with a fixed tuning parameter.

Remark 2 Due to the non-convexity of the original SIM loss in (6), it is necessary to
initiate with a sufficiently good 󰁨γsup (i.e., being close enough to the true parameters) to
ensure the convergence of Algorithm 2. Intuitively, this can protect our iteratively updated
optimizer from falling into some local minima at the very beginning. In Section 3, we prove
that 󰀂γ0 − 󰁨γsup󰀂2 = op(1) is a sufficient condition for convergence. This ℓ2-consistency
property is justified in Lemma 1 under mild assumptions, in which the labeled sample size
n could be substantially smaller than the unlabeled size Nm. In addition, we show that the
impact of the initial supervised estimator 󰁨γsup will decay exponentially fast along the iteration
of (9) and vanish in the end of Algorithm 2. As a consequence, the number of iterations
Tm does not need to be larger than log logNm, indicating that Algorithm 2 is not costly in
computation; see Theorem 1.

Remark 3 In (7) and (8), we use ∂γ 󰁥fm(X(m)

i ;γ), the derivative of the kernel estimator
󰁥fm(X(m)

i ;γ) on γ as the gradient to construct the linear expansion of 󰁥fm(X(m)

i ;γ). Unlike
the GLM, this term is not an estimator of Xf ′

m(γTX(m)

i ) where f ′
m is the derivative of the

true link fm. Actually, there is a subtle but essential difference between using ∂γ 󰁥fm(X(m)

i ;γ)

and an estimate of Xf ′
m(γTX(m)

i ) in that the former is taken on the kernel estimator 󰁥fm
while the latter treats fm as known. Consequently, using the latter would cause excessive
bias from the kernel part. The term ∂γ 󰁥fm(X(m)

i ;γ) serves a similar role as the efficient score
function of SIM (X− E[X | γTX(m)

i ])f ′
m(γTX(m)

i ) used for bias correction with respect to the
nuisance kernel estimator in the inference of SIM (Liang et al., 2010; Wu et al., 2023).

Based on 󰁥γ(m), we derive appropriate summary statistics to approximate the individual
data loss function L(m)(γ) in each site m. Again, inspired by the bias-corrected approxima-
tion used in (7) and (8), we consider the quadratic expansion

L(m)(γ) ≈ Q(m)(γ; 󰁥γ(m)) = C (m) − 2γT 󰁥Ω
(m)

x,s + γT 󰁥Ω
(m)

x,xγ, (10)

10
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where the second-order summary statistics 󰁥Ω
(m)

x,x ∈ Rp×p and the first-order summary statis-

tics 󰁥Ω
(m)

x,s ∈ Rp are formulated and computed as:

󰁥Ω
(m)

x,x = 󰁥P(m)󰁥φm(X; 󰁥γ(m))∂γ 󰁥fm(X; 󰁥γ(m))
󰁱
∂γ 󰁥fm(X; 󰁥γ(m))

󰁲T

,

󰁥Ω
(m)

x,s = 󰁥P(m)󰁥φm(X; 󰁥γ(m))
󰁱
S − 󰁥fm(X; 󰁥γ(m)) + 󰁥γ(m)T∂γ 󰁥fm(X; 󰁥γ(m))

󰁲
∂γ 󰁥fm(X; 󰁥γ(m)),

(11)

and C (m) = 󰁥P(m)󰁥φm(X; 󰁥γ(m))
󰀋
S− 󰁥fm(X; 󰁥γ(m))+󰁥γ(m)T∂γ 󰁥fm(X; 󰁥γ(m))

󰀌2
is a constant not depend-

ing on γ. Motivated by the above discussion, 󰁥Ω
(m)

x,x and 󰁥Ω
(m)

x,s are sufficient for an effective
quadratic approximation to the local individual loss L(m)(γ), while being free of individual-
level information ruled out by DataSHIELD (Wolfson et al., 2010). These two statistics are
then transferred to site 1 for an integrative sparse SIM regression.

Step III. Finally, we aggregate summary statistics 󰁥Ω
(m)

x,s,
󰁥Ω

(m)

x,x from local sites and the
small labeled samples at site 1, to derive the final estimator for β. For simplicity, we drop the

useless constant C (m)(󰁥γ(m)) in (10) and still denote by Q(m)(γ; 󰁥γ(m)) = −2γT 󰁥Ω
(m)

x,s + γT 󰁥Ω
(m)

x,xγ.
We first derive a temporary estimator for the direction coefficients γ through:

󰁥γ = argmin
γ∈Rp

1

N

M󰁛

m=1

NmQ(m)(γ; 󰁥γ(m)) + λ󰀂γ󰀂1 s.t. γ1 = 1, (12)

where N =
󰁓M

m=1Nm. Then, we plug 󰁥γ in a low-dimensional logistic regression on the
labeled data, and estimate the intercept α and the scalar β1:

(󰁥α, 󰁥β1) = argmin
α,β1

LY (α,β1, 󰁥γ), where LY (α,β1,γ) = 󰁥P(1)
n ℓ

󰀋
Y, g(α+ β1γ

TX)
󰀌
. (13)

Finally, we aggregate the summary data and the labeled samples based on (󰁥α, 󰁥β1) to derive:

󰁥γ† = argmin
γ∈Rp

1

N+

󰁫 M󰁛

m=1

NmQ(m)(γ; 󰁥γ(m)) + nLY (󰁥α, 󰁥β1,γ)
󰁬
+ λ†󰀂γ󰀂1 s.t. γ1 = 1, (14)

where N+ = N + n. The coefficient n multiplying LY is used consistently in the SASH
objective, the corresponding BIC, and the IPD objective below. Note that 󰁥γ† solved from
(14) could be slightly more accurate than 󰁥γ solved from (12) due to the use of the small
labeled sample. Our final SASH estimator is taken as 󰁥βSASH = 󰁥β1󰁥γ†.

2.3 Tuning strategy

Theoretically optimal rates for all tuning parameters will be given in Section 3. In this
section, we outline our tuning strategy in the numerical implementation that may be slightly
different from the theory. Details of our tuning procedures can be found in Appendix D. For
the penalty parameter λsup used in Step I, we select it using cross-validation (CV). For the
bandwidth hm, we fix hm = {s log(p ∨Nm)/Nm}1/5 as suggested by Theorem 1. Through
simulation, we demonstrate that a moderate variation of hm does not substantially change
the overall results in Section 4.3.4. Thus, for simplicity and computation efficiency, we

11
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suggest using the fixed value for hm introduced above. For the unknown sparsity level s,
since hm is proportional to s1/5 that is typically small in practice, the value of hm is not
sensitive to the choice of this unknown parameter.

By Theorem 1, setting the number of iterations in Algorithm 2 as log logNm is sufficient
for desirable convergence. Since log logNm is typically small in practice, we fix Tm = 4
in our numerical studies. Considering the unavailability of individual-level samples from
sites 2, 3, . . . ,M in Step III, we select the tuning parameters λ and λ† using the Bayesian
information criterion (BIC) inspired by Cai et al. (2022b). To this end, we additionally

calculate {󰁥σ(m)}2 = L(m)(󰁥γ(m)) at site m and transfer it to site 1 together with 󰁥Ω
(m)

x,x and 󰁥Ω
(m)

x,s.
Then in Step III, we propose to choose the λ that minimizes:

BIC1(λ) =
1

N

󰀥
M󰁛

m=1

NmQ(m)(󰁥γ(λ); 󰁥γ(m))

{󰁥σ(m)}2 + df{󰁥γ(λ)} log(N)

󰀦
, (15)

where 󰁥γ(λ) is the solution of (12) using λ as the penalty parameter, and df{󰁥γ(λ)} is the
degrees of freedom, i.e., the number of nonzero coefficients in 󰁥γ(λ). BIC1(λ) is a commonly
used tuning criterion and it depends on the data only through the summary statistics

{󰁥σ(m)}2, 󰁥Ω(m)

x,x, and
󰁥Ω

(m)

x,s. Similarly, for λ† in (14) with its corresponding solution 󰁥γ†(λ†), we
choose the one minimizing:

BIC2(λ
†) =

1

N+

󰀥
M󰁛

m=1

NmQ(m)(󰁥γ†(λ†); 󰁥γ(m))

{󰁥σ(m)}2 + nLY (󰁥α, 󰁥β1, 󰁥γ†(λ†)) + df{󰁥γ†(λ†)} log(N+)

󰀦
.

Finally, the penalty parameter λ(m)

t used in Algorithm 2 is also selected using the BIC similar
to (15), with the loss function calculated based on 󰁥γ(m)

[t−1] derived in the previous iteration;
see details in Appendix D.

2.4 Interval estimation

We introduce a method to construct a confidence interval (CI) for xTβ0 with any given x
based on the SASH estimator and the labeled samples at site 1. Because (󰁥α, 󰁥β1) in (13)
is fitted using 󰁥γ, the low-dimensional likelihood expansion additionally requires

√
n 󰀂󰁥γ −

γ0󰀂2 = op(1). To replace γ0 by 󰁥γ† in the final target, we also require
√
nxT(󰁥γ†−γ0) = op(1).

For loadings with bounded ℓ2 norm, the rate condition ns log p/N → 0 is sufficient for both
requirements by Theorem 2; N/n → ∞ alone is not sufficient. Under these conditions,
n1/2󰁥σ−1

1 (󰁥β1 − β01) converges weakly to the standard normal distribution, where 󰁥σ2
1 is the

(2, 2) entry of n
󰁱
(1n,X

(1)

1:n󰁥γ)T 󰁥W(1n,X
(1)

1:n󰁥γ)
󰁲−1

, the second column corresponding to β1,

X(1)

1:n = (X(1)

1 , . . . ,X(1)
n )T, and

󰁥W = diag
󰁱
ġ
󰀃
󰁥α+ 󰁥β1X(1)T

1 󰁥γ
󰀄
, . . . , ġ

󰀃
󰁥α+ 󰁥β1X(1)T

n 󰁥γ
󰀄󰁲

.

Thus, the 100(1− δ)% CI for xTβ0 is

󰀥
󰁥β1xT󰁥γ† − 󰁥σ1|xT󰁥γ†|√

n
Φ−1(1− δ/2), 󰁥β1xT󰁥γ† +

󰁥σ1|xT󰁥γ†|√
n

Φ−1(1− δ/2)

󰀦
,
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where Φ is the standard normal distribution function.
When either direction-estimation condition above fails, debiasing is needed to obtain

a valid interval for xTβ0. Compared with supervised debiased inference based solely on
the labeled sample (Cai et al., 2021; Guo et al., 2021), the unlabeled covariates and the
more precise direction estimator 󰁥γ† may reduce the cost of debiasing. When x is dense, the
supervised debiased estimator of Cai et al. (2021) can have asymptotic variance increasing
with 󰀂x󰀂22. If 󰁥γ

† accurately identifies the nonzero set Sβ of β0, the variance may potentially
be reduced from order 󰀂x󰀂22 to 󰀂xSβ

󰀂22 when |Sβ | ≪ p. A robust implementation of this
extension is left for future research.

3. Theoretical Results

3.1 Notations and Assumptions

Let 󰀂v󰀂0 be the total number of nonzero elements in v and 󰀂v󰀂∞ = max1≤i≤d |vi|. For
a matrix A = [Aij ], let ℓ1-norm 󰀂A󰀂1 = maxj

󰁓
i |Aij |, ℓ∞-norm 󰀂A󰀂∞ = maxi

󰁓
j |Aij |,

and 󰀂A󰀂2 = λmax(A) where λmax(A) represents the largest singular value of matrix A. We
say that a random variable X is sub-Gaussian if P(|X| > t) ≤ Ce−ct2 for some constants
C, c, and any t > 0, and a random vector X is sub-Gaussian if vTX is sub-Gaussian for
any v ∈ Rd such that 󰀂v󰀂2 = 1. Recall that we assume the labeled sample size n ≲ Nm

for m ∈ {1, 2, . . . ,M}. For simplicity, we set N =
󰁓M

m=1Nm. Define the set of nonzero
coefficients as B = {j : β0j ∕= 0} = {j : γ0j ∕= 0} and its cardinality, i.e., the sparsity level as

s = |B|. We focus on the scenario that the weighting function 󰁥φm(·; ·) = 1 in the theoretical
analysis. Let 󰁨X(1)

i = (1,X(1)T

i )T and denote the joint Fisher information for the unpenalized

intercept and the regression coefficients by Hjoint = E
󰁫
ġ(α0 + βT

0X
(1)

i )󰁨X(1)

i
󰁨X(1)T

i

󰁬
. To estab-

lish the theoretical properties of our SASH estimator, we introduce regularity, sparsity, and
smoothness assumptions as below.

Assumption 1 It holds that

κ−1 < λmin(Hjoint) ≤ λmax(Hjoint) < κ, 󰀂β0󰀂2 ≤ κ, 󰀂γ0󰀂2 ≤ κγ ,

for fixed constants κ,κγ > 0. The joint-information condition accounts for the unpenalized
intercept and the unpenalized normalizing coefficient β1, and excludes collinearity involving
these coordinates. The sparsity level satisfies s = |B| = o(nβ2

01/ log p) and |β01| = O(1).

Assumption 2 Let rn = CΓ

󰁳
s log p/nβ2

01, and Rn = 4CΓs
󰁳

log p/nβ2
01, for a sufficiently

large fixed constant CΓ, and define

Γ = {γ ∈ Rp : γ1 = 1, 󰀂γ − γ0󰀂2 ≤ rn, 󰀂γ − γ0󰀂1 ≤ Rn} .

The following conditions hold for every m = 1, . . . ,M .

(a) The link fm has bounded first three derivatives on R, and

E
󰀅
{f ′

m(γT
0X

(m)

i )}2
󰀆
= a2m > 0, max

i
|f ′

m(γT
0X

(m)

i )| ≤ b,

for fixed constants am, b > 0.
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(b) Let gm,γ be the density of γTX(m)

i . Uniformly over γ ∈ Γ, gm,γ is twice differentiable,
gm,γ and its first two derivatives are bounded, and gm,γ is bounded away from zero.

(c) For r, q ∈ {0, 1, 2}, let K(r,q)
m,h =

󰁱
(x,x′) 󰀁→ K

(r)
h {γT(x′ − x)}(x′ − x)⊗q : γ ∈ Γ

󰁲
. Let

Fm,h contain these classes and the corresponding coordinatewise score classes. There
exist constants A,C > 0 and envelopes FF such that, uniformly over probability mea-
sures Q, F ∈ Fm,h, and 0 < ε ≤ 1,

logN(ε󰀂FF󰀂Q,2,F , L2(Q)) ≤ Cs log

󰀕
Ap

εh

󰀖
,

with the envelope moments required in the concentration bounds.

Assumption 3 The kernel function K(·) is nonnegative, bounded, symmetric around zero,
and twice differentiable. K(·) and its derivatives K ′(·),K ′′(·) are all Lipschitz on R and
satisfy that

lim
|ν|→∞

K(ν) = 0,

󰁝 ∞

−∞
K(ν)dν = 1, and

󰁝 ∞

−∞
νK ′(ν)dν = −1.

In addition, for i = 0, 1, . . . , 4,
󰁕 󰀏󰀏νiK(ν)

󰀏󰀏 dν < ∞,
󰁕 󰀏󰀏νiK ′(ν)

󰀏󰀏 dν < ∞; and for i = 0, 1, 2,󰁕 󰀏󰀏νiK ′′(ν)
󰀏󰀏 dν < ∞,

󰁕 󰀏󰀏νiK ′2(ν)
󰀏󰀏 dν < ∞.

Assumption 4 For each sample i from site m, X(m)

i and 󰂃(m)

i = S(m)

i − fm(γT
0X

(m)

i ) are both
sub-Gaussian.

Remark 4 Assumption 1 is a standard joint-curvature condition for logistic regression
with an unpenalized intercept and an unpenalized normalizing coefficient. Combined with
Assumption 4, it yields the ℓ1- and ℓ2-rates for the preliminary estimator in Lemma 1.
Assumption 2(a) imposes standard smoothness and informativeness conditions on fm, while
Assumption 2(b)–(c) imposes regularity conditions on the projected-index density and the
associated kernel classes. Assumption 3 is satisfied by standard smooth kernels such as the
Gaussian kernel. Assumption 4 controls the tail behavior of the covariates and residuals.
The present theory assumes a continuously distributed index and sub-Gaussian residuals;
the count-surrogate and discrete-genetic-index applications are evaluated empirically and
extensions to sub-exponential residuals or discrete indices are left for future work.

Assumption 5 Define the normalized tangent space V0 =
󰀋
v ∈ Rp : v1 = 0, 󰀂v󰀂2 = 1

󰀌
.

There exist positive constants c and C such that the following conditions hold for each
sample i from site m:

c ≤ inf
v∈V0

vTE
󰁫󰀋

f ′
m(γT

0X
(m)

i )
󰀌2

Cov
󰀃
X(m)

i | γT
0X

(m)

i

󰀄󰁬
v

≤ sup
󰀂v󰀂2=1

vTE
󰁫󰀋

f ′
m(γT

0X
(m)

i )
󰀌2

Cov
󰀃
X(m)

i | γT
0X

(m)

i

󰀄󰁬
v ≤ C,

sup
γ∈Γ

1

Nm

Nm󰁛

i=1

󰁫
λmax

󰀃
E(X(m)

i X(m)T

i | X(m)T

i γ)
󰀄󰁬2

≤ C,

max
1≤i≤Nm

sup
γ∈Γ

λmax

󰀃
E(X(m)

i X(m)T

i | X(m)T

i γ)
󰀄
≤ C log(p ∨Nm).
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Assumption 6 For each site m, every γ ∈ Γ, and t ∈ R, the conditional mean E(X(m)

i |
γTX(m)

i = t) is twice differentiable in t. Let E(1) and E(2) denote its first two derivatives.
For every v ∈ Rp,

max
i

sup
γ∈Γ

󰀏󰀏E(vTX(m)

i | γTX(m)

i )
󰀏󰀏 ≤ C󰀂v󰀂2,

max
i

sup
γ∈Γ

󰀏󰀏󰀏E(1)(vTX(m)

i | γTX(m)

i )
󰀏󰀏󰀏 ≤ C󰀂v󰀂2,

sup
|t|≤cs

√
log(p∨Nm)

sup
γ∈Γ

󰀏󰀏󰀏E(2)(vTX(m)

i | γTX(m)

i = t)
󰀏󰀏󰀏 ≤ C󰀂v󰀂2,

max
i

sup
γ∈Γ

󰀏󰀏󰀏E(1){(vTX(m)

i )2 | γTX(m)

i }
󰀏󰀏󰀏 ≤ C󰀂v󰀂22

󰁳
log(p ∨Nm).

Remark 5 Assumption 5 imposes restricted curvature on the derivative-weighted condi-
tional covariance, which is the relevant population Hessian of the SIM risk. The restriction
v1 = 0 reflects the normalization γ1 = 1 and removes the intrinsically non-identifiable
direction of the single-index model. Assumption 6 imposes smoothness conditions on the
conditional moments of X(m)

i given γTX(m)

i , which are used to control the kernel-based ap-
proximation uniformly over local neighborhoods of γ0. We provide a justification of As-
sumption 5 under a Gaussian design in Appendix C; analogous conditions for more general
sub-Gaussian designs may be justified using results such as Zhou (2009) and Rudelson and
Zhou (2012). Similar assumptions have also been used to analyze high-dimensional sparse
SIM by Wu et al. (2023). Unlike that work, we do not impose sparsity assumptions on the
inverse Hessian matrix of the SIM because SASH does not rely on local debiased estimators
for aggregation.

3.2 Convergence Rates

In this section, we derive the estimation error rate for the SASH estimator. We first present
the estimation error of the local direction estimators obtained via regularized SIM regression
in Step II, with its proof provided in Appendix A.2.

Lemma 1 (Consistency of the initial supervised estimator) Under the logistic model
assumption (1) and Assumptions 1 and 4, there exists λsup ≍ (log p/n)1/2 such that, with
probability approaching 1,

|󰁨βsup,1| ≥
1

2
|β01|, 󰀂󰁨γsup − γ0󰀂2 ≲

󰁶
s log p

nβ2
01

, 󰀂󰁨γsup − γ0󰀂1 ≲ s

󰁶
log p

nβ2
01

.

Consequently, 󰁨γsup ∈ Γ for a sufficiently large CΓ.

Based on the consistency of 󰁨γsup shown in Lemma 1, we can justify the convergence of
our iterative Algorithm 2 initialized with 󰁨γsup by characterizing and controlling the impact
of 󰁨γsup along the iterations, and then establish the convergence of the local-site estimators
󰁥γ(m) in Theorem 1. It is important to note the complication of justifying Theorem 1
due to the excessive bias from the kernel estimator of fm. As a key step in the proof, we
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showed that this bias can be reduced leveraging the orthogonality between ∂γ 󰁥fm(X(m)

i ;γ)

and X(m)T

i γ, i.e., ψ(X(m)T

i γ)∂γ 󰁥fm(X(m)

i ;γ) concentrate around zero for arbitrary γ and ψ(·).
Remark 3 is intrinsically related to this technical property.

Theorem 1 (Convergence rate for the local estimators) Under the logistic model (1),

the SIM assumption (2), Assumptions 1 – 6 and the sparsity assumption s = O(N
1/6
m /log(p ∨Nm))

for all m ∈ [M ], there exist λsup ≍ (log p/n)1/2, hm satisfying {s log(p ∨Nm)/Nm}1/5 ≲
hm ≲ N

−1/6
m and hm < δ, Tm ≍ log(− log hm)−log{log(nβ2

01/(s log p)}, λ
(m)

Tm
≍ (log p/Nm)1/2,

and {λ(m)

t : t < Tm} as specified in (A.6) of Appendix, such that

󰀂󰁥γ(m) − γ0󰀂2 ≲
󰁵

s log p

Nm
, 󰀂󰁥γ(m) − γ0󰀂1 ≲ s

󰁵
log p

Nm

with probability approaching 1.

Remark 6 In terms of the sparsity conditions in Theorem 1, we impose them regarding
both the small labeled sample size n and the large Nm. For n, we require s = o(nβ2

01/ log p)
which just warrants ℓ2-consistency of the GLM Lasso estimator when β01 ≍ 1 and, thus, is
regarded to be mild in existing literature (e.g., Bühlmann and van de Geer, 2011; Negahban
et al., 2012). This condition also implies a rate constraint on the strong signal β01 that |β01|
needs to be larger than (s log p/n)1/2 in rate. For Nm, we assume s = O(N

1/6
m /log(p ∨Nm)),

which is more restrictive than the GLM setting with the true outcome Y of all the Nm

samples. Nevertheless, this assumption is still reasonable and mild in our EHR applications
where Nm is typically much larger than n and p.

Remark 7 It is well-known that under Assumption 2 and a low-dimensional setting, the op-

timal bandwidth for the kernel estimator of fm(·) is N−1/5
m for a twice differentiable function

(e.g., Wand and Jones, 1994). The rate condition {s log(p ∨Nm)/Nm}1/5 ≲ hm ≲ N
−1/6
m

in Theorem 1 is inconsistent with this choice due to the presence of high-dimensional sparse
γ. In addition, the number of iterations Tm is around the order log{log(Nm)}, indicating
that Algorithm 2 can converge fast and be computationally efficient in practice.

The error rate of 󰁥γ(m) provided in Theorem 1 is nearly minimax optimal in the sense that
even the sparse GLM estimator extracted under known link functions cannot attain any
better convergence rates than this up to a logNm scale (Raskutti et al., 2011). To the best of
our knowledge, except for Gaussian or elliptical design under which one could reduce the SIM
fitting to a linear regression (e.g., Neykov et al., 2016; Eftekhari et al., 2021), no existing
sparse SIM approach has a similar optimal convergence guarantee for the non-Gaussian
(general) design due to the non-convexity issue. From the methodological perspective, we
leverage the supervised estimator and the one-step approximation of SIM introduced in
Section 2 to fill this gap. In theory, justifying this convergence property is more challenging
than analyzing the standard parametric sparse regression, because first, the impact of the
nuisance kernel estimator 󰁥fm needs to be properly reduced through orthogonality; second, an
essential effort is needed to analyze our iterative Algorithm 2 with the error rates changing
successively.

Based on Theorem 1, we derive the convergence rate of our SASH estimator in Theorem
2 that is proved in Appendix A.3.
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Theorem 2 (Convergence rate of SASH) Under all assumptions stated in Theorem 1,
there exists λ,λ† ≍

󰁳
log p/N where N =

󰁓M
m=1Nm, such that the estimators introduced in

Step III satisfy

󰀂󰁥γ† − γ0󰀂2 ≲
󰁵

s log p

N
, 󰀂󰁥γ† − γ0󰀂1 ≲ s

󰁵
log p

N
, |󰁥β1 − β01| ≲

󰁵
1

n
+

󰁵
s log p

N
,

and, thus,

󰀂󰁥βSASH − β0󰀂2 ≲
󰁵

1

n
+

󰁵
s log p

N
, 󰀂󰁥βSASH − β0󰀂1 ≲

󰁵
s

n
+ s

󰁵
log p

N
.

with probability approaching 1.

One can see from Theorem 2 that the ℓ2 estimation error of SASH has a parametric compo-
nent n−1/2 from estimating (α,β1) and a direction-estimation component

󰁳
s log p/N . For

the ℓ1 error, multiplication of the scalar error |󰁥β1−β01| by 󰀂γ0󰀂1 ≲
√
s󰀂γ0󰀂2 yields the term󰁳

s/n; the direction component is s
󰁳

log p/N . Notably, although Algorithm 2 initiates at
the supervised estimator 󰁨γsup with its ℓ2-error being {s log p/(nβ2

01)}1/2, the error rate of our
final estimator 󰁥γ†, as well as that of 󰁥γ(m), turns out to be free of the small labeled sample
size n and dominated by the large N and Nm. This is highly desirable but not readily
achieved in the current literature of semi-supervised learning (e.g., Zhang et al., 2020b; Hou
et al., 2021) and sparse SIM (e.g., Radchenko, 2015; Wu et al., 2023). To achieve this result
in Theorems 1 and 2, our main technical novelty can be summarized as (1) developing the
one-step approximation of the SIM loss introduced in Section 2.2; (2) designing and justi-
fying Algorithm 2 with a proper number of iteration Tm and sequence of tuning parameters
{λ(m)

t : t = 1, 2, . . . , Tm} to ensure the optimal convergence rate of our SIM estimator.

3.3 Comparison with the IPD Estimator

In this section, we compare SASH with the IPD pooling estimator obtained using the
same samples L (1) and {U (m),m = 1, ...,M} but without the DataSHIELD constraint. The
detailed implementation of IPD is given in Appendix A.3. In short, we replace the local
training in Algorithm 2 by an integrative sparse SIM regression that pools individual-level
samples from all sites, and then use labeled data as in (13) and (14). Theorem 3 establishes
equality of the first-order convergence rates and a one-sided no-rate-loss comparison. It
does not claim that 󰀂󰁥βSASH − 󰁥βIPD󰀂q is of smaller order than the common estimation rate.

Theorem 3 (First-order rate comparison with IPD) Under all assumptions in The-
orem 1, there exists λ

IPD
≍

󰁳
log p/N such that the IPD estimator satisfies

󰀂󰁥βIPD − β0󰀂2 ≲
󰁵

1

n
+

󰁵
s log p

N
, 󰀂󰁥βIPD − β0󰀂1 ≲

󰁵
s

n
+ s

󰁵
log p

N
.

with probability approaching 1. Further, for some λδ = o(λ
IPD

), SASH with the penalty
parameter λ† = λ

IPD
+ λδ in Step III incurs no first-order rate loss relative to IPD in the
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following one-sided sense:

󰀂󰁥βSASH − β0󰀂2 ≤ 󰀂󰁥βIPD − β0󰀂2 + op

󰀕󰁵
1

n
+

󰁵
s log p

N

󰀖
,

󰀂󰁥βSASH − β0󰀂1 ≤ 󰀂󰁥βIPD − β0󰀂1 + op

󰀕󰁵
s

n
+ s

󰁵
log p

N

󰀖
.

(16)

Theorem 3 shows that SASH matches the first-order ℓ1 and ℓ2 convergence rates of IPD
and that its estimation error is no larger than the IPD error plus a smaller-order remainder.
This is a rate comparison, not a direct estimator-difference result. Similar to Cai et al.

(2022b), the sparsity condition s = O{N1/6
m / log(p∨Nm)} is used to make the higher-order

error from the summary-level approximation negligible.

4. Simulation

4.1 Data Generation Setup

We conduct simulation studies to evaluate our proposed SASH estimator and compare
it with existing methods. R code for implementation can be downloaded from https:

//github.com/moleibobliu/SASH. Throughout, we let the number of sites M = 4, the
labeled sample (in site 1) size n = 200, dimension p = 300, and the size of unlabeled
sample Nm = 8000 for each site 1 ≤ m ≤ M . To mimic our real example of EHR
data which consists of count variables, we generated 󰁨X(m)

i from a multivariate Poisson
distribution with mean 5 and equal correlation being 0.25, and we take covariates X(m)

i

as log(󰁨X(m)

i + 1). The binary outcome Y (m) ∈ RNm is only observed in site 1 and it fol-
lows the logistic model: P(Y (m)

i = 1 | X(m)

i ) = g(βT
0X

(m)

i ), with a sparse regression vector
β0 = (1,−1, 0.5,−0.5, 0.25,−0.25, 0.125,−0.125,0p−8)

T. Since the EHR study consists of
surrogates of different forms, we generate two categories of surrogate S(m) as follows:

S(m)

i | Y (m)

i = 1 ∼ Pois(µ(m)

1 ) and S(m)

i | Y (m)

i = 0 ∼ Pois(µ(m)

0 ) for 1 ≤ m ≤ [M/2],

S(m)

i | Y (m)

i = 1 ∼ Bern(v(m)

1 ) and S(m)

i | Y (m)

i = 0 ∼ Bern(v(m)

0 ) for [M/2] < m ≤ M.

We consider two hyperparameter settings for the surrogate: (i) weak surrogates with µ(m)

1 =
3, µ(m)

0 = 1, v(m)

1 = 0.75, and v(m)

0 = 0.25; and (ii) strong surrogates with µ(m)

1 = 5, µ(m)

0 = 1,
v(m)

1 = 0.85, and v(m)

0 = 0.15. Because Poisson residuals are sub-exponential rather than sub-
Gaussian, the Poisson component of this simulation evaluates empirical robustness beyond
the scope of Assumption 4; the Bernoulli component is covered by the bounded-residual
case. Throughout, we summarize results based on 200 replications in each configuration.

4.2 Benchmark

For each simulated data set, we obtain the estimator for β0 using SASH as well as the
following benchmark methods:

IPD The ideal IPD version of our framework introduced in Section 3.2, with its complete
details included in Appendix A.3. Although it is not realistic to pool all individual data
together under the privacy constraints, IPD is still an important benchmark method helping
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evaluate how SASH loses efficiency due to aggregation based on summary statistics, which
has been theoretically studied in Section 3.2.

SL The supervised learning estimator obtained by (4) only using labeled data L (1).

SS-uLasso The semi-supervised (SS) version of unsupervised Lasso (uLasso) proposed
by Chakrabortty et al. (2017). They developed an unsupervised learning method for the
SIM coefficient that applies Lasso to the subset of unlabeled data restricted to some extreme
quantile of the surrogate. To adapt their method, we first select subjects with the top 2%
(or 5%) large or small S(m) at each site m, and define 󰁨Y (m)

i = 1 if S(m)

i is extremely large, and
󰁨Y (m)

i = 0 if S(m)

i is extremely small. Then we perform distributed sparse logistic regression

(Cai et al., 2022b) for 󰁨Y (m)

i ∼ X(m)

i on the selected samples, to obtain an integrative uLasso
estimator for γ0. At last, we combine the estimated γ with the labeled samples in the same
way as Step III of SASH to derive the final SS-uLasso estimator of β0.

SS-RMRCE The SS version of the regularized maximum rank correlation estimator
(RMRCE) (Han et al., 2017) that maximizes the rank correlation between S(m)

i and X(m)T

i γ.
We aggregate the local RMRCE by simple averaging, and, again, use Step III of SASH to
obtain the SS version. Due to the prohibitively high computational cost of RMRCE under
large p, we consider two versions: (i) the “oracle” version only including {X (m)

ij : j = 1, . . . , 8}
to fit the SIM, as if we knew the true set of active predictors; (ii) the “screening” version
first selecting top 8 predictors of S(m) at each local site according to the absolute correlation
between each X (m)

ij and S(m)

i , then combining the M selected sets by majority voting, and
finally fitting RMRCE on the selected predictors.

pLasso The prior Lasso method (Jiang et al., 2016) that leverages some external knowl-
edge of β by adding to the logistic loss on the labeled data L (1) a penalty of the discrepancy
between the external knowledge and the target model. In our case, this external knowledge
is naturally taken as the SS estimator obtained by calibrating some SIM estimator of γ
with Step III of SASH. The SIM estimator is obtained using the adaptive Lasso (Zou, 2006)
version of ℓ1-regularized least squares regression (L1LS) (Neykov et al., 2016) prone to
bias under non-Gaussian designs. Thanks to its shrinkage strategy, pLasso achieves some
adaptivity to this bias but this strategy is still not optimal in terms of the SIM estimation.
Note that one can directly implement L1LS under the privacy constraints since summary
data 󰁥P(m)XXT and 󰁥P(m)SX are sufficient for L1LS.

PASS The prior adaptive semi-supervised learning method (Zhang et al., 2022) incorpo-
rating the SIM estimator by adaptively shrinking β to its direction with the ℓ1-penalty when
fitting logistic regression of L (1). It uses the adaptive Lasso version of L1LS to estimate γ.

The RMRCE method is subject to the non-convexity issue of SIM and both uLasso and
L1LS encounter bias for non-Gaussian designs. One could note for our descriptions that to
ensure fair comparisons, all methods are adapted to the SS setting and utilize unlabeled
data from all sources. Additional implementation details (e.g., tuning) are included in
Appendix D. Since the direction parameter γ is an important by-product, we also study
SASH’s estimation performance of γ and compare it with IPD, L1LS, RMRCE, and
uLasso. As an ablation study, we include SASH (w/o Step I), the SASH estimator
starting by guessing γ1 = 1,γ−1 = 0 in Algorithm 2 instead of using the supervised 󰁨γsup
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obtained in Step I. This procedure does not take advantage of the labeled samples to fit
the regularized SIM. By Remark 3 and Section 3, using 󰁨γsup to initialize the SIM training is
essential for the stability and efficiency of SASH. We compare SASH with SASH (w/o Step
I) to further demonstrate this point.

4.3 Main Results

4.3.1 SASH shows desirable estimation performance

In Table 1 and Figure 2, we present the average and boxplot of the ℓ2 estimation error
󰀂󰁥β − β0󰀂2 of SASH and other competing methods. Both IPD and SASH show better
performance under strong surrogacy than weak surrogacy since the former has more in-
formative surrogates to Y . Among all the privacy-preserving methods, SASH achieves the
closest accuracy to the ideal IPD, with around 20% larger average estimation error than
IPD under the weak surrogate setting and 10% larger error under the strong surrogacy.
Compared to other semi-supervised methods, SASH attains around 10%–15% smaller error
than PASS and SS-uLasso (two versions using 2% or 5% extreme S(m)), 19%–25% smaller
error than SS-RMRCE (the oracle and screening versions), and 40% smaller error than
pLasso under weak surrogacy. Meanwhile, SASH shows even better performance than these
existing methods under strong surrogacy. Lastly, since SL does not utilize the unlabeled
data with surrogates, it performs the worst among all methods, with around 120% and
200% higher average estimation errors than SASH under the weak and strong surrogate
settings, respectively.

Weak surrogate Strong surrogate
IPD 0.735 0.600
PASS 1.106 1.058
pLasso 1.560 1.640
SASH 0.949 0.661
SL 1.834 1.834
SS-RMRCE (screening) 1.299 1.276
SS-RMRCE (oracle) 1.168 1.122
SS-uLasso (2%) 1.096 1.060
SS-uLasso (5%) 1.038 0.841

Table 1: Average ℓ2 estimation errors of β under the weak surrogate and strong surrogate
settings with N = 8000, M = 4, n = 200, and p = 300. The results are based on 200
simulation replications.

SASH outperforms existing semi-supervised methods in terms of estimating β because
our approach to learning γ utilizes the information from SIM of S more effectively than
existing methods. To further demonstrate this point, we evaluate and compare the estima-
tion performance on γ of the SIM methods introduced in Section 4.2; see Figure 3. SASH
attains a substantially smaller estimation error than L1LS, uLasso, and RMRCE, as well as
a fairly close performance to the ideal IPD estimator. For example, in the strong surrogacy
scenario, the estimator of γ by SASH has around 30% smaller median error than uLasso
and 40% smaller than RMRCE. This confirms that our way of fitting the sparse SIM is more
effective than the existing methods. In addition, compared with SASH utilizing 󰁨γsup, SASH
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Weak Surrogates Strong Surrogates

Figure 2: Boxplots of the ℓ2 estimation errors of β under the strong surrogate and weak
surrogate settings with N = 8000, M = 4, n = 200, and p = 300. For simplicity, we
present the version of SS-uLasso with 2% extreme S(m) and SS-RMRCE with empirically
screened predictors, with the other versions of them presented in Table 1. The methods
under comparison are introduced in Section 4.2. The results are based on 200 simulation
replications. SASH achieves the closest accuracy to the ideal IPD, with around 20% larger
average estimation error than IPD under the weak surrogate setting and 10% larger error
under the strong surrogate settings.

w/o Step I has much higher estimation errors on γ, i.e., around 55% higher under weak
surrogacy and 125% higher under strong surrogacy, implying that the supervised estimator
obtained in Step I does play an important role in improving the performance of SASH.

Weak Surrogates Strong Surrogates

Figure 3: Boxplots of the ℓ2 estimation errors of γ under the strong surrogate and weak
surrogate settings with N = 8000, M = 4, n = 200, and p = 300. We present the
version of uLasso with 2% extreme S(m) and RMRCE with empirically screened predictors.
The methods under comparison are introduced in Section 4.2. The results are based on 200
simulation replications. SASH attains a fairly close performance to the ideal IPD estimator.
In addition, compared with SASH, SASH w/o Step I has much higher estimation errors on
γ, implying that the supervised estimator obtained in Step I does play an important role
in improving the performance of SASH.
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4.3.2 Additional communication can improve efficiency

SASH is moderately outperformed by the ideal IPD estimator under strong surrogacy and
the gap between their performance is even more pronounced with a weaker surrogate. This
is due to the error caused by approximating the IPD loss with summary statistics and
analyzed in Theorems 2 and 3. To further mitigate this error in finite-sample studies, we
investigate a modified SASH estimator, denoted as SASH+, obtained by performing one
more round of communication between site 1 and other sites. Specifically, we transfer the
current SASH estimator of γ obtained in site 1 to all sites, use it to derive the summary

statistics 󰁥Ω
(m)

x,x and 󰁥Ω
(m)

x,s as introduced in Step II, and transfer the updated statistics back
to site 1 for the integrative regression in Step III. This strategy has been studied in existing
distributed and federated learning methods (Jordan et al., 2019; Duan et al., 2022) to reduce
the error occurring in data aggregation.

In Figure D.1 of Appendix D.3, we present the simulated ℓ2 errors on β and γ of IPD,
SASH, and SASH+, under both the strong and weak surrogate settings. Interestingly,
we find that benefiting from the one additional round of communication, SASH+ reduces
the error gap on β between SASH and IPD from 20% to 10% under weak surrogacy, and
from 10% to 7% under strong surrogacy. These results demonstrate that more rounds of
communication are promising to further improve SASH and make it closer to the ideal IPD.

4.3.3 CI estimation could be further improved

We also present CI coverage probabilities (CPs) for all nine truly nonzero coefficients pro-
duced based on IPD, SASH and SL in Table 2, constructed using the procedure introduced
in Section 2.4. SASH attains a close coverage performance to IPD and is significantly bet-
ter than plugging the SL estimator into the method introduced in Section 2.4. Specifically,
both SASH and IPD maintain desirable coverage rate (around 95%) on more than half of
the parameters in both scenarios while SL only shows good performance on two or three of
them. This is due to the excessive regularization error of SL.

However, SASH and IPD attain lower coverage rates than the nominal level for the
coefficients indexed by {1, 3, 4}. This is because the error of the SIM estimator 󰁥γ brings
about some non-ignorable bias in finite-sample studies. Our proposed inference approach
in Section 2.4 is easy to implement but overlooks the regularization bias in 󰁥γ, subject to
the condition that the unlabeled sample size N is much larger than n. More accurately,
for valid asymptotic inference, our method requires the error rate of the sparse SIM, i.e.,
{s log p/N}1/2 by Theorem 2, to be much smaller than n−1/2. To overcome this issue and
enhance our inference procedure in both the asymptotic regime and finite-sample study, one
could incorporate the debiasing method of sparse SIMs (Wu et al., 2023) to adjust for the
regularization bias of 󰁥γ. This warrants future studies.

4.3.4 Performance of SASH is not sensitive to choices of h

We also conduct an additional simulation study to investigate the sensitivity of SASH to
different choices of the kernel bandwidth parameter h fixed as h0 = {s log(p ∨Nm)/Nm}1/5
in our main simulation studies. The descriptions and results of this study are presented
in Appendix D.4. Figure D.2 demonstrates that different versions of SASH with h ∈
{0.5h0, h0, 2h0} have similar estimation performance. For example, the mean estimation
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Setting Method
βj

1 2 3 4 5 6 7 8 9

Weak Surrogates
IPD 0.85 0.95 0.89 0.91 0.94 0.94 0.95 0.96 0.92
SASH 0.84 0.97 0.87 0.91 0.94 0.94 0.95 0.96 0.92
SL 0.66 0.84 0.79 0.84 0.89 0.94 0.92 0.97 0.91

Strong Surrogates
IPD 0.86 0.95 0.88 0.91 0.94 0.94 0.95 0.96 0.94
SASH 0.86 0.97 0.87 0.93 0.96 0.95 0.95 0.96 0.93
SL 0.66 0.84 0.78 0.84 0.88 0.95 0.92 0.97 0.91

Table 2: Coverage probability of the CIs for β under the weak surrogate and strong surrogate
settings with N = 8000, M = 4, n = 200, and p = 300. CIs are constructed using
the procedure introduced in Section 2.4. SASH and IPD maintain desirable coverage rate
(around 95%) on more than half of the parameters in both scenarios, and are significantly
better than plugging the SL estimator into the method introduced in Section 2.4.

error of SASH with h = 2h0 is 4.1% smaller than that of h0. Compared to the relative
efficiency between SASH and other benchmark methods, this discrepancy caused by the
changes of h is substantially smaller, even with h ∈ {0.5h0, h0, 2h0} varying in a wide
enough range. This means that our method is not sensitive to the specification of h.

5. Real example

Due to the increasing linkage of EHR with bio-repositories, large-scale biobank data have
emerged as an important and rich resource for risk prediction modeling (Kho et al., 2011).
For example, both UK Biobank (UKB) and Massachusetts General and Brigham (MGB)
Healthcare Biobank contain not only a wealth of medical and clinical records but also their
linked genomic data, which enables us to derive genetic risk prediction models useful for
personalized medicine (Lewis and Vassos, 2020). However, there exist statistical challenges
impeding the effective use of EHR-linked biobank data in this application. Among them,
the most prominent obstacle is the lack of accurate or gold-standard labels on disease status
in EHR. For example, patients may receive diagnostic codes for type 2 diabetes (T2D) even
if they do not actually have the disease. Precise information on T2D status requires human
curation via manual chart review, which is not scalable and often infeasible due to the lack of
access to clinical notes. Together with high-dimensional genetic features, it is challenging if
not infeasible to derive reliable genetic risk prediction models based on labeled data sets. On
the other hand, diagnostic codes and other patient-reported outcomes are readily available
yet inaccurate. With data from multiple institutions and the availability of gold-standard
labels for a small subset of patients, surrogate-assisted and federated approaches like SASH
have the potential to address these challenges and produce robust and efficient genetic risk
models using biobank data.

To illustrate the potential of these surrogate-assisted federated methods, we develop
a T2D genetic risk prediction model using four sets of biobank data from two healthcare
systems, the UK Biobank (UKB) and the Mass General Brigham (MGB). Since the preva-
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lence of T2D differs greatly by age and we only have gold-standard labels on T2D status
on older patients, we further partitioned UKB and MGB data into ages ≥ 60 and < 60.
This results in N1 = 10,685 and N2 = 7,653 for MGB≥60 and MGB<60; and N3 = 211,061
and N4 = 275,730 for UKB≥60 and UKB<60. Our target model includes gender, ethnic-
ity, and 336 T2D-associated single nucleotide polymorphisms (SNPs) reported in previous
studies (Kozak and Anunciado-Koza, 2009; Rodrigues et al., 2013) in covariates X. For
the surrogate S, we took it as the log-transformed total count of the ICD codes associated
with T2D for the MGB subjects, and the binary response to the T2D screening question
for those in UKB. The surrogate’s distribution and its informativeness to Y could differ
greatly between MGB and UKB due to the difference in their definition. Within MGB≥60,
we have an additional n = 277 patients with gold labels Y on the true T2D status obtained
via manual chart review.

The area under the receiver operating characteristic curve (AUC) of the surrogate S for
classifying Y on MGB≥60 is around 0.85. This indicates that the surrogate S is error-prone
and needs to be properly modeled although P (Y = 0 | S = 0) is almost one, indicating
that S is a reasonable negative predictor. Although the sample sizes of the unlabeled
data differ greatly among those four data sets, the number of potential cases with S > 0
does not differ as substantially, with 3,081, 875, 14,992, and 9,393 in MGB≥60, MGB<60,
UKB≥60 and UKB<60 respectively. Similar to Section 4, we implement SL, SASH, pLasso,
PASS, SS-uLasso, and SS-RMRCE to construct the T2D genetic risk model (1) while the
IPD estimator is not feasible to construct due to the DataSHIELD constraint. For model
evaluation, we consider several commonly used accuracy measures including the AUC, the
Brier score (BS) defined as the mean squared prediction error of Y , and the logistic deviance
of the estimator. These accuracy quantities are computed through 5-fold CV on the labeled
samples and presented in Table 3. As a result of effectively using the unlabeled surrogate
samples, SASH performs better than all benchmark methods on all of our evaluation metrics.
For example, compared with pLasso, our method attains a 20% larger AUC, a 12% smaller
BS, as well as a 13% smaller deviance.

PASS pLasso SASH SL SS-RMRCE SS-uLasso

AUC 0.533 0.563 0.673 0.556 0.592 0.638
BS 0.146 0.142 0.125 0.130 0.133 0.128

deviance 0.982 0.940 0.822 0.852 0.870 1.054

Table 3: AUC, Brier score (BS), and deviance of the approaches under comparison in our
real-world application evaluated via 5-fold CV.

We also present features assigned nonzero estimated coefficients by at least one of the
compared methods in Table D.1 of Appendix D.5. Interestingly, SASH returns 46 nonzero
coefficients while the other methods select at most 16 of them. Meanwhile, SASH shows
less shrinkage to zero compared to the benchmark methods. Both the larger detection set
and the less shrinkage of SASH are also benefits of using the unlabeled surrogate samples
to learn the direction of β more effectively and accurately.
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6. Conclusion and Discussion

We developed SASH, a novel surrogate-assisted federated learning approach that leverages
large unlabeled data with surrogates from multiple local sites to improve the efficiency of
statistical learning with labeled data. Our method is efficient in terms of communication
and protects individual-level information by aggregating appropriate summary statistics.
It is shown to match the first-order convergence rates of, and to be numerically close to,
the IPD estimator, which is ideal but only available without the DataSHIELD constraints.
In particular, our newly proposed Algorithm 2 ensures the convergence of the local sparse
SIM estimator by using a sufficiently accurate supervised estimator and varying the penalty
parameter adaptively during the iteration. In the existing literature on SIM, such a conver-
gence property is not readily achieved for non-Gaussian design due to the non-convexity of
the SIM loss function. This novel algorithm, as well as the private data aggregation (11),
is based on our efficient one-step approximation theory of high-dimensional sparse SIM. As
we remarked, this development is intrinsically relevant to the efficient score and debiased
inference of SIM (Liang et al., 2010; Wu et al., 2023).

More generally speaking, any preliminary estimator consistent with γ0, e.g., prior knowl-
edge of γ derived from some external source data, can be used as a warm start for Algorithm
2 to enable the desirable convergence. With the availability of such (decent) prior knowl-
edge, our strategy of iteratively solving the (debiased) one-step approximation could be
generalized to overcome the non-convex optimization issue of other semiparametric regres-
sion problems such as maximum rank correlation (Han, 1987), and sliced inverse regression
(Li, 1991). Inspired by Remark 3, this extension requires one to derive the forms of the
bias-corrected quadratic approximation for those more complicated regression problems.

By Remark 1, our method requires prior knowledge of at least one strong enough risk
factor with coefficient β01 to ensure that γ0 = β0/β01 can be well-estimated. Specifically,
|β01| needs to be larger than (s log p/n)1/2 to guarantee the convergence of Algorithm 2.
Although data-driven feature screening methods (e.g., Tibshirani, 1996; Fan and Lv, 2008)
could be used to address the absence of such prior knowledge, they may not guarantee a
correct solution without additional regularity and signal strength assumptions. We also
note that some previous work uses 󰀂β0󰀂2 instead of β01 to standardize β0, i.e., taking
γ0 = β0/󰀂β0󰀂2. This strategy can work without our assumption on β01 but its corre-
sponding constraint 󰀂γ󰀂2 = 1 will make the optimization of SIM non-convex. Thus, we
could modify our identifying condition on γ to remove the assumption on β01 but we need
to be more careful about the quality of SIM training. More instance-dependent theoret-
ical analysis could refine the convergence rate of SASH and relax some of our technical
assumptions in certain cases. For example, we now assume in Assumption 2 that the un-
known link function fm and the probability density function of γTX(m)

i are two or three
times differentiable. When those functions have higher-order smoothness properties, the
kernel approximation bias will become smaller and our other assumptions like the sparsity

s = O(N
1/6
m /log(p ∨Nm)) could be potentially refined and relaxed. Also, the approximate

sparsity (i.e., ℓr-sparse for some r ∈ (0, 1)) regime and the bounded design scenario can be
studied to further extend or refine our convergence rate analyses.

Our method accommodates heterogeneous link functions fm for m = 1, 2, . . . ,M , which
allows the aggregation of different types of surrogates across local sites. This is in a similar
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spirit to some recent work of angle-based federated or transfer learning (e.g., Gu et al.,
2022; Tian et al., 2023). However, we do not consider the scenario with heterogeneous
model coefficients. This problem has been addressed in the federated learning of GLM by
Cai et al. (2022b) and others. It would be interesting to explore surrogate-assisted federated
learning in this direction. Also, it warrants future research to enhance robustness to the
violation of the SIM assumption (2), or more generally speaking, misleading surrogates.
Some recent work of robust SAS (Hou et al., 2021; Zhang et al., 2022) could be inspiring
and useful. In EHR and e-commerce applications, there is often a need to handle multiple or
even high-dimensional surrogates to ensure statistical efficiency (e.g., Hou et al., 2021; Cai
et al., 2022a). SASH can be extended to the multi-surrogate problem through the ensemble
of surrogates’ SIM objective functions. When the surrogates have dependence structures
and different strengths, finding the optimal ensemble strategy is important and warrants
future studies.
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Appendix A. Proof of the Main Theorems

A.1 Proof Outline

Before proving the main theorems, we first give an outline of the main steps in the proofs.

S1 We use Lemmas B.9 and B.10 to control kernel estimation error.

S2 We use Lemmas B.3 and B.4 bound the additional higher-order error terms introduced
by kernel approximation.

S3 We establish the restricted curvature condition in Lemma B.8 on the normalized
tangent space V0 specified in Assumption 5.

S4 To prove Theorem 1, since 󰁥γ(m)

[t] minimizes the loss function Q(·) defined in (A.1), we

start from the basic inequality Q(󰁥γ(m)

[t] ) ≤ Q(γ0), and use the results of S1, S2 and S3.

S5 To prove Theorem 2, we still utilize the basic inequality Q(󰁥γ) ≤ Q(γ0) to bound
󰁥γ −γ0, where the quadratic loss function Q(·) in aggregation step is defined in (A.7).

S6 To prove the rate comparison in Theorem 3, following a strategy similar to that used
in Cai et al. (2022b), we start from the basic inequality Q(󰁥γ) ≤ Q(󰁥γ

IPD
) to compare

󰁥γ and 󰁥γ
IPD

, as 󰁥γ minimizes quadratic loss function Q(·) in aggregation, and leverage
the fact that 󰁥γ

IPD
minimizes the individual-level loss function to simplify the basic

inequality. Since both 󰁥γ and 󰁥γ
IPD

satisfy the normalization γ1 = 1, their difference
has first coordinate zero, so the curvature condition in Assumption 5 applies directly
to the comparison direction.
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A.2 Proof of Theorem 1

Proof In Step II, we update the estimator for γ0 (direction of β0) iteratively in Algorithm
2. Without loss of generality, we consider the m-th site (1 ≤ m ≤ M) and the t-th
iteration. For the theoretical analysis, we take 󰁥φm(X(m)

i ; 󰁥γ(m)

[t−1]) = 1. Lemma 1 gives the

initial membership 󰁥γ(m)

[0] ∈ Γ, and the recursion below keeps all iterates in Γ on the same
high-probability event.

Recall that we defined Q(m)(γ; 󰁨γ) = 󰁥P(m)
󰁱
S − 󰁥fm(X; 󰁨γ)− (γ − 󰁨γ)T∂γ

󰁥fm(X; 󰁨γ)
󰁲2

. Here we use

Q(m)

λ
(m)
t

(γ; 󰁥γ(m)

[t−1]) to denote the loss function in Site m at iteration t with penalty that

Q
(m)

λ
(m)
t

(γ; 󰁥γ(m)
[t−1]

)

=:N−1
m

Nm󰁛

i=1
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(m)
i − 󰁥fm(X

(m)
i ; 󰁥γ(m)

[t−1]
)− (γ − 󰁥γ(m)

[t−1]
)T∂γ 󰁥fm(X

(m)
i ; 󰁥γ(m)

[t−1]
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+ λ
(m)
t 󰀂γ󰀂1
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m
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i=1
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(m)
i − 󰁥fm(X

(m)
i ;γ0) +

󰁥fm(X
(m)
i ;γ0)− 󰁥fm(X

(m)
i ; 󰁥γ(m)
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(A.1)

where the third equality comes from Taylor expansion that

󰁥fm(X(m)

i ;γ0)− 󰁥fm(X(m)

i ; 󰁥γ(m)

[t−1]) = (γ0 − 󰁥γ(m)

[t−1])
T

󰁝 1

0

∂γ 󰁥fm
󰀃
X(m)

i ; 󰁥γ(m)

[t−1] + τ(γ0 − 󰁥γ(m)

[t−1])
󰀄
dτ.

From the optimization procedure in Step II at iteration t that 󰁥γ(m)

[t] minimize the loss function

Q(m)

λ
(m)
t

(·; 󰁥γ(m)

[t−1]), we have the basic inequality Q(m)

λ
(m)
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which further gives
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(m)
i ;γ0)

󰁲

+
2

Nm

Nm󰁛

i=1

(󰁥γ(m)
[t]

− γ0)
T∂γ 󰁥fm(X

(m)
i ; 󰁥γ(m)

[t−1]
) ·

󰀝
(γ0 − 󰁥γ(m)

[t−1]
)T

󰁝 1

0

󰀓
∂γ 󰁥fm(X

(m)
i ; 󰁥γ(m)

[t−1]
+ τ(γ0 − 󰁥γ(m)

[t−1]
)− ∂γ 󰁥fm(X

(m)
i ; 󰁥γ(m)

[t−1]
)
󰀔
dτ

󰀞

+ λ
(m)
t

󰀃
󰀂γ0󰀂1 − 󰀂󰁥γ(m)

[t]
󰀂1

󰀄
:= A1 +A2 +A3 +A4 + λ

(m)
t

󰀃
󰀂γ0󰀂1 − 󰀂󰁥γ(m)

[t]
󰀂1

󰀄
,

(A.2)

where 󰂃(m)

i := S(m)

i − fm(γT
0X

(m)

i ). Denote ∆(m)

t := 󰁥γ(m)

[t] −γ0. By Lemmas B.1 - B.4, we have

|A1| ≲ 󰀂∆(m)
t 󰀂1

󰁵
log p

Nm
,

|A2| ≲ 󰀂∆(m)
t 󰀂1

󰁵
log p

Nm
,

|A3| ≲ 󰀂∆(m)
t 󰀂1

󰁵
1

Nm
+ 󰀂∆(m)

t 󰀂1h3
m + 󰀂∆(m)

t 󰀂2󰀂∆(m)

t−1󰀂2h2
m,

|A4| ≲ 󰀂∆(m)
t 󰀂2󰀂∆(m)

t−1󰀂2hm + 󰀂∆(m)
t 󰀂2󰀂∆(m)

t−1󰀂22.

Combining the above bounds with Lemma B.8, we have

󰀂∆(m)
t 󰀂22 ≲ 󰀂∆(m)

t 󰀂1
󰀕󰁶

log p

Nm
+

󰁶
1

Nm
+ h3

m

󰀖
+ 󰀂∆(m)

t 󰀂2
󰀓
󰀂∆(m)

t−1󰀂2h
2
m + 󰀂∆(m)

t−1󰀂2hm + 󰀂∆(m)
t−1󰀂

2
2

󰀔
+ λ

(m)
t

󰀃
󰀂γ0󰀂1 − 󰀂󰁥γ(m)

[t]
󰀂1

󰀄

≲
√
s󰀂∆(m)

t 󰀂2

󰁶
log p

Nm
+ 󰀂∆(m)

t 󰀂2
󰀓
󰀂∆(m)

t−1󰀂2hm + 󰀂∆(m)
t−1󰀂

2
2

󰀔
+ λ

(m)
t

√
s󰀂∆(m)

t 󰀂2

(A.3)

by Lemmas B.6 and B.7, which gives

󰀂∆(m)
t 󰀂2 ≲

󰁵
s log p

Nm
+ 󰀂∆(m)

t−1󰀂2hm + 󰀂∆(m)

t−1󰀂22 + λ(m)
t

√
s, (A.4)

under the assumption that hm ≲ N
−1/6
m .

By Lemma 1, the initial estimator satisfies 󰀂∆(m)

0 󰀂2 = 󰀂󰁥γ(m)

[0] −γ0󰀂2 ≲
󰁳

s log p/nβ2
01. We

choose
󰀓
s log(p∨Nm)

Nm

󰀔1/5
≲ hm ≲ N

−1/6
m assumed in Theorem 1, and choose λ(m)

t satisfying

3
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the assumption of Lemma B.5 that λ(m)

t ≍
󰁴

log p
Nm

+ 󰀂∆(m)

t−1󰀂2hm + 󰀂∆(m)

t−1󰀂22. Then by (A.4)

we have

󰀂∆(m)
t 󰀂2 ≲

󰀻
󰁁󰀿

󰁁󰀽

󰀓󰁴
s log p
nβ2

01

󰀔2t

, if t < t′.
󰁴

s log p
Nm

+
󰀓󰁴

s log p
nβ2

01

󰀔2t
′

ht−t′

m , otherwise,

(A.5)

where t′ = log2

󰀓
log hm/ log(

󰁴
s log p
nβ2

01
)
󰀔
+ 1. When t < t′, 󰀂∆(m)

t−1󰀂22 dominates the er-

ror in (A.4). And when t ≥ t′, 󰀂∆(m)

t−1󰀂2hm dominates the error in (A.4) and we have

󰀂∆(m)

t 󰀂2 ≲
󰁴

s log p
Nm

+
󰀓󰁴

s log p
nβ2

01

󰀔2t
′

ht−t′
m ≲

󰁴
s log p
Nm

+ ht−t′+1
m by the definition of t′. By the

assumption that
󰀓
s log(p∨Nm)

Nm

󰀔1/5
≲ hm ≲ N

−1/6
m , after the iteration t′, we only need to

iterate constant times to achieve 󰀂∆(m)

t 󰀂2 ≲
󰁴

s log p
Nm

. So we have Tm ≍ t′ ≍ log(− log hm)−
log{log(n/(s log p)} such that

󰀂∆(m)

Tm
󰀂2 ≲

󰁵
s log p

Nm
,

and thus 󰀂∆(m)

Tm
󰀂1 ≲ s

󰁴
log p
Nm

from Lemma B.6.

Finally to be specific, by (A.5), we choose

λ(m)
t =

󰀻
󰁁󰀿

󰁁󰀽

󰀓󰁴
s log p
nβ2

01

󰀔2t

, if t < t′.
󰁴

log p
Nm

+
󰀓󰁴

s log p
nβ2

01

󰀔2t
′

ht−t′

m , otherwise.

(A.6)

A.3 Proof of Theorem 2

Proof In Step III, we first aggregate summary statistics from local sites to derive a tem-
porary estimator for the direction γ0. Let the loss function be

J(γ) =
1

N

󰁱
− 2γT

M󰁛

m=1

Nm
󰁥Ω

(m)

x,s + γT

M󰁛

m=1

Nm
󰁥Ω

(m)

x,xγ
󰁲
+ λ󰀂γ󰀂1, (A.7)

where the summary statistics are defined as

󰁥Ω
(m)

x,x = N−1
m

Nm󰁛

i=1

∂γ 󰁥fm(X(m)

i ; 󰁥γ(m))
󰁱
∂γ 󰁥fm(X(m)

i ; 󰁥γ(m))
󰁲T

,

󰁥Ω
(m)

x,s = N−1
m

Nm󰁛

i=1

󰁱
S(m)

i − 󰁥fm(X(m)

i ; 󰁥γ(m)) + 󰁥γ(m)T∂γ 󰁥fm(X(m)

i ; 󰁥γ(m))
󰁲
∂γ 󰁥fm(X(m)

i ; 󰁥γ(m)).

󰁥Ω
(m)

x,s can be decomposed as

󰁥Ω
(m)

x,s = −󰁥Ξ(m) + 󰁥Ω
(m)

x,x󰁥γ
(m), where 󰁥Ξ(m) = −N−1

m

Nm󰁛

i=1

󰁱
S(m)

i − 󰁥fm(X(m)

i ; 󰁥γ(m))
󰁲
∂γ 󰁥fm(X(m)

i ; 󰁥γ(m)). (A.8)
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By the basic inequality J(󰁥γ) ≤ J(γ0), we have

1

N

󰀝 M󰁛

m=1

Nm(󰁥γ − γ0)
T 󰁥Ω(m)

x,x(󰁥γ − γ0)

󰀞
+ λ󰀂󰁥γ󰀂1 ≤

2

N

M󰁛

m=1

Nm(󰁥γ − γ0)
T
󰁱
− 󰁥Ξ(m) + 󰁥Ω(m)

x,x(󰁥γ(m) − γ0)
󰁲
+ λ󰀂γ0󰀂1.

(A.9)

We first bound 1
N

󰁓M
m=1Nm(󰁥γ − γ0)

T

󰁱
− 󰁥Ξ(m) + 󰁥Ω

(m)

x,x(󰁥γ
(m) − γ0)

󰁲
. We have

1

N

M󰁛

m=1

Nm(󰁥γ − γ0)
T
󰁱
− 󰁥Ξ(m) + 󰁥Ω

(m)

x,x(󰁥γ(m) − γ0)
󰁲

=
1

N

M󰁛

m=1

(󰁥γ − γ0)
T

Nm󰁛

i=1

∂γ
󰁥fm(X

(m)
i ; 󰁥γ(m))

󰀝
S

(m)
i − 󰁥fm(X

(m)
i ; 󰁥γ(m)) + ∂γ

󰁥fm(X
(m)
i ; 󰁥γ(m))T(󰁥γ(m) − γ0)

󰀞

=
1

N

M󰁛

m=1

(󰁥γ − γ0)
T

Nm󰁛

i=1

∂γ
󰁥fm(X

(m)
i ; 󰁥γ(m))

󰀝
S

(m)
i − fm(γT

0X
(m)
i ) + fm(γT

0X
(m)
i )− 󰁥fm(X

(m)
i ;γ0)

+ 󰁥fm(X
(m)
i ;γ0)− 󰁥fm(X

(m)
i ; 󰁥γ(m)) + ∂γ

󰁥fm(X
(m)
i ; 󰁥γ(m))T(󰁥γ(m) − γ0)

󰀞

=
1

N

M󰁛

m=1

(󰁥γ − γ0)
T

Nm󰁛

i=1

∂γ
󰁥fm(X

(m)
i ; 󰁥γ(m))

󰀝
󰂃
(m)
i + fm(γT

0X
(m)
i )− 󰁥fm(X

(m)
i ;γ0)

+ (γ0 − 󰁥γ(m))T
󰁝 1

0

󰀓
∂γ

󰁥fm(X
(m)
i ; 󰁥γ(m) + τ(γ0 − 󰁥γ(m)))− ∂γ

󰁥fm(X
(m)
i ; 󰁥γ(m))

󰀔
dτ

󰀞
.

By similar argument in the proof of Theorem 1 and the assumption hm ≲ N
−1/6
m , we have

󰀏󰀏󰀏
1

N

M󰁛

m=1

Nm󰁛

i=1

(󰁥γ − γ0)
T∂γ

󰁥fm(X
(m)
i ; 󰁥γ(m))󰂃

(m)
i

󰀏󰀏󰀏 ≲ 󰀂󰁥γ − γ0󰀂1
󰁵

log p

N
,

󰀏󰀏󰀏
1

N

M󰁛

m=1

Nm󰁛

i=1

(󰁥γ − γ0)
T∂γ

󰁥fm(X
(m)
i ; 󰁥γ(m))

󰁱
fm(γT

0X
(m)
i )− 󰁥fm(X

(m)
i ;γ0)

󰁲󰀏󰀏󰀏

≲󰀂󰁥γ − γ0󰀂1
󰁵

1

N
+ 󰀂󰁥γ − γ0󰀂2

1

N

M󰁛

m=1

Nmh3
m + 󰀂󰁥γ − γ0󰀂2

1

N

M󰁛

m=1

Nm󰀂󰁥γ(m) − γ0󰀂2h
2
m ≲ 󰀂󰁥γ − γ0󰀂1

󰁵
1

N
,

and
󰀏󰀏󰀏󰀏

1

Nm

Nm󰁛

i=1

(󰁥γ − γ0)
T∂γ

󰁥fm(X
(m)
i ; 󰁥γ(m))

󰀝
(γ0 − 󰁥γ(m))T

󰁝 1

0

󰀓
∂γ

󰁥fm(X
(m)
i ;γ0 + τ(γ0 − 󰁥γ(m)))− ∂γ

󰁥fm(X
(m)
i ; 󰁥γ(m))

󰀔
dτ

󰀞󰀏󰀏󰀏󰀏

≲󰀂󰁥γ − γ0󰀂2
1

N

M󰁛

m=1

Nm󰀂󰁥γ(m) − γ0󰀂2hm + 󰀂󰁥γ − γ0󰀂2
1

N

M󰁛

m=1

Nm󰀂󰁥γ(m) − γ0󰀂
2
2

≲󰀂󰁥γ − γ0󰀂2
1

N

M󰁛

m=1

Nm

󰁵
s log p

Nm
hm + 󰀂󰁥γ − γ0󰀂2

1

N

M󰁛

m=1

Nm
s log p

Nm

≲󰀂󰁥γ − γ0󰀂2
󰁵

s log p

N
,

where the first bound follows from Lemmas B.1 and B.2, the second bound follows from
Lemma B.3, and the third bound follows from Lemma B.4. Let

RN =
1

N

M󰁛

m=1

Nm

󰁱
− 󰁥Ξ(m) + 󰁥Ω

(m)

x,x(󰁥γ
(m) − γ0)

󰁲
.
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The same termwise bounds, before taking the inner product with 󰁥γ − γ0, imply that the
leading stochastic part of RN is Op{

󰁳
log p/N} in the ℓ∞ norm, while the remaining higher-

order terms are op(λ) under the bandwidth and sparsity conditions of Theorem 1. Taking
the constant in λ ≍

󰁳
log p/N sufficiently large and applying the basic inequality (A.9)

yield
󰀂(󰁥γ − γ0)Sc󰀂1 ≤ 3󰀂(󰁥γ − γ0)S󰀂1.

Because 󰁥γ1 = γ01 = 1, the aggregate error also has first coordinate zero. Consequently,

󰀂󰁥γ − γ0󰀂1 ≤ 4
√
s󰀂󰁥γ − γ0󰀂2.

Thus we have
󰀏󰀏󰀏󰀏
1

N

M󰁛

m=1

Nm(󰁥γ − γ0)
T

󰁱
− 󰁥Ξ(m) + 󰁥Ω

(m)

x,x(󰁥γ
(m) − γ0)

󰁲󰀏󰀏󰀏󰀏 ≲
√
s󰀂󰁥γ − γ0󰀂2

󰁵
log p

N
, (A.10)

which follows from similar argument in Lemma B.6.
Since (󰁥γ − γ0)1 = 0, the normalized aggregate error belongs to V0 in Assumption 5.

Therefore, by an argument identical to that in Lemma B.8, we have

1

N

󰀝 M󰁛

m=1

Nm(󰁥γ − γ0)
T 󰁥Ω

(m)

x,x(󰁥γ − γ0)

󰀞
≥ κ󰀂󰁥γ − γ0󰀂22. (A.11)

Combining (A.9), (A.10) and (A.11), we have

󰀂󰁥γ − γ0󰀂22 ≲
√
s󰀂󰁥γ − γ0󰀂2

󰁵
log p

N
+ λ

√
s󰀂󰁥γ − γ0󰀂2

since 󰀂γ0󰀂1 − 󰀂󰁥γ󰀂1 ≲
√
s󰀂󰁥γ − γ0󰀂2 by similar argument in Lemma B.7. So we finally have

󰀂󰁥γ − γ0󰀂2 ≲
󰁵

s log p

N

by taking λ ≍
󰁳

log p/N .
Then plug 󰁥γ in a low-dimensional logistic regression on labeled data to estimate intercept

α and scalar β1. Denoting θ = (α,β1) and ℓi(θ,γ) = ℓ{Y (1)

i , g(α+ β1γ
TX(1)

i )}, we have

1

n

n󰁛

i=1

(󰁥θ − θ0)
T∇2

θℓi(θ0, 󰁥γ)(󰁥θ − θ0)

≤−
2

n

n󰁛

i=1

(󰁥θ − θ0)
T∇θℓi(θ0, 󰁥γ)

−
2

n

n󰁛

i=1

󰁝 1

0
(1− t)(󰁥θ − θ0)

T
󰁱
∇2

θℓi
󰀃
θ0 + t(󰁥θ − θ0), 󰁥γ

󰀄
−∇2

θℓi(θ0, 󰁥γ)
󰁲
(󰁥θ − θ0) dt.

(A.12)

from basic inequality that 1
n

󰁓n
i=1 ℓi(

󰁥θ, 󰁥γ) ≤ 1
n

󰁓n
i=1 ℓi(θ0, 󰁥γ) and the decomposition that

ℓi(󰁥θ, 󰁥γ) = ℓi(θ0, 󰁥γ) + (󰁥θ − θ0)
T∇θℓi(θ0, 󰁥γ)

+

󰁝 1

0

(1− t)(󰁥θ − θ0)
T∇2

θℓi
󰀃
θ0 + t(󰁥θ − θ0), 󰁥γ

󰀄
(󰁥θ − θ0) dt

= ℓi(θ0, 󰁥γ) + (󰁥θ − θ0)
T∇θℓi(θ0, 󰁥γ) +

1

2
(󰁥θ − θ0)

T∇2
θℓi(θ0, 󰁥γ)(󰁥θ − θ0)

+

󰁝 1

0

(1− t)(󰁥θ − θ0)
T
󰁱
∇2

θℓi
󰀃
θ0 + t(󰁥θ − θ0), 󰁥γ

󰀄
−∇2

θℓi(θ0, 󰁥γ)
󰁲
(󰁥θ − θ0) dt.

6



SASH

where

ℓi(θ,γ) = log(1 + exp(α+ β1γ
TX

(1)

i ))− Y
(1)

i (α+ β1γ
TX

(1)

i ),

∇θℓi(θ,γ) =
󰀓
− Yi +

exp(α+ β1γTX
(1)

i )

1 + exp(α+ β1γTX
(1)

i )

󰀔󰀓 1

γTX
(1)

i

󰀔
,

∇2
θℓi(θ,γ) =

exp(α+ β1γTX
(1)

i )
󰀃
1 + exp(α+ β1γTX

(1)

i )
󰀄2

󰀓 1

γTX
(1)

i

󰀔
(1,γTX

(1)

i ),

∇2
θγℓi(θ,γ) =

exp(α+ β1γTX
(1)

i )
󰀃
1 + exp(α+ β1γTX

(1)

i )
󰀄2

󰀓 1

γTX
(1)

i

󰀔
β1X

(1)

i

T
+

󰀓
− Yi +

exp(α+ β1γTX
(1)

i )

1 + exp(α+ β1γTX
(1)

i )

󰀔󰀓 0

X
(1)

i

T

󰀔
.

(A.13)

First, by Lemma J.3 in Ning and Liu (2017), we have RE condition holds for some
constant κ that

1

n

n󰁛

i=1

(󰁥θ − θ0)
T∇2

θℓi(θ0, 󰁥γ)(󰁥θ − θ0) ≥ κ󰀂󰁥θ − θ0󰀂22. (A.14)

Second, we bound 1
n

󰁓n
i=1(

󰁥θ − θ0)
T∇θℓi(θ0, 󰁥γ). We have

󰀏󰀏󰀏
1

n

n󰁛

i=1

(󰁥θ − θ0)
T∇θℓi(θ0,γ0)

󰀏󰀏󰀏 ≤ 󰀂󰁥θ − θ0󰀂1
󰀐󰀐󰀐
1

n

n󰁛

i=1

∇θℓi(θ0,γ0)
󰀐󰀐󰀐
∞

≲
󰁵

1

n
󰀂󰁥θ − θ0󰀂1 (A.15)

holds by Lemma E.2 in Ning and Liu (2017), and

󰀏󰀏󰀏(󰁥θ − θ0)
T
1

n

n󰁛

i=1

󰀃
∇θℓi(θ0, 󰁥γ)−∇θℓi(θ0,γ0)

󰀄󰀏󰀏󰀏

=
󰀏󰀏󰀏(󰁥θ − θ0)

T
1

n

n󰁛

i=1

󰁝 1

0

∇2
θγℓi(θ0,γ0 + t(󰁥γ − γ0))dt(󰁥γ − γ0)

󰀏󰀏󰀏

≲󰀂󰁥θ − θ0󰀂2󰀂󰁥γ − γ0󰀂2

(A.16)

follows from the expression of ∇2
θγℓi(·) in (A.13). So

󰀏󰀏󰀏 1
n

n󰁛

i=1

(󰁥θ − θ0)
T∇θℓi(θ0, 󰁥γ)

󰀏󰀏󰀏 ≲
󰁵

1

n
󰀂󰁥θ − θ0󰀂1 + 󰀂󰁥θ − θ0󰀂2󰀂󰁥γ − γ0󰀂2

Third, we have

󰀏󰀏󰀏󰀏
1

n

n󰁛

i=1

󰁝 1

0
(1− t)(󰁥θ − θ0)

T
󰁱
∇2

θℓi
󰀃
θ0 + t(󰁥θ − θ0), 󰁥γ

󰀄
−∇2

θℓi(θ0, 󰁥γ)
󰁲
(󰁥θ − θ0)dt

󰀏󰀏󰀏󰀏

=

󰀏󰀏󰀏󰀏
1

n

n󰁛

i=1

󰁝 1

0
(1− t)(󰁥θ − θ0)

T

󰀝
exp(at + bt󰁥γTX

(1)

i )
󰀃
1 + exp(at + bt󰁥γTX

(1)

i )
󰀄2 −

exp(a+ b󰁥γTX
(1)

i )
󰀃
1 + exp(a0 + b0󰁥γTX

(1)

i )
󰀄2

󰀞󰀓 1

󰁥γTX
(1)

i

󰀔
(1, 󰁥γTX

(1)

i )(󰁥θ − θ0)dt

󰀏󰀏󰀏󰀏

≲󰀂󰁥θ − θ0󰀂32,
(A.17)

where (at, bt)
T := θ0+ t(󰁥θ− θ0). Combining (A.12), (A.14), (A.15), (A.16) and (A.17), we

have

󰀂󰁥θ − θ0󰀂22 ≲󰀂󰁥θ − θ0󰀂1
󰁵

1

n
+ 󰀂󰁥θ − θ0󰀂2󰀂󰁥γ − γ0󰀂2 + 󰀂󰁥θ − θ0󰀂32 ≲ 󰀂󰁥θ − θ0󰀂2

󰀓󰁵 1

n
+

󰁵
s log p

N

󰀔
+ 󰀂󰁥θ − θ0󰀂32,

which immediately gives

󰀂󰁥θ − θ0󰀂2 ≲
󰁵

1

n
+

󰁵
s log p

N
. (A.18)
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Finally, we aggregate the summary statistics from local sites and the labeled sample loss
based on (󰁥α, 󰁥β1) to derive the final estimator for γ0. We have that the loss function

L(γ) = 1

N + n

󰁱
− 2γT

M󰁛

m=1

Nm
󰁥Ω

(m)

x,s + γT

M󰁛

m=1

Nm
󰁥Ω

(m)

x,xγ +

n󰁛

i=1

ℓi(󰁥α, 󰁥β1,γ)
󰁲
+ λ†󰀂γ󰀂1

and the basic inequality L(󰁥γ†) ≤ L(γ0) gives

1

N + n

󰀝 M󰁛

m=1

Nm(󰁥γ† − γ0)
T 󰁥Ω

(m)

x,x(󰁥γ† − γ0)

+
1

2

n󰁛

i=1

(󰁥γ† − γ0)
T∇2

γℓi(󰁥θ,γ0)(󰁥γ
† − γ0)

󰀞
+ λ†󰀂󰁥γ†󰀂1

≤ 1

N + n

󰀝
2

M󰁛

m=1

Nm(󰁥γ† − γ0)
T
󰁱
− 󰁥Ξ(m) + 󰁥Ω

(m)

x,x(󰁥γ(m) − γ0)
󰁲

−
n󰁛

i=1

(󰁥γ† − γ0)
T∇γℓi(󰁥θ,γ0)

−
n󰁛

i=1

󰁝 1

0

(1− t)(󰁥γ† − γ0)
T
󰁱
∇2

γℓi
󰀃󰁥θ,γ0 + t(󰁥γ† − γ0)

󰀄
−∇2

γℓi(󰁥θ,γ0)
󰁲
(󰁥γ† − γ0) dt

󰀞
+ λ†󰀂γ0󰀂1.

The same score and penalty argument as above gives

󰀂(󰁥γ† − γ0)Sc󰀂1 ≤ 3󰀂(󰁥γ† − γ0)S󰀂1.

Moreover, (󰁥γ† − γ0)1 = 0, so the normalized error belongs to V0 in Assumption 5, and

󰀂󰁥γ† − γ0󰀂1 ≤ 4
√
s󰀂󰁥γ† − γ0󰀂2. which gives

󰀂󰁥γ† − γ0󰀂22 ≲
√
s

N + n
󰀂󰁥γ† − γ0󰀂2

󰁱󰁳
N log p+

󰁳
n log p

󰁲
+ λ†√s󰀂󰁥γ† − γ0󰀂2

by an argument similar to the one used above. So we have

󰀂󰁥γ† − γ0󰀂2 ≲
√
s

√
N log p+

√
n log p

N + n
+ λ†√s ≲

󰁵
s log p

N + n
≲

󰁵
s log p

N
(A.19)

by taking λ† ≍
󰁴

log p
N+n ≍

󰁴
log p
N . Combining (A.18) and (A.19), finally we have

󰀂󰁥βSASH − β0󰀂2 ≲
󰁵

1

n
+

󰁵
s log p

N
.

Moreover,

󰀂󰁥βSASH − β0󰀂1 ≤ |󰁥β1 − β01| 󰀂γ0󰀂1 + |󰁥β1| 󰀂󰁥γ† − γ0󰀂1

≲
󰁵

s

n
+ s

󰁵
log p

N
,

where 󰀂γ0󰀂1 ≤
√
s󰀂γ0󰀂2 and 󰀂γ0󰀂2 is bounded by Assumption 1. Both bounds hold with

probability at least 1−O(1/p).
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A.4 Proof outline for Theorem 3

We present the IPD estimation procedure and the comparison argument in Section A.1. The
proof uses the same score, cone, and derivative-weighted curvature bounds as Theorems
1 and 2. The displayed conclusion is deliberately stated as a one-sided first-order rate
comparison rather than direct asymptotic equivalence of the two estimators.

Step I The first step is the same as our method, where we fit a supervised penalized
logistic regression using labeled samples to obtain the initial estimator 󰁨βsup.

Step II We still initialize with 󰁥γ[0] =
󰁨βsup/

󰁨βsup,1, then obtain the estimator 󰁥γ[t] iteratively
for t = 1, . . . , T as:

argmin
γ∈Rp,γ1=1

M󰁛

m=1

Nm

N
󰁥P(m)

󰁱
S − 󰁥fm(X; 󰁥γ[t−1])− (γ − 󰁥γ[t−1])

T∂γ 󰁥fm(X; 󰁥γ[t−1])
󰁲2

+ λ[t]󰀂γ󰀂1, (A.20)

and take 󰁥γ
IPD

= 󰁥γ[T ].

Step III We leverage labeled data to obtain a final estimator for direction and magnitude.
First, we plug 󰁥γ

IPD
in a low-dimensional logistic regression on the labeled data, and estimate

the intercept α and the scalar β1:

(󰁥α
IPD

, 󰁥β
IPD,1) = argmin

α,β1

󰁥P(1)
n ℓ{Y, g(α+ β1󰁥γT

IPD
X)}. (A.21)

Finally, we aggregate all the labeled and unlabeled samples based on (󰁥α
IPD

, 󰁥β
IPD,1), to derive

the final estimator for γ:

󰁥γ†
IPD

= argmin
γ∈Rp,γ1=1

1

N + n

󰀗 M󰁛

m=1

Nm
󰁥P(m)

󰁱
S − 󰁥fm(X; 󰁥γ

IPD
)− (γ − 󰁥γ

IPD
)T∂γ 󰁥fm(X; 󰁥γ

IPD
)
󰁲2

+n󰁥P(1)

n ℓ{Y, g(󰁥α
IPD

+ 󰁥β
IPD,1γ

TX)}
󰀘
+ λ

IPD
󰀂γ󰀂1.

(A.22)

The IPD estimator is taken as 󰁥βIPD = 󰁥β
IPD,1 · 󰁥γ

†
IPD

.

Appendix B. Auxiliary Proofs

B.1 Proof of Proposition 1

Proof Under the outcome model (1) the conditional independence condition (3), for any
m ∈ {1, . . . ,M} and set A included by S(m)

i ’s domain, we have

P(S(m)

i ∈ A | X(m)

i ) =
󰁛

y=0,1

P(S(m)

i ∈ A, Y (m)

i = y | X(m)

i )

=
󰁛

y=0,1

P(S(m)

i ∈ A | Y (m)

i = y,X(m)

i )P(Y (m)

i = y | X(m)

i )

=
󰁛

y=0,1

P(S(m)

i ∈ A | Y (m)

i = y)P(Y (m)

i = y | X(m)

i )

=
󰁛

y=0,1

P(S(m)

i ∈ A | Y (m)

i = y)gy(α
(m)

0 + βT

0X
(m)

i ),

9
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where gy(a) = yg(a) + (1− y)(1− g(a)). This directly leads to the SIM condition:

E(S(m)

i | X(m)

i ) = f̆m(βT

0X
(m)

i ) = fm(γT

0X
(m)

i ),

for some f̆m and fm.

B.2 Proof of Lemma 1

Proof Let 󰁨θsup = (󰁨αsup, 󰁨β
T

sup)
T and θ0 = (α0,β

T
0)

T. The joint-information condition in
Assumption 1, together with the sub-Gaussian design, gives restricted strong convexity
for the logistic loss after accounting for the unpenalized intercept and the unpenalized first
coefficient. Standard decomposable-regularizer arguments (Negahban et al., 2012) therefore
give

󰀂󰁨βsup − β0󰀂2 = Op

󰀣󰁵
s log p

n

󰀤
, 󰀂󰁨βsup − β0󰀂1 = Op

󰀣
s

󰁵
log p

n

󰀤
,

and |󰁨αsup − α0| = Op{
󰁳

s log p/n}. Since s log p/(nβ2
01) = o(1),

|󰁨βsup,1 − β01| ≤ 󰀂󰁨βsup − β0󰀂2 = op(|β01|),

so |󰁨βsup,1| ≥ |β01|/2 with probability approaching one. On this event,

󰁨γsup − γ0 =
󰁨βsup − β0

󰁨βsup,1

+ β0

󰀣
1

󰁨βsup,1

− 1

β01

󰀤
.

Using 󰀂β0󰀂2 ≤ κ, 󰀂β0󰀂1 ≤
√
s󰀂β0󰀂2, and the two rates above yields

󰀂󰁨γsup − γ0󰀂2 ≲p

󰁶
s log p

nβ2
01

, 󰀂󰁨γsup − γ0󰀂1 ≲p s

󰁶
log p

nβ2
01

.

The first coordinate equals zero after normalization. Choosing CΓ sufficiently large gives
󰁨γsup ∈ Γ with probability approaching one.

B.3 Auxiliary Lemmas Used in Section A

Lemma B.1 Under the same conditions as Theorem 1,

sup
γ∈Γ

󰀐󰀐󰀐󰀐󰀐
1

Nm

Nm󰁛

i=1

f ′
m(γT

0X
(m)

i )
󰀋
X(m)

i − E(X | γT
0X

(m)

i )
󰀌
󰂃(m)

i

󰀐󰀐󰀐󰀐󰀐
∞

≤ C

󰁵
log p

Nm

with probability exceeding 1− exp(−c1 log p).

10
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Proof Conditional on X(m)

i , the summand has mean zero because E(󰂃(m)

i | X(m)

i ) = 0. The
bounded derivative f ′

m, together with Assumption 4, gives a uniformly sub-exponential co-
ordinate envelope. Bernstein’s inequality and a union bound over the p coordinates yield
the stated rate.

Lemma B.2 Under the same conditions as Theorem 1, we have

sup
γ∈Γ

󰀐󰀐󰀐󰀐
1

Nm

Nm󰁛

i=1

󰁱
∂γ 󰁥fm(X(m)

i ;γ)− f ′
m(γT

0X
(m)

i )
󰀃
X(m)

i − E
󰀃
X

󰀏󰀏γT

0X
(m)

i

󰀄󰀄󰁲
󰂃(m)i

󰀐󰀐󰀐󰀐
∞

≤ C

󰁵
log p

Nm

with probability exceeding 1−exp(−c1 log p). The uniformity over Γ follows from the kernel-
class entropy condition in Assumption 2(c).

Proof Define

󰁥G(1)(γTX | γ) :=
󰁓Nm

i=1 K
′
h(γ

T{X(m)
i −X})S(m)

i󰁓Nm
i=1 Kh(γT{X(m)

i −X})
−

󰁓Nm
i=1 Kh(γ

T{X(m)
i −X})S(m)

i

󰁓Nm
i=1 K

′
h(γ

T{X(m)
i −X})

󰁫󰁓Nm
i=1 Kh(γT{X(m)

i −X})
󰁬2 .

First, we have

sup
γ∈Γ

󰀐󰀐󰀐󰀐
1

Nm

Nm󰁛

i=1

󰁱󰀓
󰁥G(1)(γTX

(m)
i | γ)− f ′

m(γT
0X

(m)
i )

󰀔󰀓
X

(m)
i − E

󰀃
X

󰀏󰀏γT
0X

(m)
i

󰀄󰀔󰁲
󰂃
(m)
i

󰀐󰀐󰀐󰀐
∞

≲
󰀅
h2
m log(p ∨Nm)

󰀆1/4
√
Nm

(B.23)

directly from Lemma A8 in Wu et al. (2023) under the assumption that
󰀓
s log p
Nm

󰀔1/5
≲

hm ≲ N
−1/6
m . Note that from Page 114 in Wu et al. (2023), even though we have 󰀂γ −

γ0󰀂2 ≲
󰁴

s log p
nβ2

01
instead, we still have the same bound for (B.23) since

󰁴
s log p

n /2−lhm ≲
󰁴

s log p
n

√
Nmhm ≲ Nm still holds.

Then it suffices to bound

sup
γ∈Γ

󰀐󰀐󰀐󰀐
1

Nm

Nm󰁛

i=1

󰁱
∂γ 󰁥fm(X(m)

i ;γ)− 󰁥G(1)(γTX(m)

i | γ)
󰀃
X(m)

i − E
󰀃
X

󰀏󰀏γT

0X
(m)

i

󰀄󰀄󰁲
󰂃(m)i

󰀐󰀐󰀐󰀐
∞
.

We have

∂γ 󰁥fm(X
(m)
i ;γ)− 󰁥G(1)(γTX

(m)
i | γ)

󰀃
X

(m)
i − E

󰀃
X

󰀏󰀏γT
0X

(m)
i

󰀄󰀄

=

󰁓Nm
j=1 K

′
h(γ

T{X(m)
j −X

(m)
i })S(m)

j (X
(m)
j −X

(m)
i )

󰁓Nm
j=1 Kh(γT{X(m)

j −X
(m)
i })

−
󰁓Nm

j=1 Kh(γ
T{X(m)

j −X
(m)
i })S(m)

j

󰁓Nm
j=1 K

′
h(γ

T{X(m)
j −X

(m)
i })(X(m)

j −X
(m)
i )

󰁫󰁓Nm
j=1 Kh(γT{X(m)

j −X
(m)
i })

󰁬2

−
󰀕󰁓Nm

j=1 K
′
h(γ

T{X(m)
j −X

(m)
i })S(m)

j
󰁓Nm

j=1 Kh(γT{X(m)
j −X

(m)
i })

−
󰁓Nm

j=1 Kh(γ
T{X(m)

j −X
(m)
i })S(m)

j

󰁓Nm
j=1 K

′
h(γ

T{X(m)
j −X

(m)
i })

󰁫󰁓Nm
j=1 Kh(γT{X(m)

j −X
(m)
i })

󰁬2

󰀖
·
󰀃
X

(m)
i − E

󰀃
X

󰀏󰀏γT
0X

(m)
i

󰀄󰀄

=

󰁓Nm
j=1 K

′
h(γ

T{X(m)
j −X

(m)
i })S(m)

j

󰀃
X

(m)
j − E

󰀃
X

󰀏󰀏γT
0X

(m)
i

󰀄󰀄

󰁓Nm
j=1 Kh(γT{X(m)

j −X
(m)
i })

−
󰁓Nm

j=1 Kh(γ
T{X(m)

j −X
(m)
i })S(m)

j

󰁓Nm
j=1 K

′
h(γ

T{X(m)
j −X

(m)
i })

󰀃
X

(m)
j − E

󰀃
X

󰀏󰀏γT
0X

(m)
i

󰀄󰀄

󰁫󰁓Nm
j=1 Kh(γT{X(m)

j −X
(m)
i })

󰁬2

11
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depends on X(m)

i only through γTX(m)

i and γT
0X

(m)

i . Then, by arguments similar to those in
Lemmas A11 and A8 of Wu et al. (2023), we have

max
i

sup
γ∈Γ

󰀐󰀐󰀐∂γ 󰁥fm(X(m)

i ;γ)− 󰁥G(1)(γTX(m)

i | γ)
󰀃
X(m)

i − E
󰀃
X

󰀏󰀏γT

0X
(m)

i

󰀄󰀄󰀐󰀐󰀐
∞

≤ C0hm,

sup
γ∈Γ

󰀐󰀐󰀐󰀐
1

Nm

Nm󰁛

i=1

󰁱
∂γ 󰁥fm(X(m)

i ;γ)− 󰁥G(1)(γTX(m)

i | γ)
󰀓
X(m)

i −E
󰀃
X

󰀏󰀏γT

0X
(m)

i

󰀄󰀔󰁲
󰂃(m)i

󰀐󰀐󰀐󰀐
∞

≲
󰀅
h2
m log(p ∨Nm)

󰀆1/4
√
Nm

.

(B.24)

Combining (B.23), (B.24) and the assumption of Theorem 1, finally we have

sup
γ∈Γ

󰀐󰀐󰀐󰀐
1

Nm

Nm󰁛

i=1

󰁱
∂γ 󰁥fm(X(m)

i ;γ)− f ′
m(γT

0X
(m)

i )
󰀓
X(m)

i − E
󰀃
X

󰀏󰀏γT

0X
(m)

i

󰀄󰀔󰁲
󰂃(m)i

󰀐󰀐󰀐󰀐
∞

≲
󰁵

log p

Nm

with probability exceeding 1− exp(−c1 log p).

Lemma B.3 Under the same conditions as Theorem 1, we have

󰀏󰀏󰀏
1

Nm

Nm󰁛

i=1

(󰁥γ(m)

[t] − γ0)
T∂γ 󰁥fm(X(m)

i ; 󰁥γ(m)

[t−1]) ·
󰁱
fm(γT

0X
(m)

i )− 󰁥fm(X(m)

i ;γ0)
󰁲󰀏󰀏󰀏

≤C
󰁱
󰀂∆(m)

t 󰀂1
󰁵

1

Nm
+ 󰀂∆(m)

t 󰀂1h3
m + 󰀂∆(m)

t 󰀂2󰀂∆(m)

t−1󰀂2h2
m

󰁲
,

where ∆(m)

t = 󰁥γ(m)

[t] − γ0.

Proof By the bound for In4 in the proof of Lemma A1 in Wu et al. (2023), and hm[log(p∨
Nm)]1/4 ≤ c implied by the assumption of Theorem 1, we immediately obtain

󰀐󰀐󰀐 1

Nm

Nm󰁛

i=1

f ′(γT

0X
(m)
i )

󰀓
X

(m)
i − E[X|γT

0X
(m)
i ]

󰀔
·
󰁱
fm(γT

0X
(m)
i )− 󰁥fm(X

(m)
i ;γ0)

󰁲󰀐󰀐󰀐
∞

≲ hm[log(p ∨Nm)]1/4√
Nm

≲
󰁵

1

Nm

with probability at least 1 − exp(−c1 log p) for some constant c1 > 0. Then it suffices to
bound

󰀏󰀏󰀏
1

Nm

Nm󰁛

i=1

(󰁥γ(m)
[t]

− γ0)
T
󰁱
∂γ 󰁥fm(X

(m)
i ; 󰁥γ(m)

[t−1]
)− f ′

m(γT
0X

(m)
i )

󰀓
X

(m)
i − E

󰀃
X

󰀏󰀏γT
0X

(m)
i

󰀄󰀔󰁲
·
󰁱
fm(γT

0X
(m)
i )− 󰁥fm(X

(m)
i ;γ0)

󰁲󰀏󰀏󰀏

≤max
i:>0

sup
γ∈Γ

󰀏󰀏󰀏(󰁥γ(m)
[t]

− γ0)
T
󰀓
∂γ 󰁥fm(X

(m)
i ;γ)− f ′

m(γTX
(m)
i )

󰀃
X

(m)
i − E

󰀃
X

󰀏󰀏γTX
(m)
i

󰀄󰀄󰀔󰀏󰀏󰀏 ·max
i:>0

󰀏󰀏󰀏fm(γT
0X

(m)
i )− 󰁥fm(X

(m)
i ;γ0)

󰀏󰀏󰀏

+
󰀏󰀏󰀏

1

Nm

Nm󰁛

i=1

(󰁥γ(m)
[t]

− γ0)
Tf ′

m(󰁥γ(m)T

[t−1]
X

(m)
i )

󰀓
E
󰀃
X

󰀏󰀏 󰁥γ(m)
[t−1]

TX
(m)
i

󰀄
− E

󰀃
X

󰀏󰀏γT
0X

(m)
i

󰀄󰀔
·
󰀓
fm(γT

0X
(m)
i )− 󰁥fm(X

(m)
i ;γ0)

󰀔󰀏󰀏󰀏

+
󰀏󰀏󰀏

1

Nm

Nm󰁛

i=1

(󰁥γ(m)
[t]

− γ0)
T
󰀓
f ′
m(󰁥γ(m)T

[t−1]
X

(m)
i )− f ′

m(γT
0X

(m)
i )

󰀔󰀓
X

(m)
i − E

󰀃
X

󰀏󰀏γT
0X

(m)
i

󰀄󰀔
·
󰀓
fm(γT

0X
(m)
i )− 󰁥fm(X

(m)
i ;γ0)

󰀔󰀏󰀏󰀏

:=I1 + I2 + I3.

We have

I1 = max
i:>0

sup
γ∈Γ

󰀏󰀏󰀏(󰁥γ(m)
[t]

− γ0)
T
󰀓
∂γ 󰁥fm(X

(m)
i ;γ)− f ′

m(γTX
(m)
i )

󰀃
X

(m)
i − E

󰀃
X

󰀏󰀏γTX
(m)
i

󰀄󰀄󰀔󰀏󰀏󰀏 ·max
i:>0

󰀏󰀏󰀏fm(γT
0X

(m)
i )− 󰁥fm(X

(m)
i ;γ0)

󰀏󰀏󰀏 ≲ 󰀂∆(m)
t 󰀂1h3

m,
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holds by Lemma B.10 and Lemma B.9.

I2 =
󰀏󰀏󰀏

1

Nm

Nm󰁛

i=1

(󰁥γ(m)
[t]

− γ0)
Tf ′

m(󰁥γ(m)T

[t−1]
X

(m)
i )

󰀓
E
󰀃
X

󰀏󰀏 󰁥γ(m)T

[t−1]
X

(m)
i

󰀄
− E

󰀃
X

󰀏󰀏γT
0X

(m)
i

󰀄󰀔
·
󰀓
fm(γT

0X
(m)
i )− 󰁥fm(X

(m)
i ;γ0)

󰀔󰀏󰀏󰀏

=
󰀏󰀏󰀏

1

Nm

Nm󰁛

i=1

(󰁥γ(m)
[t]

− γ0)
Tf ′

m(󰁥γ(m)T

[t−1]
X

(m)
i )

󰀓
fm(γT

0X
(m)
i )− 󰁥fm(X

(m)
i ;γ0)

󰀔
·
󰀓
󰁥γ(m)T

[t−1]
X

(m)
i − γT

0X
(m)
i

󰀔

·
󰁝 1

0
E(1)

󰀃
X

󰀏󰀏γT
0X

(m)
i + t(󰁥γ(m)

[t−1]
− γ0)

TX
(m)
i

󰀄
dt
󰀏󰀏󰀏

=
󰀏󰀏󰀏

1

Nm

Nm󰁛

i=1

f ′
m(󰁥γ(m)T

[t−1]
X

(m)
i )

󰀓
fm(γT

0X
(m)
i )− 󰁥fm(X

(m)
i ;γ0)

󰀔
(󰁥γ(m)

[t−1]
− γ0)

TX
(m)
i

·
󰁝 1

0
E(1)

󰀃
(󰁥γ(m)

[t]
− γ0)

TX
󰀏󰀏γT

0X
(m)
i + t(󰁥γ(m)

[t−1]
− γ0)

TX
(m)
i

󰀄
dt
󰀏󰀏󰀏

≲ 󰀂󰁥γ(m)
[t]

− γ0󰀂2󰀂󰁥γ
(m)
[t−1]

− γ0󰀂2h2
m

where the last inequality follows by Assumption 2 that f ′
m(γTX(m)

i ) is bounded uniformly,
Assumption 6 that

max
i:>0

sup
γ∈Γ

󰀏󰀏E(1)(vTX | γTX(m)

i )
󰀏󰀏 ≤ C󰀂v󰀂2,

Lemma B.9 that maxi:>0 supγ∈Γ

󰀏󰀏󰀏fm(γTX(m)

i ) − 󰁥fm(X(m)

i ;γ)
󰀏󰀏󰀏 ≤ c0h

2
m, and Lemma A3 of Wu

et al. (2023) that
󰀏󰀏󰀏 1
Nm

󰁓Nm

i=1(v
TX(m)

i )2
󰀏󰀏󰀏 ≲ 󰀂v󰀂22. Similarly, we have

I3 =
󰀏󰀏󰀏

1

Nm

Nm󰁛

i=1

(󰁥γ(m)
[t]

− γ0)
T
󰀓
f ′
m(󰁥γ(m)T

[t−1]
X

(m)
i )− f ′

m(γT
0X

(m)
i )

󰀔󰀓
X

(m)
i − E

󰀃
X

󰀏󰀏γT
0X

(m)
i

󰀄󰀔󰀓
fm(γT

0X
(m)
i )− 󰁥fm(X

(m)
i ;γ0)

󰀔󰀏󰀏󰀏

≤
󰀏󰀏󰀏

1

Nm

Nm󰁛

i=1

(󰁥γ(m)
[t−1]

− γ0)
TX

(m)
i

󰁝 1

0
f ′′󰀃γT

0X
(m)
i + t(󰁥γ(m)

[t−1]
− γ0)

TX
(m)
i

󰀄
dt

· (󰁥γ(m)
[t]

− γ0)
T
󰀓
X

(m)
i − E

󰀃
X

󰀏󰀏γT
0X

(m)
i

󰀄󰀔󰀓
fm(γT

0X
(m)
i )− 󰁥fm(X

(m)
i ;γ0)

󰀔󰀏󰀏󰀏

≤ 󰀂󰁥γ(m)
[t]

− γ0󰀂2󰀂󰁥γ
(m)
[t−1]

− γ0󰀂2h2
m.

Thus, we achieve

󰀏󰀏󰀏
1

Nm

Nm󰁛

i=1

(󰁥γ(m)

[t] − γ0)
T∂γ 󰁥fm(X(m)

i ; 󰁥γ(m)

[t−1]) ·
󰁱
fm(γT

0X
(m)

i )− 󰁥fm(X(m)

i ;γ0)
󰁲󰀏󰀏󰀏

≤C
󰁱
󰀂∆(m)

t 󰀂1
󰁵

1

Nm
+ 󰀂∆(m)

t 󰀂1h3
m + 󰀂∆(m)

t 󰀂2󰀂∆(m)

t−1󰀂2h2
m

󰁲

for some constant C, where ∆(m)

t−1 := 󰁥γ(m)

[t−1] − γ0.

Lemma B.4 Under the same conditions as Theorem 1, we have

󰀏󰀏󰀏󰀏(󰁥γ
(m)
[t]

− γ0)
T 1

Nm

Nm󰁛

i=1

∂γ 󰁥fm(X
(m)
i ; 󰁥γ(m)

[t−1]
)

󰀝
(γ0 − 󰁥γ(m)

[t−1]
)T

󰁝 1

0

󰀓
∂γ 󰁥fm(X

(m)
i ; 󰁥γ(m)

[t−1]
+ τ(γ0 − 󰁥γ(m)

[t−1]
))− ∂γ 󰁥fm(X

(m)
i ; 󰁥γ(m)

[t−1]
)
󰀔
dτ

󰀞󰀏󰀏󰀏󰀏

≤C
󰁱
󰀂∆(m)

t 󰀂2󰀂∆(m)
t−1󰀂2hm + 󰀂∆(m)

t 󰀂2󰀂∆(m)
t−1󰀂

2
2

󰁲
.
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Proof First, we aim to bound

󰀏󰀏󰀏󰀏
1

Nm

Nm󰁛

i=1

󰀓
(󰁥γ(m)

[t] − γ0)
T∂γ 󰁥fm(X(m)

i ; 󰁥γ(m)

[t−1])
󰀔2

󰀏󰀏󰀏󰀏.

We have

󰀏󰀏󰀏󰀏
1

Nm

Nm󰁛

i=1

󰀓
(󰁥γ(m)

[t] − γ0)
Tf ′

m(γT

0X
(m)

i )
󰀓
X(m)

i − E
󰀃
X

󰀏󰀏γT

0X
(m)

i

󰀄󰀔󰀔2
󰀏󰀏󰀏󰀏 ≤ C ′󰀂󰁥γ(m)

[t] − γ0󰀂22

by Lemma B2 of Wu et al. (2023),

󰀏󰀏󰀏
1

Nm

Nm󰁛

i=1

󰀓
(󰁥γ(m)

[t] − γ0)
T
󰁱
f ′
m(󰁥γ(m)T

[t−1]X
(m)
i )

󰀓
X

(m)
i − E

󰀃
X

󰀏󰀏 󰁥γ(m)T

[t−1]X
(m)
i

󰀄󰀔
− f ′

m(γT

0X
(m)
i )

󰀓
X

(m)
i − E

󰀃
X

󰀏󰀏γT

0X
(m)
i

󰀄󰀔󰁲󰀔2󰀏󰀏󰀏

≤C′󰀂󰁥γ(m)
[t] − γ0󰀂

2
2󰀂󰁥γ(m)

[t−1] − γ0󰀂
2
2

holds by similar argument in the proof of Lemma B.3, and

󰀏󰀏󰀏󰀏
1

Nm

Nm󰁛

i=1

󰀓
(󰁥γ(m)

[t] − γ0)
T
󰁱
∂γ

󰁥fm(X
(m)
i ; 󰁥γ(m)

[t−1])− f ′
m(󰁥γ(m)T

[t−1]X
(m)
i )

󰀃
X

(m)
i − E

󰀃
X

󰀏󰀏 󰁥γ(m)T

[t−1]X
(m)
i

󰀄󰀄󰁲󰀔2
󰀏󰀏󰀏󰀏 ≤ C′󰀂󰁥γ(m)

[t] − γ0󰀂
2
2h

2
m

holds by Lemma B.10. By combining the above inequalities, we have

󰀏󰀏󰀏󰀏
1

Nm

Nm󰁛

i=1

󰀓
(󰁥γ(m)

[t] − γ0)
T∂γ 󰁥fm(X(m)

i ; 󰁥γ(m)

[t−1])
󰀔2

󰀏󰀏󰀏󰀏

≤3C ′
󰁱
󰀂󰁥γ(m)

[t] − γ0󰀂22 + 󰀂󰁥γ(m)

[t] − γ0󰀂22󰀂󰁥γ
(m)

[t−1] − γ0󰀂22 + 󰀂󰁥γ(m)

[t] − γ0󰀂22h2
m

󰁲
≤ C󰀂󰁥γ(m)

[t] − γ0󰀂22.

(B.25)

Then, we bound

󰀏󰀏󰀏󰀏
1

Nm

Nm󰁛

i=1

󰀝
(γ0 − 󰁥γ(m)

[t−1])
T

󰁝 1

0

󰀓
∂γ

󰁥fm
󰀃
X

(m)
i ; 󰁥γ(m)

[t−1] + τ(γ0 − 󰁥γ(m)
[t−1])− ∂γ

󰁥fm(X
(m)
i ; 󰁥γ(m)

[t−1])
󰀄󰀔

dτ

󰀞2󰀏󰀏󰀏󰀏

≲max
i

sup
γ∈Γ

󰀏󰀏󰀏(γ0 − 󰁥γ(m)
[t−1])

T
󰀓
∂γ

󰁥fm(X
(m)
i ;γ)− f ′

m(γTX
(m)
i )

󰀃
X

(m)
i − E

󰀃
X

󰀏󰀏γTX
(m)
i

󰀄󰀄󰀔󰀏󰀏󰀏
2

+

󰀏󰀏󰀏󰀏
1

Nm

Nm󰁛

i=1

󰀝
(γ0 − 󰁥γ(m)

[t−1])
T

󰁝 1

0

󰀓
f ′
m(γT

τX
(m)
i )

󰀓
X

(m)
i − E

󰀃
X

󰀏󰀏γT

τX
(m)
i

󰀄󰀔
− f ′

m(󰁥γ(m)T

[t−1]X
(m)
i )

󰀓
X

(m)
i − E

󰀃
X

󰀏󰀏 󰁥γ(m)T

[t−1]X
(m)
i

󰀄󰀔󰀔
dτ

󰀞2󰀏󰀏󰀏󰀏

≲󰀂γ0 − 󰁥γ(m)
[t−1]󰀂

2
2h

2
m + 󰀂γ0 − 󰁥γ(m)

[t−1]󰀂
4
2,

(B.26)

by an argument similar to that used in the proof of Lemma B.3. Here γτ := 󰁥γ(m)

[t−1]+τ(γ0−
󰁥γ(m)

[t−1]).

In conclusion, by combining (B.25) and (B.26), we have

󰀏󰀏󰀏󰀏(󰁥γ
(m)
[t] − γ0)

T 1

Nm

Nm󰁛

i=1

∂γ
󰁥fm(X

(m)
i ; 󰁥γ(m)

t−1) ·
󰀝
(γ0 − 󰁥γ(m)

t−1)
T

󰁝 1

0

󰀓
∂γ

󰁥fm(X
(m)
i ; 󰁥γ(m)

[t−1] + τ(γ0 − 󰁥γ(m)
[t−1])− ∂γ

󰁥fm(X
(m)
i ; 󰁥γ(m)

t−1)
󰀔
dτ

󰀞󰀏󰀏󰀏󰀏

≤C
󰁴

󰀂󰁥γ(m)
[t] − γ0󰀂22 ·

󰁴
󰀂γ0 − 󰁥γ(m)

[t−1]󰀂22h2
m + 󰀂γ0 − 󰁥γ(m)

[t−1]󰀂42

≤C
󰁱
󰀂󰁥γ(m)

[t] − γ0󰀂2󰀂γ0 − 󰁥γ(m)
[t−1]󰀂2hm + 󰀂󰁥γ(m)

[t] − γ0󰀂2󰀂γ0 − 󰁥γ(m)
[t−1]󰀂

2
2

󰁲
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for some constant C.

Lemma B.5 Under the same conditions as Theorem 1 and assuming
󰁳

log p/Nm+󰀂∆(m)

t−1󰀂2hm+

󰀂∆(m)

t−1󰀂22 < λ(m)

t /2, we have 󰀂∆(m)

t,Sc󰀂1 ≤ 3󰀂∆(m)

t,S󰀂1, where S = {j : γ0,j ∕= 0}.
Proof By the assumption that

󰁵
log p

Nm
+ 󰀂∆(m)

t−1󰀂2hm + 󰀂∆(m)

t−1󰀂
2
2 <

λ(m)

t

2

and (A.3), we have

0 ≤λ(m)
t

2
󰀂∆(m)

t 󰀂1 + λ(m)
t 󰀂γ0󰀂1 − λ(m)

t 󰀂󰁥γ(m)

[t] 󰀂1

=λ(m)
t (

1

2
󰀂∆(m)

t,S󰀂1 +
1

2
󰀂∆(m)

t,Sc󰀂1 + 󰀂γ0,S󰀂1 − 󰀂󰁥γ(m)

t,S󰀂1 − 󰀂󰁥γ(m)

t,Sc󰀂1)

≤λ(m)
t (

1

2
󰀂∆(m)

t,S󰀂1 +
1

2
󰀂∆(m)

t,Sc󰀂1 + 󰀂∆(m)

t,S󰀂1 − 󰀂∆(m)

t,Sc󰀂1)

≤λ(m)
t (

3

2
󰀂∆(m)

t,S󰀂1 −
1

2
󰀂∆(m)

t,Sc󰀂1),

(B.27)

where the equality holds by 󰀂γ0󰀂1 = 󰀂γ0,S󰀂1 + 󰀂γ0,Sc󰀂1 = 󰀂γ0,S󰀂1 and 󰀂󰁥γ(m)

[t] 󰀂1 = 󰀂󰁥γ(m)

t,S󰀂1 +
󰀂󰁥γ(m)

t,Sc󰀂1. The second inequality holds by 󰀂γ0,S󰀂1 − 󰀂󰁥γ(m)

t,S󰀂1 ≤ 󰀂∆(m)

t,S󰀂1 and 󰀂󰁥γ(m)

t,Sc󰀂1 =

󰀂γ0,Sc − 󰁥γ(m)

t,Sc󰀂1 = 󰀂∆(m)

t,Sc󰀂1. Then we immediately have 0 ≤ 3󰀂∆(m)

t,S󰀂1 − 󰀂∆(m)

t,Sc󰀂1.

Lemma B.6 Under the same conditions in Lemma B.5, we have

󰀂∆(m)

t 󰀂1 ≤ 4
√
s󰀂∆(m)

t 󰀂2,

where s = |S| and S = {j : γ0,j ∕= 0}.

Proof From Lemma B.5, we have 󰀂∆(m)

t,Sc󰀂1 ≤ 3󰀂∆(m)

t,S󰀂1, so

󰀂∆(m)

t 󰀂1 = 󰀂∆(m)

t,S󰀂1 + 󰀂∆(m)

t,Sc󰀂1 ≤ 4󰀂∆(m)

t,S󰀂1 ≤ 4
√
s󰀂∆(m)

t,S󰀂2 ≤ 4
√
s󰀂∆(m)

t 󰀂2,

where 󰀂∆(m)

t,S󰀂1 ≤
√
s󰀂∆(m)

t,S󰀂2 because vector ∆(m)

t,S has at most s nonzero entries.

Lemma B.7 Under the same conditions in Lemma B.5, we have

󰀂γ0󰀂1 − 󰀂󰁥γ(m)

[t] 󰀂1 ≤ 4
√
s󰀂∆(m)

t 󰀂2,

where s = |S| and S = {j : γ0,j ∕= 0}.
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Proof We have

󰀂γ0󰀂1 − 󰀂󰁥γ(m)

[t] 󰀂1 =󰀂γ0,S󰀂1 − 󰀂󰁥γ(m)

t,S󰀂1 − 󰀂󰁥γ(m)

t,Sc󰀂1 ≤ 󰀂∆(m)

t,S󰀂1 − 󰀂∆(m)

t,Sc󰀂1 ≤ 󰀂∆(m)

t 󰀂1 ≤ 4
√
s󰀂∆(m)

t 󰀂2

following the same argument in (B.27).

Lemma B.8 (RE condition) Under the conditions of Theorem 1, there exists a positive
constant κ such that

1

Nm

Nm󰁛

i=1

󰁱
(󰁥γ(m)

[t] − γ0)
T∂γ 󰁥fm(X(m)

i ; 󰁥γ(m)

[t−1])
󰁲2

≥ κ󰀂󰁥γ(m)

[t] − γ0󰀂22.

Proof Since a2 ≥ 1
2b

2 − (a− b)2, we have

1

Nm

Nm󰁛

i=1

󰁱
(󰁥γ(m)

[t] − γ0)
T∂γ

󰁥fm(X
(m)
i ; 󰁥γ(m)

[t−1])
󰁲2

≥ 1

2Nm

Nm󰁛

i=1

󰁱
(󰁥γ(m)

[t] − γ0)
Tf ′

m(γT

0X
(m)
i )

󰀓
X

(m)
i − E

󰀃
X

󰀏󰀏γT

0X
(m)
i

󰀄󰀔󰁲2

− 1

Nm

Nm󰁛

i=1

󰀝
(󰁥γ(m)

[t] − γ0)
T
󰀓
∂γ

󰁥fm(X
(m)
i ; 󰁥γ(m)

[t−1])− f ′
m(γT

0X
(m)
i )

󰀓
X

(m)
i − E

󰀃
X
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Write Ti = γT
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i | Ti). The leading term is
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By Lemma B.6, ∆(m)
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t 󰀂2 lies in the normalized tangent cone and has first coordinate
zero. Assumption 5 and restricted covariance concentration give the required lower bound
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(B.29)

by an argument similar to that used in the proof of Lemma B.3.
Combining (B.28) and (B.29), we have
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with probability at least 1− exp (−c1s log p) for some positive constant c1.

B.4 Auxiliary Lemmas in Section B.3

For brevity, the proofs of the lemmas in this section are available in the extended arXiv
version (https://arxiv.org/abs/2302.04970).

Lemma B.9 Suppose Assumptions 2 - 4 are satisfied and d0s log(p ∨ Nm) ≤ Nmh5m for
some constant d0. There exists some universal constant c0, c1 such that

sup
γ∈Γ
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󰀏󰀏󰀏fm(γTX(m)
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2
m

with probability exceeding 1−exp(−c1 log(p∨Nm)). Uniformity over Γ follows from Assump-
tion 2(c). The maximum is restricted to retained target points. Since supp(K) ⊂ [−1, 1]
and hm < δ, all kernel arguments used for such a target lie in I2δ

m , where the density and its
derivatives are uniformly regular. Hence this is an interior expansion and no boundary-bias
term arises.

Lemma B.10 Suppose Assumptions 2 - 4 are satisfied and d0s log(p ∨Nm) ≤ Nmhm
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some constant d0. There exists some universal constant c0, c1 such that
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for simplicity of notation, Here Γ is the local ℓ1–ℓ2 neighborhood in Assumption

2, and Vc = {v : v1 = 0, 󰀂v󰀂2 ≤ 1, 󰀂vSc󰀂1 ≤ 3󰀂vS󰀂1}. Uniformity in γ is supplied by
Assumption 2(c); the standard sparse-block argument is used only for the linear directional
supremum in v. The target-point restriction, the projected-index localization in Assumption
2(b), and hm < δ again ensure an interior kernel expansion throughout the Taylor path.
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with probability exceeding 1− exp(−c1 log(p ∨Nm)). Here

E
󰀃
X
󰀏󰀏γTX(m)

i

󰀄
:= E

󰀃
X

󰀏󰀏γTX = γTX(m)

i

󰀄
,

The parameter-indexed uniformity follows from Assumption 2(c), and the maxima are taken
only over retained target points. The set Vc is the directional cone defined above.

Appendix C. Justification of Assumption 5

We verify Assumption 5 under a Gaussian design. Suppose that X ∼ N(0, Ip). Then

Cov(X | γT
0X) = Ip −

γ0γ
T
0

󰀂γ0󰀂22
.

For every v ∈ V0, because v1 = 0, 󰀂v󰀂2 = 1, and γ01 = 1, define
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.

Assumption 2(a) requires a2m > 0. Since the Gaussian conditional covariance is constant in
the index,

vTE
󰀅
{f ′

m(γT

0X)}2 Cov(X | γT

0X)
󰀆
v

= a2m

󰀝
1− (vTγ0)

2

󰀂γ0󰀂22

󰀞
≥ a2m

󰀂γ0󰀂22
≥ a2m

κ2
γ

.
(C.32)

Thus the derivative-weighted restricted lower bound holds on the normalized tangent space
with c = minm a2mκ−2

γ > 0. The corresponding upper bound is at most maxm a2m.
Furthermore, we evaluate the squared maximum eigenvalues:
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The last inequality follows from Lemma B3 in Wu et al. (2023).
Lastly, we have
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(C.34)

with high probability.

Appendix D. Additional implementation details and results

D.1 Additional details of the method

First, we suggest and comment on how to specify the weighting function φm for different
types of S, including binary, count, and continuous surrogates. In general, our strategy is
to estimate Var(S | X) and use inverse-variance weighting.
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(a) Take 󰁥φm(X;γ) = 󰁥f−1
m (X;γ) for Poisson (count) S satisfying Var(S | X) = E(S | X);

(b) Take 󰁥φm(X;γ) =
󰁫
󰁥fm(X;γ){1− 󰁥fm(X;γ)}

󰁬−1
for Bernoulli (binary) S satisfying

Var(S | X) = E(S | X)[1− E(S | X)];

(c) Take 󰁥φm(X;γ) = 1 for Gaussian (continuous) S satisfying that Var(S | X) is some
constant. For S believed to have heteroscedastic Var(S | X), we could use kernel
smoothing on {S − 󰁥fm(X;γ)}2 against XTγ to estimate Var(S | X), and take 󰁥φm as
the inverse of this estimator.

Second, we present the specific form of ∂γ 󰁥fm(X(m)

i ;γ) used to construct the main Step
II introduced in Section 2.2
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(D.35)

D.2 Tuning strategies

• For SL, the regularization parameter λsup is tuned on the labeled data set L (1) using
10-fold cross-validation (CV), specifically using the default cv.glmnet function in R-
package glmnet. The candidate range for λsup is set as the default range of cv.glmnet.

• For SASH and IPD, we select λ(m)

t at each iteration t by minimizing the BIC:

BIC(m)
t (λ) =

Q(m)(󰁥γ(m)

[t] (λ); 󰁥γ
(m)

[t−1])

{󰁥σ(m)

[t−1]}2
+ df{󰁥γ(m)

[t] (λ)} log(Nm),

with respect to λ, where {󰁥σ(m)

[t−1]}
2 = L(m)(󰁥γ(m)

[t−1]) and 󰁥γ(m)

[t] (λ) is the estimator ob-

tained by (9) with the penalty parameter λ(m)

t set as λ. The candidate range for
λ(m)

t is 0.005 × {1, 2, . . . , 600} × (log p/Nm)1/2. As suggested in Section 2.3, we fix
hm = {log(p ∨Nm)/Nm}1/5, where the unknown s1/5 is set directly as 1. Noting that
301/5 < 2, this choice s1/5 = 1 is reasonable. As described in Section 2.3, λ and
λ† used in Step III are also selected using the BICs. Their candidate range is set
as 0.003 × {1, 2, . . . , 2000} × (log p/N)1/2. For IPD, the tuning strategies and candi-
date sets are the same as those of SASH, except for the BIC in its Step III, which is
naturally set as the IPD loss of the SIM without the privacy constraint.

• For pLasso and PASS, the parameters are tuned in the same way as Zhang et al.
(2022). For the adaptive Lasso version of L1LS implemented in these two methods,
they use the BIC estimated by 10-fold CV to select the penalty coefficient, with the
candidate range set [ζm/Nm, 1.5ζm], where ζm is the maximum absolute correlation
with S(m) among all predictors. For the penalty parameters λ1 and λ2 used in the
prior-adaptive regression of PASS (Zhang et al., 2022), they use 10-fold CV with the
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range of λ1 set as [ν/n, 1.5ν], where n is the labeled size and ν is the correlation
between S(1) and Y (1), and the candidate range of κ = λ1/λ2 set as {1,2,. . . ,8}.

• For SS-uLasso, the ℓ1-penalty parameter of uLasso is selected via CV using cv.glmnet
in R-package glmnet, with candidate ranges determined by its default settings.

• For SS-RMRCE, we use the R-package RMRCE, which performs cross-validation to select
the optimal tuning parameters for RMRCE. For the candidate sets of the tuning
parameters in the function RMRCE cv, their ℓ1-penalty coefficient λ is chosen from
{0.001, 0.01, 0.1} and the smoothness parameter α is chosen from {1, 2, 3, 4, 5}. This
choice is the same as their running example provided in https://rdrr.io/github/

zji90/RMRCE/.

D.3 Simulation on SASH+

See Figure D.1 for the results.

D.4 Sensitivity analysis on tuning parameter h

In this section, we perform a sensitivity analysis on the tuning parameter h. This tuning
parameter plays a crucial role in our method and its selection is essential for obtaining
reliable results. We compare the results obtained using three different values of h taken
0.5h0, h0, and 2h0, where h0 := {s log(p ∨Nm)/Nm}1/5 is a fixed value of the tuning
parameter chosen based on Theorem 1. This is a wide enough range as the largest value is
four times the smallest.

We generate the data following the strong surrogate setting introduced in Section 4,
and implement our method with h = 0.5h0, h0 and 2h0. The resulting estimation errors are
presented in Figure D.2. It indicates that there is no significant difference in the overall
performance of the method under these different values of h. For example, the mean esti-
mation error with h = 2h0 is 4.1% smaller than that with h = h0. In comparison, the mean
error of IPD is 9.2% smaller than that of SASH with h = h0. Recall that the estimation
error of all other methods (SS-uLasso, PASS, SS-RMRCE, pLasso, SL) is over 60% larger
than the estimation error of SASH as shown in Section 4. Therefore, the performance dis-
crepancy due to different choices of h (among a wide range) is much smaller compared to
the discrepancy between our methods and other benchmark methods.

In conclusion, this sensitivity analysis shows that SASH is not sensitive to the choice of
h. Although the choice of h could affect the variation of estimation errors across different
repetitions, it does not change the mean (overall) performance substantially. Therefore, for
the main body of this paper, we use h = h0 for simplicity and to ensure consistency across
our analyses.
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(A) Weak Surrogates - β (B) Weak Surrogates - γ

(C) Strong Surrogates - β (D) Strong Surrogates - γ

Figure D.1: Boxplots of the ℓ2 estimation errors of β and γ under the strong surrogate and
weak surrogate settings with N = 8000, M = 4, n = 200, and p = 300. The results are
based on 200 simulation replications.

D.5 Summary table for the selected features in our real-world study
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Figure D.2: Estimation error of SASH with different choices of h under the strong surrogate
setting with N = 8000, M = 4, n = 200, and p = 300, where h0 is as defined in Appendix
D.4. It indicates that there is no significant difference in the overall performance of the
method under these different values of h.
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SASH SASH-CI PASS pLasso SL SS-RMRCE SS-uLasso
Ethnicity (EUR) -1.26 (-2.13, -0.39) -1.72 0.00 -1.00 0.21 -1.25
Gender (Female) -0.50 (-0.85, -0.15) -0.99 -0.05 0.00 0.00 0.00
rs35011184 A 0.29 (0.09, 0.49) 0.67 0.00 0.00 0.00 0.50
rs10811662 A -0.20 (-0.33, -0.06) -2.58 -0.11 0.00 0.00 -0.30
rs1564348 C 0.11 (0.03, 0.19) -0.52 -0.08 0.00 0.00 0.00
rs7756992 G 0.11 (0.03, 0.19) 0.34 0.00 0.00 0.00 0.00
rs11649653 G -0.11 (-0.18, -0.03) -0.23 0.00 0.00 0.00 -0.12
rs2902940 G 0.09 (0.03, 0.16) 0.00 -0.01 0.00 0.00 0.03
rs1077514 T -0.09 (-0.15, -0.03) -0.25 -0.02 0.00 0.00 0.00
rs10128711 C -0.08 (-0.13, -0.02) 0.00 0.00 0.00 -0.19 0.00
rs3136441 C -0.07 (-0.12, -0.02) 0.00 0.00 0.00 0.00 0.00
rs2972146 T 0.07 (0.02, 0.12) 0.29 0.00 0.00 0.00 0.00
rs11869286 C -0.06 (-0.11, -0.02) 0.00 0.00 0.00 0.00 0.00
rs2131925 T -0.06 (-0.10, -0.02) 0.00 0.02 0.00 0.00 0.00
rs12328675 C -0.06 (-0.10, -0.02) 0.00 0.01 0.00 0.00 0.00
rs38855 G -0.06 (-0.09, -0.02) 0.00 0.00 0.00 0.00 0.00
rs2328223 C 0.05 (0.02, 0.09) 0.00 0.00 0.00 0.00 0.07
rs11151789 C -0.05 (-0.09, -0.02) 0.00 0.03 0.00 0.00 0.00
rs17299838 G -0.05 (-0.09, -0.02) 0.00 -0.07 0.00 0.00 -0.18
rs4846914 A -0.04 (-0.07, -0.01) -0.25 -0.04 0.00 0.00 0.00
rs2871865 G 0.04 (0.01, 0.07) 0.20 0.00 0.00 0.00 0.22
rs10150332 C 0.04 (0.01, 0.07) 0.00 0.02 0.00 0.00 0.00
rs571312 A 0.04 (0.01, 0.07) 0.00 0.00 0.00 0.00 0.19
rs4771122 A 0.04 (0.01, 0.06) 0.00 0.00 0.00 0.00 -0.05
rs10187654 T 0.04 (0.01, 0.06) 0.07 0.00 0.00 0.00 0.26
rs622418 A -0.03 (-0.06, -0.01) 0.00 0.00 0.00 0.00 0.00
rs2606736 T -0.03 (-0.06, -0.01) 0.00 0.00 0.00 0.00 0.00
rs2890652 C 0.03 (0.01, 0.06) 0.00 0.00 0.00 0.00 0.00
rs4142995 T 0.03 (0.01, 0.05) 0.00 0.00 0.00 0.00 0.00
rs604109 T 0.03 (0.01, 0.05) 0.00 0.04 0.00 0.00 0.00
rs1260326 C 0.03 (0.01, 0.05) -1.68 -0.07 0.00 0.00 0.05
rs2867125 C 0.03 (0.01, 0.05) 0.00 0.00 0.00 0.00 0.05
rs2922236 C -0.03 (-0.05, -0.01) 0.00 -0.04 0.00 0.00 0.00
rs364585 G 0.03 (0.01, 0.05) 0.00 0.00 0.00 0.00 0.00
rs174546 T -0.02 (-0.04, -0.01) -0.22 0.00 0.00 0.00 0.00
rs2081687 C 0.02 (0, 0.03) -0.13 -0.02 0.00 0.00 0.00
rs4650994 A -0.02 (-0.03, 0) 0.00 0.02 0.00 0.00 0.00
rs12444979 T -0.02 (-0.03, 0) 0.00 0.00 0.00 0.00 -0.08
rs10901371 A -0.02 (-0.03, 0) 0.00 -0.02 0.00 0.00 -0.15
rs3184504 C 0.01 (0, 0.02) 0.00 0.00 0.00 0.00 0.10
rs698842 T 0.01 (0, 0.02) 0.00 0.03 0.00 0.00 0.08
rs7570971 A 0.01 (0, 0.02) 0.09 0.00 0.00 0.00 0.00
rs7134375 A -0.01 (-0.02, 0) 0.00 0.00 0.00 0.00 0.00
rs217386 A 0.01 (0, 0.02) 0.00 0.00 0.00 0.00 0.00
rs6864049 G 0.01 (0, 0.02) -0.93 -0.11 0.00 0.00 0.02
rs10904908 G -0.01 (-0.01, 0) 0.00 0.00 0.00 0.00 -0.13

Table D.1: Features assigned nonzero estimated coefficients by SASH, PASS, pLasso, SL,
SS-RMRCE, or SS-uLasso. We also display the confidence intervals of SASH constructed
using the procedure described in Section 2.4.
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