Journal of Machine Learning Research 27 (2026) 1-30 Submitted 12/22; Revised 9/26; Published 10/26

Convergence of Gradient Descent for Deep Neural Networks

Sourav Chatterjee SOURAVC@STANFORD.EDU
Department of Statistics, Stanford University

Sequoia Hall, 390 Jane Stanford Way

Stanford, CA 94305-4020, USA

Editor: Tong Zhang

Abstract

We give a simple local Polyak-fojasiewicz (PL) criterion that guarantees linear (exponential)
convergence of gradient flow and gradient descent to a zero-loss solution of a nonnegative
objective. We then verify this criterion for the squared training loss of a feedforward neural
network with smooth, strictly increasing activation functions, in a regime that is complemen-
tary to the usual over-parameterized analyses: the network width and depth are fixed, while
the input data vectors are assumed to be linearly independent (in particular, the ambient
input dimension is at least the number of data points). A notable feature of the verification
is that it is constructive: it leads to a simple “positive” initialization (zero first-layer weights,
strictly positive hidden-layer weights, and sufficiently large output-layer weights) under
which gradient descent provably converges to an interpolating global minimizer of the
training loss. We also discuss a probabilistic corollary for random initializations, clarify its
dependence on the probability of the required initialization event, and provide numerical
experiments showing that this theory-guided initialization can substantially accelerate
optimization relative to standard random initializations at the same width.
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convergence
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1. A Convergence Criterion for Gradient Descent

We first review the background and then state the convergence criterion.

1.1 Background

The goal of gradient descent is to find a minimum of a differentiable function f : R? — R by
starting at some g € RP, and then iteratively moving in the direction of steepest descent, as

Ty = 2 — MV f (),

where V f is the gradient of f, and the step sizes 1, may remain fixed or vary with k. This is
the discretization of the continuous-time gradient flow ¢ : [0, 00) — RP, which is the solution
of the differential equation p

() = =V F(6(0)
with ¢(0) = xg. Gradient descent and its many variants are indispensable tools in all
branches of science and engineering, and particularly in modern machine learning and
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data science. The convergence properties of gradient descent are well-understood when the
objective function f is convex (Nesterov, 2004; Boyd and Vandenberghe, 2004), and in general
nonconvex optimization, even certifying local optimality can be computationally intractable
(NP-hard, and related decision problems are NP-complete); see, for example, Murty and
Kabadi (1987). Of course, for many “tame” objectives gradient methods do converge to
critical points; the point here is that worst-case guarantees for locating (or certifying) good
minima of arbitrary nonconvex functions are necessarily limited. In spite of this, gradient
descent is widely used in practice to find local and global minima in highly nonconvex
problems, especially in high dimensions. For example, it has been observed that gradient
descent can often find global minima of training loss in deep learning (Zhang et al., 2021;
Goodfellow et al., 2014), which is one of the reasons behind great success of the deep learning
revolution (LeCun et al., 2015; Goodfellow et al., 2014).

Beyond worst-case guarantees, one motivation for our results is to obtain convergence
theory that is not merely descriptive but prescriptive: it can suggest concrete algorithmic
choices. In the neural-network application, the sufficient conditions can be verified by
analyzing a local lower bound on the empirical tangent kernel, and this yields a particularly
simple, sign-constrained starting point. In particular, the “positive” initialization singled out
by the proof (zero first-layer weights, positive hidden-layer weights, and a suitably scaled
output layer) is easy to implement. Our numerical experiments show that this theory-guided
start can dramatically speed up training compared to standard random initializations at the
same (small) width, serving as a proof-of-principle that optimization theory can be used to
design effective initializations.

This article presents a novel criterion for convergence of gradient descent to a global
minimum. The criterion is related to (and may be seen as a strengthening of) the classical
Kurdyka-FLojasiewicz inequality (Attouch et al., 2010; Lojasiewicz, 1963; Kurdyka, 1998). It
is also related to results from nonsmooth analysis, such as those in Ioffe (2000); Drusvyatskiy
et al. (2015); Bolte et al. (2010); Corvellec and Motreanu (2008). Our proof idea bears close
resemblance with the classical ‘Lojasiewicz trapping argument’ (Absil et al., 2005; Kurdyka,
1998). Nevertheless, the convergence criterion stated below has not appeared in this exact
form previously in the literature.

1.2 Main Results

Let p be a positive integer. Let f : RP — [0,00) be a nonnegative C? function. Take any
2o € RP and r > 0. Let B(xg,r) denote the closed Euclidean ball of radius r centered at x.
Define )
\Y
azo,r) == inf V@) ,
z€B(zo.r), f(@)#0  [(z)
where |V f(x)]| is the Euclidean norm of V f(x). If f(x) =0 for all 2 € B(zo,r), then we let
a(xg,r) := co. Our main assumption is that for some r > 0,

4f(xo) < (o, 7). (1.1)

The quantity a(zg,r) in (1.1) is a local PL constant: on the ball B(xg,r), the inequality
IVf(x)|* > a(zg,r)f(x) is exactly a local version of the Polyak-F.ojasiewicz (PL) or gradient-
dominance condition (compare, e.g., Lojasiewicz, 1963; Polyak, 1963; Karimi et al., 2016).
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In particular, it implies a Kurdyka—t.ojasiewicz inequality on the same ball with exponent
%, but it is stronger than a generic KL inequality because it controls the objective value
linearly.

Under the assumption (1.1), we have two results. The first result, stated below, shows
that the gradient flow started at xy converges exponentially fast to a global minimum of
fin B(zg,r) where f is zero. The existence of a global minimum in B(xg,r) is a part of
the conclusion, and not an assumption. Since f is assumed to be nonnegative, any point x*
with f(2*) = 0 achieves the minimum value of f and is therefore a (possibly non-unique)
global minimizer of f; our theorems guarantee that such a point lies within the ball and is
reached from xg. The proof is in Appendix A.1.

Theorem 1. Let f, xg, and o be as above. Assume that (1.1) holds for some r > 0, and
let o := a(xo,7). If f(x0) = 0, the flow is stationary at xo. Otherwise, there is a unique
solution of the gradient flow equation

d
S6(t) =~V (6(0)

on [0,00) with ¢(0) = xo, and this flow stays in B(xg,r) for all time, and converges to some
x* € B(xg,r) where f(x*) = 0. Moreover, for each t > 0, we have

|p(t) —a*| <re”®? and  f($(t)) < e f(wo).

Our second result is the analogue of Theorem 1 for gradient descent. It says that under
the condition (1.1), gradient descent started at xo, with a small enough step size, converges
to a global minimum of f in B(zp,r). Again, the existence of a global minimum in B(xq, )
is a part of the conclusion. This result is proved in Appendix A.2.

Theorem 2. Let f, xg, and « be as above. Assume that (1.1) holds for some r > 0, and let
a:=a(xg,r). If f(xg) =0, gradient descent is stationary at xo for every n > 0. Otherwise,

define
)

so that p € (0,1) by (1.1). Fizx any € satisfying 0 < ¢ < 1 — p, and define

Ly:= sup max|0;f(z) and Ly := sup max |0;0; f(x)|.
xz€B(zo,r) 1§i§p‘ ' ’ z€B(wo,2r) 1§i’j§p| o ’

Choose any step size n > 0 such that

. { T 2¢ }
n S mmsy ———, 7 (»
Liy/p" Laop
and iteratively define
Try1 = 2 — NV f(zk)
for each k > 0. Then x € B(xg,r) for all k, and as k — oo, ) converges to a point

x* € B(xo,r) where f(x*) = 0. Moreover, with

k:=min{1, (1 — €)an},
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we have for each k > 0 that
o — 2| < (1 —r)?r and  flzg) < (1 —&)F f(20).

Note that the above results have nothing to say about variants of gradient descent,
such as stochastic gradient descent. Adding a stochastic component to the gradient descent
algorithm has various benefits, such as helping it escape saddle points (Jin et al., 2017).
Since it is known that stochastic gradient methods often asymptotically follow the path of
a differential equation (Duchi and Ruan, 2018), it would be interesting to see if analogues
of Theorems 1 and 2 can be proved for stochastic gradient descent. We also do not have
anything to say about algorithms that aim to find critical points instead of global minima
in nonconvex problems, such as the ones surveyed in Danilova et al. (2020); Carmon et al.
(2018). For a survey of the many variants of stochastic gradient descent and their applications
in machine learning, see Netrapalli (2019). For a comprehensive account of all variants of
gradient descent, see Ruder (2016). For some essential limitations of nonconvex optimization,
see Arjevani et al. (2019).

Remark 3 (Beyond C? smoothness). Theorems 1 and 2 are stated for C? objectives because
our discrete-time analysis uses a second-order Taylor expansion and uniform bounds on the
Hessian on a neighborhood of the iterates. For nonsmooth problems, one typically replaces
the gradient by a suitable generalized gradient (for example, the limiting subdifferential)
and works with a descent lemma for a specific algorithm (proximal gradient, forward—
backward splitting, alternating minimization, etc.). Many nonsmooth objectives of interest
in optimization are weakly convex or prox-regular, and many such functions satisfy a Kurdyka—
Lojasiewicz (KL) inequality; see, e.g., Attouch et al. (2010); Bolte et al. (2010); Drusvyatskiy
et al. (2015). A continuous-time analogue of Theorem 1 can often be obtained in that
setting by combining a KL inequality with a trapping argument. Extending Theorem 2 in a
comparably clean way to nonsmooth objectives would require additional machinery and is
beyond the scope of this paper.

1.3 How the Criterion Will Be Used for Neural Networks

The application in Section 2 proceeds by verifying (1.1) for the squared training loss S(w)
of a neural network. A key observation is that for a least-squares objective of the form

S(w) = = (yi — flai,w))?,
i=1

the ratio appearing in the definition of a(-, -) can be written in terms of the empirical tangent
kernel (or empirical NTK)

H(w) := (V f(zi,w)"V f (25, w))1<i j<n,

where u? denotes the transpose of a column vector u. Indeed, letting z(w) := (y; —
flx1,w), ... yn — f(zn,w))? € R™, one checks that

VS@)P = =) Hw)z(w) and S(w) =~ |=(w),
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o VS _ 4 2(w)" H(w)=(w)
VS(w 4 z(w)* H(w)z(w 4
- > = i H )
Swy n Rwp o)
where Apin (M) denotes the minimum eigenvalue of a Hermitian matrix M. Consequently,
a sufficient route to (1.1) is to (i) find a lower bound for Apin(H (w)) on a ball around the
initialization wp, and (ii) choose the initialization so that S(wyg) is small relative to that
lower bound. In Section 2, we obtain such a lower bound in a high-dimensional data regime
by controlling the first-layer gradients and using the positivity of certain products of weights.

2. Application to Deep Neural Networks

We introduce the network model and data assumptions before giving the convergence results.

2.1 Feedforward Neural Networks

A feedforward neural network has the following components:

e A positive integer L, which denotes the number of layers. It is sometimes called the
depth of the network. The number L — 1 denotes the ‘number of hidden layers’. To
avoid trivialities, we will assume that L > 2; i.e., there is at least one hidden layer.

« A positive integer d, called the ‘input dimension’. The input data take value in R%.

e A sequence of positive integers dy, ..., dr, denoting the dimensions of layers 1,..., L.
The maximum of di, ..., dy, is called the width of the network. The dimension of the
‘output layer’, dy,, is often taken to be 1. We will henceforth take dy = 1.

o A sequence of ‘weight matrices’ W7, ..., W, with real entries, where W, has dimensions
dg X dg,1 (With do = d)

e A sequence of ‘bias vectors’ by, ..., by, where by € R%.

e A sequence of ‘activation functions’ o1,...,0r : R — R. Usually, the activation
function for the output layer, oy, is taken to be the identity map, i.e., or(x) = 2. We
will henceforth take o7, to be the identity map.

The feedforward neural network with the above components is defined as follows. Denote

w:= (Wy,by,...,Wr,br), viewing it as a vector in RP, where
L
pi=>_ dy(de_y +1). (2.1)
/=1

Given a value of w, the neural network defines a map f(-,w) from the input space R? into
the output space R, as

f(l‘,w) = O'L(WLULfl(' --Wzal(Wlx + bl) + by - ) + bL),

where the activation functions o1,...,0 act componentwise on vectors of dimensions

di,... dr.
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Suppose that we have a neural network as above, and some input data z1,...,z, € R?
and output data yi,...,y, € R. Suppose that we want to ‘fit’ the model to the data by
trying to minimize the squared error loss

S(w) == =3~ flarow)? (2:2)

We study full-batch gradient flow and gradient descent on the training objective (2.2), namely

%w(t) = —-VS(w(t)) and Wit1 = wi — VS (wy),

under smoothness assumptions on the activation functions that ensure S is C?.

2.2 A High-Dimensional Data Regime

Our main convergence theorems below assume that the inputs x1, ..., x, are linearly indepen-
dent. In particular, this requires that the ambient input dimension satisfies d > n. This is a
different regime from the by-now standard “over-parameterized” analyses of neural-network
training, where one typically keeps d fixed and takes the width (and hence the number of
parameters) to scale with n.

The d > n assumption can be natural in high-dimensional statistics (small n, large d),
or after applying a high-dimensional feature map/embedding to the inputs. It is also worth
emphasizing what this paper does not claim: we do not provide a guarantee for generic
modern deep-learning practice in the regime n > d. Rather, our contribution is to show
that in the complementary high-dimensional setting, width need not grow with n in order for
gradient descent to provably reach an interpolating solution.

In fact, linear independence of the inputs already implies strong interpolation capacity
for very small networks. For example, when L = 2 and d; = 1, the map = — f(z,w) is of
the form x + aoi(u’z). In the centered-activation setting of Theorem 4, the range of oy
contains an interval about zero. Choose a > 0 large enough that each y;/a belongs to this
interval, and choose t; with o1(¢;) = y;/a. Since X := [z x2 -+ 2] has full column rank,
one can solve u’ z; = t; simultaneously, yielding exact interpolation. Our results show that,
for any fixed depth L and fixed hidden-layer dimensions dy,...,dr_1, gradient descent can
be initialized so as to find such an interpolating solution, and does so with a linear rate.

2.3 Our Results for Feedforward Neural Networks

There is an enormous body of work on optimization for neural networks. We only summarize
the strands that are the most relevant for the results stated below, and refer to the survey
by Sun (2019) (and its references) for broader background. For convex and linear models,
convergence results for gradient-type methods are classical; for example, convex neural
networks were analyzed in Bach and Moulines (2013); Bach (2017); Moulines and Bach (2011),
and deep linear networks in Arora et al. (2018); Bartlett et al. (2018); Ji and Telgarsky (2018).
For general (nonconvex, nonlinear) networks, many recent global-convergence guarantees
are proved in an over-parameterized regime where the hidden layers are very wide and
the empirical tangent kernel H(w) is well conditioned and remains stable along training.
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Representative results include Du et al. (2018); Allen-Zhu et al. (2019); Li and Liang (2018);
Wu et al. (2018); E et al. (2020); Soltanolkotabi et al. (2018); Hardt and Ma (2016); Du et al.
(2019); Jacot et al. (2018); Zou et al. (2020); Cao and Gu (2019, 2020); Sankararaman et al.
(2020); Liu et al. (2022); see also the discussion in Jentzen and Riekert (2021). There are
also works pushing beyond the “infinite-width” or NTK regime and obtaining convergence
under milder (but still width-dependent) conditions, for example Jentzen and Riekert (2021);
Robin and Lelarge (2022).

Our theorems below are complementary to the results cited above: we do not assume
width scales with n, and our lower bound on Apin(H (w)) comes instead from the high-
dimensional structure of the data (linear independence) together with an explicit initialization
that prevents sign cancellations in the relevant products of weights. Technically, the proofs
still proceed by verifying a local PL inequality for S via a lower bound on A, (H(w)), but
the mechanism is different from the typical over-parameterized stability arguments.

Finally, because our analysis is based on a PL/KL-type inequality, it is related in
spirit to a classical line of work that uses (Kurdyka—) Lojasiewicz gradient inequalities
to study convergence of gradient-like dynamics; see, e.g., Lojasiewicz (1963); Absil et al.
(2005); Attouch et al. (2010); Bolte et al. (2010); Drusvyatskiy et al. (2015). More recently,
t.ojasiewicz-type inequalities have also been used to connect optimization dynamics with
generalization in learning problems; see, for example, Liu et al. (2022).

Our first result about feedforward neural networks is the following. The proof is in
Appendix A.3.

Theorem 4. Consider a feedforward neural network with depth L > 2, output dimension
dr, = 1, and o, = identity. Assume that the activation functions oi,...,05_1 are twice
continuously differentiable, satisfy 0¢(0) = 0, and are strictly increasing in the sense that
oy(x) >0 for all x and L. Given input data 1, ..., 2, € R? and output data yi,...,y, € R,
define the squared loss S as in (2.2). Assume that the input vectors x1,...,x, are linearly
independent, and let

1
Ay = )\min<nXTX> >0,

where X is the d x n matriz whose i™ column is x;. Let wy = (W1,b1,...,Wr,br) be an
initialization such that by = --- = by = 0, W1 = 0, and every entry of each hidden-layer
weight matriz Wo, ... , W _q is strictly positive. For L > 3, define
6= i in(Wy)q, d K:= We)ii
202l 1 Hz‘l,ﬁn( Dij an 220ST1 r%%x( i

When L =2, set 6§ = K =1 by convention. Write

]. n 2
RX = 112%Xn ]a:z\, Y2 = E ;yl .

There is an explicit constant Ag > 0 (see Remark 9) depending only on
Ax, Rx, 6, K, Yo, L, du,...,dr1, (00)i),

such that, for every choice of Wi, whose entries are at least Agy:
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o the gradient flow w(t) = —VS(w(t)) with w(0) = wy converges to a point w* with
S(w*) =0; and

o there is a step-size bound no(wo) > 0 such that gradient descent wi11 = wy, —nV.S(wg)
converges to a point w* with S(w*) =0 whenever 0 < n < no(wo).

The bound ng(wo) may depend on the full data, the architecture, the activation functions,
and the actual initialization wq, including the entries of Wi,. No uniform positive step-size
bound over all unbounded choices of Wi, is asserted.

Remark 5 (Width versus ambient dimension). Recall that the width of the network is
m := max{dy,...,dr} and does not include the input dimension dy = d. Theorem 4 works in
the high-dimensional regime d > n (linear independence of the inputs), but places no growth
requirement on m as a function of n. This is in contrast with much of the over-parameterized
literature, where m is taken to scale at least linearly (and often polynomially) with n; see,
e.g., Soltanolkotabi et al. (2018); Du et al. (2018, 2019).

Remark 6 (Why the condition W; = 0 is not vacuous). A possible source of confusion
is the condition W7 = 0 (and by = --- = by, = 0) in Theorem 4. At the initialization wy
the network output is indeed constant (in fact, f(z,wp) = 0 for all x because o,(0) = 0),
so S(wg) = %Zi y2. Unless all labels are zero, the loss gradient at wq is not zero. The
first-layer derivatives of the network output satisfy (see (A.5)—(A.6) in Appendix A.3)

0

mf(%wo) = z5qr(z, wo),
where ¢,(z,wp) is a sum of products of downstream weights and activation slopes. At wy it
is positive and independent of x. Consequently, the gradient of S with respect to row r of
Wi is —(2/n)gr(wo) >_; yixi, which is nonzero whenever the labels are not all zero, by linear
independence of the inputs. The role of W7 = 0 is simply to provide a convenient center
point around which we can control the empirical tangent kernel H (w).

Remark 7 (Why require hidden-layer weights to be positive?). The proof goes by finding a
lower bound on Apin(H (w)) in a neighborhood of the initialization by controlling certain
vectors ¢,(z;,w) that appear in the first-layer gradients. If the hidden-layer weights have
mixed signs, then products of weights can cancel and g, (x;, w) can be arbitrarily small even
when individual weights are not. Requiring Wa, ..., W _1 to have strictly positive entries
rules out such cancellations and yields a clean lower bound. We emphasize that this is
a technical assumption used for a worst-case guarantee; it is not meant to model typical
random initialization.

Remark 8 (Activation shifts, biases, and smooth leaky-ReLU). The class of activation
functions allowed by Theorem 4 includes many smooth monotone activations used in practice
(e.g., tanh and smooth sigmoids). The condition o,(0) = 0 is not restrictive: if an activation
o does not satisfy o(0) = 0, one can replace it by the shifted activation o(z) := o(x) — o(0)
and absorb the resulting constant offset into the biases. This preserves the represented
function class; the convergence statements concern gradient descent in the centered-activation
parameterization with the specified zero initial biases. The theorem also applies to smooth
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approximations of ReLU and leaky-ReLU. One convenient “smooth leaky-ReLU” activation
with parameter a € (0, 1) is

o(x) =ax+ (1 —a)log(l+¢e*) — (1 —a)log?2,

which satisfies 0(0) = 0 and has derivative bounded between a and 1. This is the activation
used in the experiments in Section 3 below.

Remark 9 (Explicit constants in Theorem 4). Let r := 6/2 and K’ := K + r, with the
convention from Theorem 4 when L = 2. For z > 0, put

Ye(x) := max{oe(z), loe(—z)[}-
Using Rx from the theorem, define the hidden-layer pre-activation bounds
a; :=7r(Rx + 1), ap = K'dy_1vye1(ap_1)+r, 2<l<L-—1,
and set

L-1 L-1
ce := min oj(u) >0, P = H dy, C:= H cy.
=2 /=1

lu|<ag
Empty products are interpreted as 1. An explicit, unoptimized choice is

Y2 )1/2
Axd17“2L_2(PC)2 '

For a chosen initialization, let A := min;(Wp)1; > Ag. The proof gives

a(wo,r) > o = 4Axdi (A — r)*r*t 7 (PC)?,

Ao ::7'+1+2< (2.3)

where « is defined for the objective S. Since S(wg) = Yz, this choice yields 45(wp)/(r?a) <
1/4 if Yo > 0. Thus € = 1/4 is admissible in Theorem 2. Writing

Li(wp) == sup max|0;S(w)],
weB(wo,r) J
Ly(wp) :=  sup max|0;0,S(w)l,

w€B(wop,2r) 3k

one may take

. r 1
no(wp) = min { Lo (wo) /b’ 2L2(wo)p} . (2.4)

The derivative bounds are evaluated around the actual initialization and therefore depend
on its output weights. If Y5 = 0, the initialization already has zero loss and both dynamics
are stationary; any positive step size then suffices.

Remark 10 (Relation to “lazy training” results). A number of general “lazy training” results
show that, under suitable scaling assumptions, gradient flow remains close to initialization
and behaves like kernel regression with the empirical tangent kernel; see, e.g., Chizat et al.
(2019). Our proof is directly in this spirit: we lower bound Amin(H (w)) on a neighborhood
of an explicit initialization and then apply the local PL criterion from Section 1. Because
our scaling and initialization are quite different from the standard large-width settings, it
is not immediate to deduce Theorem 4 as a black-box corollary of existing lazy-training
theorems, and we therefore provide a self-contained argument.
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Finally, note that Theorem 4 concerns training error: it guarantees convergence to a
parameter w* with S(w*) = 0 (an interpolating global minimizer of S). It does not by itself
imply any generalization guarantee.

Our second result about feedforward neural networks, stated below, shows that when
initiated from a standard random initialization, the flow converges to a global minimum
with positive probability. The proof is in Appendix A.4.

Theorem 11 (A conditional corollary for LeCun Gaussian initialization). Consider the
architecture, data, and activation assumptions of Theorem 4, but use the random initialization
specified below. Assume additionally that

0<C<op(r)<Cy<oc forallreR, 1<(<L-—1.

Let A\x and Ax be the minimum and mazimum eigenvalues of X' X/n, and write Yo =
n~13, y2. Define

P = H dy, a =4 xd,C* 2 P2,

b: f3L tel= 1\/7P —2AXb2

Ax
IGB SAx 302

As before, an empty product is 1. Fix ¢ > 0 and choose

1/(2L)
Mzmax{l, <32Y2> } (2.6)

B:= (2.5)

a

Initialize all biases to zero and draw the entries of each Wy independently from N (0,¢/dy_1).
Set

En o= {(Wy)ij € [2M,3M] for all ¢ =2,...,L and all i, j},
Far o= {IWhllr < BMY, (2.7)

where || - || denotes the Frobenius norm. On Ey N Fyr, gradient flow converges to a
point w* with S(w*) = 0. There is also a deterministic 19 > 0, depending on the fized
data, architecture, activation functions, C1,Cs, and M, such that gradient descent with any
0 < n < ng converges to such a point on this same event. This step-size bound can be chosen
uniformly over the event, for these fixed data and functions. The event Epn N Fiyy has strictly
positive probability.

Remark 12 (Interpretation of Theorem 11). The first-layer threshold is SM, rather than
M. Appendix A.4 verifies that this choice and (2.6) imply the trapping inequality with a
uniform margin. Independence of the weight matrices gives

aw?M?)

P(Ey N Fy) =P (X?ldl <

x Eﬁz [@ <3M dg_l/c> .y <2M dg_l/c>]d£d61 >0,

10
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where @ is the standard normal distribution function and X% denotes a chi-squared random
variable with k& degrees of freedom. This is an explicit lower bound on the probability of
convergence. It can be very small, even for small fixed networks if the required M is large.
Thus the theorem gives a positive-probability guarantee, not a high-probability guarantee
for typical Gaussian initialization. As M tends to infinity, P(Fys) tends to 1 while the
downstream positive-box probability tends to 0.

3. Numerical Experiments

One appealing aspect of the neural network argument is that it produces a concrete ini-
tialization strategy rather than only an abstract convergence guarantee. In this section
we illustrate this “theory-guided initialization” numerically on small synthetic examples.
The experiments are not meant as performance benchmarks; rather, they show that the
proof-motivated starting point can have a visible practical impact on optimization behavior
at fixed (and relatively small) width.

3.1 Setup

We trained a depth-3 network (two hidden layers) with the smooth leaky-ReLU activation
from Remark 8 with a = 0.1. We used full-batch gradient descent on (2.2) with step size
n = 1073 for 4000 iterations, and we report the mean training loss over five random seeds.

3.2 Initializations Compared

We compared: (i) the deterministic “positive” initialization suggested by Theorem 4 (set
W1 =0, set each entry of W5 to d = 0.5, and set each entry of W3 to A = 1); (ii) a standard
LeCun Gaussian initialization (all weights i.i.d. N'(0,1/d;—1)); (iil) a simple positive variant
where the Gaussian weights are replaced by their absolute values (entrywise); and (iv) a
“conditional-event” variant where Ws, W3 are sampled from the LeCun Gaussian conditioned
to lie entrywise in a positive box [2M, 3M] (equivalently, sampled from a truncated Gaussian
supported on [2M,3M]), mimicking the event discussed around Theorem 11.

3.3 Baseline Result (Width d; = ds = 5)

Figure 1 plots the mean training loss (over five random seeds) versus iteration on a log scale.
The theory-guided “positive” initialization exhibits a clear linear rate over several orders of
magnitude. By contrast, at this fixed width the standard Gaussian initializations do not
consistently reach zero training error, consistent with the discussion around Theorem 11:
the random-initialization guarantee there is conditional on an event that may have very
small probability at finite width. (The conditional-event curve (iv) shows that, given the
required positivity event, behavior is much closer to the deterministic positive initialization.)

3.4 Wider Network

To see how behavior changes with width, we repeated the same experiment with widths
d1 = do = 10. Figure 2 shows that the qualitative picture persists: the proof-motivated

11
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Figure 1: Mean training loss (MSE) versus gradient descent iteration in the baseline experi-
ment. The y-axis is logarithmic. The legend is placed outside the plotting region
and the curves use distinct line types so that color is not essential.

positive initialization remains reliably fast, while random initializations improve with width
but can still be noticeably slower at these sizes.

3.5 Output-Layer Scaling

Theorem 4 requires the output-layer weights to be “sufficiently large.” To visualize this
dependence, we fixed the positive initialization pattern and swept the output-layer scale A
over a range of values. Figure 3 shows a clear effect of the scale on optimization speed: once
A is large enough, the loss decays rapidly and approximately linearly on a log scale, whereas
smaller A can substantially slow down progress. This provides a simple example of how a
convergence proof can translate into a practically useful initialization guideline.

12
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Figure 2: Mean training loss (MSE) versus gradient descent iteration for the same synthetic
setup, but with widths d; = dy = 10. The y-axis is logarithmic.
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Figure 3: Mean training loss (MSE) versus iteration for the positive initialization with
different output-layer scales A. The y-axis is logarithmic.

14



GRADIENT DESCENT FOR DEEP NEURAL NETWORKS

Acknowledgments

I thank Persi Diaconis, Dmitriy Drusvyatskiy, John Duchi, and Lexing Ying for useful
feedback, references, and suggestions. The research was partially supported by NSF grant
DMS-2413864. The author declares no competing interests.

Appendix A. Proofs

This appendix contains the proofs of the convergence theorems.

A.1 Proof of Theorem 1

To avoid trivialities, let us assume that f is not everywhere zero in B(xg,r), and hence
a < 00. Throughout this proof, we will denote the closed ball B(xzg,r) by B and its interior
by U. We start with some supporting lemmas. Many of these are standard results, but
we prove them anyway for the sake of completeness and to save the trouble of sending the
reader to look at references. For each x € RP, let T,. denote the supremum of all finite T°
such that for all § < T, there is a unique continuous function ¢, : [0, S] — RP satisfying the
integral equation

ult) = [ 'O F(n(5))ds.

Since there is always such a unique function for 7" = 0 (namely, ¢,(0) = ), T} is well-defined.
From the above definition, we see that there is a unique continuous function ¢ : [0,7;) — RP
satisfying the above integral equation. We will refer to this ¢, as the gradient flow starting
from x.

Lemma 13. Take any z € RP and any t € [0,T,) (assuming that Ty > 0). Let y = ¢(t).
Then Ty = T, —t (with the convention oo —t = 00), and ¢y(s) = ¢(t+s) for all s € [0,T}).

Proof. Take any S € [0, T, —t). Define g(s) := ¢ (t + s) for s € [0, S]. Then

t+s

9(s) = Galt ) =z = | VF(du(u))du

t+s

= 6u(t) = | VF(ou(w)du=1y - /0 "V £ (g(v))dv.

Thus, g satisfies the gradient flow integral equation starting from y, in the interval [0, S].
Let h be any other flow with these properties. Define w : [0,¢ + S] — RP as

() = ¢z (u) ifu<t,
o= h(u—t) ifu>t.

15
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Then for u € [t,t + 5],
w(u) = h(u—t) =y — /Out Y F(h(v))dv
— ult) /Ou_t Y (w(t +v))dv
t U
:x—/o Vf(w(s))ds—/t YV f(w(s))ds
=z —/0 V f(w(s))ds.

Obviously, w satisfies this integral equation also in [0,¢]. Thus, the uniqueness of the flow in
[0,t 4 S| implies that w = ¢, in [0,¢+ S]. This implies, in particular, that h = g. Therefore,
we conclude that T, > T, — t. This also shows that ¢,(s) = ¢.(t + s) for all s € [0, T, —t).
So it only remains to show that T, < T}, —t. Suppose not. Then 7T, must be finite, and
there is some S > T, — t such that the gradient flow integral equation starting from y has a
unique solution in [0, L] for every L < S. Take any L < S. Define g : [0,¢ + L] — RP as

(s) = {(bm(s) if s <t,
g = dy(s —1) if s>t

Then for any s € [t,t + L],

o) =y [ Y (6 () du

=~ [ Vitgndu— [ Vgt )

Thus, g satisfies the integral equation for the gradient flow starting from z in the interval
[t,t + L]. Obviously, it satisfies the equation also in [0,¢]. Suppose that h : [0,t+ L] — RP
is any other continuous function satisfying this property. Then by the uniqueness of the
gradient flow starting from z in the interval [0, t], we get that h(s) = ¢a(s) = g(s) for all
s <t. Next, define hy : [0, L] — RP as hq(u) := h(t + u). Then, since h = ¢, on [0, t],

hy(u) = h(t + u)
- /O T F(h())dv

t+u

—y— [Vt =y~ [ Vi (s)ds,

Thus, h; satisfies the integral equation for the gradient flow starting from g in the interval
[0, L]. Thus, by the uniqueness assumption for this flow in [0, L], we get that h; = ¢, in this
interval. Consequently, h = g in [0,¢ 4+ L]. Thus, the gradient flow starting from x has a
unique solution in [0, 7] for every T' < t+.S. Since t+ .5 > T, this contradicts the definition
of T,. [ |
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Lemma 14. For any compact set K C RP, inf cx T, > 0.

Proof. Let K’ be the set of all points that are within distance 1 from K. Note that K’ D K
and K’ is compact. Since f is in C?, its first and second order derivatives are uniformly
bounded on the compact convex hull of K’. Thus, there is some L such that for any x,y € K’,

Vi@l <5 and (V) - Vi)l < 5le -yl

where | - | denotes Euclidean norm. Take any x € K and any 7' < 1/L. Let B denote the
Banach space of all continuous maps from [0, 7] into R, equipped with the norm

lgll := sup |g(t)].
t€[0,T

Let A be the subset of B consisting of all g such that ¢(0) = z and g(t) € K’ for all t € [0, T].
It is easy to see that A is a closed subset of B. Define a map ¢ : A — B as

t
0= [ Vile(s)ds
Then note that for any ¢ € [0, 7],

@ (g) —x|</|Vf |ds</0 Lis %

where the second inequality holds because g(s) € K’ for all s, and the third inequality
holds because ¢ < 1/L. Since all points at distance < 1 from x are in K’, this shows that
®(A) C A. Next, note that for any g,h € A, and any ¢ € [0,T],

[2(g)(t) - B()(1)| < / IV (9()) ~ VI (h(s))lds

/ lg(s) s)|ds

“llg—h
g — Rl

| /\

| /\

where the second inequality holds because g(s),h(s) € K’, and the third inequality holds
because ¢t < 1/L. This proves that ® is a contraction mapping on A, and therefore, by the
Banach fixed point theorem, it has a unique fixed point g* € A. Then ¢g* is a continuous
map from [0, 7] into RP, that satisfies the integral equation

W= [ Vil sds

We claim that ¢g* is the only such map. To prove this, suppose that there exists another
map h with the above properties. If h maps into K’, then the uniqueness of the fixed point
implies that h = ¢g*. So, suppose that h ventures outside K’. Let

to ;= inf{t: h(t) ¢ K'}.
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Since h(0) = 2 € K" and h goes outside K', t( is well-defined and finite. Moreover, since K’
is closed, h(tg) € OK'. But note that since h(s) € K’ for all s < tg,

[(to) — | < /Oto V(h(s)]ds < 72 <

[N

2

But this implies that the ball of radius 1/3 centered at h(tg) is completely contained in K,
and hence, h(tg) ¢ OK'. Thus, h cannot venture outside K’. We conclude that 7, > 1/L. B

The above lemma has several useful corollaries.
Corollary 15. If T, < oo for some x € RP, then |¢(t)] = 0o ast — Ty.

Proof. Suppose that |¢,(t)| # co. Then there is a compact set K such that for any € > 0, we
can find t € [T, —€,T,) with ¢,(t) € K. By Lemma 14, we can find € € (0, infyex T}). Take
any t € [T, —€,T;) such that y := ¢,(t) € K. Then, by Lemma 13, we have T, = T, —t < e.
But this contradicts the fact that T}, > inf,cx 1. > e. [ |

Corollary 16. If Vf(z) =0 or f(x) =0 for some x € RP, then T, = 0o and ¢,(t) = x for
allt € [0,00).

Proof. If f(z) = 0, then since f is a nonnegative C? function, V f(x) must also be zero.
Thus, it suffices to prove the result under the assumption that Vf(x) = 0. Taking K = {z}
in Lemma 14, we get that T, > 0. Suppose that T} is finite. Then let t := T, /2. Note that
since Vf(x) = 0, g(s) = x is a solution of the gradient flow equation starting from x in
the interval [0, ¢]. By uniqueness, this shows that ¢,(s) = x for all s € [0,¢]. In particular,
¢.(t) = z. By Lemma 13, this implies that T,, = T, — t = T},/2, which contradicts the fact
that T}, is nonzero and finite. Thus, T, = co. Again, the function g(t) = z is a solution of
the flow equation in [0, c0). Thus, by uniqueness, ¢(t) = x for all ¢ > 0. [ |

Corollary 17. Take any = € RP. If for some t € [0,T), we have Vf(¢p.(t)) = 0 or
f(@z(t)) =0, then Ty = 0o and ¢z(s) = ¢z(t) for all s > t.

Proof. Take any t such that V f(¢z(t)) =0 or f(¢z(t)) = 0. Let y := ¢5(¢t). Then by Lemma
13, T, = T, — t. But by Corollary 16, T}, = oco. Thus, T}, = oco. Also by Corollary 16,
dy(u) =y = ¢,(t) for all u > 0, and by Lemma 13, ¢,(u) = ¢,(t + u) for all u > 0. Thus,
Dr(8) = ¢ (t) for all s > t. [

In the following, let us fix ¢ and r as in Theorem 1 and write ¢ and 7" instead of ¢,
and T5,, for simplicity of notation.

Lemma 18. IfT < oo, then ¢ must visit the boundary of B.

Proof. Suppose that T' < co and ¢ remains in U throughout. By Lemma 14, there is some
d > 0 such that T, > 6 for all y € B. Choose t € (T'—6,T). Let z := ¢(t). Then z € U,
and therefore T, > ¢. This shows that the gradient flow starting from x( exists up to time
at least t + 0. Since t + d > T, this gives a contradiction which proves that ¢ cannot remain
in U throughout. |
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Lemma 19. Let t > 0 be any number such that ¢(s) € B for all s <t. Then for all s <'t,

f(9(s)) < e f(xo).

Proof. Note that by the flow equation for ¢,

d%f(cﬁ(S)) = Vf(6(s)) - ¢'(s) = =|VF(e(s))*. (A1)

By the definition of «, the right side is bounded above by —af(4(s)) if ¢(s) € B. It is now
a standard exercise to deduce the claimed inequality. |

Lemma 20. The flow ¢ cannot visit the boundary of B.

Proof. Suppose that ¢ does visit the boundary of B. Let ty := inf{t : ¢(t) € dB}. Then
¢(tp) € OB and ¢(s) € U for all s < tyg. By the flow equation,

t0) — w0l < [ 1950(s))Ids. (A.2)

Now, since ¢(s) # ¢(tg) for all s < ty, Corollary 17 shows that f(¢(s)) # 0 for all s < tp.
Thus, the map

9(s) =1/ f((s))
is differentiable in (0, ¢p), with continuous derivative

g Ld VIO
9(5) = g7y g5 1018 =~ 5 P

where the second identity follows from (A.1). Thus, for any compact interval [a,b] C (0, o),
/b [VI((s))I
o 29(s)

Since g is continuous on [0, tp], we can take a — 0 and b — to, and apply the monotone
convergence theorem on the left, to get

/to [V f(o(s))]?
0 2g(s)

Therefore, by (A.2) and the Cauchy—Schwarz inequality,

< f(wo)'/4 ( / ! 29(s>d5)1/2.

On the other hand, since ¢(s) € B for all s < ¢y, Lemma 19 shows that

b
ds == [ 4/(5)ds = g(a) — g0,

ds = g(0) — g(to) < g(0) =/ f(z0).

g(s) < e/ \/ f(wo)
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for all s < tg. Plugging this bound into the previous display, we get

) - < T [ 2ar)

But the last quantity is strictly less than r, by assumption (1.1). Since ¢(tp) € 0B, this
gives a contradiction, which proves the lemma. |

We are now ready to prove Theorem 1.

Proof of Theorem 1. Combining Lemma 18 and Lemma 20, we see that T' = co. Moreover by
Lemma 20, ¢ stays in U forever. Therefore, by Lemma 19, it follows that f(¢(s)) < e~ f(x0)
for all s. It remains to establish the convergence of the flow and the rate of convergence. Let

= inf{t : f((t)) = 0},

with the understanding that tg = oo if f(¢(t)) > 0 for all ¢. Then note that for any
0<s<t<ty,

6() ~ ol < [ IV (6()lay

(/ 29(u du/s W(()))du>l/z,

where g(u) = v/f(¢(u)), as in the proof of Lemma 20. As in that proof, note that

AFICIO)
s 2g(u)

On the other hand,

u=g(s) —g(t) < g(s) = \/ F((s)) < e /%) f ().

/t 29(u)du < M/t 2e~U/2 1, < 4\/@60‘8/2.

Combining the last three displays, and invoking assumption (1.1), we get

6(0) — o(s)] < 2 T otz < o (A.3)

Note that the bound does not depend on t. If ¢ty < oo, then by Corollary 17, ¢(t) = ¢(to)
for all ¢ > tg. Thus, in this case ¢(t) converges to z* := ¢(tg). The rate of convergence is
established by taking ¢t — to in (A.3). If ty = oo, then (A.3) proves the Cauchy property

of the flow ¢, which shows that ¢(t) converges to some z* € B as t — oo. Again, taking
t — oo in (A.3) proves the rate of convergence. [ |
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A.2 Proof of Theorem 2

If f(xo) = 0, then Vf(z9) = 0 and therefore z;, = z¢ for all k, and there is nothing to
prove. So, let us assume that f(zo) > 0. The following lemma is the key step in the proof of
Theorem 2.

Lemma 21. For all k > 0, xj, € B(xo,T).

The proof of this lemma will be carried out via induction on k. We have zg € B(xq, 7).
Suppose that z1,...,zx_1 € B(zg,r) for some k > 1. We will use this hypothesis to show
that z € B(xg,7), with k remaining fixed henceforth.

Lemma 22. For each j, define
Rj = f(zj41) = f(zj) +n|V ;). (A.4)
Then for all 0 < j <k —1, |R;| < en|V f(z;)|*

Proof. Since xi_1 € B(xo,r), the assumed upper bound on 7 implies that

NV f(xr—1)] < Liy/pn <.

Thus, |z — zk—1| < r, and therefore, z € B(xg,2r). Consequently, the line segment joining
xp—1 and xy lies entirely in B(xg,2r). Since xzg,...,zx—1 € B(zg,r), the line segments
joining x; and x4 lie in B(zg,r) for all j < k — 2. Thus, by Taylor expansion, we have
that for any 0 < j <k —1,

Rj = f(x; —nV f(x;)) — f(x;) + 0|V f(x;)]

2
n %
= TV (y) V215V ),
where z7 is a point on the line segment joining z; and x;41, and V2if (:c;) is the Hessian
matrix of f at zj. Since Ly is an upper bound on the magnitudes of all second order
derivatives of f in B(zo,2r), and 27 € B(zo, 2r), this gives

L2772 p
[R;j| < > 10uf (2)110i £ (x;)]
ii'=1
Lon? (& 2 Lp &
=2 (X los@l) < 2> o)
i=1 i=1
which proves that |R;| < $Lopn?®|V f(x;)|?. Since Lopn < 2e, this proves the claim. [ |

Lemma 23. We have (1 —€)an <1, and for any 0 < j < k,
flaj) < (1~ (1 —e)any f(zo).
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Proof. Since z; € B(xg,r) for j < k — 1, Lemma 22 and the definition of a imply that for

f(xj) = () =V f(z)]> + R;
fzj) = (L= eV f(a;)
(1= (1= e)an)f(zy).

Since f(xg) > 0 and f(x1) > 0, we can take j = 0 above and divide both sides by f(zg) to
get that (1 —€)an < 1. Iterating the above inequality gives the desired upper bound for

f(j). u

Lemma 24. For each j <k —1,

<
<

flag) = fzjen) = (1= |V f(z))[
Proof. By Lemma 22,

NV f(x)? = f(x;) = f(zj31) + R;
< f(x;) = f(zj) + en|V fzj)

Rearranging terms, we get the desired inequality. |

Lemma 25. Forall0<j<k—1,

4f (o)

k—1
S V()] < (1 (1 - e)an)i/? PRt
I=j

Proof. Let k := (1 — ¢)~!. By Lemma 24,

NIV F ()| = 2V ()2 < \Jon(f(a;) — flaje):

Also by Lemma 24, f(z;) > f(xj4+1) for each j < k— 1. Thus, for any j < k — 1, we use the
Cauchy—Schwarz inequality to get

k—

k—1
S oVl < X rn(y/F + Fe) (7@ - )
I= j

1
l=j

k—1 k—1 1/2
< (X w7+ Fars) X/ FGan) = /i)
1=

1=j

b1 1/2
= (/@) = 7@ X wnt/ @) + 1)) )

l=j

k—1 1/2
< <2m7\/f(xj) > \/f(”)) :
I=j
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Using Lemma 23 to bound the terms on the right side, we get

k-1

‘ k—1 1/2
Yo nlVi(@)] < (1= (1= e)an)’’*y/f(w) <2Hn > (-1~ 6)007)”2)
4 =

l=j

Now, for t € [0,1], we have the inequality 1 —¢ < (1 —¢/2)2. This gives

k—1 )
Y (=1 =ean)? < (1-(1-eany/?Y (1 (1-e)an??
I=j q=0
9 — 1—e€)an\?
<(1—(1— i/2 __EAAAAAA,
<(1—(1-ean) Z<1 . )
q=0
_2(1— (1 —€)an)i?
 (-¢an
Plugging this into the previous display completes the proof. |

We are now ready to complete the proof of Lemma 21 and then use it to prove Theorem 2.

Proof of Lemma 21. Applying Lemma 25 with j = 0, and recalling that p < 1 — ¢ by
construction, we get

S S 17(z0)
ek — x| < Y Nz — x5l = Y nVfag)| <y |5 <7
— — a(l—e¢)
j=0 7=0
This proves that z € B(xg,r), completing the induction step. |

Proof of Theorem 2. By Lemma 21, we know that xy € B(xo,r) for all k. Thus, Lemma 25
holds for all £ > 1 and all j < k. In particular,

k—1 k—1

|z — x| < Z |41 — 1] = Z NV f ()]
I=j l=j

4f(xo)

a(l— o7 <r(l1—(1-ean)/?

< (1= (1= ean)’?

Note that the bound goes to zero as j — oo, and has no dependence on k. Thus, {xj}r>0 is
a Cauchy sequence in B(z,r), and therefore, converges to a limit z* € B(zo,r). Moreover,
the above bound is also a bound for |z* — x;|, since it has no dependence on k. Lastly, since
xy, € B(xg,r) for all k, Lemma 23 also holds for any j. This shows that f(z*) = 0 and gives
the required bound for f(z;). [

A.3 Proof of Theorem 4
Take any w = (Wy,by,...,Wr,br) € RP. Define

f1 (x, w) = 01(W13? + bl),
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and for 2 < /¢ < L, define
fo(w,w) = og(Wyop_1(- - Waor(Wiz + b1) + ba--+) + by),
so that f = fr. Note that f,(-,w) is a map from R? into R%. Define
g1(z,w) := Wiz + by,

and for 2 < ¢ < L, define
ge(z,w) := Wy fo_1(x, w) + by,

so that fo(x,w) = op(ge(z,w)). Let Dy(x,w) be the dy x dy diagonal matrix whose diagonal
consists of the elements of the vector o (ge(z,w)). Let 0;; fr denote the partial derivative of
fe with respect to the (i, 7)™ element of ;. Then note that

8y f1 = D18ijg1 = Dleiejrx = z; D165,

h

where e; € R% is the vector whose i** component is 1 and the rest are zero. Similarly, for

2< (<L,
0ij fe = D0ijge = DWyOij fo—1.
Using this relation and the fact that Dy = 1, we get
0ij f(x,w) = xjqi(z,w), (A.5)
where
qi(z,w) :=WrDp_1(z,w)Wp_1--- WaDi(x,w)e;. (A.6)
Let H(w) denote the n x n matrix whose (i, j)' entry is
Hij(w) =V f(zi,w) - Vi f(z;,w).
Then the definition of S shows that for any w where S(w) # 0,

IVSw)* 4371 (yi — flaiw)(y; — flay,w)) Hij(w)
S(w) n i (yi — flai,w))?
4

> —Aw), (A.7)

where A(w) denotes the minimum eigenvalue of H(w). Now note that for any vector
a=(ai,...,a,)" € R" with norm 1, we have

Z aiajHZ-j(w) = Z aiajvwf(ﬂfz', 'LU) : vwf(m]ﬁw)

ij=1 ij=1

S @V fen w)
=1

2 p

- Z( 3 aiawjf(xi,w)>2.

j=1 Vi=1
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We obtain a lower bound on the above term by simply considering those j’s that correspond
to the entries of Wj. By (A.5), this gives

$ st 35 (S5t

ij—=1 =1 s5—1
di n
= Z Z(Z ;T siqr xlvw)) > nAx Zza?QT(xiyw)2a
r=1s=1 r=1i=1

where Ax is the minimum eigenvalue of %XTX7 and X = (z)1<s<d,1<i<n the d X n matrix
whose i column is the vector x;. Since z1,...,z, are linearly independent, the Gram
matrix X7 X/n is strictly positive definite, which implies that Ax > 0. Since |a| = 1, this
gives

dy
AMw) > ndx > min gp(xi, w)* (A.8)
r=1"— -

Now take any w as in the statement of Theorem 4, that is,
e the entries of Wy, ..., Wr_1 are all strictly positive, and

e by,...,br and Wy are zero.

Then, since 01(0) = 0, we have that fi(z,w) = 0 for each x. By induction, f;(z,w) =0 for
each ¢ < L, and hence f(z,w) = 0. Thus,

> vl (A.9)

irrespective of the values of Wa, ..., Wp. Let §, K,r, K’ a4, ¢y, P,C be as in Theorem 4 and
Remark 9, and take w’ € B(w,r). Each entry of W3,..., W/ _; then lies in [r, K’]. Each
row of W] has Euclidean norm at most r, and each bias entry has absolute value at most r.
Hence, for every input x;, each coordinate of gi(x;, w’) has absolute value at most

rlz| +r <r(Rx +1) =a.
Inductively, for 2 < ¢ < L — 1, the coordinates of g;(z;,w’) have absolute value at most
K'dy_1vyp-1(ag—1) +7 = ay.

Thus each diagonal entry of Dy(z;,w') is at least ¢y > 0, for 1 < ¢ < L — 1. These bounds
have no dependence on the output weights.
Let A :=min;(Wg)1; > Ap > r. Each entry of W} is at least A —r, so (A.6) gives, for
every 1 < s <dj,
qs(zi,w') > (A — rrt=2pc.

When L = 2, this is simply ¢s(z;, w’) > (A — 7)c1, with no intermediate hidden-layer weight
matrices. Equations (A.7) and (A.8) therefore imply

VS ()

> 02,204 2 _
S(w) AAxdi(A—r1)r (PO =«
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whenever w’ € B(w,r) and S(w') > 0. If Y2 > 0, the choice (2.3) gives

45 (w) < Yo - 1
r2a(w,r) = Axdi(A—r)2r2l=2(PC)2 ~ 4’

This verifies (1.1). Theorems 1 and 2, with the step-size bound (2.4) for the chosen w, prove
the two conclusions. If Yo = 0, then S(w) = 0 and both dynamics are stationary. This
completes the proof of Theorem 4. [ |

A.4 Proof of Theorem 11

Use the constants a, b, B, 8, M from the theorem, and suppose that Ej; occurs. For every
w' € B(wp, M), all entries of Wy,..., W} are at least M. The activation derivatives are
globally bounded below by C1, so (A.6) gives

qs(xi,w') > Cf_lML_lP for all 7, s.
By (A.7) and (A.8), the local PL constant for S satisfies
alwg, M) > aM>72, (A.10)

At initialization, all biases are zero. Since |oy(t)| < Co|t| for each hidden-layer activation,
while the output activation is the identity,

L
|f (&, wo)| < C3 7 (H IIWe||F> Wzl

(=2
L
<3t-tey Mttt (H \/dgd“> [Wiz|
(=2
= bML YWz

Here [[%y /dydy—1 = \/d1 P, since d, = 1. Consequently,

2b2M2L—2 n

> Whzf?
=1

S(wp) < 2%, + T —

2b2M2L—2
=2y + ——— Tr(W X XTW)
n

< 2Yy + BM?E72||w | %.. (A.11)
On Fyy, the last term is at most (a/16)M?~, because B3? = a/16. Also, (2.6) gives
2Ys < (a/16)M?L. Thus

48 (wp) < %MQL < —M2a(wo, M) < M2a(wo, M). (A.12)

1
2

In particular, the first-layer squared-norm threshold is explicitly

2
9.9 aM
M* = )

2 16B
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Theorem 1 now proves the gradient-flow assertion.
For completeness, we make the uniform step-size choice precise. Let Kp; be the set of all
initializations in Ejs N Fyy, with zero biases, and let

Uy = {w : dist(w, Kpr) < 2M}.

Both sets are compact. As S is C?, the constants

Ly :=max{ 1, sup max |0;S(w)| ¢ ,
wellpyr  J

Ly := max{l, sup mzlicxlﬁj@kS(w)]}

weUp I

are finite. For every wy € Ky with S(wg) > 0, (A.12) gives p < 1/v/2 < 3/4,s0 e = 1/4 is
admissible in Theorem 2. Therefore the single bound

7o := min { AM , ,\1 } >0 (A.13)
Ll\/ﬁ 2L2p
works for all wy € K. Initializations with S(wp) = 0 are stationary. The derivative bounds
in (A.13) may depend on the full data and on the activation functions, including their second
derivatives on this compact set; no dimension-independent step-size bound is claimed.
Finally, |[W1]|% has distribution (c¢/d)x7;, , independently of Ej;. Each downstream
Gaussian entry has a strictly positive probability of lying in [2M, 3M], giving exactly the
product in Remark 12. In particular, the sufficient event has strictly positive probability.
This completes the proof. |
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