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Abstract

In this paper, we study and implement an efficient Halpern—Peaceman—Rachford (HPR) al-
gorithm for solving the Wasserstein barycenter problem (WBP) with fixed supports. While
the Peaceman—Rachford (PR) splitting method itself may not converge for the WBP, ap-
plying the Halpern iteration to the PR operator yields an O(1/¢) non-ergodic iteration
complexity with respect to the Karush-Kuhn-Tucker (KKT) residual. The structured lin-
ear solve in the HPR subproblem corresponds to an affine projection that can be viewed as
a coupled extension of Romero’s classical OT projection formula. This observation yields
a closed-form solution procedure with cost linear in the size of the linear system. Con-
sequently, HPR achieves an O(Dim(P)/e) computational complexity in terms of flops for
obtaining an e-optimal solution measured by the KKT residual of the unregularized WBP,
where Dim(P) denotes the number of variables in the corresponding LP formulation. This
bound matches the order of the best-known bound for the WBP, while requiring no en-
tropic regularization and measuring accuracy by the KKT residual. Numerical experiments
on synthetic and real data sets demonstrate the practical efficiency of the restarted HPR
implementation for large-scale WBPs.

Keywords: Wasserstein barycenter problem, optimal transport, Halpern iteration, non-
ergodic complexity, Peaceman—Rachford splitting

1. Introduction

Optimal transport (OT) (Monge, 1781; Kantorovich, 1942) defines a Wasserstein distance
between two probability distributions through the minimal transportation cost. As an im-
portant application, the Wasserstein distance naturally leads to the concept of Wasserstein
barycenter, which defines a mean of a set of complex objects (i.e., images, videos, texts,
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and so on) that can preserve their geometric structure (Agueh and Carlier, 2011). The
Wasserstein barycenter problem (WBP) has made a significant impact in a variety of fields,
including machine learning (Li and Wang, 2008; Ye and Li, 2014; Peyré and Cuturi, 2019),
physics (Cotar et al., 2013), statistics (Bigot and Klein, 2018), economics (Chiappori et al.,
2010; Galichon, 2016), brain imaging (Gramfort et al., 2015), and so on. However, the
computational cost for computing the Wasserstein distance and finding the Wasserstein
barycenters is expensive, especially for modern applications with an immense amount of
data.

To address this challenge, various computational approaches have been developed for
WBPs. Existing methods for broader barycenter models on continuous spaces (Agueh and
Carlier, 2011) include stochastic optimization approaches (Staib et al., 2017; Claici et al.,
2018; Dvurechenskii et al., 2018) and Sinkhorn-divergence-based methods (Luise et al.,
2019). In practice, probability measures are often approximated by finite supports, leading
to discrete WBPs. In the discrete setting, Altschuler and Boix-Adsera (2021) developed
a polynomial-time algorithm for fixed support dimension d by solving an exponential-size
linear programming (LP) via an efficient separation oracle; however, the running time still
contains a factor that grows exponentially with d. A common practical strategy for high-
dimensional free-support WBPs is alternating minimization (Cuturi and Doucet, 2014; Ye
and Li, 2014; Ye et al., 2017; Yang et al., 2021; Ge et al., 2019), where fixing the barycenter
support locations leads to a fixed-support WBP that often becomes the main computational
bottleneck. Hence, in this paper, we focus on the fixed-support discrete WBP, where the
barycenter support is prescribed or selected in advance. This setting is natural when the
barycenter is required on a common grid and also serves as a key building block for free-
support barycenter algorithms.

For the fixed-support discrete WBP, Anderes et al. (2016) formulated the problem as
an LP. Nonetheless, state-of-the-art LP solvers such as Gurobi face challenges in solving it
even with a moderate number of objects and supports.

To overcome the computational challenges, Cuturi (2013) proposed an entropic reg-
ularization for OT, such that Sinkhorn’s algorithm is applicable to solving the entropy-
regularized OT problem and computing an approximate Wasserstein distance. Cuturi and
Doucet (2014) further applied the entropic regularization idea to study the WBP. Later,
Benamou et al. (2015) proposed an iterative Bregman projection (IBP) method, which
generalized Sinkhorn’s algorithm, to solve the entropy-regularized WBP. Along this direc-
tion, plenty of algorithms have been proposed, including gradient-type methods (Cuturi
and Peyré, 2016), accelerated primal-dual gradient descent (Dvurechenskii et al., 2018;
Krawtschenko et al., 2025), the fast IBP (Lin et al., 2020), stochastic gradient descent
(Claici et al., 2018; Tiapkin et al., 2022), and distributed and parallel gradient descent
(Staib et al., 2017; Uribe et al., 2018; Rogozin et al., 2025).

When the regularization parameter in the entropy-regularized WBP is moderate, say no
less than 1072, the aforementioned algorithms, such as the IBP, can be effective in finding an
approximate solution to the entropy-regularized WBP. However, it is known that one needs
to choose a small regularization parameter in the regularized WBP to obtain a high-quality
solution in real applications. This has also been observed in our numerical experiments. A
small regularization parameter will usually cause numerical issues and slower convergence
for these algorithms, such as the IBP. Some stabilized and scaling techniques have been
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proposed to improve the robustness of entropic-regularization-based algorithms (Schmitzer,
2019), but the efficiency of the stabilized algorithms is still not satisfactory for solving the
large-scale WBP. These issues may restrict the role of the entropic regularization approach
in applications with high requirements on solution quality (Bonneel et al., 2016).

Algorithm Objp Dgap RkkT Complexity Iterates
IBP ~
(Benamou et al., 2015) v O(Tm? /%) Non-ergodic
(Kroshnin et al., 2019)
PDAGD ~ 5/2 .
(Kroshnin et al., 2019) 4 O(Tm>*/e) Ergodic
FastIBP v O(Tm/3 [e4/3) Non-ergodic

(Lin et al., 2020)

Dual extrapolation

with area-convexity v O(Tm?/e) Ergodic
(Dvinskikh and Tiapkin, 2021)
Mirror-Prox v O(Tm®? Je) Ergodic

(Dvinskikh and Tiapkin, 2021)

Accelerated alternating ~

minimization v O(Tm®? Je) Non-ergodic
(Guminov et al., 2021)

Accelerated Bregman _

primal-dual method v O(Tm>'?Je) Ergodic
(Chambolle and Contreras, 2022)

Table 1: A summary of the known complexity of entropic regularization type algorithms for the WBP with
T sample distributions and m supports. In this table, Objp, Dgap and Rkt mean that the
error € > 0 is measured by the primal objective function value gap, the duality gap, and the KKT
residual, respectively.

The instability and unsatisfactory efficiency of entropic-regularization-based algorithms
for solving the WBP in the relatively high accuracy regime motivate some researchers to
return to designing efficient algorithms for solving the WBP without entropic regularization.
In this direction, first-order splitting algorithms, in particular, the alternating direction
method of multipliers (ADMM) (Glowinski and Marroco, 1975; Gabay and Mercier, 1976)
and its variants, are very popular. When applying the ADMM directly to solve the WBP,
one needs to solve a huge-scale linear system in each iteration, which is computationally
challenging and may be prohibitive. The specific definition of this linear system can be
found later in Section 2.1. To avoid solving this huge linear system, Ye et al. (2017)
proposed a modified Bregman ADMM (mBADMM), where each step of the mBADMM has
a closed-form solution for solving the WBP. Later, Yang et al. (2021) proposed a symmetric
Gauss-Seidel ADMM (sGS-ADMM) for solving the WBP, which is more efficient and robust
than the mBADMM. Regarding the WBP as a multi-block problem and partially using the
special structure of the WBP, the sGS-ADMM enjoys a low computational complexity in
each iteration. It has also been demonstrated in Yang et al. (2021) that the sGS-ADMM
is more stable compared to algorithms based on entropic regularization, such as IBP. The
quality of the solution obtained by the sGS-ADMM can also outperform the one obtained by
the IBP. However, we observed in our numerical experiments that the sGS-ADMM generally
needs more iterations than the ADMM if the huge linear systems involved can be solved.
Moreover, it has been demonstrated in Yang et al. (2021) that the sGS-ADMM is much
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more efficient than the mBADMM. These observations motivate us to carefully investigate
the linear system involved in the ADMM for solving the WBP. This structured linear solve
is a dual representation of an affine projection that can be viewed as a coupled extension of
the classical OT projection formula of Romero (1990). Exploiting this structure yields an
explicit solution of the linear system with linear computational cost, enabling a fast-ADMM
for solving the WBP with a cheap per-iteration computational complexity.

The proposed efficient procedure for solving the linear system further motivates us to
investigate the computational complexity for solving the WBP. The computational complex-
ity of finding an approximate solution to the OT problem and the WBP with e-precision has
been extensively studied in recent years, in particular for the entropic regularization type
algorithms. For the rest of this section, we consider the WBP with 7" sample distributions
and m supports. Kroshnin et al. (2019) have established an O(T'm?/e?) complexity bound
for the IBP method and an O(T'm?? /e) complexity bound for a variant of the primal-dual
accelerated gradient (PDAGD) method (both in the sense of the primal objective function
value gap). Here, the notation 6() hides only absolute constants and polylogarithmic fac-
tors. So far, the best computational complexity bound for the WBP is O(T'm?/¢) (in the
sense of the duality gap), which is achieved by the dual extrapolation algorithm proposed
by Dvinskikh and Tiapkin (2021). A summary of the complexity bounds of the entropic
regularization type algorithms for solving the WBP is in Table 1.

Algorithm Objp Objp RkkT Complexity Iterates
sGS-ADMM (for dual WBP)
(Yang et al., 2021) v O(Tm?/e?) Non-ergodic

+ (Cui et al., 2016)
sGS-ADMM (for dual WBP)

(Yang et al., 2021) v O(Tm?/e) Ergodic
+ (Cui et al., 2016)

?’E}?s (;(;;g"r)imal or dual WBP) v O(Tm?/e) Non-ergodic
?’1%1:1{5 (;z;gr)imal WBP) v O(Tm?/¢) Non-ergodic
HPR (for dual WBP) V4 O(Tm?/e) Non-ergodic

(This paper)

Table 2: A summary of the complexity of the HPR algorithm and the sGS-ADMM algorithm for the WBP
with 7" sample distributions and m supports. In the table, Objp, Objp, and RxkT mean that
the error € > 0 is measured by the primal objective function value gap, the dual objective function
value gap, and the KKT residual, respectively. We regard the LP reformulation of the WBP and
its dual problem as the primal WBP and the dual WBP, respectively.

On the other hand, the discussion of the computational complexity of operator split-
ting methods, such as ADMM-type algorithms for solving the WBP, is not as extensive.
In this direction, we can obtain an O(T'm?/e?) computational complexity in terms of the
KKT residual by combining the per-iteration computational complexity of the sGS-ADMM
(Yang et al., 2021) and the non-ergodic O(1/+/k) iteration convergence rate of the majorized
ADMM (Cui et al., 2016). This is perhaps the only known complexity bound so far that is
comparable to the best-known complexity bound of entropy-regularized algorithms. There
are also some known iteration complexity results for the ADMM. Monteiro and Svaiter
(2013) first proved the O(1/k) ergodic convergence rate (regarding the KKT-type residual)
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of the ADMM with unit dual step size for a class of linearly constrained convex program-
ming problems with a separable objective function. Later, Davis and Yin (2016) established
an O(1/v'k) non-ergodic iteration complexity bound of the ADMM with unit dual step size
with respect to the primal feasibility and the primal objective function value gap. The
key bottleneck for establishing an attractive complexity bound comes from the expensive
Cholesky decomposition, which is O(T3m?), although it only needs to be performed once.
Thus, for the WBP, the ergodic computational complexity and the non-ergodic computa-
tional complexity of the ADMM method can be known to be O((T3m3) + (T'm?/¢)) and
O((T3m3) + (T'm? /%)), respectively. Instead, the fast-ADMM can benefit from the linear-
time procedure for solving the involved linear system. Thus, the ergodic computational
complexity and the non-ergodic computational complexity of the fast-ADMM method can
be improved to O(Tm?/e) and O(T'm?/e?), respectively. In real applications, the non-
ergodic complexity is more important since the non-ergodic sequence can preserve sparsity.
In this paper, we study the HPR method that enjoys the stronger O(T'm?/e) non-ergodic
complexity. This bound matches, up to logarithmic factors, the order of the best-known
bound O(T'm?/e) for the WBP (Dvinskikh and Tiapkin, 2021), and is obtained without en-
tropic regularization, with accuracy measured by the KKT residual of the LP formulation
of the WBP.

The HPR algorithm applies the Halpern iteration (Halpern, 1967) to the PR splitting
method (Lions and Mercier, 1979). While it is not clear to us when the PR applied to
the WBP converges, the convergence of the HPR follows directly from Wittmann (1992).
Starting from any initial point, the HPR enjoys an O(1/k) iteration complexity with respect
to the fixed point residual of the corresponding PR operator (Lieder, 2021). When the
HPR algorithm is applied to solving the two-block convex optimization problem with linear
constraints, we establish an O(1/k) non-ergodic iteration complexity in terms of the KKT
residual and the primal objective function value gap. Here, we mention that Kim (2021)
proposed an accelerated ADMM and proved an O(1/k) convergence rate with respect to the
primal feasibility only. To this end, we prove that the HPR algorithm enjoys an O(T'm?/c)
computational complexity guarantee for obtaining an e-optimal solution with respect to the
KKT residual of the WBP with T' distributions and m supports. We briefly compare the
computational complexity bounds of the HPR algorithm and the sGS-ADMM algorithm
and summarize the results in Table 2. As we can see in the table, in terms of the non-
ergodic complexity, the HPR improves the dependence on ¢ by a factor of O(1/¢) compared
to the sGS-ADMM, which is substantial. We highlight the main contributions of this paper
as follows:

1. We propose a linear-time procedure, in terms of the linear-system size, for solving
the structured linear systems arising in the ADMM for the WBP. The structured
linear system can be viewed as a dual representation of an affine projection that is
a coupled extension of Romero’s classical OT projection formula. This linear-time
procedure yields a fast-ADMM implementation for large-scale WBP with low per-
iteration computational cost.

2. We study the HPR algorithm, which combines classical Peaceman—Rachford splitting
with Halpern iteration. For two-block convex programming problems with linear con-
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straints, the HPR algorithm enjoys O(1/¢) non-ergodic iteration complexity bounds
in terms of the KKT residual and the objective function value gap.

3. We apply the HPR algorithm to the WBP with T' distributions and m supports, and
establish an O(T'm?/¢) non-ergodic computational complexity bound for obtaining an
e-optimal solution in terms of the KKT residual. This KKT-residual-based complexity
bound is particularly relevant for primal-dual optimization algorithms, since the KKT
residual is widely used as a practical stopping criterion.

4. We demonstrate the promising numerical performance of the restarted HPR imple-
mentation in obtaining high-quality solutions to the WBP on both synthetic and real
data.

The initial version of this manuscript, released in 2022, represents an early application
of the HPR method to the structured LP arising from the fixed-support WBP, a special
case of the convex optimization framework considered here without additional proximal
terms. Subsequent work extended this idea to proximal settings, thereby broadening the
applicability of the HPR framework to large-scale convex optimization. In particular, Yang
et al. (2025) developed a proximal HPR method via a classical proximal point method
reformulation with a positive definite preconditioner and established an O(1/k) rate for
the weighted fixed point residual. Further, Sun et al. (2025) proposed a semi-proximal
HPR method and, through a degenerate proximal point method (dPPM) reformulation,
established an O(1/k) iteration complexity for both the KKT residual and the objective
error.

Building on these theoretical developments, HPR-based methods have also led to the
development of efficient solvers for large-scale optimization problems. For example, HPR-
LP (Chen et al., 2026), an HPR implementation for linear programming, has demonstrated
strong performance on large-scale LP instances and outperformed the GPU implementation
of the award-winning PDLP solver in several benchmark tests (Applegate et al., 2021, 2023;
Lu and Yang, 2025). Subsequently, HPR-LP (Chen et al., 2026) has led to the development
of the reflected restarted Halpern-PDHG method (r2HPDHG) (Lu and Yang, 2024), which
is implemented in cuPDLPx (Lu et al., 2025). Its underlying iteration is a special case of the
semi-proximal HPR method (Sun et al., 2025; Chen et al., 2026, 2027). Moreover, the HPR
framework has shown strong empirical performance in optimal transport (HOT) (Zhang
et al., 2025) and convex quadratic composite programming (HPR-QP) (Chen et al., 2025).

Organization. The rest of the paper is organized as follows. In Section 2, we introduce
the model of the WBP. To make the ADMM computationally affordable for solving the
WBP, we propose a linear-time procedure for solving the involved linear system. In Section
3, we first introduce the HPR, for solving the maximal monotone inclusion problem. When
the HPR algorithm is applied to solving the two-block convex optimization problem with
linear constraints, we establish an O(1/¢e) non-ergodic iteration complexity in terms of the
KKT residual and the primal objective function value gap. Then, we prove an O(Tm?/c)
computational complexity in terms of flops for obtaining an e-optimal solution measured
by the KKT residual of the WBP with T distributions and m supports. Section 4 is
devoted to demonstrating the efficiency and robustness of the HPR for solving the WBP
with extensive numerical experiments on both synthetic and real data sets. We conclude
this paper in Section 5.
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Notation. We use X,Y,Z to denote finite-dimensional real Euclidean spaces equipped
with the inner product (-,-) and its induced norm || - ||. In particular, we denote the n-
dimensional real Euclidean space as R". For any = € R", y € R", we define (x,y) :=

S xiy and ||z|| := /Y., 22, respectively. We also denote the nonnegative orthant of
R™ as R". A vector z € R" is a column vector by default. For a given linear mapping
A:X =Y, A" : Y — X is the adjoint of A. We denote ||A| := supj,<; [[Az| as the
spectral norm of A. We denote the transpose of a matrix B € R™ " ag BT € R"™ ™.
|Bl|r := y/trace(BBT) and ||Bllec := maxi<i<m,i<j<n |Bij| are the Frobenius norm of
B and the infinity norm of B, respectively. Here, trace(BB') is the trace of BB'. Let
1,, (resp. 0,,) denote the m-dimensional vector with all entries being 1 (resp. 0). ®
stands for Kronecker product. We denote the vectorization of a matrix X € R™*" as
vec(X) € R™". For a collection of matrices {A;,..., A}, we denote the block diagonal
matrix with diagonal blocks A; as diag(Aj,...,A,,). For a nonempty closed convex set
C, we denote the indicator function of C' and the Euclidean projector over C as é¢ and
IIo(z) := argmingeo ||z — s||, respectively. Let f: X — (—o0, +00] be a proper closed and
convex function. We denote the effective domain of f and the proximal mapping of f at
z € X as dom(f) := {z € X| f(z) < 400} and Proxs(z) := argminyex {f(y) + 5/l — z|/*},
respectively. The Fenchel conjugate function of f is defined as f*(z) := sup,ex (v, ) — f(v).
Let D C X be a nonempty closed convex set. We call T': D — D a nonexpansive operator
if |[T(z) —T(y)|| < ||z —yl|| for any =,y € D. For a nonexpansive operator T': D — D, we
denote the set of its fixed points as Fix(T') :={x € D | v = T'(x)}.

2. Preliminaries

In this section, we first introduce the model of the Wasserstein barycenter problem. Then
we propose a linear-time procedure for the linear system involved in solving the Wasserstein
barycenter problem.

2.1 Wasserstein Barycenter Problem

Consider the following discrete probability distribution with finite support points:
P = {(ai,qi) eRy xR:i=1,--- ,m},

where {q,,- - ,q,,} are the support points and a := (a1, -+ ,a,,) is the associated proba-
bility vector satisfying Y ;" a; = 1. Given two discrete distributions

P ={(ai,q}):i=1,...,my}, P ={(a},q}) :i=1,...,my},

the p-th power of the p-Wasserstein distance between P" and P is defined as the optimal
objective function value of the following optimal transport problem:

(Wp(P™, PY))P = min (X, D(P* PY))
X ERMuxmoy
s.t. XTlmu =a", (1)
X1,,, =a"
X >0,
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where D(P*, P¥) € R™*"™ is the distance matrix with D(P*,P");; = [lq} — ¢|[p and
p > 1. Based on the Wasserstein distance, Agueh and Carlier (2011) proposed the Wasser-
stein barycenter problem. Specifically, given a collection of discrete probability distri-
butions {Pt}?zl with P! = {(a’;f,q?f) i=1,--- ,mt}, a p-Wasserstein barycenter P¢ :=

{(af,qf) i =1,--- ,m} with m support points is a minimizer of the following optimization
problem:
T
min wr (W, (P, PP 2
PCEE%(Rd) — ( p ) )) ) ( )

where =5, (Rd) denotes the set of all discrete probability distributions on R¢ with m support

points and finite p-th moment, and the weight vector (wy, - - - ,wr) satisfies Zthl wy = 1 and
wr > 0,t=1,---,T. Note that problem (2) is generally nonconvex in the support locations
and weights. It requires finding the optimal support Q¢ := {qf : i = 1,...,m} and the
optimal weight vector a® simultaneously.

In many real applications, the support Q° can be specified empirically. As a result, one
only needs to compute the optimal weight vector a® via solving the optimization problem (2)
with finite specified supports. In this paper, we focus on the WBP with specified supports.
From now on, we assume that the support Q¢ is given. Under this setting, the WBP can
be formulated as the following linear program:

; T t yt
min _ (D" X
a®cR™, XteR™*mt 2=t < >
t=1,...,T
S.t. (Xt)—rlm:at, t=1,---,T, (3)

X1, =a¢, t=1,---,T,
XtZO, t:]-a"')Ta
<aca]—m>:17

where D' := w;D (P¢, P'). We can write (3) in the following standard-form linear program:

min (¢, z) + 0 (z)

z€RN (4)
st.  Ax=0b,
where
z = (vec(X1);...; vec(XT); a%), ¢ = (vec(Dh);... :vec(DT); 0n) .
and K is the nonnegative orthant with compatible dimension. Moreover,
T T
M::th—i—T(m—l)—i—l, N::mth—l—m, (5)
t=1 t=1
and
A O
A= | Ay Az | e RMXN b:= (al;...;aT;Om_l;...;Om_l;l) e RM, (6)
0o 1)
with

Ay = diag (Im1 D1, Ly ® 1;) ,

8
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Ay = diag <1;1 ® [Op—1, I, -, 1), @ [0, Im71]> , Az = =17 ® [0py—1, Ipy—1].

Here A; and As are obtained by removing one redundant row from each block of the
barycenter marginal constraints. By Ge et al. (2019, Lemma 3.1), A has full row rank, and
the feasible region of (4) is equivalent to that of (3).

The dual problem of (4) is

i —(b,y) + 05 (—s) | A*y + s = ¢}, 7

i A= (b + Fie(=) | Ayt =) (7)

where ¢} () is the support function of K. The KKT conditions associated with (4) and (7)
are given by

A'y+s=¢, Azr=0b, K>3z lseckK, (8)

where x L s means x is perpendicular to s, i.e., (z,s) = 0.

Operator-splitting algorithms such as ADMM can be applied to the dual problem (7)
to compute the Wasserstein barycenter. The main computational bottleneck is solving the
linear system AA*y = R for a given R € R™. Since AA* is an M x M matrix and M can
be very large for the WBP, even a single Cholesky factorization may be computationally
prohibitive. In practice, iterative methods such as the conjugate gradient method are often
used for such large linear systems. In the next subsection, we derive a linear-time procedure
for solving this structured system exactly.

2.2 A Linear-Time Complexity Procedure for Solving AA*y = R

We now derive an efficient procedure for solving AA*y = R, where A is defined in (6)

and R € RM is given. The resulting procedure has complexity O (T m + Zthl mt). Let
M = Zthl my and My := T (m — 1). By direct calculation,

A1 0 AF A 0 El E2 0
AA* = | Ay Ag [ 01 Az N }z E} Es+E, FEj |, 9)
0 1) 3oom 0 X m

where
1. By = A1 A} = diag (mIp,, ..., mly,) € RM>XM
2. By := A1 Ay = diag (1,1, _1,. .., Ly 1) ;) € RMixMz,
3. By := AgAy = diag (m1 L1, ...,myply_1) € RM2xMz,
4. By = A3A5 = (171]) @ Iy € RM2x Mz
5. E5 := Asl,, = -17 ®1,,_; € RM2,
Writing

Yy = (y1;y2;y3) € RMl X RM2 x R, R = (Rl;RQ;Rg) S RMI X ]RM2 X R,
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the linear system AA*y = R becomes

FE, E, 0 Y1 Ry
E; FEs+ E, FEs Y2 = Ry | . (10)
0 E; m Y3 R3

For the block representation, let
yi=is--5v1), Ri=(Rli.. R, p=(i..5u3), Ro=(Ry...;R)),

where y, Rl € R™ and yb, RE € R™! for t = 1,...,T. The next proposition provides an
explicit solution to (10). This is the dual form of a coupled extension of Romero’s projection
formula for the OT problem (Romero, 1990). A short proof of Proposition 1 is provided in
Appendix A, while the corresponding primal projection formula is given in Appendix B.

Proposition 1 Consider A € RM*N defined in (6). Given R € RM, the solution y to
AA*y = R in the form (10) is given by

1 . .
yh=—(g5—93), t=1,...,T, (11)
mg
R} 1T_1?/3
yi:ﬁ— mm 1, t=1,...,T, (12)
1
ys = (RS + 1X42y2> : (13)
where
b= RY + (1;_135 —1) R+ Rg) L1, t=1,...,T,
and

Ty -1
~t _
Uss m = 1+§ — .
s ( t:lmt>

The explicit formula in Proposition 1 leads to Algorithm 1.

NS
i
]
3 ‘ 3

Algorithm 1 A linear-time solver for AA*y = R
Input: R € RM,
Step 1. Compute y2 by (11).
Step 2. Compute y; by (12).
Step 3. Compute y3 by (13).
Output: y = (y1;92;93) € RMt x RM2 x R,

Proposition 2 The computational complexity of Algorithm 1 in terms of flops is TTm +
35 mu+O(T).

Proof The complexity of each step in Algorithm 1 can be summarized as follows:

Stepl : 6Tm + >, my + O(T),
Step2 : Tm + 23] my + O(T),
Step3 : O(T).

10
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Summing them up, we obtain that the overall computational complexity of Algorithm 1 is
TTm + 33 my + O(T). |

Remark 3 The structured linear system studied here is closely related to that in Ge et al.
(2019). In the interior-point method of Ge et al. (2019), each Newton step requires solving
ADA*y = R, where D is a positive diagonal matriz that changes across iterations. By
exploiting the block structure of A, Ge et al. (2019) solves such systems with flop complexity
O(m? 23:1 my +Tm3) or O(m Zle m? + Z?zl m3), depending on the relative sizes of m
and my. Since D is general, the resulting block matrices are iteration-dependent and require
additional blockwise matriz inversions. In contrast, the ADMM/HPR framework considered
in this paper gives rise to the fixed system AA*y = R. This fixed structure allows a further
stmplification of the block decomposition and yields the explicit formula in Proposition 1.
Consequently, the system can be solved exactly by a reusable linear-time procedure with
complexity O(Tm + S my).

Remark 4 For the standard OT problem (1), the explicit primal formula for the Euclidean
projection onto the affine set of matrices with prescribed marginals is classical and was given
by Romero (1990); related results and applications appear in Khoury (1998); Glunt et al.
(1998); Calvillo and Romero (2016); Zass and Shashua (2006); Bauschke et al. (2021). The
corresponding structured linear system considered here is a dual representation of this known
projection after removing one redundant marginal equality. For completeness, Appendix C
recalls the classical primal projection formula and discusses its relation to the O(my, + my)
solution procedure for the resulting dual linear system.

3. A Halpern-Peaceman-Rachford Algorithm

We start this section by introducing the HPR algorithm, which applies the Halpern iteration
to the PR splitting method for finding a solution w* € X to the following inclusion problem:

0€ Mi(w)+ Ms(w), (14)

where M : X =2 X, My : X =2 X, and M; + M5 are all maximal monotone operators. We
denote the zeros of M + My as Zer(M 1 + Mos).

For a maximal monotone operator M : X = X, the resolvent Jps := (I + M)~! and
reflected resolvent Rps := 2J py — I are single-valued and, respectively, firmly nonexpansive
and nonexpansive (Minty, 1962; Bauschke and Combettes, 2011), where I is the identity
operator. For ¢ > 0 and an initial point 7° € X, the PR iteration is

" = TPR()F) := Romr, 0 Rona, (%), Yk >0, (15)
where TE® is nonexpansive and each fixed point 7* € Fix(TER) yields a solution w* =
Jont,(n*) of (14) (Lions and Mercier, 1979). Applying the Halpern iteration (Halpern,
1967) to the PR operator with weight 1/(k + 2) gives the HPR method in Algorithm 2:

11
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Algorithm 2 An HPR algorithm for the problem (14)
Input: n° € X. For k =0,1,...

= 0M2<
= Jorr, ( k+1 )
oF 1 ! ( k+1 )
1 k+1
k1 _ 0 k+1
k12’ Tri2t

If Fix(TYR) # @, then 7% — HFiX(TPR)(T]O) by (Wittmann, 1992, Theorem 2). More-
over, Lieder (2021) established the following residual bound for the Halpern iteration in
Algorithm 2

k_TPR k <M Vk >0 Vi € Fi TPR
In* =T )l < = Vk=0, Vi eFix(T,").

The convergence of the iterates in Algorithm 2 is summarized in Corollary 5.

Corollary 5 Let My, My and M1+ My be maximal monotone operators on X satisfying
Zer(M1 + My) # (). Let {w®,z*, v*, nk}zozl be the sequence generated by Algorithm 2. Let
n* = HFiX(TPR)(nO) and w* = Jonr,(0*). Then we have

=, WP ot 2F = wt, and Wb — W,

and w* is a solution to the problem (14).

Proof The convergence of the sequence {nk}zozo follows from (Wittmann, 1992, Theo-
rem 2). Since for all £ > 0,

k1 _ 1770 kt1
k+2 k+2 ’

k+1 _ g k+1 — 1/2(Uk+1 _ nk)7v1€ > 0 in

n

we can directly obtain v*

Algorithm 2 that

— n*. It follows from z

z* —wh = 0. (16)
Since J,pr, is nonexpansive and wkt! = J,pr,(nF), we directly obtain limy_,o 2% =
limy,_y00 w* = Jonr,(n*) = w*. This completes the proof. |

Remark 6 We use the Halpern iteration for its simplicity and optimal O(1/k) global resid-
ual bound (Lieder, 2021; Park and Ryu, 2022). Other acceleration techniques, such as the
fast Krasnosel’skii-Mann iteration (Bot and Nguyen, 2023), may also be incorporated into
the PR framework; see Sun et al. (2025) for related developments. Halpern-type acceler-
ation for other operator-splitting methods has also been studied; see, e.g., Tran-Dinh and
Luo (2021).

12
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3.1 An HPR Algorithm for the Two-Block Convex Programming Problems

Now, we consider the following two-block convex optimization problem with linear con-
straints:
mingey ez f1(y) + fa(s) (17)
subject to By + Bas = ¢,

where f1 : Y — (—o0,+00] and fo : Z — (—o0,+0o0] are proper closed convex functions,
which may take extended values; By : Y — X and By : Z — X are two given linear mappings,
and ¢ € X is a given vector. It is clear that the optimization problem (7), which is the dual
problem of the LP, is a special case of (17). Given o > 0, the augmented Lagrange function
corresponding to (17) is

o
Lo(y,s;2) := fi(y) + fa(s) + (x, Biy + Bas — ¢) + §||B1y + Bys — ¢|)?,

where x € X is the multiplier. The dual problem of (17) is

max {~f{(=Byz) = f;(=By7) — (¢, 2)}, (18)

where f{ and f5 are the Fenchel conjugates of f; and fo, respectively; Bf : X — Y and
B3 : X — Z are the adjoints of By and Bs, respectively.

Since f; and fy are proper closed convex functions, there exist two self-adjoint and
positive semidefinite operators X, and Xy, such that for all y,§ € dom(f1),¢ € dfi(y),

and ¢ € af1(9),
Fuly) > 1) + by~ ) + 5l — 1%, and (6~ B,y —9) > lly— 13,

and for all s, § € dom(f2),p € dfa(s), and ¢ € D fa(5)

Fo(s) 2 F2(8) + (Br5 = 3) + Sls — 8113, and (o — ¢,5 —3) > fls — 3],
We make the following assumptions:
Assumption 1 Fori= 1,2, the following conditions hold:
(A1.1) ri(dom f;) (Range(B}) # @,
(A1.2) ri(dom(fy o (—B7))) Nri(dom(fyo(—B3))) # 2.
(A1.3) The solution set of the optimization problem (18) is nonempty.
Assumption 2 Both ¥ + Bi By and Xy, + B3 By are positive definite.

Under Assumption 1, (y*,s*) € Y x Z is a solution to the optimization problem (17)
and z* € X is a solution to the optimization problem (18) if and only if the following KKT
system is satisfied:

B1y* + Bas* =c¢, —Bjz* € dfa(s*), —Biz* € dfi(y"). (19)

13
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The residual mapping associated with the KKT system is

y — Proxy, (y — Bix)
R(y,s,x) = | s—Proxp(s—Bsx) |, (y,8,2) €Y xZxX.
c— B1y — Bss

Then (y*, s*, x*) satisfies the KKT system (19) if and only if R(y*, s*,z*) = 0.

If we take M (w) := O(f; o (—BY))(w) + ¢ and Ma(w) := 9(f5 o (—B3))(w), then the
inclusion problem (14) is equivalent to the optimization problem (18). As a result, we can
apply Algorithm 2 to solve (18), which is presented in Algorithm 3.

Algorithm 3 An HPR algorithm for solving the convex optimization problem (17)

1: Input: y° € dom(f1), 2° € X, and o > 0.

2: Initialization: £ := 29 70 := 2% 4+ o(B1y° — ¢).

3: For k=0,1,...

4: Step 1. s*! = arg Igin {f2(s) + (n*, Bas) + 5| Bas||*}.
s€

5: Step 2. wFtl = pkF 4 g Byskt,

6: Step 3. y*t!l = argr;nn {fi(y) + (0" + 20Bys" 1, B1y — ¢) + || Bry — c||*}.
ye

7. Step 4. 2FT1 = 0¥ + o (Biy*t! — ¢) 4 20 Bash L.

8: Step 5. v =¥ + 20 (Byy*t! + ByshT — ¢).

9: Step 6. nFt! = ﬁ_QnO + ﬁ—j_%vkﬂ.

In Algorithm 3, if we define
= gt _ (Bt — ), VE >0, (20)

we can discard the sequences {n*}2%,, {w*}3°,, and {v*}?2,. This leads to Algorithm 4.
We show the equivalence of Algorithm 2, Algorithm 3, and Algorithm 4 in Proposition 7.

Algorithm 4 An HPR algorithm for solving two-block convex optimization problem (17)

1: Input: y° € dom(f1), 2° € X, and o > 0.

2: Initialization: 2V :

3: For k=0,1,...

4: Step 1. s**! = argmin {Lg(yk,s;:fsk)}.
SEZ

= $0.

5: Step 2. 2FtE = gk +O'(Blyk 4 Byskt! — c).

6: Step 3. y**! = argmin {La(y, sk, x’“*%)}
yeY

7: Step 4. zFtl = s 4 o (Bry* ! + Bysktl — ¢).
8: Step 5. zFtl = (Tbiﬂo n %xkﬂ) + 2 [(Biy® — o) — (Biy+ — o).

Proposition 7 Suppose that Assumption 1 and Assumption 2 hold. Then all the subprob-
lems in Algorithm 3 and Algorithm 4 are solvable. Take M i(w) = O(ff o (—B7))(w) + ¢
and My(w) = 0(f5 o (—B3))(w). The following statements hold:

14
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1. With the same initial point n° and penalty parameter o, Algorithms 2 and 3 generate
the same sequence {wk,xk,vk,nk}zozl.

2. With the same initial points y° € dom(f;) and 2° € X and penalty parameter o,
Algorithms 3 and 4 generate the same sequence {s*, yk,xk}zozl.

Proof See Appendix D. |

Now, we prove the convergence of Algorithm 4 for solving the optimization problem
(17).

Corollary 8 Assume that Assumption 1 and Assumption 2 hold. Let {yk,sk,azk}?’:l and
{:%k, xk+%}2‘;0 be the sequences generated by Algorithm 4. Then, we have

1
vyt st a2 s, 2 oot and 2 — 2,

where (y*,s*) is a solution to the problem (17) and x* is a solution to the problem (18).

Proof

Assumption 1 ensures that the KKT system (19) has a solution (Rockafellar, 1970, Corol-
lary 28.2.2). By Proposition 7 and Corollary 5, the corresponding sequences in Algorithm 3,
initialized with n° = 2% + o(B1y° — ¢), satisfy n*, v¥ — n* and w*, 2* — 2*.

Denote fg(s) := fa(s) + || Bzs||?, which is strongly convex by Assumption 2. Its con-
jugate f/’;* has a continuous gradient (Rockafellar, 1970, Theorems 25.5 and 26.3), and the
s-subproblem gives (Rockafellar, 1970, Theorem 23.5)

sFT = VI (—Bin*), Vk>o0.
Hence s¥ — s*. The same argument applied to the y-subproblem yields 3* — 3*, since
n* 4 20 Bos*t! converges. Algorithm 3 also gives

BlykJrl +BQSk+1 o= v

N O, _ngk+1 e af2(8k+1)’ _Brkarl e 8f1(yk+1).
Taking limits and using the closedness of the subdifferential graphs (Rockafellar, 1970,
Theorem 24.4) shows that (y*, s*, z*) satisfies the KKT system (19). Finally, the multiplier
updates in Algorithm 4 imply &*, aF+s x*, completing the proof.

|

Remark 9 Assumption 2 ensures the solvability of the subproblems of Algorithm 4 and is
sufficient for the convergence of the sequence {(y*,s*)}x>1. Assumption 2 holds automati-
cally if either B; is injective or f; is strongly convex (for i =1,2). Han et al. (2018) gives
an example where the sufficient conditions just mentioned fail to hold, but Assumption 2
can still hold.
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3.2 Iteration Complexity Analysis

In this subsection, we analyze the iteration complexity of Algorithm 4 for solving the opti-
mization problem (17). Given the sequence {y*, s*}2° | generated by Algorithm 4, define

B, = () + fa(s) — Fuly) — fals™), V> 0, (21)
where (y*, s*) is the limit point of the sequence {y¥, s} . Define
dp (w) == fi{(=Bjw) + (w,c) and dyf,(w):= fy(-Bw), YweX.
We first prove the following lemma before we establish the iteration complexity of the HPR.

Lemma 10 Suppose that Assumption 1 and Assumption 2 hold. Take Mi(w) = I(ff o
(=B7))(w) + ¢ and Mo(w) = d(f3 o (—Bj))(w). Let {y*, sk}2 | be the sequence generated
by Algorithm 4 and the sequence {wk, z*, v*, nk}zo:l be generated by Algorithm 3 with n° :=
2% + o(B1y° — ¢). Then, we have for all k > 0,

Aoh(y* ) = —do (dp, (25 + dpy () = dyy (') = dpy ("))

(22)
+ an _ Uk+1||2 + 2<77k _ Uk+1,vk+1>.
Moreover, the following bounds hold for all k > 0:
doh(y™* s <l — (" —w®) [P = 0" = (" =) |, (23)
and
h(yk+17 5k+1) > <Blyk+1 + B25k+1 — G, _w*>7 (24)
where n* = HFiX(TER)(T]O) and w* = Jsnr, (7).
Proof See Appendix E. |

Now, we are ready to prove the convergence rate of the HPR algorithm for solving the
optimization problem (17).

Theorem 11 Suppose that Assumption 1 and Assumption 2 hold. Take Mi(w) = O(ff o
(=B7))(w) + ¢ and Ma(w) = 8(f; o (—B3))(w). Let {y*1, sFT1 k1120 " be the sequence
generated by Algorithm 4. Let (y*,s*,x*) be the limit point of {(y**!, sk*1, xkﬂ)}zozo. Then
for all k > 0, we have the following bounds:

1 o||Bi| +1
R(FL k1 k1Y) < 2
RO, 4 ) <

Moreover, we have for k > 0 that

h(yF+, sF1) > T ( (|]2° = 2*|| + o || B1y® — By H)>

L (a0~ o Bl - ] ) (29

(o2
and )
W4 < gy (e =l ol By’ = Byl

x ([2° = 2| + ol Biy® — Buy*|| + [l«*])) -

16
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Proof Consider the corresponding sequence {w*, v¥, 77"‘}20:1 generated by Algorithm 3 with
7Y = 2% + o(B1y® — ¢). By Corollaries 5 and 8 and Proposition 7,

* *

nt = HFix(T}:R)(UO) =z +o(By* —o¢), w'=x".

By the Halpern residual bound (Lieder, 2021, Theorem 2.1), for every k > 0,

2[n° —n*|
b+t — g < 2L (26)
Hence, Algorithm 3 yields
=t =l
B k+1 B k+1 - — ||U 77 < ) 2
[Biy/ 1+ Bst1 = off = W < B (21)

The subproblem optimality conditions and multiplier updates also give

~Bia"tt e afi(y* ), —Biuwhtl € afa(stHY),

xk-&-l _ wk-{-l — O'(Blyk—H + stk—l-l _ C).
Therefore, by the nonexpansiveness of Proxy, and the definition of R,

IR, s M| < (0]l B3| + 1)[[Biy™* + Bas™ — ¢
(@l B3l + Dlin" — n*|

= o(k+1)

For the objective bounds, nonexpansiveness of TER and the convex-combination update for
n* imply, by induction, that

[F =" <l =" < I =¥, k>0, (28)

Using (23), the difference-of-squares identity, and (26), we obtain

1 * *
h(yk+175k+1) < = <nk 4okt 20" — w )mk o Uk+1>
(I =l + ll=*Dln° = n*||

o(k+1) '

<

Similarly, (24) and (27) give

* 0 _ %
B 51 > [zl {]7° =~ ||

- o(k+1)
The stated bounds then follow from

In° =0 = l|2°® = 2* + o(Bry’ — Biy")| < |2° — 2*|| + 0| Buy® — Biy*||.
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Remark 12 The non-ergodic O(1/k) convergence result stated in Theorem 11 was estab-
lished in the initial version of this manuscript in 2022. This result further motivated the
subsequent development of the more general Halpern-accelerated pADMM framework in Sun
et al. (2025). In particular, Sun et al. (2025) extends the HPR scheme considered here to
a more general semi-prozimal framework. Specifically, in the notation of Sun et al. (2025),
setting T = 0, T = 0, o = 2, and p = 2 in Algorithm 3.1 recovers the HPR scheme
considered in this paper. Accordingly, the non-ergodic convergence rates in Theorem 11 are
a specialization of (Sun et al., 2025, Theorem 3.7(a)) to the case without proximal terms.

Remark 13 Here, we make some remarks.
1. We emphasize that | Bs|| is the spectral norm of By and ||Bi|| =1 for the WBP.
2. Under Assumption 1, if all the subproblems in Algorithm 4 are solvable, the O(1/k)
bounds in Theorem 11 remain valid without Assumption 2. Indeed, for
nt = HFix(T}ZR)(UO)a ¥ =Jonm, (),
the subdifferential chain rule under (A1.1) yields a primal solution (y*,s*) satisfying
n* =a" +o(Biy* —c).

Thus, the proof of Theorem 11 applies to this primal—dual solution without requiring
convergence of {(y*, s*)}.

3.3 A Fast Implementation of the HPR for Solving the WBP

In this subsection, we present a fast implementation of the HPR for solving the WBP.
In particular, we show that, for the WBP, all subproblems of the HPR have a closed-form
solution. We also analyze the per-iteration computational complexity of the HPR for solving
the WBP. An HPR algorithm for solving the linear programming problem (7) is presented
in Algorithm 5, which is a direct application of Algorithm 4.

Algorithm 5 An HPR algorithm for solving the dual linear program (7)

Input: 20 € RN, y® ¢ R and o > 0.

Initialization: 29 := 20, 50 := ¢ — A*y".

For k=0,1,...

Step 1. Compute s*+1 = IIx (c — A*yF — :i:k/a) .

Step 2. Compute ahs =gk 4o (sPT1 + A*yF — ).

Step 3. Compute y**! by applying Algorithm 1 to solve the following linear system:

AA*y =b/o — A(CL‘IH_%/O' + s —¢). (29)

ESd

7. Step 4. Compute zF+1 = gtz 4+ (s 4+ A*yhtt — )

o
8: Step 5. Compute #F ! = (L:%O + i—gackﬂ) + 55 (A% —¢) — (Aryktl — )]
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Now, we are ready to present the per-iteration computational complexity O(m Zthl me)
of Algorithm 5 in the following lemma. This implies that the per-iteration computational
complexity of the HPR algorithm is comparable to that of the IBP algorithm (Benamou
et al., 2015) for solving the WBP.

Lemma 14 The per-iteration computational complezity of Algorithm 5 in terms of flops is
26m Z?:l my + O(T'm + Zle my).

Proof The computational complexity of iteration k (for any k& > 0) of Algorithm 5 can be
summarized as follows:

Step 1. Since s**1 := g (c — A*y* — 2% /o) = max(0,c — A*y* — 2% /o), and the matrix
A has 2m—1) Zthl m¢ 4+ T (m — 1) +m non-zero entries, the complexity for updating s**!
is Tm S my + O(Tm + Y1 my).

Step 3. The complexity of forming R = (b/a - A(xl”%/a + skt — c)) is 6m Zthl me+

O(Tm + Y1, m;) due to the structure of A. From Proposition 2, we know that the com-
plexity for solving the equation AA*y = Ris O(Tm+ ZtT:l my¢). Therefore, the complexity
of Step 3 is 6m >_[_, my + O(Tm + S [_, my).

Steps 2, 4, and 5. A direct calculation shows that the complexity of these three steps is
1Bm Y m + O(Tm + S my).

Summing them up, we know the per-iteration computational complexity of Algorithm
5 in terms of flops is 26m Y 1_ my + O(Tm + Y1, my). [ |

Now, we can obtain the overall computational complexity of the HPR, for solving the
WBP.

Theorem 15 Let {4, s*, :L‘k}iozo be the sequence generated by Algorithm 5. For any given
tolerance € > 0, any integer k > 0 satisfying

e e R R R ) I

e\ o
is sufficient for HPR to return an iterate for the WBP such that

IR(yF, 85 am )| < e,

where (x*, %) is the limit point of the sequence {x*, sk}z‘;o. In particular, the overall com-
putational complezity of HPR to achieve this accuracy in terms of flops is

(57 ot ) ),

2 9

Proof Since By = I, it follows from Theorem 11 that, for the linear program (7), we have

HR(ka,SkH,iﬁkH)H < ol ( UU (H:J:O - H +o Hso - s H)) , Vk>0.
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Therefore, |R(yF*1, sF+1 ok 1) < e if

e e R e ) |

9 g

According to Lemma 14, the per-iteration computational complexity in terms of the flops
of the HPR algorithm for solving the WBP is O(m Zthl my¢). The overall computational
complexity of HPR to achieve this accuracy in terms of flops is

o (“2% 1 - ol ) mEEL).

9

This completes the proof. |

Remark 16 Actually, we can reformulate the primal LP model of the WBP (4) equivalently

as
mingepy ery ({6, 7) + 0K (2)) + da(z2)
s.t. r—2z2=0,

(30)

where &q is the indicator function of the set Q := {z € RN | Az — b = 0}. Since the
optimization problem (30) is in the form of (17), the HPR algorithm can be applied to solve
it. A key step in the HPR algorithm for solving (30) is to compute the projection of a given
point Z € RN onto the set Q, which is given by

o(3) = 2 — A*(AA*)"1(AZ - b).

The projection I1g(Z) can be efficiently computed by applying Algorithm 1. As a consequence,
we can also obtain the O((m Zthl my¢)/e) computational complexity of the HPR algorithm
for solving the WBP in terms of the primal objective function value gap. In this paper, we
prefer to apply the HPR algorithm to solve the dual problem (7) partially because it can be
more memory efficient.

Remark 17 (Extension to the free-support case) For the free-support WBP (2), the
barycenter support locations Q° are also decision variables, and the resulting problem is
generally nonconvezr. A standard strategy is alternating minimization (Cuturi and Doucet,
2014; Ye and Li, 2014; Ye et al., 2017; Yang et al., 2021; Ge et al., 2019): with Q° fized,
one solves the fived-support WBP (3); with the transport plans {X'}L_, and barycentric
weights a€ fized, the support locations are updated by solving a simple quadratic minimization
problem. The main computational bottleneck is the repeated solution of the fixed-support LP
subproblem, which can be expensive for large-scale instances. The HPR method developed in
this paper is designed for this challenging subproblem and can serve as an efficient subroutine
in free-support barycenter algorithms.

4. Numerical Experiments

In this section, we present the numerical performance of the HPR algorithm for solving the
WBP with fixed supports on both synthetic and real data sets. We use the 2-Wasserstein
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distance in all our experiments. We compare the performance of the restarted implemen-
tation of HPR algorithm with the fast-ADMM, IBP (Benamou et al., 2015; Schmitzer,
2019), the commercial software Gurobi, and the tailored interior-point method MAAIPM
(Ge et al., 2019). All the numerical experiments in this paper are obtained by running
MATLAB R2022a on a desktop with Intel(R) Core i7-10700HQ CPU @2.90GHz and 32GB
of RAM.

4.1 Implementation Details

We use Algorithm 1 to solve the linear systems arising in ADMM and refer to the resulting
method as fast-ADMM. For HPR and fast-ADMM, we use the following stopping criterion
based on the relative KKT residual:

16— Az|| |[min(z,0)]] [|A"y+s—c| |ls—Tx(s —2)]
Lol ™ T+flell " T+l +llsll ™ 1+ [l + sl

KKT,es = max{ } <1075, (31)
In our implementation, this residual is checked every 50 iterations. For ADMM, we follow
Chen et al. (2021), where the dual step size v can be chosen from (0,2). Based on our
numerical tests, we set v = 1.9 as the default value for fast-ADMM.

In the numerical experiments below, we use a restarted implementation of HPR, referred
to as restarted HPR. The restart strategy resets the Halpern anchor to the latest iterate
and is described, together with an ablation study and further discussion, in Appendix F.
We also consider a hybrid method, called restarted HPR-hybrid, which uses fast-ADMM in
the early stage and switches to restarted HPR afterward:

Run fast-ADMM, if £ <800 and KKTyes > 2 x 1074,
Run restarted HPR, otherwise,

where k denotes the iteration number.

For IBP, the regularization parameters are chosen from {0.01,0.001} for the synthetic
data sets and {0.01,0.001,0.0005} for real data sets, respectively. If sample distributions
share the same ground cost {D(P¢, P!)}L_;, then we run the IBP implemented in the POT
toolbox,! which is a standard and highly efficient numerical solver for the WBP. Otherwise,
we use the MATLAB code of the IBP implemented by Yang et al. (2021). For convenience,
we call them POT and IBP, respectively. When the regularization parameter is less than
0.01, we will run both the IBP and its stabilized version simultaneously, and will only report
the faster results in terms of running time. We adopt the default stopping criteria in the
POT and IBP and set Toljgp = 1075.

In this paper, we compare with the interior-point method (IPM) in Gurobi v9.50 with
an academic license. We use the default stopping criteria with tolerance 1079, and disable
presolve and crossover, since IPM was the most efficient Gurobi method in our tests, presolve
did not improve performance, and no basic solution was needed. For MAAIPM, we use the
fixed-support implementation in Ge et al. (2019) with the primal-dual gap tolerance 5x 1075
adopted in that work. We also tested using the relative KKT residual (31) as the stopping
criterion for MAAIPM, but this can terminate the method after only a few iterations while

1. The POT toolbox is available at https://pythonot.github.io.
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the primal-dual gap remains large. Therefore, for MAAIPM, the KKT residual is reported
only as an evaluation metric for the returned solution, not as the stopping rule.

We set the maximum number of iterations as 10000 for all algorithms. The maximum
running time (for each run) of all algorithms is set to be one hour. For the evaluation
of the quality of the solution, we report the KKT, for Gurobi, MAAIPM, fast-ADMM,
restarted HPR, and restarted HPR-hybrid. To compare with IBP, we will use ’relative
obj gap’ and 'relative primal feasibility error’. Specifically, 'relative obj gap’ stands
for the relative objective value gap which is defined by

S (DXt = L, (D! X))

relative obj gap: = T
S (DX +1

(32)

where (Xl, e ,XT) is the solution obtained by the algorithm, (Xé, e ,Xg) denotes the
solution obtained by Gurobi, and D! = w;D (PC,Pt) , t=1,...,T. “relative primal
feasibility error” denotes the value of

e { =], Lo, 0)
ax , .
N R P

4.2 Experiments on Synthetic Data

We generate synthetic fixed-support WBP instances following Yang et al. (2021). The sup-
port points of {P!}L; are sampled from a Gaussian mixture distribution, while both the
distribution weights and the barycentric weights are sampled from the uniform distribution
on (0,1) and then normalized. The barycenter support is obtained by applying k-means
to all generated support points. The cost matrices are computed using squared Euclidean
distances and normalized so that their maximum infinity norm equals one. Further de-
tails are provided in Appendix G. Since these random instances generally do not satisfy
D(P¢,PY) = ... = D(P¢,PT), POT is not applicable and is therefore omitted. In all exper-
iments of this subsection, we set d = 3 and my = --- = mp = mqy, and report the average
results over 10 independent trials for each triple (T, m,m;).

The moderate-scale synthetic-data results are summarized in Table 3. We highlight sev-
eral observations. First, both fast-ADMM and the HPR implementations employ the exact
linear-time solve in Algorithm 1. Relative to fast-ADMM, the HPR-type methods generally
require fewer iterations and less running time while attaining comparable KKT residu-
als. Compared with fast-ADMM,? restarted HPR reduces the average iteration number by
about 47% and the average running time by about 44% over the tested instances. These
results indicate a constant-factor improvement in empirical performance over the tested in-
stances, while the difference in the worst-case convergence rates does not directly translate
into a corresponding runtime advantage. In particular, fast-ADMM is slightly faster for
(m,my, T) = (800, 100, 100), taking 25.96 s compared with 27.76 s for restarted HPR. This
observation provides further motivation for the restarted HPR-hybrid strategy. Indeed,

2. We also tested sGS-ADMM (Yang et al., 2021). In our tests, to obtain solutions of comparable quality,
sGS-ADMM requires about 20%—-30% more iterations than fast-ADMM, and its per-iteration time is
about 70% longer.
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restarted HPR-hybrid further improves the practical performance by using fast-ADMM as
a warm start before switching to restarted HPR; on average, it reduces the running time of
restarted HPR by about 16%. Second, compared with IBP, fast-ADMM, restarted HPR,
and restarted HPR-hybrid obtain much smaller relative objective gaps under comparable
primal feasibility errors, although IBP can be faster when a larger regularization parameter
is used. Finally, MAAIPM is competitive on several moderate-size instances, but appears
less robust on some randomly generated cases. In particular, among the ten independent
trials, MAAIPM produces four runs with KKT residuals exceeding 5x 10~°, with the largest
residual being 1.705 x 10~* for (m, my, T) = (100, 100, 800).

Note that Table 3 reports the restarted HPR and restarted HPR-hybrid implementa-
tions, which are not directly covered by Theorem 11. The theorem establishes a non-ergodic
O(1/k) rate for unrestarted HPR with a fixed anchor, which provides a theoretical basis
for HPR between restarts. Further discussion of the restart implementation, its numerical
effect, and its connection to linear convergence is provided in Appendix F.

In addition, Figure 1 reports the wall-clock histories of the relative objective gap and
relative primal feasibility error on the synthetic instance (m,m;, T') = (100, 100, 100). Each
method uses the stopping settings specified for it in Section 4.1. Fast-ADMM, restarted
HPR, and restarted HPR-hybrid steadily reduce both measures, with restarted HPR-hybrid
showing the best overall performance. In contrast, IBP is sensitive to the regularization
parameter and yields larger objective gaps. Moreover, MAAIPM effectively reduces the
objective gap, but its relative primal feasibility error is nonmonotone and temporarily dete-
riorates. A possible explanation is the accumulation of finite-precision errors when solving
the linear systems via matrix inversions; such errors may be more visible in the reported
feasibility residual because the MAAIPM implementation, based on a feasible interior-point
framework, does not include an additional refinement procedure.

To further evaluate scalability and illustrate the practical impact of the complexity
advantage discussed in Remark 3, we conduct two additional experiments in Figure 2,
focusing on MAAIPM and the two HPR-type methods. In Figure 2(a), we fix T'= 100 and
vary m = my; € {200,400,800,1600}. The advantage of the HPR-type methods becomes
increasingly clear as the support size grows; when m = m; = 1600, restarted HPR and
restarted HPR-hybrid are about 3.59 and 4.59 times faster than MAAIPM, respectively.
In Figure 2(b), we fix m = 50 and m; = 10 and vary T' € {10000, 20000, 40000, 80000}.
The HPR-type methods scale much better with respect to T'; when T" = 80000, restarted
HPR and restarted HPR-hybrid are about 12.97 and 13.00 times faster than MAAIPM,
respectively. These results are consistent with the complexity discussion in Remark 3: by
exploiting the special structure of the linear system arising in our formulation, the HPR-type
methods admit a linear-time solution procedure with complexity O(Tm+2f:1 my), whereas
MAATPM solves more general iteration-dependent linear systems with higher per-iteration
complexity. Moreover, restarted HPR and restarted HPR-hybrid consistently attain KKT
residuals around 10~°, whereas MAAIPM yields noticeably larger residuals in several large-
scale cases.
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moome T Guobi MAAIPM fast-ADMM Rl anel o B Soon
KKT;es
100 100 100 1.73E-07 1.82E-06 9.87E-06  9.88E-06 9.86E-06 - -
100 100 200 1.40E-07 2.46E-06 9.91E-06 9.87E-06 9.89E-06 - -
100 100 400 1.50E-07 2.10E-06 9.93E-06 9.87E-06 9.91E-06 - -
100 100 800 1.72E-07 1.97E-05 9.94E-06  9.82E-06 9.90E-06 - -
200 100 100 2.22E-07 8.44E-06 9.87TE-06  9.87E-06 9.76 E-06 - -
400 100 100 1.43E-07 2.02E-06 9.88E-06  9.93E-06 9.85E-06 - -
800 100 100 1.23E-07 1.52E-05 9.89E-06 9.90E-06 9.80E-06 - -
100 200 100 2.12E-07 6.97E-06 9.89E-06  9.90E-06 9.84E-06 - -
100 400 100 6.00E-08 2.19E-06 9.92E-06 9.84E-06 9.81E-06 - -
100 800 100 3.16E-08 3.01E-06 9.90E-06  9.80E-06 9.39E-06 - -
Relative objective gap
100 100 100 0 4.98E-05 8.41E-06  3.54E-05 6.37E-05 3.29E-01 1.60E-02
100 100 200 0 5.64E-05 1.62E-05  4.85E-05 7.22E-05 4.11E-01 1.92E-02
100 100 400 0 5.57E-05 1.29E-05  4.69E-05 7.24E-05 4.81E-01 2.23E-02
100 100 800 0 6.33E-05 1.77E-05  5.24E-05 6.98E-05 5.34E-01 2.40E-02
200 100 100 0 4.79E-05 1.71E-05  5.89E-05 8.68E-05 3.61E-01 2.32E-02
400 100 100 0 5.37E-05 3.23E-05 6.09E-05 1.13E-04 3.80E-01 3.10E-02
800 100 100 0 5.65E-05 3.94E-05 8.24E-05 1.82E-04 4.10E-01 4.06E-02
100 200 100 0 4.31E-05 1.39E-05  7.28E-05 1.10E-04 3.77E-01 1.56E-02
100 400 100 0 4.72E-05 1.78E-05 1.10E-04 1.66E-04 4.20E-01 1.77E-02
100 800 100 0 5.21E-05 2.52E-05 1.43E-04 2.04E-04 4.37E-01 1.75E-02
Iterations
100 100 100 39 30 4635 2110 1580 190 3060
100 100 200 54 31 5208 2292 1670 200 4220
100 100 400 48 37 5785 2530 1855 210 6120
100 100 800 45 40 6318 2612 1975 210 7530
200 100 100 49 38 4122 2375 1640 200 2110
400 100 100 51 48 3838 2725 1745 200 1490
800 100 100 55 67 3688 3080 2000 170 1270
100 200 100 36 25 4488 1978 1585 200 2440
100 400 100 47 27 3905 1765 1470 200 2400
100 800 100 49 27 3260 1648 1448 210 2070
Relative primal feasibility error
100 100 100 1.76E-09 8.25E-07 9.87E-06  9.88E-06 9.07E-06 5.89E-08 5.71E-07
100 100 200 1.70E-09 1.45E-06 9.90E-06  9.87E-06 8.74E-06 3.57E-08 6.65E-07
100 100 400 1.07E-09 1.81E-06 9.92E-06 9.87E-06 9.00E-06 3.50E-08 6.84E-07
100 100 800 3.88E-09 1.85E-05 9.94E-06 9.76E-06 8.98E-06 2.09E-08 1.16E-06
200 100 100 1.54E-09 8.11E-06 9.87E-06  9.86E-06 8.77TE-06 1.41E-09 4.88E-07
400 100 100 1.57E-09 2.02E-06 9.88E-06 9.93E-06 9.08E-06 1.78E-09 3.27E-07
800 100 100 1.57E-09 1.52E-05 9.89E-06  9.90E-06 8.92E-06 6.39E-08 2.70E-07
100 200 100 1.52E-09 6.85E-06 9.89E-06 9.86E-06 8.99E-06 2.69E-09 5.67E-07
100 400 100 1.37E-09 2.02E-06 9.92E-06 9.61E-06 8.86E-06 4.19E-09 5.22E-07
100 800 100 2.62E-12 2.98E-06 9.90E-06 9.77E-06 8.39E-06 7.86E-10 4.20E-07
Time (s)

100 100 100 7.33 2.72 3.78 1.72 1.50 0.99 16.28
100 100 200 23.23 5.57 10.80 4.85 4.02 2.20 46.62
100 100 400 40.71 13.01 26.57 11.78 9.89 4.59 130.67
100 100 800 70.43 28.49 60.29 25.07 21.77 8.71 310.59
200 100 100 20.20 7.86 8.47 4.94 3.93 2.17 22.91
400 100 100 44.74 18.24 17.07 12.21 8.92 4.20 31.32
800 100 100 202.25 56.62 25.96 27.76 16.96 6.97 51.68
100 200 100 12.77 3.92 9.05 4.07 3.77 2.05 24.66
100 400 100 34.27 7.49 17.20 7.99 7.53 4.16 49.90
100 800 100 22491 14.15 29.89 15.31 15.23 8.68 85.93

Table 3: Numerical results on Gaussian mixture distributions. The stopping criteria for all methods are
specified in Section 4.1. In particular, MAAIPM is terminated with a primal-dual gap tolerance of
5 x 107°, whereas fast-ADMM, restarted HPR, and restarted HPR-hybrid are terminated with a
relative KKT residual tolerance of 107°.
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(m, m,, T) = (100, 100, 100)
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—&— restarted HPR ~ —0— MAAIPM —+— [BP(0.001)

Figure 1: Wall-clock histories of the relative objective gap and relative primal feasibility error on the syn-
thetic instance (m,m, T) = (100, 100, 100). The stopping criteria for all methods are specified in
Section 4.1. In particular, MAAIPM is terminated with a primal-dual gap tolerance of 5 x 107>,
whereas fast-ADMM, restarted HPR, and restarted HPR-hybrid are terminated with a relative
KKT residual tolerance of 107°.
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200 400 800 1600
m=m;
KKTres
restarted restarted
m=my MAAIPM HPR HPR-hybrid
200 2.47E-06 9.89E-06 9.88E-06
400 2.07E-06 9.90E-06 9.91E-06
800 7.80E-05 9.94E-06 9.83E-06
1600 3.48E-06 9.93E-06 9.85E-06
(a) m = my varies with "= 100
1200 +|—0— MAAIPM
—4A—  restarted HPR
@ 200 L|—0— restarted HPR-hybrid |
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£
T 400 F .
0 N A —
10000 20000 40000 80000
T
KKTres
restarted restarted
T MAAIPM HPR HPR-hybrid
10000 2.75E-04 9.88E-06 9.83E-06
20000 3.13E-03 9.84E-06 9.81E-06
40000 2.62E-03 9.86E-06 9.82E-06
80000 1.98E-04 9.89E-06 9.81E-06

(b) T varies with m = 50, m; = 10

Figure 2: Large-support and large-T scalability comparisons on Gaussian mixture distributions. MAAIPM
uses a primal-dual gap tolerance of 5 x 10™°, whereas restarted HPR and restarted HPR-hybrid
use a relative KKT residual tolerance of 107°.
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4.3 Experiments on Real Data

We further evaluate restarted HPR and restarted HPR-hybrid on three real data sets:
MNIST (LeCun et al., 1998), COIL20 (Nene et al., 1996), and Yale Face B (Georghi-
ades et al., 2001). For MNIST, we construct one WBP instance for each digit 0,...,9 by
randomly selecting 50 images and resizing them to 56 x 56. For COIL20, we use three
representative objects, Car, Duck, and Pig, each with 10 images resized to 64 x 64. For
Yale Face B, we use two subjects, YaleB01 and YaleB02, and randomly select 5 images for
each subject, resized to 96 x 84. All images are normalized so that their pixel values sum
to one. The cost matrices are generated in the same way as in Subsection 4.2, and the
barycentric weights are set uniformly, i.e., w; = 1/T for ¢t = 1,...,T. Table 4 summarizes
the resulting problem dimensions.

Since Gurobi runs out of memory on these real-data instances, a Gurobi-based rela-
tive objective gap is not available. POT is included only as an entropy-regularized visual
benchmark, since it does not directly provide the primal-dual variables needed to compute
the KKT residual of the original unregularized LP. We omit fast-ADMM and MAAIPM
from the real-data comparison because the synthetic experiments already provide controlled
residual-based comparisons: restarted HPR-hybrid is consistently faster than fast-ADMM,
and Figure 2(a) shows that MAAIPM becomes less competitive as the support size grows.
Thus, the real-data experiments focus on the practical barycenter quality and running time
of the proposed HPR-type methods on large image instances.

For MNIST, Figure 3 visualizes the Wasserstein barycenters obtained by POT and the
HPR-type methods after 50 s and 100 s, respectively. The time-budgeted comparison shows
that restarted HPR and restarted HPR-hybrid produce clear and smooth barycenters within
a fixed computational budget. In particular, their visual quality is comparable to that of
POT with a regularization parameter 0.001, while avoiding the regularization bias inherent
in entropy-based methods.

For the COIL20 and Yale Face B data sets, we first use POT to compute benchmark
barycenters. Among the tested POT settings, the regularization parameter 0.0005 yields
the best visual results, whereas smaller parameters lead to numerical errors in the IBP im-
plementation even with stabilization. We therefore focus on restarted HPR and restarted
HPR-hybrid, and examine how these unregularized methods improve the barycenter quality
as the iteration budget increases. The results are shown in Figures 4 and 5, and the corre-
sponding computational times for fixed iteration budgets of 100, 200, and 300 are reported
in Table 5. The figures show that restarted HPR and restarted HPR-hybrid progressively
improve the visual quality and produce barycenters that are visually competitive with the
POT benchmark within 300 iterations. Table 5 further shows that the HPR-type methods
achieve these results within practical running times. In particular, restarted HPR-hybrid
with 300 iterations is comparable to or faster than POT on most instances.
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Data set m m T
MNIST 3136 3136 50
Car 4096 4096 10
Duck 4096 4096 10
Pig 4096 4096 10
YaleB0O1 8064 8064 5
YaleB02 8064 8064 5

Table 4: Summary of real data sets.

50 s
e (O 1|23 |9 |S5|6|7/8|9
Tk (o [2]3]9|s|6|7]e]|9
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100 s
ated 1ol 1|23 |9 |S|6|7]8|9
W ol1]a|3]¢ 56|70
et IR AR AR ISR AR AR AR AR
ooy | O 1|2|3|9|5|6|7 8|9

Figure 3: Barycenters obtained by POT and the HPR-type methods for 50 s and 100 s, respectively.
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Figure 4: Barycenters obtained by POT and the HPR-type methods on the COIL20 data set for the 100th,
200th, and 300th iterations.

POT

(0.0005) restarted HPR restarted HPR-hybrid
iter - 100 200 300 100 200 300
Car 44.59 5.48 10.81 16.09 4.14 9.17 14.65
Duck 48.89 18.87 37.69 56.18 14.30 34.28 52.75
Pig 33.25 11.93 23.80 35.61 9.02 21.79 34.03
YaleB01 164.62 36.74 72.73 107.86 33.47 71.07 107.37
YaleB02 153.86 36.74 73.03 109.23 33.87 70.14 109.73

Table 5: Computational time of POT and the HPR-type methods for computing Wasserstein barycenters
on the COIL20 and Yale Face B data sets under fixed iteration budgets. Unit: seconds.
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Figure 5: Barycenters obtained by POT and the HPR-type methods on the Yale Face B data set for the
100th, 200th, and 300th iterations.

4.4 Summary of Experiments

The numerical results show that the HPR-type methods are effective for the large-scale LPs
arising from WBPs. On synthetic data, restarted HPR-hybrid is substantially faster than
Gurobi on larger instances and scales favorably compared with MAAIPM. On real data, the
HPR-type methods avoid the regularization sensitivity of IBP-type methods and produce
high-quality barycenters within practical time or iteration budgets. Overall, restarted HPR-
hybrid is a competitive choice when high accuracy and stable visual quality are desired.

5. Concluding Remark

In this paper, we study and implement an efficient HPR, algorithm for solving the WBP.
The HPR algorithm enjoys an O(1/e) non-ergodic iteration complexity with respect to the
KKT residual, which is widely used as a practical stopping criterion for primal-dual al-
gorithms. We also present a linear-time procedure, in terms of the linear-system size, for
solving the structured linear system arising in the HPR subproblem. This linear system
can be viewed as a dual representation of an affine projection that is a coupled extension of
Romero’s classical OT projection formula. Consequently, HPR achieves an O(Dim(P)/e)
computational complexity in terms of flops for obtaining an e-optimal solution measured
by the KKT residual, where Dim(P) denotes the number of variables in the LP formula-
tion. Numerical experiments on synthetic data sets and real image data sets demonstrate
the practical efficiency of the restarted HPR implementation for computing Wasserstein
barycenters.
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In the future, we will develop a highly efficient GPU solver based on the HPR algorithm
for solving the WBP and OT. It has been shown that the proposed efficient procedure
for solving the linear system can directly benefit the ADMM algorithm. We note that
Gongalves et al. (2017) proposed a dynamic regularized ADMM algorithm that enjoys a
non-ergodic iteration complexity of O(e~!log(1/¢)) in terms of the KKT residual. We will
further study how to extend the proposed procedure to solve the subproblems of the dynamic
regularized ADMM algorithms for solving the WBP. As an open research question, we will
further investigate other acceleration techniques to see whether it is possible to design a new
algorithm to solve the WBP with a better computational complexity than O(Dim(P)/¢).
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Appendix A. The Proof of Proposition 1

Proof The first and last block rows of (10) give (12) and (13). If m = 1, the y, blocks are
empty and these two formulas complete the proof. For m > 1, substituting them into the
tth middle block row yields

T
1
<Imfl - Elm—ll;_1> (mtyé + Zy§> = Ré —

s=1

1;tR'i — R3
m

1-1.

Since ) .
<Im—1 - Elm—ll;;fl) =Im—1+ lm—llq—frnfly

applying this inverse and using 1;_1 1,1 =m—1 gives
T
meyh + > ys = R+ (1;_1}25 —1) R+ R3) Lo =gb  t=1,...,T.
s=1

Dividing these identities by m; and summing over ¢ gives

T T T it
(12 )om=
t=1 s=1 t=1

Hence
T T it
= 2 ~a
Z y; =m Z — =Y,
s=1 =1 "
and substitution into myh + 25:1 ys = 94 yields (11). Together with (12) and (13), this
proves the stated formula. Uniqueness follows from the full row rank of A. |
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Appendix B. Primal Projection Formula for the WBP

The primal projection associated with Proposition 1 is a coupled extension of Romero’s
classical projection formula for the OT problem (Romero, 1990). Let

Q:={z RV : Az = b}, z = (vec(Y');...;vec(YT);a),

where Y! € R™*™t and a € R™. The Euclidean projection of Z onto € is equivalently
obtained by solving

T

1 1

min = XYY % + < |la“ —al?

i, 5 DI gla—al

s.t. (Xt)Tlm =al, X'1,,, = a t=1,...,T,
1) a%=1.

For a fixed shared marginal a; each transport block is exactly the classical OT projection
of Romero (1990); see Appendix C. Hence, for t =1,...,T,

1 + 1 TN T LI YR,, -1 o
Xt =yt + E(ac — Y )1+ Elm (@' — (vHT1,) " + %17711%_ (33)
Moreover, Romero’s formula gives

Ja® = V'L | fla’ = (V) Tl (15 L, = 1)
my m mmy '

X7 - ¥Y3 =

Since the last two terms are independent of a®, determining the common marginal reduces

to .
- Y1, |7
min {||a—a\|2+z’amt”}.
acR™ mye
1] a=1 t=1
Define . .
1.1 ~ = Yi1,,
m:= (1+ —) a:=m(a+ —). 34
( ;mt) ( ; ) (34)

Completing the square shows that the objective above is m~!|la — al|?> plus a constant
independent of a. Therefore, its unique minimizer is
1-1)a

Combining (33) and (35), we obtain
Io(2) = (vee(X);. .. ;vec(XT);a%). (36)

Thus, the WBP projection is obtained by applying Romero’s classical projection formula
to each transport block and coupling these blockwise projections through the common
marginal a®. In this sense, (36) is a coupled extension of Romero’s classical OT projection
formula. Finally,

Io(2) = 2 — A*(AA) "1 (AZ - b),
so Proposition 1 gives the corresponding dual linear-system representation of this primal
projection.
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Appendix C. The Classical OT Projection and Its Dual Linear System

Using the probability vectors in (1), define the affine set
Qor = {X eR™X™ X1, =a¥, X'1,, = a”} .

Since 1, a% = 1] a” =1, the classical projection formula in Romero (1990, Corollary 2.1)
gives, for any Y € R™MuXMv,

1 1
Hoop (V) =¥ 4 —(@" = Y1, )1, + —1Ln, (2" =¥ 1y,,)7
u

my
37
N 1, Y1, — L (87)
MMy T

Related results include the square case with unit row and column sums (Khoury, 1998;
Glunt et al., 1998), projection methods for transportation polytopes (Calvillo and Romero,
2016), doubly stochastic normalization for spectral clustering (Zass and Shashua, 2006),
and a Moore-Penrose inverse treatment that also covers inconsistent prescribed marginals
(Bauschke et al., 2021); see also Bauschke et al. (2021, Remark 3.5) for the above formula.

To relate this classical primal projection formula to the dual linear system used here,
we write the standard OT problem (1) in the form

H%Cin (c,z) + Ik (x)

38
s.t. Az =0, (38)

where
x = vec(X), ¢ = vec (D(P*,P")),
and K is the nonnegative orthant with compatible dimension. Moreover,
b= (a%[0m,-1,Im,-1]2"),
and

In, ®1]

A=
17—7rlv X [Omu_17 Imu_l]

By Dantzig and Thapa (2003, Lemma 7.1), A has full row rank. Here one row-sum equality
has been removed because it is implied by the remaining row-sum equalities, all column-sum
equalities, and the equality of the total masses. Thus {z : Az = b} = {vec(X) : X € Qor}.
For R = Avec(Y') — b, the projection can therefore be expressed in dual variables as

vec (o, (Y)) = vec(Y) — A*y, AA*y = R. (39)

For any given
R = (Ry; Ry) € R™ x R™~1

consider the linear system
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Then its solution is given by

R; 1 /m,—1
Yy = —+ — <u1'r—7rlvR1 - ]"r—lr—Lu—lR2> ]‘mv’
Tﬁu ﬂibv My (40)
2 T T
=4+ (1 Ro—1_ Ry)1,, _1.
y2 m'U + mv ( mu_l 2 my 1) mu—1

Therefore, the system AA*y = R can be solved in O(m,, + m,) time. Substituting (40)
into (39) recovers (37). Hence (39)—(40) provide a dual linear-system representation of the
classical OT projection. The O(m, + m,) cost refers to solving for y once R is available;
forming the marginals of a dense Y and the projected matrix requires O(m,m,,) operations.

Appendix D. The Proof of Proposition 7

Proof Assumption 2 ensures that each subproblem objective is proper, closed, and strongly
convex for every o > 0, so each subproblem has a unique minimizer. We prove the first
statement in the proposition by induction. Given n° € X, for k = 0, by the definition of s'
in Algorithm 3, we have

0 € dfa(s') + Bin® + o B3 Bys'.

Thus,
—Bi(° + 0Bys') € fa(s).

It follows from Rockafellar (1970, Theorem 23.5) that
1 * (.0 1
s € 0f3(=By(n” +0Bas’)).

Hence,

—0Bas' € —0By0f;(—B5(n° + 0 Bast)).

This means
1" €’ 4+ 0Bays' +00(fs o (—B3))(1° + 0Bas').

Since My = 9(f5 o (—B3)), we have
n° € n° 4+ o Bas' + o My(n° + 0 Bast),

This implies
w' = Jonr, () = n° + 0 Bas'. (41)

Similarly, by the definition of 3!, we have

0€0fi(y") + Bf (n° + 20Bas' + o(Biy' —¢)).
It follows from Rockafellar (1970, Theorem 23.5) that

y' € 0ff (—B; (n° +20Bas' + o(Biy' —¢))).

Hence,
—oB1y' € —oB10f} (—Bf (7]0 + 20 Bys' + a(Biy' — c))) .
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This implies that
2(n° + oBas') —n° € 2(n° + 0 Byst) — n° + o Byt

—oB10ff (—B] (770 + 20Byst + o(Byy! — 0)) -

That is
2(n" + 0Bayst) —n’ € 70+ 20Bys! + o(Biy! —¢)

o (8(ff o(—BY)) (7]0 + 20Bsyst + G(Bly1 — c)) + c) .

Since My = 9(ff o (—BY)) + ¢, we have
2(n° + 0Bas') —1n° € ° + 20Byst 4+ o(Biy' — ¢) + oM, (770 +20Byst + o(Byy! — ).
This implies
Li=Jom, 20! —0") =1° 4+ 20Bss' + o(Biy' — ¢). (42)

From (41) and (42) we have

' —w! = o(Biy! 4+ Bas! —¢).

Hence
o= +2(a! —w') =n° +20(Biy' + Bas' —¢). (43)

It follows that the update of n' is the same in Algorithm 2 as in Algorithm 3. Hence, we
prove the statement for £ = 0. Assume that the statement holds for some k > 0. Then the
statement for k + 1 follows similarly to the case £ = 0. Thus, the statement holds for any
k > 0 by induction. This completes the first part.

Now we show the proof of the second part by induction. Let n° := 2% + o(B1y® — ¢).
For k = 0, from Algorithm 3, we have

stoi= argnZlin {fg(s) + (n°, Bys) + %HBQSHQ}
EIS

— argmin { fo(s) + {29 1 o(Buy — ), Bas) + 5 Basl2}
SEZ

= argmin { fa(s) + (2°, Biy" + Bas — ¢) + 5| B1y° + Bas — ||} .
SEL

For !, from Algorithm 3, we have

yt = arg I%{lin {fily) + (n° + 20Bas, Biy — ¢) + §|| By — c||*}
ye
o [Ny )+ (2° + o(B1y® — ¢) + 20Bays', Biy — ¢)

= arg min o

yey + §HBly—CH2
Ja( )+< —|—J(Bly +B281—c),Bly+B231—c>

= arg min o ) )

yey + §HB1y+Bgs —

Define z2 := 70 + o (B1y0 + Bys' — c). We have

y' = argmin {fl(y) + <$%,Bly + Bas! —¢) + Sl By + Bys! — CH2} )
yeY
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For z!, from Algorithm 3, we have

z' =0+ o(Biy! — ¢) + 20Bas!
=340 (Blyo — c) +o(B1y! — ¢) +20Bss!
=i'+¢ (Blyo + Bys! — c) +o(Biy! + Bas' —¢)
— 23+ o(Biy' + Bas! —¢).

For #! defined in (20), we have

#l =nl—0 (Bly1 — c)

0
3 (2% + o (B1y® — ¢) + 20(Byy! + Bas! —¢))
B et g B0 (Bt - o),

Hence, we prove the statement for £ = 0. Assume that the statement holds for some k£ > 0.
Then the statement for k£ + 1 follows similarly to the case k = 0. Thus, by induction, we
have completed the proof. |

Appendix E. The Proof of Lemma 10

Proof We first prove the equation (22). For all £ > 0, from Algorithm 3 we have
—Bywtt € 9fo(sMY),  —BiaMtt e afi(yMHh). (44)

It follows from Rockafellar (1970, Theorem 23.5) that for all k£ > 0,

dfl ($k+1) = <:L,k+1’c> - <fok+17yk+1> - fl(yk+1)7
dfz(wk+1) — —(B;wk+1,sk+1> _ f2(8k+1).
Therefore, for all £ > 0,

_dfl (xk—H) - dfz (wk+1)
= [+ (s = (@ o) + (BT yF )+ (BiwE ! S6
= fi(yFTY) £ fo(sPTY) 4 (2P, Biyktl o Byshtl — ) — (ghtl — k1 Byghtly,

From Algorithm 3, we also have for all k > 0, ¢t — whtl = & (Blka + Bysktl — c) =
$(vF+t —n®). Thus, for all k > 0,

1
—dy, (ka) —dy, (wk+1) — fl(yk—l-l) + f2(5k+1) + ;<xk+1 — g Bysktl gkt wk+1>' (45)

Recall that 2571 — 0 Bos*+1 = nF + o( Byt + Basht! —¢) = ¥ + 2*+1 — w*+1. Therefore,
for all £ > 0,

1 1
2P g Bysh ! = 4 i(vk-i-l - §(nk Ry g R
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and

1 1/1 1
D g Byt gL bty = D2 (g by BT S (R
1 1
= = R R = o o ),
4o 20
According to Corollary 5, w* is a solution to problem (14) and problem (18) under Assump-
tion 1. We also have that the limit point (y*,s*) of the sequence {y*,s*}°, is a solution

to problem (17) from Corollary 8. It follows from Rockafellar (1970, Theorem 28.4) that

—dg, (") —dp, (w*) = f1 (y*) + f2(s7). (47)

Therefore, it follows from (45), (46), and (47) that the equation (22) holds.
Next, we prove the upper bound of h(yk+1, sk+1) for all £ > 0. From Algorithm 2 and
Corollary 5, we have that (n* —w*)/o € 0dy,(w*) and (w* —n*)/o € Ody, (w*). Hence,

dp, (") = dy, (") 2 ((w* =) o, " —w?),
dp, (W) —dp, (w") 2 (" = w") Jo, 0™ —w*).

Thus,

— 40 (dg, (@) + dpy (W) = djy (w') = dpy () )
< 4<I‘k+1 _ wk+1,77* _ U}*> — <Uk+1 _ nk’n* _ U}*>

Together with (22), we obtain the inequality (23).
Finally, using (19) and w* = z*, we have for all k£ > 0,

AEEY = fily") > (=Biw* " — ), fo(sT) — fa(s*) > (= Biw®, sFT — s*).

Thus, the inequality (24) holds since B1y* + Bas® = c¢. This completes the proof of the
lemma. |

Appendix F. Restart Strategy for the HPR Method

For completeness, we describe the restart rule used in our implementation. This rule is
a practical heuristic used in the numerical experiments. Let ki, denote the number of
iterations since the last restart. The relative KKT residual is checked every 50 iterations.
During the first 500 iterations, we restart the method every 50 iterations. After the first
500 iterations, a restart is triggered if either ki, > 500, or the relative KKT residual does
not decrease sufficiently between two consecutive checkpoints. Once a restart is triggered,
the Halpern anchor point is reset to the latest iterate and the local counter kj, is reset to
zero. Subsequent works also investigate restart strategies for Halpern-type methods (Lu
and Yang, 2024; Chen et al., 2026, 2025). In contrast, the algorithm in Applegate et al.
(2023) restarts from averaged iterates.
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We also compare the performance of the HPR method with and without restart for the
WBP on Gaussian mixture distributions with m = m; = 100 and T" = 100 generated as in
Section 4.2. As shown in Figure 6, the restarted HPR method achieves a faster decrease
in the KKT residual than the unrestarted HPR method. This suggests that the restart
strategy can significantly improve the practical performance of HPR. For further recent
developments on restart strategies for HPR methods that appeared after the initial version
of this work, we refer the reader to Chen et al. (2026, 2025).

—e—-unrestarted HPR

—e—-restarted HPR

—~
=
0]
2

0 2000 4000 6000 8000 10000
iter

Figure 6: Convergence behavior of HPR methods with and without restart for Gaussian mixture distribu-
tions with m = m; = 100 and T = 100.

From a theoretical perspective, for solvable LPs, including the WBP, an error-bound
condition holds, under which ADMM can achieve linear convergence with suitable algo-
rithmic parameters (Han et al., 2018). For unrestarted HPR with a fixed Halpern anchor,
Theorem 11 establishes a non-ergodic O(1/k) convergence rate with respect to the KKT
residual. Although the weight 1/(k+2) attached to the fixed initial anchor 7" decays to zero,
its slow decay may hinder faster local convergence. This observation motivates restarting
HPR by resetting the Halpern anchor to the latest iterate and resetting the local iteration
counter to zero. Related restart strategies have also been studied for first-order methods for
LPs. For example, based on sharpness analysis, Applegate et al. (2023) develop a restarted
scheme using averaged iterates as restart points, while Lu and Yang (2024) study restarted
Halpern PDHG and establish linear convergence across restart points under appropriate con-
ditions. These results illustrate how, under suitable sharpness or error-bound conditions,
an O(1/k) bound for the underlying method can be combined with an appropriate restart
rule to achieve faster linear convergence at the restart points than the original method. It
would be interesting to develop and analyze restart schemes for HPR that establish linear
convergence of the full sequence of iterates while retaining practical efficiency.
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Appendix G. Synthetic Data Generation

Following Yang et al. (2021), the support points {q}:i=1,...,my, t =1,...,T} are gen-
erated coordinatewise from a univariate Gaussian mixture. For each input distribution, its
mixture weights are generated independently, and the mixture is constructed in MATLAB
by

gm num = 5; gm_mean = [—20; —10; 0; 10; 20];

sigma = zeros(1, 1,gm num); sigma(l,1,:) =5 % ones(gm_num, 1);

gm_weights = rand(gm_num, 1);

gm_weights = gm_weights/sum(gm_weights);

distrib = gmdistribution(gm_mean, sigma, gm_weights).

For each distribution P?, the weight vector (ai, ..., af,,) is sampled from the uniform distri-
bution on (0, 1) and normalized so that > ", a! = 1. The barycentric weights (w1, . ..,wr)

are generated in the same way and normalized so that Zthl wr = 1.

The barycenter support {g{}7, is selected by applying k-means to all generated support
points {q} : i =1,...,my, t =1,...,T}. For each t = 1,...,T, the cost matrix between
{g¢}™, and the support of P! is defined by

D(P,PYij=lldf —dill3, i=1,....m, j=1,...,my.

All cost matrices are then normalized so that maxi—1 7 [|D(P¢, P!)|leo = 1.
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