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Abstract
We show that, for finite-summinimization problems, incorporating partial second-order information
of the objective function can dramatically improve the robustness to mini-batch size of variance-
reduced stochastic gradient methods, making them more scalable while retaining their benefits over
traditional Newton-type approaches. We demonstrate this phenomenon on a prototypical stochastic
second-order algorithm, calledMini-Batch Stochastic Variance-ReducedNewton (Mb-SVRN), which
combines variance-reduced gradient estimates with access to an approximate Hessian oracle. In
particular, we show that when the data size n is sufficiently large, i.e., n ≫ �2�, where � is the
condition number and � is the Hessian approximation factor, then Mb-SVRN achieves a fast linear
convergence rate that is independent of the gradient mini-batch size b, as long b is in the range
between 1 and bmax = O(n∕(� log n)). Only after increasing the mini-batch size past this critical
point bmax, the method begins to transition into a standard Newton-type algorithm which is much
more sensitive to the Hessian approximation quality. We verify this empirically on benchmark tasks
showing that, after tuning the step size, the convergence rate of Mb-SVRN remains fast for a wide
range of mini-batch sizes, and the dependence of the phase transition point bmax on the Hessian
approximation factor � agrees with our theory.
Keywords: Finite-sum minimization, Stochastic gradient, Newton-type methods, Variance reduc-
tion, Robustness

1. Introduction

Consider the following finite-sum convex minimization problem:

f (x) = 1
n

n
∑

i=1
 i(x), with x∗ ∈ argminf (x). (1)
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The finite-sum formulation given in (1) can be used to express many empirical minimization tasks,
where for a choice of the underlying parameter vector x ∈ ℝd , each i ∶ ℝd → ℝmodels the loss on
a particular observation (Sharpe, 1989; Rigollet and Tong, 2011; Xiao and Zhang, 2014; Necoara and
Singh, 2022). In modern-day settings, it is common to encounter problems with a very large number
of observations n, making deterministic optimization methods prohibitively expensive (Gasnikov
et al., 2019; Bottou et al., 2018). In particular, we are interested in and investigate problems where
n is much larger than the condition number of the problem, � (see Assumption 1). In this regime
(n ≫ �), our aim is to develop a stochastic algorithm with guarantees of returning an �-approximate
solution i.e., x̃ such that f (x̃) − f (x∗) ≤ � with high probability. As is commonly assumed in the
convex optimization literature, we consider the problem setting where f is �-strongly convex and
each  i is �-smooth.

A prototypical optimization method for (1) is stochastic gradient descent (SGD) (Robbins and
Monro, 1951; Toulis and Airoldi, 2017), which relies on computing a gradient estimate based on
randomly sampling a single component  i, or more generally, a subset of components (i.e., a mini-
batch). Unfortunately, SGD with constant step size does not converge to the optimal solution x∗,
but only to a neighborhood around x∗ that depends on the step size and variance in the stochas-
tic gradient approximations. A slower sub-linear convergence rate to the optimal solution can be
guaranteed with diminishing step sizes. To mitigate this deficiency of SGD, several works have ex-
plored variance reduction techniques for first-order stochastic methods, e.g., SDCA (Shalev-Shwartz
and Zhang, 2013), SAG, (Roux et al., 2012), SAGA (Defazio et al., 2014), SVRG (Johnson and Zhang,
2013), Katyusha (Allen-Zhu, 2017) and S2GD (Konecnỳ and Richtárik, 2013), and have derived
faster linear convergence rates to the optimal solution.

One of the popular first-order stochastic optimization methods that employs variance reduction
is Stochastic Variance Reduced Gradient (SVRG) (Johnson and Zhang, 2013). The method has two
stages and operates with inner and outer loops. At every inner iteration, the method randomly selects
a component gradient, ∇ i(x), and couples this with an estimate of the true gradient computed at
every outer iteration to compute a step. This combination, and the periodic computation of the true
gradient at outer iterations, leads to a reduction in the variance of the stochastic gradients employed,
and allows for global linear convergence guarantees. The baseline SVRG method (and its associated
analysis) assumes only one observation is sampled at every inner iteration, and as a result, requires
(n) inner iterations in order to achieve the best convergence rate per data pass. This makes base-
line SVRG inherently and highly sequential, and unable to take advantage of modern-day massively
parallel computing environments. A natural remedy is to use larger mini-batches (gradient sam-
ples sizes; denoted as b) at every inner iteration. Unfortunately, this natural idea does not have the
desired advantages as increasing the mini-batch size b in SVRG leads to deterioration in the conver-
gence rate per data pass. In particular, one can show that regardless of the chosen mini-batch size
b, SVRG requires as many as (�) inner iterations to ensure fast convergence rate, again rendering
the method unable to take advantage of parallelization. On the other hand, one can use stochastic
second-order methods for solving (1), including Subsampled Newton (Roosta-Khorasani and Ma-
honey, 2019; Bollapragada et al., 2019; Erdogdu and Montanari, 2015), Newton Sketch (Pilanci
and Wainwright, 2017; Berahas et al., 2020), and others (Moritz et al., 2016; Mokhtari et al., 2018;
Derezinski et al., 2018; Berahas et al., 2016). These methods use either full gradients or require
extremely large gradient mini-batches b ≫ � at every iteration, as in Dereziński (2025), and as a
result, their convergence rate (per data pass) is sensitive to the quality of the Hessian estimate and
to the mini-batch size b. Several works (Gonen et al., 2016; Gower et al., 2016; Liu et al., 2019;
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Moritz et al., 2016) have also explored the benefits of including second-order information to ac-
celerate first-order stochastic variance-reduced methods. However, these are primarily first-order
stochastic methods (and analyzed as such) resulting again in highly sequential algorithms that are
unable to exploit modern parallel computing frameworks.

The shortcomings of the aforementioned stochastic methods raise a natural question, which is
central to our work:

Can second-order information plus variance-reduction achieve an accelerated and robust
convergence rate for a wide range of gradient mini-batch sizes?

Here, robustness of a stochastic method with regards to the gradient mini-batch size refers to the
range of gradient mini-batch sizes for which the stochastic method can provide an �-approximation
solution in(log(1∕�)) data passes (see more below). In this work, we provide an affirmative answer
to the above question. Recently, Dereziński (2025) proposed SVRN, combining variance-reduced
gradient estimates, with second-order information to accelerate stochastic Newton-type methods.
However, as we discuss in more detail in Section 3, SVRN (and its analysis) is not robust to devia-
tions in the gradient mini-batch size. To this end, following up on Dereziński (2025), we analyze the
convergence behavior of a similar prototypical stochastic optimization algorithm called Mini-batch
Stochastic Variance-Reduced Newton (Mb-SVRN), and prove its robustness to the gradient mini-batch
size. Similar to SVRN, we combine variance reduction in the stochastic gradient, via a scheme based
on SVRG (Johnson and Zhang, 2013) with second-order information from a Hessian oracle. Our Hes-
sian oracle is general and returns an estimate that satisfies a relatively mild Hessian approximation
condition. This condition can be, for instance, satisfied by computing the Hessian of the subsampled
objective (as in Subsampled Newton, Roosta-Khorasani and Mahoney, 2019, which is what we use
in our experiments), but can also be satisfied by other Hessian approximation techniques such as
sketching.

In our main result (Theorem 4) we show that even a relatively weak Hessian estimate leads to
a dramatic improvement in robustness to the gradient mini-batch size for Mb-SVRN: the method is
endowed with the same fast local linear convergence guarantee for any gradient mini-batch size up
to a critical point bmax, which we characterize in terms of the number of function components n and
the Hessian oracle approximation factor �. As b increases beyond bmax, the method has to inevitably
transition into a standard Newton-type algorithm with a weaker convergence rate that depends much
more heavily on the Hessian approximation factor �. Remarkably, unlike results for most stochastic
gradient methods, our result holds with high probability rather than merely in expectation, both for
large and small mini-batch sizes. It is also a direct improvement over the prior result of Dereziński
(2025) both in convergence rate and the range of robustness to mini-batch sizes (see Section 3 for a
comparison), thanks to relying on an entirely new submartingale analysis framework.

We verify these results empirically on the Logistic Regression task on the EMNIST and CIFAR10
datasets (see Figure 1 and Section 5); we show that the convergence rate of Mb-SVRN indeed exhibits
robustness to mini-batch size b, while at the same time having a substantially better convergence
rate per data pass than the Subsampled Newton method (SN) that uses full gradients. Furthermore,
Mb-SVRN proves to be remarkably robust to the Hessian approximation quality in our experiments,
showing that even low-quality Hessian estimates can significantly improve the scalability of the
method.
Outline. In Section 2, we provide an informal version of our main result along with a comparison
to the popular SVRG, Katyusha, and SN methods. In Section 3, we give a detailed overview of the
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Figure 1: Convergence rate of Mb-SVRN (smaller is better, see Section 5), as we vary gradient mini-
batch size b and Hessian sample size ℎ, including the extreme cases of SN (b=n) and SVRG (ℎ=0).
The plot shows that after adding some second-order information (increasing ℎ), the convergence
rate of Mb-SVRN quickly becomes robust to gradient mini-batch size. On the other hand, the perfor-
mance of SVRG and Katyusha rapidly degrades as we increase the gradient mini-batch size b, which
ultimately turns them into simple gradient methods.

related work in stochastic variance reduction and second-order methods. In Section 4 we present our
technical analysis for the local convergence of Mb-SVRN, as well as a global convergence guarantee.
We provide experimental evidence in agreement with our theoretical results in Section 5.

2. Main Convergence Result

In this section, we provide an informal version of our main result, Theorem 25. We start by formal-
izing the assumptions and algorithmic setup.
Assumption 1 Consider a twice continuously differentiable function f ∶ ℝd → ℝ defined as in (1),
where  i ∶ ℝd → ℝ and i ∈ {1, 2, ..., n}. We make standard �-smoothness, �-strong convexity, and
L-Lipschitz Hessian assumptions, with � = �∕� as the condition number.

1. For each i ∈ {1, 2, ..., n},  i is a �-smooth convex function:

 i(y) ≤  i(x) + ∇ i(x)⊤(y − x) + �
2
‖y − x‖2, ∀ x, y ∈ ℝd ,

and f is a �-strongly convex function:

f (y) ≥ f (x) + ∇f (x)⊤(y − x) + �
2
‖y − x‖2, ∀ x, y ∈ ℝd .

2. The Hessian ∇f 2(x) of the objective function is L-Lipschitz continuous:
‖

‖

‖

∇f 2(x) − ∇f 2(y)‖‖
‖

≤ L ‖x − y‖ , ∀ x, y ∈ ℝd .
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In our computational setup, we assume that the algorithm has access to a stochastic gradient at any
point via the following gradient oracle.
Definition 1 (Gradient oracle) Given mini-batch size 1 ≤ b ≤ n and indices i1, ..., ib ∈ {1, ..., n},
the gradient oracle  returns ĝ ∼ ({i1, ..., ib}) such that:

ĝ(x) = 1
b

b
∑

j=1
∇ ij (x), for any x ∈ ℝd .

We formalize this notion of a gradient oracle to highlight that the algorithm only accesses component
gradients in batches, enabling hardware acceleration for the gradient computations, which is one of
the main motivations of this work. We also use the gradient oracle to measure the per-data-pass
convergence rate of the algorithms. Here, a data pass refers to a sequence of gradient oracle queries
that together access up to n component gradients.

We next define what we refer to as the robustness of a stochastic method to the gradient mini-
batch size. Here and throughout, we focus on the n ≫ � regime, so that a standard variance-reduced
stochasticmethod (such as SVRG) withmini-batch size b = 1 can converge �-closewithin(log(1∕�))
data passes.
Definition 2 A stochastic method is said to be r-robust to gradient mini-batch size, if for any b ≤ r,
 guarantees to provide an �-approximate solution f (x̃) −f (x∗) ≤ � to (1) within (log(1∕�)) data
passes, i.e., within (n log(1∕�)) component gradient evaluations.

In other words, we say that a stochastic method is r-robust to the gradient mini-batch size if, for
any b ≤ r, the method reduces the excess function value f (x̃) − f (x∗) after each data pass by an
absolute constant factor less than 1. Figure 2 provides a visual depiction of the increased robustness
of Mb-SVRN in comparison to first-order methods such as SVRG and Katyusha1, as well as second-
order methods like SVRN2.

In order to attain improved robustness in Mb-SVRN, we utilize second-order information about
the objective, which is accessed through the following approximate Hessian oracle.
Definition 3 (Hessian oracle) Given fixed 0 < �1 ≤ �2, we say that  = �1,�2 is a �2∕�1-
approximate Hessian oracle, and use � ∶= �2∕�1 to denote the Hessian approximation factor, if
for any x ∈ ℝd ,  returns a possibly random H̄ ∼ (x) such that:

�1 ⋅ ∇2f (x) ⪯ H̄ ⪯ �2 ⋅ ∇2f (x).

We treat the cost of Hessian approximation separate from the gradient data passes, as the com-
plexity of Hessian estimation is largely problem and method-dependent. For instance, the above
guarantee can be obtained with high probability by using a sub-sampled Hessian estimate of the
form 1

ℎ
∑ℎ
j=1∇

2 ij (x), with appropriately chosen sample size ℎ (which is what we use in all our
numerical experiments). In particular, as guaranteed in Lemma 30, a uniformly drawn sample
1. Allen-Zhu (2017) claims mini-batch robustness of b up to (

√

n) for Katyusha, however in our regime of n ≫ �, it
is easy to see that this can be further increased to (n∕√�).

2. We note that full-batch (b = n) second-order methods such as Subsampled Newton (Roosta-Khorasani and Mahoney,
2019) can converge �-close after (log(1∕�)) only when using a sufficiently accurate Hessian estimate, which corre-
sponds to � = (1).
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1 n∕� n∕
√

� n∕� n

SVRG

Katyusha

Mb-SVRN

SVRN

Gradient mini-batch size
Figure 2: A visual illustration of mini-batch regimes under which different methods provide an
�-approximate solution to (1) within (log(1∕�)) data passes. We assume n ≫ �. While SVRG
(Johnson and Zhang, 2013) and Katyusha (Allen-Zhu, 2017) can achieve this guarantee only until
b < n∕�, and b < n∕√� respectively, Mb-SVRN achieves the guarantee until b ≲ n∕�, where � is the
Hessian approximation factor (we assume � ≫ �2). We also show SVRN (Dereziński, 2025), which
achieves the same guarantee only for b ≈ n∕�.

{∇2 ij}
ℎ
j=1 achieves the above Hessian approximation guarantee with probability 1 − � for � =

1 + O(� log(d∕�)∕ℎ +
√

� log(d∕�)∕ℎ), where �1 = 1∕
√

� and �2 =
√

�. In Mb-SVRN, we query
the oracle once at the start of every outer iteration. So, in order to ensure that our Hessian oracle
model is satisfied across the entire run of, say s outer iterations, each sub-sampled Hessian estimate
should be an �-approximation with probability 1− �∕s (leading to a log(sd∕�) factor in the Hessian
sample size ℎ). Then, taking a union bound over the s outer iterations ensures that the Hessian oracle
property is satisfied with probability 1 − �. Due to the above argument, from now on for the sake of
simplicity we assume that the Hessian oracle returns an �-approximation with probability 1.

2.1 Main algorithm and result

In this section, we present an algorithm that follows the above computational model (Algorithm 1,
Mb-SVRN ), and provide our main technical result, the local convergence analysis of this algorithm
across different values of the Hessian approximation factor � and gradient mini-batch sizes b. We
note that the algorithm was deliberately chosen as a natural extension of both a standard stochastic
variance-reduced first-order method (SVRG) and a standard Stochastic Newton-type method (SN), so
that we can explore the effect of variance reduction in conjunction with second-order information
on the convergence rate and robustness. Furthermore, Algorithm 1 is similar to SVRN (Dereziński,
2025), except that Mb-SVRN does not require large gradient mini-batch sizes and provides conver-
gence guarantee for b as small as 1 and as large as ( n

� log n ). Moreover, due to potentially smaller
mini-batches, the step size in Mb-SVRN is picked differently as compared to SVRN, which picks the
step size as O(1∕√�) due to large b.

We now informally state our main result, which is a local convergence guarantee for Algorithm 1
(for completeness, we also provide a global convergence guarantee in Section 4.6). In this result, we
show a high-probability convergence bound, that holds for any gradient mini-batch size b between 1
and ( n

� log n ), where the fast linear rate of convergence is independent of the mini-batch size.

Theorem 4 (Main result; informal Theorem 25) Suppose that Assumption 1 holds and n ≳ �2�.
Then, in a local neighborhood around x∗, Algorithm 1 using �-approximate Hessian oracle and any
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Algorithm 1Mini-batch Stochastic Variance-Reduced Newton (Mb-SVRN)
Require: x̃0, gradient mini-batch size b, gradient/Hessian oracles ,, inner iterations tmax

for s = 0, 1, 2,⋯ , do
Compute the Hessian estimate H̄s ∼ (x̃s)
Compute the full gradient gs = g(x̃s) for g ∼ ({1, ..., n})
Set x0,s = x̃s
for t = 0, 1, 2,⋯ , tmax − 1 do

Compute ĝ∼({i1, ..., ib}) for i1, ..., ib∼{1, ..., n} uniformly random
Compute ĝt,s = ĝ(xt,s) and ĝ0,s = ĝ(x̃s)
Compute variance-reduced gradient ḡt,s = ĝt,s − ĝ0,s + gs
Update xt+1,s = xt,s − �H̄−1

s ḡt,s
end for
x̃s+1 = xtmax,s

end for

gradient mini-batch size b ≲ n
� log n , with tmax = n∕b and optimally chosen �, attains the following

high-probability convergence bound:

f (x̃s) − f (x∗) ≤ �s ⋅
(

f (x̃0) − f (x∗)
)

, where � ≲ �2 ⋅ �
n
.

Remark 5 Under our assumption that n ≳ �2�, the convergence rate satisfies � ≪ 1∕2, i.e., it is a
fast condition-number-free linear rate of convergence that gets better for larger data sizes n. Since
we used tmax = n∕b, one outer iteration of the algorithm corresponds to roughly two passes over the
data (as measured by the gradient oracle calls).

The proof of Theorem 4 (given in Section 4) requires a careful blend of the techniques from stochastic
optimization with local convergence analysis of approximate Newton methods. We achieve this by
developing a custom submartingale framework with random starting and stopping times that ensures
the iterates stay in the local neighborhood, and using modified Freedman’s inequality to convert in-
expectation convergence of the inner iterates into a high-probability guarantee over the outer iterates.

2.2 Discussion

Our convergence analysis in Theorem 4 shows that incorporating second-order information into a
stochastic variance-reduced gradient method makes it robust to increasing the gradient mini-batch
size b up to the point where b = 

( n
� log n

). This is illustrated in Figure 3 (compare to the empirical
Figure 1), where the robust regime corresponds to the convergence rate � staying flat as we vary b.
Improving the Hessian oracle quality (smaller �) expands the robust regime, allowing for even larger
mini-batch sizes with a flat convergence rate profile.

Note that, unless � is very close to 1 (extremely accurate Hessian oracle), the convergence rate
per gradient data pass must eventually degrade, reaching � ≈ 1− 1∕�, which is the rate achieved by
the corresponding Newton-type method with full gradients (e.g., see Lemma 8). The transition point
of b ≈ n

� log n arises naturally in this setting, because the convergence rate after one outer iteration
of Mb-SVRN could not be better than � ≈ (1 − 1∕�)tmax where tmax = n∕b (obtained by treating the
stochastic gradient noise as negligible).
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plot/robustness.pdf
Figure 3: Illustration of the Mb-SVRN convergence analysis from Theorem 4 (for n ≳ �2�), showing
how the regime of robustness to gradient mini-batch size b depends on the quality of the Hessian or-
acle (smaller � means better Hessian estimate). As we increase b past n

� log n , the algorithm gradually
transitions to a full-gradient Newton-type method.

Implications for stochastic gradient methods. In the case where the Hessian oracle always re-
turns H̄ as I, Mb-SVRN reduces to a first-order stochastic gradient method which is a variant of SVRG.
So, it is natural to ask what our convergence analysis implies about the effect of second-order pre-
conitioning on an SVRG-type algorithm. In our setting, SVRG with mini-batch size b achieves an
expected convergence rate of � = 

(

√

b�
n

), compared to a high-probability convergence rate of
� = 

(

�
n

)

for Mb-SVRN. This means that, while for small mini-batches b = (n∕�) the advantage
of preconditioning is not significant, the robust regime of Mb-SVRN (which is not present in SVRG)
leads to a gap in convergence rates between the two methods that becomes larger as we increase
b (see Figure 1). On the other hand, methods such as Catalyst (Lin et al., 2015) and Katyusha
(Allen-Zhu, 2017, 2018), among others (Driggs et al., 2022), incorporate momentum acceleration
techniques into SVRG and achieve improved convergence guarantees where the condition number
dependence is improved from � to √�. However, similar to SVRG, all these are first-order methods
and the convergence rate per data pass of these methods is still not nearly as robust to the gradient
mini-batch size as Mb-SVRN. In particular, the convergence rate per data pass of Katyusha is com-
parable to that of Mb-SVRN up to mini-batch size O(n∕√�), but begins to deteriorate after that point
(see Figure 2). This suggests the following general rule-of-thumb:

To improve the robustness of an SVRG-type method to the gradient mini-batch size, one can
precondition the method with second-order information based on a Hessian estimate.

Implications for Newton-type methods. A different perspective on our results arises if our start-
ing point is a full-gradient Newton-type method, such as Subsampled Newton (Roosta-Khorasani
and Mahoney, 2019) or Newton Sketch (Pilanci and Wainwright, 2017), which also arises as a sim-
ple corner case of Mb-SVRN by choosing mini-batch size b = n and inner iterations tmax = 1. In
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this setting, as mentioned above, the convergence rate of the method behaves as � ≈ 1− 1∕�, which
means that it is highly dependent on the quality of the Hessian oracle via the Hessian approximation
factor �. This sensitivity to the quality of Hessian approximation directly affects the scalability of
these second-order methods, as generally it is more difficult to construct good Hessian approxima-
tions when n or � become larger. In such scenarios, Mb-SVRN can provide a strategy to overcome this
problem with scalability, as we explain below. As we decrease b in Mb-SVRN, the method gradually
transitions into an SVRG-type method that is more robust to Hessian quality. We note that while our
theoretical convergence result in Theorem 4 still exhibits a dependence on �, empirical results sug-
gest that for large datasets this dependence is much less significant in the robust regime of Mb-SVRN
than it is in the full-gradient regime. This suggests the following general prescription:

To improve the robustness of a Newton-type method to the Hessian estimation quality,
one can replace the full gradients with variance-reduced sub-sampled gradient estimates.

Implications for parallel computing architectures. In recent times, there has been a consider-
able effort in developing parallelizable algorithms for problems arising in optimization and machine
learning (Liu et al., 2014; Feng et al., 2024; Smith et al., 2018; Lin et al., 2025). In modern com-
puting architectures, it is increasingly the case that computing the gradient of multiple component
functions at a single iterate is much faster compared to computing the gradient of a single com-
ponent function at multiple iterates due to advancements in parallel computing infrastructure and
vectorized implementations. Under these developments, it is natural to look at the parallel complex-
ity of an algorithm (Dereziński, 2025), which in case of problem (1) translates to the number of batch
gradient queries. For instance, the optimal parallel complexity of SVRG is O(� log(1∕�)), obtained
by picking respective optimal gradient mini-batch size of b = O(n∕�). Similarly, for methods like
Catalyst and Katyusha, the parallel complexity is optimized at mini-batch size b = O(n∕

√

�),
giving O(√� log(1∕�)). However, for Mb-SVRN, the convergence rate per data pass is robust to b,
and the parallel complexity is given as O( n

b
log(1∕�)) for b up to roughly n∕�. This means that as

b increases beyond O(n∕√�), Mb-SVRN can leverage parallel computing hardware by offering the
flexibility of choosing the mini-batch size b that best suits the communication-computation trade-off
in a given architecture. This suggests the following general principle:

Preconditioning an SVRG-type method with a Hessian estimate can optimize
its parallel complexity with respect to the gradient mini-batch size.

3. Related Work

Robustness improvement in optimization has been studied through various approaches across differ-
ent problem settings, particularly with respect to gradient scaling, ill-conditioning, parameter sen-
sitivity, and stochastic noise. For instance, popular diagonally scaled methods such as ADAGRAD
(Duchi et al., 2011) and ADAM (Kingma and Ba, 2014) were introduced to make iterates more re-
silient to gradient magnitude disparities. Below, we outline the approaches most closely related to
our work, namely those involving variance reduction, which ensures robustness to the stochastic gra-
dient noise, and second-order methods, which address stability issues arising from ill-conditioning.

Among first-order variance-reduction methods, SDCA (Shalev-Shwartz and Zhang, 2013) and
SAG (Schmidt et al., 2017) achieve convergence guarantees comparable to those of SVRG. Also,
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Prox-SVRG (Xiao and Zhang, 2014) incorporates a weighted sampling strategy to improve the com-
plexity so that it depends on the so-called average condition number, �̂, instead of �. A similar
weighted sampling strategy can be incorporated into Mb-SVRN with little effort. In addition to
Catalyst and Katyusha, (Driggs et al., 2022) proposes a universal acceleration framework for
first-order methods by including a simpler momentum and exploiting a bias-variance decomposi-
tion of the stochastic gradient. Also, loopless variants of first-order variance reduced methods using
biased coin flips have been proposed by Hofmann et al. (2015); Kovalev et al. (2020).

Methods that incorporate stochastic second-order information have been proposed. In Gonen
et al. (2016), using similar approaches to those in Xiao and Zhang (2014), a sketched preconditioned
SVRG method is proposed, for solving ridge regression problems, that reduces the average condition
number of the problem. The algorithms in Gower et al. (2016); Lucchi et al. (2015); Moritz et al.
(2016), employ L-BFGS-type updates to approximate the Hessian inverse which is then used as a
preconditioner to variance-reduced gradients. In Liu et al. (2019), the authors proposed an inexact
preconditioned second-order method. All these methods use preconditioning to improve the depen-
dence of SVRG-type methods on the condition number, and for practical considerations. However,
their convergence analyses do not show scalability and robustness to gradient mini-batch sizes.

Popular stochastic second-order methods, e.g., Subsampled Newton (Roosta-Khorasani andMa-
honey, 2019; Bollapragada et al., 2019; Erdogdu and Montanari, 2015) and Newton Sketch (Pilanci
and Wainwright, 2017; Berahas et al., 2020), either use the full gradient or require extremely large
gradient mini-batch sizes b ≫ � at every iteration. Several other works have used strategies to reduce
the variance of the stochastic second-order methods. One such work is Incremental Quasi-Newton
(Mokhtari et al., 2018) which uses aggregated gradient and Hessian information coupled with solv-
ing a second-order Taylor approximation of f in a local neighborhood around x∗ in order to reduce
the variance of stochastic estimates employed. In Bollapragada et al. (2018) the authors propose
methods that combine adaptive sampling strategies to reduce the variance and quasi-Newton updat-
ing to robustify the method. Finally, in Na et al. (2023) the authors show that averaging certain types
of stochastic Hessian estimates (such as those based on subsampling) results in variance reduction
and improved local convergence guarantees when used with full gradients.

The most closely related prior work is Dereziński (2025), where the authors investigated the
effect of variance-reduced gradient estimates in conjunction with a Newton-type method, and intro-
duced SVRN which is similar to Mb-SVRN as discussed earlier. They show that using gradient mini-
batch size b of the order Θ( n

� log n ), one can achieve a local linear convergence rate of � = ̃
(�3�

n

).
However, deviating from this prescribed mini-batch size (in either direction) causes the local conver-
gence guarantee to rapidly degrade, and in particular, the results are entirely vacuous unless b ≫ �2�.
Our work can be viewed as a direct improvement over this prior work: first, through a better conver-
gence rate dependence on � (with �2 versus �3); and second, in showing that this faster convergence
can be achieved for any mini-batch size b ≲ n

� log n . We achieve this by using a fundamentally differ-
ent analysis via a chain of martingale concentration arguments combined with using much smaller
step sizes, which allows us to compensate for the additional stochasticity in the gradients in the small
and moderate mini-batch size regimes.

Another line of work has proposed combining variance-reduction with cubic regularized second-
order methods (Wang et al., 2019; Zhang et al., 2022; Zhou et al., 2019). However, these methods
primarily consider non-convex settings and at times use variance-reduction on Hessian estimates in
addition to gradient estimates, rendering them largely incomparable to our problem setup.

10
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4. Convergence Analysis

In this section, we present our technical analysis that concludes with the main convergence result,
Theorem 25, informally stated earlier as Theorem 4. We start by introducing some auxiliary lemmas
in Section 4.1. Then, in Theorem 11 (Section 4.2), we establish a one inner iteration convergence
result in expectation, forming the key building block of our analysis. Then, in Section 4.3, we
present our main technical contribution; we construct a submartingale framework with random start
and stopping times, which is needed to establish fast high-probability linear convergence of outer
iterates in Theorem 25, our main convergence result (Section 4.5). At the end of this section, we
supplement our main local convergence results with a global convergence guarantee for Mb-SVRN in
Theorem 26 (Section 4.6).
Notation. Let x̃0 denote the starting outer iterate and x̃s denote the outer iterate after s outer iter-
ations. Within the (s + 1)tℎ outer iteration, the inner iterates are indexed as xt,s. Since our results
require working only within one outer iteration, we drop the subscript s throughout the analysis, and
denote x̃0 as x̃ and corresponding ttℎ inner iterate as xt. Similarly let H̃ and Ht denote the Hessian
at x̃ and xt, respectively. For gradient mini-batch size b, let ĝ denote 1

b
∑b
j=1∇ ij (x̃), let ĝt denote

1
b
∑b
j=1∇ ij (xt) and let ḡt = ĝt− ĝ+ g̃ denote the variance-reduced gradient at xt, where g̃ represents

exact gradient at x̃. Moreover, gt represents exact gradient at xt, H represents Hessian at x∗, and let
Δ̃ = x̃ − x∗, Δt = xt − x∗. Also, we use � to denote the fixed step size, and � = �2∕�1 denotes the
Hessian approximation factor. Finally, we refer to Et as the conditional expectation given the event
that the algorithm has reached iterate xt starting with the outer iterate x̃.

Next, we define the local convergence neighborhood, by using the notion of aMahalanobis norm:
‖x‖M =

√

x⊤Mx, for any positive semi-definite matrixM and vector x.
Definition 6 Given �0 > 0, we define a local neighborhood f (�0) around x∗ as follows:

f (�0) ∶=
{

x ∶ ‖
‖

x − x∗‖
‖

2
H <

�3∕2

L
�0
}

,

whereL > 0 is the Lipschitz constant for Hessians of f , and � > 0 is the strong convexity parameter
for f .

4.1 Auxiliary lemmas

In this section we present auxiliary lemmas that will be used in the analysis. The first result upper
bounds the variance of the SVRG-type stochastic gradient in terms of the smoothness parameter � and
gradient mini-batch size b. Similar variance bounds have also been derived in prior works (Johnson
and Zhang, 2013; Dereziński, 2025; Berahas et al., 2023).
Lemma 7 (Upper bound on variance of stochastic gradient) Let x̃ ∈ f (�0�) and xt ∈ f (c�0�)
for some c ≥ 1. Then:

Et[‖ḡt − gt‖2] ≤ (1 + c�0�)
�
b
‖x̃ − xt‖2H.

Proof Refer to Appendix A.1.

11
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Assuming the access to Hessian oracle returning H̄ according to Definition 3, we define Ĥ ∶=
H̄∕

√

�1�2. It immediately follows that,
1
√

�
∇2f (x̃) ⪯ Ĥ ⪯

√

�∇2f (x̃),

for � = �2∕�1. We refer to the above property as �-Hessian approximation and say Ĥ is an �-
approximate Hessian at x̃, denoted as Ĥ ≈√

� H̃. Thus, without loss of generality, in the rest of
the proof we will use Ĥ instead of H̄. In the following result, we use standard approximate Newton
analysis to establish that, using an �-approximate Hessian at x̃, a Newton step with a sufficiently
small step size � reduces the distance to x∗ (in H norm), at least by a factor of

(

1 − �
8
√

�

)

. We call
this an approximate Newton step since the gradient is exact and only the second-order information
is stochastic.
Lemma 8 (Guaranteed error reduction for approximate Newton) Consider an approximate New-
ton step where xAN = xt − �Ĥ−1gt, Ĥ ≈√

� H̃, x̃ ∈ f (�0�), and xt ∈ f (c�0�), for some c ≥ 1,

�0 <
1

8c
√

�
and � < 1

4
√

�
. Then:

‖

‖

xAN − x∗‖
‖H ≤

(

1 −
�

8
√

�

)

‖

‖

xt − x∗‖
‖H ,

where H denotes the Hessian matrix at x∗.

Proof Refer to Appendix A.2.
Note that the approximateNewton step in Lemma 8 uses an exact gradient at every iteration, requiring
the use of all n data samples. In our work, in addition to approximate Hessian, we incorporate
variance-reduced gradients as well, calculated using b samples out of n. For a high probability
analysis, we require an upper bound on the noise introduced due to the stochasticity in the gradients.
The next result provides an upper bound on the noise (with high probability) in a single iteration
introduced due to noise in the stochastic gradient.
Lemma 9 (High-probability bound on stochastic gradient noise) Let �0 <

1
8c
√

�
, � < 1

4
√

�
, x̃ ∈

f (�0�), xt ∈ f (c�0�) for some c ≥ 1. Then, for any � > 0, with probability at least 1 − � b
2

n2
(depending on the gradient mini-batch size b):

‖

‖

gt − ḡt‖‖ ≤
⎧

⎪

⎨

⎪

⎩

(16
√

��∕3b) ln(n∕b�) ‖
‖

xt − x̃‖
‖H for b < 8

9
�,

4
√

�∕b ln(n∕b�) ‖
‖

xt − x̃‖
‖H for b ≥ 8

9
�.

Proof Refer to Appendix A.3.
The next result provides an upper bound on the gradient gt = g(xt) in terms of the distance of xt to
the minimizer x∗. The result is useful in establishing a lower bound on ‖

‖

Δt+1‖‖H in terms of ‖
‖

Δt‖‖H,essential to control the randomness in our submartingale framework, described in later sections.
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Lemma 10 (Mean Value Theorem) Let x̃ ∈ f (�0�), xt ∈ f (c�0�) for �0 <
1

8c
√

�
and for some

c ≥ 1. If the Hessian estimate satisfies Ĥ ≈√

� H̃, then

‖

‖

‖

Ĥ−1gt
‖

‖

‖H
≤ 2

√

� ‖
‖

Δt‖‖H .

Proof Refer to Appendix A.4.

4.2 One step expectation result

In the following theorem, we use the auxiliary lemmas (Lemma 7 and Lemma 8) to show that for
a sufficiently small step size �, in expectation, Mb-SVRN is similar to the approximate Newton step
(Lemma 8), with an additional small error term that can be controlled by the step size �. We note
that while this result illustrates the convergence behavior of Mb-SVRN, it is by itself not sufficient to
guarantee overall convergence (either in expectation or with high probability), because it does not
ensure that the iterates will remain in the local neighborhood f throughout the algorithm (this is
addressed with our submartingale framework, Section 4.3).

Theorem 11 (One inner iteration conditional expectation result) Let �0 <
1

8c
√

�
, x̃ ∈ f (�0�),

xt ∈ f (c�0�) for some c ≥ 1. Consider Mb-SVRN with step size 0 < � < min{ 1
4
√

�
, b
48�3∕2�

} and
gradient mini-batch size b. Then:

Et[‖‖Δt+1‖‖
2
H] ≤

(

1 −
�

8
√

�

)

‖

‖

Δt‖‖
2
H + 3�

2��
b

‖

‖

Δ̃‖
‖

2
H .

Proof Taking the conditional expectation Et of ‖‖Δt+1‖‖2H,

Et[‖‖Δt+1‖‖
2
H] = Et

[

‖

‖

‖

xt − �Ĥ−1ḡt − x∗‖‖
‖

2

H

]

≤ Et
[

‖

‖

‖

Δt − �Ĥ−1gt
‖

‖

‖

2

H

]

+ �2 ⋅ Et
[

‖

‖

‖

Ĥ−1(gt − ḡt)
‖

‖

‖

2

H

]

.

This is because Et[ḡt − gt] = 0 and therefore the cross term vanishes. Since we know that xt ∈
f (c�0�) and �0 < 1

8c
√

�
, by Lemma 8 we have ‖‖

‖

Δt − �Ĥ−1gt
‖

‖

‖H
≤ (1 − �

8
√

�
) ‖
‖

Δt‖‖H. Substituting
this in the previous inequality, it follows that

Et[‖‖Δt+1‖‖
2
H] ≤

(

1 −
�

8
√

�

)2

Et
[

‖

‖

Δt‖‖
2
H

]

+ �2 ⋅ Et
[

‖

‖

‖

Ĥ−1(gt − ḡt)
‖

‖

‖

2

H

]

≤

(

1 −
�

8
√

�

)2

‖

‖

Δt‖‖
2
H + �

2
‖H1∕2Ĥ−1∕2

‖

2 ⋅ Et
[

‖Ĥ−1∕2(gt − ḡt)‖2
]

.
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Using that Ĥ ≈√

� H̃ and H̃ ≈(1+�0�) H, we have Ĥ ≈√

�(1+�0�)
H. Therefore, ‖H1∕2Ĥ−1∕2

‖

2 =
‖

‖

‖

H1∕2Ĥ−1H1∕2‖
‖

‖

≤
√

�(1 + �0�). So we get,

Et[‖‖Δt+1‖‖
2
H] ≤

(

1 −
�

8
√

�

)2

‖

‖

Δt‖‖
2
H + �

2
√

�(1 + �0�) ⋅ Et
[

‖Ĥ−1∕2(gt − ḡt)‖2
]

.

Upper bounding ‖Ĥ−1∕2
‖

2 = ‖

‖

‖

Ĥ−1‖
‖

‖

≤
√

�
�
,

Et[‖‖Δt+1‖‖
2
H] ≤

(

1 −
�

8
√

�

)2

‖

‖

Δt‖‖
2
H + �

2 �
�
(1 + �0�) ⋅ Et[‖(gt − ḡt)‖2].

By Lemma 7, we bound the last term of the previous inequality,

Et
[

‖gt − ḡt‖2
]

≤
(1 + c�0�)�

b
‖

‖

Δt − Δ̃‖‖
2
H

≤
2(1 + c�0�)�

b

(

‖

‖

Δt‖‖
2
H + ‖

‖

Δ̃‖
‖

2
H

)

.

Putting it all together,

Et[‖‖Δt+1‖‖
2
H] ≤

⎡

⎢

⎢

⎣

(

1 −
�

8
√

�

)2

+ 3�2��
b

⎤

⎥

⎥

⎦

‖

‖

Δt‖‖
2
H + 3�

2��
b
⋅ ‖
‖

Δ̃‖
‖

2
H

=

[

1 −
�

4
√

�
+

�2

64�
+ 3�2��

b

]

‖

‖

Δt‖‖
2
H + 3�

2��
b
⋅ ‖
‖

Δ̃‖
‖

2
H

<

(

1 −
�

8
√

�

)

‖

‖

Δt‖‖
2
H + 3�

2��
b
⋅ ‖
‖

Δ̃‖
‖

2
H , (2)

where we used that (1 + �0�) < 1 + 1
8
and � < b

48�3∕2�
imply 3�2 ��

b
< �

16
√

�
.

In the remainder of the analysis, we set c = e2, where e ≈ 2.718 represents Euler’s number, and
consider � = b

√

��
n

for some � > 1. These specific values for c and � are set in hindsight based on
the optimal step size and the neighborhood scaling factor (c) derived later as artifacts of our analysis.
On the other hand, one can do the analysis with general c and � and later derive these assignments
for � and c. The value for � also gets specified as the analysis proceeds.

4.3 Building blocks for the submartingale framework

We begin by building an intuitive understanding of our submartingale framework, where we define a
random process Yt to describe the convergence behavior of the algorithm. Informally, one can think
of Yt as representing the error ‖‖Δt‖‖2H, and aiming to establish the submartingale property Et[Yt+1] <
Yt. We next highlight two problematic scenarios with achieving the submartingale property, which
are illustrated in Figure 4.
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First, the assumption xt ∈ f (c�0�) in Theorem 11 ensures that the approximate Newton step
reduces the error at least by a factor of (1− �

8
√

�
). However, if xt ∉ f (c�0�), this claim is no longer

valid, leading to the first scenario that disrupts the submartingale behavior. This implies the necessity
of the property xt ∈ f (c�0�), for some constant c, to establish Et[Yt+1] < Yt. In the course of our
martingale concentration analysis, we show the existence of an absolute constant c > 0, such that
xt ∈ f (c�0�), for all t, with high probability.

We now explain the second scenario that disrupts the submartingale property. Note that Yt+1
involves noise arising due to the stochasticity of the variance-reduced gradient ḡt. This stochas-
ticity leads to the term 3�2 ��

b
‖

‖

Δ̃‖
‖

2
H in the statement of Theorem 11. Now, in the event that this

noise dominates the error reduction due to the approximate Newton step, one cannot establish that
Et[Yt+1] ≤ Yt. However, we show later in Lemma 14 that this problematic scenario occurs only
when ‖

‖

Δt‖‖
2
H ≲ ��2

n
‖

‖

Δ̃‖
‖

2
H, i.e., when the error becomes small enough to recover our main conver-

gence guarantee. As the algorithm cannot automatically detect this scenario and restart a new outer
iteration, it still performs the remaining inner iterations. This results in subsequent inner iterates
being affected by high stochastic gradient noise, disrupting the submartingale property.

To address these scenarios, we introduce random stopping times Ti and random resume timesLi,
where stopping times capture the disruptive property scenarios, and resume times capture property
restoration after encountering stopping times. Refer to Figure 4 for a visual representation, where
the dashed curve denotes the error ‖

‖

Δt‖‖
2
H, the x-axis denotes the iteration index t, ▪ denotes the

stopping time, and ∙ denotes the resume time. The submartingale property holds as long as ‖
‖

Δt‖‖
2
Hstays between the brown (dotted) and blue (dashdotted) lines (i.e., in the white strip between the

grey). The brown (dashed) line at the top denotes the scenario where xt ∉ f (c�0�), and the
blue (dashdotted) line at the bottom denotes the scenario where ‖

‖

Δt‖‖
2
H < ��2

n
‖

‖

Δ̃‖
‖

2
H. The green

(solid) line denotes the convergence guarantee provided in our work, which remarkably is a constant
multiple of the blue (dashdotted) line. Our martingale concentration argument shows that after n∕b
iterations, the error will, with high probability, fall below the green (solid) line.

We proceed to formally define the random stopping and resume times. Consider a fixed 
 > 0.
Define random stopping times Ti and random resume times Li, with L0 = 0 and for i ≥ 0, as

Ti = min
({

t > Li | ‖‖Δt‖‖
2
H > e

2
‖

‖

Δ̃‖
‖

2
H or ‖

‖

Δt‖‖
2
H <

��2

n

‖

‖

Δ̃‖
‖

2
H

}

∪
{n
b

}

)

,

Li+1 = min
({

t > Ti | ‖‖Δt‖‖
2
H ≤ e2 ‖

‖

Δ̃‖
‖

2
H and ‖

‖

Δt‖‖
2
H ≥ ��2


n
‖

‖

Δ̃‖
‖

2
H

}

∪
{n
b

}

)

. (3)

The random stopping time Ti denotes the (i + 1)tℎ iteration index when the random sequence (xt)
leaves the local neighborhoodf (e2�0�) or satisfies ‖‖Δt‖‖2H < ��2


n
‖

‖

Δ̃‖
‖

2
H. The random resume time

Li denotes the (i + 1)tℎ iteration index when the random sequence (xt) returns back to the local
neighborhood and also satisfies ‖

‖

Δt‖‖
2
H ≥ ��2


n
‖

‖

Δ̃‖
‖

2
H. The condition ‖

‖

Δt‖‖
2
H ≤ e2 ‖

‖

Δ̃‖
‖

2
H, ensuresthat xt lies in a small local neighborhood around x∗ such that the previous results (Lemma 7, 8, 9)

hold with c = e2, whereas the condition ‖
‖

Δt‖‖
2
H ≥ ��2


n
‖

‖

Δ̃‖
‖

2
H intuitively means that xt hasn’t reached

too close to x∗(necessarily far from x̃) such that behaviour of E ‖

‖

Δt+1‖‖H is determined by noise in
the stochastic gradient. The latter condition also captures the fact that the optimal convergence rate
has not been achieved at xt. These two different conditions are required to design a submartingale
from random time Li to Ti. Note that, in hindsight, we have defined stopping time in a way similar
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L0 = 0 T0 L1 n
b

c‖Δ̃‖2H

‖Δ̃‖2H

��2

n
‖Δ̃‖2H

c ��
2

n
‖Δ̃‖2H

← Iteration index : t→

←
Err

or:
‖
Δ
t‖
2 H
→

(a) Scenario 1: Leaving the neighborhood

L0 = 0 T0 L1 n
b

c‖Δ̃‖2H

‖Δ̃‖2H

��2

n
‖Δ̃‖2H

c ��
2

n
‖Δ̃‖2H

← Iteration index: t→

←
Err

or:
‖
Δ
t‖
2 H
→

(b) Scenario 2: Too close to the optimum

Figure 4: Visual illustration of two problematic scenarios disrupting the submartingale behavior of
‖

‖

Δt‖‖
2
H. The green (solid) line denotes the convergence guarantee we prove in our work (Theorem

25). In the left plot, the red square (▪) represents the first stopping time obtained due to failure of
the local neighborhood condition, plotted via the brown (dotted) line near the top. In the right plot,
the red square (▪) represents the first stopping time obtained due the iterate xt lying too close to x∗,
plotted via the blue (dashdotted) line near the bottom. The teal colored dots (∙) denote the resume
time representing the restoration of submartingale property.

to our convergence guarantee, ‖‖
‖

Δ n
b

‖

‖

‖

2

H
≲ ��2

n
‖

‖

Δ̃‖
‖

2
H. We add a factor 
 to capture constants and log

factors that can appear in the convergence guarantee. One can show that for Ti ≤ t < Li+1, the
behavior of ‖

‖

Δt‖‖
2
H is dictated by the variance in the stochastic gradient and not the progress made

by the approximate Newton step.
Remark 12 The stopping and resume times satisfy the following properties:

(a) For L0 ≤ t < T0, we have ‖‖Δt‖‖
2
H ≤ e2 ‖

‖

Δ̃‖
‖

2
H. This is due to the definitions of L0 and T0 in (3).

Equivalently, we can write,

Pr
(

‖

‖

Δt‖‖
2
H ≤ e2 ‖

‖

Δ̃‖
‖

2
H | L0 ≤ t < T0

)

= 1. (4)

(b) For Ti ≤ t < Li+1 and given that ‖‖
‖

ΔTi
‖

‖

‖

2

H
< ��2


n
‖

‖

Δ̃‖
‖

2
H, we have ‖‖Δt‖‖

2
H < ��2


n
‖

‖

Δ̃‖
‖

2
H. This is

because Li+1 is the first instance after Ti such that ��
2

n

‖

‖

Δ̃‖
‖

2
H ≤ ‖

‖

‖

ΔLi
‖

‖

‖

2

H
≤ e2 ‖

‖

Δ̃‖
‖

2
H. Equiva-

lently, we can write,

Pr
(

‖

‖

Δt‖‖
2
H <

��2

n

‖

‖

Δ̃‖
‖

2
H | Ti ≤ t < Li+1,

‖

‖

‖

ΔTi
‖

‖

‖

2

H
<
��2

n

‖

‖

Δ̃‖
‖

2
H

)

= 1. (5)

(c) For any gradient mini-batch size 1 ≤ b ≤ n, Mb-SVRN performs n∕b inner iterations, and there-
fore by construction random times Ti and Li would not be realized more than n∕b times.
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Note that due to (5), Mb-SVRN provides a very strong guarantee on the error of the iterates xt when
Ti ≤ t < Li+1 and ‖

‖

‖

ΔTi
‖

‖

‖

2

H
< ��2


n
‖

‖

Δ̃‖
‖

2
H. However, the stopping time Ti can be realized due to

‖

‖

‖

ΔTi
‖

‖

‖

2

H
> e2 ‖

‖

Δ̃‖
‖

2
H or Ti = n∕b, and in that case the conditioning event in (5) may never hold.

Now we proceed to construct a submartingale framework from the random resume timeLi to the
random stopping time Ti. Our aim is to apply Freedman’s inequality on a carefully constructed mar-
tingale and prove strong concentration guarantees on ‖‖

‖

ΔTi
‖

‖

‖H
, resulting in our main result. We state

a version of Freedman’s inequality for submartingales, which is a minor modification of standard
Freedman for martingales (Tropp, 2011), see Appendix A.5.

Theorem 13 (Freedman’s inequality for submartingales) For a random process Yt satisfyingEt
[

Yt+1
]

≤
Yt and |Yt+1 − Yt| ≤ R, for any �, � > 0 it follows that:

Pr

(

∃t | Yt > Y0 + � and
t−1
∑

j=0
Ej

(

Yj+1 − Yj
)2 ≤ �2

)

≤ exp
(

−1
4
min

{

�2

�2
,
�
R

})

.

As required for the application of Freedman’s inequality on any random process, we need to
establish the following three properties:

(a) the submartingale property, i.e., Et[Yt+1] ≤ Yt;

(b) the predictable quadratic variation bound, i.e., a bound on Et (Yt+1 − Yt)2;

(c) and the almost sure upper bound, i.e., a bound on |Yt+1 − Yt|.

Now, having defined stopping and resume times, we provide a few lemmas that provide fundamental
results for analyzing the formal submartingale framework developed in Section 4.4. However, we
note that Lemmas 14, 16, 17, 18 are interesting on their own and can be understood outside of the
submartingale viewpoint. The next lemma shows that if xt lies in the local neighborhoodf (e2�0�),
and does not satisfy ‖

‖

Δt‖‖
2
H < ��2


n
‖

‖

Δ̃‖
‖

2
H, then we have a submartingale property ensuring that in

expectation ‖
‖

Δt+1‖‖H is smaller than ‖
‖

Δt‖‖H.

Lemma 14 (Submartingale property till stopping time) Let the gradient mini-batch size be 1 ≤
b ≤ n and �0 <

1
8e2

√

�
. Let x̃ ∈ f (�0�), xt ∈ f (e2�0�) , � =

b
√

��
n

< min{ 1
4
√

�
, b
48�3∕2� },

‖

‖

Δ̃‖
‖

2
H ≤ n

��2

‖

‖

Δt‖‖
2
H, and

3�


< 1

16 . Then:

Et ‖‖Δt+1‖‖H ≤

(

1 −
�

32
√

�

)

‖

‖

Δt‖‖H .
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Proof By Theorem 11 and using 3�


< 1

16 , it follows that,

Et ‖‖Δt+1‖‖
2
H ≤

(

1 −
�

8
√

�

)

‖

‖

Δt‖‖
2
H + 3�

2��
b

‖

‖

Δ̃‖
‖

2
H

≤

(

1 −
�

8
√

�

)

‖

‖

Δt‖‖
2
H + 3� ⋅

b
√

��
n

⋅
��
b
⋅

n
��2


‖

‖

Δt‖‖
2
H

=

(

1 −
�

8
√

�
+
3�
√

�
⋅
�



)

‖

‖

Δt‖‖
2
H

≤

(

1 −
�

16
√

�

)

‖

‖

Δt‖‖
2
H ,

implying that

Et ‖‖Δt+1‖‖H ≤

(

1 −
�

32
√

�

)

‖

‖

Δt‖‖H ,

which concludes the proof.

Remark 15 We make a few remarks about the step size � = b
√

��
n

which comes out of our analysis

as the optimal choice. Lemma 14 requires that � < min
{

1
4
√

�
, b
48�3∕2�

}

, where the first term in the

bound ensures convergence of the approximate Newton step, whereas the second term guarantees
control over the gradient noise. In the regime where n ≫ �2�� (which we assume in our main result),
it is always true that our chosen step size satisfies � < b

48�3∕2� . However, to ensure that � < 1
4
√

�
we

must restrict the mini-batch size to b < n
4��

. In our main result, we use � = (log(n∕�2�)). This
suggests that, in the regime of b ≳ n

� log(n)
, the choice of the step size is primarily restricted by the

Hessian approximation factor �. Ultimately, this leads to deterioration of the convergence rate as b
increases beyond n

� log(n)
.

Throughout our analysis, we assume b
√

��
n

< 1
4
√

�
, which corresponds to the condition b ≲ n

� log n
stated informally in Theorem 4. This is the regime where the convergence rate of Mb-SVRN does not
deteriorate with b. Having established the submartingale property, we now prove the predictable
quadratic variation bound property. For proving a strong upper bound on the quadratic variation,
we need a result upper bounding ‖

‖

Δ̃‖
‖H by Et ‖‖Δt+1‖‖H, as long as the stopping time criteria are not

satisfied at xt.
Lemma 16 (Bounded variation) Let x̃ ∈ f (�0�) with �0 < 1

8e2
√

�
and � ≤ 1

4
√

�
. Also, let

‖

‖

Δt‖‖
2
H ≤ e2 ‖

‖

Δ̃‖
‖

2
H and ‖

‖

Δt‖‖
2
H ≥ ��2


n
‖

‖

Δ̃‖
‖

2
H for some 
 > 0. Then, with ! =

√

n
��2


:

‖

‖

Δ̃‖
‖H ≤ 2!Et ‖‖Δt+1‖‖H .
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Proof We apply Jensen’s inequality to Et ‖‖Δt+1‖‖H to get,
Et ‖‖Δt+1‖‖H ≥ ‖

‖

EtΔt+1‖‖H =
‖

‖

‖

Δt − �Ĥ−1gt
‖

‖

‖H

≥ ‖

‖

Δt‖‖H − �
‖

‖

‖

Ĥ−1gt
‖

‖

‖H
.

Since ‖
‖

Δt‖‖
2
H ≤ e2 ‖

‖

Δ̃‖
‖

2
H, we have xt ∈ f (e2�0�). By using Lemma 10 on the term ‖

‖

‖

Ĥ−1gt
‖

‖

‖H
,

Et ‖‖Δt+1‖‖H ≥ ‖

‖

Δt‖‖H − 2�
√

� ‖
‖

Δt‖‖H ≥ 1
2
‖

‖

Δt‖‖H .

The last inequality holds because � ≤ 1
4
√

�
. Finally, we use the condition that ‖

‖

Δt‖‖
2
H ≥ ��2


n
‖

‖

Δ̃‖
‖

2
H,

concluding the proof.

We proceed with the predictable quadratic variation bound for Et ‖‖Δt+1‖‖H, assuming that xt does
not satisfy the stopping time criteria.
Lemma 17 (Predictable quadratic variation bound) Let x̃ ∈ f (�0�) with �0 <

1
8e2

√

�
and � =

b
√

��
n

≤ min
{

1
4
√

�
, b
48�3∕2�

}

for some � > 0. Also, let ‖
‖

Δt‖‖
2
H ≤ e2 ‖

‖

Δ̃‖
‖

2
H and ‖

‖

Δt‖‖
2
H ≥ ��2


n
‖

‖

Δ̃‖
‖

2
H

for some 
 > 0. Then, with ! =
√

n
��2


:

Et
(

‖

‖

Δt+1‖‖H − Et ‖‖Δt+1‖‖H
)2 < 80�

�


√

�

(

Et ‖‖Δt+1‖‖H
)2 .

Proof Consider Et
(

‖

‖

Δt+1‖‖H − Et ‖‖Δt+1‖‖H
)2. We have,

Et
(

‖

‖

Δt+1‖‖H − Et ‖‖Δt+1‖‖H
)2 = Et ‖‖Δt+1‖‖

2
H − (Et ‖‖Δt+1‖‖H)

2

= Et
‖

‖

‖

Δt − �Ĥ−1ḡt
‖

‖

‖

2

H
− (Et ‖‖Δt+1‖‖H)

2

= ‖

‖

‖

Δt − �Ĥ−1gt
‖

‖

‖

2

H
+ �2Et

‖

‖

‖

Ĥ−1(ḡt − gt)
‖

‖

‖

2

H

+ 2�Et
(

Δt − �Ĥ−1gt
)⊤ (

Ĥ−1(ḡt − gt)
)

− (Et ‖‖Δt+1‖‖H)
2.

Using Et
(

Ĥ−1(ḡt − gt)
)

= Ĥ−1Et
(

ḡt − gt
)

= 0 and Δt − �Ĥ−1gt = EtΔt+1, we get,

Et
(

‖

‖

Δt+1‖‖H − Et ‖‖Δt+1‖‖H
)2 = ‖

‖

EtΔt+1‖‖
2
H + �

2Et
‖

‖

‖

Ĥ−1(ḡt − gt)
‖

‖

‖

2

H
− (Et ‖‖Δt+1‖‖H)

2.

Using Jensen’s inequality on the first term, we have ‖
‖

EtΔt+1‖‖H ≤ Et ‖‖Δt+1‖‖H, from which it follows
that,

Et
(

‖

‖

Δt+1‖‖H − Et ‖‖Δt+1‖‖H
)2 ≤

(

Et ‖‖Δt+1‖‖H
)2 + �2Et

‖

‖

‖

Ĥ−1(ḡt − gt)
‖

‖

‖

2

H
− (Et ‖‖Δt+1‖‖H)

2

= �2Et
‖

‖

‖

Ĥ−1(ḡt − gt)
‖

‖

‖

2

H

= �2Et‖H1∕2Ĥ−1∕2Ĥ−1∕2(ḡt − gt)‖2

≤ �2 ⋅ ‖H1∕2Ĥ−1∕2
‖

2 ⋅ Et‖Ĥ−1∕2(ḡt − gt)‖2. (6)
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Using the fact that Ĥ ≈√

� H̃ and H̃ ≈(1+�0�) H, we have Ĥ ≈√

�(1+�0�)
H. Therefore, ‖H1∕2Ĥ−1∕2

‖

2 =
‖

‖

‖

H1∕2Ĥ−1H1∕2‖
‖

‖

≤
√

�(1 + �0�). Combining this with the inequality (6),

Et
(

‖

‖

Δt+1‖‖H − Et ‖‖Δt+1‖‖H
)2 ≤ �2

√

�(1 + �0�) ⋅ Et‖Ĥ−1∕2(gt − ḡt)‖2.

Upper bounding ‖Ĥ−1∕2
‖

2 = ‖

‖

‖

Ĥ−1‖
‖

‖

≤
√

�
�
, we get,

Et
(

‖

‖

Δt+1‖‖H − Et ‖‖Δt+1‖‖H
)2 ≤ �2 �

�
(1 + �0�) ⋅ Et[‖(gt − ḡt)‖2]. (7)

Since ‖

‖

Δt‖‖
2
H < e2 ‖

‖

Δ̃‖
‖

2
H, we have xt ∈ f (e2�0�). By using Lemma 7 on the last term of the

inequality (7), it follows that,

Et
[

‖gt − ḡt‖2
]

≤
(1 + c�0�)�

b
‖

‖

Δt − Δ̃‖‖
2
H ≤

2(1 + c�0�)�
b

(

‖

‖

Δt‖‖
2
H + ‖

‖

Δ̃‖
‖

2
H

)

. (8)

Substituting (8) in the inequality (7), we get,

Et
(

‖

‖

Δt+1‖‖H − Et ‖‖Δt+1‖‖H
)2 ≤ 2(1 + �0�)(1 + c�0�)�2

��
b

(

‖

‖

Δt‖‖
2
H + ‖

‖

Δ̃‖
‖

2
H

)

.

Again, using ‖
‖

Δt‖‖
2
H < e

2
‖

‖

Δ̃‖
‖

2
H,

Et
(

‖

‖

Δt+1‖‖H − Et ‖‖Δt+1‖‖H
)2 < 20�2��

b
‖

‖

Δ̃‖
‖

2
H .

Since � ≤ 1
4
√

�
, we use Lemma 16 on ‖

‖

Δ̃‖
‖

2
H to obtain,

Et
(

‖

‖

Δt+1‖‖H − Et ‖‖Δt+1‖‖H
)2 < 80�2��

b
!2

(

Et ‖‖Δt+1‖‖H
)2 .

Substituting one of the � factors as b
√

��
n

, and !2 = n
��2


, concludes the proof.

Finally, as the last building block of the submartingale framework, we establish a high probability
upper and lower bound on ‖

‖

Δt+1‖‖H in terms of ‖
‖

Δt‖‖H. Here, due to the noise in the stochastic
gradient, we cannot prove almost sure bounds. However, by Lemmas 9 and 16, we can get the upper
and lower bounds, holdingwith probability at least 1−� b2

n2
, for any � > 0. For notational convenience,

we useM to denote the high probability upper bound on ‖
‖

ḡt − gt‖‖, guaranteed in Lemma 9,

M =

⎧

⎪

⎨

⎪

⎩

�
b

if b < 8
9�

√

�
b
if b ≥ 8

9�.
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Lemma 18 (One step high probability upper bound) Let n > (96)2�2 ln(n∕b�)2



�, x̃ ∈ f (�0�) with

�0 <
1

8e2
√

�
, � = b

√

��
n

≤ min
{

1
4
√

�
, b
48�3∕2�

}

and b < min{ n
4�� ,


n
(96)2�2 ln(n∕b�)2 }, for some � > 0,


 > 0, and any � > 0. Also, let ‖
‖

Δt‖‖
2
H ≤ e2 ‖

‖

Δ̃‖
‖

2
H and ‖

‖

Δt‖‖
2
H ≥ ��2


n
‖

‖

Δ̃‖
‖

2
H. Then, with! =

√

n
��2


,

s = 96�!
√

�M ln(n∕�b) and probability at least 1 − � b
2

n2
:

(1 + s)−1 Et ‖‖Δt+1‖‖H ≤ ‖

‖

Δt+1‖‖H ≤ (1 + s)Et ‖‖Δt+1‖‖H .

Proof We first prove the right-hand side inequality (upper bound),
‖

‖

Δt+1‖‖H =
‖

‖

‖

Δt − �Ĥ−1ḡt
‖

‖

‖H

≤ ‖

‖

‖

Δt − �Ĥ−1gt
‖

‖

‖H
+ � ‖‖

‖

Ĥ−1(ḡt − gt)
‖

‖

‖H

≤ ‖

‖

‖

Δt − �Ĥ−1gt
‖

‖

‖H
+ � ‖‖

‖

H1∕2Ĥ−1H1∕2‖
‖

‖

⋅ ‖‖
‖

H−1∕2(ḡt − gt)
‖

‖

‖

.

Since, Ĥ ≈√

� H̃ and x̃ ∈ f (�0�), we have Ĥ ≈√

�(1+�0�)
H, and therefore, ‖‖

‖

H1∕2Ĥ−1H1∕2‖
‖

‖

≤
√

�(1 + �0�). Using this we get,

‖

‖

Δt+1‖‖H ≤ ‖

‖

‖

Δt − �Ĥ−1gt
‖

‖

‖H
+ �

√

�(1 + �0�)
√

�
‖

‖

(ḡt − gt)‖‖ .

Note that the first term is ‖
‖

EtΔt+1‖‖H. Also as ‖
‖

Δt‖‖
2
H ≤ e2 ‖

‖

Δ̃‖
‖

2
H, we have xt ∈ f (e2�0�), and

therefore, we can apply Lemma 9 on the second term. AsM captures the effect of whether b < 8
9�

or b ≥ 8
9
�, we have with probability at least 1 − � b2

n2
,

‖

‖

Δt+1‖‖H ≤ Et ‖‖Δt+1‖‖H + 6�
√

� ⋅M ln(n∕b�)
(

‖

‖

Δt‖‖H + ‖

‖

Δ̃‖
‖H

)

.

By ‖
‖

Δt‖‖H ≤ e ⋅ ‖
‖

Δ̃‖
‖H it follows that,

‖

‖

Δt+1‖‖H ≤ Et ‖‖Δt+1‖‖H + 20�
√

� ⋅M ln(n∕b�) ‖
‖

Δ̃‖
‖H ,

and using Lemma 16, we upper bound ‖
‖

Δ̃‖
‖H by 2! ⋅ Et ‖‖Δt+1‖‖H and get,

‖

‖

Δt+1‖‖H ≤
(

1 + 40!�
√

� ⋅M ln(n∕b�)
)

Et ‖‖Δt+1‖‖H . (9)

Next, we prove the left-hand side inequality (lower bound), observing that,

Et ‖‖Δt+1‖‖H = Et
‖

‖

‖

Δt − �Ĥ−1ḡt
‖

‖

‖H

≤ ‖

‖

‖

Δt − �Ĥ−1gt
‖

‖

‖H
+ �Et

‖

‖

‖

Ĥ−1(ḡt − gt)
‖

‖

‖H

≤ ‖

‖

‖

Δt − �Ĥ−1ḡt
‖

‖

‖H
+ � ‖‖

‖

Ĥ−1(ḡt − gt)
‖

‖

‖H
+ �Et

‖

‖

‖

Ĥ−1(ḡt − gt)
‖

‖

‖H
.
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Note that,
Et

‖

‖

‖

Ĥ−1(ḡt − gt)
‖

‖

‖H
≤ ‖

‖

‖

H1∕2Ĥ−1H1∕2‖
‖

‖

⋅ ‖‖
‖

H−1∕2‖
‖

‖

⋅ Et ‖‖(ḡt − gt)‖‖

≤ (1 + �0�)
√

�
√

�
⋅ Et ‖‖(ḡt − gt)‖‖ .

Using Lemma 7 to upper boundEt ‖‖(ḡt − gt)‖‖ and substituting in the previous inequality forEt ‖‖Δt+1‖‖H,we get,
Et ‖‖Δt+1‖‖H ≤ ‖

‖

Δt+1‖‖H + �
‖

‖

‖

Ĥ−1(ḡt − gt)
‖

‖

‖H

+ �(1 + �0�)
√

1 + c�0� ⋅

√

��
√

b

(

‖

‖

Δt‖‖H + ‖

‖

Δ̃‖
‖H

)

.

Now in the last term, we use ‖
‖

Δt‖‖H < e ⋅ ‖‖Δ̃‖‖H and upper bound the second term using Lemma 9.
Following the same steps as we did for the right-hand side inequality, we get

Et ‖‖Δt+1‖‖H ≤ ‖

‖

Δt+1‖‖H + 20�
√

� ⋅M ln(n∕b�) ‖
‖

Δ̃‖
‖H + 4�

√

�

√

�
√

b
‖

‖

Δ̃‖
‖H .

Using Lemma 16 on ‖
‖

Δ̃‖
‖H,

Et ‖‖Δt+1‖‖H ≤ ‖

‖

Δt+1‖‖H + 48�
√

� ⋅M ln(n∕b�)Et ‖‖Δt+1‖‖H ,

implying,

Et ‖‖Δt+1‖‖H ≤
(

1 − 48!�
√

� ⋅M ln(n∕b�)
)−1

‖

‖

Δt+1‖‖H .

By the condition on n, namely n > (96)2�2 ln(n∕b�)2



max{�, b}, it follows that,

Et ‖‖Δt+1‖‖H ≤
(

1 + 96!�
√

� ⋅M ln(n∕b�)
)

‖

‖

Δt+1‖‖H . (10)
Combining (9) and (10) we conclude the proof.

Remark 19 We make the following remark about the mini-batch size prescribed in Lemma 18, i.e.,
b < min{ n

4�� ,

⋅n

(96)2�2 ln(n∕b�)2 }. The first term, b < n
4�� , ensures that optimal step size � can be

picked for b ≲ n
� log(n) . The second condition on b eventually reduces to b ≲ n

log(n) , as we set 
 =
1280�2 ln(n∕b�) later in the analysis (see Theorem 21).

4.4 Martingale setup

In what follows, we analyze the behavior of a carefully defined random process from random times
Li to Ti, for i ≥ 0. In particular, we show that if Ti = n

b
then ‖‖

‖

ΔTi
‖

‖

‖

2

H
< c1

��2

n

‖

‖

Δ̃‖
‖

2
H with very high
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probability for some absolute constant c1, and if Ti < n
b
then ‖‖

‖

ΔTi
‖

‖

‖

2

H
< ��2


n
‖

‖

Δ̃‖
‖

2
H with very high

probability. For any t ≥ 0, such that Li + t < Ti, we consider an eventi
t,

i
t =

j=Li+t
⋂

j=Li

{

‖

‖

‖

gj − ḡj
‖

‖

‖H
≤ 6M ln(n∕b�) ‖‖

‖

xj − x̃‖‖
‖H

}

.

The event i
t captures the occurrence of the high probability event mentioned in Lemma 9, for

iterates ranging from random time Li to Li + t. Using Lemma 9, it follows that Pr
(

i
t+1|

i
t

)

≥

1 − � b
2

n2
, and by the union bound Pr

(

i
t+1|

i
0

)

≥ 1 − t� b
2

n2
> 1 − � b

n
. Consider a random process

Y it defined as:

Y i0 = ln(
‖

‖

‖

ΔLi
‖

‖

‖H
),

and for Li + t < Ti,

Y it+1 =
⎛

⎜

⎜

⎝

ln(‖‖
‖

ΔLi+t+1
‖

‖

‖H
) +

t
∑

j=0
ln
⎛

⎜

⎜

⎝

‖

‖

‖

ΔLi+j
‖

‖

‖H

ELi+j
‖

‖

‖

ΔLi+j+1
‖

‖

‖H

⎞

⎟

⎟

⎠

⎞

⎟

⎟

⎠

⋅ 1i
t
+ Y it ⋅ 1¬i

t
,

where ELi+t means expectation conditioned on the past till iterate xLi+t. At iteration t+1, the randomprocess Y it+1 checks for the two halting conditions mentioned in the definition of Ti. If any of the
halting condition is met then we get Li + t = Ti, the random process halts, otherwise, the random
process proceeds to iteration t + 2. We analyze the random process Y it+1 till Li + t = Ti. The first
observation is that Y it+1 is a sub-martingale, proven as follows. If 1i

t
= 0 or 1i

t−1
= 0 then Y it+1 = Y it

and trivially EtY t+1i = Y it . So we consider 1i
t
= 1i

t−1
= 1 and get,

Et[Y it+1] − Y
i
t = ELi+1 ln(

‖

‖

‖

ΔLi+t+1
‖

‖

‖H
) + ln

⎛

⎜

⎜

⎝

‖

‖

‖

ΔLi+t
‖

‖

‖H

ELi+t
‖

‖

‖

ΔLi+t+1
‖

‖

‖H

⎞

⎟

⎟

⎠

− ln(‖‖
‖

ΔLi+t
‖

‖

‖H
)

≤ ln(ELi+t
‖

‖

‖

ΔLi+t+1
‖

‖

‖H
) + ln

⎛

⎜

⎜

⎝

1
ELi+t

‖

‖

‖

ΔLi+t+1
‖

‖

‖H

⎞

⎟

⎟

⎠

= 0. (11)

Due to the quadratic variation bound Lemma 17, for Li + t < Ti we have,

ELi+t
(

‖

‖

‖

ΔLi+t+1
‖

‖

‖H
− ELi+t

‖

‖

‖

ΔLi+t+1
‖

‖

‖H

)2
≤ 80� �



√

�
ELi+t

‖

‖

‖

ΔLi+t+1
‖

‖

‖

2

H
. (12)

We use (12) to upper bound Et
(

Y it+1 − Y
i
t

)2, where Et denotes the expectation conditioned on the
past and assuming Y it is known. First note that if 1i

t
= 0 or 1i

t−1
= 0, then Y it+1 = Y it , and therefore
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Et
(

Y it+1 − Y
i
t

)2
= 0. Hence, it remains to consider the case when 1i

t
= 1i

t−1
= 1,

Et
(

Y it+1 − Y
i
t
)2 = ELi+t

⎛

⎜

⎜

⎝

ln ‖‖
‖

ΔLi+t+1
‖

‖

‖

− ln ‖‖
‖

ΔLi+t
‖

‖

‖

+ ln
⎛

⎜

⎜

⎝

‖

‖

‖

ΔLi+t
‖

‖

‖H

ELi+t
‖

‖

‖

ΔLi+t+1
‖

‖

‖

⎞

⎟

⎟

⎠

⎞

⎟

⎟

⎠

2

= ELi+t
⎛

⎜

⎜

⎝

ln
⎛

⎜

⎜

⎝

‖

‖

‖

ΔLi+t+1
‖

‖

‖H

ELi+t
‖

‖

‖

ΔLi+t+1
‖

‖

‖

⎞

⎟

⎟

⎠

⎞

⎟

⎟

⎠

2

.

Note that in the event of 1i
t
= 1, by Lemma 18 we know that 12 ≤

‖

‖

‖

ΔLi+t+1
‖

‖

‖H

ELi+t
‖

‖

‖

ΔLi+t+1
‖

‖

‖

≤ 2, assuming that
n and b satisfy the assumptions of Lemma 18. Consider the following inequality for p, q > 0 such
that 12 ≤ p

q
≤ 2,

(

ln
(

p
q

))2

≤ max

{

ln

(

1 +
(

p
q
− 1

)2
)

, ln

(

1 +
(

q
p
− 1

)2
)}

.

With p = ‖

‖

‖

ΔLi+t+1
‖

‖

‖H
and q = ELi+t

‖

‖

‖

ΔLi+t+1
‖

‖

‖H
, we use the above inequality to get,

Et
(

Y it+1 − Y
i
t
)2 ≤ ELi+t

⎡

⎢

⎢

⎢

⎣

ln

⎛

⎜

⎜

⎜

⎝

1 + 4

(

‖

‖

‖

ΔLi+t+1
‖

‖

‖H
− ELi+t

‖

‖

‖

ΔLi+t+1
‖

‖

‖H

)2

(

ELi+t
‖

‖

‖

ΔLi+t+1
‖

‖

‖H

)2

⎞

⎟

⎟

⎟

⎠

⎤

⎥

⎥

⎥

⎦

≤ ln

(

1 + 320�
�



√

�

)

.

where the last inequality is due to (12). Thus, we get the following predictable quadratic variation
bound for random process Y it ,

Et
(

Y it+1 − Y
i
t
)2 ≤ ln

(

1 + 320�
�



√

�

)

. (13)

Now we aim to upper bound |Y it+1 − Y it | for t such that Li + t < Ti. Again, in the events 1i
t
= 0 or

1i
t−1
= 0, we have Y it = Y it−1 and we are done. Considering the case 1i

t
= 1i

t−1
= 1,

Y it+1 − Y
i
t = ln

⎛

⎜

⎜

⎝

‖

‖

‖

ΔLi+t+1
‖

‖

‖H

ELi+t
‖

‖

‖

ΔLi+t+1
‖

‖

‖H

⎞

⎟

⎟

⎠

.

Again due to having 1i
t
= 1, we invoke Lemma 18 to get,

‖

‖

‖

ΔLi+t+1
‖

‖

‖H
≤
(

1 + 96�!
√

� ⋅M ln(n∕b�)
)

ELi+t
‖

‖

‖

ΔLi+t+1
‖

‖

‖H
,

24



SECOND-ORDER INFORMATION PROMOTES MINI-BATCH ROBUSTNESS

where !2 = n
��2


, and

Y it+1 − Y
i
t ≤ 2 ln

(

1 + 96�!
√

� ⋅M ln(n∕b�)
)

.

Similarly, we get,

Y it − Y
i
t+1 ≤ 2 ln

(

1 + 96�!
√

� ⋅M ln(n∕b�)
)

.

Combining the above upper bound property with (11) and (13), we get the following submartingale
framework.

Lemma 20 (Submartingale setup) Let n > (96)2�2 ln(n∕b�)2



�, �0 <

1
8e2

√

�
, � = b

√

��
n

≤ min
{

1
4
√

�
, b
48�3∕2�

}

and b < min{ n
4�� ,


⋅n
(96)2�2 ln(n∕b�)2 } for some � > 0 and 
 > 0. Consider the random process defined

as Y i0 = ln(
‖

‖

‖

ΔLi
‖

‖

‖H
), and for Li + t < Ti,

Y it+1 =
⎛

⎜

⎜

⎝

ln(‖‖
‖

ΔLi+t+1
‖

‖

‖H
) +

t
∑

j=0
ln
⎛

⎜

⎜

⎝

‖

‖

‖

ΔLi+j
‖

‖

‖H

ELi+t
‖

‖

‖

ΔLi+j+1
‖

‖

‖H

⎞

⎟

⎟

⎠

⎞

⎟

⎟

⎠

⋅ 1i
t
+ Y it ⋅ 1¬i

t
.

Then, letting !2 = n
��2


:

Et[Y it+1] ≤ Y it ,

|Y it+1 − Y
i
t | ≤ 2 ln

(

1 + 96�!
√

� ⋅M ln(n∕b�)
)

,

Et
(

Y it+1 − Y
i
t
)2 ≤ ln

(

1 + 320�
�



√

�

)

.

4.5 High probability convergence via martingale framework

In the previous section, we constructed a submartingale framework satisfying a quadratic variation
bound and high probability upper bound at every step. In this section, we invoke a well-known
measure concentration result for martingales, Freedman’s inequality stated in Theorem 13, on our
framework. We apply Theorem 13 on the random process Y it . For brevity, we provide the analysis
only for the case b < 8

9�. This means replacingM by �
b
in Lemma 20. The proof for the case b ≥ 8

9�

follows similarly, by replacingM with
√

�
b
.

We consider R = 2 ln
(

1 + 96�!
√

�� ln(n∕b�)
b

)

, �2 = t ⋅ ln
(

1 + 320� �


√

�

)

, fix � = 1, and apply
Freedman’s inequality on the random process Y it until ‖‖Δt‖‖2H does not satisfy any of stopping time
criteria mentioned in the definition of Ti, (3). Consider two cases here,
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Case 1: min
{

�2

�2
, �
R

}

= �2

�2
. Note that

�2 ≤ t ⋅ ln

(

1 + 320�
�



√

�

)

≤ n
b
⋅ ln

(

1 + 320�
�



√

�

)

≤ n
b
⋅ 320�

�


√

�
,

where in the last inequality we use t ≤ n
b
and ln(1 + x) < x. We get,

exp
(

−1
4
⋅
�
�2

)

≤ exp
⎛

⎜

⎜

⎜

⎝

−1
4
⋅

1

320 n
b
b
√

��
n

�


√

�

⎞

⎟

⎟

⎟

⎠

= exp
(

−1
4
⋅



320�2

)

< � b
n
,

where last inequality holds if 
 > 1280�2 ln(n∕b�).
Case 2: min

{

�2

�2
, �
R

}

= �
R
. Note that

R = 2 ln

(

1 +
96�!

√

�� ln(n∕b�)
b

)

<
200�!

√

�� ln(1∕�)
b

,

where in the last inequality we use ln(1 + x) < x. We get,

exp
(

− 1
200

⋅
�
R

)

≤ exp

(

−1
4
⋅

b
200�!

√

�� ln(n∕b�)

)

.

Substitute � = b
√

�
n
⋅ � and ! =

√

n
��2


, we get,

exp
(

−1
4
⋅
�
R

)

≤ exp
⎛

⎜

⎜

⎜

⎝

−1
4
⋅

b

200 b
√

��
n

√

n
��2


√

�� ln(n∕b�)

⎞

⎟

⎟

⎟

⎠

= exp

(

−1
4
⋅

√

n
√




200�
√

� ln(n∕b�)

)

≤ � b
n
.

Letting 
 > 1280�2 ln(n∕b�), n > 400��2
 ln(n∕b�)2, we get the failure probability less than � ⋅ b
n
.

Combining both cases, we get the following powerful concentration guarantee.
Theorem 21 (Freedman’s concentration) Let n > 400��2
(ln(n∕b�))2, 
 > 1280�2 ln(n∕b�),
�0 <

1
8e2

√

�
, � = b

√

��
n

≤ min{ 1
4
√

�
, b
48�3∕2� } and b < min{ n

4�� ,

⋅n

(96)2�2 ln(n∕b�)2 }. Then, for any
t ≥ 0 satisfying Li + t ≤ Ti:

ln
⎛

⎜

⎜

⎝

‖

‖

‖

ΔLi+t
‖

‖

‖H
‖

‖

‖

ΔLi
‖

‖

‖H

⎞

⎟

⎟

⎠

≤ −t ln
(

1
1 − �

)

+ 1,
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where � = �
32
√

�
, with probability at least 1 − � b

n
.

Proof By Theorem 13, we have Yt ≤ Y0 + 1 with probability at least 1 − � bn . This implies,

⎛

⎜

⎜

⎝

ln(‖‖
‖

ΔLi+t+1
‖

‖

‖H
) +

t
∑

j=0
ln
⎛

⎜

⎜

⎝

‖

‖

‖

ΔLi+t
‖

‖

‖H

ELi+t
‖

‖

‖

ΔLi+t+1
‖

‖

‖H

⎞

⎟

⎟

⎠

⎞

⎟

⎟

⎠

⋅ 1i
t
+ Y it ⋅ 1¬i

t
≤ ln

(

‖

‖

‖

ΔLi
‖

‖

‖H

)

+ 1. (14)

Since Li + t ≤ Ti, we have xLi+t−1 ∈ f (e2�0�) and also xLi ∈ f (e2�0�). By Lemma 9, and
applying the union bound for t inner iterations starting from xLi we have Pr

(

i
t
)

≥ 1−t� b
2

n2
≥ 1−� b

n
.

Combining this with (14) and rescaling � by a factor of 2, we get with probability at least 1 − � b
n
,

⎛

⎜

⎜

⎝

ln(‖‖
‖

ΔLi+t+1
‖

‖

‖H
) +

t
∑

j=0
ln
⎛

⎜

⎜

⎝

‖

‖

‖

ΔLi+j
‖

‖

‖H

ELi+j
‖

‖

‖

ΔLi+j+1
‖

‖

‖H

⎞

⎟

⎟

⎠

⎞

⎟

⎟

⎠

≤ ln
(

‖

‖

‖

ΔLi
‖

‖

‖H

)

+ 1.

By Lemma 14, with � = �
32
√

�
, we have ln

(

1
1−�

)

< ln
(

‖

‖

‖

ΔLi+j
‖

‖

‖H

ELi+j
‖

‖

‖

ΔLi+j+1
‖

‖

‖H

)

, for any j such thatLi+j ≤
Ti. So, with probability at least 1 − � bn ,

(

ln(‖‖
‖

ΔLi+t+1
‖

‖

‖H
) + (t + 1) ⋅ ln

(

1
1 − �

))

≤ ln
(

‖

‖

‖

ΔLi
‖

‖

‖H

)

+ 1,

which concludes the proof.

Remark 22 We make the following remarks about the Freedman’s concentration results (Theo-
rem 21):

(a) An upper bound on ‖‖
‖

ΔTi
‖

‖

‖

2

H
,

Pr
(

‖

‖

‖

ΔTi
‖

‖

‖

2

H
≤ e2 ‖‖

‖

ΔLi
‖

‖

‖

2

H

)

≥ 1 − � b
n
. (15)

This holds since we run the submartingale Y it till Li + t = Ti. Applying the Freedman concen-
tration for t such that Li + t = Ti yields (15);

(b) In particular for i = 0, we have,

Pr
(

‖

‖

‖

ΔT0
‖

‖

‖

2

H
≤ e2 ‖

‖

Δ̃‖
‖

2
H

)

≥ 1 − � b
n
; (16)

(c) Suppose T0 <
n
b
, by combining the definition of T0 (3) and (16) we get,

Pr
(

‖

‖

‖

ΔT0
‖

‖

‖

2

H
≤ ��2


n
‖

‖

Δ̃‖
‖

2
H |T0 <

n
b

)

≥ 1 − � b
n
. (17)
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The next two results show that for any stopping time Ti, ‖‖
‖

ΔTi
‖

‖

‖

2

H
≤ 2e2 ��

2

n

‖

‖

Δ̃‖
‖

2
H with high

probability, and, moreover, if Ti < n
b
then ‖‖

‖

ΔTi
‖

‖

‖

2

H
< ��2


n
‖

‖

Δ̃‖
‖

2
H. We start by proving the result for

the first stopping time T0.
Lemma 23 (High probability result for first stopping time) Let the conditions of Theorem 21 hold.
Then:

Pr
(

‖

‖

‖

ΔT0
‖

‖

‖

2

H
≤ 2e2��

2

n

‖

‖

Δ̃‖
‖

2
H

)

≥ 1 − � b
n
,

where � ≥ 32 ln
(

n
2�2�

)

, and 
 ≥ 1280�2 ln (n∕b�).

Proof By conditioning on the first stopping time, whether T0 < n
b
or T0 = n

b
, and using law of total

probability, it follows that,

Pr
(

‖

‖

‖

ΔT0
‖

‖

‖

2

H
≤ 2e2��

2

n

‖

‖

Δ̃‖
‖

2
H

)

= Pr
(

‖

‖

‖

ΔT0
‖

‖

‖

2

H
≤ 2e2��

2

n

‖

‖

Δ̃‖
‖

2
H |T0 =

n
b

)

Pr
(

T0 =
n
b

)

+ Pr
(

‖

‖

‖

ΔT0
‖

‖

‖

2

H
≤ 2e2��

2

n

‖

‖

Δ̃‖
‖

2
H |T0 <

n
b

)

Pr
(

T0 <
n
b

)

.

Note that we bound the second term above by (17). We proceed to bound the first term. Consider the
submartingale Y 0t running till stopping time T0. If T0 = n

b
, then this implies that the submartingale

Y 0t continued for the full outer iteration. We apply the result of Theorem 21 on Y 0t to get, with
probability at least 1 − � b

n
,

ln
⎛

⎜

⎜

⎝

‖

‖

‖

Δn∕b
‖

‖

‖H
‖

‖

Δ̃‖
‖H

⎞

⎟

⎟

⎠

≤ −n
b
ln
(

1
1 − �

)

+ 1,

which implies,

ln

⎛

⎜

⎜

⎜

⎝

‖

‖

‖

Δn∕b
‖

‖

‖

2

H

‖

‖

Δ̃‖
‖

2
H

⎞

⎟

⎟

⎟

⎠

≤ −2n
b
ln
(

1
1 − �

)

+ 2 ⇒ ‖

‖

‖

Δn∕b
‖

‖

‖

2

H
≤ e2 (1 − �)2n∕b ‖

‖

Δ̃‖
‖

2
H .

For � = 32 ln
(

n
2�2�

)

and 
 = 1280�2 ln (n∕b�), it follows that (1 − �)2n∕b ≤ 2��2
n , which concludes
the proof.

Since there can be more than one stopping time, we prove a result similar to Lemma 23 for
stopping times occurring after the first stopping time. Note that this requires conditioning on the
previous stopping time. As we already have an unconditional high probability result for T0 in Lemma
23, having conditioning on previous stopping time allows us to establish a high probability result for
any subsequent stopping time.
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Lemma 24 (High probability result for non-first stopping time) Let the conditions of Theorem
21 hold. Then, for any i ≥ 0:

Pr
(

‖

‖

‖

ΔTi+1
‖

‖

‖

2

H
≤ 2e2��

2

n

‖

‖

Δ̃‖
‖

2
H |

‖

‖

‖

ΔTi
‖

‖

‖

2

H
<
��2

n

‖

‖

Δ̃‖
‖

2
H

)

≥ 1 − � b
n
,

where � ≥ 32 ln
(

n
2�2�

)

and 
 ≥ 1280�2 ln (n∕b�).

Proof First, note that as ‖‖
‖

ΔTi
‖

‖

‖

2

H
< ��2


n
‖

‖

Δ̃‖
‖

2
H, we have ‖‖

‖

ΔLi+1−1
‖

‖

‖

2

H
< ��2


n
‖

‖

Δ̃‖
‖

2
H. Now due to one

step high probability bound in Lemma 18 we have ‖‖
‖

ΔLi+1
‖

‖

‖

2

H
≤ 2��

2

n

‖

‖

Δ̃‖
‖

2
H. Similar to Lemma 23

we show that,

Pr
(

‖

‖

‖

ΔTi+1
‖

‖

‖

2

H
≤ 2e2��

2

n

‖

‖

Δ̃‖
‖

2
H |

‖

‖

‖

ΔTi
‖

‖

‖

2

H
<
��2

n

‖

‖

Δ̃‖
‖

2
H , Ti+1 = n∕b

)

≥ 1 − � b
n
, (18)

and,

Pr
(

‖

‖

‖

ΔTi+1
‖

‖

‖

2

H
≤ ��2


n
‖

‖

Δ̃‖
‖

2
H |

‖

‖

‖

ΔTi
‖

‖

‖

2

H
<
��2

n

‖

‖

Δ̃‖
‖

2
H , Ti+1 < n∕b

)

≥ 1 − � b
n
. (19)

Now we invoke the Freedman concentration result Theorem 21 on the sub-martingale Y i+1t , to get
with probability at least 1 − � b

n
,

‖

‖

‖

ΔTi+1
‖

‖

‖

2

H
≤ e2 ‖‖

‖

ΔLi+1
‖

‖

‖

2

H
,

proving that
‖

‖

‖

ΔTi+1
‖

‖

‖

2

H
≤ 2e2��

2

n

‖

‖

Δ̃‖
‖

2
H .

Note that this condition does not depend on the value of Ti+1. In particular, for Ti+1 = n
b
we get,

Pr
(

‖

‖

‖

ΔTi+1
‖

‖

‖

2

H
≤ 2e2��

2

n

‖

‖

Δ̃‖
‖

2
H |

‖

‖

‖

ΔTi
‖

‖

‖

2

H
≤ ��2


n
‖

‖

Δ̃‖
‖

2
H , Ti+1 =

n
b

)

≥ 1 − � b
n
,

establishing the inequality (18). Next, to prove the inequality (19), observe that Ti+1 < n
b
implies

that either ‖‖
‖

ΔTi+1
‖

‖

‖

2

H
> 2e2 ‖

‖

Δ̃‖
‖

2
H or ‖‖

‖

ΔTi+1
‖

‖

‖

2

H
< ��2


n
‖

‖

Δ̃‖
‖

2
H. We have already shown that with

probability at least 1 − � b
n
,

‖

‖

‖

ΔTi+1
‖

‖

‖

2

H
≤ 2e2��

2

n

‖

‖

Δ̃‖
‖

2
H < 2e

2
‖

‖

Δ̃‖
‖

2
H .

Combining this with Ti+1 < n
b
we get,

‖

‖

‖

ΔTi+1
‖

‖

‖

2

H
<
��2

n

‖

‖

Δ̃‖
‖

2
H ,
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obtaining that

Pr
(

‖

‖

‖

ΔTi+1
‖

‖

‖

2

H
<
��2

n

‖

‖

Δ̃‖
‖

2
H |

‖

‖

‖

ΔTi
‖

‖

‖

2

H
<
��2

n

‖

‖

Δ̃‖
‖

2
H , Ti+1 <

n
b

)

≥ 1 − � b
n
.

which concludes the proof.

Note that for the � and 
 values prescribed in Lemma 23 and the lower bound on n from Theorem
21, a sufficient condition on n can be stated as: n > c1��2 ln(2c1��2∕�)7 for c1 = 400 ⋅ 1280 ⋅ (32)2.
We are now ready to prove our main convergence result.

Theorem 25 (High probability convergence over outer iterates) Let Assumption 1 hold, and for
fixed � ≥ 1, let Hessian oracle return an �-approximation to ∇2f (x) for any queried x. Let n >
c1��2 ln(2c1��2∕�)7, and �0 <

1
8e2

√

�
. Let x̃0 ∈ f (�0�), � =

b
√

��
n

and b < n
c2� ln(n∕�)

. Then for
any 0 < � < 1∕2, with probability at least 1 − 2�:

f (x̃s) − f (x∗) ≤
(

c3��2 ln(n∕�)2

n

)s

⋅
(

f (x̃0) − f (x∗)
)

,

for � = O
(

ln( n
�2�
)
)

, 
 = O
(

�2 ln( n
b�
)
)

and absolute constants c1, c2 and c3.

Proof Note that in our running notation, x̃0 is just x̃. We prove one outer iteration result where
x̃1 means xn∕b. Consider � = 32 ln

(

n
2�2�

)

and 
 = 1280�2 ln (n∕b�) and note that due to our
assumptions, the results of Theorem 21 and Lemmas 23 and 24 hold. Also for the given values of �
and 
 , the upper bound condition on b can be replaced with b < n

c2� ln(n∕2�2�)
, where c2 = 32 ⋅ 4. Let

 be the event denoting our convergence guarantee, i.e.,

 ∶=
{

‖

‖

‖

Δn∕b
‖

‖

‖

2

H
≤ 2e2��

2

n

‖

‖

Δ̃‖
‖

2
H

}

.

Also we define events i for all i ≥ 0 as following,

i ∶=
{

Ti <
n
b

}

∩
{

‖

‖

‖

ΔTi
‖

‖

‖

2

H
<
��2

n

‖

‖

Δ̃‖
‖

2
H

}

.

Due to Lemma 24 we know that Pr
(

i+1|i, Ti+1 <
n
b

)

≥ 1 − � b
n
. Moreover, by using the law of

total probability in conjunction with conditioning on the first stopping time, we have,

Pr () = Pr
(

 |T0 =
n
b

)

⋅ Pr
(

T0 =
n
b

)

+ Pr
(

 |T0 <
n
b

)

⋅ Pr
(

T0 <
n
b

)

.

Using Lemma 23, we have Pr
(

 |T0 =
n
b

)

≥ 1 − � b
n
, and

Pr () =
(

1 − � b
n

)

⋅ Pr
(

T0 =
n
b

)

+ Pr
(

 |T0 <
n
b

)

⋅ Pr
(

T0 <
n
b

)

. (20)
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Next, we consider the term Pr
(

 |T0 <
n
b

)

,

Pr
(

 |T0 <
n
b

)

≥ Pr
(

 |0, T0 <
n
b

)

⋅ Pr
(

0 | T0 <
n
b

)

.

By Lemma 23, Pr
(

0 | T0 <
n
b

)

≥ 1 − � b
n
. Substituting this in (20),

Pr () ≥
(

1 − � b
n

) [

Pr
(

T0 =
n
b

)

+ Pr
(

 |0
)

⋅ Pr
(

T0 <
n
b

)]

. (21)

We now show that Pr ( |i
)

≥ 1 − � for any i. Consider the following,

Pr
(

 |i
)

=Pr
(

 |Ti+1 =
n
b
, i

)

⋅ Pr
(

Ti+1 =
n
b
| i

)

+ Pr
(

 |Ti+1 <
n
b
, i

)

⋅ Pr
(

Ti+1 <
n
b
| i

)

.

By Lemma 24, we have Pr
(

 |Ti+1 =
n
b
, i

)

≥ 1 − � b
n
,

Pr
(

 |i
)

≥
(

1 − � b
n

)

⋅Pr
(

Ti+1 =
n
b
| i

)

+Pr
(

 |Ti+1 <
n
b
, i

)

⋅ Pr
(

Ti+1 <
n
b
| i

)

. (22)

We write Pr
(

 |Ti+1 <
n
b
, i

)

as follows,

Pr
(

 |Ti+1 <
n
b
, i

)

≥ Pr
(

 |Ti+1 <
n
b
, i, i+1

)

⋅ Pr
(

i+1|Ti+1 <
n
b
, i

)

= Pr
(

 | i+1
)

⋅ Pr
(

i+1|Ti+1 <
n
b
, i

)

,

where in the last inequality we use Pr
(

 |Ti+1 <
n
b
, i, i+1

)

= Pr
(

 |i+1
). We also use Lemma

24 to write Pr
(

i+1|Ti+1 <
n
b
, i

)

≥ 1 − � b
n
, implying,

Pr
(

 |Ti+1 <
n
b
, i

)

≥
(

1 − � b
n

)

Pr
(

 |i+1
)

. (23)

Substituting (23) in (22), we get,

Pr
(

 | i
)

≥
(

1 − � b
n

) [

Pr
(

Ti+1 =
n
b
| i

)

+ Pr
(

 |i+1
)

Pr
(

Ti+1 <
n
b
| i

)]

.

Since we perform a finite number of iterations, Pr
(

Ti+1 <
n
b
| i

)

= 0 for any i ≥ n
b
. This intuitively

means that the number of stopping times is upper bounded by the number of inner iterations. In the
worst case i = n

b
− 1, which means that Pr

(

Ti+1 <
n
b
| i

)

= 0 for i = n
b
− 1. implying that

Pr
(

| n
b−1

)

≥ 1 − � b
n
. Also note that if Pr ( | i+1

)

≥
(

1 − � b
n

)l for some integer l ≥ 0, then
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Pr
(

 | i
)

≥
(

1 − � b
n

)l+1. Combining this with the fact there cannot be more than n
b
stopping

times, along with using (21) we get,

Pr () ≥ 1 − �.

Incorporating the total failure probability of Lemma 9 for any of the n∕b iterations, we get a failure
probability of at most 2�.

As a final step, we prove our result in terms of function values. Since f has continuous first-
and second-order derivatives, by the quadratic Taylor expansion, for vectors a and v, there exists a
� ∈ [0, 1] such that,

f (a + v) = f (a) + ⟨∇f (a), v⟩ + 1
2
v⊤∇2f (a + �v)v.

Let a = x∗, v = xn∕b − x∗,

f (xn∕b) − f (x∗) =
1
2
(xn∕b − x∗)⊤∇2f (x∗ + �(xn∕b − x∗))(xn∕b − x∗).

With high probability, we know that xn∕b ∈ f (e2�0�) and have x∗ + �(xn∕b − x∗) ∈ f (e2�0�).
Take z = x∗ + �(xn∕b − x∗), we have 1

1+e2�0�
⋅H ⪯ ∇2f (z) ⪯ (1 + e2�0�) ⋅H. Then,

1
2
(xn∕b − x∗)⊤∇2f (x∗ + �(xn∕b − x∗))⊤(xn∕b − x∗) = 1

2
‖xn∕b − x∗‖2∇2f (z)

≤ 1
2
(1 + e2�0�)

‖

‖

‖

Δn∕b
‖

‖

‖

2

H

< ‖

‖

‖

Δn∕b
‖

‖

‖

2

H
,

so it follows that,

f (xn∕b) − f (x∗) ≤
‖

‖

‖

Δn∕b
‖

‖

‖

2

H
.

Using the reverse inequality with x̃ in place of xn∕b, we have,

f (x̃) − f (x∗) ≥ 2(1 + �0) ‖‖Δ̃‖‖
2
H .

Combining the above two relations with the definition of  , we get with probability at least 1 − 2�,

f (xn∕b) − f (x∗) ≤ 6e2
��2

n

⋅
(

f (x̃) − f (x∗)
)

.

Setting c3 = 6e2 ⋅ 1280 ⋅ 32, and writing the result in terms of outer iterates by noticing x̃ = x̃0 and
xn∕b = x̃1, concludes the proof.

32



SECOND-ORDER INFORMATION PROMOTES MINI-BATCH ROBUSTNESS

4.6 Global convergence analysis

In this section, we prove the global convergence of Mb-SVRN. Unlike Theorem 25 we have no local
neighborhood condition and we do not put any condition on the gradient mini-batch size. Due to
being a stochastic second-order method, the global rate of convergence of Mb-SVRN is provably much
slower than the local convergence guarantee.
Theorem 26 (Global convergence of Mb-SVRN) For any gradient mini-batch size b and step size
� = min

{

2
�
√

�
, b
8�3�3∕2

}

there exists �′ < 1 such that,

Ef (xn∕b) − f (x∗) < �′ ⋅
(

f (x̃) − f (x∗)
)

.

Proof Refer to Appendix A.6.

5. Numerical Experiments

We now present more extensive empirical evidence to support our theoretical analysis. We consid-
ered a regularized logistic loss minimization task with two datasets, EMNIST dataset (n ≈ 700k) and
CIFAR10 dataset (n = 60k) transformed using a random feature map obtaining d = 256 features for
both datasets.

5.1 Experimental setup

The regularized logistic loss function can be expressed as the following finite-sum objective:

f (x) = 1
n

n
∑

i=1
ln(1 + e−bia

⊤
i x) +

�
2
‖x‖2.

where (ai, bi) denote the training examples with ai ∈ ℝd and bi ∈ {+1,−1} for i ∈ {1, 2,… , n}. The
function f (x) is �-strongly convex. We set � = 10−6 in our experiments on EMNIST and CIFAR10.
Before running Mb-SVRN, for both datasets, we find the respective x∗ to high precision by using
Newton’s Method. This is done in order to calculate the error f (xt) − f (x∗) at every iteration t.
For the Hessian approximation in Mb-SVRN, we use Hessian subsampling (Roosta-Khorasani and
Mahoney, 2019; Bollapragada et al., 2019), sampling ℎ component Hessians at the snapshot vector
x̃ and constructing Ĥs. The algorithmic implementation is discussed in Algorithm 1. For every
combination of gradient mini-batch size (b), step size (�) and Hessian sample size (ℎ) chosen for any
particular dataset, we tune the number of inner iterations tmax to optimize the convergence rate per
data pass and take the average over 5 runs.3 Moreover, as Katyusha has two additional momentum
parameters �1 and �2, we set �2 = 1∕2b in our experiments. This is done to avoid high computa-
tional costs associated with tuning 3 hyperparameters for Katyusha. However, tuning � and �1 itself
turns out to be a computationally heavy task, highlighting an additional drawback of Katyusha over
Mb-SVRN, which in comparison requires tuning only �. All methods get a fixed budget equivalent
to performing 4 data passes, i.e., computing 4n component gradients.4 The allowed computational
3. For SVRG and Katyusha, we have ℎ = 0.
4. Setting �2 = 1∕2b agrees with suggested parameter setting in Allen-Zhu (2017).
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budget of 4 data passes can be used in 1 outer iteration by performing 3n inner iterations, or 2 outer
iterations with n inner iterations each, or 3 outer iterations with ⌊n∕3⌋ inner iterations each, or even
4 outer iterations with no inner iterations. In addition to these four regimes, we also consider a fifth
scheme where we tune the number of inner iterations, say ttuned , and run

⌊ 4
1+bttuned∕n

⌋ outer iterations
with ttuned inner iterations each.5 We tune the above mentioned 5 regimes over �, and �1 (only for
Katyusha) and return x̂ as an estimate for x∗, say after a total of w data passes. Here w is atmost
4 but could be less than 4; depending on ttuned . The convergence rate per data pass is computed as
�̂ ∶=

(

f (x̂)−f (x∗)
f (x̃)−f (x∗)

)1∕w, where x̃ is the initial iterate.
In the following sections, we discuss the robustness of Mb-SVRN, as well as SVRG and Katyusha,

to 1) gradient mini-batch size and 2) step size.
5.2 Robustness to gradient mini-batch size

We first discuss Figure 5 showing the convergence rate of Mb-SVRN as we vary gradient mini-
batch size and Hessian sample size for solving regularized logistic regression tasks on EMNIST and
CIFAR10 datasets. The convergence rates reported are obtained after tuning the convergence rate per
data pass with respect to the step size � and number of inner iterations, for any (ℎ, b) value pair. The
theory suggests that the convergence rate of Mb-SVRN is independent of the gradient mini-batch size
b for a wide range of mini-batch sizes, and the plot recovers this phenomenon remarkably accurately.
The plot highlights that Mb-SVRN is robust to gradient mini-batch size, since the fast convergence
rate of Mb-SVRN is preserved for a very large range of gradient mini-batch sizes (represented by the
curves in Figure 5 staying flat). This phenomenon does not hold for first-order variance reduction
methods, SVRG and Katyusha. The plots demonstrate that the performance of SVRG and Katyusha
suffers with increasing b, which is consistent with the existing convergence analysis of SVRG-type
first-order methods (Konecnỳ and Richtárik, 2013; Allen-Zhu, 2017). While Katyusha does provide
an accelerated convergence in comparison to SVRG, the convergence rate per data pass still degrades
rapidly as b grows.

We also note that as b increases and enters into a very large gradient mini-batch size regime,
the convergence rate of Mb-SVRN starts to deteriorate and effectively turns into Subsampled Newton
(SN) when b = n. The empirical evidence showing deterioration in convergence rate for very large
b values agrees with our theoretical prediction of a phase transition into standard Newton’s method
after b > n

� log(n) . In the extreme case of b = n, Mb-SVRN performs only one inner iteration and is the
same as SN. As SN uses the exact gradient at every iteration, its convergence rate per data pass is very
sensitive to the Hessian approximation quality, which makes it substantially worse than Mb-SVRN for
small-to-moderate Hessian sample sizes ℎ.

5.3 Robustness to step size

In addition to the demonstrated robustness to gradient mini-batch size, Mb-SVRN exhibits empirical
resilience to step size variations. As depicted in Figure 6, the convergence rate for small b values
closely aligns with the optimal rate (red dot) when the step size approaches the optimal range. In
contrast, the convergence rate of Subsampled Newton (b = n) sharply increases near its optimal step
size. This suggests that the convergence rate of Mb-SVRN with small-to-moderate gradient mini-
batch size is more robust to changes in step size as compared to using very large gradient mini-
5. For Mb-SVRN we include the component Hessian evaluations as well in the computational budget
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(a) Convergence rate per data pass of Mb-SVRN on EMNIST dataset.

(b) Convergence rate per data pass of Mb-SVRN on CIFAR10 dataset.

Figure 5: Experiments on EMNIST and CIFAR10 datasets, as we vary gradient mini-batch size b and
Hessian sample size ℎ, showing the robustness of Mb-SVRN to gradient mini-batch size and phase
transition into standard Newton’s method for large mini-batches.
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Figure 6: Experiments with logistic regression on EMNIST on CIFAR10 datasets. The big dot on
every curve marks the respective optimal convergence rate attained at the optimal step size. The
bottom six plots demonstrate the performance of Mb-SVRN with different Hessian sample sizes ℎ.
The top two plots demonstrate SVRG’s performance.
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batches or the full gradients. Intuitively, with smaller b values, the algorithm performs numerous
inner iterations, relying more on variance reduction. This advantage offsets the impact of step size
changes. Conversely, with very large b values, Mb-SVRN selects larger step sizes, reducing the number
of optimal inner iterations and limiting the variance reduction advantage. On the other hand, for first-
order methods like SVRG and Katyusha, tuning over the hyperparameters � and �1 can lead to a huge
computational burden (which we observed in our experiments especially in the case of Katyusha),
as these hyperparameters depend on unknown problem parameters (like smoothness constant).

6. Conclusions and Future Directions

Wehave shown that incorporating second-order information into a stochastic variance-reducedmethod
allows it to scale more effectively, and to scale to very large mini-batches. We have demonstrated
this by analyzing the convergence of Mb-SVRN, a prototypical stochastic second-order method with
variance reduction, and have shown that its associated convergence rate per data pass remains op-
timal for a very wide range of gradient mini-batch sizes (up to n∕� log(n)). Our main theoretical
result provides a convergence guarantee robust to the gradient mini-batch size with high probabil-
ity through a novel martingale concentration argument. Furthermore, empirically we have shown
the robustness of Mb-SVRN not only to mini-batch size, but also to the step size and the Hessian
approximation quality. Our algorithm, analysis, and implementation uses SVRG-type variance re-
duced gradients, and as such, a natural question pertains to whether the algorithm can be extended
to use other (perhaps biased) variance reduction techniques. Another interesting future direction is
to investigate the effect of using alternate sampling methods while selecting component gradients,
as well as the effect of incorporating acceleration into the method.
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Appendix A. Ommitted Proofs

A.1 Proof of Lemma 7.

Proof As each  i is convex and �-smooth, the following relation holds (see Theorem 2.1.5 Nesterov
et al., 2018),

‖∇ i(xt) − ∇ i(x̃)‖2 ≤ 2� ⋅ ( i(x̃) −  i(xt) − ⟨∇ i(xt), x̃ − xt⟩).

Consider the variance of the stochastic gradient if we use just one sample,  i for calculating the
stochastic gradient. The variance is given as E[‖∇ i(xt) − ∇ i(x̃) + g̃ − gt‖2].

Et[‖∇ i(xt) − ∇ i(x̃) + g̃ − gt‖2] = Et[‖∇ i(xt) − ∇ i(x̃) − (gt − g̃)‖2]
≤ Et[‖∇ i(xt) − ∇ i(x̃)‖2]
≤ 2� ⋅ Et[( i(x̃) −  i(xt) − ⟨∇ i(xt), x̃ − xt⟩)]
= 2� ⋅ (f (x̃) − f (xt) − ⟨gt, x̃ − xt⟩). (24)
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Similarly, if we use b samples and upper bound E‖ḡt − gt‖2,

Et‖ḡt − gt‖2 = Et‖
1
b

b
∑

t=1
∇ it(xt) −

1
b

b
∑

t=1
∇ it(x̃) + g̃ − gt‖2

= 1
b2
Et‖

b
∑

t=1
∇ it(xt) −

b
∑

t=1
∇ it(x̃) + b ⋅ g̃ − b ⋅ gt‖

2

= 1
b2
Et‖

b
∑

t=1
(∇ it(xt) − ∇ it(x̃) + g̃ − gt)‖2.

Now as all the indices it are chosen independently, we can write the variance of the sum as the sum
of individual variances.

Et‖ḡt − gt‖2 =
1
b2

b
∑

t=1
Et‖(∇ it(xt) − ∇ it(x̃) + g̃ − gt)‖2

= 1
b
Et‖∇ i(xt) − ∇ i(x̃) + g̃ − gt‖2

≤ 2�
b
(f (x̃) − f (xt) − ⟨gt, x̃ − xt⟩), (25)

where in the last inequality, we used (24). Since f has continuous first and second-order derivatives,
we can use the quadratic Taylor’s expansion for f around xt. For vectors a and v, ∃ � ∈ [0, 1] such
that,

f (a + v) = f (a) + ⟨∇f (a), v⟩ + 1
2
v⊤∇2f (a + �v)v.

Let a = xt, v = x̃ − xt, we get,
f (x̃) − f (xt) − ⟨gt, (x̃ − xt)⟩ =

1
2
(x̃ − xt)⊤∇2f (xt + �(x̃ − xt))(x̃ − xt).

Using the assumption x̃, xt ∈ f (c�0�), we have xt+�(x̃−xt) ∈ f (c�0�). Take z = xt+�(x̃−xt),
we have 1

1+c�0�
⋅H ⪯ ∇2f (z) ⪯ (1+ c�0�) ⋅H (see Proof of Lemma 1 in Dereziński (2025)). We get,
1
2
(x̃ − xt)⊤∇2f (xt + �(x̃ − xt))⊤(x̃ − xt) =

1
2
‖xt − x̃‖2∇2f (z)

≤ 1
2
(1 + c�0�) ‖‖x̃ − xt‖‖

2
H .

implying,
f (x̃) − f (xt) − ⟨gt, (x̃ − xt)⟩ ≤

1
2
(1 + c�0�) ‖‖x̃ − xt‖‖

2
H .

Substitute the above relation in (25), we get,
Et‖ḡt − gt‖2 ≤ (1 + c�0�)

�
b
‖

‖

x̃ − xt‖‖
2
H .
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A.2 Proof of Lemma 8.

Proof For the sake of this proof we abuse the notation and write xAN as xt+1. However we make
clear that Mb-SVRN uses xt+1 = xt − �Ĥ−1ḡt. In this proof we denote xt+1 = xAN = xt − �Ĥ−1gt,
Δt+1 = xAN − x∗, and Δt = xt − x∗.

Δt+1 = Δt − �Ĥ−1gt
= Δt − �Ĥ−1(gt − g∗)

= Δt − �Ĥ−1
∫

1

0
∇2f (x∗ + �Δt)Δtd�

= Δt − �Ĥ−1H̄Δt
⇒ ‖

‖

Δt+1‖‖H̄ =
‖

‖

‖

(I − �Ĥ−1H̄)Δt
‖

‖

‖H̄
,

where H̄ = ∫ 10 ∇
2f (x∗ + �Δt)d�. We upper bound ‖

‖

Δt+1‖‖H̄ as,
‖

‖

Δt+1‖‖H̄ =
‖

‖

‖

(I − �Ĥ−1H̄)Δt
‖

‖

‖H̄

= ‖

‖

‖

H̄1∕2(I − �Ĥ−1H̄)Δt
‖

‖

‖

= ‖

‖

‖

(I − �H̄1∕2Ĥ−1H̄1∕2)H̄1∕2Δt
‖

‖

‖

≤ ‖

‖

‖

I − �H̄1∕2Ĥ−1H̄1∕2‖
‖

‖

⋅ ‖
‖

Δt‖‖H̄ .

As xt ∈ f (c�0�), for any 0 ≤ � ≤ 1, we have x∗ + �Δt ∈ f (c�0�), and therefore 1
1+c�0�

H ⪯ H̄ ⪯

(1 + c�0�)H. Also we have 1
√

�
H̃ ⪯ Ĥ ⪯

√

�H̃ and 1
1+�0�

H ⪯ H̃ ⪯ (1 + �0�)H. Combining these
positive semidefinite orderings for H̃ and Ĥ along with 1 + �0� < 2, we have 1

2
√

�
H ⪯ Ĥ ⪯ 2

√

�H.
We get,

1
2
√

�(1 + c�0�)
H̄−1 ⪯ Ĥ−1 ⪯ 2

√

�(1 + c�0�)H̄−1,

�
2
√

�(1 + c�0�)
I ⪯ �H̄1∕2Ĥ−1H̄1∕2 ⪯ 2�

√

�(1 + c�0�)I,

implying that,
‖

‖

‖

I − �H̄1∕2Ĥ−1H̄1∕2‖
‖

‖

≤ max{1 − �
2
√

�(1 + c�0�)
, 2�

√

�(1 + c�0�) − 1}.

Since � < 1
4
√

�
, and �0 < 1

8c
√

�
, maximum value would be 1 − �

2
√

�(1+c�0�)
. We get,

‖

‖

‖

I − �H̄1∕2Ĥ−1H̄1∕2‖
‖

‖

≤ 1 − �
4
√

�
,

and hence,

‖

‖

Δt+1‖‖H̄ ≤

(

1 −
�

4
√

�

)

‖

‖

Δt‖‖H̄ .
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Changing ‖⋅‖H̄ to ‖⋅‖H we get,

‖

‖

Δt+1‖‖H ≤
√

1 + c�0� ‖‖Δt+1‖‖H̄ ≤
√

1 + c�0� ⋅

(

1 −
�

4
√

�

)

‖

‖

Δt‖‖H̄ ≤ (1 + c�0�) ⋅

(

1 −
�

4
√

�

)

‖

‖

Δt‖‖H

≤

(

1 − �

(

1
4
√

�
− c�0

)

−
c�0�2

4
√

�

)

‖

‖

Δt‖‖H .

Using �0 < 1
8c
√

�
, we conclude,

‖

‖

Δt+1‖‖H ≤

(

1 −
�

8
√

�

)

‖

‖

Δt‖‖H .

A.3 Proof of Lemma 9.

In the proof, we will use a result from Minsker (2011), stated as the following,
Lemma 27 (Matrix Bernstein: Corollary 4.1 from Minsker (2011)) Let Y1,Y2, ..Ym ∈ ℂd be a
sequence of random vectors such that EYi = 0, ‖

‖

Yi‖‖ < U almost surely ∀1 ≤ i ≤ m. Denote
�2 ∶=

∑m
i=1 E ‖

‖

Yi‖‖
2. Then ∀t2 > �2 + tU

3 ,

Pr

(

‖

‖

‖

‖

‖

m
∑

i=1
Yi
‖

‖

‖

‖

‖2

> t

)

≤ 28exp
[

−
t2∕2

�2 + tU∕3

]

.

We now return to the proof of Lemma 9.
Proof Define random vectors vi, as vi = ∇ i(xt) − ∇ i(x̃) + g̃ − gt. Then E[vi] = 0. Also,

‖vi‖2 ≤ 2‖∇ i(xt) − ∇ i(x̃)‖2 + 2‖gt − g̃‖2

≤ 4�
(

 i(x̃) −  i(xt) − ⟨∇ i(xt), x̃ − xt⟩
)

+ 4�
(

f (x̃) − f (xt) − ⟨gt, x̃ − xt⟩
)

≤ 2�2‖x̃ − xt‖2 + 2�2‖x̃ − xt‖2

= 4�2‖x̃ − xt‖2.

We also have the following upper bound on the variance of vi:
E[‖∇ i(xt) − ∇ i(x̃) + g̃ − gt‖2] = E[‖∇ i(xt) − ∇ i(x̃) − (gt − g̃)‖2]

≤ E[‖∇ i(xt) − ∇ i(x̃)‖2]
≤ 2� ⋅ E[( i(x̃) −  i(xt) − ⟨∇ i(xt), x̃ − xt⟩)]
= 2� ⋅ (f (x̃) − f (xt) − ⟨gt, x̃ − xt⟩).

Since f is twice continuously differentiable, there exists a � ∈ [0, 1] such that,
f (x̃) − f (xt) − ⟨gt, (x̃ − xt)⟩ =

1
2
(x̃ − xt)⊤∇2f (xt + �(x̃ − xt))⊤(x̃ − xt).
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Using the assumption that xt, x̃ ∈ f (c�0�), with z = xt + �(x̃ − xt) we have zt ∈ f (c�0�). With
�0 <

1
8c
√

�
, and � < 1

4
√

�
,

1
2
(x̃ − xt)⊤∇2f (xt + �(x̃ − xt))⊤(x̃ − xt) =

1
2
‖xt − x̃‖2∇2f (z)

≤ 1
2
(1 + c�0�) ‖‖x̃ − xt‖‖

2
H

≤ ‖

‖

x̃ − xt‖‖
2
H .

We get,
E‖vi‖2 ≤ 2� ‖‖x̃ − xt‖‖

2
H .

So we take U = 2� ‖
‖

x̃ − xt‖‖ and �2 = 2b� ‖
‖

x̃ − xt‖‖
2
H. Also note that, U ≤ 2 �

√

�
‖

‖

x̃ − xt‖‖H. Look
for t such that,

exp
(

−
t2∕2

�2 + tU∕3

)

< � b
2

n2

⟺
t2∕2

�2 + tU∕3
> 2 ln(n∕b�)

⟺ t2 > 4�2 ln(n∕b�) + 4tU
3
ln(n∕b�)

⟺
t2

2
+ t2

2
> 4�2 ln(n∕b�) + 4tU

3
ln(n∕b�).

Now in the regime of b < 8
9
� we have 2� ln(n∕b�) < 4

3
U ln(n∕b�). Consider Yi = vi, t =

8
3U ln(n∕b�) =

4
3 .

2�
√

�
‖

‖

x̃ − xt‖‖H ln(
n
b�
). For this value of t, we get with probability 1 − � b2

n2
,

‖

‖

‖

‖

‖

‖

b
∑

i=1
Yi
‖

‖

‖

‖

‖

‖

≤ 8
3
. 2�
√

�
‖

‖

x̃ − xt‖‖H ln(
n
b�
).

This means with probability 1 − � b2
n2
,

‖

‖

gt − ḡt‖‖ ≤ 16�
3b
√

�
ln(n∕b�) ‖

‖

xt − x̃‖
‖H .

Moreover, in the regime of b ≥ 8
9�, we have 2� ln(n∕b�) ≥ 4

3U ln(n∕b�). In this case set t =
2
√

2� ln(n∕b�) = 4
√

b� ‖
‖

xt − x̃‖
‖H ln(n∕b�). We conclude,

‖

‖

gt − ḡt‖‖ ≤
4
√

�
√

b
ln(n∕b�) ‖

‖

xt − x̃‖
‖H .
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A.4 Proof of Lemma 10.

Proof Since g∗ = 0, we have ‖‖
‖

Ĥ−1gt
‖

‖

‖H
= ‖

‖

‖

Ĥ−1(gt − g∗)‖‖
‖H

. Consider the following,
‖

‖

‖

Ĥ−1gt
‖

‖

‖H
= ‖

‖

‖

Ĥ−1(gt − g∗)‖‖
‖H

=
‖

‖

‖

‖

‖

Ĥ−1
∫

1

0
∇2f (x∗ + �(xt − x∗))Δt ⋅ d�

‖

‖

‖

‖

‖H
.

Denoting H̄ = ∫ 10 ∇
2f (x∗ + �(xt − x∗)) ⋅ d�, we get,

‖

‖

‖

Ĥ−1(gt − g∗)‖‖
‖H

= ‖

‖

‖

Ĥ−1H̄Δt
‖

‖

‖H

= ‖

‖

‖

H1∕2Ĥ−1H̄Δt
‖

‖

‖

= ‖

‖

‖

H1∕2Ĥ−1H̄H−1∕2H1∕2Δt
‖

‖

‖

≤ ‖

‖

‖

H1∕2Ĥ−1H̄H−1∕2‖
‖

‖

‖

‖

Δt‖‖H

=
‖

‖

‖

‖

‖

H1∕2Ĥ−1H1∕2
⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟

H−1∕2H̄H−1∕2
⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟

‖

‖

‖

‖

‖

‖

‖

Δt‖‖H

≤ ‖

‖

‖

H1∕2Ĥ−1H1∕2‖
‖

‖

⋅ ‖‖
‖

H−1∕2H̄H−1∕2‖
‖

‖

⋅ ‖
‖

Δt‖‖H .

Since we have Ĥ ≈√

� H̃ and x̃ ∈ f (�0�), we have Ĥ ≈√

�(1+�0�)
H. Furthermore for xt ∈

f (c�0�), we have H̄ ≈1+c�0� H, because for all �, x∗+�(xt−x∗) ∈ f (c�0�). So we use the results
‖

‖

‖

H1∕2Ĥ−1H1∕2‖
‖

‖

≤
√

�(1 + �0�) and ‖‖H−1∕2H̄H−1∕2
‖

‖

≤ (1 + c�0�) and get,
‖

‖

‖

Ĥ−1(gt − g∗)‖‖
‖H

≤
√

�(1 + �0�)(1 + c�0�) ‖‖Δt‖‖H

< 2
√

� ‖
‖

Δt‖‖H .

A.5 Proof of Theorem 13.

In our proof of Theorem 13, we use a Master tail bound for adapted sequenced from Tropp (2011).
Letk be a filtration and random process (Yk)k≥0 bek measurable. Also let another random process
Vk such that Vk is k−1 measurable. Consider the difference sequence for k ≥ 1,

Xk = Yk − Yk−1.

Also, assume the following relation holds for a function g ∶ (0,∞)→ [0,∞]:
Ek−1e�Xk ≤ eg(�)Vk .

Then we have,
Theorem 28 (Master tail bound for adapted sequences from Tropp (2011)) For all �,w ∈ ℝ,
we have,

Pr

(

∃k ≥ 0 ∶ Yk ≥ Y0 + � and
k
∑

i=1
Vi ≤ �2

)

≤ inf
�>0

e−��+g(�)�
2
.
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In our proof, we also use the following Lemma from Tropp (2011). The original version of the
result assumes that E[X] = 0, however, we show below that the proof also holds for the case when
E[X] < 0.
Lemma 29 (Freedman MGF, Lemma 6.7 from Tropp (2012)) Let X be a random variable such
that EX ≤ 0 and X ≤ R almost surely. Then for any � > 0 and ℎ(R) = e�R−�R−1

R2
,

Ee�X ≤ eℎ(R)E[X
2].

Proof Consider the Taylor series expansion of e�x,

e�x = 1 + x + x2

2!
+⋯

= 1 + x + x2ℎ(x).

Replace x with the random variable X and take expectation on both sides, we get,
Ee�X ≤ 1 + EX + E[X2 ⋅ ℎ(X)].

On the second term use EX ≤ 0 and on the third term useX ≤ R to get ℎ(X) ≤ ℎ(R) almost surely,
we get,

Ee�X ≤ 1 + ℎ(R) ⋅ E[X2] ≤ eℎ(R)⋅E[X
2].

We now return to the proof of Theorem 13.
Proof If Yk is a submartingale we have,

Ek−1Xk ≤ 0,

and also we know thatXk ≤ R. For k ≥ 1, consider Vk = Ek−1(X2
k). Clearly, Vk is k−1 measurable.

We now establish the relation that Ek−1e�Xk ≤ eg(�)Vk . For any � > 0, consider a function ℎ(x) ∶
[0,∞]→ [ �

2

2
,∞) defined as follows,

ℎ(x) = e�x − �x − 1
x2

, and ℎ(0) = �2

2
.

It is easy to show that ℎ(x) is an increasing function of x. Using Lemma 29 we getEk−1e�Xk ≤ eg(�)Vk
for g(�) = e�R−�R−1

R2
. Now we can use the Master tail bound Theorem 28. The only thing remaining

to analyze is,
inf
�>0

e��+g(�)⋅�
2
.

Doing little calculus shows that, � = 1
R
ln
(

1 + �R
�2

)

minimizes e��+g(�)⋅�2 and the minimum value
is e− 1

2

(

�
�2
+ �
R

)

. Finally observe that e− 1
2

(

�
�2
+ �
R

)

≤ e−
1
4 min

(

�
�2
, �R

)

. This completes the proof.
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A.6 Proof of Theorem 26.

Proof Using the �-smoothness of f , we know that

f (xt+1) ≤ f (xt) + g⊤t (xt+1 − xt) +
�
2
‖xt+1 − xt‖2.

Substitute xt+1 = xt − �Ĥ−1ḡt, we get,

f (xt+1) ≤ f (xt) − �g⊤t Ĥ
−1ḡt + �2

�
2
‖Ĥ−1ḡt‖2

= f (xt) − �g⊤t Ĥ
−1ḡt + �2

�
2
‖Ĥ−1 (ḡt − gt + gt

)

‖

2.

Take total expectation E on both sides, by which we mean expectation conditioned only on known
x̃. We get,

Ef (xt+1) ≤ E
(

f (xt) − �g⊤t Ĥ
−1ḡt + �2

�
2
‖Ĥ−1 (ḡt − gt + gt

)

‖

2
)

= E
(

Et
(

f (xt) − �g⊤t Ĥ
−1ḡt + �2

�
2
‖Ĥ−1 (ḡt − gt + gt

)

‖

2
))

.

Here in the last inequality, Et means conditional expectation, conditioned on known xt. Analyzing
the inner expectation Et, we get,

Ef (xt+1) ≤ E
(

f (xt) − �g⊤t Ĥ
−1gt + �2

�
2
Et‖Ĥ−1 (ḡt − gt + gt

)

‖

2
)

,

where we obtained that second term due to the unbiasedness of stochastic gradient i.e., Et[ḡt] =
gt. Furthermore using unbiasedness we have Et‖Ĥ−1 (ḡt − gt + gt

)

‖

2 = Et‖Ĥ−1 (ḡt − gt
)

‖

2 +
‖Ĥ−1gt‖2. We get,

Ef (xt+1) ≤ E
(

f (xt) − �g⊤t Ĥ
−1gt + �2

�
2
‖Ĥ−1gt‖2 + �2

�
2
Et‖Ĥ−1 (ḡt − gt

)

‖

2
)

.

Since ‖Ĥ−1gt‖2 ≤
‖

‖

‖

Ĥ−1‖
‖

‖

⋅ ‖Ĥ−1∕2gt‖2 ≤
√

�
�
‖Ĥ−1∕2gt‖2 =

√

�
�
g⊤t Ĥ

−1gt, where we used Ĥ ≈√

� H̃

to write ‖‖
‖

Ĥ−1‖
‖

‖

≤
√

�
�
. Substituting we get,

Ef (xt+1) ≤ E

(

f (xt) − �
(

1 −
��

√

�
2

)

g⊤t Ĥ
−1gt + �2

�
2
Et‖Ĥ−1 (ḡt − gt

)

‖

2

)

.

Again using Ĥ ≈√

� H̃, we get g⊤t Ĥ−1gt ≥
1

�
√

�
‖gt‖2. Also note that � < 2

�
√

�
and hence

(

1 −
√

���
2

)

>

0. We get,

Ef (xt+1) ≤ E

(

f (xt) −
�

�
√

�

(

1 −
��

√

�
2

)

‖gt‖2 + �2
�
2
Et‖Ĥ−1 (ḡt − gt

)

‖

2

)

.
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Now use Et‖Ĥ−1 (ḡt − gt
)

‖

2 ≤ �
�2
Et‖ḡt− gt‖2 ≤

8��
b�2

(

f (xt) − f (x∗) + f (x̃) − f (x∗)
). Also due to

�-strong convexity of f we have ‖gt‖2 ≥ 2�
(

f (xt) − f (x∗)
). We get,

Ef (xt+1) ≤ E

(

f (xt) −
2��
�
√

�

(

1 −
��

√

�
2

)

(

f (xt) − f (x∗)
)

+ �2 4�
2�

b�2
(

f (xt) − f (x∗) + f (x̃) − f (x∗)
)

)

= E

(

f (xt) −
2�
�
√

�

(

1 −
��

√

�
2

)

(

f (xt) − f (x∗)
)

+ �2 4�
2�
b

(

f (xt) − f (x∗) + f (x̃) − f (x∗)
)

)

.

Subtract f (x∗) from both sides we get,

Ef (xt+1) − f (x∗) ≤ E

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

[

1 −
2�
�
√

�
+ �2

(

1 + 4�
2�
b

)

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
�

⋅
(

f (xt) − f (x∗)
)

+ �2 4�
2�
b

⋅
(

f (x̃) − f (x∗)
)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

= � ⋅ E
(

f (xt) − f (x∗)
)

+ �2 4�
2�
b

(

f (x̃) − f (x∗)
) (26)

We denote � ∶= 1 − 2�
�
√

�
+ �2

(

1 + 4�2�
b

)

. Since we perform n
b
inner iterations before updating x̃,

we recursively unfold the relation (26) for n
b
times. This provides the following,

Ef (xn∕b) − f (x∗) ≤ �
n
b
(

f (x̃) − f (x∗)
)

+ �2 4�
2�
b

⋅
(

1 + � + �2 +⋯ + �
n
b−1

)

(

f (x̃) − f (x∗)
)

= �
n
b
(

f (x̃) − f (x∗)
)

+ �2 4�
2�
b

⋅

(

1 − �
n
b

1 − �

)

⋅
(

f (x̃) − f (x∗)
)

.

For � < b
5�3�3∕2 , we have � < 1 − �

�
√

�
. Substituting upper bound for � we get,

Ef (xn∕b) − f (x∗) ≤
⎡

⎢

⎢

⎣

(

1 −
�

�
√

�

)n∕b

+
4��3�3∕2

b
⋅
⎛

⎜

⎜

⎝

1 −

(

1 −
�

�
√

�

)n∕b
⎞

⎟

⎟

⎠

⎤

⎥

⎥

⎦

⋅
(

f (x̃) − f (x∗)
)

.

Let � < b
8�3�3∕2 , we get,

Ef (xn∕b) − f (x∗) ≤
⎛

⎜

⎜

⎝

1
2

(

1 −
�

�
√

�

)
n
b

+ 1
2

⎞

⎟

⎟

⎠

⋅
(

f (x̃) − f (x∗)
)

.

Now if
(

1 − �
�
√

�

)
n
b
< 1

2 we get,

Ef (xn∕b) − f (x∗) <
3
4
⋅
(

f (x̃) − f (x∗)
)

,
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otherwise if
(

1 − �
�
√

�

)
n
b
≥ 1

2 , then we consider two cases based on the value of �. If � = 2
�
√

�
then

we get,

Ef (xn∕b) − f (x∗) <
(

1 − 1
��2

)

⋅
(

f (x̃) − f (x∗)
)

,

and if � = b
8�3�3∕2 then,

Ef (xn∕b) − f (x∗) <
(

1 − b
16�4�2

)

⋅
(

f (x̃) − f (x∗)
)

.

This completes the proof.

Appendix B. Approximate Hessian via Subsampling

Here, we reference a guarantee for the approximation factor of the sub-sampled Hessian estimate,
which is a straightforward application of the matrix Bernstein’s inequality.
Lemma 30 (E.g., Lemma 8 from Dereziński (2025)) Suppose Assumption 1 holds and let i1,  i2 ,⋯ iℎ
be i.i.d uniform samples from  1,  2,⋯ ,  n. There is an absolute constant c such that for any
x ∈ ℝd ,with probability 1 − �, the matrix

Ĥ =
(

1 +


�

)−1∕2(1
ℎ

ℎ
∑

j=1
∇2 ij (x) + 
I

)

, witℎ 
 = max{12� log(2d∕�)∕ℎ, �},

satisfies

1
√

�
∇2f (x) ⪯ Ĥ ⪯

√

�∇2f (x),

with � = 1 + 
(

� log(d∕�)∕ℎ +
√

� log(d∕�)∕ℎ
)

.
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