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Abstract

This paper concentrates on decentralized composite optimization for strongly convex func-
tions. Specifically, we first study the case where each local objective function fi(x) held by
agent i is L-smooth and convex, while the regularization term g(x) is µ-strongly convex.
For this problem class, we propose the first decentralized algorithm that simultaneously
achieves the optimal computation and communication complexities. Furthermore, we ex-
tend our algorithm to two broader scenarios. In the first extension, when each fi(x) is
L-smooth and µ-strongly convex while g(x) is merely convex, our algorithm continues to
attain the optimal complexities. In the second extension, we show that under time-varying
communication networks, our algorithm matches the lower bounds on decentralized opti-
mization established in Kovalev et al. (2021). Finally, extensive experiments validate both
the computational and communication efficiency of the proposed algorithms.

Keywords: Decentralized optimization, Composite optimization, Accelerated proximal
gradient method

1. Introduction

In contemporary settings, datasets of considerable size are typically distributed across mul-
tiple storage systems. Centralizing these extensive datasets proves to be impractical, pri-
marily due to constraints in communication bandwidth and concerns regarding data pri-
vacy (Lian et al., 2017; Song et al., 2023). Addressing these bottlenecks in numerous practi-
cal applications, the concept of distributed optimization has surfaced as a viable approach,
particularly within the realms of large-scale machine learning, signal processing, control,
and optimization (Sayed et al., 2014; Shi et al., 2015b; Alghunaim et al., 2019; Li and Lin,
2020).

This paper considers the composite optimization problem formulated as follows:

F (x) = f(x) + g(x), with f(x) =
1

m

m∑
i=1

fi(x), (1)
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Table 1: Complexity comparisons between our algorithm and existing works for strongly
(composite) convex problems.

where each fi(x) is L-smooth and convex, and the regularization term g(x) is µ-strongly
convex but may be non-differentiable with 0 < µ ≤ L. The elastic-norm serves as a typical
example of g(x) (Zou and Hastie, 2005). Instances of problems following the structure (1)
are prevalent in various domains, such as machine learning (Wu et al., 2009), model fitting
(Boyd et al., 2011), and economic dispatch in power systems (Dominguez-Garcia et al.,
2012). Within the distributed composite optimization framework, the objective function
F (x) is an aggregation of m local functions fi(x), each associated with one of the m agents.
The agents are interconnected through an undirected network (static or time-varying), with
each agent having access only to its local function and communication capabilities with its
neighbors. The collective goal of these agents is to collaboratively resolve the composite
optimization problem as delineated in (1) distributedly.

A multitude of decentralized algorithms have been proposed in diverse contexts (smooth
decentralized and decentralized composite optimization), notably those employing the primal-
dual or gradient-tracking methods, as exemplified by the studies of Shi et al. (2015a); Qu
and Li (2017, 2019); Di Lorenzo and Scutari (2016); Alghunaim et al. (2019); Li and Lin
(2021); Kovalev et al. (2020); Xu et al. (2021); Song et al. (2023); Ye et al. (2023); Scaman
et al. (2017); Maros and Jaldén (2018); Nedic et al. (2017); Pu et al. (2020). The primary
objective of these algorithms is to optimize either the convergence rate or the communi-
cation complexity. Consequently, an open question persists: Can one devise a practical
decentralized algorithm that simultaneously achieves optimal computation and communica-
tion complexities in composite decentralized optimization with the formulation (1)? In this
paper, we endeavor to address this problem.

1. Li et al. (2019) only gave a sublinear convergence rate for NIDS when g(x) is convex, the linear convergence
rate is proved in works (Alghunaim et al., 2020; Xu et al., 2021).
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1.1 Literature Review

This part provides a concise review of decentralized algorithms in the realm of composite
decentralized optimization, with a specific emphasis on the differentiability of g(x).

In scenarios where g(x) is differentiable, various algorithms have been documented to at-
tain a linear convergence rate, as evidenced by studies such as Shi et al. (2015b); Mokhtari
et al. (2016); Yuan et al. (2019); Li et al. (2019); Qu and Li (2017, 2019); Di Lorenzo
and Scutari (2016); Li and Lin (2021); Kovalev et al. (2020); Song et al. (2023); Ye et al.
(2023); Scaman et al. (2017). These algorithms predominantly employ either the primal-
dual method or the gradient-tracking method. Among these algorithms, Shi et al. (2015b)
proposes the first decentralized optimization algorithm that can achieve the linear conver-
gence rate without increasing communication cost iteratively, which depends on the target
precision ε. Scaman et al. (2017) proposes the first communication optimal algorithm, that

is, its communication complexity is O
(√

L
µ(1−λ2(W )) log 1

ε

)
to find an ε-precision solution,

where W is the weight matrix related to the network topology (refer to Assumption 3)
and λ2(W ) is the second largest eigenvalue of W . Kovalev et al. (2020) provides the first
algorithm that can achieve both computation and communication complexities, that is, its

computation complexity is O
(√

L
µ log 1

ε

)
. However, the method of Kovalev et al. (2020)

requires multi-consensus, that is, an inner communication loop is required, to achieve the
optimal complexities. Most recently, Song et al. (2023) introduces an optimal decentralized
algorithm wherein each agent communicates with its neighbors only once per iteration.

Beyond these deterministic methods, several works have recently explored randomized
or variance-reduced approaches for decentralized optimization when g(x) is differentiable.
For instance, Hendrikx et al. (2021) proposes the ADFS algorithm, an accelerated decentral-
ized stochastic method for finite-sum problems. ADFS combines local stochastic proximal
updates with decentralized communication and is shown to be optimal with respect to both
computation and communication complexities in the distributed finite-sum setting. More
recently, Li et al. (2020) extends the widely used EXTRA and DIGing algorithms by incor-
porating variance reduction techniques, resulting in VR-EXTRA and VR-DIGing, as well as
their accelerated variants. These methods achieve the same stochastic gradient computation
complexities as the best single-machine variance-reduced methods, while simultaneously at-
taining optimal or near-optimal communication complexities in the decentralized setting.

In addition, when g(x) is differentiable and the communication network is time-varying,
several algorithms have been proposed to guarantee linear convergence. For instance, Nedic
et al. (2017) introduces the DIGing and Push-DIGing algorithms, which combine distributed
inexact gradients with gradient tracking to achieve linear convergence over both undirected
and directed time-varying graphs. Building upon this, Maros and Jaldén (2018) propose
the PANDA algorithm, a dual ascent-based method that converges linearly while requiring
fewer communication exchanges per iteration compared to DIGing. Furthermore, Pu et al.
(2020) develops the Push-Pull and Gossip Push-Pull algorithms, which achieve linear con-
vergence for strongly convex and smooth functions in both synchronous and asynchronous
time-varying directed networks. In addition, variance-reduced methods have recently been
extended to the time-varying network setting. Metelev et al. (2024) study decentralized
finite-sum optimization where each local function has a finite-sum structure and the com-
munication network is time-varying. They propose ADOM+VR for strongly convex prob-
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lems and GT-PAGE for nonconvex problems, representing the first decentralized variance-
reduction methods for time-varying networks. Moreover, they establish lower bounds on
both communication and stochastic oracle complexities, showing that the proposed algo-
rithms are near-optimal under certain conditions. More recently, Kovalev et al. (2021)
establishes the first lower bounds for decentralized optimization over time-varying networks
and proposes the optimal ADOM and ADOM+ algorithms, which attain these bounds un-
der primal and dual oracle settings, respectively. These studies collectively demonstrate
that linear convergence with communication efficiency can be achieved even in the more
challenging time-varying network setting.

A substantial body of research also exists in instances where g(x) is non-differentiable.
Numerous algorithms employing gradient tracking have been adapted to decentralized
composite optimization challenges involving a non-smooth regularization term, notably
PG-EXTRA (Shi et al., 2015a) and NIDS (Li et al., 2019). However, the presence of the non-
smooth term limits these algorithms’ theoretical convergence rates to sub-linear. Recently,
Alghunaim et al. (2019) introduces a primal-dual algorithm capable of achieving a linear
convergence rate. Concurrently, Sun et al. (2022) proposes SONATA, a gradient tracking-
based method, also achieving a linear convergence rate. Kovalev et al. (2022) propose
algorithms for decentralized stochastic variational inequalities and achieve a communica-

tion complexity O
(√

1
1−λ2(W )

L
µ log 1

ε

)
. Following Alghunaim et al. (2019), a unified frame-

work is developed for analyzing a wide array of primal-dual and gradient tracking-based
algorithms, demonstrating their capability to achieve linear convergence rates even with a
nonsmooth regularization term, as seen in the extended applications of EXTRA (PG-EXTRA)
(Shi et al., 2015b), and NIDS (Li et al., 2019).

Despite extensive studies in the literature, the convergence rates of these previous al-
gorithms do not match the optimal convergence rate. The communication complexities of
algorithms within the framework proposed by Xu et al. (2021) and Alghunaim et al. (2020)
are not yet optimal. While various optimal algorithms have been proposed for scenarios
with a smooth regularization term g(x), the development of an optimal algorithm for decen-
tralized composite optimization in general remains an unresolved challenge. According to
our current understanding, ProxMudag (Ye et al., 2023) stands as the most advanced among
proposed algorithms for decentralized composite optimization applicable to strongly convex
functions. ProxMudag attains optimal computational complexity and approaches optimal

communication complexity, represented as O
(√

L
µ(1−λ2(W )) log L

µ log 1
ε

)
, albeit with an ad-

ditional log L
µ factor relative to the ideal communication complexity. Moreover, for the

more challenging scenario where the network is time-varying and the regularization term
g(x) is non-differentiable, no existing work has yet addressed this problem. In particu-
lar, whether one can design decentralized algorithms under such settings that achieve the
lower bounds on computation and communication complexities established in Kovalev et al.
(2021) remains a problem.
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1.2 Contributions

In this paper, we endeavor to bridge the theoretical divide between smooth decentralized
optimization and decentralized composite optimization. The main contributions of this
paper can be summarized as follows:

• Algorithmic design. We propose the ODAPG algorithm for decentralized composite
optimization. The algorithm is built upon three key components: accelerated proximal
gradient descent, gradient tracking, and the FastMix technique. By combining these
elements, ODAPG inherits multiple desirable properties, including a rapid convergence
rate from accelerated proximal gradient descent (Nesterov, 2003), variance reduction
from gradient tracking (Nguyen et al., 2017), and improved communication efficiency
from FastMix (Liu and Morse, 2011).

• Optimal computation and communication complexities. We establish that
ODAPG achieves the optimal computation and communication complexities (see Table 1,
which is included for clear comparative analysis, juxtaposing these algorithms with
their state-of-the-art counterparts). The critical factor underlying this result lies in
its novel acceleration scheme. Unlike ProxMudag (Ye et al., 2023), which employs the
classical accelerated proximal gradient scheme (Beck and Teboulle, 2009; Nesterov,
2013) and leads to consensus errors bounded in the Frobenius norm—thereby incurring
an additional log L

µ factor even for unaccelerated methods (Sun et al., 2022; Ye et al.,
2023)—our ODAPG algorithm leverages the recent acceleration scheme introduced by
Driggs et al. (2022). This scheme bounds consensus errors in terms of extended
Bregman distances (see Section 4.2), which enables us to eliminate the extra log L

µ
factor and thereby achieve the optimal rates.

• Extensions to broader settings. We further extend ODAPG to two important set-
tings. First, when each fi(x) is L-smooth and µ-strongly convex while g(x) is merely
convex, our algorithm continues to attain the optimal computation and communica-
tion complexities. Second, in the case of time-varying communication networks, we
show that our extended algorithm matches the lower bounds on decentralized opti-
mization recently established in Kovalev et al. (2021).

2. Notation and Assumptions

Throughout this paper, we denote x, y, z and s are m × d matrices whose i-th rows x(i),
y(i), z(i) and s(i) are their local copies for the i-th agent, respectively. Accordingly, we
define the averaging variables

x :=
1

m

m∑
i=1

x(i) =
1

m
1>x ∈ R1×d, y :=

1

m

m∑
i=1

y(i)

z :=
1

m

m∑
i=1

z(i), s :=
1

m

m∑
i=1

s(i),

(2)
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where 1 denotes the vector with all entries equal to 1 of dimension m. Now we introduce
the projection matrix

Π = Im −
11>

m
. (3)

Using the projection matrix Π, we can represent that

‖x− 1x‖ =

∥∥∥∥x− 11>

m
x

∥∥∥∥ = ‖Πx‖ .

To write the proposed algorithm in a compact form, we introduce an aggregate objective
function f̃(x) defined as follows,

f̃(x) :=
m∑
i=1

fi(x
(i)). (4)

Accordingly, its aggregate gradient is

∇f̃(x) = [∇f1(x(1));∇f2(x(2)); . . . ;∇fm(x(m))] ∈ Rm×d.

It holds that the i-th row of ∇f̃(x) equals to ∇fi(x(i)).
Throughout this paper, we use ‖·‖ to denote the “Frobenius” norm. That is, for a

matrix x ∈ Rm×d, it holds that

‖x‖2 =

m,d∑
i=1,j=1

(
x(i,j)

)2
,

where x(i,j) denotes the entry of x in the i-th row and j-th column. Furthermore, we use
‖x‖2 to denote the spectral norm which is the largest singular value of x. For vectors
x, y ∈ Rd, we use 〈x, y〉 to denote the standard inner product of x and y.

Let us define the aggregated proximal operator with respect to g(·) as for x ∈ Rm×d,

proxγg(x) = argmin
w∈Rm×d

(
γg(w(i)) +

1

2

∥∥∥w(i) − x(i)
∥∥∥2
)
.

Thus, the i-th row of proxγg(x) equals to proxγg(x
(i)).

In addition, we make the following assumptions for each local objective function and
regularization term in (1).

Assumption 1 Each fi : Rd → R is convex and L-smooth, i.e., for any x, y ∈ Rd, it holds
that

fi(y) ≥fi(x) + 〈∇fi(x), y − x〉 ,

fi(y) ≤fi(x) + 〈∇fi(x), y − x〉+
L

2
‖x− y‖2 .

Assumption 2 The function g : Rd → R is µ-strongly convex, i.e., for any x, y ∈ Rd, it
holds that

g(y) ≥ g(x) + 〈∂g(x), y − x〉+
µ

2
‖x− y‖2 , where ∂g(x) is the subgradient at x.
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Algorithm 1 FastMix
1: Input: x0, K, W and ηw.

2: x−1 = x0;

3: for k = 0, . . . ,K do

4: xk+1 = (1 + ηw)Wxk − ηwxk−1;

5: end for

6: Output: xK .

Using the f(·), fi(·), and aggregated variable x, we define the extended Bregman distance
between y ∈ Rd and x ∈ Rm×d as follows:

Df (y,x) :=
1

m

m∑
i=1

(
fi(y)− fi(x(i))−

〈
∇fi(x(i)), y − x(i)

〉)
. (5)

Because of the convexity of fi(·), Df (y,x) is non-negative for any y ∈ Rd and x ∈ Rm×d.
For the topology of the network, let W be the weight matrix associated with the network,

indicating how agents are connected to each other. The weight matrix W satisfies the
following assumption.

Assumption 3 The weight matrix W is symmetric positive semi-definite with Wi,j 6= 0 if
and only if agents i and j are connected or i = j. It also satisfies that 0 �W � I, W1 = 1,
null(I −W ) = span(1).

If the weight matrix W satisfies the above assumption, then one can achieve the effect
of averaging local x(i) on different agents by using Wx for iterations. Instead of directly
multiplying W , Liu and Morse (2011) proposed a more efficient way to achieve averaging
described in Algorithm 1, which has the following important proposition.

Proposition 1 (Ye et al. (2023)) Let xK be the output of Algorithm 1 with ηw = 1/(1+√
1− λ2

2(W )) and we denote x̄ = 1
m1>x0. Then, it holds that

x̄ =
1

m
1>xK and ‖xK − 1x̄‖ ≤

√
14

(
1−

(
1− 1√

2

)√
1− λ2(W )

)K
‖x0 − 1x̄‖ ,

where λ2(W ) is the second largest eigenvalue of W .

This proposition will be utilized in the convergence analysis of our algorithm, especially
used to bind the consensus errors in Section 4.2.

3. Optimal Decentralized Accelerated Proximal Gradient Descent

This section commences with a detailed description of the algorithm. Subsequently, the
primary findings of this paper are presented. Lastly, the paper extends the algorithm to
address scenarios where fi(x) is L-smooth and µ-strongly convex while g(x) is convex yet
potentially non-differentiable.
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Algorithm 2 Optimal Decentralized Accelerated Proximal Gradient Descent (ODAPG)

Input: x0, mixing matrix W , initial step size γ, τ .

Initialization: Set z0 = y0 = x0 = 1x0, s
(i)
0 = ∇fi(x(i)

0 ), in parallel for i ∈ [m].
for t = 1, . . . , T do

Compute xt+1 = τzt + (1− τ)yt;

Compute the local gradients ∇fi(x(i)
t+1) in parallel for i ∈ [m] to form the gradient ∇f̃(xt+1);

st+1 = FastMix(st +∇f̃(xt+1)−∇f̃(xt),K);

zt+1 = FastMix
(

proxγg (zt − γst+1) ,K
)

;

yt+1 = FastMix (τzt+1 + (1− τ)yt,K).
end for

3.1 Algorithm Description

To more efficiently address the distributed composite optimization problem as delineated
in (1), we introduce a principal algorithm named Optimal Decentralized Accelerated Prox-
imal Gradient Descent (ODAPG), detailed in Algorithm 2. Our algorithm synergizes the
methodologies of Nesterov’s accelerated gradient descent and gradient tracking. The main
algorithmic procedure is listed as follows:

xt+1 =τzt + (1− τ)yt, (6)

st+1 =FastMix
(
st +∇f̃(xt+1)−∇f̃(xt),K

)
, (7)

zt+1 =FastMix
(
proxγg(zt − γst+1),K

)
, (8)

yt+1 =FastMix (τzt+1 + (1− τ)yt,K) , (9)

where K is the iteration number for the “FastMix” operator.
The trio of “accelerated proximal gradient descent”, “gradient tracking,” and “Fast-

Mix” constitutes the pivotal components that enable our algorithm to attain optimal com-
munication and computation complexities. The “accelerated proximal gradient descent”
component imbues our algorithm with the potential to achieve a rapid convergence rate.
“Gradient tracking” can be conceptualized as a form of variance reduction. Its update rule
parallels that of a significant variance reduction method known as SARAH (Nguyen et al.,
2017). Consequently, the “gradient tracking” technique proves highly effective in reducing
communication complexity and is extensively employed in decentralized optimization. For
further reduction in communication complexity, “FastMix” is the key element. Without
the “FastMix”, the communication complexity depends on (1− λ2(W ))−1. In contrast, the
“FastMix” helps to achieve a communication complexity depending on (1− λ2(W ))−1/2.

3.2 Main Results

This section offers an in-depth examination of the communication and computation com-
plexities associated with ODAPG. Our primary emphasis is on the synchronized setting, signi-
fying that the computation complexity is contingent upon the number of gradient calls, while
the communication complexity hinges on the frequency of local communication rounds.

Theorem 2 Let the objective function F (x) be of the form (1) and Assumption 1-3 hold.
Letting us set the step size γ = 1

20
√
Lµ

, τ = µγ, and K = 11√
1−λ2(W )

in Algorithm 2, letting
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x∗ denote the minimum of F (x), then it holds that

‖zT − 1x∗‖2 ≤
(

1− 1

40
·
√
µ

L

)T
·

(
2m

µ

(
F (y0)− F (x∗)

)
+ ‖z0 − 1x∗‖2

+
202L

2µ
·
(
‖Πx0‖2 + 8 ‖Πy0‖2 +

9µ

50L
‖Πz0‖2 +

3

204 · L2
‖Πs0‖2

))
.

(10)

The above theorem shows that our algorithm converges with a rate 1−O
(√

µ
L

)
, which is

the same as the one of accelerated proximal gradient descent (Nesterov, 2003). Furthermore,

since it holds that
∥∥∥z(i)

t − x∗
∥∥∥2
≤ ‖zt − 1x∗‖2, Eq. (14) shows that z

(i)
t in i-th agent will

converge to the optimum.
Next, by the convergence rate of our algorithm shown in Theorem 2, we will give our

algorithm’s computation cost and communication complexities in the following corollary.

Corollary 3 Let the objective function satisfy the property described in Theorem 2. To find
an ε-suboptimal solution, the computation and communication complexities of Algorithm 2
for each agent are

T = O

(√
L

µ
log

1

ε

)
, and C = O

(√
L

µ(1− λ2(W ))
log

1

ε

)
. (11)

Proof By Theorem 2, we can obtain that

‖zT − 1x∗‖2 ≤
(

1− 1

40
·
√
µ

L

)T
·

(
2m

µ

(
F (y0)− F (x∗)

)
+ ‖z0 − 1x∗‖2

+
202L

2µ
·
(
‖Πx0‖2 + 8 ‖Πy0‖2 +

9µ

50L
‖Πz0‖2 +

3

204 · L2
‖Πs0‖2

))

≤ exp

(
− 1

40
·
√
µ

L
T

)
·

(
2m

µ

(
F (y0)− F (x∗)

)
+ ‖z0 − 1x∗‖2

+
202L

2µ
·
(
‖Πx0‖2 + 8 ‖Πy0‖2 +

9µ

50L
‖Πz0‖2 +

3

204 · L2
‖Πs0‖2

))
.

Thus, to achieve that
∥∥∥z(i)

t − x∗
∥∥∥2
≤ ‖zT − 1x∗‖2 ≤ ε, T is required to be

T =40

√
L

µ

(
log

1

ε
+ log

(2m

µ

(
F (y0)− F (x∗)

)
+ ‖z0 − 1x∗‖2

+
202L

2µ
·
(
‖Πx0‖2 + 8 ‖Πy0‖2 +

9µ

50L
‖Πz0‖2 +

3

204 · L2
‖Πs0‖2

)))

=O

(√
L

µ
log

1

ε

)
.
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As shown in Algorithm 2, each agent computes its local gradient∇fi(x(i)
t+1) for each iteration.

Thus, the computation complexity of our algorithm is equal to T .

Our algorithm takes three “FastMix” steps in which each agent communicates K times
with its neighbors for each iteration. The communication complexity of our algorithm is

C = 3TK = T · 33√
1− λ2(W )

= O

(√
L

µ(1− λ2(W ))
log

1

ε

)
.

Remark 4 Eq. (11) demonstrates that our algorithm attains a computational complexity

of T = O
(√

L
µ log 1

ε

)
, aligning with the computational complexity inherent in accelerated

proximal gradient descent. Consequently, our algorithm achieves the optimal computational
complexity, as delineated in Nesterov (2003). Moreover, the communication complexity of
our algorithm corresponds with the lower bound for decentralized optimization over strongly
convex functions, as outlined in Scaman et al. (2017). Hence, our algorithm realizes the
optimal benchmarks in both computational and communication complexities.

3.3 Extension to solely convex g(x)

Corollary 3 establishes that our algorithm attains the optimal computational and communi-
cation complexities in scenarios where fi(x) exhibits convexity and L-smoothness, whereas
g(x) demonstrates µ-strong convexity. Subsequently, we demonstrate that our algorithm
is adaptable to scenarios wherein fi(x) is µ-strongly convex and L-smooth, while g(x) is
solely convex. Simultaneously, our algorithm maintains its capability to achieve the optimal
computational and communication complexities under these conditions.

The main idea of the extension of our algorithm relies on the fact that f̂i(x) = fi(x)−
µ
2 ‖x‖

2 is (L− µ)-smooth and convex, ĝ(x) = g(x) + µ
2 ‖x‖

2 is µ-strongly convex if fi(x) is
µ-strongly convex and L-smooth while g(x) is only convex. Then, we can use Algorithm 2
with a step size γ̂ = 1

20
√

(L−µ)µ
and τ̂ = µγ̂ to solve the problem represented as follow:

F (x) =
1

m

m∑
i=1

f̂i(x) + ĝ(x).

Instead, the gradient computation in Step 5 of Algorithm 2 becomes

∇f̂(xt) =
[
∇f1(x

(1)
t );∇f2(x

(2)
t ); . . . ;∇fm(x

(m)
t )

]
− µ

[
x

(1)
t ; x

(2)
t ; . . . ; x

(m)
t

]
,

where

f̂(x) := f̃(x)− µ

2

(
‖x(1)‖2 + ‖x(2)‖2 + · · ·+ ‖x(m)‖2

)
.

10
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Algorithm 3 ODAPG for fi(x) being L-smooth and µ-strongly convex, and g(x) is convex.

Input: x0, mixing matrix W , initial step size γ̂, τ̂ .

Initialization: Set z0 = y0 = x0 = 1x0, s
(i)
0 = ∇fi(x(i)

0 )− µx0, in parallel for i ∈ [m].
for t = 1, . . . , T do

Compute xt+1 = τ̂zt + (1− τ̂)yt;

Compute the local gradients ∇f̂i(x(i)
t+1) = ∇fi(x(i)

t+1)− µx
(i)
t+1 in parallel for i ∈ [m] to form the

gradient ∇f̂(xt+1) =
[
∇f̂i(x(1)

t+1);∇f̂i(x(2)
t+1); . . . ;∇f̂i(x(m)

t+1)
]
;

st+1 = FastMix(st +∇f̂(xt+1)−∇f̂(xt),K);

zt+1 = FastMix
(

prox γ̂
1+µγ̂ g

(
1

1+µγ̂ (zt − γ̂st+1)
)
,K
)

;

yt+1 = FastMix (τ̂zt+1 + (1− τ̂)yt,K) .
end for

Similarly, the proximal mapping in Step 7 becomes proxγ̂ĝ (z− γ̂st+1). At the same time,
it holds that

proxγ̂ĝ

(
z

(i)
t − γ̂s

(i)
t+1

)
= argmin

w

(
ĝ(w) +

1

2γ̂

∥∥∥w − (z
(i)
t − γ̂s

(i)
t+1

)∥∥∥2
)

= argmin
w

(
g(w) +

µ

2
‖w‖2 +

1

2γ̂

∥∥∥w − (z
(i)
t − γ̂s

(i)
t+1

)∥∥∥2
)

= argmin
w

g(w) +
1

2
(

γ̂
1+µγ̂

) ∥∥∥∥w − 1

γ̂

γ̂

1 + µγ̂

(
z

(i)
t − γ̂s

(i)
t+1

)∥∥∥∥2


=prox γ̂
1+µγ̂

g

(
1

1 + µγ̂

(
z

(i)
t − γ̂s

(i)
t+1

))
.

Thus, Step 7 of Algorithm 2 is replaced by zt+1 = prox γ̂
1+µγ̂

g

(
1

1+µγ̂ (z− γ̂st+1)
)

.

We give a detailed algorithm description in Algorithm 3 for solving the problems that
fi(x) is L-smooth and µ-strongly convex while g(x) is only convex. We provide the conver-
gence rate of Algorithm 3 in the following theorem.

Theorem 5 Let the objective function F (x) be of the form (1) and each fi(x) be L-smooth
and µ-strongly convex with L ≥ 2µ. Suppose that g(x) is convex but may be non-smooth.
Let us set the step size γ̂ = 1

20
√

(L−µ)µ
, τ̂ = µγ̂, and K = 11√

1−λ2(W )
in Algorithm 3, then

the output zT satisfies that

‖zT − 1x∗‖2 ≤
(

1− 1

40
·
√

µ

L− µ

)T
·

(
2m

µ

(
F (y0)− F (x∗)

)
+ ‖z0 − 1x∗‖2

+
202(L− µ)

µ
·
(
‖Πx0‖2 + 8 ‖Πy0‖2 +

9µ

50L
‖Πz0‖2 +

3

204 · (L− µ)2
‖Πs0‖2

))
.

(12)

Proof Let us denote that ĝ(x) = g(x) + µ
2 ‖x‖

2 and f̂i(x) = fi(x)− µ
2 ‖x‖

2. Since fi(x) is
L-smooth and µ-strongly convex, and g(x) is only convex but may be not smooth, then ĝ(x)

11
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Algorithm 4 Multi-consensus
1: Input: x0, K.

2: for k = 0, . . . ,K do

3: xk+1 = W (k)xk;

4: end for

5: Output: xK .

is µ-strongly convex and f̂i(x) is (L−µ)-smooth and convex which satisfy the conditions of
Theorem 2. Running Algorithm 2 with ĝ(x) and f̂(x) with a step size γ̂ = 1

20
√

(L−µ)µ
and

τ̂ = µγ̂, then Theorem 2 guarantees the convergence rate in Eq. (12).

Remark 6 By the similar analysis in the proof of Corollary 3, we can obtain Algorithm 3

can achieve a computation complexity is O
(√

L
µ log 1

ε

)
and a communication complexity

O
(√

L
µ(1−λ2(W )) log 1

ε

)
. Thus, our work provides an optimal decentralized algorithm for

solving problems that fi(x) is L-smooth and µ-strongly convex while g(x) is only convex.

3.4 Extension to Time-Varying Networks

We consider the decentralized composite optimization under the time-varying communica-
tion networks. When the topology of communication networks is time-varying, then the
weight matrix W is not a constant matrix. Instead, it is a matrix depending on the cur-
rent communication round k. Accordingly, we denote the weight matrix W (k). Next, we
introduce the following assumption, which is the same as Kovalev et al. (2021).

Assumption 4 A weight matrix W (k) ∈ Rm×m with W
(k)
i,j 6= 0 if and only if agents i and

j are connected or i = j. It also satisfies that W (k)1 = 1, null(I −W (k)) = span(1). There
exists χ ≥ 1 for all k, such that∥∥∥∥W (k)x− 1

m
11>x

∥∥∥∥ ≤ (1− χ−1)

∥∥∥∥x− 1

m
11>x

∥∥∥∥ . (13)

Note that, comparing Assumption 4 and Assumption 3, when the topology of the com-
munication graph is time-varying, we do not require the weight matrix W (k) to be positive
semi-definite, or even symmetric.

Next, we will extend Algorithm 2 to the setting that the topology of the communication
graph is time-varying and the weight matrices W (k) satisfy Assumption 4. Because the vary-
ing weight matrices W (k) only affect the way to achieve the consensus between agents, we
only replace the “FastMix” in Algorithm 1 by the “multi-consensus” shown in Algorithm 4.
Accordingly, we propose our optimal decentralized accelerated proximal gradient descent
for time-varying networks. The detailed algorithm description is listed in Algorithm 5.

Theorem 7 Let the objective function F (x) be of the form (1) and Assumption 1-2 hold.
Assume that the topology of communication networks is time-varying and its weight matrices

12
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Algorithm 5 ODAPG for time-varying networks
Input: x0, initial step size γ, τ .

Initialization: Set z0 = y0 = x0 = 1x0, s
(i)
0 = ∇fi(x(i)

0 ), in parallel for i ∈ [m].
for t = 1, . . . , T do

Compute xt+1 = τzt + (1− τ)yt;

Compute the local gradients ∇fi(x(i)
t+1) in parallel for i ∈ [m] to form the gradient ∇f̃(xt+1);

st+1 = Multi-consensus(st +∇f̃(xt+1)−∇f̃(xt),K);

zt+1 = Multi-consensus
(

proxγg (zt − γst+1) ,K
)

;

yt+1 = Multi-consensus (τzt+1 + (1− τ)yt,K).
end for

W (k) satisfy Assumption 4. Letting us set the step size γ = 1
20
√
Lµ

, τ = µγ, and K = 11 · χ
in Algorithm 5, letting x∗ denote the minimum of F (x), then it holds that

‖zT − 1x∗‖2 ≤
(

1− 1

40
·
√
µ

L

)T
·

(
2m

µ

(
F (y0)− F (x∗)

)
+ ‖z0 − 1x∗‖2

+
202L

2µ
·
(
‖Πx0‖2 + 8 ‖Πy0‖2 +

9µ

50L
‖Πz0‖2 +

3

204 · L2
‖Πs0‖2

))
.

(14)

Proof The only difference between Algorithm 2 and Algorithm 5 lies in the way to achieve
the consensus. Comparing Eq. (13) with the equation in Proposition 1, we can obtain that
it only requires K = 11 · χ for “Multi-consensus” to achieve the same consensus for time-
varying networks to which “FastMix” with K = 11√

1−λ2(W )
obtains for the static networks.

Next, by the convergence rate of our algorithm shown in Theorem 7, we will give our
algorithm’s computation cost and communication complexities in the following corollary.

Corollary 8 Let the objective function and communication networks satisfy the property
described in Theorem 7. To find an ε-suboptimal solution, the computation and communi-
cation complexities of Algorithm 5 for each agent are

T = O

(√
L

µ
log

1

ε

)
, and C = O

(
χ

√
L

µ
log

1

ε

)
. (15)

Proof The proof of computation complexity is the same as that of Corollary 3. For the
communication complexity, we have

C = 3TK = T · 33 · χ = O

(
χ

√
L

µ
log

1

ε

)
.

13
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Remark 9 Eq. (15) demonstrates that Algorithm 5 can match the lower bounds of smooth
and strongly convex decentralized optimization over time-varying networks (Kovalev et al.,
2021). Hence, our algorithm realizes the optimal benchmarks in both computational and
communication complexities.

4. Convergence Analysis

In this section, we will prove Theorem 2. First, we will provide important lemmas related
to “accelerated proximal gradient descent”. Next, we will bound the consensus error terms.
Finally, we will provide the detailed proof of Theorem 2.

4.1 Analysis Related to Nesterov’s Acceleration

First, we give the relation between average variables in the following lemma.

Lemma 10 Letting xt, yt and zt (refer to Eq. (2)) be the average variables of xt, yt, zt
respectively, then it holds that

xt+1 =τzt + (1− τ)yt, (16)

yt+1 =τzt+1 + (1− τ)yt, (17)

st =
1

m

m∑
i=1

∇fi(x(i)
t ). (18)

Proof By multiplying 1
m1> both sides of Eq. (6), (7) and (9) respectively and using the

definition of average variables defined in Eq. (2), we can obtain the result.

Next, under Assumption 1, we give two properties similar to the ones of convexity and
smoothness with the inexact gradient st.

Lemma 11 (Lemma 1 of Li and Lin (2021)) Define

f(xt,xt) ,
1

m

m∑
i=1

(
fi(x

(i)
t ) +

〈
∇fi(x(i)

t ), xt − x
(i)
t

〉)
(19)

Supposing Assumption 1 holds, then we have for any w ∈ Rd,

f(w) ≥f(xt,xt) + 〈st, w − xt〉 , (20)

f(w) ≤f(xt,xt) + 〈st, w − xt〉+
L

2
‖w − xt‖2 +

L

2m
‖Πxt‖2 . (21)

Next, we construct a lower bound on the one-iteration progress of Algorithm 2.

Lemma 12 Letting Assumption 1 hold, then sequences {xt}, {yt}, {zt} and {st} generated
by Algorithm 2 satisfy the following property

γ (f(xt+1,xt+1)− f(x∗)) ≤γ(1− τ)

τ

(
f(yt)− f(xt+1,xt+1)

)
− γ(1− τ)

τ
Df (yt,xt+1)

+
γ

τ

〈
st+1, xt+1 − yt+1

〉
+ γ 〈st+1, zt+1 − x∗〉 ,

(22)

14
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where f(xt+1,xt+1) and Df (yt,xt+1) are defined in Eq. (19) and Eq. (5), respectively.

Proof By the convexity of fi(·) and update rule of Algorithm 2, we can obtain

γ (f(xt+1,xt+1)− f(x∗))

(20)

≤ γ 〈st+1, xt+1 − x∗〉
= γ 〈st+1, xt+1 − zt〉+ γ 〈st+1, zt − x∗〉
(16)
=

γ(1− τ)

τ
〈st+1, yt − xt+1〉+ γ 〈st+1, zt − x∗〉

(19)(5)(18)
=

γ(1− τ)

τ

(
f(yt)− f(xt+1,xt+1)−Df (yt,xt+1)

)
+ γ 〈st+1, zt − x∗〉

=
γ(1− τ)

τ

(
f(yt)− f(xt+1,xt+1)

)
− γ(1− τ)

τ
Df (yt,xt+1)

+ γ 〈st+1, zt − zt+1〉+ γ 〈st+1, zt+1 − x∗〉
(16)(17)

=
γ(1− τ)

τ

(
f(yt)− f(xt+1,xt+1)

)
− γ(1− τ)

τ
Df (yt,xt+1)

+
γ

τ

〈
st+1, xt+1 − yt+1

〉
+ γ 〈st+1, zt+1 − x∗〉 .

Moreover, we bound the value of γτ
〈
st+1, xt+1 − yt+1

〉
and γ 〈st+1, zt+1 − x∗〉 in the next

two lemmas.

Lemma 13 Letting Assumption 2 hold, that is, g(·) is µ-strongly convex, then it holds that

γ 〈st+1, zt+1 − x∗〉

≤ 1

2m
‖zt − 1x∗‖2 − 1 + µγ

2m
‖zt+1 − 1x∗‖2 − 1

2τ2

∥∥xt+1 − yt+1

∥∥2
+ γg(x∗)

− γ · 1

m

m∑
i=1

g(z
(i)
t+1) +

1

2m

(
γ2 ‖Πst+1‖2 + ‖Πzt+1‖2

)
.

(23)

Proof By Lemma 25 with z = z
(i)
t+1, x = z

(i)
t , d = s

(i)
t+1, y = x∗ and η = γ, we have

γ
〈
s

(i)
t+1, z

(i)
t+1 − x

∗
〉
≤1

2

∥∥∥z(i)
t − x∗

∥∥∥2
− 1 + µγ

2

∥∥∥z(i)
t+1 − x

∗
∥∥∥− 1

2

∥∥∥z(i)
t+1 − z

(i)
t

∥∥∥2

− γg(z
(i)
t+1) + γg(x∗).

15
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We also have

γ 〈st+1, zt+1 − x∗〉

=γ · 1

m

m∑
i=1

〈
s

(i)
t+1, z

(i)
t+1 − x

∗
〉

+ γ

(
〈st+1, zt+1 − x∗〉 −

1

m

m∑
i=1

〈
s

(i)
t+1, z

(i)
t+1 − x

∗
〉)

=γ · 1

m

m∑
i=1

〈
s

(i)
t+1, z

(i)
t+1 − x

∗
〉

+ γ · 1

m

m∑
i=1

〈
s

(i)
t+1, z

(i)
t+1 − zt+1

〉
=γ · 1

m

m∑
i=1

〈
s

(i)
t+1, z

(i)
t+1 − x

∗
〉

+ γ · 1

m

m∑
i=1

〈
s

(i)
t+1 − st+1, z

(i)
t+1 − zt+1

〉
(31)

≤ γ · 1

m

m∑
i=1

〈
s

(i)
t+1, z

(i)
t+1 − x

∗
〉

+
1

m

m∑
i=1

γ2
∥∥∥s(i)
t+1 − st+1

∥∥∥2
+
∥∥∥z(i)

t+1 − zt+1

∥∥∥2

2


=γ · 1

m

m∑
i=1

〈
s

(i)
t+1, z

(i)
t+1 − x

∗
〉

+
1

2m

(
γ2 ‖Πst+1‖2 + ‖Πzt+1‖2

)
.

Using the above two equations, we can obtain that

γ 〈st+1, zt+1 − x∗〉 ≤
1

2m
‖zt − 1x∗‖2 − 1 + µγ

2m
‖zt+1 − 1x∗‖2 − 1

2m
‖zt+1 − zt‖2

− γ · 1

m

m∑
i=1

g(z
(i)
t+1) + γg(x∗) +

1

2m

(
γ2 ‖Πst+1‖2 + ‖Πzt+1‖2

)
.

Furthermore,

− ‖zt+1 − zt‖2

=− ‖zt+1 − 1zt+1 − (zt − 1zt) + (1zt+1 − 1zt)‖2

=−
(
‖Πzt+1‖2 + ‖Πzt‖2 +m ‖zt+1 − zt‖2

)
− 2

m∑
i=1

〈
z

(i)
t+1 − zt+1 − (z

(i)
t − zt), zt+1 − zt

〉
+ 2

m∑
i=1

〈
z

(i)
t+1 − zt+1, z

(i)
t − zt

〉
=−

(
‖Πzt+1‖2 + ‖Πzt‖2 +m ‖zt+1 − zt‖2

)
+ 2

m∑
i=1

〈
z

(i)
t+1 − zt+1, z

(i)
t − zt

〉
(31)

≤ −
(
‖Πzt+1‖2 + ‖Πzt‖2 +m ‖zt+1 − zt‖2

)
+

m∑
i=1

(∥∥∥z(i)
t+1 − zt+1

∥∥∥2
+
∥∥∥z(i)

t − zt
∥∥∥2
)

=m ‖zt+1 − zt‖2
(16)(17)

=
m

τ2

∥∥xt+1 − yt+1

∥∥2
,

16
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where the third equality is because of

m∑
i=1

〈
z

(i)
t+1 − zt+1 − (z

(i)
t − zt), zt+1 − zt

〉
=

〈
m∑
i=1

z
(i)
t+1 −mzt+1 +

m∑
i=1

z
(i)
t −mzt, zt+1 − zt

〉
= 0.

Therefore, we can obtain that

γ 〈st+1, zt+1 − x∗〉

≤ 1

2m
‖zt − 1x∗‖2 − 1 + µγ

2m
‖zt+1 − 1x∗‖2 − 1

2τ2

∥∥xt+1 − yt+1

∥∥2
+ γg(x∗)

− γ · 1

m

m∑
i=1

g(z
(i)
t+1) +

1

2m

(
γ2 ‖Πst+1‖2 + ‖Πzt+1‖2

)
.

Lemma 14 Letting Assumption 1 and Assumption 2 hold, then it holds that

γ

τ

〈
st+1, xt+1 − yt+1

〉
≤γ
τ

(
f(xt+1,xt+1)− F (yt+1)

)
+
γ

m

m∑
i=1

g(z
(i)
t+1) +

γ(1− τ)

τ
g(yt)

+
Lγ

2τ

∥∥yt+1 − xt+1

∥∥2
+

Lγ

2mτ
‖Πxt+1‖2 .

(24)

Proof By the L-smoothness of fi(·) and the convexity of g(·), we have

γ

τ

〈
st+1, xt+1 − yt+1

〉
(21)

≤ γ

τ

(
f(xt+1,xt+1)− f(yt+1)

)
+
Lγ

2τ

∥∥yt+1 − xt+1

∥∥2
+

Lγ

2mτ
‖Πxt+1‖2

=
γ

τ

(
f(xt+1,xt+1)− F (yt+1)

)
+
γ

τ
g(yt+1) +

Lγ

2τ

∥∥yt+1 − xt+1

∥∥2
+

Lγ

2mτ
‖Πxt+1‖2

≤γ
τ

(
f(xt+1,xt+1)− F (yt+1)

)
+ γg(zt+1) +

γ(1− τ)

τ
g(yt)

+
Lγ

2τ

∥∥yt+1 − xt+1

∥∥2
+

Lγ

2mτ
‖Πxt+1‖2

≤γ
τ

(
f(xt+1,xt+1)− F (yt+1)

)
+
γ

m

m∑
i=1

g(z
(i)
t+1) +

γ(1− τ)

τ
g(yt)

+
Lγ

2τ

∥∥yt+1 − xt+1

∥∥2
+

Lγ

2mτ
‖Πxt+1‖2 ,

where the second inequality is because of Eq. (17) and the convexity of g(·). The last in-

equality is because of zt+1 = 1
m

∑m
i=1 z

(i)
t+1 and the convexity of g(·).
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Lemma 15 Letting Assumption 1 and Assumption 2 hold, then it holds that

0 ≤γ(1− τ)

τ
F (yt)−

γ

τ
F (yt+1) + γF (x∗) +

(
Lγ

2τ
− 1

2τ2

)∥∥xt+1 − yt+1

∥∥2

+
1

2m
‖zt − 1x∗‖2 − 1 + µγ

2m
‖zt+1 − 1x∗‖2 − γ(1− τ)

τ
Df (yt,xt+1)

+
Lγ

2mτ
‖Πxt+1‖2 +

1

2m

(
γ2 ‖Πst+1‖2 + ‖Πzt+1‖2

)
.

(25)

Proof Combining Eq. (22), Eq. (23) and Eq. (24), we can obtain that

0 ≤− γ
(
f(xt+1,xt+1)− f(x∗)

)
+
γ(1− τ)

τ

(
f(yt)− f(xt+1,xt+1)

)
− γ(1− τ)

τ
Df (yt,xt+1)

+
1

2m
‖zt − 1x∗‖2 − 1 + µγ

2
‖zt+1 − 1x∗‖2 − 1

2τ2

∥∥xt+1 − yt+1

∥∥2
+ γg(x∗)

− γ · 1

m

m∑
i=1

g(z
(i)
t+1) +

1

2m

(
γ2 ‖Πst+1‖2 + ‖Πzt+1‖2

)
+
γ

τ

(
f(xt+1,xt+1)− F (yt+1)

)
+
γ

m

m∑
i=1

g(z
(i)
t+1) +

γ(1− τ)

τ
g(yt)

+
Lγ

2τ

∥∥yt+1 − xt+1

∥∥2
+

Lγ

2mτ
‖Πxt+1‖2

=
γ(1− τ)

τ
F (yt)−

γ

τ
F (yt+1) + γF (x∗) +

(
Lγ

2τ
− 1

2τ2

)∥∥xt+1 − yt+1

∥∥2

+
1

2m
‖zt − 1x∗‖2 − 1 + µγ

2
‖zt+1 − 1x∗‖2 − γ(1− τ)

τ
Df (yt,xt+1)

+
Lγ

2mτ
‖Πxt+1‖2 +

1

2m

(
γ2 ‖Πst+1‖2 + ‖Πzt+1‖2

)
.

Remark 16 Lemma 15 shares almost the same result as the one of Lemma 4 of Driggs
et al. (2022). This is because the update form of gradient tracking is almost the same as
the one of SARAH (Nguyen et al., 2017), which is a variance reduction method. Accord-
ingly, our main proof follows from proof framework of Driggs et al. (2022) which is used to
prove the convergence rate of accelerated variance reduction methods with proximal mapping.
However, our proof has several differences from the one of Driggs et al. (2022). First, our
proof uses the convexity and smoothness properties with respect to the inexact gradient st
(refer to Eq.(20) and (21)) instead of the standard ones. Moreover, in our lemma, we have
extra consensus terms ‖Πxt+1‖2, ‖Πzt+1‖2 and γ2 ‖Πst+1‖2 which are because of the decen-
tralized optimization setting. Furthermore, an extended Bregman divergence Df (yt,xt+1) is
used in our lemma while the standard Bregman divergence is used in Lemma 4 of Driggs
et al. (2022).

Remark 17 Though our algorithm is almost the same to the one of Li and Lin (2021)
except the difference in the proximal mapping in the Eq. (8), its proof framework can not be
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extended to solve the composite optimization problems. This is because Li and Lin (2021)
can not bound the error terms caused by the proximal mapping in their proof framework.

4.2 Consensus Error Bound

In this section, we will bound the consensus error terms in Lemma 15. First, we prove a
property related to the proximal mapping in the decentralized setting.

Lemma 18 For any x ∈ Rm×d, the proximal mapping proxγg has the following property,∥∥∥∥proxγg

(
1

m
11>x

)
− 1

m
11>proxγg(x)

∥∥∥∥ ≤ ‖Πx‖ . (26)

Proof Using the non-expansiveness of the proximal mapping, we have∥∥∥∥proxγg

(
1

m
11>x

)
− 1

m
11>proxγg(x)

∥∥∥∥2

= m

∥∥∥∥∥proxγg

(
1

m
1>x

)
− 1

m

m∑
i=1

proxγg(x
(i))

∥∥∥∥∥
2

=m

∥∥∥∥∥ 1

m

m∑
i=1

(
proxγg

(
1

m
1>x

)
− proxγg(x

(i))

)∥∥∥∥∥
2

≤
m∑
i=1

∥∥∥∥proxγg

(
1

m
1>x

)
− proxγg(x

(i))

∥∥∥∥2

≤
m∑
i=1

∥∥∥∥ 1

m
1>x− x(i)

∥∥∥∥2

=

∥∥∥∥x− 1

m
11>x

∥∥∥∥2

= ‖Πx‖2 .

Next, we will give the upper bounds of consensus error terms and their convergence
properties.

Lemma 19 Letting K = 11√
1−λ2(W )

, and the step size γ be properly chosen such that L2γ2 ≤
1

32·73·τ2 in Algorithm 2, then it holds that

‖Πxt+1‖2 ≤2 ‖Πyt‖2 + 2τ2 ‖Πzt‖2 , ‖Πzt+1‖2 ≤
1

4

(
‖Πzt‖2 + γ2 ‖Πst+1‖2

)
,

γ2 ‖Πst+1‖2 ≤
1

16
· γ2 ‖Πst‖2 + 8γ2

(
mLDf (yt,xt+1) +mL2 ‖xt − yt‖

2 + L2 ‖Πxt‖2
)
,

(27)
and

‖Πxt+1‖2 + c1 ‖Πyt+1‖2 + c2 ‖Πzt+1‖2 + c3γ
2 ‖Πst+1‖2

≤ 1

2

(
‖Πxt‖2 + c1 ‖Πyt‖2 + c2 ‖Πzt‖2 + c3γ

2 ‖Πst‖2
)

+ c4

(
mLγ2Df (yt,xt+1) +mL2γ2 ‖xt − yt‖

2
)
,

(28)

with c1 = 8, c2 = 72τ2, c3 = 3τ2, c4 = 168τ2.

Proof For the notation convenience, we denote that

T(x) , FastMix(x,K).
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By the chosen communication step number K in “FastMix” and Proposition 1, we can
obtain that

‖Π · T(x)‖ ≤ ρ ‖Πx‖ , with ρ2 ≤ 1

32
.

First, by the update rule of zt+1 in Eq (8), we can obtain

‖Πzt+1‖ =
∥∥Π · T(proxγg(zt − γst+1)

)∥∥ ≤ ρ ∥∥Π · proxγg(zt − γst+1)
∥∥ .

Furthermore,

∥∥Π · proxγg(zt − γst+1)
∥∥ =

∥∥∥∥proxγg(zt − γst+1)− 1

m
11>proxγg(zt − γst+1)

∥∥∥∥
≤
∥∥proxγg(zt − γst+1)− proxγg(1(zt − γst+1))

∥∥
+

∥∥∥∥proxγg(1(zt − γst+1))− 1

m
11>proxγg(zt − γst+1)

∥∥∥∥
≤ ‖zt − 1zt‖+ γ ‖st+1 − 1st+1‖+

∥∥∥∥proxγg(1(zt − γst+1))− 1

m
11>proxγg(zt − γst+1)

∥∥∥∥
(26)

≤ ‖Πzt‖+ γ ‖Πst+1‖+ ‖Π(zt − γst+1)‖
≤ 2 ‖Πzt‖+ 2γ ‖Πst+1‖ ,

where the second inequality is because of the non-expansiveness of the proximal mapping.
Thus, it holds that

‖Πzt+1‖2 ≤ ρ2
(
2 ‖Πzt‖+ 2γ ‖Πst+1‖

)2 ≤ 8ρ2
(
‖Πzt‖2 + γ2 ‖Πst+1‖2

)
.

Furthermore, by the update rule of xt+1 and yt+1 in Eq. (6) and (9) respectively, we have

‖Πxt+1‖2 ≤ (τ ‖Πzt‖+ (1− τ) ‖Πyt‖)2 ≤ 2τ2 ‖Πzt‖2 + 2 ‖Πyt‖2

‖Πyt+1‖2 ≤ (τ ‖Πzt‖+ ρ(1− τ) ‖Πyt‖)2 ≤ 2τ2 ‖Πzt‖2 + 2ρ2 ‖Πyt‖2 .

By the update rule of st+1 in Eq. (7), we have

‖Πst+1‖2 =
∥∥∥Π · T(st +∇f̃(xt+1)−∇f̃(xt)

)∥∥∥2

≤ρ2
∥∥∥Π(st +∇f̃(xt+1)−∇f̃(xt)

)∥∥∥2

≤2ρ2 ‖Πst‖2 + 2
∥∥∥∇f̃(xt+1)−∇f̃(xt)

∥∥∥2
.
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Furthermore,∥∥∥∇f̃(xt+1)−∇f̃(xt)
∥∥∥2

=
m∑
i=1

∥∥∥∇fi(x(i)
t+1)−∇fi(x(i)

t )
∥∥∥2

(32)

≤ 2
m∑
i=1

∥∥∥∇fi(x(i)
t+1)−∇fi(yt)

∥∥∥2
+ 4

m∑
i=1

(
‖∇fi(yt)−∇fi(xt)‖

2 +
∥∥∥∇fi(xt)−∇fi(x(i)

t )
∥∥∥2
)

(36)(5)

≤ 4mLDf (yt,xt+1) + 4
m∑
i=1

(
‖∇fi(yt)−∇fi(xt)‖

2 +
∥∥∥∇fi(xt)−∇fi(x(i)

t )
∥∥∥2
)

(37)

≤ 4mLDf (yt,xt+1) + 4L2
m∑
i=1

(
‖xt − yt‖

2 +
∥∥∥x(i)

t − xt
∥∥∥2
)

= 4mLDf (yt,xt+1) + 4mL2 ‖xt − yt‖
2 + 4L2 ‖Πxt‖2 .

Thus, it holds that

γ2 ‖Πst+1‖2 ≤2ρ2 · γ2 ‖Πst‖2 + 8γ2
(
mLDf (yt,xt+1) +mL2 ‖xt − yt‖

2 + L2 ‖Πxt‖2
)
.

Combining the above results, we can obtain that

‖Πxt+1‖2 + c1 ‖Πyt+1‖2 + c2 ‖Πzt+1‖2 + c3γ
2 ‖Πst+1‖2

≤
(
64c2ρ

2 + 8c3

)
L2γ2 · ‖Πxt‖2 +

(
2

c1
+ 2ρ2

)
· c1 ‖Πyt‖2 +

(
2τ2

c2
+

2c1τ
2

c2
+ 8ρ2

)
· c2 ‖Πzt‖2

+

(
16ρ2c2

c3
+ 2

)
ρ2 · c3γ

2 ‖Πst‖2 + 8
(
8ρ2c2 + c3

) (
mLγ2Df (yt,xt+1) +mL2γ2 ‖xt − yt‖

2
)

≤ (2c2 + 8c3)L2γ2 · ‖Πxt‖2 +

(
1

4
+

1

16

)
· c1 ‖Πyt‖2 +

(
18τ2

72τ2
+

8

32

)
· c2 ‖Πzt‖2

+

(
72τ2

2 · 3τ2
+ 2

)
1

32
· c3γ

2 ‖Πst‖2

+ 8

(
8 · 72τ2

32
c2 + 3τ2

)(
mLγ2Df (yt,xt+1) +mL2γ2 ‖xt − yt‖

2
)

≤ 1

2

(
‖Πxt‖2 + c1 ‖Πyt‖2 + c2 ‖Πzt‖2 + c3γ

2 ‖Πst‖2
)

+ c4

(
mLγ2Df (yt,xt+1) +mL2γ2 ‖xt − yt‖

2
)
,

where the last inequalities are because of ρ2 ≤ 1
32 , the value of c1, c2, c3, and c4, and the

condition L2γ2 ≤ 1
32·73·τ2 = 1

2(2c2+8c3) .

Remark 20 The proof of Lemma 19 partly follows the one of Li and Lin (2021). The
error terms in Lemma 19 depends on Df (yt,xt+1) which is the same to those of Li and Lin
(2021). However, due to the proximal terms in the composite optimization, our proof takes
extra steps to tackle the errors caused by proximal mappings.
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Next, we will bound the consensus error terms in Eq. (25) and sum them from t = 0 to
T − 1 scaled with a non-negative sequence {βt}.

Lemma 21 Let K = 11√
1−λ2(W )

, and the step size γ be properly chosen such that L2γ2 ≤
1

32·73·τ2 in Algorithm 2. Given a non-negative sequence {βt} with t = 0, . . . , T − 1, then it
holds that

T−1∑
t=0

βt

(
Lγ

2mτ
‖Πxt+1‖2 +

1

2m

(
γ2 ‖Πst+1‖2 + ‖Πzt+1‖2

))

≤ 4c5

m

(
‖Πx0‖2 + c1 ‖Πy0‖2 + c2 ‖Πz0‖2 + c3γ

2 ‖Πs0‖2
)
·
T−1∑
t=0

βt2
−t

+ 8(1 + c4c5)
T−2∑
t=0

βt

(
Lγ2Df (yt,xt+1) + L2γ2 ‖xt − yt‖

2
)

+ βT−1

(
8Lγ2Df (yT−1,xT ) + 8L2γ2

∥∥xT−1 − yT−1

∥∥2
)
.

where c5 , max
{

8L2γ2, Lγτc1 ,
2
c2
, 1

16c3

}
and c1, c2, c3, c4 are defined in Lemma 19.
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Proof It holds that

T−1∑
t=0

βt

(
Lγ

2mτ
‖Πxt+1‖2 +

1

2m

(
γ2 ‖Πst+1‖2 + ‖Πzt+1‖2

))
(27)

≤
T−1∑
t=0

βt

(
8L2γ2

m
‖Πxt‖2 +

Lγ

mτ
‖Πyt‖2 +

2

m
‖Πzt‖2 +

1

16m
γ2 ‖Πst‖2

)

+

T−1∑
t=0

βt

(
8Lγ2Df (yt,xt+1) + 8L2γ2 ‖xt − yt‖

2
)

≤ 4

m

T−1∑
t=0

max

{
8L2γ2,

Lγ

τc1
,

2

c2
,

1

16c3

}
· βt
(
‖Πxt‖2 + c1 ‖Πyt‖2 + c2 ‖Πzt‖2 + c3γ

2 ‖Πst‖2
)

+

T−1∑
t=0

βt

(
8Lγ2Df (yt,xt+1) + 8L2γ2 ‖xt − yt‖

2
)

(28)(33)

≤ 4c5

m

T−1∑
t=0

βt

(
1

2

)t (
‖Πx0‖2 + c1 ‖Πy0‖2 + c2 ‖Πz0‖2 + c3γ

2 ‖Πs0‖2
)

+ 8c4c5

T−2∑
t=0

βt

(
Lγ2Df (yt,xt+1) + L2γ2 ‖xt − yt‖

2
)

+
T−1∑
t=0

βt

(
8Lγ2Df (yt,xt+1) + 8L2γ2 ‖xt − yt‖

2
)

≤ 4c5

m

(
‖Πx0‖2 + c1 ‖Πy0‖2 + c2 ‖Πz0‖2 + c3γ

2 ‖Πs0‖2
)
·
T−1∑
t=0

βt2
−t

+ 8(1 + c4c5)
T−2∑
t=0

βt

(
Lγ2Df (yt,xt+1) + L2γ2 ‖xt − yt‖

2
)

+ βT−1

(
8Lγ2Df (yT−1,xT ) + 8L2γ2

∥∥xT−1 − yT−1

∥∥2
)
,

where the last inequality is because of Lemma 23 with ∆t = ‖Πxt‖2 + c1 ‖Πyt‖2 +

c2 ‖Πzt‖2 + c3γ
2 ‖Πst‖2, ∆̃t = c4

(
mLγ2Df (yt,xt+1) +mL2γ2 ‖xt − yt‖

2
)

and ρ = 1/2.

4.3 Proof of Theorem 2

Combining results in previous sections, we can prove Theorem 2.

Proof First, by the setting of the step size and the definition τ , we have

L2γ2 =
L

400µ
≤ 1

32 · 73 · µ2 · 1
400µL

=
1

32 · 73 · τ2
.
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Thus, the condition L2γ2 ≤ 1
32·73·τ2 in Lemma 19 holds. Furthermore, by the setting of K

in Theorem 2, the results in Lemma 19 hold.

By the definition of c1, c2, c3, c4 and c5 which are defined in Lemma 19 and Lemma 21
respectively, we can obtain that

c5 = max

{
8L2γ2,

Lγ

τc1
,

2

c2
,

1

16c3

}
=

2

c2
=

1

36τ2
.

This leads to 8(1 + c4c5) ≤ 46. Thus, the result of Lemma 21 can be represented as

T−1∑
t=0

βt

(
Lγ

2mτ
‖Πxt+1‖2 +

1

2m

(
γ2 ‖Πst+1‖2 + ‖Πzt+1‖2

))

≤ 1

9mτ2

(
‖Πx0‖2 + c1 ‖Πy0‖2 + c2 ‖Πz0‖2 + c3γ

2 ‖Πs0‖2
)
·
T−1∑
t=0

βt2
−t

+ 46

T−2∑
t=0

βt

(
Lγ2Df (yt,xt+1) + L2γ2 ‖xt − yt‖

2
)

+ βT−1

(
8Lγ2Df (yT−1,xT ) + 8L2γ2

∥∥xT−1 − yT−1

∥∥2
)
.

(29)

Next, we reformulate the inequality in Lemma 15 as follows,

γ

τ

(
F (yt+1)− F (x∗)

)
+

1 + µγ

2m
‖zt+1 − 1x∗‖2

≤ γ(1− τ)

τ

(
F (yt)− F (x∗)

)
+

1

2m
‖zt − 1x∗‖2 +

(
Lγ

2τ
− 1

2τ2

)∥∥xt+1 − yt+1

∥∥2

− γ(1− τ)

τ
Df (yt,xt+1) +

Lγ

2mτ
‖Πxt+1‖2 +

1

2m

(
γ2 ‖Πst+1‖2 + 3 ‖Πzt+1‖2 + 2 ‖Πzt‖2

)
.

By the choice of γ and τ , we have

γ

τ

(
γ(1− τ)

τ

)−1

=
1

1− τ
≥ 1 + τ = 1 + µγ.

Therefore, we can extract a factor of (1 + µγ) from the left.

(1 + µγ)

(
γ(1− τ)

τ

(
F (yt+1)− F (x∗)

)
+

1

2m
‖zt+1 − 1x∗‖2

)
≤ γ(1− τ)

τ

(
F (yt)− F (x∗)

)
+

1

2m
‖zt − 1x∗‖2 +

(
Lγ

2τ
− 1

2τ2

)∥∥xt+1 − yt+1

∥∥2

− γ(1− τ)

τ
Df (yt,xt+1) +

Lγ

2mτ
‖Πxt+1‖2 +

1

2m

(
γ2 ‖Πst+1‖2 + 3 ‖Πzt+1‖2 + 2 ‖Πzt‖2

)
.
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Multiplying this inequality by (1 + µγ)k, summing over iterations k = 0 to k = T − 1, we
can obtain the bound

(1 + µγ)T
(
γ(1− τ)

τ

(
F (yT )− F (x∗)

)
+

1

2m
‖zT − 1x∗‖2

)
≤ γ(1− τ)

τ

(
F (y0)− F (x∗)

)
+

1

2m
‖z0 − 1x∗‖2

+

T−1∑
t=0

(1 + µγ)t
((

Lγ

2τ
− 1

2τ2

)∥∥xt+1 − yt+1

∥∥2 − γ(1− τ)

τ
Df (yt,xt+1)

)

+
T−1∑
t=0

(1 + µγ)t
(
Lγ

2mτ
‖Πxt+1‖2 +

1

2m

(
γ2 ‖Πst+1‖2 + 3 ‖Πzt+1‖2 + 2 ‖Πzt‖2

))
(29)

≤ γ(1− τ)

τ

(
F (y0)− F (x∗)

)
+

1

2m
‖z0 − 1x∗‖2

+
T−1∑
t=0

(1 + µγ)t
((

Lγ

2τ
− 1

2τ2

)∥∥xt+1 − yt+1

∥∥2 − γ(1− τ)

τ
Df (yt,xt+1)

)

+
1

9mτ2

(
‖Πx0‖2 + c1 ‖Πy0‖2 + c2 ‖Πz0‖2 + c3γ

2 ‖Πs0‖2
)
·
T−1∑
t=0

(1 + µγ)t · 2−t

+ 46
T−2∑
t=0

(1 + µγ)t
(
Lγ2Df (yt,xt+1) + L2γ2 ‖xt − yt‖

2
)

+ (1 + µγ)T−1
(

8Lγ2Df (yT−1,xT ) + 8L2γ2
∥∥xT−1 − yT−1

∥∥2
)

≤ γ(1− τ)

τ

(
F (y0)− F (x∗)

)
+

1

2m
‖z0 − 1x∗‖2

+
T−2∑
t=0

(1 + µγ)t
((

46L2γ2 +
Lγ

2τ
− 1

2τ2

)
·
∥∥xt+1 − yt+1

∥∥2
+

(
46Lγ2 − γ(1− τ)

τ

)
·Df (yt,xt+1)

)
+ (1 + µγ)T−1

((
8L2γ2 +

Lγ

2τ
− 1

2τ2

)
· ‖xT − yT ‖

2 +

(
8Lγ2 − γ(1− τ)

τ

)
·Df (yT−1,xT )

)
+

1

9mτ2

(
‖Πx0‖2 + c1 ‖Πy0‖2 + c2 ‖Πz0‖2 + c3γ

2 ‖Πs0‖2
)
·
T−1∑
t=0

(1 + µγ)t · 2−t

(34)

≤ γ(1− τ)

τ

(
F (y0)− F (x∗)

)
+

1

2m
‖z0 − 1x∗‖2

+
2

9mτ2
· 1

1− µγ
·
(
‖Πx0‖2 + c1 ‖Πy0‖2 + c2 ‖Πz0‖2 + c3γ

2 ‖Πs0‖2
)
,
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where the last inequality is also because of the properly chosen γ = 1
20
√
µL

and τ = µγ

which implies that

46L2γ2 +
Lγ

2τ
− 1

2τ2
=

(
46

400
+

1

2
− 400

2

)
L

µ
< 0

46Lγ2 − γ(1− τ)

τ
=

46

400
· 1

µ
− 1

µ
+

1

20
√
µL

µ≤L
≤
(

46

400
+

1

20
− 1

)
1

µ
< 0.

Thus, we can obtain that

1

2m
‖zT − 1x∗‖2

≤γ(1− τ)

τ

(
F (yT )− F (x∗)

)
+

1

2m
‖zT − 1x∗‖2

≤ (1 + µγ)−T ·
(γ(1− τ)

τ

(
F (y0)− F (x∗)

)
+

1

2m
‖z0 − 1x∗‖2

+
2

9mτ2
· 1

1− µγ
·
(
‖Πx0‖2 + c1 ‖Πy0‖2 + c2 ‖Πz0‖2 + c3γ

2 ‖Πs0‖2
))

≤
(

1 +
1

20
·
√
µ

L

)−T
·

(
1

µ

(
F (y0)− F (x∗)

)
+

1

2m
‖z0 − 1x∗‖2

+
202L

4mµ
·
(
‖Πx0‖2 + c1 ‖Πy0‖2 + c2 ‖Πz0‖2 + c3γ

2 ‖Πs0‖2
))

=

(
1 +

1

20
·
√
µ

L

)−T
·

(
1

µ

(
F (y0)− F (x∗)

)
+

1

2m
‖z0 − 1x∗‖2

+
202L

4mµ
·
(
‖Πx0‖2 + 8 ‖Πy0‖2 +

9µ

50L
‖Πz0‖2 +

3

204 · L2
‖Πs0‖2

))

Furthermore, by the fact that it holds that (1 + a)−1 ≤ 1− a
2 if 0 ≤ a ≤ 1 and multiply 2m

both sides of above equation, we can obtain that

‖zT − 1x∗‖2 ≤
(

1− 1

40
·
√
µ

L

)−T
·

(
2m

µ

(
F (y0)− F (x∗)

)
+ ‖z0 − 1x∗‖2

+
202L

2µ
·
(
‖Πx0‖2 + 8 ‖Πy0‖2 +

9µ

50L
‖Πz0‖2 +

3

204 · L2
‖Πs0‖2

))
.

5. Experiments

We have provided a comprehensive theoretical analysis of our algorithm in the preceding
sections. This section is dedicated to the empirical validation of our algorithm’s effectiveness
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and computational efficiency. Our experiments will focus on the sparse logistic regression
problem, whose objective function adheres to the form delineated in (1), characterized by:

fi(x) =
1

n

n∑
j=1

log
(
1 + exp(−bij〈aij , x〉)

)
, and g(x) = σ ‖x‖1 +

µ

2
‖x‖2 , (30)

where aij ∈ Rd and bij ∈ {−1, 1} are the j-th input vector and the corresponding label
on the i-th agent. It can be observed that each fi(x) in Eq. (30) exhibits both convexity
and smoothness. Simultaneously, g(x) demonstrates µ-strong convexity. Consequently, the
sparse logistic regression problem fulfills the assumptions requisite for our algorithm.
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Figure 1: Algorithm evaluation with comparison to the decentralized optimization methods
on the network with 1− λ2(W ) = 0.05 and µ = 10−4.

Experiments Setting In our experiments, we consider random networks where each pair
of agents has a connection with a probability of p = 0.1. We set W = I − L

λ1(L) where L is

the Laplacian matrix associated with a weighted graph, and λ1(L) is the largest eigenvalue
of L. We set m = 100, that is, there are 100 agents in this network. The gossip matrix W
satisfies 1− λ2(W ) = 0.05 in our experiments.
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Figure 2: Algorithm evaluation with comparison to the decentralized optimization methods
on the network with 1− λ2(W ) = 0.05 and µ = 10−5.

We conduct experiments on the datasets w8a’ and a9a’, which can be downloaded from
the libsvm datasets. For w8a’, we set n = 497 and d = 300. For a9a’, we set n = 325 and
d = 123. We set σ = 10−4 for all datasets and choose µ = 10−4 and µ = 10−5 respectively,
leading to a large condition number for the objective function.

Comparison with Existing Works We compare our work with state-of-the-art algo-
rithms PG-EXTRA (Shi et al., 2015a), NIDS (Li et al., 2019), Decentralized Proximal Algo-
rithm (DPA) (Alghunaim et al., 2019) and ProxMudag (Ye et al., 2023). Both our algorithm
and ProxMudag need “FastMix” to achieve consensus. In our experiments, we set K = 3
in the “FastMix” for our algorithm and ProxMudag. In our experiments, the parameters of
all algorithms are well-tuned. We report experiment results in Figure 1-2. We can observe
that ODAPG and ProxMudag take much less computational cost than other algorithms be-
cause these two algorithms use Nesterov’s acceleration to achieve faster convergence rates.
That is, the computation complexity of ODAPG and ProxMudag is linear to

√
L/µ while the

computation complexities of other algorithms without the acceleration, such as NIDS, are
linear to L/µ. This matches our theoretical analysis of ODAPG over the computation com-
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plexity. ODAPG also shows great advantages over other decentralized proximal algorithms
without the acceleration of the communication cost. Though ODAPG takes three times of lo-
cal communication while other algorithms communicate only once for each iteration, ODAPG
still requires much less communication costs because of its fast convergence rate. Compared
with ProxMudag, ODAPG achieves a similar computation cost to that of ProxMudag. This
is because both these two algorithms apply Nesterov’s acceleration to promote the conver-
gence rates. For the communication cost, our ODAPG takes a little more communication cost
to achieve the same precision solution for µ = 10−4. This is because ODAPG takes three
“FastMix” steps while ProxMudag takes two “FastMix” steps for each iteration of the algo-
rithms. However, when µ = 10−5, the value L

µ is larger than the case µ = 10−4, we can
observe that our ODAPG can achieve lower communication complexities than ProxMudag on
the “w8a” dataset. This empirically validates that our ODAPG can achieve a communication

complexity O
(

log L
µ

)
lower than that of ProxMudag.

6. Conclusion and Future Work

In this paper, we have proposed the inaugural optimal algorithm for the decentralized com-

posite optimization problem, characterized by a computational complexity of O
(√

L
µ log 1

ε

)
and a communication complexity of O

(√
L

µ(1−λ2(W ))

)
. Our algorithm accomplishes the op-

timal computational and communication complexities when f(x) is smooth, and the regular-
ization term g(x) is strongly convex. For cases where fi(x) is L-smooth and µ-strongly con-
vex, while g(x) is convex, our algorithm can be readily adapted to address these scenarios,
also achieving optimal computational and communication complexities. The effectiveness
and efficiency of our algorithm, in both computation and communication, are corroborated
through our experiments.

We outline two promising directions for future research.

• Single-loop communication without multi-consensus. Our current method em-
ploys multi-consensus (an inner communication loop) to suppress consensus errors. An
important next step is to eliminate this inner loop and design a single-loop variant that
preserves the optimal computation and communication complexities. In particular,
leveraging the single-loop communication framework developed for smooth objectives
in Song et al. (2023) and integrating loopless acceleration/consensus filtering so that
ODAPG attains the same optimal rates without multi-consensus.

• Randomized/finite-sum extensions with composite regularization. Another
natural avenue is to develop variance-reduced decentralized composite algorithms
(e.g., incorporating Katyusha/SARAH/PAGE-type estimators into our proximal frame-
work) for finite-sum problems and to study both static and time-varying networks.
This line builds on recent progress in decentralized variance reduction for static graphs
(Hendrikx et al., 2021; Li et al., 2020) and for time-varying graphs (Metelev et al.,
2024).
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Appendix A. Some Useful Lemmas

Lemma 22 Letting x and y be two d-dimensional vectors, then it holds that

〈x, y〉 ≤ ‖x‖ ‖y‖ ≤ ‖x‖
2 + ‖y‖2

2
, (31)

and
‖x+ y‖2 ≤ 2

(
‖x‖2 + ‖y‖2

)
. (32)

Lemma 23 If ∆t+1 ≤ (1− ρ)∆t + ∆̃t, where ∆t and ∆̃t are non-negative for t = 0, 1, . . .
and ρ ∈ (0, 1), given a non-negative sequence {βt}, then it holds that

T−1∑
t=0

βt

(
(1− ρ) ·∆t + ∆̃t

)
≤

T−1∑
k=0

(1− ρ)k+1∆0 +
1

ρ

T−1∑
k=0

βt∆̃k. (33)

Proof It holds that

T−1∑
t=0

βt

(
(1− ρ) ·∆t + ∆̃t

)
≤
T−1∑
t=0

βt

(
(1− ρ)t+1∆0 +

t∑
`=1

(1− ρ)t−`∆̃`

)

≤
T−1∑
t=0

βt(1− ρ)t+1∆0 +
1

ρ

T−1∑
t=0

βt∆̃t,

where the last inequality is because of
∑t

`=1 (1− ρ)t−1 ≤ 1
1−(1−ρ) = 1

ρ .

Lemma 24 If 0 < µγ < 1, given T > 1, then it holds that

T−1∑
t=0

(1 + µγ)t · 2−t ≤ 2

1− µγ
. (34)

Proof It holds that

T−1∑
t=0

(1 + µγ)t · 2−t =
1− (1 + µγ)T · 2−T

1− 1+µγ
2

≤ 2

1− µγ
.

Lemma 25 (Lemma 3 of Driggs et al. (2022)) Suppose g is µ-strongly convex with
µ ≥ 0, and z = proxγg(x − γd) for some x, d ∈ Rd and constant γ. Then for y ∈ Rd,
it holds that

η 〈d, z − y〉 ≤ 1

2
‖x− y‖2 − 1 + µη

2
‖z − y‖2 − 1

2
‖z − x‖ − ηg(z) + ηg(y). (35)

Lemma 26 If fi(·) is convex and L-smooth, then it holds that for x, y ∈ Rd

‖∇fi(x)−∇fi(y)‖2 ≤2L
(
fi(x)− fi(y)− 〈∇fi(y), x− y〉

)
, (36)

‖∇fi(x)−∇fi(y)‖ ≤L ‖x− y‖ . (37)
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