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Abstract

Score-based diffusion models, which generate new data by learning to reverse a diffusion
process that perturbs data from the target distribution into noise, have achieved remarkable
success across various generative tasks. Despite their superior empirical performance,
existing theoretical guarantees are often constrained by stringent assumptions or suboptimal
convergence rates. In this paper, we establish a fast convergence theory for the denoising
diffusion probabilistic model (DDPM), a widely used SDE-based sampler, under minimal
assumptions. Our analysis shows that, provided /;-accurate estimates of the score functions,
the total variation distance between the target and generated distributions is upper bounded
by O(d/T) (ignoring logarithmic factors), where d is the data dimensionality and T is
the number of steps. This result holds for any target distribution with finite first-order
moment. Moreover, we show that with careful coefficient design, the convergence rate
improves to O(k/T), where k is the intrinsic dimension of the target data distribution.
This highlights the ability of DDPM to automatically adapt to unknown low-dimensional
structures, a common feature of natural image distributions. These results are achieved
through a novel set of analytical tools that provides a fine-grained characterization of how
the error propagates at each step of the reverse process.

Keywords: score-based generative model, diffusion model, denoising diffusion probabilistic
model, sampling

1. Introduction

Score-based generative models (SGMs) have emerged as a powerful class of generative
frameworks, capable of learning and sampling from complex data distributions (Sohl-Dicksten
et al., 2015; Ho et al., 2020; Song et al., 2021b; Song and Ermon, 2019; Dhariwal and
Nichol, 2021). These models, including Denoising Diffusion Probabilistic Models (DDPM)
(Ho et al., 2020) and Denoising Diffusion Implicit Models (DDIM) (Song et al., 2021a),
operate by gradually transforming a simple noise-like distribution (e.g., standard Gaussian)
into a target data distribution through a series of diffusion steps. This transformation is
achieved by learning a sequence of denoising processes governed by score functions, which
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estimate the gradient of the log-density of the data at each step. SGMs have demonstrated
remarkable success in various generative tasks, including image generation (Rombach et al.,
2022; Ramesh et al., 2022; Saharia et al., 2022), audio generation (Kong et al., 2021), video
generation (Villegas et al., 2022), and molecular design (Hoogeboom et al., 2022). See e.g.,
Yang et al. (2022); Croitoru et al. (2023) for overviews of recent development.

At the core of SGMs are two stochastic processes: a forward process, which progressively
adds noise to the data,

Xo—> X1 — = Xp,

where X is drawn from the target data distribution pgata and is gradually transformed into
X7 that resembles standard Gaussian noise; and a reverse process,

Yr—=Yr1— - =Y,

which starts from pure Gaussian noise Y7 and sequentially converts it into Yy that closely
mimics the target data distribution pgaita. At each step, the distributions of Y; and X; are
kept close. The key challenge lies in constructing this reverse process effectively to ensure
accurate sampling from the target distribution.

Motivated by classical results on the time-reversal of stochastic differential equations
(SDEs) (Anderson, 1982; Haussmann and Pardoux, 1986), SGMs construct the reverse
process using the gradients of the log marginal density of the forward process, known as
score functions. At each step, Y;_1 is generated from Y; with the help of the score function
Vlogpx,(+), where px, denotes the density of X;. Both the DDPM sampler (Ho et al.,
2020) and the DDIM sampler (Song et al., 2021a) follow this denoising framework, with
the key distinction being whether additional random noise is injected when generating each
Y;_1. Although the score functions are not known explicitly, they are pre-trained using
large neural networks through score-matching techniques (Hyvérinen, 2005, 2007; Vincent,
2011; Song and Ermon, 2019).

Despite their impressive empirical success, the theoretical foundations of diffusion models
remain relatively underdeveloped. Early studies on the convergence of SGMs (De Bortoli
et al., 2021; De Bortoli, 2022; Liu et al., 2022; Pidstrigach, 2022; Block et al., 2020) did not
provide polynomial convergence guarantees. In recent years, a line of works have explored
the convergence of the generated distribution to the target distribution, treating the score-
matching step as a black box and focusing on the effects of the number of steps T and the
score estimation error on the convergence of the sampling phase (Chen et al., 2023d,a,c;
Benton et al., 2023a; Lee et al., 2022, 2023; Li et al., 2023, 2024b; Li and Yan, 2024; Gao and
Zhu, 2025; Huang et al., 2025; Tang and Zhao, 2024; Liang et al., 2024; Chen et al., 2023¢).
Recent studies have investigated the performance guarantees of SGMs in the presence of
low-dimensional structures (e.g., Li and Yan (2024); Azangulov et al. (2024); Huang et al.
(2024); Potaptchik et al. (2024); Wang et al. (2024); Chen et al. (2023b); Tang and Yang
(2024); Tang et al. (2025); Chen et al. (2024)) and the acceleration of SGMs (e.g., Li et al.
(2024a); Liang et al. (2024); Gupta et al. (2024); Li and Cai (2024); Li and Jiao (2025); Li
et al. (2025)). Following this general avenue, the goal of this paper is to establish a sharp
convergence theory for diffusion models with minimal assumptions.

Prior convergence guarantees. In recent years, a flurry of work has emerged on the
convergence guarantees for the DDPM and DDIM type samplers. However, these prior
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studies fall short of providing a fully satisfactory convergence theory due to at least one of
the following three obstacles:

e Stringent data assumptions. Earlier works, such as Lee et al. (2022), required the target
data distribution to satisfy the log-Sobolev inequality. Similarly, Chen et al. (2023d);
Lee et al. (2023); Chen et al. (2023c,e) assumed that the score functions along the
forward process must satisfy a Lipschitz smoothness condition. More recent work Gao
and Zhu (2025) relied on the strong log-concavity assumption of the target distribution
to establish convergence guarantees in Wasserstein distance. These assumptions are
often impractical to verify and may not hold for complex distributions commonly seen
in image data. Some newer studies on the DDPM sampler (e.g., Chen et al. (2023a);
Benton et al. (2023a)) and the DDIM sampler (e.g., Li et al. (2024b)) have relaxed these
stringent assumptions, and their results applied to more general target distributions
with bounded second-order moments or sufficiently large support.

o Slow convergence rate. We follow most existing works and focus on the total variation
(TV) distance between the target and the generated distributions.! Let T be the
number of steps and d be the dimensionality of the data. For the DDPM sampler,
Chen et al. (2023d) established a convergence rate of O(L+/(d + Mz)/T), where L is
the Lipschitz constant of the score functions along the forward process, and Ms is the
second-order moment of the target distribution. Later, Chen et al. (2023a) lifted the
Lipschitz condition, but this came at the cost of a rate O(d/v/T) with worse dimension
dependence. The state-of-the-art result for the DDPM samplers is due to Benton et al.
(2023a), achieving a convergence rate of O+/d/T). However, this is still slower than
the convergence rate for the DDIM sampler, achieved in Li et al. (2024b), which attains
O(d/T) in the regime T > d2.

o Additional score estimation requirements. Convergence theory for diffusion models must
also account for the impact of imperfect score estimation on performance. While recent
results for the DDPM sampler (Chen et al., 2023d,a; Benton et al., 2023a) require only
ly-accurate score function estimates, another line of work on the DDIM sampler (Li
et al., 2023, 2024b; Huang et al., 2025) achieves faster convergence rates, albeit under
stricter requirements for score estimates. Specifically, Li et al. (2023, 2024b) require
not only that the score estimates be close to the true score functions, but also that the
Jacobian of the score estimates be close to the Jacobian of the true score functions,
which is a significantly stronger condition. Additionally, Huang et al. (2025) assumes
higher-order smoothness in the score estimates.

From this discussion, it is evident that while the state-of-the-art convergence rates for the
DDIM sampler surpass those for the DDPM sampler, they also rely on more restrictive
assumptions. This motivates us to think whether it is possible to achieve the best of both
worlds, namely,

Can we establish a convergence theory for diffusion models that achieves a fast
convergence rate under minimal data and score estimation assumptions?

1. Convergence rates in Kullback-Leibler (KL) divergence in Chen et al. (2023a); Benton et al. (2023a) are
transferred to TV distance using Pinsker’s inequality, because the KL divergence is not a distance.
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Sampler C'Onverge‘nce rate Data assumption Requirements on score
(in TV distance) | (Xo ~ paata; 57 = Vlogpx,) estimates s;
| (Chen lztD SM 2023d) Ly/d/T Eﬁ;?jﬁ%iti fi si~ 87 in L2 (px,)
Chen o ut 2020y | VEIT BlIXol3 <0 | st in L2(px)
(Benton et oL, 2023a) ajT BIXol <co | s ~stin I2(px,)
I - =T - T AE - -
N IR I I
(Ui 6?321\2023) d?/T + d°/T*? bounded support jstt Z ?g;lllnli(?pé;):)
| etDa]iTl\;[024b) d/T when T > d? | bounded support Jsi :’ ?SSI;an(Zp(;;):)
T s 4T B[ Xolb] <oo | s s in I(px,)

Table 1: Comparison with prior convergence guarantees for diffusion models (ignoring log
factors). Convergence rates in KL divergence are transferred to TV distance using
Pinsker’s inequality. Here Jy : R? — R4 denotes the Jacobian matrix of a
function f : R? — R,

As noted in Li et al. (2024b), a counterexample demonstrates that ¢s-accurate score
estimation alone is insufficient for convergence of the DDIM sampler under TV distance.
The current paper answers this question affirmatively by focusing on the DDPM sampler.

Our contributions. This paper develops a fast convergence theory for the DDPM sampler
under minimal assumptions. We show that the TV distance between the generated and
target distributions is bounded by:

d 1 ¢ 2
4iilx ;E[Hst(xt) =1 (X0)l3),

up to logarithmic factors. The first term reflects the discretization error, while the second
term accounts for score estimation error. Compared to the two most relevant works (Benton
et al., 2023a; Li et al., 2024b) , which provide state-of-the-art results for the DDPM and
DDIM samplers, our main contributions are as follows:

e O(d/T) convergence rate. Under perfect score function estimation, we establish an
O(d/T) convergence rate for the DDPM sampler in TV distance, improving on the
previous best rate of O(1/d/T) from Benton et al. (2023a). Our result also matches the
convergence rate of the DDIM sampler achieved in Li et al. (2024b), but is more general,
as their result only holds when 7 >> d?, while ours applies for arbitrary 7 and d.

o Minimal assumptions. Our theory requires only that the target distribution has finite
first-order moment, which, to the best of our knowledge, is the weakest data assumption
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in the current literature. Additionally, we require only £s-accurate score estimates, which
is a significantly weaker condition than the Jacobian accuracy required by Li et al. (2023,
2024b).

o Adaptivity to unknown low-dimensional structures. Extending our theory, we demonstrate
that with carefully designed coefficients (Li and Yan, 2024), the DDPM sampler achieves
a convergence rate of O(k/T) in TV distance, where k is the intrinsic dimension of the
target data distribution. This improves upon the previous best bound of O(\/k/T)
established in Potaptchik et al. (2024); Huang et al. (2024).

In summary, our results achieve the fastest convergence rate in the literature for both DDPM
and DDIM samplers while requiring minimal assumptions. A comparative summary with
prior work is presented in Table 1.

2. Problem set-up
In this section, we provide an overview of the diffusion model and the DDPM sampler.

Forward process. We consider a Markov process in R? starting from Xg ~ pgata, evolving
according to the recursion:

X, =V1-BXi1+VBW, (t=1,...,T), (1)

where Wy, ..., Wr are independent draws from N(0,1;), and S1,...,5; € (0,1) are the
learning rates. For each 1 <t < T, define oy :=1— 3; and a3 := H§:1 «;. This allows us to
express X; in closed form as:

X, = VaXo+ VI—@mW; where W, ~ N (0, I,). @

We select the learning rates such that (i) 5; is small for every 1 < ¢t < T'; and (ii) ap is
vanishingly small, ensuring that the distribution of X7 is exceedingly close to N (0, I). In
this paper, we adopt the following learning rate schedule

1 cilogT . cilog T\t
ﬁlzﬁ, Br+1 = ng mln{ﬁl<1+ ng ),1} t=1,....T-1), (3)

for sufficiently large constants cg,c; > 0. This schedule is commonly used in the diffusion
model literature (see, e.g., Li et al. (2023, 2024b); Liang et al. (2025)), although the results
in this paper hold for any learning rate schedule satisfying the properties in Lemma 18.

Reverse process. The crucial elements in constructing the reverse process are the score
functions associated with the marginal distributions of the forward diffusion process (1).
For eacht =1,...,T, we define the score function as:

sy(z) = Vlogpx,(z) (t=1,...,T),

where px, () represents the smooth probability density of X;. Since the true score functions
are typically unknown, we assume access to estimates s;(-) for each s7(:). To quantify the
error in these estimates, we define the averaged 5 score estimation error as:

T
1
6gcore = f ZE[HSt(Xt) - S:(Xt)Hg] :
t=1
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This error term quantifies the effect of imperfect score approximation in our theoretical
analysis. Using these score estimates, we can construct the reverse process, which starts
from Y ~ N(0, I;) and proceeds as

1
Vi = ﬁ(Yt tose(Ve) +0uZ) (t=T,...,1), (4)

where Z1, ..., Zp are independent draws from N (0, I;). This is the popular DDPM sampler
(Ho et al., 2020).

Notation. The total variation (TV) distance between two probability measures P and @
on a probability space (€2, F) is define as

TV(P.Q) = sup [P(4) = QUA) = 5 [ Iplz) — ala)lde.

AeF

where the last relation holds if P and @ have probability density functions p(z) and g(x).
Let KL(P || @) denote the Kullback-Leibler (KL) divergence of P from (), then Pinsker’s

inequality states that
1
TV(P.Q) < [ 2KL(P | Q).

For any matrix A, we use ||Al| and ||A|r to denote its spectral norm and Frobenius norm.
Let X C R? be the support set of pgata, i.e., the smallest closed set C' C R? such that

Pdata (C) =1

3. Main results

3.1 General theory: an O(d/T) convergence bound

In this section, we will establish a fast convergence theory for the DDPM sampler under
minimal assumptions. Before proceeding, we introduce the only data assumption that our
theory requires.

Assumption 1 The target distribution pgata has finite first-order moment. Furthermore,
we assume that there exists some constant cpy > 0 such that

M, = E[[| Xollo] < T*M.

Here we require the first-order moment M; to be at most polynomially large in the
number of steps T', which allows cleaner and more concise result that avoids unnecessary
technical complicacy. Since cp; > 0 can be arbitrarily large, we allow the target data
distribution to have exceedingly large first-order moment, which is a mild assumption. In
comparison, Assumption 1 is weaker than the finite second-order moment condition in e.g.,
Chen et al. (2023d,a); Benton et al. (2023a) and bounded support condition in e.g., Li et al.
(2023, 2024b).

Now we are positioned to present our convergence theory for the DDPM sampler.
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Theorem 1 Suppose that Assumption 1 holds, and take the coefficients of the DDPM

sampler (4) to be ny = 02 = 1 — ay. Then there exists some universal constant ¢ > 0
such that 5
dlog® T
TV(px,,pv,) < ¢ fj + cEscore/10g T (5)

The two terms in the error bound (5) correspond to discretization error and score
matching error, respectively. A few remarks are in order.

e Sharp convergence guarantees. Consider the setting with perfect score estimation (i.e.,
gscore = 0) and ignore any log factor. Theorem 1 reveals that the DDPM sampler
converges at the order of O(d/T) in total variation distance. This significantly improves
the state-of-the-art convergence rate O(y/d/T") for the DDPM sampler (Benton et al.,
2023a). Turning to the DDIM sampler

1
Yio1 = — (Y,
t—1 \/OTt( t+
Li et al. (2024b) achieved the same convergence rate O(d/T) in the regime T > d?. Our
result holds for general T" and d, including the regime T =< d, hence is more general.

1—Oét
2

St(m)) (t:T?"'71)7 YTNN(():Id): (6)

o Stability vis-a-vis imperfect score estimation. The score estimation error in (5) is linear
in Escore, Which suggests that the performance of the DDPM sampler degrades gracefully
when the score estimates become less accurate. In other words, our theory holds with
{s-accurate score estimates, which aligns with recent line of work on the DDPM sampler
(Chen et al., 2023d,a; Benton et al., 2023a). In comparison, the convergence bound in
Li et al. (2024b) for the DDIM sampler reads

o

T
d 1 sy
TV(leapY1) S T"i_\/ggscore"‘d&]acobi where € Jacobi = T ;E[H al‘t (Xt) o (Xt)m7

which exhibits worse stability against imperfect score estimation. First, the dependency
of their bound on escore is V/d times worse than ours. Second, their error bound involves
an additional term that is proportional to € j,c0bi, Which means that their theory requires
the Jacobian of s; need to be accurate in estimating the Jacobian of sy, which is a
stringent requirement.

o Minimal data assumption. The only assumption required in Theorem 1 is that M is at
most polynomially large in 7. In fact, by slightly modifying the proof, we can further
relax Assumption 1 to accommodate target data distributions with polynomially large
d-th order moment

M; = (B[ Xoll3])"* < T,

for any constant § > 0. The same bound (5) holds provided that T > max{1, ' }dlog? T.

e Error metric. Theorem 1 provides convergence guarantees to px, instead of the target
data distribution (i.e., the distribution of Xjy), which is similar to the results in e.g.,
Chen et al. (2023a); Benton et al. (2023a); Li et al. (2023, 2024b). On one hand, since
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X1 = /1—-B1Xo++/B1 and 31 = T~ is vanishingly small, the distributions of X; and
Xy are exceedingly close. Hence TV(px,,py;) is a valid error metric. On the other hand,
the smoothness of px, allows us to circumvent imposing any Lipschitz assumption on
the score functions, which provides technical benefit for the analysis.

It is worth noting that most previous studies on the convergence of the DDPM sampler
(e.g., Chen et al. (2023d,a); Benton et al. (2023a); Li et al. (2023)) typically begin by upper
bounding the squared TV error using the KL divergence of the forward process from the
reverse process. This is done through the following argument:

1 1
TVQ(pX1apY1) < iKL (lequl) < iKL (pX17---7XTHpY17---7YT)7 (7)

where the first inequality follows from Pinsker’s inequality and the second from the data-
processing inequality. The KL divergence on the right-hand side of this bound is more
tractable and can be further bounded, for example, using Girsanov’s theorem. In fact, (Chen
et al., 2023d, Theorem 7) provides theoretical evidence that the KL divergence between the
forward and reverse processes is lower bound by Q(d/T), even when the target distribution
is as simple as a standard Gaussian and perfect score estimates are available. This suggests
that such an approach cannot yield error bounds better than O(1/d/T) in general.

To achieve a sharper convergence rate, we take a different approach by directly analyzing
the total variation error without resorting to intermediate KL divergence bounds. Specifically,
we establish a fine-grained recursive relation that tracks how the error TV(px,, py;) propagates
through the reverse process as t decreases from 71" to 1. Roughly speaking, we demonstrate
that the discretization error incurred in the t-th step is roughly of order

2

I

(1 - at)leogT—i— (1- at)QH%(wt)’ :

1—10oy

where sf(z) = Vlogpx,(x) is the score function at step t. This recursion—established in
Lemma 6 via a careful characterization of the algorithmic dynamics—together with auxiliary
tools such as Lemma 4, yields a sharp bound on how discretization error accumulates along
the reverse process. The proof can be found in Section 4.

3.2 Adapting to unknown low-dimensional structure

In this section, we will provide convergence guarantees for the DDPM sampler when the
target data distribution pyata exhibits low-dimensional structures. This scenario is particularly
important, as natural image data are often concentrated on or near low-dimensional manifolds
(Pope et al., 2021; Simoncelli and Olshausen, 2001). To formalize this, we define the intrinsic
dimension of X = supp(pdata) as follows.

Definition 2 (Intrinsic dimension) Fix ¢ = T~%, where c. > 0 is some sufficiently
large constant. We define the intrinsic dimension of X to be some quantity k > 0 such that

log No(X) < Ceoverk log T

for some universal constant Ceoyer > 0.
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This definition relates the intrinsic dimension k to the metric entropy of X (see e.g.,
Wainwright (2019)) and is standard in existing literature (e.g., Li and Yan (2024); Huang
et al. (2024)). Importantly, it accommodates approximate low-dimensional structures by
requiring only that X" is concentrated near low-dimensional manifolds, which is more general
than assuming exact low-dimensionality.

Recent work by Li and Yan (2024) demonstrated that the following coefficient design is
essential for achieving nearly dimension-free convergence bounds for the DDPM sampler:

(1 — a)(ow — )

ny=1—qy and o = —a . (8)

Specifically, Theorem 1 in Li and Yan (2024) established that under this coefficient design,
the DDPM sampler converges at a rate of O(k?/+/T) in TV distance. Furthermore, Theorem
2 provided evidence that (8) is the unique coefficient design enabling nearly (ambient)
dimension-free convergence.

Building on the techniques developed in the proof of Theorem 1, we strengthen this
result by proving a faster O(k/T) convergence bound under the same coefficient design.

Theorem 3 Suppose that Assumption 1 holds. Take the coefficients of the DDPM sampler
(4) to be qy = nf and o = o}% (cf. (8)). Then there exists some universal constant ¢ > 0
such that

klog3 T
TV(px,,pv;) < ¢ jg: + Cescorer/10g T, (9)

where k is the intrinsic dimension of X (see Definition 2).

Consider the setup with perfect score estimation (i.e., €score = 0) and disregard log
factors. Theorem 3 demonstrates that, under the coefficient design in (8), the convergence
rate of the DDPM sampler is O(k/T), extending Theorem 1 to target data distributions
with low-dimensional structure. While the importance of this coefficient design for achieving
ambient dimension-free convergence is not new (see Li and Yan (2024)), our result significantly
improves upon prior rates, which are of order O(y/poly(k)/T) (Li and Yan, 2024; Azangulov
et al., 2024; Huang et al., 2024; Potaptchik et al., 2024). For a detailed comparison, refer
to Table 3.2.

A concurrent and independent work (Liang et al., 2025) achieved the same adaptive
convergence rate O(k/T) for the DDPM sampler. It is worth mentioning that Liang et al.
(2025) also covers the low-dimensional adaption of the DDIM sampler, which is beyond the
scope of the current paper (see also Tang and Yan (2025)).

4. Proof of Theorem 1

4.1 Preliminaries

For each 1 <t < T and any = € RY, it is known that the score function s}(z) associated
with px, admits the following expression

si(z) = — 17 /pXolXt<330 | x)(:t — \/axo)dxo = — 1tgt(:n).

1—04,5 11—«

9
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Sampler Convergence rate | Data assumption | Intrinsic dimension k
P (in TV distance) (X0 ~ Pdata) of X = supp(pdata)
DDPM metric entropy
/T4
(Li and Yan, 2024) KT bounded support (Definition 2)
DDPM e Er bounded support; . . .
3 9
JAzangulov et al.L2024) k3T smooth pyata < 1 manifold dimension
DDPM —— bounded support; . . .
JPotaptchik et al., 2024) k/T smooth Pyata =< 1 manifold dimension
DDPM metric entropy
(Huang et al., 2024) VET bounded support (Definition 2)
DDPM metric entropy
(this paper) kT E[llXofl2] < o0 (Definition 2)

Table 2: Comparison with prior convergence rates (ignoring log factors) for the DDPM
sampler that adapts to intrinsic low-dimensional structures. Convergence rates in
KL divergence are transferred to TV distance using Pinsker’s inequality.

Let Ji(x) = 0g¢(x)/0x be the Jacobian matrix of g;(z), which can be expressed as

{(/x Pxo| X, (zo| ) (95 - \/a»tﬂﬁo)dxo) (/x PXxo|x: (o | x)(:n - \/&»txo)dx())T
- /I Pxo|x: (%o | 37)(93 - \/itQTO) (97 - \/OTtxo)wao} + 1.

1—oy

(10)

It is straightforward to check that I — Jy(z;) > 0. The following lemma will be useful in the
analysis.

Lemma 4 Suppose that x € R? satisfies —log px,(z) < 8dlog T for any given 6 > 1. Then
we have

(0 + co)dlogT

* < 5
s ()l < 5y [

and Tr(I — Ji(z)) < 12(0 4 ¢p)dlog T,

where the constant ¢y > 0 is defined in (3). In addition, there ezists universal constant
Co > 0 such that

T
-«
St [ el pxends < CodlogT:
t=2 Tt

Proof See Appendix A.1. |

For some sufficiently large constants C, Cy > 0, we define for each 2 <t < T the set

Eq = {z: —logpx,(z¢) < Crdlog T, ||z]|2 < VauT*R + Con/d(1 — @) log T} (11)

10
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We view each &1 as the high-probability (or typical) set for both X; and Y;. Our analysis
tracks the density evolution inside &; 1, while showing that the contribution from its complement
is negligible. We also define the extended d-dimensional Euclidean space R4U{co} by adding

a point co to R%. From now on, the random vectors can take value in R% U {o0}, namely,
they can be constructed in the following way:

v X', with probability 6,
00, with probability 1 — 6,

where 6 € [0,1] and X’ is a random vector in R in the usual sense. If X’ has a density,
denoted by px/(-), then the generalized density of X is

px(z) = Opx/(x) 1{z € R} + (1 — 0)ds.

To simplify presentation, we will abbreviate generalized density to density.

4.2 Step 1: introducing auxiliary sequences

We first define an auxiliary reverse process that uses the true score function:
1
Vi~ NOI), Vi = = (YW 0 -a)si () +VI—aZ) fort=T,....1. (12)
VO
To control discretization error, we introduce an auxiliary sequence {Y; : t = T),...,1} along

with intermediate variables {Y, :¢t=T,...,1} as follows.

1. (Initialization) Define Y = Yr if Yy € Er1 and Y = oo otherwise. The density of Y,

18
Py~ (yr) = v (yr) 1{yr 65T,1}+/ o Pro(W)dyoee. (13a)
YEET 4

2. (Transition from Y, toY;) Fort =T,...,1, the conditional density of Y; given Y, = y;
is

Py, 7: (vt |y; ) = min {%, 1}5%_ + <1 — min {%, 1})600. (13b)

3. (Transition from Y:toY, ;) For t = T,...,2, the conditional density of Y, ; given
Y = y; is defined as follows: if y; € & 1, then

Py, v, (Y1 |y) = Py vr (Y1 | ) (13c)
otherwise, we let p7;1|7t (Y1 | yt) = 0oo.
This defines a Markov chain

Yr =Y, Y=Y, =Y ==Y, =Y. (14)

11
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An important consequence of the construction (13b) is that, for any y; # oo,

vy, (4e) = /R Py Wl v ey (v )dy, = min {px, (90), Py (ve) }- (15)
The following remark provides intuition for introducing this auxiliary sequence.

Remark 5 Our analysis controls the discretization error and estimation error separately,
which leads us to bound the TV distance between Y and its idealized counterpart Y. To
control this term, we need an {9 score estimation error weighted by the density of Y,*, which is
different from escore weighted by the density of Xy. Fortunately, the property of TV distance
allows us to focus only on the difference between min{pyt*,pxt} and px,. This motivates us
to construct the auziliary sequence {Y;:t=T,... 1}, whose density Py, serves as a lower
bound of min{pyt*,pxt} according to (15). Finally, we move any mass outside the typical
set &1 to infinity, which further simplifies the analysis.

To control estimation error, we introduce another auxiliary sequence {}/}t t=T,...,1}
along with intermediate variables {Y,” : t =T,...,1} as follows.

1. (Initialization) Let Y7 = Y.

2. (Transition from Y,” to ¥;) For t = T, ..., 1, the conditional density of Y; given Y, = y;”

is
Py, - Welve ) = Py v (We l ye ) (16a)
3. (Transition from Y; to }Aft:l) For t = T,...,2, the conditional density of }A’t:l given
}A/t =y, is defined as follows: if y; € & 1, then
pgil‘ﬁ(yyf_—1 | 9e) = Pyioapvi (W1 | 90); (16b)
otherwise, we let pf’;ll?t(yt_—l | Yt) = Ooo-
This defines another Markov chain
YT—>17TT—>}A/T—>}A/T__1—>1A/T,1—>--~—>1A/1_—>)717 (17)

which is similar to (14) except that now the transitions from }Aft to }A/t:l are constructed
using the estimated score functions. We can use induction to show that

py, () = vy (ye), Ve # o0 (18)

holds for all ¢t = T',...,1. First, it is straightforward to check that (18) holds for ¢t = T.
Suppose that (18) holds for ¢ + 1. Then for any 3 # oo, we have

Py, (ye) = /Rd 9,9 (el v oy - (v )dyy 2 min {Px.(we) /oy (1), pg- (1) < py-(w)

= /Rd Py 19,4, W | Yer1)Pg, | (We1)dye

(ii)
< /pytmﬂ(yt | Ye41)PYis1 Wit 1)dyer1 = Py, (ye)-

Here step (i) follows from (16a) and (13b), while step (ii) follows from the induction
hypothesis and (16b).

12
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4.3 Step 2: controlling discretization error

In this section, we will bound the total variation distance between py, and py . For each
t="1T,...,1, let

A¢(z) = px,(z) — py, (), Va € RY (19)

We emphasize that A.(:) is not defined at co. In view of (15), we know that A.(z;) > 0
for any z; # co. The following lemma characterizes the propagation of the error [ A¢(z)dz
through the reverse process.

Lemma 6 There exists some universal constant Cy > 0 such that, fort =T,...,2,

1—Oét

2
/ Ay (z)de < / Ay(z)dz + 04( ) / (dlog T + || Je(z)[#)px, () day + T,
thgtJ

1—1oy
In addition, we have [ Aq(z)de < T4

Proof See Appendix A.2. |

We can apply Lemma 6 recursively to achieve

T
1— 2
[ai@ds< [Ar@de 7243 c(7o2) [ (dlogT + e [Bpx, (o)
o 1— (677 z

€€ 1
(2) logT <~ 1—a dlog®T
Csaopely oo / 1 (20) | Bpx, (o) e + 64c2C, L8 L p2
T tle—Ozt x¢€E 1
(b) dlog? T dlog® T dlog® T
< 8¢1C4Cy 07% +64C%C4%+T_3§05 Oj% .

Here step (a) utilizes Lemma 18; step (b) follows from Lemma 4; while step (c) holds
provided that Cs > ¢?C4Cy. This further implies that

dlog® T
TV(px,,py,) =/ (pxl(l')pvl(w))dCCZ/Aﬂﬂf)deCs T (20
px; (2)>py, (%)

1

4.4 Step 3: controlling estimation error

In this section, we will bound the total variation distance between py;, and py . Note that

TV(pyl,pyl) = / (Wl () —pyl(x)) 1 {Wl (x) > py, (x)}dx + P(?l = oo)
2 /Rd (W1 (z) — Py, (x)) 1 {pyl(x) > py, (:c)}dz: + P(?l = oo)

(i) (i) dlog® T
< TV(py,.pp,) + TV(pxipy,) < \/KLpy, lIpg,) + Cs—2—.  (21)
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Here step (i) follows from (18); step (ii) follows from P(Y; = oco) < TV(px,,py,), which
holds since X; does not take value at oo; step (iii) utilizes Pinsker’s inequality and (20).
Hence it suffices to bound KL(py, || py, ), which can be decomposed into

(a)

KL(py,llpg,) < KL(oy, v v, 5:IP5 5o 509-)
T
(b)
KL (py’HpY +Z E KL(pY |Yt Z‘thY 1‘Yt mt)j|
t—2 TPy

T
+Z E [KL(pVH?Z:xtpr/tp?t_::vt)]
o

—

M)~
gﬁ

2

3

C

t[KL(pV;,l\fs:xt”pY V= ggt)} (22)

Here step (a) follows from the data-processing inequality; step (b) uses the chain rule of
KL divergence, where we use the fact that (14) and (17) are both Markov chains; step (c)

follows from the facts that, by construction, Y, = YT , and for any x # oo, the conditional

distributions of Yt given Yt =z and Y; given Yt = x are identical. For any z; € & 1, we
have
i) 1 — oy
KL(Py g P75 ) = —5 i) = s (@)
(i) ¢y logT
< S llsulae) — si (a3 (23)

Here step (i) follows from the transition probability (13¢) and (16b), which give
. 1 — * 1 _
Yt—1|Yt =T ~ N <xt + ( at)St (xt), at Id) and
\/ Ot Ot

~ o~ 1-— 1-—
R e e at
Vo o

and the KL divergence between two Gaussian measures can be computed in closed-form;
step (ii) utilizes Lemma 18. On the other hand, for any x; € &1, we have

KLy 7z, 1 P9~ 9m0) = O (24)

Therefore we have

—~
=

N T .
i (i) ¢ 1

KL IF || pyl < ZE Tt~PXy [KL py 1|Yt =1 || py 1|Yt xt)} < 2 score IOgT (25)
t=2

Here step (i) follows from (22) and the relation py, (z) < px,(z) for any = # oo (see (15));
while step (ii) follows from (23) and (24). Substitution of the bound (25) into (21) yields

[c dlog® T
TV(PY1,P?1) < 51 log Tescore + Cs jg—, . (26)

14
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Taking the two bounds (20) and (26) collectively, we achieve the desired result

dlog® T
TV(px,,pvi) < TV(px1.py,) + TV by, py,) < C 5; 4 Cegeorer/log T

for some constant C' > /c1 + Cs.

5. Proof of Theorem 3

This section provides the proof of Theorem 3. While the high-level analysis idea is similar
to the proof of Theorem 1, we need to carry out more careful analysis in order to precisely
capture the low-dimensional structure. The constants C7, Co, ... in this section are different
from the ones in Section 4.

5.1 Preliminaries

For simplicity of presentation, we assume without loss of generality that k > logd. In fact,
if k£ < logd, we can simply redefine k£ = logd, which does not change the desired bound
(9). Let {z}}1<i<n. be an e-net of X = supp(pdata), Where ¢ is sufficiently small

1-a log T
e< | — 2 min{l, Flog } (27)
Q¢ d

and let {B;}1<i<n. be a disjoint e-cover for X such that =7 € B;. Let

T:={1<i<N.:P(Xg€DB;)>exp(—0klogT)},
g = {w e R?: l|lwll2 < 2/d + v/ OklogT, and
|(zF — :cj)Tw\ < VOklogT|z; — ajll2 forall 1<i,j< N},

where 6 > 0 is some sufficiently large constant. Then U;czB; and G can be interpreted as
high probability sets for the random variable Xy and a standard Gaussian variable in R
For each t =1,...T, we define a typical set for each X; as follows

Eip = {@xo + V1 —tqw: xg € UjerBi,w € g} . (28)

This means that for any x; € & i, there exists an index i(z;) € Z and two points xo(x;) €
Bi(z,) and w € G such that

1y = Vagzo(zy) + V1 — aquw. (29)

It is worth mentioning that such i(x¢), xo(z;) and w might not be unique, and we only need
to arbitrarily choose and fix one of them. For any x; € & 1 and any r > 0, define

T (xr) = {1 < i< Ne:ala} — 2l |3 <r-k(1-a@) 1ogT} . (30)
The following technical lemma will be crucial in the analysis.

15
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Lemma 7 There exists some universal constant C1 > 0 such that

Q
P(Xo € Bi| X = a) <exp | ——0t
(Xo € Bi X m—eXp( 16 (1 — ay)

e~ a£18) B (X < 5)
for any x¢ € &1 and i ¢ I(x; Ch0).

Proof The proof can be found in (Li and Yan, 2024, Appendix A.2) and is omitted here
for brevity. |

5.2 Main proof

We first define an auxiliary reverse process that uses the true score function:

Y7 ~ N(0, 1), Y, = (Y +nis; (YY) +ofZ) fort=1T,...,1. (31)

1
NG
We mtroduce aux1hary sequences {Yt t= ,1}and {Y, :¢t=T,...,1} asin (13), as
well as {V; : ,1} and {Y T ,1} as in (16). It is worth mentioning that
here we use 5t,1 in (28) as well as the sequence {Y* : t = T,...,1} in (31) when defining
these auxiliary sequences. In addition, we define Ai(z) = px, () — py,(z) as in (19).

The following lemma establishes bounds similar to Lemma 4. In order to avoid incurring
polynomial dependency in d, it is important to focus on I — Jy(z;) instead of Jy(z) itself.

Lemma 8 There exists some universal constant Co > C1 such that for any x; € &1,
1= Je(@e)|| < M = Je(ae)[lp < [Tr(I = Je(@))| < C20klog T, (32)

where Jy(+) is defined in (10). In addition, there exists universal constant Cy > 0 such that

e
21_ t/ 1T — Ji(x0) |3 px, (z¢)day < CoklogT. (33)
t=2
Proof See Appendix B.1. [ ]

It is worth mentioning that unlike I — Ji(z;), the order of s}(z;) scales linearly with
Vd even for z; € &1 as in Lemma 4. Therefore the key difficulty of this proof is to avoid
introducing any error term that scales with |[s}(x¢)||2. Next, we establish the following
lemma in analogy to Lemma 6.

Lemma 9 There exists some universal constant Cs > 0 such that, fort =T,...,2,

a2
/At 1 dx</At () + Ca ai)/ (TR = )]+ T = )l o)
TtECE1
+T73.
In addition, we have [ Ap(z)dz < T

16
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Proof See Appendix B.2. |

We can apply Lemma 6 recursively to achieve

/Al(x)dx < /AT(g;)dx+T2

T
]. — O 2
+ ;&(1 — a) /Itegtﬂ1 (| Tr(I = Je(zo))| + I — Jt(xt)”l%)pXt(xt)dwt

(a) 0klog® T

T
logT _
< 8c1Cy T t:E : 1@, /xtegt 1 I — Jt(ﬂft)HFpXt (z¢)dxy + 646%04 T + T2
(b) klog?>T Ok log® T klog® T
< 8¢1C4Cy 8 + 64C%C4i + 3 < Cj Oﬁ .

Here step (a) utilizes Lemma 18; step (b) follows from Lemma 4; while step (c) holds
provided that Cs > ¢3C4Cpf. This further implies that

klog® T

TV(le,pyl) = / T

(o, (2) py, (@))do = [ Aufapds < €708
px; (2)>py | (z)

(34)

Equipped with (34), we can follow the same steps in Section 4.4 to control the estimation
error, which gives

klog® T
TV(leale) S C f-, + Cvgscore V IOgT

as claimed, provided that C' > \/ci + Cs.

6. Simulation study

We conducted a synthetic experiment to compare our adaptive schedule (3) against the
constant step size used in prior work (e.g., Chen et al. (2023d)). We fix @; = 0.99 and
ar = 0.005 so that for any choice of T' the learning rates oy and 3; are uniquely determined
for both schedules. We evaluate four different values of 7' € {20, 50, 80, 100}.

Let the data distribution be a one-dimensional symmetric Gaussian mixture distribution

DPdata =

%N(l,(ﬂ) - %N(—l,az), (35)
where 02 € [0,1] is the parameter that controls the Lipschitz smoothness of the score
function. In particular, o = 0 yields a discrete two-point mass with a non-Lipschitz score,
while larger o2 produces increasingly smooth scores.

Figure 1 plots the TV error as a funtion of o2 for each choice of T. As we can see,
when the score is Lipschitz (i.e., 02 not too small), both schedules perform comparably.
However, as 02> — 0 (violating the Lipschitz score assumption), our adaptive schedule
achieves substantially lower error. This behavior matches theory: prior works using the
constant step size schedules (e.g., Chen et al. (2023d)) require a Lipschitz score assumption,
whereas the theory in other works that use adaptive step size schedules (e.g., this work

17
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Figure 1: The TV distance between pyx, and py, vs. the smoothness parameter o for DDPM
with constant step size and the adaptive schedule (3), for T' € {20, 50,80, 100}.
The data distribution is 0.5N (1, 02) + 0.5N(—1,02).

and Benton et al. (2023a)) do not. This suggests that adaptive learning rates might offer
greater robustness to non-ideal score smoothness, accommodating general data distributions
in practice.

We emphasize that this experiment is conducted on a simple one-dimensional Gaussian
mixture. While it serves to illustrate the theoretical distinctions between constant and
adaptive schedules, the conclusions may not fully reflect the practical behavior of the DDPM
sampler on more complex, high-dimensional target distributions.

7. Discussion

In this paper, we establish an O(d/T") convergence theory for the DDPM sampler, assuming
access to fo-accurate score estimates. This significantly improves upon the state-of-the-art
convergence rate of O(y/d/T) in Benton et al. (2023a). Compared to the recent work
of Li et al. (2024b), which also achieves an O(d/T) rate for another DDIM sampler, our
approach relaxes stringent score estimation requirements, such as the need for the Jacobian
of the score estimates to closely match that of the true score functions. Furthermore, to
account for low-dimensional structures in the target data distribution, we extend our theory
to achieve an O(k/T') convergence bound under careful coefficient design, where k is the

18
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intrinsic dimension. This improves upon the prior convergence rate of O(1/k/T) established
in Potaptchik et al. (2024); Huang et al. (2024).

This work opens several promising directions for future research. For example, it remains
unclear whether the O(d/T") convergence rate is tight for the DDPM sampler; it would be of
interest to develop lower bounds on certain hard instances. Another intriguing direction is
to explore whether the analysis in this paper can extend to developing convergence theory
under KL divergence (e.g., Benton et al. (2023a)) or Wasserstein distance (e.g., Gao and
Zhu (2025); Benton et al. (2023b)). A recent work (Jain and Zhang, 2025) achieved a sharp
convergence theory for the DDPM sampler under KL divergence. Finally, while this paper
focuses on analyzing the discretization error of the DDPM sampler and treats the score
matching stage as a black box, it would be worthwhile to design score matching algorithms
that adapt to unknown low-dimensional structures in the target data distribution.
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Appendix A. Proof of auxiliary lemmas in Section 4
A.1 Proof of Lemma 4
For any pairs (z, ) € R? x R? satisfying
|z — Vaiwol|3 > (60 + 3co)d(1 — @;) log T =: R (36)
where ¢ is defined in (3), we have

pXo(mO)
p To|T) = ——FP | Zo
Xolx: (Zo | ) o (2) X:1%0 (| o)

i T — /T 2

o Py (o) - (27(1 — @)~ exp ( - ”2(1\/_;)0”2 —log px, (éﬂ))

(ii) T — QI 2

< px, (20) exp ( — W) (37)

Here step (i) uses the fact that X; | Xg = zg ~ N (v/arwo, (1 — @¢)Iy), while step (ii) holds
since

d e = Va3 ) [ — Vaiwol|3
—Zlog2m(l —ay) — 1= VLTOR2 ) < DdlogT — = VIR 4 gglog T
5 log2m(1 —a) 20— ogpx,(z) < - dlog ST—ay T ols
|z — Va3
- 31—ay)

where step (iii) follows from the fact that 1 —a; > 1 —a; = 1 for any 1 < ¢ < T, and
—logpx,(z) < 0dlog T} step (iv) follows from (36). Recall that

stla) = 1= [ b oo o)(o — Vo) deo (39)
and
et =) = == ([ pxlool0)le = Vi oy (39)

|

[ Pl - Vam)an|).

zo

Then we have

(a) 1 —
st (@)ll2 < 7— Pxolx: (20| @) [z — Vao|l2dzg
z0
1 -
=1_a | Prolx (zo | )l — Va@zolla (L, arzolo<r + Lje—varzola>r )40
b R 1 llz = Vol

IN

2
—a 1-a /PXO(JL’O)GXP < 3(1—ay) >”$ = Vaiollz Lo /amgllo> r 420

R To)€ex Ha? _ xOHQ) 1 dx
1-— at 1—a; Pxo (7o) p 6(1 — @) lz—v@&txoll2>R S0
R R? (d 2R
< < 40
_1_at+\/:exp( 6(1—Oét))_1—ozt (40)
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Here step (a) utilizes Jensen’s inequality; step (b) follows from (37); step (c) follows from
the fact that z exp(—2?) < exp (—2%/2) holds for any z > 0; whereas step (d) holds provided
that ¢g is sufficiently large. In addition, we have

1
Tr(I = Ji(x)) < T—=E[[|X = VA Xol3 | X; = ]
- &g
1 —
=17 | Pxox.(@olz)le - Vaizoll3do.

Then we can use the analysis similar to (40) to show that

B 1
TI’(I — Jt(.T)) S 1— at

/ Pxopx. (0 | 7)1z — vErzol|2dzo
o
1
11—
1
T / Pxopx. (@0 | @)1 — Vo2 1 {||z — vaaolla > R} dzg
— g
() R2 1 |z — varzol|3 2
i lz=— vEmlly, ~
e L e ) [ERVrR
-1 {||$ — Vagxoll2 > R} dxg

/ Pt (o | 7)1z — Varzol31 {||z — vaolla < R} dzg

(i) R2 |z — varwo||3
< _ /=
S 1-g + 3/]9)(0(350) exp ( 61— ) ) 1 {||:U Vagxglle > R} dzg
R? R? (iv) 2R?
< 3 — < . 41
_1—at+ eXp( 6(1—@)) T 1l-a (41)

Here step (i) follows from ((39)); step (ii) follows from (37); step (iii) follows from the fact
that zexp(—z) < exp (—x/2) holds for any z > 0; while step (iv) holds provided that ¢ is
sufficiently large.

Finally, we invoke Lemma 21 to achieve

T
> S Tr(E[(Z, (X1)?]) < Cydlog T, (42)

where the matrix function ¥z, (-) is defined in Lemma 21 as
Sa,(2) = Cov(Z |VarXo + V1 —aZ = )

for an independent Z ~ N(0,1;). It is straightforward to check that Jy(x) = I; — X5, (),
therefore we have

I
]~
[y

gl

S L O (30

. E[Tr((Is — Ji(X1))?)]
t=2

t=2

—
1—

Fmg—&umm- (43)

I
M=
~
Ql

I|
¥

t
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Here the last relation holds since Tr(A4?) = || A||# for any symmetric matrix A. We conclude
that
-« .
t
Z % | Wl wode, = 3= SB[ IR)
t=2

(a) G~ 1 —
2 S TR (21— AR + 2alR]

~+
Il
(V)

(b) (©)
< 2CjdlogT + 16¢c1dlogT < ChdlogT.

Here step (a) utilizes the triangle inequality and the AM-GM inequality; step (b) follows
from (42), (43) and Lemma 18; while step (c) holds provided that Cy > Cy + ¢;.

A.2 Proof of Lemma 6
We first observe that

@
py;l(%fl) > /Rd Py v, (zt—1 | 2t)py, (v¢)day > /xtEEt 1 Py vy (-1 [ 2)py, (2)day

(1_—1) p}/;tl‘n* (xt,1 |~Tt)pXt (.%'t)d$t - Atﬁtfl(xtfl) (44)
€€ 1

where we define
Apsi—1 (1) = / pyy vy (@e—1 | 2) Ay(2y)day > 0.
€€ 1

Here step (i) follows from (13c), while step (ii) makes use of the definition (19). It is
straightforward to check that

/Atﬁt 1 dﬁ—/ / v vy (@1 [ 2) A () dzpda g < /At . (45)
CBtE&g1

For any x;_; such that Ay_1(z4—1) > 0, we have

Px; o (Te—1) — Apma (1) + Apse—1(2—1)

()
© Py (@-1) + Apsi1(we-1) 2 / o P (211 [ 2)px, (24)day (46)
B €€ 1
© a2 lvazai— = (ze + (1 = an)sp () |
= /ﬂﬁte&1 px, (zt) (27T(1 — at)) exp ( - 21— ay) )dl’t
@ - -1 o N2 ||z l_UtH
= mte&g,?et<l T Jt(avt)) I5¢ (ﬂft)<2ﬂ(1 — at)> exp ( 201 ) )

Here step (a) utilizes the definition (19) and py,  (z:-1) = Py (2¢—1), which is a consequence
- 1

of (15) and As—1(z¢—1) > 0; step (b) follows from (44); step (c) follows from the definition
(12); whereas step (d) applies the change of variable u; = z; + (1 — oy)sf(x). Moving
forward, we need the following lemma.
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Lemma 10 For any x; € &1, we have

1-— ¢
det(I— 1 @) pxar)
lue — Vao|?
(27r(2at -1- ozt / px,(T0) eXp 2(2% 1 at))da:o
«
exp (&) + O( (1ot ) (dlog + | Aa0l) ). (47)
where & () < 0 satisfies
1 - Oét 2 2
&t(at)lpx, (we)da: < C (=) (d10g T + [ Ji(2) ), (we)de
1 €EL1 - €& 1
+ 771 (48)
for some universal constant C's > 0.
Proof See Appendix A.3. [ |

Taking the decomposition (47) and (46) collectively, we have

px,_ (Ti—1) — A1 (—1) + A1 (xp—1) + 01 (x4—1)

/xo /xtexp([ft e +0((5 —) (dlogT+||Jt(:rt)H,2:))]]l{xtegt71}>

a d/2 lue — v/axol|?
1 Pxo (7o) (4%2(1 —ay)(20q4 — 1 — ag) P ( 220 — 1 — at)>
lvaie 1 — w]*
- exp ( - 20— ) )dutdxo, (49)

where we define

L Qi d/2
S zall? —ul?
lue — vVarxol| >exp ( _ | Va1 — | )dutdxo. (50)

2(20ét —-1- at) 2(1 - Oét)

.eXp<_

Moreover, it is straightforward to check that

o up — /@ ol|?
/xo /xt ol <472(1 —ap) (20 — 1 — Ozt))d/Q P ( B 2H(2ozt 1/17—()0‘4’16))

2
- exp < — H\/a;(ﬁt__lat)utu )dutdajo =px,_, (Ti-1). (51)
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Then we can continue the derivation in (49):
Pxeq (1) — Dp1(@e1) + Dpsp—1(w1) + dp—1(w-1)
0 // (1+ [&(a +0(( ﬁz) (d108T + |[Je()[12)) | 1 {ae € €2} )pxo (w0)
zo Jmy
B >)d”exp( Vil _ |y — ul?

' (47r 21— o) (20; — 1 — @y 22 —1—a)  2(1— )
ii (6
w Px,_, (Ti-1) / / §t T +0<( f) (legT+||Jt(1't)||l2:))}pXo(330)
xo aCtEgtl (673

i VI (= L=l _ s~
Ar2(1 - at)(Qat “1-a@) P\ 7200, —1-a) 2(1 — )

) dugdxg

) dugdzo.

Here step (i) follows from the fact that e* > 1+ for all x € R, while step (ii) follows from
(51). By rearranging terms and integrate over the variable x;_1, we arrive at

/ A1 (zp—1)das g </ (A¢(we—1) + 6¢—1(w¢—1))das—1 (52)

/xo /MSH & (24 \+O(( aZ)Q(dlogT—i—HJt(xt)Hl%)))pXO(xO)

Jur — Varzol|3
2(20@ —1- at)

. (27r(2at -1 @t))ﬂi/2 exp ( — )dutdxo,

where we used (45) and for any fixed u,, the following is a density function of z;_;:

5 1—a\ %2 (_ | vz —mHi)
m (677 exp 2(1-@,5)

To establish the desired result, we need the following two lemmas.

Lemma 11 For x; € &1, we have

RN
Zo

/xo PXo (@))(271’(20475 -1- at))_d/z exp ( B 2(2O£t —1- at)

1—

« —1
< 20det (I — { Jt(xt)) px, (@)

Proof See Appendix A 4. [ |

Lemma 12 For the function d;—1() defined in (50), we have fmt_1 St 1(w_1)dzy g < T4

Proof See Appendix A.5. [ ]
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Equipped with these two lemmas, we can continue the derivation in (52) as follows:

/x_ Av (o )da g 2 20/3665 (el + 0 (=22) (108 T + A=) )

t

— o _
7:; Jt(ﬂ?t)) PX: (xt)dut + At(xt)d:ct + T 4

- det (I—

(g)/ At(l‘t)diﬂt +T74
Tt

+20/m6€ 1 (!é}(xt)\ +0<(1 :ZZ)Q(dlogT—i— HJt(wt)H%)))Z?Xt(l't)dl't

1—at 2

(c)
< [ Aadn 410w (T22) [ (dloaT + @) B)ox w)d
Tt TtECt,1

_at

which establishes the desired recursive relation. Here step (a) follows from Lemmas 11 and 12;
step (b) follows from u; = x¢ + (1 — ay)sy(x¢), hence

]__
duy = det(I = o Jt(a:t)>d:ct;

— o
whereas step (c) uses (48) in Lemma 10, and holds provided that Cy > Cs.

Finally, we control the error [ Ap(z)dx in the initial step of the reverse process. Notice
that

(i)
S TV(pXTapYT) + TV(pYTvp?;)a (53)

where step (i) follows from (15) and step (ii) utilizes the triangle inequality. The first term
can be bounded by Lemma 20, so it boils down to bounding the second. By definition of
Y in (13a), we have

TV (pyr.py-) = / pyr(y)dy (54)

yeg% 1

< /pYT 1{ —logpx,(y) > CidlogT, ||lyll2 < VarT**% + Cy\/d(1 —ar)log T }dy

+ /PYT(y) 1 {|lyll2 > VarT*= + Co\/d(1 — @r)log T }dy

(b)
/pXT { log px,(y) > Cidlog T, |ly|l2 < Ve TR 4 Cg\/d 1—-ar logT}dy
+ TV(pXT,pYT) + ]P)(HYT”Q > \/ETTQCR + Cg\/d(l - ET) logT)
(c)

< [2varT*r + 2Co+/d(1 — ar) logT]dexp( CidlogT) + P(|[Yr|2 > Q\/dlogT)

(d) C Co
—i—TV(pXT,pyT) < exp ( — —dlogT) —|—IP’(HYTH2 > —\/dlogT) + TV(pXT,pyT)
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Here step (a) follows from the definition of &7 in (11); step (b) follows from the definition
of total variation distance, i.e., TV(p, q) = supg |p(B) —q(B)|, where the supremum is taken
over all Borel set B in R?; step (c) holds since ar < T~°/? (see Lemma 18), provided that
(5 is sufficiently large; whereas step (d) holds provided that C; > cg and T' > dlogT. By
putting (53) and (54) together, we have

C C
/AT(a:)dx < 2TV(pXT,pyT) + exp ( — %dlogT) + IP’(||YT||2 > ;x/dlogT) <774

where the last relation follows from Lemmas 20 and 19, provided that Cy,Cy > 0 are both
sufficiently large.

A.3 Proof of Lemma 10

Consider any z; € & 1. Recall the definition u; = z¢ + (1 — a¢) s (z¢), and we decompose

lue = Vaizoly _ llze — Vauwolly | (1 = adllze — Vaiol3
2(20[75 —-1- at) 2(1 — at) (Qat —-1- at)(l — Gt)
L= ag)st (@) " (x4 — Vayxo) L - ap)?|| 7 (w4) I3
20(15 —-1- O 2(20ét —1- at)
_ e — vaiwol3 L= ar)?||sf (x4) |3
2(1 - at) 2(20[15 —1- at)

1—oy — 9
— d
+ (20475 —1- dt)(l — 71‘/) /QUO pX0|Xt (l‘o ‘ .'Et)”ﬂft atm0‘|2 Zo

o
to 7 = St*(xt)T Pxo| X (o | JTt)(ﬂCt - @xo)d$0,

+ e, 20)

where we let
(1= ) (lze = Vaoll3 — [, pxolx. (o | 20|z — Vaiwol|3dwo)
(20ét —1- at)(l — at)
(1 —ay)si(z) " [(m — Vaizo) — [, pxox, (o | ze) (20 — Vaizo)da]
+ 0 .

2at—1—6t

(e, wo) = (55)

In view of (38) and (39), we can further derive

Jug — Vagzoll3 o — vVawol|3 1—oy

(1= az)|Ist (z)]13

2(20% —1-a) Mm@ | 2e—i-m e+ STy T )
Q) llze = Varwolly ap\\ (1—o (1 — ae)?|ls7(20) |13

T 21-m) (1+O<1—at)>(1—atTr(I Tz + a5, >+<t($t’$°)

@) [lor — vVaol)3 1 —ay\2

= oi-a) 1_at Tr (I — Ji(zy)) + O (1_7) dlogT | + (s, zo)

(111) HCEt \/7{17()”2 — d 200 — 1 —

1 I— R P a——"
20— @) + ogdet( _jJt(xt)) 5 log — =
1— a2
+ e +0( (o) (don T+ (e 1B) ). (56)
— &
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Here, step (i) utilizes an immediate consequence of Lemma 18

1—@1‘/ 2(1—0@)/(1—@1‘/) I—Oét logT
2at—1—at:1+1—2(1—at)/(1—at):1+O<1—at>:1+0< T > (57)

which holds provided that T' > ¢;logT; step (ii) follows from z; € &, and Lemma 4;
whereas step (iii) follows from the following two facts:

1—Oét N 1—Ozt 1—Oét 2 2
log det(1 - ; _7tJt(xt)) = o T((e) +o<(1 —at) HJt(a:t)HF>,
and d dl—ap)  (d(1—a)? dl
20&,5—1—@15 1—Oét l—at OgT
2% T 1 @, 11— +O<(1—at)2> O( T ) (58)

Then we can use (56) to achieve

— 2
Ut — /O
/ pxo(xo)exp(— Ju ¢ OJQ )d:c
xo

2(20ét —-1- O[t)

th I’0||2 1-— ot
= dxg - —logdet (I —
| pxaten)exp (= B G, an) )y e (—Jogdet (1 - {5t i(r)
d 200 — 1 — oy 1—a4\2 2
+210g o +O<(1—@t) (dlogT—i—HJt(:ct)HF)».
Define a function & (-) as follows
Tt—\ Ot x 2
Ly px(@o) exp (— Bl — ¢y, ) dag
ft(xt) T _log ||$t \/71'0” (59)
fxo pXO(‘TO) exp ( 2(1—aw) Q)dl‘
Then we can write
[ue — vaiwo|)3
/xo PXo (o) exp ( 220, — 1 — at))dxo (60)
1—oy\2
= exp < — ft((llt) + O((l 7t> (dlogT+ HJt(l’t)H,Q:)>> / pXO(x())
— O xo
||SCt VvV l‘[)||2 — O d 20ét —1- @
. —logdet (I — —log ——|d
eXp( 201 — @) 08 ¢ ( — & Jt(xt)) toleeT g, ) o,

and & (x;) <0 for any x; € &1 since
exp(—&i(wt)) = / Pxo|X, (zo | 2t) exp ( = Ge(mt, 900))de0
xo

>1- / Pxo)x, (To | 2)Ce (21, m0)dzo = 1,
xo

where we have used the fact that e > 1 + x for any x € R. Notice that

[l — \ﬁxoll)

px, (1) = (2m(1 — at))—dm/ Pxo(wo) exp - o) (61)
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we can rearrange terms in (60) to achieve
1-— O
det (1 S Jt(:pt)> px, (22)
d/2/ lur — Vagzo|? )
2120 — 1 — @ ) ex dx
= (2m (20 2 . p 202 —1—a)/)
- exp (ft x) + O<< dlogT + || Ji( xt)],:)>) (62)

which gives the desired decomposition (47). To establish (48), we need the following result.

Lemma 13 We have

D
o (204 — 1 — @)~ Y2 (- H“t_\@xo'b)d dug <T™4 (63
/xo /xt¢€t$ (204 o))~ “px,(xo) exp 2201 — 1 — ) rodu; < (63a)
/ px, (z)dz, < T (63b)
xt€EF
Proof See Appendix A.6. [ |

Then we have

ur — /a3
1> 27204 — 1 —@. a/2 x, (To) €x (—H 7)d:17du
/mte&l/ = 1) P px, (o) exp = R Yz

oy /xtegt,l det (I -1 = Jt(xt)>_lpxt (2¢)
exp (O(G - Zi)Q(dlogT ) B)) — & () du

(i) /Itegt’l px, (x¢) exp ( — & () + o((i :ZZ>2(dlogT + \Jt(azt)H%)>>dxt

(iv) —
& /Itegt 1 <1 N gt(xt) * O<<1 — Clz>2(d10gT * HJt(xt)‘l%)>>pXt (wt)dxt.

Here step (i) follows from (63a); step (ii) utilizes (62); step (iii) holds since u; = ¢ + (1 —
ay)sy(z¢), namely

1—
dut = det(I — 1 gz Jt(.’Et))dl‘t;

while step (iv) follows from the fact that e* > 1+« for any x € R. Recall that & (x:) <0
for any x; € & 1. By rearranging terms, we have

[ lanlex s
€€ 1

s 2
<[ pxtedesCa(fom) [ (@losT+ el Bpx,(m)dn
l’tegc — Oy x:€E 1
1— 2
<Co({ot)" [ (@logT + [ Bpx, (oo + T
1- Qg T €E 1
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for some universal constant C3 > 0, where the last step follows from (63b).

A.4 Proof of Lemma 11
Recall the definition of (;(z+, zo) from (55) in Appendix A.3. For any x; € &1, we have

) 1-a
—Ct(wt, 20) < QG_OJ)Q/ Pxolx, (@0 | @) |2 — Varwol3dwo + 2 ‘St (z¢) " (2 — Vauzo)|
xo

(i) Qt x 2, - — 12

(61 + Beo)dlog T + (1 — a)llst ()3 + 2y — Vol

1-— t (]. — Oét)
(iii) 1— — 9
< 50 YOy + co)dlog T + 72”1} Va3
- (1 —w)

()  1- o

Here step (i) utilizes (38)7 (55) and (57); step (ii) follows from the AM-GM inequality and

an intermediate step in (41):
1
1—a Pxo|X, (o ‘ xt)th - vaton%dfco < 2(6C1 + 3co)dlog T,
— @ Sy,

where we also use the fact that —log px,(x;) < C1dlogT for x; € & 1; step (iii) follows from
Lemma 4; while step (iv) follows from Lemma 18 and holds provided that T' > ¢;(C + ¢p).
In addition, we also have

(a)
1)} < 20l1a = Ji(@)|E + 20 Tall? < 2[Tr(la— Ji(21))]” +2d

(b)
< 288(CY + co)?d* log® T + 2d, (65)

for x; € &1, where step (a) holds since 15 — Ji(x;) = 0 and step (b) follows from Lemma 4.
Substituting the bounds (64), (65) and (58) into (56) gives

lur — varrol|3 |z — Va3 1 —ay
_ <  log det <I - J )
2(2@,5 —1- at) - 2(1 - at) e e 1- at t(xt)
1—oy — 2
A ae 2t — Vawol3 + 2, (66)

provided that T > ¢;(C} 4 ¢p)dlog? T. Taking (66) and (58) collectively yields

ot (I B 1 —o Jt(ast)) / P (z0) (2 (204 — 1 — at))—d/'z exp ( e - \/&7:507“2 )dxg

- —Vaolz  1-—
< 10/ P (w0) (27(1 — @) 2 exp ( - th2(1 _OZT)OHQ + a _%32 |zt — vatﬂﬁoH%)dSﬂo
zo
(67)

provided that T > dlogT. To achieve the desired result, it suffices to connect the above
expression with

px,(z) = / DX, (xg)(27r(1 - at))_d/2 exp (

|z — fx0||2)
2(1-0&,5)
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For any x; € & 1, define a set

11—«
7&32 |zt — Vayzol|3 > (6C + 360)
— oy

dlo T}

We have

=42 Clwe = Vagwolls | 1 - o =2
/ifoeA(mt)pXO($0)(27T(l o)) exp< 50 —a) - TEEAE |2 @wo\\2>dxo

1 Ot

—pxo) [ oo mesp (e o vl )deo
z0EA(zt) (1—a)?

@) |z — Vagzo|3 1— oy 9

< T xo)exp [ — — + — Ty — \Voux dx
o pXt( t) /xoeA(:Et)pX0< 0) P ( 3(1 - at) (1 - at)2 H ! ! 0H2> 0
(ii) lz — vairo||3

< x xo)exp | — —————2 |dz

pne) [ pxle)es (Rl E0R)

(i) 6C1 + 3co)dlog T (iv) 1
< pXt(fCt)eXP<— (6¢: 40) S )/ Pxo(zo)dzo < §pXt($t)- (68)
roEA(x¢)

Here step (i) follows from (37); step (ii) utilizes Lemma 18 and holds provided that 7' >
c1log T; step (iii) follows from the definition of A(x;); while step (iv) holds provided that
() is sufficiently large. On the other hand, we have

_ xy — /auwo||3 1-a
/ (o) (2n(1 ) V2 ep (- IE VIR | Ao ey,
zo€A(z1)° ay)

20— (-
(a) 1— oy
< exp ((601 + 3co) . atdlog T)
| yan (e Va3
/@ pxofa0) (2m(1 =)~ exp - YU g
(b) 8c1dlog? T © 3
< exp (60 + 3eg) =15 )pix, () = S, (o). (69)

Here step (a) follows from the definition of .A(:L‘t) step (b) utilizes Lemma 18; whereas step
(¢) holds provided that T > ¢1(Cy + co)dlog? T. Taking (67), (68) and (69) collectively
gives

B = 2
det <I — fz Jt(xt)) / PxXo (:Jco)(27r(2at —1- at))—d/Q exp ( _ lus — @ )dxo
xo

2(2at —-1- @t)

< 20px, (x4).
Rearrange terms to achieve the desired result.
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A.5 Proof of Lemma 12
By definition of §;—1(z;—1) in (50), we have

[ B B o ) )
Ti_1 et -t xo JTr—1 $t¢5t,1 Holro 471-2(1_0415)(20415_1_@15)

2
lue — vaoll3 [ vVarwi—1 —
) - - dai_1dud
exXp < 2(20ét 1 at)> exXp < 2(1 — Oét) ) Tr—1AU AT
(i) / / — \\—d/2 g — vVaol3 (i) 4
= 2720y — 1 — @ To)exp [ — dzodu; < T7
xo Zt%&s 1( ( ! t)) pXO( O) P ( 2(2&,5 —1-— at))

Here step (i) holds since for fixed wuy, the following function

(20220 |vaz - utHi)

Qi 2(1 — Oét)

is a density function w.r.t. x;—1, while step (ii) was established in (63a).

A.6 Proof of Lemma 13
Proof of (63). We first prove (63b). Recall that

Ei1= {zt : —logpx, (z1) < Cidlog T, ||lz¢]|2 < VaT?R 4 Cyv/d(1 —Et)logT}.

Then we can decompose

/ px, (zy)dxy = /pxt(xt) 1 {|¢]]2 > VaT*r + Cy\/d(1 — @) log T }dx
Tt€EL,
+ /pXt (x¢) 1 { —logpx,(x¢) > Cidlog T, ||x¢||2 < Vo TR + Caon/d(1 — @) logT}dxt
(1) C 2c
< exp ( - —dlogT) + P(| X¢]l2 > VaT?" 4+ Con/d(1 — @) log T)
(ii)
< exp ( - —dlogT) +P(| Xollz > T%R) + P(|Wl2 > Cov/dlogT)
(iii) — (iv)
< exp ( ) + W +P(”Wt‘|2 > CQ\/legT) < T4,
Here step (i) follows from a simple volume argument
/pXt (z) 1 { —log px,(z¢) > CrdlogT, ||lz¢||2 < VaT*r 4+ Cyr/d(1 — @) log T }day
— 2c — d C’l
< (V@I + 2Co/d(1 — @) log T) “ exp (—C1dlog T) < exp ( - leogT),

provided that C7 > cg and T > dlog T'; step (ii) follows from X; = /a; Xo + /1 — ay Wy;
step (iii) utilizes Markov’s inequality; while step (iv) holds provided that C1,Cs, cg > 0 are
large enough. This establishes (63b).
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Then we prove (63a). Define
={z |z < VE&T*" + Cy\/d(204 — 1 — @) log T},

and for each k£ > 1,
Log = {z: 2" 1C1dlog T < —logpx, (x;) < 28C1dlog T}.
We first decompose

= 2
I = 21 (20 — 1 — @)~ Y2 To)ex - e — @xo“2 dxodu
/xo /xtgész,l( (20 )" px, (x0) p( 20— 1 _at)> oduy

(a) _ w — Vagxo||3
S / / ¢ PXxy (.’130)(27T(2()ét —1- at)) d/2 exp < — H 4 i (L”Q )dutdxo
zo Jur ¢ Bt

2(20(,5 —1- Oét)
—To
> =~ 2
—\\—d/2 ||Ut — \/Oét$0H2
+ E / / px,(T0) (27 (20 — 1 — @) exp ( — - )deOdUt,
k— xo JxtELY 1 ut EBy 0 ( ) 2(20{t —1 - O[t)

/

=1}

where step (a) holds since & = UpZ Lk The first term Iy can be upper bounded as
follows:

)pxo (mo)

Iy < (/ / +/ /
||x0||22T2CR Ut Hutf\/aitonngg\/d(2atflfat)logT x0

1 d/2 Hut - \/atl‘o”%
: - duyd
(277(2at —-1- at)> P ( 2(20zt -1- at)) Hreo
(i) X (iii)
<P (|| Xoll2 > T%%) +P(|| 2|2 > C'Q\/dlogT) W + ET*5 < T75. (1)

Here step (i) holds since

[lus — @m\%)
2(20ét —1- at)

is the joint density of (Xo, vVa:Xo + v2ar — 1 —a;Z) where Z ~ N (0, 1) is independent
of Xy; step (ii) utilizes Markov’s inequality and holds when C5 is sufficiently large; whereas
step (iii) holds provided that cp is sufficiently large. Regarding I}, we first show that

= Vel @ (llee = Vaiwolla — (1 = ay)llsi (1) [l2)?

(2m (204 — 1 — &t))*d/QpXO (o) exp ( —

2204 — 1 — @) — 2204 — 1 — )
e e R NIETEA]E
(b) NG T B 1-—
< T g Yl
T TE el - VAl + o =S s
QM VIR L (1) el (72

- 2(1 —Oét)
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Here step (a) utilizes the triangle inequality and u; = z; + (1 — ay)s}(z¢); step (b) invokes
the AM-GM inequality; whereas step (c) follows from (57). Therefore we have

@ 1 d/2
€L 1 ut€EBt J xo ¢ (271'(1 — ozt)>

exp (- SVl

2(1 — o) + (1 —ay) |’5:($t)H§>dxodut

-/ [ pxxi(aosmn e (1= a0 7 o) ) daodu
Tt €LY 1, ut €EBy J g
dlog? T
g >/ PXt(CUt)dUt
2t €LY g, ut EB
dlog®T
o8 ) / exp (—2k_101dlogT> duy
ut €8y

— 2k 101dlog T + 4der log T + 4d log(C’gd)>

w exp (20001(2 Cy + co)

(iii)

< exp (200¢q ( 2 Ch + )

dlog®T

)

(
(Z exp (20001 2 Ch + )
< exp (

~Lokdlog T) = 7= (C1/42"d, (73)

Here step (i) follows from (72); step (ii) uses a consequence of Lemma 4 and Lemma 18:
for x; € [,th,

dlogQT.
T Y

—
(1— o) ||sf(z) |3 < at (2°Cy + cp)dlog T < 200¢1 (28Cy + co)
— ¢

step (iii) follows from the definition of £; ,, which ensures tht px, (z:) < exp(—2¥"1C1dlog T)
for any z; € Ly ; step (iv) follows from

logvol(B;) < dlog (2\/67T26R 4205 \/d(2at —1—a)log T)
< 4crdlog T + 4dlog(Cad);

and finally, step (v) holds provided that C; > cg + ¢o and T >> dlog? T. Taking (72) and
(73) collectively yields

o0 o0
[<D+Yy LT 4y T2,
k=1 k=1

provided that C} is sufficiently large.

33



L1 AND YAN

Appendix B. Proof of auxiliary lemmas in Section 5
B.1 Proof of Lemma 8

We start with the following decomposition
Tr (I - Jt(l‘t))
iy 1
= 1 _at(/ px0|xt($0\9€t)||l‘t \/>3U0H2d950— H/ pXo\Xt(£U0|fUt)(fUt \/>x0)d330H )
(i) oy

2 TG pastenllleoten —aolBazo | [ pxarx, ol (o) — ao)azo]

+2

1 _tat [/ Pxo)x, (T0 | 2w’ (zo(w¢) — wo)dag — WT/ Pxo)x (o | ze) (zo(2¢) — $0)d$0]
o o

Qi o
<17 [ oo ) oer) — zolBdeo +44/ 7 [ oo o) o (o) — 20)fdno.
t Jxg At Jxg
=:¢

=:£

Here step (i) follows from the definition of J;(+) in (10), while step (ii) utilizes the decomposition
(29). Then we bound £ and ( respectively.

e Regarding &, we have

Ne
[e%
§< Y 7= sup [lao(a) — ol 3P (Xo € By | X = 1)

1 — Q¢ goeB;

—
®
£
=

at

IN

J?:HQ + 26)2P (XO e B; |Xt = $t)

sz(a:t

—_

=1

g
2 Z 1—a HﬁUz(x) z¥||3P (Xo € Bi | Xy = ¢)
i€Z(w4;C16) ¢

IN

=&
w2 S Oy, — ot (Xo € Bi| Xy = @) +4 L g?
| 1—a, Vi) ill2 0 i | Xt t A
¢ (x¢;C10) —_———
=3

=&2

where the constant C) was specified in Lemma 7. Here step (a) follows from the fact
that, for zg € B;, we have

lzo(e) =woll2 < [lwo(we) =iy, lla+ 177,y —ill2+ |27 —zoll2 < |27,y —2ill2+2e; (74)

In view of the definition of Z(x; C16), we have

& < CifklogT > P(Xg€Bi| Xy =) < CiklogT.
i€T(x;C10)
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To bound &2, we have

(i) a N N a
@ 5 ooy~ allBew (- gy e — 71 P(Xo € 5)
i¢Z(z¢;C10) ¢

) Qy * * (12
= > o <_?M|’$i(xt) - Hz) P(Xo € By)
i¢Z(zt;C16)
7 3 L klog T ) P (X, € B)) < L bk loa T
< exp 3501 og (X0 € B;) <exp 3501 og .
1¢Z(x¢;C10)

Here step (i) follows from Lemma 7, while step (ii) holds when % ||ZC 20) — 7|3 is large
enough, which can be guaranteed by taking C; > 0 to be sufﬁmently large; step (iii)
follows from the definition of Z(xy; C16). In addition, &3 < 1 as long as ¢ is sufficiently
small (see (27). Therefore we have

§ <26 +26 + &3 < 3C10klog T (75)

provided that C; > 0 is sufficiently large.

e Regarding ¢, we have

\/72 sup ’w xo(xt) —xo)‘IP’ (Xo € B | Xt = xy)
zo€EB;
\/:Z (Jo' (= F = i) | Felwll2) P (Xo € Bi | Xy = )

(b) a
</ Y Bklog Tt — al,,ll2P (Xo € Bi| X = )

Ot
’LEI(JBt Ch 9)

=(1
at * *
\Vita S° VoklogT |} — wi,,) 2P (Xo € Bi| X = )
i¢T(2;C10)

=2
/1 O‘ta e(2vVd + \/0klogT).
— ¢

=(3

Here step (a) uses Cauchy-Schwarz inequality, while step (b) follows from the definition
of G. By the definition of Z(x;; C10), we have

< > V/CibklogTP (X € B; | X; = z;) < /C16k1ogT.
i€T(x;C10)
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To bound (2, we have

(1) = * *

i¢Z(x1;C10) (1 B at)

(ii) (iif)
< VOklogT exp (—312019/@ logT) < exp (—614019k10gT> .

Here step (i) holds when %Hw:(zt)

taking C1 > 0 to be sufficiently large; step (ii) follows from the definition of Z(x¢; C10);
and step (iii) holds when C4 is large enough. In addition, we have {3 < 1 as long as &
is sufficiently small (see (27). Hence we have

— xZ*H% is large enough, which can be guaranteed by

¢ < 2¢/Ci0klogT (76)
provided that C7 > 0 is sufficiently large.
Taking the bounds on £ and ( collectively leads to
Tr (I — Ji(zr)) < E+4¢ < 4C10klogT
provided that C7 > 0 is large enough. In addition, since I — Jy(z¢) = 0, we have
1 = Je(zo)l|E < Tr (1 = Ji(x))?,
hence we have
1= Je(o)ll < I = Je(xo)|[p < Tr (I = Ji(w)) < Cobklog T

provided that Co > 4C;. This finishes the proof of the first relation (32).
Finally, we invoke Lemma 22 to obtain

T
> 1 :;t Tr(E[(Sa (X0)"]) < CoklogT, (77)
t=2 t

where the matrix function
e (z) = Cov(Z |VarXo+ V1 —aZ = z) = 1q — Jy(z).

Here Z ~ N (0, I) is independent of Xj. By noticing that
Tr(E[(Sa (X)) = Tr(B[(L= (X)) ")) = E[II-Tu(X)[IF] = / |1=Te(o) |7 px, (o) da,
Tt

we finish the proof of the second relation (33).
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B.2 Proof of Lemma 9

The proof of Lemma 9 is similar to the proof of Lemma 6 in Appendix A.2. We will only
highlight the differences due to the different update rule (8). Equation (46) should be
changed to
Xy (Te-1) = A1 (20-1) + A1 (m1-1) (78)
1-— (673 -1 Oét(]. — @t) d/2
> det (I — — Ji(x ) x ( — )
/e =, ) P G e )

(1— @) || Va1 — |
31— ap)(ay — @) ).

Lemma 10 need to be changed to the following version.

(79)

.exp<_

Lemma 14 For any x; € &1, we have

I Jt(l‘t)) 71PX,5 (zt)

det([ — 1

= (27 (o — at))d/z/ Px,(20) exp ( R O;()Ei aX;xOH )

oxp (&) + O((Tm2t) (IT(T = )| + 1T = H@IR))), (80)

where & () < 0 satisfies

[ latenlpx(woda < Co(1=2)" [ (eI = )| + 1 = Jian) o, (o)

t€E1 - t€E1

+ 7174 (81)

— Oy

l—Oét

for some universal constant Cs > 0.

Proof See Appendix B.3. [ |

Taking the decomposition (80) and (78) collectively, we have
px_y (Tt-1) At 1($t 1) + Arsi—1(xe-1) + 6—1(24-1) (82)

L / exp ([etw) +0((= )(mu T + 1T = @) [3)] Lavee.. )

ap(1 —ay)? d/2
Pxo (o) (47?2(1 ~an)(ar — at)3)

_ 2
l—-« — 4/ 2 1-— 1 —
Y O .1 TEer iy Sk T S R PP
2(0ét — at) 2(1 — Oét)(Oét — Oét)
where we define
at(l —at)2 d/2
1) 83
t—1 -xt 1 /xo/xtggtlp)(() 471' (1_at)(at_at)3) ( )
1— — Va2 (1-@ =
(- = El?
2(0415 — Oét) 2(1 — Oét)(Oét — Ctt)
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Moreover, it is straightforward to check that

/xo /xt pxo(:ro)(%ﬂ( ar(1 — @) ) )3)d/2 o ( =@ _\/Sjt%Hz)

1-— Oét)(Oét — Ot 2(0415 — Oét)

- exp ( — (- at)H\/OTtxt—l - UtH2

201 — ap) (g — @) )dutdmg =px,_,(Te—1). (84)

Then we can continue the derivation in (82):

PXt @) — Ay 1(1’t 1) + At (ze—1) + 0e—1(ze-1)

/x /w + [&@ +O((1_;Z> (ITe(T = Julwo) | + 1T = Tu(@)l3) )] Teee, )
'pXo(l"o)( a(1 —at)Q )3>d/2 exp ( B (1 —a)||ue — \/OTtl‘oHQ)

47T2(1 — Oét)(Oét — 2(Oét — @t)2

s (= Bl

1 — O[t)(Oét — at)

2 px, (@) /x /mtegl Eu(xe) +0(( ) (ITe(1 = ()| + 1T = Ju(e)I2) )|
el mf g9 o (Tl Py

]. — at)(at — @ Q(at — @)2

)du dxg

Pxo (7o) (4%2(

_ 2
exp (- LBl — ]

2(1 — o) (e — @) >dUtdx0'

By rearranging terms and integrate over the variable x;_;, we arrive at

/ Ay 1 (zp—1)da o </ (A¢(wi—1) + Op—1(wp—1))dawy—y

/% /xteg“ <\£t 1) |+0(( ) (ITr(I = Jy(x))] + | — Jt(xt)HF)))pXO(xo)

. ( 11— )d/QeX (_ (1 —a)||lue — vVarwoll3
27T(Oét —at)Q P 2(0[75 —at)Q

)dutdxo, (85)

where we used (45) and for any fixed u;, the function
_ _ 2
o (L= an)(or —a)\ ™" (- (1 —ay)||vorz1 — w )
(1—ao P 2(1— ar) (o — ar)

is a density function of z;_i. To establish the desired result, we need the following two
lemmas.

Lemma 15 Suppose that T > 0klog? T. For any x; € &1, we have

/xo Px,(20) (ﬁ)dm exp ( _ A —a)fju _\/()Tt$0”2>d$0

Ay — Ot 2(04,: — Oét)Q
1-—

a ~1
< 20det (I - { Jt(ﬂft)) px, (Tt).
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Proof See Appendix B.4. |

Lemma 16 For the function d;—1(-) defined in (50), we have fmt_1 St 1(wg_1)dzy g < T4,
Proof The proof is the same as that of Lemma 12, and is hence omitted. |

Equipped with Lemmas 15 and 16, we can continue the derivation in (85) as follows:

A¢q(re—1)dae—y

Ti—1

< [ aeidn+20 [ (el +0((Fmb) (1 = dan] + 1 - e 1B)) )
Tt TECt,1 s »
- det (I s 7Z Jt(xt)> px, (zg)du; + T4

(o) / Ay(z)dey + T4
Tt

+20 / . (1)) + 0((1 o

(c) _
< / Ay(wg)dry + T3 + C4<1 a
Tt

) (T — )|+ 11— ) B)) Y, ()

2
[ (@hosT + e o, i,
- x4

which establishes the desired recursive relation. Here step (a) follows from Lemmas 15 and 16;
step (b) follows from u; = z; + (1 — a¢)sy(x¢), hence

1—
dut = det([ — 1 gt Jt(fﬂt)>dl‘t7

whereas step (c) uses (81) in Lemma 14, and holds provided that Cy > Cj is sufficiently
large. In addition, the relation [ Arp(z)dz < T—% can be established in the same way as
the proof of Lemma 6, and is hence omitted here.

B.3 Proof of Lemma 14

The proof is similar to that of Lemma 10. Recall that u; = x4 + (1 — ay)s(z;), we start
with the following decomposition

(1= @)l — Vawol® _ o~ Aol | (1= a1 +a; — 2a) o — vzl

2(0&15 — at)2 2(1 — Et) 2(0&1} — at)2(1 — at)
— N\ x T — 2 — * 2
L -a)(d- (Z;)tsi(zt)ﬂ(xt — vauro) (1 at)z((;t_—ozf)HZSt ()2
e = Vaol3 (1 — ) (14 oy — 2a) —
St w0, el sl = sl

(1 — Oét)(l + oy — 2@,5)
2(0[75 — at)Q(l — Et)

2
+ Ct(:’cta ZUQ),
2

/ Pxox: (%0 | ze) (20 — Vawo)do

Zo
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where we let

(1= ) (1 + o — 2a) ([l — vVawolls — [, xolx. (2o | 20) 21 — V@l 5dao)

Ct($t’$0) = 2(Oét —at)2(1 —at)
(86)
N (1 —an)[ [, Pxolx. (o | ze) (x4 — Vawo)dao) " V/a (zo — oo Pxolx: (0 | ) z0d0)
(a — @) '

We can further derive

(1 — @) |ue — Vauzo| @ |loe — vaizoll3 n (1 —a)(1 + o — 20%)
2(0175 — Oét)2 2(1 — at) 2(0[15 — at)Q

(i) |2 — Vaizol|3 n LTr(1 - Jt(xt))+Ct($t,$0)+O((

Tr (I — Jt(l‘t)) + Ct(l‘t, l‘o)

O T~ )

2(1 — at) o — at Oy — Ot
(i) Hx;(lgj:)ollz + log det (I + ;t__ozt (I - Jt(xt)))
4 Gona) + O( (=2 (Tl = )| + 1 = i) 7). (87)

Here step (i) follows from (38) and (39); step (ii) holds since

(1-a)d+o—2a) 1-a <1+2(1—at )

2(Oét — at)Z - o — Qi Qp — at)

while step (iii) uses the fact that

1—
log det (I + Oﬁ
o — Ot

(I~ J(w)) = L% (1 g + o(( 1=

Ay — Ot a — Qi

) - eI,

Then we have

1 —ay)||us — Varxo|?
/pX0($0)eXp(_( t)” t _ Qt 0” )dl’o
zo

2(Oét — Oét)
Y~ 2
= / Px, (o) exp ( - W - Ct(:vt,:co))dfvo

(1 = ()

Qp — Oy

- exp ( — log det ([ +

(=2 (T(r = el 41 = (e 1R)) ).

Qp — O

Recall the definition of & (x¢) in (59) and (61), which allows us to write

[ ooy (- Tl Ry

2(0515 — Oét)

= det ([ + at__ogt (I - Jt(ﬂct)))’lpx,5 (z¢)(2m(1 — Ozt))d/Q
exp (= o)+ O( (L2 (T = o)l + 17 = Ta0lR)) ).
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Using the fact that
det (I +o fgt (I - Jt(g:t))> _ (;_C?.ft)ddet (1 _ 1 :gz Jt(xt)), (88)
we arrive at
det(1 = T2 n(w1)) o)
= (2r(ay — ) ? /{E0 Px, (o) exp ( i- O;t()('l?t a:;»xOH )
8N (Tl = )| + 1= Hw)lR))). (59)

- exp (ft(a:t) + O((l —
which gives the desired decomposition (80)
In order to establish (81), we need the following lemma

Lemma 17 Suppose that 0 > Ceover and T > ¢1CylogT. Then we have
=2
at$0‘|2>dx0dut < T4

/ / Px 1'0 1—1y >d/26xp(— (1 — ) ||ue
xo Jxi g1 ’ 27T(at - at) 2(C¥t — at)2
(90a)
and
/ px, (z)day < T (90b)
rt€EL
|

Proof See Appendix B.5.
Ll V) 1

Then we have
11— /2 (
1 > -
/ZzESt 1 / 2 (o — ayp) ) Px, (7o) exp ( Soy G,
@ 1= a2 / 1 — oy .
- ( e €E 1 det ( 1 - Jt(xt)) DX, (.’Et)
) (ITr(I = Jy(w))| + |1 — Jt(xt)\p)>>dut

o — Qi

exp < &) + O((l =,
O (T = )] + 17 = 5 13)) )

(i)

(;t__oéft " /xté&,lexp < gt(xt) " O((l -
- px, (we)dx
O (T = )|+ T = T(w)B)) Yo, o)

— Oy

(iv)
z/ (1—£t(xt)+o((
Tt€EL1 1—
Here step (i) follows from (90a); step (ii) utilizes (89); step (iii) holds since u; = x; + (1

at) sy (@), namely
(0%
duy = det(I - = az Jt(xt)>dxt;
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while step (iv) follows from the facts that 1 > a; and e* > 1+ x for any = € R. Recall that
&i(zy) <0 for any z; € & 1. By rearranging terms, we have

[ laolex s
Xt 65}11

1—op\2
S/ px, (we)dzy +C3(1 ft> / (ITe(I = Je(x))| + 1T = Je(zo) &) px, () da
Te€ES, - T4€E¢1
1—op\2 _
<Co(=2t)" [ (T = D)+ 1 = ) B (oo + 77
I - x:€E¢1

for some universal constant C3 > 0, where the last step follows from (90b).

B.4 Proof of Lemma 15

To begin with, we record the following two results from Li and Yan (2024). For any x; € & 1,
we have

/ Pxo|x, (%o | Tt)rodT0 =T9 +  Where To € U B; (91a)
xo iGI(mt;Cle)

11—« 1
H(5H2 < o ¢ exp (—32019]? 10gT> . (le)

In addition, for any x, 2’ € X;(x¢), we have

and

ayl|x — 2|3 < 9010k (1 — @) log T (92)

and

W (o - o)

< \/0klogT||z — 2'||2 + (4Vd + 4/0klog T)e (93)

See (Li and Yan, 2024, Equations (A.4), (A.5) and (A.27)) for the proof.
Recall the definition of (;(x¢, x¢) in (86), which can be written as

(1— o)1+ oy — 20y)
2(ap —)?(1 —ay)

1—04,5

Gt(ze, 20) = 01(x¢, z0) + 02(¢, z0),

(o —)?

where

01 (1, 20) = ||z — Vaimol|3 — / Pxox, (@0 | 21) |2 — VAol l5dao,
X

0

Oa(x¢, 20) = VOZ[/ Pxo)x, (To | ze) (ze — @xo)d$o]T($o —/ Pxo| X, (@0 | T)zodao).

zo zo
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For any z; € & 1, recall the decomposition z; = v/arzo(z:) + /1 — apw in (29), we have

01 (x4, z0) = ||z — Vagzo () + Vauzo(x) — \/57#0”%
- / Pxolx, (o | @) 20 — Varwo(w:) + Vawwo(x:) — Vaiwo|3dao

o

=@l — o)1~ | oy, (o |0 — () ko)

Zo

-2y (l —ay) {wT (1‘0 — azo(xt)) - / Pxo|x, (7o | xt)wT (a:o — xg(xt))dxo}.

zo

In view of (93), we have

‘wT (zo — zo(x1))| < V/Oklog T||wo — wo(we)|2 + 4e(Vd + /0klogT).
We also learn from (75) and (76) in the proof of Lemma 8 that

[

1 —a / Pxolx: (o | ze) |wo(2e) — woll3dwo < 3C10klog T
Zo

and

\/ 1 ftat /pX0|Xt(x0 | a:t)‘wT (mo(xt) — xo)}dxo < 24/Ci0klogT.

Taking the above bounds collectively yields

—01 (4, 20) < TC1(1 — @) 0klog T + 2v/a; (1 — @) /Oklog T||xg — xo(z¢)]|2

provided that ¢ > 0 is sufficiently small (see (27)) and C; > 0 is sufficiently large. Regarding
O2(x¢, x0), we first use the decomposition (91a) to achieve

02z, z0) = vy (zp — VauTo — @5)T($0 — T —6)
= \/i(\/i$0($0 + V1 —aw — Vayzy — \/@7155)—'—($0 —xo(xy) + xo(xt) — To — 5)
= 0y (ﬂfo(ﬁ?t) — Tg — (S)T(I() — ﬂfo(SCt)) + at(l - at)wT (:E() — Xg — (5)

+atH(IZ()(LIZt) —Tg — (5”%

Hence we have

(1)

—03 (x4, 20) < Gl|zo(xe) — To — 6l|2)|wo — zo(me) |2 + V(1 — @) (|w " (z0 — To) | + [wll2]|6]]2)
(ii)
< @([[wo(2e) — Toll2 + [16]12) lzo — o(z1)(l2

+ /@ (1 —a) (VOklog T(||zo — wo(xe) |2 + |[zo(xe) — Toll2) + [[w]2]16]l2)
(iif)

< 4\/Cra; (1 —ay) Ok log T||wo — zo(ae)||2 + 44/C1(1 — @;)0klog T.
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Here step (i) utilizes the Cauchy-Schwarz inequality; step (ii) follows from (93); step (iii)
uses (92) and (91b), and holds provided that C; > 0 is sufficiently large. Hence we have

(1—at)(1+at—2at) 1—oy
G, o) 2w — @)2(1 — @) 1(t, o) (v —)? 2(@t, o)
(a) 2(1 — Oét) o — —
< =@ (8C1(1 —@;)0klog T + 5v/Cray (1 — @) Ok log T||xo — zo(z4)|2)
(a) 1 — 1 — 9
< —Q, — .
< 66C T att% log T + 20— at)zatﬂxo xo(xe)||5 (94)

provided that C; > 0 is sufficiently large. Here step (a) follows from consequences of
Lemma 18

1-a)(I+ao—2a;) 1-o (1 1—at><1+2(1—at )SQ(l_at)

2(Oét — at)2(1 — @) o (]. — at)z oy — at ay — at) (1 — at)Q

and

1—0[,5 ].—Oét 1—Oét 2 2(1—ozt)
o ~L (1 ) <
(ap —aw)* (1 —ow)

- (673 —at (]. —at)Q

as long as T is sufficiently large. Finally, notice that

@llwo — zo(@)lI3 — llze — V@zol3 = @llwo — zo(w)lI3 — [|Iv&ewo(ze) + VI — Gew — Varol3
< —2y/@(1 —apw' (zo(zr) — o)

i
< 2\/@15(1 — at)ﬁk 10gT||l’0 — 1’0(1315)”2 +1—0oy

ii

< 5@“:130 — xo(xe)]|3 4+ 3(1 —@;)0klog T

—

=
=
—_

where the last step follows from (93) and (27). By rearranging terms we have
atll70 — zo(a)|3 < 2|z — Vol +6(1 — @)Pklog T, (95)

Taking (94) and (95) collectively yields

1—oy — Oy — 2
_Ct(xt7$0) S 6901 1_ atek IOgT + m“xt — \/OTthHQ (96)

provided that Cy > 1. Armed with this relation, we can follow the same analysis in the
proof of Lemma 11 to establish the desired result under the condition T >> 0k log? T

B.5 Proof of Lemma 17
Proof of (90b). We have

/ . px(ade, =P (X ¢ 1) SB(Xo ¢ UierB) + B (W ¢ ).
€ tc,l

44



O(d/T) CONVERGENCE THEORY FOR DIFFUSION MODELS

where we use the decomposition X; = /ayXo + 1 — W for W, ~ N(0,1;). Tt is
straightforward to check that

1 0
P (Xo ¢ UiezB;) < Neexp (—0klogT) < exp (Ceoverklog T — Ok log T') < 5 exp <—4klog T)

provided that § > Ccover. In addition, since W; ~ N(0, I), by the definition of G we know
that

P(W,¢G) <P (||Wt||2 >V + \/ClklogT)

Ne N
+Y %P (|<m; — ) TW,| > \/Oklog T2} — x;yyg)
i=1 j=1

)
< (NE2 + 1) exp (—gklog T) < (exp (2Ccoverk log T) + 1) exp (—gklog T>

(i) 1 6
< = — :
< 2exp( 4kzlogT>

Here step (i) follows from concentration bounds for Gaussian and chi-square variables (see
Lemma 19); while step (ii) holds as long as C; > Ccover. Taking the above bounds
collectively yields

0
/ px, (w)dze < exp <—k:10g T) <774 o)
xtegtc’l 4

when 6 > 0 is sufficiently large.
Proof of (90a). For any j > 1, define
Zj={1<i<N.:P(Xy€B;) > exp(—2"0klog T)} ,
G ={weR: |lw|2 <2Vd+/2-10klog T, and
(2} — 23) Tw| < V27 10klog T||z} — 2}z forall 1<i,j<N.},

and let
Lyj:={Vawo+ V1 —aqw: xg € Uier, Bi,w € G; }.

We know that £,1 C L;2 C --- and U;’Ozlﬁm = R<%. Notice that &1 = Li1. By defining
Erj = Lyij1\ Ly for each j > 2, we know that

(o]
U Ej = R? where & 1,& 2,... are disjoint.
Jj=1

For any x; € & j, there exists an index i(x;) € Z;, two points zo(7:) € Bj(,) and w € G;
such that z; = Jayxo(ze) + v/1 — ayw. We learn from (94) that,

1—ay . _
—Gi(s, w0) < 6601 — 1290k log T + 733251&”»”30 — zo(1) 3. (98)

1
11— (1—Oét
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This implies that for any z; € & ;, we have

Ol VRl O e VIO L0y () G (99

2(C¥t — at)2 - 2(1 — at) ap — O

+0(<;t — ) Tr(T = Ji(0))])

@z — Vaol3 | (1 - aa 2
< _ _
S ooy T dae lzo = @o(ze) 2
1- 1— oy,
— T T (I = Jy(wy)) + 660 —— 299k log T
¢ — O 1-— Ot
@) oy — Va3 | (1 - ap)ay
< _ _
= 2(1 — at) + (1 — )2 HJ" l‘o({L‘t)H2
1- log? T .
— log det ([ + & (I — Jt(xt))> + 530c1C4 %8 T 9igk.
o — O

Here step (i) follows from (87); step (ii) follows from (98) and Lemma 8, and holds provided
that T is sufficiently large; step (iii) uses the relation log(1 + z) < x for any = > 0 and
I — Jy(x¢) = 0. Therefore for any j > 2, we have

1 —ay d/2 (1 — @)lJuy — vagwol|3
= T ex — dzodu
i //5 Pxo(r0)\ 57 <at—at>2> b 2(a; — ay)? )dandu
1—ay /2 (1 — @)lJus — vazol|3
[ ] e oo () e (- )

o — ay)?
1-—
- det ( Jt(ﬂft)>dl‘()d:1;‘t

Hwt Va3 | (1—aay
/megt]/ eXp 1—at)0 o 1—a)? o - (th)l\%)

—d/2 log?T
- pxo (w0) (2m(1 — @) “daodw; - exp (5300101 T 2fek). (100)

Here step (a) follows from the relation u; = x; + (1 — o) s} (x¢); step (b) utilizes (99) and
(88). Recall the defintion (30) and let

Xj (xt) = U Bz and yj (iL't) = U Bz
1€Z(xt;C1270) 1¢Z(x¢;C1270)

Then we have

Tt — \V/OrT 2 — o)
/GX( )pxo(l'o)(Qﬂ'(l—Oét))_d/QeXp(_ | 2(1Qt)0H2+((11_ ))2 |20 — ;Eo(xt)H%)dl'O

i 1 -y
Dpton) [ oo ) exp (S g — o)) oo
2o EX;(2t) (1 )

(ii) 1
< px, (»’Ut)/ Pxo)x, (To | 71) exp (41
2o EX;(2t)

— M 01290k log T) dzo

(i)

log? T
< exp (326101 8

2j9k>pxt (z2). (101)
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Here step (i) uses the following relation

_ RN 2 — v/@woll3
pre0 = [ pxfen) (e —a)) o (- PR a0
step (ii) follows from a direct consequence of zg € Xj(x;) and (74):
1-0oy . 11—y .
lzo — zo(ze)]2 < ——C1270klogT + 2 <2 ——C1270klogT.

In addition, we also have

(_ |ze — vVaizol|3 n (1- ))2 llzo — (xt)||§)dxo

201 —ay) 1-

a 1—ay)c

Dyt [ i anlzexp (G oo — an(e) ) dag
xo€Y;(xt) ( )

(1 - o,

Z P (Xo €B¢|Xt::nt)exp< sulé ﬁHIL‘()—l‘o(:L'tﬂ@)
xo€EDB; -

. ﬂ?t)

/ Px, (o) (277(1 — 6t))_d/2 exp
zo€Y;(

< Px, (:Et)
1@ (x;C1270)

(b) o7 *

< px,(xt) | Z e ( - m”xi(m -
1€ (z;C1270)

fH%)P(Xo € B;)

() ,
< exp ( — 3%0127%: log T)pxt (x¢). (103)

Here step (a) uses the (102); step (b) follows from Lemma 7 and the following relation:

(1 - ) 2 S (1 — at)at * * 2
A i < X v . — 2
x?é%l (1 — ) on mo(xt)‘b = (1 — at)z (sz(zt) €y ”2 + 6)
(11) at *112
< 32( )”xz (z¢) _xi||27

where step (i) uses the relation (74) and step (ii) follows from Lemma 18 and (27), and
holds provided that T is sufficiently large; step (c) follows from the definition of Z(x; C1276).

Taking (100), (101) and (103) collectively leads to

log? T . _
I; = exp <530c101 o8 290k>/ </ +/ >pX0(330)(27T(1at)) 42
T rtegw IOGX'(ZIH) Ioeyj(mt)

|z — Varzol3 (1 ozt)at )
P ( 2(1 — ay) (1— 5 o — xﬂ(xt)”Q) dzoday

log? T _.
< exp (5620101 o8 2]9]6') / px, (x)dxy
T l‘tth j

2 (b) .
IO%TTQJ% Zoi- 10klogT> < exp (—;2716k:10gT).

(a)
< exp (56201 1
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Here step (a) follows from the relation (97) that we have already proved (by replacing 6
with 29710, since & ; € L{ ;); step (b) holds provided that T' > ¢1Cy log T. Hence we have

1— d/2 1-@ — Vagrol|?
/ / Px, (T0) a ) exp(— (1= av)llus \/?m()b)dxodut
wt%t‘:t 1 )2

277(0[t - Odt 2(0[t — O(t)
2 L—a  \? (1 — @)l — Varzoll3
- - dzod
e / /x,ggt]pxo %) 27 (o — @ )? ) exp( 2(cy — oy )2 > Todug
= Z Zexp <_SZJ Lok logT> <74

7=2 7=2

provided that 6 > 0 is sufficiently large.

Appendix C. Technical lemmas

In this section, we gather a couple of useful technical lemmas.

Lemma 18 When T is sufficiently large, for 1 <t < T, we have

For2 <t <T, we have

1— oy < 1— oy < 86110gT.

1-— Et - oy — at - T
In addition, we have
ar < T—/2,
Proof See Li et al. (2023, Appendix A.2). [ |

Lemma 19 For Z ~ N(0,1) and any t > 1, we know that
P(|Z]>t)<e¥2 Vi1
In addition, for a chi-square random variable Y ~ x*(d), we have
P(VY >Vd+t)<e /2 vVix1.

Proof See Vershynin (2018, Proposition 2.1.2) and Laurent and Massart (2000, Section
4.1). m

Lemma 20 Suppose that Assumption 1 holds, and that T and co are sufficiently large.
Then we have
TV(pXTHpYT) < ngg'
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Proof Define a random variable X = X 1{|| Xo|z < 7T°¥ 190} by truncating Xo. Let
XE = VaTX()_ +V1—arZz,

where Z ~ N(0,1;) is independent of X . Notice that X has bounded support, which
allows us to invoke (Li et al., 2023, Lemma 3) to achieve

TV(pg,.pyz) = O(T ), (104)

provided that co and T are sufficiently large. In addition, we have

WViox, pxe) =5 [ Iox, (@) = pxr(o)lds
=5 [ ] (o)~ o) 20 ) s (= PO
/ / [ — o (=Lt e
) b2 /xo [P, (20) — o (w0)|daro = TV(pg,, Pxo) = P(| Xoll2 > T4+1%0)
< EXol]_ 710 (105)

Here step (i) invokes Tonelli’s theorem, while step (ii) follows from Markov’s inequality.
Taking (104) and (105) collectively yields the desired result, provided that T is sufficiently
large. |

Lemma 21 Suppose that Assumption 1 holds, and that T > dlogT. Then we have

T
> 1 :;tTr(E[(EEt(Xt))Q]) < CydlogT (106)
t=2 t

for some universal constant Cj > 0. Here the matriz function g, (-) is defined as
Ya,(z) = Cov(Z| VaXo+V1—aZ = m), (107)
where Z ~ N (0, I4) is independent of Xo.

Proof The result (106) was established in Li et al. (2024b, Lemma 2) under the stronger
assumption that

P(|| Xol2 <T*%) =1 (108)

for some universal constant cg > 0. The assumption (108) is used to prove part (a) of their
Lemma 2, which states that for any @', @ € [ay, a;—1] with 1 <t < T, one has

E {(25, (Va'Xo +V1- afz))z} <R [(25(\/6% + \/ﬁz)ﬂ + & exp(—cydlog T)1y

49



L1 AND YAN

for some universal constants ¢}, ¢, > 0. Through a similar truncation argument as in the
proof of Lemma 20, we can show that

B[ (Sa (VA Xo + \/ﬁz)ﬂ < AE|(Za(Vaxo + \/ﬁz)ﬂ + T,

Armed with this result, we can use the same analysis for proving part (b) of Li et al.
(2024b, Lemma 2) to establish (106) under our Assumption 1. The details are omitted here
for simplicity. |

Lemma 22 Let k be the intrinsic dimension (cf. Definition 2) of the support of pdata, and
suppose that T > klogT. Then we have

T
> T (B (5, (X)) < CoklosT (109)
t=2 t

for some universal constant Cy > 0. Here the matriz function ¥g,(-) is defined in (107).

Proof This lemma can be proved by modifying the first part of the proof of Li et al.
(2024b, Lemma 2), and we describe these modification as follows. For any a,a’ € (0,1),
define

Xa=VaXo+Vi—-aZ and Xg=VaXo+V1-aZ,

where Xg ~ pgata and Z ~ N (0, I;) are independently random variables. Li et al. (2024b,
Lemma 2, Part (a)) demonstrated that as long as 7' > dlog T, for any

L
0‘40(41 —Z’) - (dlolgT)

and any pair (x,z’) where z is in a certain typical set (see Equation (79) therein) and

r = \/a/a'r’, it holds that px_, (2) < px,(z); see Equation (81) therein. However here we
only assume that T' > klogT', and we want such a result to hold for any
&’ — @l 1
Al O( ) 110
a(l —a) klogT (110)

in order to improve the dimension factor d in Li et al. (2024b, Lemma 2, Part (b)) to the
intrinsic dimension k. To this end, we instead consider any pair (x,z’) where

z = h(z) = a/add + (Va/a(l-a) - V(1 —a)(l —-a))s(2), (111)
Here sZ%,(-) is the score function of X/, namely

* 1 Q.
S0 (g;/) = — — /pXOXa/ (1170 | .CCI) (x/ - \/OTtl'O)dZL'O.

1—O[t

Let &1 be the typical set of X7 defined as replacing the @; in (28) with @. Following
similar analysis as in Lemmas 14 and 15, we can show that

X ()2’ < px_(z)dz, ie., X (2") < px_(x)| det Jp (")),
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holds for any x € &, where Jj, is the Jacobian matrix of h (see (111)). Equipped with this
relation, we can follow the steps in the proof of Li et al. (2024b, Lemma 2, Part (a)) to
show that

DXo| X4 (zo ’xl) = pXo\Xa(xO | @),

which corresponds to Equation (82) therein, and this further leads to
2 2
E[(Sw (VaXo+ V1-a2)) | 2 OFE|(Sa(VaXo + VI—aZ)) | + Chexp(~Ciklog T)y

holds for all @,@ € (0,1) satisfying (110). Using the above result, we can follow the same
proof as in Li et al. (2024b, Lemma 2, Part (b)) to establish the desired result. The detailed
proof is omitted here for brevity. |
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