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Abstract

In this paper, we investigate the concentration properties of cumulative reward in Markov
Decision Processes (MDPs), focusing on both asymptotic and non-asymptotic settings.
We introduce a unified approach to characterize reward concentration in MDPs, covering
both infinite-horizon settings (i.e., average and discounted reward frameworks) and finite-
horizon setting. Our asymptotic results include the law of large numbers, the central limit
theorem, and the law of iterated logarithms, while our non-asymptotic bounds include
Azuma-Hoeffding-type inequalities and a non-asymptotic version of the law of iterated log-
arithms. Additionally, we explore two key implications of our results. First, we analyze
the sample path behavior of the difference in rewards between any two stationary policies.
Second, we show that two alternative definitions of regret for learning policies proposed in
the literature are rate-equivalent. Our proof techniques rely on a martingale decomposi-
tion of cumulative reward, properties of the solution to the policy evaluation fixed-point
equation, and both asymptotic and non-asymptotic concentration results for martingale
difference sequences.

Keywords: Concentration of Rewards, Markov Decision Processes, Reinforcement Learn-
ing, Average Reward Infinite-Horizon MDPs

1. Introduction

Reinforcement learning is a machine learning framework in which an agent learns to make
optimal sequential decisions by repeatedly interacting with its environment. This approach
is particularly effective for addressing problems with complex dynamic environments. The
standard mathematical model for reinforcement learning is Markov Decision Processes
(MDPs). In an MDP, the agent takes an action at each time step, receives an instantaneous
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reward, and transitions to the next state based on a Markovian dynamic that depends on
the current state and action.

The existing literature on MDP theory primarily focuses on analyzing and maximizing
the expected cumulative reward, resulting in methods that emphasize the system’s average
behavior. While this approach is useful in many domains, it may fall short in high-stakes ap-
plications, where an agents’ decisions may lead to costly consequences. Such scenarios arise
in applications such as safety-critical engineering systems and decision-making processes
in finance and healthcare. Different approaches have emerged to understand the behavior
of MDPs beyond the expected reward. Broadly, these approaches can be categorized as
follows: (i) risk-sensitive control, in which the agent aims to identify policies that minimize
a specific risk measure; (ii) distributional reinforcement learning, in which the distribution
of cumulative discounted reward is estimated and controlled; (iii) Markov reward processes,
in which the asymptotic distributional and sample-path properties of the cumulative reward
in the infinite-horizon average reward framework are investigated. We elaborate on each of
these approaches below.

Risk-sensitive control. In the risk-neutral framework the agent’s goal is to maxi-
mize the expected cumulative reward. In the risk-sensitive framework, the agent’s goal is
to minimize a risk measure that captures other statistical properties (e.g., variance, tail
probability, etc.) of the reward in addition to the mean. There are three primary risk
functionals studied in the literature (Wang and Chapman, 2022): (i) the exponential utility
functional, which is an increasing and convex mapping of the cost function. Under certain
conditions, this functional can be used to model the mean-variance trade-off in decision-
making problems. Risk-averse control using exponential utility functional has been studied
in Howard and Matheson (1972); Jacobson (1973); Whittle (1981); Coraluppi and Marcus
(1999); Borkar (2002); Bauerle and Rieder (2014). (ii) Quantile-based risk functionals such
as Value at Risk (VaR) and Conditional Value at Risk (CVaR), which characterize the
probability or expectation of the cost exceeds a given threshold, capturing the tail behavior
of the cost distribution. Risk-averse control using quantile-based risk functionals has been
studied in Béuerle and Ott (2011); Chow et al. (2015); Miller and Yang (2021); Bauerle and
Glauner (2021); Chapman et al. (2022). (iii) Recursive risk functionals which model the
risk at every stage and result in a dynamic programming type solution. Risk-averse control
using recursive risk functionals has been studied in Ruszczyniski (2010); Singh et al. (2018);
Béuerle and Glauner (2022). For a comprehensive survey on risk-sensitive control and RL,
please refer to Wang and Chapman (2022); Biswas and Borkar (2023).

Distributional RL. The second approach focuses on estimating various statistical
properties of the discounted cumulative reward in the infinite-horizon discounted reward
framework. Early works such as Sobel (1982); Chung and Sobel (1987) derive a Bellman-
type equation to compute the variance of the discounted cumulative reward. More recent
works treat the asymptotic discounted cumulative reward as a random variable and use
various methods to approximate the distribution or compute its important statistics such
as quantiles. The approximate distribution is then used in reinforcement learning algo-
rithms (Morimura et al., 2010a,b; Bellemare et al., 2017; Rowland et al., 2018; Dabney
et al., 2018a,b; Rowland et al., 2019; Bellemare et al., 2019; Lyle et al., 2019; Yang et al.,
2019; Farahmand, 2019; Duan et al., 2021; Lhéritier and Bondoux, 2021; Nguyen et al., 2022;
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Rowland et al., 2023, 2024). For a comprehensive review of the algorithms and theoretical
results in distributional RL, please refer to Bellemare et al. (2023).

Markov Chains. For a fixed stationary Markov policy, any MDP may be reduced to
a Markov reward process, i.e. a Markov chain induced on the state space and an associated
reward process. As a result, there is a close connection between the MDP theory and
the theory of Markov chains. The asymptotic sample path and distributional behavior of
functionals of Markov chains are extensively studied in the literature. For example, the
CLT results for Markov chains are established in Chung (1967); Cogburn (1972); Maigret
(1978); Niemi and Nummelin (1982); Kipnis and Varadhan (1986); Maxwell and Woodroofe
(2000); Landim (2003); Jones (2004); Meyn and Tweedie (2012); Duflo (2013); Srikant
(2025). The rate of convergence in CLT for geometrically ergodic Markov chains is studied in
Kontoyiannis and Meyn (2003, 2005). In parallel, the asymptotic behavior of martingales are
studied in the martingale theory, e.g., in Neveu (1975); Hall and Heyde (1980); Billingsley
(2013). As discussed in Meyn and Tweedie (2012) there is a close connection between the
results in Markov chains and their counterparts in martingale theory. As an example, one
way to prove the CLT for Markov chains is to use the martingale decomposition arising from
the Poisson equation. This approach is used in e.g., Mandl (1971); Mandl and Lausmanova
(1991); Hernédndez-Lerma and Lasserre (2012); Duflo (2013); Maigret (1978). Recently the
martingale approach is used to derive a central limit theorem for the Linear Quadratic
Regulation (LQR) problem in Sayedana et al. (2024).

Our Work. In this paper, we provide a unified approach for characterizing both
asymptotic and non-asymptotic reward concentration in infinite-horizon average reward,
infinite-horizon discounted reward, and finite-horizon frameworks. Our results cover asymp-
totic concentration like LLN, CLT, and LIL, along with non-asymptotic bounds, including
Azuma-Hoeffding-type inequalities and a non-asymptotic version of the Law of Iterated
Logarithms for the average reward setting. Building upon these concentration results, we
explore two of their key implications: (1) the sample path difference of rewards between
two policies, and (2) the impact of these findings on the regret analysis of reinforcement
learning algorithms. We derive similar non-asymptotic upper-bounds for discounted reward
and finite-horizon setups.

Comparison. There are two key distinctions between our work and the existing lit-
erature. (i) We establish non-asymptotic concentration results for the cumulative reward
process. In contrast, studies in distributional RL typically analyze the asymptotic behavior
of the discounted cumulative reward, whereas in the average-reward and Markov reward
process settings, prior works focus on the asymptotic distributions of the cumulative reward
process. To the best of our knowledge, no non-asymptotic concentration result have been
reported in the literature for MDPs. (ii) We develop a unified framework that enables the
derivation of concentration results across the three principle MDP frameworks. In con-
trast, methods developed in distributional RL that rely on contraction mapping theorems
do not extend naturally to the average-reward setting, and techniques based on Markov
chain analysis cannot be directly applied to finite-horizon problems.

Proof Approach Our proofs rely on a martingale decomposition similar to the one orig-
inating from the Poisson equation in Markov chains (e.g. in Meyn and Tweedie (2012)).
Such decomposition enables us to interpret the cumulative reward process both as a mar-
tingale and as a functional of an underlying Markov chain. In this paper, we adopt the
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martingale viewpoint rather than the Markov chain one. We make such a choice since the
resulting non-asymptotic bounds solely depend on the statistical properties of the value
function. As a result, these bounds can be efficiently computed using existing numerical
methods for value function computation.

We also use our results to clarify a nuance in the definition of regret in average reward
infinite-horizon reinforcement learning. In this setting, regret is defined as the difference
between the expected reward obtained by the optimal policy minus the (sample-path) cu-
mulative reward obtained by the learning algorithm as a function of time. The standard
results establish that this regret is lower-bounded by Q(+/D|S||.A|T) and upper bounded
by O(D|S|\/|A|T) (Jaksch et al., 2010), where T" denotes the horizon, |S| denotes the
number of states, |A| denotes the number of actions, and D denotes the diameter of thr
MDP. Various refinements of these results have been considered in the literature (Auer and
Ortner, 2006; Filippi et al., 2010; Bartlett and Tewari, 2012; Russo and Van Roy, 2014;
Osband et al., 2013; Lakshmanan et al., 2015; Osband et al., 2016; Ouyang et al., 2017;
Theocharous et al., 2017; Agrawal and Jia, 2017; Talebi and Maillard, 2018; Fruit et al.,
2018; Zhang and Ji, 2019; Qian et al., 2019; Fruit, 2019; Zanette and Brunskill, 2019; Fruit
et al., 2020; Bourel et al., 2020; Zhang and Xie, 2023; Boone and Zhang, 2024).

There is a more appropriate notion of regret in applications which are driven by an
independent exogenous noise process such as inventory management problems where the
dynamics are driven by an exogenous demand process and linear quadratic regulation prob-
lems where the dynamics are driven by an exogenous disturbance process. In such appli-
cations, it is more appropriate to compare the cumulative reward obtained by the optimal
policy with cumulative reward obtained by the learning algorithm under the same realiza-
tion of the erogenous noise. For example, in an inventory management problem, one may
ask how worse is a learning algorithm compared to the (expected-reward) optimal policy on
a specific realization of the demand process. This notion of regret has received significantly
less attention in the literature (Abbasi-Yadkori et al., 2019; Talebi and Maillard, 2018). We
show that a consequence of our results is that the two notions of regret are rate-equivalent.
A similar result was claimed without a proof in Talebi and Maillard (2018).

1.1 Contributions

The contributions of this paper can be summarized as follows:

1. We establish the asymptotic concentration of cumulative reward in average reward
MDPs, deriving the law of large numbers, the central limit theorem, and the law
of iterated logarithm for a class of stationary policies. Compared to the existing
asymptotic results in the literature which use Markov chain theory, we provide a
simpler proof which leverages a martingale decomposition for the cumulative reward
along with the asymptotic concentration of measures for martingale sequences.

2. We derive policy-dependent and policy-independent non-asymptotic concentration
bounds for the cumulative reward in average reward MDPs. These bounds estab-
lish an Azuma-Hoeffding-type inequality for the rewards along with a non-asymptotic
version of law of iterated logarithm. Although these results apply to a broad subset
of stationary policies, we show that for communicating MDPs, these bounds extend
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to any stationary deterministic policy. We use the established concentration results
to characterize the sample path behavior of the performance difference of any two
stationary policies. As a corollary of this result, we show that the difference between
cumulative reward of any two optimal policies is upper-bounded by (’)(\/T ) with high
probability.

3. We investigate the difference between two notions of regret in the reinforcement learn-
ing literature, cumulative regret and interim cumulative regret. By analyzing the
sample path behavior, we establish that both asymptotically and non-asymptotically,
this difference is upper-bounded by @(\/T) This result implies that, if a reinforce-
ment learning algorithm has a regret upper bound of O(v/T) under one definition,
the same rate applies to the other, in both of the asymptotic and non-asymptotic
frameworks. While this equivalency was claimed in the literature without a proof, our
concentration results provide a formal proof for this relation.

4. Lastly, we investigate several extensions of our results to other frameworks. In partic-
ular, we derive non-asymptotic concentration bounds for the cumulative reward in the
infinite-horizon discounted reward and finite-horizon MDP frameworks. These bounds
include an Azuma-Hoeffding-type inequality along with a non-asymptotic version of
the law of iterated logarithm. Using the vanishing discount analysis, we show that
under appropriate conditions, the concentration bounds for discounted reward MDPs
approach to the concentration bounds for the average reward MDPs as the discount
factor approaches 1. Moreover, we establish the non-asymptotic concentration bounds
for models with stochastic reward, i.e., models in which reward is a function of an
exogenous process in addition to state and action.

1.2 Organization

The rest of this paper is organized as follows. The problem formulation, along with the
underlying assumptions, are presented in Sec. 2. The main results for the average reward
setting are presented in Sec. 3. The main results for the discounted reward setting are
presented in Sec. 4. The main results for the finite-horizon setting are presented in Sec. 5.
The extension of our results to the case with stochastic reward is presented in Sec. 6. Our
concluding remarks are presented in Sec. 7. Moreover, App. A presents a background dis-
cussion on Markov chain theory. App. B presents a background discussion on concentration
of martingale sequences. Proofs of main results are presented in the remaining appendices:
App. C for the average reward MDPs, App. D for the discounted reward MDPs, and App. E
for the finite-horizon MDPs.

1.3 Notation

The symbols R and IN denote the sets of real and natural numbers and R denotes the
set of positive real numbers. The notation lim,4; means the limit as v approaches 1 from
below. Given a sequence of positive numbers {a; }+>0 and a function f: IN — R, the notation
ar = O(f(T)) means that limsupy_, . ar/f(T) < co and ar = O(f(T)) means there exists
a finite constant a such that ar = O(log(T)* f(T)).
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Given a finite set S, |S| denotes its cardinality and A(S) denotes the space of probability
measures defined on §. For a function V': & — R, the span of the function sp(V) is defined
as

V)= V(s) — min V (s).

sp(V) = max V(s) — min V(s)
Given a probability space (€2, F, P), the notation IE denotes the expectation operator. Given
a sequence of random variables {S;}+>0, So. is a short hand for (Sp,...,S:) and o(Sp.) is
the sigma-field generated by random variables Sy.;. The notation S ~ p denotes that the
random variable S'is sampled from the distribution p. The standard Gaussian distribution is

d
denoted by N (0, 1). Convergence in distribution is denoted by Q, almost sure convergence

is denoted by M), and convergence in probability is denoted by @). The phrase almost

surely is abbreviated as a.s. and the phrase infinitely often is abbreviated as ¢.0. The phrases
right hand side and left hand side are abbreviated as RHS and LHS, respectively.

2. Problem Formulation

2.1 System Model

Consider a Markov Decision Process (MDP) with state space S and action space A. We
assume that S and A are finite sets and use S; € S and A; € A to denote the state and
action at time t. At time t = 0, the system starts at an initial state Sy, which is a random
variable with probability mass function p. The state evolves in a controlled Markov manner
with transition matrix P, i.e., for any realizations sg.t4+1 of Sp.t4+1 and ag.r of Ag.t, we have:

P(St—H = 3t+1|SO:t = 50:¢, Aot = ao:t) = P(St+1\3t7 at)-

In the sequel, we will use the notation E[f(S4)|s,a] to denote the expectation with respect
to P, i.e.,
E[f(S+)]s,a] Z f(s4)P(s+]s,a).

s+E€S

At each time ¢, an agent observes the state of the system S; and chooses the control action
as Ay ~ m(Sot, Ao:t—1), where m; : St x A'™1 — A(A) is the decision rule at time t. The
collection m = (mp,71,...) is called a policy. We use II to denote the set of all (history
dependent and time varying) policies.

At each time ¢, the system yields a per-step reward r(S, A;), where r : Sx A — [0, Ryax]-
Let R7. denote the total reward received by policy 7 until time 7', i.e.

T-1
Z T St, At where At ~ W(So;t, A(]:t—l)-
t=0

Note that R7T is a random variable and we sometimes use the notation RT.(w), w € Q, to
indicate its dependence on the sample path. The long-run expected average reward of a
policy w € II starting at the state s € S is defined as

1
J™(s) = liTnLiorng]E” [RF|So =s|, VseS,
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where E™ is the expectation with respect to the joint distribution of all the system variables
induced by 7. The optimal performance J* starting at state s € S is defined as

J*(s) =sup J"(s), VseS.
mell

A policy 7* is called optimal if
J(s) = J*(s), VseS.

2.2 The Average Reward Planning Setup
Suppose the system model M = (P,r) is known.

Definition 1 Given a model M = (P,r), define llsp C II to be the set of all stationary
deterministic Markov policies, i.e., for any m = (7o, 71,...) € Hgp, we have mp : § — A
(i.e., Ay = m(St)), and m; is the same for all t.

With a slight abuse of notation, given a decision rule 7 : § — A, we will denote the
stationary policy (m,m,m,...) by 7 and interpret R} and J™ as REFW’W"") and J(™m) | re-
spectively. A stationary policy m € Ilgp induces a time-homogeneous Markov chain on S
with transition probability matrix

Pﬂ(8t+1|8t) = P(St+1|8t,77(5t)), VSt7St+1 eS.

Definition 2 (AROE Solvability) A model M = (P,r) is said to be AROE (Average
Reward Optimality Equation) solvable if there exists a unique optimal long-term average
reward \* € R and an optimal differential value function V*: S — R that is unique up to
an additive constant that satisfy:

A"+ V*(s) = max [r(s, a) + E[V*(54)]s, aH, Vs e S. (AROE)

acA

Definition 3 Given a model M = (P,r), a policy m € llgp is said to satisfy ARPE
(Average Reward Policy Evaluation equation) if there exists a unique long-term average
reward A\ € R and a differential value function V™: S — R that is unique up to an additive
constant that satisfy:

AT+ VT (s) =r(s,m(s)) + E[VT(Sy)|s,m(s)], VseS. (ARPE)

Definition 4 Given a model M = (P,r), define IIar C Ilgp to be the set of all stationary
deterministic policies which satisfy (ARPE).

The next two propositions follow from standard results in MDP theory.

Proposition 5 (Bertsekas (2012a, Prop. 5.2.1.)) Suppose model M = (P,r) is AROE
solvable with a solution (X\*,V*). Then:

1. Forall s € S, J*(s) = A\*.
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2. Let * € Ilgp be any policy such that 7*(s) is an argmaz of the RHS of (AROE).
Then * is optimal, i.e., for all s € S, J™ (s) = J*(s) = \*.

3. The policy ™ in item 2 belongs to llar. In particular, it satisfies (ARPE) with a
solution (\*,V*).

Proposition 6 (Bertsekas (2012a, Prop. 5.2.2)) For any policy m € llar, we have
JT(s) = A", for all s € S.

We assume that model M satisfies the following assumption.

Assumption 1 The model M = (P,r) is AROE solvable. Hence, there exists an optimal
policy ™ € lIAR.

Proposition 5 implies that under Assumption 1, J*(s) is constant. In the rest of this section
we assume that Assumption 1 always holds and denote J*(s) by J*.

2.3 Classification of MDPs

We present the main results of this paper for the policy class [Iagr under Assumption 1.
However, by imposing further assumptions on M, we can provide a finer characterization
of the set IIar and provide sufficient conditions to guarantee Assumption 1. We recall
definitions of different classes of MDPs. Depending on the properties of states following the
policies in Ilgp, we can classify MDPs to various classes.

Definition 7 (Kallenberg (2002)) We say that M is

1. Recurrent (or ergodic) if for every policy = € Ilgp, the transition matriz P™
consists of a single recurrent class.

2. Unichain if for every policy m € llgp, the transition matriz P™ is unichain, i.e., it
consists of a single recurrent class plus a possibly empty set of transient states.

3. Communicating if, for every pair of states s,s' € S, there exists a policy m € Ilgp
under which s’ is accessible from s.

4. Weakly Communicating if there exists a closed set of states S. such that (i) for
every two states s,s’ € S., there exists a policy m € Ilsp under which s’ is accessible
from s; (ii) all states in S\ S. are transient under every policy.

See App. A for the details related to the definitions of Markov chains. The following
proposition shows the connections between the MDP classes defined above.

Proposition 8 (Puterman (2014, Figure 8.3.1.)) The following statements hold:
1. If M is recurrent then it is also unichain.
2. If M is unichain then it is also weakly communicating.

3. If M is communicating then it is also weakly communicating.
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By definition, we know that 1Iyg C Ilsp. However, providing a finer characterization of the
set IIaRr requires further assumptions on the model M. The following proposition presents
a sufficient condition for M under which IIyr = Ilgp, as well as conditions guaranteeing
that IIar is non-empty, showing the existence of an optimal policy 7* € IIaR.

Proposition 9 (Puterman (2014, Table 8.3.1.)) The following properties hold:
1. If M is recurrent or unichain, then Ilgp = IIaR.

2. If M 1is recurrent, unichain, communicating, or weakly communicating, then there
exists an optimal policy 7 € lIar. Hence lIzR is non-empty.

2.4 The Average Reward Learning Setup

We now consider the case where the system model M = (P, r) is not known. In this case,
an agent must use a history dependent policy belonging to II to learn how to act. To
differentiate from the planning setting, we denote such a policy by p and refer to it as a
learning policy. The quality of a learning policy p € II is quantified by the regret with
respect to the optimal policy 7*. There are two notions of regret in the literature, which
we state below.

1. Interim cumulative regret!' of policy x at time 7', denoted by ﬁ%(w), is the dif-
ference between the average cumulative reward (i.e., T'J*) and the cumulative reward
of the learning policy, i.e.,

Rb(w) =TJ* — R (w). (1)

2. Cumulative regret of policy p at time T, denoted by R%.(w), is the difference
between the cumulative reward of the optimal policy and the cumulative reward of
the learning policy along the same sample trajectory, i.e.,

Ri-(w) = R} (w) — Rf(w). (2)

Cumulative regret compares the sample path performance of the learning policy with the
sample path performance of the optimal policy on the same sample path, while the interim
cumulative regret compares the sample path performance of the learning policy with the
average performance of the optimal policy.

In this paper, we characterize probabilistic upper-bounds on the difference between the
regret and the interim regret and establish that up to @(\/T ), these two definitions are
rate-equivalent under suitable assumptions.

Let Df.(w) denote the difference between the cumulative regret and the interim cumu-
lative regret, i.e., Df(w) = Ry (w) — RY(w). Tt follows from (1)-(2) that

Dh(w) = RF (w) = TJ* (3)

which implies that D (w) is not a function of the learning policy p and it only depends on
the cumulative reward received by the optimal policy. Therefore, we drop the dependence

1. In the stochastic bandit literature, this definition is sometimes being refereed to as the pseudo regret



SAYEDANA, CAINES, AND MAHAJAN

on y in our notation and denote the difference between the cumulative regret and the interim
cumulative regret by Dr(w). In this paper, we characterize asymptotic and non-asymptotic
guarantees for the random sequence {Dr(w)}r>1.

Remark 10 Let IT* C II14r denote the set of all optimal policies that satisfy AROE. As-
sumption 1 implies that II* # () but in general, |II*| may be greater than 1. If that is the
case, our results are applicable to all optimal policies in 11*.

3. Main Results for the Average Reward Setup
We first define statistical properties of the differential value function which is induced by
any policy 7 € IIaR.
3.1 Statistical Definitions
For any policy 7 € IIsR, define the following properties of the value function V7.
1. Span H™, which is given by

H™ = sp(V™) = ™(s) — min V7(s). 4
p(V™) = max V7 (s) — min V7(s) (4)

2. Conditional standard deviation o™ (s), which is given by

o™ (s) = [B[(V7(S,) ~ B[V (S)]s.7(s)])’ }1/2.

s,7m(s)]
3. Maximum absolute deviation K™, which is given by

K™ := max ‘V”(s+) —E[V™(S4)

5,54 €S

s, W(S)] ‘ (5)

For any optimal policy * € IIzg, we denote the corresponding quantities by H*, o*(s),
and K*.

Remark 11 As mentioned earlier, the solution of (ARPE) is unique only up to an additive
constant. Adding a constant to V™ does not change the values of H™, K™, and ¢™. Therefore
it does mnot matter which specific solution of (ARPE) is used to compute H™, K™, and o™ .

Definition 12 (Bartlett and Tewari (2009)) Let the expected number of steps to tran-
sition from state s to state s' under a policy w € lgp be denoted by T™(s,s’). For any policy
7w € lgp, the diameter of the policy D™ is defined as

D™ := max T7(s,s).
s,8'€S

For the model M, the diameter D and the worst case diameter D,, are defined as

D = max min T7(s,s 6
g min (s,5), (6)
s#s’
D, = max max T7(s,s'). 7
w WGHSD S,S/ES ( ’ ) ( )
s#£s'

10
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Lemma 13 Following relationships hold between the quantities H™, K™, and o™ :

1. For any policy m € lIpr, we have

0"(s) < K"<H" <00, VseS. (8)

2. If M is communicating, then for any policy m € Ilar, we have H™ < DT Rpax-
Therefore,
0"(s) < K" < H" < D"Rpax < DyRpmax, Vs€S. (9)

3. If M is weakly communicating, then for any optimal policy m* € Ilar, we have H* <
DRyax. Therefore,

0*(s) < K* < H* < DRuax, VS€ES. (10)

The proof is presented in App. C.1.3.

This section presents three families of results. In Sec. 3.2, we present a set of sample
path properties for R7.(w) for any policy m € IIagr, depicting both asymptotic and non-
asymptotic concentration of R7.(w) around its ergodic mean. In Sec. 3.3, we apply these
concentration results to characterize the sample path behavior of the difference between
any two policies belonging to IIsr, while in Sec. 3.4, we apply these results to the optimal
policy 7* to derive the properties of the difference between the cumulative regret and the
interim cumulative regret Dp(w).

3.2 Sample Path Characteristics Of Any Policy

In this section, we derive asymptotic and non-asymptotic sample path properties of R7.(w)
for any policy w € I[Iar. The following theorem characterizes the asymptotic concentration
rates of RT.(w), establishing LLN, CLT and LIL.

Definition 14 Let {¥] };>¢ denote the random process defined as

t—1
5=0, DF =Y 078>
7=0
Corresponding to this process, define the set Qf as
L . 3 0 —
5 = {wGQ : tanOlOEt(w)—oo}.
Theorem 15 For any policy m € Ilar and any initial state sg € S, we have following

asymptotic characteristics:

1. (Law of Large Numbers) The empirical average of the cumulative reward converges
almost surely to J™, i.e.,

I
Tgréo T

a.s. (11)
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2. (Central Limit Theorem) Assume that P(Qf) = 1. Let the stopping time vy be defined
as v; = min {T >1: Y5> t}. Then

Ry (w) —vpJT (g
Th_r)rolo T — N(0,1). (12)

3. (Law of Iterated Logarithm) For almost all w € Qf, we have

RT -TJ" RT -TJ"
lim inf T(w) =—1, limsup T()

T—oo /2%7 log log X7, T—oo /227 loglog X7

The proof is presented in App. C.2.

=1. (13)

Corollary 16 For any optimal policy w* € II*, the cumulative reward Rg* (w) satisfies the
asymptotic concentration rates in (11)—(13), where in the LHS, J™ is replaced with J*.

Proof Since 7* is in IIpxr, by Theorem 15, the optimal policy should satisfy the asymptotic
concentration rates in (11)—(13). [ |

The proof of Theorem 15 relies on the finiteness of K™. However, due to the asymptotic
nature of this result, the exact sample complexity dependence of these bounds on properties
of the differential value function V™ is not evident. The following theorem establishes the
concentration of cumulative reward around the quantity TJ™ — (V™ (S7) — V™ (5)).

Theorem 17 For any policy m € Ilar, the following upper-bounds hold:
1. For any ¢ € (0,1), with probability at least 1 — 0, we have

|RT, — TJ™ — (V™(So) — V™(S7))| < K™y/2T log % (14)

1 4
2. For any ¢ € (0,1), for all T > T (9) = [% log 51, with probability at least 1 — ¢,
we have
T 2
|RT —TJ™ — (V™(So) — V™ (Sr))| < max {K”\/BT(Q log log 37 + log 5), (K”)z}.

(15)

The proof is presented in App. C.3.

Theorem 17 establishes a sample path dependent concentration result. The following
theorem establishes a sample path independent finite-time concentration of R}.(w) as a
function of the statistical properties of V7.

Theorem 18 For any policy m € lIar, following upper-bounds hold:

1. For any ¢ € (0,1), with probability at least 1 — &, we have

/ 2
|RT — TJ™| < K™y/2T log S (16)

12
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2. For any 6§ € (0,1), for all T > T§(6) = [

we have

1 4
% log 5-| , with probability at least 1 — ¢,

3T 2
|RE. — TJ™| < max {K”\/?)T(Q log log - + log 5), (K”)Q} +HT. (17

The proof is presented in App. C.4.

Corollary 19 For any optimal policy ©w* € II*, the cumulative reward Rr}* (w) satisfies the
non-asymptotic concentration rates in (16)—(17), where in the LHS, J™ is replaced with J*
and in the statement and RHS, (K™, H™) are replaced with (K*, H*).

Proof Since n* is in IIzg, by Theorem 18, the optimal policy should satisfy the non-
asymptotic concentration rates in (16)—(17). [ |

Corollary 20 If M is unichain or recurrent, then any policy m € Ilsp satisfies asymptotic
concentration rates in (11)—(13) and non-asymptotic concentration rates in (16)—(17).

Proof By Prop. 9, for the unichain or recurrent model M, we have IIpagr = Ilgp. As a
result, any policy m which belongs to Ilgp also belongs to IIar. Therefore, by Theorem 15,
the asymptotic concentration rates in (11)—(13) hold for the policy 7 and by Theorem 18,
the non-asymptotic rates in (16)—(17) hold for the policy =. [ |

Corollary 21 If M is recurrent, unichain, communicating, or weakly communicating, then
every optimal policy 7 € II* satisfies asymptotic concentration rates in (11)—~(13) and non-
asymptotic concentration rates in (16)—(17). (Prop. 9 shows that there exists at least one
such policy.)

Proof By Prop. 9, for any model M which is recurrent, unichain, communicating, or
weakly communicating, there exists an optimal policy 7* belonging to IIpr. As a result,
by Corollary 16, the asymptotic concentration rates in (11)—(13) hold for every optimal
policy m* € IIpRr. Furthermore, by Corollary 19, the non-asymptotic concentration rates in
(16)—(17) hold for every optimal policy 7* € IIzR. [ ]

In Theorem 18, the upper-bounds are established in terms of K™ and H™. To compute
K™ and H™, one must solve the corresponding (ARPE) equation. At the cost of loosening
these bounds, we derive upper-bounds which are in terms of the diameter of the policy
D™ and the maximum reward Rp.x. As a result, these upper-bounds only depend on the
properties of the Markov chain induced by 7 and Ry ax.

Corollary 22 Suppose M is communicating. For any policy m € 1laRr, following upper-
bounds hold:

13
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1. For any ¢ € (0,1), with probability at least 1 — 0, we have

/ 2
|RT — TJ™| < D™ Rpax /2T log s+ D™ Riax. (18)

173

4
2. For any § € (0,1), for all T > Ty(6) == [Wlog 5—" with probability at least

1 -0, we have

3T 2
|R§. — TJ7| < max {D“Rmax\/3T(2log log - +log 5), (D“RmaX)Q} n D“Rma&x. |
19

The proof is presented in App. C.5.

Corollary 23 If M is communicating or weakly communicating, then for any optimal pol-
icy ™ € II*, the cumulative reward R}* (w) satisfies the non-asymptotic concentration rates
in (18)—(19), where in the LHS, J™ is replaced with J* and in the RHS, D™ is replaced with
D.

The proof is presented in App. C.6.

In the Corollary 22, the dependence of upper-bounds on the parameters of M are
reflected through D™ Ry This implies that if the diameter of the policy D™ or maximum
reward Ry.x increases, these upper-bounds loosen with a linear rate.

Remark 24 The upper-bounds derived in Corollary 22 depend on the diameter of the policy
D™ and are therefore policy-dependent. If M is communicating or weakly communicating,
by Lemma 13, Part 2, we can replace the diameter of the policy D™ with the worst case
diameter D, to get policy-independent upper-bounds. For brevity, we omit this result.

3.3 Sample Path Behavior of the Performance Difference of Two Stationary
Policies

As an implication of the results presented in the Sec. 3.2, we characterize the sample path
behavior of the difference in cumulative rewards between any two stationary policies. As
a consequence, we derive the non-asymptotic concentration of the difference in rewards
between any two optimal policies. These concentration bounds are presented in the following
two corollaries.

Corollary 25 Consider two policies m1,mo € lar. The following upper-bounds hold for
the difference between the cumulative reward received by the two policies.

1. For any ¢ € (0,1), with probability at least 1 — &, we have

1 1
< K™y [2Tlog < + H™ +Kﬁ2,/2Tlogg + H™,

(20)

R — R| — |TJ™ —TJ™)

14
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1 1
2. For any § € (0,1), for all T > T§(5) = max{h;i log g-‘, {% log %1}, with
probability at least 1 — §, we have

4
MR;I _R;?‘ - ’TJTH _TJW2| Smax KWI\/ 2]Og10g7 +10g5> (K7r1)2} + H™

3T 4
+max K”Q\/3T 210glog—+log5> (K”2)2}+H’r2.
(21)

The proof is presented in App. C.7.

Corollary 26 Consider two optimal policies w7, n5 € II*. Then for the difference between
cumulative rewards received by the two optimal policies ‘R;r} - R;r? , we have

1. For any ¢ € (0,1), with probability at least 1 — 0, we have

s 5 * 4 *
\RTI—RT2}§2(K ,/2Tlog5+H). (22)

{173

2. For any § € (0,1), for all T > T§ (8) = o

we have

log §—‘, with probability at least 1 — 4,

J

IR} - RJ?| < 2<max {K*\/3T<2 log log % +log %) (K*)2} + H) (23)

Proof Since both policies 7], 75 € IIar are optimal policies, by the definition, we have
J™ = J™2 = J* and therefore, T‘J’TI — J”5| = 0. As a result, by Corollary 25, the differ-
ence !R;l — R;Q‘ satisfies the non-asymptotic concentration rates in Corollary 25 with the
RHS of (20)—(21) being simplified to RHS of (22)—(23). [ |

Remark 27 Similar to the Corollary 22, by imposing the assumption that M is communi-
cating or weakly communicating, we can derive the counterpart of (20)—~(21) and (22)—(23)
in terms of D™ Ryax respectively. For brevity, we omit this result.

3.4 Implication for Learning

In this section, we present the consequences of our results on the regret of learning algo-
rithms. We characterize the asymptotic and non-asymptotic sample path behavior of the
difference between cumulative regret and interim cumulative regret. Recall that for any
learning policy y, this difference is defined as Dr(w) = RY.(w) — RY.(w). Similar to The-
orem 15, we characterize the asymptotic concentration rates of {Dr(w)}r>1, establishing
LLN, CLT and LIL.

15
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Definition 28 Let {¥}}i>¢ denote the random process defined as

t—1
So=0, ;=) o*(S)%
7=0
Corresponding to this process, we define the set € as
Qf = {w € tlggozt(w) = oo}
Theorem 29 For any learning policy p, the difference Dr(w) of cumulative regret and

interim cumulative regret satisfies following properties.

1. (Law of Large Numbers) The difference almost surely grows sub-linearly, i.e.

. Drw) _
Tlgrolo T =0, a.s.

2. (Central Limit Theorem) Assume that P(}) = 1. Let stopping time vy be defined as
vy '= min {T >1: Y5> t}. Then

Dy, (w) (d)

lim — N(0,1).

T—o00 \/T

3. (Law of Iterated Logarithm) For almost all w € Qf, we have

D D
lim inf r(w) =—1, limsup r(w)

T—oo /2% 7 loglog X7, T—oo /227 loglog X7

Proof is presented in App. C.8.

In addition to the asymptotic results presented in Theorem 29, we present non-asymptotic
guarantees for the sequence {Dr(w)}r>1. Similar to Theorem 18, we characterize the non-
asymptotic concentration of Dy (w) as a function of statistical properties of V* (i.e., K* and

~1. (24)

Theorem 30 The difference of cumulative regret and interim cumulative regret Dy (w) sat-
isfies:

1. For any ¢ € (0,1), with probability at least 1 — 0§, we have

|Dr(w)] < K*\/2Tlog§ + H*.

173 4
2. For any § € (0,1), for all T > T;(0) = {F log ﬂ , with probability at least 1 — J,

we have

3T 2
|DT(W)| < maX{K*\/3T<210glog2 + log 3>’ (K*)Z} T H*

16
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Proof is presented in App. C.9. As mentioned earlier, the difference Dy (w) does not depend
on the learning policy p. Therefore, the results of Theorem 30 do not depend on the choice
of the learning policy either.

In Theorem 30, the upper-bounds are established in terms of K* and H*. Similar to
Corollary 22, we can derive upper-bounds in terms of model parameters D and Ry« at the
cost of loosening the upper-bounds. These bounds are presented in the following Corollary.

Corollary 31 Suppose M is recurrent, unichain, communicating, or weakly communicat-
ing, then Dy(w) satisfies following properties.

1. For any ¢ € (0,1), with probability at least 1 — 0, we have

2
|Dr(w)| < DRmaxy/ 2T log 5 + D Runax.

173 4
ot 1] with probabiity o tast 1,
DR og 51 with probability at least )

2. For any 0 € (0,1), for all T > Ty(9) = {

we have

3T 2
|Dr(w)| < max {DRmaX\/3T (2 log log - + log 5), (DRmaX)Q} + DR

Proof is presented in App. C.10.

Remark 32 Notice that conditions of Corollary 31 are weaker than the conditions of Corol-
lary 22. As a result, Corollary 31 can be applied to broader classes of M. This difference
originates from the difference between items (2) and (3) in Lemma 13.

In this section, we established probabilistic upper-bounds for the difference between
cumulative regret and interim cumulative regret. We showed, asymptotically and non-
asymptotically, the growth rate of this difference is upper-bounded by O(v/T). This implies
that if we establish a regret rate of O(v/T) for a learning algorithm f using either of the
definitions, similar regret rate hold for the algorithm g using the other definition. This
result is presented in the following theorem.

Theorem 33 For any learning policy p we have:

1. The following statements are equivalent.

2. The following statements are true.

(a) Suppose for a learning algorithm p and any § € (0,1), there exists a Tp(0) such
that for all T > Ty(0), with probability at least 1 — 0, we have R (w) < OWT),
where O(-) notation functionally depends upon constants related to M and §.
Then for any § € (0,1), there exists T1(0) such that for all T > T1(9), with
probability at least 1 — 5, we have Rh.(w) < O(VT).

17
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(b) Suppose for a learning algorithm p and any 6 € (0,1), there exists a To(d) such
that for all T > Ty(3), with probability at least 1 — &, we have R (w) < O(T),
where @() notation functionally depends upon constants related to M and §.
Then for any § € (0,1), there exists T1(5) such that for oll T > T1(9), with
probability at least 1 — 5, we have Rb(w) < O(VT).

Proof is presented in App. C.11.

4. Main Results for the Discounted Reward Setup

In this section, we extend the non-asymptotic concentration results that we established for
the average reward setup to the discounted reward setup.

4.1 System Model

Consider a discounted reward MDP with state space S and action space A. Similar to
Sec. 2, we assume that S and A are finite sets. The state evolves in a controlled Markov
manner with transition matrix P and at each time ¢, the system yields a per-step reward
7(St, Ar) € [0, Rmax]. Let v € (0,1) denote the discount factor of the model. The definitions
of policies and policy sets II and Ilgp are similar to Sec. 2. The discounted cumulative
reward received by any policy 7 is given by

T-1
R (w) = Z vr(Si, Ar), where, Ay = 7(Sot, Ag:—1), w € .
=0

Note that R7."(w) is a random variable. For this model, the long-run expected discounted
reward of policy 7w € Ilgp starting at the state s € S is defined as
V(s ::IE”[ lim R%Y | S :s}, Vs €S,
5y ( ) Tone T ‘ 0
where [E™ is the expectation with respect to the joint distribution of all the system variables

induced by m. We refer to the function VI as the discounted value function corresponding
to the policy m. The optimal performance V7 starting at state s € S is defined as

Vi(s) = frlelg V7i(s), VseS.

A policy 7* is called optimal if

Definition 34 A discounted model M is said to satisfy DROE (Discounted Reward Op-
timality Equation) if there exists an optimal discounted value function Vi S = R that
satisfies:

Vi(s) = max [7’(3, a) +yE[VI(Sy) | s, a]}, Vs e S. (DROE)

18
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Definition 35 Given a discounted model M, a policy m € llgp is said to satisfy DRPE
(Discounted Reward Policy Evaluation equation) if there exists a discounted value function
VI8 — R that satisfies:

Vi(s) =r(s,m(s)) +7E [Vf(S;) | s,7(s)], VseS. (DRPE)

Proposition 36 (Bertsekas (2012a, Prop. 1.2.3-1.2.5)) For a discounted model M,
following statements hold:

1. Any policy m € lgp satisfies (DRPE).

2. Let ™ be any policy such that 7*(s) is an argmazx of the RHS of (DROE). Then 7*
is optimal, i.e., for all s € S, Vf* (5) = V7 (s)

3. The policy 7 in step 2 belongs to Ilgp. In particular, it satisfies (DRPE) with a
solution V.

4.2 Sample Path Characteristics of Any Policy

For any policy m € Ilgp, we define following statistical properties of the discounted value
function V.

1. Span of the discounted value function V' given by

H™" =sp(V]) = max VI(s) — rsrélg VI (s). (25)

2. Maximum absolute deviation of the discounted value function VT is given by

K™= max [V] (s4) = B[V () | 57(s)] ‘ (26)

For any optimal policy 7* € Ilgp, we denote these corresponding quantities by H*7, and
K*™7. Similar to the results in Theorem 17 for the average reward setup, we can derive
non-asymptotic concentration results for the discounted reward setup. These results are
presented in the following theorem. To simplify the notation, let

2 27+2
ot V7

1—12

B

(1) =) v

t=1

An immediate implication of the definitions of R},” and V.7 (s) is that
E [R;” + 4TV (Sr) — VI (So)| = 0.

In this section, we show that with high-probability R} concentrates around VI(Sp) —
'yTVVW(ST) and characterize the concentration rate.

Theorem 37 For any policy m € llsp and any s € S, we have:

19
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1. For any ¢ € (0,1), with probability at least 1 — 0, we have

’ R — (VI (So) — VTVJ(ST))\ < KWW- (27)

1 4
2. For any 6 € (0,1), if limp_oo fY(T7) > K?V log 5 then for all T > Ty(0) =
1 4
min {T’ >1: (T > KZ?),Y log g}, with probability at least 1 — &, we have

[R5 = (V2(So) - 27V (S1))|

< max {Km\/?,fv(T) (2 log log (gf’Y(T)) +log %) (K’W)Z}. (28)

The proof is presented in App. D.1.

Corollary 38 For any policy m € llsp and any s € S, we have:

1. For any ¢ € (0,1), with probability at least 1 — 0, we have

Y3 s i 2 ’YT
‘RT,v — v (So)) < K™\ [2/7(T) log < + mRmx. (29)
1 , 173 4
2. For any 6 € (0,1), if imp o fY(T") > valog 5 then for all T > Ty(0) =
173 4
: ! . ¥ ! = . .7 .
min {T >1:fU(T") > I log 5}, with probability at least 1 — 0, we have

75 i)

3 2 T
< s {6794 [377(7) (2og o £7(1) 108 2), (K77} + 17 R
-7
(30)
The proof is presented in App. D.2.
Corollary 39 For any optimal policy 7* € llgp, the discounted cumulative reward R?"y(w)
satisfies the non-asymptotic concentration rates in (27)—~(30), where in the LHS, V] (s) is

replaced with V;(s) and in the statement and RHS, K™7 is replaced with K*7.

Proof Since 7* is in IIgp, by Theorem 37 and Corollary 38, the optimal policy satisfies the
non-asymptotic concentration rates in (27)—(30). [ |

20
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4.3 Sample Path Behavior of Performance Difference of Two Stationary
Policies

As an implication of the results presented in the Sec. 4.2, we characterize the sample path
behavior of the difference in discounted cumulative rewards between any two stationary
policies. As a consequence, we derive the non-asymptotic concentration of the difference
in rewards between any two optimal policies. These concentration bounds are presented in
the following two corollaries.

Corollary 40 Consider two policies 71, m2 € Ilsp. Let {S;'}i>0 and {S]?}i>0 denote the
random sequences of the states encountered by policy m and my respectively. Following
upper-bounds hold for the difference between the discounted cumulative reward received by
the two policies.

1. For any ¢ € (0,1), with probability at least 1 — &, we have

[R5 = R = | [V (S5 =2V (Sp)] = [V(s5) =27V (s |

4 4
< K™ 2f’Y(T)10g5+K7T2’"Y 2f7(T) logg. (31)
- 173 4 s
2. For any € (0,1), if limpr_, o fY(T") > o log 5 define Tg' (5) as
w0113 8y
T3 (5) = mm{T >1: T > logg}, i e {1,2). (32)

Then, for all T > T§(6) = max{Tgl(%),TérQ(%)}, with probability at least 1 — §, we
have

[[R7 = By | — |V (83) — ATV (7)) — [VER(s2) — ATV (sp)] |

< max {KW\/ 3/7(T)(210glog ng(T) +log %) (rem)2 )

4

+ max {K”Q’V\/SfV(T) (2 loglog gf"/(T) + log 5), (K”Q’V)Z}. (33)

The proof if presented in App. D.3.

Corollary 41 Consider two optimal policies w7}, 75 € Ilsp. Let {SZTT >0 and {ng He>o
denote the random sequences of states encountered by optimal policies T} and 75. To simplify
the expression, we assume the system starts at a fized initial state, i.e., Sgi = Sg;. Then
for the difference between discounted cumulative rewards received by the two optimal policies

T, T,
{RTl - R}? V‘, we have:

1. For any ¢ € (0,1), with probability at least 1 — &, we have

T oY %7 T P % 4
R = RE7| =5y (s7) = vy (sphl| < 2(K0y 20 (M) log ). (34)
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2. Consider T5 () defined in (32). For any § € (0,1), for all T > T¢ (%), with proba-
bility at least 1 — &, we have

1557 = R | =T (55 - Vi (57|

< 2<max {K*” \/3fw(T) (2 log log (%fv(T)) +log %) (K*”)Z}). (35)
Proof Since both policies 7], 75 € Ilgp are optimal policies, by the definition, we have
Vi (s) = V2 (s) = Vi(s), Vs€S, Vye(0,1).
As a result, by the assumption that Sg (- Sg 2 we have
=0.

VI(Soh) — V5 (5p*)

In addition, we have
K™Y = K™ = K*7 Yy e (0,1).

As a result, by Corollary 40, the difference }Rﬁ’V — R?’V‘ satisfies the non-asymptotic
concentration rates in Corollary 40 with the RHS of (31) and (33) being simplified to RHS
of (34)—(35). [ |

4.4 Vanishing Discount Analysis

In order to observe the connection between the upper-bounds established in Theorem 17
and Theorem 37, we investigate the asymptotic behavior of these two upper-bounds as the
discount factor v goes to 1 from below (i.e., v 1 1). This characterization is stated in the
following Corollary.

Corollary 42 For any policy m € lIar, we have the following asymptotic relations between
the bounds in Theorem 17 and Theorem 37.

1. Asy goes to 1 from below, the quantity in the LHS of (27)—(28) converges to the LHS
of (14), i.e.,

lim [REY = (VF(S0) = 4TV7 (S1))| = |BF = T + (V(S0) = V™ (51)) |

2. As vy goes to 1 from below, the RHS in (27) converges to the RHS in (14), i.e.,

2 2
lim | K™ /2f7(T)log = | = K™(/2T log =.
ﬁﬁl{ ( )Oga] g

3. As v goes to 1 from below, the RHS in (28) converges to the RHS in (15), i.e.,

y11
T 2
=max {.K’r\/3T<210g10g32 + log 5)7 (KW)Q}.

22
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Proof is presented in App. D.4.

Remark 43 The non-asymptotic characterizations are established in Theorem 37. Since
the discounted cumulative reward R7" is finite for M, we cannot provide any asymptotic
characterization for this quantity. However, Corollary 42 shows that as the discount factor
v goes to 1 from below, the non-asymptotic concentration behavior of R} resembles the
non-asymptotic concentration of RT. This gives a complete picture of concentration rate of
RT" and RY.

5. Main Results for the Finite-Horizon Setup

In this section, we extend the non-asymptotic concentration results that we established for
the average reward and discounted reward setups to the case of finite-horizon setup.

5.1 System Model

Consider an MDP with state space S and action space A. Similar to Sec. 2, we assume that
S and A are finite sets. The state evolves in a controlled Markov manner with transition
matrix P and at each time ¢, the system yields a per-step reward r(S, A;) € [0, Rmax]. Let
h € R denote the horizon of the problem. The definitions of policy and policy set II are
similar to Sec. 2.

Definition 44 Given a model M = (P,r,h), define llpp to be the set of finite-horizon
deterministic policies, i.e., for any m = (7o, m1,...,7) € Upp, we have 7y : S — A (i.e.,
A = m(St)), but m may depend upon t.

The cumulative reward received by any policy = € IT up to time T (T is not necessarily
equal to h) is given by

~

R;’h(w) = r(St, A¢), where, Ay = w(So, Aot—1), weQ, T <h+1
t

I
=)

Note that Rg’h(w) is a random variable. For this model, the expected total reward of any
policy 7w € II starting at the state s € S is defined as

J™h(s) = ET [R;;fl | So = s}, Vs €S,

where E™ is the expectation with respect to the joint distribution of all the system variables
induced by m. The optimal performance J*"(s) starting at state s € S is defined as

J*(s) = sup J™"(s), VseS.
mell

A policy 7* is called optimal if

Jh(s) = T (s), VseS.
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h+1

0 :S—= R

Definition 45 The sequence of finite-horizon optimal value functions {Vt*h
is defined as follows
Vhihl(s) =0, Vses,

and fort € {h,h—1,...,0}, recursively define V;*’h(s) based on the FHDP (Finite-Horizon
Dynamic Programming equation) given by

Vt*’h(s) = max |:T‘(S, a)+ IE)[Vti}f(S_Q } s, a]}, Vs € S. (FHDP)

acA

Definition 46 Given a policy w € Ilpp, the sequence of finite-horizon value functions

{Vtﬂ’h ?:01 : S — R corresponding to the policy 7 is defined as follows

V,fﬁ(s) =0, VseS,

and fort € {h,h—1,...,0}, recursively define Vtﬂ’h(s) based on the FHPE (Finite-Horizon
Policy Evaluation equation) given by

VoM (s) = 7(s,m(s)) + B[V1(SL) | s,m(s)], VseS. (FHPE)

Proposition 47 (Bertsekas (2012b)) Let n* = (7§, 77,...,7}) € Hgp be a policy such
that 7} (s¢) denote the argmaz of (FHDP) at stage t. Then the policy 7 is optimal, i.e.,
forall s € S, J7h(s) = J*"(s).

5.2 Sample Path Characteristics of Any Policy

For any policy 7 € Ilgp, we define following statistical properties of the sequence of finite-

horizon value functions {V;""}/*1.

1. Span of the finite-horizon value function Vf’h is given by
H" = sp(V/™), vt e{0,1,...,h}. (36)
2. Maximum absolute deviation of the finite-horizon value function Vf’h is given by

K" = max |V (s5) — B[V(S1) | 5, m(s)]

5,54

. Vte{0,1,...,h}. (37)

Similar to the results in Theorem 18 and Theorem 37 for the average reward and discounted
reward setups, we derive non-asymptotic concentration results for the finite-horizon setup.
These results are presented in the following theorem. To simplify the notation, let

Rﬂ',h _ K?‘(’,h Hw,h _ Hw,h 38
P g K g 1 -
and let . .
D (K
g T) = = (39)
(K7™)
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For any optimal policy 7* € lp, we denote these corresponding quantities by H, ’h, K; ’h,
ﬁ;’h, I_(;’h, and ¢*"(T). An immediate implication of the definitions of R;’h and Vi h(s)
is that

B[R} + VI"(Sr) = Vi"(s0)| =o.

In this section, we show that with high-probability Rg’h concentrates around ‘/07r7h(S0) —

V] ’h(ST) and characterize the concentration rate. Following theorem is analogous to the
concentration bounds in average reward setup given in Theorem 17 and concentration
bounds in discounted reward setup given in Theorem 37.

Theorem 48 For any policy © € llyp, we have:

1. For any ¢ € (0,1), with probability at least 1 — &, we have

s U m T 2
[RE" = (V" (S0) = Vi (1) | < K"\ [297(T) log .

2. For any 6 € (0,1), if g™"(h) > 173 log%, define Tgr’h(é) to be
T7"(5) = min {T’ >1:¢™"T") > 173log %} (40)
Then with probability at least 1 — &, for all Tg’h(é) <T < h+1, we have

R — (Vi (80) = Vi (1)

< max {K;’h\/Sg”vh(T) (2 log log(gg”vh(T)) + log %), (K’;h)z} (41)

The proof is presented in App. E.1.
Following Corollary establishes the finite-time concentration of Rg’h around the quantity

Voﬂ’h(So). This results is analogous to the concentration bounds in the average reward setup
given in Theorem 18 and concentration bounds in the discounted reward setup given in
Corollary 38.

Corollary 49 For any policy m € llpp, we have:

1. For any ¢ € (0,1), with probability at least 1 — &, we have

_ 9
‘R;’h - VOW’h(SO)‘ < ;’h\ /2T log 5 + H;’h.

2. For any 6 € (0,1), if g™"(h) > 173 log%, define Tér’h(é) as specified in (40). Then
with probability at least 1 — 0, for all Tér’h((S) <T < h+1, we have

_ T 2y = i
R;,h B Voﬁ’h(so)‘ < max {K;,h\/gT(Q log log (37) + log 5), (K;}h)z} + H;Lh.

The proof is presented in App. E.2.
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5.3 Sample Path Behavior of Performance Difference of Two Policies

As an implication of the results presented in Sec. 5.2, we characterize the sample path
behavior of the difference in cumulative rewards between any two policies. As a consequence,
we derive the non-asymptotic concentration of the difference in rewards between any two
optimal policies. These concentration bounds are presented in the following two corollaries.

Corollary 50 Consider two policies 71, T2 € Hpp. Let {ST'}1y and {S[?}_, denote the
random sequences of the states encountered by policies w1 and my respectively. Following

upper-bounds hold for the difference between the cumulative reward received by the two poli-
cies ‘Rr}l’h - Rr?’h

1. For any ¢ € (0,1), with probability at least 1 — &, we have

BR = R — |V (s50) - Vi (S)] - [V(sg) - v s |
< R;hh \/ 2g™:"(T) log % + R;Q’h\ [2g™2(T) log % (42)

2. For any § € (0,1), if min {g™"(h), g™"(h)} > 173log§, define Tg’h(é) as specified
in (40) and let

mih Oy ok O
T (5) = max {Tol’h(§),T02’h(§)}.

Then, with probability at least 1 — &, for all TH(8) < T < h+ 1, we have

Ry — B |~ |V (s — Vet ey - [V (sg) - vt sy |

_ 4 _
< max {Kg—‘hh\/z’)gﬂhh(T) (2 log log(;gm,h(T)) + ]()g 5)) (K;:l’h)2}

_ AN
+ max {K;z’h\/?,gﬂzvh(T) (2 log log(ggmh(T)) + log 6>’ (K;Z’h)z}. (43)

The proof is presented in App. E.3.

Corollary 51 Consider two optimal policies i, 75 € lpp. Let {St7rr M, and {Sf; o
denote the random sequences of states encountered by optimal policies T} and 5. To simplify
the expression, we assume the system starts at a fized initial state, i.e., ng = Sg;. Then for
the difference between the cumulative rewards received by the two optimal policies ‘R;I’h —

7o h
R} ‘, we have:

1. For any ¢ € (0,1), with probability at least 1 — 0, we have

T fioY * b0 * T ES0) 4
“RTIJL - RTQJL‘ - }VT7h(ST2) - VT’h(STl)” < Z(KT’h \/ 2g*h(T) log g)- (44)
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2. For any & € (0,1), if g*"(h) > 173log 3, define Tgr*’h(é) as specified in (40). Then
with probability at least 1 — &, for all Tg*’h(é) <T < h+1, we have

R = R = [V (s7) — v (s |

<2 ( max {K;’h\/Bg*’h(T) (2 log log(gg*fh(T)) + log %) , (f(;’h)g }) . (45)

Proof Since both policies 7}, 75 € IIgp are optimal policies, by the definition, we have
VI (s) = VT (s) = Vh(s), WseS, Wte{0,1,....h+1}.
As a result, by the assumption that Sg (- Sg 5, we have

Ve (sahy — Veth(sp®)| = o.

In addition, we have
Kt = K" = Kt and (1) = g(T) = g""(T).
As a result, by Corollary 50, the difference ‘R;I’h — Rr};’h satisfies the non-asymptotic

concentration rates in Corollary 50 with the RHS of (42)—(43) being simplified to RHS of
(44)—(45). ]

6. Extension of the Results to Random Reward

In this section, we extend the results of Sec. 2 to settings where the reward at time ¢
depends not only on the state-action pair (s, a) but also on an exogenous process. Consider
an average reward MDP with state space S and action space A. Similar to Sec. 2, we
assume that S and A are finite sets. The state evolves in a controlled Markov manner with
transition matrix P. Let {E}}+>0 denote an exogenous process which satisfies the following
property

E[E¢|So:t, Ao:t| = B[E:|Si, A¢], Vit > 0. (46)
At each time ¢, the system yields a per-step random reward 7(Sy, A¢, Ey), where 7 : S X
A X E = [0, Rmax|. We use the notation 7 to denote the new definition of reward function
distinguishing it from r in Sec. 2, and denote this model by M = (P, 7). Let R} denote the
total reward received by policy 7 until time 7', i.e.,

Rf? = f(St,At,Et), Ay~ W(SOZhAO:t—l)-

Compared to the model in Sec. 2, the only change in this model is the use of 7(S;, A, E})
as the per-step reward, where the process {E;}1>¢ satisfies the conditional independence
property in (46). As a result, by defining reward function r(s,a) as

T(S,CL) = E[f(st,At,Et){St = S,At = CL], (47)
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model M = (P,7) reduces to the model M = (P,r) in Sec. 2. Therefore by the results in
Sec. 3, we can establish the concentration behavior of the process RT., where

~
_

T-1
Rp = r(St, Ar) = Y E[F(Sh, Av, Er)[St, Ar = m(Sy)].

t t=0

I
=)

However, in thls setting, we are interested in the concentration of cumulative reward pro-
cess RT = Zt o T(S“ Ay, Ey). To simplify the analysis, we define the quantities associated
with the model M based on the reduced model M.

Definition 52 Let M = (P,r) with r(s,a) defined in (47) be the reduced model of M =
(P,7). For the model M, we define policies m € 1I, policy sets Har and Tgsp, long-run
expected reward functzon J™, differential value function V™, optimal performance J*, and
optimal policy T as the corresponding quantities of the reduced model M in Sec. 2.

For any policy 7 € IIzR, we define the maximum absolute deviation of value function K™
similar to Sec. 3, i.e.,

K™ = max V”(s+)—E[V”(Sﬁ‘s,w(s)]‘. (48)

5,5+ €S
In this section, we define a similar quantity for the reward function 7(Sy, Ay, Ey).

Definition 53 For any policy m € AR, we define the mazimum absolute deviation of
reward function KT as follows

KT = max ‘f(sl,a/,e/) —E[#(S,4,E)|S = s, A =7(s)] ’ (49)
s,8'€
a'eA
e'es
The following theorem establishes the concentration of cumulative reward R% around the
quantity TJ™ — (V™ (Sr) — V™(Sp)). Compared to the results in Sec. 3, the concentration
of cumulative reward is characterized by a weaker bound due to the added stochasticity in

the cumulative reward process.
Theorem 54 For any policy m € IR, the following upper-bounds hold:
1. For any ¢ € (0,1), with probability at least 1 — 0§, we have

_ o ) ) i - 4
’R} — T — (V7(S0) — V”(ST))‘ < K™\[2Tlog 5 + K7\ [2Tlog 5. (50)

1 1
2. For any 6 € (0,1), for all T > Tp(9) == max{ [f;’?: og §-| [ 73 8

-|}, with proba-

|

7’

bility at least 1 — &, we have

[R5 — T~ (V7 (S0) = V™(57)))| (51)
< max {f(” \/3T <2 log log g +log %) (f{“)Q} (52)
—i—max{ ~77f\/3T<210g10g32T—i—log?),(ﬁ'ﬂ)z}. (53)
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The proof is presented in App. F.2.

Remark 55 By following arguments analogous to those used in this section, similar con-
centration bounds can be established for the cumulative reward process under any stationary
randomized policy. For brevity, we omit these results.

7. Conclusion

In this paper, we investigated the sample path behavior of cumulative reward in Markov
decision processes. In particular, we established the asymptotic concentration of rewards,
including the law of large numbers, the central limit theorem, and the law of iterated
logarithm. Moreover, non-asymptotic concentrations of rewards were obtained, including
an Azuma-Hoeffding-type inequality and a non-asymptotic version of the law of iterated
logarithm, all applicable to a general class of stationary policies. Using these results, we
characterized the relationship between two notions of regret in the literature, cumulative
regret and interim cumulative regret. We showed that, in both the asymptotic and non-
asymptotic settings, the two definitions are rate equivalent as long as either of the regrets is
upper-bounded by O(v/T). Moreover, we extended our results to three different frameworks:
(i) the infinite-horizon discounted reward setting, where we established non-asymptotic
concentration of the cumulative discounted reward; (ii) the finite-horizon setting, where we
established non-asymptotic concentration of the cumulative total reward; (iii) the infinite-
horizon average setting with stochastic reward, where we established the non-asymptotic
concentration of the cumulative reward process. Our proof technique in the third extension
may also be applied to the discounted reward and finite-horizon frameworks; however, these
extensions are omitted for brevity.

The contributions of this work are twofold: (i) It unifies two sets of literature, showing
that if an algorithm achieves a regret of O(v/T) under one definition, the same rate ap-
plies to the other, thereby resolving an existing gap in our theoretical understanding. (ii)
The asymptotic and non-asymptotic concentration bounds found in this work can be used
to evaluate the probabilistic performance of a policy, allowing for the assessment of risk
and safety in the MDP setup. Such assessments may be used in decision making problems
involving high-stakes costs including safety-critical engineering systems, finance and health-
care. As a result, we believe our analysis paves the way for risk-aware decision making and
reinforcement learning in such applications.
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Appendix A. Background on Markov Chain Theory

Consider a time-homogeneous Markov chain defined on a finite state space S. Let P denote
the state transition probability and P* denote the k-step state transition probability. Then
we use the following terminology.

Given s,s’ € S, state s’ is said to be accessible from s, if there exists a finite time
k > 0 such that P*(s'|s) > 0.

States s and s’ in S are said to communicate if s is accessible from s’ and s’ is accessible
from s.

Communication relation is reflexive, symmetric, and transitive. Therefore, communi-
cation relation is an equivalence relation, and it generates a partition of the state space
S into disjoint equivalence classes called communication classes (Brémaud, 2013).

Let Ts denote the hitting time of state s. State s is called recurrent if
IP(TS<OO‘SOIS):1,
and otherwise it is called transient.

A recurrent class is a communication class where every state within the class is re-
current.

A transient class is a communication class where every state within the class is tran-
sient.

Appendix B. Background on Martingales

Let (2, F,P) be a probability space. A filtration {Fi}+>0 is a non-decreasing family of
sub-sigma fields of F. A random sequence {X;}¢>0 is called integrable if E[|X:|] < oo for
all ¢ > 0. A random sequence {X;};>¢ is called adapted to the filtration {F;}i>0 if X; is
JFi-measurable for all ¢ > 0.

Definition 56 An integrable sequence {X;}i>0 adapted to the filtration {F;}i>o is called a
martingale if

E[Xt+1’-B] = Xt, a.s. Vit > 0.

Definition 57 Let {c;}+>1 be a sequence of real numbers and C' be a positive real number.
A real integrable sequence {Y;}i>1 adapted to the filtration {F;}i>o is called:

1.

2.

Martingale Difference Sequence (MDS) if

E[Y;|Fi—1] =0, as. Vt>1.

Sequentially bounded MDS with respect to the sequence {ct}1>1 if it is an MDS and

Vil <c¢, as. VE>1.
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3. Uniformly bounded MDS with respect to the constant C' if it is an MDS and
Y| <C, as. Vt>0.

There is a unique MDS corresponding to a martingale and vise versa. In particular,
given a martingale {X;}+>0, the corresponding MDS {Y;};>1 is defined as

th = Xt - Xt—17 Vit Z 1.

Moreover, given an MDS {Y;};>1, the corresponding martingale sequence {X; }+>0 is defined

as
T

Xo=0, Xpr=) Y, VT>1
t=1
Consider a martingale {X;};>o such that {X7};>0 is integrable. The increasing process
{Ai}1>1 associated with the sequence {X?};>0 is defined as
A1 =E[X{|Fo] — X7, A =E[X2|F1] - X7+ A, Vt>2

Let {Y:}+>1 be the MDS corresponding to {X;}+>0. Then, we can express {A;}:>1 in terms
of {Y?}i>1. In particular, we have
Ay = B[X2Fa]) — X7+ A
= E[X? || Foa] + 2E[Y3| Foa] Xoo1 + BYP | Fooa] — X7 4+ Ay
= E[Y?|Fim1] + A1

As a result, we have

T
Ap =) E[YP|Fia], VT > 1

t=1
Therefore, we sometimes say that { A; }+>1 is the increasing sequence associated with {Y;*};>1.
Martingale sequences are an important class of stochastic processes. Both asymptotic
and non-asymptotic concentration of martingale sequences have been well studied. In
Sec. B.1 and B.2, we present the asymptotic and non-asymptotic concentration charac-

teristics of martingales with bounded MDS.

B.1 Asymptotic Concentration
B.1.1 STRONG LAW OF LARGE NUMBERS

The first asymptotic results presented in this section is a version of Strong Law of Large
numbers for martingale difference sequences.

Theorem 58 (see (Stout, 1974, Theorem 3.3.1)) Let {Y;}i>1 be an MDS and {a;}i>1
be a sequence of positive and Fi_1-measurable real numbers such that thm az = oo. If for
—00

some 0 < p <2, we have:

P
t=1 ay
Then: .
Dot Vi
= —0
T ,  a.s
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B.1.2 CENTRAL LIMIT THEOREM

Following theorem characterizes a version of Central Limit Theorem for martingale se-
quences with corresponding bounded MDS.

Theorem 59 (see (Billingsley, 2013, Theorem 35.11)) Let {Y;}+>1 be a sequentially
bounded MDS with respect to the sequence {ci}i>1. Let {Ai}i>1 be the increasing process
associated with {Y?2}i>1, i.e.

T
Ap =) E[Y?|F4], VT >1.
t=1

Define the stopping time vy as
Vi ::min{TZ 1: Ar Zt}.

Let Qo = {w € Q : limp_,00 Ap = o0}. If P(Qp) = 1, then
ii}ft 9D wr(0,1)
VT = o

B.1.3 LAw OF ITERATED LOGARITHM

Following theorem characterizes a version of Law of Iterated Logarithm for uniformly
bounded MDS.

Theorem 60 (see (Neveu, 1975, Proposition VII-2-7)) Let {Y;};>1 be a uniformly
bounded MDS with respect to the constant C. Furthermore, let {At}+>1 and Qo be as defined
in Theorem 59. Then, for almost all w € Qq, we have
T
21 Vi

T
Y,
lim inf 2zt Vi = —1, limsup =1
T—oo +/2A7 loglog Ap T—ooo V2Arloglog Ar

Non-asymptotic high-probability bounds with similar functional dependence on the hori-
zon T also exist for martingales. These bounds are presented in Sec. B.2.

B.2 Non-Asymptotic Concentration
B.2.1 AZUMA-HOEFFDING INEQUALITY

A famous non-asymptotic concentration for martingale sequences is Azuma-Hoeffding in-
equality.

Theorem 61 (see (Raginsky and Sason, 2014, Theorem 2.2.1)) Let {Y;}+>1 be a se-
quentially bounded MDS with respect to the sequence {ci}i>1. Then for all T > 1 and for

all € > 0, we have
IP( > € §26xp(“>.
23 16

41
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By rewriting the statement of Theorem 61, we get following equivalent form of Azuma-
Hoeffding inequality.

Corollary 62 We have following statements

1. Let {Yi}+>1 be a sequentially bounded MDS with respect to the sequence {ct}i>1. For
any § € (0,1), with probability at least 1 — §, we have

2. Let {Yi}+>1 be a uniformly bounded MDS with respect to the constant C. For any
d € (0,1), with probability at least 1 — §, we have

d / 2
ZYt <C 2Tlogg.

t=1
The proof of Part 1 follows by equating the RHS of Theorem 61 to § and solving for €. The
proof of Part 2 follows by substituting the sequence {¢;}+>1 with the constant C' in the RHS
of Part 1.

B.2.2 NON-ASYMPTOTIC LAW OF ITERATED LOGARITHM

Following result is a finite-time analogue of Law of Iterated Logarithm. This result shows
that for a large enough horizon 7', the growth rate of a martingale sequence is of the order

(’)( T log log(T)) with high probability.

Theorem 63 (see (Balsubramani, 2014, Theorem 4)) Let {Y;};>1 be a sequentially
bounded MDS with respect to the sequence {ct}i>1. For any § € (0,1), for all T > Ty(5) =

4
min {T : Z?:l c? > 173 log 5}, with probability at least 1 — §, we have

4 d 3T 2 2
2 t=1Ct “
‘;Yt‘ < 3(;Ct><210g10g2‘2,?:11ﬂ +log6). (54)

For the simplicity of the analysis, we state a slightly simplified version of this theorem in
the following corollary.

Corollary 64 Let {Y;};>1 be a uniformly bounded MDS with respect to the constant C.

1 4
For any 6 € (0,1), for all T > Ty(0) == {g log 5-‘ , with probability at least 1 —§, we have
T
3T 2
‘ZYt‘ < C’max{\/BT(2loglog2+log5>,0}. (55)
t=1
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Proof This corollary follows from Theorem 63, by substituting the sequence {c;}>1 with
the constant C' on the RHS of (54). There are two cases: either EthlYt‘ < C? or

‘ Zthl Yt‘ > C?. If ’ Zle Yt‘ > C?, by Theorem 63, with probability at least 1 — ¢, we get:

2

T
31rc 2 3T 2

Y‘ < C,[3T(2loglog—————— + log— gC\/BT 2loglog—+log— |.

‘; ! \/ ( 2| YT, v 5) ( 2 5>

Otherwise, we have ‘Z?ﬂ Yt‘ < C?. As a result, we can summarize these two cases and

get that with probability at least 1 — §, we have

’ ET: K&’ < max {C\/3T<2 log log% —i—log%) , Cz}. (56)
t=1

Appendix C. Proof of Main Results for the Average Reward Setup

C.1 Preliminary Results
C.1.1 MARTINGALE DECOMPOSITION

We first present a few preliminary lemmas. To simplify the notation, we define following
martingale difference sequence.

Definition 65 Let filtration F = {F;}1>0 be defined as F; = o(So.t, Ao:t). For any pol-
icy m € lIaR, let V™ denote the corresponding differential value function. We define the
sequence {M[ }1>1 as follows

M[ =V7™(S;) = E[VT(Sy) | Si—1,7(Se1)], VE>1, (57)

where {St}>0 denotes the random sequence of states encountered along the current sample
path.

Lemma 66 Sequence {M[ };>1 is an MDS.

Proof By the definition of {F;}+>0, we have that S;_; is F;_;-measurable. As a result, we

have
IE[M;T | ft_l} — E[V“(St) —B[VT(S) | Si1,7(Si1)] | ft_l}
=E[V™(S) | Fir| = B[V(S) | Si1,m(Si-1)| =0,
which shows that { M };>o is an MDS with respect to the filtration {F;}/0. =

We now present a martingale decomposition of the cumulative reward R}.(w).
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Lemma 67 Given any policy m € lIar, we can rewrite the cumulative reward RT. as follows

T
F=TJ"+ Y M]+V7(S) - V™(Sr). (58)
t=1

Proof Since m € IIxr, (ARPE) implies that along the trajectory of states {St}fzo induced
by the policy 7, we have

r(Si,m(S)) = 7+ VT(S;) — ]E[V“(Sm) ‘ St,w(St)}, V> 1.

As a result, we have

~
L

Fe T (VIS B[V (Si) | S ()]

w
Il
=)

—
2
¥
’lﬂ
—

= TJ" +

(]

:V“(St) — B[V (Sis1) | Si, ﬂ(st)ﬂ +V™(ST) — V™ (St)

if
o

A

G
b
v

= TJ" + :Vﬂ(SH_l) — E[VW(SH-I) } Staﬂ'(St)H =+ VW(SO) - Vﬂ(ST)

t

,\
o
R
Sl
=

TJ™+ > M[ +V7™(So) — V™(Sr),
t=1

where (a) follows from adding and subtracting V™ (S7), (b) follows from re-arranging the
terms in the summation, and (c) follows from the definition of {M] };>¢ in (57).
|

C.1.2 A CONSEQUENCE OF THE UNION BOUND

Lemma 68 Suppose for any 6, € (0,1), for all T > T1(61), with probability at least 1 — 61,
the random sequence {X1}r>0 satisfies

| X 7| < hi(T,01).

Moreover, suppose for any do € (0,1), for all T > T5(d2), with probability at least 1 — Jo,
the random sequence {Yr}r>0 satisfies

[Y7| < ho(T, 62).

Then for any § € (0,1), for all T > Tp(6) = maX{Tl(%),Tg(g)}, with probability at least
1 — 6, the random sequence { X1 + Yr}r>0 satisfies

| X7+ Yr| < ha(T,6/2) + ho(T,6/2).
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Proof For a given § € (0, 1), by the lemma’s assumption, for all 7' > T7(6/2), we have

)
IP(yXTy > (T, 5/2)) <3 (59)
Similarly, we have that for all 7' > T5(5/2), we have
)
IP(|YT| > ho(T, 5/2)) <3 (60)

Now |X7+Yr| > hi(T,6/2)+ho(T, §/2) implies that | Xp| > hi(T,0/2) or |Yr| > ho(T,5/2).
As a result, by applying the union bound and (59)—(60), we get

IP(\XT Y| > (T, 6/2) + ha(T, 5/2)) <.

C.1.3 PrOOF OF LEMMA 13

Proof of Part 1 Recall that for any policy m € IIag, the claim is the following chain of
inequalities
(a) () (c)
or(s) < KT <H" < o0, VseS. (61)

Proof of Part 1-(a): By the definition of K™ in Eq. (5), we have
\Vﬂ(&) —EB[V™(Sy) | s, 7(s)] ‘ <K, VseS, as
As a result, we have

B|(V7(S1) ~ BIVT(S) | s,m(s)])* | 5,7(s)]
=3 (V(s) ~E[V™(Sy) | 5,7(5))]) P(s']s,m(s) < (K7)?, Vs€S.
s'eS
Proof of Part 1-(b): By the definition of expectation operator, we have
mi}gl V7(s) <E[V™(S4)|s,m(s)] < max V7™ (s).

sE

As a result, we have

VT(s) —E[VT(Sy)|s, m(s)] < VT (s) —Isrgél VT(s) < max V7(s) —rsréig V™(s), VseS. (62)

Similarly, we have

E[VT(Sy)|s,m(s)]—V"(s) < I§1€a§<V”(S) —V7(s) < rgleag(V“(s) —géig V™(s), VseS. (63)

Therefore (62)-(63) imply that
VA(S4) — EIV™(S}) | s,m(s)]| < sp(V™) = H™.

Proof of Part 1-(c): Since policy m € IIagr, by (ARPE), we know V™ : § — R is a
real-valued function and therefore, H™ < co.
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Proof of Part 2 We prove that if M is communicating, then for any policy 7 € Ilag, we
have H™ < D™ Ryyax. Consider s,s" € S where s # s'. By Puterman (2014), we have:

B[ (S A) - I
t=0

Now consider the stopping time 79 where S = ¢’ for the first time. We can rewrite V7 (s)
as follows

- s} . (64)

—_

3

vr(s) ]E[ [F(S, Ay) — J7] + Z (St Ag) — J™] | So = s}
t=0 t=710

To—1 _ [ee)

@]E [T(St,At)—JWHSozs +E[Z[(S’t,At |So—8]
T t=0 . t=T10

( ) 1o—1 e’}

D[S [(Ss, A) — }So_s +E[Z[r(st,At)_Jq\sm:s/]
- t=0 t=T79
_To—1

DE[ Y (S, A) — I | So = 5| + V().
- t=0

where (a) follows from splitting the summation with the stopping time 7¢; (b) follows from
linearity of expectation and the fact that first and second term of RHS of (b) are finite;
(c) follows from the strong Markov property and (d) follows from definition of V7™(s’).
Therefore, we have

V7(s) = V(s) = E[mf[r(st,At) -] < E[mf[r(st, A7)
t=0 t=0

(e) ) (9) (h)
< TW(S § )Rmax < D™Riax < DyRmax < 00,

where (e) follows from the definition of T7 (s, s'), (f) follows from the definition of D™, (g)
follows from the definition of D,,, and (h) follows by the fact that M is communicating.
Since one can repeat the same argument with any two pairs of (s, s), it implies that H™ <
D™ Rinax < Dy Rmax < 00.

Proof of Part 3 The result of this part follows from Bartlett and Tewari (2012, Theo-
rem 4), where it is shown that for weakly communicating M, we have H* < DRy, ax.

C.2 Proof of Theorem 15
C.2.1 PROOF OF PART 1

By Lemma 67, for any policy 7 € IIsRr, we can rewrite the cumulative reward R7. as follows

T
=TJ"+> M +V7™(S) - V™ (Sr).
t=1
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By (5) and Lemma 13, we have
|M]| < K™ <oo, Vt>1.

Therefore

Furthermore, Lemma 13 implies that random variable V7 (S;) has bounded support, there-

fore,
VT (So) = V™ (Sr)

jlglgo T :0’ a.s.
As a result, we have
- T T ™ _ VT ™
fm L iy 2= MO EVT(S0) VIS +TIT
T—oo T T—o00 T

C.2.2 PROOF OF PART 2

To prove this part, we verify the conditions of Theorem 59 for the MDS {M[ };>9. By
Lemma 13, we have
|M| < K™ <oo, Vt>1.

As a result, the MDS {M[ };+>¢ is a uniformly bounded MDS with respect to the constant
KT™. By the theorem’s assumption we have P(Qf) = 1, as a result,

o0

ZE[(M[“)z ‘ .7-}_1} =00, a.s.

t=1

Therefore, for the stopping time {14 }>0 defined in Theorem 15, we have

Zt%/lTMf 9Dy N (0,1). (65)

Since by Lemma 13, V™(S;) has bounded support for all £ > 1, we get

V7™ (So) — V™(Sr)
VT

By combining (65) and (66) and by using Theorem 78, we get

— 0, a.s. (66)

_ JT
i B o)
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C.2.3 PROOF OF PART 3
We verify the conditions of Theorem 60 for the MDS { M/ }+>0. By Lemma 13, we have
M| < K™ < o0, Vt>1.

As a result, MDS {M] };>0 is a uniformly bounded MDS with respect to the constant K™.
On the set €2, we have

- 2
> E[(M)" | Fia| =
t=1
As a result, by using the definition of increasing process {X7 }+>¢ and Theorem 60, we get

T T
MT MT
lim inf 2zt M = —1, limsup 2z M = 1. (67)

T—oo /2¥7 loglog X7, T—oo +/2X7 loglog X7

Since by Lemma 13, V™(S;) has bounded support for all £t > 1, we get
o V7 (50) = VT(ST)

li =0, as. (68)
T—oo /2¥7 log log 37T,
By combining (67) and (68), we get
us _TJr 7T - TJr
lim inf Rp(w) J = —1, limsup Rp(w) J =

T—oo /2¥7 loglog X7, T—oo /227 loglog X7

C.3 Proof of Theorem 17
C.3.1 PROOF OF PART 1

By Lemma 67, for any policy @ € IIzr, we can rewrite the cumulative reward R7.(w) as
follows

T
Rp(w) =TJ"+ Y M +V™(So) — V™(Sp).
t=1
As a result, we have
T
|RT(w) = TJ™ = (V™(So) = V™(Sp))| = | Y MT|. (69)

t=1

In order to upper-bound the term ‘ Zthl M |, we verify the conditions of Corollary 62. By
(5) and Lemma 13, we have

|IMI| < K™ < o0, Vt>1.

As a result, MDS {M] };>; is a uniformly bounded MDS with respect to the constant K™.
Therefore, Corollary 62 implies that for any § € (0, 1), with probability at least 1 — §, we

have
T
oMy
t=1

< |2 ios) (70)
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By combining (69) and (70), with probability at least 1 — d, we have

|RT(w) = TJ™ — (V™ (So) = V™(S7))| < K™y/2T log %

C.3.2 PROOF OF PART 2

Similar to the proof of Part 1, by lemma 67, we have

T
|[Ri(w) = TJ" = (V*(S0) = V™(5m) | = | >_ M7 (71)
t=1

Moreover, MDS {M/ };>0 is a uniformly bounded MDS with respect to the constant K™.

1 4
Therefore, Corollary 64 implies that for any ¢ € (0,1), for all T > Ty(d) = [ 73 f-‘,
with probability at least 1 — §, we have

22
KT 85
T
‘ZME
t=1

By combining (71) and (72), with probability at least 1 — §, we have

< max{K”\/?)T(Qloglog?); +log %),(K’T)Q}. (72)

}R%(w) —TJ" — (V™ (So) — V’T(ST))‘ < max {K”\/BT(Q log log % + log %), (K’r)2}.

C.4 Proof of Theorem 18
C.4.1 PROOF OF PART 1

By lemma 67, for any policy m € IIzg, we can rewrite the cumulative reward RT(w) as
follows

T
Rp(w) =TJ"+ > M +V7(S) = V"(Sr).
t=1

As a result, we have

T
[RE (@) = TJ™| = | 30 MF + V(o) = V™(51)|
t=1

T
> Mf
t=1

) | &
<[> wr
t=1

where (a) follows from the triangle inequality and (b) follows from the definition of H™. In
order to upper-bound the term ‘ Zthl M|, we verify the conditions of Corollary 62. By
(5) and Lemma 13 we have

(a)
<

+ ‘Vﬂ(SO) - Vﬂ(ST)‘

+HT, (73)

M| < K™ <00, Vt>1.
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As a result, MDS {M/ };>1 is a uniformly bounded MDS with respect to the constant K™.
Therefore, Corollary 62 implies that for any § € (0,1), with probability at least 1 — d, we
have

< \/ 2T(K”)210g(§). (74)

T
o
t=1

By combining (73) and (74), with probability at least 1 — d, we have
2
|RT(w) —TJ™| < K”\/2Tlog5 +H".

Similar to the proof of Part 1, by lemma 67, we have

C.4.2 PROOF OF PART 2

T
> M|+ H™ (75)

t=1

|RT(w) = TJ™| <

Moreover, MDS { M/ };+>0 is a uniformly bounded MDS with respect to the constant K™.

1 4
Therefore, Corollary 64 implies that for any § € (0,1), for all T' > Ty(9) = {g log 5—‘,
with probability at least 1 — §, we have

< max {K”\/?)T(Qloglog?)g + log %),(K”V}. (76)

T
P
t=1

By combining (75) and (76), with probability at least 1 — §, we have

3T 2
|R}(w) — TJ“| < max{K”\/i%T(Q loglog7 + log 5)’ (K”)Q} L H

C.5 Proof of Corollary 22
C.5.1 PROOF OF PART 1
Since M is communicating, by Lemma 13, Part 2, for any policy 7 € IIxr, we have

|M[T| < K™ < D" Ripax, Yt >1. (77)
As a result, the MDS {M[ };>1 is a uniformly bounded MDS with respect to the constant
D™ Rpax. Therefore, by repeating the arguments of the proof of Theorem 18, Part 1, and

substituting H™ with D™ Ryax in the RHS of (73) and replacing K™ with D™ Ryax in the
RHS of (74), with probability at least 1 — ¢, we have:

2
‘R%(w) — TJ’T‘ < D™ Ruax\/ 2T log 5 + D™ Riax-
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C.5.2 PROOF OF PART 2

Since M is communicating, by Lemma 13, Part 2 for any policy 7 € [Iar, we have
M| < K™ < D™ Rpax, Vt>1. (78)

As a result, the MDS {M[ };>1 is a uniformly bounded MDS with respect to the constant
D™ Rpax. Therefore, by repeating the arguments of the proof of Theorem 18, Part 2, and
substituting H™ with D™ Ryax in the RHS of (75) and substituting K™ with D™ Rp,ax in the
173 4
RHS of (76), we prove the claim, i.e, for any § € (0,1), for all 7" > Ty (5) == [ —‘,

" e =
D™ Roax 06
with probability at least 1 — §, we have

3T 2
|R.(w) — TJ"| < max {D“Rmax\/ 3T (2 log log - + log 5), (D”RmaX)Q} 4 D™ Ry

C.6 Proof of Corollary 23

By Prop. 8, Part 3, if M is communicating, it is also weakly communicating. In the case
of weakly communicating M, by Lemma 13, Part 3, for any optimal policy 7* € Ilsgr, we
have

M| = [V*(S) = B[V*(S) | S, m(Si1)]| € K* < DR, V21 (79)

As a result, the MDS {M] };>1 is uniformly bounded MDS with respect to the constant
DRyax. Therefore, by repeating the arguments of the proof of Corollary 22, Part 1 and
Part 2 for the optimal policy 7* € IIzg, we prove that ‘R}* (w) — TJ*‘ satisfies the non-
asymptotic concentration rates in (18)—(19), where in the RHS, D™ is replaced with D.

C.7 Proof of Corollary 25
C.7.1 PROOF OF PART 1

Consider two policies 71,72 € IIpr. Then we have
|R} — RP?| =|RP} = TJ™ +TJ™ —TJ™ +TJ™ — R}?|
(a)
<|RP —TJ™| +|TJ™ —TJ™| +|TJ™ — R}, (80)
where (a) follows from the triangle inequality. Similarly, we have
| TJ™ —TJ™| =|TJ™ — R}' + R}' — R}? + Rj? — TJ™|
(0)
<|TJ™ — R}'| + |R} — R} |+ |R}? — TJ™|, (81)
where (b) follows from the triangle inequality. (80)—(81) imply that

|R - Rp?| = |To™ — T

< |RE —TJ™| +|RE —TJ™|. (82)
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By Theorem 18, we know that for any d; € (0, 1), with probability at least 1 — 1, we have

2
|R} —TJ™| < K’T11/2Tlogg +H™.

Similarly, we have that for any d2 € (0, 1), with probability at least 1 — d2, we have

2
|RY? = TJ™| < K™ [2T log — + H™.
2

As a result, by applying Lemma 68 and (82), for any § € (0, 1), with probability at least
1 -9, we have

< |RPE =TJ™| +|TJ™ = TJ™|

/ 4 / 4
< K™ 2T10g5 + H™ 4+ K™ 2T10g5 + H™.

As we showed in the proof of part 1, for any two policies 71, o € IIoR, we have

R - R| = |1 — 7™

C.7.2 PROOF OF PART 2

i = | = 17 = 7| < =T =T

1 4
By Theorem 18, we have that for any §; € (0,1), for all 7' > T7*(4) : [Kzi log 5——‘, with
1

probability at least 1 — §1, we have

3T 2
|RTY — TJ™ | < max {K’” \/3T<2 log log - + log a), (K’fl)2} L H™,
o - 173 4 .
Similarly, we have that for any d» € (0,1), for all T" > TF?(9) = [K“Z log 5——‘, with
2

probability at least 1 — 2, we have

T 2
|RT? — TJ™| < max {K’T2 \/3T(2 log log 3? +log 7)7 (K”?)Q} +H™.

02
. 173 8
As a result, by applying Lemma 68 and (82), for all T' > Ty(6) = max{ [ﬁ log 5-‘
173 8 : .
, [sz log S—‘ }, with probability at least 1 — §, we have

R~ B[~ |1 — 7™

< |RP —TJ™| +|TJ™ — RP?|

T 4
< maX{K’”\/?)T(Qloglogg2 + log 5)’ (K”l)Q} + H™

4
5

+max{K”2\/3T<2loglog? + log >, (K”)z} + H™.
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C.8 Proof of Theorem 29

By Corollary 16, for any optimal policy 7* € IIzR, the quantity R™ satisfies the asymptotic
concentration rates in (11)—(13). On the other hand, by (3), for any learning policy u, we
have

Dr(w) = Ry —TJ*.

As a result, by substituting Dy (w) in the LHS of (11)—(13), we get that for any learning pol-
icy p, these asymptotic concentration rates also hold for the difference Dy (w) of cumulative
regret and interim cumulative regret.

C.9 Proof of Theorem 30

By Corollary 19, for any optimal policy 7* € IIar, the quantity ]R% — T'J*| satisfies the
asymptotic concentration rates in (16)—(17). On the other hand, by (3), for any learning
policy u, we have

Dr(w) = Ry —TJ*.

As a result, by substituting Dr(w) in the LHS of (16)—(17), we get that for any learning
policy p, these non-asymptotic concentration rates also hold for the difference Dr(w) of
cumulative regret and interim cumulative regret.

C.10 Proof of Corollary 31

By Corollary 23, for the weakly communicating M, for any optimal policy 7* € IIag, the
quantity |R}. — T.J*| satisfies the non-asymptotic concentration rates in (18)—(19), where
in the RHS, D™ is replaced with D. On the other hand, by (3), for any learning policy pu,
we have

Dr(w) = Ry —TJ*.

As a result, by substituting Dr(w) in the LHS of (18)-(19), we get that for the weakly
communicating M, for any learning policy p, these non-asymptotic concentration rates
also hold for the difference Dr(w) of cumulative regret and interim cumulative regret. At
last by Prop. 8, we have that if M is recurrent, unichain, or communicating it is also weakly
communication. As a result, these non-asymptotic concentration bounds hold for all the
cases.

C.11 Proof of Theorem 33
C.11.1 PrOOF OF PART 1

This part of the theorem is a consequence of Theorem 29. Recall that by definition, we

have
Dr(w) = Ri(w) — Rip(w). (83)

On the other hand, we can rewrite the law of iterated logarithm in Theorem 29 using the
O(+) notation as follows

Dr(w) < OKT), a.s. (84)

As aresult, for any learning policy p that satisfies Ri(w) < O(VT), almost surely, (83)-(84)
imply that Rf.(w) < O(VT). Similarly, for any learning policy u that satisfies Rf.(w) <
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O(VT), almost surely, (83)(84) imply that Ri(w) < O(VT). Therefore, statements 1 and
2 are equivalent.
C.11.2 PROOF OF PART 2

Proof of this part is a consequence of Theorem 30. By the theorem’s hypothesis, for any
91 € (0,1), there exists a pair of functions (71(d1), h1(01,T")), such that for all T' > T3 (d1),
with probability at least 1 — 1, we have

Ri(w) < hy(61,T), (85)

where for a fixed 81, we have hy(61,T) = O(v/T). Moreover, by Theorem 30, we have that
for any d2 € (0,1), there exists a pair of functions (7T5(d2),h2(d2,T')), such that for all
T > T5(d2), with probability at least 1 — d,, we have

Dr(w) < ha(02,T), (86)

where for a fixed 8y, we have hy(02,T) = O(VT). As a result, by (83), (85)(86), and
Lemma 68, for any § € (0,1), for all T > max {T1(5/2), T2(6/2)}, with probability at least
1 — 4, we have

RE(w) < hi(8/2) + ho(8/2).

At last since for a fixed §, both hy(5/2) and he(0/2) satisfy
h1(8/2) < O(VT), and, hy(6/2) < ONT),
we get that R’} (w) < @(\/T) With repeating the similar arguments we can prove the 2"¢
statement.
Appendix D. Proof of Main Results for Discounted Reward Setup
D.1 Proof of Theorem 37

D.1.1 PRELIMINARY RESULTS

We first present a few preliminary lemmas. To simplify the notation, we define following
martingale difference sequence.

Definition 69 Let filtration F = {Fi}+>0 be defined as F; = 0(So:t, Ao:t). For any policy
7 € llgp, let VT denote the corresponding discounted value function. We define the sequence
{N""}>1 as follows

N = [v;f(st) —E[V7(S)) | St_l,w(St_l)H, V> 1, (87)

where {Si}i>1 denotes the random sequence of states encountered along the current sample
path.

Lemma 70 Sequence {v'N;""};>1 is an MDS.
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Proof By the definition of {F}}+>0, we have that S;_; is F;_;-measurable. As a result, we

have
BN | Fia| =By (V(S0) = B[V (S) | Sem1, 7(S1-1)]) | Fir |
= B[VI(S) | Fir| A B[VI(S) | Sin,m(Si1)] =0,
which shows that {v:N;"7 }+>¢ is an MDS with respect to the filtration {F;};>o. |

We now present a martingale decomposition for the discounted cumulative reward R} (w)
for any policy w € Ilgp.

Lemma 71 Given any policy m € llgp, we can rewrite the discounted cumulative reward
RT7 as follows

T
RV (w) =Y "N+ VI (So) — v VI (Sp). (88)
t=1

Proof Since 7 € llsp, (DRPE) implies that along the trajectory of states {S;}, induced
by the policy 7, we have

r(Se, 7(S1)) = VI (Sh) — 7B [v;f(sm) | St,w(st)]

Repeating similar steps as in the proof of Lemma 67, we have

T_
RPw) =) +'r(Se,m(Sh))

—_

=34 VS0 — vE V(SIS ()] |

DY [V = B[V (St ISt w(S0)] | + 7 V5(Sr) =27 V3(ST)
© D A [V'yﬁ(StJrl) — E[V](Si11)|S:, W(St)]} +V(So) =+ Vi(Sr)
’YHthﬂﬁ + VWF(SO) - 'YTVWW(ST)

VINTT + VI(So) =T VI(Sr),

where (a) follows from adding and subtracting the term WTVWW(ST), (b) follows from re-
arranging the terms in the summation, and (c) follows from the definition of {N;""};>1. W
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D.1.2 PROOF OF THEOREM 37

Proof of this theorem follows from the martingale decomposition stated in Lemma 71 and
the concentration bounds stated in Corollary 62 and Theorem 63.
Proof of Part 1 By Lemma 71, we have

T
RF(w) =Y AN+ V(o) = 7" VI (ST).
t=1

As a result, we have
T
R () = (V7 (S0) =77V (Sr) | = | 304N, (39)
t=1

In order to upper-bound the term | Zle VNS ’7’, we verify the conditions of Corollary 62.
By (26) and Lemma 13, we have

htNZW} <A'K™ <00, Vt>1.

As a result, MDS {v'N;"7};>1 is a sequentially bounded MDS with respect to the sequence
{¥'K™7};>1. Therefore, Corollary 62 implies that for any § € (0,1), with probability at
least 1 — 9, we have

T T 9

t ATTT,Y 2t
> AN ‘ <\ [2Y ()22 0g S
‘ t=1 ! ' B t=1 % 5

— Kﬂ'ﬁ

a 2
2 Z ~v2t log 5
t=1

= K™\ [2f7(T)log % (90)

As a result, by combining (89) and (90), with probability at least 1 — 4, we have

\R}ﬁ(w) — (VI(So) — fyTVJ(ST))\ < K’Wm- (92)

Proof of Part 2: Similar to the proof of Part 1, by Lemma 71, we have
T
‘Rg;”(w) — (V7 (So) — 7TVJ(ST))’ =[> AN (92)
t=1

Moreover, MDS {+*N/""};>1 is a sequentially bounded MDS with respect to the sequence
{7*K™7}4>1. Therefore, Theorem 63 implies that for any ¢ € (0,1), for all T' > Tp(§) =

173
min {T'>1: f1(T) > o

4
log 5}, with probability at least 1 — §, we have

T T T T2 (A 1)2
t ATT,Y 3 Zt:l(K 77) (7 ) 2
‘ E v'N. ‘g E (K™7)2 210glog( - +log = ).
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< (K™% or | S AINTY| > (K™%, If

Now there are two cases: either | Zthl YN,
‘ZtT:1 VNI > (K™7)2, we get:

T
( > AN <
t=1

T 3 31_ KT 2(t\2 92
(z:: (K™7)2 )(210g10g( 2%21;‘[(;1 fytjzf;z|) ) + log 5)

T T T,Y\2 (A 1)2
< 3(;(Kﬂ','y)2(7t)2) (210glog (3 ZtQI(([]{{W»’Y))2 (") ) + log %)

@ K’W\/Z%f“Y(T) (2 log log (%fV(T)) + log %),

where (a) follows from the geometric series formula and the definition of f7(7"). Otherwise,
we have | Zthl YN < (K™7)2. As aresult, we can summarize these two cases as follows

T
‘ Z AENT| <
t=1

By combining (92)-(93), with probability at least 1 — §, we have

{KW \/SfW(T) (21oglog %f”(T) +log %)’ (Kmf}- (93)

R} (w) = (VI(S0) ="V (S1)|

< max {KW \/3f7(T) (2log log(gf'Y(T)) + log %), (K™7)? } (94)

D.2 Proof of Corollary 38
Proof of Part 1: By Lemma 71, we have
Ry(w Z’YtNW 7+ VI (S0) = 7TV (ST).
t=1

As a result, we have

. @
R () = Vi (So)| <

+ ‘VTV;T(ST) :

(95)

T
Z ,ytNtﬂ'v'Y
t=1

where (a) follows from the triangle inequality. In the proof of Theorem 37, Part 1, we
showed that with probability at least 1 — 9, we have

T
2
SN < KT fap (T g (96)
t=1

Moreover, we have

VVI(ST) =4"E" [ Jim > Atr(S;, A | So = ST}
t=0
T—-1 T
_ WTE”[ lim S 4 R | So = ST} < R (97)
T—o0 =0 1-—
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By combining (95)—(97), with probability 1 — J, we have

T

0 7y Y 2
() = VI (S0)| < K774 [2(D)log § + 7 R

Proof of Part 2: Similar to the proof of Part 1, by Lemma 71, we have

|RF ()~ VI(S0)| < )ivwf” + Vs (98)
t=1

Moreover, we have

P Rmax
TAC B (99)

In addition, from proof of Theorem 37, Part 2, we have for any § € (0,1), for all T" >

173 4
To(6) = min {T" > 1: f/(T") > o log g}, with probability at least 1 — §, we have
a 3 2
‘ Z VN7 < max {K’W \/3f7(T) (2loglog §f7(T) + log 5), (KM)2}. (100)
t=1

By combining (98)—(100), with probability at least 1 — d, we have

B3 () = Vi (S0)

< max {Km\/‘e)fv(T) (2loglos(; (7)) + los 3), (KW)Q} T JTvaaX.
(101)

D.3 Proof of Corollary 40
D.3.1 PROOF OF PART 1

Consider two policies 71,72 € IIgp. Let {S;'}i>0 and {S7?}i>0 denote the random se-
quences of states encountered by following policies 71 and m2. We have

T T a)| yr us s us s T us us T
RTl,w N RTQ,’Y (: RTla’Y _ [V’y 1(501) _ 7TV71(ST1)] + [V’y 1(501) _ 7TV71(ST1)]

[V (52) = ATV (S] + [VER(SE) — ATV (SR - B

R;@ﬁ _ [V’Yﬂl(sgl) _ ’YTV»YM(SF)] ’ 4 )[v’yﬂ'Q (SSQ) _ ,}/TV’yﬂ'Q (S?)] _ R;?”Y

|V se) =TV SE] - V(S -2 V(SR (102)
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where (a) follows by adding and subtracting [VV’”(SS h — ’yTVV’”(S;P)] and [V2(S5?) —
’yTVV’TQ (572)] and (b) follows from the triangle inequality. Similarly, we have

@

[V (S5) = 2TV (ST = [V (S57) =~ ViR (S72)]

(VI (ST ="V (STY)] — RPYY + REYY — RPPY 4 RPPT — [V (S52) — 7 VI (S]] ‘

—
o
=

< R;r}y’y o [nym(sgl) o 'YTV'ym(S;r“l )] ‘ 4 ’Rgz,’y o [va (ng) o ’YTV»yM(S;“z)]’
+|RFT — R, (103)

where (a) follows by adding and subtracting R7"" and R7>” and (b) follows from the triangle
inequality. (102)—(103) imply that

[R5 = Rgpe| = | [V (857) =2 V(53] — [V (85) — 2 V(s
<|Rp = V(s = ATV ST |+ [REY - Vrsg) ARl (o)
By Theorem 37, we know that for any d; € (0, 1), with probability at least 1 — §;, we have
2
Ry — [V (5) = 2TV SE)] | < K 20 () log - (105)
1

Similarly, we have that for any d2 € (0, 1), with probability at least 1 — d2, we have

2
B — [V (S5) = VI (S)]| < K™ [2 (1) log - (106)

As a result, by applying Lemma 68 and (104)—(106), for any § € (0, 1), with probability at
least 1 — d, we have

[RF = R | = [V (S5) =TV (7)) = [V (s57) =2 v (sp)] |
< ‘R;r}ﬁ o [V’Ym(sg1) o VTVAYM(SF)] ) + ‘R;Q"V o [va (S(T)rz) . 7TV;TQ (S;EQ)] ‘
< K™ 2f7(T) 1og§ + K™, [2f7(T) log %.

D.3.2 PROOF OF PART 2

As we showed in the proof of part 1, for any two policies 71, w9 € Ilgp, we have

3 = R | = | [V 55) TV (570 - V() — ATV sp) |

S‘R?ﬁ _ [va (Sgl) _ ’YTVWM(S;I)]‘ 4 ‘R;Tgﬁ _ [va (ng) _ ’YTVA;FQ (5;2)] ‘ (107)
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By Theorem 37, we have that for any 6; € (0,1), for all T" > T (61) = min {T’ >1:

173
/
f’Y(T) = K™y

4
log 5—1}, with probability at least 1 — §1, we have:

R = [V (85 = ATV (S|

< max { K™ \/ 3£7(7) (2loglog & f(T) + log = ), (K™ )2},
1

Similarly, we have that for any &, € (0,1), for all T > T( () == min {T" > 1 : f/(T") >
173
K7T2»’Y

4
log 5—}7 with probability at least 1 — o, we have:
2

R = V(S =TV

< max {K”m\/:afv(T) (210810g ;f’Y(T) + log 522) (K™Y},

As a result, by applying Lemma 68, for all T > Tg(8) = max {Ty"(3),75*(3)}, with
probability at least 1 — §, we have

|77 = R527| = [VT (S5 = 7V (S7)] = [V (85) =TV (s |

S‘R?,’Y o [prﬂ'l(sgl) o ’YTV»YM(S?)} ‘ 4 ‘Rngy o [V;rz (ng) o ,YTV’YWQ(S;EZ)}‘

<max {K”l’V\/?)fW(T) (210g log gf"’(T) + log %), (me)2}

+ max {K”’V\/Bf”/(T) (2 loglog ng(T) + log %), (K”Q’V)z}.

D.4 Proof of Corollary 42

Since policy 7 € IIaRr, we know the pair (J™, V™) exists and J™ is constant for all s € S.
We first prove following preliminary lemma.

D.4.1 PRELIMINARY LEMMA

Lemma 72 For any policy m € IIar, as v goes to 1 from below, following statements hold.

1. For any two states s1,s2 € S, we have

!%rll |:V,Y7T(81) - V,YTF(SQ):| =V7™(s1) — V" (s2).

2. For any two states s1,s9 € S, we have

lim | V7 (s1) — 7TV (s2)| = TJ™ + V™ (s1) — V7 (s2).
vt [ K

3. We have
lim f(T,v)=T. (108)
711
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4. We have
hmR 7 = RT. (109)

11
Proof of Part 1: From the Laurent series expansion ((Bertsekas, 2012a, Proposition 5.1.2),
for any policy 7 € Ilgp, we have
J’Tl'

Vi(s) = T +V™(s)+0(1—7|), VseS.

As a result, we have

i [ V7 (5) = V7 o)

: [ JT T J" T
:}YI%I _1_7+V (s1)+0(1—~|) — [1_7 +V (Sz)—l-O(\l—'yDH
:171?11 -Vﬂ(Sl) - VW(SQ):| = Vﬂ(Sl) - VTF(SQ).

Proof of Part 2: Again from the Laurent series expansion ((Bertsekas, 2012a, Proposi-
tion 5.1.2), for any policy 7 € Ilsp, we have
J’Tl'

Vi(s) = T +V7T(s)+0(1—7]), VseS.

As a result, we have

--71' Ty, m
i V7 (1) = 57 o)

B LV (s1) + Ol — ) — [VTJW ATV (s9) + O( 7|1 — |)}
AL |1 -y ! RAZ E 2 =
. [@=47) T ]

=lim|——=J"4+V™(s1) — v V™(s
V11| 1_,7 (1) Y (2)

=TJ" + Vﬂ(sl) — VW(SQ).

Proof of Part 3: From the definition, we have

. g ’Y 2t
lim f(T,v) =lim | —————| = hm =
y11 fT) 711 [ 1- 711 Z 7

T—-1 T-1
lim [R57] = lim [; At (S,, At)] =2 (S, Ay) = RE.

61



SAYEDANA, CAINES, AND MAHAJAN

D.4.2 PROOF OF COROLLARY 42
Proof of Part 1: By Lemma 72, Part 4, for all T' > 1, we have

%1 (R} = RY. (110)

Moreover, we have

lim [V (So) — 4"V (Sr)] = lim [VZ(So) — VI (Sr) + VI (Sr) — v VI (S1)]

711 711
W yT(Se) — VT(Sr) + TJI™ + V™ (Sg) — V7 (Sr)
— T 4 V7(S) — V(Sy), (111)

where (a) follows from Lemma 72, Parts 1 and 2. The result of this part follows by substi-
tuting (110)—(111) on the LHS of (27).
Proof of Part 2: By Lemma 72, Part 2, for all s1,s5 € S, we have

lim [v;f(sl) - VJ(SQ)} = VT (s1) — V7 (s2).
This implies that

: Y| — m
1%1[1( | =K. (112)

Moreover, by Lemma 72, Part 3, we have

lim f7(T) = T. (113)

The result of this part follows by substituting (112)—(113) on the RHS of (27).
Proof of Part 3: The result of this part follows by substituting (112)—(113) on the RHS
of (28).

Appendix E. Proof of Main Results for Finite-Horizon Setup
E.1 Proof of Theorem 48

E.1.1 PRELIMINARY RESULTS

We first present a few preliminary lemmas. To simplify the notation, we define following
martingale difference sequence.

Definition 73 Let filtration F = {ft}?:o be defined as Fy = o(So.t, Ao:t). For any policy
w € lpp, let {Vf’h ,’Qol denote the corresponding finite-horizon value function. We define
the sequence {Wtﬂ’h}?:ol as follows

Wwrh = W’h(st)_m[vt”’h(st)\st,l,m,l(st,l)]}, Vie{l,...,h+1),  (114)

where {St}f}:o denotes the random sequence of states encountered along the current sample
path.
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Lemma 74 Sequence {Wgr’h}?iol is an MDS.

Proof By the definition of {]—}}?:0, we have that S;_; is F;_i-measurable. As a result, we

have
BW" | Fit| = BV (8) = BV (S) | St w1 (St1)] | Fia
—E[V7(80) | Fea | = BIV(S) | St ma(Si-1)] =0,
which shows that {W,” h}h'H is an MDS with respect to the filtration {F;}7 . [ |

We now present a martingale decomposition for the cumulative reward R;’h(w) for any
policy 7 € Ilgp.

Lemma 75 Given any policy m € llgpp, we can rewrite the cumulative reward R;’h as
follows

ZW:h + V5" (So) — Vi " (). (115)

Proof (FHPE) implies that along the trajectory of states {S;}Z_, induced by the policy T,
we have

(S 7(50)) = VI (S1) — B[V (Ska) | Se(1)].

For any 1 < T < h + 1, by repeating similar steps as in the proof of Lemma 67, we have

S
L

R = S [V S) — B[VEL(Si) | Semi(h)]]

)
|
— o

,\
e

VISt = BV (See) | Semi(S0)]] + V" (S7) = Vi ()

Ty
|
— o

IS

_1@1”11(5',5“) - E[KQ?(SHl) ‘ St, Ft(St)H + ‘/Omh(S()) - V;—vr’h(ST)

~+
Il
o

—
Q
&
"ﬂ
—

(]~ 11

W+ V™ (So) — Vi (Sr)

W+ Vi (So) — Ve (S),

t=1

where (a) follows from adding and subtracting V] (S7), (b) follows from re-arranging the
terms in the summation, and (c) follows from the definition of {Wf’h}?'% in (114).
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E.1.2 PROOF OF THEOREM 48

Proof of this theorem follows from the martingale decomposition stated in Lemma 75 and
the concentration bounds stated in Theorem 61 and Theorem 63.
Proof of Part 1 By Lemma 75, we have

T
Ry (w) = D W+ Vi (S0) — Vi (Sr).
t=1
As a result, we have
T
7,h 7,h m,h 7,h
BT (@) = (V" (S0) = ViR (sm) | = | o wirt|, (116)
t=1

In order to upper-bound the term |Z?:1 Wtﬂ’h’, we verify the conditions of Corollary 62.
By (37), we have

Wi = V(S0 = B[V (S) | S ma(Si0)] | < KT < oo, WEE {1, T}

As a result, MDS {Wtw’h}fill is a sequentially bounded MDS with respect to the sequence

K" h;r ! Therefore, Corollary 62 implies that for any é € (0,1), with probability at least
t Jt=1
1 — 9, we have

T T 9
m,h 7,h
’ZWt ‘ < 2Z(Kt )210g5
t=1 t=1
@) - 2
@ Rt f2gm (1) log =, (117)

where (a) follows from (39). By combining (116) and (117), with probability at least 1 — ¢,

we have
‘Rﬂﬁ (‘707 7h(S()) _ ‘/ ’ (ST))’ < 297‘7}7‘(T) 10g *5. (118)

Proof of Part 2: Similar to the proof of Part 1, by Lemma 75, we have
T
‘R;’h _ (Vvoﬂ',h(so) _ V;’h(ST))‘ — ‘ Z Wtﬂ’h‘- (119)
t=1

Moreover, MDS {Wtﬂ’h}fill is a sequentially bounded MDS with respect to the sequence
{Kf’h ?ill. Therefore, Theorem 63 implies that for any § € (0,1), if g™"(h+1) > 173 log %,
define T (8) to be
m,h : / bt 4
Ty"(0) =min{T" > 1: g™"(T") > 173log g}
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Then with probability at least 1 — ¢, for all T} ’h(é) <T < h+1, we have

T
7,h
‘ 3w,
t=1

Now there are two cases: either ]Zle Wt”h‘ < ([_(;&hy or ‘Z;f:l Wtw,h
| S WP = (K772, we get:

T T ™
x 3 (K7T)? 2
<.|3 (K[7")2)(2loglog % +log = ).
(; N s v )

> (KP7)?2 I

T T T m,h\2
‘ Wﬂ',h‘ < 3 (Kﬂ,h)Q 21 gl g SZt:I(Kt ) +1 gg
tz:; t (; t )( 0glo (2’2?:1Wtw,h‘) o 5)

L S (Y
< 3(;([@ ’h)2) (2 log log (22([;;%2)) + log %)

W) 3 2
< KT’h\/ 39" (T) (2log log (59(T)) +log 5 ).

where (a) follows from the definition of g™"(T). Otherwise, we have | Y1 Wl < (K77)2
As a result, we can summarize these two cases as follows

T
— 2 [
’ Z Wtyr,h’ < max {K;’h\/Z%g”vh(T) (21oglog (ggmh(T)) + log 5), (th)Z} (120)
t=1

By combining (119)-(120), with probability at least 1 — J, we have
m,h m,h m,h
R (@) = (V(S0) = Vi (5))

_ 2 _
< max {Kg’h\/?)gmh(T)(ﬂog log(%g”vh(T)) + log 5), (K;h)z} (121)
E.2 Proof of Corollary 49
Proof of Part 1 By Lemma 75, we have
T
R (w) = Y W + Vi (S0) = Vi(Sn).
t=1
As a result, we have
7,h 7,h (@) d 7,h 7,h
R (@) = Vi (s0)| < | oWt + v, (122)
t=1

where (a) follows from the triangle inequality. In the proof of Theorem 48, Part 1, we
showed that with probability at least 1 — §, we have

T
7,h
v
t=1

T 2
7,h
< QZ(Kt )210g5
=1

) _ 2
< K7™ /2T log = (123)
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where (b) follows by K" < K7", for all t < T. Moreover, by definition, we have
VM Sy) < HY" vt <T. (124)

By combining (122)—(124), with probability at least 1 — J, we have

_ 2
(R;’h(w) - VOW’h(So)‘ < Rp"\[2Tlog < + AT

Proof of Part 2: Similar to the proof of Part 1, by Lemma 75, we have

T
[BE" () = Vi (s)| < | SO Wt + vt (s (125)
t=1
Moreover, we have
Vit (Sr) < HM (126)

In addition, from proof of Theorem 48, Part 2, we have for any § € (0,1), for all T" >
To(6) = min{T > 1: g™"(T) > 173log 3}, with probability at least 1 — §, we have

T 3 2 -
< max {KT’h\/ 3g™"(T)(2loglog (59™"(T)) +1log %), (KT”‘)Q}

(©) _ _
< max {Kg’h\/ST(Q log log (%) + log %), (K;’h)Q}, (127)

T
m,h
W
t=1

where (c) follows from the fact that ¢g™"(T) < T. By combining (125)-(127), with proba-
bility at least 1 — §, we have

= 3T 2 _ _
R;’h(w) — Vgr’h(So)‘ < max {K;’h\/?)T(Q log log (7) + log 5), (K;h)z} + H;’h.

E.3 Proof of Corollary 50
E.3.1 PrROOF OF PART 1

Consider two policies 71, w2 € IIsp. Let {S7* }+>0 and {S/? }+>¢ denote the random sequence
of states encountered by following policies m; and mo. We have

(@)

R — R DR — Vs - VST + [V ST — VR ST]

(Ve (s = VRS + [V (se) — Vi (sp)) - R

R = [V () = Vi (sp)]

+ | Ve (55 - virhisp)] - R

H Ve (S51) = Vi (STH)] = [Ve™ (S57) — Vi (S72)]) (128)
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where (a) follows by adding and subtracting [Vom’h(Sgl) — Vm’ (S571)] and [Vbﬁz’h(SgQ) —
Vi 2’h(S§:2)] and (b) follows from the triangle inequality. Similarly, we have

V(s = Vi8] = [V (se) — vt s )| <

VI (S5) = VP (ST)] = B!+ R — R 4 R — [V (s52) = v (s

—_
INS

R = [V S5 = Vi (ST + [ B = [V (557) - Vi (5]

Ry — RTM (129)

_|_

)

where (a) follows by adding and subtracting R7*" and R}>" and (b) follows from the triangle
inequality. (128)—(129) imply that

[[B7" = By = [V (S5 = VAR (7] = [V (55%) = v (sp)] |
<R — [V (s = VS| + | R - s - v i) | (s0)

By Theorem 48, we know that for any d; € (0, 1), with probability at least 1 — 7, we have

R — (V" (S0) = ViR (sn))| < K{ﬁl’h\/zgmh(T) log 521. (131)

Similarly, we have that for any d2 € (0, 1), with probability at least 1 — d2, we have

_ 2
[R5 — (V2 (0) = Vi (Sp)) | < BT [2g7(T) log — (132)

5y

As a result, by applying Lemma 68 and (130)—(132), for any d € (0, 1), with probability at
least 1 — 9, we have

R — B — |V () — Vit ey - [V (sg) - vt sy |

< ‘R;I,h o [Vﬂ'l, (Sm) _ V;1,h(sg1)}’ + ‘R;T},h o [me,h(sgz) _ Vﬂ'2, (SWQ)]‘

_ 4 - 4

< K;l’h 2g™h(T) log 3 + K;:Q’h 2g™2h(T) log 5
E.4 Proof of Part 2

As we showed in the proof of part 1, for any two policies 71, my € IIgp, we have
Rt — Rt | = | [V (sg) = VERh(sg] - [Vt (sg?) - vt sl |
<[B! = V(s = ViR S|+ R = v ese) - vt (183)
By Corollary 50, for any ¢; € (0,1), if g™ "(h) > 173 1og %, let

4
T3 (61) = min {7 > 1: g™(T") > 17310g 5*} (134)
1
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Then with probability at least 1 — 7, for all Tgl’h(&) <T < h+1, we have

R (V) — Vi s)|

3 2 _
SmaX{Km’ ¢3gm7< )(210g10g<2gm,h(T)>Hog&),(K;m)z}_ (135)

Similarly, for any 8, € (0, 1), if g™"(h) > 1731og %, with probability at least 1 — s, for all
Tgr’h(ég) <T < h+1, we have

R (V) — Vi ()|

- 3 2 = o
SmaX{K > \/397@:( ) (210g log(5.97"(T)) +log ), (K7 ’h>2}- (136)

As aresult, by applying Lemma 68, for any § € (0, 1), if min {g”h h), g”’h(h)} > 1731og %,

let
8 8
To(0) = max{T5""(5), Ty (5)}-

Then, with probability at least 1 — 0, for all Tp(d) < T < h + 1, we have
“R;T},h . R;?’h’ B |[%ﬂ17h(sg1) _ Vﬂ'l, (Sm)] _ [VOﬂQ,h(ng) _ Vﬂ'z, (Sﬂz)”‘
<[B! — [V (s = VS| + | R - s — vt )|

_ T
< max {K;“hh \/397r1’h(T) (2log log(gg”hh(T)) + log 5), (K;El’h)z}

_ 1
+max {K;r?’h \/3g7f27h(T) (2log log(gg”‘bh(T)) + log 5), (K;Q’h)Q}. (137)

Appendix F. Proof of Main Results for Random Reward Setup
F.1 Preliminary Results
F.1.1 REWARD MARTINGALE DECOMPOSITION

To simplify the notation, we define following martingale difference sequence.

Definition 76 Let filtration F = {]:t}t>0 be defined as Fy == (S, Ao:t). For any policy
7 € TIaR, we define the sequence {W/ };>1 as follows

W = #(Sp—1, Ar—1, Br—1) — E[7(Si—1, Ar—1, Br—1)|St—1, Am1=7(S-1)], vVt >1, (138)

where {S¢}i>0 denotes the random sequence of states encountered along the current sample
path.

The sequence {W[ }+>1 is an MDS with respect to the filtration F = {F;};>0 since
E[Wﬂft—1] = E[f(st—l, A1, B ) — B[F(Si—1, A1, By 1) | Fia ‘]'—t—1]
=K [7:(51:—17 A1, Et—l) ‘St—la A ZW(St—l)]

- E[f(stfla A1, B 1)|Se-1, Aior=7(Si-1)] = 0. (139)
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Recall the definitions of processes R% and RT,

T-1

RY = #(Si, Ay, By), (140)
t=0
T-1

Ra‘; == E[f(St,At,Et”St,At == ﬂ'(St)] (141)
t=0

By the definition of {W; };>1 in (138) we have
~ T ~
RE = R} + YT, (142)
t=1

where {W/};>1 is an MDS with respect to the filtration F = {F;}+>0 by (139). The
following theorem establishes the concentration of the process R7. around the quantity
TJ" — (V”(ST) — V“(So)).

Theorem 77 For any policy m € AR, the following upper-bounds hold:

1. For any ¢ € (0,1), with probability at least 1 — &, we have:

Ry —TJ™ — (V™(Sp) — V”(ST))) < K™\/2Tlog %. (143)

1 4
2. For any 6 € (0,1), for all T > Ty(6) == h;i) log 5-‘ , with probability at least 1 — 6, we
have

R —TJ" — (V™(S0) — V”(ST))‘ < max {R”\/?)T(Z log log % + log 7), (KF)Q}.

Proof This theorem follows by applying the result of Theorem 17 to the reduced model of
M defined in Def. 53. Let M = (P,r) denote the reduced model of M = (P, 7) with r(s, a)
defined in (47). We can rewrite the process R7. as the cumulative reward process associated
with the reduced model M = (P,r), i.e.,

~
—
b

R?er = ]E[f(St, At, Et)‘St, At = W(St)] = T‘(St, At)

t t

Il
=)
Il
o

The result of this theorem follows by applying the result of Theorem 17 on the cumulative
reward process RT and recalling that quantities J™, V7, and K™ are defined based on the
reduced model M. |
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F.2 Proof of Theorem 54
F.2.1 PrROOF OF PART 1

For any policy 7 € AR, we have

|RT. — TJ™ — (V™(So) — V™(S7))| = | R} — TJ™ — (V™(So) — V™(Sr)) + R} — Rf|.
(145)

By (142), we have

|5~ RE

T
= > wrl.
t=1

Moreover by (49), {W/ }s>¢ is a uniformly bounded MDS with respect to the constant K.
Therefore, Corollary 62 implies that for any é; € (0, 1), with probability at least 1 — 7, we

have
L. ~ 2
‘ngf < K7\ [2Tlog . (146)
1
t=1

Moreover, Theorem 77, Part 1, implies that for any d2 € (0,1), with probability at least

1 — 49, we have
- ) _ )
‘R% T (V”(So) - V“(ST))‘ < K\[2Tlog = (147)

As a result, by combining (145), (146), and (147) and applying Lemma 68, for any ¢ € (0, 1),
with probability at least 1 — §, we have

’R} T - (W(so) - V”(Sﬂ) ‘ (148)

N 4 - 4
< KT 2Tlogg—i-K;r 2T10gg. (149)

Similar to the proof of Part 1, for any policy 7 € ﬁAR, we have

F.2.2 PROOF OF PART 2

|RT. — TJ™ — (V™ (So) — V™(S7))| = | R} — TJ™ — (V™ (So) — V™(Sr)) + R} — Rf|.
(150)

By (142), we have

|5~ RY

T
= > wrl.
t=1

Moreover by (49), {W/ }s>¢ is a uniformly bounded MDS with respect to the constant K.

Therefore, Corollary 64 implies that for any §; € (0,1), for all T' > Ty(01) = H;i) log ;1—"
with probability at least 1 — §;, we have
I . 3T 2\ o2
‘;Wf < max{K:\/sT(210g10g2+1og51), (KT) } (151)
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Moreover, Theorem 77, Part 2, implies that for any d2 € (0,1), for all T > Ty(d2) =

1 4
{;3 log 5—-|, with probability at least 1 — §o, we have
i 2

‘R;T;—Tj7r - (V”(SO) —V”(ST))‘ < max{f(”\/ST(ﬂoglog?)QT + log (522), (f(”)z}. (152)

As a result, by combining (150), (151), and (152) and applying Lemma 68, for any § € (0,1),

for all T' > Ty(0) = max{{;;? log %W, {gﬁ log ?‘ }, with probability at least 1 — d, we
have '
(R; — T — (V7(S0) — V“(ST))‘ (153)
~ 3T 4 ~
< max{K"\/3T(210glog2 + log 5),([(”)2} (154)
~ 3T 4 ~
+max{ ,?\/3T(2loglog2 +log g>,(Kf)2}. (155)

Appendix G. Miscellaneous Theorems

G.1 Slutsky’s Theorem

Theorem 78 (see (Ash and Doléans-Dade, 2000, Theorem 7.7.1)) If X, 9D, ¥ and

Y; ﬂ ¢, where ¢ € R (equivalently Y; ﬂ c¢) then we have

L X+ D xte

2. X,V Y ox.

X; @ X
3 2t W 2 o2y,
Y: c

Remark 79 Since convergence in the almost-sure sense implies convergence in probability,

same results hold when Y; M c.
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