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Abstract

In this paper, we investigate the concentration properties of cumulative reward in Markov
Decision Processes (MDPs), focusing on both asymptotic and non-asymptotic settings.
We introduce a unified approach to characterize reward concentration in MDPs, covering
both infinite-horizon settings (i.e., average and discounted reward frameworks) and finite-
horizon setting. Our asymptotic results include the law of large numbers, the central limit
theorem, and the law of iterated logarithms, while our non-asymptotic bounds include
Azuma-Hoeffding-type inequalities and a non-asymptotic version of the law of iterated log-
arithms. Additionally, we explore two key implications of our results. First, we analyze
the sample path behavior of the difference in rewards between any two stationary policies.
Second, we show that two alternative definitions of regret for learning policies proposed in
the literature are rate-equivalent. Our proof techniques rely on a martingale decomposi-
tion of cumulative reward, properties of the solution to the policy evaluation fixed-point
equation, and both asymptotic and non-asymptotic concentration results for martingale
difference sequences.
Keywords: Concentration of Rewards, Markov Decision Processes, Reinforcement Learn-
ing, Average Reward Infinite-Horizon MDPs

1. Introduction

Reinforcement learning is a machine learning framework in which an agent learns to make
optimal sequential decisions by repeatedly interacting with its environment. This approach
is particularly effective for addressing problems with complex dynamic environments. The
standard mathematical model for reinforcement learning is Markov Decision Processes
(MDPs). In an MDP, the agent takes an action at each time step, receives an instantaneous
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reward, and transitions to the next state based on a Markovian dynamic that depends on
the current state and action.

The existing literature on MDP theory primarily focuses on analyzing and maximizing
the expected cumulative reward, resulting in methods that emphasize the system’s average
behavior. While this approach is useful in many domains, it may fall short in high-stakes ap-
plications, where an agents’ decisions may lead to costly consequences. Such scenarios arise
in applications such as safety-critical engineering systems and decision-making processes
in finance and healthcare. Different approaches have emerged to understand the behavior
of MDPs beyond the expected reward. Broadly, these approaches can be categorized as
follows: (i) risk-sensitive control, in which the agent aims to identify policies that minimize
a specific risk measure; (ii) distributional reinforcement learning, in which the distribution
of cumulative discounted reward is estimated and controlled; (iii) Markov reward processes,
in which the asymptotic distributional and sample-path properties of the cumulative reward
in the infinite-horizon average reward framework are investigated. We elaborate on each of
these approaches below.

Risk-sensitive control. In the risk-neutral framework the agent’s goal is to maxi-
mize the expected cumulative reward. In the risk-sensitive framework, the agent’s goal is
to minimize a risk measure that captures other statistical properties (e.g., variance, tail
probability, etc.) of the reward in addition to the mean. There are three primary risk
functionals studied in the literature (Wang and Chapman, 2022): (i) the exponential utility
functional, which is an increasing and convex mapping of the cost function. Under certain
conditions, this functional can be used to model the mean-variance trade-off in decision-
making problems. Risk-averse control using exponential utility functional has been studied
in Howard and Matheson (1972); Jacobson (1973); Whittle (1981); Coraluppi and Marcus
(1999); Borkar (2002); Bäuerle and Rieder (2014). (ii) Quantile-based risk functionals such
as Value at Risk (VaR) and Conditional Value at Risk (CVaR), which characterize the
probability or expectation of the cost exceeds a given threshold, capturing the tail behavior
of the cost distribution. Risk-averse control using quantile-based risk functionals has been
studied in Bäuerle and Ott (2011); Chow et al. (2015); Miller and Yang (2021); Bäuerle and
Glauner (2021); Chapman et al. (2022). (iii) Recursive risk functionals which model the
risk at every stage and result in a dynamic programming type solution. Risk-averse control
using recursive risk functionals has been studied in Ruszczyński (2010); Singh et al. (2018);
Bäuerle and Glauner (2022). For a comprehensive survey on risk-sensitive control and RL,
please refer to Wang and Chapman (2022); Biswas and Borkar (2023).

Distributional RL. The second approach focuses on estimating various statistical
properties of the discounted cumulative reward in the infinite-horizon discounted reward
framework. Early works such as Sobel (1982); Chung and Sobel (1987) derive a Bellman-
type equation to compute the variance of the discounted cumulative reward. More recent
works treat the asymptotic discounted cumulative reward as a random variable and use
various methods to approximate the distribution or compute its important statistics such
as quantiles. The approximate distribution is then used in reinforcement learning algo-
rithms (Morimura et al., 2010a,b; Bellemare et al., 2017; Rowland et al., 2018; Dabney
et al., 2018a,b; Rowland et al., 2019; Bellemare et al., 2019; Lyle et al., 2019; Yang et al.,
2019; Farahmand, 2019; Duan et al., 2021; Lhéritier and Bondoux, 2021; Nguyen et al., 2022;
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Rowland et al., 2023, 2024). For a comprehensive review of the algorithms and theoretical
results in distributional RL, please refer to Bellemare et al. (2023).

Markov Chains. For a fixed stationary Markov policy, any MDP may be reduced to
a Markov reward process, i.e. a Markov chain induced on the state space and an associated
reward process. As a result, there is a close connection between the MDP theory and
the theory of Markov chains. The asymptotic sample path and distributional behavior of
functionals of Markov chains are extensively studied in the literature. For example, the
CLT results for Markov chains are established in Chung (1967); Cogburn (1972); Maigret
(1978); Niemi and Nummelin (1982); Kipnis and Varadhan (1986); Maxwell and Woodroofe
(2000); Landim (2003); Jones (2004); Meyn and Tweedie (2012); Duflo (2013); Srikant
(2025). The rate of convergence in CLT for geometrically ergodic Markov chains is studied in
Kontoyiannis and Meyn (2003, 2005). In parallel, the asymptotic behavior of martingales are
studied in the martingale theory, e.g., in Neveu (1975); Hall and Heyde (1980); Billingsley
(2013). As discussed in Meyn and Tweedie (2012) there is a close connection between the
results in Markov chains and their counterparts in martingale theory. As an example, one
way to prove the CLT for Markov chains is to use the martingale decomposition arising from
the Poisson equation. This approach is used in e.g., Mandl (1971); Mandl and Lausmanova
(1991); Hernández-Lerma and Lasserre (2012); Duflo (2013); Maigret (1978). Recently the
martingale approach is used to derive a central limit theorem for the Linear Quadratic
Regulation (LQR) problem in Sayedana et al. (2024).

Our Work. In this paper, we provide a unified approach for characterizing both
asymptotic and non-asymptotic reward concentration in infinite-horizon average reward,
infinite-horizon discounted reward, and finite-horizon frameworks. Our results cover asymp-
totic concentration like LLN, CLT, and LIL, along with non-asymptotic bounds, including
Azuma-Hoeffding-type inequalities and a non-asymptotic version of the Law of Iterated
Logarithms for the average reward setting. Building upon these concentration results, we
explore two of their key implications: (1) the sample path difference of rewards between
two policies, and (2) the impact of these findings on the regret analysis of reinforcement
learning algorithms. We derive similar non-asymptotic upper-bounds for discounted reward
and finite-horizon setups.

Comparison. There are two key distinctions between our work and the existing lit-
erature. (i) We establish non-asymptotic concentration results for the cumulative reward
process. In contrast, studies in distributional RL typically analyze the asymptotic behavior
of the discounted cumulative reward, whereas in the average-reward and Markov reward
process settings, prior works focus on the asymptotic distributions of the cumulative reward
process. To the best of our knowledge, no non-asymptotic concentration result have been
reported in the literature for MDPs. (ii) We develop a unified framework that enables the
derivation of concentration results across the three principle MDP frameworks. In con-
trast, methods developed in distributional RL that rely on contraction mapping theorems
do not extend naturally to the average-reward setting, and techniques based on Markov
chain analysis cannot be directly applied to finite-horizon problems.

Proof Approach Our proofs rely on a martingale decomposition similar to the one orig-
inating from the Poisson equation in Markov chains (e.g. in Meyn and Tweedie (2012)).
Such decomposition enables us to interpret the cumulative reward process both as a mar-
tingale and as a functional of an underlying Markov chain. In this paper, we adopt the
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martingale viewpoint rather than the Markov chain one. We make such a choice since the
resulting non-asymptotic bounds solely depend on the statistical properties of the value
function. As a result, these bounds can be efficiently computed using existing numerical
methods for value function computation.

We also use our results to clarify a nuance in the definition of regret in average reward
infinite-horizon reinforcement learning. In this setting, regret is defined as the difference
between the expected reward obtained by the optimal policy minus the (sample-path) cu-
mulative reward obtained by the learning algorithm as a function of time. The standard
results establish that this regret is lower-bounded by Ω(

√
D|S||A|T ) and upper bounded

by Õ(D|S|
√
|A|T ) (Jaksch et al., 2010), where T denotes the horizon, |S| denotes the

number of states, |A| denotes the number of actions, and D denotes the diameter of thr
MDP. Various refinements of these results have been considered in the literature (Auer and
Ortner, 2006; Filippi et al., 2010; Bartlett and Tewari, 2012; Russo and Van Roy, 2014;
Osband et al., 2013; Lakshmanan et al., 2015; Osband et al., 2016; Ouyang et al., 2017;
Theocharous et al., 2017; Agrawal and Jia, 2017; Talebi and Maillard, 2018; Fruit et al.,
2018; Zhang and Ji, 2019; Qian et al., 2019; Fruit, 2019; Zanette and Brunskill, 2019; Fruit
et al., 2020; Bourel et al., 2020; Zhang and Xie, 2023; Boone and Zhang, 2024).

There is a more appropriate notion of regret in applications which are driven by an
independent exogenous noise process such as inventory management problems where the
dynamics are driven by an exogenous demand process and linear quadratic regulation prob-
lems where the dynamics are driven by an exogenous disturbance process. In such appli-
cations, it is more appropriate to compare the cumulative reward obtained by the optimal
policy with cumulative reward obtained by the learning algorithm under the same realiza-
tion of the exogenous noise. For example, in an inventory management problem, one may
ask how worse is a learning algorithm compared to the (expected-reward) optimal policy on
a specific realization of the demand process. This notion of regret has received significantly
less attention in the literature (Abbasi-Yadkori et al., 2019; Talebi and Maillard, 2018). We
show that a consequence of our results is that the two notions of regret are rate-equivalent.
A similar result was claimed without a proof in Talebi and Maillard (2018).

1.1 Contributions

The contributions of this paper can be summarized as follows:

1. We establish the asymptotic concentration of cumulative reward in average reward
MDPs, deriving the law of large numbers, the central limit theorem, and the law
of iterated logarithm for a class of stationary policies. Compared to the existing
asymptotic results in the literature which use Markov chain theory, we provide a
simpler proof which leverages a martingale decomposition for the cumulative reward
along with the asymptotic concentration of measures for martingale sequences.

2. We derive policy-dependent and policy-independent non-asymptotic concentration
bounds for the cumulative reward in average reward MDPs. These bounds estab-
lish an Azuma-Hoeffding-type inequality for the rewards along with a non-asymptotic
version of law of iterated logarithm. Although these results apply to a broad subset
of stationary policies, we show that for communicating MDPs, these bounds extend
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to any stationary deterministic policy. We use the established concentration results
to characterize the sample path behavior of the performance difference of any two
stationary policies. As a corollary of this result, we show that the difference between
cumulative reward of any two optimal policies is upper-bounded by O(

√
T ) with high

probability.

3. We investigate the difference between two notions of regret in the reinforcement learn-
ing literature, cumulative regret and interim cumulative regret. By analyzing the
sample path behavior, we establish that both asymptotically and non-asymptotically,
this difference is upper-bounded by Õ(

√
T ). This result implies that, if a reinforce-

ment learning algorithm has a regret upper bound of Õ(
√
T ) under one definition,

the same rate applies to the other, in both of the asymptotic and non-asymptotic
frameworks. While this equivalency was claimed in the literature without a proof, our
concentration results provide a formal proof for this relation.

4. Lastly, we investigate several extensions of our results to other frameworks. In partic-
ular, we derive non-asymptotic concentration bounds for the cumulative reward in the
infinite-horizon discounted reward and finite-horizon MDP frameworks. These bounds
include an Azuma-Hoeffding-type inequality along with a non-asymptotic version of
the law of iterated logarithm. Using the vanishing discount analysis, we show that
under appropriate conditions, the concentration bounds for discounted reward MDPs
approach to the concentration bounds for the average reward MDPs as the discount
factor approaches 1. Moreover, we establish the non-asymptotic concentration bounds
for models with stochastic reward, i.e., models in which reward is a function of an
exogenous process in addition to state and action.

1.2 Organization

The rest of this paper is organized as follows. The problem formulation, along with the
underlying assumptions, are presented in Sec. 2. The main results for the average reward
setting are presented in Sec. 3. The main results for the discounted reward setting are
presented in Sec. 4. The main results for the finite-horizon setting are presented in Sec. 5.
The extension of our results to the case with stochastic reward is presented in Sec. 6. Our
concluding remarks are presented in Sec. 7. Moreover, App. A presents a background dis-
cussion on Markov chain theory. App. B presents a background discussion on concentration
of martingale sequences. Proofs of main results are presented in the remaining appendices:
App. C for the average reward MDPs, App. D for the discounted reward MDPs, and App. E
for the finite-horizon MDPs.

1.3 Notation

The symbols R and N denote the sets of real and natural numbers and R+ denotes the
set of positive real numbers. The notation limγ↑1 means the limit as γ approaches 1 from
below. Given a sequence of positive numbers {at}t≥0 and a function f : N→ R, the notation
aT = O(f(T )) means that lim supT→∞ aT /f(T ) <∞ and aT = Õ(f(T )) means there exists
a finite constant α such that aT = O(log(T )αf(T )).
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Given a finite set S, |S| denotes its cardinality and ∆(S) denotes the space of probability
measures defined on S. For a function V : S → R, the span of the function sp(V ) is defined
as

sp(V ) := max
s∈S

V (s)−min
s∈S

V (s).

Given a probability space (Ω,F ,P), the notation E denotes the expectation operator. Given
a sequence of random variables {St}t≥0, S0:t is a short hand for (S0, . . . , St) and σ(S0:t) is
the sigma-field generated by random variables S0:t. The notation S ∼ ρ denotes that the
random variable S is sampled from the distribution ρ. The standard Gaussian distribution is

denoted by N (0, 1). Convergence in distribution is denoted by
(d)−−→, almost sure convergence

is denoted by
(a.s.)−−−→, and convergence in probability is denoted by

(p)−−→. The phrase almost
surely is abbreviated as a.s. and the phrase infinitely often is abbreviated as i.o. The phrases
right hand side and left hand side are abbreviated as RHS and LHS, respectively.

2. Problem Formulation

2.1 System Model

Consider a Markov Decision Process (MDP) with state space S and action space A. We
assume that S and A are finite sets and use St ∈ S and At ∈ A to denote the state and
action at time t. At time t = 0, the system starts at an initial state S0, which is a random
variable with probability mass function ρ. The state evolves in a controlled Markov manner
with transition matrix P , i.e., for any realizations s0:t+1 of S0:t+1 and a0:t of A0:t, we have:

P(St+1 = st+1|S0:t = s0:t, A0:t = a0:t) = P (st+1|st, at).

In the sequel, we will use the notation E[f(S+)|s, a] to denote the expectation with respect
to P , i.e.,

E
[
f(S+)|s, a

]
=
∑
s+∈S

f(s+)P (s+|s, a).

At each time t, an agent observes the state of the system St and chooses the control action
as At ∼ πt(S0:t, A0:t−1), where πt : St × At−1 → ∆(A) is the decision rule at time t. The
collection π = (π0, π1, . . .) is called a policy. We use Π to denote the set of all (history
dependent and time varying) policies.

At each time t, the system yields a per-step reward r(St, At), where r : S×A → [0, Rmax].
Let RπT denote the total reward received by policy π until time T , i.e.

RπT =

T−1∑
t=0

r(St, At), where At ∼ π(S0:t, A0:t−1).

Note that RπT is a random variable and we sometimes use the notation RπT (ω), ω ∈ Ω, to
indicate its dependence on the sample path. The long-run expected average reward of a
policy π ∈ Π starting at the state s ∈ S is defined as

Jπ(s) = lim inf
T→∞

1

T
Eπ
[
RπT |S0 = s

]
, ∀s ∈ S,
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where Eπ is the expectation with respect to the joint distribution of all the system variables
induced by π. The optimal performance J∗ starting at state s ∈ S is defined as

J∗(s) = sup
π∈Π

Jπ(s), ∀s ∈ S.

A policy π∗ is called optimal if

Jπ
∗
(s) = J∗(s), ∀s ∈ S.

2.2 The Average Reward Planning Setup

Suppose the system model M = (P, r) is known.

Definition 1 Given a model M = (P, r), define ΠSD ⊆ Π to be the set of all stationary
deterministic Markov policies, i.e., for any π = (π0, π1, . . .) ∈ ΠSD, we have πt : S → A
(i.e., At = πt(St)), and πt is the same for all t.

With a slight abuse of notation, given a decision rule π : S → A, we will denote the

stationary policy (π, π, π, . . .) by π and interpret RπT and Jπ as R
(π,π,...)
T and J (π,π,...), re-

spectively. A stationary policy π ∈ ΠSD induces a time-homogeneous Markov chain on S
with transition probability matrix

P π(st+1|st) := P (st+1|st, π(st)), ∀st, st+1 ∈ S.

Definition 2 (AROE Solvability) A model M = (P, r) is said to be AROE (Average
Reward Optimality Equation) solvable if there exists a unique optimal long-term average
reward λ∗ ∈ R and an optimal differential value function V ∗ : S → R that is unique up to
an additive constant that satisfy:

λ∗ + V ∗(s) = max
a∈A

[
r(s, a) + E

[
V ∗(S+)

∣∣s, a]], ∀s ∈ S. (AROE)

Definition 3 Given a model M = (P, r), a policy π ∈ ΠSD is said to satisfy ARPE
(Average Reward Policy Evaluation equation) if there exists a unique long-term average
reward λπ ∈ R and a differential value function V π : S → R that is unique up to an additive
constant that satisfy:

λπ + V π(s) = r(s, π(s)) + E
[
V π(S+)|s, π(s)

]
, ∀s ∈ S. (ARPE)

Definition 4 Given a model M = (P, r), define ΠAR ⊆ ΠSD to be the set of all stationary
deterministic policies which satisfy (ARPE).

The next two propositions follow from standard results in MDP theory.

Proposition 5 (Bertsekas (2012a, Prop. 5.2.1.)) Suppose modelM = (P, r) is AROE
solvable with a solution (λ∗, V ∗). Then:

1. For all s ∈ S, J∗(s) = λ∗.

7



Sayedana, Caines, and Mahajan

2. Let π∗ ∈ ΠSD be any policy such that π∗(s) is an argmax of the RHS of (AROE).
Then π∗ is optimal, i.e., for all s ∈ S, Jπ

∗
(s) = J∗(s) = λ∗.

3. The policy π∗ in item 2 belongs to ΠAR. In particular, it satisfies (ARPE) with a
solution (λ∗, V ∗).

Proposition 6 (Bertsekas (2012a, Prop. 5.2.2)) For any policy π ∈ ΠAR, we have
Jπ(s) = λπ, for all s ∈ S.

We assume that model M satisfies the following assumption.

Assumption 1 The model M = (P, r) is AROE solvable. Hence, there exists an optimal
policy π∗ ∈ ΠAR.

Proposition 5 implies that under Assumption 1, J∗(s) is constant. In the rest of this section
we assume that Assumption 1 always holds and denote J∗(s) by J∗.

2.3 Classification of MDPs

We present the main results of this paper for the policy class ΠAR under Assumption 1.
However, by imposing further assumptions on M, we can provide a finer characterization
of the set ΠAR and provide sufficient conditions to guarantee Assumption 1. We recall
definitions of different classes of MDPs. Depending on the properties of states following the
policies in ΠSD, we can classify MDPs to various classes.

Definition 7 (Kallenberg (2002)) We say that M is

1. Recurrent (or ergodic) if for every policy π ∈ ΠSD, the transition matrix P π

consists of a single recurrent class.

2. Unichain if for every policy π ∈ ΠSD, the transition matrix P π is unichain, i.e., it
consists of a single recurrent class plus a possibly empty set of transient states.

3. Communicating if, for every pair of states s, s′ ∈ S, there exists a policy π ∈ ΠSD

under which s′ is accessible from s.

4. Weakly Communicating if there exists a closed set of states Sc such that (i) for
every two states s, s′ ∈ Sc, there exists a policy π ∈ ΠSD under which s′ is accessible
from s; (ii) all states in S \ Sc are transient under every policy.

See App. A for the details related to the definitions of Markov chains. The following
proposition shows the connections between the MDP classes defined above.

Proposition 8 (Puterman (2014, Figure 8.3.1.)) The following statements hold:

1. If M is recurrent then it is also unichain.

2. If M is unichain then it is also weakly communicating.

3. If M is communicating then it is also weakly communicating.
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By definition, we know that ΠAR ⊆ ΠSD. However, providing a finer characterization of the
set ΠAR requires further assumptions on the model M. The following proposition presents
a sufficient condition for M under which ΠAR = ΠSD, as well as conditions guaranteeing
that ΠAR is non-empty, showing the existence of an optimal policy π∗ ∈ ΠAR.

Proposition 9 (Puterman (2014, Table 8.3.1.)) The following properties hold:

1. If M is recurrent or unichain, then ΠSD = ΠAR.

2. If M is recurrent, unichain, communicating, or weakly communicating, then there
exists an optimal policy π∗ ∈ ΠAR. Hence ΠAR is non-empty.

2.4 The Average Reward Learning Setup

We now consider the case where the system model M = (P, r) is not known. In this case,
an agent must use a history dependent policy belonging to Π to learn how to act. To
differentiate from the planning setting, we denote such a policy by µ and refer to it as a
learning policy. The quality of a learning policy µ ∈ Π is quantified by the regret with
respect to the optimal policy π∗. There are two notions of regret in the literature, which
we state below.

1. Interim cumulative regret1 of policy µ at time T , denoted by R̄µT (ω), is the dif-
ference between the average cumulative reward (i.e., TJ∗) and the cumulative reward
of the learning policy, i.e.,

R̄µT (ω) := TJ∗ −RµT (ω). (1)

2. Cumulative regret of policy µ at time T , denoted by RµT (ω), is the difference
between the cumulative reward of the optimal policy and the cumulative reward of
the learning policy along the same sample trajectory, i.e.,

RµT (ω) := Rπ
∗
T (ω)−RµT (ω). (2)

Cumulative regret compares the sample path performance of the learning policy with the
sample path performance of the optimal policy on the same sample path, while the interim
cumulative regret compares the sample path performance of the learning policy with the
average performance of the optimal policy.

In this paper, we characterize probabilistic upper-bounds on the difference between the
regret and the interim regret and establish that up to Õ(

√
T ), these two definitions are

rate-equivalent under suitable assumptions.
Let DµT (ω) denote the difference between the cumulative regret and the interim cumu-

lative regret, i.e., DµT (ω) := RµT (ω)− R̄µT (ω). It follows from (1)–(2) that

DµT (ω) = Rπ∗T (ω)− TJ∗, (3)

which implies that DµT (ω) is not a function of the learning policy µ and it only depends on
the cumulative reward received by the optimal policy. Therefore, we drop the dependence

1. In the stochastic bandit literature, this definition is sometimes being refereed to as the pseudo regret
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on µ in our notation and denote the difference between the cumulative regret and the interim
cumulative regret by DT (ω). In this paper, we characterize asymptotic and non-asymptotic
guarantees for the random sequence {DT (ω)}T≥1.

Remark 10 Let Π∗ ⊂ ΠAR denote the set of all optimal policies that satisfy AROE. As-
sumption 1 implies that Π∗ 6= ∅ but in general, |Π∗| may be greater than 1. If that is the
case, our results are applicable to all optimal policies in Π∗.

3. Main Results for the Average Reward Setup

We first define statistical properties of the differential value function which is induced by
any policy π ∈ ΠAR.

3.1 Statistical Definitions

For any policy π ∈ ΠAR, define the following properties of the value function V π.

1. Span Hπ, which is given by

Hπ := sp(V π) = max
s∈S

V π(s)−min
s∈S

V π(s). (4)

2. Conditional standard deviation σπ(s), which is given by

σπ(s) :=
[
E
[(
V π(S+)− E

[
V π(S+)|s, π(s)

])2∣∣s, π(s)
]]1/2

.

3. Maximum absolute deviation Kπ, which is given by

Kπ := max
s,s+∈S

∣∣∣V π(s+)− E
[
V π(S+)

∣∣s, π(s)
]∣∣∣. (5)

For any optimal policy π∗ ∈ ΠAR, we denote the corresponding quantities by H∗, σ∗(s),
and K∗.

Remark 11 As mentioned earlier, the solution of (ARPE) is unique only up to an additive
constant. Adding a constant to V π does not change the values of Hπ,Kπ, and σπ. Therefore
it does not matter which specific solution of (ARPE) is used to compute Hπ,Kπ, and σπ.

Definition 12 (Bartlett and Tewari (2009)) Let the expected number of steps to tran-
sition from state s to state s′ under a policy π ∈ ΠSD be denoted by T π(s, s′). For any policy
π ∈ ΠSD, the diameter of the policy Dπ is defined as

Dπ := max
s,s′∈S

T π(s, s′).

For the model M, the diameter D and the worst case diameter Dw are defined as

D := max
s,s′∈S
s 6=s′

min
π∈ΠSD

T π(s, s′), (6)

Dw := max
π∈ΠSD

max
s,s′∈S
s 6=s′

T π(s, s′). (7)
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Lemma 13 Following relationships hold between the quantities Hπ,Kπ, and σπ:

1. For any policy π ∈ ΠAR, we have

σπ(s) ≤ Kπ ≤ Hπ <∞, ∀s ∈ S. (8)

2. If M is communicating, then for any policy π ∈ ΠAR, we have Hπ ≤ DπRmax.
Therefore,

σπ(s) ≤ Kπ ≤ Hπ ≤ DπRmax ≤ DwRmax, ∀s ∈ S. (9)

3. If M is weakly communicating, then for any optimal policy π∗ ∈ ΠAR, we have H∗ ≤
DRmax. Therefore,

σ∗(s) ≤ K∗ ≤ H∗ ≤ DRmax, ∀s ∈ S. (10)

The proof is presented in App. C.1.3.

This section presents three families of results. In Sec. 3.2, we present a set of sample
path properties for RπT (ω) for any policy π ∈ ΠAR, depicting both asymptotic and non-
asymptotic concentration of RπT (ω) around its ergodic mean. In Sec. 3.3, we apply these
concentration results to characterize the sample path behavior of the difference between
any two policies belonging to ΠAR, while in Sec. 3.4, we apply these results to the optimal
policy π∗ to derive the properties of the difference between the cumulative regret and the
interim cumulative regret DT (ω).

3.2 Sample Path Characteristics Of Any Policy

In this section, we derive asymptotic and non-asymptotic sample path properties of RπT (ω)
for any policy π ∈ ΠAR. The following theorem characterizes the asymptotic concentration
rates of RπT (ω), establishing LLN, CLT and LIL.

Definition 14 Let {Σπ
t }t≥0 denote the random process defined as

Σπ
0 = 0, Σπ

t =
t−1∑
τ=0

σπ(Sτ )2.

Corresponding to this process, define the set Ωπ
0 as

Ωπ
0 :=

{
ω ∈ Ω : lim

t→∞
Σπ
t (ω) =∞

}
.

Theorem 15 For any policy π ∈ ΠAR and any initial state s0 ∈ S, we have following
asymptotic characteristics:

1. (Law of Large Numbers) The empirical average of the cumulative reward converges
almost surely to Jπ, i.e.,

lim
T→∞

RπT (ω)

T
= Jπ, a.s. (11)

11
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2. (Central Limit Theorem) Assume that P(Ωπ
0 ) = 1. Let the stopping time νt be defined

as νt := min
{
T ≥ 1 : Σπ

T ≥ t
}
. Then

lim
T→∞

RπνT (ω)− νTJπ√
T

(d)−−→ N (0, 1). (12)

3. (Law of Iterated Logarithm) For almost all ω ∈ Ωπ
0 , we have

lim inf
T→∞

RπT (ω)− TJπ√
2Σπ

T log log Σπ
T

= −1, lim sup
T→∞

RπT (ω)− TJπ√
2Σπ

T log log Σπ
T

= 1. (13)

The proof is presented in App. C.2.

Corollary 16 For any optimal policy π∗ ∈ Π∗, the cumulative reward Rπ
∗
T (ω) satisfies the

asymptotic concentration rates in (11)–(13), where in the LHS, Jπ is replaced with J∗.

Proof Since π∗ is in ΠAR, by Theorem 15, the optimal policy should satisfy the asymptotic
concentration rates in (11)–(13).

The proof of Theorem 15 relies on the finiteness of Kπ. However, due to the asymptotic
nature of this result, the exact sample complexity dependence of these bounds on properties
of the differential value function V π is not evident. The following theorem establishes the
concentration of cumulative reward around the quantity TJπ −

(
V π(ST )− V π(S0)

)
.

Theorem 17 For any policy π ∈ ΠAR, the following upper-bounds hold:

1. For any δ ∈ (0, 1), with probability at least 1− δ, we have

∣∣RπT − TJπ − (V π(S0)− V π(ST )
)∣∣ ≤ Kπ

√
2T log

2

δ
. (14)

2. For any δ ∈ (0, 1), for all T ≥ T π0 (δ) :=
⌈173

Kπ
log

4

δ

⌉
, with probability at least 1 − δ,

we have∣∣RπT − TJπ − (V π(S0)− V π(ST )
)∣∣ ≤ max

{
Kπ

√
3T
(

2 log log
3T

2
+ log

2

δ

)
, (Kπ)2

}
.

(15)

The proof is presented in App. C.3.
Theorem 17 establishes a sample path dependent concentration result. The following

theorem establishes a sample path independent finite-time concentration of RπT (ω) as a
function of the statistical properties of V π.

Theorem 18 For any policy π ∈ ΠAR, following upper-bounds hold:

1. For any δ ∈ (0, 1), with probability at least 1− δ, we have

∣∣RπT − TJπ∣∣ ≤ Kπ

√
2T log

2

δ
+Hπ. (16)

12
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2. For any δ ∈ (0, 1), for all T ≥ T π0 (δ) :=
⌈173

Kπ
log

4

δ

⌉
, with probability at least 1 − δ,

we have

∣∣RπT − TJπ∣∣ ≤ max
{
Kπ

√
3T
(

2 log log
3T

2
+ log

2

δ

)
, (Kπ)2

}
+Hπ. (17)

The proof is presented in App. C.4.

Corollary 19 For any optimal policy π∗ ∈ Π∗, the cumulative reward Rπ
∗
T (ω) satisfies the

non-asymptotic concentration rates in (16)–(17), where in the LHS, Jπ is replaced with J∗

and in the statement and RHS, (Kπ, Hπ) are replaced with (K∗, H∗).

Proof Since π∗ is in ΠAR, by Theorem 18, the optimal policy should satisfy the non-
asymptotic concentration rates in (16)–(17).

Corollary 20 If M is unichain or recurrent, then any policy π ∈ ΠSD satisfies asymptotic
concentration rates in (11)–(13) and non-asymptotic concentration rates in (16)–(17).

Proof By Prop. 9, for the unichain or recurrent model M, we have ΠAR = ΠSD. As a
result, any policy π which belongs to ΠSD also belongs to ΠAR. Therefore, by Theorem 15,
the asymptotic concentration rates in (11)–(13) hold for the policy π and by Theorem 18,
the non-asymptotic rates in (16)–(17) hold for the policy π.

Corollary 21 IfM is recurrent, unichain, communicating, or weakly communicating, then
every optimal policy π∗ ∈ Π∗ satisfies asymptotic concentration rates in (11)–(13) and non-
asymptotic concentration rates in (16)–(17). (Prop. 9 shows that there exists at least one
such policy.)

Proof By Prop. 9, for any model M which is recurrent, unichain, communicating, or
weakly communicating, there exists an optimal policy π∗ belonging to ΠAR. As a result,
by Corollary 16, the asymptotic concentration rates in (11)–(13) hold for every optimal
policy π∗ ∈ ΠAR. Furthermore, by Corollary 19, the non-asymptotic concentration rates in
(16)–(17) hold for every optimal policy π∗ ∈ ΠAR.

In Theorem 18, the upper-bounds are established in terms of Kπ and Hπ. To compute
Kπ and Hπ, one must solve the corresponding (ARPE) equation. At the cost of loosening
these bounds, we derive upper-bounds which are in terms of the diameter of the policy
Dπ and the maximum reward Rmax. As a result, these upper-bounds only depend on the
properties of the Markov chain induced by π and Rmax.

Corollary 22 Suppose M is communicating. For any policy π ∈ ΠAR, following upper-
bounds hold:

13
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1. For any δ ∈ (0, 1), with probability at least 1− δ, we have

∣∣RπT − TJπ∣∣ ≤ DπRmax

√
2T log

2

δ
+DπRmax. (18)

2. For any δ ∈ (0, 1), for all T ≥ T0(δ) :=
⌈ 173

DπRmax
log

4

δ

⌉
, with probability at least

1− δ, we have

∣∣RπT − TJπ∣∣ ≤ max
{
DπRmax

√
3T
(

2 log log
3T

2
+ log

2

δ

)
, (DπRmax)2

}
+DπRmax.

(19)

The proof is presented in App. C.5.

Corollary 23 If M is communicating or weakly communicating, then for any optimal pol-
icy π∗ ∈ Π∗, the cumulative reward Rπ

∗
T (ω) satisfies the non-asymptotic concentration rates

in (18)–(19), where in the LHS, Jπ is replaced with J∗ and in the RHS, Dπ is replaced with
D.

The proof is presented in App. C.6.

In the Corollary 22, the dependence of upper-bounds on the parameters of M are
reflected through DπRmax. This implies that if the diameter of the policy Dπ or maximum
reward Rmax increases, these upper-bounds loosen with a linear rate.

Remark 24 The upper-bounds derived in Corollary 22 depend on the diameter of the policy
Dπ and are therefore policy-dependent. If M is communicating or weakly communicating,
by Lemma 13, Part 2, we can replace the diameter of the policy Dπ with the worst case
diameter Dw to get policy-independent upper-bounds. For brevity, we omit this result.

3.3 Sample Path Behavior of the Performance Difference of Two Stationary
Policies

As an implication of the results presented in the Sec. 3.2, we characterize the sample path
behavior of the difference in cumulative rewards between any two stationary policies. As
a consequence, we derive the non-asymptotic concentration of the difference in rewards
between any two optimal policies. These concentration bounds are presented in the following
two corollaries.

Corollary 25 Consider two policies π1, π2 ∈ ΠAR. The following upper-bounds hold for
the difference between the cumulative reward received by the two policies.

1. For any δ ∈ (0, 1), with probability at least 1− δ, we have

∣∣∣∣∣Rπ1T −Rπ2T ∣∣− ∣∣TJπ1 − TJπ2∣∣∣∣∣ ≤ Kπ1

√
2T log

4

δ
+Hπ1 +Kπ2

√
2T log

4

δ
+Hπ2 .

(20)

14
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2. For any δ ∈ (0, 1), for all T ≥ T π0 (δ) := max
{⌈ 173

Kπ1
log

8

δ

⌉
,
⌈ 173

Kπ2
log

8

δ

⌉}
, with

probability at least 1− δ, we have

∣∣∣∣∣Rπ1T −Rπ2T ∣∣− ∣∣TJπ1 − TJπ2∣∣∣∣∣ ≤max
{
Kπ1

√
3T
(

2 log log
3T

2
+ log

4

δ

)
, (Kπ1)2

}
+Hπ1

+ max
{
Kπ2

√
3T
(

2 log log
3T

2
+ log

4

δ

)
, (Kπ2)2

}
+Hπ2 .

(21)

The proof is presented in App. C.7.

Corollary 26 Consider two optimal policies π∗1, π
∗
2 ∈ Π∗. Then for the difference between

cumulative rewards received by the two optimal policies
∣∣Rπ∗1T −Rπ∗2T ∣∣, we have

1. For any δ ∈ (0, 1), with probability at least 1− δ, we have

∣∣Rπ∗1T −Rπ∗2T ∣∣ ≤ 2
(
K∗
√

2T log
4

δ
+H∗

)
. (22)

2. For any δ ∈ (0, 1), for all T ≥ T π
∗

0 (δ) :=
⌈173

K∗
log

8

δ

⌉
, with probability at least 1 − δ,

we have

∣∣Rπ∗1T −Rπ∗2T ∣∣ ≤ 2
(

max
{
K∗
√

3T
(

2 log log
3T

2
+ log

4

δ

)
, (K∗)2

}
+H∗

)
. (23)

Proof Since both policies π∗1, π
∗
2 ∈ ΠAR are optimal policies, by the definition, we have

Jπ
∗
1 = Jπ

∗
2 = J∗ and therefore, T

∣∣Jπ∗1 − Jπ∗2 ∣∣ = 0. As a result, by Corollary 25, the differ-

ence
∣∣Rπ∗1T −Rπ∗2T ∣∣ satisfies the non-asymptotic concentration rates in Corollary 25 with the

RHS of (20)–(21) being simplified to RHS of (22)–(23).

Remark 27 Similar to the Corollary 22, by imposing the assumption that M is communi-
cating or weakly communicating, we can derive the counterpart of (20)–(21) and (22)–(23)
in terms of DπRmax respectively. For brevity, we omit this result.

3.4 Implication for Learning

In this section, we present the consequences of our results on the regret of learning algo-
rithms. We characterize the asymptotic and non-asymptotic sample path behavior of the
difference between cumulative regret and interim cumulative regret. Recall that for any
learning policy µ, this difference is defined as DT (ω) = R̄µT (ω) − RµT (ω). Similar to The-
orem 15, we characterize the asymptotic concentration rates of {DT (ω)}T≥1, establishing
LLN, CLT and LIL.
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Definition 28 Let {Σ∗t }t≥0 denote the random process defined as

Σ∗0 = 0, Σ∗t =
t−1∑
τ=0

σ∗(Sτ )2.

Corresponding to this process, we define the set Ω∗0 as

Ω∗0 :=
{
ω ∈ Ω : lim

t→∞
Σ∗t (ω) =∞

}
.

Theorem 29 For any learning policy µ, the difference DT (ω) of cumulative regret and
interim cumulative regret satisfies following properties.

1. (Law of Large Numbers) The difference almost surely grows sub-linearly, i.e.

lim
T→∞

DT (ω)

T
= 0, a.s.

2. (Central Limit Theorem) Assume that P(Ω∗0) = 1. Let stopping time νt be defined as

νt := min
{
T ≥ 1 : Σ∗T ≥ t

}
. Then

lim
T→∞

DνT (ω)√
T

(d)−−→ N (0, 1).

3. (Law of Iterated Logarithm) For almost all ω ∈ Ω∗0, we have

lim inf
T→∞

DT (ω)√
2Σ∗T log log Σ∗T

= −1, lim sup
T→∞

DT (ω)√
2Σ∗T log log Σ∗T

= 1. (24)

Proof is presented in App. C.8.
In addition to the asymptotic results presented in Theorem 29, we present non-asymptotic

guarantees for the sequence {DT (ω)}T≥1. Similar to Theorem 18, we characterize the non-
asymptotic concentration of DT (ω) as a function of statistical properties of V ∗ (i.e., K∗ and
H∗).

Theorem 30 The difference of cumulative regret and interim cumulative regret DT (ω) sat-
isfies:

1. For any δ ∈ (0, 1), with probability at least 1− δ, we have

∣∣DT (ω)
∣∣ ≤ K∗√2T log

2

δ
+H∗.

2. For any δ ∈ (0, 1), for all T ≥ T ∗0 (δ) :=
⌈173

K∗
log

4

δ

⌉
, with probability at least 1 − δ,

we have ∣∣DT (ω)
∣∣ ≤ max

{
K∗
√

3T
(

2 log log
3T

2
+ log

2

δ

)
, (K∗)2

}
+H∗.
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Proof is presented in App. C.9. As mentioned earlier, the difference DT (ω) does not depend
on the learning policy µ. Therefore, the results of Theorem 30 do not depend on the choice
of the learning policy either.

In Theorem 30, the upper-bounds are established in terms of K∗ and H∗. Similar to
Corollary 22, we can derive upper-bounds in terms of model parameters D and Rmax at the
cost of loosening the upper-bounds. These bounds are presented in the following Corollary.

Corollary 31 Suppose M is recurrent, unichain, communicating, or weakly communicat-
ing, then DT (ω) satisfies following properties.

1. For any δ ∈ (0, 1), with probability at least 1− δ, we have

∣∣DT (ω)
∣∣ ≤ DRmax

√
2T log

2

δ
+DRmax.

2. For any δ ∈ (0, 1), for all T ≥ T0(δ) :=
⌈ 173

DRmax
log

4

δ

⌉
, with probability at least 1− δ,

we have

∣∣DT (ω)
∣∣ ≤ max

{
DRmax

√
3T
(

2 log log
3T

2
+ log

2

δ

)
, (DRmax)2

}
+DRmax.

Proof is presented in App. C.10.

Remark 32 Notice that conditions of Corollary 31 are weaker than the conditions of Corol-
lary 22. As a result, Corollary 31 can be applied to broader classes of M. This difference
originates from the difference between items (2) and (3) in Lemma 13.

In this section, we established probabilistic upper-bounds for the difference between
cumulative regret and interim cumulative regret. We showed, asymptotically and non-
asymptotically, the growth rate of this difference is upper-bounded by Õ(

√
T ). This implies

that if we establish a regret rate of Õ(
√
T ) for a learning algorithm µ using either of the

definitions, similar regret rate hold for the algorithm µ using the other definition. This
result is presented in the following theorem.

Theorem 33 For any learning policy µ we have:

1. The following statements are equivalent.

(a) RµT (ω) ≤ Õ(
√
T ), a.s.

(b) R̄µT (ω) ≤ Õ(
√
T ), a.s.

2. The following statements are true.

(a) Suppose for a learning algorithm µ and any δ ∈ (0, 1), there exists a T0(δ) such
that for all T ≥ T0(δ), with probability at least 1− δ, we have RµT (ω) ≤ Õ(

√
T ),

where Õ(·) notation functionally depends upon constants related to M and δ.
Then for any δ ∈ (0, 1), there exists T1(δ) such that for all T ≥ T1(δ), with
probability at least 1− δ, we have R̄µT (ω) ≤ Õ(

√
T ).

17
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(b) Suppose for a learning algorithm µ and any δ ∈ (0, 1), there exists a T0(δ) such
that for all T ≥ T0(δ), with probability at least 1− δ, we have R̄µT (ω) ≤ Õ(

√
T ),

where Õ(·) notation functionally depends upon constants related to M and δ.
Then for any δ ∈ (0, 1), there exists T1(δ) such that for all T ≥ T1(δ), with
probability at least 1− δ, we have RµT (ω) ≤ Õ(

√
T ).

Proof is presented in App. C.11.

4. Main Results for the Discounted Reward Setup

In this section, we extend the non-asymptotic concentration results that we established for
the average reward setup to the discounted reward setup.

4.1 System Model

Consider a discounted reward MDP with state space S and action space A. Similar to
Sec. 2, we assume that S and A are finite sets. The state evolves in a controlled Markov
manner with transition matrix P and at each time t, the system yields a per-step reward
r(St, At) ∈ [0, Rmax]. Let γ ∈ (0, 1) denote the discount factor of the model. The definitions
of policies and policy sets Π and ΠSD are similar to Sec. 2. The discounted cumulative
reward received by any policy π is given by

Rπ,γT (ω) :=
T−1∑
t=0

γtr(St, At), where, At = π(S0:t, A0:t−1), ω ∈ Ω.

Note that Rπ,γT (ω) is a random variable. For this model, the long-run expected discounted
reward of policy π ∈ ΠSD starting at the state s ∈ S is defined as

V π
γ (s) := Eπ

[
lim
T→∞

Rπ,γT
∣∣ S0 = s

]
, ∀s ∈ S,

where Eπ is the expectation with respect to the joint distribution of all the system variables
induced by π. We refer to the function V π

γ as the discounted value function corresponding
to the policy π. The optimal performance V ∗γ starting at state s ∈ S is defined as

V ∗γ (s) = sup
π∈Π

V π
γ (s), ∀s ∈ S.

A policy π∗ is called optimal if

V π∗
γ (s) = V ∗γ (s), ∀s ∈ S.

Definition 34 A discounted model M is said to satisfy DROE (Discounted Reward Op-
timality Equation) if there exists an optimal discounted value function V ∗γ : S → R that
satisfies:

V ∗γ (s) = max
a∈A

[
r(s, a) + γE

[
V ∗γ (S+)

∣∣ s, a]], ∀s ∈ S. (DROE)
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Definition 35 Given a discounted model M, a policy π ∈ ΠSD is said to satisfy DRPE
(Discounted Reward Policy Evaluation equation) if there exists a discounted value function
V π
γ : S → R that satisfies:

V π
γ (s) = r(s, π(s)) + γE

[
V π
γ (S+)

∣∣ s, π(s)
]
, ∀s ∈ S. (DRPE)

Proposition 36 (Bertsekas (2012a, Prop. 1.2.3–1.2.5)) For a discounted model M,
following statements hold:

1. Any policy π ∈ ΠSD satisfies (DRPE).

2. Let π∗ be any policy such that π∗(s) is an argmax of the RHS of (DROE). Then π∗

is optimal, i.e., for all s ∈ S, V π∗
γ (s) = V ∗γ (s).

3. The policy π∗ in step 2 belongs to ΠSD. In particular, it satisfies (DRPE) with a
solution V ∗γ .

4.2 Sample Path Characteristics of Any Policy

For any policy π ∈ ΠSD, we define following statistical properties of the discounted value
function V π

γ .

1. Span of the discounted value function V π
γ given by

Hπ,γ := sp(V π
γ ) = max

s∈S
V π
γ (s)−min

s∈S
V π
γ (s). (25)

2. Maximum absolute deviation of the discounted value function V π
γ is given by

Kπ,γ := max
s,s+∈S

∣∣∣V π
γ (s+)− E

[
V π
γ (S+)

∣∣ s, π(s)
]∣∣∣. (26)

For any optimal policy π∗ ∈ ΠSD, we denote these corresponding quantities by H∗,γ , and
K∗,γ . Similar to the results in Theorem 17 for the average reward setup, we can derive
non-asymptotic concentration results for the discounted reward setup. These results are
presented in the following theorem. To simplify the notation, let

fγ(T ) :=

T∑
t=1

γ2t =
γ2 − γ2T+2

1− γ2
.

An immediate implication of the definitions of Rπ,γT and V π
γ (s) is that

E
[
Rπ,γT + γTV π

γ (ST )− V π
γ (S0)

]
= 0.

In this section, we show that with high-probability Rπ,γT concentrates around V π
γ (S0) −

γTV π
γ (ST ) and characterize the concentration rate.

Theorem 37 For any policy π ∈ ΠSD and any s ∈ S, we have:
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1. For any δ ∈ (0, 1), with probability at least 1− δ, we have

∣∣∣Rπ,γT −
(
V π
γ (S0)− γTV π

γ (ST )
)∣∣∣ ≤ Kπ,γ

√
2fγ(T ) log

2

δ
. (27)

2. For any δ ∈ (0, 1), if limT ′→∞ f
γ(T ′) >

173

Kπ,γ
log

4

δ
, then for all T ≥ T0(δ) :=

min
{
T ′ ≥ 1 : fγ(T ′) >

173

Kπ,γ
log

4

δ

}
, with probability at least 1− δ, we have

∣∣∣Rπ,γT −
(
V π
γ (S0)− γTV π

γ (ST )
)∣∣∣

≤ max

{
Kπ,γ

√
3fγ(T )

(
2 log log

(3

2
fγ(T )

)
+ log

2

δ

)
, (Kπ,γ)2

}
. (28)

The proof is presented in App. D.1.

Corollary 38 For any policy π ∈ ΠSD and any s ∈ S, we have:

1. For any δ ∈ (0, 1), with probability at least 1− δ, we have

∣∣∣Rπ,γT − V π
γ (S0)

∣∣∣ ≤ Kπ,γ

√
2fγ(T ) log

2

δ
+

γT

1− γ
Rmax. (29)

2. For any δ ∈ (0, 1), if limT ′→∞ f
γ(T ′) >

173

Kπ,γ
log

4

δ
, then for all T ≥ T0(δ) :=

min
{
T ′ ≥ 1 : fγ(T ′) >

173

Kπ,γ
log

4

δ

}
, with probability at least 1− δ, we have

∣∣∣Rπ,γT − V π
γ (S0)

∣∣∣
≤ max

{
Kπ,γ

√
3fγ(T )

(
2 log log(

3

2
fγ(T )) + log

2

δ

)
, (Kπ,γ)2

}
+

γT

1− γ
Rmax.

(30)

The proof is presented in App. D.2.

Corollary 39 For any optimal policy π∗ ∈ ΠSD, the discounted cumulative reward Rπ
∗,γ
T (ω)

satisfies the non-asymptotic concentration rates in (27)–(30), where in the LHS, V π
γ (s) is

replaced with V ∗γ (s) and in the statement and RHS, Kπ,γ is replaced with K∗,γ.

Proof Since π∗ is in ΠSD, by Theorem 37 and Corollary 38, the optimal policy satisfies the
non-asymptotic concentration rates in (27)–(30).
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4.3 Sample Path Behavior of Performance Difference of Two Stationary
Policies

As an implication of the results presented in the Sec. 4.2, we characterize the sample path
behavior of the difference in discounted cumulative rewards between any two stationary
policies. As a consequence, we derive the non-asymptotic concentration of the difference
in rewards between any two optimal policies. These concentration bounds are presented in
the following two corollaries.

Corollary 40 Consider two policies π1, π2 ∈ ΠSD. Let {Sπ1t }t≥0 and {Sπ2t }t≥0 denote the
random sequences of the states encountered by policy π1 and π2 respectively. Following
upper-bounds hold for the difference between the discounted cumulative reward received by
the two policies.

1. For any δ ∈ (0, 1), with probability at least 1− δ, we have∣∣∣∣∣Rπ1,γT −Rπ2,γT

∣∣− ∣∣[V π1
γ (Sπ10 )− γTV π1

γ (Sπ1T )
]
−
[
V π2
γ (Sπ20 )− γTV π2

γ (Sπ2T )
]∣∣∣∣∣

≤ Kπ1,γ

√
2fγ(T ) log

4

δ
+Kπ2,γ

√
2fγ(T ) log

4

δ
. (31)

2. For any δ ∈ (0, 1), if limT ′→∞ f
γ(T ′) >

173

Kπ,γ
log

4

δ
, define T πi0 ( δ2) as

T πi0 (
δ

2
) := min

{
T ′ ≥ 1 : fγ(T ′) >

173

Kπi,γ
log

8

δ

}
, i ∈ {1, 2}. (32)

Then, for all T ≥ T π0 (δ) := max
{
T π10 ( δ2), T π20 ( δ2)

}
, with probability at least 1− δ, we

have ∣∣∣∣∣Rπ1,γT −Rπ2,γT

∣∣− ∣∣[V π1
γ (Sπ10 )− γTV π1

γ (Sπ1T )
]
−
[
V π2
γ (Sπ20 )− γTV π2

γ (Sπ2T )
]∣∣∣∣∣

≤max
{
Kπ1,γ

√
3fγ(T )

(
2 log log

3

2
fγ(T ) + log

4

δ

)
, (Kπ1,γ)2

}
+ max

{
Kπ2,γ

√
3fγ(T )

(
2 log log

3

2
fγ(T ) + log

4

δ

)
, (Kπ2,γ)2

}
. (33)

The proof if presented in App. D.3.

Corollary 41 Consider two optimal policies π∗1, π
∗
2 ∈ ΠSD. Let {Sπ

∗
1
t }t≥0 and {Sπ

∗
2
t }t≥0

denote the random sequences of states encountered by optimal policies π∗1 and π∗2. To simplify

the expression, we assume the system starts at a fixed initial state, i.e., S
π∗1
0 = S

π∗2
0 . Then

for the difference between discounted cumulative rewards received by the two optimal policies∣∣Rπ∗1 ,γT −Rπ
∗
2 ,γ
T

∣∣, we have:

1. For any δ ∈ (0, 1), with probability at least 1− δ, we have∣∣∣∣∣Rπ∗1 ,γT −Rπ
∗
2 ,γ
T

∣∣− γT ∣∣V ∗γ (S
π∗2
T )− V ∗γ (S

π∗1
T )
∣∣∣∣∣ ≤ 2

(
K∗,γ

√
2fγ(T ) log

4

δ

)
. (34)
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2. Consider T π
∗

0 ( δ2) defined in (32). For any δ ∈ (0, 1), for all T ≥ T π
∗

0 ( δ2), with proba-
bility at least 1− δ, we have∣∣∣∣∣Rπ∗1 ,γT −Rπ

∗
2 ,γ
T

∣∣− γT ∣∣V ∗γ (S
π∗2
T )− V ∗γ (S

π∗1
T )
∣∣∣∣∣

≤ 2
(

max
{
K∗,γ

√
3fγ(T )

(
2 log log

(3

2
fγ(T )

)
+ log

4

δ

)
, (K∗,γ)2

})
. (35)

Proof Since both policies π∗1, π
∗
2 ∈ ΠSD are optimal policies, by the definition, we have

V
π∗1
γ (s) = V

π∗2
γ (s) = V ∗γ (s), ∀s ∈ S, ∀γ ∈ (0, 1).

As a result, by the assumption that S
π∗1
0 = S

π∗2
0 we have∣∣∣V ∗γ (S

π∗1
0 )− V ∗γ (S

π∗2
0 )
∣∣∣ = 0.

In addition, we have
Kπ∗1 ,γ = Kπ∗2 ,γ = K∗,γ , ∀γ ∈ (0, 1).

As a result, by Corollary 40, the difference
∣∣Rπ∗1 ,γT − R

π∗2 ,γ
T

∣∣ satisfies the non-asymptotic
concentration rates in Corollary 40 with the RHS of (31) and (33) being simplified to RHS
of (34)–(35).

4.4 Vanishing Discount Analysis

In order to observe the connection between the upper-bounds established in Theorem 17
and Theorem 37, we investigate the asymptotic behavior of these two upper-bounds as the
discount factor γ goes to 1 from below (i.e., γ ↑ 1). This characterization is stated in the
following Corollary.

Corollary 42 For any policy π ∈ ΠAR, we have the following asymptotic relations between
the bounds in Theorem 17 and Theorem 37.

1. As γ goes to 1 from below, the quantity in the LHS of (27)–(28) converges to the LHS
of (14), i.e.,

lim
γ↑1

∣∣∣Rπ,γT −
(
V π
γ (S0)− γTV π

γ (ST )
)∣∣∣ =

∣∣∣RπT − TJπ +
(
V π(S0)− V π(ST )

)∣∣∣.
2. As γ goes to 1 from below, the RHS in (27) converges to the RHS in (14), i.e.,

lim
γ↑1

[
Kπ,γ

√
2fγ(T ) log

2

δ

]
= Kπ

√
2T log

2

δ
.

3. As γ goes to 1 from below, the RHS in (28) converges to the RHS in (15), i.e.,

lim
γ↑1

[
max

{
Kπ,γ

√
3fγ(T )

(
2 log log(

3

2
fγ(T )) + log

2

δ

)
, (Kπ,γ)2

}]
= max

{
Kπ

√
3T
(

2 log log
3T

2
+ log

2

δ

)
, (Kπ)2

}
.
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Proof is presented in App. D.4.

Remark 43 The non-asymptotic characterizations are established in Theorem 37. Since
the discounted cumulative reward Rπ,γT is finite for M, we cannot provide any asymptotic
characterization for this quantity. However, Corollary 42 shows that as the discount factor
γ goes to 1 from below, the non-asymptotic concentration behavior of Rπ,γT resembles the
non-asymptotic concentration of RπT . This gives a complete picture of concentration rate of
Rπ,γT and RπT .

5. Main Results for the Finite-Horizon Setup

In this section, we extend the non-asymptotic concentration results that we established for
the average reward and discounted reward setups to the case of finite-horizon setup.

5.1 System Model

Consider an MDP with state space S and action space A. Similar to Sec. 2, we assume that
S and A are finite sets. The state evolves in a controlled Markov manner with transition
matrix P and at each time t, the system yields a per-step reward r(St, At) ∈ [0, Rmax]. Let
h ∈ R denote the horizon of the problem. The definitions of policy and policy set Π are
similar to Sec. 2.

Definition 44 Given a model M = (P, r, h), define ΠFD to be the set of finite-horizon
deterministic policies, i.e., for any π = (π0, π1, . . . , πh) ∈ ΠFD, we have πt : S → A (i.e.,
At = πt(St)), but πt may depend upon t.

The cumulative reward received by any policy π ∈ Π up to time T (T is not necessarily
equal to h) is given by

Rπ,hT (ω) :=

T−1∑
t=0

r(St, At), where, At = π(S0:t, A0:t−1), ω ∈ Ω, T ≤ h+ 1.

Note that Rπ,hT (ω) is a random variable. For this model, the expected total reward of any
policy π ∈ Π starting at the state s ∈ S is defined as

Jπ,h(s) := Eπ
[
Rπ,hh+1

∣∣ S0 = s
]
, ∀s ∈ S,

where Eπ is the expectation with respect to the joint distribution of all the system variables
induced by π. The optimal performance J∗,h(s) starting at state s ∈ S is defined as

J∗,h(s) = sup
π∈Π

Jπ,h(s), ∀s ∈ S.

A policy π∗ is called optimal if

Jπ
∗,h(s) = J∗,h(s), ∀s ∈ S.
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Definition 45 The sequence of finite-horizon optimal value functions
{
V ∗,ht

}h+1

t=0
: S → R

is defined as follows

V ∗,hh+1(s) = 0, ∀s ∈ S,

and for t ∈ {h, h− 1, . . . , 0}, recursively define V ∗,ht (s) based on the FHDP (Finite-Horizon
Dynamic Programming equation) given by

V ∗,ht (s) = max
a∈A

[
r(s, a) + E

[
V ∗,ht+1(S+)

∣∣ s, a]], ∀s ∈ S. (FHDP)

Definition 46 Given a policy π ∈ ΠFD, the sequence of finite-horizon value functions{
V π,h
t

}h+1

t=0
: S → R corresponding to the policy π is defined as follows

V π,h
h+1(s) = 0, ∀s ∈ S,

and for t ∈ {h, h− 1, . . . , 0}, recursively define V π,h
t (s) based on the FHPE (Finite-Horizon

Policy Evaluation equation) given by

V π,h
t (s) = r(s, πt(s)) + E

[
V π,h
t+1 (S+)

∣∣ s, πt(s)], ∀s ∈ S. (FHPE)

Proposition 47 (Bertsekas (2012b)) Let π∗ = (π∗0, π
∗
1, . . . , π

∗
h) ∈ ΠFD be a policy such

that π∗t (st) denote the argmax of (FHDP) at stage t. Then the policy π∗ is optimal, i.e.,
for all s ∈ S, Jπ

∗,h(s) = J∗,h(s).

5.2 Sample Path Characteristics of Any Policy

For any policy π ∈ ΠFD, we define following statistical properties of the sequence of finite-
horizon value functions {V π,h

t }h+1
t=0 .

1. Span of the finite-horizon value function V π,h
t is given by

Hπ,h
t := sp(V π,h

t ), ∀t ∈ {0, 1, . . . , h}. (36)

2. Maximum absolute deviation of the finite-horizon value function V π,h
t is given by

Kπ,h
t := max

s,s+

∣∣∣V π,h
t (s+)− E

[
V π,h
t (S+)

∣∣ s, πt(s)]∣∣∣, ∀t ∈ {0, 1, . . . , h}. (37)

Similar to the results in Theorem 18 and Theorem 37 for the average reward and discounted
reward setups, we derive non-asymptotic concentration results for the finite-horizon setup.
These results are presented in the following theorem. To simplify the notation, let

K̄π,h
T = max

0≤t≤T
Kπ,h
t , H̄π,h

T = max
0≤t≤T

Hπ,h
t , (38)

and let

gπ,h(T ) :=

∑T
t=1(Kπ,h

t )2(
K̄π,h
T

)2 . (39)
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For any optimal policy π∗ ∈ ΠFD, we denote these corresponding quantities by H∗,ht , K∗,ht ,

H̄∗,hT , K̄∗,hT , and g∗,h(T ). An immediate implication of the definitions of Rπ,hT and V π,h
T (s)

is that
E
[
Rπ,hT + V π,h

T (ST )− V π,h
0 (S0)

]
= 0.

In this section, we show that with high-probability Rπ,hT concentrates around V π,h
0 (S0) −

V π,h
T (ST ) and characterize the concentration rate. Following theorem is analogous to the

concentration bounds in average reward setup given in Theorem 17 and concentration
bounds in discounted reward setup given in Theorem 37.

Theorem 48 For any policy π ∈ ΠFD, we have:

1. For any δ ∈ (0, 1), with probability at least 1− δ, we have∣∣∣Rπ,hT −
(
V π,h

0 (S0)− V π,h
T (ST )

)∣∣∣ ≤ K̄π,h
T

√
2gπ,h(T ) log

2

δ
.

2. For any δ ∈ (0, 1), if gπ,h(h) ≥ 173 log 4
δ , define T π,h0 (δ) to be

T π,h0 (δ) := min
{
T ′ ≥ 1 : gπ,h(T ′) ≥ 173 log

4

δ

}
. (40)

Then with probability at least 1− δ, for all T π,h0 (δ) ≤ T ≤ h+ 1, we have∣∣∣Rπ,hT −
(
V π,h

0 (S0)− V π,h
T (ST )

)∣∣∣
≤ max

{
K̄π,h
T

√
3gπ,h(T )

(
2 log log(

3

2
gπ,h(T )) + log

2

δ

)
, (K̄π,h

T )2

}
. (41)

The proof is presented in App. E.1.
Following Corollary establishes the finite-time concentration of Rπ,hT around the quantity

V π,h
0 (S0). This results is analogous to the concentration bounds in the average reward setup

given in Theorem 18 and concentration bounds in the discounted reward setup given in
Corollary 38.

Corollary 49 For any policy π ∈ ΠFD, we have:

1. For any δ ∈ (0, 1), with probability at least 1− δ, we have∣∣∣Rπ,hT − V π,h
0 (S0)

∣∣∣ ≤ K̄π,h
T

√
2T log

2

δ
+ H̄π,h

T .

2. For any δ ∈ (0, 1), if gπ,h(h) ≥ 173 log 4
δ , define T π,h0 (δ) as specified in (40). Then

with probability at least 1− δ, for all T π,h0 (δ) ≤ T ≤ h+ 1, we have∣∣∣Rπ,hT − V π,h
0 (S0)

∣∣∣ ≤ max

{
K̄π,h
T

√
3T
(
2 log log

(3T

2

)
+ log

2

δ

)
, (K̄π,h

T )2

}
+ H̄π,h

T .

The proof is presented in App. E.2.
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5.3 Sample Path Behavior of Performance Difference of Two Policies

As an implication of the results presented in Sec. 5.2, we characterize the sample path
behavior of the difference in cumulative rewards between any two policies. As a consequence,
we derive the non-asymptotic concentration of the difference in rewards between any two
optimal policies. These concentration bounds are presented in the following two corollaries.

Corollary 50 Consider two policies π1, π2 ∈ ΠFD. Let {Sπ1t }ht=0 and {Sπ2t }ht=0 denote the
random sequences of the states encountered by policies π1 and π2 respectively. Following
upper-bounds hold for the difference between the cumulative reward received by the two poli-
cies

∣∣Rπ1,hT −Rπ2,hT

∣∣.
1. For any δ ∈ (0, 1), with probability at least 1− δ, we have∣∣∣∣∣Rπ1,hT −Rπ2,hT

∣∣− ∣∣[V π1,h
0 (Sπ10 )− V π1,h

T (Sπ1T )
]
−
[
V π2,h

0 (Sπ20 )− V π2,h
T (Sπ2T )

]∣∣∣∣∣
≤ K̄π1,h

T

√
2gπ1,h(T ) log

4

δ
+ K̄π2,h

T

√
2gπ2,h(T ) log

4

δ
. (42)

2. For any δ ∈ (0, 1), if min
{
gπ1,h(h), gπ2,h(h)

}
≥ 173 log 8

δ , define T π,h0 (δ) as specified
in (40) and let

T h0 (δ) := max
{
T π1,h0 (

δ

2
), T π2,h0 (

δ

2
)
}
.

Then, with probability at least 1− δ, for all T h0 (δ) ≤ T ≤ h+ 1, we have∣∣∣∣∣Rπ1,hT −Rπ2,hT

∣∣− ∣∣[V π1,h
0 (Sπ10 )− V π1,h

T (Sπ1T )
]
−
[
V π2,h

0 (Sπ20 )− V π2,h
T (Sπ2T )

]∣∣∣∣∣
≤ max

{
K̄π1,h
T

√
3gπ1,h(T )

(
2 log log(

3

2
gπ1,h(T )) + log

4

δ

)
, (K̄π1,h

T )2

}
+ max

{
K̄π2,h
T

√
3gπ2,h(T )

(
2 log log(

3

2
gπ2,h(T )) + log

4

δ

)
, (K̄π2,h

T )2

}
. (43)

The proof is presented in App. E.3.

Corollary 51 Consider two optimal policies π∗1, π
∗
2 ∈ ΠFD. Let {Sπ

∗
1
t }ht=0 and {Sπ

∗
2
t }ht=0

denote the random sequences of states encountered by optimal policies π∗1 and π∗2. To simplify

the expression, we assume the system starts at a fixed initial state, i.e., S
π∗1
0 = S

π∗2
0 . Then for

the difference between the cumulative rewards received by the two optimal policies
∣∣Rπ∗1 ,hT −

R
π∗2 ,h
T

∣∣, we have:

1. For any δ ∈ (0, 1), with probability at least 1− δ, we have

∣∣∣∣∣Rπ∗1 ,hT −Rπ
∗
2 ,h
T

∣∣− ∣∣V ∗,hT (S
π∗2
T )− V ∗,hT (S

π∗1
T )
∣∣∣∣∣ ≤ 2

(
K̄∗,hT

√
2g∗,h(T ) log

4

δ

)
. (44)
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2. For any δ ∈ (0, 1), if g∗,h(h) ≥ 173 log 4
δ , define T π

∗,h
0 (δ) as specified in (40). Then

with probability at least 1− δ, for all T π
∗,h

0 (δ) ≤ T ≤ h+ 1, we have∣∣∣∣∣Rπ∗1 ,hT −Rπ
∗
2 ,h
T

∣∣− ∣∣V ∗,hT (S
π∗2
T )− V ∗,hT (S

π∗1
T )
∣∣∣∣∣

≤2
(

max

{
K̄∗,hT

√
3g∗,h(T )

(
2 log log(

3

2
g∗,h(T )) + log

4

δ

)
, (K̄∗,hT )2

})
. (45)

Proof Since both policies π∗1, π
∗
2 ∈ ΠFD are optimal policies, by the definition, we have

V
π∗1 ,h
t (s) = V

π∗2 ,h
t (s) = V ∗,ht (s), ∀s ∈ S, ∀t ∈ {0, 1, . . . , h+ 1}.

As a result, by the assumption that S
π∗1
0 = S

π∗2
0 , we have∣∣∣V ∗,h0 (S

π∗1
0 )− V ∗,h0 (S

π∗2
0 )
∣∣∣ = 0.

In addition, we have

K̄
π∗1 ,h
T = K̄

π∗2 ,h
T = K̄∗,hT and gπ

∗
1 ,h(T ) = gπ

∗
2 ,h(T ) = g∗,h(T ).

As a result, by Corollary 50, the difference
∣∣Rπ∗1 ,hT − R

π∗2 ,h
T

∣∣ satisfies the non-asymptotic
concentration rates in Corollary 50 with the RHS of (42)–(43) being simplified to RHS of
(44)–(45).

6. Extension of the Results to Random Reward

In this section, we extend the results of Sec. 2 to settings where the reward at time t
depends not only on the state-action pair (s, a) but also on an exogenous process. Consider
an average reward MDP with state space S and action space A. Similar to Sec. 2, we
assume that S and A are finite sets. The state evolves in a controlled Markov manner with
transition matrix P . Let {Et}t≥0 denote an exogenous process which satisfies the following
property

E
[
Et
∣∣S0:t, A0:t

]
= E

[
Et
∣∣St, At], ∀t ≥ 0. (46)

At each time t, the system yields a per-step random reward r̃(St, At, Et), where r̃ : S ×
A × E → [0, Rmax]. We use the notation r̃ to denote the new definition of reward function
distinguishing it from r in Sec. 2, and denote this model by M̃ = (P, r̃). Let R̃πT denote the
total reward received by policy π until time T , i.e.,

R̃πT =
T−1∑
t=0

r̃(St, At, Et), At ∼ π(S0:t, A0:t−1).

Compared to the model in Sec. 2, the only change in this model is the use of r̃(St, At, Et)
as the per-step reward, where the process {Et}t≥0 satisfies the conditional independence
property in (46). As a result, by defining reward function r(s, a) as

r(s, a) = E
[
r̃(St, At, Et)

∣∣St = s,At = a
]
, (47)
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model M̃ = (P, r̃) reduces to the model M = (P, r) in Sec. 2. Therefore by the results in
Sec. 3, we can establish the concentration behavior of the process RπT , where

RπT =

T−1∑
t=0

r(St, At) =

T−1∑
t=0

E
[
r̃(St, At, Et)

∣∣St, At = π(St)
]
.

However, in this setting, we are interested in the concentration of cumulative reward pro-
cess R̃πT =

∑T−1
t=0 r̃(St, At, Et). To simplify the analysis, we define the quantities associated

with the model M̃ based on the reduced model M.

Definition 52 Let M = (P, r) with r(s, a) defined in (47) be the reduced model of M̃ =
(P, r̃). For the model M̃, we define policies π ∈ Π̃, policy sets Π̃AR and Π̃SD, long-run
expected reward function J̃π, differential value function Ṽ π, optimal performance J̃∗, and
optimal policy π̃∗ as the corresponding quantities of the reduced model M in Sec. 2.

For any policy π ∈ Π̃AR, we define the maximum absolute deviation of value function K̃π

similar to Sec. 3, i.e.,

K̃π := max
s,s+∈S

∣∣∣Ṽ π(s+)− E
[
Ṽ π(S+)

∣∣s, π(s)
]∣∣∣. (48)

In this section, we define a similar quantity for the reward function r̃(St, At, Et).

Definition 53 For any policy π ∈ Π̃AR, we define the maximum absolute deviation of
reward function K̃π

r as follows

K̃π
r := max

s,s′∈S
a′∈A
e′∈E

∣∣∣r̃(s′, a′, e′)− E[r̃(S,A,E)
∣∣S = s,A = π(s)

]∣∣∣. (49)

The following theorem establishes the concentration of cumulative reward R̃πT around the
quantity T J̃π −

(
Ṽ π(ST )− Ṽ π(S0)

)
. Compared to the results in Sec. 3, the concentration

of cumulative reward is characterized by a weaker bound due to the added stochasticity in
the cumulative reward process.

Theorem 54 For any policy π ∈ Π̃AR, the following upper-bounds hold:

1. For any δ ∈ (0, 1), with probability at least 1− δ, we have∣∣∣R̃πT − T J̃π − (Ṽ π(S0)− Ṽ π(ST )
)∣∣∣ ≤ K̃π

√
2T log

4

δ
+ K̃π

r

√
2T log

4

δ
. (50)

2. For any δ ∈ (0, 1), for all T ≥ T0(δ) := max
{⌈173

K̃π
log

8

δ

⌉
,
⌈173

K̃π
r

log
8

δ

⌉}
, with proba-

bility at least 1− δ, we have∣∣∣R̃πT − T J̃π − (Ṽ π(S0)− Ṽ π(ST )
)∣∣∣ (51)

≤ max
{
K̃π

√
3T
(

2 log log
3T

2
+ log

4

δ

)
, (K̃π)2

}
(52)

+ max
{
K̃π
r

√
3T
(

2 log log
3T

2
+ log

4

δ

)
, (K̃π

r )2
}
. (53)
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The proof is presented in App. F.2.

Remark 55 By following arguments analogous to those used in this section, similar con-
centration bounds can be established for the cumulative reward process under any stationary
randomized policy. For brevity, we omit these results.

7. Conclusion

In this paper, we investigated the sample path behavior of cumulative reward in Markov
decision processes. In particular, we established the asymptotic concentration of rewards,
including the law of large numbers, the central limit theorem, and the law of iterated
logarithm. Moreover, non-asymptotic concentrations of rewards were obtained, including
an Azuma-Hoeffding-type inequality and a non-asymptotic version of the law of iterated
logarithm, all applicable to a general class of stationary policies. Using these results, we
characterized the relationship between two notions of regret in the literature, cumulative
regret and interim cumulative regret. We showed that, in both the asymptotic and non-
asymptotic settings, the two definitions are rate equivalent as long as either of the regrets is
upper-bounded by Õ(

√
T ). Moreover, we extended our results to three different frameworks:

(i) the infinite-horizon discounted reward setting, where we established non-asymptotic
concentration of the cumulative discounted reward; (ii) the finite-horizon setting, where we
established non-asymptotic concentration of the cumulative total reward; (iii) the infinite-
horizon average setting with stochastic reward, where we established the non-asymptotic
concentration of the cumulative reward process. Our proof technique in the third extension
may also be applied to the discounted reward and finite-horizon frameworks; however, these
extensions are omitted for brevity.

The contributions of this work are twofold: (i) It unifies two sets of literature, showing
that if an algorithm achieves a regret of Õ(

√
T ) under one definition, the same rate ap-

plies to the other, thereby resolving an existing gap in our theoretical understanding. (ii)
The asymptotic and non-asymptotic concentration bounds found in this work can be used
to evaluate the probabilistic performance of a policy, allowing for the assessment of risk
and safety in the MDP setup. Such assessments may be used in decision making problems
involving high-stakes costs including safety-critical engineering systems, finance and health-
care. As a result, we believe our analysis paves the way for risk-aware decision making and
reinforcement learning in such applications.
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Robert B. Ash and Catherine A. Doléans-Dade. Probability and Measure Theory. Academic
Press, San Diego, CA, 2nd edition, 2000. ISBN 978-0-12-065202-0.

Peter Auer and Ronald Ortner. Logarithmic online regret bounds for undiscounted rein-
forcement learning. In Advances in Neural Information Processing Systems, volume 19.
MIT Press, 2006.

Akshay Balsubramani. Sharp finite-time iterated-logarithm martingale concentration. arXiv
preprint arXiv:1405.2639, 2014.

Peter L. Bartlett and Ambuj Tewari. Regal: A regularization-based algorithm for reinforce-
ment learning in weakly communicating MDPs. In Proceedings of the 25th Conference
on Uncertainty in Artificial Intelligence (UAI), pages 35–42. AUAI Press, 2009.

Peter L Bartlett and Ambuj Tewari. Regal: A regularization based algorithm for rein-
forcement learning in weakly communicating MDPs. arXiv preprint arXiv:1205.2661,
2012.
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Appendix A. Background on Markov Chain Theory

Consider a time-homogeneous Markov chain defined on a finite state space S. Let P denote
the state transition probability and P k denote the k-step state transition probability. Then
we use the following terminology.

• Given s, s′ ∈ S, state s′ is said to be accessible from s, if there exists a finite time
k ≥ 0 such that P k(s′|s) > 0.

• States s and s′ in S are said to communicate if s is accessible from s′ and s′ is accessible
from s.

• Communication relation is reflexive, symmetric, and transitive. Therefore, communi-
cation relation is an equivalence relation, and it generates a partition of the state space
S into disjoint equivalence classes called communication classes (Brémaud, 2013).

• Let Ts denote the hitting time of state s. State s is called recurrent if

P
(
Ts <∞

∣∣ S0 = s
)

= 1,

and otherwise it is called transient.

• A recurrent class is a communication class where every state within the class is re-
current.

• A transient class is a communication class where every state within the class is tran-
sient.

Appendix B. Background on Martingales

Let (Ω,F ,P) be a probability space. A filtration {Ft}t≥0 is a non-decreasing family of
sub-sigma fields of F . A random sequence {Xt}t≥0 is called integrable if E[|Xt|] < ∞ for
all t ≥ 0. A random sequence {Xt}t≥0 is called adapted to the filtration {Ft}t≥0 if Xt is
Ft-measurable for all t ≥ 0.

Definition 56 An integrable sequence {Xt}t≥0 adapted to the filtration {Ft}t≥0 is called a
martingale if

E[Xt+1|Ft] = Xt, a.s. ∀t ≥ 0.

Definition 57 Let {ct}t≥1 be a sequence of real numbers and C be a positive real number.
A real integrable sequence {Yt}t≥1 adapted to the filtration {Ft}t≥0 is called:

1. Martingale Difference Sequence (MDS) if

E[Yt|Ft−1] = 0, a.s. ∀t ≥ 1.

2. Sequentially bounded MDS with respect to the sequence {ct}t≥1 if it is an MDS and

|Yt| ≤ ct, a.s. ∀t ≥ 1.
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3. Uniformly bounded MDS with respect to the constant C if it is an MDS and

|Yt| ≤ C, a.s. ∀t ≥ 0.

There is a unique MDS corresponding to a martingale and vise versa. In particular,
given a martingale {Xt}t≥0, the corresponding MDS {Yt}t≥1 is defined as

Yt := Xt −Xt−1, ∀t ≥ 1.

Moreover, given an MDS {Yt}t≥1, the corresponding martingale sequence {Xt}t≥0 is defined
as

X0 = 0, XT =
T∑
t=1

Yt, ∀T ≥ 1.

Consider a martingale {Xt}t≥0 such that {X2
t }t≥0 is integrable. The increasing process

{At}t≥1 associated with the sequence {X2
t }t≥0 is defined as

A1 = E[X2
1 |F0]−X2

1 , At = E[X2
t |Ft−1]−X2

t−1 +At−1, ∀t ≥ 2.

Let {Yt}t≥1 be the MDS corresponding to {Xt}t≥0. Then, we can express {At}t≥1 in terms
of {Y 2

t }t≥1. In particular, we have

At = E[X2
t |Ft−1]−X2

t−1 +At−1

= E[X2
t−1|Ft−1] + 2E[Yt|Ft−1]Xt−1 + E[Y 2

t |Ft−1]−X2
t−1 +At−1

= E[Y 2
t |Ft−1] +At−1.

As a result, we have

AT =
T∑
t=1

E[Y 2
t |Ft−1], ∀T ≥ 1.

Therefore, we sometimes say that {At}t≥1 is the increasing sequence associated with {Y 2
t }t≥1.

Martingale sequences are an important class of stochastic processes. Both asymptotic
and non-asymptotic concentration of martingale sequences have been well studied. In
Sec. B.1 and B.2, we present the asymptotic and non-asymptotic concentration charac-
teristics of martingales with bounded MDS.

B.1 Asymptotic Concentration

B.1.1 Strong Law of Large Numbers

The first asymptotic results presented in this section is a version of Strong Law of Large
numbers for martingale difference sequences.

Theorem 58 (see (Stout, 1974, Theorem 3.3.1)) Let {Yt}t≥1 be an MDS and {at}t≥1

be a sequence of positive and Ft−1-measurable real numbers such that lim
t→∞

at = ∞. If for

some 0 < p ≤ 2, we have:
∞∑
t=1

E
(
|Yt|p|Ft−1

)
apt

<∞.

Then: ∑T
t=t Yt
T

→ 0, a.s.
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B.1.2 Central Limit Theorem

Following theorem characterizes a version of Central Limit Theorem for martingale se-
quences with corresponding bounded MDS.

Theorem 59 (see (Billingsley, 2013, Theorem 35.11)) Let {Yt}t≥1 be a sequentially
bounded MDS with respect to the sequence {ct}t≥1. Let {At}t≥1 be the increasing process
associated with {Y 2

t }t≥1, i.e.

AT =
T∑
t=1

E[Y 2
t |Ft−1], ∀T ≥ 1.

Define the stopping time νt as

νt := min
{
T ≥ 1 : AT ≥ t

}
.

Let Ω0 = {ω ∈ Ω : limT→∞AT =∞}. If P(Ω0) = 1, then

1√
T

νT∑
t=1

Yt
(d)−−→ N (0, 1).

B.1.3 Law of Iterated Logarithm

Following theorem characterizes a version of Law of Iterated Logarithm for uniformly
bounded MDS.

Theorem 60 (see (Neveu, 1975, Proposition VII-2-7)) Let {Yt}t≥1 be a uniformly
bounded MDS with respect to the constant C. Furthermore, let {At}t≥1 and Ω0 be as defined
in Theorem 59. Then, for almost all ω ∈ Ω0, we have

lim inf
T→∞

∑T
t=1 Yt√

2AT log logAT
= −1, lim sup

T→∞

∑T
t=1 Yt√

2AT log logAT
= 1.

Non-asymptotic high-probability bounds with similar functional dependence on the hori-
zon T also exist for martingales. These bounds are presented in Sec. B.2.

B.2 Non-Asymptotic Concentration

B.2.1 Azuma-Hoeffding Inequality

A famous non-asymptotic concentration for martingale sequences is Azuma-Hoeffding in-
equality.

Theorem 61 (see (Raginsky and Sason, 2014, Theorem 2.2.1)) Let {Yt}t≥1 be a se-
quentially bounded MDS with respect to the sequence {ct}t≥1. Then for all T ≥ 1 and for
all ε > 0, we have

P

(∣∣∣∣ T∑
t=1

Yt

∣∣∣∣ ≥ ε
)
≤ 2 exp

(
−ε2

2
∑T

t=1 c
2
t

)
.
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By rewriting the statement of Theorem 61, we get following equivalent form of Azuma-
Hoeffding inequality.

Corollary 62 We have following statements

1. Let {Yt}t≥1 be a sequentially bounded MDS with respect to the sequence {ct}t≥1. For
any δ ∈ (0, 1), with probability at least 1− δ, we have

∣∣∣∣ T∑
t=1

Yt

∣∣∣∣ ≤
√√√√2

T∑
t=1

c2
t log

2

δ
.

2. Let {Yt}t≥1 be a uniformly bounded MDS with respect to the constant C. For any
δ ∈ (0, 1), with probability at least 1− δ, we have

∣∣∣∣ T∑
t=1

Yt

∣∣∣∣ ≤ C
√

2T log
2

δ
.

The proof of Part 1 follows by equating the RHS of Theorem 61 to δ and solving for ε. The
proof of Part 2 follows by substituting the sequence {ct}t≥1 with the constant C in the RHS
of Part 1.

B.2.2 Non-Asymptotic Law of Iterated Logarithm

Following result is a finite-time analogue of Law of Iterated Logarithm. This result shows
that for a large enough horizon T , the growth rate of a martingale sequence is of the order

O
(√

T log log(T )
)

with high probability.

Theorem 63 (see (Balsubramani, 2014, Theorem 4)) Let {Yt}t≥1 be a sequentially
bounded MDS with respect to the sequence {ct}t≥1. For any δ ∈ (0, 1), for all T ≥ T0(δ) :=

min
{
T :

∑T
t=1 c

2
t ≥ 173 log

4

δ

}
, with probability at least 1− δ, we have

∣∣∣ T∑
t=1

Yt

∣∣∣ ≤
√√√√3
( T∑
t=1

c2
t

)(
2 log log

3
∑T

t=1 c
2
t

2
∣∣∑T

t=1 Yt
∣∣ + log

2

δ

)
. (54)

For the simplicity of the analysis, we state a slightly simplified version of this theorem in
the following corollary.

Corollary 64 Let {Yt}t≥1 be a uniformly bounded MDS with respect to the constant C.

For any δ ∈ (0, 1), for all T ≥ T0(δ) :=
⌈173

C
log

4

δ

⌉
, with probability at least 1− δ, we have

∣∣∣ T∑
t=1

Yt

∣∣∣ ≤ C max

{√
3T
(

2 log log
3T

2
+log

2

δ

)
, C

}
. (55)
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Proof This corollary follows from Theorem 63, by substituting the sequence {ct}t≥1 with

the constant C on the RHS of (54). There are two cases: either
∣∣∣∑T

t=1 Yt

∣∣∣ ≤ C2 or∣∣∣∑T
t=1 Yt

∣∣∣ ≥ C2. If
∣∣∣∑T

t=1 Yt

∣∣∣ ≥ C2, by Theorem 63, with probability at least 1− δ, we get:

∣∣∣ T∑
t=1

Yt

∣∣∣ ≤ C√3T
(

2 log log
3TC2

2
∣∣∑T

t=1 Yt
∣∣ + log

2

δ

)
≤ C

√
3T
(
2 log log

3T

2
+log

2

δ

)
.

Otherwise, we have
∣∣∣∑T

t=1 Yt

∣∣∣ ≤ C2. As a result, we can summarize these two cases and

get that with probability at least 1− δ, we have

∣∣∣ T∑
t=1

Yt

∣∣∣ ≤ max

{
C

√
3T
(

2 log log
3T

2
+log

2

δ

)
, C2

}
. (56)

Appendix C. Proof of Main Results for the Average Reward Setup

C.1 Preliminary Results

C.1.1 Martingale Decomposition

We first present a few preliminary lemmas. To simplify the notation, we define following
martingale difference sequence.

Definition 65 Let filtration F = {Ft}t≥0 be defined as Ft := σ(S0:t, A0:t). For any pol-
icy π ∈ ΠAR, let V π denote the corresponding differential value function. We define the
sequence {Mπ

t }t≥1 as follows

Mπ
t := V π(St)− E

[
V π(St)

∣∣ St−1, π(St−1)
]
, ∀t ≥ 1, (57)

where {St}t≥0 denotes the random sequence of states encountered along the current sample
path.

Lemma 66 Sequence {Mπ
t }t≥1 is an MDS.

Proof By the definition of {Ft}t≥0, we have that St−1 is Ft−1-measurable. As a result, we
have

E
[
Mπ
t

∣∣ Ft−1

]
= E

[
V π(St)− E

[
V π(St)

∣∣ St−1, π(St−1)
] ∣∣ Ft−1

]
= E

[
V π(St)

∣∣ Ft−1

]
− E

[
V π(St)

∣∣ St−1, π(St−1)
]

= 0,

which shows that {Mπ
t }t≥0 is an MDS with respect to the filtration {Ft}t≥0.

We now present a martingale decomposition of the cumulative reward RπT (ω).
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Lemma 67 Given any policy π ∈ ΠAR, we can rewrite the cumulative reward RπT as follows

RπT = TJπ +

T∑
t=1

Mπ
t + V π(S0)− V π(ST ). (58)

Proof Since π ∈ ΠAR, (ARPE) implies that along the trajectory of states {St}Tt=0 induced
by the policy π, we have

r
(
St, π(St)

)
= Jπ + V π(St)− E

[
V π(St+1)

∣∣∣ St, π(St)
]
, ∀t ≥ 1.

As a result, we have

RπT = TJπ +

T−1∑
t=0

[
V π(St)− E

[
V π(St+1)

∣∣ St, π(St)
]]

(a)
= TJπ +

T−1∑
t=0

[
V π(St)− E

[
V π(St+1)

∣∣ St, π(St)
]]

+ V π(ST )− V π(ST )

(b)
= TJπ +

T−1∑
t=0

[
V π(St+1)− E

[
V π(St+1)

∣∣ St, π(St)
]]

+ V π(S0)− V π(ST )

(c)
= TJπ +

T∑
t=1

Mπ
t + V π(S0)− V π(ST ),

where (a) follows from adding and subtracting V π(ST ), (b) follows from re-arranging the
terms in the summation, and (c) follows from the definition of {Mπ

t }t≥0 in (57).

C.1.2 A Consequence of The Union Bound

Lemma 68 Suppose for any δ1 ∈ (0, 1), for all T ≥ T1(δ1), with probability at least 1− δ1,
the random sequence {XT }T≥0 satisfies

|XT | ≤ h1(T, δ1).

Moreover, suppose for any δ2 ∈ (0, 1), for all T ≥ T2(δ2), with probability at least 1 − δ2,
the random sequence {YT }T≥0 satisfies

|YT | ≤ h2(T, δ2).

Then for any δ ∈ (0, 1), for all T ≥ T0(δ) := max{T1( δ2), T2( δ2)}, with probability at least
1− δ, the random sequence {XT + YT }T≥0 satisfies

|XT + YT | ≤ h1(T, δ/2) + h2(T, δ/2).
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Proof For a given δ ∈ (0, 1), by the lemma’s assumption, for all T ≥ T1(δ/2), we have

P
(
|XT | > h1(T, δ/2)

)
<
δ

2
. (59)

Similarly, we have that for all T ≥ T2(δ/2), we have

P
(
|YT | > h2(T, δ/2)

)
<
δ

2
. (60)

Now |XT+YT | ≥ h1(T, δ/2)+h2(T, δ/2) implies that |XT | > h1(T, δ/2) or |YT | > h2(T, δ/2).
As a result, by applying the union bound and (59)–(60), we get

P
(
|XT + YT | ≥ h1(T, δ/2) + h2(T, δ/2)

)
≤ δ.

C.1.3 Proof of Lemma 13

Proof of Part 1 Recall that for any policy π ∈ ΠAR, the claim is the following chain of
inequalities

σπ(s)
(a)

≤ Kπ
(b)

≤ Hπ
(c)

≤ ∞, ∀s ∈ S. (61)

Proof of Part 1-(a): By the definition of Kπ in Eq. (5), we have∣∣∣V π(S+)− E
[
V π(S+)

∣∣ s, π(s)
]∣∣∣ ≤ Kπ, ∀s ∈ S, a.s.

As a result, we have

E
[(
V π(S+)− E[V π(S+)

∣∣ s, π(s)]
)2 ∣∣ s, π(s)

]
=
∑
s′∈S

(
V π(s′)− E

[
V π(S+)

∣∣ s, π(s))
])2

P (s′|s, π(s)) ≤ (Kπ)2, ∀s ∈ S.

Proof of Part 1-(b): By the definition of expectation operator, we have

min
s∈S

V π(s) ≤ E[V π(S+)|s, π(s)] ≤ max
s∈S

V π(s).

As a result, we have

V π(s)−E[V π(S+)|s, π(s)] ≤ V π(s)−min
s∈S

V π(s) ≤ max
s∈S

V π(s)−min
s∈S

V π(s), ∀s ∈ S. (62)

Similarly, we have

E[V π(S+)|s, π(s)]−V π(s) ≤ max
s∈S

V π(s)−V π(s) ≤ max
s∈S

V π(s)−min
s∈S

V π(s), ∀s ∈ S. (63)

Therefore (62)–(63) imply that∣∣V π(S+)− E[V π(S+)
∣∣ s, π(s)]

∣∣ ≤ sp(V π) = Hπ.

Proof of Part 1-(c): Since policy π ∈ ΠAR, by (ARPE), we know V π : S → R is a
real-valued function and therefore, Hπ <∞.
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Proof of Part 2 We prove that ifM is communicating, then for any policy π ∈ ΠAR, we
have Hπ ≤ DπRmax. Consider s, s′ ∈ S where s 6= s′. By Puterman (2014), we have:

V π(s) = E
[ ∞∑
t=0

[r(St, At)− Jπ]
∣∣∣ S0 = s

]
. (64)

Now consider the stopping time τ0 where S = s′ for the first time. We can rewrite V π(s)
as follows

V π(s)
(a)
= E

[ τ0−1∑
t=0

[r(St, At)− Jπ] +
∞∑
t=τ0

[r(St, At)− Jπ]
∣∣ S0 = s

]
.

(b)
= E

[ τ0−1∑
t=0

[r(St, At)− Jπ]
∣∣ S0 = s

]
+ E

[ ∞∑
t=τ0

[r(St, At)− Jπ]
∣∣ S0 = s

]
(c)
= E

[ τ0−1∑
t=0

[r(St, At)− Jπ]
∣∣ S0 = s

]
+ E

[ ∞∑
t=τ0

[r(St, At)− Jπ]
∣∣ Sτ0 = s′

]
(d)
= E

[ τ0−1∑
t=0

[r(St, At)− Jπ]
∣∣ S0 = s

]
+ V π(s′),

where (a) follows from splitting the summation with the stopping time τ0; (b) follows from
linearity of expectation and the fact that first and second term of RHS of (b) are finite;
(c) follows from the strong Markov property and (d) follows from definition of V π(s′).
Therefore, we have

V π(s)− V π(s′) = E
[ τ0−1∑
t=0

[r(St, At)− Jπ]
]
≤ E

[ τ0−1∑
t=0

[r(St, At)]
]

(e)

≤ T π(s, s′)Rmax

(f)

≤ DπRmax

(g)

≤ DwRmax

(h)
< ∞,

where (e) follows from the definition of T π(s, s′), (f) follows from the definition of Dπ, (g)
follows from the definition of Dw, and (h) follows by the fact that M is communicating.
Since one can repeat the same argument with any two pairs of (s, s′), it implies that Hπ ≤
DπRmax ≤ DwRmax <∞.

Proof of Part 3 The result of this part follows from Bartlett and Tewari (2012, Theo-
rem 4), where it is shown that for weakly communicating M, we have H∗ ≤ DRmax.

C.2 Proof of Theorem 15

C.2.1 Proof of Part 1

By Lemma 67, for any policy π ∈ ΠAR, we can rewrite the cumulative reward RπT as follows

RπT = TJπ +

T∑
t=1

Mπ
t + V π(S0)− V π(ST ).
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By (5) and Lemma 13, we have ∣∣Mπ
t

∣∣ ≤ Kπ <∞, ∀t ≥ 1.

Therefore
∞∑
t=1

(Mπ
t )2

t2
≤ Kπ

∞∑
t=1

1

t2
<∞.

As a result by choosing p = 2 and at = t in Theorem 58, we have

lim
T→∞

∑T
t=1M

π
t

T
= 0, a.s.

Furthermore, Lemma 13 implies that random variable V π(St) has bounded support, there-
fore,

lim
T→∞

V π(S0)− V π(ST )

T
= 0, a.s.

As a result, we have

lim
T→∞

RπT
T

= lim
T→∞

∑T
t=1M

π
t + V π(S0)− V π(ST ) + TJπ

T
= Jπ, a.s.

C.2.2 Proof of Part 2

To prove this part, we verify the conditions of Theorem 59 for the MDS {Mπ
t }t≥0. By

Lemma 13, we have ∣∣Mπ
t

∣∣ ≤ Kπ <∞, ∀t ≥ 1.

As a result, the MDS {Mπ
t }t≥0 is a uniformly bounded MDS with respect to the constant

Kπ. By the theorem’s assumption we have P(Ωπ
0 ) = 1, as a result,

∞∑
t=1

E
[(
Mπ
t

)2 ∣∣ Ft−1

]
=∞, a.s.

Therefore, for the stopping time {νt}t≥0 defined in Theorem 15, we have∑νT
t=1M

π
t√

T

(d)−−→ N (0, 1). (65)

Since by Lemma 13, V π(St) has bounded support for all t ≥ 1, we get

V π(S0)− V π(ST )√
T

→ 0, a.s. (66)

By combining (65) and (66) and by using Theorem 78, we get

lim
T→∞

RπνT (ω)− νTJπ√
T

(d)−−→ N (0, 1).
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C.2.3 Proof of Part 3

We verify the conditions of Theorem 60 for the MDS {Mπ
t }t≥0. By Lemma 13, we have∣∣Mπ

t

∣∣ ≤ Kπ <∞, ∀t ≥ 1.

As a result, MDS {Mπ
t }t≥0 is a uniformly bounded MDS with respect to the constant Kπ.

On the set Ωπ
0 , we have

∞∑
t=1

E
[(
Mπ
t

)2 ∣∣ Ft−1

]
=∞.

As a result, by using the definition of increasing process {Σπ
t }t≥0 and Theorem 60, we get

lim inf
T→∞

∑T
t=1M

π
t√

2Σπ
T log log Σπ

T

= −1, lim sup
T→∞

∑T
t=1M

π
t√

2Σπ
T log log Σπ

T

= 1. (67)

Since by Lemma 13, V π(St) has bounded support for all t ≥ 1, we get

lim
T→∞

V π(S0)− V π(ST )√
2Σπ

T log log Σπ
T

= 0, a.s. (68)

By combining (67) and (68), we get

lim inf
T→∞

RπT (ω)− TJπ√
2Σπ

T log log Σπ
T

= −1, lim sup
T→∞

RπT (ω)− TJπ√
2Σπ

T log log Σπ
T

= 1.

C.3 Proof of Theorem 17

C.3.1 Proof of Part 1

By Lemma 67, for any policy π ∈ ΠAR, we can rewrite the cumulative reward RπT (ω) as
follows

RπT (ω) = TJπ +

T∑
t=1

Mπ
t + V π(S0)− V π(ST ).

As a result, we have

∣∣RπT (ω)− TJπ −
(
V π(S0)− V π(ST )

)∣∣ =
∣∣ T∑
t=1

Mπ
t

∣∣. (69)

In order to upper-bound the term
∣∣∑T

t=1M
π
t

∣∣, we verify the conditions of Corollary 62. By
(5) and Lemma 13, we have ∣∣Mπ

t

∣∣ ≤ Kπ <∞, ∀t ≥ 1.

As a result, MDS {Mπ
t }t≥1 is a uniformly bounded MDS with respect to the constant Kπ.

Therefore, Corollary 62 implies that for any δ ∈ (0, 1), with probability at least 1 − δ, we
have ∣∣∣ T∑

t=1

Mπ
t

∣∣∣ ≤√2T (Kπ)2 log(
2

δ
). (70)
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By combining (69) and (70), with probability at least 1− δ, we have

∣∣RπT (ω)− TJπ −
(
V π(S0)− V π(ST )

)∣∣ ≤ Kπ

√
2T log

2

δ
.

C.3.2 Proof of Part 2

Similar to the proof of Part 1, by lemma 67, we have

∣∣RπT (ω)− TJπ −
(
V π(S0)− V π(ST )

)∣∣ =
∣∣∣ T∑
t=1

Mπ
t

∣∣∣ (71)

Moreover, MDS {Mπ
t }t≥0 is a uniformly bounded MDS with respect to the constant Kπ.

Therefore, Corollary 64 implies that for any δ ∈ (0, 1), for all T ≥ T0(δ) :=
⌈173

Kπ
log

4

δ

⌉
,

with probability at least 1− δ, we have∣∣∣ T∑
t=1

Mπ
t

∣∣∣ ≤ max
{
Kπ

√
3T
(

2 log log
3T

2
+ log

2

δ

)
, (Kπ)2

}
. (72)

By combining (71) and (72), with probability at least 1− δ, we have

∣∣RπT (ω)− TJπ −
(
V π(S0)− V π(ST )

)∣∣ ≤ max
{
Kπ

√
3T
(

2 log log
3T

2
+ log

2

δ

)
, (Kπ)2

}
.

C.4 Proof of Theorem 18

C.4.1 Proof of Part 1

By lemma 67, for any policy π ∈ ΠAR, we can rewrite the cumulative reward RπT (ω) as
follows

RπT (ω) = TJπ +
T∑
t=1

Mπ
t + V π(S0)− V π(ST ).

As a result, we have

∣∣RπT (ω)− TJπ
∣∣ =

∣∣∣ T∑
t=1

Mπ
t + V π(S0)− V π(ST )

∣∣∣
(a)

≤
∣∣∣ T∑
t=1

Mπ
t

∣∣∣+
∣∣∣V π(S0)− V π(ST )

∣∣∣
(b)

≤
∣∣∣ T∑
t=1

Mπ
t

∣∣∣+Hπ, (73)

where (a) follows from the triangle inequality and (b) follows from the definition of Hπ. In
order to upper-bound the term

∣∣∑T
t=1M

π
t

∣∣, we verify the conditions of Corollary 62. By
(5) and Lemma 13 we have ∣∣Mπ

t

∣∣ ≤ Kπ <∞, ∀t ≥ 1.
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As a result, MDS {Mπ
t }t≥1 is a uniformly bounded MDS with respect to the constant Kπ.

Therefore, Corollary 62 implies that for any δ ∈ (0, 1), with probability at least 1 − δ, we
have ∣∣∣ T∑

t=1

Mπ
t

∣∣∣ ≤√2T (Kπ)2 log(
2

δ
). (74)

By combining (73) and (74), with probability at least 1− δ, we have

|RπT (ω)− TJπ| ≤ Kπ

√
2T log

2

δ
+Hπ.

C.4.2 Proof of Part 2

Similar to the proof of Part 1, by lemma 67, we have

∣∣RπT (ω)− TJπ
∣∣ ≤ ∣∣∣∣ T∑

t=1

Mπ
t

∣∣∣∣+Hπ. (75)

Moreover, MDS {Mπ
t }t≥0 is a uniformly bounded MDS with respect to the constant Kπ.

Therefore, Corollary 64 implies that for any δ ∈ (0, 1), for all T ≥ T0(δ) :=
⌈173

Kπ
log

4

δ

⌉
,

with probability at least 1− δ, we have

∣∣∣ T∑
t=1

Mπ
t

∣∣∣ ≤ max
{
Kπ

√
3T
(

2 log log
3T

2
+ log

2

δ

)
, (Kπ)2

}
. (76)

By combining (75) and (76), with probability at least 1− δ, we have

∣∣RπT (ω)− TJπ
∣∣ ≤ max

{
Kπ

√
3T
(

2 log log
3T

2
+ log

2

δ

)
, (Kπ)2

}
+Hπ.

C.5 Proof of Corollary 22

C.5.1 Proof of Part 1

Since M is communicating, by Lemma 13, Part 2, for any policy π ∈ ΠAR, we have∣∣Mπ
t

∣∣ ≤ Kπ ≤ DπRmax, ∀t ≥ 1. (77)

As a result, the MDS {Mπ
t }t≥1 is a uniformly bounded MDS with respect to the constant

DπRmax. Therefore, by repeating the arguments of the proof of Theorem 18, Part 1, and
substituting Hπ with DπRmax in the RHS of (73) and replacing Kπ with DπRmax in the
RHS of (74), with probability at least 1− δ, we have:

∣∣RπT (ω)− TJπ
∣∣ ≤ DπRmax

√
2T log

2

δ
+DπRmax.
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C.5.2 Proof of Part 2

Since M is communicating, by Lemma 13, Part 2 for any policy π ∈ ΠAR, we have∣∣Mπ
t

∣∣ ≤ Kπ ≤ DπRmax, ∀t ≥ 1. (78)

As a result, the MDS {Mπ
t }t≥1 is a uniformly bounded MDS with respect to the constant

DπRmax. Therefore, by repeating the arguments of the proof of Theorem 18, Part 2, and
substituting Hπ with DπRmax in the RHS of (75) and substituting Kπ with DπRmax in the

RHS of (76), we prove the claim, i.e, for any δ ∈ (0, 1), for all T ≥ T0(δ) :=
⌈ 173

DπRmax
log

4

δ

⌉
,

with probability at least 1− δ, we have

∣∣RπT (ω)− TJπ
∣∣ ≤ max

{
DπRmax

√
3T
(

2 log log
3T

2
+ log

2

δ

)
, (DπRmax)2

}
+DπRmax.

C.6 Proof of Corollary 23

By Prop. 8, Part 3, if M is communicating, it is also weakly communicating. In the case
of weakly communicating M, by Lemma 13, Part 3, for any optimal policy π∗ ∈ ΠAR, we
have ∣∣Mπ∗

t

∣∣ =
∣∣∣V ∗(St)− E[V ∗(St) ∣∣ St−1, π(St−1)

]∣∣∣ ≤ K∗ ≤ DRmax, ∀t ≥ 1. (79)

As a result, the MDS {Mπ∗
t }t≥1 is uniformly bounded MDS with respect to the constant

DRmax. Therefore, by repeating the arguments of the proof of Corollary 22, Part 1 and
Part 2 for the optimal policy π∗ ∈ ΠAR, we prove that

∣∣Rπ∗T (ω) − TJ∗
∣∣ satisfies the non-

asymptotic concentration rates in (18)–(19), where in the RHS, Dπ is replaced with D.

C.7 Proof of Corollary 25

C.7.1 Proof of Part 1

Consider two policies π1, π2 ∈ ΠAR. Then we have∣∣Rπ1T −Rπ2T ∣∣ =
∣∣Rπ1T − TJπ1 + TJπ1 − TJπ2 + TJπ2 −Rπ2T

∣∣
(a)

≤
∣∣Rπ1T − TJπ1∣∣+

∣∣TJπ1 − TJπ2∣∣+
∣∣TJπ2 −Rπ2T ∣∣, (80)

where (a) follows from the triangle inequality. Similarly, we have∣∣TJπ1 − TJπ2∣∣ =
∣∣TJπ1 −Rπ1T +Rπ1T −R

π2
T +Rπ2T − TJ

π2
∣∣

(b)

≤
∣∣TJπ1 −Rπ1T ∣∣+

∣∣Rπ1T −Rπ2T ∣∣+
∣∣Rπ2T − TJπ2∣∣, (81)

where (b) follows from the triangle inequality. (80)–(81) imply that∣∣∣∣∣Rπ1T −Rπ2T ∣∣− ∣∣TJπ1 − TJπ2∣∣∣∣∣ ≤ ∣∣Rπ1T − TJπ1∣∣+
∣∣Rπ2T − TJπ2∣∣. (82)
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By Theorem 18, we know that for any δ1 ∈ (0, 1), with probability at least 1− δ1, we have

∣∣Rπ1T − TJπ1∣∣ ≤ Kπ1

√
2T log

2

δ1
+Hπ1 .

Similarly, we have that for any δ2 ∈ (0, 1), with probability at least 1− δ2, we have

∣∣Rπ2T − TJπ2∣∣ ≤ Kπ2

√
2T log

2

δ2
+Hπ2 .

As a result, by applying Lemma 68 and (82), for any δ ∈ (0, 1), with probability at least
1− δ, we have∣∣∣∣∣Rπ1T −Rπ2T ∣∣− ∣∣TJπ1 − TJπ2∣∣∣∣∣ ≤ ∣∣Rπ1T − TJπ1∣∣+

∣∣TJπ1 − TJπ2∣∣
≤ Kπ1

√
2T log

4

δ
+Hπ1 +Kπ2

√
2T log

4

δ
+Hπ2 .

C.7.2 Proof of Part 2

As we showed in the proof of part 1, for any two policies π1, π2 ∈ ΠAR, we have∣∣∣∣∣Rπ1T −Rπ2T ∣∣− ∣∣TJπ1 − TJπ2∣∣∣∣∣ ≤ ∣∣Rπ1T − TJπ1∣∣+
∣∣Rπ2T − TJπ2∣∣.

By Theorem 18, we have that for any δ1 ∈ (0, 1), for all T ≥ T π10 (δ) :=
⌈ 173

Kπ1
log

4

δ1

⌉
, with

probability at least 1− δ1, we have

∣∣Rπ1T − TJπ1∣∣ ≤ max
{
Kπ1

√
3T
(

2 log log
3T

2
+ log

2

δ1

)
, (Kπ1)2

}
+Hπ1 .

Similarly, we have that for any δ2 ∈ (0, 1), for all T ≥ T π20 (δ) :=
⌈ 173

Kπ2
log

4

δ2

⌉
, with

probability at least 1− δ2, we have

∣∣Rπ2T − TJπ2∣∣ ≤ max
{
Kπ2

√
3T
(

2 log log
3T

2
+ log

2

δ2

)
, (Kπ2)2

}
+Hπ2 .

As a result, by applying Lemma 68 and (82), for all T ≥ T0(δ) := max
{⌈ 173

Kπ1
log

8

δ

⌉
,
⌈ 173

Kπ2
log

8

δ

⌉}
, with probability at least 1− δ, we have∣∣∣∣∣Rπ1T −Rπ2T ∣∣− ∣∣TJπ1 − TJπ2∣∣∣∣∣ ≤ ∣∣Rπ1T − TJπ1∣∣+

∣∣TJπ2 −Rπ2T ∣∣
≤ max

{
Kπ1

√
3T
(

2 log log
3T

2
+ log

4

δ

)
, (Kπ1)2

}
+Hπ1

+ max
{
Kπ2

√
3T
(

2 log log
3T

2
+ log

4

δ

)
, (Kπ2)2

}
+Hπ2 .
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C.8 Proof of Theorem 29

By Corollary 16, for any optimal policy π∗ ∈ ΠAR, the quantity Rπ
∗

satisfies the asymptotic
concentration rates in (11)–(13). On the other hand, by (3), for any learning policy µ, we
have

DT (ω) = Rπ
∗
T − TJ∗.

As a result, by substituting DT (ω) in the LHS of (11)–(13), we get that for any learning pol-
icy µ, these asymptotic concentration rates also hold for the difference DT (ω) of cumulative
regret and interim cumulative regret.

C.9 Proof of Theorem 30

By Corollary 19, for any optimal policy π∗ ∈ ΠAR, the quantity |Rπ∗T − TJ∗| satisfies the
asymptotic concentration rates in (16)–(17). On the other hand, by (3), for any learning
policy µ, we have

DT (ω) = Rπ
∗
T − TJ∗.

As a result, by substituting DT (ω) in the LHS of (16)–(17), we get that for any learning
policy µ, these non-asymptotic concentration rates also hold for the difference DT (ω) of
cumulative regret and interim cumulative regret.

C.10 Proof of Corollary 31

By Corollary 23, for the weakly communicating M, for any optimal policy π∗ ∈ ΠAR, the
quantity |Rπ∗T − TJ∗| satisfies the non-asymptotic concentration rates in (18)–(19), where
in the RHS, Dπ is replaced with D. On the other hand, by (3), for any learning policy µ,
we have

DT (ω) = Rπ
∗
T − TJ∗.

As a result, by substituting DT (ω) in the LHS of (18)–(19), we get that for the weakly
communicating M, for any learning policy µ, these non-asymptotic concentration rates
also hold for the difference DT (ω) of cumulative regret and interim cumulative regret. At
last by Prop. 8, we have that ifM is recurrent, unichain, or communicating it is also weakly
communication. As a result, these non-asymptotic concentration bounds hold for all the
cases.

C.11 Proof of Theorem 33

C.11.1 Proof of Part 1

This part of the theorem is a consequence of Theorem 29. Recall that by definition, we
have

DT (ω) = RµT (ω)− R̄µT (ω). (83)

On the other hand, we can rewrite the law of iterated logarithm in Theorem 29 using the
Õ(·) notation as follows

DT (ω) ≤ Õ(
√
T ), a.s. (84)

As a result, for any learning policy µ that satisfies RµT (ω) ≤ Õ(
√
T ), almost surely, (83)–(84)

imply that R̄µT (ω) ≤ Õ(
√
T ). Similarly, for any learning policy µ that satisfies R̄µT (ω) ≤
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Õ(
√
T ), almost surely, (83)–(84) imply that RµT (ω) ≤ Õ(

√
T ). Therefore, statements 1 and

2 are equivalent.

C.11.2 Proof of Part 2

Proof of this part is a consequence of Theorem 30. By the theorem’s hypothesis, for any
δ1 ∈ (0, 1), there exists a pair of functions (T1(δ1), h1(δ1, T )), such that for all T ≥ T1(δ1),
with probability at least 1− δ1, we have

RµT (ω) ≤ h1(δ1, T ), (85)

where for a fixed δ1, we have h1(δ1, T ) = Õ(
√
T ). Moreover, by Theorem 30, we have that

for any δ2 ∈ (0, 1), there exists a pair of functions (T2(δ2), h2(δ2, T )), such that for all
T ≥ T2(δ2), with probability at least 1− δ2, we have

DT (ω) ≤ h2(δ2, T ), (86)

where for a fixed δ2, we have h2(δ2, T ) = Õ(
√
T ). As a result, by (83), (85)–(86), and

Lemma 68, for any δ ∈ (0, 1), for all T ≥ max
{
T1(δ/2), T2(δ/2)

}
, with probability at least

1− δ, we have

R̄µT (ω) ≤ h1(δ/2) + h2(δ/2).

At last since for a fixed δ, both h1(δ/2) and h2(δ/2) satisfy

h1(δ/2) ≤ Õ(
√
T ), and, h2(δ/2) ≤ Õ(

√
T ),

we get that R̄µT (ω) ≤ Õ(
√
T ). With repeating the similar arguments we can prove the 2nd

statement.

Appendix D. Proof of Main Results for Discounted Reward Setup

D.1 Proof of Theorem 37

D.1.1 Preliminary Results

We first present a few preliminary lemmas. To simplify the notation, we define following
martingale difference sequence.

Definition 69 Let filtration F = {Ft}t≥0 be defined as Ft := σ(S0:t, A0:t). For any policy
π ∈ ΠSD, let V π

γ denote the corresponding discounted value function. We define the sequence
{Nπ,γ

t }t≥1 as follows

Nπ,γ
t :=

[
V π
γ (St)− E

[
V π
γ (St)

∣∣ St−1, π(St−1)
]]
, ∀t ≥ 1, (87)

where {St}t≥1 denotes the random sequence of states encountered along the current sample
path.

Lemma 70 Sequence {γtNπ,γ
t }t≥1 is an MDS.
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Proof By the definition of {Ft}t≥0, we have that St−1 is Ft−1-measurable. As a result, we
have

E
[
γtNπ,γ

t

∣∣ Ft−1

]
= E

[
γt
(
V π
γ (St)− E

[
V π
γ (St)

∣∣ St−1, π(St−1)
]) ∣∣ Ft−1

]
= γtE

[
V π
γ (St)

∣∣ Ft−1

]
− γtE

[
V π
γ (St)

∣∣ St−1, π(St−1)
]

= 0,

which shows that {γtNπ,γ
t }t≥0 is an MDS with respect to the filtration {Ft}t≥0.

We now present a martingale decomposition for the discounted cumulative reward Rπ,γT (ω)
for any policy π ∈ ΠSD.

Lemma 71 Given any policy π ∈ ΠSD, we can rewrite the discounted cumulative reward
Rπ,γT as follows

Rπ,γT (ω) =
T∑
t=1

γtNπ,γ
t + V π

γ (S0)− γTV π
γ (ST ). (88)

Proof Since π ∈ ΠSD, (DRPE) implies that along the trajectory of states {St}Tt=0 induced
by the policy π, we have

r
(
St, π(St)

)
= V π

γ (St)− γE
[
V π
γ (St+1)

∣∣ St, π(St)
]
.

Repeating similar steps as in the proof of Lemma 67, we have

Rπ,γT (ω) =
T−1∑
t=0

γtr(St, π(St))

=
T−1∑
t=0

γt
[
V π
γ (St)− γE

[
V π
γ (St+1)|St, π(St)

]]
(a)
=

T−1∑
t=0

γt
[
V π
γ (St)− γE

[
V π
γ (St+1)|St, π(St)

]]
+ γTV π

γ (ST )− γTV π
γ (ST )

(b)
=

T−1∑
t=0

γt+1
[
V π
γ (St+1)− E

[
V π
γ (St+1)|St, π(St)

]]
+ V π

γ (S0)− γTV π
γ (ST )

(c)
=

T−1∑
t=0

γt+1Nπ,γ
t+1 + V π

γ (S0)− γTV π
γ (ST )

=
T∑
t=1

γtNπ,γ
t + V π

γ (S0)− γTV π
γ (ST ),

where (a) follows from adding and subtracting the term γTV π
γ (ST ), (b) follows from re-

arranging the terms in the summation, and (c) follows from the definition of {Nπ,γ
t }t≥1.
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D.1.2 Proof of Theorem 37

Proof of this theorem follows from the martingale decomposition stated in Lemma 71 and
the concentration bounds stated in Corollary 62 and Theorem 63.
Proof of Part 1 By Lemma 71, we have

Rπ,γT (ω) =

T∑
t=1

γtNπ,γ
t + V π

γ (S0)− γTV π
γ (ST ).

As a result, we have∣∣∣Rπ,γT (ω)−
(
V π
γ (S0)− γTV π

γ (ST )
)∣∣∣ =

∣∣ T∑
t=1

γtNπ,γ
t

∣∣. (89)

In order to upper-bound the term
∣∣∑T

t=1 γ
tNπ,γ

t

∣∣, we verify the conditions of Corollary 62.
By (26) and Lemma 13, we have∣∣γtNπ,γ

t

∣∣ ≤ γtKπ,γ <∞, ∀t ≥ 1.

As a result, MDS {γtNπ,γ
t }t≥1 is a sequentially bounded MDS with respect to the sequence

{γtKπ,γ}t≥1. Therefore, Corollary 62 implies that for any δ ∈ (0, 1), with probability at
least 1− δ, we have

∣∣∣ T∑
t=1

γtNπ,γ
t

∣∣∣ ≤
√√√√2

T∑
t=1

(Kπ,γ)2γ2t log
2

δ

= Kπ,γ

√√√√2
T∑
t=1

γ2t log
2

δ

= Kπ,γ

√
2fγ(T ) log

2

δ
. (90)

As a result, by combining (89) and (90), with probability at least 1− δ, we have∣∣∣Rπ,γT (ω)−
(
V π
γ (S0)− γTV π

γ (ST )
)∣∣∣ ≤ Kπ,γ

√
2fγ(T ) log

2

δ
. (91)

Proof of Part 2: Similar to the proof of Part 1, by Lemma 71, we have∣∣∣Rπ,γT (ω)−
(
V π
γ (S0)− γTV π

γ (ST )
)∣∣∣ =

∣∣ T∑
t=1

γtNπ,γ
t

∣∣. (92)

Moreover, MDS {γtNπ,γ
t }t≥1 is a sequentially bounded MDS with respect to the sequence

{γtKπ,γ}t≥1. Therefore, Theorem 63 implies that for any δ ∈ (0, 1), for all T ≥ T0(δ) :=

min
{
T ≥ 1 : fγ(T ) >

173

Kπ,γ
log

4

δ

}
, with probability at least 1− δ, we have

∣∣∣ T∑
t=1

γtNπ,γ
t

∣∣∣ ≤
√√√√3
( T∑
t=1

(Kπ,γ)2(γt)2
)(

2 log log
(3
∑T

t=1(Kπ,γ)2(γt)2

2
∣∣∑T

t=1 γ
tNπ,γ

t

∣∣ )
+ log

2

δ

)
.
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Now there are two cases: either |
∑T

t=1 γ
tNπ,γ

t | ≤ (Kπ,γ)2 or |
∑T

t=1 γ
tNπ,γ

t | ≥ (Kπ,γ)2. If

|
∑T

t=1 γ
tNπ,γ

t | ≥ (Kπ,γ)2, we get:

∣∣∣ T∑
t=1

γtNπ,γ
t

∣∣∣ ≤
√√√√3
( T∑
t=1

(Kπ,γ)2(γt)2
)(

2 log log
(3
∑T

t=1(Kπ,γ)2(γt)2

2
∣∣∑T

t=1 γ
tNπ,γ

t

∣∣ )
+ log

2

δ

)

≤

√√√√3
( T∑
t=1

(Kπ,γ)2(γt)2
)(

2 log log
(3
∑T

t=1(Kπ,γ)2(γt)2

2(Kπ,γ)2

)
+ log

2

δ

)
(a)
= Kπ,γ

√
3fγ(T )

(
2 log log

(3

2
fγ(T )

)
+ log

2

δ

)
,

where (a) follows from the geometric series formula and the definition of fγ(T ). Otherwise,
we have |

∑T
t=1 γ

tNπ,γ
t | ≤ (Kπ,γ)2. As a result, we can summarize these two cases as follows∣∣∣ T∑

t=1

γtNπ,γ
t

∣∣∣ ≤ max

{
Kπ,γ

√
3fγ(T )

(
2 log log

3

2
fγ(T ) + log

2

δ

)
, (Kπ,γ)2

}
. (93)

By combining (92)–(93), with probability at least 1− δ, we have∣∣∣Rπ,γT (ω)−
(
V π
γ (S0)− γTV π

γ (ST )
)∣∣∣

≤ max

{
Kπ,γ

√
3fγ(T )

(
2 log log(

3

2
fγ(T )) + log

2

δ

)
, (Kπ,γ)2

}
. (94)

D.2 Proof of Corollary 38

Proof of Part 1: By Lemma 71, we have

Rπ,γT (ω) =

T∑
t=1

γtNπ,γ
t + V π

γ (S0)− γTV π
γ (ST ).

As a result, we have∣∣∣Rπ,γT (ω)− V π
γ (S0)

∣∣∣ (a)

≤
∣∣∣ T∑
t=1

γtNπ,γ
t

∣∣∣+
∣∣∣γTV π

γ (ST )
∣∣∣, (95)

where (a) follows from the triangle inequality. In the proof of Theorem 37, Part 1, we
showed that with probability at least 1− δ, we have∣∣∣ T∑

t=1

γtNπ,γ
t

∣∣∣ ≤ Kπ,γ

√
2fγ(T ) log

2

δ
. (96)

Moreover, we have

γTV π
γ (ST ) = γTEπ

[
lim
T→∞

T−1∑
t=0

γtr(St, At)
∣∣ S0 = ST

]
= γTEπ

[
lim
T→∞

T−1∑
t=0

γtRmax

∣∣ S0 = ST

]
≤ γT

1− γ
Rmax. (97)
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By combining (95)–(97), with probability 1− δ, we have

∣∣∣Rπ,γT (ω)− V π
γ (S0)

∣∣∣ ≤ Kπ,γ

√
2fγ(T ) log

2

δ
+

γT

1− γ
Rmax.

Proof of Part 2: Similar to the proof of Part 1, by Lemma 71, we have

∣∣∣Rπ,γT (ω)− V π
γ (S0)

∣∣∣ ≤ ∣∣∣ T∑
t=1

γtNπ,γ
t

∣∣∣+
∣∣∣γTV π

γ (ST )
∣∣∣. (98)

Moreover, we have

∣∣∣γTV π
γ (ST )

∣∣∣ ≤ γT Rmax

1− γ
. (99)

In addition, from proof of Theorem 37, Part 2, we have for any δ ∈ (0, 1), for all T ≥
T0(δ) := min

{
T ′ ≥ 1 : fγ(T ′) >

173

Kπ,γ
log

4

δ

}
, with probability at least 1− δ, we have

∣∣∣ T∑
t=1

γtNπ,γ
t

∣∣∣ ≤ max

{
Kπ,γ

√
3fγ(T )

(
2 log log

3

2
fγ(T ) + log

2

δ

)
, (Kπ,γ)2

}
. (100)

By combining (98)–(100), with probability at least 1− δ, we have∣∣∣Rπ,γT (ω)− V π
γ (S0)

∣∣∣
≤ max

{
Kπ,γ

√
3fγ(T )

(
2 log log(

3

2
fγ(T )) + log

2

δ

)
, (Kπ,γ)2

}
+

γT

1− γ
Rmax.

(101)

D.3 Proof of Corollary 40

D.3.1 Proof of Part 1

Consider two policies π1, π2 ∈ ΠSD. Let {Sπ1t }t≥0 and {Sπ2t }t≥0 denote the random se-
quences of states encountered by following policies π1 and π2. We have

∣∣∣Rπ1,γT −Rπ2,γT

∣∣∣ (a)
=
∣∣∣Rπ1,γT −

[
V π1
γ (Sπ10 )− γTV π1

γ (Sπ1T )
]

+
[
V π1
γ (Sπ10 )− γTV π1

γ (Sπ1T )
]

−
[
V π2
γ (Sπ20 )− γTV π2

γ (Sπ2T )
]

+
[
V π2
γ (Sπ20 )− γTV π2

γ (Sπ2T )
]
−Rπ2,γT

∣∣∣
(b)

≤
∣∣∣Rπ1,γT −

[
V π1
γ (Sπ10 )− γTV π1

γ (Sπ1T )
]∣∣∣+

∣∣∣[V π2
γ (Sπ20 )− γTV π2

γ (Sπ2T )
]
−Rπ2,γT

∣∣∣
+
∣∣∣[V π1

γ (Sπ10 )− γTV π1
γ (Sπ1T )

]
−
[
V π2
γ (Sπ20 )− γTV π2

γ (Sπ2T )
]∣∣∣, (102)
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where (a) follows by adding and subtracting
[
V π1
γ (Sπ10 ) − γTV π1

γ (Sπ1T )
]

and
[
V π2
γ (Sπ20 ) −

γTV π2
γ (Sπ2T )

]
and (b) follows from the triangle inequality. Similarly, we have

∣∣∣[V π1
γ (Sπ10 )− γTV π1

γ (Sπ1T )
]
−
[
V π2
γ (Sπ20 )− γTV π2

γ (Sπ2T )
]∣∣∣ (a)

=∣∣∣[V π1
γ (Sπ10 )− γTV π1

γ (Sπ1T )
]
−Rπ1,γT +Rπ1,γT −Rπ2,γT +Rπ2,γT −

[
V π2
γ (Sπ20 )− γTV π2

γ (Sπ2T )
]∣∣∣

(b)

≤
∣∣∣Rπ1,γT −

[
V π1
γ (Sπ10 )− γTV π1

γ (Sπ1T )
]∣∣∣+

∣∣∣Rπ2,γT −
[
V π2
γ (Sπ20 )− γTV π2

γ (Sπ2T )
]∣∣∣

+
∣∣∣Rπ1,γT −Rπ2,γT

∣∣∣, (103)

where (a) follows by adding and subtracting Rπ1,γT and Rπ2,γT and (b) follows from the triangle
inequality. (102)–(103) imply that∣∣∣∣∣Rπ1,γT −Rπ2,γT

∣∣− ∣∣[V π1
γ (Sπ10 )− γTV π1

γ (Sπ1T )
]
−
[
V π2
γ (Sπ20 )− γTV π2

γ (Sπ2T )
]∣∣∣∣∣

≤
∣∣∣Rπ1,γT −

[
V π1
γ (Sπ10 )− γTV π1

γ (Sπ1T )
]∣∣∣+

∣∣∣Rπ2,γT −
[
V π2
γ (Sπ20 )− γTV π2

γ (Sπ2T )
]∣∣∣. (104)

By Theorem 37, we know that for any δ1 ∈ (0, 1), with probability at least 1− δ1, we have

∣∣∣Rπ1,γT −
[
V π1
γ (Sπ10 )− γTV π1

γ (Sπ1T )
]∣∣∣ ≤ Kπ1,γ

√
2fγ(T ) log

2

δ1
. (105)

Similarly, we have that for any δ2 ∈ (0, 1), with probability at least 1− δ2, we have

∣∣∣Rπ2,γT −
[
V π2
γ (Sπ20 )− γTV π2

γ (Sπ2T )
]∣∣∣ ≤ Kπ2,γ

√
2fγ(T ) log

2

δ2
. (106)

As a result, by applying Lemma 68 and (104)–(106), for any δ ∈ (0, 1), with probability at
least 1− δ, we have∣∣∣∣∣Rπ1,γT −Rπ2,γT

∣∣− ∣∣[V π1
γ (Sπ10 )− γTV π1

γ (Sπ1T )
]
−
[
V π2
γ (Sπ20 )− γTV π2

γ (Sπ2T )
]∣∣∣∣∣

≤
∣∣∣Rπ1,γT −

[
V π1
γ (Sπ10 )− γTV π1

γ (Sπ1T )
]∣∣∣+

∣∣∣Rπ2,γT −
[
V π2
γ (Sπ20 )− γTV π2

γ (Sπ2T )
]∣∣∣

≤ Kπ1,γ

√
2fγ(T ) log

4

δ
+Kπ2,γ

√
2fγ(T ) log

4

δ
.

D.3.2 Proof of Part 2

As we showed in the proof of part 1, for any two policies π1, π2 ∈ ΠSD, we have∣∣∣∣∣Rπ1,γT −Rπ2,γT

∣∣− ∣∣[V π1
γ (Sπ10 )− γTV π1

γ (Sπ1T )
]
−
[
V π2
γ (Sπ20 )− γTV π2

γ (Sπ2T )
]∣∣∣∣∣

≤
∣∣∣Rπ1,γT −

[
V π1
γ (Sπ10 )− γTV π1

γ (Sπ1T )
]∣∣∣+

∣∣∣Rπ2,γT −
[
V π2
γ (Sπ20 )− γTV π2

γ (Sπ2T )
]∣∣∣. (107)
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By Theorem 37, we have that for any δ1 ∈ (0, 1), for all T ≥ T π10 (δ1) := min
{
T ′ ≥ 1 :

fγ(T ′) >
173

Kπ1,γ
log

4

δ1

}
, with probability at least 1− δ1, we have:∣∣∣Rπ1,γT −

[
V π1
γ (Sπ10 )− γTV π1

γ (Sπ1T )
]∣∣∣

≤ max
{
Kπ1,γ

√
3fγ(T )

(
2 log log

3

2
fγ(T ) + log

2

δ1

)
, (Kπ1,γ)2

}
.

Similarly, we have that for any δ2 ∈ (0, 1), for all T ≥ T π20 (δ2) := min
{
T ′ ≥ 1 : fγ(T ′) >

173

Kπ2,γ
log

4

δ2

}
, with probability at least 1− δ2, we have:∣∣∣Rπ2,γT −
[
V π2
γ (Sπ20 )− γTV π2

γ (Sπ2T )
]∣∣∣

≤ max
{
Kπ2,γ

√
3fγ(T )

(
2 log log

3

2
fγ(T ) + log

2

δ2

)
, (Kπ2,γ)2

}
.

As a result, by applying Lemma 68, for all T ≥ T π0 (δ) := max
{
T π10 ( δ2), T π20 ( δ2)

}
, with

probability at least 1− δ, we have∣∣∣∣∣Rπ1,γT −Rπ2,γT

∣∣− ∣∣[V π1
γ (Sπ10 )− γTV π1

γ (Sπ1T )
]
−
[
V π2
γ (Sπ20 )− γTV π2

γ (Sπ2T )
]∣∣∣∣∣

≤
∣∣∣Rπ1,γT −

[
V π1
γ (Sπ10 )− γTV π1

γ (Sπ1T )
]∣∣∣+

∣∣∣Rπ2,γT −
[
V π2
γ (Sπ20 )− γTV π2

γ (Sπ2T )
]∣∣∣

≤max
{
Kπ1,γ

√
3fγ(T )

(
2 log log

3

2
fγ(T ) + log

4

δ

)
, (Kπ1,γ)2

}
+ max

{
Kπ2,γ

√
3fγ(T )

(
2 log log

3

2
fγ(T ) + log

4

δ

)
, (Kπ2,γ)2

}
.

D.4 Proof of Corollary 42

Since policy π ∈ ΠAR, we know the pair (Jπ, V π) exists and Jπ is constant for all s ∈ S.
We first prove following preliminary lemma.

D.4.1 Preliminary Lemma

Lemma 72 For any policy π ∈ ΠAR, as γ goes to 1 from below, following statements hold.

1. For any two states s1, s2 ∈ S, we have

lim
γ↑1

[
V π
γ (s1)− V π

γ (s2)

]
= V π(s1)− V π(s2).

2. For any two states s1, s2 ∈ S, we have

lim
γ↑1

[
V π
γ (s1)− γTV π

γ (s2)

]
= TJπ + V π(s1)− V π(s2).

3. We have
lim
γ↑1

f(T, γ) = T. (108)
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4. We have
lim
γ↑1

Rπ,γT = RπT . (109)

Proof of Part 1: From the Laurent series expansion ((Bertsekas, 2012a, Proposition 5.1.2),
for any policy π ∈ ΠSD, we have

V π
γ (s) =

Jπ

1− γ
+ V π(s) +O(|1− γ|), ∀s ∈ S.

As a result, we have

lim
γ↑1

[
V π
γ (s1)− V π

γ (s2)

]
= lim
γ↑1

[
Jπ

1− γ
+ V π(s1) +O(|1− γ|)−

[ Jπ

1− γ
+ V π(s2) +O(|1− γ|)

]]
= lim
γ↑1

[
V π(s1)− V π(s2)

]
= V π(s1)− V π(s2).

Proof of Part 2: Again from the Laurent series expansion ((Bertsekas, 2012a, Proposi-
tion 5.1.2), for any policy π ∈ ΠSD, we have

V π
γ (s) =

Jπ

1− γ
+ V π(s) +O(|1− γ|), ∀s ∈ S.

As a result, we have

lim
γ↑1

[
V π
γ (s1)− γTV π

γ (s2)

]
= lim
γ↑1

[
Jπ

1− γ
+ V π(s1) +O(|1− γ|)−

[γTJπ
1− γ

+ γTV π(s2) +O(γT |1− γ|)
]]

= lim
γ↑1

[
(1− γT )

1− γ
Jπ + V π(s1)− γTV π(s2)

]
= TJπ + V π(s1)− V π(s2).

Proof of Part 3: From the definition, we have

lim
γ↑1

f(T, γ) = lim
γ↑1

[γ2 − γ2T+2

1− γ2

]
= lim

γ↑1

[ T∑
t=1

γ2t
]

= T.

Proof of Part 4: From the definition, for any finite T ≥ 1, we have

lim
γ↑1

[
Rπ,γT

]
= lim

γ↑1

[ T−1∑
t=0

γtr(St, At)
]

=
T−1∑
t=0

r(St, At) = RπT .
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D.4.2 Proof of Corollary 42

Proof of Part 1: By Lemma 72, Part 4, for all T ≥ 1, we have

lim
γ↑1

[
Rπ,γT

]
= RπT . (110)

Moreover, we have

lim
γ↑1

[
V π
γ (S0)− γTV π

γ (ST )
]

= lim
γ↑1

[
V π
γ (S0)− V π

γ (ST ) + V π
γ (ST )− γTV π

γ (ST )
]

(a)
= V π(S0)− V π(ST ) + TJπ + V π(ST )− V π(ST )

= TJπ + V π(S0)− V π(ST ), (111)

where (a) follows from Lemma 72, Parts 1 and 2. The result of this part follows by substi-
tuting (110)–(111) on the LHS of (27).
Proof of Part 2: By Lemma 72, Part 2, for all s1, s2 ∈ S, we have

lim
γ↑1

[
V π
γ (s1)− V π

γ (s2)
]

= V π(s1)− V π(s2).

This implies that

lim
γ↑1

[
Kπ,γ

]
= Kπ. (112)

Moreover, by Lemma 72, Part 3, we have

lim
γ↑1

fγ(T ) = T. (113)

The result of this part follows by substituting (112)–(113) on the RHS of (27).
Proof of Part 3: The result of this part follows by substituting (112)–(113) on the RHS
of (28).

Appendix E. Proof of Main Results for Finite-Horizon Setup

E.1 Proof of Theorem 48

E.1.1 Preliminary Results

We first present a few preliminary lemmas. To simplify the notation, we define following
martingale difference sequence.

Definition 73 Let filtration F = {Ft}ht=0 be defined as Ft := σ(S0:t, A0:t). For any policy

π ∈ ΠFD, let {V π,h
t }h+1

t=0 denote the corresponding finite-horizon value function. We define

the sequence {W π,h
t }

h+1
t=0 as follows

W π,h
t :=

[
V π,h
t (St)− E

[
V π,h
t (St)

∣∣ St−1, πt−1(St−1)
]]
, ∀t ∈ {1, . . . , h+ 1}, (114)

where {St}ht=0 denotes the random sequence of states encountered along the current sample
path.
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Lemma 74 Sequence {W π,h
t }

h+1
t=0 is an MDS.

Proof By the definition of {Ft}ht=0, we have that St−1 is Ft−1-measurable. As a result, we
have

E
[
W π,h
t

∣∣ Ft−1

]
= E

[
V π,h
t (St)− E

[
V π,h
t (St)

∣∣ St−1, πt−1(St−1)
] ∣∣ Ft−1

]
= E

[
V π,h
t (St)

∣∣ Ft−1

]
− E

[
V π,h
t (St)

∣∣ St−1, πt−1(St−1)
]

= 0,

which shows that {W π,h
t }

h+1
t=0 is an MDS with respect to the filtration {Ft}ht=0.

We now present a martingale decomposition for the cumulative reward Rπ,hT (ω) for any
policy π ∈ ΠFD.

Lemma 75 Given any policy π ∈ ΠFD, we can rewrite the cumulative reward Rπ,hT as
follows

Rπ,hT (ω) =
T∑
t=1

W π,h
t + V π,h

0 (S0)− V π,h
T (ST ). (115)

Proof (FHPE) implies that along the trajectory of states {St}Tt=0 induced by the policy π,
we have

r(St, π(St)) = V π,h
t (St)− E

[
V π,h
t+1 (St+1)

∣∣ St, π(St)
]
.

For any 1 ≤ T ≤ h+ 1, by repeating similar steps as in the proof of Lemma 67, we have

Rπ,hT =
T−1∑
t=0

[
V π,h
t (St)− E

[
V π,h
t+1 (St+1)

∣∣ St, πt(St)]]
(a)
=

T−1∑
t=0

[
V π,h
t (St)− E

[
V π,h
t+1 (St+1)

∣∣ St, πt(St)]]+ V π,h
T (ST )− V π,h

T (ST )

(b)
=

T−1∑
t=0

[
V π,h
t+1 (St+1)− E

[
V π,h
t+1 (St+1)

∣∣ St, πt(St)]]+ V π,h
0 (S0)− V π,h

T (ST )

(c)
=

T−1∑
t=0

W π,h
t+1 + V π,h

0 (S0)− V π,h
T (ST )

=

T∑
t=1

W π,h
t + V π,h

0 (S0)− V π,h
T (ST ),

where (a) follows from adding and subtracting V π,h
T (ST ), (b) follows from re-arranging the

terms in the summation, and (c) follows from the definition of {W π,h
t }

h+1
t=0 in (114).
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E.1.2 Proof of Theorem 48

Proof of this theorem follows from the martingale decomposition stated in Lemma 75 and
the concentration bounds stated in Theorem 61 and Theorem 63.
Proof of Part 1 By Lemma 75, we have

Rπ,hT (ω) =

T∑
t=1

W π,h
t + V π,h

0 (S0)− V π,h
T (ST ).

As a result, we have

∣∣∣Rπ,hT (ω)−
(
V π,h

0 (S0)− V π,h
T (ST )

)∣∣∣ =
∣∣∣ T∑
t=1

W π,h
t

∣∣∣. (116)

In order to upper-bound the term
∣∣∑T

t=1W
π,h
t

∣∣, we verify the conditions of Corollary 62.
By (37), we have∣∣W π,h

t

∣∣ =
∣∣V π,h
t (St)− E

[
V π,h
t (St)

∣∣ St−1, πt−1(St−1)
]∣∣ ≤ Kπ,h

t <∞, ∀t ∈ {1, . . . , T}.

As a result, MDS {W π,h
t }

h+1
t=1 is a sequentially bounded MDS with respect to the sequence

{Kπ,h
t }

h+1
t=1 . Therefore, Corollary 62 implies that for any δ ∈ (0, 1), with probability at least

1− δ, we have

∣∣∣ T∑
t=1

W π,h
t

∣∣∣ ≤
√√√√2

T∑
t=1

(Kπ,h
t )2 log

2

δ

(a)
= K̄π,h

T

√
2gπ,h(T ) log

2

δ
, (117)

where (a) follows from (39). By combining (116) and (117), with probability at least 1− δ,
we have ∣∣∣Rπ,hT −

(
V π,h

0 (S0)− V π,h
T (ST )

)∣∣∣ ≤√2gπ,h(T ) log
2

δ
. (118)

Proof of Part 2: Similar to the proof of Part 1, by Lemma 75, we have

∣∣∣Rπ,hT −
(
V π,h

0 (S0)− V π,h
T (ST )

)∣∣∣ =
∣∣∣ T∑
t=1

W π,h
t

∣∣∣. (119)

Moreover, MDS {W π,h
t }

h+1
t=1 is a sequentially bounded MDS with respect to the sequence

{Kπ,h
t }

h+1
t=1 . Therefore, Theorem 63 implies that for any δ ∈ (0, 1), if gπ,h(h+1) ≥ 173 log 4

δ ,

define T π,h0 (δ) to be

T π,h0 (δ) := min{T ′ ≥ 1 : gπ,h(T ′) ≥ 173 log
4

δ
}.
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Then with probability at least 1− δ, for all T π,h0 (δ) ≤ T ≤ h+ 1, we have

∣∣∣ T∑
t=1

W π,h
t

∣∣∣ ≤
√√√√3
( T∑
t=1

(Kπ,γ
t )2

)(
2 log log

(3
∑T

t=1(Kπ,γ
t )2

2
∣∣∑T

t=1W
π,h
t

∣∣ )+ log
2

δ

)
.

Now there are two cases: either |
∑T

t=1W
π,h
t | ≤ (K̄π,h

T )2 or |
∑T

t=1W
π,h
t | ≥ (K̄π,γ

T )2. If

|
∑T

t=1W
π,h
t | ≥ (K̄π,γ

T )2, we get:

∣∣∣ T∑
t=1

W π,h
t

∣∣∣ ≤
√√√√3
( T∑
t=1

(Kπ,h
t )2

)(
2 log log

(3
∑T

t=1(Kπ,h
t )2

2
∣∣∑T

t=1W
π,h
t

∣∣ )+ log
2

δ

)

≤

√√√√3
( T∑
t=1

(Kπ,h
t )2

)(
2 log log

(3
∑T

t=1(Kπ,h
t )2

2(K̄π,h
T )2

)
+ log

2

δ

)
(a)
= K̄π,h

T

√
3gπ,h(T )

(
2 log log

(3

2
gπ,h(T )

)
+ log

2

δ

)
,

where (a) follows from the definition of gπ,h(T ). Otherwise, we have |
∑T

t=1W
π,h
t | ≤ (K̄π,γ

T )2.
As a result, we can summarize these two cases as follows∣∣∣ T∑

t=1

W π,h
t

∣∣∣ ≤ max

{
K̄π,h
T

√
3gπ,h(T )

(
2 log log

(3

2
gπ,h(T )

)
+ log

2

δ

)
, (K̄π,h

T )2

}
. (120)

By combining (119)–(120), with probability at least 1− δ, we have∣∣∣Rπ,hT (ω)−
(
V π,h

0 (S0)− V π,h
T (ST )

)∣∣∣
≤ max

{
K̄π,h
T

√
3gπ,h(T )

(
2 log log(

3

2
gπ,h(T )) + log

2

δ

)
, (K̄π,h

T )2

}
. (121)

E.2 Proof of Corollary 49

Proof of Part 1 By Lemma 75, we have

Rπ,hT (ω) =

T∑
t=1

W π,h
t + V π,h

0 (S0)− V π,h
T (ST ).

As a result, we have ∣∣∣Rπ,hT (ω)− V π,h
0 (S0)

∣∣∣ (a)

≤
∣∣∣ T∑
t=1

W π,h
t

∣∣∣+
∣∣∣V π,h
T (ST )

∣∣∣, (122)

where (a) follows from the triangle inequality. In the proof of Theorem 48, Part 1, we
showed that with probability at least 1− δ, we have∣∣∣ T∑

t=1

W π,h
t

∣∣∣ ≤
√√√√2

T∑
t=1

(Kπ,h
t )2 log

2

δ

(b)

≤ K̄π,h
T

√
2T log

2

δ
, (123)

65



Sayedana, Caines, and Mahajan

where (b) follows by Kπ,h
t ≤ K̄π,h

T , for all t ≤ T . Moreover, by definition, we have

V π,h
T (ST ) ≤ H̄π,h

T , ∀t ≤ T. (124)

By combining (122)–(124), with probability at least 1− δ, we have

∣∣∣Rπ,hT (ω)− V π,h
0 (S0)

∣∣∣ ≤ K̄π,h
T

√
2T log

2

δ
+ H̄π,h

T .

Proof of Part 2: Similar to the proof of Part 1, by Lemma 75, we have

∣∣∣Rπ,hT (ω)− V π,h
0 (S0)

∣∣∣ ≤ ∣∣∣ T∑
t=1

W π,h
t

∣∣∣+
∣∣∣V π,h
T (ST )

∣∣∣, (125)

Moreover, we have

V π,h
T (ST ) ≤ H̄π,h

T . (126)

In addition, from proof of Theorem 48, Part 2, we have for any δ ∈ (0, 1), for all T ≥
T0(δ) := min{T ≥ 1 : gπ,h(T ) ≥ 173 log 4

δ}, with probability at least 1− δ, we have

∣∣∣ T∑
t=1

W π,h
t

∣∣∣ ≤ max

{
K̄π,h
T

√
3gπ,h(T )

(
2 log log

(3

2
gπ,h(T )

)
+ log

2

δ

)
, (K̄π,h

T )2

}
(c)

≤ max

{
K̄π,h
T

√
3T
(
2 log log

(3T

2

)
+ log

2

δ

)
, (K̄π,h

T )2

}
, (127)

where (c) follows from the fact that gπ,h(T ) ≤ T . By combining (125)–(127), with proba-
bility at least 1− δ, we have

∣∣∣Rπ,hT (ω)− V π,h
0 (S0)

∣∣∣ ≤ max

{
K̄π,h
T

√
3T
(
2 log log

(3T

2

)
+ log

2

δ

)
, (K̄π,h

T )2

}
+ H̄π,h

T .

E.3 Proof of Corollary 50

E.3.1 Proof of Part 1

Consider two policies π1, π2 ∈ ΠSD. Let {Sπ1t }t≥0 and {Sπ2t }t≥0 denote the random sequence
of states encountered by following policies π1 and π2. We have∣∣∣Rπ1,hT −Rπ2,hT

∣∣∣ (a)
=
∣∣∣Rπ1,hT −

[
V π1,h

0 (Sπ10 )− V π1,h
T (Sπ1T )

]
+
[
V π1,h

0 (Sπ10 )− V π1,h
T (Sπ1T )

]
−
[
V π2,h

0 (Sπ20 )− V π2,h
T (Sπ2T )

]
+
[
V π2,h

0 (Sπ20 )− V π2,h
T (Sπ2T )

]
−Rπ2,hT

∣∣∣
(b)

≤
∣∣∣Rπ1,hT −

[
V π1,h

0 (Sπ10 )− V π1,h
T (Sπ1T )

]∣∣∣+
∣∣∣[V π2,h

0 (Sπ20 )− V π2,h
T (Sπ2T )

]
−Rπ2,hT

∣∣∣
+
∣∣∣[V π1

0 (Sπ10 )− V π1
T (Sπ1T )

]
−
[
V π2

0 (Sπ20 )− V π2
T (Sπ2T )

]∣∣∣, (128)
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where (a) follows by adding and subtracting
[
V π1,h

0 (Sπ10 )− V π1,h
T (Sπ1T )

]
and

[
V π2,h

0 (Sπ20 )−
V π2,h
T (Sπ2T )

]
and (b) follows from the triangle inequality. Similarly, we have∣∣∣[V π1,h

0 (Sπ10 )− V π1,h
T (Sπ1T )

]
−
[
V π2,h

0 (Sπ20 )− V π2,h
T (Sπ2T )

]∣∣∣ (a)
=∣∣∣[V π1

0 (Sπ10 )− V π1
T (Sπ1T )

]
−Rπ1,hT +Rπ1,hT −Rπ2,hT +Rπ2,TT −

[
V π2,h

0 (Sπ20 )− V π2,h
T (Sπ2T )

]∣∣∣
(b)

≤
∣∣∣Rπ1,hT −

[
V π1

0 (Sπ10 )− V π1
T (Sπ1T )

]∣∣∣+
∣∣∣Rπ2,hT −

[
V π2

0 (Sπ20 )− V π2
T (Sπ2T )

]∣∣∣
+
∣∣∣Rπ1,hT −Rπ2,hT

∣∣∣, (129)

where (a) follows by adding and subtracting Rπ1,hT and Rπ2,hT and (b) follows from the triangle
inequality. (128)–(129) imply that∣∣∣∣∣Rπ1,hT −Rπ2,hT

∣∣− ∣∣[V π1,h
0 (Sπ10 )− V π1,h

T (Sπ1T )
]
−
[
V π2,h

0 (Sπ20 )− V π2,h
T (Sπ2T )

]∣∣∣∣∣
≤
∣∣∣Rπ1,hT −

[
V π1,h

0 (Sπ10 )− V π1,h
T (Sπ1T )

]∣∣∣+
∣∣∣Rπ2,hT −

[
V π2,h

0 (Sπ20 )− V π2,h
γ (Sπ2T )

]∣∣∣. (130)

By Theorem 48, we know that for any δ1 ∈ (0, 1), with probability at least 1− δ1, we have∣∣∣Rπ1,hT −
(
V π1,h

0 (S0)− V π1,h
T (ST )

)∣∣∣ ≤ K̄π1,h
T

√
2gπ1,h(T ) log

2

δ1
. (131)

Similarly, we have that for any δ2 ∈ (0, 1), with probability at least 1− δ2, we have∣∣∣Rπ2,hT −
(
V π2,h

0 (S0)− V π2,h
T (ST )

)∣∣∣ ≤ K̄π2,h
T

√
2gπ2,h(T ) log

2

δ2
. (132)

As a result, by applying Lemma 68 and (130)–(132), for any δ ∈ (0, 1), with probability at
least 1− δ, we have∣∣∣∣∣Rπ1,hT −Rπ2,hT

∣∣− ∣∣[V π1,h
0 (Sπ10 )− V π1,h

T (Sπ1T )
]
−
[
V π2,h

0 (Sπ20 )− V π2,h
T (Sπ2T )

]∣∣∣∣∣
≤
∣∣∣Rπ1,hT −

[
V π1,h

0 (Sπ10 )− V π1,h
T (Sπ1T )

]∣∣∣+
∣∣∣Rπ2,hT −

[
V π2,h

0 (Sπ20 )− V π2,h
T (Sπ2T )

]∣∣∣
≤ K̄π1,h

T

√
2gπ1,h(T ) log

4

δ
+ K̄π2,h

T

√
2gπ2,h(T ) log

4

δ
.

E.4 Proof of Part 2

As we showed in the proof of part 1, for any two policies π1, π2 ∈ ΠFD, we have∣∣∣∣∣Rπ1,hT −Rπ2,hT

∣∣− ∣∣[V π1,h
0 (Sπ10 )− V π1,h

T (Sπ1T )
]
−
[
V π2,h

0 (Sπ20 )− V π2,h
T (Sπ2T )

]∣∣∣∣∣
≤
∣∣∣Rπ1,hT −

[
V π1,h

0 (Sπ10 )− V π1,h
T (Sπ1T )

]∣∣∣+
∣∣∣Rπ2,hT −

[
V π2,h

0 (Sπ20 )− V π2,h
γ (Sπ2T )

]∣∣∣. (133)

By Corollary 50, for any δ1 ∈ (0, 1), if gπ1,h(h) ≥ 173 log 4
δ1

, let

T π,h0 (δ1) := min
{
T ′ ≥ 1 : gπ,h(T ′) ≥ 173 log

4

δ1

}
. (134)
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Then with probability at least 1− δ1, for all T π1,h0 (δ1) ≤ T ≤ h+ 1, we have∣∣∣Rπ1,hT −
(
V π1,h

0 (S0)− V π1,h
T (ST )

)∣∣∣
≤ max

{
K̄π1,h
T

√
3gπ1,h(T )

(
2 log log(

3

2
gπ1,h(T )) + log

2

δ1

)
, (K̄π1,h

T )2

}
. (135)

Similarly, for any δ2 ∈ (0, 1), if gπ2,h(h) ≥ 173 log 4
δ2

, with probability at least 1− δ2, for all

T π,h0 (δ2) ≤ T ≤ h+ 1, we have∣∣∣Rπ2,hT −
(
V π2,h

0 (S0)− V π2,h
T (ST )

)∣∣∣
≤ max

{
K̄π2,h
T

√
3gπ2,h(T )

(
2 log log(

3

2
gπ2,h(T )) + log

2

δ2

)
, (K̄π2,h

T )2

}
. (136)

As a result, by applying Lemma 68, for any δ ∈ (0, 1), if min
{
gπ1,h(h), gπ2,h(h)

}
≥ 173 log 8

δ ,
let

T0(δ) := max{T π1,h0 (
8

δ
), T π1,h0 (

8

δ
)}.

Then, with probability at least 1− δ, for all T0(δ) ≤ T ≤ h+ 1, we have∣∣∣∣∣Rπ1,hT −Rπ2,hT

∣∣− ∣∣[V π1,h
0 (Sπ10 )− V π1,h

T (Sπ1T )
]
−
[
V π2,h

0 (Sπ20 )− V π2,h
T (Sπ2T )

]∣∣∣∣∣
≤
∣∣∣Rπ1,hT −

[
V π1,h

0 (Sπ10 )− V π1,h
T (Sπ1T )

]∣∣∣+
∣∣∣Rπ2,hT −

[
V π2,h

0 (Sπ20 )− V π2,h
T (Sπ2T )

]∣∣∣
≤max

{
K̄π1,h
T

√
3gπ1,h(T )

(
2 log log(

3

2
gπ1,h(T )) + log

4

δ

)
, (K̄π1,h

T )2

}
+ max

{
K̄π2,h
T

√
3gπ2,h(T )

(
2 log log(

3

2
gπ2,h(T )) + log

4

δ

)
, (K̄π2,h

T )2

}
. (137)

Appendix F. Proof of Main Results for Random Reward Setup

F.1 Preliminary Results

F.1.1 Reward Martingale Decomposition

To simplify the notation, we define following martingale difference sequence.

Definition 76 Let filtration F = {Ft}t≥0 be defined as Ft := σ(S0:t, A0:t). For any policy
π ∈ Π̃AR, we define the sequence {W̃ π

t }t≥1 as follows

W̃ π
t := r̃(St−1, At−1, Et−1)− E

[
r̃(St−1, At−1, Et−1)

∣∣St−1, At−1 =π(St−1)
]
, ∀t ≥ 1, (138)

where {St}t≥0 denotes the random sequence of states encountered along the current sample
path.

The sequence {W̃ π
t }t≥1 is an MDS with respect to the filtration F = {Ft}t≥0 since

E
[
W̃ π
t

∣∣Ft−1

]
= E

[
r̃(St−1, At−1, Et−1)− E

[
r̃(St−1, At−1, Et−1)

∣∣Ft−1

]∣∣∣Ft−1

]
= E

[
r̃(St−1, At−1, Et−1)

∣∣St−1, At−1 =π(St−1)
]

− E
[
r̃(St−1, At−1, Et−1)

∣∣St−1, At−1 =π(St−1)
]

= 0. (139)
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Recall the definitions of processes R̃πT and RπT

R̃πT =

T−1∑
t=0

r̃(St, At, Et), (140)

RπT =

T−1∑
t=0

E
[
r̃(St, At, Et)

∣∣St, At = π(St)
]
. (141)

By the definition of {W̃ π
t }t≥1 in (138) we have

R̃πT = RπT +
T∑
t=1

W̃ π
t , (142)

where {W̃ π
t }t≥1 is an MDS with respect to the filtration F = {Ft}t≥0 by (139). The

following theorem establishes the concentration of the process RπT around the quantity
T J̃π −

(
Ṽ π(ST )− Ṽ π(S0)

)
.

Theorem 77 For any policy π ∈ Π̃AR, the following upper-bounds hold:

1. For any δ ∈ (0, 1), with probability at least 1− δ, we have:

∣∣∣RπT − T J̃π − (Ṽ π(S0)− Ṽ π(ST )
)∣∣∣ ≤ K̃π

√
2T log

2

δ
. (143)

2. For any δ ∈ (0, 1), for all T ≥ T0(δ) :=
⌈173

K̃π
log

4

δ

⌉
, with probability at least 1− δ, we

have∣∣∣RπT − T J̃π − (Ṽ π(S0)− Ṽ π(ST )
)∣∣∣ ≤ max

{
K̃π

√
3T
(

2 log log
3T

2
+ log

2

δ

)
,
(
K̃π
)2}

.

(144)

Proof This theorem follows by applying the result of Theorem 17 to the reduced model of
M̃ defined in Def. 53. LetM = (P, r) denote the reduced model of M̃ = (P, r̃) with r(s, a)
defined in (47). We can rewrite the process RπT as the cumulative reward process associated
with the reduced model M = (P, r), i.e.,

RπT =
T−1∑
t=0

E
[
r̃(St, At, Et)

∣∣St, At = π(St)
]

=
T−1∑
t=0

r(St, At).

The result of this theorem follows by applying the result of Theorem 17 on the cumulative
reward process RπT and recalling that quantities J̃π, Ṽ π, and K̃π are defined based on the
reduced model M .

69



Sayedana, Caines, and Mahajan

F.2 Proof of Theorem 54

F.2.1 Proof of Part 1

For any policy π ∈ Π̃AR, we have∣∣R̃πT − T J̃π − (Ṽ π(S0)− Ṽ π(ST )
)∣∣ =

∣∣RπT − T J̃π − (Ṽ π(S0)− Ṽ π(ST )
)

+ R̃πT −RπT
∣∣.
(145)

By (142), we have ∣∣∣R̃πT −RπT ∣∣∣ =
∣∣∣ T∑
t=1

W̃ π
t

∣∣∣.
Moreover by (49), {W̃ π

t }t≥0 is a uniformly bounded MDS with respect to the constant K̃π
r .

Therefore, Corollary 62 implies that for any δ1 ∈ (0, 1), with probability at least 1− δ1, we
have ∣∣∣ T∑

t=1

W̃ π
t

∣∣∣ ≤ K̃π
r

√
2T log

2

δ1
. (146)

Moreover, Theorem 77, Part 1, implies that for any δ2 ∈ (0, 1), with probability at least
1− δ2, we have ∣∣∣RπT − T J̃π − (Ṽ π(S0)− Ṽ π(ST )

)∣∣∣ ≤ K̃π

√
2T log

2

δ2
. (147)

As a result, by combining (145), (146), and (147) and applying Lemma 68, for any δ ∈ (0, 1),
with probability at least 1− δ, we have∣∣∣RπT − T J̃π − (Ṽ π(S0)− Ṽ π(ST )

)∣∣∣ (148)

≤ K̃π

√
2T log

4

δ
+ K̃π

r

√
2T log

4

δ
. (149)

F.2.2 Proof of Part 2

Similar to the proof of Part 1, for any policy π ∈ Π̃AR, we have∣∣R̃πT − T J̃π − (Ṽ π(S0)− Ṽ π(ST )
)∣∣ =

∣∣RπT − T J̃π − (Ṽ π(S0)− Ṽ π(ST )
)

+ R̃πT −RπT
∣∣.
(150)

By (142), we have ∣∣∣R̃πT −RπT ∣∣∣ =
∣∣∣ T∑
t=1

W̃ π
t

∣∣∣.
Moreover by (49), {W̃ π

t }t≥0 is a uniformly bounded MDS with respect to the constant K̃π
r .

Therefore, Corollary 64 implies that for any δ1 ∈ (0, 1), for all T ≥ T0(δ1) :=
⌈173

K̃π
r

log
4

δ1

⌉
,

with probability at least 1− δ1, we have∣∣∣ T∑
t=1

W̃ π
t

∣∣∣ ≤ max
{
K̃π
r

√
3T
(

2 log log
3T

2
+ log

2

δ1

)
,
(
K̃π
r

)2}
. (151)
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Moreover, Theorem 77, Part 2, implies that for any δ2 ∈ (0, 1), for all T ≥ T0(δ2) :=⌈173

K̃π
log

4

δ2

⌉
, with probability at least 1− δ2, we have

∣∣∣RπT −T J̃π−(Ṽ π(S0)− Ṽ π(ST )
)∣∣∣ ≤ max

{
K̃π

√
3T
(

2 log log
3T

2
+ log

2

δ2

)
,
(
K̃π
)2}

. (152)

As a result, by combining (150), (151), and (152) and applying Lemma 68, for any δ ∈ (0, 1),

for all T ≥ T0(δ) := max
{⌈173

K̃π
log

8

δ

⌉
,
⌈173

K̃π
r

log
8

δ

⌉}
, with probability at least 1 − δ, we

have ∣∣∣R̃πT − T J̃π − (Ṽ π(S0)− Ṽ π(ST )
)∣∣∣ (153)

≤ max
{
K̃π

√
3T
(

2 log log
3T

2
+ log

4

δ

)
, (K̃π)2

}
(154)

+ max
{
K̃π
r

√
3T
(

2 log log
3T

2
+ log

4

δ

)
, (K̃π

r )2
}
. (155)

Appendix G. Miscellaneous Theorems

G.1 Slutsky’s Theorem

Theorem 78 (see (Ash and Doléans-Dade, 2000, Theorem 7.7.1)) If Xt
(d)−−→ X and

Yt
(d)−−→ c, where c ∈ R (equivalently Yt

(P )−−→ c) then we have

1. Xt + Yt
(d)−−→ X + c.

2. XtYt
(d)−−→ cX.

3.
Xt

Yt

(d)−−→ X

c
, if c 6= 0.

Remark 79 Since convergence in the almost-sure sense implies convergence in probability,

same results hold when Yt
(a.s.)−−−→ c.
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