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Abstract

For overparameterized optimization tasks, such as those found in modern machine learning,
global minima are generally not unique. In order to understand generalization in these settings,
it is vital to study to which minimum an optimization algorithm converges. The possibility of
having minima that are unstable under the dynamics imposed by the optimization algorithm
limits the potential minima that the algorithm can find. In this paper, we characterize the global
minima that are dynamically stable/unstable for both deterministic and stochastic gradient
descent (SGD). In particular, we introduce a characteristic Lyapunov exponent that depends on
the local dynamics around a global minimum and rigorously prove that the sign of this Lyapunov
exponent determines whether SGD can accumulate at the respective global minimum.

Keywords: machine learning, stochastic gradient descent, overparameterization, linear sta-
bility, Lyapunov exponents

1. Introduction

Since the success of “AlexNet” (Krizhevsky et al., 2012), the overparameterization paradigm
has become ubiquitous in modern machine learning. Although it is well known that artificial
neural networks with sufficiently many parameters can approximate arbitrary goal functions (see,
e.g., Hornik et al., 1989), the training process, especially for overparameterized networks, is not
well understood and leaves many open questions. For one, the fact that the loss landscapes are
usually non-convex makes it difficult to rigorously guarantee that the optimization algorithms
converge to global minima.

Another key open problem in understanding the training of overparameterized networks is
that of generalization (see, e.g., Zhang et al., 2021). Classical wisdom suggests that overparame-
terized networks should suffer from overfitting problems due to their high expressivity. However,
in practice, this is not the case. In other words, sufficiently large (that is, deep, wide, or both)
artificial neural networks are capable of fitting arbitrary data, due to their large number of pa-
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rameters (typically weights and biases). Thus, finding a set of parameters for which the network
interpolates the training data, in itself, does not indicate that the network makes reasonable
predictions for inputs outside the training data set. However, the parameters found by common
optimization algorithms tend to perform well on unseen data. This is essential for the success
of modern machine learning.

One possible explanation for this phenomenon is that of dynamical stability (see, e.g., Wu
et al., 2018). Since the learning rate is in practice not infinitesimally small, some global minima
can become dynamically unstable, in the sense that the optimization algorithm will not converge
to these solutions, even if it is initialized arbitrarily close to them. This excludes unstable
optimal solutions from being found by the optimization algorithm, thereby reducing the effective
hypothesis class to stable global minima.

For gradient descent, a second-order Taylor expansion shows that a global minimum is only
stable if the largest eigenvalue of the Hessian of the empirical loss is less than 2/7, where 7 is the
learning rate. Thus, gradient descent can only converge to minima that are sufficiently flat, which
has been associated with good generalization (see, e.g., Hochreiter and Schmidhuber, 1997).
Moreover, numerical experiments by Cohen et al. (2021) have demonstrated that (deterministic)
gradient descent operates at the edge of stability, which means that the largest eigenvalue of the
Hessian oscillates around the critical value 2/n for the later stages of training.

Transferring these ideas to the stochastic case requires an appropriate notion of dynamical
stability under stochastic gradient descent (see Wu et al., 2018 and Ma and Ying, 2021). The
goal of this work is to establish a coherent mathematical framework in which the dynamical
stability of deterministic and stochastic optimization algorithms can be investigated and the
convergence properties of global minima can be characterized.

1.1 Contributions

We investigate which global minima of the empirical loss function can be obtained as limits of the
two most fundamental optimization algorithms, namely gradient descent (GD) and stochastic
gradient descent (SGD). Specifically, we consider the limits of GD and SGD as random variables,
denoted by Xl?rrl? and XSSD, respectively. These random variables depend on the randomness
during initialization in the case of GD and on the randomness during initialization and training
in the case of SGD. For a given global minimum x* of the empirical loss £, we introduce the
quantity

p(z*™) :=log ||1 — nHess L(x¥)]|.

As is readily seen in Section 2.3, the above condition || Hess £(z*)|| < % is equivalent to p(z*) < 0.
We choose this reformulation because it has a direct analogue for SGD.
Our main contributions are the following.

e We introduce a set of mild conditions (see (H1), (H2), (H3) below) under which we can
rigorously prove that the sign of p characterizes the support of XI?H]? (see Theorem A).

e For global minima z*, we introduce a new quantity, denoted by A(z*) (see (2.12) below),
which can be seen as a characteristic Lyapunov exponent (Oseledec, 1968) and corresponds
to a new notion of dynamic stability /instability for SGD. It should be noted that this
notion differs! from the ones introduced in Wu et al. (2018) and Ma and Ying (2021)
(see Appendix A).

1. In particular our notion of linear stability is strictly weaker than the one introduced in (Wu et al., 2018,
Defintion 1) (see Appendix A).
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e Under an additional mild assumption on the global minimum in question, we rigorously
prove that the sign of A\ characterizes the support of XSSD (see Theorem B).

This clarifies the concept of dynamical stability for stochastic gradient descent and estab-
lishes a connection to a substantial body of mathematical and physical literature on Lyapunov
exponents (see, e.g., Oseledec, 1968; Bougerol and Lacroix, 1985; Arnold, 1998). Moreover, it
provides a foundation for new theoretic and numerical investigations of the learning process un-
der stochastic gradient descent. Possible questions of interest include how the value of A evolves
during training with stochastic gradient descent and what implications a small, respectively
large, value of A has on generalization.

From a mathematical perspective, our analysis of SGD amounts to a study of the asymptotic
behavior of discrete-time random dynamical systems (see, e.g., Arnold, 1998 and also Section
3.5) possessing a manifold of equilibria. In the unstable case, we use a method based on moment
Lyapunov exponents (see, e.g., Arnold et al., 1986). A more detailed discussion of this approach
is given in Section 3.1 and throughout the proofs.

For simplicity, we restrict our study to scalar regression problems and, in the case of SGD,
to mini-batch size 1, but we point out that, with minor modifications, our main result applies
to a broader class of tasks and algorithms (see Section 2.7 below).

1.2 Related Literature

Closest to our work is a series of two papers by Wu et al. (2018) and Ma and Ying (2021), which
study the dynamical stability of stochastic gradient descent. We explain the relation to this
work in detail in Appendix A.

Gurbuzbalaban et al. (2021) consider Lyapunov exponents of SGD in a setting where SGD
does not converge to a global minimum, but the transition densities approach a heavy-tailed
stationary distribution (see also, e.g., Hodgkinson and Mahoney, 2021). The convergence rates
for SGD with decaying learning rate have been studied in Fehrman et al. (2020).

The edge of stability phenomenon for gradient descent mentioned in the introduction has
been numerically observed by Wu et al. (2018), as well as by Cohen et al. (2021) and theoretically
studied by Arora et al. (2022). Moreover, the difference between the global minima found by
GD and SGD (see Keskar et al., 2017; Wu et al., 2018) and between SGD and Adam (see Keskar
and Socher, 2017) has been numerically investigated.

The dynamics of stochastic gradient descent have also been studied using approximations by
stochastic differential equations, called stochastic modified equations (see, e.g., Li et al. (2017,
2019)). We note that such an approach is not compatible with our analysis as it assumes
an infinitesimally small learning rate. Moreover, the modified stochastic equations have been
extended to a stochastic flow in Gess et al. (2024), building a framework analogous to the one
we introduce in Section 3.5.

The most critical part of our proof is based on techniques originally developed to study
synchronization in stochastic differential equations by Baxendale and Stroock (1988) (see also
Baxendale, 1991), which has received recent attention motivated by fluid dynamics (Coti Zelati
and Hairer, 2021; Bedrossian et al., 2022, 2025; Blumenthal et al., 2023).

1.3 Organization of the Paper

We start by introducing the fundamental setting of the optimization task (Section 2.1), as well
as the learning algorithms that we consider (2.2). In Section 2.3, we heuristically derive the
notions of linear stability for GD and SGD. These derivations are made rigorous in our main
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results, which we present in Section 2.4. In Section 2.5, the main quantities of interest, p and
A, are related to the neural tangent kernel (see Jacot et al., 2018). Finally, we discuss possible
generalizations of our main results, such as extensions to other optimizers, in Section 2.7. Section
3 provides the proofs of the main theorems. An overview of the structure of the proofs is given
in Section 3.1.

2. Setting and Main Result
2.1 Network Model

In the following, we consider a scalar regression problem. Let f : R? - R be a ground truth
function, which is supposed to be reconstructed from N given data pairs (y;, 2 = f (Yi))ie[N)»
where [N] = {1,...,N}. To do so, we consider a parameterized network model given by a
smooth function? § : RP x R? — R and try, using the given data, to find an z € R? such that
Sz, ) =~ f. In the absence of other information, it is reasonable to prescribe

o1
7 € argmin - % (5 (,01), %), (2.1)
1€

for some loss function £ : R x R — R>q, with ¢(z,2z) = 0 if and only if Z = 2, 014(z,2) = 0
and 02((z, z) = 1. Although other choices for £ are possible, it is recommended to think of the
square loss function £(z, z) 1= 1(z — z)2. For each i € [N], we define the individual loss function
L;:RP — [0,00) by

Li(x) == (3 (@, i), 2) (2.2)
and the empirical loss function £ : RP — R as the average of the individual loss functions, that
is,

1
L(z) = > Li(x). (2.3)
i=1
Equation (2.1) can thus be rewritten as
x € argmin L(z). (2.4)

If the number of given training examples N exceeds the number of learnable parameters D, the
problem is overdetermined and the global minimum of £ is usually unique, so that x is fully
determined by (2.4). However, in general, it will not be possible to find an 2 € R such that
§(x, ) interpolates the given data, that is, the set

M = {xERD:E(x) =0} = {xERD : §(x,yi) = 2, Vi € [N]}

will be empty.

On the other hand, if the number of learnable parameters exceeds the number of training
examples, that is, D > N, the optimization problem is overparameterized. As described in
the introduction, this will be the case of interest here. Given a sufficiently expressive network
model § (meaning that §(z,-) can express a sufficiently rich family of functions), the set of
interpolation solutions M will usually be infinite. In fact, if the set of gradients

{V.F(z,y;) i € [N]} ¢ RP

2. For the purpose of being general, we will not specify how the network function § looks like. Typical net-
work architectures used in practice include fully connected networks, convolutional neural networks (image
classification), and transformers (large language models).
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is linearly independent for every = € M, the set M is an embedded smooth (D — N)-dimensional
submanifold of RP with normal space

N(x) = span{V,F(z,y;) : i € [N]} (2.5)
and tangent space
T(x) =N@)t ={veR? wv=0, Ywe N(z)}. (2.6)

As a consequence of Sard’s theorem (see, e.g., Milnor, 1997), this condition will be satisfied for
generic training data® and in the following we will assume that M is a smooth manifold as
described (see Hypothesis (H1) below).

While 2 € M ensures §(z, y;) = f(y;) for all i € [N], it does not guarantee F(z,y) ~ f(y) for
any ¥y outside the training data set. This is the generalization gap mentioned in the introduction.
If M is infinite, (2.4) does not determine z uniquely and the question of generalization is highly
dependent on which x € M is chosen.

2.2 Learning Algorithms

In practice, a wide range of optimization algorithms (see, e.g., Schmidt et al., 2021) are used to
find a global minimum z* € M. In this work, we will restrict our study to the two most basic

optimization algorithms: gradient descent (GD) and stochastic gradient descent (SGD). Both

algorithms are initialized at a random point Xg D/SGD ¢ gD , which is distributed according to

some probability measure v : B(RP) — [0,1], called the initial distribution.* We will assume
that v is equivalent to Lebesgue measure® (see Hypothesis (H2) below).

Gradient descent tries to successively reduce the empirical loss £ by taking small steps in
the opposite direction of its gradient VL. Formally, the update rule is given by

Xh = X0 —nvL(xgP), (2.7)

where > 0 is a small real number called learning rate. Ideally, the hope is that the gradient
descent converges to some point Xl?mD € M as n tends to infinity. Although gradient descent
is remarkably reliable in finding global minima in practice, convergence to a global minimum
(or even convergence in the first place) cannot be guaranteed in our general setting, since L is
generally non-convex. Therefore we define chi;nl? as an M U {0}-valued random variable by

lim - —

GD {limn_wo XGD L if (XSPY) converges to some point in M,

0 , otherwise,

accounting for a possible failure of convergence. Note that the randomness in Xl?'n? stems purely

from the random initialization XgD. Once Xg’D is drawn, all subsequent steps, and thus Xﬁrl?
are deterministic.

In contrast, stochastic gradient descent is a stochastic optimization algorithm. After initial-

izing XSGD randomly according to the measure v, SGD updates are performed according to the

3. Put more precisely, for every smooth network model § and every choice of (y1,...,yn), there exists a set
Z C RY of full Lebesgue measure, such that, if (z1,...,2x) € Z, then M is an embedded smooth (D — N)-
dimensional manifold (see Cooper, 2021).

4. Here and in the following, B(R"") denotes the family of Borel sets.

5. This is for example consistent with v being a normal distribution, which is the most common choice in practice.
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gradients of the individual loss functions £; (2.2), corresponding to randomly chosen training
data. Concretely, we set
Xpir = X000 =V Le, (X59P), (2.8)

where (&, )nen is a sequence of independent random variables, which are uniformly distributed
over [N]. Note that VL¢, can be interpreted as an unbiased estimator for the gradient VL of
the empirical loss function £ (2.3) since

E[VLe, ()] = VL(2),

for each z € RP and each n € N. Unfortunately, the problems with guaranteeing convergence
for SGD persist such that, again, we define X2SP as a M U {}}-valued random variable by

lim
XSGD . limy o0
0 , otherwise.

X5GD - if (XSGD) converges to some point in M,

In the following, we are interested in studying which points GD and SGD can find. Put more
precisely, we aim to characterize the support of the random variable Xl?n? / SGD, which is defined

as

supp (XI?H?/SGD> = {m eEM:P (XI?H?/SGD € U) >0, VU C M open nbhd. of m} .

2.3 Linear Stability
If the (stochastic) gradient descent is randomly initialized at some x € M or reaches M after
some finite number of iterations, it remains stationary from then on, that is,

XS,D/SGD EM= XSD/SGD _ XﬂCiD/SGD _ xGD/SGD Vi > n.

lim ’

This can be seen easily by computing the individual and empirical loss functions as

N
VL) = 5 D0 O ), 5) V(. )
=1

and noting that the right-hand sides vanish if x € M. Since the initial distribution v is assumed
to have full support, it is possible that Xlgn? /SGD ¢ akes any value in M. However, under mild
assumptions (see (H2) and (H3) below), the optimization algorithm can only reach a global
minimum in a finite number of steps with probability zero. In other words, (S)GD will usually
converge to some global minimum, say z* € M, without reaching it in a finite number of
steps. This is only possible if * is dynamically stable, which means that, once the optimization
algorithm gets sufficiently close to z*, it will stay close.

In order to study the dynamical stability at some z* € M, we linearize the optimization

step (2.7) around z*. We introduce the function G, : RP — RP by
Gy(x) =2 —nVL(x), (2.9)
such that X$P, = G(XGP). If z is close to z*, by differentiability, G,(z) is well approximated
b,
' Gn(z) = " + Gy(a") (@ — %) + o([lx — 27])).
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Here, g;] (z*) € RP*P denotes the Jacobian of Gy, at x*. Consequently, for several iterations, we
have

Gy (x) = 2" + Gy(2")"(z — %) + o(||lz — 27]).
The Jacobian Gy (z*) can be computed as

G, (2*) = 1p — nHess L(z*) = 1p — vas =, y) VS (z*, yi)t. (2.10)

Note that, by definition of the normal space N (2.5) and the tangent space 7 (2.6), the matrix
Gy (z*) satisfies G, (z*)v = v € T (2*) for all v € T(2*) and G, (z*)w € N (z*) for all w € N (z*).
Thus, G, (z*) respects the splitting RP = T(2*) ® N(2*) and the restriction G () 7@+
T(x*) = T(z*) equals the identity. We say that z* is linearly stable under GD with learning
rate 7 if

p(z?) = lim *log(HQ’( )" o) ll) = log(pspec(Gy (™) Iras))) < 0.

n—oo N

Here || - || denotes the operator norm and pgpec the spectral radius of a matrix which is given by
pspec(A) == lim ||A"[|Y/™ = max{|A| : A is an eigenvalue of A}.
n—oQ
Conversely, if u(x*) > 0, we say that * is linearly unstable under GD. By (2.10), we have

Spec(Gy (z") () = 1 — nSpec(Hess L(z7) | n(a)).

While the Hessian Hess £(z*) is only positive semi-definite, its restriction to A(x*) is even
positive definite and thus
Spec(Hess L(x")|pr(z+)) C Rxo.

In particular, the Hessian Hess £(2")|y(;+) is a symmetric positive definite matrix. Therefore,
the condition for linear stability p(z*) < 0 can be equivalently expressed as

pu(x") <0< Spec(Gy (¢7)|n(ar) C (=1,1) < Spec(Hess L(27)| () C (0,2/n)

x 2 . 2
& || Hess L(2") | pr(z) || < p < || Hess L(z%)| < o

where the last equivalence holds if n < 2. Although this formulation is more common in the
literature (see, e.g., Wu et al., 2018; Cohen et al., 2021; Arora et al., 2022), we will stick to the
expression p(z*) < 0 here, as it can be more easily extended to stochastic gradient descent.

Our stability analysis for stochastic gradient descent is analogous to that for gradient descent.
For notational convenience, we introduce the functions G, ; : R — RP for each i € [N] by

Oni(x) =2 —nVLi(x). (2.11)
Their Jacobians at some global minimum z* € M can be computed as
Q’;”(:p*) =1p — nHess L;i(2*) = 1p — nV.&(z*, y:) Ve F (2, 4:)".
For points € RP close to z*, we have

[Gne 00 Onal(@) = 2" + [0y, () ... Gy, ()] (2 — %) + o]z — 27

7
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Note that the matrices G/ ;(*) also all respect the splitting R = T (z*)GN (¢*) with G) ;(2*) | (z+) =
Id7 (4. Analogously to gradient descent, we would like to call z* linearly stable if

A(z*) = lim — log Hgngn ). ..g;],&(:c*)w(m

n—oo n

) <0.

At first glance, this definition raises two problems. First, it is not clear whether the limit exists.
Secondly, the value of A\(z*) seems to depend on the random sequence (51,52, ...). However,
Kingman’s sub-additive ergodic theorem (Kingman, 1968, see also Steele, 1989)% states that for
almost every realization ({1, &a,...) we have

)]

: 1 * * *
Jim —log ([|Gy.¢, (%) - Gre, (@) v ) = mf ~B[log (|96, () - Gy, (") (e
Hence, using the right—hand side as a definition for )\(:1:*), that is,
AMz¥) = 1nf [10g (Hgn en\T z*). ~-g7/77g1(33*)|/\/(m*)

solves both issues. It should be noted that the sequence

)] € [~o0, ), (2.12)

1
n— EE[log ||g7’77§n (z*).. .g{m (x*)|N($*) ]

is monotonically decreasing and one may equivalently define A(z*) by

* . 1 * *
Aa*) = lim ~E[log]|d}¢, (@) - G e (27 v

In fact, the following theorem due to Oseledec (1968) (see also, e.g., chapter 3.4 in Arnold,
1998) shows the existence of so-called Oseledec’s subspaces, which are the equivalent notion to
generalized eigenspaces for random-matrix products.

| € [~00,0). (2.13)

Theorem 2.1 (Multiplicative Ergodic Theorem) There exists a natural number 1 < k <
N and a tuple of extended real numbers

—OOS/\k<-"<)\2</\1:)\(.%'*)

and a tuple of multiplicities my, mo, ..., mg with mi + --- +myp = N such that the following
holds: For almost every’ sequence (&1,&a,...) there exists a tuple of subspaces

{0} = Vk+1(£1)£27‘ . ) g Vk(€17£27' . ) g g ‘/2(617527' . ) g V1(§17§27"‘) :N(‘T*)
with dim(V) =my + -+ +my such that for every 1 <i <k
T}L)Holo n log |:Hg77 fn ) . g;]’fl(l‘*)y‘u - )‘ia vy € %(517627 .. ) \ %4—1(517527 s )
In particular, for every y € N\ Va(&1, &, ... ), we have
1 / * *
Jim “log [[[G¢, (27) - Gy, (2] = M)

We will call * linearly stable (or linearly unstable) under stochastic gradient descent if A(z*) < 0
(or A(z*) > 0, respectively).®

6. The integrability condition for Kingman’s ergodic theorem holds trivially here, as we only consider finitely
many different matrices.

7. with respect to the uniform i.i.d. measure,

8. As mentioned in the introduction, this definition differs from the ones introduced by Wu et al. (2018) and Ma
and Ying (2021). See Appendix A for a detailed comparison.
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2.4 Main Result

The main contribution of our work is to rigorously show that the definitions for linear stabil-
ity /instability, heuristically derived in Section 2.3, characterize the supports of Xﬁf /56D and
thus characterize the qualitative implicit bias of gradient descent/stochastic gradient descent.
In our derivation, we made some assumptions which can be formalized as follows.

Hypothesis (H1) For each x € M the set of vectors
{V.S(x,y;) : i € [N]} C RP
is linearly independent. In particular, M is an embedded submanifold of RP.

Hypothesis (H2) The initial distribution v is equivalent to the Lebesgue measure, that is,
v(B) =0 < Leb(B) =0, VB € B(RP).

Recall that, by an argument by Cooper (2021), Hypothesis (H1) is fulfilled for generic training
data, while (H2) holds for the most common choice of initial distribution.

Furthermore, the heuristic argument presented in the previous section relied on the assump-
tion that with probability one the optimization algorithms do not reach M in a finite number
of steps. Hypothesis (H2) ensures that, with probability one, the algorithms are not initialized
on M. However, the setting presented so far is too general to exclude that the optimization al-
gorithms reach M after any positive finite number of iterations with positive probability. Thus,
we require an additional assumption. From now on, consider a fixed learning rate n > 0.

Hypothesis (H3) The map G, and the maps Gy 1,...,Gy N, defined in (2.9) and (2.11), are
non-singular, that is, the pre-image of every Lebesque-null set is a Lebesgue-null set.

In particular, a continuously differentiable map G : RP? — RP is non-singular if its Jacobian
is invertible Lebesgue almost everywhere. Whether this is true for the maps G,,G;1,...,G, N
depends on the network function §. Yet, it is reasonable to assume that this should be satisfied
for the common neural network architectures, at least for almost every learning rate 7.

Recall that the support of X GD/SGD

lim

is defined as

supp (XGD/SGD> = {x € M :U C M open nbhd. of z = P (XGD/SGD € U) > 0} )

lim lim
For gradient descent, we will show the following main result.
Theorem A Suppose (H1), (H2), and (H3) are satisfied. Let x* € M.
(i) If p(z*) <0, then z* € supp (X$D).
(it) If p(z*) > 0, then x* ¢ supp (X5P).
The analogous result for stochastic gradient descent requires some additional assumptions on
the global minimum x* in question.

Definition 2.2 A global minimum x* € M is said to be regular if

(1) for everyi € [N], we have

1 2
Va5, 502 ¢ {n, n}  and (2.14)

9
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(i1) there exists no proper sub-set ) C A C [N], such that

V(@ y;) - Vo§(a*,y;) =0, Vie A, j € [N]\ A

Note that almost every family of vectors (V. §(z*,yi))ic(nv) will satisfy these conditions. Thus,
it is reasonable to assume that, for most network functions §, almost every global minimum
xz* € M is regular. Together, the conditions (i) and (ii) in Definition 2.2 imply that the semi-
group generated by the operators Q;]’l(a;*), e 7’7 ~(2*) has nice algebraic properties, namely
being contracting and strongly irreducible (see Definition 3.8 below). These properties are well
established in the literature on random-matrix products (see, e.g., Bougerol and Lacroix, 1985)
and allow us to use tools from that theory which are crucial for our proof. With this definition

in hand, we get the following result for SGD.

Theorem B Suppose (H1), (H2), and (H3) are satisfied. Let z* € M be regular.

lim

(i) If N(z*) <0, then z* € supp (X55P).

(ii) If A(z*) > 0, then z* ¢ supp (XJCP).

lim

Remark 2.3 Both Theorem A and Theorem B do not address the case u(x*) = 0, respectively

A(z*) = 0. Since the support of Xﬁf/SGD is closed by definition and p: M — R is continuous,
most points with p(x*) = 0 should have global minima =’ € M with u(x’) < 0 near them and
therefore be in the support of Xﬁf. Making this argument rigorous would require a more precise
knowledge of the network function § and is beyond the scope of this paper. The continuity of
X\ is a more subtle issue. In general, X\ : M — R is only upper semi-continuous®. However, a
recent result of Avila et al. (2023) shows that X is continuous at all points x*, where the matrices

7’7’1(1‘*), cel ;YN(SL'*) are all invertible. This is, in particular, the case for all reqular z* € M.

2.5 Relation to the Neural Tangent Kernel

We point out that, for any x* € M, the values of u(z*) and A\(z*) can be deduced entirely from
the neural tangent kernel K« : R? x R? — R, first introduced by Jacot et al. (2018), which is
defined by

Kx* (yv y/) = vlg(x*v y)tvm%'(:n*, y/)v
or more specifically, its Gram matriz Gz € RV*N given by
(Garliy = Ka= (4i,y5)-

In more detail, let S+ € RP*N denote the matrix whose i-th column is given by V,&(z*,v;),
that is,
\ |

Spe = | VoS(x*y1) ... V(@ yn) | - (2.15)
\ |

Clearly, S, maps R" isomorphically onto N'(z*) and straightforward calculations, using linear
independence of the gradients, show that

[Hess L(z*)] Sy = %S$*Gz* and [Hess Li(z")]Spx = Spx G 3]

9. This can readily be seen from the fact that it is defined as an infimum of continuous function.

10
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where G« [; denotes the matrix G+ with every row but the i-th set to zero. It should be
noted that S+ is not a square matrix and is thus not invertible as a matrix. However, as an
isomorphism from RY to NV'(z*) it can be inverted, and we let Su;l € RV*P denote the matrix
associated with this inverse isomorphism. It satisfies S;.'S,» = 1y and (Sy+S,;.)| N (z*)
1p|pr(z+)- Thus, the restrictions of the Jacobians of G, and G, ; to N'(z*) can be expressed as

* n _
and
G i(@) vy = Sar (1N — NGy ) Sev " (2.17)

From this we get pspec(gg(x*)w(x*)) = pspec(In — % Gy+) and, using the symmetry of (1y —
% Go), we also get

:U’(x*) = log [IOSpec (]lN - %Gx*)] = log H]lN - %Gx* (2.18)
An analogous statement can be obtained for A(z*). Indeed, we have the estimates
log || (G, (2") - Gy (") Ivar)
=log||Ser (In = 1Gur f,]) - - (AN — NGe e1)) Sz= |
<log ||Se+ || +1og || (In — nGa ) - - - (AN — 1Gos f¢y)) || + log HSm*_lH
and
log | (]1N — NG o)) -+ (Iv = 1Gas fgy)) |
=log [[Se- 7" (G, (&%) - G, (27)) Sor
< log [[Se- 7| +log || (G, (27) - G (27) Loy ol
Together, they imply
AMz*) = lim nE[log 1976, @) - Ghey (@) e ]
= lim nE[logH Ly =nGa ) - (I =G fe)) ]

This observation is useful for two reasons. On the one hand, it connects the central quantities
in the present work to an ongoing line of research of neural networks in the infinite-width limit
(see Jacot et al., 2018). Additionally, it turns out that the expressions (2.18) and (2.19) are
nicer to work with than the corresponding expressions in the previous section and will be used
in the proofs of the main theorems. Finally, these expressions are well defined for any z € RP
and not only for global minima x* € M. This is especially useful for the potential empirical
studies suggested in the following section.

11
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2.6 Edge of Stability and Empirical Studies

While the present work is purely theoretical, the Lyapunov exponent A\(z*) of a global minimum
x* is also an interesting object for empirical studies. As mentioned in the introduction, a
highly interesting study by Cohen et al. (2021) observed that training with gradient descent
undergoes two distinct phases. At initialization, the Hessian of the loss landscape satisfies

| Hess L(X§P)|| < % During the early stages of training with gradient descent, the parameters

XSD move to progressively sharper regions of the loss landscape, that is, the operator norm of the
Hessian of the loss function increases. During this phase, called progressive sharpening, the loss
L(XSP) decreases monotonically. Once | Hess £(XSP)|| reaches the threshold 2, progressive
sharpening stops and training continues in the so-called edge-of-stability phase. During this
phase, the Hessian of the loss function remains approximately constant close to the stability
threshold % Meanwhile, the loss is still decreasing in the long run, but no longer monotonically.
Cohen et al. (2021) also studied whether stochastic gradient descent exhibits the same behavior.
In Appendix G, they observe that for stochastic gradient descent progressive sharpening stops
before the threshold || Hess £(XSP)|| ~ %, is reached, suggesting that SGD does not enter the
edge of stability. In Appendix H, however, they observe that the expected change of the loss
does behave similarly to the non-monotonous decrease observed for gradient descent at the edge
of stability. Based on this, they conjecture (see Section 6 in Cohen et al., 2021) that SGD does
enter an edge-of-stability regime, except that || Hess L(x)| < % is no longer the correct notion
of stability for gradient descent (see also the discussions in Wu et al., 2018 and Andreyev and
Beneventano, 2025).

Instead of directly tracking the sharpness of the loss, ||Hess £(x)|, one can equivalently
study the evolution of u(x) along the trajectory. It should be mentioned that in Section 2.3 we
have only defined p(x) for the parameters = that lie in the manifold of interpolation solutions
M. However, the equivalent definition (2.18) of u given in Section 2.5, is well defined for any
z € RP. Thus, it is possible to track p(XSP) during training. Since y is related to the Hessian
of the loss by u(x) = log |1 — || Hess L(z)]||, it contains the same information as || Hess £(z)|.
In the experiments of Cohen et al. (2021), we would observe that u(X§P) is negative and
that u(XSP) progressively increases until it enters the edge of stability u(XSP) = 0 from
which point on p(XSP) remains close to zero. Based on our main results, we suggest that
from a dynamical point of view, tracking A(X35GP) during training with stochastic gradient
descent is the appropriate analogue to the study of Cohen et al. (2021). We leave it as an open
problem to the community to determine the behavior of A by the means of empirical experiments.
An interesting challenge in conducting such a study lies in the numerical computation of the
Lyapunov exponent for high-dimensional random-matrix products. Numerical schemes for the
computation of Lyapunov exponents can be found, for example, in Eckmann and Ruelle (1985)
and Sandri (1996).

2.7 Possible Extensions and Outlook

While our main results are general in the sense that they require only very weak assumptions on
the network function §, we want to point out that we only consider scalar regression problems
and training with gradient descent or stochastic gradient descent with mini-batch size 1. As
mentioned above, we have made these restrictions to simplify the already extensive proofs as
much as possible. The main results can be extended, with minor modifications, to a more general
setting.

12
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In practice, SGD is usually implemented with so-called mini-batches to allow for parallel
computations. For SGD with mini-batches of size 1 < B < N, the iterative step (2.8) is
replaced by
XSGD)

n+l( n

X507 = X3P —nVLs

N
where (2, )nen is an i.i.d. sequence of size B subsets E,, C [N] chosen uniformly from the ( B)

possible subsets and

La(a) = % > Lifa),

SIS
For B = 1 this coincides with the SGD algorithm presented in Section 2.2 and for B = N the
iterative step is deterministic and coincides with GD. Stochastic gradient descent with mini-
batch size 1 < B < N can thus be seen as an interpolation between the two algorithms. The
derivations from sections 2.3 and 2.5 can be carried out analogously for mini-batch SGD and
one can express the Lyapunov exponent of mini-batch SGD with learning rate n and mini-batch
size B as

) = 2o (11— ) - (o~ i)

where G« [z denotes the Gram matrix G- of the neural tangent kernel with all rows whose
index is not in = set to 0. In order to derive a version of Theorem B it is necessary to adapt
the notion of regular global minima (see Definition 2.2) to ensure that the analog of Lemma 3.9
in the proof below still remains valid. We leave this as a problem for future work. The rest of
the proof of Theorem B can be extended to mini-batch SGD with only minor changes. Such
an extension of Theorem B could help to better understand the impact of the learning rate and
the mini-batch size on generalization properties (see, e.g., Hoffer et al., 2017; Goyal et al., 2017;
Keskar et al., 2017 for numerical studies).

Furthermore, it would be interesting to extend our analysis to other optimizers such as
SGD with momentum (see Rumelhart et al., 1986) or Adam (see Kingma and Ba, 2014). The
derivations in Section 2.3 can be extended to these algorithms by linearizing the iteration steps
around fixed points where all moment terms are zero. In the case of Adam, the parameter €
appearing in the numerator of the final update step is usually chosen extremely small (Kingma
and Ba, 2014 suggest ¢ = 1078). Thus, the linearization only approximates the dynamics of the
actual algorithm in a vanishingly small neighborhood, and it is questionable whether it is still
meaningful for the dynamics of the algorithm.

Our analysis can be extended to multidimensional regression problems with ground truth
function f : R4 — R? and network function § : RP x R4 — R%. In fact, one can interpret such a
multidimensional regression problem as a scalar regression problem with a ground truth function
f:R%x [d] — R and a network function § : RP x (R% x [d]) — R. This has the effect of splitting

one training example (y,z) € R% x R? into d training examples ((y,1),21), ..., ((y,a?/),z&) €
(R? x [d]) x R. An SGD step with the training example (y, z) now corresponds to an SGD step
with the mini-batch ((y, 1), z1),. .., ((y, d), zj). Similarly to mini-batch SGD, the main challenge
in extending Theorem B to multidimensional regression problems is to adapt the notion of a
regular global minimum (see Definition 2.2) in such a way that Lemma 3.9 still remains valid
for multidimensional regression.

Unfortunately, our results cannot be easily extended to classification problems. For a classi-
fication task with k classes, it is common to encode the training data as pairs (y, z) € R x RF,
where z = e; is the i-th unit vector, where ¢ € [k] is the class y belongs to. Then one considers
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a network function § : RP x R4 — RF, which is then postcomposed with the softmax function
softmaxg : R¥ — [0,1]% given by

SOftmaXB(Zl, e zk’)l = W,
. ePFi
7j=1
where 8 > 0 is some positive real number commonly referred to as inverse temperature. For
training, the most common loss function is the cross-entropy loss given by

n

Uz, z):=— Z z; log(z;).

i=1

To have ¢(z, z) = 0, one necessarily needs z = z. However, the outputs of the softmax function
are in (0,1)* for finite input values. Thus, it is not possible to reach training error zero and
M = 0.

Finally, it should be mentioned that our analysis assumes that the model is trained to
convergence. In practice, it has been observed that stopping the algorithm early can improve
generalization. While the global minima with A(z*) > 0 are asymptotically unstable, the finite
time Lyapunov exponents

1
)\w,n(x*) = 5 log H (]lN — 77Gw7[£n]) . (]lN — nG$*7[§1]) wH

can, even for large n, still be negative with small, but positive probability. This effect is captured
by a large deviation principle (see Arnold and Kliemann, 1987), the rate function of which
depends on the moment Lyapunov exponents (see Definition A.2).

3. Proofs of the Main Results

3.1 Overview

The remainder of this paper will consist of the proofs of Theorem A and Theorem B. For the main
arguments, it will be convenient to work in a local coordinate system in which M corresponds
to a linear subspace. Such a coordinate system will be introduced in Section 3.2. Theorem A (i)
then follows from an elementary argument presented in Section 3.3. In order to prove Theorem
A (ii), in Section 3.4, we employ a center-stable manifold theorem. In Section 3.5, we introduce a
random-dynamical-system framework to treat stochastic gradient descent. Theorem B (i) is then
proved in Section 3.6. The proof is similar to the proof of Theorem A (i) presented in Section 3.3,
but the possibility of non-uniform hyperbolicity adds an additional challenge. Finally, Theorem
B (ii) is proved in sections 3.7-3.9. The proof is inspired by previous work on the instability of
invariant subspaces for stochastic differential equations (see, e.g., Baxendale and Stroock, 1988;
Baxendale, 1991). While these works rely on Hérmander conditions (see Hérmander, 1967), we
use a criterion by Le Page (1982) to establish a spectral gap for the projective semigroup. The
assumptions for the criterion of Le Page are checked in Section 3.7. In Section 3.8, we construct
a local Lyapunov function similar to the recent works of Bedrossian et al. (2022) and Blumenthal
et al. (2023). The proof of Theorem B is then completed in Section 3.9.

Throughout the entire Section 3 we assume (H1), (H2) and (H3) as standing assumptions.
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3.2 Local Coordinates

In the following, for some fixed z* € M, we introduce a local coordinate system for a neigh-
borhood of z*, in which the generally nonlinear manifold M becomes a linear subspace aligned
with the coordinate axes. Using these coordinates will be helpful in all further proofs.

Lemma 3.1 There exist an open neighborhood x* € U c RP and an open neighborhood (0,0) €
V CRP-N x RN, as well as a smooth diffeomorphism  : V- U such that

(it) x(V U (RPN x {0})) = U N M,
(iii) the Jacobian at the origin is given by

X'(0,0) = (A Sp+), (3.1)

where A € RPX(P=N) s some matriz which induces an isomorphism from RP=N onto
T (x*) and Sy € RP*N s the matriz defined in (2.15),

() and x is bi-Lipschitz with Lipschitz constant Ly, that is, both x and P

continuous with said Lipschitz constant.

are Lipschitz

Proof Let A € RP*(P=N) he some matrix that induces an isomorphism from RP=N to 7 (z*).
Since M is an embedded smooth manifold, we can find neighborhoods 0 € Ur C 7 (z*) and
z* € U C RP and a smooth map ¢ : Ur — N (z*) with ¢(0) =0, ¢/(0) = 0 and

{e*+x+((z): €U} =UNM.
This allows us to define a smooth map x : A~'Ur x RV — RP by

X(v,w) =" + Av + Sp=w + ((Av).
It can be easily verified that x is injective and

YA UF x {0}) = U N M.
Also, the Jacobian is given by
X' (v,w) = (A+ ¢ (Av)A S(y)

so in particular x is a local diffeomorphism and (3.1) holds. Set V := x YU) and U:= X(V)
If we now let x be its restriction y : V — U, it is a smooth diffeomorphism, satisfying i) to iii).

If x is not bi-Lipschitz, we can reassign V' to a smaller neighborhood, which is precompact in
the original V. After reassigning U and restricting y accordingly, x will be bi-Lipschitz. |

The learning dynamics of (stochastic) gradient decent can, at least locally, be lifted in the
new coordinates via the function x. We define the functions G,,G,1,...G, v : V* =V by

Gn(v,w) = X" (Gy(x (v, w))) and Gni(v,w) = X" (Gni(x(v, w))),
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Figure 1: Schematic representation of the construction of y. Objects with the same color are
mapped onto each other.

where V* C V is an open set given by
Vio=xTt G0N () 6,1 0) ] (3.2)
i€[N]
Let 7 : V* — NU {oo} be the maximal number n for which QA,T;H(U, w) is well defined, that is,
T(v,w) :=inf{n € N: Qg(v,w) ¢ V*}.10 (3.3)
One can easily check that for (v,w) € V* and 1 <n < 7(v,w), we have
Gr (v, w) = x (G (x(v,w)). (3.4)

The corresponding statement for SGD will be given in Section 3.5 once the appropriate notation
has been introduced (see (3.20)).

Since all points in M are fixed points for Qn, gAml, e Qn,N and by Lemma 3.1 (ii), we have
V U (RPN x {0}) C V* and

Gy (v,0) = (v,0) and Gpi(v,0) = (v,0).

Furthermore, using the chain rule, equations (2.16) and (2.17) as well as Lemma 3.1 (iii), we
can compute

5/ _ o ﬂ 0 O 5/ _ o 0 O
Gy(0,0) = 1p — (0 Gx*) and G (0,0)=1p —1 (0 Gﬂﬂ) : (3.5)

where the right-hand sides are both block matrices with dimensions ((D — N) + N) x ((D —
N)+ N)H.

10. Of course, inf () := co.
11. that is, the rows and the columns have been partitioned into two blocks of size (D — N) and size N.
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Lemma 3.2 For every 0 > 0, there exists an open neighborhood Vs C V*, such that for each
(v,w) € V5 and each i € [N], we have

Gyv.0) - [6,0.0)] (1) < ol (3.6

as well as

Note that this lemma would hold trivially if the right-hand sides of (3.6) and (3.7) were replaced
by the term 4| (v, w)]|.

Proof It is sufficient to consider each of the functions Qn, Qn,l, ceey QA,L N~ separately, find a neigh-
borhood Vj in which the corresponding inequality (3.6), respectively (3.7), holds and conclude
the proof by choosing the intersection over all these V5. In the following, we will only consider
Qn and will show how to find an Vj such that (3.6) holds, as the proofs for Qn,l, e QAU, N work
analogously.

Let 0 € V5 C V* be an open, convex neighborhood, such that

Gyi(v,w) — G10.,0)] <Z)) H < |- (3.7)

“8wgn(v,w) — 8an(0,0)“ <6, ¥ (v,w) € V.

Here 8wén(v, w) € RP*N denotes the partial Jacobian with respect to the latter N components.
We have

Gy(v.w) — [6(0.0)] <Z;> — G, (0,0) + /0 1 (0G0, tw) | wat = (v,0) = [9,G,(0,0)| w
_ /01 [%Gn(v,tw) — 9GO, 0)} wdt

and for (v, w) € Vj in particular

G0~ [6400.0)] ()| = [ 0ubite 0 - 06,0.0) It < sl

This finishes the proof. |

3.3 Gradient Descent - the Stable Case

In this section we will prove Theorem A (i).

Theorem A (i) Let 2* € M with p(z*) < 0. Then z* € supp (X5P).

lim

In the following, we will let II, € RP-N)*D and 11, € R(P~N*N he the matrices that
project a vector (v,w)’ € RP onto its v-, respectively w-component, that is, in block-matrix
form we set

I, := (Ip-n 0) and I, := (0 1y).
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Proof [of Theorem A (i)] Suppose pu(z*) < 0 and let U C M be some neighborhood of z*. Our
goal is to prove P(XSD € U) > 0. Choose § > 0 such that e*(*") +§ =: v < 1, let V5 be the
corresponding neighborhood given by Lemma 3.2. Let Rs > 0 be some radius, such that

Bro-n(Rs) x Brn(Rs) C V.
We assume without loss of generality that U has the form

U = x (Bro-~(R) x {0}) (3-8)

for some 0 < R < Rs. Similarly to the definition of 7, we define a map 75 : Vs — NU {oo} by
75(v, w) := inf {n eN: gAg(v,w) ¢ Vg} . (3.9)

Note that 75(v, w) < 7(v,w).
As a consequence of Lemma 3.2 and the expression (2.18) for p(z*), for all (v,w) € Vs, we

it < megiio.0] (3)] + o (6t - [5100)] ()]
H( - 16, )wH—i—‘gnvw) (G3(0,0)] <Z>H

= 7lfwl]. (3.10)

IN

/\

Using this bound inductively, for all (v,w) € V5 and 1 < n < 75(v, w), we get
|Gy @, w)]| < 47wl (3.11)

Recalling equation (3.5) and using Lemma 3.2 implies

1, (6,00 - [G0.0)] (1)) | < a1l

for all (v, w) € Vs and thus also for all 1 < n < 75(v,w),

e ]

"vag+1(v,w) ~L,87 (v, w)H <5 Hnwég(v, w)H < 57"l (3.12)

With this, we can bound

1G5 0, w)| < ol + znj |G (0, 0) = 10,65 0, w)|

e 5
< [lvll + Z oy Hlwl| < (v + Tl (3.13)

m=1

for all (v,w) € Vsand 1 <n+1 < 75(v,w). Now set

R, = E and R,, = min <(1_2(;Y)R,R5> .

Suppose for some (v, w) € Brp-~(Ry) X Brn (Ry), we have 75(v, w) < oo. Then by definition
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Figure 2: Schematic representation of the proof of Theorem A (i). The red arrows show possible
sample trajectories.

vw) (v,w) ¢ Vs, so by (3.8) in particular

of 75, we have QA;‘S(
HHUC;;‘S(“’“’)(U,IU)H > Ry or "Hwégé(”vw)(v,w)(‘ > Rs. (3.14)
However, (3.13) implies
|65 0] < ol + 2wl < By + -2 R < R< R
and (3.11) implies
g w,w)| < 47500 ) < ] < R < Ry,

contradicting (3.14). Thus 75(v,w) = oo, for all (v,w) € Brp-n~(Ry) X By (Ry). Now (3.12)
implies that <HUQ,7(U, w)) is a Cauchy sequence and (3.13) shows that

. ) J
i n < 2 2 R, <
Jim 0G5 (0,w)|| < o] + = ol < Ro+ = Ru < R
Furthermore, (3.11) shows HwQAg(v, w) — 0. Thus, for each (v, w) € Brp-~(Ry) X B (Ry) the
sequence (C;g(v,w)> converges with
lim G (v,w) € Bro-~(R) x {0}.
Let U = x (Bgp-~ (Ry) x Bgn (Ry)). Suppose X§P € U. By (3.4) and continuity of y we have
GD _ 1 GDy _ 1: 5n (L —1(yGD
KX = lim G, (Xg™) = lim x (QZJ (X )))

=x(lim Gz (x(XE)) ) € X(Bro-n(R) x {0}) = T,

n—o0
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SO Xg’D € U implies XE’H]? € U. Since U is an open set, we have

P(XSD e U) > P (X[()}D c ff) >0,

lim

completing the proof. |

3.4 Gradient Descent - the Unstable Case

In this section, we will prove Theorem A (ii).

Theorem A (ii) Let z* € M with u(z*) > 0. Then z* ¢ supp (XSP).

In the case u(z*) < 0 considered in the previous section, all the eigenvalues of 1y — nGy+ lie
strictly within the unit circle. As a consequence, we were able to construct an open neighborhood
of x*, such that for every initial condition in that neighborhood, GD converges to some Xl?nl? eM
near x*. In the case pu(z*) > 0 we consider in this section, we only know that some eigenvalue
of Tny — nGy~ lies strictly outside the unit circle while there could still be eigenvalues on or
strictly inside the unit circle. As a consequence, one should not expect to be able to construct
a neighborhood U C RP of z*, such that GD does not converge to some Xl?n? € M near x* for
any initial condition in U. Instead, we will construct a neighborhood U C RP of z*, such that
GD does not converge to some XE’H]? € M near z* for Lebesgue-almost any initial condition in
U. In fact, we will show that the set of initial conditions in U for which GD does converge to
some XE’H]? € M near z* is contained in a lower dimensional manifold called the center-stable
manifold'?. While for the preceding and all subsequent sections it is convenient to consider
vectors in R” as consisting of a D — N-dimensional tangential part v and an N-dimensional
transversal part w, here it will be more convenient to consider vectors in R” as consisting of a
center-stable part v_ corresponding to the eigenvalues strictly inside or on the unit circle and
an unstable part v, corresponding to the eigenvalues strictly outside the unit circle.

For the remainder of this section, consider a fixed * € M with pu(x*) > 0. Let fi1,...,ap
be the eigenvalues of be the eigenvalues of G (0,0) appearing according to their multiplicity!

and ordered by their absolute values, that is,

1| > - > |fpl-

Note that the eigenvalue 1 must appear at least with multiplicity D — N, corresponding to
the tangential part and log || = p(z*) > 0, which implies || > 1. Let Dy > 1 be the
number of eigenvalues with absolute value greater than 1 and let D_ = D — Dy be the number
of eigenvalues with absolute value less or equal to 1, counted with multiplicity in both cases.
Furthermore, let S € RP*P be an invertible matrix, such that

Hi

Goo=s| . |stes(f ))s
“D

12. While the set, we call center-stable manifold is indeed a C'-manifold (see Theorem 6.2.8 in Katok and
Hasselblatt, 1995), we will only show that it is the graph of a Lipschitz continuous function.
13. Since Q;(O, 0) is symmetric, the algebraic and geometric multiplicities coincide.
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where A, € RP+*P+ and A_ € RP-*P- are given by

Ap=| and A =

D, AD

Note that ||A_|| = 1 and that Ay is invertible with [[A7'||™' = |ap,| > 1, where fip, is
the eigenvalue with the smallest absolute value that is still larger than 1. Finally, let G, :
RP+ x RP- — RP+ x RP- given by

G (vs,0_) = 56, <s—1 (Zf)) |

The following is a version of the center-stable manifold theorem.

Theorem 3.3 (Center-Stable Manifold) There erist open neighborhoods 0 € V_ C RP-,
0 € Vy CRP+ and a map B* : V- — V. such that for any (vy,v_) € (Vi x V_) \ graph(8*),
there exists some n € N, such that G)'(vy,v_) ¢ Vi x V_.

If g’n is a local diffeomorphism at 0, this result is standard (see, e.g., chapter 6.2 in Katok
and Hasselblatt, 1995). However, in our setting, it is possible that fg; = 0 for some i € [D].
Still, Theorem 3.3 follows from the arguments in Katok and Hasselblatt (1995) with mild mod-
ifications. Alternatively, stable/unstable/center manifold theorems in non-locally diffeomorphic
setting have also been obtained by reducing the problem to the locally diffeomorphic case by an
abstract method called inverse limits (see, e.g., Ruelle and Shub, 1980 or Qian et al., 2009).

In order to prove Theorem A (ii), we require the following lemma. Since the equivalent
statement will also be useful to prove the instability of SGD, we formulate it to cover both GD
and SGD.

Lemma 3.4 Let A C RP be a Lebesque-null set. Then

P (Eln € Ng, s.t. XGP/SGD ¢ A) = 0.

Proof By Hypothesis (H2), we have IP’(X(?D/SGD € A) = v(A) = 0. By Hypothesis (H3), we
also have IP’(XS’D/SGD € A) =0, for every n > 1 and thus

P (Eln € No, s.t. XCGD/SGD ¢ A) —0.

Proof [of Theorem A (ii)] Suppose u(z*) > 0. Let z* € U C R” be the open neighborhood
given by

U= x(B(Vi x V),
where V; and V_ are the neighborhoods given by Theorem 3.3. Suppose w € €2 is such that
X8P(w) € UN M. Then there must exist an m € N, such that QT’;(X%D(w)) = Xn(iz,(f) eU
for all n € Ny. Equivalently, we must have Q_;L(S’AX*I(XELD(CU))) € Vi x V_, for all n € Ny.
By Theorem 3.3 this means that we can only have X$P(w) € U N M, if there exists an m € N

lim
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such that X%D(w)_e x (S graph(3*)). However, since  is a diffeomorphism and S an invertible
matrix, the set x(S graph(5*)) has Lebesgue measure zero. By Lemma 3.4, this implies
P(XSP(w)eUNM) =0,

lim

completing the proof. [ ]

3.5 Random Dynamical System Framework for SGD

While in sections 3.3 and 3.4 we studied the dynamics of gradient descent, the rest of the paper
will be concerned with establishing analogous results for stochastic gradient descent. For this, we
will formulate SGD as a random dynamical system (see Arnold, 1998 for a general introduction
to the theory). Formally, for some appropriate probability space (2, F,P), we will introduce a
map

©0: Ny x QxRP - RP,

(n,w, ) = " (),

where evaluation of the map gogl) should correspond to applying n iterations of SGD with w
serving as the seed for the random choices of training examples. We expect the map ¢ to satisfy

)

(2) = o, (@) (3.15)
where 0"w is the seed for the same training examples, but shifted by n steps. Put more clearly, if
w generates the sequence of training examples (£1,&,...) € [N]Y, then #"w should generate the
sequence (&,41,&n42,...) € [NV, Since the training examples are chosen independently with
identical distributions, the sequences (£1,&2,...) and (&,41,&n+2, ... ) are equal in distribution.
In other words, the map 6 : 2 — € leaves the probability measure P invariant, that is,

P(E)=P (0" (E)), VE € F. (3.16)

A map 0 : Q — Q satisfying (3.16) is called metric dynamical system. Equation (3.15) is known
as the cocycle property and a map ¢ satisfying it is called a cocycle over 6. A pair (6, ),
consisting of a metric dynamical system and a cocycle over it, is called a random dynamical
system (see Defintion 1.1.1 in Arnold, 1998).

Since €2 should encode the randomness both at initialization and during training, we let

Q:=RP x [NV and F = B(RP) @ B(IN])*N,

where P([N]) denotes the power set of [N]. If 5 denotes the uniform measure on [N] we can
define the probability measure P : F — [0, 1] by

P:=v® A%\,

Thus, the elements w € Q have the form w = (wipit, w1, ws,...) and the random variables
XgGD, &1,&2,... used in SGD (see Section 2.2) can be formally defined by

X59P (W) = winit and &n(w) == wy.
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The shift operator 6 :  — € can now be defined by
0 w = (Winit, w1, w2, ... ) — Ow := (Winit, w2, w3, . . . ).

Clearly 6 satisfies (3.16) and thus defines a metric dynamical system on . Furthermore 6 is
ergodic with respect to the sub-sigma algebra F := o(§1,£2,. .. ), that is,

0~1(E)=FE=P(E)c{0,1}, VE e F.

Recall (see (2.8) and (2.11)) that the random variables X% X$GP .. can be defined recur-
sively by
Xsfllj(w) = gninﬂ(w) (XSGD(W))7 Vn > 0.

The map ¢ : Ng x Q x RP — RP will be defined by

cpSJO) () ==z and w&”) () := [gnvgn(w) 0---0 g,?,&(w)] (x). (3.17)

It is easy to check that ¢ satisfies (3.15). Thus ¢ is a cocylce over € and (6,¢) a random
dynamical system. The random variables X3P can now be expressed as

X3P (w) = o (X3P () -
Note that the points x € M are fixed points of ¢, that is,
o™ (x) =z, ¥n € Nog,w € Q,z € M. (3.18)

In order to introduce an RDS framework for the linearization of SGD (see Section 2.3),
for SGD in local coordinates (see Section 3.2) and for linearized SGD in local coordinates, we
will again fix a global minimum 2* € M for the remainder of this section. We define a map
P : Ny x Q — RPXD by

®: (n,w) = &M = DM ("), (3.19)

where Dwtpgjn) (x*) denotes the Jacobian of the map gpg,n). Applying the chain rule to (3.17) and

using (3.18), we get

a0 — 1, and L) =G e (@) -Gy (&7

w

From this, it is easy to see that ® is a matriz cocycle, that is, it satisfies

olrtm) = ol o)

0w Tw
Since the matrices Gy 4, ..., G, v all respect the splitting RP = T (2*) & N (x*) with Gril T(a) =
Id7(,+) (see Section 2.3), the same holds true for @&n) for all w € 2 and all n € Np.

Recall that y : V — U, introduced in Lemma 3.1, defines a diffeomorphism from a neighbor-
hood V of the origin to a neighborhood U of z*. Furthermore, we introduced a neighborhood
VECV (see (3.2)), which allowed us to locally lift the maps G, 1,...,G,, via x to the maps
Gnts--vyGnn s V* = V defined by

Gri(v,w) == X7 (G (X (v, w)))

Analogously to the definition of 7 : V* — N U {oo} in Section 3.2 (see (3.3)), we introduce a
map 7: Q x V* = NU {oco} by

Tw(v, w) := inf {n e N: [g},ﬁgn(w) 0---0 Gn,gl(w)] (v,w) ¢ V*} .
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This allows us to define a map 9 : Ng x Q x V* 2 Dy, — V, where
Dy = {(n,w,v,w) e Ng x Q@ x V*:n < 1,(v,w)},
by
U (0.0) = (G 0+ s o] (0, w).

Clearly, v satisfies the local cocycle property, meaning
o @) = v (60@)

whenever the left-hand side is well defined, that is, whenever (n 4+ m,w, v, w) € Dy. This turns
the pair (0, ) into a local random dynamical system (see Definition 1.2.1 in Arnold, 1998). The
local cocycle 1 can be seen as the local lift of ¢ via y, as one can easily check that

D) =x (e (x(w,w)) ) (3.20)

whenever n < 7, (v, w).
Similarly to the definition of ®, we introduce a matrix cocycle ¥ : Ny x Q — RV*N by

v =1y and U0 = Iy = nGor ) - (TN — 1Gor 1)) - (3.21)

Note that, as opposed to v, the matrix cocycle ¥ is defined globally. This is possible since

7,(0,0) = oo, for all w € . Also by (3.5), we can express the Jacobian of w&n) at the origin by

n 1p_n 0
D(v,w)wa(u )(070) = ( 0 W(”)) :

Alternatively, this can also be seen by differentiating (3.21) and using Lemma 3.1, as well as
(2.17). Furthermore, differentiating (3.20) at (0,0) yields the identity

Ipny O .
o) = (4 Sw*)< o \IJSJ’L)) (4 Se) 7, (3:22)

where (A Sx*) € RP*P is the matrix from Lemma 3.1 (iii). The following corollary is a simple
reformulation of Lemma 3.2.

Corollary 3.5 For every 0 > 0, there exists a neighborhood (0,0) € V5 C V*, such that for each
(v,w) € Vs, we have

e, w) = (v 0 Dw)|| < 3wl

Finally, we can reformulate (2.19) in terms of W to get the expression

Mz*) = inf LE [log H\Ing) ] (3.23)

neN N

14

for the Lyapunov exponent. By Kingman’s sub-additive ergodic theorem™*, we have

Mat) = Tim ~log H\I/@

n—oo n

, (3.24)

for almost every w € €.

14. Note that the fact that A(z*) does not depend on w requires 6 to be ergodic, which it is not. However, the
cocycle U is measurable with respect to the sub-sigma algebra F = o(&1,&2,...). Thus we may consider the
probability space (2, F,P| ), in which 6 is ergodic, when applying the sub-additive ergodic theorem.
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3.6 Stochastic Gradient Descent - the Stable Case
In this section we will prove Theorem B (i).

Theorem B (i) Let z* € M with A\(z*) < 0 and suppose
X 1

for every i € [N]. Then x* € supp (XI?ED)-
Since this is the SGD equivalent of Theorem A (i), the proof will be similar. However,
there is a major obstacle. A crucial ingredient in the proofs of Theorem A (i) is the expression

Iy — nGa|| = eh(”) (see (3.10)), which allowed us to derive the bound (see (3.11))
|muGs 0, w)|| < 4ol (3.26)
For stochastic gradient descent, we only have a bound of the form

H\I"(dn) < Cy(w)e"M@)+)

where for any 6 > 0, Cy is a random variable which is finite almost surely. This can be seen as a
consequence of (3.24). Random variables similar to Cs are sometimes called Oseledec regularity
functions in the literature. If ég(w) was almost surely bounded by some deterministic constant,
it would be possible to derive the equivalent statement to (3.26) with an additional factor on the
right-hand side. Unfortunately, the Oseledec regularity function Cs will generally be unbounded.
This is one of the defining features of so-called non-uniform hyperbolicity. Instead, we will derive
the equivalent statement to (3.26) by essentially using the upper semi-continuity of the Lyapunov
exponent (see Lemma 3.6 below). This allows for a proof of Theorem B (i) along the lines of
the proof of Theorem A (i). It should be noted that this does not save the proof of Theorem B
(ii). Thus an entirely different approach will be presented in sections 3.7-3.9.

Lemma 3.6 Let x* € M be a point for which (3.25) is satisfied. For each ~ > @) | there
exists a 6 > 0 and a random variable C.,, :  — (0, 00] such that P(Cy(w) < 00) =1 and

[l @, 0)|| < Cy@hrilol, Y e, (v,w) € Vi, n < 75u(v,w),

where Vs is the neighborhood from Lemma 3.2/Corollary 3.5 and 75, : Vs = N U {oo} the map
given by

Tsw(v, w) := inf {n eN: w&n)(v,w) ¢ Vg} .

Proof Let z* € M be such that (3.25) holds and v > e*®™). Choose an & > 0 such that
eM@)H2e < By (3.23), there exists an n* € N, such that

E [log H‘IJ((U”*)‘H <n*(Azx") +¢e). (3.27)

Since (3.25) holds, the matrix \IJS) is invertible for every w € 2 and we may define constants
0< K1 < Ky <00 by

K= inf (\I/S>>_1Hl = min (v - nGx*’[i])‘lH_l, (3.28)
Ky = 21618 H\IIS)H = ?61[3}\% H]IN - nwai}H . (3.29)

25



CHEMNITZ AND ENGEL

By the cocycle property we have
il < |[@80u|| < & ull (3.30)

For some 0 > 0 to be determined later, let Vs and 75, be as described in the formulation of the
Lemma. By Corollary 3.5, we have the naive bound

Mm@, w)|| < [Muwld w0, w) = 9w + [ 9Dw|| < (K1 + )
for all w € Q and (v,w) € V5. Thus we also have
|l @ )| < (12 4 0)" ol (3:31)

for all w € Q, (v,w) € V5 and n < 754, (v, w).
Suppose that w € Q and (v,w) € Vj satisfy 75,,(v, w) > n*. By the cocycle properties for v
and WU, the inequality (3.31), Corollary 3.5 and the inequality (3.30), we have

HHw U(J"*)(v,w) — \IJL(U"*)MH

*

<5 iz (o () - (9|

3

3
Il
—

M e

(Ko 4 0)" = [, (0, 900w0) = win w0

3
—

IN
(1=

8(K + )" ! Wi

3
Il
_

p(n")

w

5(Ky + 8)" K

[]=

<

wl|.

3
I
—

We now fix 6 > 0 to have a small enough value, s.t.

*

Z §(Ka+6)" T"IK T < en”

n=1

Thus we have

HwaU(J"*)(v,w) — \Ilc(u”*)wH <en®

5]

for all w € @ and (v,w) € V5 with 75,,(v,w) > n*. In that case we also have
st ] < [ et -t

< (1+en")

v || < Gl (3.32)

where we define C(w) := (1 4 en*)

&n*)H. By (3.27), we have

E [log (C’(w))] =log(l+en*)+E [log (\Ifw”*))}
<en® +n"(A(z") +e) =n"(Aa¥) + 2¢) < n*log(). (3.33)
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Next we introduce another random variable C' : © — R U {co} by

~

-1

Cw):= g [log (C’(Gk”*w)) —n* log(y)] .

=

Note that the random variable C' is measurable with respect to the sigma algebra F,» =

o(&1,...,&+) and that the random variables (C’(Qk”*w)>k N, 2re thus independent and by 6-
€No
invariance (see (3.16)) identically distributed. By the strong law of large numbers, we have, for

almost every w € €,

(\

-1

[log (C’(Gk"*w)> —n* log(*y)] [log (C’( ))] —n*log(y) <0

0

li !
m -
=00 ¥

B
Il

and thus in particular P(C(w) < o0) = 1. By definition, the random variable C' can be used to

obtain the bound o

lo ( CH*™ w ) < C(w) + £n* log(v). (3.34)
k=0

Combining (3.32) and (3.34)), we get

Hc(a‘m )] o]
— exp (Zlog( G ))) ]

< eC(w)+£n log 7)||wH _ eé(w),yfn*HwH’ (335)

for all w € Q, (v,w) € V5 and £ € N with 75,,(v,w) > ¢n*.

Now let w € Q, (v,w) € V5 and n € N with 75,,(v,w) > n. Let £ € Ngand 0 < k < n*—1 be
such that n = ¢n* + k. Using the cocycle property and the bounds (3.31) and (3.35), we obtain
[, )| = [, (267 w,0) |
< (K + 0)* [ (v, )|

< (K2 +0)*e”" |lu]

K2+6 K ~w n*
= (FE2) et sty

K +6\" " ) n
s( L ) L]

Thus we can define the random variable C, : 2 — R U oo by

K. n*—1 _
Cv(w) = < 2’;_ 5) 6C(w),

satisfying P(C,(w) < 00) = 1. [ |
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With Lemma 3.6 in place, we can prove Theorem B (i) analogously to the proof of Theorem A
(i) presented in Section 3.3.

Proof [of Theorem B (i)] Suppose A(z*) < 0 and let U C M be some neighborhood of z*.
Our goal is to prove P(XSSP ¢ U) > 0. Choose v € R, such that e**") < 4 < 1 and let

lim
0> 0and Cy: Q2 — RUoo be such that the conclusion of Lemma 3.6 holds, that is, such that
P(C,(w) < 00) =1 and such that we have
|muel . w)|| < Cy@p el (3.36)

for all w € Q, (v,w) € V5 and n < 75, (v, w). This bound will serve as the equivalent to (3.11)
in the proof of Theorem A (i). Let Rs > 0 be some radius, such that

Brp-~(Rs) x Brn (Rs) C Vs.
We may assume without loss of generality that U has the form
U = x (Bro-~(R) x {0})
for some R < Rjs. As a consequence of Corollary 3.5 we get
| . w) = of| < sl
for all (v,w) € Vs and thus also for all 1 <n < 75,,(v, w),
[l w,w) — M (w,0)| < 0 [Mvl @, w)| < 60 @0l (337)

With this, we can bound

|, )| < gl + 3 |l ) — Il ,w)|
m=0

n—1
<ol + Y 8C (@)™ lw]
m=0

0C (w
< o] + 25

[[wl, (3.38)

for all (v,w) € Vs and 1 <n+1 < 75, (v,w). Now set

R . ((—=~)R Rs
R, = 5 and R, (w) = min (2507@) , Cﬂw)) .
Suppose for some w € Q with C,(w) < oo and some (v,w) € Brp-~(Ry) X Brn(Ry(w)), we
have 75, (v, w) < co. Then by definition wo‘?’w(”’w”(v, w) ¢ Vs, so in particular
HHv &Té’“(v’w))(v,w)H > Rs or HHw (E,T‘;’“(v’w))(v,w)H > Rs. (3.39)

However, (3.38) implies

Cy(w)

[ o, )| < HvH+51 5. ()

lw|| < Ry + ﬁRw(w) <R<R;s
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and (3.36) implies
HH Téw('U w))( ,w)H < C’y(w),y‘ra,w(viw)uwn < CA/(UJ)HU)H < Cwa < R67

contradicting (3.39). Thus 75, (v, w) = oo, for all (v,w) € Brp-~(Ry(w)) X By (Ry(w)). Now
(3.37) implies that ( (n) (v, w)) is a Cauchy sequence and (3.38) shows that

C H(w)

ol < R, + %)
=

R,(w) < R.
— (w)

n 1,y (v,w)]| < ol +

Furthermore, (3.36) shows wafun) (v,w) — 0. Thus, for each (v,w) € Brp-n~(Ry) X Brn (Ry(w))
the sequence <1/15J") (v,w)) converges with

hﬁm V™M (v, w) € Bgo-~(R) x {0}.
Let U(w) = x (Bgo-n(Ry) X Ben (Ruw(w))) whenever C.(w) < oo. Suppose X5CP(w) € U(w).
By (3.20) and continuity of xy we have

XEEP(w) = Tim o) (XFP(w) = Tim x (vl (AP W)

n—oo

= x ( Jim o) <x—1<X§GD<w>)) € X(Bgo-x (R) x {0}) =

o X§P(w) € U(w) implies XSSP (w) € U. By construction U is measurable with respect to
o(£1,&,...) and thus independent of X59P. Therefore we have

lim

P(XSCD(w) € U) > P (XgGD (w) € ﬁ(w)) —E [y (0(@)} .
Since U is a non-empty open set almost surely, by Hypothesis (H2) we get

P(XSCD(w) € U) > E [V <U(w)>] >0,

completing the proof.

3.7 Generated Matrix semigroups

It remains to prove Theorem B (ii). The proof of Theorem B (i) in the previous section was of
a quenched nature. One might expect that the best approach to proving Theorem B (ii) is to
construct w-wise center-stable manifolds similar to the ones constructed in Section 3.4. While
an invariant manifold theory (Pesin theory) has been developed for random dynamical systems
(see, e.g., Liu and Qian, 1995 or Arnold, 1998), these results only provide center-stable manifolds
for single points x € M. For the argument in Section 3.4 it was crucial to have a center-stable
manifold for an open subset of M. The authors are not aware of any method to construct such
a random center-stable manifold.

In the following, we will present an annealed argument. Instead of showing that, given
A(z*) > 0, for almost every w the points which converge to any Xj, € M near z* form a
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v -null set, we will show that v-almost every initial condition zg € R” does not converge
to any Xy, € M near z* almost surely. Both statements are equivalent to Theorem B (ii) by
Fubini’s theorem, but they are different in flavor. The former is a statement on the deterministic
dynamics for a fixed w, while the latter concerns the stochastic behavior of a Markov process. The
advantage of the stochastic approach is that under the conditions we impose, namely regularity
of x* in the sense of Definition 2.2, the center-stable manifolds get “washed away” by the
randomness: while for every w there might exist a manifold of initial conditions which still
converge to M near x*, for every initial condition Xy ¢ M, the probability of converging to
some Xjj, € M near z* is zero.

We will show this by constructing a Lyapunov function (see, e.g., Benaim and Hurth, 2022)
defined on a neighborhood of z* which goes to infinity near M. This is inspired by previous
work on the instability of invariant subspaces for stochastic differential equations (see Baxendale,
1991; Baxendale and Stroock, 1988; Bedrossian et al., 2022; Blumenthal et al., 2023; Coti Zelati
and Hairer, 2021). These works rely on conditions of Hérmander type to establish the existence
of a spectral gap in the so-called projective process. Such a spectral gap is excluded by the
discrete nature of our problem. Instead, we use an argument due to Le Page (1982) (see also
Bougerol and Lacroix, 1985 for a survey in English) to find a spectral gap in a different topology.
Le Page’s argument needs the matrix semigroup on which the linear cocycle ¥ is supported to
satisfy two algebraic properties, namely being contracting and strongly irreducible (see Definition
3.8 below). In this section, we will show that they follow from the regularity of x*.

For some z* € M, we denote the support of the matrix-valued random variable \Ifsn) by
Sp(z*), that is,

Sp(z¥) := supp <\Ifsn)> c RVXN,
From the definition of ¥ (3.21), one can readily see that
Sn(l‘*) = {(ﬂN — nGx*7[§n]) ... (]IN — nG$*7[£l]) : (fl, c. ,gn) S [N]n} .

Furthermore, we denote the total support of ¥ by S(z*), that is,
oo
S(a*) = Su(z™) c RV,
n=0

Clearly, S(z*) is a matrix semigroup with unity, generated by Si(z*), that is, S(z*) contains
exactly those matrices, which can be expressed as the product of an arbitrary number of elements
in §p(z*), including the empty product, which is defined to be the identity matrix.

Recall from Definition 2.2, that a point z* € M is called regular, if for every ¢ € N, we have

Gurlis = IVt )P ¢ { 7.2

n'n
and if there exists no proper subset (§ C A C [N], such that

[Gaz*]i,j - vm%(x*ayl) : vmg(‘r*ay]) = 07 Vie -A7 .7 € [N] \‘A

Proposition 3.7 Let 2* € M be reqular. Then S(z*) C GL(N,R).
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Proof Since z* € M is regular, in particular
* 2 1 .
VS (2™, yi) | # 7 Vie [N].

Thus S;(z*) C GL(NV,R) and since S(z*) is generated by S1(z*) also S(z*) € GL(N,R). [ |

Definition 3.8 A matriz semigroup of invertible matrices S C GL(N,R) is called,
(i) contracting, if there exists a sequence (Mp)nen C S, such that

lim L
n—o0 || M| ’

for some rank-1 matriz M € RN*N
(ii) strongly irreducible, if for every proper linear subspace {0} C W C RY the set of subspaces
{MW : M € S8} contains infinitely many elements.

Lemma 3.9 Let 2* € M be a reqular point with \(x*) > 0. Then S(x*) C GL(N,R) is both
contracting and strongly irreducible.

Proof Let z* € M be a regular point with A\(z*) > 0. For ease of notation, we will write
G := Gy+ and GJ) = G- ;. We start by proving that S(z*) is contracting. From the original
definition (2.12) of A\(z*), we get the inequality

0 < M) < B o8 |G, ()] < maslog (o)

= max log || (1p — nVaF (2™, 1) Vo (@*, 4i)") |nv(n)

In particular, there must exist an i* € [N] with

1—n||VaF (2", yir) > 1.

Without loss of generality, we assume i* = 1. Consider the sequence (M,,) € S(z*)Y given by
Mn = (]lN - nG[l])n .

Recall that Gy) is the matrix G with all but the first row replaced by zeros. Thus [Gyj] is a rank
1 matrix with non-trivial eigenvalue G1,; and the eigenvalues of 1 — nG[l] are i1 =1 —nG11
with multiplicity 1 and ps = 1 with multiplicity NV — 1. Using basic finite-dimensional spectral
theory, 1 —nG/y) can be decomposed as 1y —nGj) = A+ B, where A is a rank-1 matrix with
A" = 1A AB = BA =0 and

B

n—voo [ A

(3.40)
Now we can compute

Mn = (]IN — ﬁG[l])n = (A—l— B)n =A"+ B"
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and thus
M, ) A" + B" ) IlA™|| A" B"

lim —— = = =] .
w30 My ]|~ novse A"+ Bl nseo [[An + B [JA7] | A"+ B

As a consequence of (3.40), we have

N m B
A A+ B and e A B

and hence
M, . A" . outA A

lim = lim = lim =
n—oo [ Mpll  n—oo A nmoo Al AN

which is indeed a rank-1 matrix.

In order prove that S(z*) is strongly irreducible, consider a proper linear subspace {0} C
W C RY for wich we intend to show that {MW : M € S} contains infinitely many elements.
Consider the sets A, B C [N] given by

A:={i€[N]:e e W} and B :={i € [N] :GeiEWL},

where e; denotes the i-th unit vector. Since G is positive definite!®, we have elGe; > 0 for all
i and thus AN B = . Also, we have G;; = elGe; = 0, for each i € A and j € B. By the
assumption that z* is regular, this implies B # [N] \ A and thus AU B # [N]. In other words,
there must exists an i* € [N], such that e;« ¢ W and Ges ¢ W+, The latter implies that there
must exists some w* € W such that e!Guw* = w*Ge; # 0. Again, we assume without loss of
generality that i* = 1. Consider the sequence of subspaces (W,,) € {MW : M € S}Yo given by
Wy i= (In — nGp))"W and let

e w IGwll
weW,\{0} Hw - ﬁGme

Note that since the term in the supremum only depends on the direction of w and not on [jw||,
it is sufficient to take the supremum over the unit ball and by compactness the supremum must
be attained. Since Gjjw is always a multiple of e; and e; ¢ Wy = W, the denominator is always
non-zero for n = 0. Furthermore, e} Guw* # 0 implies Gpw* # 0 and we have 0 < kg < oo.
Also, using G[ZH = G;iGy), we get

Gy = nGppw = (1 —=nG11)Gpw and
1
Gy

1

(Ly =G — 7

Gy = nGppw = w — Gpjw.

Applying this iteratively, allows us to compute

_ |Gy (AN = nGpy)"w|
Kp = sup
weW\{0} H(]lN — nG[l})"w — %Gm(ﬂj\[ — nG[l])"wH

= sup [1—nGia|"
weW\{0} Hw — TJG[UU}H

= ‘1 — ?7G171‘nl£0.

15. Recall that G is the Gram matrix of the neural tangent kernel.
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Since G # %, we have |1 — nG11| # 1 and the sequence (k) consists of pairwise distinct
elements. Thus, in particular, the sequence (W),,) consists of pairwise distinct subspaces, com-
pleting the proof. |

3.8 Construction of Lyapunov Functions

The goal of this section is, given a global minimum z* with A(z*) > 0, to construct a Lyapunov
function F* : RN \ {0} — [0, 00) which goes to infinity near 0 and such that

E [F* (¢5}>(v,w)2)] < AF*(w), (3.41)

for some 4 € (0,1) and every (v, w) in some neighborhood of (0,0). This means that the value
of F*(w) must decrease on average along trajectories. Since F™* is large near the origin, points
get “pushed away” from the set {w = 0}, which will allow us to prove a lack of convergence in
the subsequent section.

To construct F* we employ a strategy that is inspired by recent advances in fluid dynamics
(Bedrossian et al., 2022, 2025; Blumenthal et al., 2023). We construct the function F* to be a
Lyapunov function for the linearized dynamics, that is,

E [ng})w)} = yF*(w), Yw € RV \ {0}, (3.42)

for some v € (0,1). From this we can conclude (Corollary 3.16 below) that (3.41) holds locally
around the origin for any 4 € (y,1). Making the ansatz

mezmwpﬁ(“))

[[]]

with p > 0 and f*: S¥=1 — [0, 00), equation (3.42) is satisfied if and only if

i | oo 7 M o (s) Vs € SN

We will study the family of linear operators (P, : C°(SV~1) — CO(SV~1)),er given by

Pufl(s) = E ||| 00s]|" 1 Wﬁtﬂ . (3.43)

Here, CO(S™V~1) denotes the Banach space of real-valued continuous functions on SV, equipped
with the supremum norm. It can be readily seen that the operators P, are bounded in this
norm'%. Furthermore, the operators P, are positive, that is, they map non-negative functions
to non-negative functions. We can reformulate (3.43) as the eigenvalue problem

Popf =~f" [20,0<y<1, p>0. (3.44)

Let us pretend for now that the operators P, are compact and strongly positivel”, that is,
they map any non-negative function that is positive somewhere to a function that is positive

16. In fact ||Pq|| < K§ for ¢ > 0 and ||P,|| < K7 ? for ¢ < 0, with K7 and K3 defined by (3.28) and (3.29).
17. Neither of these properties actually hold.
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everywhere. By the Krein-Rutman Theorem (Krein and Rutman, 1950), for each ¢ € R, there
would be a unique non-negative eigenfunction f; > 0 whose corresponding eigenvalue, say r(q)
is simple, isolated, and principal. In this setting, the principal eigenvalue r(q) is closely related
to the ¢-th moment Lyapunov exponent A, (see Definition A.2), by the identity A, = logr(q)
(see, e.g. Arnold and Kliemann, 1987, Lemma 2). To find a solution to (3.44), we therefore look
for a p > 0 with A_, < 0. In settings where the Krein-Rutman Theorem holds for the operators
Py, the moment Lyapunov exponent A, is known to satisfy Ag = 0 and diqu]qzo = A (Arnold
and Kliemann, 1987, Theorem 1). If A > 0, we can choose 0 < p < 1 to have A_, < 0 and thus
a solution to (3.44).

If the operators P, are not compact, a similar argument is still possible if one assumes that
the operator Py admits a spectral gap. By definition, the operator Py is the Markov operator
of the linearized dynamics projected onto the unit sphere. In particular, ||Py|| = 1 and the
constant function 1 € C°(SNV~1) is an eigenfunction with Po1 = 1. We say that Py admits a
spectral gap if 1 is a simple eigenvalue and the remaining spectrum is contained in some ball
with radius less than 1. This is equivalent to the associated Markov process being uniformly
geometrically ergodic (see, e.g., Hairer, 2021). Under the spectral gap assumption one can use
tools from perturbation theory (Kato, 1995) to show that the principal eigenvalue r(q) of P, is
analytic in ¢ for a neighborhood of 0. This turns out to be sufficient to find a solution to the
eigenvalue problem (3.44), whenever A > 0 (see Bedrossian et al., 2022, 2025; Blumenthal et al.,
2023).

Unfortunately, the discrete nature of our setting prohibits uniform geometric ergodicity and
thus a spectral gap for Py, at least in C°(SV~1). In order to circumvent this obstacle, we must
consider a different Banach space. For o € (0,1), we let C*(SV~1) denote the Banach space of
a-Holder continuous functions on the unit sphere V=1 ¢ RY, that is,

CHSN T ={f: SN SR 3h > 0.t |f(s1) — f(s2)] < hlls1 — s2]|?, Vs1,80€ SV}

and

Ifloe = Ifllo+  sup )= (o))

51,82€SN 1 51#£s9 ”31 - SQH"‘

As we will only consider the space of Holder-continuous functions on SV=! here, we will abbre-
viate C* = C*(SN~1). Also, L(C®) denotes the space of bounded linear operators from C* to
itself.

Lemma 3.10 (Proposition V.4.1 in Part A of Bougerol and Lacroix, 1985) IfS(z*) is
contracting and strongly irreducible, then there exists an « € (0,1) such that

(i) there exists an G > 0, such that for ¢ € (—4,q) the operator P, € L(C°) restricts to a
well-defined, bounded operator P, € L(C*) and the map Po : (—q,q) = L(CY), g — Py is

analytic

(ii) and the operator Py satisfies
1
limsup | Py f — c(f)1]|ga < 1,Vf € C?,
n—oo

for some probability measure k on SN, Here, we let 1 € C® denote the constant function
with value 1.
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For the proof, we refer to Bougerol and Lacroix (1985). The integrability assumption is satisfied
trivially in our setting, as \IIS}) can only take finitely many values.

Lemma 3.10 (ii) says that 1 is an dominant eigenvalue of Py, that is, it is isolated and
the spectral value with the largest absolute value. By classical perturbation theory (Kato,
1995) this implies that for ¢ sufficiently close to 0 the largest spectral value of P, is also an
isolated eigenvalue and both the dominant eigenvalue and the corresponding Riesz projections
are analytic in ¢. Put more precisely, we get the following corollary (see also Theorem V.4.3 in
Part A of Bougerol and Lacroix, 1985). Here C® denotes the dual space of C* and Q* € L(C®)
the dual operator of an operator Q € L(C?).

Corollary 3.11 In the setting of the previous lemma, there exists a 0 < ¢ < ¢ and analytic
maps r: (—q,q) > R, fo:(—q4,q) — C%, ke : (—G,q) — C* and Qs : (—q,q) — L(C¥), such that

qu = qu =+ T(Q)<KQ7 f>fq> (345)
where Qqfy =0, Qprg =0, (kg, fg) =1 and
limsup||Q; " < r(0).

Furthermore, 7(0) = 1, fo = 1 and ko € C® is given by (ko, f) = k([f), where r is the probability
measure from Lemma 3.10 (ii).

The arguments for the rest of the section are similar to the ones made in chapter 4 of Bedrossian
et al. (2022). Henceforth, let o € (0,1) be as in Lemma 3.10.

Theorem 3.12 Let z* € M be regular with A(z*) > 0. There exist constants p > 0, v € (0,1)
and o € (0,1) and a positive function f* € C* such that for all s € SN~ we have

E wa}&”ipf* HigiH — 7 f*(s). (3.46)

Proof Note that (3.46) states that P_,f* = ~f*. In the following, we will show that
diqr(q)|q:0 = Az*) > 0. This will imply that for sufficiently small p > 0, we can set v :=
r(—p) < 1 and f*:= f_,. Since, for small p, the function f_, is close!® to fo = 1, it is indeed a
positive function and by (3.45), we have P_, f* = v f*.

In order to show d%r(q)]q:o = A(z*), note that for ¢ sufficiently close to 0, we have (k4,1) =
(kq, fo) # 0. By Corollary 3.11, this allows us to express r(g) by

!
logr(g) = lim —log|[Pg1]jce.

18. in the C%-sense, but thus in particular in the C°-sense
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Using Jensen’s inequality, we can estimate

1 0 1
= — % > —
logr(g) = lim —log|[Pglfca 2 lim —log|Pylllco
1
= lim 10g< sup E [H\IIS)SHQ}>
n—oom seSN-1

= lim 1log< sup E [eqlogH\Il(;)SH)
n—oomn seSN-1

> q lim 1 sup E [logH\lJS)sm .

N0 T gegN -1

By the Oseledec theorem (see Theorem 2.1) the limit in the last line is equal to A(z*). Thus
we get r(q) > e@") for sufficiently small ¢. Since we already know that r is differentiable in 0
from Corollary 3.11 and since 7(0) = 1, this implies diqr(q)|q:0 = A(z*), completing the proof.
]

We define a function F* : RV \ {0} — R+ by

F*(w) = lul| 7§ (“’) . (3.47)

]l

Corollary 3.13 We have
E [F*(\pg)w)] = F*(w). (3.48)

Proof This is a direct consequence of (3.46). Let w € RV \ {0} and set s := H"%H € SN=1. Then
_ (1)
ool " (e
|25 w]

_ (1)
L (Hizliuﬂ

= [lw|| 7Py f*(s) = v F* (w),

showing the claim. [ ]

E [F*(\I/S)w)} —E

= [lw]™"E

This establishes that F* is a Lyapunov function for the linearized process induced by ¥. For
the remainder of this section, we will show that, in a neighborhood of the origin, F™* is also
a Lyapunov function for the Markov process induced by the nonlinear cocycle 1. Since f* is
continuous, positive, and has a compact domain, it is both bounded and bounded away from
zero, that is, we can find constants 0 < C_ < C'y < oo such that

C_<f*(s)<Cy, Vs SN7L (3.49)
As a direct consequence, we also get the bound
C_lwl™? < F*(w) < Cy w7, Vw € RN\ {0}. (3.50)
Lemma 3.14 For every € > 0, there exists a § > 0 such that for w,w € RN \ {0} we have

[F* (w) — F*(w)]
Tl <0 = F(w) <e. (3.51)
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Proof Using a-Hoélder continuity of f* and the bounds in (3.49), we can estimate

7w - @) = ol 75 () - HWPf(fvl
(o) = ()| e =11 ()
< F(w)C HmeH -zl 11—Q3Dp.

In order to complete the proof, we will show that for each ¢ > 0 there exists a § > 0, such that
for w,w € RN \ {0} with ||w|~!|lw — @] < § we have

<l

- _ 1\ 7| Cue
‘MMUH \thH <HJ“Hca> —aand 1= <nu4\> O e 3
We can bound
| = o = ot =+ (1- 1)
Fall ~ Tl Tl
Jw—al |, ol =l _ o=
— el fwll =7 ]

to see that the first inequality in (3.52) is satisfied for w, @ with |Jw||~jw — @ < &1 := Je1.
Since the map t + t~P is continuous at ¢t = 1 — 1, there also exists a do > 0 such that

- i S\ P
I L P (LN
[[w]] [[w]] [[0]]
Thus (3.51) will be satisfied for § = min(dy, d2). [ |

Lemma 3.15 For every ¢ > 0, there exists a 6 > 0 such that
Fr (60 (0, 0)) < (14 2)F* (9w) (3.53)
for allw € Q and (v,w) € Vs, where Vs is the neighborhood given in Lemma 3.2/Corollary 3.5.

Proof Let e > 0 and choose > 0 such that the conclusion (3.51) of the previous lemma holds.
-1
K1 ;= inf

Recall that (see (3.28))
-1
(1)
weN (qu ) ‘

and let § = K16. Then, by Lemma 3.2, we have

>0

H\IJE})w - ¢£)1)(v,w)H < Ollw| < K16 H\I'S)wH =4 H\I’f})wH ,
for all w € Q and (v, w) € Vs. By (3.51), this implies
‘F* <\I&(ul)w) — F* (1@9(1},10))‘
Fr (o))

which implies (3.53). [ |

<e,
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Corollary 3.16 For everye > 0, there exists a§ > 0 s.t. for allw € Q and all (v,w) € Vs \ (RPN x {0})
we have 1/1(9)(1), w)2 # 0 and

E [F (W(u, w)z)] < (v +e) F*(w).

In particular, if we choose 0 < ¢ < 1 — y this shows that F™* is indeed a Lyapunov function on a
neighborhood of the origin.
Proof First note that if we choose § < K7, using Corollary 3.5, we get

H¢u()1)(v,w)2H > H\IJS)U)H — H\Ilo(})w —1/1( ) (v, w) H > Ki||lw|| — 6||w|| >0

for all w € Q and all (v,w) € V5\ (RP~" x {0}). Let ¢ > 0 and choose § > 0 small enough,
such that both é < K and that the conclusion of Lemma 3.15 holds. Together with Corollary
3.13 this yields

E[F (00 (0,0))] < (1+ 2B [F*(00w)| = (1+2)yF* (w) < (7 + ) F*(w),

for all w € Q and all (v,w) € V5 \ (RPN x {0}). [ |

3.9 Stochastic Gradient Descent - the Unstable Case
Theorem B (ii) Let 2* € M be regular with A\(z*) > 0. Then z* ¢ supp(X5GP).

lim

Proof [of Theorem B (ii)] Suppose z* € M is regular with A(z*) > 0. In the following, we
will show that there exists a § > 0 such that the neighborhood 0 € V5 € RP from Lemma
3.2/Corollary 3.5 satisfies

i <E|n eN, st. v (v,w) ¢ V(;) =1, ¥, (v,w) € V5 \ (RPN x {0}). (3.54)

We first argue why this is sufficient to show z* ¢ supp(XﬁgD). Let 2 € U C M be the
neighborhood given by

U:=x(Vs) "M =x (Vsn (RPN x {0})).

Suppose for now that w is such that X36P € U. By the openness of X(Vs), there then either

lim

exists an n € Ny s.t. X36P € U or there exists an m € Ny, such that X550 € y(V) \ M for

all n € Ng. By Lemma 3.4, the former happens with probability zero. The probability for the
latter to happen can be estimated by

P (3m € Ng, Vn € Ny, X5 (w) € x(Vs) \ M)

< S (Yne Ny, @l (X5 (W) € (Vi) \ M)

m=1

Sy

P (Vi€ No, wfi, (¢ (X0 W) € Vs \ (RP™V x {0])).
1

3
Il

Since XSLGD only depends on wiyit and wi, . ..,w;, and the random map 1y, , only depends on
W41, - - - Wm+n, they are independent. Thus, if (3.54) holds, this probability will also be zero.
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It remains to find a § > 0 such that (3.54) holds. Let p > 0,y € (0,1) and f* : S¥=1 — (0, 00)
be such that the conclusion of Theorem 3.12 holds. Also, let F™* be the function defined in (3.47),
choose some 0 < € < 1—+ and let § be such that the conclusion of Corollary 3.16 holds. Without
loss of generality, we assume Vs C RP=N x Bpy (1)1, Recall that 75, : Vs — N U {oo} is given
by

Tsw (v, w) 1= inf {n eN: M (v,w) ¢ Vg} .
We can reformulate (3.54) as
P (1s5,(v,w) < 00) = 1, Y(v,w) € V5 \ (RPN x {0}).
Using Corollary 3.16 inductively, one can show that
E 1y, oazn P (087 (0,0)) | < (v + )" F*(w),

for all n € N and (v,w) € V. Since V5 C RP=N x Bgn (1), we have

F*(w) > C_||w||™? > C_, V(v,w) € V.
This allows us to compute

P(75 (v, w) = 00) = nlg]go P(75 (v, w) > n)

i [t (400
<c! li_>m (v+&)"F*(w) =0,

for all (v,w) € Vs \ (RPN x {0}). [ |
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Appendix A. Comparison to second moment linear stability

A different notion of linear stability for SGD was introduced by Wu et al. (2018). Adapted to
the notation introduced in Section 3.5, their condition can be expressed as follows.

Definition A.1 (Definition 2 in Wu et al., 2018) A global minimum z* € M is called sec-
ond moment linearly stable, if there exists a constant C such that

E

|2¢2a]] < e

19. If not, consider the intersection of V5 and RP~" x Bgn (1) henceforth.
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for all x € RP and all n € N. Here q)fun) denotes the linearization around x* of n steps of SGD
with seed w as defined in (3.19).

In contrast, we call a global minimum z* with A\(z*) < 0 almost surely stable. As will be argued
below, second moment linear stability is almost a strictly stronger condition then almost sure
stability. The fact that second moment stability and almost-sure stability are in general not
equivalent, can already be seen for 1-dimensional linear stochastic processes. Let (X, )nen, be
the stochastic process given by Xy = 1 and

Xn+1 = Yn—i—erw

where (Yy,)nen is an i.i.d. sequence of real-valued random variables with E[log, |Y1]] < 00.? By
the strong law of large numbers, we have

1 1
lim —log|X,|= lim — E log |Y,| = E[log |Y1]] € [—00,00), almost surely.

Thus, if E[log |Y1|] < 0, then the linear process (X,,) is almost-surely stable, that is, X,, — 0
with probability 1. At the same time, since X,, and Y, are independent we have

E [[Xn+1”] = E [[Yar1]’] E [|Xa’] = E[IV1[°] E [|X]?]

and therefore E [|X,|?] = E [|Y1]%]". Thus (X,) is second moment stable, that is, there exists
a C' > 0 such that E [|X,|?] < C, if and only if E [|Y1[?] < 1. However, while E [|[V1]?] <1
implies E[log |Y1|] < 0 by Jensen’s inequality, the converse is clearly not true.?!

Second moment stability is closely related to so-called moment Lyapunov exponents (see,
e.g., Arnold, 1984), which have been linked to central limit theorems as well as large deviation
theory for the convergence of finite-time Lyapunov exponents (see, e.g., Bougerol and Lacroix,
1985; Arnold et al., 1986; Arnold and Kliemann, 1987).

Definition A.2 For any p € R, the p-th moment Lyapunov exponent Ay(x*) of a global mini-
mum x* € M is given by

Ap(z®) := sup lim llogIE [(‘w&”)pr] .

’LUGRN n—oo n

Convergence for each w € RY follows from a subadditivity argument. The precise relation
between second moment Lyapunov exponents and second order stability can be stated as follows.

Proposition A.3 In order for a global minimum x* € M to be second moment linearly stable,
1t 18

(i) necessary to have Ay <0 and

(ii) sufficient to have Ay < 0.

20. Here log, |Y1| = max(0,log |Y1]).
21. Suppose for example that Y7 takes the values % and 2 with probability % each. A simple calculation shows
Ellog |Y1]] = 3(log(2) — log(3)) < 0, while E [|Y1]*] = 2 > 1.
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Proof Note that by (3.22), a global minimum x* is second moment linearly stable if and only
if there exists a C' > 0 such that

e [Jle]] < et

for all w € RY and all n € N. Now (i) follows directly from the definition of the second moment
Lyapunov exponent. In order to prove (ii), suppose Aa,, < 0 for all w € RY and thus in
particular for the unit vectors eq,...,exn. Thus

lim E [qug,%i

n—o0

1 =0, Vie[N]

Let C' > 0 be given by

2
C= wsup E [H\IISJ”)QH ] < oo.
i€[N],neN

Now for w = wie; + - - - + wyen, we have

I N
‘I’&n) (Z wi€i>
i=1

27 - N
) <E|NY w
L =1

27 N 2

Z W; \PEJ”)ei

e[Jenf] -
=1

N 2
- ]
< NCY wi=NC|w|?
=1

Proposition A.4 For each p € R, we have Ap(z*) > pA(z*). In particular Ag(z*) < 0 implies
A(z*) <0.

Proof As a consequence of Oseledec theorem (see Theorem 2.1), we have

A(z") = sup lim lIE {log H\Ilgjn)wm .

wERN M7 T
The proposition follows from Jensen’s inequality. |

To summarize, if x* € M is second moment stable in the sense of Wu et al. (2018), it satisfies
As(z*) < 0 and thus A(z*) < 0. Most of these points should be regular in the sense of Definition
2.2 and even satisfy A(z*) < 0. By Theorem B, these global minima lie in the support of XEgD.
On the other hand the one dimensional example demonstrated above suggests that it is possible
to have global minima z* € M with A(z*) < 0 and A2(z*) > 0. Given that they are regular,
these global minima will be in the support of XI?SD, but will not be second moment linearly
stable in the sense of Wu et al. (2018). Notably the paper by Wu et al. (2018) contains a
sufficient condition for second order linear stability (see Therorem 1 in Wu et al., 2018). By the
argument above, their condition is also a sufficient condition for A(z*) < 0.

In Ma and Ying (2021), a more general notion of “k-th order linear stability” is introduced.
If p = k is an even natural number this is equivalent to the following generalization of second
moment linear stability (see Remark 1 in Ma and Ying, 2021).
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Definition A.5 Forp > 0, a global minimum x* € M is called p-th moment linearly stable, if
there exists a constant C such that

8o <crae

for all z € RP and all n € N.

Proposition A.3 can be extended to p-th moment linear stability mutatis mutandis.
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