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Abstract

A fundamental challenge in machine learning is the choice of a loss as it characterizes our
learning task, is minimized in the training phase, and serves as an evaluation criterion
for estimators. Proper losses are commonly chosen, ensuring minimizers of the full risk
match the true probability vector. Estimators induced from a proper loss are widely used
to construct forecasters for downstream tasks such as classification and ranking. In this
procedure, how does the forecaster based on the obtained estimator perform well under
a given downstream task? This question is substantially relevant to the behavior of the
p-norm between true probability and estimated vectors when the estimator is updated. In
the proper loss framework, the suboptimality of the estimated probability vector from the
true probability vector is measured by a surrogate regret. First, we analyze a surrogate
regret and show that the strict properness of a loss is necessary and sufficient to establish a
non-vacuous surrogate regret bound. Second, we tackle an important open question that the
order of convergence in p-norm cannot be faster than the 1/2-order of surrogate regrets for a
broad class of strictly proper losses. This implies that strongly proper losses asymptotically
achieve the optimal convergence rate.

Keywords: loss functions, proper scoring rules, supervised learning, surrogate regret
bounds, convex analysis

1. Introduction

Proper losses, also known as proper scoring rules, are measurements of the quality of a
probabilistic prediction given a true probability vector [BSS05, GR07, RW10|. Intuitively,
we say a loss is proper if the target probability vector is its minimizer, and strictly proper if
the minimizer is unique, which are a basic property for a reasonable loss. Proper losses are
prevailing in modern machine learning: for example, the cross-entropy loss popular in deep
learning essentially corresponds to the log loss (or logarithmic score), and the Brier score is
used for assessing model uncertainties [OFR119] [GB22|. As such, probabilistic estimators are
obtained via proper loss minimization. It is common to post-process a minimizer of a proper
loss for downstream tasks, such as classification (by choosing the most likely label), ranking
(by giving ranking scores to each label [NA13|), F-measure optimization (by thresholding the
estimated probability [KNRD14|), and probability calibration |[KSFF17, BGHN23|. Here,
we are interested in the predictive performance of post-processed estimators in downstream
tasks. Given the true and estimated probability vectors q and q, respectively, the surrogate
regret R(q,q) (introduced in §3) measures the suboptimality of q from q in terms of a proper
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loss. Can we relate the suboptimality of a forecaster for a downstream task to the surrogate
regret?

Surrogate regret bounds relate the surrogate regret to the performance for downstream
tasks, and have been derived for binary classification [Zha04, RW09|, bipartite ranking
[KDH11, Agald], property elicitation [AA15], F-measure optimization [KD16, ZRA20|, and
learning with noisy labels [NDRT13, ZLA21], independently. Recently, a unified surrogate
regret bound across different downstream tasks has been established [Bao23|, where surrogate
regret bounds are unified in terms of the 1-norm. This is based on the observation that
the suboptimality of the aforementioned downstream tasks can be controlled by the 1-
norm. However, the derived bound has been limited to the binary classification case, and it
remains unclear when the surrogate regret bound is non-vacuous. A reasonable loss should
entail a non-vacuous regret bound, which is crucial to tackling numerous downstream tasks
simultaneously. Moreover, an important conjecture that the convergence rate of surrogate
regret bounds cannot be faster than the 1/2-order has yet to be solved. This conjecture has
a significant role in the choice of losses because the lower bound of the order of convergence
contributes to delineating the optimality of a given proper loss.

In this article, we aim to study when the surrogate regret bounds are non-vacuous and
how fast the order of convergence in terms of the p-norm. To this end, we analyze the p-norm
bounds by the surrogate regret R(q,q) jointly with a rate function v in the following form
by extending from the binary classification case [Bao23| to the multiclass classification case:

la—al, < ¥(R(q,q)). (1)

After formalizing these notions in §3, we derive the surrogate regret bounds in §4. To derive
bounds of the form (1), we introduce the moduli of convezity |Pol66| |Fig76], which describe
the information of its second derivative of convex functions (on the probability simplex).
The rate ¢ in (1) can be characterized by the modulus of a Bregman generator function
associated with a proper loss £ (Theorem 10). We first show that the strict properness of a
loss is necessary and sufficient to obtain a non-vacuous surrogate regret bound, or strictly
increasing v, to put it differently (Theorem 8). Whereas it has been known that non-strictly
proper losses can achieve non-vacuous bounds for classification [RW11, Corollary 27|, our
sufficiency result argues that the strict properness is a minimal requirement for an estimate to
be non-vacuous in terms of the p-norm. As our second main result, we provide an affirmative
answer to the above conjecture: the optimal rate ¥ (p) as p | 0 is O(pl/ 2), for a broad class of
proper losses (Theorem 15). This convergence rate has already been known for a restricted
class of proper losses, known as strongly proper losses [Agal4|. Hence, our result ensures the
asymptotic optimality of strongly proper losses. This gives an answer to the question, “Do
we have an interesting loss that is strictly proper but not strongly proper?” [Bao22, §6.2.9]:
there is no better proper loss outside of strongly proper losses, as long as we are concerned
with the asymptotic rate of ¢ in Eq. (1).

1.1 Organization

The organization of this article and our contributions are summarized as follows.

e §2: Notation and necessary backgrounds on convex analysis are summarized. We tailor
subdifferentials for convex functions defined on the probability simplex.
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e §3: Proper losses for multiclass classification are introduced. Theorem 1 characterizes
the existence of minimizers for general losses, and Theorem 4 gives a self-contained
and rigorous proof of the well-known representation of proper losses [Sav71].

e §84: Theorem 8 is our first result, proving that the strict properness of a loss is a
necessary and sufficient condition for an associated surrogate regret bound to be non-
vacuous. Theorem 10 extends surrogate regret bounds for binary classification [Bao23]
to multiclass classification. This is achieved by extending the moduli of convexity to
multivariate functions (Theorem 7).

Then, the benefits of Theorem 10 are discussed in §4.3. In particular, we can obtain
the p-norm bound in the form of (1), which can be used to control the performance of
plug-in forecasters for downstream tasks such as multiclass classification, learning with
noisy labels, and bipartite ranking.

e §5: We evaluate the rate ¢(p) by power functions such as p'/* < 9 (p) < p'/* for some
constants s, S > 0,! which is based on the Simonenko order function previously adopted
[Bao23|. Our second main result roughly shows that s > 2 (Theorem 15), establishing
the asymptotic optimality ¥ (p) 2 p'/2 of strongly proper losses.

e §6: Several examples of convex functions to generate proper losses are discussed.

2. Background

In this section, we summarize the notation and basic properties of convex functions.

2.1 Notation

Throughout this article, fix N € N and p € [1,0]. The Kronecker delta is denoted by d;;.
For k € N, we set [k] := {1,2,...,k}. A vector is denoted by bold-face such as & € RV,
and its n-th (scalar) component is written as non-bold &, for each n € [N]. The p-norm
of £ € RY is denoted by [£||,. For a topology on RY, we refer to one induced from the 2-norm,
but it makes no difference whichever norm we choose. Similarly, a convexity of a function
on (RN, | -|,) is determined independently of the choice of p. The standard inner product
on RV is denoted by (&,¢&') := ZnE[N] &n&l,. We introduce the notation

AN ={qeRY [, 20 (ne[N]), (@, 1) =1}, AY:={qeAY|¢ >0 (ne[N]},

where 1 € RY is the vector with each component being one. For q € AN, we denote
by supp(q) the support of q, that is,

supp(q) := {n € [N]| ¢, > 0}.
We adhere to the convention that

+oo <+, a+

to0, b-(fw) =+, —b-(+w)=Fown, 0:-(+x) =0, In0=—oo0,

Q0
1. In our notation, 11 < 2 indicates the existence of an absolute constant C' > 0 such that Cy; < 9.
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for a € R and b > 0. We use O and 2 to denote the infinitesimal asymptotic order. To be
precise, for two functions ¢, ¢ defined around 0, ¢(e) = O(¢(¢)) and ¢(e) = Q(P(e)) ase | 0
should be understood as

¢(e)

¥(e)

¢(c)

P(e) >0,

lim sup < oo and hm 1nf

el0

respectively.

2.2 Convex analysis

In this subsection, let f : RY — (—o0, 0] denote a proper convex function on RY. Its
effective domain is defined by

dom f = {£€e RV | f(§) < 0} .

For a convex set S € RV, a convex function f : § — (—oo, o] is said strongly convex on S
with respect to the p-norm if we have

~

(L= 0)f(©) +1f(€) = f((1 -1 +18) > 1 H1—t)|¢ €] for &€ S, te(0,1),
for some x> 0. A vector v e RY is called a subgradient of f at £° e RV if

F(€) = f(€%) + (v, 6 € forall §eRY. (2)

We say that f is subdifferentiable at €O if there exists a subgradient of f at &°.
Assume AN < dom f. Then f is subdifferentiable at q° € AY [Roc70, Theorem 23.4].
For q° € AN, we extended the set of subgradient of f at q" as

of(q°) = {vel[-m, o)V | f(q) = f(q") + (v,q— q0> holds for all q € AN} .

The notion of df(q°) differs from the usual one [Roc70, §23] due to the restriction of the
domain of f from RY to AN and the extension of the range of v from RY to [—o0,0)V.
This relaxation is useful to accommodate regular losses (given in Theorem 3 later). Note
that, for v € df(q"), v, = —oo happens only for n ¢ supp(q”). We will show that 0f(q") is
nonempty for any q° € AN in Appendix A.

We call a map of : AN — 2l=0.0)" the subdifferential of f.

Bregman divergence. Let us denote an arbitrary selector of 0f(q) by V f, that is, a map
assigning to each point q € AV an element in df(q). Since df(q°) consists of the gradient
of f at q” if f is differentiable at q, it is consistent to use the notation Vf for a selector.
For q,q? € AV, the associated Bregman divergence [Bre67] of q given q° is defined by

Bivp(ala’) = f(a) - f(a®) —{Vf(q°),a—q°) € [0,0].

Here, f is called the generator of the Bregman divergence By v ).
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Subgradient equivalence. Note that the definition of the subgradient introduced here
restricts the domain to AN. Therefore, if v € df(q") for q” € AV, then for v : AN — R, we
have
fla) = f(@”) +<{v.a—dq°)
= f(@)+{v,a-a”) + (") - (1,a—q°) (because q,q° € A™)
= f(@) + v+’ -La-qd°).
Thus, for a selector Vf of 0f and a function v on AN, Vf + 41 is also a selector of df and

Byvp = Bivr+y) (3)

holds. Readers must distinguish this notion of equivalence from the equivalence of scoring
rules [Daw07, §1.1].

3. Classification, proper losses, and Savage representation

After introducing the learning problem of multiclass classification, we discuss loss functions
and their properties. We review the notion of proper losses and its connection to Bregman
divergences. Although this connection is already known, we formalize it rigorously. In
particular, we verify the existence of minimizers of the conditional risk and its measurable
selection (Theorem 1), which have been implicitly used in previous literature without any
proof.

3.1 Multiclass classification

We regard a Radon space X as an input space, that is, the set of possible observations,
and ) := [N] as a set of labels. The set A" is identified with the space of all probability
measures on ). We fix a probability measure v on X x ) and denote by vy the marginal
of v on X, that is, v(B x V) = vx(B) holds for any measurable set B < X. Then, by the
disintegration theorem [DM78, Chapter I1I-70 and 72|, there exists a Borel map q : X — A,
uniquely defined vy-a.e., such that

v(B x {y}) = f qy(x)dvy(x) for a measurable set B< X and y € ).
B
We deem q(x) € AN a true probability vector at the input x induced from v. Multiclass
classification is a task to learn a forecaster y : X — ) to predict the most likely label

y(x) € argmax gy(x) for each x € X.
yey

3.2 Proper losses

We continue to use the notation in the previous subsection. To elicit the true probability
map q: X — AN, we use a loss £, which is a Borel map from AY to [0,0]". Define the
associated full risk by

L[q] := J £,(4(x))dv(x,y) for a Borel map q: & — AV,
XxY

5
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A minimizer of L among Borel maps q : X — AY is called an estimator of q : X — AN,
The choice of £ directly affects the quality of an estimator. It is more intuitive to work on the
conditional counterpart of the full risk instead. Let q,q € AY with slight abuse of notation.

For a loss £, the associated conditional risk of q given q and conditional Bayes risk of q are
defined by

L(q,d) = {q,£@)) = ), aty(@) and L(q) = nf L(q,9),
yey a©

respectively. Here, we regard q € AN as a true probability vector and g € AN as an estimate.
The full risk is rewritten as

L[g] = L L(a(x), 4())dv (x).

Since the infimum of a family of linear functions is concave, L is concave on AN, conse-
quently Lo q: X — [—00,00) is measurable on X', which in turn shows

Lig] > L L(q(x))dva (x).

Thus, the minimization problem of the full risk is reduced to that of the conditional risk if
the map M : AN — 28" defined by
M(q) := argmin L(q,q) for qe AV,
geAN
has a Borel selector. Note that M(q) = ¢ may happen, whose example is given in
Appendix B.

Next, we show that M has a Borel selector for continuous £. Although this fact is
not directly relevant to our main topic, we detail it in this article because we are unaware
of any previous literature formalizing it for losses defined on AN. For a different type of
(margin-based) losses, the existence of a measurable full risk minimizer has been studied
[Ste07, Theorem 3.2 (ii)]. The proof is deferred to Appendix E.

Lemma 1 Suppose £ : AN — [0,00]V is lower semi-continuous. Then, L(q) = 0 holds

and M(q) is nonempty and closed for q € AN. Moreover, if £ is continuous, then there
exists a Borel selector of M.

Our proof is based on a measurable selection theorem, which can be extended beyond
proper losses to work on margin-based losses. However, the proof crucially depends on the
continuity of £ to invoke the selection theorem. This point is restrictive than the previous
result [Ste07, Theorem 3.2 (ii)], but we hope that the proof of Theorem 1 is more concise
and provides an insight.

Since M(q) is ideally a singleton of q, we consider such a class of losses.

Definition 2 (Proper losses [WM68]) A loss £ : AN — [0,00]" is said to be proper
if @ € M(q) holds for each q € AN. We say £ is strictly proper if M(q) = {q} holds for
each q e AN,

For a proper loss £, the conditional risk is minimized at the true probability vector, and the
identity map on AN becomes a Borel selector of M. In this case, it follows that L(q) = L(q, q)
for q € AN. Note that recently discovered calm composite losses are also valid loss functions
on AN but a selector of M can be nonlinear, which generalize proper losses [BC25].
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3.3 Savage representation

We will see that a proper loss has a connection with a Bregman divergence under the
regularity.

Definition 3 (Regular losses [GR07, Definition 1]) A loss £ : AN — [0,0]V is said
to be regular if £,(q) = 00 happens only for y ¢ supp(q).

In what follows, we consider a regular loss £ : AN — [0, 0] V.

For a regular loss, we define the surrogate regret R : AN x AN — [0, 0] by
R(q,q) == L(q,d) — L(q) for q,ge A,

which measures the suboptimality of an estimate q given a true q. The surrogate regret will
be used to assess the performance of q across different downstream tasks in §4.3. We call R
the surrogate regret since it is a proxy performance measure to downstream tasks.

Although the following property has been well known in literature [Sav71, §4| [HBT71,
Theorem 3.1] [GRO7, Theorem 2] [WVR16, Proposition 7], we provide its proof to handle
the regularity and subdifferentials carefully.? In essence, the negative Bayes risk —L behaves
as a Bregman generator therein.

Proposition 4 (Savage representation [Sav71, §4|) Let £ be reqular. Then, £ is proper
(resp. strictly proper) if and only if there exists a proper convex (resp. strictly convex) function f
on RY such that dom f = AN and, for all G € AN, there exists a subgradient Vv € 0f(q)
satisfying

L(q,q) = —f(@) —(¥V,q—a) forqe A" (4)

Proof First, assume that £ is proper. Then, L(q) = L(q,q) € R. Define f : RV — (—c0, 0]
by

(5)

_ i N
f(g)::{ L(§) ifge AN,

0 otherwise,

then f is a proper convex function on RY such that dom f < AY. For q,q e A", we have

f@) =-L(q,q) = -L(q,q) = —L(q,q) + (-£4@),a - @ = f(@) + {—£4@),a -, (6)

where the inequality is thanks to the properness of £. Thus, —€(q) € 0f(q) and Eq. (4) hold
for any g e AV,

Conversely, suppose that there is a proper convex function f on RY such that dom f = AN
and, for all § € AV, there exists Vv € df(q) satisfying Eq. (4). Then, for q € AN, we
have L(q,q) = —f(q) and

L(q,q) = —f(q) < —f(@) —¥,q— @) = L(q,q) forge A",

in turn, £ is proper.

2. None of the aforementioned previous literature dealt with subgradients whose elements possibly take —o0,
though subtle. We carefully extend subdifferentials in §2.2 and check the subgradient inequality (2) for
such subgradients in the proof.
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Next, we show the equivalence of the strict properness of £ and the strict convexity of f
on AN, Let f be a convex function on AY such that (4) holds. On the one hand, if £ is
strictly proper, then we have

f(A=ta+td) =L((1—-t)a+td, (1 -t)qg+tq)
= (1-t)L(q,(1 —t)qg+tq') + tL(d, (1 — t)q + tq)
> (1-1t)L(q,q) +tL(q,q)
= (1—t)f(a,a) +tf(d,d),

for q,q’ € AN and t € (0,1), proving the strict convexity of f on AN. On the other hand,
if £ is not strictly proper, then there exist distinct q,q’ € AN such that

f@) = —L(q,q) = —=L(q,q) = f(d) + {(V,a—4q'),

where v/ € 0f(q’) satisfies Eq. (4) such that L(q,q’) = —f(q')—<(v',q — ¢'). Forany t € (0,1),
we have

~L(1—t)a+tqd,(1-t)g+td) = f((1 - t)q+tdq’)
(1—t)f(q)+tf( )
=fld)+(1-t){vV,a-d)
= fd)+ < 1—-t)g+td —dq')
= —L((1 -t)a+tq, (1 —t)q +tq).

This yields f((1 —t)q +tq') = (1 —t)f(q) + f(d’), that is, f is not strictly convex on AV,
This completes the proof of the proposition. O
As a by-product of the proof of Theorem 4, we obtain the following property thanks to
the construction (5).

Corollary 5 (Subgradient of conditional Bayes risk) For a regular proper loss £, de-
fine a proper convex function f on RN by (5). Then, we have —£(q) € 0f(q) for g e AN.
In addition, —€ + v1 remains to be a selector of Of for any v : AN — R,

Let £ be regular and proper. Then we observe from inequalities (3) and (6) that

R = B(tvys) = B(f-e+m) (7)

for a function on v on AY. This gives a closed form of a subgradient of —L and is of
interest per se. Nevertheless, when one generates a proper loss from a proper convex
function f, it is more standard via the Savage representation (4) by ¢,(q) = L(ey,q),
where e, = [1 -+ dny]" is the standard basis encoding the label y € [N].

Initial examples. We quickly see some examples of multiclass proper losses to let readers
familiarize with the definitions so far, and discuss more examples in §6.

The first example is the log loss, ¢,(q) = —Ing, for y € [N]. This possibly takes oo
for g, = 0, for which we need the regularity (see Theorem 3). The log loss corresponds to
the Kullback—Leibler divergence and Shannon entropy

R0, - D@ = Y o (). La-- ¥ g
Y ye[N

ye[N]
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as the regret and the conditional Bayes risk, respectively. Here, we have VL(q) = £(q) — 1,
which is equivalent to £(q) € dL(q) (in Theorem 5; and §2.2 for equivalent subgradients).
Since each ¢, depends solely on g¢,, this type of loss functions is called local. Indeed, the
log loss is the only local proper loss [PDL12|. The locality is considered to be a desirable
property in terms of interpretability [Du21].

The second example is the Brier score [Bri50]:

1 1+ |q|3
&;(CI) = B Z ((5ny — qy,)Q — —q + 2’|2
y'e[N]

This is no longer local as ¢,(q) depends on g, for 3y # y. Interestingly, the lack of the
locality has been reportedly relevant to the emergent ability of language models [DZDT24].
The Brier score is strictly proper associated with the following regret and conditional Bayes
risk
_1-Jql3

2 )
which are the squared 2-norm distance and negative squared 2-norm, respectively. Here, we
have VL(q) = —q, which is equivalent to £(q) € 0L(q) because £(q) = —q + v(q) - 1 with
the choice v(q) := (1 + |q|3)/2. Note that VL(q) = —q is not proper when regarded as a
loss function [GRO7, §4.1|; for this reason, we must always interpret the formula £ € 0L in
Theorem 5 under the subgradient equivalence.

1
R(q,q)=§\lq—qH§, L(q)

3.4 Strongly proper losses

For k > 0, a loss £ is called k-strongly proper if
~ ~ K ~ ~
R(q,d) = L(q,@) — L(q) > 5 [a—dl5 forq,ge A", 8)

Strongly proper losses have been introduced for N = 2 [Agal4| and for general N > 3
|[ZLA21] to derive a surrogate regret bound in the form of (1). For example, the log loss
is 1-strongly proper |ZLA21, Lemma 3|. For N = 2, £ is regular and strongly proper if and
only if its conditional Bayes risk —L is strongly convex (with respect to the 2-norm) [Agal4,
Theorem 10]. As an immediate consequence of the inequality (8), we have the 1/2-order
surrogate regret bounds for strongly proper losses:

~ 2 ~ ~

la—dls <y/~R(a,d@  foranyqgeA”. 9)
Several binary losses are shown to be strongly proper [Agal4, Table 1|. Beyond binary

losses, a similar bound to (9) has been known for Fenchel-Young losses [BMN20| (which is

relevant to proper losses but defined over “dual” points of g € AN ), but requires a restrictive

condition on —L, Legendre-type. See |[Blo19, Lemma 3| and [SBT024, footnote 8| for details.

In the next section, we derive surrogate regret bounds for general multiclass proper losses.

4. Regret bounds: Necessity of strict properness

In this section, we first study the moduli of convexity in §4.1. Therein, we show that the strict
convexity of a function is equivalent to the strict monotonicity of its modulus (Theorem 8),
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which ensures that its surrogate regret bound is non-vacuous. Then, we show in §4.2 the
surrogate regret bounds for general multiclass proper losses beyond strongly proper losses.
In §4.3, we relate surrogate regret bounds to several downstream tasks. Readers who are
interested in the benefits of surrogate regret bounds may refer to this section first.

4.1 Moduli of convexity

Before introducing the moduli of convexity, we study the midpoint Jensen gap of a convex
function f: AN — R, which is defined by

J(q.§) = f(q);rf(q) g (q;rq> for q.ge AN,

The midpoint Jensen gap is nonnegative by the convexity of f on AY. The midpoint
Jensen gap is invariant under adding an affine function, and so is the modulus of convexity
(defined later). That is, the midpoint Jensen gaps of two convex functions f : AV — R
and fu: AN = R defined by

fru(@) = f(a) +{u,q) + X forqe AN

are the same, for any u € RY and A € R. Moreover, we will show that for continuous convex
functions f,g : AN — R, their midpoint Jensen gaps are the same if and only if f — g is affine.
This property is reminiscent of the condition for the payoff equivalence [McC56, Theorem 3|
and the universal equivalence of surrogate losses [NWJ09, Theorem 3| [DKR18, Theorem 1].
The proof is deferred to Appendix E.

Proposition 6 (Uniqueness up to affine functions) Let f,g: AN R be continuous
convez functions. Then, their midpoint Jensen gaps are the same if and only if f — g is affine.

We extend the moduli of convexity defined on (A2, ||-|1) [Bao23, Definition 4] to (AN, |-||,,)-
Note that the diameter of (AN, - [,) is 2V/7.

Definition 7 (Modulus of convexity [BGHV09]) For a convex function f : AN — R,
its modulus of convexity of f with respect to the p-norm is the function w : [0,2Y/?] — [0, o)
defined by

w(r) == inf {J(q,q) | a,q € A with |[q— @, =7} forre[0,277].

While the notion of moduli of convexity dates back to the classical literature on optimization
[Pol66] and Banach spaces [Fig76], we view this as the smallest possible Jensen—Bregman
divergence [NB11| with the fixed p-norm distance. This idea is similar to variational problems
for deriving tight Pinsker’s inequalities [Vaj70] [FHT03].

We will show that the convexity and strict convexity of a function are translated to the
monotonicity and strict monotonicity of its modulus, respectively. This is an important
result throughout this article because the moduli of convexity characterize surrogate regret
bounds, as we will see in §4.2 soon.

Theorem 8 (Monotonicity of modulus) Let f : AN — R be a convex function. Then,
the following assertions hold.

10
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1. The modulus w is non-decreasing on [0,2"/?] and w(0) = 0.
2. f is strictly conver on AN if and only if w is strictly monotone on [0, 21/1”].

3. f is strongly convex on AN with respect to the p-norm if and only if there exists k > 0
such that w(r) = kr? on r e [0,2Y7].

From Theorem 8, the strong convexity of f is equivalent to the quadratic bound w(r) = 2.
Thus, the modulus of convexity quantifies the convexity of a function.

Before proving Theorem 8, we show a lemma that is repeatedly used in the rest of the
article. This lemma guarantees that the infimum of the modulus of convexity w is attainable,
and the minimizer lies at the boundary of the constraint |q — ||, = 7 in its definition. The
proof is deferred to Appendix E.

Lemma 9 Let f : AN — R be a convex function. For r € [0,2Y7], there exist ", q" € AN
such that w(r) = J(q",q") and |q" —q"|, = 7.

Proof of Theorem 8 Define
DN(r) = {(q,@) e AV x AN | |[q—dp > r}.

For ', r € [0,2'/P] with ' < r, we observe from the monotonicity DN (r) < DN (1)
that w(r’) < w(r). It is easily seen that J(q,q) = 0 holds for any q € A" hence w(0) = 0.
Thus, the first assertion follows.

To show the second assertion, assume the strict convexity of f on AN, Let r € (0,2V7].
By Theorem 9, there exist q,§ € A such that w(r) = J(q,q) and |q — g, = r. Define a
curve ¢ : [0,1] = AN by

c(t):=(1—-t)q+tq fortel0,1].
Since f o ¢ is strictly convex on [0, 1], we have the strict inequality

fe(r)) — f(c(0)) < fle(®) = fle(t = 7)) for 7€ (0,1/2].

T T

Consequently, we conclude
w((1—=27)r) < J(c(r),c(1 — 7)) < J(c(0),¢c(1)) = w(r) forTe(0,1/2],

that is, the strict monotonicity of w on [0, 2'/P]. Conversely, if f is not strictly convex on AN,
there exist distinct q,q € AY such that

f(A=taq+tq) =1 —-1)f(q) +tf(q) foriel0,1].

This leads to J(q,q) = 0. Consequently, w is not strictly increasing on [0, ||q — q|,].

To show the third assertion, assume that f is R-strongly convex on A with respect
to the p-norm for some % > 0. By Theorem 9, there exist q,q € A" with w(r) = J(q,q)
and |q — q|, = r. Then, the strong convexity of f with the choice t = 1/2 implies

11
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Conversely, suppose that w(r) > xr2 on 7 € [0,2'/P]. This implies

fla) + f(@)

q+4q . g g
_ f( : )>w<|q—qp> > nlq— 42 for any q, g AV, (10)

Taking ¢ € [1/2,1), we have
F-a+ ) - 7 (- 200+ 2095 9)

<(1—20)f(q) + 2tf (‘1‘2“3>

< (1—28)f(q) + 2t {f(q);f(‘i) — klq - dli]

(1 —t)f(a) +tf(@) — 2xt|a — &
< (1 —-t)f(a) +tf(@) — 26t(1 —t)|a - G,

where we used (10). Switching the roles of q and q yields the 4k-strongly convexity of f
with respect to the p-norm.
All in all, the proof of the theorem is achieved. O
Despite the simple proof, this will lead to the necessity and sufficiency for a surrogate
regret bound being non-vacuous in §4.2, together with Theorem 10.

4.2 Surrogate regret bounds

Now, we give surrogate regret bounds with respect to the p-norm. The asymptotic behavior
of a surrogate regret bound for a proper loss £ is essentially governed by the modulus of
convexity of (the negative of) its conditional Bayes risk —L. This is an extension of surrogate
regret bounds for binary classification [Bao23, Theorem 6] to multiclass classification. Its
proof (shown below) is an immediate generalization from [Bao23|.

Theorem 10 (Surrogate regret bounds) Let £ : AN — [0,0]" be a regular proper
loss and f : RN — (—o0,00] a proper convex function defined by (5) with its modulus of
convezity w. For q,q € AV, it holds

[

w(la—alp) < 5Rk(q,q), (11)

\)

with the equality if q = q. If £ is strictly proper additionally, then the equality of (11) holds
if and only if q = q.

Proof By the definition of w together with (7), it is sufficient to show

1

J(q,q9) < 53( o(aq) for q,.qge AV,

By Theorem 5, we have
F(45) = @+ (@ 0 -a) - @ +  ~e@a -

12
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which implies

Ja,@) < 5 [f(a) ~ (@ ~ (@), a @] = ;B _p(ald)

N

The equality can be seen immediately by choosing q = q. If £ is strictly proper, then w is
strictly monotone by Theorem 8 and f is strictly convex, which indicates that the equality
of (11) yields q = q. O
Let us discuss when a proper loss entails a non-vacuous bound, which means that ||q—q|,
approaches zero whenever the surrogate regret R(q,q) goes to zero. If £ is strictly proper,
then w is strictly increasing, which in turn has an inverse function w=' and leads (11) to

4 (1 ~ 1 ~ 1
R wt (QR(q,q)) if iR(%q)éuJ(?P),
ja—dl <y

2p otherwise.

(12)

The strict monotonicity of w™! is essential for non-vacuous bounds because we then have p | 0
if and only if w™!(p) | 0. Otherwise, we cannot always expect that the estimate q approaches q
even if the suboptimality R(q,q) vanishes. By Theorems 4 and 8, the strict properness of £
is necessary and sufficient for the surrogate regret bound (11) being non-vacuous. This is
why strict properness matters.

If £ is strongly proper, the inequality (8) implies that the negative Bayes risk —L is
strongly convex. Combining the p-norm bound (12) with Theorem 8, we recover the 1/2-regret
bound (9) modulo a constant.

Comparison: Pinsker’s inequality. For illustration, let us consider the log loss under
the binary case N = 2, where we identify [¢ 1 — q] € A? with q € [0,1]. Then, the generator
function f defined by (5) is the negative binary Shannon entropy f(q) = ¢Ing+(1—¢) In(1—q).
Its modulus of convexity (with 1-norm) admits the following form:

o) =3[+ gu(+5)+ (1-Fm(-5))

Note that this form coincides with the calibration function of the logistic loss [Ste07, Table 1].
The p-norm bound gives

1 N 1 (1 ~ ~
Blg-al <o (30ad) forade 1) (13

Note 2'P|g — @l = |[¢ 1 — q]" — [§ 1 — q]"|,- Moreover, we can verify w(r) > r2/2, which
gives |¢ — q|*> < Dkw(q||g), namely, Pinsker’s inequality. The p-norm bound (12) can be
viewed as generalizing Pinsker’s inequality by allowing other Bregman divergences in the

upper bound and the p-norm distance in the lower bound.

Comparison: surrogate regret bounds for margin-based losses. Margin-based
classification [WS24], where a learner acts on R"-valued margin instead of a probabilistic
estimate q € AV, is commonly used. Let us consider binary classification based on the

13
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binary margin z € R. Given a true probability ¢ € [0, 1] (identified with [¢ 1 —¢]" € A?) and
margin z € R, the classification performance is evaluated by the (conditional) 0-1 regret

Regy (¢, 2) = [ql <o) + (1 = @)L z50)] — min{g, 1 — g},

where ¢ and 1 — ¢ indicates the class probabilities of y = 1 and y = 2, respectively.

In the binary case N = 2, we often use a (symmetric) margin-based losses ¢ : R — [0, o0
as a surrogate loss, which operates on the binary margin z € R: the logistic loss ¢iog(2) =
In(1 + exp(—2)) and the hinge loss @ninge(2) = max {0,1 — z} are common examples. The
prediction performances of the binary margin z for y = 1 and y = 2 are evaluated by ¢(z)
and ¢(—z), respectively. For binary margin-based losses, surrogate regret bounds with respect
to Regg; have been studied intensively [BJMO06, Theorem 3|. Here, we compare the 0-1 regret
bounds and the p-norm regret bounds (Theorem 10). Let us denote the conditional risk of
the binary margin z and Bayes risk given the true probability ¢ by

L7%(q,2) = q¢(2) + (1 = q)d(=2), L™(q) = inf L™*%(q, 2),

respectively, and define 1 : [0,1] — [0, 0) by

1 1
(r) = inf {ngn < ;r,z> zeR 2z < O} — Lmen <—;T> . (14)
Then, for (q, z) € [0,1] x R, we have
¥ (Reggy (g, 2)) < L™ (q, z) — L™ (q). (15)

The function 1) is called ¥-transform, and later generalized as a calibration function [Ste07].
The 1-transform and the modulus of convexity w characterize the 0-1 regret bound (15) and
the p-norm bound (11), respectively, and are closely related with each other. The modulus
of convexity is defined (in Theorem 7) by the best possible Jensen gap J(q,q) such that
the true probability q and estimated probability q are distant at least r in the sense of
the p-norm. By contrast, the ¢-transform in (14) can be rewritten as follows:

$(r) = inf {ngn (1 . z) e (1‘;)

= inf {L™"(q, z) — L™*"(q) | Regoi(q,2) = 7},

zeR,z < 0}
(16)

which is the best possible surrogate regret L™&"(q,z) — L™&"(q) such that the margin
prediction z is suboptimal with respect to the true class probability ¢ by the level r at
least. Therefore, both 1-transform and the modulus of convexity measures the best possible
surrogate regret given a true probability and suboptimal prediction by the level r least.
Interested readers can refer to [Ste07, §4.1] to find more details of (16).

Comparison: surrogate regret bounds for proper composite losses. Let us leave
a remark on the existing surrogate regret bounds for proper composite losses. A proper
composite loss [WVRI16] are the composition of a proper loss £ : AN — [0,00]" and an
invertible link function A : AN — RN Lo A™1: RY — [0,0]", so that the composite loss

14
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can operate on a multiclass margin z € RV directly. The cross-entropy loss is of this type,
where £ is the log loss and A™! is the softmax function:

exp(2zy)

Z exp(zi)'

i€[N]

Ay(z) =

Prior to this article, a surrogate regret bound similar to (12) has been derived for proper
composite losses, with the moduli of continuity of the conditional risk L(q,-) [ML21, Corol-
lary 3]. While the relationship between the moduli of convexity of —L and the moduli of
continuity of L(q,-) has not been clear, —L suffices for deriving surrogate regret bounds
because a surrogate regret is solely determined by L due to (7) and Theorem 5. Therefore,
our surrogate regret bounds in Theorem 10 can be readily applied to proper composite losses.
Moreover, the existing surrogate regret bounds [ML21, Corollary 3| has been limited to the
binary case N = 2. Our Theorem 10 is more general therein.

4.3 Relating surrogate regret to downstream tasks

The upper bound for the p-norm (12) is useful for many scenarios to assess the predictive
performance of plug-in forecasters, i.e., post-processed forecasters based on the estimate q.
Thus, we can regard the p-norm bound as a versatile surrogate regret bound across different
downstream tasks. Subsequently, we provide several examples of downstream tasks to support
this idea.

Task 1: multiclass classification. Let us consider multiclass classification based on the
post-process approach. Given true and estimated probability vectors q,q € A, respectively,
the plug-in forecaster based on the estimate q is given by ¥ € arg max,cy @y, where the tie is
broken arbitrarily. Define L € RV*¥ the 0-1 loss matrix by L;; := 1—§;; for each (i, j) € [N]?,
and L, denotes the y-th column vector of L. Here, the forecaster’s suboptimality in multiclass
classification is measured by the (conditional) 0-1 regret

Regm q,q Z Qn - mln Z Qn 1 - 5ny)
ney yey
= Z Gn (Lng — min Lny)
ney yey
= max Z qn L3 Lny)
ney

=max{q,L; — L, ),
ey {a,Lg y)
for q,q € AYN. Let p* denote the Hélder conjugate of p. The 0-1 regret can be bounded as
~ 1-1 A~
Rego1(q, @) < max{q—§ Ly~ Ly) < |q —@lpmax Ly — Lyl+ <27 % |a @y,
where the first inequality holds because <<’i, L; - Ly> < 0 for any y € Y attributed to the

construction of 7, and the second inequality owes to Holder’s inequality. Eventually, the 0-1
regret is controlled by the surrogate regret R(q, q) via (12) if £ is strictly proper, which relates
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the estimation quality of q to the predictive performance of the post-processed forecaster via
the p-norm.

In case of binary classification, a closely related surrogate regret bound was presented
[MNAC13, Lemma 4] (but for class-imbalanced plug-in forecasters), which has been later
used to control the 1-norm between the estimated and true class probabilities for F-measure
optimization [KNRD14]. Our result allows to generalize them to the multiclass case.

Note, however, that more direct control of the 0-1 regret is possible by

¥iReg(a.@) < R@.d.  whee w0) =L (3) ~L(5+7).

which can be obtained via the second-order Taylor expansion of proper losses [RW11,
Corollary 27]. In this case, we may obtain non-vacuous bounds even for non-strictly proper
losses. Our Theorem 10 does not provide such a tailored bound for the 0-1 regret but
“one-size-fits-all” bounds for multiple tasks so that we can control the performance of other
downstream tasks, not only classification.

Task 2: learning with noisy labels. Let us consider multiclass classification with
class-conditional label noises: a true label y is observed as § with probability Cyy with a
row-stochastic noise matrix C e [0,1]V*N. In this scenario, our access is limited to the
noisy target probability vector ¢ = C'q, through which a noisy estimate g is obtained. By
following the noise-correction strategy [ZLA21], the plug-in forecaster based on the noisy
estimate q is given by ¢ € arg max,cy, g, where q := (CT)~'g (provided that C is invertible).
Under this setup, the 0-1 regret of q given q is bounded as follows:

) = L,—L
Rego (a, 4) r;lea)3<<q, 7—Ly)
< -q,L;—L,) = d-q,C YLy - L
max{a - § Ly — Ly) = max (4 -G, C ' (Ly — L))
< [[d — @flp max [CH (L — Ly) =,
yey

where the first inequality holds because <ii, Ly — Ly> < 0 for any y € Y attributed to the
construction of §j, and the second inequality owes to Holder’s inequality. The p-norm |q—q],
can be minimized even with access to the noisy observations only, and the p-norm bound (12)
controls this by the surrogate regret of a strictly proper loss. This is also an extension of the
previous surrogate regret transfer bounds [ZLA21, Theorem 4| beyond strongly proper losses.

Task 3: bipartite ranking. Consider N = 2 and identify q = [¢ 1 — ¢]" € A? with
the instance ¢ € [0,1]. Given two instances ¢q,¢ € [0,1], we are interested in giving
estimates @, ¢ € [0, 1] that yield a consistent ranking with (¢, ¢’). In bipartite ranking, we
use the estimates (g, ¢’) directly without any post process. The (conditional) ranking regret

[CLV08] [NA13] is measured by

~ 1
Regrank(¢:4+4,7) = la — | {]1{<aa'><qq'><o} + 5 la=7 ] ,

where 14y = 1 when the predicate A holds and 0 otherwise, and the first and second terms
penalize an inconsistent ranking and tie, respectively. This can be immediately related to
the 1-norm [Agal4]:

Regrank(¢: 4+ 3.7) <la—dl +1d' = 7|,
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where the bound (12) can be further applied. Thus, the ranking regret is controlled by the
surrogate regret.3

Other benefits. In addition to the above examples, one can easily relate the p-norm and
downstream tasks such as binary classification with generalized performance criteria [KD16,
(9)], which we omit here. Another benefit of the p-norm bound (12) is that it relates a
possibly non-metric R to the p-norm.

To conclude this section, we raise attention to the kinship between moduli of convexity and
the known devices such as calibration functions [BJMO6] [Ste07] [OBLJ17] [BSS20] [BSX*22],
comparison inequalities [MPRS12| [CRR20|, and Fisher consistency bounds [AMMZ22a|
[AMMZ22b| [MMZ23b]. In spite of the relevance, moduli of convexity are different in that
these devices have been tailored for a specific target loss of each downstream task, whereas
moduli are concerned with the p-norm. For recent developments, see [CMZ25]—the author
group has extended to H-consistency bounds accounting for hypothesis spaces. Interested
readers may consult their prolific body of work on this topic.*

5. Lower bounds of surrogate regret order

We move on to the next main result: the surrogate regret order via the modulus of convexity
cannot go beyond the square root. To this end, we first review the Simonenko order function
and the strong convexity used to establish the main result, and then show the main result.
In this section, let f: AN — R be a convex function unless otherwise stated.

5.1 Power evaluation of moduli

To analyze how fast the surrogate regret bound (11) can be, we analyze the behavior of the
modulus w in terms of power functions. To this end, we introduce the order of w below,
which is well-defined since w(r) > 0 for r € (0,2"/?] from Theorem 8.

Definition 11 (Simonenko order function [Sim64]) Let f: AN — R be a strictly con-

vex function and w : [0,2Y7] — [0,00) be the modulus of convezity of f. The Simonenko
order function o : (0,2'/7] — [0, 0] (associated with w) is defined by

o(r) =

D~ 1 _ _
riw(r) forre (O, 2117], where D~ w(r) := limsup w(r) — w(r E).
w(r) el €

The quantity D~ w is called the upper left Dini derivative of w at r. If w is differentiable at r,
then D~w(r) = w'(r) holds. The Simonenko order function o evaluates the order of w. Note
that the following result holds for general continuous functions beyond moduli of convexity,
but we restrict ourselves to moduli of convexity for brevity.

3. While we consider the plug-in approach to bipartite ranking, a number of studies have considered the
pairwise ranking approach [AGH*05] [KDH11], taking the difference of two margin predictions optimized
with a margin-based loss function. Interestingly, the surrogate regret bound unavoidably becomes vacuous
when we use a restricted hypothesis space, as shown recently [MMZ23a].

4. We are grateful to a reviewer for alerting us to this remarkably recent body of work.
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Proposition 12 (Power evaluations of moduli) Let f : AN — R be a strictly convex
function. For a fized ro € (0,2'/7], define s, S € [0,0] by
s:= inf o(r), S:= sup o(r),
re(0,ro] re(0,mo]
and assume S < o0. Then, the function r — w(r)r—* is non-decreasing on (0,r9) and the
function v+ w(r)r~° is non-increasing on (0,70). Moreover, the following inequalities hold

for any r € [0, ro]:
) e[

Roughly speaking, Theorem 12 provides us 7° < w(r) < r®asr | 0. This order evaluation
is useful when analyzing the asymptotic convergence rate of the surrogate regret bound (11).
Theorem 12 is easily proved when w is differentiable. Indeed, if w is differentiable, then it
holds for ¢ € (0,79) that
S

inf o(r) <

1 S ( ) —
t re(0,r0] w(t) op o=

re(0,r0]
by the definition s and S, and integrating it on [r, '] < [0,7¢] gives

/ ' / /
sln— < f SO g o) g™
r » w(t) w(r) r

which is equivalent to the desired monotonicity. Thus, the p-norm upper bound (12) is
controlled by the rate w='(p) = O(p"/%) as p | 0. Since we are interested in the behavior
of ||g — g|, when q is close to the minimizer of R(q,-), we focus on the asymptotic behavior
of the Simonenko order function as r | 0.

The complete proof of Theorem 8 for non-differentiable w is deferred to Appendix C.

5.2 Strong convexity and its relation to moduli

For the asymptotic analysis of o, we leverage strong convexity [Nes13, §2.1.3]. Herein, we
define the strong convexity parameter for a convex function f : AY — R and t € (0,1) by

g {210 =00 @ = SO = a8 [
P t(l—t)|a—al? ’ ’
/'{£ . tei(r(l)’fl) mg’t.

We observe from the convexity of f that /f{; € [0,00) and

Kf
P =)+ 1) < (1= 1) (@) + /(@) — Lt~ t)la—dl2 fora,Ge AV and te (0,1)

When p = 2 and f is twice continuously differentiable over A%, Hess f (the Hessian of f)
satisfies Hess f — /ig Ix > O [Nes13, Theorem 2.1.10], where Iy is the identity matrix.’

5. Remark that the strong convexity parameter depends on the underlying set where we take the infimum.
Let us define the strong convexity parameter on RY by replacing AY with RY and write Rz’:’t instead
of it for each t € (0,1). By AY < RY, we observe that #]* < x/'* for a function f: RY — (—o0, 0],
where the equality does not necessarily hold.
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1/

To calculate m,’; , we only need to know xj’ % The proof is deferred to Appendix E.

Proposition 13 (Strong convexity parameter at midpoint) For a continuous convez
function f: AN — R, it holds Rg — 5571/2'
f

The strong convexity parameter xj is equivalent up to constant across different p > 1,
which can be seen as follows. For the midpoint Jensen gap J (defined in §4.1), since we have

Y e { 8J(a,q)
’ la—dl3

distinct q,q € AN} ) (17)

the following bound holds:
2 f3 2
Y B R A
214 71 p 2
lall3 K2 lall3

In particular, if N = 2, we have

quN}.

1 - - 1 1 -
la—al, =[(a1 — @) + (2 — @)F1* = [(e1 — @) + (@1 — @)F]» =27 |1 — ¢
for q,q € A2, and hence, 2&5’1/2 = 22/p/<;£’1/2. Therefore, /ﬁ;{j remains the same up to constant

regardless of the choice of p > 1.

We will use the following representation of /1,,’1/ 2 - /@',Jf (given by Theorem 13) repeatedly

later, which follows by definition of the modulus of convexity (defined in Theorem 7) and (17):

r2

Kl = inf{Sw(T) ‘ re (0,237]}. (18)

5.3 Asymptotic lower bound

The asymptotic behavior of the Simonenko order o(r) as r | 0 is controlled by the strong
convexity parameter /ig. We consider a “local” version of the strong convexity parameter.

Definition 14 (Local strong convexity modulus) For a convex function f : AN — R,
define KI]; :(0,21/7] - R by

This quantity is defined based on the alternative expression of the strong convexity param-
eter /@}: in (18). From the relationship (18), K}:(r) > /@}: always holds on r € (0,2'/7]. We
show that KZ{ is lower semi-continuous and left-continuous (but not continuous in general
without additional assumptions) in Appendix D.

Now, we analyze the asymptotic behavior of the moduli of convexity o(r) at r | 0 when
the Bregman generator f is continuous on AV, which is our second main result. Therein, we
assume the continuity of f to prevent f from being discontinuous on the AN \Aﬂ\r/ .

Theorem 15 (Lower bound of order) Let f: AN — R be a continuous strictly convex
function. Assume one of the following two conditions:
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(C1) K} > 0.
(C2) Kg is continuous on (0,7q] for some rq € (0,2'/?] and K;r]: converges as r | 0.

Then,
limsupo(r) > 2. (19)
rl0
Moreover, if we assume both conditions, then
liminfo(r) > 2. (20)
rl0
Let us discuss the applicability of Theorem 15. First, f is assumed to be strictly convex,
which means that we deal with a strictly proper loss through the strictly convex negative
Bayes risk f = —L in (5). In Theorem 15, we additionally require either (C1) of (C2). The
condition (C1) assumes nothing else but the strong convexity of f. In other words, (C1)
assumes that the underlying proper loss is strongly proper. Indeed, the strong convexity
parameter ng > ( is equivalent to the modulus k defining strongly proper losses in (8). It
is more interesting when (C1) does not hold but (C2) holds, where the underlying loss is
strictly proper but no longer strongly proper. The continuity assumption of Kg is mild
enough to cover many reasonable examples of the negative Bayes risk f, as we will see in §6.
It follows from Theorem 12 and Theorem 15 that the p-norm bound (12) is controlled by
the rate of w™'(p) cannot be faster than O(p'/?) for a strictly proper £ satisfying either (C1)
or (C2). To see this, we invoke Theorem 12 to observe that for a fixed rq € (0,2'/7],

w(p) < row(ro)fé 'pé for any r € [0, o] such that p = w(r).
If the bound (19) holds, then we have

2 <limsupo(r) < sup o(r) =S5,
r}0 re(0,70]

which implies p*/% > p'/? (for p < 1). Thus, we discern the optimal rate w='(p) = O(p*/?)
for p € [0,1]. This assures that strongly proper losses asymptotically achieve the optimal
rate O(p"/?) as seen in (9). Moreover, the optimal rate w='(p) = O(p'/?) penetrates into a
broad family of strictly proper losses.

To prove Theorem 15, we leverage the following lemma to locally control o(r), which is
proven in Appendix E.

Lemma 16 Let f : AN — R be a continuous convex function. Then, for any q,q € AN
and r € (0, 21/p],

¥ f
hr?l%nf Kl(r)=xl, J(a,q) > %Hq —ql2, and D w(r) = ’%pr.

Proof of Theorem 15 We observe from the strict convexity of f and Theorem 8 that Kg >0
on r € (0,2'/P]. By assuming (C1) only, it follows from Theorem 16 that

oy
— r- —pr 2 f
D K
limsup o(r) = limsup rD7w(r) > lim sup f74 = lim sup =2 (21)
r10 r10 w(r) rio Kj(r) , rlo - K} (r)
——r
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In addition, assume (C2) together. Then, in the similar manner to Eq. (21), we have

2k 2k}
liminf o(r) = lim inf fp = lim fp
gt 0" K ) k)

Next, assume (C2) only, and K,IJ: > 0 does not hold. In this case, Theorem 16 indicates
that Kg (r) | 0 as 7 | 0, from which with the intermediate value theorem, we can inductively
define () jen < (0,70] by

r; == inf {r e (0,2Y/7]

K (r) > ;Kg(rj_l)}.

Then, (r;) en converges to 0 because Kg > 0 always holds on r € (0, 2"/?] and hence Kg(r) =0
if and only if r = 0. We see

1
K]{(r) < §Kz{(rj—1) = Kljf(rj) for r € (0,7;].

This yields

w(rj) —w(rj —e)

D~ w(r;) = limsup = lim sup
€l0 € £l0 5
KIJ;(TJ) 2 K}:(r])( , )2 f
> i 8 b 8 e _ Kp(ry)
= l1m sup = rj,
€l0 € 4
which implies
5 LK)
limsup o(r) = limsup o(r;) = limsup w > lim sup - 4 -9
10 j—00 j—00 UJ(TJ) a0 Kp (Tj) )
s 7
Thus the proof of Theorem 15 is completed. O

Lower bound of w™'(p). Theorem 12 also implies that for some rq € (0,2%7],
w(p) = [row(ro)*%] ps forre [0,70] such that p = w(r).

If the bound (20) holds with the strict inequality, then we can choose 7 to satisfy

= < rei({)lf"o] o(r)=s for ¢:= lilql}l%nfa(r) > 2,

which implies p'/* > p?(2+s) > pl/2 (for p < 1). Thus, w™' admits the lower bound Q(p'/?)
for p e [0,1].
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0.2
Even if w(r) = O(r)
w(r)
\ w(r) > Cr? holds!
0.0
0.0 0 0.2

Figure 1: Illustration of w(r) = rsin (1) — Ci (1) + r. This w is asymptotically linear, but can only have a
slower finite-range bound w(r) = 72 than the linear rate.

Comparison with the known lower bound. A relevant lower bound w='(p) = Q(p'/?)
has been shown previously for margin-based losses [FW21, Theorem 4] [MMZ24, Theorem 4.2].
These lower bounds assume that a loss is strongly convex and has a locally Lipschitz gradient
[FW21, Assumption 1] or a loss satisfies a relaxed version of the strict convexity [MMZ24,
Theorem 4.2|. These conditions are assumed under the loss differentiability, whereas both our
(C1) and (C2) do not need the differentiability of £. Ergo, the differentiability assumption is
lifted to show the optimality of w=1(p) = O(p/?). To show w=(p) = Q(p'/?) in our case,
(C1) and (C2) coupled with the existence of the limit of Kg (r) as r | 0 suffice.

As a side note, convolutional Fenchel-Young losses have been recently proposed to
circumvent these commonly known squared-root lower bounds for convex smooth surrogate
losses [CBFA25|. Their surrogate regret bounds are derived for the multiclass 0-1 loss (and
its generalization), which is clearly different from our the p-norm distance. Thus, it does not
contradict with the square-root lower bounds of Theorem 10.

Remark 17 Our analysis with the Simonenko order evaluates the order of w by a power
function in the form of r¥ < w(r) < r® forr e |0, 21/p]. This is an evaluation for a finite
range, which is more than an asymptotic evaluation. Despite its subtlety, it often matters,
as seen in the following example:

0
w(r) = rsin (i) —Ci (i) +7r forr>0, where Ci(z):= —J t~L cos(t)dt.

z
This w is monotonically increasing and satisfies w(r) = O(r) as r | 0. However, when it
comes to the finite evaluation, we cannot go faster than w(r) = 2 just because this w satisfies
(C2) and Theorem 15 implies limsup,. oo (r) = 2. Thus, the finite evaluation gives a better
characterization when we assess the convergence rate of finitely large surrogate regret. See
Fig. 1 to better understand the above example.
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Table 1: Examples of a convex function f. For w, we show the expressions with (N, p) = (2,1).
f(a) @ Modulus w(r) Loss £
Shannon {q,lnq) — [( S)n(1+ %)+ (1—5)In(l—3)] Log
14+r/2 2/a—3 .
-2 e H[l ’"/Q]H -2 (B“eg)
a 9 9 a =
r/2 1 r/2 1
S 0 1 P
t<ass gty ((E0E]], -2
H . H ||qHa—1 « Pseudo-
« a—1 3/2<a<2 (No closed-form in general) spherical
1 /2 r/2
R et Ry | Mg | P D)
l<a<?2 (H[H_T/Q] e 2)
Tsallis laja—1 3<a 2%(a=1) 1=1/2 [la a-log
a—1
1 r/2 r/2 «
2sas3 3o H[l r/Q]H 5ot [2—7"/2] a+1)
— Shannon — Tsallis (o = 2.00) —3Sq. norm (o = 1.5) --- Norm (a = 2.0)

--- Tsallis (o = 1.50) - --- Tsallis (o = 2.25)
Tsallis (o = 1.75) === Tsallis (a = 2.50)

1.00

0.75 | 7 e

2

0.50

K] (r)

0.25

0.00 \
0.0 0.2

0.4

0.6

0.8 1.0

Figure 2: Numerical plots of K (r)

6. Examples

-=-=Sq. norm (o = 2.0) - Norm (a = 2.5)
-=-Sq. norm (a = 2.5)
1.00 1
0.75
0.50 - R RRERIEIE LI L T
0.25 T e
0.00 = \ \ \ \
0.0 0.2 0.4 0.6 0.8 1.0

= 8w(r)/r? for each f in Table 1.

We overview a couple of proper losses. Since one can generate a proper loss £ from a convex
function f = —L thanks to the Savage representation (4), we show examples in terms of
the corresponding convex functions in Table 1. To facilitate closed-form solutions of w, we

restrict ourselves to N =
moduli, whose derivations are given previo

2 and p = 1. Table 1 lists several convex functions with their

usly [Bao23|.
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Log loss. If we choose

fl@)=<{a,Inq)= D] gnlngy,

ne[N|

where In is applied in the element-wise manner, we can generate the log loss £,(q) = —Ing,.
In the binary case, we have

l1(q) = —Ilng and /¢3(q) = —1In(1—gq) forqz[ql—q]TeA2.

As we saw in §3.3 and §4.2, the log loss is associated with the Kullback—Leibler divergence,
and its surrogate regret bound slightly improves Pinsker’s inequality yet is asymptotically
equivalent.

To see the asymptotic speed of the 1-norm bound (12) for the log loss, we investigate the
power evaluation of w=!(p) < p'/* through Theorem 15, where S is given in Theorem 12.
We can see that both (C1) and (C2) are satisfied in this case. Indeed, the continuity of K}:
is obvious, and

1+5)In(1+5)+(1—-5)In(1 -5
lim K () — 4lim S 210 ¥ 3) + (17 5) I = 5)
rio P 710 r?

I 1 n 1
= 111m
rl0 \24+7r 2—r

=1 < o0,

where L’Hopital’s rule is used twice. See also Fig. 2 for the illustration of K]J; . Thus,

Theorem 15 yields limsup,. ;g o(r) = 2 and S > 2, which indicates that the polynomial rate

of w™!(p) cannot be faster than p'/2. The asymptotic lower bound of ¢ provided here is

indeed tight, as we see o(r) — 2 for r | 0 |[Bao23, Appendix B.1]. All in all, we asymptotically
have the 1-norm bound

lg—al < v Dxu(qlg) for ¢,q € [0,1],
recovering Pinsker’s inequality.
Squared norms. Consider the squared a-norms for o > 1:
2
_lala -1 _1 o)1
fla)=—=95—=5| X a 5
ne[N]

By the Savage representation (4), we can generate proper losses:

coa1 , L+ ]al?
byl = —Jalzog~t + Al

By plugging in a = 2, the Brier score in §3.3 is recovered.
To see the asymptotic speed of the p-norm bound (12) for (NV,p) = (2,1), we take the
limit of K]{ similarly to the log-loss case. By using the closed form of w(r) provided in
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Table 1, when a € (1,2),

= glim{@ = )1+ )"+ (=) (1) = ()P

o= DI+ 1)+ (1= )T 1+ )24 (1= )2

where L’Hépital’s rule is used twice. When a = 2, we can similarly show the existence of
the limit of Kf as r | 0. Thus, these losses satisfy both (C1) and (C2) of Theorem 15,
which indicates that w™!(p) cannot be faster than O(p'/?). Across different o > 1, we
have o(r) — 2 as r | 0 [Bao23, Figure 4|, and thus the provided asymptotic lower bound
of o is tight.

Pseudo-spherical losses. Consider the a-norms for o > 1:

f(q)=|(;|a_11=a_1[<2 qn> - ]

which has been sometimes used as the a-norm information measure [BvdL80|. By the Savage
representation (4), we can generate proper losses:

1 qa 1
l (q) = 1- ! )
! a—1 lafa™

which is called the pseudo-spherical losses [Goo71]. By plugging in v = 2, the spherical loss
is recovered. The associated Bregman divergence is

. 1 {q,9°7") 1 Z 1
R = - — = — .
(q7 q) a—1 <|q|a HaHg—l a—1 HqHCY ‘AHQ Ana—1 qnqn

Note that In[|q]o — (« — 1)R(q,q)]/(ac — 1) can be identified with the (cross-entropy of)
gamma-divergences, which is commonly used in robust regression [FEO8| and inference with
unnormalized models [KF15]. With the limit « | 1, the pseudo-spherical loss approaches
the log loss, and the associated Bregman divergence approaches to the Kullback—Leibler
divergence, correspondingly.

We illustrate the case N = 2 and « € (1,3/2] U [2, 0) since the modulus w can be written
analytically herein (shown in Table 1). When 1 < « < 3/2, by invoking L’Hépital’s rule
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twice,
r r é 1
lim K/ (r) = lim [(1+§)a+(1_§)a] — 2
rl0 p a—1rl0 72

R (R R (O R (R

lim 767 (r)
a Toaé ryo Toaé
N L e (R A Y
a—17r0 72

) (-5
G631 [0 -6
G -G T e

Thus, these losses satisfy (C2) of Theorem 15, which indicates that w='(p) cannot be faster
than O(,ol/ 2). Compared with the log loss and the squared norms, the pseudo-spherical losses
are more interesting examples for us because Kf: (r) is no longer always positive. Indeed, (C1)
of Theorem 15 is satisfied when « € (1,3/2] U {2} but not satisfied when o > 2. The previous
O(p"/?) lower bounds typically require the local strong convexity [FW21] [MMZ24], which is
similar to (C2). Therefore, our Theorem 15 slightly lifted the assumptions, requiring (C2)

solely. See Fig. 2 to confirm that Kg is indeed asymptotically vanishing with the case o = 2.5,
for which (C1) no longer holds.

Tsallis losses. Consider the negative Tsallis a-entropy

_Hq“g_l_ 1 a
fla)==r = —— | ), a1
ne[N]
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as a convex potential, for & > 1. The Tsallis entropies generalize the Shannon entropy for
non-extensive systems [Tsa88|, and recovers the Shannon entropy at the limit « | 1. By the
Savage representation (4), we can generate proper losses:

1
ty(q) = a1 ° lala,
which recovers the log loss at the limit o | 1. We call them the a-log loss for convenience.
Note that this loss is slightly different from the a-loss £,(q) = —a(q;,_l/a —1)/(a—1)
[SDSK19]. Indeed, the a-log loss is proper by its construction, while the a-loss is known to
be improper [SN22|; despite that both of them approach the log loss at the same limit. The
associated Bregman divergence to the a-log loss is

_aly — .71 + (a - D)]al]
a—1

R(q,q)

)

which is the Tsallis divergence [Daw07]|, and also corresponds to density power divergence
(or the beta-divergence) [BHHJ98| up to constant, used in robust statistics. The Tsallis
divergence interpolates the Kullback—Leibler divergence and the squared 2-norm distance at
the limits of @« — 1 and o — 2, respectively. Some literature opts another definition of the
Tsallis divergence, defined by replacing In in the Kullback—Leibler divergence with the a-
logarithmic function [AWS19]—precisely, this another definition should be distinguished as
the t-divergence [DQV11].

To see the asymptotic speed of the p-norm bound (12) for (N,p) = (2,1), we take the
limit of Kg . When a € (1,2) n (3,00), the explicit form of the modulus w in Table 1 yields

8 I+ 5)*+(1—-5)*—2
lim K/ (r) = lim( ) (1-5)
rio P 20‘(04 — 1) rl0 r2
2 . (14 %)Q_Q +(1- %)a—?
= — lim
2% rlo 2
= a2 < oo,

where the L’Hépital’s rule is invoked twice. When 2 < a < 3,

b () = g L) A= 8) =27 [(5) ¢ 2= 5)"] +1
rio P a—170 2
T a—2 r a—2 o r a—2 r a—2
:;alﬁfg{Rz) < _§> ]_21 [(2> +<2—§) ]}
ST

where the L’Hopital’s rule is invoked twice. In either case, these losses satisfy both (C1) and
(C2) of Theorem 15, which indicates that w™'(p) cannot be faster than O(p/?).

Non-differentiable generator. While all the above examples are generated by differen-
tiable convex generator f, our Theorem 15 is applicable even to non-differentiable f, relaxing
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the previous lower bounds on surrogate regret bounds [FW21| [MMZ24|. To demonstrate its
full capacity, we artificially consider the following non-differentiable convex function:

) = o (3~ 2) =2 = (i 0~ 2) -2
q_7?el[]\}7{] an 3 9 nrél[l]{}]Qn 3 9’
if ¢ € [0, %]
1

2 _ _
fay= {69, 78
(¢—3)" —5 ifae(z1]
for (N,p) = (2,1). This is non-differentiable at ¢ = 1/2. For (N,p) = (2,1), we can generate

the binary loss by Savage representation (4) as follows: for y = 1,

fq) = q2—2q+§ if g € [0, 3]
@ —2¢+1 ifge (1]’

which reduces to

Ol Ol

and £(1 — q) for y = 2, which are discontinuous at ¢ = 1/2 yet strictly proper due to the
strict convexity of f. For this example, w(r) = 72/4 holds for 7 € [0,1/2], and hence

8w(r)

5 =2 < .

thf( ) = lim
rl0

rl0 r

Thus, (C2) is satisfied.

When N > 3. Though deriving a closed form of w for general N > 2 is challenging, we can
delineate w for the negative Shannon entropy with p = 2: for 7 € (0,2'/2), define q,q e AN
by

~1/2 _o-1/2 T _ o-1/2 ~1/2 T
:[1+22 ro1 22 Ty 0] andq:[1 2-1/2p 1+22 Ty 0]'

Then, |q — q|l2 = 7 and w(r) = J(q,q). At this minimizer, w can be written as

1427 Lt 2712 12712 . 2712y o
w(r) = 5 n 5 + 5 n 5 +1n2.
This w (for p = 2) is akin to the form of w shown in Table 1, which is for (V,p) = (2, 1), with
a slight difference in the scale. Its derivation is based on the method of Lagrange multipliers
and deferred to Theorem 32, which is highly non-trivial and interesting in its own right.
To apply Theorem 15 for this example, let us confirm (C2) is satisfied by taking the

asymptotic limit of Kg (r). By invoking L’Hépital’s rule twice, we have

1+2 V2p 142712 | 1— 2 2p, - 2 12y
ling(T) = 8lim L 2 n in2
rl0 rl0 r
= 2lim !
rlo (14 27Y27)(1 — 2-1/27)
=2 < o0,

which indicates (C2) is satisfied. Thus, w™"(p) cannot be faster than O(p'/?).
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7. Conclusion

In this work, we examine surrogate regret bounds on the p-norm, ||q — g, < w ™ '(R(q,q)),
which measures predictive performances of plug-in forecasters under downstream tasks such
as classification and ranking. A surrogate regret bound is characterized by the modulus
of convexity w associated with the Bregman generator f = —L for a given proper loss.
First, we show that the existence of non-vacuous regret bounds is equivalent to the strict
properness of losses. Then, we prove that the p-norm upper bound w=!(p) cannot be faster
than the 1/2-order of surrogate regrets O(,/p) for a wide range of strictly proper losses.
Herein, the assumptions on loss functions are greatly relaxed so that we do not require the
differentiability or the local strong convexity of loss functions anymore. We demonstrate that
many loss functions such as the log loss, Brier loss, pseudo-spherical losses, and a-log losses
satisfy the assumptions of our optimal-order argument.

As a side note, there is a fundamental relationship between a proper loss and a convex
body [Will4] [WC23|. Specifically, the Bayes risk L of a proper loss is the support function
of the superprediction set (which is a convex body in R”") associated with the proper loss.
Hence, we can work on a convex body instead of directly working on a proper loss. This
perspective has been used to consider aggregating algorithms. In this connection, we studied
the modulus of convexity of Bregman generators f = —L, while the modulus of convexity of
Banach spaces has been more commonly studied to measure the set curvature [Fig76]. We
conjecture that the modulus of convexity of Bregman generators has a tight connection to
the modulus of convexity of superprediction sets, which remains an interesting open question
from the viewpoint of convex analysis.

This work is concerned with only expected surrogate regrets, induced from the full
risk L[q] in §3.2. Yet, its empirical estimation and optimization together play an important
role in realistic learning scenarios. To take them into account, it is more standard to consider
a learner acting on R¥-valued margin, instead of AN-valued prediction as supposed in §3.
Proper composite losses are common therein, where a link function connects a probabilistic
report q € AN to a real-valued report on RY. Hence, we can consider estimation and
optimization of R¥-valued functions. In spite of the scarcity, the estimation error rates
of class probability models under the binary case N = 2 have been studied rigorously for
linear hypotheses [TDS15], while the optimization error rates of proper composite losses
by gradient descent under the binary case have been characterized recently [BST25]. We
hope to thoroughly understand how a proper loss behaves by integrating surrogate regrets,
estimation, and optimization all at once, and leave this for future work.
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Appendix A. Subgradient inequality

In this paper, we adopted a slightly non-conventional definition of subdifferentials Jf in §2
to allow some elements of the subgradient to be —oo.

Lemma 18 Let f : RN — (—o, 0] be a proper convex function such that AN < dom f.
For q° € AN, the set 0f(q°) is nonempty.

Proof Fix q” e AN, If f is subdifferentiable at q°, then its subgradient belongs to 0 f(q°)
and the claim holds true. Thus we assume that f is not subdifferentiable at q°. Since f is
subdifferentiable at q° € AY [Roc70, Theorem 23.4], I := |supp(q”)| satisfies 1 < T < N — 1.
For n € R!, define €7 € RN by

e ) if n € supp(q"),
" 0 if n¢supp(q”),

and define a function f; : RY — (—o0, 0] by

fr(n) = f(€") for neRL

Then, f; is a proper convex function on R such that Al < dom f;, consequently, fr
is subdifferentiable at 7§ € AL [Roc70, Theorem 23.4]. For q € AV, define n € R!
by mi = ¢y for n € supp(q°). Then, for q € AN with supp(q) < supp(q®), we have n9 e Al
and fr(n?) = f(q). Moreover, if q € A satisfies supp(q) = supp(q’), then n9 € AL and
hence 0f7(n%) # &. Choose w € df7(n?") and define v € [—0, 50)N by

w, if nesupp(q’),
Up =
—w if n ¢ supp(q®).

From now on, we show that v € f(q"). For q € A", if ¢, > 0 holds for some n ¢ supp(q"),
then (v,q—q") = —co and (2) holds. On the other hand, if g, = 0 for all n ¢ supp(q"),
then q € AN with supp(q) < supp(q”) and

fla) = frin?) = f1<17q0) + <W,nq - nq0> = f(d”) +{v,a—q"),

that is, (2) holds for g € AYN. Thus, v € df(q") follows. This completes the proof of the
lemma. O
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Appendix B. An example of empty M(q)

If a loss £ is not lower semi-continuous (as in Theorem 1), the set of its minimizers M(q)
(introduced in §3.2) can be empty.
Consider the following example:

~

~ 1-¢q, ifqg,#1,
gy((I):{l Y Y

if g, = 1.
Then,
R N l-q ifq #1,
L(e1,q) =/ =
(e1,9) 1(q) {1 g =1,
where e; == [1,0,...,0]T € RY. In this case, we have

inf L(e,q) =0,

qeAN

but there does not exist g € AN such that L(e;,q) = 0. Thus, M(e;) = &.

Appendix C. Proof of power evaluations without differentiability

In §5, we show power evaluations of the moduli with the differentiability of w.

Proposition 19 (Power evaluations of moduli) Let f : AN — R be a strictly convex
function. For a fired ro € (0,2'/7], define s, S € [0,0] by

s= inf o(r), S:= sup o(r),
r€(0,r0] re(0,70]
and assume S < o0. Then, the function r — w(r)r—* is non-decreasing on (0,79) and the
function r — w(r)r—° is non-increasing on (0,79). Moreover, the following inequalities hold

for any r € [0, ro]:
2 o[22

Proof We first show that 7 — w(r)r~° is non-increasing on (0,7¢) in a similar way to the
existing argument [OT13, Lemma 2.9]. For r € (0,79] and § > 0, there exists €, 5 > 0 such

that ) ( ) )
r w(r) —w(r—e¢
sup <o(r)+ =6 22
W(r) ce0e,s) e s 22

by the definition of D~w. Define

1 1
mw:5+§5+ﬂu—o“ﬁ—u for t € (0,1).
Then, g is continuous on (0, 1) and

. 1 1
ltllrgg(t)—S+§(5—(S+5)——§(5<0,
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which implies the existence of 7 € (0,1) such that g(¢) < 0 for ¢t € (0,7). Then, for
any u € (0,e,5) N (0,77),

P30 (= gy SO B urSTOL T e w(r) — w(r — ) pS+o rSTI(1 — %)S+5
_w(r) w(r —u) N w(r —u) [w(r) U B w(r —u) w(r —u)

uT.SJréfl B 1 UT.SJréfl 1 w\ S+6

< —— S+ E—— o (1-2)T —

<w(r—u) U(T)+25]+w(r—u) ;f[( r) ]
urSto—1 1 U 1

< Z ) il

<or—al5t 59+9(>) <S+ 25)]
urSJrJfl ”

- w(r —u) g(;)

<0,

where the inequality (22) is used at the second line and the third line follows from the
definition of S. Hence, we have

S+4d

)S+6 r

(r—u

o — ) o) for r € (0,79) and w € (0,&,5) N (0,77).
Letting 6 | 0, we conclude that r — 7% /w(r) is non-decreasing on (0, rq). This is equivalent
to that r +— w(r)r~9 is non-increasing on (0, 70).

Next, we show that 7 — w(r)r~* is non-decreasing on (0, rg). For r € (0,70], let u € (0,7).
Since Inw is non-decreasing on [r — u, r], it follows from the fundamental theorem of calculus
[KK96, Theorem 1.3.1] that

f D™ Inw(r)dr’ <In &
r—u W(T - U)

By D~ w(r') < S < o0, we have

limw(r' —e) = w(r’) for r" € (0,rp),

el0
which yields
lim Inw(r’) —Inw(r’ —¢) _ 1
o w(r) —w( —e) w(r’)
and
1 7 1 !/ N /I 1
D™ Inw(r’) = limsup { nw(r/) nw(r'—e) w(r) —w(r 6)] = D™ w(r') = s
210 w(r’) —w(r’ —e) € w(r’) i
Thus, we have
T T S
J D™ Inw(r)dr’ = f —dr’ = sln .
r—u r—u T r—u
These imply
wr—u)-(r—u)° <w(r)-r
that is, r — w(r)r~* is non-decreasing on (0, 7). O
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Appendix D. Continuity property of local modulus of convexity

The local modulus of convexity defined in Theorem 14 naturally entails the following continuity
property. We state it in the following lemma for the sake of completeness.

Lemma 20 If f : AN — R is continuous convez, then Kg . (0,2Y7] = R is lower semi-
continuous and left-continuous.

To prove Theorem 20, we use the following supplement result.

Lemma 21 If f : AN — R is continuous convez, then for r € (0,2'/7] and 7 € (0,1/2), we
have

(1 —27)r g Ir o
Kp((18 27) )[(1—27')7"]2 =w((1-27)r) < w(T)—TpT(l—T)TQ < Kp(r) ot

Proof Choose distinct q,q € AV satisfying
la—dl,=7r and w(r)=J(q,q),

which exist thanks to Theorem 9 together with the convexity of f. For these q,q, define
c(t) =(1—-t)q+tq fortel0,1].

For 7 € (0,1/2), we have

K ((1—27)r)

< [(1—27)r]* =

O
Proof of Theorem 20 Fix r e (0,2']. Let (r)jen < (0,2'P] be a sequence converging
to r. For each j € N, there exist ¢/, q’ € AV satisfying

la’ —&lp=r; and w(r;) =J(d', &)
from Theorem 9. Define ¢; : [0,1] — AN by
cj(t):=(1—t)q’ +tg forte[0,1].

By the Arzeld—Ascoli theorem, we can extract a subsequence (c;,, Jmen converging uniformly
to some ¢ : [0,1] — AN uniformly, where

c(t) = (1 —1)e(0) +te(l) forte[0,1] and |[c(0) —c(1)|p =7
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hold. Since f is continuous, we have

K (r) = S() < 57(6(0), (1)
~ Jim %J(ij (063, (1)) = Jim, (i) = lmy K (1,
Thus, Kg - (0,2'/P] - R is lower semi-continuous.
Next, by Theorem 21, we have
K =200r) ) g < B0 o fo gy

8 8 2
for 7 € (0,1/2). Dividing by [(1 — 27)r]?/8 # 0 and then taking the limit yields

lim sup Kg((l —27)r) < Kg(r).
710

Together with the lower semi-continuity Kg , the left-continuity K,},c is ensured.
This completes the proof of the lemma. O

Appendix E. Deferred proofs

Lemma 22 Suppose £ : AN — [0, 0]V is lower semi-continuous. Then, L(q) = 0 holds
and M(q) is nonempty and closed for q € AY. Moreover, if £ is continuous, then there
exists a Borel selector of M.

Proof For q e AV, the lower semi-continuity of L(q, -) follows from that of £, which ensures
the closedness of M(q). Moreover, by the extreme value theorem with the closedness of AN,
we see M(q) # & holds.

Assume the continuity of £ and we show the existence of a Borel selector of M. Note
that the continuity of £ guarantees the continuity of L(q,-) on A" for each q € AN. By the
Kuratowski and Ryll-Nardzewski measurable selection theorem [KRN65, Main Theorem &
Corollary 1], it is enough to show that

B = {qe AN | M(q) n K # &}

is Borel for any closed set K in RY with AN A K # .
Fix a compact set K in RY with AN K # . Since AN A K is a compact metric space
hence separable, there exists a dense countable set {qJ }jeN in AN ~ K. For each j € N,

define d; : AN — R by
dj(q) == L(q,q’) — inf L(q,q) for qe AV,
qeAN

which is lower semi-continuous, in particular, Borel on AY. Then,

B:= () Jd ' ([0,m™)

meN jeN
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is Borel. We will show B = Byx. For q € Bg, there exists q € M(q) n K. By the
continuity of L(q,-) on AY, for each m € N, there exists 6,, > 0 such that if g’ € AV
satisfies |q" —ql2 < 0, then 0 < L(q,q’) — L(q,q) < m~'. By the density of {q’ }jeN, there
exists j, € N such that g/ — q|2 < &, and hence
dj,,(q) = L(q, ') — L(q,q) € [0,m ™),
which in turn implies q € B. Conversely, for q € B and m € N, there exists j,, € N such that
1

L(q,q"") < inf L(q,q)+m '
(a,a’™) oot (q,q) +m

We extract a convergent subsequence of (q/)en (not relabeled) with limit g € AN n K.
The continuity of L(q, -) gives

~\ . ]'m . ~/
Ha,q) = lim Lg a') < _inf L(a,q),
proving q € M(q) hence q € Bic. This completes the proof of the lemma. O

Proposition 23 (Uniqueness up to affine functions) Let f,g: AN — R be continuous
convex functions. Then, their midpoint Jensen gaps are the same if and only if f — g is affine.

Proof We only show that f — g is affine under the assumption that the midpoint Jensen
gaps of f and g are the same since the converse implication is trivial. Hereafter, let us write
the midpoint Jensen gaps of f and g by J; and J,, respectively.

Without loss of generality, we pick q° € Af such that f and g are differentiable at q°
because a convex function is differentiable almost everywhere in the interior of its domain.
Define

v =Vf(q") - Vg(q") and X:=f(q°)—g(q").
Fix any q € AN and set
ht) = f(d® +ta—q") —g(@” +t(a—q°) —{(v*,t(g—q")y — X forte[0,1].

Then, h : [0,1] — R is continuous with ~(0) = 0 and »’(0) = 0. With elementary algebra,
we have

1 t
0= Jy(aa +tla— ")~ Jy(aa + tla—a") = a0~ (§) forailee (o),

which implies
1 1

By invoking this relation recursively, we have h(t) = 2¥h(27%t) for any k € N, which yields

. h(27F) —h0) _
1 = 1 _— = = .
h(1) e 2-k 7i(0) =0
Consequently, we have
fl@) =g(a)+ (v a-a”) + A

Thus, we have shown that f — g is affine. O
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Lemma 24 Let f: AN — R be a convex function. For r € [0,2'/7], there exist ", q" € AN
such that w(r) = J(q",q") and |[q" — q"[, = .

Proof Let € [0,2'/P]. Define
DY(r) = {(a.@) € A x AV [ g - @l = 7}

Since DV (r) is compact and J is continuous on DY (r), there is (q,q) € DN (r) such
that w(r) = J(q,q). Define c: [0,1] — AN by

c(t)=(1—-t)q+tq fortel0,1].

In the case of |q — q||, = 7, we can take (q",q") = (q,q), and the statement follows.
Assume ||g — g, > 7. Then, there exists 7 € (0,1/2] such that

le(m) = et =7)lp = (1 = 27)[a —alp =

Since foc:[0,1] — R is convex, we have

< , (23)

which is equivalent to

J(e(r), et — )y = TN ICEAZT) e )

2
— f(c(1/2)) = J(q, Q).

f(c(0)) + f(e(1)
2

This yields J(¢(7),c¢(1—7)) = w(r), and hence, we can take (q",q") = (¢(7),c(1 —7)). Thus,

we have confirmed the statement. O

S

Proposition 25 (Strong convexity parameter at midpoint) For a continuous convex
function f: AN — R, it holds HIJ; = /ﬁ;’l/Q.

Proof By definition, Hg < /11’:’1/ 2 trivially holds. We shall prove the converse inequality.
Observe from the definition that

1
f7§

q+4q 1 1.0 K o o
=) <sf@+5f@ - 2—|a—q[; forallqgeA.
2 2 2 8
For (i,7) € N x Zxo, set ‘
t;j = 275

Fix distinct q,q € AN and define ¢ : [0,1] — AN by
c(t):=(1—-t)q+tq fortel0,1].
We will show that

1
f7§

fle(tiz)) < (L=ti5) f(c(0)) + i f(e(1)) — %ti,j(l —ti;)|a — 4l (24)
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for (i,7) € N x Zzo with t; ; € [0,1] (namely, for i € N and 0 < j < 2°) by induction on i.
We immediately observe that (24) always holds for ;9 = 0 and ¢; 9i = 1 regardless of .

The inequality (24) trivially holds for ¢ = 1. Assume that (24) holds for some ¢ € N
and all j with 0 < j < 2°. Then, (24) also holds for t;419; = t;; with 0 < j < 2%
For 0 < j < 2' — 1, we have

tiv1,2 tiv1,25+2  lij +lij41

t: . —
i+1,25+1 5 5

Define ¢; j : [0,1] — AN by
ci,j(t) = C((l — t) . ti,j +1- ti,j+1) for t e [0, 1]

This implies

fle(tivr2j+1))
1 1 h2
< 5F(ei(0) + 5 f(es(1) = =g lleig (0) - ci (D)2
1 1 w2 .
= ~fleij(0) + 5 fleig(1) — 2= 27 g — g||2
2 2 8
1 1 W2 '
= 5 (eltiz)) + 5 (c(tije)) - Ié 277 g —4q|
1 ”gé 2
< 5|0 1) ) + 1) = b1~ e - 2]
f 1
1 Fp'? =12
+3 (1 —ti541) f(c(0)) + i j+1f(c(1)) — T%H(l —tij+1)|a—dl;,
/if’% 4
- p? 277 g — g
ﬁf’%
= (1= tip1,2j+1) f(c(0)) + tiz12j41f (c(1)) = E—tiy12j41(1 — tiy12j41)]a — d;
2
as desired.

Because f is continuous on AN and {t; ; € [0,1] | (4,5) € N x Z>¢} is dense in [0,1], we
find
/@f’%
P 1)+ 60) < (1L 1)f(@) + ££@) ~ Lot~ )|a &3 for t e (0,1)
which leads to
2[(1—=t)f(q) +tf(q) = f((A —t)g +tq)]
t(1—1t)a—dl

f7%
kp ? < for t € (0,1).

Since q, q € AN are arbitrary, this ensures that /@',Jf’t > /1;:’1/2 for t € (0,1) and completes the
proof of the proposition. O
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Lemma 26 Let f : AN — R be a continuous convex function. Then, for any q,q € AN
and r € (0,2Y/7],

f
lirill%nf Kg(r) = :‘if:, J(a,q) = %Hq - a”?m and D~w(r) = %T'

Proof Assume that there exists r, € (0,2'/?] such that Kg(r*) = m,];. We can see from
Theorem 21 that

K ((1=27)ry)
8

%l / I
[(1—27)r]? < —2*2 (r*)rz — %07'(1 — )2 = pS(T*) [(1—27)r]?
for 7 € (0,1/2). Since K]Jf(r) > Iﬁg for r € (0,2'/7] (by Theorem 14 and Eq. (18)), this
implies Kg(r) = /4;5 for r € (0, r4] hence

lirpl%nf Kg(r) = Hg.
Assume that there is no r € (0, 2"/?] so that K]{(T) = l'i}];. Then, there exists (r;) jen < (0, 2/7]
converging to 0 such that

1
lim Kg(rj) = inf{Kg(r) ’ r e (0, 2%]} = mfj’““ < liminf Kg(r) < lim Kg(rj),

where the second equality follows from (18). This with Theorem 13 proves the first assertion.
For q,q € A\, we calculate

KL (la—alp)

J(q,q) = w(|lg—dllp) = S

~ K ~
la—adlp; > g la—dlj
This is the second assertion.
For r € (0,2"/7], we can pick q,q € AN such that w(r) = J(q,q) and |q — g|, = 7 from
Theorem 9. For 7 € (0,1/2), we have

f
w((1=27)r) <w(r) — /%pr(l —7)r?
from Theorem 21, which yields
’iljj ( ) 2
—71(1—7)r f
W@ —w(-200) 5T o
D =1 >1 L
o) = = B 2y =
This completes the proof of the lemma. O

Appendix F. Derivation of modulus for general N

In §6, we mainly consider examples of w only for (N, p) = (2,1). Since we have extended the
moduli on general (A, -|,) in Theorem 7, it is nice to have an example beyond the binary
case. To this end, we calculate w for the negative Shannon entropy f(q) = (q,Inq) with
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general N > 2 and p = 2. In what follows, we focus on f(q) = {q,Inq), and the modulus w
and midpoint Jensen gap J is defined based on this particular f throughout this section.
Let

UN=t = {ue(,1)N? Z u, <1

ne[N—-1]
and define ¢ : UN " x YNt > Rand ¢ : UN! - R by

1 2 N
. 2 -1
Y(u,w) = 2{ Z (un, — wp)* + [ Z (U, — wn)} } foru,weld"

ne[N—1] ne[N—1]
o(u) = Z Uy, In u, + (1— Z un> In (1— Z un> forue N !,
ne[N—1] ne[N—1] ne[N—1]

respectively. Here, ¢ is the negative Shannon entropy of [u 1 —(u,1)] € AN, Indeed, we
have
2

U Ul w1
1 : :
e AN and yY(u,w) == : — : )
UN—1 2 UN—-1 WN -1
1—<(u,1) 1—(u,1) 1—(w, 1) ]|,

which yields ¢ (u, w) € [0, 1]. First, we present a couple of necessary lemmas.
Lemma 27 For r € (0,2'2), there exist q,q € AN such that
la—dfz=r, supp(q) nsupp(q) # J, J(q,q) <In2.
Proof Fix r e (0,2"/2) and set a := 2= Y2r € (0,1). Define q,q € AN by
Gn = O1n, qn = (1—a)d1, + ady, forne[N].

Then, we have |q — g|2 = 7, supp(q) N supp(q) # &, and

-~ 1—a a a a =
J(@,d) = —5—In(1 —a) - (1 . 5) In (1 - 5) + 52 = J(a).
Since we have
J(1) =1n2 j/(a)=11n2_a>0 fora <1
’ 2 1-—a ’
we conclude J(q,q) < In2 as desired. O]

Lemma 28 Forq,qe AV, if

supp(q) N supp(q) # &, supp(q) # supp(q),

then there exist ', q € AN such that

la—dllz = |d'— @[z, supp(d) =supp(d@), J(d.q) < J(q,q).
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Proof Take i € supp(q) n supp(q) and write

S1 = [supp(q) N supp(@)]\{i}, Sz :=supp(q)\supp(q), S3 = supp(q)\supp(q),
and m = |Sy U S3|. For sufficiently small ¢ > 0, define g%, §° € AN by

¢ —me forn =1, g —me forn =1,
c ) for n € Sy, e ) n for n e Sy,
= g, +¢ formeSyuSs, = Gn +c forne Sy uSs,
0 otherwise, 0 otherwise.

We find that |q° — §°[2 = [q — qll2, supp(q®) = supp(q°), and
lim J(q%,q°) = J(q,q),
el0

thanks to the continuity of .J. Since we have

J - m. (g —me) (G qn+6 (Gn +2)e
—J(d°,q°) =——1In In —5 + - In
Ot 2 (%‘5% ms) n;% o+ E n;?) (qn n 6)

which diverges to —oo as € | 0, we have J(q%,q%) < J(q,q) for sufficiently small € > 0. This
completes the proof of the lemma. O

Corollary 29 For q,q € AN with |q — dls < 2Y2, if w(|q — ql2) = J(a,q) holds
then supp(q) = supp(q).

Proof Let q,q e AV satisfy |q—q[2 < 2'/2. By Theorem 27, we have w(|q—¢l2) < In2. It
is easy to see if supp(q’) nsupp(q’) = &, then J(q',q’) = In2 holds. This with Theorem 28
leads to w(||q — q|2) = J(q,q) implies supp(q) = supp(q). Thus, the proof of the corollary
is complete. O

Subsequently, we show Theorems 30 and 31, which are needed to invoke the method of
Lagrangian multipliers later.

Lemma 30 For u,w € U™, the rank of the Jacobian of ¥ at (u,w) is zero if and only if
u=w

Proof Since we have

»
6ui

(W) =w —wi+ Y (un—wy) = _ W e [N —1],
éwi
ne[N-1]

the rank of the Jacobian of ¢ at (u, w) is zero if and only if
—w; + Z )=0 forie[N —1].
ne[N— 1]

Summing the above equation up gives

N Z (up, —wy) =0,

ne[N—1]

and hence u; —w; = 0 for all ¢ € [N — 1], which shows u = w. The converse implication is
trivial. O
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Lemma 31 For r e (0,2Y2) with > < N/(N — 1), let u,w € UN~' satisfy Y(u, w) = r2/2
and set
uy =1-— 2 Up, wWN:=1-— Z Wy -
ne[N—-1] ne[N—1]

If there exists A € R such that

1 0¢ 00 fu+w o
2(9un(u)5un< > +)\a—(u,w)=0 and

2 tn (25)
1 0¢ 0p fu+w oY

for n€ [N — 1], then there exists T < [N] with I := |I| such that 0 < I(N —I) < 772N and

1+ ry/an(I) w :1—1"«/@]\;([) forneT

T 21
1— 1 1+ ry/an({ —
Up = M, wy, = M forne[NN\Z, wherean(I):= I(NNI)

Proof For simplicity, set

u+w
V= , and oy:=1-— Z Up -

2 ne[N—1]

Assuming Eq. (25), we calculate

1 09 0 oY 1 U, Up,

= =~ - =~ ~ =—(ln— —In— n — Wn — - )
0 5 Pu, (u) . (v) + )\aun (u,w) 5 ( e UN> + AMuy, — w (uy —wp)]

109 0o oY 1 Wp, Up
0= 37w, (w) Fe (v) + )\6’ n(u,w) =3 lnm lna My — wy — (uy —wp)],
for n € [N — 1], which yields

2 102 = 9wy — wy — (un — wy)] = —In 2% I 2 (26)
uN UN wN UN
Thus, we have
2 2 2
(un+wn)” v _ vy =A>1 forne|[N—1],
dupwy, UpWn UNWN

where A > 1 holds; otherwise u,, = w, holds for all n € [N], which contradicts ¥(u, w) = 2/2.
By rearranging in w,,, we have

w2 — 2up(2A — Dw, +u2 =0 forne [N].

Setting

po=(2A —1) — 2¢/A2 — A€ (0,1),
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we have either w,, = pu, or w, = p~tu, for n € [N], by solving the quadratic equation with
respect to wy. Set

T={ie[N]|wi=pu}, I:=1I|, J:={je[N]|lw=ptu}, J:=|J|

Then I + J = N holds.
Assume N € Z. If 7 = &, then

wy =1-— 2 w;=1—p Z U;
i€[N—1] ie[N—1]

F = Z up=p | 1— Z uj | = pJUN = WN,
e[N—1] ie[N—1]

which is a contradiction. Thus J # ¢ holds. On one hand, for j € J, we observe from
Eq. (26) that
L+ —ln Y Y

In
1+ u_l UN UN

= —2\[u; — wj — (uy — wy)] = 201 — p) (u  uy + uy).

Since the left-hand side is independent of j and not zero, then so is the right-hand side hence
u; is determined independent of j and A # 0. On the other hand, for 7 € Z, it turns out that

U; V;
In— —In— =0
Uun UN

and consequently u; = uy holds by Eq. (26) together with the property A # 0. This yields
u; = uy for i € Z. Thus there exist s,t € (0, 1) such that

up =5, w; =ps forieZ, wu;=t, wj:/flt for j e J. (27)

We see that
1= ZuN=Is+Jt, 1= ZwNz,uIs—l—,u_lJt,
ne[N] ne[N]

that is, Jt = 1 — Is = u(1 — uls). This can be simplified as follows:

L _Jt

S P A

We also find that
2 2 (7.2 —2 7,2 2 2 I? 2 I 2.2
r*=2¢(u,w) = (1—p)? (Is> + p 2 Jt%) = (1 —p)* ( Is —i—js sz(l—,u)s,

which in turn shows

We conclude
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as desired.
The case N € J is proved by switching the role of u and w in the argument for the case
N € Z, and the proof is achieved. O

By combining these lemmas, we have the following claim, which is the minimizers (q, q)
for the negative Shannon entropy we show in §6.

Proposition 32 For r € (0,2'2) with > < N/(N — 1), q,q € AN satisfy |q — qlz =
and w(r) = J(q,qQ) if and only if there exist distinct i,j € [N] such that

1272 1—2712p . 1—2712 1+27 Y2
qn = 9 ni T 5 njs  4n = 5 ni T B nj-

In this case,

w(r)zJ(q,(i):;[(1+\7/n§>ln(1+\7/ﬂ§>+(1%)ln(l\}é)].

Proof There exist ¢, € AN such that

~/

ld —q'|2=7 w(r)=J(q,q), and supp(q’) = supp(q’)

from Theorem 9 and Theorem 29. By relabeling the indices n € [N] and switching q" and ¢’
if necessary, we may assume that and there exists N’ € [N] such that N’ > 2 with

supp(q’) = supp(q’) = [N'],

and I € [N’ — 1] with I < N’/2 such that 0 < I(N’ — I) < r~2N’ with
14+ ra/an({ 1—ry/an/ (1
p o 2rrventy) an(1) g — - vantd) an'(1) for n e [I],

Qn_ 21— 9 qn_

21

by Theorem 31, where
x(N' —x)
N’ ’
We need to identify I and N’ hereafter. Note that for any N’ € [N], we have

1 1 L

I'=max{ie [N —1]|i(N'—i) <r2N',i < N'/2}

an'(x) =

hence

is well-defined.
Setting

JIni(x) = [1 +r aN/(:c)] In [1 +r aN/(x)] + [1 —r aN/(x)] In [1 -7 aN/(m)]
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for 1 <o < N’ —1, we see that

From this with the relation

d r 2x 1+ ry/an(x)
— (11— = | In———F——=

>0 forzelll,
dx 2 CLN/(l') [ ]

we observe

in Jn/(I) = Jni (1) = J(N'
pmin N(I) = Jn (1) = J(N)

where
J(y) = (1 + r@) In (1 + TW) + (1 - r@) In (1 - r@)

for y = 2. We calculate

d— ry 2 14+7r4/1—y-1
—J(y) = In >0 fory=2,
dy ) 21—y 1 1—ry1—y! Y

which leads to

i J(N') = J(2).
repin, TV = J2)

Thus, in Eq. (28), the correct choice is (N’,I) = (2,1) and this completes the proof of the
proposition. O
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