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Abstract

On the forefront of scientific computing, Deep Learning (DL), i.e., machine learning with
Deep Neural Networks (DNNs), has emerged a powerful new tool for solving Partial Differ-
ential Equations (PDEs). It has been observed that DNNs are particularly well suited to
weakening the effect of the curse of dimensionality, a term coined by Richard E. Bellman
in the late ‘50s to describe challenges such as the exponential dependence of the sample
complexity, i.e., the number of samples required to solve an approximation problem, on the
dimension of the ambient space. However, although DNNs have been used to solve PDEs
since the ‘90s, the literature underpinning their mathematical efficiency in terms of numer-
ical analysis (i.e., stability, accuracy, and sample complexity), is only recently beginning to
emerge. In this paper, we leverage recent advancements in function approximation using
sparsity-based techniques and random sampling to develop and analyze an efficient high-
dimensional PDE solver based on DL. We show, both theoretically and numerically, that it
can compete with a novel stable and accurate compressive spectral collocation method for
the solution of high-dimensional, steady-state diffusion-reaction equations with periodic
boundary conditions. In particular, we demonstrate a new practical existence theorem,
which establishes the existence of a class of trainable DNNs with suitable bounds on the
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network architecture and a sufficient condition on the sample complexity, with logarith-
mic or, at worst, linear scaling in dimension, such that the resulting networks stably and
accurately approximate a diffusion-reaction PDE with high probability.

Keywords: physics-informed neural networks, compressive Fourier collocation, numerical
methods for high-dimensional PDEs, practical existence theorem

1. Introduction

PDEs over high-dimensional domains are a powerful mathematical modelling tool adopted
in a variety of applications including molecular dynamics, computational finance, optimal
control, and statistical mechanics. Important high-dimensional Partial Differential Equa-
tion (PDE) models in these areas are the many-electron Schrodinger equation, the Hamil-
ton—Jacobi-Bellman equation, the Fokker-Planck equation and the Black-Scholes model.
Analytic solutions to these equations are in general not available and, hence, it is necessary
to design efficient numerical PDE solvers to approximate their solutions. A crucial challenge
that immediately arises in this context is the curse of dimensionality, see Bellman (1957,
1961). This refers to the tendency of numerical methods for solving high-dimensional prob-
lems to exhibit a computational cost or require an amount of data that scales exponentially
with the problem’s dimension.

Recent work has shown that compressive sensing and Deep Learning (DL) are promis-
ing techniques to develop efficient high-dimensional PDE solvers and lessen the curse. This
success is part of a larger research trend in the area of scientific machine learning (Baker
et al., 2019), where state-of-the-art techniques from machine learning are applied to solve
challenging scientific computing problems, including the numerical solution of PDEs. One
of the most popular recent examples in this area are Physics-Informed Neural Networks
(PINNs), see Raissi et al. (2019) and earlier studies on the topic by Lagaris et al. (1998),
which recently gained an impressive amount of attention in the scientific computing com-
munity. In particular, DL based methods have shown great promise for high-dimensional
PDEs, see Han et al. (2018) and the recent review paper by E et al. (2021), and PDEs on
domains with complex geometries, see, e.g., Chen et al. (2022).

Concurrently, recent advancements involving compressive sensing in scientific computing
include the adoption of sparsity-based techniques for function approximation from random
samples, see Rauhut and Ward (2012), whose initial success was due to their application in
the field of Uncertainty Quantification (UQ) of parametric PDEs by Doostan and Owhadi
(2011), see also Adcock et al. (2022b) for a comprehensive review of the topic. Here we focus
on Compressive Fourier Collocation (CFC'), a method proposed in Wang and Brugiapaglia
(2024) as an improvement of the compressive spectral collocation method from Brugiapaglia
(2020) and able to lessen the curse of dimensionality in the number of collocation points. A
detailed literature review on compressive sensing and DL methods for PDEs can be found
in §1.2.

Motivated by these recent advances, in this paper we study and compare numerical
solvers for high-dimensional PDEs based on compressive sensing and DL from both the the-
oretical and the numerical viewpoint, focusing on steady-state diffusion-reaction equations
with periodic boundary conditions. The choice of the time-independent setting introduces
a gap with real-world applications. Yet, it allows us to carry out a rigorous analysis while
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keeping the level of technical difficulty moderate and focus on the impact of the physical
domain’s dimension, which is the main subject of this work. Our methodological approach
is inspired by the recent paper by Adcock and Dexter (2021), where a similar practical and
theoretical study was made in the context of high-dimensional function approximation from
pointwise samples.

1.1 Main Contributions

Our main contributions, of both theoretical and computational nature, are summarized be-
low.

i) New convergence theorem for high-dimensional periodic PINNs. The main theoretical
contribution of the paper is a new convergence theorem for periodic PINNs applied to
(possibly high-dimensional) steady-state diffusion-reaction problems with periodic bound-
ary conditions. Our theoretical guarantee is a convergence result in the form of practical
existence theorem, a theoretical approach recently developed in the context of scalar-valued
function approximation via DL in Adcock and Dexter (2021) and Hilbert-valued function
approximation relevant to parametric PDEs and UQ in Adcock et al. (2022a). In contrast
with better-known universal approximation theorems (see, e.g., Elbrachter et al. (2021)
and references therein) that prove the existence of networks with suitable approximation
properties, a practical existence theorem also addresses the issues of network training and
sample complexity. Our result, stated in Theorem 1 and proved in Section 5, establishes the
existence of a class of trainable periodic PINNs with explicit architecture bounds and shows
that networks in this class can achieve near-optimal approximation rates for PDE solutions
that are sparse with respect to the Fourier basis through training using a number of samples
that is only mildly affected by the curse of dimensionality (i.e., that scales logarithmically
or, at worst, linearly with the domain’s dimension d). Despite the presence of the adjective
“practical” in the terminology used to refer to Theorem 1, there are still gaps between this
result and common implementation practice. For example, Theorem 1 is a result about
networks obtained as minimizers of a certain regularized training loss. However, it does not
involve any specific optimization method that may be used to approximate such minimizers
(e.g., stochastic gradient descent or Adam). Further limitations of Theorem 1 are discussed
extensively in §6.

i1) Numerical study of CFC and periodic PINNs in high dimensions. Our second contri-
bution is of computational nature and it is the implementation and numerical study of
CFC and periodic PINNs for high-dimensional, steady-state diffusion-reaction problems on
the torus T¢, up to dimension d = 30. We also compare these two methods by study-
ing their accuracy as a function of the training set size (i.e., the number of collocation
points). The code to reproduce our experiments can be found in the GitHub repository
https://github.com/WeiqiWangMath/PINN_high_dimensional_PDE.

ii1) Improved implementation of CFC. We propose a new variant of CFC, based on adap-
tive lower Orthogonal Matching Pursuit (OMP) recovery (see Algorithm 1). This variant
improves the accuracy of the CFC method from Wang and Brugiapaglia (2024) under suit-
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able structural assumptions on the PDE solution and allows the method to scale in higher
dimensions. This is due to the way it constructs the approximation support set by adap-
tively exploring the set of possible candidates to be added in an iterative procedure, thereby
avoiding dealing with a large a priori truncation set.

iv) CFC convergence theorem for diffusion-reaction problems. We show the convergence of
CFC for steady-state, periodic diffusion-reaction problems in Theorem 8. Although this is
mainly an auxiliary step needed to prove our main theoretical result (Theorem 1) it is an
extension of the analysis in Wang and Brugiapaglia (2024) (relying on the same techniques
employed therein) of independent interest.

1.2 Contextualization of Our Contributions

Numerical methods for PDEs based on compressive sensing and sparse recovery have been
considered in tandem with different discretization techniques. This includes Galerkin (Jokar
et al., 2010), Petrov-Galerkin (Brugiapaglia et al., 2021b, 2015), Fourier-Galerkin (Gross
and Iwen, 2025), isogeometric analysis (Brugiapaglia et al., 2020), spectral collocation ap-
proaches (Brugiapaglia, 2020; Wang and Brugiapaglia, 2024) and methods based on the
sparse Fourier transform (Daubechies et al., 2007). In this paper, we are interested in
methods that can be applied to high-dimensional domains. In particular, we focus on
Compressive Fourier Collocation (CFC') (see Wang and Brugiapaglia, 2024), which aims to
compute a sparse approximation to the PDE solution with respect to the Fourier basis from
random collocation points. This method will be reviewed in detail in §3. The Wavelet-
Fourier CORSING method (Brugiapaglia et al., 2021b) can in principle be implemented
in domains in arbitrary dimension, although making practical numerical implementations
scale in high dimensions is nontrivial. The sparse spectral method proposed in Gross and
Iwen (2025), based on Fourier-Galerkin discretization and sublinear time algorithms, can
scale to extremely high-dimensional problems.

The design of numerical PDE solvers based on neural networks dates back to the 1990s
(Lagaris et al., 1998; Lee and Kang, 1990). More recently, this field became extremely
popular thanks to the introduction of Physics-Informed Neural Networks (PINNs) (see
Raissi et al., 2019; Karniadakis et al., 2021). Solvers based on DL have shown great promise
specifically in the case of high-dimensional PDEs. In this direction, approaches proposed
in the literature include the Deep Galerkin Method (Sirignano and Spiliopoulos, 2018),
methods based on the reformulation of high-dimensional PDEs as Stochastic Differential
Equations (SDEs) (Han and Jentzen, 2017; Han et al., 2018), PINNs for high-dimensional
problems (Hu et al., 2024; Zeng et al., 2022), and deep genetic algorithms (Putri et al.,
2024). In this paper, we will consider PINNs combined with a periodic layer (Dong and Ni,
2021) to solve high-dimensional PDEs on the d-dimensional torus. This approach will be
presented in detail in §2.1.

Other approaches for the numerical solution of PDEs able to scale to moderately high
dimensions include sparse grid methods (see, e.g., Shen and Yu (2010, 2012)), methods
based on tensor-based approximation and low rank structures (Bachmayr and Dahmen,
2015; Bachmayr et al., 2016; Dahmen et al., 2016), and sparse grid spectral methods (Kupka,
1997).
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Our main theoretical result (Theorem 1) is a convergence theorem for PINNs over high-
dimensional periodic domains. Currently, the convergence analysis of PINNs is an active
research area and several studies have appeared in the literature. However, the theory
is arguably far from being fully developed. The analysis in Shin et al. (2020) shows the
convergence of PINNs for linear second-order elliptic problems, but it is based on Holder-
type regularization that is in general not implementable. The study in Shin et al. (2023)
provides asymptotic convergence results (i.e., with training set size m — o0) relying on
assumptions in terms of Bernstein-type inequalities or Rademacher’s complexity that could
be challenging to verify in practice. The analysis in Doumeche et al. (2025) shows con-
vergence results for PINNs of asymptotic type and nonasymptotic convergence rates for
the expected squared L2-error of the form log?(m)/m!'/? for Sobolev-type regularized loss
functions, where m is the number of training data points used to collocate the PDE in
the PINN’s loss function. The work (De Ryck and Mishra, 2022) proves generalization
bounds for PINNs for Kolmogorov equations showing that PINNs can lessen the curse of
dimensionality, under the assumption that the network’s weights are bounded. Compared
to these results, our practical existence theorem (Theorem 1) has the advantage of being
of nonasymptotic type and the corresponding error bound leads to fast convergence rates
with respect to the size of the training set when the PDE solution is sparse or compressible
with respect to the Fourier basis.

Finally, the framework of practical existence theorems developed in Adcock and Dex-
ter (2021); Adcock et al. (2022a) for scalar- and Hilbert-valued high-dimensional function
approximation was recently extended to Banach-valued function approximation in Adcock
et al. (2025) and reduced-order modelling of parametric PDEs based on convolutional au-
toencoders in Franco and Brugiapaglia (2025). This framework relies on recently proposed
convergence results for compressive sensing-based approximation in high dimensions by Ad-
cock et al. (2022b). For a review of practical existence theory, see Adcock et al. (2024). All
the practical existence theorems developed so far rely on the emulation of orthogonal poly-
nomials with neural networks (see Daws and Webster, 2019; De Ryck et al., 2021; Opschoor
et al., 2022) and are only applied to approximating Hilbert or Banach-valued functions rel-
evant to parametric PDEs or scalar-valued functions. In this paper, we extend the scope of
practical existence theorems by emulating Fourier basis functions and considering the case
of (non-parametric) PDE solvers.

1.3 Outline of the Paper

We briefly outline the organization of the paper. We start by illustrating the model problem
(a high-dimensional periodic diffusion-reaction equation), periodic PINNs and our main
theoretical result (Theorem 1) in §2. Then, we present CFC and adaptive lower OMP in
§3. §4 contains an extensive numerical study of CFC and periodic PINNs. The proof of
our convergence result is presented in §5. Finally, we draw some conclusions and describe
possible directions of future work in §6. Additional experiments investigating the numerical
impact of certain components of Theorem 1 are presented in Appendix A.
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2. Problem Setting

Notation. We start by recalling some standard mathematical notation that will be em-
ployed throughout the paper. We denote the d-dimensional torus by T¢, with d € N, where
T := [0,1]/ ~ and ~ is the equivalence relation on [0, 1] defined by x ~ y if and only if
x —y € Z. L*(T?%) denotes the space of square-integrable functions, equipped with inner
product (v, w) := [ v(z)w(x)de and norm ||v||2 = (v,v)1/2. Moreover, L>°(T%) denotes
the space of functions such that ||v||pe~ := esssupgepa |v(x)] < co. We also consider the
Sobolev spaces H¥(T?), k = 1,2 equipped with norms |jv||gn = (|Jv[|2, + HVUH%Q)I/Q
and [vllgz = (lv]|%: + [[V20]22)Y/2, respectively. Here V and V? denote the gradi-
ent and the Hessian operators, respectively. Moreover, |[Vv|[2, = [14||Vo(®)|3 de and
[V20]132 = [1a IV?0(2)[|F de, where ||- ||z is the discrete 2-norm and || - || is the Frobenius
norm. We will also consider the Sobolev spaces W*>°(T9), k = 1,2, equipped with norms
[vllwee == max{[jv]|ze, [Vo[Loe} and [[vllwz.c = max{||v]wiec, [V?0]| Lo}, respectively.
Here |Vv|[ze = esssupgerd |Vo(z)|lo and [|[VZv|[pe = esssupgepa max; j |(V2o(x))i;)-
C*(T?) denotes the space of k-times continuously differentiable functions over T¢. We de-
note the set of first n positive integers by [n] := {1,...,n}. The cardinality of a set X is
denoted as | X|. For a vector z € C", we define its support as supp(z) = {j € [N]: z; # 0}.

Model problem. Our model problem is a periodic diffusion-reaction equation over the d-
dimensional torus T¢. In this paper, we are interested in the scenario where d > 1.
Moreover, we consider the following steady-state, periodic diffusion-reaction equation as
our model problem:

~V - (a(x)Vu(@)) + pu(z) = f(z), Yz eT?, (1)

where u : T — R is the PDE solution, and the diffusion coefficient a : T* — R, the reaction
term p € R and the forcing term f : T¢ — R are assumed to satisfy

a € CH(TY), min a(®) > amin >0, p>0, and fe L*(TY). (2)

xzeT

These conditions are sufficient for the problem (1) to be well-posed (see, e.g., (Brugiapaglia
et al., 2021b, Proposition 2.1)) and guarantee that its weak solutions belong to the Sobolev
space H?(T?) (see, e.g., (Evans, 2010, §6.3)). Throughout the paper, we also assume f to
be regular enough for pointwise evaluations to be well-defined. Moreover, we define the
PDE operator

L)(x) == =V - (a(x)Vu(x)) + pu(z), Ve e T Vue H*(T?. (3)

Despite its simplicity, (1) is an interesting model problem since it shares the same second-
order diffusion term with more complex PDEs such as the Black-Scholes, Schrodinger and
Fokker-Planck models.

2.1 Physics-Informed Neural Networks (PINNs) with Periodic Layer

We start by illustrating the PINN setting adopted to solve the periodic high-dimensional
diffusion-reaction problem (1). First, we describe the Deep Neural Network (DNN) ar-
chitecture employed in the method, then illustrate the training strategy. The framework
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presented here will encompass both our main theoretical result (presented in §2.2) and the
numerical experiments in §4.

To enforce periodic boundary conditions, we consider an approach proposed in Dong
and Ni (2021). This is achieved by adding a C* periodic layer to the DNN as the first
layer. The periodic layer contains, in turn, two layers of width dl, for some [ € N, denoted

as q) = (qg))ie[d},je[l} and v@ = (Uz‘(?))ie[d},je[lb respectively. The neuron qz-(;)

operates
on the ith component of the input vector & € R% and applies a cosine transformation to
enforce periodicity while adding a phase shift parameter ¢;;:
1 . .
qgj)(ac) = cos(2mx; + ¢ij), Ve € R Vi [d],Vj €|l (4)
where ¢ = (¢ij)ic(q],jel] € R% are trainable parameters and [ controls the number of neurons

per dimension. Then, the neurons in v collect the outputs of the corresponding nodes
in ¢, and apply an affine transformation and (possibly nonlinear) activation function
o@ R 5 R e,

v (z) = @ (diag(w(2))m + b(2)> , Ve € RY, (5)

where w® and b® are di-dimensional vectors of trainable parameters and diag(w®) is a
dl x dl matrix with w® on the main diagonal and zeros elsewhere. After the periodic layer,
the DNN has h € N traditional hidden layers having width w € N. Each of these takes the
output of the previous layer as input and applies a trainable affine transformation and a
componentwise activation function o to it. These hidden layers are denoted by

R if k=3

. )
RY  otherwise

v () = W WW g+ b*)), v e { Vk=3,...,h+2, (6)

where the weight matrix W®) is w x dl if &k = 3 and w x w otherwise, b*) € R and
o) . RY — R%. §4.2.3 discusses the selection of the hyper-parameters ! (number of
neurons per dimension in the periodic layer), h and w defining the DNN architecture. The
last hidden layer of the network v("*+2) activates linearly into one output neuron so that the
output of the network is scalar-valued. That is,

v ") () = Wz, Ve e RY,

where W"+3) is 1 x w. In this paper, we consider componentwise activations o®) of the
(k)

form o (x) = (a§k) (zj)), where o, could be either a linear activation (i.e., a§k) (x) = x)

or a nonlinear activation of the following two types: the hyperbolic tangent (i.e., a§k) (z) =
tanh(z)) or the Rectified Power Unit (RePU), defined by

RePUy(z) := max{0,2'}, feN. (7)

Note that when ¢ = 1 the function RePU, is the Rectified Linear Unit (ReLU). In our
numerical experiments (see §4) we will consider tanh activations. However, RePU and
linear activations will be used to derive our theoretical result (see §2.2).
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Figure 1: Architecture of the neural network with the periodic layer (d = 2). The number
in superscript represents the layer number. In this case, h = 3 and depth(¢) = 7.

In summary, we consider DNNs ) : R? — R of the form

b = o) 6 1 H2) o 4 o gD,

Fig.1 depicts the architecture of a DNN with periodic layer in dimension d = 2. We also
define the depth and width of the network as

width(¢) = max{dl,w} and depth(¢)) =h+4, (8)

where we included the input and the output layer in the depth count.
The DNN 9 (x) is then trained to approximate the solution u(x) of the high-dimensional
PDE. Given collocation points drawn independently and uniformly at random from T¢, i.e.,

T1,..., T, i Uniform(T¢), (9)

the parameters ¢, w®, W& k) of the DNN are learned by minimizing a regularized
Root Mean Squared Error (RMSE) loss, i.e.,

win | = 3~ L2l (a) — ()l + ARG, (10)
=1

where . is the PDE operator defined in (3), A > 0 is a tuning parameter, and R is a regular-
ization term that usually involves the £2- or £!-norm of the networks’ weights (corresponding
to the weight decay or sparse regularization strategies, respectively). Minimizing the loss
function (10) corresponds to finding the network ¢ that minimizes the PDE residual at the
collocation points in a (regularized) least-squares sense. In the general PINN setting for
solving stationary PDEs, the loss function usually consists of the sum of two components:
the first one aims at minimizing the PDE residual (like in (10)) and the second component
enforces boundary conditions. However, in our setting the periodic layer forces 1 to be
periodic, hence automatically enforcing boundary conditions. For this reason, the training
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loss does not contain a boundary condition term. The loss is then minimized by stochastic
gradient descent methods. More technical details on the training procedure can be found in
§4.2. We conclude by noting that other losses different from the RMSE can be considered
for the PDE residual minimization. These include losses based on, e.g., LP-norms (Wang
et al., 2022) or Sobolev norms (Son et al., 2021). Here we limit our attention to the regular-
ized RMSE loss for the sake of simplicity and also because our main theoretical result holds
for this loss. The presence of the regularization term R will be crucial for our convergence
theorem, illustrated in the next subsection. In our numerical results we will train by simply
minimizing the unregularized RMSE (or, equivalently, unregularized MSE) loss.

2.2 A Practical Existence Theorem for Periodic PINNs

Before presenting our main result, namely a convergence theorem for periodic PINNs based
on the framework of practical existence theory (Theorem 1), we need to introduce some def-
initions and further technical ingredients. In a nutshell, our main result shows that trained
periodic PINNs are able to achieve the same accuracy as a sparse Fourier approximation of
the PDE solution using a training set of collocation points whose size scales logarithmically
or, at worst, linearly with the dimension d. This is a natural choice given the presence of
periodic boundary conditions in (1). In addition, we will require some technical conditions
on the PDE coefficients a and p.

Target accuracy: sparse Fourier approzimation. The elements of the L?-orthonormal Fourier
basis are defined as

F,(x) = exp(2riv -x), Vv eZ% Vx e T (11)

In particular, we will focus on sparse Fourier approximations supported on hyperbolic crosses
(see, e.g., Dung et al. (2018); Temlyakov (2018) and references therein). The hyperbolic cross
of order n is a multi-index set of Z¢ defined as

d
Aggz{ueZd:H(l/ﬂ—kl)Sn}. (12)

k=1

The hyperbolic cross is a convenient choice in high-dimensional approximation since its
cardinality grows moderately with respect to d and n when compared to other standard
multi-index set choices such as the tensor product and the total degree sets, see, e.g., (Adcock
et al., 2022b, §2.3). Specifically, the following upper bound on the cardinality of the hyper-
bolic cross holds (see Kiihn et al. (2015); Chernov and Dung (2016), and also Eq. (2.10) in
(Wang and Brugiapaglia, 2024)):

IALS| < min{4n®16%, e2n?Toe2(D)}, (13)
In order to leverage the CFC convergence theory needed for our practical existence
theorem, we consider a rescaled version of the system {F} },czq4, defined by

1

= F,, YweZzd, 14
2 wlE T pa " (1)

v

9
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where ag = (a, Fo) = [raa(z)dz. As explained in detail in §5.1, this rescaling ensures
that {Z[V,]},eza is a bounded Riesz system (Brugiapaglia et al., 2021a) of L2(T%) under
sufficient conditions on a and p, see (16) and (17) below, which is a crucial property needed
to show the convergence of the CFC method. To gain some intuition about this rescaling,
consider the simple case of constant diffusion a = 1. Applying the PDE operator to the
rescaled Fourier system yields .Z[¥,] = (—A + p)¥,, = F, for all v € Z%. In this simple
scenario, {Z[¥,]},cz¢ is a bounded orthonormal system and, as such, is ideally suited for
compressive sensing, (see Foucart and Rauhut, 2013, §12).

In this setting, we consider a finite-dimensional truncation of the solution u to a finite
multi-index set A C Z¢ (expressed with respect to the rescaled Fourier basis), i.e.,

ur =Y oW, with ¢, = (4x°|[v|[3 + p/ao) - (u, Fu), (15)
veA
and let ¢y = (cy)pen € CV, where N = |A|. An s-sparse approximation to u is then

obtained by only keeping s terms in the expansion (15). In general, we recall that a vector
is said to be s-sparse if it has at most s nonzero entries. The best possible accuracy of such
an approximation is measured by the best s-term approzimation error, see (Cohen et al.,
2009) and references therein, defined as

os(ea)p = zrél((i:I}V {llen — z||p : z is s-sparse} .

Sufficient conditions on the PDE coefficients. We also introduce a technical condition on
the PDE coeflicients a and p necessary for the convergence result. We consider diffusion
coefficients a : T¢ — R having a sparse Fourier expansion, namely,

a=ag+ Z ayFy,, with ay, = (a, F,), Vv eTU{0}, (16)
veT

for some T C Z%\ {0}. In our main result, we will assume that a and p satisfy the following
assumption:

VITT - lla = aol| <\/(ao+p)2+a%—(ao+p). (17)

472 42

Note that in the case of constant diffusion (i.e., a = ag) the condition above is always
satisfied under (2). In general, condition (17) controls the oscillatory behaviour of a. We
emphasize that the sparsity of a and condition (17) are sufficient for our convergence the-
orem to hold, but we do not claim (nor believe) they are necessary. We also observe that
our analysis does not take into account the potential sample complexity needed to estimate
the term ag = [;4 a(z) da. In order to check the validity of condition (17), one needs direct
access to this quantity. If it is not already available, the extra samples needed to compute
it via, e.g., Monte Carlo quadrature or other high-dimensional integration methods would
have to be taken into account.

We are now in a position to state our main result, which provides the existence of a
class of trained neural networks with architecture of the form described in §2.1 able to
approximate the solution to (1) with accuracy comparable to that of an s-sparse Fourier
approximation with high probability.

10
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Theorem 1 (Practical existence theorem for high-dimensional periodic PINNs)
Given a dimension d € N, target sparsity s € N, hyperbolic cross order n € N, RePU power
¢ e N, with £ > 2, and probability of failure ¢ € (0,1), there exist:

(i) a class of neural networks N of the form described in §2.1 with d-dimensional input
and 1-dimensional output layers, RePUy or linear activations, complex-valued weights
and biases, and such that, for all ) € N,

width(¢) < ¢/ - min {4n516d, e2n2Hlos d} -d-min{2%,n}, (18)
depth(v) < . (logy(n) + min{logy d, n}), (19)
(i1) a regularization function R : N'— [0, 00),
(iii) a choice of tuning parameter \ depending only on a, p and s,

such that the following holds with probability 1 —e. For all a : T* — R and p € R satisfying
(2), (16) and (17), let

m > c) s log? (cgi% - s) - (min{log(n) + d, log(2n) log(2d)} + log(¢ ™)),  (20)

A= Agg as in (12), and consider collocation points x1, ... %, randomly and independently

sampled from the uniform measure on T®. Then, every minimizer 1& of the training program

min | =3 |20l — f @)+ AR() (21)
i=1

satisfies

~ ~ slC u—u ,00
= Bz + 1A — p)u— )z < ) 2ol | @) <”A”W n Hu—uAHHa> .

Vs Ceae T
(22)
Moreover, if p < 1, we also have
~ og(CA )1 4 U — UA 2,00
=l < €8 P elf - (P2 ). @)

Here each constant depends only on the subscripted parameters. Moreover, the dependence
of each constant on d is at most linear (when present).

Proof (sketch) A complete proof of Theorem 1 is given in §5.2. It leverages the con-
vergence theory of CFC (presented and proved subsequently in §5.1) thanks to an ad hoc
construction of the network class N. The idea is to construct networks ¢» € N so as to
explicitly replicate linear combinations of Fourier functions {F} },ea supported on the hy-
perbolic cross A, recall (15). In this construction, only the last layer, corresponding to
the coefficients of the linear combination is trained. The rest of the network is explicitly
constructed to replicate (a suitably rescaled version of) the Fourier basis functions. In this
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setting, minimizing the regularized loss (21) where R(¢) is the 1-norm of the weights in
the last layer of the network v is equivalent to solving a sparse regularization problem,
specifically, a square-root LASSO problem (Adcock et al., 2019; Belloni et al., 2011), which
allows to rigorously connect periodic PINNs’ training with the CFC convergence theory (see
Theorem 8). |

We conclude this section by highlighting some important features of Theorem 1.

(i) Theorem 1 is called a practical existence theorem since, as opposed to standard neu-
ral network existence results such as universal approximation theorems, see, e.g.,
(Elbréachter et al., 2021) and references therein, it not only guarantees the existence of
neural networks (in this case, periodic PINNs) with favorable approximation proper-
ties, but also establishes that such networks can be computed by training a regularized
RMSE loss and provides a sufficient condition on the minimum number of samples (i.e.,
collocation points) for the training process to be successful.

(ii) One of the key benefits of Theorem 1 is that the minimum number of training sam-
ples m needed to successfully train a periodic PINN from the class NV to solve a
d-dimensional reaction-diffusion problem scales logarithmically (when d > n) or, at
worst, linearly (when n > d) in d. This indicates that periodic PINNs are provably
able to alleviate the curse of dimensionality.

(iii) As established by the error bound (22), the periodic PINN approximation accuracy
guaranteed by Theorem 1 is controlled by the best s-term approximation error os(cp )1
and by the truncation error u —u, (measured with respect to the W2°- and the H?-
norm). This accuracy is inherited by the CFC convergence result that Theorem 1’s
proof relies on (see Theorem 8). In this paper we do not assume that u belongs to
a specific function class, but we note that the best s-term approximation and the
hyperbolic cross truncation error could be bounded for functions satisfying suitable
mixed regularity conditions, see (Dung et al., 2018; Temlyakov, 2018) and the discus-
sion in (Wang et al., 2022, §2.3). In general, os(ca)1 can be estimated via Stechkin’s
inequality, see, e.g., (Adcock et al., 2022b, Lemma 3.5).

(iv) Theorem 1 also provides explicit bounds on the architecture of the periodic PINNs
from class NV. The networks’ depth scales logarithmically in the dimension d and the
networks’ width scales polynomially in d (note that n'°82¢ = ¢l°827)  for sufficiently
large d.

The main limitations of Theorem 1 and related open problems are discussed in §6. The
numerical impact of some of the theoretical ingredients of Theorem 1 is investigated in
Appendix A.

3. Compressive Fourier Collocation (CFC)

In this section, we illustrate the CFC method and its efficient numerical implementation via
adaptive lower OMP. For more details, we refer to Wang and Brugiapaglia (2024). Similarly
to §2.2, we consider a finite multi-index set A C Z¢, the rescaled Fourier basis {¥,},czq
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defined in (14) and a finite-dimensional expansion u of the form (15). Then, similarly to the
PINN approach, we collocate the diffusion-reaction equation (1) by means of Monte Carlo
sampling. Hence, we randomly generate m i.i.d. uniform points 1, ..., x,, € T, as in (9).
Letting N = |A|, we assume to have an ordering for the multi-indices in A = {v1,...,vn}
(e.g., the lexicographic ordering). The PDE collocation process leads to the linear system

Az =0, (24)

where A € C™*N and b € C™ are defined by

1 1

AZ] = ﬁ[—v . (OLV\I/,,J.) + p\I/,/]}(wz) and bz = ﬁ

We refer to A as the CFC matrix. This collocation method is compressive since we choose
m < N. This makes the linear system (24) underdetermined.

Computing the CFC solution. Following the approach in Wang and Brugiapaglia (2024), a
CFC approximation @ to u can be computed by approximately solving the underdetermined
linear system (24) via sparse recovery techniques. Therefore, we need to determine (i) a
suitable truncation multi-index set A and (ii) a sparse recovery method to approximately
solve the linear system (24). In this paper, the truncation set A is chosen as a hyperbolic cross
of order n, i.e., A = Agg, recall (12). The hyperbolic cross offers a twofold advantage. First,
as discussed in §2.2, the cardinality of Agg grows moderately in n and d when compared
to other standard multi-index families (e.é., tensor product and total degree set). Second,
a hyperbolic cross can be characterized as the union of lower (or, equivalently, downward
closed or monotone) sets of a given cardinality (cp. Definition 2).

After fixing A, we compute an approximate solution é = (é,)yea € CV to the un-
derdetermined linear system (24). To do so, we employ sparse recovery techniques, such
as Orthogonal Matching Pursuit (OMP) or ¢! minimization (Foucart and Rauhut, 2013).
Finally, we define the CFC approximation as

i=> &0, (26)

veEA

In Wang and Brugiapaglia (2024) it was shown that @ is an accurate and stable approx-
imation to w for high-dimensional diffusion equations, under sufficient conditions on the
diffusion term and for a number of collocation points that scales only logarithmically with
the ambient dimension d. In Theorem 8, we will extend the CFC convergence analysis from
Wang and Brugiapaglia (2024) to diffusion-reaction problems. From the computational
viewpoint, if one wants to compute a very sparse CFC approximation to the solution wu,
then OMP typically offers a faster reconstruction than solving an ¢! minimization problem
via a convex optimization solver.

3.1 Adaptive Lower Orthogonal Matching Pursuit (OMP)

For very high-dimensional domains (say, d > 20), the cardinality of the hyperbolic cross, de-
spite being moderate with respect to other multi-index choices, becomes considerably large.

13
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This can make storing A and computing ¢ genuinely challenging. To deal with higher di-
mensions, we need a more efficient recovery procedure that does not rely on choosing a large
a priori truncation set A, but constructs it iteratively. This can be achieved by considering
a reconstruction strategy called adaptive lower Orthogonal Matching Pursuit (OMP), that
we now illustrate. The adaptive lower OMP algorithm presented here is based on analogous
techniques employed in adaptive high-dimensional approximation, in particular in sparse
grids (Gerstner and Griebel, 2003) and least squares methods (Migliorati, 2014, 2019).

First, we define the notion of lower set. Lower sets are an important class of multi-index
sets in approximation theory and we refer to, e.g., Cohen and Migliorati (2018) or (Adcock
et al., 2022b, §1.5) and references therein for further reading. Note that for polynomial
approximations, lower sets are typically defined in Ng. However, since we employ the
complex Fourier basis here we consider lower sets in Z%. Before defining lower sets, we
introduce a convenient notation to compare multi-indices of Z¢. For p, v € Z%, we use
p =< v to indicate that |u;| < |v;| for every i € [d]. Moreover, if g < v and there exists an
i € [d] such that |u;| < |v;], then we say that p < v.

Definition 2 (Lower set of Z?) A multi-index set A C Z? is said to be lower if the fol-
lowing holds for allv € A and p € Z%: if p < v, then p € A.

An example of a lower set is given in Fig. 2 (blue dots). An equivalent condition for A C Z¢
to be a lower set is the following: if v € A, then the box []¢_,[~|vkl, [vx]] € A. Note that
lower sets of Z% are symmetric with respect to all coordinate hyperplanes {v € Z% : v, = 0},
with k& € [d]. This symmetry can be justified as follows. For real-valued solutions u : T — R
one could employ a real Fourier expansion with respect to basis functions of the form
szl &e(2mvgay), where &, € {sin,cos} and v € N&. It is a simple exercise to verify
that the complex Fourier expansion of each of these real-valued trigonometric functions is
supported on a set symmetric with respect to every coordinate hyperplane.

In order to create a mechanism able to iteratively enlarge a multi-index set while pre-
serving the lower set structure, we introduce the notion of reduced margin.

Definition 3 (Reduced margin) The reduced margin of a (nonempty) lower set A C Z¢
is the multi-inder set R(A) := {v € Z% : v ¢ A andVu < v, u € A}. Moreover, we let
R(0) :={0}.

We provide an illustration of the reduced margin in Fig. 2 (red dots). A key property of
the reduced margin is that if A C Z% is a lower set and v € R(A) then AU {u € Z% : || =
|vi|, Vi € [d]} is also a lower set.

The adaptive lower OMP algorithm is a structured variant of OMP, see, e.g., (Foucart
and Rauhut, 2013, §3.2) and references therein, with the only difference that the greedy
search is restricted to iteratively enlarged lower sets. The algorithm generates a nested
sequence of lower sets ) = A C AM C ... € A¥) and then computes a sequence of
least-squares solutions z(™ to the linear system (24) such that supp(z(")) C A At each
iteration, adaptive lower OMP extends the existing multi-index set A,, by picking an element
v € R(AM) corresponding to the largest absolute residual [(A*(b— Az(”)))u}. Then, it
also adds all reflections of v with respect to the coordinate hyperplanes {vezd:y, =0}
to preserve the lower structure. The greedy selection criterion of adaptive lower OMP
(Line 5 in Algorithm 1) is illustrated in Fig. 2. The method is summarized in Algorithm 1.
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Figure 2: Illustration of the greedy selection criterion of adaptive lower OMP (Line 5 in
Algorithm 1). Considering a given lower set A(™ c Z? (blue), its reduced margin
R(A™) is drawn in red. If the quantity |A*(b — Az(™),| is minimized at v =
(3,1), then A1 is constructed by adding the red circled dots to A,

Algorithm 1 Adaptive lower Orthogonal Matching Pursuit (OMP)

Require: A € C™*N_ b e C™, and number of iterations K € N

Ensure: A K-sparse vector ¢ € CV, approximately solving (24)

A0 =g, 200 =0,

: forn=0,..., K —1do

Compute the columns of A corresponding to R(A(™) (see Definition 3)

dy < />0 [Awl?, A < Aidy, for all v € R(AM™) (£2-normalize the new
columns of A)

5. v« argmax ‘(A*(b — Az("))),,‘ (greedy multi-index selection)
veR(A(M)
6 AMHD AW U {pezd | = ™), Vi € [d]}

7. 2zt « arg min {Hb — Az||3, supp(z) € A®HD
zeCN

: end for
9: é+ Dz8) with D = diag(d)

o]

4. A Numerical Study of CFC and Periodic PINNs

In this section, we present numerical experiments on the high-dimensional periodic diffusion-
reaction equation (1). After illustrating the numerical setup in §4.1, we conduct tests on
PINNs with periodic layer in §4.2 and the (adaptive) CFC method in §4.3. Then, we
compare the two approaches in §4.4.
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4.1 Numerical Setup

We start by introducing the setup of our numerical experiments.

Measurement of errors. In all numerical experiments, we use the relative L?-error to measure
the approximation error. It is defined as

Ju — | 12

relative L2-error =
[[wll 2

where @ is the computed approximation to an exact solution w. Computing the L?-norms
is a challenge in high dimension, therefore the norms || - ||;2 are approximated using Monte
Carlo integration, i.e.,

M
1
lullze = | 5= D a2,
=1

where the 1, ..., 2y are M > 1 random independent points uniformly distributed in T¢.
Throughout this section, we choose M = 10000.

Diffusion coefficient. As shown in Wang and Brugiapaglia (2024), the choice of the type
of diffusion coefficient (e.g., constant, sparse, or non-sparse) does not impact the numeri-
cal results for the compressive Fourier collocation method solving high-dimensional PDEs.
Thus, in all experiments, we use the following diffusion coefficient:

a(x) =1+ 0.25sin (272 ) sin (27z2).

Ezact solutions. In our experiments, we will consider the problems having the following
three high-dimensional functions as their solution:

ui(x) = sin(4mzy) sin(2mxs), (Example 1) (27)
ug(x) = exp (sin(27z1) + sin(27x2)), (Example 2) (28)

d
us(x) = exp (Z % sin(27r:ck)> . (Example 3) (29)
k=1

In the following, we will use Examples 1, 2, and 3 to refer to diffusion-reaction equations
with exact solutions given by (27), (28), and (29), respectively. Note that for any given
coefficients a and p, we will enforce the PDE to have a prescribed exact solution by suit-
able choice of the forcing term f. Here, u; is defined in terms of only one real-valued
trigonometric function. This corresponds to a 4-sparse solution with respect to the com-
plex Fourier system. Hence, in this case we have o5(cpy) = 0 and v — up = 0 as soon as
the truncation set A contains the four multi-indices (£2,4+1,0,0,...). Note, though, that
these four multi-indices do not form a lower set. The solution us is a smooth periodic
function active only in the variables 1 and zs. Hence, it exhibits a highly anisotropic be-
haviour. Finally, us is another smooth solution defined using all variables from x1, ..., x4.
The behaviour of this solution is also anisotropic and the solution is uniformly bounded by
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Example 1 Example 2 Example 3
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Figure 3: (Impact of the number of samples) Relative L?-error versus the number of epochs
for approximating the exact solutions defined in (27)-(29) with d = 6, where m
is the number of sample points.

exp(d>_pe, 1/k?) = exp(n?/6).

Randomization of experiments and visualization. Due to the random nature of collocation
points in the CFC and the periodic PINN method, we consider 25 random runs for each
test. However, for the experiments in §4.2.3, where we examine the effect of the architecture
on performance, we use 10 random runs for each width-depth combination. In our plots,
the main curves represent the sample geometric mean of the error, and the size of the
lightly shaded areas corresponds to its corrected geometric standard deviation. Note that
calculating the geometric mean and standard deviation of the errors is equivalent to compute
the classical mean and standard deviation of the log transformed errors. For more details
on the visualization strategy, we refer to (Adcock et al., 2022b, §A.1.3).

4.2 Physics-Informed Neural Networks

We run tests using PINNs to solve the PDE defined in (1) with the various exact solutions
from (27)-(29). For the experiments in §4.2.1 and §4.2.2, we use DNNs with = 11 nodes in
the periodic layer, depth h = 3 hidden layers, and width to depth ratio » = 10 so that the
networks have 30 nodes per hidden layer. Moreover, we consider a tanh activation in every
layer. In §4.2.3, we examine the impact of the architecture on performance by comparing
results obtained by varying the number of nodes on the periodic layer and on the hidden
layers of the fully connected part of the network, see Fig. 1. In this section, we train periodic
PINNs without regularization, i.e., we let A = 0 in (10). Moreover, we simply minimize
the MSE loss (which is equivalent to minimizing the RMSE in the non-regularized setting).
Additional experiments involving a regularized loss function can be found in Appendix A.

4.2.1 PERFORMANCE AND THE IMPACT OF THE NUMBER OF SAMPLES

We test the PINNs with the exact solutions defined in (27)-(29) and refer to them as
Example 1, 2, 3, respectively. Fig.3 presents the performance of the PINNs over 30000
epochs for each exact solution, with parameters d = 6, p = 0.5. The PINNs have 11 nodes
on the periodic layer and three non-periodic layers with 30 nodes each. We choose the
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commonly used tanh activation function and the Adam optimizer (Kingma and Ba, 2017)
with early stopping. We use this neural network to conduct all numerical tests except those
in §4.2.3. As shown in Fig. 3, the PINN model approximates all three exact solutions with
L?-error on the order of 1072 to 10~2 within the 30000 epoch training budget. Notably,
the error decreases rapidly in the first 10000 epochs and can be seen to saturate for the
remaining epochs. Also, in Examples 1 and 3, we see some small improvement in the error
as the size of the training set is increased, while for Example 2, we note that moving from
m = 2000 to m = 3000 points does not noticeably improve the error.

These differences in results obtained for our examples illustrate that the number of
samples needed to reach a minimum error varies depending on the complexity of the exact
solution. This difference in behaviour is not directly explained by Theorem 1. In fact,
Example 1 is the the easiest one to approximate in the Fourier basis as it is only a linear
combination of 4 Fourier basis functions, but it corresponds to the worst performance for
periodic PINNs. The difficulty in approximating Example 1 could be heuristically explained
by the presence of a higher frequency 47 (as opposed to 27) associated with the variable
x1. Yet, a rigorous explanation of this phenomenon remains an open problem.

4.2.2 IMPACT OF THE DIMENSION

We now consider the performance of PINNs in higher-dimensional settings. We present the
results for exact solutions with d = 6,10, 20 in Fig. 4. With 3000 sample points, the PINNs
approximate Example 1’s exact solution with relative L2-error on the order of 1072 when
d = 6. However, we observe that the error increases with increasing dimension with the
error for d = 10 above that for d = 6, while for d = 20 the PINNs do not converge at all
within the budget of epochs. Increasing the number of samples to 10000 (result in the top
right of Fig.4), the PINNs can be seen to be converging to the exact solution, saturating
at an identical error around 1072 in dimensions d = 6, 10, and 20 after 30000 epochs. This
highlights the dependence on the problem dimension in the number of samples required to
achieve a given accuracy. This can also be observed for Examples 2 and 3, where we see
that with fixed m = 3000 samples the error increases as the dimension increases.

As discussed in the introduction, we seek methods to solve high-dimensional PDEs which
overcome or substantially mitigate the curse of dimensionality. The experiments in Fig.5
aim to illuminate the relationship between the dimension of the problem and the number of
samples required to achieve a given error. There we plot the relative L2-error vs. the number
of sample points in d = 6,10, and 20 dimensions for each of our examples. We observe in
all three cases that the number of samples required to achieve a given error increases with
the dimension. However, focusing on the point at which the PINNs begin to saturate in
their relative L2-error, this scaling does not appear to be exponential in the dimension
which would certainly be the case if the method was not capable of mitigating the curse.
Rather, the scaling in the required number of samples appears to be approximately linear.
Comparing the results for all three examples when d = 6,10 and 20, we observe that the
number of samples required for the PINNs to reach saturation at relative L2?-error around
1072 roughly doubles moving from 6 to 10 dimensions and again moving from 10 to 20
dimensions. This empirical observation is in accordance with Theorem 1, which establishes
that m scales at worst linearly in d (see (20)). It is however worth stressing that PINNs are
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Figure 4: (Impact of the dimension) Relative L?-error versus the number of epochs for
approximating the exact solutions defined in (27)-(29) with (top left, bottom left,
bottom right) m = 3000 and (top right) m = 10000 samples, in d = 6,10, 20

dimensions.
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Figure 5: (Dimensionality and number of samples) Relative L?-error after 30000 epochs
versus number of sample points m for the exact solutions defined in Eq. (27)-
(29), where d = 6,10,20 are the dimension of the problem. Left: Example 1.
Middle: Example 2. Right: Example 3.

not able to reach very high accuracy (an L?-error of around 10~2 might not be considered
fully satisfactory by numerical PDE experts). This fact could depend on the optimizer or
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Figure 6: (Impact of the architecture) Left: Relative L2-error versus number of nodes in
the periodic layer. Right: Relative L?-error versus the number of hidden layers.
Different curves represent the different width-depth ratios of the hidden layers.
For both figures, we test the neural networks on Example 3, in d = 6 dimensions
using 5000 sample points, and the relative L2-error are measured after 30000
epochs.

the choice of architecture (one could consider more sophisticated options, such as networks
where hidden layers do not have constant width, or networks with residual layers).

4.2.3 IMPACT OF THE ARCHITECTURE

We also examine the impact of the neural network’s architecture on performance. Specif-
ically, we consider varying the number of nodes in the periodic layer and the width-depth
ratio 7 = w/h of the hidden layers. In Fig. 3 and 4, we see that the neural network approach
produces accurate convergence results in all three examples. We then naturally raise a ques-
tion: can a better choice of the hyper-parameters [, h, and r = w/h further improve the
accuracy of the neural network approach? To answer this question, we design experiments
by changing these hyper-parameters and testing the performance in Example 3. We change
the number of nodes in the periodic layer of the neural network in the left plot of Fig.6.
The results show that increasing the number of nodes beyond 10 in the first layer does not
improve the L2-error. The results for tuning the number of layers and the number of nodes
per layer for non-periodic layers are illustrated in the right plot of Fig.6. We observe that
adding more hidden layers to the fully-connected part of the network does not improve the
accuracy of the periodic-NN solution. However, we do observe larger standard deviation for
the choice of r = 3 for the width-depth ratio in comparison to the choices of r = 5, 10, 20.
We also observe diminishing returns in further increasing the ratio to r = 20 as the cost
of training increases due to the larger width of the network. Since we observe that the
relative L2-error is not sensitive to these hyper-parameters, we choose hyper-parameters as
stated at the beginning of §4.2. Analogous results hold for higher dimensions (we have run
experiments in dimensions d = 10 and 20), but they are omitted for the sake of brevity.
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Figure 7: (Number of iterations) Relative L?-error (blue curve, left y-label) and cardinality
(red curve, right y-label) of the lower set versus the number of iterations for
the exact solutions defined in Eq. (27)-(29). Other parameters include dimension
d = 6 and sample points m = 3000.

4.3 Adaptive Lower OMP Results

In this subsection, we represent numerical results for the adaptive lower OMP method
(Algorithm 1), including the convergence results and a comparison with the non-adaptive
Fourier compressive collocation method described in Wang and Brugiapaglia (2024).

4.3.1 NUMBER OF ITERATIONS

The lower OMP method is an adaptive method. On each iteration, the method adaptively
changes the size of the lower index set and outputs an approximation to the PDE solution.
As in the previous sections, we use the relative L?-error to measure accuracy. Here the size
of the index set directly relates to the computational cost of the lower OMP method. Hence,
we study the relative L2-error and the cardinality of the lower index set over the number of
iterations to measure the performance of the method. From the numerical experiments in
Fig. 7, we observe that for the different examples considered, the convergence rate and the
increments in the size of the index set vary substantially.

In the case of Example 1, once the algorithm discovers the index for the complex Fourier
basis function sin 47wz sin 279, then the L%-error decays to less than 10710, otherwise, the
approach does not converge. In this example, the visualization using sample geometric mean
can not fully describe the convergence behavior, so we also plot each run’s relative L?-error
using black data points. As the number of iterations increases, we observe the algorithm
is more likely to discover the correct Fourier basis function (i.e., more runs reach relative
L2-error below 1071%). However, even after 150 iterations, not all trials have converged to
the exact solution as we see that some data points are still near the top of the figure. This
suboptimal behaviour is not surprising since the multi-index set corresponding to the basis
function sin47x; sin 27xg, i.e., {£2e1 + es}, is not lower. Hence, Example 1 is not ideally
suited for the adaptive lower OMP setting.

The situation is different for the other two examples. Example 2 has only two activated
variables, and the coefficients satisfy a lower structure. The adaptive lower OMP method
successfully finds the appropriate two-dimensional lower set and converges to the exact
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Figure 8: (Comparison OMP) Relative L2-error versus the sparsity of the OMP solution
for the exact solutions defined in Eq. (28)-(29), Here dimension d = 6, and we
choose the hyperbolic cross multi-index set AZIS with n = 18 (cardinality = 3418)
as ambient space for the traditional OMP. 7

solution after 100 iterations for all trials. The cardinality of the lower set increases at a
slower rate in this example because the lower set only expands in the direction of x; and
2. For Example 3, the L?-error converges to approximately 1073 within 200 iterations. In
this example we also observe that the index set’s cardinality significantly increases because
the index set is being adaptively and anisotropically extended in all active dimensions.

4.3.2 COMPARISON WITH TRADITIONAL OMP METHOD

We now compare the performance for both the lower OMP and traditional OMP methods
in moderate dimension d = 6. We note that the traditional OMP method is not applicable
in higher dimensional problems due to the requirement of using an enormous index set.
On the other hand, the lower OMP method can produce results in problems as high as
d = 30 dimensions because it adaptively searches for the best index set (see §4.4 for more
lower OMP results with d = 30). Fig.8 compares the L?-error of the traditional and
the lower OMP methods with the same solution sparsity. Traditional OMP has a better
performance when the Fourier expansion of the exact solution is fully captured by the
traditional OMP ambient space (see, e.g., the left plot for Example 1). Otherwise, the
lower OMP method adaptively extends the index set using the existing residual data and
achieves better accuracy after more iterations (see, e.g., the middle and right plots for
Examples 2 and 3).

4.4 Periodic PINNs vs. CFC

In this section we compare the performance of periodic PINNs and CFC with adaptive
lower OMP recovery on high-dimensional test problems. To make a fair comparison, we use
identical sets of sample points as the training data for both methods. For the neural network,
we use 30000 epochs to examine the performance of the PINNs, which we empirically
observe allows for the networks to saturate on the training data. In the adaptive lower
OMP algorithm, the stopping criterion is set to be the size of the index set (which we recall
is also an indicator of the computational cost). We choose this size to be greater than half of
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Figure 9: (Comparison) Relative L2-error versus the number of sample points m for the
exact solutions defined in Eq. (28)-(29), Here dimension d = 30, number of sample
points m = 3000. The neural networks have the same structure as in §4.2 and
the relative error is measured after 30000 epochs. The cardinality of the index
sets in the Lower adaptive OMP is constrained to be less than or equal to m/2

the number of sample points. As illustrated in Fig. 9, the adaptive lower OMP method has
advantages in discovering the underlying anisotropy of the high-dimensional functions, see,
e.g., the results in Examples 2 and 3 where the function is inactive in most variables or when
the coefficients satisfy a lower structure. The adaptive lower OMP method captures the most
important terms in Example 2 as the number of samples reaches 1000. In all three cases,
the neural network accurately approximates the solution as the number of sample points
increases and reaches error approximately 1072 (Example 1) and 1073 (Examples 2 and 3).
In Example 3, the error of the periodic PINN reaches a plateau after approximately 2500
samples (see also §4.2). However, similar to Example 1 in Fig. 8, the lower OMP method
struggles to converge for Example 1, while the periodic neural network provides slightly
better average relative L?-error at 8000 sample points with tighter spread in the standard
deviation over the trials. In summary, CFC can achieve much higher accuracy than periodic
PINNs (gaining from 1 to 8 orders of magnitude), but its performance depends on the
sparsity properties of u. On the other hand, periodic PINNs are able to achieve a consistent
accuracy level (1072 relative L2-error) on all examples. Note that this phenomenon is not
explained by Theorem 1. While a possible cause for this behavior is the use of stochastic
optimizers for PINNs’ training, a rigorous understanding of it remains an interesting open
problem.

5. Proof of the Practical Existence Theorem

In order to prove Theorem 1, we first extend the CFC Theorem of Wang and Brugiapaglia
(2024) to handle periodic diffusion equations with a reaction term in §5.1. This requires
first outlining the theory of bounded Riesz systems and forming a connection with the CFC
matrix and its corresponding Gram matrix. After illustrating this CFC convergence result,
we will show a proof of Theorem 1 in §5.2.
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5.1 Compressive Fourier Collocation for Diffusion-Reaction Problems

In this subsection we extend the CFC convergence analysis of Wang and Brugiapaglia (2024)
from diffusion to diffusion-reaction problems of the form (1). The general proof strategy is
to present sufficient conditions for the PDE coefficients a and p such that the CFC matrix
(25) is a random sampling matrix from a bounded Riesz system (Brugiapaglia et al., 2021a).
This step is the most technical aspect of the proof. The rest uses the existing framework
of sparse recovery in bounded Riesz systems whereby a sufficient condition on the sampling
complexity is chosen such that the CFC satisfies the robust null space property with high-
probability. From compressive sensing theory, we then obtain recovery guarantees for the
CFC approximation.

5.1.1 SOME PRELIMINARY FACTS

We start by recalling the definition of the bounded Riesz system. We restrict our attention
to Riesz systems in L?(T¢), although the definition can be extended to general Hilbert
spaces. Note in the following definition that ¢?(A;C) is the set of ¢-integrable complex
sequences, indexed by A, i.e., £2(A;C) = {z = (Z)veh  Dpen |z % < oo}.

Definition 4 (Bounded Riesz System) Let A C Z% 0 < bp < By < oo, and let
(2(A;C) denote the space of sequences z = (z,)pen with ||z]|a < co. A set of functions
{®,},en C L*(T9) is a Riesz system with constants by and By if

2
Z 2Py < B<I>HZH%7 Vz = (ZV>1/€A € 62(A; (C)
vEA 2

bal|z3 <

The constants by and Be are called lower and upper Riesz constants, respectively. Moreover,
the system {®y,},en is bounded if there exists a constant 0 < K¢ < 0o such that

@y || < Ko, Yo €A

Note that any L?-orthonormal system is a Riesz system with by = Bg = 1. In particular,
the Fourier system {F,},czq¢ is a bounded Riesz system with by = By = Ko =1
Recalling the definition (3) of .Z, we define

®, = L[V,], WveA, (30)

where {W¥, },cza is the renormalized Fourier system given in (14). To show that the system
{®,}ven defined in (30) is a Riesz system, it is convenient to consider its Gram matriz
G € CV*N where N = |A|, defined by

Gop = (Pu,®y), Yr,peA. (31)

We note in passing that, thanks to the normalization factor 1/4/m in (25), we have E[A*A] =
G (this follows from a direct computation and the fact that the random collocation points
Y1,.-.,Ym are independently and uniformly distributed over T¢). The significance of the
Gram matrix G relies on the fact that it yields the following norm equivalence:

2
Z P, = <Z Dy, Z c,,(I),,> =c'Ge, VeeCV. (32)

veA L2 veA veA
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Note that G is a Hermitian positive semidefinite matrix. Hence, it has only real nonnegative
eigenvalues. The Courant-Fischer—Weyl min-max principle implies that, if 0 < by < Bg <
oo are such that

bCD < )\min(G) < Amax(CTY) < B<I>7 (33)

then {®,}, e is a Riesz system with constants by and Bg. Hence, estimating the lower
and upper Riesz constants of {®, },eca corresponds to finding two-sided spectral bounds for
the Gram matrix GG. To obtain this type of spectral bounds, we will employ Gershgorin’s
circle theorem, see, e.g., (Horn and Johnson, 2012, Theorem 6.1.1), of which Lemma 6 is a
direct consequence. Here we state a useful corollary of the Gershgorin circle theorem.

Lemma 5 (Gershgorin’s circle theorem for Hermitian matrices) Let A € CN*V
be a Hermitian matrixz. Then, all eigenvalues of A lie in the real interval

min < A; — Z |AZ]| , max Ay + Z |A1J|
eI i ] i

Using the Fourier expansion (16) of a, it is possible to compute an explicit formula for the
entries of the Gram matrix G.

Lemma 6 (Explicit formula for the Gram matrix) Let A C Z¢, r, € C, with v € A,
be generic rescaling constants for the Fourier system such that V., = ry,F,,, and consider a
diffusion coefficient a € CY(T?) having Fourier expansion (16) with T = Z\ {0}. Then,
the elements of G admit the following explicit formula in terms of the Fourier coefficients
(ar)reza of a and the reaction term p € R:

G = w(wﬂ“ SN v+ IRt Nl B)arir b g+
TEZA T/€74

4 3 (vt A arbrre 472 Y (ot [l e )

Tezd T'ezd
for each v, p in A\ {0} and where 0, ,, denotes the Kronecker delta. Moreover,

Goo = r5p° and Gpo = Go, =0, Yv e A\ {0}. (34)

Proof Before proving the identity, we note that gradients and Laplacians of the Fourier
basis functions defined in (11) can be easily computed as

VE, = 2miv)F, and AF, = —4n?|v|3F,, Yv ezl (35)

Moreover,
FyFy=Fyip, Yv,peZ% (36)

To prove the desired formula for G, ;,, we expand the inner product in (31). Using the
above properties, the L%-orthonormality of the Fourier basis {F,},czq, and recalling the
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expansion (16) of a, if p is a constant, we see that

Gup = (Va-VV¥, +aA¥, — p¥,,Va- - VY, +aA¥, — p¥,)
= (Va- VU, +aA¥,,Va- -V, +aA¥,) + p*(T,, T,)
—p(Va-VV¥, +aA¥,, V,) —p(¥,,Va- V¥, +aA¥,)
= ZZ ((2imT) - (2imv) — 472 |v||3)ar Fr Uy, ((2in7") - (2imp) — 472 || a]|3) s Frr W)

+ (U, U,,) pz ((2inT) - (2imv) — 47%||v||3)ar Fr ¥, U,,)
S (W, (i) - (2impa) — A | palBars Frr W)

= 16m*run Yy Y (T v+ VIR -+ |l arie (FrFy, FrFu) + pruiulFy, i)

T T/

+arlpr, iy Y (T v+ W3 ar (FrFy, Fu) + 4oy Y (77 g+ | pl13)@r (Fu, FrrFl)

T d

= T (16”4 DD v+ IR - p B artr S + 000

T T/

472 37 v+ [VIB)orSrsws + 5% 3t larsri )

T T/

where all the summations are over 7,7 € Z¢, and both v, p not equal to 0. Moreover, for
any v # 0, we have

Guo = (Va -V, +aA¥, — pU,, —p¥q)
= Z(((zm) - (2imv) — A ||y |2 ar Fr ¥, —pUg)

— 4223 (v v + [v|B)arp(Fr By, Fo)

T

= 47T2pZ(T vt ”V”%)QTP(STJW,O =0.

T

Similarly, one can show that Go, = 0, and Goo = p*(roFo, roFo) = r3p>. [ |

We also need an auxiliary result about norm equivalencies in H?(T%) that will be nec-
essary to derive the final error bound of Theorem 8. Letting [|u|* := [ull?2 + || Aul3,, the
following lemma shows that this norm is equivalent to the canonical H2-norm.

Lemma 7 The norms ||| and || - ||g2 are equivalent. Specifically, +/2/3||ullgz < [Jul| <
|ul| g2 for every u € H?(T?).
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Proof Let u(z) = Y, 74 cvexp(2miv - ) and recall that [|ul|3. = [lull3. + |[VulF: +
[V2ul|3,. Using Parseval’s identity, we have

2
d
[Vl = (27) / Z cpvpexp(2miv - x)| dx = (21)° > > ey Pkl
k=1 |vezd k=1vezd
=27 > lelPlv3.
vezd

Moreover, recalling that [|[V2u||7, = [14 [V?u(z)||F.dx and using Parseval’s identity again,
we obtain

2

d d
IV2ull3s = (2 / ZZ Zc,,l/kl/lexp@mu-a:) dx
k=

=1 |vezd
d d
ZZ Z v [P(rin)? = (2m)" Y e Plvlla.
k=11=1 vezd vezd
Now, observe that ||u|| ;2 = ||c[|2. Thus,

lulde = 3" lew2(1+ @m2Iw|3 + @n)'|v]3) = ¢ Die,

vezd
with Dy = diag((1 + (27)?||v|3 + (27)*||v||3),ez4). Moreover,
2

1Au]z2 = (2m)* /w Y clvlexp@riv-a)| de = (2m)* Y eIVl

Therefore,
Jull? = 3 Jeul2(0+ @m)*[vlid) = ¢ Dae.

vezZd

where Dy = diag((1 + (2m)*||v[|3),czq). Hence,

HU’H%—IQ _ C*ch _ d*D3d _ ZVEZd(‘D?))VaV’dVP < Sup((Dg) )
= = = > v,v)
llull*>  e¢*D2e d*d > vezd ld]? vezd

1
where we made the change of variable d = D3 ¢ and where

_1 1 1 271)2 2 271)4 4
Dy = 070,07 — o (2B L Ol
vezd

L+ (2m)* vl

In particular,

1+ 2m)? v} + @o)tv|d 3
sup ((D3)y,p) = sup (2m)7] ||24 ( 4) [v]l3 <3
vezd vezd 1+ (27‘() ”y”2 9
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The last bound is obtained by maximizing x + (1 4+ 22 + 2%)/(1 + z*) over R. Similarly,
we obtain the second inequality in the statement of equivalence from

Jlul? 1+ (2m)*||v |3 <1
2 = Sup 1 271)2 2 2m1)4 -
[ullfre — veza 1+ (2m)%||v]lz + (2m) v 3
This concludes the proof. |

5.1.2 CFC CONVERGENCE

We are now ready to illustrate our CFC convergence result. Its proof is based on the same
tools employed in Wang and Brugiapaglia (2024) and it is therefore an extension of the
analysis presented therein. Keeping the CFC setup of §3 in mind, in order to recover a
compressible solution é to the linear system (24), we utilize the Square-Root LASSO (in
short, SR-LASSO), see (Adcock et al., 2019; Belloni et al., 2011) and references therein, a
modified version of the original LASSO (Least Absolute Shrinkage and Selection Operator),
which lacks a power of 2 on the data fidelity term. The SR-LASSO is defined as

min {[|Az — b2 + Al|z[[}. (37)
zeCN

The main benefit of this formulation is that the optimal choice of the tuning parameter
A > 0 is independent of the noise level, see (Adcock et al., 2022b, §6.6.2).

Theorem 8 (Convergence of CFC for diffusion-reaction problems) Given a dimen-
sion d € N, target sparsity s € N, hyperbolic cross order n € N and probability of failure
€ (0,1), let A = AHC c 74 and suppose a € CY(T?) and p € R satisfy (2) and (16)-
(17). Then, the system {‘ID,,},,@\ defined in (30) is a bounded Riesz system in the sense of

Definition 4 with constants

b = (2a0 n ) B8 >0, (38)

a
Bu ||a|yH1+m+Lp+(20+ L3) B+ 8, (39)

where 3 = \/|T|||la — aolg1, and Ko = ao + B + ;2. Moreover, the CFC solution
in (26) approximating the high-dimensional periodic dzﬁuszon reaction equation (1), whose
coefficients ¢ are computed by solving the SR-LASSO problem (37) with A and b defined

as in (25) and with tuning parameter d( o/ Ba/s <A< d,(lp\/Bq>/s satisfies the following
with probability at least 1 — e if

m > c) s log? (c((;fz, - s) - (min{log(n) + d, log(2n)log(2d)} + log(¢™")),  (40)
then
~ ~ oslC U — UA ;00
Ju = all + 1A = )= @)e < Cf8- P g 0 (P2 ).
(41)
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Moreover, if p < 1, we also have

~ Os(CA U — UA 2,00
= alle < 0 PO o (T ) e

Here each constant depends only on the subscripted parameters. Moreover, the dependence
of each constant on d is at most linear (when present).

Remark 9 The above theorem holds for OMP recovery as well, under a sufficient condition
on the ratio by /Bg, see (Wang and Brugiapaglia, 2024, Theorem 3).

Remark 10 There is a gap between Theorem § and the corresponding result in the diffusion
setting (Wang and Brugiapaglia, 2024, Theorem 3.5). Namely, in the latter the diffusion
coefficient a can be nonsparse. FExtending Theorem 8 to allow for more general diffusion
coefficients is an open problem.

Proof Given sparse diffusion and reaction terms a and p as in (2) and (16)—(17), we deter-
mine that {®,}, ., is a bounded Riesz system using the explicit form of the Gram matrix
in Lemma 6.

Step 1: Riesz property. We find lower and upper Riesz constants by and Bg by establishing a
two-sided spectral bound for the Gram matrix G, recall equation (31). First, observing that
the first row (and column) of G only has one nonzero entry (namely, Goo), one eigenvalue
of G is Ggg = a%. To estimate the remaining eigenvalues, we use a special version of
Gershgorin’s circle theorem for Hermitian matrices, presented in Lemma 5, see, e.g., (Horn
and Johnson, 2012, Theorem 6.1.1) for the general statement. Using Lemma 6 with the
generic normalization, the diagonal entries G, with v € A\ {0} are given by

Guw =167 [* D (v + [[3)larl® + pPlr[* + 872 |r [*[|v|3pao
T€TU{0}

T- V‘*“”Hz) 2
a0+> + < ar 2] .
< Am?|v||3 Z V)3

7T

= 167" |v[|3]ry [

Using the Cauchy-Schwarz inequality and inputting the actual normalization used in (14),
we see that, for all v € A\ {0},

2
G
7|2 <a0 i p> < |7W|4 < |ry |2

4n?|v |3

CL% + LZ + ’a0|p + Z (HTHQ + 1)2 |a‘r|2
1674 272 =

which, in turn, implies

laolp

a‘O < ‘GVV| < ”a/HfI1 + 16 4 271'2 :

(43)

The inequality defining the upper bound can be proved as follows. Using the definition of
H'-norm, the differentiation properties (35), and the fact that the Fourier system {F,}, 74
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is L?-orthonormal, we obtain

d
2
lallf = | = Y P Y femarmP
L* reru{o} I=1 reTU{0}
= Jao? + Y (1+ @m2II7IB) lar? = a0l + Y (I7l2 + 1)’ lar?,  (44)
TeT TeT

which proves (43). To apply Gershgorin’s circle theorem, we now bound the sum of all off-
diagonal entries in the v-th row of G. Using Lemma 6 again, the definition of the Kronecker
delta, (34) and the fact that |r,| < 1/(472||v||3) < 1/47? for every v # 0, we obtain

Z |Gvu|: Z

neEA\{v} peA\{v}

rum(ww‘* S (r v W) (v — 1) ot [0l2) s
74

rp (=) v ) s+ 40 (0 ) s+ ) )|

S (e (o

2

TELD pneA\{v}
) (a—v) v
. 7)1 .
i X (M) e
pneA\{v}
p (v — ) -y ) _
+ — ———— 4 1) |ap_pl
w2 ( e -

peA\{v}

Using the Cauchy-Schwarz inequality |7 - v| < ||7]|2 - [|[v]|2 and the fact that ||u||2 > 1 and
|lv|l2 > 1 for all p, v # 0, we see that, for all v € A\ {0},

Yo 1Guu < Y (Il +Dlarl Y (Ir +v = pll2 +1) arso—yl

reA\{v} TeTU{0} peEA\{v}
P P _
+4W27€§;(\|r||2+1)|af|+WT;(HTMU =}
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Substituting 7/ = 7 + v — p (which implies 7/ # 7), recalling that (a, ), cza is supported
on T'U {0}, and separating the ag term, we obtain

Yo 1Gul< Y (rle+Dlar Y (HT'H2+1)!aT'H#Z(IITHfrl)IarI

peA\{v} TeTU{0} T/eTU{0}\{7} T€T
=laol D (I7ll2+ 1) lar| + Y (Irllz+Dlarl > (Il +1) lar|
T/'el TeT T/eTU{0}\{7}
P
To3 Z (I7ll2 + 1) |ar]
T
TeT
< 2lao| Y (I7'llz +1) lar| + > (I7llz + 1 lar| Y (I7l2 + 1) lar]
T'eT TeT T’'eT
P
+ 55 32 (lrlla + 1) o
TeT
2
P
— (2a0+ﬁ) ST (17 l2 + 1) lar| + (Z(HTHQH)M) .
T'eT TeT

Applying the Cauchy—Schwarz inequality, denoting ¢t = |T'|, and separating the ag term, we
obtain the bound

1/2
S (il + 1) lar] < Vi (Z (Irll2 +1)? \) <Vi(lalfn —a3) =5 )

TeT TeT

Combining the above inequalities yields

> 1Guul < (2ao+ )B+62 (46)

peA\{v}

Finally, applying the Gershgorin circle theorem on G' combining (43) and (46) and recalling
that p? is an eigenvalue of G, we obtain the Riesz constants

bo = af — (200 + 55 ) B— 57 > 0, (47)
Bq>=Haqu1—|—1g4+Lp+<2 0+ 503) B+ B (48)

We note that the positivity of bg is required for equation (40) to be well-defined and this is
assured by the sufficient condition (17).
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Step 2: Boundedness. To bound the essential supremum of the Riesz system, we use prop-
erties (35) and (36)

1ol = [[L V0] |1 = [| = V- (aVE) 4 pP [0
< ||Va- VO, | 1 + [|aAW, | oo + [|pPy | oo

. 2miv
< Z 2miTar Fr Ny dv + Z arFr + %
T€TU{0} dm ”VHQ Lee TeTU{0} 4m HVHQ
Lo oo
|7 v p
< Z 3 lar| + Z ]a7]+4 21,112
TeTu{0} HVH2 TeTu{0} 0 HVHQ
T -V
2 <‘||u||2’ i 1) el 4 g
TeTu{0} 2 2

Finally, applying the Cauchy inequality, equation (44) and the fact that ||v||2 > 1, we obtain

|- V| p
1@yl < ( 1) Jar 4 2
v > o g

TeTU{0}
p
§a0+Z(HrH+1)|aT|+4—7’;2§a0+,8+@. (49)
TeT

This proves that {®,},ea is a bounded Riesz system (Definition 4). Now, it remains to
show accurate and stable recovery guarantees for the problem (37). The machinery for this
is enabled by recent advances in sparse recovery for bounded Riesz systems (Brugiapaglia
et al., 2021a).

Step 3: Bounded Riesz property = error bound. The strategy is to pick a lower bound
on the sample complexity, such that A satisfies the robust null-space property with high
probability, and then appeal to the recovery bounds already supplied by the literature
surrounding SR-LASSO. We begin with a simple re-normalization of the compressive Fourier
collocation matrix, by letting A = A/ \/E We thus consider a rescaled version of the SR-
LASSO problem

¢ € argmin||Az — b|2 + A||z]|1, (50)
zeCN
defined as
¢ € argmin ||AZ — bl + A||Z| 1, (51)
2eCN

where z = /Bgz and A\ = A/vBg. The two minimizers are such that \/Bgé = ¢. An
inspection of the proof of (Brugiapaglia et al., 2021a, Theorem 2.6) reveals that condition

1,Bs})’ 1,B
m > co <max{b;q>}> K2slog? <8K%nlasz<};®}> log(eN), (52)
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where ¢y > 0 is a universal constant, is sufficient for A to satisfy the rNSP with constants
p=1/2 and v = 2Bg/bs and with probability at least 1 — /2.1
Note that condition (52) is implied by (40) with

max{1l, By}
o\

2
1,B
3) > K‘% and @ K(%max{b’ ¢’}’
P

a,p

= a,p =
and thanks to the upper bound (13) on the cardinality of the hyperbolic cross N = |A|.

Hence, we can apply (Adcock et al., 2022b, Theorem 6.29) with w = 1 and b = Aéy+e =
Acp + e, where

1 m
yielding the following coefficient recovery guarantee:
2 ~ JS(&A)l 1 C1
— <ecl—==+ = = 53
Je=enl < e 4 2 (Skea) el (5%

for constants ¢; = 2(1 + p)2/(1 — p) = 9 and c2 = 2(3 + p)v/(1 — p) = 28Bg/bs, see also
Eq. (6.15) from (Adcock et al., 2022b). Note also that Eq. (6.47) (Adcock et al., 2022b)
allows us to pick a specific range for A and, consequently, for A:

5 da, d?)
P

N —

<A<V Be—£ 54
\/g I = 0] \/g, ( )
where d((j,)) and d((f; are such that 0 < dg,)) < dﬁ[i), < (31;57 = 1:431%@' Finally, changing back

to the original variables, and inserting values for constants, we obtain

CIJS(CA)I 1 01\/B<1>

Ve +2¢?¢< N “2) lell2
_9osleas L[ 9 28VBa
=2l ) lel:

1€ —eall2 <

V/SA * bo
9os(c 1 9 28v/B
< 2zl 2 + 20 ) el
s 2\ UBedr | be
Thanks to the rescaling used in (14), we have (—=A + p)¥,, = F,, for all v € Z%. Hence,
for any v € H?(T?) such that v = Y, ;4 d, ¥, using Parseval’s identity, we obtain

(55)

(A =p)ollz = ldl2 and [v][r2 = [[Rd]]2 < (ao/p)l|d]2; (56)

where R = diag((ry),ez¢) With 7, = 1/(472||v||3 + p/ao) being the rescaling factors, and
where we used the fact that r, < ag/p for every v € Z%. Using the triangle inequality, we
see that

(A = p)(u = )|z < (A = p)(u—un)|L2 + (A = p)(us — @) 2
lu— a2 < flu—uallp2 + [lua — | 2.

1. Observe that the probability of failure (Brugiapaglia et al.,, 202la, Theorem 2.6) is
4exp —cp(bs/ max{1, Bs })*m/(sK3), for some constant cj > 0, and which is bounded by ¢ thanks to
(40).
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These, combined with (55) and (56) (with v = 4 —up and d = ¢é — ¢, ), imply the following
error bounds:

. 9 1 9 28v/Bg
I8 = )= )l < A = p)u = ua)lze + Srenhs + 5 (e + 2000 ) el

N ao 9 1 9 28v/ B
- < u— L - .
|lu—dlr2 < |lu—uallr2 + p <\/§U (ea)1 + 5 ( Bed, + b > HeH2>

Summing these two inequalities and observing that, thanks to Lemma 7, for any v € H?(T4),

(A = p)ollze +[vllzz < [Aullzz + 1+ p)llvllzz < V21 + p)llvll < V2(1 + p)llv]l g,

we see that

lw = al[r2 + [(A = p)(u—a)| 2 <

V2(1 4 p)||lu — up|| g2 + <1 + ?) (;JS(CAM +% <\/Biq>d1 + 28;{};) ||e||2> :
(57)

Step 4: Bounding the truncation error ||e|l2 and further simplifications. Following the
discussion of (Wang and Brugiapaglia, 2024, page 9) and the notation of (Adcock et al.,
2022b, §7.6.1), we define

lells = | = 3™ 12— unl (o) = Fxaie (L)
=1

Now, (40) implies m > 2slog(4/¢), giving the following bound for Ej gisc(-Z[u]) with prob-

ability 1 —e/2:

En00(Lu])
Vs

thanks to (Adcock et al., 2022b, Lemma 7.11), where Ej oo(ZLu]) = ||-Lu — up]| L~ and

Ep2(ZLu]) = || L [u—wunll| 2. Hence, (40) is sufficient so that both the rNSP and (58) hold
with probability 1 — e and we obtain

Braue(Z1]) < V3 ( i EA,2<z[u}>) , (58)

lell2 < V2 (”g v ‘Jg‘””““ Ll uAmp) , (59)

Now, we estimate the two error terms on the right-hand side. Note that, for 1 < p < oo,
and any v € H%(T9),

[Zv]llr = || = V- (aVv) + pv|| s
=| —Va-Vv—alAv+ pv|r»
< |IVa-Vo| e + ||[aAv|zr + [|pv|| Le- (60)
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1
Using the inequality ||v||; < d'"» |||, for all v € RY, we begin by analyzing the first two
terms. First, we see that

d
Oda Ov Oa Ov Oa ov
Va- Vol = —_— _— < max || — —_—
I Iz Z Oxy, Oxy, L kz Oxy, Oz || 1p — keld] || 0Tk || oo P O || 1
= max || — < |la )
keld) || Ok || oo (‘ Oy, )k:l 1 Il (%k e/ k=1,

1—1
< d" Hlallye ol

Second, we have

d d

U OQU 62,0 d
laAvlls < llaflze Z - _||aumz 2ol = lall (Ha >
k= T, k=1 TillLp Till e k=1]]1
d 1
<ol | (|55 2l ) = a el
xk Lr/ k=1{|y

The third term is more easily estimated as ||pv|[ze < ||pllze||v]lze < |IpllLee]|v|lw2.p. Alto-
gether, when p = oo, we have

12 ][ < [[Va - Ve + [laAovl|Lee + [|pv]lL < 2d]|allwre + [|pllzee) [[v]lw2.0, (61)
and, for p = 2,
12 [v] L2 < [Va - Vol 2 + laAvl| gz + [[pv] 2 < (2\/3||a||vv1woo + HP||L°°> [vll 2. (62)

Letting v = u — up and combining (58) with the above estimates yields

[l — uallw2
lellz < V2(llalwie + llpll L) ( + llu —uallg2 ) -

NG

Plugging the above bound into (57) leads to the recovery guarantee (41), where

cglg:9<1+“°>
’ p
1 ag 9 28y/Bs
c? :(1 >< > P o 41 21 + p).
wde =5 \ 1T N T T o) V2 (lallwr ol 1) +V2(1+ )

When p < 1, the bound (42) can be obtained by invoking Lemma 7 again and observing
that, for every v € H?(T?),

2
(A = p)ollez + vllze = [[Av][2 + (1= p)|lvll2 = (1 = p)lloll = (1 = p)\/;”UHHQ'

Combining this inequality with (57), we obtain (42), where

~

(1) (2)
,532 = __Cap and 0(54; b= 706“1”) .
2/3(1—p) @ = 21— p)
This concludes the proof. |
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5.2 Proof of Theorem 1

We proceed with a proof of the main result. For a summary of the general proof strategy,
we refer to the proof sketch after the statement of Theorem 1. Most of the technical efforts
will be devoted to constructing the class of periodic PINNs, A/ and bounding the depth and
width of its neural networks. This will allow us to leverage the CFC convergence theory
(Theorem 8) to derive the desired error bounds (22)—(23).

Construction of the network class N'. As explained in the proof sketch, we will construct
networks 1) € N able to produce linear combinations of the form (15). Letting N = |A],
this class is of the form

N = {¢:Rd—>C:w(w):zT@Z)A(m),zECN}, (63)

where p(x) = (Y (x))pea and v, is a network replicating the vth (rescaled) Fourier
function, i.e., ¥, = ¥,,, with ¥,, defined as in (14). The main task is therefore to explicitly
construct the networks 1,,. We will do so by composing different network modules, aimed at
producing more and more complex functions of the input variables & = (z;);¢(q, as follows:

1. First, using a periodic layer v(® o ¢V with v®)(z) = z (see §2.1), we will generate
univariate trigonometric functions sin(27z;) and cos(2wx;), for j € [d].

2. Then, through a network module viyig—smulti-freq; We Will compute univariate trig-
nometric functions corresponding to all the frequencies we need to generate func-
tions in the system {¥,},ca. These are given by cos(2mvzx;) and sin(27va;), for
vV € {—Vmax; - - - s Vmax} and j € [d], where

Vmax = max{|v;| 1 v = (l/j);-lzl eAN}=n—-1,
is the maximum absolute frequency of multi-indices in the hyperbolc cross A = Agg.

3. Finally, using a module vyiti-freq—na, We Will generate the rescaled Fourier functions
U, (x) through tensorization.

In summary, we have 1Yo = Unulti-freq—A © Vtrig—multi-freq © q(l). After constructing i, we
add a last linear layer with weights z' € R™¥ to generate linear combinations of the form
(15) (with ¢, = z,). Fig. 10 summarizes our network construction.

A key ingredient of the proof is the fact that neural networks with RePU activation can
exactly replicate products of real numbers. Specifically, for any ¢, k € N with £ > 2, (Adcock
et al., 2025, Lemma 7.3), which, in turn relies on techniques from (Opschoor et al., 2022;
Schwab and Zech, 2019), establishes the existence (along with an explicit construction) of a
feedforward neural network P*) : R¥ — R with RePU, activation able to exactly reproduce
the product of £ numbers, i.e.,

k
PO (21, .. xp) = ij, Vo = (acj)?:l e R
j=1
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[cos(—27Vmax®1)]
Sin(—27Vmax®1)

COS(2MVmax®1)
SIN(27MVimax®1)

cos(2mzy) :
sin(27ay) co8(—2TVmax®2) T
)

o 51 z
1 q(l) C'Ob(27T$2 Vtrig—multi-freq 5111(*271'Vmax£132) Umulti-freq— A \I/Vl (w) s
x=|: sin(27a,) | __treTmUEICd : _ Y(x) = E :ZV]\I/V:‘(E)
Jj=1

: COS(2MVmax®2) U, ()
cos(2mx4) SIN(27mVimax®2)
sin(2ma4)

€oS(—2Vmaxd)
SIN(—27Vmax®d)

COS(2TVmaxTd)
L Sin(QTerade) i

Figure 10: Summary of a generic network 1) € N.

Moreover, the width and depth of this network are such that
width(P®) < p{V .k and  depth(P®)) < p® . log, (k) (64)

where pél) > 0 depends on £ only and p? > 0 is a universal constant. Note that we will not

track the dependence of P*) on ¢ since this parameter is assumed to be fixed throughout
the proof. Before showing in detail how to construct the various modules composing ¥,
we establish a connection between the training of periodic PINNs in A/ and CFC approxi-
mation, which will yield the desired recovery guarantees.

CFC convergence theory = error bounds (22)—(23). To apply Theorem 8, we leverage two
important facts: (i) the spectral basis (14) is exactly replicated by the network i, and
(i) the weights of the last layer 2" € R corresponding to the coefficients of linear
combinations of the form (15), are the only trainable parameters of ¢. In this setting,
training the network v by minimizing the regularized RMSE loss in (21) with regularization
term

R(¥) = ||zl (65)

is equivalent to solving the SR-LASSO problem (37) with A and b as in (25). Hence, we
can simply apply Theorem 8 to obtain the desired conclusion.

The rest of the proof is devoted to illustrating the construction of the periodic layer
q(l) o v®? and the network modules Virig—smulti-freq A0d Umylii-freq—A 0 full detail.

37



BRuUGIAPAGLIA, DEXTER, KARAM AND WANG

Construction of ¥ (Step 1): the periodic layer. Recalling the notation introduced in (4),
we let [ = 2, with ¢;; = 0 and ¢;1 = —7/2, for ¢ € [d]. This leads to

cos(2rzy) | [cos(27mz1)] (1]
cos(2mxy — m/2) sin(27rz) s1
zeR— qV(x) = : = : = || eR™,
cos(2mxg) cos(2mxq) Cd
| cos(2mzg — 7/2) | | sin(2mag) | | 54 ]
where we have used the short-hand notation ¢; = cos(2wz;) and s; = sin(27z;). The

second layer within the periodic layer is a linear (identity) layer, i.e. v(®(z) = x. Hence,
in summary,

depth(v® 0 ¢M) =3 and width(v® o ¢V)) = 2d. (66)

Construction of ¥n (Step 2): the module Virig—ymulti-freq- 1O generate sine and cosine func-
tions at multiple frequencies given ¢;, s;, we first generate powers of ¢; via an inner network
submodule module viig—pow, and then apply multi-angle trigonometric formulas (see, e.g.,
Weisstein (2024)).

We start by presenting the inner module vrigspow,, Which constructs the powers of
cosine for a fixed dimension ¢. This is given by

-Cl- S; S;
1 1
S1
linear C; affine layer Ci powers G
> el —— | 2 | = pow,, (67)
restriction |[S;| xx+— Wx+b ? 7
cd .
sy : V.
L - _Ci_ _CZ max_

where the weights and biases in W € R#maxt2)x2 anq b € R¥max+2 and the network corre-
sponding to PO, are illustrated in Fig. 11. Note that this network contains both RePU
and linear activations, in accordance with (6). Recalling (64) and observing that consecu-
tive affine layers can be combined together without altering depth (since the composition
of affine maps is an affine map), the depth and width of this module are bounded by

Vmax

Width(Visigpow,) < 3+ Y width ( p(k)) <y 2 Y,
k=2
depth(vtrig—)powi) < depth (P(Vmax)) < P(Q) : 10g2(Vmax)a

where C > 0 is a universal constant (recall that pél) depends on the degree £ of the RePU
activation, whereas p(®) does not).

Now, the output pow, of Utrigﬁpowi(m) is transformed using multi-angle formulae (see,
e.g., Weisstein (2024)) to obtain univariate sine and cosine functions at multiple frequencies.
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------ .J 8 S
R ’ 1 1
W, b
: —|C c
c c?
0 1 0 Vmax — 1
o o 1 C C ma.
1 0 0 Vmax
W = b= L~ L & & n
10 0

Figure 11: Part of the network submodule v g spow, defined in (67), used to generate pow-
ers of cosine at dimension 1.

This corresponds to a linear layer

S; cOS(—VmaxZ;)
1 SIn(—Vmax ;)
pow, = i multi-angle
¢ formulae
: €08 (Vmax ;)
| cm | | Sin(Vmax®;) |

For the sake of completeness, we quickly review how to apply the multi-angle formulae in
this context. These formulae allow us to generate functions of the form cos(27vz) and
sin(27vx) from linear combinations of sin(27z) and powers of cos(2mx). In fact, for any
vV € {—Vmax, - - -, Vmax} and z € R, we have

cos(2mvx) Vzmi ( ><;> [cos(2mz)]"~20=9) = i a,g)cos (2mz), (68)

=0 j=0 k=v—|v/2]
for suitable values of a,(:) and where we have used the reindexing k = v — 2(¢ — j) in the
second inequality and |-| denotes the floor function. We can use the following analogous
formula for the construction of sine functions at multiple frequencies:

l(v+1)/2]

sin(2umz) = sin(2mz) Z Z <2Z N 1> <Z> [cos(2ma)]Y 2001,

Note that the multi-angle formula for sines does not need powers of sines but only powers
of cosines. The above formula can be replicated by combining a linear layer with a network
P® performing the product.

Taking into account the linear layer corresponding to the multi-angle formulae and the
fact that the generation of functions cos(27vz;) and sin(27vz;) must be repeated for each
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dimension i € [d], we obtain

Width(”trigﬁmulti-freq) =d- Width(”trig—)pow) < Cl : Pé ) -d- I/max,
depth(vtrig%multi—freq) = depth(vtrig%powi) + depth(P( )) S CQ : p( ) . IOgQ(Vmax)

for a universal constant Cy > 0.

Construction of ¥ (Step 3): the module Vmyiti-freq—A- The final module’s objective is to
generate the rescaled Fourier functions ¥, (x) in (14) given the output of Virig—smulti-freq (Z)-
Recall that each Fourier function is a product of complex numbers:

Fy(x) = exp(2miv - x) = H exp(2mivjx;) = H (cos(2mivjz;) + isin(2mivjz;)).
jEsupp(v) j€Esupp(v)

In particular, the generation of F,,(x) involves the product of ||v||o complex numbers whose
real and imaginary parts are given by the outputs of ¥iig—smulti-freq(€). Moreover, since
veA= Agg, we have

d
H|uj|+1 [ (yl+n=2rl — v <logn. (69)
Jj=1 jé€supp(v)

Therefore, computing each F,, (x) requires at most min{d, log, n} products.

Now, we describe how to compute products of complex numbers using RePU networks.
We would like to compute H§:1 zj for zj = x; +1y; € C for generic values zj,y; € R. To
do so, we first find explicit formulas for the real and imaginary parts of this product:

ﬁ _ﬁ (w5 +iy;) = Z ijt iyy) I = Z Ll 115t Hmjt 1—jt

jefo,1}k t=1 je{o,1}k

k k
E—llglly . k HJHl 1
= E (—1) 2 .,E,Ztyl Jt +3 - § _ | |x]t 1—j¢

FE{0,1}* =1 je{o,l}’“
k=[l7llx even k—[3ll1 odd
—RB(H] 1%5) :Im(nﬁzlzj)
This shows that Re(H ", zj) and Im(H;?:l z;j) can be computed as linear combinations of
2% products of k real numbers. These correspond to the terms Hf lxitytl ]t, where we
observe that

L e ifjp=1

wfyy =

ye it je =0.
Hence, we can compute products of k complex numbers zi,...,z; via a RePU network

P((:k) : R?* — C that takes the real and imaginary parts of the complex numbers Zj as
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inputs and constructed by stacking 2 copies of P%*) atop, adding a linear layer realizing
the linear combinations above, and a final linear layer with complex weights [1 z]

Tl
Y1 k k . ; k k
| 2% copies e 1—js linear | 1€ Hj:l Zj [1 l] )
| H Gt Th — . — Re H zj | +iIm H Zj
of PV |3 ; p e m (52 2 =1 =1
Tk = je{o,1} j= J j=
LYk ]

Therefore, recalling (64), we obtain

width(PM) = 25 . width(P®) < Cy - p{V - 2%
depth(PM) = depth(P®) + 1 < €y - p@ - log, k,

for come universal constants C3,C4 > 0. To conclude, the module vyyti-freq—na 1S such that

. cos(2mvx;) (Ivllo) [ |cos(2mvjz;)
Umulti-freq—A <|:Sin(27ﬂ/l’j) Tv P(C Sin(27Tijj) jesupp(®) N
ve
- TI/FIJ (CC),

:|je[d],VE{—Vmaxr-meaX})

where r, = 1/(47%||v||3+ p/ao) as desired. Note that the networks P(é”VHO), with v € A, can
be stacked using a construction analogous to that of Fig. 11. Also observe that for v = 0

we simply let Péo) = 1. In addition, the multiplication by the rescaling factor r, can be
realized by modifying weights in the last layer (we don’t need to add a P® module because
ry is independent of x). In summary, recalling that N = |A| and using (69) and the depth

and width bounds for P(én), the architecture bounds for the whole network module are

Width(Vmutti-freqsa) = Y width(PUY1V) < N - widen (B8
veA

< pgl) -C3 - N -min{2% n} - min{d, logy n}
depth (Vimuiei-freq-»1) = max depth(PUF10)y = depth(PI™™42" Dy < ¢y - p@ - log, (min{d, 2"}).

Final architecture bounds for . Combining the architecture bounds obtained for each
network module in Steps 1, 2 and 3, and recalling that 1 (x) = z "¢ (x), we obtain

width (¢) = max {Wldth(v(2) © q(l))7 width (Utrig%multi—freq) ) width (’Umulti—freq—HX)}
< max {2d7 Cq 'py) d- v pél) -C3 - N -min{2% n} - min{d, log, n}}
< min {4n516d, e2p2tlos: d} . cg)) - d.

Using the hyperbolic cross cardinality bound (13), we see that

width (¢) < Cs -pél) - min {4n516d, e?n?tloe d} -d-min{2? n},
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for some universal constant C5 > 0. Moreover,
depth (7/)) = depth('v@) o q(l)) + depth (vtrig%multi—freq) + depth ('vmulti—freq—>A) +1
< Co - p? - (logy(n) + min{log, d, n})

where Cj is a universal constant. Letting cl(zl) =C5- pgl) and ¢ = Cg - p? yields (18) and
(19) and concludes the proof. |

6. Conclusions and Open Problems

We have shown a new convergence result for PINNs (Theorem 1) in the form of a practical
existence theorem for the numerical solution of high-dimensional, periodic diffusion-reaction
problems. This result establishes the existence of a class of periodic PINNs able to achieve
the same accuracy as a sparse approximation method (namely, CFC) and using a number
of training samples that scales only logarithmically or, at worst, linearly with the PDE
domain’s dimension d. The mild scaling of the sample complexity with respect to d is nu-
merically confirmed through experimentation (see Fig. 5). Our practical existence theorem
relies on a new CFC convergence result for diffusion-reaction problems (Theorem 8) and an
explicit construction of periodic PINNs able to replicate the Fourier basis. We have also
experimentally confirmed the robustness of periodic PINNs to solve high-dimensional PDEs
with respect to the network hyperparameters. Finally, we compared periodic PINNs with
CFC, showing that the latter could achieve much higher (but, sometimes, worse) accuracy
than the former depending on the sparsity properties of the PDE solution. On the other
hand, the performance of periodic PINNs is numerically observed to be consistent across
the three examples considered (see Fig. 9).

We conclude by mentioning some gaps between theory and practice and open problems
for future research. First, Theorem 1 relies on RePU or linear activations and not on more
standard ones such as ReLLU or tanh. The main reason to work with RePU activations is
that they allow to exactly replicate products and, hence, using the construction illustrated
in §5.2, Fourier functions. The argument of Theorem 1 could be generalized to more general
activations, such as ReLU or tanh. In that case, however, products (and, hence, Fourier
basis functions) could only be approximated and not exactly replicated. This issue could
be handled, see (Adcock et al., 2024) and references therein, but it will introduce nontrivial
technical difficulties due to the fact that one would have to deal with an approximate CFC
matrix, whose error with respect to the true CFC matrix should be carefully controlled in
the analysis.

Another important aspect is the presence of sufficient conditions (16) and (17) on the
PDE coefficients a and p in Theorem 1. These are inherited by the CFC convergence analysis
(Theorem 8) and are an artifact of its proof. It was shown in the diffusion equation case that
these conditions are sufficient but far from being necessary, see (Wang and Brugiapaglia,
2024, §4.4). This can also be seen by observing that, for p # 0, problem (1) with coefficients
(a, p, f) is equivalent to the same PDE with coefficients (p~'a, 1, p~!f). This invariance to
rescaling by p is not inherited by condition (17). This is likely to be the case in the diffusion-
reaction case as well since the convergence analysis is based on the same argument.

The optimal network 1& of Theorem 1 is assumed to be trained by ezactly minimizing a
regularized RMSE loss. Of course, this is not what happens in practice, where the loss is
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usually only approximately minimized using a stochastic gradient descent method. Taking
into account the error introduced by the training algorithm in the analysis is an important
open question. Moreover, only the last layer of 1,2 is trained, whereas the previous layers are
explicitly constructed. This gap between theory and practice is an intrinsic limitation of the
argument that Theorem 1 relies on. Other types of training loss could also be considered.
The regularized loss (10) considered in this paper is of the square-root LASSO type, which
has the advantage of having an optimal choice of tuning parameter A independent of the
noise corrupting the samples. However, finding this optimal value in practice through e.g.,
cross-validation could be more challenging than using a more standard LASSO-type loss
(obtained by replacing the RMSE data-fidelity term with an MSE one in (10))—see Adcock
et al. (2019); Berk et al. (2024). The theory could be extended to a LASSO-type loss, but the
corresponding restrictions on A would be depending on u and A since the noise corrupting
the samples contains the truncation error (recall Step 4 in the proof of Theorem 8).

Hence, differences exist between the theoretical setting of Theorem 1 and the practical
implementation of periodical PINNs in §4, for which we have followed a setup closer to what
is commonly employed in the literature. These differences include the choice of activation,
the network’s width and depth (which do not saturate the bounds (18)—(19) of Theorem 1),
the use of complex-valued weights and the presence of a regularization term in the loss
function. It would be interesting to study whether a numerical implementation that follows
the setting of Theorem 1 more closely would give any practical benefit over the setup
considered in §4—see Appendix A for some initial results in this direction. On this note, it
is also worth observing that the optimal network 1& of Theorem 1 is sparsely connected and
its last layer is approximately sparse due to the presence of ¢! regularization. Understanding
the potential practical benefits of sparsely-connected PINNs is also an interesting avenue of
future work.

An important direction of future investigation aimed at bridging the gap with real-world
applications is the study of time-dependent PDEs. In order to solve a time-dependent
diffusion-reaction equation, a natural option would be to employ an implicit Euler dis-
cretization in time. This would, in turn, lead to solving a steady-state diffusion equation
of the form (1) at each time step. In the case of CFC, this scheme could be studied us-
ing tools from spectral methods analysis (see, e.g., Canuto et al. (2006)). Yet, building
a rigorous connection between this approach and a PINN-based approximation of a time-
dependent diffusion-reaction equation where the loss involves both space and time variables
(as it is typically done) does not appear to be a straightforward task and deserves further
research. Moving beyond reaction-diffusion problems is also a possible direction of future
work. One could consider, e.g., more general advection-diffusion-reaction operators of the
form Lu](x) = =V - (a(x)Vu(x)) + b(x) - Vu(x) + p(x)u(x), with suitable restrictions on
a(x), b(x), and p(x) to ensure ellipticity. The main task required to extend the theory
to this case would be the estimation of the smallest and largest eigenvalues of the Gram
matrix G (see Step 1 in the proof of Theorem 8). While this can be done using the same
tools employed in this paper, this is likely to lead to substantially more technically involved
computations and to the introduction of extra assumptions on a(x), b(x), and p(x) for the
Riesz property to hold.

An additional limitation of our setting is that it only covers periodic boundary condi-
tions. From a practical viewpoint, PINNs can handle different types of boundary conditions
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in at least two ways: (i) through the addition of a penalty term in the loss function aimed
at enforcing the specific boundary conditions considered; (ii) in the case of homogeneous
Dirichlet boundary conditions, by considering modified network ansatzes of the form, e.g.,
Y(x) = N(x) - H?Zl x;(1 — x;), where N(x) is a trainable network and the extra factor
enforces zero boundary conditions on [0,1]¢. Compressive spectral collocation methods
can also be implemented for non-periodic boundary conditions—see Brugiapaglia (2020)
for numerical and theoretical results on steady-state diffusion equations over [0,1]?. Note,
however, that the approach in Brugiapaglia (2020) is heavily affected by the curse of dimen-
sionality. Similarly to the PINNs case, one could add a penalty term to enforce boundary
conditions or modify the spectral basis functions via multiplication by an extra term. Al-
though this is feasible in practice, the corresponding theoretical analysis is expected to be
considerably harder than the Fourier case due to the lack of nice algebraic properties of the
spectral basis. In summary, extending CFC to non-periodic high dimensional problems and
establishing a rigorous link between CFC and PINNs in that setting would be a natural
open question stemming from this work.

In summary, there are still important gaps between theory and practice and the con-
vergence theory of PINNs remains a key area of active research. Nonetheless, Theorem 1
builds a first important bridge between PINNs’ convergence analysis and sparse approxi-
mation theory. We hope it will enable further research advances in the theoretical analysis
and numerical implementation of physics-informed deep learning in the coming years.
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Appendix A. Additional Numerical Experiments
This appendix contains additional numerical experiments aimed at testing the numerical
impact of some of the constructions adopted in Theorem 1. In particular, we investigate

the impact of explicit sparse regularization on the last layer during training and of the use
of Fourier features (as opposed to a trainable periodic layer).
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Figure 12: (Impact of sparse regularization) Relative L2-error versus training sample count
for PINNs trained with with last layer ¢!-regularization and tuning parameter
of the form A = 10* or without regularization (A = 0). Plots from left to right
refer to Examples 1-3 (d = 10), respectively, defined in (27)—(29).

The impact of sparse regularization. Theorem 1 shows the existence of a neural network
with an approximately sparse final layer due to the regularization term R(v) employed
during training (recall (65)). On the other hand, in §4, we trained periodic PINNs without
enforcing any sparsity and observed that this tends to produce solutions with relative L2-
error between 1072 and 1072 for all the examples considered (assuming to use enough
collocation points). In the experiment of Fig. 12, we test whether explicitly promoting
sparsity can further improve accuracy.

We take the same periodic PINN architecture and training procedure described in §4
and compare (i) a baseline model with no sparsity penalty, and (ii) the same model with an
additional ¢! penalty term applied to the weights of the last layer. We consider values of the
tuning parameter spanning several orders of magnitude, of the form \ = 10* for different
integer values of k. For each A, and for each number m of collocation points, we train for a
fixed budget of 30000 epochs and show the corresponding relative L?-error.

We observe two consistent trends. In the low-sample regime (smaller m), adding an
£1 penalty on the last layer yields accuracy comparable to unregularized baseline when
the penalty weight \ is appropriately tuned, suggesting that sparse regularization does not
harm (and could help) data efficiency when the number of sample points is small. As m
increases, both the unregularized and /;-regularized models converge toward a similar error
floor, so the effect of regularization becomes negligible. Overall, across all tested settings
the ¢; penalty with optimal choice of tuning parameter is never worse than the baseline for
Examples 1-3.

Trainable periodic layer vs. Fourier features. Theorem 1 constructs a periodic PINN whose
first few layers map the input & € R? to fixed trigonometric features of the form (cos(2rv;),
sin(2nvz;)), for i € [d] and v € {—Vmax, - - - » Vmax} (see Figure 1). This construction is the
first step towards showing the existence of a class A of trainable networks with controlled
width and depth that can accurately approximate the PDE solution from limited samples.
A natural question is whether these Fourier features are only a theoretical device or whether
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Figure 13: (Trainable vs. non-trainable periodic layer) Comparison of the standard
trainable periodic layer versus non-trainable first Fourier features layer
(cos(2mvz;),sin(2mve;))) with ¢ € [d] and v € [M] and frequency cap M =
{16,32,64}. The plot shows the relative L?-error as a function of the number of
training epochs.

it can also be numerically effective when implemented. To address this, we use a frozen set
of Fourier features in the first layer instead of learning the periodic layer’s phase parameters
as in the PINN tests in §4, where the periodic layer in (4) was considered.

The results are shown in Fig. 13. We fix the first layer to a predetermined set of
trigonometric features of the form (cos(27vx;),sin(27ve;))) with integer frequencies up to
a chosen cutoff M, i.e., v € [M]. The subsequent layers and training are the same as in §4.
We then compare this “frozen periodic layer” model with the standard model where the
first periodic layer is trainable by plotting the relative L? error versus training epochs. All
runs use the same settings (exact solution from Example 3, d = 6, number of sample points
m = 10000).

For a sufficiently large number of epochs, the non-trainable periodic layer model reaches
essentially the same final relative L? error as the PINN with the trainable first periodic
layer. We observe that architectures with larger M are harder to train. This is likely due
to the fact that the first layer has width equal to 2M. The final error is slightly better than
the baseline for M = 16, 32 and slightly worse than the baseline for M = 64 (although the
relative L2-error seems to still be decreasing). This demonstrates that the explicit Fourier
basis used in Theorem 1 is numerically effective and its performance is comparable to that
of PINNs with a trainable periodic layer.
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