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Abstract

Variational inference, such as the mean-field (MF) approximation, requires certain conju-
gacy structures for efficient computation. These can impose unnecessary restrictions on
the viable prior distribution family and further constraints on the variational approxima-
tion family. In this work, we introduce a general computational framework to implement
MF variational inference for Bayesian models, with or without latent variables, using the
Wasserstein gradient flow (WGF), a modern mathematical technique for realizing a gradi-
ent flow over the space of probability measures. Theoretically, we analyze the algorithmic
convergence of the proposed approaches, providing an explicit expression for the contrac-
tion factor. We also strengthen existing results on MF variational posterior concentration
from a polynomial to an exponential contraction, by utilizing the fixed point equation of
the time-discretized WGF. Computationally, we propose a new constraint-free function
approximation method using neural networks to numerically realize our algorithm. This
method is shown to be more precise and efficient than traditional particle approximation
methods based on Langevin dynamics.

Keywords: Bayesian statistics, mean-field variational inference, optimal transport

1. Introduction

One of the core problems of modern Bayesian inference is to compute the posterior distri-
bution, a joint probability measure over unknown quantities, such as model parameters and
unobserved latent variables, obtained by combining data information with prior knowledge
in a principled manner. Modern statistics often rely on complex models for which the pos-
terior distribution is analytically intractable and requires approximate computation. As a
common alternative strategy to conventional Markov chain Monte Carlo (MCMC) sampling
approach for approximating the posterior, variational inference (VI, Bishop and Nasrabadi
(2006)), or variational Bayes Fox and Roberts (2012), finds the closest member in a user
specified class of analytically tractable distributions, referred to as the variational (distri-
bution) family, to approximate the target posterior. Although MCMC is asymptotically
exact, VI is usually orders of magnitude faster Blei et al. (2017); Salimans et al. (2015)
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since it turns the sampling or integration into an optimization problem. VI has success-
fully demonstrated its power in a wide variety of applications, including clustering Blei
and Jordan (2006); Corduneanu and Bishop (2001), semi-supervised learning Kingma et al.
(2014), neural-network training Anderson and Peterson (1987); Opper and Winther (1997),
and probabilistic modeling Blei et al. (2003); Jordan et al. (1999). Among various ap-
proximating schemes, the mean-field (MF) approximation, which originates from statistical
mechanics and uses the approximating family consisting of all fully factorized density func-
tions over (blocks of) the unknown quantities, is the most widely used and representative
instance of VI that is conceptually simple yet practically powerful.

On the downside, VI still requires certain conditional conjugacy structure to facilitate
efficient computation (c.f. Section 2.5), in the same spirit as the requirement of a closed-form
E-step in the expectation-maximization (EM, Dempster et al. (1977)) algorithm, a famous
iterative method for parameter estimation in statistical models involving unobserved latent
variables. Such a requirement unfortunately may: 1. add restrictions to the viable prior dis-
tribution family, limiting the applicability of VI; 2. call for specifically designed tricks for the
implementation, making the VI methodology less generic and user-friendly; 3. need impose
further constraints on the variational family, leading to increased approximation error. For
example, when implementing Bayesian Gaussian mixture models for clustering, although
independent Gaussian priors of cluster centers meet the aforementioned conditional conju-
gacy property, it is sensible to instead employ a class of repulsive priors Xie and Xu (2020)
to encourage the well-separatedness of cluster centers and reduce the potential redundancy
of components. Unfortunately, the complicated dependence structure introduced by the
repulsive prior destroys the conditional conjugacy, making the standard coordinate ascent
variational inference (CAVI, Bishop and Nasrabadi (2006)) algorithm for implementing the
MF approximation inapplicable (see Section 6.2 for further details). Another example is
Bayesian logit model Jaakkola and Jordan (1997). Due to the lack of conditional conju-
gacy, Jaakkola and Jordan (2000) proposes to use a tangent transformation motivated by
convex duality to make the variational approximation computationally tractable. For the
mixed multinomial logit model, Braun and McAuliffe (2010) derives a variational proce-
dure based on the multivariate delta method for moments, which again requires specialized
treatments and lacks generality.

In this paper, we propose a new computational framework for MF variational infer-
ence based on Wasserstein gradient flow, that is, running a “gradient descent” over the
Wasserstein space, the space of all probability distributions with finite second moments
endowed with the 2-Wasserstein metric Ws (Ambrosio et al., 2008). Comparing to existing
approaches, our approach does not impose any extra restrictions on the MF variational
family, and can be applied to Bayesian models without any structural constraint on the
prior and data likelihood function.

1.1 Related work

There are a number of studies aiming at building generic VI procedures for dealing with non-
conjugate models while maintaining the computational tractability. For example, Wang and
Blei (2012) develops two generic methods, Laplace variational inference and delta method
variational inference, for a class of non-conjugate models with certain constraints (more
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precisely, partly-conjugate models), by enforcing the variational family for the model pa-
rameters in the MF approximation to be the (multivariate) location-scale Gaussian family.
Automatic differentiation variational inference (ADVI) (Kucukelbir et al., 2017; Wingate
and Weber, 2013) provides an automatic scheme that derives an iterative algorithm for
implementing the variational inference based on automatic differentiation and stochastic
gradient ascent; but the performance of ADVI heavily depends on the parametrization
of the variational family, and little theory has been developed to analyze its algorithmic
convergence. In a related thread, Ranganath et al. (2014) proposes black box variational
inference (BBVI) based on stochastic optimization, which is shown to have exponential
convergence up to the noise level of stochastic gradient. However, both ADVI and BBVI
only apply to parametric variational families that are finite-dimensional, which may unnec-
essarily impose additional constraints on top of the MF approximation — the constituting
components of the density product in the MF family should be restriction-free and may not
be characterized by a finite number of parameters.

The notion of Wasserstein gradient flow is first introduced in the influential work of Jor-
dan et al. (1998). The authors reveal an appealing connection between: 1. the dynamics
of a gradient flux, or steepest descent, for minimizing the free energy with respect to the
Wasserstein metric; 2. a special class of partial differential equations (PDE), called the
Fokker-Planck equation Gardiner et al. (1985); Risken (1996), which describes the evolu-
tion of the probability density for the position of a particle whose motion is described by a
corresponding Ito stochastic differential equation (SDE). Specifically, Jordan et al. (1998)
constructs a discrete and iterative variational scheme, also called the Jordan-Kinderlehrer-
Otto (JKO) scheme, which extends from the Euclidean gradient descent and whose solutions
(weakly) converge to the solution of the Fokker-Planck equation with the gradient of a po-
tential as the drift term. Later, Otto (2001) extends this connection to the porous medium
equation, and points out the resemblance between the Wasserstein space and an “infinite-
dimenisonal” Riemannian manifold. A comprehensive development of gradient flows in a
general metric space, including the Wasserstein space as a representative application, is pro-
vided in the monograph Ambrosio et al. (2008). The deep connection between Wasserstein
gradient flows and a rich class of PDE (SDE) builds a bridge between geometric analysis,
optimal transport, control theory and partial differential equations; and also motivates a
class of particle based methods Carrillo et al. (2022, 2019); Frogner and Poggio (2020) for
numerically solving PDE (SDE). It is worth highlighting that the development of Wasser-
stein gradient flows heavily relies on recent techniques from modern optimal transport
theory Brenier (1991); Monge (1781); Villani (2003, 2009).

Some recent works also apply gradient flow over the space of probability measures to fa-
ciliate the computation of Bayesian statistics. For example, Trillos and Sanz-Alonso (2020)
considers sampling from the posterior distribution based on gradient flows in a different
context, by treating the posterior distribution as the minimizer of functionals with cer-
tain forms; and they propose to use the gradient flow to guide the choice of proposals for
MCMC methods. While we are preparing the manuscript, we learnt that a concurrent
work Lambert et al. (2022) also study the application of Wasserstein gradient flow to the
computation of variational inference. Unlike our work, Lambert et al. (2022) focuses on
Gaussian variational inference, where the target posterior (without latent variables) is ap-
proximated by the closest member in the Gaussian (local-scale) distribution family. Since
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the Gaussian distribution family is a parametric family, their gradient flow is defined on
the Bures-Wasserstein space of Gaussian measures and is intrinsically finite-dimensional.
Lambert et al. (2022) proves the exponential convergence of a time-discretized version of
the evolutionary ODE on the mean vector and covariance matrix, under the assumption
that the target posterior distribution is strictly log-concave. In contrast, the mean-field
(MF) variational approximation considered in our work involves an infinite-dimensional
family, and our Bayesian latent variable model framework accommodates latent variables
that are of discrete types. Moreover, we also study the large-sample statistical properties of
the MF approximation, utilizing the fixed-point equation of our proposed time-discretized
Wasserstein gradient flow.

1.2 Contribution summary

The main contribution of this paper is to propose a mean-field Wasserstein gradient flow
(MF-WGF) algorithm for implementing the MF variational inference and to build a general
theoretical framework for analyzing its statistical and algorithmic convergence for a generic
class of Bayesian models (under the frequentist perspective).

Methodology-wise, by viewing the KL divergence as an objective functional over the
space of all factorized probability measures, we develop a minimization scheme for imple-
menting the MF approximation based on a time-discretized WGF. For Bayesian models
without latent variables, the proposed algorithm is a distributional version of parallel coor-
dinate proximal descent for updating the constituting components in the MF approxima-
tion. For Bayesian latent variable models, the proposed algorithm resembles a distributional
version of the classical Expectation—-Maximization algorithm, consisting of an E-step of up-
dating the latent variable variational distribution and an M-step of conducting steepest
descent over the variational distribution of model parameters; the developed algorithm can
also be viewed as an extension of the general Majorize-Minimization (MM) principal to
minimizing a functional over the space of probability measures.

Theoretically, since a Wasserstein gradient flow extends the usual Euclidean gradient
flow, we analogously define the notion of (local) “convexity” and “smoothness” for a generic
functional in the Wasserstein space, under which (local) exponential convergence towards
the optimum of the functional can be proved. To prove and quantify the algorithmic con-
vergence, we illustrate how the “convexity” and “smoothness” of the objective functional in
VI, which is the Kullback—Leibler divergence to the target posterior distribution, translate
into conditions of the statistical model. As a result, we explicitly determine the algorith-
mic contraction rate in terms of various problem characteristics such as step size, sample
size, smoothness of the likelihood function, missing data Fisher information, and observed
data Fisher information. As an intermediate result in our proof, we show that the MF
approximation to the posterior distribution inherits the consistency and contraction of the
latter (Theorems 3 and 4); our result of a squared-exponential (or sub-Gaussian) type de-
viation bound on the MF approximation is stronger than most existing results that only
implies a polynomially decay bound. In addition, unlike many previous works relying on
case-by-case analysis (Bickel et al., 2013; Hall et al., 2011a,b; Ormerod and Wand, 2012;
Titterington and Wang, 2006; Westling and McCormick, 2015; Zhang and Zhou, 2020) or
applying some information inequality that relates the variational objective functional value
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to certain risk function evaluating the estimation error Alquier and Ridgway (2020); Pati
et al. (2018); Yang et al. (2020); Zhang and Gao (2020), our proof is general and based on
identifying and analyzing the fixed point of the iterative scheme in MF-WGF. Our proof
strategy offers a somewhat more direct insight explaining why MF approximation leads to
consistent estimation, and can be potentially useful for investigating statistical properties
of other approximation schemes beyond the mean-field.

Computation-wise, we discuss and compare two concrete numerical methods for real-
izing the JKO scheme. The first method is a Langevin SDE-based particle method for
approximately realizing the JKO scheme, which is commonly used in the literature. How-
ever, according to our numerical experiments and discussion, the SDE approach suffers
from a systematic error that remains undiminished even with more iterations and number
of particles due to a long term bias term. This motivates us to propose an alternative
method based on function approximation (FA) using neural networks. As we illustrate,
the FA approach is unbiased, meaning that its output precisely solves the JKO scheme.
Consequently, the unique fixed point of the iterative process from FA precisely yields the
MF approximation solution; and there is no long term systematic bias arising from using a
finite step size. We also highlight that different from the previous work on functional ap-
proximation such as Mokrov et al. (2021), our function approximation approach is based on
an unconstrained formulation (c.f. Theorem 8) without the need of restricting the transport
map into a gradient vector field of a convex potential. This property allows flexible choices
of numerical methods for solving the corresponding optimization problem, and significantly
enhances the convergence speed and overall performance of the algorithm.

1.3 Organization

The remainder of this paper is organized as follows. Section 2 provides some preliminary
results and the problem formulation. Specifically, we start with some background introduc-
tion to optimal transport theory and Wasserstein gradient flows; then we provide some new
theoretical results about contraction properties of a discretized Wasserstein gradient flow,
called the one-step minimization movement or the JKO scheme, with an explicit contraction
rate; lastly, we discuss the connection between Wasserstein gradient flows and mean-field
variational inference, and formulate the problem to be addressed in this work. In Section 3,
we first provide a general computational framework for mean-field inference via alternating
minimization, and then propose a new algorithm based on the discretized Wasserstein gra-
dient flow. Section 4 presents our main theoretical result about the statistical concentration
of the mean-field approximation and the algorithmic contraction of the proposed algorithm.
In Section 5, we introduce and compare two numerical methods, particle approximation via
SDE and function approximation method, for implementing the JKO scheme. In Section
6, we apply our theoretical results to two representative examples, namely, the Gaussian
mixture model and the mixture of regression model; we also conduct some numerical ex-
periments to compliment the theoretical findings. All proofs and other technical details
are postponed to an online supplementary material https://arxiv.org/pdf/2207.08074,
which includes all the appendices.


https://arxiv.org/pdf/2207.08074

YAO AND YANG

1.4 Notation

We use Z(R?) to denote the space of all probability measures on R%, and use Z3(R?) to
denote the subset of 2(R%) composed of all measures with finite second-order moment, i.e.

PR = {pe PR fRd Jo]? dpa(z) < o).

Let 225 (R%) denote the space of all probability measures in %5(R?) that admit a density
function relative to the Lebesgue measure of R?. For any measure px on R? and map
T : R* - R? the pushforward measure v = Typ is defined as the unique measure on R?
such that v(A4) = p(T7'(A)) holds for any measurable set A on R?. We use Dir(p| q)
to denote the KL divergence between two probability measures p, ¢ € 25(R%). Depending
on the context, we may use upper letters to denote probability measures, and lower letters
to denote their probability density functions. For any « € [1,0), let ¢, : Ry — R4 be
the function defined by ¢a(z) = exp(z®) — 1. We use the notation ]y, = inf {C > 0 :
E[¢a(|€]/C)] < 1} to denote the a-th order Orlicz norm of a real-valued random variable
¢ (see Appendix G for a brief review). We also use £(£) to denote the law (distribution) of
random variable . We use [|M||,, = sup,egn—1 [Mv] to denote the matrix operator norm
of a matrix M € R™*", where S"~! is the (n — 1)-dimensional unit sphere. We use Id to
denote the identity map.

2. Preliminary Results and Problem Formulation

In this section, we first briefly review some concepts and basic results from optimal transport
theory. After that, we discuss the notion of Wasserstein gradient flow and its discrete-time
version, and present some new results about the contraction of one-step discretized Wasser-
stein gradient flow, which will be useful in our later analysis of alternating minimization for
solving mean-field variational inference. Finally, we setup the Bayesian framework, review
the mean-field inference, and formulate the problem to be addressed in this paper. Further
details and techniques, such as subdifferential calculus in the Wasserstein space for ana-
lyzing the optimization landscape of functionals of probability measures and its connection
with the usual Gateaux derivative (a.k.a. first variation), are deferred to Appendix A.

2.1 Optimal transport and Wasserstein space

The Wasserstein space Wa(R?) = (22(R?), W,) is the separable metric space that endows
P5(RY) with the 2-Wasserstein metric Wy (Ambrosio et al., 2008). In particular, the 2-
Wasserstein distance between two distributions p and v in %5(R?) is defined as

W)= nt (| fe-yfden)  @P) (1
vell(pv) L JRdxRd

where II(p, ) consists of all possible distributions over R? x R with marginals x and v, and

any v € II(u, v) is called a coupling between p and v. It can be proved (Section 5 of Santam-

brogio (2015)) that W5 is indeed a metric on P, (R?) and satisfies the triangle inequality;

moreover, convergence with respect to Ws is equivalent to the usual weak convergence of

probability measures plus convergence of second moments. If one of the distributions, say
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u, is absolutely continuous with respect to the Lebesgue measure of R, or y e 225 (R%),
then the optimal coupling v* = (Id, T%)4p is unique (Theorem 1.22, Santambrogio (2015))
and supported on the graph of a map T* : R? — RY, called the optimal transport map
from u to v; see Appendix A.1 for further properties of this optimal transport map.

2.2 Wasserstein gradient flow

Consider the problem of minimizing a functional F : Z5(R%) — R in the Wasserstein
space Wo(R?) via “steepest descent”. A direct generalization of the ODE formulation of
the Euclidean gradient flow (c.f. Appendix A.3) is to define a time-dependent measure
pr € 5 (RY) satisfying d;py = —Vw, F(p) for t > 0, with some initialization pg € 225 (R?).
Here Vyy, F stands for some proper notion of gradient, or steepest (ascent) direction, of F
with respect to the W metric in Wy(R?). To formally define and prove the well-posedness
of this Wasserstein gradient flow (WGF), one can first consider a minimization movement
scheme, also called the Jordan-Kinderlehrer-Otto (JKO) scheme Jordan et al. (1998) (see
Figure 1 for an illustration),

1
pre1 = argmin F(p) + —W3(pf,p) fork=>0;  (JKO) (2)
pEP2(R™) 2T

and then show by using a generalised version of Arzela—Ascoli theorem that after suitable
interpolation, the solution of this JKO scheme admits a limit as step size 7 — 0. ; finally
this limit as an absolutely continuous curve (proved by a priori estimate) in Wo(R?) is
defined as the Wasserstein gradient flow for minimizing F starting from pg. Details of a
complete proof in the more general setting of gradient flows in metric spaces can be found
in Chapter 3 of Ambrosio et al. (2008). A proof in the case of Fokker-Planck equation as the
Wasserstein gradient flow of the KL functional (6) (c.f. Section 2.4) can be found in Jordan
et al. (1998) or Chapter 8.3 of Santambrogio (2015).

Under the above perspective, it can be shown that the WGF for minimizing F (by
taking the limit of JKO scheme as 7 — 04) can be characterized by the following partial
differential equation (PDE), also called continuity equation,

opr = =V - (prvy),  with vy = —V(;Z(pt), for t > 0, (3)
where v, : R4 — R% is the flow velocity vector field at time ¢, corresponding to the location-
dependent steepest descent direction (i.e. negative subdifferential) given in Lemma A.1.
Here, we have abused the notation by using p; € &5 (RY) to denote both the probability
measure and its density function. Similarly, in the rest of the paper, we will use the notation
p for a generic regular probability measure in 25(R?) and its density. PDE (3) provides
the Eulerian description of the WGF for functional F, and motivates one numerical method
for implementing WGF via functional approximation (Section 5).

In the continuity equation (3), we can view the time derivative d;p; as the accumulation
of probability mass, and intepret V - (p;v;) as the “Wasserstein gradient” Vyy, F, where pyvy
is the flux and the divergence term V - (p;v:) represents the difference in flow in versus flow
out. Note that the continuity equation (3) may be interpreted as the equation governing the
evolution of the density {p; = (Y2)gpo : t > 0} of a family of particles initially distributed
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T
Py = Po

Figure 1: Hllustration of a Wasserstein gradient flow (WGF, red curve) and its time-
discretization via JKO-scheme (blue curve) with step size 7. For a functional
Fx1 that is strictly convex along generalized geodesics, WGF converges to its
global minimizer p, exponentially fast. JKO-scheme discretizes the WGF, has
the same limiting (or stationary) point p, as WGF, and weakly converges to
WGF as 7 — 0.

according to po, and each of which follows the flow {Y; : ¢t > 0}. Here, the map Y; : R? — R?
is defined through Y;(z) = y,(t) where, for any = € R?, {y,(t) : t = 0} is the solution to the
following ODE,

ty = ve(ze), fort >0, with zg =z, (4)

where v; specifies the (steepest descent) direction of particles in the gradient flow. This ODE
corresponds to a Lagrangian description of the WGF that characterizes the state of each
individual “particle” at each time, rather than counting the number of “particles” sharing
the same state (e.g., location and velocity), and motivates another numerical method for
implementing WGF via particle approximation (Section 5).

2.3 Contraction of one-step minimization movement

The following functional F; , : 25 (RY) — (—00, 0] defined as
1
fT,u(V) :F(V)+§W22(V7:u)a (5)

has been used in defining the minimization movement scheme (2) for minimizing F on
Wy (R%). We assume that for some 7, > 0, F,, admits at least a minimum point p, for
all 7 € (0,74) and p € 225 (R%). The map p ~— g, can be seen as a generalization from the
usual Euclidean space to Wg(Rd) of the proximal operator associated with functional 7.F,
where the Euclidean distance is replaced by the Wasserstein distance.
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We can use p, or Fr, to define the one-step discretization of the Wasserstein gradient
flow, which can then be used for both formally defining the gradient flow (as in Section 2.2)
and providing a numeric scheme for approximating the gradient flow. Such a one-step
discretization will also serve as the building block of the proposed MF-WGF with F being
the KL divergence to the target posterior (c.f. Section 3.2). In the rest of this subsection, we
provide a theoretical analysis of the one-step minimization movement of minimizing F .
This technical result will be useful in analyzing the convergence of the proposed MF-WGF
method later.

Convexity plays an important role in proving convergence and deriving explicit conver-
gence rates of gradient flows in Euclidean space. To extend the notion of convexity to the
Wasserstein space, one approach is to consider convexity along generalized geodesics. This
requires the target functional F to exhibit convexity along certain interpolating curve that
connects any pair of probability measures in Wy (R9). For a formal definition and additional
properties, please refer to Appendix A.4. For any A > 0, we say that F is A-convex along
generalized geodesics if it is A-convex along any generalized geodesic in the usual sense
(as a univariate function under the constant speed parameterization of the curve). Using
this notion, we have the following theorem about the contraction of one-step minimization
movement. Its proof is left to Appendix B.3, which utilizes a key Lemma A.4 to derive a
contraction with an explicit contraction factor.

Theorem 1. Let F : Z5(R%) — (—00,0] be A\-conver along generalized geodesics. Then
for any 1, = € P5(RY),

(1 +70) W3 (ry m) < W3, ) = 27 [F(pir) = F(m)] = Wiz, 1),

where

. 1
pr = argmin F(p) + —W3 (. p).
pe Py (RY) T

In particular, if ™ is any minimizer of F, then
Wi (e, ) < (1 +7N) W2 (u, %), VYue 25 (RY.

As a direct consequence of the theorem, the time-discretized Wasserstein gradient flow
for minimizing a A-convex (along generalized geodesics) functional F obtained by repeatedly
applying the one-step minimization movement achieves an exponential convergence to the
unique global minimizer of F, with contraction factor (1 +7X)~! € (0,1) for any step size
7 > 0. Note that this convergence behavior is similar to the implicit Euler scheme for
minimizing a A-convex function on R?, while the explicit Euler scheme is convergent only
when 7 is smaller than some threshold inverse proportional to the largest eigenvalue of the
Hessian V2F, indicating the robustness and stability of implicit schemes.
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2.4 KL divergence functional

In this paper, we are interested in functionals over 27 (R9) of the following form, due to
the close connection with the KL divergence as the optimization objective in VI,

Falp) = [ V@) + | ogpte)dota). (6)
R4 R4
potential energy V(p) entropy &(p)

The KL functional Fxj, consists of an entropy functional p — {logpdp and a potential
energy functional p — §Vdp, where V : R? — R is the potential (function).

When specialized to the KL functional Fk1,, the continuity equation (3) for character-
izing its Wasserstein gradient flow becomes the famous Fokker-Planck equation

0
LL—Dp =V (uVV) =0, (7)

since the first variation ‘”;A = V +log p+ C (first variation is defined up to a constant) and
vy = —VV — Vlog ps. It is well known that the solution p; to the Fokker-Planck equation

also corresponds to the law of Langevin stochastic differential equation (SDE)
dX; = —-VV(X,)dt +V2dW;,  Xo ~ po. (8)

This connection will motivate one of our discretizing schemes for realizing the Wasserstein
gradient flow for Fki, (c.f. Section H.1).

It turns out that the entropy £ is convex along generalized geodesics (Proposition 9.3.9,
Ambrosio et al., 2008) and the potential energy V is A-convex along generalized geodesics
if the corresponding potential function V is a A-convex function over R¢ (Proposition 9.3.2
Ambrosio et al., 2008). Therefore, using Theorem 1, we obtain the following corollary
characterizing the contraction property of one-step movement minimization for minimizing
the KL functional Fkr,.

Corollary 2. If potential V : R — R is a A\-convezx function over R%, then for any pu,
7 e P5(RY),

(1 + TA) W22(MT7 ﬂ') < W22(:u’7 ﬂ') - QT[FKL(MT) - FKL(W)] - W22(,LL7—,,U,),
where
. 1
pir = argmin Fir(p) + 5= W3 (1, p).
peP5(RY) 27
In particular, if 7 (x)oce=V @) for x € RY, then

Wi (e, ) < (1 + 7N W2 (u, %), Vue 25 (RY.

10
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2.5 Mean-field variational inference

A generic probabilistic model consists of a collection of observed variables X € X and a
collection of hidden variables Z € Z, where Z may contain model parameters and latent
variables as its components in a Bayesian setting. The goal is to (approximately) learn the
posterior distribution p(Z | X) = p(X, Z)/p(X) of the hidden variables given the observed
ones. In a typical problem setting, the joint distribution p(X,Z) is only known up to
a constant; therefore, the exact computation of p(Z|X) is intractable due to the high-
dimensional integral involved in computing the normalization constant.

A generic variational inference (VI) approaches this task by turning the integration
problem into an optimization one as below,

g = argmin Dkr,(q|p(-] X)), (9)
qel

where I is an user-specified distribution family over the hidden variable space Z, called the
variational family. In another word, VI uses a closest member (relative to KL divergence)
in the variational family I'" to approximate the target posterior. The KL divergence is used
as the discrepancy measure for two reasons: 1. it can be computed up to a constant without
the knowledge of the normalization constant in the posterior; 2. it captures the information
geometry in the statistical models.

MF inference is a special case of VI when the variational family 'y is composed of all
factorized ¢ with the following form,

q(2) = q1(21) q2(22) -+ qm(zm), for z = (21,22, ..., 2m) EZ =21 X -+ X Zp,

where each component (block) z; of z may contain more than one variables. In general,
to alleviate the bias incurred by ignoring the dependence among the blocks {Z; };”:1, it is
preferable to use a reduced number of blocks while maintaining the computational tractabil-
ity of solving problem (9). In this work, we consider two model settings: Bayesian models
with and without latent variables.

Bayesian models without latent variables. In this setting, the hidden variables Z solely
consist of model parameters § € © — R? and we consider mean-field approximation over
(blocks of) components of . We consider a standard model setting where the observations
X =X"={Xy, -, X,} are i.i.d. given §. We denote the prior and posterior distributions
of 8 as g and m,, respectively, where

__ mO) i, p(Xi|0)
Some(0) [ Tiz, p(Xi|0)do’

We further divide the parameter space into m blocks, i.e., © = ®;n:1 ©;, where ©; < R%
and di + - -+ + d;,, = d. The corresponding MF approximation to m, to be studied is

7 (0) for 6 € ©. (10)

d
G = X) j € argmin Dxy,(q | 7). (11)
j=1 9=®Y_,4;

Our theoretical result in Section 4.1 demonstrates that point estimators obtained from
above MF approximation achieve the same rate of convergence in estimation error as those
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obtained from the full posterior m,, under the frequentist perspective that assumes X" to
be generated from a true underlying data generating model indexed by a true parameter
0*.

Bayesian models with latent variables. In this setting, we have observed variable
X = X" as before but the hidden variable Z now includes model parameter § € © c R?¢
and a collection of latent variables Z" = {Z;,---,Z,} € 2", such that (X;, Z;)I", are
i.i.d. given . For simplicity, we assume the latent variables to be discrete, such as the latent
class (cluster) indicators in Gaussian mixture models. Let 7y denote the prior distribution
defined on parameter space ©. To maintain a minimal number of blocks for maximally
reducing the potential bias, we consider the following (two-block) mean-field approximation
over the parameter block # and latent variables block Z",

(q9, Qzn) = argmin Dk r(qo ® qzn | m0), (12)
@EP(O),qzneP(2")

where in this case 7, denotes the joint posterior distribution of (6, Z"), given by

mo(0) [ ;1 p(Xi, 2 | 0)
Dionezn So m0(0) 11y p(Xi, 2:|0) dO’

It is also possible to consider a full mean-field approximation by also factorizing gg over
blocks of 8. However, this scheme may introduce additional complications without providing
further insights due to its overlap with the first setting without latent variables. A similar
theoretical result in Section 4.1 demonstrates the statistical optimality of point estimation
using MF approximation (12).

Tn(0,2") =

for 0 € ©® and 2" e Z". (13)

Computation via coordinate ascent variational inference. Alternating minimization
is a natural and commonly used algorithm for optimizing over quantities taking a product
form as in MF inference. The idea of alternative minimizing is to optimize over one compo-
nent of ¢ at a time while fixing the others. Consider the generic MF approximation (9) and
let g—j(z—;) = [ 54, ¢s(2s) denote the joint distribution of z_;, all components in z except
for z;. When optimizing over the 4% component qj, one may explicitly solve the optimizer
qj = argmin , Dxr, (4j ®q-j [ p(-] X)) as

qj (zj)oc exp { Jz log p(zj, 25, X) dq_j(z_j)}, for zj € Z;. (14)

—Jj

However, to make the computation of q;’f tractable, one requires certain conditional con-
jugacy structures so that the integral inside the exponent can be explicitly calculated and
the normalization constant of q]’-k can be identified. To avoid overly aggressive moves that
may lead to non-convergence of the algorithm, it may be necessary to introduce a partial
step size into the above update if q;‘ can be recognized as a member of some parametric
family Bhattacharya et al. (2023), leading to the so-called coordinate ascent variational
inference (CAVI) algorithm Bishop and Nasrabadi (2006).

Goal of this work. The main problem to be addressed in this work is to design a new
class of computational algorithms for solving the above optimization problems for MF vari-
ational inference based on Wasserstein gradient flow while adapting the idea of alternating
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minimization, and to study their theoretical properties. Since Wasserstein gradient flow
directly operates over the space of probability measures, the new method does not need im-
pose any extra restrictions on the MF variational family (which may unnecessarily increase
the approximation error), and can be applied to Bayesian models without any structural
constraint on the prior and data likelihood function. Moreover, a step size tuning parameter
is naturally incorporated to prevent overly aggressive moves which can cause the algorithm
to diverge.

3. Mean-Field Variational Inference via Wasserstein Gradient Flow

In this section, we propose a generic computational framework of MF variational inference
for models with and without latent variables by alternating minimization and coordinate
ascent in the Wasserstein space via repeatedly applying a one-step discretized Wasserstein
gradient flow to components in the MF approximation.

3.1 Bayesian models without latent variables

Recall that the mean-field variational family I' = {¢g = ®].,q; : ¢; € P2(0;)} is the
set of all factorized distributions over m blocks of parameter §. We use the shorthand
q(fj) =), 4] ql(k) to denote the joint variational distribution of 6_;, the parameter vector
¢ without its j-th block 6;, in the k-th iteration. A standard algorithm for solving opti-
mization problems involving multiple variables is alternating minimization. For technical
convenience, we consider a parallel (simultaneous) update scheme for implementing the al-
ternative minimization framework (14) to motivate our proposed method, which takes the
following form under the current model setting,

q](-kH) = argmin Dxi.(¢; ® q(_k]) | 7,) for je[m] and k=0,1,---. (15)

a;

Alternative minimization for solving MF can diverge due to its overly aggressive moves Bhat-
tacharya et al. (2023). A common solution to avoid divergence when optimizing a multi-
variate function in Euclidean space is to use a one-step gradient descent, rather than fully
minimizing the target function. In light of this, we propose replacing the update of g;
by solving (15) with a one-step discretized Wasserstein gradient flow for the functional
Dxk1.(¢; ® qﬁ“j | 7). This leads to a new computational framework for implementing the
mean-field approximation (11) for Bayesian models without latent variables, which we call
mean-field Wasserstein gradient flow (MF-WGF), by iteratively solving m sub-problems
associated with discretized WGF in each iteration, which can be formulated as
q§k+1) € argmin Dk, (g ®q(fj) | 7mn) + %Wg(qj,qj(k)) for je[m] and k=0,1,---.
5
(16)

The iterative updating formula (16) can be treated as the coordinate proximal descent
algorithm in the Wasserstein space for minimizing the multi-input functional Dxy,(q; ®
- ® qm | mn). Here, we consider the parallel scheme which allows us to compute q](-kH) for
different j parallelly, making the algorithm computationally efficient for large m.

13
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Another appealing feature of MF-WGF is that the time discretization via the mini-
mization movement scheme does not introduce any bias—the MF solution @y in (11) is the
(unique) fixed point of the corresponding iterative procedure, as shown by our theoretical
results in Section 4. Furthermore, the iterative procedure has exponential convergence to
this solution. It is straightforward to show that gy = ®;n:1 g, as a fixed point to MF-WGF,
satisfies the distributional equations

o exp{fe logme(6) + i log p(Xi | 6) dg—;(6-)} .
O Yy e T, lowma(0) + iy oen(Xe 0) a0y a7 Tk D

which can be proved by applying the first order optimality condition to (16) in terms of the
first variation as described in Section A.2. Later, we will use this fixed point equation to
show the concentration of MF approximation gy towards the true parameter 6* (c.f. Theo-
rem 3, also see Section 4.1 for a sketched proof). Unlike Bayesian latent variable models,
we do not need this concentration property to prove the linear convergence of §'®) towards
gy in the sense of W5 metric, as stated in Theorem 5 in the next section.

3.2 Bayesian latent variable models

Due to the conditional independence among discrete latent variables Z1,..., Z, given # and
X", it is easy to verify that any minimizer gz~ of optimization problem (12) also factorizes
as gzn = Qi1 qz,- Consequently, the alternating minimization framework (14) for solving
mean-field optimization (12) under this model setting can be formulated as: for iteration
k=0,1,...,

Latent variable update: q(Zk;H) = @(qék),Xi), 1=1,2,...,n, with

exp {Eq, log p(z | X, 0)}
Y.ez exp {Ey, logp(z | X;,0)}

D (g, Xi)(2) = z € Z; (18)

Parameter update: qékﬂ) = arg;nin Vi (qg ’qék) ), with
0
(sample energy functional) V,,(gs|qp) : = nEy, [Un(e; qé)] + Dx1.(qs || ), and
1 n
(sample potential function) U, (0, qy) : = —— Z Z log p(X;, 2| 0) ®(qp, Xi)(2),
n
i=1z2eZ

where @ : P7(0) x X — F(Z) denotes the map that turns a (g, ) pair to a probability
measure (pmf) over Z. Since Z is discrete, the latent variable update can be easily per-
formed using the closed form formula. The V,, functional above resembles the @ function
computed in the E-step of a generic EM algorithm, and is equivalent up to a constant to
the KL divergence Dk, (qg ® qgcnﬂ) H 7rn).

Writing the updating formula for gy via minimizing the KL divergence functional V,,
is more convenient for the design of algorithms and theoretical analysis. Since Z;’s are
discrete, in the preceding alternating minimization algorithm, updating gz» with a given
¢p amounts to solving ming,, Dxr (g ® qz» | 7), which admits a closed form expression
with tractable normalization. However, the step of updating gy by solving for the exact

14



MEAN-FIELD VARIATIONAL INFERENCE VIA WASSERSTEIN GRADIENT FLOW

o (K
; Glawlay)

-

N —F.Z:,Lff;;,u )i=arg min Dk (qs @ gz~ || 74)

(k+1) :r 3 (k)
Gy qy

Figure 2: Mean-field Wasserstein gradient flow (MF-WGF) as an extension of the Majorize-
Minimization (MM) algorithm Lange (2016) for minimizing (profile-KL) func-
tional & = ming,,, Dk, (qg ® qzn H 7rn) over the space of all probability measures
on parameter space ©. Here, G(qo | qp) : = Va(qo | qp) + %Wg(qe, qy) majorizes F.

minimizer of Vj,(-| q(gk)) may not be computationally tractable unless some conditional con-

jugacy condition is satisfied. Instead, we view V(- | q(gk)) as the KL divergence functional
over Z5(©) and propose to update gy via its associated one-step discretized Wasserstein
gradient flow. Note that in the situation where Z" is continuous, we may also apply a
one-step discreteized Wasserstein gradient flow to update gz~ rather than exactly minimize
Dk1.(qo ® qzn || ™) over qup; the resulting algorithm then becomes coordinate descent over
the space of all factorized probability distributions. We leave the formal study of this case
to future work.

The perspective of viewing the parameter update step as minimizing a time-dependent
KL divergence functional over &2(0) leads to our new computational framework of MF-
WGEF for Bayesian latent variable models. More precisely, MF-WGF involves iteratively
cycling through the following two steps for iteration k = 0,1, .. .:

Step 1 (Local latent variable): For i = 1,...,n, compute q(Z’zH) based on the updating
formula (18);

Step 2 (Global model parameter): Compute the energy functional V;,(gg | qék)) using the

most recent q(anH) =X qgjﬂ) , and update gy via the one-step minimization movement

scheme (2) with objective functional V,,(gp | qék)),

gy = argmin Valao | ay”) + %Wf(%, a")- (19)

0
The two steps of MF-WGF resemble a distributional version of the E-step and the M-step
respectively in the classical EM algorithm for dealing with missing data problems. One
can also view MF-WGF as an Majorize-Minimization (MM) algorithm Lange (2016) for
distributional optimization (see Figure 2 for an illustration) where G(qq | gp) : = Va(qo | qp) +
%Wf(q@, qy) serves as the majorized version of the (profile) objective functional gy —
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ming,, Dgr, (qg ® qzn H 7rn), where gz» has been profiled out since the minimizing over qzn
admits a closed form solution as in Step 1 of MF-WGF.

Similar to Bayesian models without latent variables, in Section 4 we show that the MF
solution (gp, gz») in (12) is a unique fixed point of the corresponding iterative procedure
in a constant radius Wa-neighhorhood around the solution, and the iterative procedure has
exponential convergence to this solution given it is initialized in this neighborhood. It is
straightforward to show that gy, as a fixed point to MF-WGF, satisfies

1(6) = ! 79(0) e MU with Z,(u) = f m9(0) e " Un G g, (20)
Zn () o

which can be proved by applying the first order optimality condition to (19) in terms of
the first variation (see Appendix D.2 for further details). This fixed point equation is
helpful to show the concentration of MF approximation gy towards the true parameter 6*
(c.f. Theorem 4, also see Section 4.1 for a sketched proof). Heuristically, when n is large, gy
is expected to concentrate around the point mass measure dg+ at 0%, so that we can roughly
approximate gy by the right hand side of (20) with x being replaced by dg«; then the
convergence follows by the fact that §* approximately minimizes the potential U, (0; dgs).

4. Theoretical Results

In this subsection, we present two main theoretical results of this work: concentration of
the MF approximation gy to the true parameter #*, and the convergence of the proposed
MF-WGF algorithm. In the next section, we will apply the theoretical results to three repre-
sentative examples by verifying the assumptions. All proofs are deferred to the Appendices
in the supplement of the paper.

4.1 Analysis of mean-field approximation

We adopt the frequentist perspective by assuming that data X" are generated from a
data generating model indexed by a true parameter 8*. Before presenting the formal re-
sult, we make the following assumptions, most are standard for proving concentration of
Bayesian posteriors Ghosal et al. (2000); Shen and Wasserman (2001) and their MF coun-
terpart Alquier and Ridgway (2020); Pati et al. (2018); Yang et al. (2020); Zhang and Gao
(2020).

Assumption A.1 (test condition). For some constants c1,co > 0 and any € > c14/logn/n,
there is a test function ¢, such that

2 2
Egsx [an] <e @ ) sup E@[l - ¢n] Se e
9:3j€[m],s.t.\\9j70;?‘|\>s

In a typical parametric setting, the existence of such a test can be proved by decomposing
{0 : 10; — 07| > €} into a countable union of annuluses. Each annuluses can be covered
by a finite number of balls, within each ball the likelihood ratio type test can be employed
Birgé (1979); Le Cam (2012). When m = 1 in Bayesian latent variable models, this is just
the standard test condition discussed in (Ghosal et al., 2000, Section 7).
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Assumption A.2 (prior thickness). There is a measure @ = ®;~”:1@j, subsets (:)j c ©, for
j € [m], and positive constants c3 and cq, such that for any 6 € 0= ®§”:1éj we have

p(z[6%)\2 2
Dxr(p(-16%) | p(-|6)) < cse?, f log———%) p(x|0%)de < cuel,
<LEC1)IpC10) <eich, | (108”0 ) pel07) de < e
Qg _ R T :
log — < cyne;, and logQ(O) = Z log Q;(0;) = —csney,,
Il P

where Iy denotes the prior distribution, and €, = M+/logn/n for some M > 1.

The case of m = 1 reduces to the Bayesian posterior without MF approximation. Under
m = 1, this assumption is implied by the standard prior thickness assumption Ghosal et al.
(2000) by taking @ = IIy. When m > 1, this assumption requires the existence of a fully
factorized probability measure @ in the MF family that is close to the prior distribution
and puts enough mass around the ground truth 6*.

For Bayesian latent variable models, we need an additional assumption on the condi-
tional likelihood function of latent variable Z given 6 and observation X.

Assumption A.3 (local bound of KL divergence). The marginal distribution p(x|0) of
observation X under 0 and the conditional distribution p(z|x,0) of latent variable Z given
X =z and 0 satisfy

DKL(p(’xvg*)Hp<|x79)) < G((l)) E?L’ Vo e (:)7 (21)

where © is the local neighborhood of 0* defined in Assumption A.2, and G(X) is a sub-
ezponential random variable with parameters o4 under p(- | 6%), i.e. Egx [ exp {0 '|G(X)|}] <
2.

This assumption is a mild condition. In fact, we could expect
en 2 Dxi(p(-10%) [ p(-10)) = D (p(-16%),p(-10)) 2 [0 — 6%,

where Dy represents the Hellinger distance. Here the first inequality is due to Assump-
tion A.2 and © < O; the last inequality usually holds when © is compact (Section 5, Ghosal
et al., 2000). Therefore, Assumption A.3 is implied by a quadratic growth of KL diver-
gence for 6 € ©, i.e. Dr(p(-|z,0%) | p(-|2,0)) < G(x)|0 — 6%2. This quadratic growth
property holds if the logarithms of both distributions (density or mass function) are twice
differentiable with controlled Hessians.

For simple presentation, we adopt the assumption that G(X) is sub-exponential to derive
a high probability upper bound of n~! o1 G(X;). This sub-exponential assumption on
G(X) can be generalized to G(X) having a finite Orlicz-norm. See Appendix G for the
definition of the Orlicz norm of a random variable and further details.

Bayesian models without latent variables. Recall that gy is the solution of the mean-
field optimization problem (11), which should satisfy the following optimality condition (see
Lemma C.1 in Appendix C.1),

o {e loam(0) + Ti_y logp(Xe] 6) 4G ;(0,)}
" o, o0 { S, lorm(®) + Sy logp(Xe|6)dd (0} d6;’

q;(05) for j e [m]. (22)
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A major challenge in our analysis of the MF solution ¢y is how to deal with the normalization
constant (denominator) in the preceding display, which depends on gy and complicates the
analysis. To address this issue, we rewrite equation (22) by adding a 6;-independent term
to both nominator and denominator,

76(0 X;|0)
eXp{Se_-IOgW"‘ZZ 1 log 1E(X \‘9* dg- J}Q]

qﬁ(aﬂ'): G X, |0
e eXP{S@ lo 08 5.0 )0( )(97. + 21 log ((X ||9*)) dg- J}dQJ

To prove the concentration of ¢; around the parameter 0*, we can proceed as the usual
steps for proving posterior concentration (e.g. Ghosal et al (2000); Shen and Wasserman
(2001)) by proving an upper and a lower bound to the numerator and the denominator
respectively. Applying a union bound then yields the concentration of gy around 6* due to
the factorization structure of gy.

For the lower bound to the denominator in the preceding display, denoted as D;, we
utilize the following equivalent expression,

log D; = =W, (@s) = — min  W,(gp), with (23)

q0=®7L1qj

j ZIO p(X; |0)dfh(91) ~dgm (0m) + DxL(q1 ® + -+ @ g | ).

Here, functional W is, up to a gp- mdependent constant, the same as the objective functional
Qo = ®] 19 — Dkp, (qg H 7rn) Thus, gy minimizes W Since ¢y is expected to be con-

centrated around 6*, we may use —W, (gg) with some carefully constructed gy (the Q from
Assumption A.2) suitably concentrated around 6* (e.g. a uniform distribution supported
on a small neighborhood around 6*) for providing a lower bound to log D;.

For the upper bound to the numerator, the first term can be controlled by directly

applying Jensen’s inequality; the second term Y. ; log % which is roughly negative

n times Dk [ p(-|6*) | p(-|6)] since {X;}?_, are marginally i.i.d. from p(-|6*) under the
frequentist perspective. To formally bound the numerator, or more precisely, the integral
of numerator over set O, = {||§ — 0*| = ¢} for suitably large € > 0, we use the commonly
adopted test condition (i.e., Assumption A.1) for uniformly controlling the log-likelihood
ratio process over O..

The following theorem shows the concentration of gy by characterizing the tail proba-
bility of being away from the true parameter 6*. Recall that we are adopting a frequentist
perspective, where the randomness in all high probability bound is coming from the ran-
domness in the samples X1, ---, X,, that are generated under a true parameter 6*.

Theorem 3 (Exponential posterior concentration without latent variables). Under As-
sumptions A.1 and A.2, if the sample size satisfies canM?® > 3mM? logn, then for any
M =1, the MF variational approximation Qg to the posterior distribution of 0 satisfies the

followmg with probability at least 1 — 2& =1- Mgfégn;

@9(33 € [m] S.t. Hej - 9;” > E) < 67027152/2’

2 1y /1
for all &> M(S +op 2 +003 - ) Oin. (24)
2
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Bayesian latent variable models. Let Z = {1,2,..., K} be the support of each discrete
latent variable. In this case, @y is the solution of the mean-field optimization problem (12),
satisfying (see Lemma C.3 in Appendix C.2 and Appendix D.2),

Go(0) = = mp(0) e Un(0:00)  ith Z, = f 79(0) e Un0:30) 49, (25)

n 9

where the (sample) potential function U, : © x Z7(©) — R is

Un (6, qp) ———ZZlogp Xi,2|0) ®(qp, X;)(2), where (26)
i=1z=1

B9, X;)(2) : = Gz, (2) = exp {Eg, [log p(Xi, 2| 0)]}

1 exp {Eg, [log p(Xi, k[ 0)]}

Similar to the analysis of Bayesian models without latent variables, we rewrite equa-
tion (25) by adding a @-independent term to both nominator and denominator,

€ [K].

oy P T B 000 X0)(2) og SRR - 1 log G )
qo
o (= s E8 0 X0 o2 ST 51 1og 25 )

For the lower bound to the denominator, denoted as D,,, we can use the following equivalent
expression, which is more convenient to analyze,

log D,, = =W, (qp) = —H;(i;n Wi(qe), with W,(qy) = (27)
n K (2 n | p*
Jo 23 25 0t ey 108 TR 310 B d00) + Disla )

Here, functional W, is, up to a gg-independent constant, the same as the (profile) objec-
tive functional gy — ming,, Dxr, (qg ® qzn H 7rn) after gz» being maxed out or replaced
by ®(qg, X;); so gp minimizes W,,. Again, we may use —W,,(qp) with some carefully con-
structed gy suitably concentrated around 6* (e.g. a uniform distribution supported on a
small neighborhood around 6*) for providing a lower bound to log D,,.

For the upper bound to the numerator, the second term can be treated in the same way
as in Bayesian models without latent variables. For the first term in the exponent, just note
that

K ~
2 (G, X1)(2) log D (G, Xi)(2)
“ p(z | Xi,0)

is the negative KL divergence between two discrete measures, and therefore is non-positive.
The following theorem shows the concentration of ¢y by characterizing the tail proba-
bility of being away from the true parameter 0* in Bayesian latent variable models.

Theorem 4 (Exponential posterior concentration with latent variables). Under Assump-
tions A.1, A.2, and A.S3, if the sample size satisfies 6 M logn < min{nM 64”"4_1}, then for
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any M = 1, the MF variational approrimation @9 to the marginal posterior of 0 satisfies

the following with probability at least 1 — % =1- Mflcggn,
Qo(|6 67| > £) < e, (28)
E|G(X 2 1
for all 5>M<3—|—01+ [GOX)] + e teat )«/Ogn. (29)
C2 n

Concentration properties of variational inference have been studied in the recent litera-
ture under different criteria. Alquier and Ridgway (2020) and Yang et al. (2020) consider
a variant of the usual variational inference, called the a-variational inference, obtained by
raising the likelihood to a fractional power « € (0,1] to facilitate the theoretical analysis.
They prove upper bounds for the variational Bayes risk, defined as the expected Rényi
divergence with respect to their a-fractional variational posterior. When « is strictly small
than one, they only need a prior concentration assumption (similar to our Assumption A.2);
however, under some mild conditions their risk function behaves like the second moment
EQO[HG — 0*|?], which is much weaker than our sub-Gaussian type tail result. For the
usual variational inference (or a-variational inference with o = 1), Pati et al. (2018); Yang
et al. (2020); Zhang and Gao (2020) proves high probability upper bounds to some similar
variational Bayes risks that scales as Eg_ [[6 — 6*|*] under similar test conditions (as our
Assumption A.1) and a stronger version of the prior concentration assumption. Their proofs
avoid assuming the compactness of parameter space by considering a sequence of sieve sets.
Han and Yang (2019) proves a similar sub-Gaussian concentration result as ours; their proof
is based on a perturbation analysis specifically tailored to the MF approximation and does
not seem easily generalizable to other variatioal or hybrid schemes.

Our proof technique is very different from existing proofs of the variational posterior
concentration in the literature, most of which are based on applying the variational char-
acterization of KL divergence, Dky,(p||q) = supy, { { hp — log(§eq)}. We instead view the
variational posterior @9 as a point in the Wasserstein space Wo(R?) that minimizes a KL
divergence functional, and uses its first order optimality condition (or equivalently, its sta-
tionarity to the time-discrete WGF) to show the concentration via subdiffential calculus in
Wg(Rd). This general perspective might be useful in extending the developed proof tech-
nique to other approximation scheme beyond MF, such as many recent generative model
based variational inference procedures. Our obtained rate of convergence is also nearly
optimal in the parametric setting; and the assumptions we made needed are standard in
Bayesian asymptotics literature, and appears to be among the weakest in the context of
variational inference. In addition, our proof techniques can be straightforwardly extended
to non-parametric settings where the optimal rate of convergence is slower than root-n.

4.2 Analysis of MF-WGF algorithm

We separately analyze the convergence of MF-WGF for Bayesian models with/without
latent variables.
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Bayesian models without latent variables. Recall that in the k-th iteration, the MF-

WGEF algorithm updates the joint variational distribution ®§”:1 qj(-k) into ®§”:1 qj(-kH) with

q](-kﬂ) = argmin nE

1
Ua] + Dt (0 ® %) | 70) + 5 W3 (a0, € [m],
45

q; ®q(_kj) [

where Uy, (0) = — > logp(X;|0) is the sample potential function. The corresponding
population-level potential function is

U®) =~ [ logp(e|6)p(da] ). (30)

We expect that U,, and U are uniformly close enough when the sample size n is sufficiently
large (e.g. Theorem 1 in Mei et al. (2018)).

Before formally presenting our result, we begin by introducing several assumptions that
are commonly used to prove exponential convergence of iterative algorithms in optimization
literature.

Assumption B.1 (strong convexity of population-level potential). There exists A > 0 such
that U is \-strongly convezx, i.e.

U(Q=0)0+t0)<(1—t)U@B)+tU®) — %t(l — )6 — &)

for allt € [0,1] and 0,0" € ©. Moreover, the parameter space © = ®;n=1 0, c R? is convex
and contained a ball centered at the origin with radius R.

By the definition of U(#) in Equation (30), a sufficient condition for Assumption B.1
is the strong log-concavity of the likelihood function p(z |6), which is usually made in the
literature of sampling and optimization on the space of probability distributions (Lee et al.,
2021; Salim et al., 2020; Wibisono, 2018). This strong convexity assumption guarantees that
Dxi,(- | m,) is strongly convex along generalized geodesics on Z25(01) x -+ x Z5(0,,) <
Z5(0©). It is possible to relax this global strong convexity to a local strong convexity within
a small but constant-radius neighborhood around the true parameter 6*, which is always
true for regular models with non-singular Fisher information matrix. One simple strategy
is to assume that both the prior and the initialization distribution of the algorithm are
supported within this neighborhood. In practice, one can construct this initialization dis-
tribution by identifying a reasonably good initial point estimate of 6%, for example, using
simple and fast methods such as the method of moments; and also modify the prior by
restricting it onto a constant neighborhood around the estimate. Due to the flexibility in
selecting the prior distribution for MF-WGF, such a modification will have a minimal im-
pact on the implementation. A second technical strategy is to further impose a dissipative
condition (see Raginsky et al. (2017) for definition). A dissipative condition is commonly
made to guarantee the long term stability of sampling algorithms such as Langevin dy-
namics Raginsky et al. (2017) as it causes most probability mass absorbed into a constant
neighborhood of 6* after a number of iterations; then the behavior of the algorithm inside
this neighborhood is driven by the local convexity of the potential. Since Theorem 3 tells
that there is at most O(e_‘m) probability mass of gy outside this neighborhood, we expect
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our current analysis to be valid up to an extra O(e*m) remainder term. Due to the signifi-
cant complexity of our current proof with global convexity, we will leave a systematic study
on such an extension in a separate work.

Assumption B.2 (smoothness of population-level potential). There exists L > 0 such that
U is L-smooth, which is defined by

U((L-1)0+t0) > (1-t)UO) +tU0) - %t(l — oo (31)

for allt € [0,1] and 6,6' € ©.

A smoothness condition on the objective function is usually necessary to prove exponential
convergence of a coordinate descent-type optimization algorithms Wright (2015); Wright
and Recht (2022). When U is twice differentiable, the above Assumption B.2 is equivalent
to H’VQU(Q)H‘OP < L for all 8 € ©. In our proof, we can slightly relax this condition since we
only require |V;U(0;,0_;) — V;U(0;,0 ;)| < L|0—; — 0", where V; is the gradient with
respect to the jth component of U. This inequality is equivalent to [|V;V_;U(0)][,, < L
when U is twice differentiable and is weaker than Assumption B.2.

To show that the sample-level potential U, is uniformly close to its population version
U and inherits the convexity and the smoothness of U (see the proof of Theorem 5 in
Appendix C.3), we need the following assumption which characterizes the continuity and
the sub-exponential tail of the (higher-order) derivatives of the log-likelihood functions.

Assumption B.3 (regularity of log-likelihood function). The log-likelihood function logp(x | 0)
is twice differentiable with respect to 8 € ©. Let X denote a sample generated from the true
distribution p(-|6*). Then, the following regularity assumptions hold.

1. The Lipschitz constant (relative to the matriz operator norm) of the log-likelihood
Hessian

V2logp(X |0) — V21ogp(X |0
) 1m sup V*1og p(X | 6) / ogp(X 0],
040/ 16— 0|

satisfies Eg«[J(X)] < Jx for some finite J,.

2. For any v € Bga(0,1) and § € ©, (v, VZ1logp(X |0)v) is sub-exponential with param-
eter 05. In particular, a sufficient condition for this to be true is |||V2 log p(X | 0)|||0p
being sub-exponential for any 0 € ©.

The first part of this assumption can be checked by controlling the third order derivatives of
log p(X | #) with respect to 6 when it is sufficiently smooth; the second part can be verified
by directly calculating the first order Orlicz norm of v7V2logp(X |6) v, and can also be
extended to a bounded v, (Orlicz) norm for some a > 0.

Theorem 5 (MF-WGF without latent variables). Suppose Assumptions B.1-B.3 hold, and
log mg s twice differentiable. Then there is a universal constant C > 0, such that for any
fized n € (0,1), the following inequality holds with probability at least 1 —n,

~ —k ~
W3 (g™, ) < (1+ 21\, — L2,7*m) Wi (¢,q), k=1,
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when n = Cdlogd - max { log J,/log d,log(Ros/n),1} and the step size T satisfies
V> \/mLy, and 1+ 27X\ — L2,m°m >0,

where

Cdl log J. R
b = P — Amax (V2 log mg) — 02 —208n max{ = =, log =% ) 1}7
n logd i

dl 1
Ly =nL — )\min(V2 log ) + 052, w . max{ 08 J ;log fios ) 1}7
n logd n

and Amax(V?log mp) and Amin(V?log mg) are the largest and the smallest eigenvalues of the

Hessian matriz V2 log g in © respectively. In particular, if we take T = A\ip/(L2,m), then
Al
2

L:,m

—k
Wi, < (1+ 52 ) W9, k=1 (32)

The proof of this theorem does not require utilizing the concentration property on gy as
stated in Theorem 3, and the exponential convergence is solely driven by the convexity of
population level potential U. However, when an effective potential U, varies across itera-
tions, which is the case in MF-WGF for Bayesian latent variable models, the concentration
property becomes essential to manage the fluctuation of U,.

Equation (32) implies that O(m)\lej‘b log (%)) = O(";\%Q log (%)) iterations are sufficient for
the algorithm to achieve an accuracy of € € (0,1) in computing ¢. This iteration complexity
matches a typical iteration complexity of coordinate gradient descent for minimizing a
strongly convex and smooth function in the Euclidean space when taking the step size in
the order of O(ﬁ) as we do (see, e.g., Theorem 6.3 of Wright and Recht (2022)). However,
analyzing the coordinate proximal gradient descent in a product Wasserstein space presents
some unique challenges.

In the Euclidean space, ||(z*t1) —2(#)) —(Z2—z®))| = |#*+1) —Z| holds for any arbitrary

k

+ .
points Z, z¥), and 2(*+1). However, we only have ”qu-k) —-T%, Hi2(q<k)'@-) > WQZ(qJ(-kH), qj)
q; q ;19

J
due to the positive curvature of the Wasserstein space. This difference indicates that we have
to evaluate the change of KL divergence along the generalized geodesics (see Appendix A.4

(k+1)

for a definition) connecting ¢ and ¢; with the base measure q](-k), rather than the

J
geodesics connecting q](kﬂ) and q;.

In the proof, the convexity of the potential function U () plays two roles: (1) allowing us
to apply Lemma A.4 to control the subdifferential; (2) deriving a quadratic growth property
of the KL-divergence functional, i.e.

DrL(1 ® @ qm | Tn) — DkL(@1 ® - ® G | ™) = W3(q,3), Y q; € P5(0;), j€[m].

L-smoothness of U(6) helps guarantee that the KL divergence between ¢® and 7, is de-
creasing when the step size is small. The detailed proof is postponed to Appendix C.3.
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Bayesian latent variable models. Recall that with the presence of latent variables,
the MF-WGF algorithm can be summarized by the following iterative updating rule: for
k=0,1,...,
k+1 : k 1 k
gy "V = argmin Vi(ao | g5”) + 5-W3 (a0, 45”),
e T

where for any ¢y € Z2(0), the (sample) energy (or KL divergence) functional V;,(-|gp) is
defined as

V(g | 4p) : = nEqy [Un(0; qp) | + Dxr(gs || 7).

and U, (-; gp) is the (sample) potential function given in (26). The corresponding population
version of the potential is

K
U(6; q9) = — > logp(x, 2| 0) @(gh, x)(2) ¢ p(dz | 6%). (33)
Rd
z=1

The main difficulty in analyzing this MF-WGF algorithm is that the energy functional
V(- ]qék)) determining qékH) also depends on the previous iterate qék). With a time-
independent energy functional, whose global minimizer denoted as #n*, we may directly
apply Theorem 1 with # = 7* to prove the contraction of the one-step discrete WGF
towards 7*. However, by directly applying Theorem 1 with 7 therein being the minimizer of
Vo (] qék)), we can only prove the one-step contraction of MF-WGF towards this minimizer,
which changes over iteration count k and is generally different from the target gy.

To overcome this difficulty in the convergence analysis, we may introduce an accompa-
nied population-level MF-WGF, defined as

' 1
3 " = argmin Vag|69+) + 5 W3 (a0, "), (39
q6

obtained by replacing qék) in V(- | q(gk)) by the point mass measure dg+ at 6™, and the sample

energy functional by its population counterpart

V(g |dp) : = nEq, [U(6; q9)] + Dxcw.(qo || 70)- (35)

Since the energy function V(- |dg*) in the population-level MF-WGF is time-independent,
we can apply Theorem 1 or Corollary 2 to prove its contraction. Moreover, since gy is
expected to be concentrated around 6*, we may expect the trajectory of the sample-level
MF-WGEF to be close to that of the population-level MF-WGF under the same initialization.

Based on this discussion, a natural strategy to prove the convergence of the MF-WGF
algorithm can be divided into two main steps: 1. control the difference between the sample-
level iterates {qék) k= O} and the population-level iterates {c}ék) k= 0}; 2. analyze
the convergence of population-level MF-WGF (34). Our actual proof is slightly different
from the above heuristics. Specifically, to simplify the proof, we do not explicitly bound the
difference between the sample-level and population-level iterates, but use some population
level quantities, such as potential U and energy functional V', to substitute their sample
versions and properly control the resulting extra error terms in analyzing the sample iterates
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(see Appendix C.4 for further details). In particular, the freedom of choosing an arbitrary 7
in Theorem 1 allows us to directly apply the theorem to analyze the sample-level MF-WGF
by taking m = @p; however, some careful perturbation analysis will be required for the proof
to go through.

The following assumptions are needed to formally prove the convergence of MF-WGF.

Assumption C.1 (strong convexity of population-level potential). There exists some con-
stant v > 0, such that for any p € By, (6g%,7) : = {p € P5(RY) : Wa(u, dpx) < r}, function
U(-; p): © > R is A-strongly convez, i.e.

U(1=t)0+t0 ;) <(1—t)U(O,p) +tU0, p) — %t(l —1) 60— 6> (36)

for all t € [0,1] and 6,0' € ©. Moreover, parameter space © < R? is convex and contained
a ball centered at the origin with radius R.

By the definition of U(0; i) as defined in (33), a sufficient condition of Assumption C.1
is the uniform strong log-concavity of p(z,z|6) for all z € R? and z € [K]. Notice that
this assumption only requires U(-; i) to be strongly convex when p is close to dg=, another
approach to verify this assumption is to prove the strong convexity of U(-; dgp« ), combining
with a uniform control |U(0;0¢%) — U(6;p)| with Wa(dgx,p) < r for all § € ©. Then,
when the radius r > 0 is chosen small enough, U(-; u) presents strong convexity uniformly
for all u € Byy, (9, 7). We will verify this assumption for the two applications considered

in Section 6. When the initialization qéo) is close enough to the dg=, it can be proved by

induction that any later iterates qék) will stay in the same W3 neighborhood. Therefore,
we do not need U(-; p) to be strongly convex for all p € £25(0). This assumption plays
a similar role as Assumption B.1 for models without latent variable. Similarly, we expect
that the strong convexity of U(#; ) with respect to parameter € can be relaxed to a local
strong convexity within a neighborhood of 6* with sufficiently small constant radius for all
i € By, (0,7). Here, we simply assume the global strictly convexity of U in the current
analysis to avoid these technicalities without affecting the convey of our main proof ideas.
To show that the sample-level potential U, is uniformly close to its population version
U and inherits the convexity property of U (see Lemma C.6 in Appendix C.4), we need the
following assumption characterizing continuity and sub-Gaussianity of the (higher-order)
derivatives of the log-likelihood functions with the latent variable and the observed data.

Assumption C.2 (regularity of log-likelihood function). The log-conditional-likelihood
functionlogp(z |z, 0) of the latent variable Z and the log-marginal-likelihood function log p(z | 6)
of the observation X are twice differentiable with respect to 0 for all z € [K] and x € RY.
Let X denote a sample from the true underlying data generating distribution p (-|60%*), then
the following properties hold.
1. Fori = 1,2, the random variable S;(X) := ZkK:1 HVlogp(k ] X,H"‘)Hl2 has finite expec-
tation; and Sa(X) is sub-exponential with parameter o3 < o, i.e. Eexp{oy|S2(X)|} <
2.

2. If we denote the Lipschitz constant of the log-likelihood Hessian by

V2log p(X, k| 0) — V2log p(X, k | 0/
(X0 s sup [V* log p(X, K | 6) og (X, k| )\Hop’
040/ |10 —0"]
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then there ewist some finite constant J, such that ZkK:1 Egs [Ji(X)] < Jx.

3. For any v € Bga(0,1) and 0 € O, Zszl p(k|X,0%) - (v, V?1ogp(X,k|0)v) is sub-
exponential with parameter o1. In particular, o sufficient condition for this to hold is
|HV2 log p(X, k | (9)|H0p being sub-exponential for any 6 € © and k € [K].

4. MX) = SUDge@ ke[Kk] [[V2log p(k | X, G)H‘OP is sub-exponential with parameter oy.

Part 2 of Assumption C.2 can be checked by controlling the third order derivatives of
logp(X, k| 6) with respect to 6 when it is sufficiently smooth; part 3 can be verified by
directly calculating the ¢1-norm of >, p(k | X,0*)vTV2logp(X,k|0)v. Parts 3 and 4 of
the assumption can also be extended to a bounded v, (Orlicz) norm for some o > 0. Now
we present our main theoretical result on the convergence of MF-WGF for Bayesian latent
variable models.

Theorem 6 (MFVI with latent variables). Suppose Assumptions A.1-A.5 and C.1-C.2
hold, and logmy is twice differentiable. Let v denote the operator norm of the missing data

Fisher information matriz Is(6*), i.e. v = [[Is(60%)|,, where

K
Is(0%) = | Y p(z|2,0%)[Viegp(z | z,0%)][Viegp(z| z,6%)] p(x|6%) d,
Rd
z=1

and recall that r is the radius of the Way-ball in Assumption C.1. Assume K = % > 2, and
define

szzmin{ AMr—2)  AMr—2) Ar-—2) 7‘}’

32A(k +3)716C(k + 3) 8B(k+3)’ 3

where explicit expressions of the constants A, B and C are provided in the proof. If the

wnatial distribution q(go) satisfies

Waay”, 00x) = /B0 [0 — %] < B

and the sample size n is large enough (explicit lower bound of n provided in the proof), then
the k-th iterate qék) satisfies

(k—2)(3k +2) — 2(3+;r2))\max(v2 log 7p) )k W§(q§0) i),
(4/@2 + K — 2) - 2(3:7;_2)/\max(v2 log 7'[-9) + Hde2)

nrtvy

W2(P, ) < (1 -

_ A/mA(k=2) _cnogzy(k—2) _ _
with probability at least 1— lozn —ne 1 Grt2) 934 Tt - _ge—en'/Coy " _yp—ent/Oos for
some universal constant ¢ > 0. Again, Amax(V2logmg) is the largest eigenvalue of the Hes-
sian matriz V2logmg in ©. This means MF-WGF algorithm has exponential convergence

towards the MF approximation Gg.
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Remark 7. As discussed previously, the proposed MF-WGF algorithm can be treated as
a distributional version of the classical EM algorithm, which is known to converge expo-
nentially fast only under certain conditions, such as a well-conditioned Fisher Informa-
tion matriz (Dempster et al., 1977). Otherwise, EM enters a singular regime with slower,
polynomial convergence (Dwivedi et al., 2020), such as in low signal-to-noise (SNR) set-
tings (Dwivedi et al., 2020). The resulting parameter estimation convergence rate also
becomes slower than the root-n parametric rate. Since a lower bound on the SNR is often
required for exponential rates (Balakrishnan et al., 2017), we adopt similar assumptions to
ensure faster convergence of MF-WGF.

The contraction factor provided in the theorem decreases as the step size 7 increases,
with limit 1 — m%gz) as 7 — . As we argued in Section H.1, JKO-scheme can be
viewed as an implicit scheme in Wasserstein space. In the Euclidean setting, an implicit
Euler scheme converges without any restriction on the step size. Similarly, we do not need
any restriction on 7 in our theory, and the existence of the solution of the optimization
problem (19) for any 7 > 0 is proved in (Proposition 8.5, Santambrogio, 2015).

However, in practice, we need the k-th step size to satisfy 7 < Wlﬂ to guarantee the
convergence of discretized Langevin SDE scheme. Here Ly denotes the Lipschitz constant of
nVU(-; qé(,k_l)) —Vlog my (see Lemma H.1 and its proof for more details). The extra factor
n is due to the leading multiplicative factor n in the definition of V,,. As a consequence, the
theoretical upper bound requirement of step size is of order O(n=!||V2U,(-; qékil))|||gp1),
which matches the typical requirement of step sizes in gradient descents for empirical risk
minimization.

The EM algorithm can be seen as a specific instance of our approach when the dis-
tributions in the MF family are further restricted to point mass measures. Thus, it is
not surprising that our algorithm can only guarantee local convergence as the EM algo-
rithm. Here, our Assumption C.1 does not directly impose local convexity on the popula-
tion version of the negative log-likelihood. Instead, we focus on the population version of
a distributional counterpart of the standard @Q-function in the EM algorithm, which is de-
fined in (33). In other words, our assumption allows the negative log-conditional likelihood
function of observed data x given each latent variable value z to be non-convex in 6, as
long as their weighted average remains convex; this assumption also does not require the
conditional posterior of the parameter  given latent variables Z" to be log-concave. A sim-
ilar local convexity assumption is made in the recent refined analysis of the EM algorithm
by Balakrishnan et al. (2017). In addition, although our algorithm requires initializing in
a neighborhood of the solution, the neighborhood radius from our theory is a constant,
independent of sample size n, as opposed to a radius decreasing in n. This means that any
initial estimator that is consistent can lead to a good initialization for our algorithm. While
it may be feasible to relax this local convexity assumption, the primary focus of this work
is not to enhance the existing convergence analysis of the EM algorithm but to show that
many of the desirable properties associated with point estimators in frequentist literature
can be extended to Bayesian cases. A primary message we wish to convey is that the com-
putational framework of the Wasserstein gradient flow aligns well with existing analyses in
conventional optimization (over Euclidean space) literature. This framework can leverage
the inherent “convexity” structure to guarantee the convergence of certain MF algorithms.
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In contrast, it is unclear whether the traditional CAVI algorithm for MF implementation
(despite its limitation of requiring conditional conjugacy) can benefit from convexity, given
that it can be interpreted as a gradient flow with respect to the KL divergence rather than
the Wasserstein metric.

Our result requires an informative initialization which exists as long as x > 2. This lack
of global convergence is due to the following two reasons: (1) the strong convexity (C.1) is
only required to hold in a neighborhood of dg+; (2) MF-WGF is an EM-type algorithm—it is
known that, even in the Euclidean case, the EM algorithm converges to the true parameter
with high probability when the initialization is good enough, but may converge to bad local
optima with an uninformative initialization Balakrishnan et al. (2017). In practice, in order
to choose a qéo) to satisfy the initial condition, we can run a simple and fast algorithm
to get a consistent estimator of the parameter in order to construct a good initialization
before applying MF-WGEF. For example, in clustering problems, we may apply the EM
algorithm or the K-means method to derive pilot estimates of all parameters; then, we may
add independent noises with constant order variance to the previous estimates to generate
i.i.d. particles inducing an initialization qé.o).

Our proof of the theorem is based on an induction argument, by repeatedly applying
Theorem 1 to analyze the evolution of one-step discretized WGF (19) for minimizing the

energy functional V(gp ]qék)) whose form changes over the iteration count k. When sample
size n is sufficiently large, the prior tend to have diminishing impact on the algorithm. If A »
«y is also satisfied, then the derived algorithmic contraction rate is roughly of order O(v/\).
Interestingly, v reflects the amount of missing data information (by viewing latent variables
as missing data), since recall that v is defined as the operator norm of the missing data
Fisher information Ig(6*); while A corresponds to the complete data information, since it
provides a lower bound to the complete data Fisher information I(6*) as the Hessian matrix
of potential U(-; dp=) at the point mass measure at §*. In comparison, the algorithmic
contraction rate of the classical EM algorithm has a local contraction rate bounded by the
largest eigenvalue of [IC(H*)]AIS(G*) Dempster et al. (1977); and is consistent with the
derived contraction rate of our MF-WGF algorithm viewed as a distributional extension of
the EM.

By drawing an analogue from the local contraction rate of the EM algorithm, we believe
that by incorporating some local geometric structures into the algorithm and our theoretical
analysis, the current technical assumption A > 2+ can also be weakened to Io(6*) > a Is(6%)
for all 4 € Bw,(0,7) and any constant a > 1. For example, we may use a weighted
Euclidean norm, defined through |z — y||? = (z — y)T[IC(G*)]_l(x — y), to substitute
the isotropic Euclidean norm |z — y| when defining the W5 distance (1) and the one-step
minimization movement scheme (19). With this substitution, we may define the strongly
convexity coefficient of U(-;u) to be with respect to the | - ||; metric in the theoretical
analysis, so that the key matrix [IC(O*)]_ Is(0*) will naturally appear when analyzing the
contraction of the discrete gradient flow using Theorem 1. We leave a formal methodological
and theoretical investigation about this improvement as a future direction.

The block MF approximation to posteriors in Bayesian latent variable models becomes
accurate when the dependence between the parameter # and latent variables Z™ is weak;
or more formally, when the missing data Fisher information matrix Is(6*) is small, such
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that the latent variable distributions are not sensitive to perturbations or changes in the
parameter 6. In fact, it is proved in Han and Yang (2019) that under this block MF, the
marginal variational distribution @9 of the parameter 6 approaches N (HMLE, (nIC(H*))*l)
as the sample size n approaches infinity, where OMFE denotes the maximum likelihood
estimator of 0, Io(0*) = Is(0*) + 1(6*) is the complete data Fisher information and I(6*)
denotes the (marginal) Fisher information matrix. In comparison, the classical Bernstein
von-Mises theorem shows that the exact marginal posterior distribution of # is close to
N (GMLE, (nl (9*))*1). Therefore, the block MF provides a good approximation to the target
posterior distribution if and only if Ig(6*) is small. As an interesting implication, our
Theorem 6 on the convergence of MFVTI also suggests that the computational efficiency of
MFVTI improves as the statistical difficulty of approximating the joint posterior via MFVI
decreases.

5. Computation

Note that both updating formulas (16) and (19) require solving the JKO scheme (2) when
specializing F to be the KL-divergence type functional Fkr,, i.e.

T : 1 T
P41 = argmin deer fplogp+2TWz2(p, Pk)- (37)
pEPy
FxL(p)

In this section, we will consider and compare two numerical methods for numerically solv-
ing (37): particle approximation via SDE/diffusion and function approximation (FA) ap-
proach based on neural networks.

SDE approach. Recall that the JKO scheme (37) for KL divergence is an implicit scheme
for discretizing the Fokker—Planck equation (7), which is also known as the WGF of Fxr,.
According to Section 2.4, the WGF of Fk1, starting from pg is the evolution of the following
Langevin stochastic differential equation,

dX; = —VV(X;) dt +vV2dW;,  Xo ~ po. (38)

This connection between SGD and WGF motivates one to discretize the WGF by discretiz-
ing its corresponding SDE, and approximate the solution pj,; of the JKO scheme (37)
by the evolution of the discretized SDE through the empirical measure of particles which
satisfy the following updating formula,

XFD _x® — _ov(xPr + V2P, be (B (39)

where {Xlgk) :be [B]} are B samples generated from pj, and nl()k) are i.i.d. samples gener-
ated from A (0, ). This recursive equation is the discretized representation of the SDE (38)

for approximating (37), and pj,; can be approximated by the empirical distribution of

{X IEkH) :be [B]} See Appendix H.1 for further discussion about particle approximation
and a numerical error analysis of its implementation via SDE.
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FA approach. The function approximation method converts the JKO scheme (37) into
an optimization problem over the function space. Note that finding the solution pj , ; of (37)
is equivalent to finding a transport map 7" such that Tl p; minimizes (37). To be precise,
we present the following theorem.

Theorem 8 (JKO scheme via function approximation). If pj € 225, and
1
T} = argmin JV oTdpj, — flog|det VT|dpy, + o J |T — 1d|* dp, (40)
T T

then pi = (T} )ypj, minimizes (37).

We want to highlight a key property that the optimization problem (40) is unconstrained,
although the last term §[7" — Id|* dp}, corresponds to W3 (p, pj) = ming Ty p=pk E,[|X —
T(X )||2], and requires the optimal transport map 7}, from pj to pj.; to be the gradient
of a convex function according to Brenier’s Theorem Brenier (1991) (see Appendix A.1
for more details). Most existing methods in the literature for numerically solving the JKO
scheme, such as Mokrov et al. (2021), require solving a constrained optimization problem by
restricting T' = V¢ to the gradient of a convex function ¢, where the convexity is imposed
by using an input-convex neural network (ICNN) Amos et al. (2017). However, although
ICNN is known to provide universal approximation to convex functions Chen et al. (2018),
it is not clear whether its gradient also provides universal approximation to the gradients
of convex functions. Moreover, based on our empirical observations, the inclusion of the
convexity constraint tends to make the optimization problem particularly difficult to solve
due to numerous local minima, extremely slow convergence and high sensitivity to tuning.
On the contrary, Theorem 8 shows that solving the unconstrained optimization problem is
equivalent to solving the JKO scheme, and even restricting T" to be a gradient vector field
is not necessary. The intuition is that, if a solution TkT to problem (40) is not the optimal
transport map Ty from pj, to py_ , then changing T} to Tg in the objective function (40)
will strictly decrease the last transport cost term while keeping the rest terms unchanged.
This contradicts to the optimality of T - A formal proof is deferred to Appendix C.5.

In practice, the optimization problem in Theorem 8 over the function space can be solved
by using function approximation methods, for example, based on (deep) neural networks.
If we use T} to denote the transport map computed in the k-th iteration and choose an
initial distribution pj that is easy to sample from, then we can approximate the objective
functional in (40) up to arbitrary accuracy by Monte Carlo approximation via sampling
from pf, = [T]_y 0T} _yo0---0 Tg]#pg. Concretely, suppose {Xlgk) : b e [B]} are B samples
drawn from pj, using the transport maps. We can compute the optimal transport map 77
from pj, to pj,,; by solving

B
1 k k 1 k k)\ |12
7] = orgmin. - 3 |V o 7(x,") —log | det VT(X[")| + =[x, — T(x{") .
b=1
FA versus SDE. We recommend FA over SDE due to two major deficiencies arising in
the SDE approach.
First, the SDE approach corresponds to the forward scheme that necessitates an upper
bound on the step size 7 to avoid divergence. In comparison, the FA approach is an
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implicit scheme that does not diverge for any 7, provided that the associated optimization
problem (40) is solved effectively. A typical upper bound on 7 for SDE is proportional to
the inverse smoothness parameter supgeg |VU,(0) ||Eé) This restricts the use of larger step
sizes for problems involving a fluctuating sample potential U,,, which, in turn, necessitates
more iterations for SDE to converge to a reasonably good estimate (see Figures 3, 4 and 5).

Second, the SDE approach might introduce a systematic error that remains undimin-
ished even with more iterations and number of particles. Specifically, it is known in the
literature (e.g., Cheng et al. (2018); Chewi et al. (2021)) that applying a time-discretized
SDE plus particle approximation to numerically compute a gradient flow over the space of
all distributions suffers from two source of errors. One is the space and/or time discretiza-
tion error due to a finite step size 7 and a finite number B of particles; and another is the
long term bias due to the mismatch between the limiting distribution of the Markov chain
induced by the time-discretized SDE and the limiting distribution of the continuous time
SDE. As a consequence, to attain an accuracy of € € (0,1) in the W distance, both space
and time complexities are O (e72) up to logarithmic factors. The second error resulting from
the limiting bias, can be mitigated by incorporating a Metropolis-Hastings correction step.
This gives rise to the Metropolis-adjusted Langevin algorithm (MALA, see e.g., Roberts
and Tweedie (1996)). However, MALA is computationally much more expensive and it
is not clear whether such a correction would be beneficial in our context. In comparison,
each step of the FA approach is unbiased, meaning that any fixed point of the FA iterative
formula (37) precisely gives a critical point to the target functional Fky,. As a consequence,
unlike the SDE approach, the numerical error from earlier iterations of the FA approach will
not accumulate provided the dynamics converge exponentially, which is the case in our sce-
nario. Indeed, we observe this numerical issue with the SDE in our numerical experiments
(e.g., refer to Figures 3, 4 and 5 in Section 6), where the optimization error from the SDE
approach initially reduces but becomes unimprovable with increased iterations, stemming
from the accumulated error and the limiting bias. In comparison, the optimization error
in the FA approach continues to decline exponentially and shows a steeper decline in the
logarithmic scale, suggesting a smaller contraction factor.

Nevertheless, using FA to solve the JKO scheme may still cause bias due to the lim-
itation of the expressive ability of the chosen function class. This bias can be reduced
by increasing the size of the function class, such as by choosing deeper and wider neural
networks. However, in practice, larger and wider neural networks can make training the
networks more challenging. Therefore, it is crucial to balance the bias and the trainability
by choosing networks with proper sizes. In the examples presented in Section 6, the numer-
ical results show that a small size of neural network is enough for the FA approach to have
better performance than the SDE approach.

6. Examples

In this section, we apply our theoretical results to three representative Bayesian models and
discuss their consequences. We also conduct some numerical studies to compliment the the-
oretical predictions. For simplicity, we only focus on Bayesian models with Gaussian noise.
Nonetheless, we would like to emphasize that the proposed MF-WGF algorithm can also
be easily applied to conduct MFVI for Bayesian models with non-Gaussian noise (Cabral
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et al., 2024; Ma et al., 2019). To ensure theoretical guarantees for algorithmic convergence,
it suffices to verify the Assumptions A.1-A.3 and C.1-C.2, as demonstrated in the examples
presented in this section.

6.1 Bayesian linear regression

We consider Bayesian linear regression models as a representative example for Bayesian
models without latent variables and verify the assumptions in Theorem 5. We consider a
random design case where n i.i.d. pairs (X;,y;) are sampled from
yi= 0T X+, X KUN(O0,%) and g KU N(0,52).
In this example, we assume both the coefficient § and the variance 5% are unknown param-
eters with the prior distribution 7(#, 3%). More specifically, we have
iid.
yi|Xi79762 NN(HTXi7ﬁ2)> XZIL (0’2)7 and (9>52) NW(0762)7

where the covariance matrix X is positive definite. In the traditional setting, due to com-
putational tractability, the prior of a := 372 is usually Gamma distribution and the con-
ditional prior distribution of #| 372 is chosen as a normal distribution. Here, we directly

choose a uniform prior for 6 and 82, but our method can be easily implemented for all prior
distributions that are absolutely continuous with respect to the Lebesgue measure.

Corollary 9. Let ©, and Oy be the parameter spaces of o and 6 respectively. Assume
0 < ap <a<ay for all a € Oy, and

A
sup |0 — 0% =: Ry < !

—_— 41
00, 20,p\3 (41)

If M1 <X < A\gly, then we have

PN AL\ K PN
W2 ® 4,3 ®da) < (1 + Lg”’m) W2 (g ® 40,6 ® da),
ub

where

n(gh — AR

20up

A = — A (V2 log )

max{pA1, gllgb} + Mg Rg

,log

2\/Cdlogn log (2d + fl%:) Ryos
- max{ ) 1}
logd n

1
Loy — n<max {aub/\d, —2} + )\ng> — Am(V2log )
2aq;

1
+ o5 log d , log "

2\/Cdlogn .max{bg (2d+ ?Z:) R90'5’1}'
n
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Figure 3: Numerical results in the Bayesian linear regression example with sample size n =
100, 6* = (1,-2,3), and 8* = 1. (a) and (b) Comparison of the numerical errors
obtained by using the FA approach and the SDE approach of o = 372 and 6. Both
approaches have similar statistical errors, but different from the FA approach,
the optimization error in the SDE approach converges to the approximation error
after several iterations. A smaller step size leads to a smaller error when using the
SDE approach; as a trade-off, it takes more iterations to converge. (c) Comparison
of the numerical errors of # obtained by using the FA approach with different
sample sizes. When the sample size gets larger, the statistical error gets smaller,
and the contraction rate does not change too much for sufficiently large sample
size. (d) Comparison of contours from the joint posterior distribution of (218, a)
with z, = (=2, 1,3) from Gibbs sampling versus their MF approximation output

from MF-WGF. The MF approximation computed via MF-WGF is quite close to
the true posterior.
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Figure 3 summarizes the numerical results to support our theory in Bayesian models
without latent variables. In this experiment, we consider the regression model with true
parameters 0* = (1,—2,3) and $* = 1. We choose the sample size n = 100 and use
B = 1000 to approximate the posterior distribution. When applying the SDE approach,
the particles which are used to approximate the distribution of @ may go beyond the origin
and become negative due to the unboundedness of Gaussian noise. To address this issue,
we choose a threshold ¢ = 0.1. At the end of each iteration, we add a projection step
ozg;))mj = ozl()t)l{agt) > €} + el{ozl(f) < €} for all b € [B]. We choose 7 = 0.01 for the SDE
approach since it is the largest step size for SDE without incuring divergence, and use 7 = 1
for the FA approach.

Figure 3a presents the statistical error W2 (dg+, qgk)) and the optimization error W3 (y, qék))

for the linear coefficient 6. Figure 3b shows the statistical error W2 (5o, q&’“) ) and the opti-
mization error W2(G,, q((lk)) for the inverse of noise v = 372. The increase of the statistical
and optimization error in the first several iterates in the SDE approach is due to the exis-
tence of the projection step. As we can see, in both figures, the optimization error in the
FA approach indicated by red dashed curves keeps decaying exponentially fast as predicted
by our theory. However, in the SDE approach, the optimization error indicated by the
orange dashed lines will finally be dominated by the approximation error and converge to
quite large values compared with the FA approach. Choosing a smaller step size in the SDE
approach can help decrease the approximation error. As a sacrifice, the algorithm takes
more iterations to converge. In comparison, the statistical error indicated by solid curves
has exponential decay at some initial period and then stabilizes in both approaches, which
indicates the dominance of statistical error over optimization error in the later period.

Figure 3c studies the the effect of the sample size on the contraction rate and the
statistical error when 7 = 1. In the plot, we can see that the statistical error indicated by
the solid lines decreases when the sample size gets larger, which is consistent to the common
knowledge in statistics. As for the contraction rate of the optimization error indicated by
the dashed lines, increasing the sample size is helpful to get a smaller contraction rate when
the sample size is small (compare n = 50 with n = 100); however, once a sufficient sample
size has been acquired, further increase in sample size may result in little improvement
(compare n = 100 with n = 200).

Figure 3d shows the contour plot of the joint posterior distribution of (o, zL6) with
xx = (—2,1,3), computed by Gibbs sampling, versus their MF approximation output by
MF-WGF. From the plot, we see that the MF approximation is close to the true joint
posterior distribution, meaning that prediction and its associated uncertainty quantification
using MF tends to be accurate at x,.

6.2 Repulsive Gaussian mixture model

In this example, we consider the Gaussian mixture model (GMM) as a simplest latent
variable model that are widely used for clustering. We focus on the following (isotropic)
Gaussian mixture model (GMM) with K components in R?,

K
pla|m) = Y wiN(z|m;, B°Iy),
k=1
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where the common covariance matrix is 32 times the identity matrix Iy, w = (w1, -+ ,wg) €
RX are the nonnegative mixing weight parameters satisfying 25:1 wg = 1, and cluster
centers m = (my,--- ,mg) € R>¥ are the primary parameters of interest. For theoretical

convenience, we assume both nuisance parameters 32 and w to be known; in our numerical
results to follow, we treat w as unknown as well and use MF-WGF to approximate the joint
posterior of (w,m). Our theory can also cover the model with unknown w and 32 as long
as the corresponding parameter spaces are convex, compact, and bounded away from zero.

As a common practice to simplify the likelihood computation and facilitate the interpre-
tation, we introduce a latent variable Z € [K] := {1, .-, K} to indicate which underlying
mixture component an observation X from GMM belongs to. Under this data augmenta-
tion, the full Bayesian latent variable model can be formulated as

[Xi|m, Zi = k| ~ N(mg, 82Lp), Zi "5 Multi([K],w), and m ~ 7,

where 7, denotes the prior distribution over m. We apply a block MF approximation to
the joint posterior distribution ,(m, Z") over parameter m € R*X and latent variables
Z" = {Z1,...,Zy,}, by using variational distributions of the form ¢,, z» = ¢m ® qz», to
maximally preserve the dependence structure while retaining the computational tractability.

In the literature, there is a class of priors 7,,, called repulsive priors Petralia et al. (2012);
Xie and Xu (2020), that are preferable to use than independent priors over {mk}ﬁil. Let
dmin = Minj<i<j<k [m; —m;| denote the minimum distance between cluster centers. A
typical repulsive prior takes the form of

K
Tm g(ma gO) : HN(mk |O)O-2Id)v (42)
k=1
which modifies the independent priors with a repulsive function g(m;go) = dmd:iilgo that

encourages the well-separatedness of cluster centers and reduces the potential redundancy
of components. The complicated dependence structure introduced in the repulsive prior
destroys the conditional conjugacy, making the standard coordinate ascent variational in-
ference (CAVI, Bishop and Nasrabadi (2006)) algorithm for finding the best MF approxi-
mation ¢, z~» inapplicable. In comparison, the proposed MF-WGF can be easily applied
in a straightforward manner. We want to emphasize that while we presented the repul-
sive prior as an illustrative example, our method is flexible and can be applied to various
other priors without demanding additional restrictive conditions, such as the conditional
conjugacy condition required by the widely-used CAVI algorithm. The following corollary
proves the exponential convergence of MF-WGF and characterizes the explicit dependence
of various problem characteristics on the contraction rate.

Corollary 10. Let m,, be the prior of centers m = (mq,--- ,mg) satisfying Assumption
A.2 and the parameter space © < Bpxa(0,R). Assume the signal-to-noise ratio (SNR)
KSNR = d“é“‘ > C for some constant C = C(w,K) > 0. Then, there exists constants
Ryw = Rw(m*,w,K,B) and N = N(m*, 3, Rw,w,mp,d) such that when n > N and

Wg(dm*,q,(ﬁ)) < Rw (see (E.33) for explicit expressions), we have that
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Figure 4: Numerical results of repulsive GMM with sample size n = 200 and repulsive
parameter go = 1. True centers are mf = (5,0), m¥ = (0,5v/3), and mj =
(—5,0) with weights w* = (0.27,0.27,0.46). (a) and (b): Comparison of the
numerical errors obtained by using the FA approach and the SDE approach under

different noise levels are shown in the figure. Statistical errors Wg(q(t), dpx ) of

0
both approaches converge to similar values. However, the optimization error
) ~

W22(q0 ,dp) in the SDE approach is dominated by the approximation error after
several iterations. A smaller step size leads to a smaller error when using the SDE
approach; as a trade-off, it takes more iterations to converge. (¢) Comparison of
the numerical errors obtained by using the FA approach with different sample
sizes. Larger sample sizes yields smaller statistical error and faster convergence
rate. (d) Comparison of contours from the marginal distributions of the cluster
centers mi, mg and ma from Gibbs sampling versus their MF approximation
output from MF-WGF. The MF approximation computed via MF-WGF is quite
close to the distribution computed via Gibbs sampling.

36



MEAN-FIELD VARIATIONAL INFERENCE VIA WASSERSTEIN GRADIENT FLOW

holds with probability at least 1 — %. Here, the contraction factor p takes the form of
42 + ¢ —2 6K 2+ kigg

as n — o0, which monotonically decreases to % as KSNR — 0.

Here, we want to make several remarks: 1. the repulsive prior (42) satisfies Assumption

A .2, which then implies the exponential convergence of qgf) t0 @, in the Wo metric (the proof
can be found in Appendix E); 2. in practice, the compactness assumption on the parameter
space is usually not necessary. Moreover, our algorithm can be straightforwardly extended
to the setting where both cluster centers m and weights w are unknown as in the numerical
studies shown below; 3. the lower bound of xksygr is not tight and can be improved. From
our numerical experiments, a much smaller kgnr value is sufficient to ensure convergence
to the global minimum. However, some lower bound on the xgngr is necessary to ensure
the exponential convergence of the algorithm with a constant factor of contraction rate.
With a low SNR, the model falls into the singular regime, and the EM algorithm (as well
as our algorithm) may converge extremely slowly; see, for example, Dwivedi et al. (2020).
This slow-convergence is natural since in the singular regime, the parameter itself becomes
statistically non-identifiable (due to a near singular Fisher information matrix) and cannot
be accurately estimated. The same remark also applies to the next mixture of regression
example.

Figure 4 summarizes some numerical results to complement the theoretical predictions.
In this experiment, we consider GMM with three classes centered at m; = (5,0), mg =
(0,5/3), and m3 = (—5,0) with weights w; = wy = 0.27 and w3 = 0.46. We choose
the repulsive prior (42) with g = 1 and 0% = 10. We let the sample size n = 200. For
the SDE approach under both noise settings (8 = 2 and § = 3), we choose the largest
step size while trying not to increase the statistical error significantly. We construct the
initialization by applying the K-means clustering to obtain an initial estimates of m. We
use 1000 particles in the simulation in order to estimate the optimization (numerical) error

Wg(fjg,qék)). Far less particles will be needed for conducting accurate inference on the
model parameters. As indicated by Corollary 10, we define d/f as the signal to noise ratio
(SNR) that characterizes the algorithmic convergence, and vary it in the simulation by
tuning 8. Since we are using the log-scale for the vertical axis, straight lines means our

considered squared W5 distance, either the optimization error W23 (gy, q(gk)) or the statistical

error Wg(ég*,qék)), decays exponentially fast in the number of iterations, with the slope
corresponding to the logarithm of the contraction rate.

In Figure 4a, we choose 7 = 0.03 and 7 = 0.015 for the SDE approach and 7 = 0.08
for the FA approach. Similar to the phenomenon in Figure 3, in the FA approach, the op-
timization error indicated by dashed curves keeps decaying exponentially fast as predicted
by our theory; in the SDE approach, the optimization error will finally be dominated by
the approximation error. Choosing a smaller step size can help decrease the approxima-
tion error but makes the algorithm take more iterations to converge. In comparison, the
statistical error indicated by solid curves has exponential decay at some initial period and
then stabilizes in both approaches, which indicating the dominance of statistical error over
optimization error in the later period.
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In Figure 4b, we choose 7 = 0.025 and 7 = 0.01 for the SDE approach and 7 = 0.1 for
the FA approach. The same trend of curves as in Figure 4a is observed as well. Comparing
with Figure 4a, we can see that a higher SNR (smaller 3) corresponds to a faster decay,
i.e. smaller contraction rate. SNR also encodes the statistical hardness of the problem: a
higher SNR corresponds to a higher statistical error as the stabilized values of solid curves
in the plots.

In Figure 4c, we consider the effect of the sample size on the contraction rate and the
statistical error when 7 = 0.1. In the plot, we can see that the statistical error indicated by
the solid lines decreases when the sample size gets larger, which is consistent to the common
knowledge in statistics. As for the contraction rate of the optimization error indicated by
the dashed lines, increasing the sample size is helpful to get a smaller contraction rate when
the sample size is small (compare n = 50 with n = 100); however, once a sufficient sample
size has been acquired, further increases in sample size may result in little improvement
(compare n = 100 with n = 200).

Figure 4d shows the contour plots of the true posterior distribution of cluster centers
(solid curves) versus their MF approximation output by MF-WGF (dashed curves), which
are pretty close to each other.

6.3 Mixture of regression

We consider as the third illustrative example a finite mixture regression model (FMRM, Sung
(2004); Viele and Tong (2002)), which can be viewed as an extension of the GMM by includ-
ing covariates in the mixture formulation. In the standard (random-design) linear regression
model, we observe n i.i.d. pairs (y;, X;)" ; from

Lid.
yi = X0+ ¢, ei " N(0, B?)

where X; € R? denotes the ith covariant vector, y; is the ith response variable, § € R¢ is
the unknown regression coefficient vector parameter of interest, and the Gaussian noise ¢;
is independent of (X;,Y;). In our theoretical analysis, we assume X; to be sampled from
N(0, ;). By introducing clustering structures on the conditional distribution of Y; given
X, we reach the FMRM. Concretely, we focus on the simple case with two equally weighted
symmetric clusters, where each cluster is determined by its own regression coefficient vector
in Rd, as

[vi| Xi,0, 2] ~ N(Z:XF0,8%), 2 " Unif{1,-1}, X; " N(0,1;), and 0 ~ mp,

where 7y denotes the prior of 6. In this model, we are interested in approximating the
posterior distribution of 8. For the sake of parameter identifiability, we assume the first non-
zero component of  is positive (6 and —6 correspond to the same model). We also consider
the block MF approximation by using g, z» = g9 ® gz to approximate the joint posterior
of (0, Z™), where Z" = {Zi,...,Z,}. The following corollary provides the algorithmic
convergence of MF-WGF algorithm for computing the MF solution gy.

Corollary 11. Let my be any prior satisfying Assumption A.2. If the SNR of the problem,

defined as kgNR = @, 1s sufficiently large so that the ¢ to be defined below satisfies ¢ > 2,
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Figure 5: Numerical results in the mixture of regression example with sample size n = 200,

and a 10-dimensional 6* = (0,1,2,3,4,0,—-1,—2,—3,—4). (a) and (b): Compar-
ison of the numerical errors obtained by using the FA approach and the SDE
approach under different noise levels are shown in the figure. Both approaches
have similar statistical errors W2 (gp, 99« ), but different from the FA approach,
the optimization error W;(qét), dp) in the SDE approach converges to the approx-
imation error after several iterations. A smaller step size leads to a smaller error
when using the SDE approach; as a trade-off, it takes more iterations to converge.
(c) Comparison of the numerical errors obtained by using the FA approach with
different sample sizes. When the sample size gets larger, the statistical error gets
smaller. (d) Comparison of contours from the posterior distribution of the co-
efficient # on the 3rd and the 8th coordinates from Gibbs sampling versus their
MF approximation output from MF-WGF. The MF approximation computed via
MF-WGF is quite close to the true posterior.
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then there exists constant N = N (6%, 3,d, mg), such that as long as the initialization satisfies
W (dg+, gy”) < R
C'B2(¢—2)
[K2 (dB=3(r3xg + 1)32 + 1) + K3(dB~S(kdyg +1)° + 1)] (C+3)

for some constants C' > 0, ¢ and n > N, we have that

W3 (G0, o) < 0"W2(Go, ¢\")) VkeN

holds with probability at least 1 — —>—. The contraction factor p takes the form of

logn*
_ 2 \1/4
L C=2)BC+2) ¢ = (16 + r5nR) 7
462+ ¢ —2 2174

as n — o0, which is decreasing in KSNR.-

The proof of the above corollary is postponed to Appendix E.3. Directly solving ¢ > 2
with ¢ defined above provides a very loose bound of kgyr > 1.8 x 107. In fact, the lower
bound requirement can be substantially improved to a positive constant less than 10 by
numerically calculating an analytically intractable constant in our proof. More details are
referred to the end of Appendix E.3.

Figure 5 shows the simulation results for implementing the mixture of regression model
via MF-WGF. We set 0* = (0,1,2,3,4,0,—1,—2,—3,—4) in the data generative model and
generate n = 200 i.i.d. samples. For § = 4, we choose 7 = 0.2 and 7 = 0.05 for the
SDE approach and 7 = 0.4 for the FA approach. For 8 = 2, we choose 7 = 0.02 and
7 = 0.01 for the SDE approach and 7 = 0.1 for the FA approach. We vary the SNR value
16*| /8 by changing the noise variance 2. Similar to the GMM example, we observe nearly
straight lines for the numerical error log W22((/]\9, qék)) versus the iteration count, indicating
the exponential convergence of the algorithm. Moreover, a higher SNR corresponds to a
smaller contraction rate as predicted by our theory. The statistical error Wg(ég*,qék)),
indicated by solid curves in the plot, is at first dominated by the optimization error, but
afterwards dominates the latter and stabilizes. Figure ba and Figure 5b compares the
FA approach with the SDE approach and the numerical error under different noise levels.
Figure 5c studies the affect of the sample size on the contraction rate and the statistical
error when 7 = 0.1. Figure 5d shows the contour plots of the true posterior distribution of
f and its MF approximation.

7. Discussion

In this paper, we have proposed a general computational framework for realizing the mean-
field variational approximation to Bayesian posteriors via Wasserstein gradient flows. We
also applied the developed methods and theory to three concrete examples, linear regres-
sion model for Bayesian models without latent variables, and Gaussian mixture model and
mixture of regression model for Bayesian latent variable models. Our analysis implies the
exponential convergence of the algorithm given a good initialization.
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We also expect the development of this paper can be extended to other varitional ap-
proximation schemes, and the theoretical results to hold under weaker assumptions. For
instance, as we briefly remarked in Section 4.2, we may relax the global convexity condition
on U relative to the parameter 6 into a local one, and the condition on the “condition
number” x in Theorem 6 into a weaker one. It is also possible to use a pre-conditioned
Wasserstein distance with cost function as a weighted Euclidean norm square in construct-
ing the discrete-time Wasserstein gradient flow, so that the local geometric structure can
be captured while updating the variational distribution. This variant can be viewed as the
generalization of the usual quasi-Newton’s method to the Wasserstein space, which may
enjoy a faster rate of algorithmic convergence.

It is also of interest to investigate the accumulation of errors arising from Langevin Monte
Carlo updates or neural network approximations when implementing the JKO scheme in the
MF-WGF algorithm. One may possibly replace the JKO scheme with additional iterations
of Langevin Monte Carlo and analyze the resulting error using tools from the sampling lit-
erature (e.g., (Chewi et al., 2024; Lee et al., 2021; Wibisono, 2018)). Alternatively, one may
leverage results from neural approximation theory for shallow networks (e.g. (Proposition
10, Sreekumar and Goldfeld, 2022) or Fan et al. (2023)) to study the accumulation of neural
network approximation errors.

Another potential topic is to extend our algorithm to the non-parametric setting. For
example, we can try to extend the application of MF-WGF algorithm to Gaussian sequence
model as studied in (Zhang and Gao, 2020), and Bayesian semiparametric models, such as
partial linear models where the mean-field approximation is applied to bothnthe parameter
of interest block and the nuisance parameter block (Bickel and Kleijn, 2012). We leave all
these threads into future directions.
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