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Abstract

We introduce a data-driven approach to analyze the performance of continuous optimiza-
tion algorithms using generalization guarantees from statistical learning theory. We study
classical and learned optimizers to solve families of parametric optimization problems. We
build generalization guarantees for classical optimizers, using a sample convergence bound,
and for learned optimizers, using the Probably Approximately Correct (PAC)-Bayes frame-
work. To train learned optimizers, we use a gradient-based algorithm to directly minimize
the PAC-Bayes upper bound. Numerical experiments in signal processing, control, and
meta-learning showcase the ability of our framework to provide strong generalization guar-
antees for both classical and learned optimizers given a fixed budget of iterations. For
classical optimizers, our bounds which hold with high probability are much tighter than
those that worst-case guarantees provide. For learned optimizers, our bounds outperform
the empirical outcomes observed in their non-learned counterparts.

1. Introduction

This paper studies continuous parametric optimization problems of the form
minimize f(z,z), (1)

where z € R" is the decision variable, € R? is the parameter or context drawn from some
distribution X, and f : R"xR? — RU{+o0} is the objective. Problem (1) implicitly defines
a (potentially non-unique) solution z*(z) € R"™. Many applications require repeatedly
solving problem (1) with varying x. For instance, in robotics and control, we repeatedly
solve optimization problems to update the inputs (e.g., torques and thrusts) while the state
(e.g., position and velocity) and the goals (e.g., reference trajectory) change (Borrelli et al.,
2017). This problem structure is also observed in other domains, such as sparse coding,
where sparse signals are recovered from noisy measurements (Gregor and LeCun, 2010),
and image restoration, where images are recovered from their corrupted versions (Elad and
Aharon, 2006). These optimization problems usually do not admit closed-form solutions,
so instead, iterative algorithms are needed to search for an optimal solution. First-order
methods, which only rely on first-order derivatives (Beck, 2017), are a popular approach
to solve problem (1) due to their cheap per-iteration cost. Typically, first-order methods
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repeatedly apply a mapping T : R” x R¢ — R", obtaining iterations of the form
N (2) = T("(x), 2). (2)

Due to the limited time available to compute the solutions between instances of problem (1),
in several applications we can only afford a fixed number of iterations of algorithm (2). In
such settings, obtaining strong performance guarantees on the quality of the solution within
this iteration budget is essential, particularly for safety-critical applications.

Analyzing the worst-case performance of the first-order method (2) has been intensely
studied in optimization literature by constructing asymptotic convergence rates of the al-
gorithms (see (Beck, 2017, Section 5) and (Ryu and Yin, 2022, Section 2)). In contrast,
the performance estimation problem (PEP) (Drori and Teboulle, 2014; Taylor et al., 2015)
approach recently emerged as a powerful tool for the numerical computation of exact worst-
case guarantees for first-order methods after only a finite number of iterations. There are two
main drawbacks of both the theoretical and computer-assisted worst-case analyses. First,
worst-case guarantees are pessimistic by definition; they provide guarantees for the most
adverse problem instance among a class of problems, even if such instance occur very infre-
quently. Second, these analyses typically consider a general class of functions (e.g., strongly
convex and smooth functions) without leveraging the specific parametric nature inherent in
problem (1). In contrast to worst-case analysis, a probabilistic approach may provide less
pessimistic results for applications where high-probability bounds are acceptable instead of
strict worst-case guarantees (Pedregosa and Scieur, 2020).

While guarantees for first-order methods are important for ensuring reliability, these
algorithms often suffer from slow convergence in practice (Zhang et al., 2020). To mit-
igate this limitation, the learning to optimize paradigm (Amos, 2023; Chen et al., 2022;
Balcan, 2020) takes advantage of the parametric setting of our interest, and uses machine
learning to predict the solutions to problem (1), thereby significantly reducing the solve
time compared with classical solvers (i.e., those without learned components). A common
strategy is to learn algorithm steps (Gregor and LeCun, 2010) or initializations (Samb-
harya et al., 2024). Learned optimizers have shown promise in a range of domains, e.g.,
in inverse problems (Gregor and LeCun, 2010), convex optimization (Sambharya et al.,
2024; Ichnowski et al., 2021), meta-learning (Finn et al., 2017), and non-convex optimiza-
tion (Kotary et al., 2021; Bertsimas and Stellato, 2022). However, guaranteeing convergence
of learned optimizers is a challenge since the algorithm steps have been replaced with learned
variants (Chen et al., 2022; Amos, 2023). While asymptotic convergence can sometimes be
guaranteed by construction (Sambharya et al., 2024) or by safeguarding (Heaton et al., 2023;
Prémont-Schwarz et al., 2022), these approaches do not provide performance bounds within
a fixed number of iterations. To address this shortcoming, several methodologies have been
developed to construct generalization bounds for learned optimizers, for example, using
Rademacher complexity (Chen et al., 2020; Sambharya et al., 2023) and the PAC-Bayes
framework (Bartlett et al., 2022; Gupta and Roughgarden, 2017; Sambharya et al., 2024).
However, such bounds tend to be loose (in many cases not reported), or sometimes, the
generalization bound itself can be difficult to compute.

Our contributions. In this paper, we present a data-driven approach based on statistical
learning theory to obtain performance guarantees for both classical and learned optimizers
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based on fixed-point iterations. For classical optimizers, our approach differs from existing
worst-case analysis frameworks. Instead of worst-case guarantees, we construct data-driven
guarantees that hold with high probability over the parametric family of optimization prob-
lems. Meanwhile, for learned optimizers, we rely on PAC-Bayes theory (McAllester, 1998;
Alquier, 2023) to provide generalization bounds, and moreover, use gradient-based methods
to optimize the bounds themselves. Our method is not limited to standard metrics to ana-
lyze optimization algorithms (e.g., distance to the optimal solution or fixed-point residual);
rather, we provide guarantees on any metric as long as it can be evaluated. We summarize
our contributions as follows.

e We provide probabilistic guarantees for classical optimizers in two steps: first, we run
the optimizer for a given number of iterations on each problem instance in a given
dataset; then, we apply a sample convergence bound by solving a one-dimensional
convex optimization problem.

e We construct generalization bounds for learned optimizers using PAC-Bayes theory.
In addition, we develop a framework to learn optimizers by directly minimizing the
PAC-Bayes bounds using gradient-based methods. After training, we calibrate the
PAC-Bayes bounds by sampling the weights of the learned optimizer, and subsequently
running the optimizer for a fixed number of steps for each problem instance in a given
dataset. Then, we compute the PAC-Bayes bounds via solving two one-dimensional
convex optimization problems.

e We apply our method to compute guarantees for classical optimizers on several ex-
amples including image deblurring and robust Kalman filtering, illustrating that our
bounds that hold with high probability outperform bounds from worst-case analy-
ses. We also showcase our generalization guarantees for several learned optimizers:
LISTA (Gregor and LeCun, 2010) and its variants (Liu et al., 2019; Wu et al., 2020),
learned warm starts (Sambharya et al., 2024), and model-agnostic meta-learning (Finn
et al., 2017). Our generalization guarantees accurately represent the benefits of learn-
ing by outperforming the empirical performance observed in their non-learned coun-
terparts.

Notation. We denote the set of non-negative vectors of length n as R} and the set of
vectors with positive entries of length n as R} . We let the set of vectors consisting of
natural numbers of length n be N". The set of n x n symmetric matrices is denoted as S”,
and the set of n x n positive semidefinite matrices is denoted as S'y. We denote the trace of
a square matrix A with tr(A) and its determinant as det A. For a matrix A, we denote its
spectral norm with || Al|2 and its Frobenius norm with ||Al|r. For two vectors u € R"™ and
v € R", we denote its element-wise multiplication with ©u®v. We round a vector v element-
wise to the nearest integer with round(v). For a vector v € R", the diagonal matrix V' € S™
with entries Vj; = v; for i = 1,...,n is given by diag(v). The all ones vector of length d is
denoted as 14. For a vector v, the operation sign(v) returns, for each element, a value of
+1 if the corresponding element in v is non-negative and —1 otherwise. For any closed and
convex set C, we let distc : R™ — R be the distance function: distc(x) = mingec ||s —z||2.
We denote expectation and probability with E and P respectively. Finally, for a boolean
condition ¢, we let 1(x) = 1 if ¢ is true, and 0 otherwise.
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Outline. We structure the rest of the paper as follows. Section 2 reviews the literature
on i) guarantees on classical optimizers and ii) learned optimizers, focusing on existing
methods and generalization guarantees associated with them. In Section 3, we introduce the
mechanics of both classical and learned optimizers. In Section 4 we introduce our method
for obtaining data-driven guarantees for classical optimizers. We then focus on learned
optimizers in the next two sections. In Section 5, we provide our generalization guarantees
for learned optimizers derived from the PAC-Bayes framework. Then in Section 6, we
present a gradient-based algorithm designed to optimize the PAC-Bayes bound itself. After
that, in Section 7, we present numerous numerical experiments with data-driven guarantees
for both classical and learned optimizers. Finally, in Section 8 we conclude.

2. Related work

Theoretical and computer-assisted worst-case analysis. Theoretical convergence
analysis techniques for first-order methods typically focus on general classes of problems
(Ryu and Yin, 2022; Beck, 2017). Many analyses provide upper bounds on the asymptotic
rate of convergence for an algorithm (Giselsson and Boyd, 2014; Hong and Luo, 2012)
that are tight in certain cases (Nesterov, 1983). However, there are cases where upper
bounds are not tight, because they either lack corresponding lower bounds (Taylor et al.,
2015) or they are only known up to a constant (Ryu et al., 2020). Even if the asymptotic
rate is tight (i.e., there exists at least one iteration where the worst-case rate is exactly
met), it may be pessimistic: the algorithm may still perform significantly better during
most iterations (e.g., the local convergence rate may be better than the global one (Boley,
2013)). Most importantly, these analyses are fundamentally pessimistic and do not exploit
the parametric structure. A less-explored area is average-case analysis which analyzes an
algorithm’s performance in expectation over a class of problems. This approach, while not
pessimistic, is designed to analyze the asymptotic convergence rate rather than provide
numerical guarantees, and is further limited by its focus on unconstrained problems, as
highlighted in existing works (Pedregosa and Scieur, 2020; Paquette et al., 2022).

Computer-assisted approaches like PEP (Drori and Teboulle, 2014; Taylor et al., 2015;
Ryu et al., 2020) and integral quadratic constraints (Lessard et al., 2016; Fazlyab et al.,
2017; Taylor et al., 2018) have emerged as methods to obtain numerical worst-case guaran-
tees, but they do not take advantage of the parametric nature of problem (1). To bridge
this gap, Ranjan and Stellato (2024) introduced a technique inspired by neural network ver-
ification (Fazlyab et al., 2022) to compute worst-case guarantees of fixed-point algorithms
for parametric quadratic programs (QPs). However, this approach deals with relaxations
that become looser and more computationally expensive as the number of steps increases.
Our probabilistic guarantees for classical optimizers complement worst-case analysis by
demonstrating that, for those willing to accept high-probability bounds instead of stricter
worst-case guarantees, our approach provides significantly stronger performance bounds
over the parametric family.

Learning initializations and algorithm steps. A common strategy in learning to
optimize is to learn high-quality initializations. Sambharya et al. (2023) and Sambharya
et al. (2024) unroll, i.e., differentiate through (Monga et al., 2021; Chen et al., 2020),
algorithm steps to learn warm starts, thereby reducing solve times for convex problems.
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Some works learn initializations in a decoupled fashion (Baker, 2019; Mak et al., 2023;
Briden et al., 2023; Misra et al., 2022), while others directly learn the optimal solution, and
rather than warm-starting an algorithm, ensure feasibility and optimality with a correction
step (Donti et al., 2021; Karg and Lucia, 2020; Chen et al., 2018a).

An alternate approach is to learn the algorithm steps. In convex optimization, learned
algorithm steps have been shown to decrease solve times through learned hyperparame-
ters (Jung et al., 2022; Ichnowski et al., 2021; King et al., 2024), and learned acceleration
schemes (Venkataraman and Amos, 2021). While a lack of convergence guarantees was seen
as a potential downside of learning algorithm steps (Amos, 2023), some works have ad-
dressed this by safeguarding (Heaton et al., 2023; Prémont-Schwarz et al., 2022), providing
convergence rate bounds (Tan et al., 2023), and constraining the updates (Banert et al.,
2021). The idea of learning algorithm steps has also been used to solve non-convex prob-
lems (Bai et al., 2022; Sjolund and Bankestad, 2022; Balcan et al., 2017, 2018) and inverse
problems (Gregor and LeCun, 2010; Liu et al., 2019; Chen et al., 2018b, 2021; Diamond
et al., 2017; Ryu et al., 2019; Balatsoukas-Stimming and Studer, 2019). Our method is
designed to integrate with these methods, optimizing and calibrating generalization guar-
antees for any learned optimizer.

Generalization bounds in learned optimizers. Despite strong empirical outcomes in
certain settings, learned optimizers lack generalization guarantees (Chen et al., 2022; Amos,
2023; Yang et al., 2022). To address this, Sucker and Ochs (2023) and Sucker et al. (2024)
optimize PAC-Bayesian guarantees based on exponential families, but they assume expo-
nential moment bounds, a condition difficult to verify in practice. In addition, they assume
a specific update function: a multi-layer perceptron (Sucker et al., 2024) or a gradient step
with learned hyperparameters (Sucker and Ochs, 2023). On the other hand, our method
can be used in conjunction with any learned optimizer, including ones with learned ini-
tializations. Other works provide guarantees through Rademacher complexity (Chen et al.,
2020; Sambharya et al., 2023), the PAC-Bayes framework (Bartlett et al., 2022; Gupta and
Roughgarden, 2017; Sambharya et al., 2024), and pseudo-dimesion bounds (Balcan et al.,
2021). Yet, these bounds tend to be loose or difficult to compute. We construct numerical
bounds by optimizing the PAC-Bayes bounds themselves, a strategy previously used for
classification (Dziugaite and Roy, 2017) and control (Majumdar et al., 2021).

Meta-learning. Meta-learning (Hospedales et al., 2021; Vilalta and Drissi, 2001) overlaps
with learning to optimize when the parametric problem is a learning task (Chen et al.,
2022). Both learned initializations (Finn et al., 2017) and algorithm updates (Li and Malik,
2016; Andrychowicz et al., 2016; Metz et al., 2022) have been effectively used in meta-
learning. Methods have been developed to improve generalization in practice (Almeida
et al., 2021; Yang et al., 2023) and to provide theoretical generalization bounds (Amit and
Meir, 2018; Balcan et al., 2019). Yet existing bounds tend to be challenging to evaluate or
loose. Addressing this issue, Farid and Majumdar (2021) derive a novel PAC-Bayes bounds,
focusing on practically useful guarantees. Our method is more general in that it can be
applied to not only learning tasks, but also optimization and inverse problems.
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3. Classical and learned optimizers

In this section, we delve into the mechanics of classical and learned optimizers, laying the
groundwork for the bounds we provide later. In Section 3.1 we explain how to run and
evaluate classical optimizers, focusing on fixed-point optimization algorithms. For learned
optimizers, we first explain how to run and evaluate them given fixed weights in Section 3.2,
and then how to train them to learn the weights in Section 3.3.

3.1 Running and evaluating classical optimizers

As it turns out, problem (1) can often be written as an equivalent fixed-point problem
find z subject to z=T(z, x), (3)

where T : R" xR? — R” is the fixed-point operator. Indeed, nearly all convex optimization
problems can be reformulated as a finding the fixed-point of an operator (Ryu and Yin, 2022)
which often represents the optimality conditions (Garstka et al., 2019). We denote the set
of fixed-points for the fixed-point problem parametrized by x to be fixT,. Note that the
ground truth solution z*(x) satisfies the fixed-point condition z*(x) € fix T},. For classical
optimizers, we focus on the parametric fixed-point problem (3) as it is a convenient way of
analyzing worst-case performance (Banjac et al., 2019; Giselsson and Boyd, 2014). This in
turn allows for a direct comparison of our guarantees with those previously established.

Initializations. In classical optimizers, the initialization is not learned and is typically
set to the zero vector, i.e., 2°(x) = 0, which is often referred to as a cold start. In contexts
where we have an estimate of the solution, it is common to warm-start the problem from
this point. For example, in model predictive control (Borrelli et al., 2017), where similar
instances of the same problem are solved sequentially, the problems are often warm-started
from the previous solution shifted by one time index (Diehl et al., 2009).

Algorithm steps. The iterates z*T!(z) = T(zF(x),z) in (2) are a popular way to solve
problem (3). Many classical optimizers consist of fixed-point iterations, e.g., gradient de-
scent, proximal gradient descent (Parikh and Boyd, 2014), and ADMM (Boyd et al., 2011).

Evaluation metrics. A variety of metrics can be used to evaluate the performance of
algorithms. A standard metric is the fixed-point residual (Ryu and Yin, 2022, Section 2.4)

¢P(z,2) = ||T(2,2) — 22,

which quantifies the gap between successive iterations. Such metrics, assess the quality
of candidate solutions for problems parametrized by . To determine if an optimization
algorithm meets specific performance benchmarks, we introduce the 0—1 error function

e(z) = 1 (¢ (zk(x),:c) > e) , (4)

assigning a value of 1, if the performance metric ¢(z, x) exceeds a specified threshold € after
k steps, indicating a failure to meet the desired criteria, and 0 otherwise. We later provide
guarantees for this error function e(z), for any underlying metric ¢(z, x) in Section 4.
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Convergence. Under certain conditions on the operator 7', the fixed-point iterates in (2)
are known to converge to a fixed-point, i.e., limg_,o0 [|2¥(x) — 2*(2)||2 = 0 for some z*(x)
in the set of fixed-points fixT,. For instance, if the operator T  is contractive, linearly
convergent, or averaged (see Appendix D for their definitions), and the set of fixed-points is
non-empty, then the iterates are guaranteed to converge (Ryu and Yin, 2022, Section 2.4).
We refer the reader to Appendix D for the rates of convergence for these cases.

3.2 Running and evaluating learned optimizers

The goal of learning to optimize methods is to accelerate an algorithm to quickly find a
high-quality candidate solution Zg(z) for problem (1). Learned optimizers typically learn
either the initial point or the steps for a given algorithm, by adjusting some weights § € RP.

Learned initializations. Some learned optimizers focus on learning the initializations
for algorithms (Sambharya et al., 2024; Finn et al., 2017). Typically, this involves predicting
an initial point z° € R" from the parameter = with a function hy : R — R™:

29(x) = ho(x).

Learned algorithm steps. Another common strategy in learned optimizers is to learn
the steps of the algorithm, which can be represented as

2 (@) = Ty(24(x), ).

Here, the function Ty : R™ x R? — R" is the learned update rule. Note that the iterates
2k (x) depend on the parameter  and the weights 6.

Evaluation metrics. The evaluation metric ¢ depends on the task at hand. For inverse
problems, a common metric of interest is the squared distance to the ground truth solution
¢ (z,2) = ||z — 2*(z)||3. In meta-learning, a common measure is the performance on a
learning task over an unseen dataset D'*' and learning objective £ (Finn et al., 2017; Li
and Malik, 2016), which fits into our framework with the performance metric ¢™%(z, z) =
L(z, D). As in the classical optimizers case, we consider the 0-1 error function associated
with an underlying metric ¢. In this case, the error function depends on the weights 6:

eg(x) =1 (qb (zé?(a:),x) > e) . (5)

It is important to remark that the metric ¢ can also be different from the objective f from
problem (1). Our generalization guarantees are designed to provide bounds for the error
function eg(z) with any underlying metric ¢.

Convergence for learned optimizers. When the algorithm steps are replaced with
learned variants, convergence may not be guaranteed (Chen et al., 2022; Amos, 2023).

3.3 Training learned optimizers

In this subsection, we formulate the learning to optimize training problem, beginning with
the loss functions. Depending on the task at hand, the loss can take varying forms, generally
falling into two categories: regression-based and objective-based (Amos, 2023).
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Regression-based loss. The regression-based loss measures the distance to a ground truth
solution z*(z), i.e.,

8 (@) = ||Zp(2) — 2*(2)II5. (6)
Objective-based loss. The objective-based loss directly penalizes the objective f:
obj ~
6Pi(@) = f(z0(x), ). (7)

Unlike the regression-based loss, the objective-based loss does not require access to
ground truth solutions.

The learning to optimize training problem. Given the loss function, algorithm steps,
and initialization we formulate the training problem as

minimize E, xfp(z)
subject to zéf“(m) =Tp(2§(x),z), k=0,1,....,K —1 (8)
2g(x) = hg(x).

Here, K is the number of algorithm steps used during training, and the loss function ¢y(x) is
either chosen to be the regression-based loss £,®(x) or the objective-based loss Egbj (x). The
loss function is applied to the K-th iterate Z9(x) = z/<(z), but, in principle, it could be a
(weighted) sum of a loss function applied all the iterates zJ(z), ..., 2L (x). Since in general
we do not know the distribution X' to solve problem (8), we approximate the expectation
over N independent and identically distributed (i.i.d.) training samples S = {z;}}¥,. In

Section 5, we modify the empirical training problem to provide guarantees to unseen data.

4. Probabilistic guarantees for classical parametric optimization

In this section, we use statistical learning theory to provide probabilistic guarantees for clas-
sical parametric optimization. In particular, we focus on the fixed-point problem setting (3),
and obtain performance guarantees on the quality of the iterates from (2), zF*!(z) =
T(2*(z),x). Recall that the parameter x is drawn in an i.i.d. fashion from distribution X'
We first provide bounds for algorithms initialized to the zero vector (i.e., cold-started) and
then consider how to adapt the bounds to include warm starts.

Obtaining guarantees via statistical learning theory. Given an underlying metric ¢,
a number of algorithm steps k, and a tolerance €, we consider the 0-1 error e(z) given by
Equation (4) which takes a value of 1 if ¢ is above € after k steps and 0 otherwise. There
are three steps to obtain bounds on the risk ry given N sample parameters S as depicted in
Figure 1. First, for each sample x we run k fixed-point steps starting from the zero vector
to obtain zk(x) Second, we compute the empirical risk 7g, the fraction of problems that
fail to reach the desired tolerance in k steps. Last, we apply the sample convergence bound
from Theorem 3 in Appendix Section A to bound the risk ry with probability at least 1 —4:

10g<2/5>>. o

ry < k7! (fg ~
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We remark that other concentration bounds could be used in (9), and that we could instead
bound E¢(z*(z),z) directly instead of the risk Ee(z). Typically, using a concentration
bound requires an upper bound on the metric of interest, a condition trivially satisfied by
the error function. The choice to bound the error function is driven by this convenience,
which also proves particularly beneficial in the analysis of learned optimizers, as discussed
in Section 5.
Step 1 Step 2 Step 3
Approximately solve Evaluate the empirical risk Bound the risk
each parametric problem

Parameters Candidate solutions

N
Run & . 1 1 4
x steps | 2" () TSE N Ze(xi) ra <K <7"S
i=1

N

1og<2/6>)

Figure 1: The procedure to generate probabilistic guarantees for classical optimizers. Given N
parameter samples, we first approximately solve each parametric problem by running k fixed-point
steps in step 1. Then given an error function e(x) with an underlying metric ¢, number of algorithm
steps k, and tolerance €, we evaluate the empirical risk 7g in step 2. Lastly in step 3, we apply the
sample convergence bound to bound the risk r» with high probability.

Incorporating warm starts. It is natural to wonder if the bound (9) can be adapted
to algorithms initialized from warm starts rather than from the zero vector. Indeed this
adaptation is feasible, as long as the errors e(z) are i.i.d. random variables. One setting
where this condition is met, what we call the nearest-neighbor warm start (Sambharya
et al., 2024) setting, assumes access to a base set of NP problem parameters and a
corresponding optimal solution for each one. The nearest-neighbor warm start initializes
the sample problem with the given optimal solution of the nearest of the base problems
measured by distance in terms of its parameter z € R%. Since the metric e(z) is still i.i.d.,
the sample convergence bound from inequality (9) holds.

Strengthening the bound with worst-case guarantees. One downside of the guar-
antee given by the sample convergence bound is that a non-zero term (1/N)log(2/6) in
inequality (9) prevents the risk ry from ever reaching zero even if the empirical risk 7g is
zero and k is very large. If the underlying metric is the fixed-point residual, the worst-case
guarantees from (40) and (41) can provide a stronger result: a risk of exactly zero that holds
with probability one, for a large enough number of iterations (provided an upper bound on
the distance from the initialization to the set of optimal solutions). In this case, we simply
adapt our bounds to take the better of the worst-case guarantee and the probabilistic bound
in Equation (9).

5. Generalization bounds for learned optimizers

In this section, we derive generalization bounds for learned optimizers using tools from
PAC-Bayes theory. In particular, we adapt Maurer’s bound from Theorem 4 presented
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in Appendix Section A to allow for a data-dependent prior and then apply it for learned
optimizers.

Maurer’s bound from (34) is used to provide bounds where the weights are drawn from
a distribution, while learned optimizers (as outlined in Section 3) are deterministic. To
reconcile this, we adapt the learning to optimize framework so that the weights of the
learned optimizers 6 are drawn from a posterior distribution P. Then, considering the 0-1
error metric eg(x) from Equation (5) as a function of the loss, i.e., eg(x) = 1(lg(z) > €),
we aim to bound the expected risk of the posterior Ry (P) defined in Equation (29). As in
the case of classical optimizers, we choose to bound the error function rather than the loss.
This approach is particularly useful for learned optimizers, as obtaining an upper bound on
the loss, an important assumption in the PAC-Bayes framework, can be difficult due to the
lack of convergence guarantees (Amos, 2023). Bounding the error allows us to bypass this
complication, as an upper bound of one is trivially given.

The posterior. To obtain the KL divergence in closed form from Equation (34), we
consider posterior and prior distributions on the algorithm weights that are multivariate
normal distributions. We further enforce a diagonal covariance structure for both. Our
posterior takes the form A (w,diag(s)) where the mean is w € RP and the covariance is
diag(s) € S".. We use the notation N, s = N'(w, diag(s)) for convenience.

The prior. In the next section, we would like to optimize over the bounds themselves;
however, recall that the vanilla Maurer bound from Theorem 4 requires that the prior is
fixed and independent of the training samples. Our strategy is to consider a data-dependent
prior where the mean is fixed and the variance is optimized over. We then round the variance
to a pre-defined grid where we use a union-bound argument to satisfy the assumptions of
Theorem 4. This strategy has been taken in the literature, for example in Dziugaite and
Roy (2017) and Langford and Caruana (2001) where the covariance matrix takes the form
A = A for a scalar \. We generalize this approach, by instead partitioning the weights into
J groups and optimizing over a wvector A € Ri rather than a scalar. For the j-th group
(where j € {1,...,J}), we let Z; be the corresponding index set of weights. We construct
the diagonal prior variance A € Sﬁ by assigning the value A; to the indices in group Zj;,
i.e.,

diag(A)zj = )‘j1|Ij|7 fOI‘j = 1,...,J.

Here, |Z;| is the cardinality of the set Z;. This partitioning approach allows for a more
nuanced adaptation to weights associated with different groups. Consider, for instance,
LISTA-type algorithms, where distinct weights are used for shrinkage thresholds and step
sizes (Gregor and LeCun, 2010; Liu et al., 2019) (see Section 7.2.1 for more details). Intu-
itively, accommodating different priors for each group can be advantageous because different
weight groups can have different orders of magnitudes. Hence, it is natural that allowing
for different variances across partitions is beneficial.

Main generalization bound for learned optimizers. We now give our main gen-
eralization bound theorem which uses the union-bound argument to allow for a data-
dependent prior. Specifically, we enforce that the prior variance term A € R_{ takes the
form A = A% exp(—a/b) for some a € N”/. We design Maurer’s bound to hold for a given

10
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a with probability

6\’ ¢
5o — <> 5 (10)
m? H}Izl%z

for some pre-determined 6 € (0,1). Then with probability at least 1 — §, Maurer’s bound
holds uniformly for all @ € N7. This strategy generalizes the union-bound arguments made
in the literature (Dziugaite and Roy, 2017; Langford and Caruana, 2001) to allow for J to
be larger than one. We formalize this result with the following theorem.

Theorem 1 Consider a set of N i.i.d. samples S. Let the prior mean wg € RP, and the
prior variance hyperparameters \™** € Ry and b € Ry, be independent of the samples.
Then for any 6 € (0,1), posterior distribution Ny s, and vector a € Ni, with probability at
least 1 — ¢ the following bound holds:

Ra(Nops) €K7 (Rs(Niws) | B(w,s,2)) - (11)

Here, A = \™® exp(—a/b) and the regularization term is

J
1 \max 2 2 /N
B(w,s,) = ~ | KL (Nus [| N (w0, 4)) + Y 21og (blog N ) + Jlog % +log =%

=1 '
(12)

Using Equation (30), the KL term KL (N, s || N (wo, A)) simplifies to

J

1 1 1 1

5 (p + 1; logs) + 5 Z <X||SIJ-||1 + YH?UIJ- - (w0)2j||2 + |Z;] 10g)\j> )
o\ Y

where log s is applied element-wise. See Appendix C.1 for the proof.

6. Optimizing the generalization bounds

In this section, we show how to optimize the PAC-Bayes bounds obtained in Section 5.
In Section 6.1 we present the penalized training problem whose objective aligns with the
PAC-Bayes generalization bound. The objective of this problem includes a KL inverse
term which involves solving a one-dimensional convex optimization problem. In Section 6.2
we show how to use implicit differentiation to differentiate through the KL inverse. This
technique allows us to implement a gradient-based learning algorithm, which we present in
Section 6.3. In Section 6.4, we show how to calibrate the PAC-Bayes bounds after training,
thereby providing generalization guarantees on the expected risk.

6.1 The penalized training problem

Our overarching strategy to obtain strong generalization guarantees is to use gradient-based
methods to optimize the PAC-Bayes bounds from Theorem 1. Gradient-based methods
emerge as a natural choice to optimize our PAC-Bayes bounds as they are often used
to train learned optimizers (Chen et al., 2022; Monga et al., 2021). Indeed, the learned

11



SAMBHARYA AND STELLATO

optimizers that we provide generalization guarantees for in our numerical experiments in
Section 7 are all trained with gradient-based methods in their original works. Nevertheless,
this approach gives rise to several obstacles that we will address in this section, culminating
in the formulation of a penalized training problem.

The first obstacle is that the decision variable A, which corresponds to the prior variance,
must belong to a discrete set as described in Section 5. To simplify the training, we treat X as
a continuous variable, and then after training, round its value to the discrete set (Dziugaite
and Roy, 2017). The second obstacle is that the 0—1 loss function ey (z) is non-differentiable.
To address this, we replace the loss in eg(x) with its logistic transformation

- 1
gloglstlc ) = )
0 (z) 1+ exp(—¥y(z))
The transformed loss EleogiStic (z) achieves two desired properties; it is differentiable and lies
in the range (0,1) (hence, a good proxy for the error function). We denote the expected
empirical risk of the logistic loss over a distribution P as

(13)

N
Alogisti 1 isti
R?g st C(P) _ EHNPN Z 6100g st C(xz)
i=1
At this point, the optimization problem can be formulated as
minimize kI~ (Rg)gm(/\/w,s) | B(w,s,A))

subject to 0 <\ <\ (14)
0,

AV

S

where the decision variables are w € R?, s € R% | and \ € R;Ir. In practice, a third and par-
ticularly practical obstacle arises with the initial formulation of our optimization problem.
There is an imbalance between the expected empirical risk of the logistic loss R?glgtlc (Nuw.s)
and the regularizer B(w,s,A). The regularizer B(w,s,\) can be disproportionally large
while the quantity nggism(/\/w,s) is always in the range (0,1). We observe that in many
cases, applying gradient-based methods to solve problem (14) tends to reduce the regularizer

B(w, s, \) to zero, typically by making w close to zero, resulting in suboptimal solutions.

The penalized training problem. To remedy this problem, we add a penalty term to
the objective to penalize the distance between B(w, s, \) and a hyperparameter B%r&et ¢
R.. Now, we are ready to define our penalized training problem:

minimize K7 (REFNG,) | Blw,s\)) + p (Blw, s, )) — BeE)’
subject to 0 < A\ < \™ax (15)
s> 0.

Here, € R, . is a large constant term that weights the penalty. The value of B'%r8e will
control the gap between the expected empirical risk and the expected risk. Specifically,
if B(w,s,\) = B then the expected risk can be upper bounded with Ry (N, s) <
]A%S(Nms) + /Btarget /2. In practice, we cross-validate over values for B8 as detailed in
Appendix B.1.

12
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6.2 Differentiating through the KL inverse

In order to use gradient-based methods to solve the penalized training problem (15), we
need to compute gradients through the KL inverse p = klfl(q | ¢). However, the output
p is not an explicit function of the inputs ¢ and c. Rather, p is implicitly defined by q
and ¢, and is obtained by solving the geometric program (31). Previous approaches that
use gradient-based methods to minimize a PAC-Bayes bound, such as those employed by
Dziugaite and Roy (2017) and Majumdar et al. (2021), sidestep this challenge by applying
Pinsker’s inequality from Equation (32) to transform p into an explicit function of ¢ and c.
However, using Pinsker’s inequality can lead to a less precise bound compared to directly
solving the KL inverse problem. In contrast to these methods, our approach leverages the
technique of implicit differentiation, supported by the implicit function theorem (Dontchev
and Rockafellar, 2009, Theorem 1B.1). Given the KL inverse kl™'(¢ | ¢), the implicit
derivatives can be written as (Reeb et al., 2018)

Okl (qlc) K '(g|c)(1—Kkq]|c)) q 1-kl'(q] )
9 Wlglo-q (1 (g0 % 1-¢ )
Okl '(q | c) _ Kl (q | o)(1 =K (q | ¢))
Oc K le)—q

Smoothness of the KL inverse. We note that for ¢ € (0,1) and ¢ € R4, the KL
inverse kI™!(q | ¢) lies in the range (¢,1) (Reeb et al., 2018, Appendix A). Under these
conditions, these derivatives exist, i.e., kI™*(¢ | ¢) is differentiable with respect to both ¢
and c¢. Since we use the logistic loss from Equation (13), the value for ¢ is always in the
range (0,1) (as opposed to taking a value strictly in {0,1}). Additionally, the regularizer
¢ = B(w, s, \) is always strictly positive. Hence our implicit layer is always differentiable
and thus amenable to gradient-based optimization methods.

6.3 PAC-Bayes learning algorithm

In this subsection we present a learning algorithm based on gradient descent to solve the
penalized training problem (15). We cannot apply vanilla gradient descent to solve prob-
lem (15) yet because we cannot compute the expected empirical logistic risk ]A%lsogiStiC(NWS)
nor its gradients efficiently. We can, however, compute the gradient of its unbiased estimate
(1/N) SN 298 (1)) where w/ = w 4 € @ /5 for € ~ N(0,1,). In each iteration we take
an i.i.d. copy of £ and a step in the direction of the negative gradient of the function

Cs(w75’)\’w/) — kl*l (R}S?gisti(:(w/) ’ B(w, S,)\)) + ,u(B(w, 57)\) - Btarget)2'

To ensure the non-negativity of the variable s and A, we optimize over variables ( € R? and
n € R7, and set s = exp(¢) and A = exp(n)). As mentioned in Section 5, after the gradient
descent algorithm terminates, we must round the prior A to fit into the pre-determined
grid. To do so, we compute a* = round(blog(A\™?*/)\)) and then A\* = A\ exp(—a*/b).
We summarize this discretization via the function

(16)

— d bl )\max )\
roundPrior(\, A p) = \"aX exp< round (blog(A™**/ )))7

b

and set the rounded prior with \* = roundPrior(\, A™#* b).
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Algorithm 1 PAC-Bayes Learning to solve problem (15)

1: Inputs:

2: Target penalty: B'%et ¢ R,

3: Prior hyperparameters: A™** € Ry, be Ry

4: Initial weights: wy € RP, so € R%, Ag € (0, AmaxyJ > Random initialization

5: Desired probability: § € (0, 1)

6: Learning rate: v € R4

7: Number of epochs: M € N

8: Procedure:

9: (w,(,v) = (wo,log(so),log(o))

10: for i =1 to M do > Loop over epochs

11: sample £ ~ N(0,1,,)

12: w =w+ &6 y/exp(() > Sample from N,
w w VuwCs(w,exp(¢), exp(v), w’)

13: Cl=1¢| —7|VcCs(w,exp((),exp(v),w’) > Gradient step
v v V., Cs(w,exp(C), exp(v), w')

14: (w*, s, \*) = (exp((¢), exp(v), roundPrior(exp(r), \™** b)) > Round prior: Eq. (16)

15: Outputs:
16: Learned weights (w*, s*, A\*)

6.4 Calibrating the PAC-Bayes bounds

The training procedure returns the learned weights: the posterior mean w*, the posterior
variance s*, and the prior variance A\*. Together, these determine the posterior distribution
P = Ny s and the regularizer B(w*,s*,\*). To obtain the final generalization bounds
after the training procedure terminates, we need to calibrate the PAC-Bayes bounds for a
given metric ¢, number of algorithm steps k, and tolerance e.

Conceptually, we would like to apply the McAllester bound to bound the expected risk
Rx(P) in terms of the expected empirical risk RS(P). However, this is not immediately
possible since evaluating the expected empirical risk RS(P) is intractable. To circumvent
this issue, we generate P a Monte Carlo approximation of P, compute the Monte Carlo
estimate of the expected empirical risk ]?5(15), and bound the expected empirical risk
RS(P) using inequality (33). We fully detail and enumerate the steps needed to calibrate
the bounds below.

First, we draw H i.i.d. samples, denoted by {6; }Z 1, from the posterior distribution P.
We then construct the Monte Carlo approximation P = (1/H) ZJH:1 d;, where dg, repre-
sents the Dirac delta function centered at 6;. We then run k steps of the learned optimizer
for each of the H samples for each of the N training problems. Second, we compute the
Monte Carlo approximation of the expected empirical risk RS(P) as follows:

Rs(P) = —=—3"3 ep, (w0), (17)
NH -
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Algorithm 2 Calibrating the PAC-Bayes bounds

1: Inputs:

2: Learned weights: w*, s*, \* > Output of Algorithm 1
3: Desired probabilities: §,w € (0,1)

4: Metric: ¢

5: Number of algorithm steps: k
6: Desired tolerance: €

7: Number of samples: H > For Monte Carlo approx.

8: Procedure:

9: Generate H samples {6; }f: L from Ny o+ > Monte Carlo samples
10: R=(1/(NH)) L SN ep,(w;) > Empirical est. Eq. (17) (metric ¢, k steps, tol. €)
11: R=X""(R| (1/H)log(2/w)) > Sample convergence bound: Eq. (18)
12: R* =kI"YR | B(w*, s*,\*)) > main Thm. 1 bound: Eq. (19)
13: Outputs:

14: R* > The final bound on the expected risk

where the error function e is based on the underlying metric ¢, number of steps k, and tol-
erance €. Last, we apply two PAC-Bayes bounds to obtain the final bounds on the expected
risk. Using the sample convergence bound from Theorem 3, the following inequality holds
with probability at least 1 — w for w € (0, 1):

Rs(P) < Rg(P) =k (RS(P> — log ) : (18)

We then apply a union bound and our Theorem 1 to obtain the final bound on the expected
risk

Rx(P) < R§(P) = K17 (Rs(P) | B(w",s*,\")), (19)

which holds with probability 1 — § — w.

We outline this calibration procedure in Algorithm 2, and we also depict the entire
process to obtain generalization bounds for learned optimizers, including the training and
calibration phases, in Figure 2. We note that the number of steps £ that the bounds are
computed for need not be the same as the number of steps K that are used to train the
weights. Moreover, the metric ¢ does not need to be the same as the metric used in the
loss function. We remark that some of choices made to facilitate training (e.g., using the
logistic regression loss instead of the 0-1 loss) do not affect the validity of our bounds. This
is because our main generalization bound is applied after training is complete. Furthermore,
by applying union bounds appropriately (i.e., for the prior variance, the hyperparameter
Btarget " and the Monte Carlo approximation of the expected empirical risk), we ensure the
validity of the final bound. Indeed, in the numerical experiments in Section 7, we will
calibrate the bounds for many different tolerances and algorithm steps, and sometimes,
multiple metrics.
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e . N
Training
Step O (if regression-based loss) ‘ .Step 1 .
Solve each training parametric problem Train with Algorithm 1
Parameters Optimal solutions (w, ¢, v) = (wo,log(s0), log(Xo))
fori=1to M do
x Solve | % (z) w' =w+E0exp(¢) where & ~ N(0,1,)
(w7 Cv V) = (wv Cv V) — ’YVCS(U), exp(O, exp(l/), 'LU,)
(w*, s*, \*) = (w, exp(¢), roundPrior(exp(v), A™**, b))
\ J
S ] ~
Calibration
Step 2 Step 3 Step 4
Rup k steps for each}tlraining problem Evaluate the Monte Carlo Apply two PAG-Bayes bounds
with H samples {0;}L, from N« o approx. of the empirical risk
Candidate
Parameters .
solutions
Run & . Sample convergence bound
x steps |2, (7) |12
R=klI" (R(P) — log —)
N H H w
5(P) = 57 202 €0, (@)
Rs(P) = — €0, (T
! H samples NH ==
Run & Theorem 1 bound
un —1/B | p*
<
T steps zéfH (x) Rx(P) <KI™(R| B
\ y,

Figure 2: The two-phase procedure to generate generalization guarantees for learned optimizers for
a metric ¢, number of algorithm steps k, and tolerance e. The first phase is the training phase. If the
loss function is the regression-based loss, then we solve each parametric problem in step 0 as these are
needed in order to train. In step 1, we train the architecture to optimize the PAC-Bayes guarantee
over M epochs using Algorithm 1. We also round the prior according to Equation (16). Then
we enter the second, calibration phase. In step 2 we sample weights {6; }le from the distribution
Ny s+ and run k algorithm steps for each training problem and each weight sample 6;. In step 3
we compute the Monte Carlo approximation of the empirical expected risk RS(P) In step 4, we
bound the expected risk Ry (P) by applying a sample convergence bound from Equation (18) and
then Theorem 1 where the regularization term is B* = B(w*, s*, \*).

7. Experiments
In this section, we illustrate the effectiveness of our guarantees for both classical and learned
optimizers with numerical experiments. The code to reproduce our results is available at

https://github.com/stellatogrp/data_driven_optimizer_guarantees.

In Section 7.1 we apply our framework from Section 4 to provide guarantees for classical
fixed-point optimization algorithms in the context of parametric optimization. In Section 7.2
we apply our training algorithm and generalization guarantees from Section 6 to obtain
strong bounds for a variety of learned optimizers.
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7.1 Guarantees for classical parametric optimization

In this subsection, we apply our method to obtain generalization guarantees to image deblur-
ring in Section 7.1.1 and robust Kalman filtering in Section 7.1.2. We focus on solving convex
QPs and convex conic programs, for which we use the Operator Splitting Quadratic Program
(OSQP) solver (Stellato et al., 2020) and the Splitting Conic Solver (SCS) (O’Donoghue,
2021) respectively as the fixed-point algorithm. The fixed-point vector z consists of both
primal and dual variables; see (Sambharya et al., 2024, Table 1) for more details on how this
vector is constructed for OSQP and SCS. In each of the examples, we vary the number of
algorithm steps and tolerances and report a lower bound on the success rate 1 —rx. Then,
by combining these bounds for the risk across many tolerances, we construct upper quantile
bounds on the fixed-point residual at each algorithm step and compare them against the
empirical quantile performance. See Section B.2 for more details on how we construct the
quantiles. We show that our probabilistic guarantees are much tighter than bounds given
through worst-case theoretical analysis. Finally, where relevant, we repeat our analysis to
include task-specific metrics instead of the fixed-point residual, again providing risk and
quantile bounds. The probabilistic results hold with probability at least 0.9999 for the risk
and with probability at least 0.9919 for the quantiles. See Appendix Section B.3 for more
details. We provide guarantees for 10, 100, and 1000 samples in each example.

Worst-case guarantees. The worst-case guarantee is determined by our best estimate;
although, we remark that a better numerical result may be possible to obtain. Indeed, it can
be difficult to check when certain conditions are met to guarantee a given convergence rate
(e.g., linear convergence for ADMM) (Yuan et al., 2020). To generate our best estimate of
the worst-case guarantee, we proceed as follows. We first estimate a value for distgx 7, (zo)
(where 2z = 0 is the initial point) by taking the largest optimal solution in terms of its 2-
norm across problem instances and multiplying it by 1.1. Then we generate the worst-case
guarantees based on the property of the fixed-point operator given in the rates from (40) and
(41). Both OSQP and SCS are algorithms based on Douglas-Rachford splitting (Banjac
et al., 2019; O’Donoghue, 2021). For both algorithms, we pick hyperparameters so that
the fixed-point algorithm is (1/2)-averaged (Banjac et al., 2019; O’Donoghue, 2021). For
OSQP, we set the penalty and relaxation parameters to be one; see Banjac et al. (2019)
for more details. For SCS, we enforce identity scaling and set the relaxation parameter
to be one; see O’'Donoghue (2021) for more details. Hence, the sublinear rate with o =
1/2 from (41) holds as a worst-case guarantee in all three instances. This rate can be
improved upon if additional conditions (e.g., strong convexity) are satisfied. We verified our
theoretical bounds with PEP (Drori and Teboulle, 2014) using the PEPit toolbox (Goujaud
et al., 2022). However, that approach does not scale well to more than 100 number of
iterations because, in contrast to ours, it requires solving a semidefinite program (Drori
and Teboulle, 2014). It takes nearly 59 minutes to provide guarantees for 70 iterations for
algorithms where the iterations are averaged, for which the guarantees are within 6% of the
theoretical bound. Because of the lack of scalability and how close the PEP bounds are to
the theoretical guarantees, we omit them in our tables and plots. We emphasize that our
probabilistic analysis is not meant to replace worst-case analyses; rather, it is meant to offer
complementary insights. The comparisons illustrate the significant gap between worst-case
bounds and the behavior observed on average over a parametric problem family.
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7.1.1 IMAGE DEBLURRING

The first task we consider is image deblurring. Given a blurry image = € R", the goal is to
recover the original image y € R". The vectors b and y are created by stacking the columns
of the matrix representations of their images. We formulate the image deblurring problem
as the QP

minimize ||Ay — z||3 + pllyl1

subject to 0 <y <1,

where y € R" is the decision variable. In this problem, the matrix A € R™*™ functions
as a Gaussian blur operator embodying a two-dimensional convolutional operator. The
regularizer coefficient p € R, balances the importance of the fidelity term [|Ay — z||3,
relative to the ¢ penalty.

Task-specific metric. In signal recovery tasks, it is common to report the normalized
mean squared error (NMSE) in decibel (dB) units (Chen et al., 2022) between the z and
the original signal Z given by

= - 213
1213
Numerical example. We consider handwritten letters from the EMNIST dataset (Cohen

et al., 2017). We apply a Gaussian blur of size 8 to each letter and then add i.i.d. Gaussian
noise with standard deviation 0.001. The hyperparameter weighting term is p = 107%.

NMSE(z, z) = 10log, (20)

Results. Figure 3 shows our results. In this case, the objective is strongly convex, which
can be used to guarantee linear convergence (Giselsson and Boyd, 2014). Therefore, we
calculate the most optimistic linear convergence factor possible based on the performance
in the samples and combine it with (41) to estimate the worst-case guarantee.

Table 1: The quantile results for image deblurring. Left: fixed-point residual. Right: NMSE. We re-
port the number of iterations to reach given tolerances. For different quantiles (Qtl.) and tolerances
(Tol.), we compare the empirical (Emp.) and estimated worst-case quantities against our probabilis-
tic bounds with a varying number of samples N. The worst-case bound holds independently of the
quantile.

Fixed-point residual NMSE
Qtl. Tol. Worst-  Emp. Bound Qtl.  Tol. Emp. Bound
Case N=10 N =100 N =1000 N=10 N =100 N =1000
30 0.01 80932 217 383 289 270 30 -20 152 985 290 210
0.001 95975 1342 2903 1938 1674 -30 701 2707 1285 916
0.0001 108779 8343 15765 11597 10512 -40 2688 5919 4016 3236
90 0.01 80932 285 - 383 362 90 -20 698 - 1497 985
0.001 95975 2166 - 3274 2816 =30 2392 - 3885 2950
0.0001 108779 12415 - 17018 15161 -40 5922 - 8050 6964
99 0.01 80932 320 - - 508 99 -20 1338 - - 2731
0.001 95975 2615 - - 4046 -30 3765 - - 6707
0.0001 108779 14523 - - 17283 -40 8241 - - 12077

7.1.2 RoOBUST KALMAN FILTERING

Kalman filtering (Kalman, 1960) is a popular method to predict system states in the pres-
ence of noise in dynamic systems. In this example, we consider robust Kalman filtering (Xie
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fixed-point residual: € = 0.01

fixed-point residual: € = 0.001

fixed-point residual: € = 0.1
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Figure 3: Probabilistic lower bounds of the success rate for image deblurring. The top row shows
results for the fixed-point residual (fp. res.) and the bottom row shows bounds for the quantile. For
both metrics, the lower bounds on the success rate are tight for N = 1000 samples.
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Figure 4: Probabilistic guarantees for OSQP to solve the image deblurring problem. The top row
shows results for the fixed-point residual (fp. res.) and the bottom row shows results for the NMSE.
The quantile bounds for both quantities improve as the number of samples increases.

and Soh, 1994) which mitigates the impact of outliers and model misspecifications to track
a moving vehicle from noisy data location as in Venkataraman and Amos (2021). The linear
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Table 2: The quantile results for robust Kalman filtering. Left: fixed-point residual. Right: max
Euclidean distance. We report the number of iterations to reach given tolerances. For different
quantiles (Qtl.) and tolerances (Tol.), we compare the empirical (Emp.) and estimated worst-case
quantities against our probabilistic bounds with a varying number of samples N. The worst-case
bound holds independently of the quantile.

Fixed-point residual Max Euclidean distance
QtlL Tol. Worst-  Emp. Bound Qtl. Tol. Emp. Bound
Case N =10 N =100 N =1000 N=10 N =100 N =1000
30 0.01 6.4e7 135 156 146 144 30 0.01 81 117 92 80
0.001 6.4€9 220 239 230 229 0.001 147 193 164 156
0.0001  6.4ell 308 327 321 319 0.0001 228 270 236 235
90 0.01 6.4e7 144 - 158 154 90 0.01 103 - 144 121
0.001 6.4€9 228 - 243 238 0.001 175 - 222 194
0.0001  6.4ell 317 - 335 328 0.0001 250 - 307 267
99 0.01 6.4e7 150 - - 162 99 0.01 116 - 150
0.001 6.4€9 233 - - 247 0.001 176 - - 222
0.0001  6.4ell 324 - - 336 0.0001 251 - - 311

dynamical system with matrices A € R™*", B € R"™ " and C € R"*" is given by
Sg+1 = Asy + Bwy, ye=Csi+v,, for t=0,1,..., (21)

where s; € R™ is the state, y» € R™ is the observation, w; € R"™ is the input, and
v; € R™ is a perturbation to the observation. We aim to recover the state x; from the
noisy measurements g; by solving the following problem:

minimize 375" [[wil|3 + ppp(ve)
subject to si41 = Asg+Bwy t=0,...,T7—1 (22)
w=Csi+v t=0,...,T—1.

Here, the Huber penalty function (Huber, 1964) with parameter p € R that robustifies
against outliers is given by

lall2 lalla < p
wp(a’) = 2
2pllallz — p* lallz = p.

The given quantity p € R4 weights this penalty term. The decision variables are the s;’s,
wy’s, and vy’s, while the parameters are the observed y,’s: © = (o, ...,yr—1). We formulate
problem (22) as a second-order cone program, and use SCS (O’Donoghue, 2021) to solve it.

Task-specific metric. In Kalman filtering, traditional metrics such as the fixed-point
residual, which encompasses both primal and dual variables, may not fully capture specific
aspects of state recovery accuracy. In light of this context, we propose a task-specific metric
aimed at quantifying the fidelity of state estimation. This metric measures the deviation

of the algorithmically recovered states, si, ..., sp, (extracted from the fixed-point vector z)
after k iterations, from their corresponding optimal states, sj(x),..., sk (x):
Oz ) = max_ s~ si(x)a (23)

goooy

The associated error metric indicates success when each recovered state lies within an e-
radius ball centered at its optimal counterpart.
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Numerical example. We follow the setup from Venkataraman and Amos (2021) where
ng=4,n,=2,n, =2, u=2, p=2, and T'= 50. The dynamics matrices are

1 0 (1-(y/2)AHAt 0 12882 0
_ 2
a0t 0 (1— (v/2)At)At | ¢ 1/2At o[t 000
0 0 1—yAt 0 At 0 0100
0 0 0 1— At 0 At

where At = 0.5 and v = 0.05 are fixed to be respectively the sampling time and the velocity
dampening parameter. We generate true trajectories {«{,...,27_;} of the vehicle by first
letting zf = 0. Then we sample the inputs as wy ~ N(0,0.01) and v; ~ N(0,0.01). The
trajectories are then fully defined via the dynamics equations in Equation (21) with the
sampled w;’s and v’s.

Results. To the best of our knowledge, the tightest guarantees that can be obtained
for this problem on the fixed-point residual are given the bound from the averaged iter-
ations (41). We visualize our bounds on the maximum Euclidean distance metric from
Equation (23) in Figure 7 with a ball of radius 0.1 around the optimal state. We obtain
probabilistic guarantees on the error metric that says that all of the recovered states are
within their respective balls.

fixed-point residual: € = 0.1 fixed-point residual: € = 0.01 fixed-point residual: € = 0.001
] ¥ R } R T
i i ! ! |
= ‘ i 1 | i
= ! i ! | ~
| 0.5 ! i i ! :
— i:e - - eT ‘ - - - - f - - - - - - e!v
0.0 =—vete——————4 1 st e ettt —4-<'—.—.—.>—‘-'—.<-.—.-).4—'—«.
10? 10° 108 10? 10° 108 102 10° 108
iterations iterations iterations
max Euclidean distance: € = 0.1 max Euclidean distance: € = 0.01  max Euclidean distance: ¢ = 0.001
1.0 o - - - - : /,,._;.q._:._v_;_.‘_.:.._.: /,,_._H.v_._:.._.
i W 7.
. it i e
S / il i
| 0.5 ! j 4
- -~ . 17 e -~ Ve .
f s /J‘” I
0.0 =+** [ [—
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—— Empirical success rate —<«— Worst-case guarantee
Bound with 10 samples Bound with 100 samples Bound with 1000 samples

Figure 5: Probabilistic lower bounds of the success rate for robust Kalman filtering. Top: fixed-
point residual. Bottom: maximum Euclidean distance from Equation (23). Note that the x-axes are
different for the top and bottom rows. The bounds get tighter as the number of samples increases.

7.2 Learned optimizers

In this subsection we apply our method to obtain generalization guarantees for a variety
of learned optimizers: LISTA (Gregor and LeCun, 2010) and several of its variants (Liu
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Figure 6: Probabilistic guarantees for SCS to solve the robust Kalman filtering problem. Top: fixed-
point residual. Bottom: maximum Euclidean distance from Equation (23). Our bounds resemble

linear convergence, while the worst-case guarantee gives sublinear convergence.
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Figure 7: Visualizing the guarantees for robust Kalman filtering with the maximum FEuclidean
distance metric (23). Each plot is a separate parametric problem. The noisy, observed trajectory is
made up of the pink points which parametrize the problem. The robust Kalman filtering recovery,
the optimal solution of problem (22), is shown as green points. The shaded beige regions are centered
at the optimal points with radius 0.1. With high probability, all of the extracted states after 30

steps will fall within their respective beige regions across 86% of problem instances.

et al., 2019; Wu et al., 2020) in Section 7.2.1, learning warm starts (L2WS) for fixed-point
optimization problems (Sambharya et al., 2024) in Section 7.2.2, and model-agnostic meta-

learning (MAML) (Finn et al., 2017) in Section 7.2.3.
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We implement our learning algorithm for the different learned optimizers in JAX (Brad-
bury et al., 2018), using the JAXOPT library (Blondel et al., 2021) with the ADAM opti-
mizer (Kingma and Ba, 2015). To do the implicit differentiation during training, we use a
bisection method to solve the KL inverse problems. For each of the learned optimizers, we
describe how we partition the weights into groups as mentioned in Section 5, and report
the number of partitions J. We also describe how the prior mean is set for each learned
optimizer. We use 50000 training samples and evaluate on 1000 test problems in each
example.

After training, we calibrate our bounds, and report a lower bound on the success rate
1— Ry (P) for the learned optimizer with posterior distribution P = N+ ¢«. As in the results
for the classical optimizers, we report bounds across many algorithm steps and tolerances,
construct quantile bounds at each step, and report the results for task-specific metrics where
applicable. The probabilistic results hold with probability at least 0.99988 for the risk and
with probability at least 0.99028 for the quantiles; see Appendix Section B.3 for details.

7.2.1 LISTA VARIANTS FOR SPARSE CODING PROBLEMS

In the sparse coding problem, the goal is to recover a sparse vector z € R" given a dictionary
D € R™™ from noisy linear measurements

b= Dz +e,

where b € R™ is the noisy measurement and ¢ € R™ is additive Gaussian white noise. A
popular approach to solve this problem is to formulate it as the lasso problem

minimize (1/2)||Dz — bl|2 + p||2|1. (24)

where p € Ry is a hyperparameter, and then run the iterative shrinkage thresholding
algorithm (ISTA) with algorithm steps

1
F =00 (zk — ZDT(Dzk — b)> .

Here 1y, is the soft-thresholding function 7y(2) = sign(z) max(0, |2| — 1) and L € R4, is
less than or equal to the largest eigenvalue of DT D. Seeking faster convergence, learned
ISTA (LISTA) (Gregor and LeCun, 2010) and its variants learn some of the components of
the update function. All of these learned optimizers seek a good set of weights 6 to solve
problem (8) where the initial iterate is set to zero, i.e., hy(x) = 0. In this subsection, we
apply our method to LISTA and several of its variants enumerated below, and compare
the performance against classical algorithms: ISTA and its accelerated version, Fast ISTA
(FISTA) (Beck and Teboulle, 2009).

LISTA. The LISTA updates from the seminal work of Gregor and LeCun (2010) are
PR Nk (Wlkzk + Wfb) , (25)

where the learned parameters are § = ({¢%, WE W} 1) € RF (Itmntn®) e partition
the weights into J = 3 groups: the shrinkage thresholds {wk},{;_ol, the first set of weight
matrices {W} £<:—01’ and the second set of weight matrices {W} £<:—01_ We set the prior

means for the weights to the values of ISTA with p = 0.1.
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TiLISTA. TiLISTA (Liuet al., 2019), a variant of LISTA, couples the two weight matrices
and ties the matrix updates over the iterates so that they only differ by a learned scalar
factor. The TiLISTA updates are given by

AR Nk (zk — W (D - b)) ,

where the weights are § = (W, {wk,fyk}i{_ ) € R2EFAmn e partition the weights into
J = 3 groups: the shrinkage thresholds {1[Jk}k, o » the step sizes {'yk}k o » and the matrix
W. We set the prior mean for W to be the pre-computed value given by solving problem (27)
and zero for the other groups.

ALISTA. Liu et al. (2019) also propose ALISTA, which significantly reduces the number
of learned algorithm parameters by determining the matrix W from TiLISTA in a data-free
manner. The ALISTA updates are given by

2Rt = nwk(zk - 'ykWT(Dzk - b)), (26)
where W € R™*™ is pre-computed in a data-free manner by solving the convex QP

minimize WTD|?
subject to W.D.;=1 i=1,...,m.

Then the parameters 8 = ({¢*, v } ") € R?*¥ are learned in an end-to- end fashion. We

partition the weights into J = 2 groups: the shrinkage thresholds {wk ! and the step
sizes {wk}f 01 Since the matrix W is pre-computed for ALISTA in a data—free manner, we

do not train over this variable. We set all of the prior means for the weights to zero.

GLISTA. In GLISTA (Wu et al., 2020), we incorporate gain gates and overshoot gates
to the ALISTA model. The GLISTA updates are given by

2 = (1 + pFpP L exp(vg|2F)) — AT (D(l + phE exp(y]2)) — b))

k k
S e o Lan e ® 2F
|2kt — 2k + € |21 — 2k| 4 € ’

where € € Ry is a small positive value. The weight matrix W is pre-computed in a
data-free manner as in ALISTA. We partition the weights into J = 5 groups: the shrinkage
thresholds {1/)’g 7!, the step sizes {’yk}k o » the two sets of gated parameters {uk}

and {vF} ] 0 and the overshoot parameters {a*};'. Thus the learned parameters are
0 = ({¢F, ~*, pk, > ak}K o) € R, We set all of the prior means for the weights to zero.

Task-specific metric. In this example, we only report normalized mean squared error

in decibel (dB) units from Equation (20) as this is common in the literature for sparse
coding (Chen et al., 2022).
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Numerical example. We follow the setup from Chen et al. (2022) for this example.
We sample a dictionary D € R™*" with i.i.d. entries from the distribution N(0,1/m).
Then we normalize D so that each column has Euclidean norm of one. To generate each
sample, we generate the ground truth from the distribution A/(0,1) and zero out each entry
with a probability of 0.9. The noise € is set to a signal to noise ratio of 40dB. Then the
measurement is b = Dz + €. We take a matrix with dimensions m = 256, n = 512, and
pick the number of algorithm steps to be K = 10. We compare against ISTA and FISTA,
setting p = 0.1, a value picked in Chen et al. (2018b). We calibrate with 20000 Monte Carlo
samples of the weights.

Results. Figure 8 along with Table 3 show the behavior of our method. The classical
optimizers ISTA and FISTA hardly make progress within 10 iterations as is commonly ob-
served in the literature (Chen et al., 2018b). Our method with all of the learned optimizers
except for LISTA provides generalization guarantees that are much stronger than the base-
line performance. Moreover, the guarantees are close to the empirical results showing that
our bounds are tight. Our method with LISTA performs poorly because there are a very
large number of weights, which in turn makes the regularizer B(w, s, \) significantly larger
and more difficult to optimize.

Table 3: The quantile results for sparse coding on the NMSE after 10 iterations. We report the
empirical average of test problems (Emp.) and bounds (Bnd.) for each of the learned optimizers.

Quantile ISTA  FISTA LISTA TiLISTA ALISTA GLISTA

Emp. FEmp. FEmp. Bnd. Emp. Bnd. Emp. Bnd. Emp. Bnd.
10 -0.93 -1.99 -2.2 -1.0 -36.79 -34.0 -38.09 -37.0 -43.96 -43.0
30 -0.53 -1.86 -1.82  -1.0 -34.48 -32.0 -36.38 -35.0 -42.74 -42.0
50 -0.39 -1.78 -1.57  -1.0 -33.05 -31.0 -35.06 -33.0 -41.78 -41.0
60 -0.31 -1.73 -1.46 0.0 -3231 -30.0 -34.52 -32.0 -41.33 -40.0
80 -0.16 -1.66 -1.22 0.0 -30.08 -27.0 -31.99 -30.0 -40.15 -39.0
90 -0.09 -1.61 -1.04 0.0 -2858 -22.0 -29.82 -27.0 -39.19 -38.0
95 -0.0 -1.54 -0.92 0.0 -2738 -180 -29.06 -23.0 -38.37 -36.0

7.2.2 LEARNING TO WARM STARTS FOR FIXED-POINT PROBLEMS

In our second example of learned optimizers, we consider the L2WS framework (Sambharya
et al., 2024) which seeks to learn a high-quality initialization to solve the fixed-point prob-
lem (3). The training problem is problem (8) where the initialization hg(x) is learned rather
than the algorithm steps (i.e., Ty(z,2) = T'(z,z)). The objective is the fixed-point residual
f(z,2) = ||z — T(2,z)||2. Here, hy : R — R" is a neural network with ReLU activation
functions, and the warm start is computed as

hg(a}) = WL_lw(WL_Qw(. . T/J(Wox + bo)) + bL_Q) +br_1,

where ¢(z) = max(0, z) element-wise, the matrix in the i-th layer is W; € R™*"™ and the
bias term in the i-th layer is b; € R™. The learnable weights consist of all of the weight
and bias terms in the neural network, i.e., § = (Wy, bo, ..., Wr_1,br_1). For this approach,
lp : R™ — Ry can take either the form of the regression loss from Equation (6) or objective
loss from Equation (7). We partition the weights into J = 2L groups corresponding to each
bias and weight term in each layer. We set the prior means to be zero for all of the weights.
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Figure 8: Sparse coding results. Top: lower bound on the success rate. Bottom: upper bound on the
quantile. The PAC-Bayes guarantees for ALISTA, TiLISTA, and GLISTA significantly outperform
the empirical results given by ISTA. The guarantees are close to the corresponding empirical values
for the learned optimizers.

Strengthening the bounds. As in the case of classical optimizers, one downside of our
approach is that the bound on the expected risk cannot reach exactly zero (even for a very
large number of iterations) due to a non-zero regularization term. For the L2WS framework
specifically, we bypass this problem and show how the expected risk can be bounded to zero
with high probability. We first bound the distance from the warm start to optimality
distax 7, (hg(x)) with the following theorem.

Theorem 2 Let w = (Wy,bo,...,Wr_1,bp—1) and s = (X9,00,...,%1-1,01—1) be the
mean and variance terms of the weights of an L-layer stochastic neural network. Let T
and z be upper bounds on ||x|2 and ||z*(x)||2 for any x drawn from the distribution X . Let
ap =7,

atr = (IWilla + 10illa + viv/20mi i+ D 1og(L = 0)/RLR)) (af +1), 5 = [Ei

7

fori=0,...,L —1, where v = max{max; ||(§~Ji);:/2||%,maxk H(iz)lk/QH%} Then with proba-

i =

bility at least 1 — & the following bound holds for any x drawn from the distribution X :
distaxr, (ho(x)) < zZ+aj.
See Appendix C.2 for the proof. This upper bound on the distance from the warm start

to an optimal solution given by Z 4 a} can be easily input into inequalities (40) and (41)
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to bound the fixed-point residual for a given number of iterations. To see this, recall that
inequalities (40) and (41) include a term ||2°(z) — 2*(«)||2 and that the bounds hold for
any z*(x) € fixT,. Therefore, replacing these terms with distax7, (hg(x)) yields valid
inequalities on the fixed-point residual.

Unconstrained quadratic optimization. The learned warm starts example we consider
is an unconstrained quadratic optimization problem

minimize (1/2)z7 Pz + ¢z,

where P € 8", , and ¢ € R" are the problem data and z € R" is the decision variable. The
parameter is x = ¢ and the fixed-point algorithm is gradient descent.

Numerical example. We take the first example, from Sambharya et al. (2024) where
n = 20, and the neural network has a single hidden layer with 10 neurons. Let P € S | be
a diagonal matrix where the first 10 diagonals take the value 100 and the last ten take the
value of 1. Let x = ¢ € R"™. Here, the i-th index of z is sampled according to the uniform
distribution u;U[—10,10], where u; = 10000 if ¢ < 10 else 1. We pick K = 15 steps for
training and use the fixed-point residual loss. We calibrate with 1000 Monte Carlo samples
of the weights.

Results. Figures 9 along with Table 4 show the behavior of our method. The PAC-Bayes
guarantees outperform both the cold start and the nearest neighbor.

Table 4: The quantile results for L2ZWS on unconstrained QP results on the number of iterations
required to reach a given tolerance. For different quantiles and tolerances (Tol.), we compare the
cold start and nearest neighbor empirical performances against our learned warm starts for which
we report the empirical (Emp.) quantile and the bound (Bnd.).

Cold Nearest L2WS L2WS

Quantile  Tol. Start Neighbor ~Emp.  Bnd.

30 0.01 280 234 1 1
0.001 509 463 169 206
0.0001 738 692 398 435

80 0.01 300 258 1 31
0.001 529 487 207 260
0.0001 758 716 436 490

90 0.01 304 264 1 158
0.001 533 493 221 388
0.0001 763 723 450 617

7.2.3 MODEL-AGNOSTIC META-LEARNING

In this subsection, we apply our method to obtain generalization guarantees for the MAML
framework (Finn et al., 2017), which aims to learn a model that quickly generalize to new
tasks from minimal training examples. Each task 7 is associated with a dataset D, split
into two disjoint sets: the training set Dtrain and the test set Dtest. The dataset DUain
consists of K™ input-output pairs {a;,y;}X" . Similarly, D' consists of K%t input-
output pairs. At its heart, MAML seeks to optimize a model’s initial parameters 6, so it
can quickly adapt to unseen tasks. MAML fits into the learning to optimize framework
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Figure 9: L2WS unconstrained QP fixed-point residual results. Top: lower bounds on the success
rate. Bottom: upper bounds on the quantiles. The PAC-Bayes bound is very close to the empirical
curve and outperforms both the cold start and the nearest neighbor curves.

from Section 3.2 where the parameter is the training set, i.e., = D", The pre-defined
(i.e., not learned) update function is a step in the direction of the negative of the gradient
of the loss over the training set D% j.e.,

Here, v is a pre-determined positive number indicating the step size. MAML learns the
initial parameters hg(z) = 6, which is shared across tasks. The loss for the learned optimizer
is computed on the test set and is calculated as

lo(x) = L(Zp(x), D).

We consider regression tasks where £ gives the mean squared error (MSE) in a dataset D:

21 (x) = - VVZE(

Dl

[’( "D‘ Z gz az yz

Here, g, is the neural network predictor with weights z. We partition the weights into 2L
groups as in Section 7.2.2. We set the prior means to be zero for all of the weights.

Sinusoid curves. We consider the meta-learning task of regressing inputs to outputs of
sine waves using a few datapoints as in Finn et al. (2017). We generate each task by first
sampling an amplitude A and a phase b. We then generate the datasets D™ and Dtest
in the following manner. The inputs a are uniformly sampled from an interval, and the
corresponding outputs are given by y = Asin(a — b). The neural network consists of two
hidden layers of size 40 each with ReLU activations.
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Task-specific metric. To help visualize our results, we consider the task-specific metric

that is the o norm of the errors over the dataset D't = {(a;, y;) fgf“;

i:f_r_l?§mst |gz(az) - y2|' (28)
Numerical example. We follow the exact setup from Finn et al. (2017). For each task
T, we sample an amplitude A from the uniform distribution /[0.1, 5.0] and a phase from the
uniform distribution U[0, w]. All of the a datapoints are sampled i.i.d. from the uniformly
from [—5.0,5.0]. We pick the number of datapoints in the training and test sets to be
Ktain — 5 and Kt = 100 respectively. The step size v is 0.01, and we unroll 2 steps
during training. We calibrate with 20000 Monte Carlo samples of the weights.

Results. Figures 10 and 11 along with Table 5 show the behavior of our method with
two unrolled steps. In this example, the baseline that we compare against is the pretrained
model from Finn et al. (2017) which trains the network on the sinusoid curves without
unrolling any algorithm steps. For both metrics, our bounds are much stronger than the
pretrained model. We visualize our results in Figure 12. We obtain probabilistic guarantees
that the solution returned after 10 steps initialized with MAML will fall within a band of
width two centered around the true sine surve. The deterministic pretrained model fails to
completely fall within the band of error for many of the problems.

MSE: e = 1.0 MSE: € = 0.5 MSE: e = 0.1

1.0 PSSt oo
&
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Ql:j 0.5 /}_».__.._.__v_._;_._v._
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—— Pretrained ----6---- Empirical MAML —=— PAC-Bayes MAML bound

Figure 10: MAML success rate results for sinusoid curves. Top: MSE. Bottom: infinity norm from
Equation (28). Our lower bounds on the success rate 1 — Ry (P) for both metrics are much higher
than the empirical success rate of the pretrained model across many tolerances.

8. Conclusion

We present a data-driven framework to provide guarantees for the performance of classical
and learned optimizers in the setting of parametric optimization. For classical optimizers,
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Figure 11: MAML quantile results for sinusoid curves. Top: MSE. Bottom: infinity norm from
Equation (28). For the quantiles 30, 80, and 90, our MAML upper bounds are significantly lower
than the pretrained empirical curve after a few iterations.

Table 5: The quantile results for MAML on sinusoidal regression tasks after 10 iterations for both
the mean square error (MSE) and the infinity norm. Since the expected risk is never bounded to a
value below 0.05, we cannot provide guarantees for the 95th quantile.

MSE Infinity norm
Quantile  Pretrained MAML Quantile  Pretrained MAML

Emp. Bnd. Emp. Bnd.
10 0.496 0.207 0.251 10 0.153 0.009 0.014
30 0.942 0.295 0.398 30 0.461 0.019 0.028
50 1.429 0.391 0.562 50 0.972 0.035 0.056
60 1.829 0.452 0.631 60 1.429 0.051  0.079
80 2.434 0.679 1.0 80 3.004 0.1 0.2
90 3.155 0.925 1413 90 4.342 0.167  0.447
95 3.849 1.191 - 95 6.6 0.351 -

we provide strong guarantees using a sample convergence bound. For learned optimizers, we
provide generalization guarantees using the PAC-Bayes framework and a learning algorithm
designed to optimize these guarantees. We showcase the effectiveness of our approach for
both classical and learned optimizers on many examples including ones from control, signal
processing, and meta-learning.

We see a few directions for interesting future research. The bounds in this paper all
required the problem parameters to be drawn of a distribution in an i.i.d. fashion. While in
many applications this assumption is common, e.g., in sparse coding, or machine learning
problems, there are other applications where this assumption is not met. For example, in
control problems, where the problems need to be solved sequentially. Extending our work
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Figure 12: MAML visualizations for regressing on sine curves. The purple triangles are the Ktrain
datapoints used for computing the gradients. With high probability, after 10 steps, MAML is
guaranteed to produce a curve that remains entirely in the banded region 81% of the time, while
the pretrained model produces a curve that only entirely lies in the banded region around 33% of
the time.

beyond the i.i.d. assumption is an avenue for future work. Another avenue is to scale our
approach to tackle larger-scale problems for learned optimizers.
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Appendix A. PAC-Bayes background

In this section, we introduce the PAC-Bayes background needed to construct generaliza-
tion guarantees given a set of N i.i.d. samples S. We first introduce the Kullback-Leibler
(KL) divergence, an important component in our bounds, and show how to compute its
inverse in Section A.l. In Section A.2, we present two PAC-Bayes bounds: a sample con-
vergence bound and Maurer’s bound. Specifically, for classical optimizers, we will use the
sample convergence bound to bound the risk

ry = E;oxe(x),

in terms of the empirical risk
1 N
=+ > eli)
=1

Recall from Equation (4) that the error term e(x) for a given parameter z is always equal
to 0 or 1. For learned optimizers, we consider weights 6 drawn from a distribution P and
use Maurer’s bound to bound the expected risk

R;\{(P) = EngExNXeg(l‘), (29)

in terms of its expected empirical risk

Rs(P) = Epp— Zeg (7).

We use randomized weights to represent a distribution of learned optimizers, which is a
key component of the PAC-Bayes methods. Using randomized weights does not limit which
types of learned optimizers we can apply our method to.

A.1 KL divergence

The KL divergence, a measure of distance between two probability distributions, features
prominently in the PAC-Bayes guarantees that we use. To derive our generalization bounds,
it is sufficient to examine the KL divergence in two scenarios: between Normal distributions
and between Bernoulli distributions.

Normal distributions. The KL-divergence between continuous distributions with den-
sity functions ¢ and p over the Euclidean space R™ is defined as

KL(q || p) = /_Z q(y)log <2Ez;) dy.

We are particularly interested in the case where both p and ¢ are densities of multivariate
normal distributions: N, = N (pp, Ep) and Ny = N (g, Xg) over R™. In this case, the KL
divergence can be obtained in closed-form (Duchi, 2016):

1 detX,
KLU, 11 45) = 5 (4005500 + iy = i) 55 g = ) o G =m) . (30
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Bernoulli distributions. Our goal is to bound the risk ry for classical optimizers and
the expected risk Ry (P) for learned optimizers with posterior distribution P in terms of
their empirical counterparts. Importantly, we remark that these quantities are the ex-
pected values of 0—1 error functions in equations (4) and (5), which correspond to the key
parameters of Bernoulli distributions. We denote the KL divergence between two Bernoulli
distributions, B(q) with mean ¢ and B(p) with mean p, as (Kullback and Leibler, 1951)

—4q

Ki(q | p) = KL(B(@) | B(p) = qlog £ + (1) log ;

In the next subsection, we will bound the gap between the key parameter of a Bernoulli
distribution denoted as p and its estimated value ¢ € [0, 1] as

kl(q || p) <c,

where ¢ > 0. This implies the inequality

p <kl '(q|c)=sup{p€0,1]|Kkl(q] p) <c},

where kl_l(q | ¢) can be computed by solving the following one-dimensional convex geomet-
ric program (Boyd et al., 2007),

maximize p
: q l—q
subject to gqlog | =] +(1—¢)log | —— ) <c¢ (31)
P L—p
0<p<1

Precise solutions to this problem can be obtained through convex optimization algorithms
(e.g., through interior point methods (Wright, 1997)). Problem (31) is used to compute our
performance guarantees for both classical and learned optimizers. We note that an upper
bound to the KL inverse can be explicitly computed using Pinsker’s inequality

K (g | ¢) < q+e/2. (32)

However, the gap between Pinsker’s bound and the KL inverse can be large; the KL inverse
is always upper bounded by one, but Pinsker’s bound can be infinitely large.

A.2 Probabilistic Bounds

In this subsection, we present the probabilistic bounds that we use to obtain our general-
ization guarantees: a sample convergence bound and Maurer’s bound.

Sample convergence bound. The sample convergence bound below will be used to
bound the risk 7y in terms of the empirical risk g for classical optimizers.

Theorem 3 (Langford and Caruana, 2001). Given 6 € (0,1) and N samples S, with
probability at least 1 — § the following bound holds:

(i | ) < 20 (33)
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Proof We seek to prove the following inequality for € > 0
P(kl(rg || ra) > €) < 2eNe.

To get the final bound, we set § = 2exp(—Ne¢). The proof proceeds by breaking the case
that the KL divergence exceeds € into the case where s > rx and the other case where
fs < rx. For a given value of the risk 7y, we define the quantity r! > ry implicitly so
that kI(r! || rx) = e. Similarly, we define r2 < ry implicitly so that kl(r! || ry) = e. We
continue as follows for the case where rg > ry:
P(kl(rs || rx) > €75 > ry) = P(fg > rl) < e N,

The equality comes from the definition of r!. The inequality follows from the upper tail
Chernoff bound for A > 0:

P(rs >rxy +A) <exp(—N kl(rxy + A || rx)).
For the case where #g < ry we have
P(kl(7g || rx) > €, 75 < rx) = P(fg > r?) < e Ve,

The equality comes from the definition of 2. The inequality follows from the lower tail
Chernoff bound for A > 0:

P(rs >rxy —A) <exp(—N kl(rxy — A || rx)).
The proof concludes by summing the probabilities over both cases
P(kl(7s || 7x) > €) = P(Kl(7s || 7x) > €, 75 > rx) + P(kl(s || ) > €, 75 < ry) < 2e” N,

Maurer’s bound. The derivation of our generalization bounds for learned optimizers
is based on Maurer’s bound (itself an adaptation of Seeger’s bound (Langford and Seeger,
2001)), which allows us to provide bounds when the weights 6 are drawn from a distribution
P € P. Here, P is the space of all probability distributions in RP. Specifically, Maurer’s
bound provides a bound on the expected risk Rx (P) in terms of its expected empirical risk
Rs(P).

Theorem 4 (Maurer, 2004). Given a set of N samples S where N > 8, a prior distribution
independent of the training data Py € P, and § € (0,1), with probability at least 1 — § the
following bound holds for all distributions P € P:

Ry (P) < k™! (RS(P) ’ % (KL(P | Po) + log 2?)) . (34)
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The PAC-Bayes framework typically adopts the following steps. First, we select the prior
Py € P before observing any training data. Then, we observe the training data S and
we choose the posterior distribution P (e.g., through a learning algorithm (Dziugaite and
Roy, 2017)). Lastly, we use the inequality (34) to bound the expected risk of the posterior
distribution Ry (P). This posterior is allowed to depend on the prior and the samples.
Proof The relative entropy KL(P || Fy) of two probability measures P and Py on a set
‘H is defined to be infinite if P is not absolutely continuous with respect to P. Otherwise,
KL(P || Py) = Epllog %] where dP/dP, is the density of P with respect to Py. In the
proof, we let S be a set of N training samples of the parameters drawn i.i.d. from the
distribution X. The proof continues as

Esfexp(N K(Rx(P) || Rs(P)) —KL(P || Fy))]

1 Y dp
< Eg |exp (ngp N ki (N Zz_;eg(a:z) ’ EINXeg(x)> —log d—PO(G) >]
<Es |E N (25 o) || Boonente) ) 10222 0)
> Lg | Bgp | €XP N 2 €\ T z~ X E€9\T og P,

= ESE@NPO exp (N kl

= Egp,Eg exp <N kl

< 2V/N.

The first inequality follow’s from Jensen’s inequality and the convexity of the KL divergence.
The second inequality follow’s from Jensen’s inequality and the convexity of the exponential
function. The third line applies the Radon-Nikodyn derivative to change the expectation
of 6 over the posterior P to be the expectation of 6 over the prior Py. The second to
last line uses Tonelli’s theorem to switch the order of the expectations of a non-negative
random variable. The last inequality uses inequality 1 in Maurer (2004). Then, by Markov’s
inequality the proof finishes with

5> Ps <exp<N K(Rx(P) || Rs(P) — KL(P || Py) > Nf)
KL(P || Py) + log (@)

=Py | KI(Rx(P) || Rs(P)) > N
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Appendix B. Experimental details
B.1 Cross-validating Btaset

In our experiments, we cross-validate over six B'8°t hyperparameter values. If a particular
bound on the expected risk holds with probability 1 — § for a given B'¥8° then all six
bounds hold with probability 1 — 65 by a union bound. Table 6 enumerates the Btr&et
values chosen for cross-validation, alongside the corresponding upper bound on the gen-
eralization gap as determined by Pinsker’s inequality from Equation (32). After training,
if B(w*,s*,\*) = B (which we observe, approximately holds true due to the penalty
form from problem (15)), then we can bound the generalization gap: Rx(P) — Rg(P) <

\/ Btareet /2 where the posterior is P = Ny .

Table 6: The different B'#"8°t values used during cross-validation and their associated upper bounds
on the generalization gap.
Btarget Btarget/2

0.01 0.071
0.03 0.122
0.05 0.158
0.1 0.223
0.2 0.316
0.3 0.387

B.2 Quantile bounds

The results from Sections 4 and 5 provide probabilistic bounds on the risk and the ex-
pected risk respectively for a number of algorithm steps k£ and tolerance e. Recall that
the (expected) risk is equivalent to the probability of failing to reach a given tolerance
(due to the use of the error function). Therefore an upper bound on the (expected) risk
corresponds to an upper bound on the quantile. For instance, if after k steps, the risk
is bounded with probability (w.p.) 1 — 6 by 0.1 with some underlying metric ¢ and tol-
erance €, then, w.p. 1 — J, the tolerance € upper bounds the metric ¢ after k steps at
least 90% of the time. Using our notation, this is equivalent to the following statement; if
ry = Epox[1(¢(2%(z),2) > €)] < 0.1 w.p. 1 -0, then P,ox(p(z¥(x),2) > €) < 0.1 w.p.
1 — 9. Therefore the tolerance € is a valid, probabilistic 90-th quantile bound.

To obtain the tightest quantile bounds in Section 7 for a given number of steps k, we
proceed as follows. We first obtain bounds on the risk for N*! pre-determined tolerances.
If each bound on the risk with a specific tolerance holds with probability 1 — §, then all of
the bounds across all of the tolerances hold simultaneously with probability 1 — §N*°! by
virtue of a union bound. Then for a given k& and quantile @, we find the lowest tolerance
such that the bound on the (expected) risk is at most 1 — (). For example, say we want
to bound the 90th quantile bound of the fixed-point residual at k steps. We first take all
of the bounds on the risk for €,...,exti. Then we find the lowest value €; such that the
(expected) risk with tolerance ¢; is at most 0.1; this value of ¢; bounds the 90th quantile
with probability at least 1 —N®™!. Note that the bounds do not hold simultaneously across
different values of k. However, if desired, they can be obtained by applying another union
bound over the algorithm steps.
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B.3 Other numerical details

To obtain the quantile bounds, we discretize the metric into 81 pre-determined tolerances.
For the metrics in the MAML problem, the discretization is 81 points evenly spaced out
on a log scale between 1072 and 10'. For the NMSE metric, we discretize between —80
and 0 evenly on a linear scale. For all other metrics, the discretization is 81 points evenly
spaced out on a log scale between 1079 and 10%. For classical optimizers, we set the desired
probability value to be § = 10~4. The bounds on the risk for the classical optimizers holds
with probability 1 — § = 0.9999 and each of the quantile bounds holds with probability
0.9919 due to the union bound over the 81 tolerances. For learned optimizers, the desired
probability values are § = 107° and w = 107°. For the learned optimizers, there are
two additional considerations: the additional sample convergence bounds which holds with
probability 1 — w and the cross-validation over the set of B'2° values which requires a
union bound. After taking a union bound over the cross-validated B'%8°t values, the bound
on the expected risk holds with probability at least 1 — 6(d + w) = 0.99988. The bounds on
the quantiles each hold with probability at least 0.99028. For all learned optimizers, we set
the prior hyperparameters to be A™#* = 100 and b = 100.

Appendix C. Proofs
C.1 Proof of Theorem 1

The vector a € Ni and constant ¢ € (0,1) defines the quantity J, from Equation (10),

Jo =0 (6/(7r2))‘] (H‘f:1 a?)*l. Note that d, is in the range (0,1) since all of a; terms and
J are at least one and § € (0,1). Next, we apply Maurer’s bound from Theorem 4 which

states that with probability at least 1 — §,, the following inequalities hold:
2\/N>

KI(Rs(Nows) || Rx(Nws)) <

2=

<KL(/\/W,S I NV (wo, A)) +log =

2=

J 2 /N
(KL(NM | N (wo, A)) + log <| | aj?) + Jlog ™ +log > N)
= 6 5

J
1 )\max
=% (KL(MU,S | NV (wo, A) +2) " log <blog 5

j=1

2
log — + log
>+J0g6—|—0g 5

NN)
(35)
In the final line, we use the equality from the theorem \; = \™**exp(—a;/b) where b and

A% are pre-defined. Now, to get the main result, we take a union bound over all possible
vectors a € Ni. By taking a union bound with probability at least

1_i i E J# (36)
= —~ \7%) afa3---a3’

i=1
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this probability given by line (36) simplifies to 1 — 4.

C.2 Proof of Theorem 2
Lemma 5 If 0 < A < C element-wise for A € R™*" and C € R™", then || A|]2 < ||C]|2.

Proof The proof of the lemma proceeds as follows:

[Alla = =~ max _[[Av]|
loll2=1,0>0

= [[Av*]l

< [[Cv™]l2

< [ICll2.
The first line follows from the definition of the spectral norm, and noting that since A > 0,
a maximizer occurs where v > 0. To see this, observe that if a vector v is a maximizer, then

so is |v]. In the second line, we let v* be the maximizer. The third line comes from A < C.
The last line follows from the definition of the spectral norm. |

Bounding the spectral norm of the weight matrix. We first let U; ~ N(0,%;) and
u; ~ N(0,0;) and define the following matrices:

Sl

We now state a result from Tropp (2011, Section 4.3) that will allows us to bound ||U; ||
with high probability.

Theorem 6 Consider a fized matriz B € R"*% and a random matriz T € R4X% whose
entries are independent standard normal variables. Define the variance parameter

v = maX{mj&\XHszllim]?XHB:kIl%}, (37)

where Bj. and By, are the j-th row and k-th column of the matriz B. Then for all t > 0,
P (T ® B2 > t) < (di + dg)e™ /2",
We let v? be the variance parameter of the i-th layer from Equation (37):

<y 1/2 Sy 1/2
of = mac{max [[(:);/ 3, max (%) 3).

Using Theorem 6, we bound the spectral norm of U; as
P(|Tilly > 7:) < (ms +ni + 1)e /2%, (38)
We set the right hand side to be §/L to get
7 = vi/2log(L(m; 4+ n; + 1)/9),

thereby bounding the spectral norm of U; by 7; with probability at least 1 — 8 / L. We take
a union bound across all layers so that with probability 1 — §, the inequalities ||U;|l2 < 75
for i =0,...,L — 1 hold simultaneously.
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Bounding the output of each layer. We turn our attention to bounding the output
of the i-th layer, which we denote as y;(z) (where yp = x). Due to the bias terms, it is
helpful to include the notation g;(x) = (y;(x),1). We then have the following bound for
i=0,...,[—2

yis1(@)]l2 = 1L (Wi + Us)i())]l2
< |Wi + Uill2l|7s(2) 2
< (IWillz2 + 11bsll2 + 1Till2) (lys(@)]l2 + 1). (39)

The first inequality follows from the ReLLU activation function and Cauchy-Schwarz inequal-
ity. The second inequality follows from the triangle inequality. Note that the final layer
does not have a ReLU activation, but the inequality holds nonetheless to bound |y (z)]|2.
Now, we let aj = = and

aiyy = ([IWill2 + [|bill2 + 73) (a7 +1).
It follows from inequalities (38) and (39) that with probability at least 1 — ¢, the quantity

ay upper bounds the output of the i-th layer. Since hy(z) is the output of the L-th layer,
the bound ||hg(x)||2 < a] holds with probability 1 — 4.

Appendix D. Operator theory definitions
First, recall that the set of fixed-points of operator T is denoted as fix T
Definition 7 (S-contractive operator) An operator T is [3-contractive for € (0,1) if

|Tx — Tyl|l2 < Bllx —yll2 Vz,y € domT.

Definition 8 (-linearly convergent operator) An operator T is B-linearly convergent
for B € [0,1) if
distgx7(Tx) < pdistgxr(z) Vo € domT.

Definition 9 (Non-expansive operator) An operator T is non-expansive if
Tz — Ty|l2 < ||l —yll2, Vz,y € domT.

Definition 10 (a-averaged operator) An operatorT is a-averaged for o € (0, 1) if there
exists a non-expansive operator R such that T = (1 — o)l + aR.

Rates of convergence. The convergence rate of the fixed-point iterations can be sum-
marized as follows for any z*(x) € fixT,. If operator T, with parameter x, is [-linearly
convergent, with 5 € (0,1), then (Sambharya et al., 2024)

1251 (@) = 2F(@) 2 < 28°(|2" (2) — 2°(2) 2- (40)
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This rate also applies to S-contractive operators as they are a subset of -linearly-convergent
operators. If operator 1" with parameter x is a-averaged then the averaged iteration, also
called the Krasnosel’skii-Mann iteration, satisfies the following bound (Lieder, 2018):

\/ ! ( i )k ! if 1 <a< 1 (1 + i )
1254 (2) — 2% (2)]]2 - E+1\k+1) a(l—a) 27 T2 kE+1
I2%(z) = 2%@@)ll2 ~ | 4 i L1 3
5(20{—1) if 2<1+ M)Sagl.
(41)
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