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Abstract

There are two paradigms in Federated Learning (FL): parallel FL (PFL), where models
are trained in a parallel manner across clients, and sequential FL (SFL), where models
are trained in a sequential manner across clients. Specifically, in PFL, clients perform
local updates independently and send the updated model parameters to a global server
for aggregation; in SFL, one client starts its local updates only after receiving the model
parameters from the previous client in the sequence. In contrast to that of PFL, the
convergence theory of SFL on heterogeneous data is still lacking. To resolve the theoretical
dilemma of SFL, we establish sharp convergence guarantees for SFL on heterogeneous data
with both upper and lower bounds. Specifically, we derive the upper bounds for the strongly
convex, general convex and non-convex objective functions, and construct the matching
lower bounds for the strongly convex and general convex objective functions. Then, we
compare the upper bounds of SFL with those of PFL, showing that SFL outperforms
PFL on heterogeneous data (at least, when the level of heterogeneity is relatively high).
Experimental results validate the counterintuitive theoretical finding.

Keywords: stochastic gradient descent, random reshuffling, parallel federated learning,
sequential federated learning, convergence analysis

1. Introduction

Federated Learning (FL) (McMahan et al., 2017; Chang et al., 2018) is a popular distributed
machine learning paradigm, where multiple clients collaborate to train a global model,
while preserving data privacy and security. Commonly, FL can be categorized into two
types: (i) parallel FL (PFL), where models are trained in a parallel manner across clients,
with periodic aggregation, such as Federated Averaging (FedAvg) (McMahan et al., 2017)
and Local SGD (Stich, 2019), and (ii) sequential FL (SFL), where models are trained in
a sequential manner across clients, such as Cyclic Weight Transfer (CWT) (Chang et al.,
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2018) and peer-to-peer FL (Yuan et al., 2023). A simple illustration of SFL and PFL is
presented in Figure 1.
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Figure 1: Illustration of SFL and PFL.

SFL has recently attracted much attention in the FL community (Lee et al., 2020; Yuan
et al., 2024) with various applications in medicine (Chang et al., 2018; Huang et al., 2024),
automated driving (Yuan et al., 2023) and so on. Compared with PFL, SFL shows the
advantages in the following aspects: First, as one of the most popular decentralized FL
paradigms (Yuan et al., 2024), SFL operates in a peer-to-peer manner, avoiding the reliance
on a central parameter server. This is a more practical option for medical applications,
as establishing a central server is a costly endeavor (Huang et al., 2024). In addition, it
avoids single points of failure and bottlenecks in communication, computation, and storage
resources found in central servers (Yuan et al., 2024). Second, SFL is regarded as a network-
resilient, communication- and computation-efficient alternative to PFL (Yuan et al., 2024;
Yan et al., 2024). Recently, SFL has been increasingly combined with PFL to complement
each other. For example, in Clustered Federated Learning, where clients are grouped into
multiple clusters, Zaccone et al. (2022); Chen et al. (2023) adopts SFL for clients within
each cluster to speed up the training process and reduce communication overhead; Chen
et al. (2020); Yan et al. (2024) adopts SFL for inter-cluster training to make frequent
updates and overcome the shortcomings of network dynamics and instability. Third, SFL
has played a great role in Split Learning (SL) (Gupta and Raskar, 2018; Thapa et al., 2022),
an emerging distributed learning technology at the network edge, where the full model is
split into client-side and server-side portions to alleviate the excessive computation overhead
for resource-constrained devices. In SL, one popular way to enable multi-client training is
the sequential model training manner, where clients collaborate with the server to perform
the updates sequentially (one by one), as the full model is divided between the client side and
the server side. Our theory on the convergence of SFL is also applicable to such sequential
SL (Li and Lyu, 2023).

Both PFL and SFL suffer from “data heterogeneity”, one of the most persistent prob-
lems in FL. Up to now, there have been numerous works to study the convergence of
PFL on heterogeneous data (Li et al., 2020; Khaled et al., 2020; Koloskova et al., 2020;
Woodworth et al., 2020b). These theoretical works not only helped understand the effect
of heterogeneity, but also spawned new algorithms like SCAFFOLD (Karimireddy et al.,
2020; Mishchenko et al., 2022b). In contrast, the convergence of SFL on heterogeneous data
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has not been well studied. Recent works (Cho et al., 2023; Malinovsky et al., 2023) studied
the convergence of FL with cyclic client participation, which can be seen as an extension
of SFL. However, its convergence analysis is still in an infancy stage, and existing works
do not cover the SFL setups in this paper (see Section 2). Our earlier conference paper (Li
and Lyu, 2023) proved the upper bounds of SFL (which is shown to be applicable to SL).
However, notably, the lower bounds for SFL are still missing in existing works. The lack of
theoretical study can hinder further development of SFL and even SL.

To resolve the theoretical dilemma of SFL, this paper, extending our conference paper
(Li and Lyu, 2023),1 aims to establish sharp convergence guarantees for SFL with both
upper and lower bounds. In the case of homogeneous data, this task is trivial, as SFL
is reduced to SGD (Stochastic Gradient Descent). However, in the case of heterogeneous
data, it is more challenging than existing works, including PFL and SGD-RR (Random
Reshuffling), primarily due to the following reasons:

(i) Sequential and shuffling training manner across clients (vs. PFL). In PFL, the local
updates at each client only depend on the randomness of the current client within
each training round. However, in SFL, the local updates additionally depend on the
randomness of all previous clients.

(ii) Multiple local update steps at each client (vs. SGD-RR). In contrast to its with-
replacement sibling SGD, SGD-RR samples data samples “without replacement” and
then performs one step of GD (Gradient Descent) on each data sample. Similarly,
SFL samples clients without replacement and then performs multiple steps of SGD at
each client. In fact, SGD-RR can be regarded as a special case of SFL.

In this paper, we establish the convergence guarantees for SFL (Algorithm 1), and then
compare them with those of PFL (Algorithm 2). The main contributions are as follows:

• We derive the upper bounds of SFL for the strongly convex, general convex and
non-convex cases on heterogeneous data with the standard assumptions in FL in
Subsection 4.2 (Theorem 3 and Corollary 4).

• We construct the lower bounds of SFL for the strongly convex and general convex
cases in Subsection 4.3 (Theorem 5 and Theorem 6). They match the derived upper
bounds for the large number of training rounds.

• We compare the upper bounds of SFL with those of PFL in Subsections 5.1 and 5.2.
In the convex cases,2 the comparison results show a subtle difference under different
heterogeneity assumptions. That is, under Assumption 3, the upper bounds of SFL
are better than those of PFL strictly, while under Assumption 5, the upper bounds
of SFL are still better unless the level of heterogeneity is very low. In the non-convex
case under Assumption 4, the upper bounds of SFL are better without exception.

1. The conference paper is available at https://arxiv.org/abs/2311.03154. Notably, by default, we use
the latest arXiv version for all the references.

2. For clarity, we use the term “the convex cases” to collectively refer to both the strongly convex case and
the general convex case in this paper.
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• The comparison results imply that SFL outperforms PFL in heterogeneous settings (at
least, when the level of heterogeneity is relatively high). We then validate this coun-
terintuitive result with experiments on quadratic functions (Subsection 6.1), logistic
regression (Subsection 6.2) and deep neural networks (Subsection 6.3).

2. Related Work

The most relevant research topics are the convergence analyses of PFL and SGD-RR.

So far, there have been a wealth of works to study the upper bounds of PFL on data
heterogeneity (Li et al., 2020; Khaled et al., 2020; Karimireddy et al., 2020; Koloskova
et al., 2020; Woodworth et al., 2020b), system heterogeneity (Wang et al., 2020), partial
client participation (Li et al., 2020; Yang et al., 2021; Wang and Ji, 2022) and other variants
(Karimireddy et al., 2020; Wang et al., 2020; Reddi et al., 2021). The lower bounds of PFL
have also been studied in Woodworth et al. (2020a,b); Yun et al. (2022); Glasgow et al.
(2022). In this work, we make a comparison between the upper bounds of PFL and those
of SFL on heterogeneous data (see Subsections 5.1 and 5.2).

SGD-RR has been gaining significant attention as a more practical alternative to SGD.
Nagaraj et al. (2019); Ahn et al. (2020); Mishchenko et al. (2020); Nguyen et al. (2021);
Lu et al. (2022); Koloskova et al. (2024) have proved the upper bounds and Safran and
Shamir (2020, 2021); Rajput et al. (2020); Cha et al. (2023) have proved the lower bounds
of SGD-RR. In particular, to the best of our knowledge, Mishchenko et al. (2020) provided
the tightest upper bounds and Cha et al. (2023) provided the tightest lower bounds of
SGD-RR. In this work, we adopt them to exam the tightness of the convergence bounds of
SFL (see Subsection 4.2).

Recently, the shuffling-based method, SGD-RR, has been applied to FL. One line of
these works is Local RR (or FedRR) (Mishchenko et al., 2022a; Yun et al., 2022; Horváth
et al., 2022; Sadiev et al., 2023; Malinovsky et al., 2023), which adopts SGD-RR (instead of
SGD) as the local solver. Another line is FL with cyclic client participation (Eichner et al.,
2019; Wang and Ji, 2022; Cho et al., 2023; Malinovsky et al., 2023), which can be seen as an
extension of SFL. However, its convergence analysis is still in an infancy stage, and existing
works do not cover the SFL setups in this paper. Eichner et al. (2019) considered that clients
can form different blocks due to diurnal variation, and propose training seperate models
for each of these blocks. This differs from our setting, which aims to train a single global
model. In Wang and Ji (2022); Cho et al. (2023), when it reduces to SFL, the client training
order is deterministic (not random), and thus the analyses cannot be directly extended to
our setting. In Malinovsky et al. (2023), although their bounds are slightly tighter on the
optimization term with SGD-RR as the local solver, their analysis is limited to the case
where the number of local steps equals the size of the local data set. Most importantly,
Cho et al. (2023) considered upper bounds for PL objective functions and Malinovsky et al.
(2023) considered upper bounds for strongly convex objective functions,3 while we consider
both upper bounds (for both convex and non-convex cases) and lower bounds. Detailed
comparisons are in Appendix G and Li and Lyu (2023).

3. PL condition can be thought as a non-convex generalization of strong convexity.
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3. Setup

Notation. We let [n] := {1, 2, . . . , n} for n ∈ N+ and {xi}i∈S := {xi : i ∈ S} for any set
S. We use |S| to denote the size of any set S. We use . to denote “less than” up to some
absolute constants and polylogarithmic factors, and & and � are defined likewise. We also
use the big O notations, Õ, O, Ω, where O, Ω hide numerical constants, Õ hides numerical
constants and polylogarithmic factors. We use ‖·‖ to denote the L2-norm for both vectors
and matrices. More notations are in Table 4.

Problem formulation. The basic FL problem is to minimize a global objective function:

min
x∈Rd

{
F (x) :=

1

M

M∑
m=1

(Fm(x) := Eξ∼Dm [fm(x; ξ)])

}
,

where Fm and fm denote the local objective function and the local component function of
Client m (m ∈ [M ]), respectively. The local objective function is the average of the local
component functions, Fm(x) = 1

|Dm|
∑

i∈Dm fm(x; ξim), when the local data set Dm contains
a finite number of data samples.

Update rule of SFL (Algorithm 1). At the beginning of each training round, the indices
π1, π2, . . . , πM are sampled without replacement from [M ] randomly as the clients’ training
order. Within a round, each client (i) initializes its model with the latest parameters from
its previous client, (ii) performs K steps of local updates over its local data set, and (iii)
passes the updated parameters to the next client. This process continues until all clients

finish their local training. Let x
(r)
m,k denote the local parameters of the m-th client (that is,

Client πm) after k local steps in the r-th round, and x(r) denote the global parameters in
the r-th round. Then, if SGD is chosen as the local solver (with a constant learning rate
η), the update rule of SFL is as follows:

Local update : x
(r)
m,k+1 = x

(r)
m,k − ηg

(r)
πm,k

, initializing x
(r)
m,0 =

{
x(r), m = 1

x
(r)
m−1,K , m > 1

,

Global model : x(r+1) = x
(r)
M,K .

Here we use g
(r)
πm,k

:= ∇fπm(x
(r)
m,k; ξ

(r)
m,k) to denote the stochastic gradient generated at the

m-th client for its k + 1-th local update in the r-th round.
Update rule of PFL (Algorithm 2). Within a round, each client (i) initializes its model

with the global parameters, (ii) performs K steps of local updates, and (iii) sends the
updated parameters to the central server. The server will aggregate the local parameters to
generate the global parameters. With the the same notations as those of SFL, the update
rule of PFL is as follows:

Local update : x
(r)
m,k+1 = x

(r)
m,k − ηg

(r)
m,k, initializing x

(r)
m,0 = x(r), ∀m ∈ [M ]

Global model : x(r+1) =
1

M

M∑
m=1

x
(r)
m,K .

The mechanism of “two learning rates”. Karimireddy et al. (2020) has proven that
the mechanism of “two learning rates” can improve the convergence rate of PFL. This
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mechanism involves using a client-specific learning rate for local updates and a different
server-specific learning rate for global updates on the server. In fact, This mechanism
can also be applied to SFL. Theoretically, it can achieve the same improvement as that in
PFL (Karimireddy et al., 2020). We show how to implement this mechanism in SFL, and
compare the upper bounds with those of PFL (Karimireddy et al., 2020) in Appendix E.

Algorithm 1: Sequential FL

Output: {x(r)}
1 for r = 0, . . . , R− 1 do
2 Sample a permutation

π1, π2, . . . , πM of {1, 2, . . . ,M}
3 for m = 1, . . . ,M in sequence do

4 x
(r)
m,0 =

{
x(r), m = 1

x
(r)
m−1,K , m > 1

5 for k = 0, . . . ,K − 1 do

6 x
(r)
m,k+1 = x

(r)
m,k − ηg

(r)
πm,k

7 Global model: x(r+1) = x
(r)
M,K

Algorithm 2: Parallel FL

Output: {x(r)}
1 for r = 0, . . . , R− 1 do
2 for m = 1, . . . ,M in parallel do

3 x
(r)
m,0 = x(r)

4 for k = 0, . . . ,K − 1 do

5 x
(r)
m,k+1 = x

(r)
m,k − ηg

(r)
m,k

6 Global model:

x(r+1) = 1
M

∑M
m=1 x

(r)
m,K

4. Convergence Analysis of SFL

We consider three typical cases: the strongly convex case, the general convex case and
the non-convex case, where all the local objective functions F1, F2, . . . , FM are µ-strongly
convex, general convex (see Definition 1) and non-convex, respectively.

4.1 Assumptions

We assume that (i) F is lower bounded by F ∗ for all cases and there exists a global minimizer
x∗ such that F (x∗) = F ∗ for the convex cases; (ii) all local objective functions are differ-
entiable and smooth (see Definition 2). Furthermore, we need to make assumptions on the
diversities: (iii) the assumptions on the stochasticity bounding the diversity of local com-

ponent functions {fm(·; ξim)}|Dm|i with respect to i inside each client (Assumptions 1 and 2);
(iv) the assumptions on the heterogeneity bounding the diversity of local objective functions
{Fm}Mm with respect to m across clients (Assumptions 3, 4 and 5).

Definition 1 A differentiable function F is µ-strongly convex if for all x,y ∈ Rd,

F (x)− F (y)− 〈∇F (y),x− y〉 ≥ µ

2
‖x− y‖2 .

If µ = 0, we say that F is general convex.

Definition 2 A differentiable function F is L-smooth if for all x,y ∈ Rd,

‖∇F (x)−∇F (y)‖ ≤ L ‖x− y‖ .
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Assumptions on the stochasticity. Since both Algorithms 1 and 2 use SGD (data sam-
ples are chosen with replacement) as the local solver, the stochastic gradient generated at
each client is an (conditionally) unbiased estimate of the gradient of the local objective
function, Eξ∼Dm [∇fm(x; ξ) | x] = ∇Fm(x). In the FL literature, there are two common as-
sumptions, Assumptions 1 and 2, to bound the stochasticity, where σ∗, σ measure the level
of stochasticity. Assumptions 1 only assumes the bounded stochasticity at the optimum,
and therefore it is weaker than Assumption 2. However, if using Assumption 1, we need to
assume that each local component function fm(x; ξ) is smooth, rather than merely assuming
that each local objective function Fm(x) is smooth (Khaled et al., 2020; Koloskova et al.,
2020). Besides, we prioritize studying the effects of heterogeneity. For these two reasons,
we use Assumption 2 for all cases in this paper.

Assumption 1 There exists a constant σ∗ such that for the global minimizer x∗ ∈ Rd,

Eξ∼Dm ‖∇fm(x∗; ξ)−∇Fm(x∗)‖2 ≤ σ2∗.

Assumption 2 There exists a constant σ such that for all x ∈ Rd,

Eξ∼Dm ‖∇fm(x; ξ)−∇Fm(x)‖2 ≤ σ2.

Assumptions on the heterogeneity. Now we make assumptions on the diversity of the
local objective functions in Assumption 3, 4 and 5, also known as the heterogeneity in FL.
For the convex cases, we use Assumption 3 as Koloskova et al. (2020) did, which assumes
the bounded diversity only at the optimum. Assumption 4 is made for the non-convex case,
where the constants β and ζ measure the heterogeneity of the local objective functions.
Assumption 5, the strongest assumption, is only made in Subsection 5.2. Notably, that all
the local objective functions are identical (that is, no heterogeneity) means that ζ∗, β, ζ, ζ̂
equal zero in these assumptions. Yet the reverse may not be true, as they only assume the
first-order relationships (Karimireddy et al., 2020).

Assumption 3 Let x∗ ∈ Rd be a minimizer of the global objective function F . Define

ζ2∗ := 1
M

∑M
m=1 ‖∇Fm(x∗)‖2 ,

where ζ2∗ is assumed to be bounded.

Assumption 4 There exist bounded constants β2 and ζ2 such that for all x ∈ Rd,

1
M

∑M
m=1 ‖∇Fm(x)−∇F (x)‖2 ≤ β2 ‖∇F (x)‖2 + ζ2.

Assumption 5 There exists a bounded constant ζ̂2 such that for all x ∈ Rd,

max
m
‖∇Fm(x)−∇F (x)‖2 ≤ ζ̂2.
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4.2 Upper Bounds of SFL

Theorem 3 Let all the local objectives be L-smooth (Definition 2). For SFL (Algorithm 1),
there exist a constant effective learning rate η̃ := ηMK and weights {wr}r≥0, such that the

weighted average of the global model parameters x̄(R) :=
∑R
r=0 wrx

(r)∑R
r=0 wr

satisfies the following

upper bounds:

Strongly convex: Under Assumptions 2, 3, there exist η̃ ≤ 1
6L and wr = (1− µη̃

2 )−(r+1),
such that for R ≥ 6κ (κ := L/µ),

E
[
F (x̄(R))− F (x∗)

]
≤ 9

2
µD2 exp

(
−µη̃R

2

)
+

12η̃σ2

MK
+

18Lη̃2σ2

MK
+

18Lη̃2ζ2∗
M

.

General convex: Under Assumptions 2, 3, there exist η̃ ≤ 1
6L and wr = 1, such that

E
[
F (x̄(R))− F (x∗)

]
≤ 3D2

η̃R
+

12η̃σ2

MK
+

18Lη̃2σ2

MK
+

18Lη̃2ζ2∗
M

.

Non-convex: Under Assumptions 2, 4, there exist η̃ ≤ 1
6L(1+β2/M)

and wr = 1, such that

min
0≤r≤R

E
[
‖∇F (x(r))‖2

]
≤ 10A

η̃R
+

20Lη̃σ2

MK
+

75L2η̃2σ2

4MK
+

75L2η̃2ζ2

4M
.

Here D :=
∥∥x(0) − x∗∥∥ for the convex cases and A := F (x(0))−F ∗ for the non-convex case.

Proof We provide intuitive proof sketches of Theorem 3 as done in Karimireddy et al.
(2020). Ideally, we want to update the model with the gradients of the global objective
function. For any local gradient in some training round of SFL, it can be decomposed into
two vectors (or estimated by Taylor formula),

∇Fm(xm,k) ≈
(
∇Fm(x) +∇2Fm(x)(xm,k − x)

)
.

Then, the global update of SFL can be written as

∆SFL = −η
M∑
m=1

K−1∑
k=0

{
∇Fm(xm,k) ≈

(
∇Fm(x) +∇2Fm(x)(xm,k − x)

)}
= −ηMK∇F (x)︸ ︷︷ ︸

optimization vector

−η
M∑
m=1

K−1∑
k=0

∇2Fm(x)(xm,k − x)︸ ︷︷ ︸
error vector

.

The optimization vector is beneficial while the error vector is detrimental. Thus, our goal
is to suppress the error vector. Theorem 3 is aimed to prove that

∑M
m=1

∑K−1
k=0 ‖xm,k − x‖2

is bounded (∇2Fm(x) ≈ L). Intuitively, for there are about mK update steps between x

and xm,k, it is estimated to be O
(∑M

m=1

∑K−1
k=0 (η

√
mKζ)2

)
= O

(
η2M2K3ζ2

)
, where

√
m

is due to the shuffling-based manner. The formal proofs are in Li and Lyu (2023).
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The effective learning rate η̃ := ηMK is used in the upper bounds as done in Karim-
ireddy et al. (2020); Wang et al. (2020). All these upper bounds consist of two parts: the
optimization part (the first term) and the error part (the last three terms). Setting η̃ larger
makes the optimization part vanishes at a higher rate, yet causes the error part to be larger.
This implies that we need to choose an appropriate η̃ to achieve a balance between these
two parts, which is actually done in Corollary 4. Here we choose the appropriate learning
rate with a prior knowledge of the total training rounds R (Karimireddy et al., 2020).

Corollary 4 By choosing an appropriate learning rate for the results of Theorem 3, we can
obtain the upper bounds of SFL:

Strongly convex: If η̃ = ηMK � min{ 1L ,
1
µR} for Theorem 3, then

E
[
F (x̄(R))− F (x∗)

]
= Õ

(
σ2

µMKR
+

Lσ2

µ2MKR2
+

Lζ2∗
µ2MR2

+ µD2 exp

(
−µR
L

))
.

General convex: If η̃ = ηMK � min{ 1L ,
D

c
1/2
1 R1/2

, D2/3

c
1/3
2 R2/3

} with c1 � σ2

MK and c2 �
Lσ2

MK + Lζ2

M for Theorem 3, then

E
[
F (x̄(R))− F (x∗)

]
= O

(
σD√
MKR

+

(
Lσ2D4

)1/3
(MK)1/3R2/3

+

(
Lζ2∗D

4
)1/3

M1/3R2/3
+
LD2

R

)
.

Non-convex: If η̃ = ηMK � min{ 1
L(1+β2/M)

, A1/2

c
1/2
1 R1/2

, A1/3

c
1/3
2 R2/3

} with c1 � Lσ2

MK and c2 �
L2σ2

MK + L2ζ2

M for Theorem 3, then

min
0≤r≤R

E
[
‖∇F (x(r))‖2

]
= O

((
Lσ2A

)1/2
√
MKR

+

(
L2σ2A2

)1/3
(MK)1/3R2/3

+

(
L2ζ2A2

)1/3
M1/3R2/3

+
LA(1 + β2

M )

R

)
.

Here D :=
∥∥x(0) − x∗∥∥ for the convex cases and A := F (x(0))−F ∗ for the non-convex case.

Similar to Theorem 3, all these upper bounds consist of two parts, the optimization
part (the last term), and the error part (the first three terms). Specifically, the first two
terms (containing σ) is called stochasticity terms, the third term (containing ζ∗, ζ) is called
heterogeneity terms, the last term is called optimization terms.

Generally, for a sufficiently large number of training rounds R, the convergence rate is
determined by the first term for all cases, resulting in rates of Õ(1/MKR), O(1/

√
MKR),

O(1/
√
MKR) for the strongly convex, general convex and non-convex cases, respectively.

Recall that SGD-RR can be seen as one special case of SFL, where one step of GD
is performed on each local objective Fm, which implies K = 1 and σ = 0. We now
compare the upper bounds of SFL with those of SGD-RR to exam the tightness. As
shown in Mishchenko et al. (2020)’s Corollaries 1, 2, 3, the upper bounds of SGD-RR are

Õ
(
L
µ

(
Lζ2∗

µ2MR2 + µD2 exp
(
−µMR

L

)))
, O
(

(Lζ2∗D4)
1/3

M1/3R2/3 + LD2

R

)
, O
(

(L2ζ2A2)
1/3

M1/3R2/3 + LA
R

)
for the
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strongly convex, general convex and non-convex cases, respectively. We see that our bounds
match those of SGD-RR in the general convex, and non-convex cases. For the strongly con-
vex case, the bound of SGD-RR shows an advantage on the optimization term (marked in
red). This advantage is due to the advanced technique of Shuffling Variance introduced
by Mishchenko et al. (2020, Definition 2). We leave the investigation on introducing this
advanced technique to SFL for future work.

4.3 Lower Bounds of SFL

The lower bounds of SFL are stated in Theorem 5 and Theorem 6. Theorem 5 is for
arbitrary learning rates η > 0 and Theorem 6 is for small learning rates 0 < η . 1

LMK .

Theorem 5 There exist a multi-dimensional global objective function, whose local objective
functions are µ-strongly convex (Definition 1) and L-smooth (Definition 2), and satisfy
Assumptions 2 and 4, and an initialization point x(0) such that for any η > 0 and R ≥ 1,
M ≥ 4, K ≥ 1, the last-round global parameters x(R) satisfy

E
[
F (x(R))− F (x∗)

]
= Ω

(
σ2

µMKR
+

ζ2

µMR2

)
.

Proof The proofs are in Appendices B, C and D. We construct the lower bounds for
stochasticity terms and heterogeneity terms, separately. For stochasticity, we let all the
local objective functions be the same, that is F = F1 = · · · = FM , and then aim to derive
the lower bound for SGD (see Appendix C). For heterogeneity, we let the local component

functions be the same inside each client Fm = fm(·; ξ1m) = · · · = fm(·; ξ|Dm|m ) for each m, and
then aim to extend the works of SGD-RR to SFL, that is, from performing one update step
to performing multiple update steps on each local objective function (see Appendix D). We
use the techniques in Woodworth et al. (2020b)’s Theorem 2, Yun et al. (2022)’s Theorem 4
and Proposition 5 and Cha et al. (2023)’s Theorem 3.1.

This lower bound, which holds for arbitrary η > 0, matches the error terms in the
strongly convex case in Corollary 4, up to a factor of κ and some polylogarithmic factors.
In the next theorem, for small learning rates η . 1

LMK , we can remove the gap of κ.

Theorem 6 Under the same conditions of Theorem 5 (unless explicitly stated), there exist
a multi-dimensional global objective function and an initialization point, such that for η ≤

1
101LMK , the arbitrary weighted average global parameters x̄(R) satisfy the lower bounds:

Strongly convex: If R ≥ 1
1010κ and κ ≥ 1010, then

E
[
F (x̄(R))− F (x∗)

]
= Ω

(
σ2

µMKR
+

Lσ2

µ2MKR2
+

Lζ2

µ2MR2

)
.

General convex: If R ≥ 513 max
{

σ
LM1/2K1/2D

, L
2MKD2

σ2 , ζ
LM1/2D

, L
2MD2

ζ2

}
, then

E
[
F (x̄(R))− F (x∗)

]
= Ω

(
σD√
MKR

+

(
Lσ2D4

)1/3
(MK)1/3R2/3

+

(
Lζ2D4

)1/3
M1/3R2/3

)
.

10
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Proof The proofs are in Appendix B.2. We use similar techniques in Woodworth et al.
(2020b); Cha et al. (2023).

Theorem 6 provides the lower bounds in the convex cases with any arbitrary weighted
average parameter x̄(R) for small learning rates η . 1

LMK . Although the constraint on
small learning rates seems stringent, Theorem 3 indicates that such small learning rates
η̃ = ηMK . 1

L also exist in our upper bounds. Therefore, it is justified to use the lower
bounds to assess the tightness of our upper bounds.

In the strongly convex case in Corollary 4, if R & κ, the learning rate choice becomes

η̃ � min

{
1

L
,

1

µR

}
� 1

µR
6� 1

L
,

which yields the upper bound of Õ
(

σ2

µMKR + Lσ2

µ2MKR2 + Lζ2

µ2MR2

)
for SFL. This upper bound

exactly matches the lower bound in Theorem 6 (ignoring polylogarithmic factors). Notably,
the upper bound differs from the original bound in Corollary 4 due to the optimization
term (the last term) in Corollary 4 being present only when η̃ � 1

L in the convex cases (see
the proofs of Li and Lyu 2023’s Lemmas 7 and 8). Moreover, it is appropriate to compare
the upper bounds (with ζ∗) and the lower bounds (with ζ), since Assumption 4 is stronger
than Assumption 3 (Cha et al., 2023).

In the general convex case, with the same logic as in the strongly convex case, if

R & max
{

σ
LM1/2K1/2D

, L
2MKD2

σ2 , ζ
LM1/2D

, L
2MD2

ζ2

}
, then the upper bound of SFL becomes

O
(

σD√
MKR

+
(Lσ2D4)

1/3

(MK)1/3R2/3 +
(Lζ2∗D4)

1/3

M1/3R2/3

)
. It matches the lower bound in Theorem 6.

Key points and limitations of Subsection 4.3. The matching lower bounds in Theorem 5
and Theorem 6 verify that our upper bounds are tight in the convex cases for the sufficiently
large number of training rounds R. However, the lower bounds for small R are loose and
the lower bounds for the non-convex case are still lacking, for both SGD-RR and SFL.

5. Comparison Between PFL and SFL

Unless otherwise stated, our comparisons are in terms of training rounds, which is also
adopted in Gao et al. (2021). This comparison (running for the same number of total train-
ing rounds R) is fair when considering the same total computation cost for both methods.
We summarize the existing convergence results of PFL in Table 1.

5.1 Comparison under Assumption 3

Theorem 7 Under the same conditions as those of the strongly convex case in Theorem 3,

there exist η̃ = ηK � min
{

1
L ,

1
µR

}
and wr = (1− µη̃

2 )−(r+1), such that for R & κ,

E
[
F (x̄(R))− F (x∗)

]
= Õ

(
σ2

µMKR
+

Lσ2

µ2KR2
+

Lζ2∗
µ2R2

+ µD2 exp

(
−µR
L

))
.

Proof Applying Karimireddy et al. (2020)’s Lemma 1 instead of Koloskova et al. (2020)’s
Lemma 15 to the final recursion in Koloskova et al. (2020) yields this theorem. The detailed

11



Li and Lyu

Method Upper Bound

Strongly Convex

PFL (Karimireddy et al., 2020) σ2

µMKR + Lσ2

µ2KR2 + Lζ2

µ2R2 + µD2 exp
(
−µR
L

)
(1)

PFL (Koloskova et al., 2020) σ2
∗

µMKR + Lσ2
∗

µ2KR2 + Lζ2∗
µ2R2 + LKD2 exp

(
−µR
L

)
(2)

PFL (Theorem 7) σ2

µMKR + Lσ2

µ2KR2 + Lζ2∗
µ2R2 + µD2 exp

(
−µR
L

)
PFL (Woodworth et al., 2020b) σ2

µMKR + Lσ2

µ2KR2 + Lζ̂2

µ2R2 + µD2 exp
(
−µKR
L

)
(3)

SFL (Theorem 3) σ2

µMKR + Lσ2

µ2MKR2 + Lζ2∗
µ2MR2 + µD2 exp

(
−µR
L

)
Convex

PFL (Karimireddy et al., 2020) σD√
MKR

+
(Lσ2D4)

1/3

K1/3R2/3 +
(Lζ2D4)

1/3

R2/3 + LD2

R

PFL (Koloskova et al., 2020) σ∗D√
MKR

+
(Lσ2

∗D
4)

1/3

K1/3R2/3 +
(Lζ2∗D4)

1/3

R2/3 + LD2

R

PFL (Woodworth et al., 2020b) σD√
MKR

+
(Lσ2D4)

1/3

K1/3R2/3 +
(Lζ̂2D4)

1/3

R2/3 + LD2

KR

SFL (Theorem 3) σD√
MKR

+
(Lσ2D4)

1/3

M1/3K1/3R2/3 +
(Lζ2∗D4)

1/3

M1/3R2/3 + LD2

R

Non-convex

PFL (Karimireddy et al., 2020;
Koloskova et al., 2020)

(Lσ2A)
1/2

√
MKR

+
(L2σ2A2)

1/3

K1/3R2/3 +
(L2ζ2A2)

1/3

R2/3 + LA
R

(4)

SFL (Theorem 3)
(Lσ2A)

1/2

√
MKR

+
(L2σ2A2)

1/3

M1/3K1/3R2/3 +
(L2ζ2A2)

1/3

M1/3R2/3 + LA
R

(5)

(1)

(i) We use 3Lη3K3σ2

K
(see the last inequality of the proof of their Lemma 8) while Karimireddy

et al. (2020) use η2K2σ2

2K
with η ≤ 8LK (their Lemma 8), which causes the difference between

their original bounds and our recovered bounds. (ii) This difference also exists in the other
two cases. (iii) Their Assumption A1 is essentially equivalent to Assumption 4. For simplicity,
we let B = 1 in their Assumption A1 for all three cases.

(2)

Even the weaker Assumption 1 is used in Koloskova et al. (2020), we do not consider it is a
improvement over ours in this paper, given the discussions in Subsection 4.1.

(3)

Applying Karimireddy et al. (2020)’s Lemma 1 instead of their Theorem 3 yields this bound.
Notably, Woodworth et al. (2020b) assume the average of the local parameters for all iterations
can be obtained, which is in fact impractical in FL. Similar assumptions are made in Khaled
et al. (2020); Koloskova et al. (2020). In this paper, we omit this difference.

(4)

We let P = 1,M = 0 in Koloskova et al. (2020)’s Assumption 3b.
(5)

We let β = 0 in Assumption 4.

Table 1: Upper bounds of PFL and SFL with absolute constants and polylogarithmic factors
omitted. We highlight the upper bounds of “PFL under Assumption 5”/“SFL”
with a blue/green background. Main differences are marked in red fonts.
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proofs (specialized for PFL) are in Li and Lyu (2023).

To the best of our knowledge, the existing tightest upper bounds that uses Assumption 3
to catch the heterogeneity for PFL are introduced in Koloskova et al. (2020). Many works
(Woodworth et al., 2020b; Yun et al., 2022; Glasgow et al., 2022) have constructed lower
bounds to show these bounds are almost the tightest for the convex cases. Glasgow et al.
(2022) has shown that this upper bound for the general convex case is not improvable.

For the following comparisons in this subsection, we mainly focus on the strongly convex
case. For fairness, we slightly improve the bound of PFL in the strongly convex case in
Theorem 7 by combining the works of Karimireddy et al. (2020); Koloskova et al. (2020).
Unless otherwise stated, the conclusions also hold for the other two cases.

• The upper bounds of SFL are better than PFL on heterogeneous data. As shown in
Table 1 (Theorems 3 and 7), the upper bound of SFL is better than that of PFL, with
an advantage of 1/M on the second and third terms (marked in red). This benefits from
its sequential and shuffling-based training manner of SFL.

• Partial client participation. In the more challenging cross-device settings, only a small
fraction of clients participate in each training round. Following the work in Karimireddy
et al. (2020); Yang et al. (2021), we provide the upper bounds for PFL and SFL with
partial client participation as follows:

PFL: Õ
(

σ2

µSKR
+

ζ2∗
µR

M − S
S(M − 1)

+
Lσ2

µ2KR2
+

Lζ2∗
µ2R2

+ µD2 exp

(
−µR
L

))
,

SFL: Õ
(

σ2

µSKR
+

ζ2∗
µR

(M − S)

S(M − 1)
+

Lσ2

µ2SKR2
+

Lζ2∗
µ2SR2

+ µD2 exp

(
−µR
L

))
,

where a subset of clients S (its size is |S| = S) are selected randomly without replacement
in each training round. There are additional terms (the second terms) for both PFL
and SFL, which is due to partial client participation and random sampling (Yang et al.,
2021). It can be seen that the advantage of 1/S (marked in red) of SFL still exists,
similar to the full client participation setup. The proofs are in Li and Lyu (2023).

Notably, the proofs of SFL with partial client participation are nontrivial considering

Eπ
[

1
SK

∑
m∈S,k∇Fπm(xm,k)

]
6= 1

MK

∑
m,k E [∇Fm(xm,k)] (updates in different clients

are not independent) and we cannot transform them into the full participation setup
directly as done in PFL (Karimireddy et al., 2020; Yang et al., 2021).

Key points of Subsection 5.1. The discussions above show that the upper bounds of
SFL are better than PFL with both full client participation and partial client participation
under Assumption 3 in the convex cases and under Assumption 4 in the non-convex case.

5.2 Comparison under Assumption 5

Since it is hard to achieve an improvement for SFL even with the stronger Assumption 5, we
next compare Corollary 4 with Woodworth et al. (2020b)’s Theorem 3 (under Assumption 5)
to show that PFL can outperform SFL when the heterogeneity is very small. For comparison
on bounds with different heterogeneity assumptions, we note that if Assumption 5 holds,
then Assumption 3 holds, and ζ∗ ≤ ζ̂.

13
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As shown in Table 1, the results of PFL under Assumption 5 are highlighted with a
blue background and the results of SFL (under Assumption 3) are highlighted with a green
background. These bounds closely resembles each other, with three error terms (the first
three terms containing σ, ζ) and one optimization term (the last one). To emphasize the
role of heterogeneity, we let σ = 0, µ = L = D = 1 as done in Woodworth et al. (2020b).

In the strongly convex case, it can be seen that the upper bound of PFL shows better
on its optimization term, while worse in the error terms. Consequently, to make the upper

bound of PFL smaller, one sufficient (not necessary) condition is ζ̂2

R2 . exp (−KR), or

equivalently ζ̂2 . R2 · exp (−KR), which implies that ζ̂ should be very small, or the level of
heterogeneity is very low. In this condition, the optimization terms become dominant for
both PFL and SFL,

ζ2∗
MR2

.
ζ̂2

R2
. exp (−KR) . exp (−R) ,

and then the bound of PFL will be better than that of SFL. However, similarly, once
ζ2∗ &MR2 exp(−R), the error terms will become dominant and SFL becomes better.

In the general convex case, with the same logic as the strongly convex case, the sufficient
(not necessary) condition is ζ̂2 . 1/(K3R) , which still implies that ζ̂ should be very small.

Key points of Subsection 5.2. The discussions above show that the upper bounds of PFL
can be better than SFL only when the heterogeneity is very small under Assumption 5 in the
convex cases. However, it is unclear whether this superiority still exists under Assumption 3
in the convex cases, and in the non-convex case.

6. Experiments

We conduct experiments on quadratic functions (Subsection 6.1), logistic regression (Sub-
section 6.2) and deep neural networks (Subsection 6.3) to validate our theoretical finding
that SFL outperforms PFL in heterogeneous settings, at least when the level of heterogene-
ity is relatively high. The code is available at https://github.com/liyipeng00/SFL.

6.1 Experiments on Quadratic Functions

According to the analyses in Subsections 5.1 and 5.2, SFL outperforms PFL in heterogeneous
settings (at least when the level of heterogeneity is relatively high). Here we show that the
counterintuitive result (in contrast to Gao et al. 2021) can appear even for simple one-
dimensional quadratic functions (Karimireddy et al., 2020).

To further catch the heterogeneity, in addition to Assumption 3, we also consider Hessian
of objective functions (Karimireddy et al., 2020; Glasgow et al., 2022; Patel et al., 2024):

max
m

∥∥∇2Fm(x)−∇2F (x)
∥∥ ≤ δ.

Larger value of δ means higher heterogeneity on Hessian.∥∥∇2F (x)−∇2F (y)
∥∥ ≤ H ‖x− y‖ .

Larger value of H means more drastic Hessian change.
As shown in Table 2, we use ten groups of objective functions with various degrees of

heterogeneity. In fact, we construct the lower bounds in Theorem 5 with similar functions.
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As suggested by our theory, we set the learning rate of SFL be half of that of PFL. The
experimental results of Table 2 are shown in Figure 2.

Overall, SFL outperforms PFL in all settings except the settings δ = 0 and H = 0
(Groups 1, 6), which coincides with our theoretical conclusion. We attribute the unexpected
cases to the limitations of existing works under Assumptions 3, 4 and 5, which omit the
function of the global aggregation and thus underestimate the capacity of PFL (Wang
et al., 2024). More specifically, the second-order information (Hessian) is not fully studied
in existing works (Patel et al., 2023, 2024).

Group 1 Group 2 Group 3 Group 4 Group 5{
F1 = 1

2x
2 + x

F2 = 1
2x

2 − x

{
F1 = 3

4x
2 + x

F2 = 1
4x

2 − x

{
F1 = x2 + x

F2 = −x

{
F1 = (341x<0 + 1

21x≥0)x
2 + x

F2 = (341x<0 + 1
21x≥0)x

2 − x

{
F1 = (11x<0 + 1

21x≥0)x
2 + x

F2 = (11x<0 + 1
21x≥0)x

2 − x

ζ∗ = 1, δ = 0, H = 0 ζ∗ = 1, δ = 1
2 , H = 0 ζ∗ = 1, δ = 1, H = 0 ζ∗ = 1, δ = 0, H = 1

2 ζ∗ = 1, δ = 0, H = 1

Group 6 Group 7 Group 8 Group 9 Group 10{
F1 = 1

2x
2 + 10x

F2 = 1
2x

2 − 10x

{
F1 = 3

4x
2 + 10x

F2 = 1
4x

2 − 10x

{
F1 = x2 + 10x

F2 = −10x

{
F1 = (341x<0 + 1

21x≥0)x
2 + 10x

F2 = (341x<0 + 1
21x≥0)x

2 − 10x

{
F1 = (11x<0 + 1

21x≥0)x
2 + 10x

F2 = (11x<0 + 1
21x≥0)x

2 − 10x

ζ∗ = 10, δ = 0, H = 0 ζ∗ = 10, δ = 1
2 , H = 0 ζ∗ = 10, δ = 1, H = 0 ζ∗ = 10, δ = 0, H = 1

2 ζ∗ = 10, δ = 0, H = 1

Table 2: Settings of the experiments on quadratic functions. Each group has two local
objectives (M = 2). Strictly speaking, the functions in Groups 4, 5, 9, 10 are not
quadratic functions.

0 50 100 150 200
10 3

10 2

10 1

100

101

Di
st

an
ce

 to
 th

e 
op

tim
um PFL SFL

0 50 100 150 200
10 3

10 2

10 1

100

101

0 50 100 150 200
10 3

10 2

10 1

100

101

0 50 100 150 200
10 3

10 2

10 1

100

101

0 50 100 150 200
10 3

10 2

10 1

100

101

0 50 100 150 200
Training rounds

10 3

10 2

10 1

100

101

Di
st

an
ce

 to
 th

e 
op

tim
um PFL SFL

0 50 100 150 200
Training rounds

10 3

10 2

10 1

100

101

0 50 100 150 200
Training rounds

10 3

10 2

10 1

100

101

0 50 100 150 200
Training rounds

10 3

10 2

10 1

100

101

0 50 100 150 200
Training rounds

10 3

10 2

10 1

100

101

Figure 2: Results of the experiments on quadratic functions. It displays the experimental
results of ten groups in Table 2. The top (bottom) row shows the first (last) five
groups from left to right. We set K = 10. The shaded areas show the min-max
values across 10 random seeds.
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6.2 Experiments on Logistic Regression

We consider the classic logistic regression for the binary classification problem (Khaled
et al., 2020; Mishchenko et al., 2020, 2022a,b; Malinovsky et al., 2023; Sadiev et al., 2023).
Specifically, the local objective function Fm is defined as

Fm(x) = −
(
bm log

(
h
(
aTmx

))
+ (1− bm) log

(
1− h

(
aTmx

)))
+

1

2
ω ‖x‖2 ,

where x ∈ Rd is the model parameters, an ∈ Rd, bn ∈ {0, 1} are the data samples, h : x→
1/(1 + e−x) is the sigmoid function and ω is the L2 regularization parameter.

We use two data sets “a9a” and “w8a” from LIBSVM library (Chang and Lin, 2011).
We partition them into M = 1000 clients by Extended Dirichlet strategy (Li and Lyu,
2023), with each client containing data samples from C = 1, 2 labels. Larger value of C
means higher data heterogeneity. We set the number of local steps to K = 5, the number of
participating clients to S = 10, and the mini-batch size to 8. The local solver is SGD with
learning rate being constant, momentum being 0 and weight decay being 0. We tune the
learning rate by the grid search. We run each experiment with 10 different random seeds.

The experimental results of PFL and SFL are in Figure 3. It can be observed that when
the level of heterogeneity is relatively high (C = 1), the performance of SFL is better than
that of PFL, and when the level of heterogeneity is low (C = 2), the performances are close.
This is consistent with our theoretical finding.
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Figure 3: Training loss results of PFL and SFL. The top row shows the results when ω = 0.0
and the bottom row shows the results when ω = 0.0001. The shaded areas show
the min-max values across 10 random seeds.

6.3 Experiments on Deep Neural Networks

Setup. We consider the common CV tasks, with data sets including Fashion-MNIST (Xiao
et al., 2017), CIFAR-10 (Krizhevsky et al., 2009), CINIC-10 (Darlow et al., 2018). Specif-
ically, we train a CNN model from Wang and Ji (2022) on Fashion-MNIST and a VGG-9
model (Simonyan and Zisserman, 2014) from Lin et al. (2020) on CIFAR-10 and CINIC-10.
We partition the training sets of Fashion-MNIST/CIFAR-10/CINIC-10 into 500/500/1000
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clients by Extended Dirichlet strategy (Li and Lyu, 2023), with each client containing data
samples from C = 1, 2, 5 labels. Larger value of C means higher data heterogeneity. We
spare the original test sets for computing test accuracy. We fix the number of participating
clients per round to S = 10. We fix the number of local update steps to K = 5 and the
mini-batch size to 20 (about one single pass over the local data for each client) (Reddi et al.,
2021). The local solver is SGD with learning rate being constant, momentem being 0 and
weight decay being 0. We apply gradient clipping to both algorithms and tune the learning
rate by grid search with a grid of {10−2.5, 10−2.0, 10−1.5, 10−1.0, 10−0.5}.

SFL outperforms PFL on heterogeneous data. The accuracy results on training data and
test data for various tasks are collected in Table 3. In particular, the test accuracy curves on
CIFAR-10 are shown in Figure 4. It can be observed (i) that when the level of heterogeneity
is relatively high (for example, C = 1, 2) the performance of SFL is much better than that
of PFL, and (ii) that when the level of heterogeneity is low, the performances of both are
close to each other. This is consistent with our theoretical finding.
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Figure 4: Test accuracy results of PFL and SFL on CIFAR-10. For visualization, we apply
moving average over a window length of 5 data points. The shaded areas show
the standard deviation across 3 random seeds.

Data set Method
C = 1 C = 2 C = 5

Train Test Train Test Train Test

Fashion-
MNIST

PFL 86.71±1.87 85.77±1.96 89.73±1.23 88.55±1.19 92.27±0.57 90.70±0.50

SFL 88.86±1.60 87.60±1.56 91.33±1.49 89.66±1.41 92.83±0.69 90.92±0.64

CIFAR-10
PFL 76.48±2.03 73.84±1.90 85.92±1.77 78.99±1.43 94.55±0.36 83.47±0.48

SFL 89.60±2.29 81.05±1.78 94.01±0.97 83.34±0.68 96.72±0.50 84.73±0.44

CINIC-10
PFL 53.36±3.80 52.27±3.61 65.38±2.01 61.96±1.81 74.97±0.95 68.45±0.81

SFL 65.40±3.57 61.52±3.14 73.58±2.32 67.31±1.87 79.58±1.42 70.82±1.05

Table 3: Training and test accuracy results of PFL and SFL on Fashion-MNIST, CIFAR-
10 and CINIC-10. We run PFL and SFL for 2000/5000/5000 training rounds
on Fashion-MNIST/CIFAR-10/CINIC-10. Results are computed across 3 random
seeds and the last 100 training rounds.
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7. Conclusion

In this paper, we have derived the upper bounds of SFL for the strongly convex, general
convex and non-convex objective functions on heterogeneous data. We validate that the
upper bounds of SFL are tight by constructing the corresponding lower bounds of SFL in
the strongly convex and general convex cases. We also make comparisons between the upper
bounds of SFL and those of PFL. In the convex cases, the comparison results show a subtle
difference under different heterogeneity assumptions. That is, under Assumption 3, the
upper bounds of SFL are better than those of PFL strictly, while under Assumption 5, the
upper bounds of SFL are still better unless the level of heterogeneity is very low. In the non-
convex case under Assumption 4, the upper bounds of SFL are better without exception.
Experiments on quadratic functions, logistic regression and deep neural networks validate
the theoretical finding that SFL outperforms PFL on heterogeneous data, at least, when
the level of heterogeneity is relatively high.

Although this work has proved that SFL outperforms PFL on heterogeneous data with
the standard assumptions, we believe the comparisons are still open. Are there any other
conditions to overturn this conclusion? For example, new assumptions beyond the standard
assumptions, new factors beyond data heterogeneity, new algorithms beyond vanilla PFL
and SFL. One possible future direction is the convergence of PFL and SFL under Hessian
assumptions to explain the unexpected results (Groups 1, 6) in Subsection 6.1. Another
promising future direction is to investigate whether the server extrapolation can be applied
to SFL to achieve faster convergence as proven in PFL (Jhunjhunwala et al., 2023; Li et al.,
2024; Li and Richtárik, 2024).
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Appendix A. Notations

Table 4 summarizes the notations appearing in this paper.

Symbol Description

R, r number, index of training rounds

M,m number, index of clients

K, k number, index of local update steps

S, S the set of participating clients and its size

π {π1, π2, . . . , πM} is a permutation of [M ]

η, η̃ learning rate, effective learning rate (ηSFL := ηMK and ηPFL := ηK)

L, µ, κ constants in Asm. 2 and Asm. 1; conditional number κ := L/µ

σ∗, σ constants in Asm. 1 and Asm. 2 for stochasticity

ζ∗, ζ(β), ζ̂ constants in Asm. 3, Asm. 4 and Asm. 5 for heterogeneity

δ,H constants in Subsection 6.1 for Hessian

F, Fm, fm global objective, local objective and local component function

x(r) global model parameters in the r-th round

x
(r)
m,k local model parameters of the m-th client after k local steps in the r-th round

g
(r)
πm,k

g
(r)
πm,k

:= ∇fπm(x
(r)
m,k; ξ

(r)
m,k) is the stochastic gradients of Fπm regarding x

(r)
m,k

C each client containing data samples from C labels (Subsec. 6.3)

Table 4: Summary of key notations.

Appendix B. Proofs of Theorem 5 and Theorem 6

In this section, we use the results in Appendices C and D to compose the final lower bounds.
For clarity, we have summarized the lower bounds and the corresponding setups for these

regimes in Tables 5 and 6. Since we use the typical objective functions in Appendices C
and D, we omit the step to verify that these functions satisfy the assumptions in Theorem 5
(see the proofs of Cha et al. 2023’s Theorem 3.1 about this step if needed).

B.1 Proof of Theorem 5

Proof For the stochasticity terms, we let λ = µ for η ≤ 1
102010λNR ; we let λ1 = µ and

λ0 = 1010µ for 1
102010λ1NR

≤ η ≤ 1
101λ0N

; we let λ = 1010µ for the other regimes in
Table 5. There exist a 4-dimensional global objective function and an initialization point

x(0) =

[
σ
µ ,

1
8160800

σ

µN
1
2R
, 0, σµ

]T
, such that for κ = L

µ ≥ 2020, M ≥ 4 and R ≥ 1, the lower

bound for stochasticity terms satisfies

E
[
F (x(R))− F (x∗)

]
= Ω

(
min

{
σ2

µ
,

σ2

µNR2
,
σ2

µN
,
σ2

µ

})
= Ω

(
σ2

µNR2

)
,

where x(R) =
[
x
(R)
1 , x

(R)
2 , x

(R)
3 , x

(R)
4

]T
and x∗ = [0, 0, 0, 0]T.
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Notably, these dimensions are orthogonal. For one single round in SFL, with N = MK,

the lower bound is Ω
(

σ2

µMKR2

)
. It is well known that any first-order method which accesses

at most MKR stochastic gradients with variance σ2 for a µ-strongly convex objective will

suffer error at least O
(

σ2

µMKR

)
in the worst case (Nemirovskij and Yudin, 1983; Woodworth

et al., 2020a,b). Therefore, we get the lower bound of Ω
(

σ2

µMKR

)
for stochasticity terms.

For the heterogeneity terms, we let λ = µ for η ≤ 1
102010λMKR ; we let λ1 = µ and

λ0 = 1010µ for 1
102010λ1MKR ≤ η ≤ 1

101λ0MK ; we let λ = 1010µ for the other regimes.

There exist a 5-dimensional global objective function and an initialization point x(0) =[
ζ
µ ,

1
81608000

ζ

µM
1
2R
, 0, 0, ζµ

]T
, such that for κ = L

µ ≥ 1010, M ≥ 4 and R ≥ 1, the lower

bound for heterogeneity terms satisfies

E
[
F (x(R))− F (x∗)

]
= Ω

(
min

{
ζ2

µ
,

ζ2

µMR2
,
ζ2

µM
,
ζ2

µ
,
ζ2

µ

})
= Ω

(
ζ2

µMR2

)
.

Combining these cases, we get the final lower bound of Ω
(

σ2

µMKR + ζ2

µMR2

)
.

B.2 Proof of Theorem 6

Proof In this theorem, by using the small η = O
(

1
LMK

)
, we can extend the lower bound

in Theorem 5 to arbitrary weighted average global parameters x̄(R) =
∑R
r=0 wrx

(r)∑R
r=0 wr

, and even

the general convex case.

When choosing the small η = O
(

1
LMK

)
, we only need to consider the first two regimes

η ≤ 1
102010λMKR and 1

102010λ1MKR ≤ η ≤ 1
101λ0MK for both stochasticity terms and het-

erogeneity terms. Take the heterogeneity terms as an example. In these two regimes,
we can lower bound E

[
x(r)

]
, that is, E

[
x(r)

]
≥ 51004

51005D1 (D1 =
∣∣x(0) − x∗∣∣ is the initial

distance for the first dimension) for η ≤ 1
102010λMKR and E

[
x(r)

]
≥ ζ

81608000λ1M
1
2R

for

1
102010λ1MKR ≤ η ≤ 1

101λ0MK . With these lower bounds, the arbitrary weighted average

parameters x̄(R) can also be bounded

x̄(R) =

∑R
r=0wrx

(r)∑R
r=0wr

≥
∑R

r=0wrc∑R
r=0wr

≥ c,

where c = 51004
51005D1 for η ≤ 1

102010λMKR and c = ζ

81608000λ1M
1
2R

for 1
102010λ1MKR ≤

1
101λ0MK .

The stochasticity terms are similar and thus be omitted here. Refer to the proofs of Cha
et al. (2023)’s Theorem 3.3 for details if needed. In summary, we can get the same lower
bound for x̄(R) and x(R) in the first two regimes for stochasticity and heterogeneity.

B.2.1 Strongly Convex Case

For the stochasticity terms, we let λ = µ for 0 < η ≤ 1
102010λNR ; we let λ1 = µ, λ0 = L for

1
102010λ1NR

≤ η ≤ 1
101λ0N

(with N = MK) in Table 5. There exist a 2-dimensional global
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objective function and an initialization point x(0) =

[
σ
µ ,

1
8160800

σ

µM
1
2K

1
2R

]T
, such that for

κ ≥ 1010, M ≥ 4 and R ≥ 1
1010κ, the lower bound for stochasticity terms satisfies

E
[
F (x̄(R))− F (x∗)

]
= Ω

(
min

{
σ2

µ
,

Lσ2

µ2MKR2

})
= Ω

(
Lσ2

µ2MKR2

)
.

Therefore, with the same logic in the proof of Theorem 5, we get the lower bound of

Ω
(

σ2

µMKR + Lσ2

µ2MKR2

)
for stochasticity terms.

For heterogeneity terms, we let λ = µ for 0 < η ≤ 1
102010λMKR ; we let λ1 = µ, λ0 = L

for 1
102010λ1MKR ≤ η ≤ 1

101λ0MK in Table 6. There exist a 2-dimensional global objective

function and an initialization point x(0) =

[
ζ
µ ,

1
81608000

ζ

µM
1
2R

]T
, such that for κ ≥ 1010,

M ≥ 4 and R ≥ 1
1010κ, the lower bound for heterogeneity terms satisfies

E
[
F (x̄(R))− F (x∗)

]
= Ω

(
min

{
ζ2

µ
,

Lζ2

µ2MR2

})
= Ω

(
Lζ2

µ2MR2

)
.

Therefore, we get the lower bound of Ω
(

Lζ2

µ2MR2

)
for heterogeneity terms.

Combining them, we get the lower bound of Ω
(

σ2

µMKR + Lσ2

µ2MKR2 + Lζ2

µ2MR2

)
.

B.2.2 General Convex Case

As done in Woodworth et al. (2020b)’s Theorem 2 and Cha et al. (2023)’s Corollary 3.5,
we need to choose λ, λ0 and λ1 more carefully for the general convex case.

For the stochasticity terms, we let λ = L1/3σ2/3

M1/3K1/3R2/3D2/3 for the first regime; we let

λ1 = L1/3σ2/3

M1/3K1/3R2/3D2/3 , λ0 = L for the second regime in Table 5. For the heterogeneity

terms, we let λ = L1/3ζ2/3

M1/3R2/3D2/3 for the first regime; we let λ1 = L1/3ζ2/3

M1/3R2/3D2/3 , λ0 = L for the

second regime in Table 6. Here D is the initial distance to the optimum x∗ = [0, 0, 0, 0]T.

Considering that D is affected by both stochasticity and heterogeneity, we consider a
4-dimensional global objective function. We let D1, D2, D3 and D4 are the initial distance
in the first, second, third and forth dimensions, respectively. Then, if

x(0) =

[
D1,

1

8160800

σ1/3D2/3

L1/3M1/6K1/6R1/3
, D1,

1

81608000

ζ1/3D2/3

L1/3M1/6R1/3

]T
,

then

E
[
F (x̄(R))− F (x∗)

]
= Ω

(
min

{
L1/3σ2/3D2

1

M1/3K1/3R2/3D2/3
,
L1/3σ2/3D4/3

M1/3K1/3R2/3

})

+ Ω

(
min

{
L1/3ζ2/3D2

1

M1/3R2/3D2/3
,
L1/3ζ2/3D4/3

M1/3R2/3

})
.
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Then, since

2D2
1 = D2 −D2

2 −D2
4

= D2

(
1− 1

81608002
σ2/3

L2/3M1/3K1/3R2/3D2/3
− 1

816080002
ζ2/3

L2/3M1/3R2/3D2/3

)

≥ D2

(
1− 1

81608002
− 1

816080002

)
≥ 1

2
D2,

where we use the conditions R ≥ σ
LM1/2K1/2D

and R ≥ ζ
LM1/2D

. Thus, we get

E
[
F (x̄(R))− F (x∗)

]
= Ω

(
L1/3σ2/3D4/3

M1/3K1/3R2/3
+
L1/3ζ2/3D4/3

M1/3R2/3

)
.

Adding the classic bound Ω
(

σD√
MKR

)
for the general convex case (Woodworth et al.,

2020a,b) yields the final result.

To ensure that the objective functions satisfy the assumptions, we use the conditions

2λ ≤ L =⇒ R ≥ 2
3
2 · σ

LM1/2K1/2D
,

R ≥ 1

1010

λ0
λ1

=⇒ R ≥ 1

10103
· L

2MKD2

σ2
.

for stochasticity terms and the conditions

2λ ≤ L =⇒ R ≥ 2
3
2 · ζ

LM1/2D
,

R ≥ 1

1010

λ0
λ1

=⇒ R ≥ 1

10103
· L

2MD2

ζ2
.

for heterogeneity terms. Note that the choices of λ, λ0 and λ1 are different for stochasticity
terms and heterogeneity terms. For simplicity, we can use a stricter condition

R ≥ 4 max

{
σ

LM1/2K1/2D
,
L2MKD2

σ2
,

ζ

LM1/2D
,
L2MD2

ζ2

}
.

Appendix C. Proof of Stochasticity Terms in Theorem 5

Proof We assume F1 = F2 = · · · = FM = F , and then the task is to construct the
lower bound of vanilla SGD, where one objective function is sampled with replacement for
updates in each step: xn+1 = xn − η∇fπn(xn). The results are summarized in Table 5.
Notably, λ0, λ1 and λ in different regimes can be different.
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Bound Regime Objective functions Initialization ∇2Fm ∈

Ω
(
σ2

λ

)
η ≤ 1

102010λNR fπn(x) = λx2 x(0) = σ
λ [2λ, 2λ]

Ω
(

λ0σ2

λ21NR
2

) 1
102010λ1NR

≤ η

and η ≤ 1
101λ0N

fπn(x)

= (λ01x<0 + λ1x≥0)
x2

2 + στnx

x(0) =
1

8160800
σ

λ1N
1
2R

[
λ0
1010 , λ0

]
Ω
(
σ2

λN

)
1

101λN ≤ η ≤
1
λ fπn(x) = λ

2x
2 + στnx x(0) = 0 [λ, λ]

Ω
(
σ2

λ

)
η ≥ 1

λ fπn(x) = λx2 x(0) = σ
λ [2λ, 2λ]

Table 5: Lower bounds of SFL for stochasticity terms. It requires that λ = λ0
1010 and

R ≥ 1
1010

λ0
λ1

in the regime 1
102010λ1NR

≤ η ≤ 1
101λ0N

. We set N = MK in SFL.

C.1 Lower Bounds for 0 < η ≤ 1
102010λNR and η ≥ 1

λ

In this regime, we consider the following objective functions

fπn(x) = λx2,

f(x) = E [fπn(x)] = λx2.

We can soon build the relationship between x(R) and x(0): x(R) = (1− 2λη)NRx(0).

C.1.1 Lower Bound for 0 < η ≤ 1
102010λNR

Since η ≤ 1
λNR and (1− 1

51005 ·
1
x)x is monotonically increasing when x ≥ 1, we have

x(R) = (1− 2λη)NRx(0) ≥ (1− 1

51005
· 1

NR
)NRx(0) ≥ 51004

51005
x(0) (∵ N ≥ 1)

F (x(R)) = λ
(
x(R)

)2
≥ 510042

510052
λ
(
x(0)

)2
.

If x(0) = σ
λ , we can get

E
[
F (x(R))− F ∗

]
= E

[
F (x(R))

]
≥ 510042

510052
λ
(
x(0)

)2
= Ω

(
σ2

λ

)
.

C.1.2 Lower Bound for η ≥ 1
λ

Since η ≥ 1
λ implies that (1− 2λη)2 ≥ 1, we have

F (x(R)) = λ
(
x(R)

)2
= λ(1− 2λη)2NR

(
x(0)

)2
≥ λ

(
x(0)

)2
.

If x(0) = σ
λ , we can get

E
[
F (x(R))− F ∗

]
= E

[
F (x(R))

]
≥ λ

(
x(0)

)2
=
σ2

λ
= Ω

(
σ2

λ

)
.
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C.2 Lower Bound for 1
102010λ1NR

≤ η ≤ 1
101λ0N

In this regime, we consider the following functions

fπn(x) = (λ01x<0 + λ1x≥0)
x2

2
+ τnσx,

f(x) = E [fπn(x)] = (λ01x<0 + λ1x≥0)
x2

2
(λ0/λ ≥ 1010),

where τn is a random variable with equal probabilities of being either “+1” or “−1”. Next,
we focus on a single round r, including N local steps in total, and thus we drop the su-

perscripts r for a while, for example, replacing x
(r)
n with xn. Unless otherwise stated, the

expectation is conditioned on x0 when we focus on one single round.
The relationship between the current parameter xn and the initial parameter x0 satisfies

xn = x0 − η
n−1∑
i=0

(λ01xi<0 + λ1xi≥0)xi − ησEn. (1)

C.2.1 Lower Bound of E
[
x(r+1) | x(r) ≥ 0

]
We first bound E

[
x(r+1) | x(r) ≥ 0

]
. Since (λ01x<0 + λ1x≥0)x ≤ λ0x and (λ01x<0 +

λ1x≥0)x ≤ λx, we have

E [(λ01xn<0 + λ1xn≥0)xn] = P(En > 0)E [(λ01xn<0 + λ1xn≥0)xn | En > 0]

+ P(En ≤ 0)E [(λ01xn<0 + λ1xn≥0)xn | En ≤ 0]

≤ λ0P(En > 0)E [xn | En > 0] + λP(En ≤ 0)E [xn | En ≤ 0] . (2)

According to Eq. (1), we can get

E [xn | En > 0] = E

[
x0 − η

n−1∑
i=0

(λ01xi<0 + λ1xi≥0)xi − ησEn | En > 0

]

≤ x0 + λ0η

n−1∑
i=0

E [|xi − x0| | En > 0]− ησE [En | En > 0] .

Then using E [|xi − x0|] ≥ E [|xi − x0| | En > 0]P(En > 0) with P(En > 0) ≥ 1
4 for the second

term, and E [|En|] = 2E [En > 0 | En > 0]P(En > 0) with P(En > 0) ≤ 1
2 , we can get

E [xn | En > 0] ≤ x0 + 4λ0η
n−1∑
i=0

E [|xi − x0|]−
1

2
ησE [|En|]

≤ (1 +
1

2525
)x0 −

6

100
ησ
√
n,

where Lemmas 10, 8 and λ0ηN ≤ 1
101 are applied in the last inequality. We bound

E [xn | En ≤ 0] with a looser bound as

E [xn | En ≤ 0] ≤ x0 + E [|xn − x0| | En ≤ 0]

≤ x0 + 2E [|xn − x0|] (∵ P(En ≤ 0) ≥ 1
2)

≤ 51

50
λ0x0 +

101

50
ησ
√
n.
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Then, back to Ineq. (2), we have

E [(λ01xn<0 + λ1xn≥0)xn] ≤ 1

2
λ0

(
(1 +

1

2525
)x0 −

6

100
ησ
√
n

)
+

3

4
λ

(
51

50
x0 +

101

50
ησ
√
n

)
≤ 253

505
x0 −

1

40
ησ
√
n.

Now, we have

E[xN ] = x0 − η
N−1∑
n=0

(λ01xn<0 + λ1xn≥0)xn (∵ E[EN ] = 0)

≥ x0 − η
N−1∑
n=0

(
253

505
λ0x0 −

1

40
ησ
√
n

)
≥
(

1− 2

3
λ0ηN

)
x0 +

1

60
ηN

3
2σ.

That is,

E
[
x(r+1) | x(r) ≥ 0

]
≥
(

1− 2

3
λ0Nη

)
E
[
x(r) | x(r) ≥ 0

]
+

1

60
ηN

3
2σ.

C.2.2 Lower Bound of E
[
x(r+1) | x(r) < 0

]
With similar analyses in Subsection D.2.2 and Cha et al. (2023)’ Lemma B.4, we get

E
[
x(r+1) | x(r) < 0

]
≥
(

1− 2

3
λ0Nη

)
E
[
x(r) | x(r) < 0

]
.

C.2.3 Relationship Between P(x(r)) ≥ 0 and P(x(r)) < 0.

With similar analyses in Subsection D.2.3 and Cha et al. (2023)’ Lemma B.4, we get

P
(
x(r) ≥ 0

)
≥ 1

2
,

when x(0) ≥ 0.

C.2.4 Lower Bound for 1
102010λ1NR

≤ η ≤ 1
101λ0N

With the above bounds for E
[
x(r+1) | x(r) ≥ 0

]
and E

[
x(r+1) | x(r) < 0

]
, we have

E
[
x(r+1)

]
= E

[
x(r+1) | x(r) ≥ 0

]
P
(
x(r) ≥ 0

)
+ E

[
x(r+1) | x(r) < 0

]
P
(
x(r) < 0

)
≥
(

1− 2

3
λ0Nη

)
x(r) +

1

120
λ0N

3
2 η2σ. (∵ P

(
x(r) ≥ 0

)
≥ 1

2)
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If x(r) ≥ 1
8160800 ·

σ

λ1N
1
2R

, then using η ≥ 1
102010λ1NR

, we have

x(r+1) ≥
(

1− 2

3
λ0Nη

)
x(r) +

1

120
λ0N

3
2 η2σ

≥
(

1− 2

3
λ0Nη

)
· 1

8160800
· σ

λ1N
1
2R

+
1

120
λ0N

3
2 ησ · 1

102010λ1NR

≥ 1

8160800
· σ

λ1N
1
2R

.

Therefore, if we set x(0) ≥ 1
8160800 ·

σ

λ1N
1
2R

, then the final parameters will also maintain

x(R) ≥ 1
8160800 ·

σ

λ1N
1
2R

. Then, noting that λ0
λ ≥ 1010, we can choose λ0

λ = 1010. Then,

E
[
F (x(R))− F (x∗)

]
= E

[
F (x(R))

]
≥ 1

2
· λ0

1010
E
[(
x(R)

)2]
= Ω

(
λ0σ

2

λ21NR
2

)
.

C.3 Lower Bound for 1
101λN ≤ η <

1
λ

In this regime, we consider the following functions

fπn(x) =
1

2
λx2 + τnσx,

f(x) = E [fπn(x)] =
1

2
λx2,

where τn is a random variable with equal probabilities of being either “+1” or “−1”.
According to the result in Cha et al. (2023)’s Appendix B.3, we have

xN = (1− λη)Nx0 − ησ
N∑
n=1

(1− λη)N−nτn

E
[
x2N
]

= (1− λη)2Nx20 + η2σ2E

(
N∑
n=1

(1− λη)N−nτn

)2

.

Similar to Safran and Shamir (2020)’s Lemma 1, we have

E

(
N∑
n=1

(1− λη)N−nτn

)2

=
N∑
n=1

(1− λη)2(N−n)E
[
τ2n
]

+
N∑
n=1

N∑
i 6=n

(1− λη)2N−n−iE [τnτi]

=

N∑
n=1

(1− λη)2(N−n). (∵ E[τnτi] = E[τn]E[τi] = 0)

Thus, we get

η2σ2
N∑
n=1

(1− λη)2(N−n) =
1− (1− λη)2N

1− (1− λη)2
η2σ2 ≥ 1− exp(−2ληN)

λη(2− λη)
η2σ2 ≥ 0.009

ησ2

λ
,
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where we use 1
101λN ≤ η ≤

1
λ . Then,

E
[(
x(R)

)2]
≥ (1− λη)2NR

(
x(0)

)2
+
R−1∑
r=0

(1− λη)2Nr0.009
ησ2

λ
≥ 0.009

σ2

λ2N
,

E
[
F (x(R))− F ∗

]
= E

[
F (x(R))

]
=
λ

2
E
[(
x(R)

)2]
= Ω

(
σ2

λN

)
.

Now we complete the proofs for all regimes for stochasticity terms in Theorem 5. The
setups and final results are summarized in Table 5.

C.4 Helpful Lemmas for Stochasticity Terms

Lemma 8 Let τ1, τ2, . . . , τn be independent random variables, each with equal probabilities
of being either “+1” or “−1”. Let En :=

∑n
i=1 τi (with E0 = 0). Then for any n ≥ 0,

√
n

5
≤ E |En| ≤

√
n.

Proof For the upper bound, similar to Rajput et al. (2020)’s Lemma 12 and Cha et al.
(2023)’s Lemma B.5, we have

E |En| = E

[∣∣∣∣∣
n∑
i=1

τi

∣∣∣∣∣
]
≤

√√√√√E

( n∑
i=1

τi

)2
 ≤

√√√√ n∑
i=1

E[(τi)
2] + 2

∑
i<j≤m−1

E[τiτj ] =
√
n,

where E[τiτj ] = 0 for i 6= j, due to independence.

For the lower bound, similar to Rajput et al. (2020)’s Lemma 12, we have

E |En| = E |En−1|+ P(En−1τn = 0) + P(En−1τn > 0)− P(En−1τn < 0).

It can be seen that the last two terms can be canceled out,

P(En−1τn > 0) = P(En−1 > 0, τn > 0) + P(En−1 < 0, τn < 0)

= P(En−1 > 0) · P(τn > 0) + P(En−1 < 0)P(τn < 0)

=
1

2
P(En−1 > 0) +

1

2
P(En−1 < 0).

Then, since P(En−1τn = 0) = P(En−1 = 0) = 1n−1 is even
( n−1
n−1/2)
2n−1 , we have

E |En| = E |En−1|+ 1n−1 is even

(
n−1
n−1/2

)
2n−1

.

According to Cha et al. (2023)’s Lemma B.8,
(
n
n/2

)
can be estimated as 2n ·

√
2n+αn√

π(n+αn/2)
with

0.333 ≤ αn/2, αn ≤ 0.354 (Mortici, 2011), so we can get
(
n
n/2

)
/2n ≥ 1

2
√
n

.
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When n ≥ 2 is an even integer,

E |En| = E |En−1|+ 1n−1 is even

(
n−1
n−1/2

)
2n−1

= E |En−2|+ 1n−2 is even

(
n−1
n−1/2

)
2n−1

...

= E |E2|+
n/2−1∑
p=1

1

2
√
n− 2p

(∵ E |E2| = 1)

≥ n

2
· 1

2
√
n
≥
√
n

5
.

When n ≥ 1 is an odd integer,

E |En+1| = E |En|+ 1n is even

(
n
n/2

)
2n

=⇒ E |En| = E |En+1| ≥
√
n

5
.

Now we complete the proof of the bounds of E |En| for any n ≥ 0.

Lemma 9 Let τ1, τ2, . . . , τn be independent random variables, each with equal probabilities
of being either “+1” or “−1”. Let En :=

∑n
i=1 τi (with E0 = 0). Then, for any n ≥ 0, the

probability distribution of En is symmetric with respect 0, and for any n ≥ 1,

1

4
≤ P(En > 0) = P(En < 0) ≤ 1

2
.

Proof When n = 0, P(En > 0) = P(En < 0) = 0. The distribution is symmetric trivially.

When n > 1, P(En = p) =

( n
(n+p)/2)

2n =
( n
(n−p)/2)

2n , n+ p mod 2 = 0

0, n+ p mod 2 6= 0
where the integer p

satisfies −n ≤ p ≤ n. Thus, the distribution is symmetric with respect to 0.

When any integer n > 1, we have P(En = 0) = 1n is even
( n
n/2)
2n . Letting g(n) =

( n
n/2)
2n , it

can be validated that g(n+2)
g(n) = n+1

n+2 < 1, so P(En = 0) = g(n) ≤ g(n− 2) ≤ · · · ≤ g(2) = 1
2

when n is even. Therefore, 1
2 ≥ P(En > 0) = P(En < 0) = 1

2(1− P(En = 0)) ≥ 1
4 .

Lemma 10 Suppose that x0 ≥ 0, λ0
λ ≥ 1010 and η ≤ 1

101λN . Then for 0 ≤ n ≤ N ,

E |xn − x0| ≤
1

100
x0 +

101

100
ησ
√
n

Proof With result of Lemma 8, the proof is identical to Cha et al. (2023)’s Lemma B.7,
except the numerical factors, to be consistent with the constants used in Appendix D.
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Appendix D. Proof of Heterogeneity Terms in Theorem 5

Proof We assume Fm = fm(·; ξ1m) = · · · = fm(·; ξ|Dm|m ) for each m, and then extend the
works of SGD-RR to SFL, from performing one update step to performing multiple update
steps on each local objective function. The results are summarized in Table 6. Notably,
λ0, λ1 and λ in different regimes can be different.

Bound Regime Objective functions Initialization ∇2Fm ∈

Ω
(
ζ2

λ

)
η ≤ 1

102010λMKR Fm(x) = λx2 x(0) = ζ
λ [2λ, 2λ]

Ω
(

λ2ζ2

λ21MR2

) 1
102010λ1MKR ≤ η

and η ≤ 1
101λ0MK

Fm(x) ={
(λ01x<0 + λ1x≥0)

x2

2 + ζx, if m ≤ M
2

(λ01x<0 + λ1x≥0)
x2

2 − ζx, otherwise

x(0)

= 1
81608000

ζ

λ1M
1
2R

[
λ0
1010 , λ0

]

Ω
(
ζ2

λM

)
1

101λMK ≤ η ≤
1
λK Fm(x) =

{
λ
2x

2 + ζx, if m ≤ M
2

λ
2x

2 − ζx, otherwise
x(0) = 0 [λ, λ]

Ω
(
ζ2

λ

)
1
λK ≤ η ≤

1
λ Fm(x) =

{
λ
2x

2 + ζx, if m ≤ M
2

λ
2x

2 − ζx, otherwise
x(0) = 0 [λ, λ]

Ω
(
ζ2

λ

)
η ≥ 1

λ Fm(x) = λx2 x(0) = ζ
λ [2λ, 2λ]

Table 6: Lower bounds of SFL for heterogeneity terms. It requires that λ0 = 1010λ and
R ≥ 1

1010
λ0
λ1

in the regime 1
102010λ1MKR ≤ η ≤

1
101λ0MK .

D.1 Lower Bounds for 0 < η ≤ 1
102010λMKR and η ≥ 1

λ

In this regime, we consider the following objective functions

Fm(x) = λx2,

F (x) =
1

M

M∑
m=1

Fm(x) = λx2.

We can soon build the relationship between x(R) and x(0): x(R) = (1− 2λη)MKRx(0).

D.1.1 Lower Bound for 0 < η ≤ 1
102010λMKR

Since η ≤ 1
102010λMKR and

(
1− 1

51005 ·
1
x

)x
is monotonically increasing when x ≥ 1, we have

x(R) = (1− 2λη)MKR x(0) ≥
(

1− 1

51005MKR

)MKR

x(0) ≥ 51004

51005
x(0), (∵M ≥ 1)

F (x(R)) = λ
(
x(R)

)2
≥ 510042

510052
λ
(
x(0)

)2
.

If x(0) = ζ
λ , we can get

E
[
F (x(R))− F ∗

]
= E

[
F (x(R))

]
≥ 510042

510052
λ
(
x(0)

)2
=

510042

510052
ζ2

λ
= Ω

(
ζ2

λ

)
.
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D.1.2 Lower Bound for η ≥ 1
λ

Since η ≥ 1
λ implies that (1− 2λη)2 ≥ 1, we have

F (x(R)) = λ
(
x(R)

)2
= λ(1− 2λη)2MKR

(
x(0)

)2
≥ λ

(
x(0)

)2
.

If x(0) = ζ
λ , we can get

E
[
F (x(R))− F ∗

]
= E

[
F (x(R))

]
≥ λ

(
x(0)

)2
=
ζ2

λ
= Ω

(
ζ2

λ

)
.

D.2 Lower Bound for 1
102010λ1MKR ≤ η ≤

1
101λ0MK

In this regime, we consider the following functions

Fm(x) =

{
(λ01x<0 + λ1x≥0)

x2

2 + ζx, if m ≤ M
2

(λ01x<0 + λ1x≥0)
x2

2 − ζx, otherwise
,

F (x) =
1

M

M∑
m=1

Fm(x) = (λ01x<0 + λ1x≥0)
x2

2
(λ0/λ ≥ 1010).

Next, we focus on a single round r, and thus we drop the superscripts r for a while. Unless
otherwise stated, the expectation is conditioned on x1,0 when considering one single round.
The proofs in this regime have a similar structure as Cha et al. (2023)’s Theorem 3.1.

In each training round, we sample a random permutation π = (π1, π2, . . . , πM ) (πm is its
m-th element) from {1, 2, . . . ,M} as the clients’ training order. Then, we can denote Fπm
for m ∈ {1, 2, . . . ,M} as Fπm(x) = (λ01x<0 + λ1x≥0)

x2

2 + ζτmx, where τ = (τ1, τ2, . . . , τM )
(τm is its m-th element) is a random permutation of M

2 +1’s and M
2 −1’s. For example,

assuming that π = (4, 2, 3, 1) (with M = 4), we can get the corresponding coefficients
τ = (−1,+1,−1,+1).

Then, the relationship between xm,k and x1,0 satisfies

xm,k = x1,0 − η
m∑
i=1

K−1∑
j=0

(
(λ01xi,j<0 + λ1xi,j≥0)xi,j

)
−Kζ

m−1∑
i=1

τi

− η
k−1∑
j=0

(
(λ01xi,j<0 + λ1xi,j≥0)xm,j

)
− kζτm.

For convenience, we write it as

xm,k = x1,0 − η
Bm,k−1∑
i=0

(
(λ01xb1(i),b2(i)<0 + λ1xb1(i),b2(i)≥0)xb1(i),b2(i)

)
−KηζAm,k, (3)

where b1(i) := b iK c + 1, b2(i) := i − Kb iK c, Am,k := Em−1 + akτm = τ1 + τ2 · · · + akτm

(Em := τ1 + τ2 · · · + τm and ak := k/K) and Bm,k =
∑(m−1)K+k−1

i=0 1 = (m − 1)K + k. In
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particular, when m = M + 1 and k = 0, it follows that

xM+1,0 = x1,0 − η
M∑
m=1

K−1∑
k=0

(
(λ01xm,k<0 + λ1xm,k≥0)xm,k

)
. (4)

Notably, the following notations xm+1,0 and xm,K are equivalent. In this paper, we use
xm+1,0 instead of xm,K .

D.2.1 Lower Bound of E
[
x(r+1) | x(r) ≥ 0

]
.

We first give a stricter upper bound of E
[
(λ01xm,k<0 + λ1xm,k≥0)xm,k

]
for 1 ≤ m ≤ M

2 + 1,
and then give a general upper bound for 1 ≤ m ≤ M . These two upper bounds are then
plugged into Eq. (4), yielding the targeted lower bound of E [xM+1,0 | x1,0 ≥ 0].

Since (λ01x<0 + λ1x≥0)x ≤ λ0x and (λ01x<0 + λ1x≥0)x ≤ λx, we have

E
[
(λ01xm,k<0 + λ1xm,k≥0)xm,k

]
= E

[
(λ01xm,k<0 + λ1xm,k≥0)xm,k | Am,k > 0

]
P(Am,k > 0)

+ E
[
(λ01xm,k<0 + λ1xm,k≥0)xm,k | Am,k ≤ 0

]
P(Am,k ≤ 0)

≤ λ0E [xm,k | Am,k > 0] · P(Am,k > 0) + λE [xm,k | Am,k ≤ 0] · P(Am,k ≤ 0). (5)

Intuitively, this is a trick, using λ0 for the former term and λ for the latter term, so we can
make the former term (which has a stricter bound) dominant by controlling the value of
λ0/λ. Next, we bound the terms on the right hand side in Ineq. (5). For the first term in
Ineq. (5), according to Ineq. (3), we have

E [xm,k | Am,k > 0]

= E

x1,0 − η Bm,k−1∑
i=0

(
(λ01xb1(i),b2(i)<0 + λ1xb1(i),b2(i)≥0)xb1(i),b2(i)

)
−KηζAm,k | Am,k > 0


= x1,0 + η

Bm,k−1∑
i=0

E
[
(λ01xb1(i),b2(i)<0 + λ1xb1(i),b2(i)≥0)

∣∣xb1(i),b2(i) − x1,0∣∣ | Am,k > 0
]

− η
Bm,k−1∑
i=0

E
[
(λ01xb1(i),b2(i)<0 + λ1xb1(i),b2(i)≥0)x1,0 | Am,k > 0

]
−KηζE [Am,k | Am,k > 0]

≤ x1,0 + λ0η

Bm,k−1∑
i=0

E
[∣∣xb1(i),b2(i) − x1,0∣∣ | Am,k > 0

]
−KηζE [Am,k | Am,k > 0] ,

where we use λ ≤ (λ01x<0 +λ1x≥0) ≤ λ0 and x1,0 ≥ 0 in the last inequality. Then, we have

Term1 in (5) ≤ λ0x1,0P(Am,k > 0) + λ20η

Bm,k−1∑
i=0

E
[∣∣xb1(i),b2(i) − x1,0∣∣ | Am,k > 0

]
P(Am,k > 0)

− λ0KηζE [Am,k | Am,k > 0]P(Am,k > 0).

Since E [|xi,j − x1,0| | Am,k > 0]P(Am,k > 0) and E [|xi,j − x1,0| | Am,k ≤ 0]P(Am,k ≤ 0) are
non-negative, the term E [|xi,j − x1,0| | Am,k > 0]P(Am,k > 0) appearing in the second term
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in the preceding inequality can be bounded by E [|xi,j − x1,0|] for any integers i, j. Since
the probability distribution of Am,k is symmetric with respect to 0 (Lemma 13), we get

E [|Am,k|] = E [Am,k | Am,k > 0]P(Am,k > 0) + E [−Am,k | Am,k < 0]P(Am,k < 0)

= E [Am,k | Am,k > 0]P(Am,k > 0) + E [−Am,k | −Am,k > 0]P(−Am,k > 0)

= 2E [Am,k | Am,k > 0]P(Am,k > 0). (by symmetry)

After using P(Am,k > 0) ≤ 1
2 by symmetry, E [|xi,j − x1,0| | Am,k > 0]P(Am,k > 0) ≤

E [|xi,j − x1,0|] and E [|Am,k|] = 2E [Am,k | Am,k > 0]P(Am,k > 0) for the first, the second
and the last terms on the right hand side, respectively, we have

Term1 in (5) ≤ 1

2
λ0x1,0 + λ20η

Bm,k−1∑
i=0

E
[∣∣xb1(i),b2(i) − x1,0∣∣]− 1

2
λ0KηζE [|Am,k|] . (6)

For the second term on the right hand side in Ineq. (5), we have

Term2 in (5) ≤ λE [|xm,k − x1,0| | Am,k ≤ 0]P(Am,k ≤ 0) + λE [x1,0 | Am,k ≤ 0]P(Am,k ≤ 0)

≤ λE [|xm,k − x1,0|] +
5

6
λx1,0, (7)

where we use P(Am,k < 0) = P(Am,k > 0) ≥ 1
6 (Lemma 13) for the second term on the right

hand side in the last inequality. Plugging Ineq. (6) and Ineq. (7) into Ineq. (5), we have

E
[
(λ01xm,k<0 + λ1xm,k≥0)xm,k

]
≤ 1

2
λ0x1,0 + λ20η

Bm,k−1∑
i=0

E
[∣∣xb1(i),b2(i) − x1,0∣∣]

− 1

2
λ0KηζE [|Am,k|] + λE [|xm,k − x1,0|] +

5

6
λx1,0.

Using E [|xi,j − x1,0|] ≤ 1
100x1,0 + 101

100Kηζ
√
m− 1 + a2k for (i − 1)K + j ≤ (m − 1)K + k

(Lemma 14), E [|Am,k|] ≥ 1
20

√
m− 1 + a2k (Lemma 12) and λ0/λ0 ≥ 1010 and λ0ηBm,k ≤

λ0MKη ≤ 1
101 , we can simplify it as

E
[
(λ01xm,k<0 + λ1xm,k≥0)xm,k

]
≤ 501

1000
λ0x1,0 +

14

1000
λ0Kηζ

√
m− 1 + a2k. (8)

Ineq. (8) holds for 1 ≤ m ≤ M
2 + 1 (M ≥ 4) and 0 ≤ k ≤ K − 1, due to the constraints

of Lemmas 12, 13 and 14. Even though the constraint of Lemma 13 excludes the case
m = 1, k = 0, we can verify E

[
(λ01x1,0<0 + λ1x1,0≥0)x1,0

]
= λx1,0 ≤ 1

1010λ0x1,0 (x1,0 ≥ 0).

Next, we give a general upper bound of E
[
(λ01xm,k<0 + λ1xm,k≥0)xm,k

]
for 1 ≤ m ≤M .

E
[
(λ01xm,k<0 + λ1xm,k≥0)xm,k

]
≤ E [λxm,k] (∵ (λ01x<0 + λ1x≥0)x ≤ λx for all x ∈ R)

≤ λE [|xm,k − x1,0|] + λx1,0

≤ 1

1000
λ0x1,0 +

1

1000
λ0Kηζ

√
m− 1 + a2k, (9)
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where we use Lemma 14 and λ0/λ ≥ 1010 in the last inequality. Notably, this inequality
holds for 1 ≤ m ≤M and 0 ≤ k ≤ K − 1 (∵ Lemma 14).

Recalling Eq. (4), we first separate the sum of E
[
(λ01xm,k<0 + λ1xm,k≥0)xm,k

]
into two

parts, and then use the tighter bound, Ineq. (8), for 1 ≤ m ≤ M
2 + 1 (the first part) and

the general bound, Ineq. (9), for M
2 + 2 ≤ m ≤M (the second part).

E [xM+1,0 − x1,0] = −η

M
2
+1∑

m=1

K−1∑
k=0

E
[
(λ01xm,k<0 + λ1xm,k≥0)xm,k

]
− η

M∑
m=M

2
+2

K−1∑
k=0

E
[
(λ01xm,k<0 + λ1xm,k≥0)xm,k

]

≥ −η

M
2
+1∑

m=1

K−1∑
k=0

(
501

1000
λ0x1,0 −

14

1000
λ0Kηζ

√
m− 1 + a2k

)

− η
M∑

m=M
2
+2

K−1∑
k=0

(
1

1000
λ0x1,0 +

1

1000
λ0Kηζ

√
m− 1 + a2k

)
.

Then, after simplifying the preceding inequality, we get

E [xM+1,0] ≥
(

1− 2

3
λ0MKη

)
x1,0 +

1

600
λ0M

3
2K2η2ζ.

Taking unconditional expectations and putting back the superscripts, we can get

E
[
x(r+1) | x(r) ≥ 0

]
≥
(

1− 2

3
λ0MKη

)
E
[
x(r) | x(r) ≥ 0

]
+

1

600
λ0M

3
2K2η2ζ. (10)

where we note that the following notations are interchangeable: x
(r)
1,0 and x(r), x

(r)
M+1,0 and

x(r+1). Notably, Ineq. (10) holds for M ≥ 4, because of the constraints of Ineq. (8).

D.2.2 Lower Bound of E
[
x(r+1) | x(r) < 0

]
.

We introduce a new function H(x) (see Section D.3 for details) as follows:

Hm(x) =

{
λ0
2 x

2 + ζx, if m ≤ M
2

λ0
2 x

2 − ζx, otherwise

H(x) =
1

M

M∑
m=1

Hm(x) =
λ0
2
x2.

Let Algorithm 1 run on the two functions F (x) and H(x), where both algorithms start

from the same initial point and share the same random variables {τ (r)m,k}k,m,r for all training
rounds. Then, according to Part 1 of Cha et al. (2023)’s Lemma B.4, the model parameters
generated on F (x) and H(x) satisfy (xm,k)F ≥ (xm,k)H . Here, we let both cases share the
same initial point x1,0 and the same random variables π (accordingly, the same τ).
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The relationship between (xM+1,0)H and x1,0 satisfies:

E [(xM+1,0)H ] = E

[
(1− λ0η)MKx1,0 − ηζ

M−1∑
m=0

(1− λ0η)mKτM−m

K−1∑
k=0

(1− λ0η)k

]

= (1− λ0η)MKx1,0 − ηζ
M−1∑
m=0

(1− λ0η)mKE [τM−m]

K−1∑
k=0

(1− λ0η)k

= (1− λ0η)MKx1,0. (∵ E[τM−m] = 0)

Then since (1− z)K ≤ 1−Kz +K2z2, ∀x ∈ [0, 1], we can get

(1− λ0η)MK ≤ 1− λ0MKη + λ20M
2K2η2 ≤ 1− 2

3
λ0MKη. (∵ λ0MKη ≤ 1

101)

Then using (xm,k)F ≥ (xm,k)H and x1,0 < 0, we have

E [(xM+1,0)F ] ≥ E [(xM+1,0)H ] = (1− λ0η)MKx1,0 ≥
(

1− 2

3
λ0MKη

)
x1,0.

Taking unconditional expectations and putting back the superscripts, we can get

E
[
x(r+1) | x(r) < 0

]
≥
(

1− 2

3
λ0MKη

)
E
[
x(r) | x(r) < 0

]
. (11)

D.2.3 Relationship Between P(x(r)) ≥ 0 and P(x(r)) < 0.

We still use the function H(x) for comparison. This time, we let both cases share the same
initial point x(0) and the same τ (0), τ (1), . . . , τ (r−1) for the first r rounds. For any round r,
we can build the relationship of (x(r))H with x0:

(x(r))H = (1− λ0η)rMKx(0) − ηζ
K−1∑
k=0

(1− λ0η)k
M−1∑
m=0

(1− λ0η)mK
r−1∑
s=0

(1− λ0η)sMKτ
(r−1−s)
M−m .

For all possible permutations τ (0), τ (1), . . . , τ (r−1), we can find the corresponding permu-

tations (τ (0))′, (τ (1))′, . . . , (τ (r−1))′ satisfy τ
(s)
m = −(τ

(s)
m )′ for all m ∈ {1, 2, . . . ,M} and

s ∈ {0, 1, . . . , r − 1}. Denoting the parameters obtained with τ (0), τ (1), . . . , τ (r−1) and
(τ (0))′, (τ (1))′, . . . , (τ (r−1))′ as (x(r))H and (x(r))′H , respectively, we have

1

2

(
(x(r))H + (x(r))′H

)
= (1− λ0η)rMKx(0).

where the second terms of (x(r))H and (x(r))′H are canceled out with
τ
(r−1−s)
M−m +(τ

(r−1−s)
M−m )′

2 = 0.

This means that for any possible parameter (x(r))H , there exits one corresponding parameter
(x(r))′H to make their average be (1− λ0η)rMKx(0), and further implies

P
(

(x(r))H ≥ (1− λ0η)rMKx(0)
)
≥ 1

2
.
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Then, for the same initial point x(0) ≥ 0, we have

P
(

(x(r))F ≥ 0
)
≥ P

(
(x(r))H ≥ 0

)
≥ P

(
(x(r))H ≥ (1− λ0η)rMKx(0)

)
≥ 1

2
.

Intuitively, the total possible number of events (the permutations) are identical for both F
and H. Since (x(r))F ≥ (x(r))H for the same permutations, the permutations that make
(x(r))H ≥ 0 always make (x(r))F ≥ 0, causing P

(
(x(r))F ≥ 0

)
≥ P

(
(x(r))H ≥ 0

)
. The

reasoning for the second inequality is similar. The permutations that make (x(r))H ≥
(1− λ0η)rMKx(0) always make (x(r))H ≥ 0 for x(0) ≥ 0.

D.2.4 Lower Bound for 1
102010λ1MKR ≤ η ≤

1
101λ0MK

Using Ineq. (10), Ineq. (11) and P
(
x(r) ≥ 0

)
≥ 1

2 (when x(0) ≥ 0), we have

E
[
x(r+1)

]
= E

[
x(r+1) | x(r) ≥ 0

]
P
(
x(r) ≥ 0

)
+ E

[
x(r+1) | x(r) < 0

]
P
(
x(r) < 0

)
≥
((

1− 2

3
λ0MKη

)
x(r) +

1

600
λ0M

3
2K2η2ζ

)
P
(
x(r) ≥ 0

)
+

((
1− 2

3
λ0MKη

)
x(r)

)
P
(
x(r) < 0

)
≥
(

1− 2

3
λ0MKη

)
x(r) +

1

1200
λ0M

3
2K2η2ζ. (∵ P

(
x(r) ≥ 0

)
≥ 1

2)

If x(r) ≥ 1
81608000 ·

ζ

λ1M
1
2R

, then using η ≥ 1
102010λ1MKR , we have

x(r+1) ≥
(

1− 2

3
λ0MKη

)
x(r) +

1

1200
λ0M

3
2K2η2ζ

≥
(

1− 2

3
λ0MKη

)
· 1

81608000
· ζ

λ1M
1
2R

+
1

1200
λ0M

3
2K2ηζ · 1

102010λ1MKR

≥ 1

81608000
· ζ

λ1M
1
2R

.

Therefore, if we set x(0) ≥ 1
81608000 ·

ζ

λ1M
1
2R

, then the final parameters will also maintain

x(R) ≥ 1
81608000 ·

ζ

λ1M
1
2R

. Then, noting that λ0
λ ≥ 1010, we can choose λ0

λ = 1010. Then,

E
[
F (xR)− F (x∗)

]
= E

[
F (xR)

]
≥ 1

2
· λE

[(
xR
)2]

≥ 1

2
· λ0

1010
·

(
1

81608000
· ζ

λ1M
1
2R

)2

= Ω

(
λ0ζ

2

λ21MR2

)
.

Notably, this inequality holds for M ≥ 4 (see Ineq. 10).
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D.3 Lower Bound for 1
101λMK ≤ η ≤

1
λK and 1

λK ≤ η ≤
1
λ

In these two regimes, we consider the following functions

Fm(x) =

{
λ
2x

2 + ζx, if m ≤ M
2

λ
2x

2 − ζx, otherwise
,

F (x) =
1

M

M∑
m=1

Fm(x) =
λ

2
x2.

In each training round, we sample a random permutation π = (π1, π2, . . . , πM ) (πm is
its m-th element) from {1, 2, . . . ,M} as the clients’ training order. Thus, we can denote
Fπm for m ∈ {1, 2, . . . ,M} as Fπm(x) = λ

2x
2 + ζτmx, where τ = (τ1, τ2, . . . , τM ) is a random

permutation of M
2 +1’s and M

2 −1’s.
For a single training round, we can get

x(r) = (1− λη)MKx(r−1) − ηζ
M−1∑
m=0

(1− λη)mKτM−m

K−1∑
k=0

(1− λη)k.

Taking expectation conditional on x(r−1), we can get

E
(
x(r)

)2
= E

((1− λη)MKx(r−1) − ηζ
M−1∑
m=0

(1− λη)mKτM−m

K−1∑
k=0

(1− λη)k

)2


= (1− λη)2MK
(
x(r−1)

)2
+ η2ζ2

(
K−1∑
k=0

(1− λη)k

)2

E

(M−1∑
m=0

(1− λη)mKτm

)2
 ,

where we note that the cross terms on the right hand side equal zero since E[τM−m] = 0.
Following Safran and Shamir (2020)’s Lemma 1, we first focus on the term

E

(M−1∑
m=0

(1− λη)mKτm

)2
 =

M−1∑
m=0

(1− λη)2mKE
[
τ2m
]

+

M−1∑
i=0

M−1∑
j 6=i

(1− λη)(i+j)KE [〈τi, τj〉] .

Since τ2m = 1 and E [〈τi, τj〉] = − 1
M−1 (see Safran and Shamir (2020)’s Lemma 2), we get

E

(M−1∑
m=0

(1− λη)mKτm

)2
 =

M−1∑
m=0

(1− λη)2mK − 1

M − 1

M−1∑
i=0

M−1∑
j 6=i

(1− λη)(i+j)K

=

(
1 +

1

M − 1

)M−1∑
m=0

(1− λη)2mK − 1

M − 1

(
M−1∑
m=0

(1− λη)mK

)2

.

Returning back to E
[(
x(r)

)2]
and using

∑M−1
m=0 (1 − λη)mK = 1−(1−λη)MK

1−(1−λη)K and
∑M−1

m=0 (1 −

λη)2mk = 1−(1−λη)2MK

1−(1−λη)2K , we can get

E
(
x(r)

)2
= (1− d)2MK

(
x(r−1)

)2
+ η2ζ2

M

M − 1
· 1

d2
· 1− (1− d)K

1 + (1− d)K
·
(
1− (1− d)MK

)
T (d), (12)
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where we define d = λη and T (d) = 1 + (1 − d)MK − 1
M ·

1+(1−d)K
1−(1−d)K ·

(
1− (1− d)MK

)
. For

convenience, we also define a intermediate variable t = 1− (1− d)K . Then

T (t) =

(
1− 1

M
· 2− t

t

)
+

(
1 +

1

M
· 2− t

t

)
(1− t)M . (13)

According to Lemma 11, T (t) is monotonically increasing on the interval 0 < t < 1, and
T (d) is monotonically increasing on the interval 0 < d < 1.

D.3.1 Lower Bound for 1
101λMK ≤ η ≤

1
λK

In this regime, T (d) is lower bounded by T ( 1
101MK ) for d ∈ [ 1

101MK ,
1
K ]. Here, we first lower

bound t(d), and then lower bound T (d). According to the fact (1− x)n ≤ 1− nx+ 1
2n

2x2

when x ∈ (0, 1) (it can be proved with Taylor expansion of (1− x)n at x = 0.), we get

t ≥ 1− (1− d)K ≥ 1− (1− dK +
1

2
d2K2) ≥ dK − 1

2
d2K2 ≥ 1

2
dK ≥ 1

202M

Then following the proofs of Safran and Shamir (2020)’s Lemma 1, we deal with the lower
bound of T (t) on t ∈ [ 1

202M , 1],

T = 405

(
1− 1

202M

)M
− 403 +

(
1−

(
1− 1

202M

)M)
· 1

M

Since the first two terms are increasing as M increases and the third term is positive,
T is lower bounded by one numerical constant, as long as there exists M0 such that

405
(

1− 1
202M0

)M0

− 403 > 0 and T (t) > 0 for all 2 ≤ t ≤ M0 (This can be done by

a simple code). We get that 405
(
1− 1

202·1212
)1212 − 403 > 1.3 · 10−11 when M0 = 1212.

Hence, T is lower bounded by some numerical constant c. Returning to E
[(
x(r)

)2]
, we get

E
[(
x(r)

)2]
≥ (1− d)2MK

(
x(r−1)

)2
+ c · η2ζ2 M

M − 1
· 1

d2
· 1− (1− d)K

1 + (1− d)K
·
(
1− (1− d)MK

)
≥ (1− d)2MK

(
x(r−1)

)2
+

(
1− exp

(
− 1

101

))
c

2
· 1

202M
· η2ζ2 1

d2

≥ (1− λη)2MK
(
x(r−1)

)2
+

(1− exp(−1/101))c

404

ζ2

λ2M

≥ (1− λη)2MK
(
x(r−1)

)2
+ c′

ζ2

λ2M
, (c′ = (1−exp(−1/101))

404 · c)

where we use M
M−1 ≥ 1, 1− (1−d)MK ≥ 1−exp(−dMK) ≥ 1−exp(−1/101), 1

1+(1−d)K ≥
1
2

and 1− (1− d)K ≥ 1
202M in the second inequality. Then,

E
[(
x(R)

)2]
≥ (1− λη)2MKR

(
x(0)

)2
+

R−1∑
r=0

(1− λη)2MKrc′
ζ2

λ2M
≥ c′ ζ

2

λ2M
,

E
[
F (x(R))− F ∗

]
= E

[
F (x(R))

]
=
λ

2
E
[(
x(R)

)2]
≥ c′

2

ζ2

λM
= Ω

(
ζ2

λM

)
.
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D.3.2 Lower Bound for 1
λK ≤ η ≤

1
λ

We still start from Eq. (12) and Eq. (13). For d = λη = 1, we have E
[(
x(r)

)2]
= η2ζ2 = ζ2

λ2
.

For 1
K ≤ d < 1, we have t = 1 − (1 − d)K ≥ 1 − exp(−dK) ≥ 1 − exp(−1) ≈ 0.63 > 0.5.

Then we can get the lower bound of T (t) on 1
2 < t < 1,

T ≥

(
1− 1

M
·

2− 1
2

1
2

)
+

(
1 +

1

M
·

2− 1
2

1
2

)
(1− 1

2
)M ≥

(
1− 3

M

)
+

(
1 +

3

M

)
1

2M
.

It can be seen that T > 1 − 3
M ≥ 1

4 when M ≥ 4, T = 1
4 when M = 3, and T = 1

8
when M = 2. Thus, we can obtain that T ≥ c for some numerical constant c. In fact,
since t ≥ 1 − exp(−1) > 1

202M , we can also use the conclusion of the lower bound for
1

101λMK ≤ η ≤
1
λK . Then,

E
(
x(r)

)2
≥ (1− d)2MK

(
x(r−1)

)2
+ c · η2ζ2 M

M − 1
· 1

d2
· 1− (1− d)K

1 + (1− d)K
·
(
1− (1− d)MK

)
≥ (1− λη)2MK

(
x(r−1)

)2
+
c

8
· ζ

2

λ2
,

where we use M
M−1 ≥ 1, 1− (1− d)MK ≥ 1− (1− d)K ≥ 1− exp(−dK) ≥ 1

2 , 1
1+(1−d)K ≥

1
2 .

Then, for 1
K ≤ d = λη < 1, we have

E
[(
x(R)

)2]
≥ (1− λη)2MKR

(
x(0)

)2
+

R−1∑
r=0

(1− λη)2MKr c

8

ζ2

λ2
≥ c

8

ζ2

λ2
,

E
[
F (x(R))− F ∗

]
= E

[
F (x(R))

]
=
λ

2
E
[(
x(R)

)2]
= Ω

(
ζ2

λ

)
.

Now we complete the proofs for all regimes for heterogeneity terms in Theorem 5. The
setups and final results are summarized in Table 6.

D.4 Helpful Lemmas for Heterogeneity Terms

Lemma 11 The function T (d) defined below is monotonically increasing on the interval
0 < d < 1, for integers M ≥ 2 and K ≥ 1.

T (d) = 1 + (1− d)MK − 1

M
· 1 + (1− d)K

1− (1− d)K
·
(
1− (1− d)MK

)
.

Proof Here we introduce an intermediate variable t = 1 − (1 − d)K (it implies that
(1−d)K = 1− t, (1−d)MK = (1− t)M ) and analyze the function T (t) on 0 < t < 1 at first.

T = 1 + (1− t)M − 1

M
· 2− t

t
·
(
1− (1− t)M

)
=

(
1− 1

M
· 2− t

t

)
+

(
1 +

1

M
· 2− t

t

)
(1− t)M .
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Then, we follow a similar way to th proof of Lemma 1 in Safran and Shamir (2020) to prove
T (t) is increasing. The derivative of the function T (t) is

T (t)′ =
2

Mt2
− 2

Mt2
(1− t)M −

(
1 +

1

M
· 2− t

t

)
·M(1− t)M−1

=
2

Mt2

(
1− (1− t)M−1 ·

(
1 + (M − 1)t+

1

2
M(M − 1)t2

))
.

The Taylor expansion of
(
(1− t)1−M

)
at t = 0 is

(1− t)1−M = 1 + (M − 1)t+
1

2
M(M − 1)t2 +

1

3!
(M + 1)M(M − 1)(1− ξ)−M−2t3,

where ξ ∈ [0, t]. When 0 < t < 1, the remainder 1
3!(M + 1)M(M − 1)(1− ξ)−M−2t3 > 0 for

M ≥ 2. So we can get (1− t)1−M > 1 + (M − 1)t+ 1
2M(M − 1)t2. It follows that

T ′ >
2

Mt2
(1− (1− t)M−1 · (1− t)1−M ) = 0.

Thus, T (t) is monotonically increasing on 0 < t < 1. Since t = 1−(1−d)K is monotonically
increasing on 0 < d < 1, we can get that T (d) is monotonically increasing on 0 < d < 1.

Lemma 12 Let τ = (τ1, τ2, . . . , τM ) be a random permutation of M
2 +1’s and M

2 −1’s. Let

Am,k := Em−1 + akτm, where Em−1 =
∑m−1

i=1 τi and ak = k/K (0 ≤ k ≤ K − 1). Then,

1

20

√
m− 1 + a2k ≤ E [|Am,k|] ≤

√
m− 1 + a2k.

Notably, the lower bound holds for 1 ≤ m ≤ M
2 + 1 (M ≥ 4) and the upper bound holds for

1 ≤ m ≤M (M ≥ 2).

Proof We consider the upper and lower bounds as follows. For the upper bound, similar
to Rajput et al. (2020)’s Lemma 12 and Cha et al. (2023)’s Lemma B.5, we have

E [|Am,k|] = E

[∣∣∣∣∣
m−1∑
i=1

τi + akτm

∣∣∣∣∣
]

≤

√√√√√E

(m−1∑
i=1

τi + akτm

)2


≤

√√√√m−1∑
i=1

E[(τi)
2] + 2

∑
i<j≤m−1

E[τiτj ] + a2k + 2ak

m−1∑
i=1

E(τiτm)

≤
√
m− 1 + a2k. (∵ E[τiτj ] < 0, ∀i 6= j)
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For the lower bound, suppose that 3 ≤ m ≤ M
2 +1 (i.e., 2 ≤ m−1 ≤ M

2 and M ≥ 4). Then,

E [|Am,k|] = E [|Em−1 + akτm|]
= E [|Em−1 + akτm| | Em−1τm ≥ 0] · P(Em−1τm ≥ 0)

+ E [|Em−1 + akτm| | Em−1τm < 0] · P(Em−1τm < 0)

= E [|Em−1| | Em−1τm ≥ 0] · P(Em−1τm ≥ 0) + ak · P(Em−1τm ≥ 0)

+ E [|Em−1| | Em−1τm < 0] · P(Em−1τm < 0)− ak · P(Em−1τm < 0)

= E [|Em−1|] + akP(Em−1τm ≥ 0)− akP(Em−1τm < 0)

= E [|Em−1|] + akP(Em−1τm = 0) + akP(Em−1τm > 0)− akP(Em−1τm < 0)

= E [|Em−1|] + akP(Em−1τm = 0)

+ ak

m−1∑
i=1

P(Em−1τm > 0 | |Em−1 = i|)P(|Em−1 = i|)

− ak
m−1∑
i=1

P(Em−1τm < 0 | |Em−1 = i|)P(|Em−1 = i|).

Since P(Em−1τm > 0 | |Em−1 = i|) = (M−m+1−i)/2
M−m+1 and P(Em−1τm < 0 | |Em−1 = i|) =

(M−m+1+i)/2
M−m+1 , we get

E [|Am,k|] = E [|Em−1|] + akP(Em−1τm = 0)− ak ·
1

M −m+ 1

m−1∑
i=1

i · P(|Em−1| = i)

=

(
1− ak

M −m+ 1

)
E [|Em−1|] + akP(Em−1τm = 0)

≥
(

1− 1

M −m+ 1

)
E [|Em−1|] (∵ 0 ≤ ak < 1)

≥
(

1− 2

M

)
E [|Em−1|] (∵ m− 1 ≤ M

2 )

≥ 1

2
E [|Em−1|] , (∵M ≥ 4)

where we use E [|Em−1|] =
∑m−1

i=1 i · P(|Em−1| = i) in the second equality.
For the convenience of subsequent proofs, we need a tighter lower bound for E [|Em−1|],

which can be achieved with a few modifications to Cha et al. (2023)’s Lemma B.5.

Let us start from Ineq. (21) in Cha et al. (2023)’s Lemma B.5.
For the even integers m ≥ 4, we have

E [|Em|] ≥
(
M − 2

M − 1
·
√
m√

m− 2

)
·
(

M

M + 2m

)
·
(√

m

5

)
=

(
M − 2

M − 1
·
√
m− 1√
m− 2

)
·
(

M

M + 2m

)
·
(√

m+ 1

5

)

42



Sharp Bounds for Sequential Federated Learning

It can be shown that M−2
M−1 ·

√
m−1√
m−2 ≥ 1 ⇐⇒ (2M −3)m ≤M2−2. Since m ≤ M

2 (Note

that the constraint m ≤ M
2 is for E [|Em|] in Cha et al. (2023)’s Lemma B.5), it follows

that (2M −3)m ≤M2− 3
2M ≤M

2−2 when M ≥ 8. Then, we can get E [Em] ≥
√
m+1
10

for 4 ≤ m ≤ M
2 .

For the even integers m = 2, we have E [|E2|] = 1− 1
M−1 ≥

2
3 ≥

√
3

10 (M ≥ 2m ≥ 4).

Now, we complete the proof for the even cases 2 ≤ m ≤ M
2 .

In fact, the lower bound holds in odd cases 1 ≤ m ≤ M
2 in Cha et al. (2023)’s Lemma

B.5 without any modification (see their last inequality E [Em] ≥ M−m
M−m−1 ·

√
m+1
10 ≥

√
m+1
10 ). We can also prove it with the same steps as Cha et al. (2023)’s Lemma B.5.

Note that the lower bound does not hold in the last case m = 0.
As a summary, we can get a tighter bound E [|Em|] ≥

√
m+1
10 for 1 ≤ m ≤ M

2 .

Returning to E [|Am,k|] and using the tighter lower bound for E [|Em−1|], we have

E [|Am,k|] ≥
1

2
E [|Em−1|] ≥

√
m

20
.

The above lower bound does not hold for m = 1 since it requires the false argument

E0 = 0 ≥
√
1

10 . To incorporate the case where m = 1, we consider a looser bound

E [|Am,k|] ≥
√
m

20
≥ 1

20

√
m− 1 + a2k.

At last, let us verify whether this lower bound holds for the remaining cases where m = 1, 2.
When m = 1, E [|A1,k|] = ak ≥ ak

20
√
2
. When m = 2 (M ≥ 2m ≥ 4), it follows that

E [|A2,k|] = E [|τ1 + akτ2|] = (1 + ak)P(τ1τ2 = +1) + (1− ak)P(τ1τ2 = −1)

= (1 + ak) ·
2 ·
(M

2
2

)(
M
2

) + (1− ak) ·
(M

2
1

)
·
(M

2
1

)(
M
2

)
= 1− ak

M − 1
.

Here we adopt M ≥ 4 for m = 2, and then E [|A2,k|] = 1 − ak
M−1 ≥ 1 − ak

2 ≥
1
2 =

1
2
√
2

√
1 + 12 ≥ 1

20

√
1 + a2k. Now we complete the proof of the lower bound of E [|A2,k|],

which holds for 1 < m ≤ M
2 + 1 and M ≥ 4.

Lemma 13 Let τ = (τ1, τ2, . . . , τM ) be a random permutation of M
2 +1’s and M

2 −1’s. Let

Am,k := Em−1 + akτm, where Em−1 =
∑m−1

i=1 τi and ak = k/K (0 ≤ k ≤ K − 1). The
probability distribution of Am,k is symmetric with respect to 0. And For 1 ≤ m ≤ M and
0 ≤ k ≤ K − 1 (excluding the case m = 1, k = 0), it holds that

1

6
≤ P(Am,k > 0) = P(Am,k < 0) ≤ 1

2
.
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Proof When m = 1 and k = 0, A1,0 = E0 = 0 (defined). When m = M + 1 and k = 0,
AM+1,0 = 0. In these two cases, P(Am,k = 0) = 1 and P(Am,k < 0) = P(Am,k > 0) = 0.

When 2 ≤ m ≤M and k = 0, we get P(Am,k > 0) = P(Am,k < 0) ≥ 1
6 according to Yun

et al. (2022)’ Lemma 14.

When 1 ≤ m ≤ M and 0 < k ≤ K − 1, similarly, we can first prove that Am,k is
symmetric and then compute P(Am,k = 0). As shown in Table 7, we conclude all cases into
four categories Am,k = −p−ak, Am,k = −p+ak, Am,k = p−ak and Am,k = p+ak. We can
get that the probability distribution of Am,k is symmetric. Furthermore, since 0 < ak < 1,
we can get that P(Am,k = 0) = 0, and thus P(Am,k > 0) = P(Am,k < 0) = 1

2 .

Value Probability

−p− ak
(

M
2

m−1−p
2

)(
M
2

m−1+p
2

)

( M
m−1)

·
M−m+1−p

2
M−m+1

−p+ ak
(

M
2

m−1−p
2

)(
M
2

m−1+p
2

)

( M
m−1)

·
M−m+1+p

2
M−m+1

p− ak
(

M
2

m−1−p
2

)(
M
2

m−1+p
2

)

( M
m−1)

·
M−m+1+p

2
M−m+1

p+ ak
(

M
2

m−1−p
2

)(
M
2

m−1+p
2

)

( M
m−1)

·
M−m+1−p

2
M−m+1

Table 7: Probability distribution of Am,k.

In summary, we have proved that P(Am,k > 0) = P(Am,k < 0) ≥ 1
6 for 1 ≤ m ≤ M

and 0 ≤ k ≤ K − 1 (except the case m = 1, k = 0). Note that for all cases, the probability
distribution is symmetric, we can get P(Am,k > 0) = P(Am,k < 0) ≤ 1

2 .

Lemma 14 Supposing that x1,0 ≥ 0, λ0/λ ≥ 1010 and η ≤ 1
101λMK , then for 1 ≤ m ≤M ,

0 ≤ k ≤ K − 1, we have

E [|xm,k − x1,0|] ≤
1

100
x1,0 +

101

100
Kηζ

√
m− 1 + a2k

Proof According to Eq. (3),

xm,k = x1,0 − η
Bm,k−1∑
i=0

(
(λ1xb1(i),b2(i)<0 + λ01xb1(i),b2(i)≥0)xb1(i),b2(i)

)
−KηζAm,k
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(we have dropped the superscript r), we can get

E [|xm,k − x1,0|] ≤ η
Bm,k−1∑
i=0

E
[∣∣∣(λ1xb1(i),b2(i)<0 + λ01xb1(i),b2(i)≥0)xb1(i),b2(i)

∣∣∣]+KηζE [|Am,k|]

≤ λη
Bm,k−1∑
i=0

E
[∣∣xb1(i),b2(i)∣∣]+KηζE [|Am,k|] (∵ λ0 ≤ λ)

≤ λη
Bm,k−1∑
i=0

E [x1,0] + λη

Bm,k−1∑
i=0

E
[∣∣xb1(i),b2(i) − x1,0∣∣]+KηζE [|Am,k|] .

For any integers m ≥ 1, k ≥ 0 satisfying (m−1)K+k ≤MK, using Lemma 12, E [|Am,k|] ≤√
m− 1 + a2k, we can get

E [|xm,k − x1,0|] ≤ ληBm,kE [x1,0] + λη

Bm,k−1∑
i=0

E
[∣∣xb1(i),b2(i) − x1,0∣∣]+Kηζ

√
m− 1 + a2k.

Let hm,k := ληBm,kE [x1,0] + λη
∑Bm,k−1

i=0 hb1(i),b2(i) + Kηζ
√
m− 1 + a2k and h1,0 = 0. It

can be verified that the sequence h1,0, . . . , hm,0, hm,1, hm,2, . . . , hm,K−1, hm+1,0, . . . , hM+1,0

is monotonically increasing. When k = 0, then

hm,0 − hm−1,K−1 = ληE [x1,0] + ληhm−1,K−1 +Kηζ
(√

m− 1−
√
m− 2 + a2K−1

)
> 0.

When 1 ≤ k ≤ K − 1, then

hm,k − hm,k−1 = ληE [x1,0] + ληhm,k−1 +Kηζ

(√
m− 1 + a2k −

√
m− 1 + a2k−1

)
> 0.

This means that hb1(i),b2(i) < hm,k for any integer i < Bm,k. So we can get

hm,k ≤ ληBm,kE [x1,0] + ληBm,khm,k +Kηζ
√
m− 1 + a2k

=⇒ hm,k ≤
ληBm,kE [x1,0]

1− ληBm,k
+
Kηζ

√
m− 1 + a2k

1− ληBm,k
(∵ ληBm,k ≤ ληBM,K = λMKη ≤ 1

101)

By mathematical induction, we can get E [|xm,k − x1,0|] ≤ hm,k ≤
ληBm,kx1,0
1−ληBm,k +

Kηζ
√
m−1+a2k

1−ληBm,k .

When m = 1 and k = 0, E [|x1,0 − x1,0|] = h1,0 = 0. Then, suppose that E [|xi,j − x1,0|] ≤
hi,j for all i, j satisfying i(K − 1) + j ≤ m(K − 1) + k.

• When k = 0, it follows that

E [|xm,0 − x1,0|] ≤ ληBm,0E [x1,0] + λη

Bm,0−1∑
i=0

E
[∣∣xb1(i),b2(i) − x1,0∣∣]+Kηζ

√
m− 1

≤ ληBm,0E [x1,0] + λη

Bm,0−1∑
i=0

hb1(i),b2(i) +Kηζ
√
m− 1 ≤ hm,0.
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• When 1 ≤ k ≤ K − 1, it follows that

E [|xm,k − x1,0|] ≤ ληBm,kE [x1,0] + λη

Bm,k−1∑
i=0

E
[∣∣xb1(i),b2(i) − x1,0∣∣]+Kηζ

√
m+ a2k

≤ ληBm,kE [x1,0] + λη

Bm,k−1∑
i=0

hb1(i),b2(i) +Kηζ
√
m+ a2k ≤ hm,k.

Then considering that λ0/λ ≥ 1010 and ληBm,k ≤ λMKη ≤ 1
101 (it implies

ληBm,k
1−ληBm,k ≤

1
100

and that 1
1−ληBm,k ≤

101
100), we get E [|xm,k − x1,0|] ≤ 1

100x1,0 + 101
100Kηζ

√
m− 1 + a2k.

Appendix E. The Mechanism of “Two Learning Rates” in SFL

This section shows that the mechanism of “two learning rates” can also be applied to
SFL. In theory, it can achieve a similar improvement to (almost the same as) that in PFL
Karimireddy et al. (2020). Next, we show how to use the mechanism of “two learning rates”
in SFL, and compare it with that of PFL.

E.1 The Mechanism of “Two Learning Rates” in SFL

The mechanism of “two learning rates” includes two learning rates, the global/server learn-
ing rate and the local/client learning rate. The client learning rate is on the client-side for
local updates; the server learning rate is on the server-side for global updates. The modified
algorithms are provided in Algorithm 3 and Algorithm 4. The modified lines are marked
in a pink color box. Here γ denotes the server learning rate; η denotes the client learning
rate. For SFL, one simple and practical implementation is illustrated in Figure 5.

client client client client

parameter server

...

global updatePFL

client client

client client...

...

global updateSFL

Figure 5: The mechanism of “two learning rates” in SFL and PFL. The global updates of
SFL are performed at the last client. It performs the global updates with its

parameters x
(r)
M,K and the initial parameters x(r) received from the first client.
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Algorithm 3: Sequential FL

1 for r = 0, . . . , R− 1 do
2 Sample a permutation

π1, π2, . . . , πM of {1, 2, . . . ,M}
3 for m = 1, . . . ,M in sequence do

4 x
(r)
m,0 =

{
x(r) , m = 1

x
(r)
m−1,K , m > 1

5 for k = 0, . . . ,K − 1 do

6 x
(r)
m,k+1 = x

(r)
m,k − ηg

(r)
πm,k

7 x(r+1) = x(r) − γ
(
x(r) − x

(r)
M,K

)

Algorithm 4: Parallel FL

1 for r = 0, . . . , R− 1 do
2 for m = 1, . . . ,M in parallel do

3 x
(r)
m,0 = x(r)

4 for k = 0, . . . ,K − 1 do

5 x
(r)
m,k+1 = x

(r)
m,k − ηg

(r)
m,k

6 x(r+1) = x(r) − γ
(
x(r) − 1

M

∑M
m=1 x

(r)
m,K

)

According to the new update rule of SFL, we can get the upper bounds of SFL and PFL
in Theorem 15 and Theorem 16. We only consider the non-convex case for convenience.
We see that the server learning rate γ has the similar effect on the upper bounds for SFL
to those for PFL. The advantage of 1

M1/3 of SFL still exists.

Theorem 15 (SFL, non-convex) Under the same conditions as those of the non-convex
case in Theorem 1, there exists η̃ = γηMK . 1

L(1+β2/M)
(γ ≥ 1), such that

min
0≤r≤R

E
[
‖∇F (x(r))‖2

]
.

A

η̃R
+
η̃Lσ2

MK
+
η̃2L2σ2

γ2MK
+
η̃2L2ζ2

γ2M
.

After tuning the learning rate, we get

min
0≤r≤R

E
[
‖∇F (x(r))‖2

]
= O

LA
(

1 + β2

M

)
R

+

(
Lσ2A

)1/2
√
MKR

+

(
L2σ2A2

)1/3
γ2/3M1/3K1/3R2/3

+

(
L2ζ2A2

)1/3
γ2/3M1/3R2/3

 .

Proof See Appendix E.2.

Theorem 16 (PFL, non-convex) Under the same conditions as those of the non-convex
case in Theorem 1, there exists η̃ = γηK . 1

L(1+β2)
(γ ≥ 1), such that

min
0≤r≤R

E
[
‖∇F (x(r))‖2

]
.

A

η̃R
+
η̃Lσ2

MK
+
η̃2L2σ2

γ2K
+
η̃2L2ζ2

γ2
.

After tuning the learning rate, we get

min
0≤r≤R

E
[
‖∇F (x(r))‖2

]
= O

(
LA(1 + β2)

R
+

(
Lσ2A

)1/2
√
MKR

+

(
L2σ2A2

)1/3
γ2/3K1/3R2/3

+

(
L2ζ2A2

)1/3
γ2/3R2/3

)
.
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Proof See Karimireddy et al. (2020)’s Theorem 1 or Yang et al. (2021)’s Theorem 1. Note
that Karimireddy et al. (2020) set γ =

√
M and Yang et al. (2021) set γ =

√
MK. Here

we keep γ = γ for comparison.

E.2 Proofs of Theorem 15

Proof We consider the full client participation for simplicity. Since the global update is per-
formed at the end of one training round, the client drift bound (that is, Li and Lyu (2023)’s
Lemma 10) is unaffected. We can focus on Li and Lyu (2023)’s Lemma 9. Substituting the
overall updates ∆x = −η

∑M
m=1

∑K−1
k=0 gπm(xm,k) with ∆x = −ηγ

∑M
m=1

∑K−1
k=0 gπm(xm,k)

in Li and Lyu (2023)’s Lemma 9, we get the recursion

E
[
F (x(r+1))− F (x(r))

]
≤ −1

6
ηγMKE‖∇F (x(r))‖2 + 2η2γ2LMKσ2 +

5

6
ηγL2

M∑
m=1

K−1∑
k=0

E‖x(r)
m,k − x(r)‖2.

Plugging Li and Lyu (2023)’s Lemma 10 into it, and using ηγ ≤ 1
6LMK(1+β2/M)

, we get

E
[
F (x(r+1))− F (x(r))

]
≤ − 1

10
ηγMKE‖∇F (x(r))‖2 + 2Lη2γ2MKσ2 +

15

8
η3γL2M2K2σ2 +

15

8
η3γL2M2K3ζ2.

Letting η̃ = ηγMK, we can get

E
[
F (x(r+1))− F (x(r))

]
≤ − 1

10
η̃E‖∇F (x(r))‖2 +

2Lη̃2σ2

MK
+

15

8

η̃3L2σ2

γ2MK
+

15

8

η̃3L2ζ2

γ2M
.

Then, we get

min
0≤r≤R

E
[
‖∇F (x(r))‖2

]
≤ 10A

η̃R
+

20η̃Lσ2

MK
+

75

4

η̃2L2σ2

γ2MK
+

75

4

η̃2L2ζ2

γ2M
.

Since ηγ ≤ 1
6LMK(1+β2/M)

, using Li and Lyu (2023)’s Lemma 8, we can get

min
0≤r≤R

E
[
‖∇F (x(r))‖2

]
= O

LA
(

1 + β2

M

)
R

+

(
Lσ2A

)1/2
√
MKR

+

(
L2σ2A2

)1/3
γ2/3M1/3K1/3R2/3

+

(
L2ζ2A2

)1/3
γ2/3M1/3R2/3

 .
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Appendix F. Comparison with Lower Bounds of SGD-RR

In this section, we compare the lower bounds of SFL with those of SGD-RR. The lower
bounds of SFL are stated in Theorem 5 and Theorem 6; Theorem 5 is for arbitrary learning
rates η > 0 and Theorem 6 is for small learning rates 0 < η . 1

LMK . By comparing them
with the corresponding theorems of SGD-RR in Cha et al. (2023), we have the following
comparison results: (1) for arbitrary learning rates η > 0, the lower bound of SFL is worse
than that of SGD-RR by a factor of κ; (2) for small learning rates 0 < η . 1

LMK , the lower
bounds of SFL match those of SGD-RR. See Theorems 17, 5, 18 and 6.

Be attention that SGD-RR is a special case of SFL, where one single step of GD (Gradi-
ent Descent) step is performed on each local objective function (that is, σ = 0 and K = 1).

The lower bounds for arbitrary learning rates η > 0. The lower bounds are restated in
Theorem 17 (SGD-RR, Cha et al. 2023) and Theorem 5 (SFL) with our notations. First,
we see that there are more components (including stochasticity and heterogeneity) in the
lower bounds of SFL. Given that SGD-RR is a special case of SFL, by letting σ = 0 and
K = 1, we next focus on the most noteworthy heterogeneity term (the last term, with ζ)
in Theorem 5, and compare it with those of SGD-RR in Theorem 17.

We consider two cases R & κ and R . κ. When R & κ, the lower bound Ω
(

Lζ2

µ2MR2

)
of

SGD-RR is better than Ω
(

ζ2

µMR2

)
of SFL with an advantage of κ. When R . κ, the lower

bound Ω
(

ζ2

µMR

)
of SGD-RR is also better than Ω

(
ζ2

µMR2

)
of SFL. Thus, we get that the

lower bounds for SGD-RR in Cha et al. (2023) are better than ours for SFL for η > 0. It
is still open whether the lower bounds of SFL can be better for arbitrary η > 0.

The lower bounds for small learning rates 0 < η . 1
LMK . The lower bounds are restated

in Theorem 18 (SGD-RR, Cha et al. 2023) and Theorem 6 (SFL) with our notations. First,
we see that there are more components (including stochasticity and heterogeneity) in the
lower bounds of SFL. Similarly, we next focus on the most noteworthy heterogeneity term
(the last term, with ζ) in Theorem 6. It can be shown that the lower bounds of SFL
completely match those of SGD-RR.

Theorem 17 (Theorem 3.1 in Cha et al. (2023)) For any M ≥ 2 and κ ≥ 2415,
there exist a 3-dimensional function, whose local objective functions are µ-strongly con-
vex (Definition 1) and L-smooth (Definition 2), and satisfy Assumption 4 (heterogeneity),
and an initialization point x(0) such that for any constant learning rate η > 0, the last-round
global parameter x(R) satisfy

E
[
F (x(R))− F ∗

]
=

Ω
(

Lζ2

µ2MR2

)
if R ≥ 161κ,

Ω
(

ζ2

µMR

)
if R < 161κ.

Theorem 18 (Theorem 3.3 and Corollary 3.5 in Cha et al. (2023)) Under the same
conditions of Theorem 17 (unless explicitly stated), there exist a multi-dimensional global ob-
jective function and an initialization point, such that for η ≤ 1

161LM , the arbitrary weighted

average global parameters x̄(R) satisfy the lower bounds:
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Strongly convex: If R ≥ 161κ and κ ≥ 2415, then

E
[
F (x̄(R))− F (x∗)

]
= Ω

(
Lζ2

µ2MR2

)
.

General convex: If R ≥ 1613 max
{

ζ
LM1/2D

, L
2MD2

ζ2

}
, then

E
[
F (x̄(R))− F (x∗)

]
= Ω

((
Lζ2D4

)1/3
M1/3R2/3

)
.

Appendix G. Comparison with Malinovsky et al. (2023)

In this section, we compare the results in Malinovsky et al. (2023) with ours. Notably, the
local solver in Malinovsky et al. (2023) is SGD-RR, so they assume that each local com-
ponent functions fm is L-smooth, and use the technique of Shuffling Variance (Mishchenko
et al., 2020). Since the bounds in Malinovsky et al. (2023) are for strongly convex cases, we
next compare their bound with ours in the strongly convex case. For comparison, we restate
their Theorem 6.1 and our Theorem 3 in Corollary 19 and Corollary 20. Since Malinovsky
et al. (2023)’s local solver is SGD-RR, while our local solver is SGD, for convenience and
fairness, we next only compare the heterogeneity terms. As shown in Corollary 19 and
Corollary 20, the upper bounds of Malinovsky et al. (2023) almost match ours, except an
advantage of MK on the first term. This is because they use the advanced technique of
Shuffling Variance.

Corollary 19 (Corollary of Malinovsky et al. (2023)’s Theorem 6.1) Letting R =
M , T = R, γ = η, N = K, σ̃? = ζ∗, σ? = 0 and C = 1 in Malinovsky et al. (2023)’s
Theorem 6.1, we can get the upper bounds for SFL in our notations:

E‖x(R) − x∗‖2 = O
(
D2 exp (−µη̃R) +

η̃2Lζ2∗
µM

)
,

E‖x(R) − x∗‖2 = Õ
(
D2 exp

(
−µMKR

L

)
+

Lζ2∗
µ3MR2

)
,

where η̃ = ηMK . 1
L ·MK. Here we set N = K, since the number of local steps equals the

size of the local data set in Malinovsky et al. (2023).

Corollary 20 (Corollary of Theorem 3) For the purpose of comparison, we consider
the bound of E‖x(R) − x∗‖2 here instead of E

[
F (x̄(R))− F (x∗)

]
:

E‖x(R) − x∗‖2 = O
(
D2 exp (−µη̃R) +

η̃2Lζ2∗
µM

)
,

E‖x(R) − x∗‖2 = Õ
(
D2 exp

(
−µR
L

)
+

Lζ2∗
µ3MR2

)
,

where η̃ = ηMK . 1
L .
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