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Abstract

We derive a new analysis of Follow The Regularized Leader (FTRL) for online learning with de-
layed bandit feedback. By separating the cost of delayed feedback from that of bandit feedback,
our analysis allows us to obtain new results in four important settings. We derive the first optimal
(up to logarithmic factors) regret bounds for combinatorial semi-bandits with delay and adversarial
Markov Decision Processes with delay (both known and unknown transition functions). Further-
more, we use our analysis to develop an efficient algorithm for linear bandits with delay achieving
near-optimal regret bounds. In order to derive these results we show that FTRL remains stable
across multiple rounds under mild assumptions on the regularizer.

Keywords: Online learning, bandit feedback, delayed feedback, Markov Decision Processes,
combinatorial semi-bandits

1. Introduction

Delayed feedback is a phenomenon that cannot be avoided in many applications of online learning.
For example, in digital advertisement a conversion event may happen with some delay after an ad
is shown to a user. In healthcare, the effect of a drug on a patient may take some time before it
becomes observable (Eick, 1988). A consequence of delayed feedback is that sequential decision
makers have to act before knowing the effect of their previous actions, where the effect of multiple
past actions may be potentially observed all at once. These challenges pertain not only to the
algorithms, but also to the way they are analyzed, which is the reason why standard (non-delayed)
proof techniques fail in the presence of delayed feedback.

Due to its fundamental nature in online learning, delayed feedback has been extensively stud-
ied in several different scenarios, including full-information feedback (Weinberger and Ordentlich,
2002; Joulani et al., 2013; Quanrud and Khashabi, 2015; Joulani et al., 2016; Flaspohler et al., 2021)
and bandit feedback (Cesa-Bianchi et al., 2016; Thune et al., 2019; Bistritz et al., 2019; Zimmert
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and Seldin, 2020; Ito et al., 2020a; Gyorgy and Joulani, 2021; Van der Hoeven and Cesa-Bianchi,
2022; Masoudian et al., 2022). In this work, we focus on the bandit feedback setting; that is, when
the only way for the learner to know the effect of an action is to execute it. We develop a gen-
eral framework for the analysis of delayed bandit feedback which we then apply to three important
settings: combinatorial semi-bandits (which includes multi-armed bandits as a special case), linear
bandits, and adversarial Markov Decision Processes (MDPs).

Our analysis, which is based on Follow The Regularized Leader (FTRL)—see, for example,
(Orabona, 2019, Chapter 7), unifies previous analyses and sheds light on the impact of delayed
bandit feedback in online learning. Our main insight is that one can separate the cost of delayed
feedback and bandit feedback through a novel decomposition of the FTRL regret, which allows
us to separately control these different regret components. This insight leads to new results in
all of the settings we consider. We prove the first regret bounds for combinatorial semi-bandits
with delays, which also turn out to be optimal for sufficiently large T (throughout the paper, by
optimal we always mean optimal for sufficiently large T"). We provide the first optimal regret bounds
for adversarial MDPs with delays and known transitions. For adversarial MDPs with delays and
unknown transitions we provide the state-of-the-art results. Finally, we derive a computationally
efficient algorithm for linear bandits, whose regret has an optimal dependence on delays.

We now formally introduce the setting of online learning with delayed bandit feedback studied
in this paper. Online learning with delayed bandit feedback proceeds in rounds. In each round
t € [T the learner chooses (possibly in a randomized manner) an action a; € A C RX, where
A is an action set of dimension K. The learner subsequently suffers loss a, £;, where £, € R¥ is
bounded in some suitably chosen norm, and observes {L(€;,a.) : T + d, = t}, where dy,...,dp
is an unknown sequence of delays and L is an application-specific (possibly randomized) feedback
function, encoding which information about £ the learner sees based on the action a,. For exam-
ple, in the combinatorial semi-bandit setting the learner observes all loss components corresponding
to the non-zero elements of the action, whereas in the linear bandit setting the learner only observes
the scalar aTT L. We assume that delays dy, ..., dr and losses £1, . .., £ are both generated by an
oblivious adversary.

1.1 Contributions

This work and the work it extends (Van der Hoeven et al., 2023) have the following main contribu-
tions:

New analysis. In section 3 we provide a novel analysis of FTRL under delayed bandit feedback.
The main novelty is showing that we can decompose the regret into three main parts. The first part
of the regret is standard, namely the pseudo-distance between the starting point of the algorithm
and the optimal point in hindsight. The second part is the cost of delayed feedback. In our analysis,
we show that the cost of delayed feedback is essentially the same as in the delayed full-information
setting. The third part of the regret is the cost of bandit feedback, which is the same term that occurs
in the standard analysis of FTRL for bandit feedback. A technical novelty is that we show that FTRL
is stable across multiple rounds under some mild assumptions on the Hessian of the regularizer. In
related work, Huang et al. (2023) provide an analysis of online mirror descent with delayed bandit
feedback in several settings. However, their analysis does not lead to optimal bounds because it
does not separate the cost of delayed and bandit feedback.
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Combinatorial semi-bandits with delayed feedback. As far as we know we are the first to
consider nonstochastic combinatorial semi-bandits under delayed feedback. In the combinatorial
semi-bandit setting, we apply the newly gained insight from our analysis of FTRL to derive an
optimal algorithm. We show that if maxqc 4 ||al|; < B, then the regret after 7" rounds is of or-
der \/B(KT + BD)log(K), where D = Zthl dy is the total delay after 7" rounds. In the worst
case, the delay is constant (i.e., d; = d for all ¢) and we provide a matching lower bound (up to
logarithmic factors) showing that any learner must incur Q(+/ BT (K + Bd)) regret.

Linear bandits. In the linear bandit setting, Ito et al. (2020a) provide an analysis of continuous
exponential weights (Cover, 1991; Vovk, 1990; Littlestone and Warmuth, 1994) with delayed bandit
feedback and constant delay d that obtains the optimal é(K VT + /dT) regret bound. One draw-
back is that the per-round runtime of continuous exponential weights is prohibitively large, although
it is polynomial in K and 7". Building on Scrible (Abernethy et al., 2008), we derive an algorithm
that achieves a slightly suboptimal O(K 32T + \/T?) regret, but with a much better per-round
running time of order K3, provided a self-concordant barrier for the decision set can be efficiently
computed. Huang et al. (2023) show an algorithm with a similar running time, but with a worse
regret bound of 6(K3/2\/T + K2 \/5)

Adversarial Markov Decision Processes. Delayed feedback in adversarial (finite-horizon and
episodic) MDPs was first studied by Lancewicki et al. (2022a). Under full-information feedback,
where the agent observes the entire cost function at the end of the episode, they achieve the optimal
regret bound: O(H+/T + D), where T is the number of episodes and H is the horizon. However,
with bandit feedback (where the only observed costs are those along the agent’s trajectory), their
regret bound is of order T?/3 4 D?/3. The current state-of-the-art guarantees under delayed ban-
(ﬁt feedback are by Jin et al. (2022) aIld Lancewicki et al. (2023) who achieve a regret bound of
O(HV/SAT + H(HSA)Y*V/D) and O(H?*\/SAT + H3\/D) in the known transition setting, and
a regret bound of O(H2Sv/AT + H(HSA)'*\/D) and O(H?*S\/AT + H*\/D) in the unknown
transition setting, respectively. Here, .S is the number of states in the MDP and A the number of
actions. However, there is still a gap compared to the lower bound of Lancewicki et al. (2022a).
Remarkably, the application of our FTRL analysis to adversarial MDPs allows us to close this gap
and achieve the first optimal regret bound of O(Hv SAT + H /D) for the case of known transi-
tions. Moreover, our bound of O(H?2S+/AT + H+/D) for unknown transitions, achieves the first
optimal regret in the delay term and matches the best known regret bound (even for the standard
non-delayed setting) in the other term.

1.2 Additional related work

Combinatorial semi-bandits with delayed feedback. Stochastic combinatorial semi-bandits have
first been introduced by Gai et al. (2012) but featured an undesirable dependency on the recipro-
cal of the square of the smallest gap between arms, which was improved by Chen et al. (2013) by
removing the square. The first matching upper and lower bounds are due to Kveton et al. (2015)
by using an upper confidence bound (UCB) based approach, though bounds using Thompson sam-
pling are also known Wen et al. (2015). A special case of the stochastic combinatorial semi-bandit
setting with delayed feedback, namely stochastic multi-armed bandits with delayed feedback, has
been studied in many different variations (Dudik et al., 2011; Agarwal and Duchi, 2012; Pike-Burke
et al., 2018; Zhou et al., 2019; Gael et al., 2020; Lancewicki et al., 2021; Cohen et al., 2021).
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In the nonstochastic combinatorial semi-bandit setting there have been several results. Adver-
sarial online path-finding problems, a special case of semi-bandits, has been studied by Gyorgy et al.
(2007) achieving an sub-optimal upper bound, an optimal upper bound for m-sets is due to Kale
et al. (2010) and Uchiya et al. (2010). The optimal bound for semi-bandits in general, which we
recover in the non-delayed setting, is due to Audibert et al. (2014). Even though we are the first to
study combinatorial semi-bandits with delayed feedback, a special case, namely multi-armed ban-
dits with delayed feedback, is well understood. Neu et al. (2010, 2014) were among the first ones
to study the impact of delayed feedback in the nonstochastic setting. Subsequently, Cesa-Bianchi
et al. (2019) proved a (v KT + /dT log(K)) lower bound when d; = d for all ¢. The match-
ing upper bound was provided by Zimmert and Seldin (2020), but nearly matching upper bounds
also exist (Thune et al., 2019; Bistritz et al., 2019; Gyorgy and Joulani, 2021; Van der Hoeven and
Cesa-Bianchi, 2022). Conversely, (special cases of) combinatorial semi-bandits without delay have
also received considerable attention (Gyorgy et al., 2007; Kale et al., 2010; Uchiya et al., 2010;
Cesa-Bianchi and Lugosi, 2012; Audibert et al., 2014; Combes et al., 2015; Lattimore et al., 2018;
Zimmert et al., 2019).

Adversarial Markov Decision Processes. There is a rich literature on regret minimization in
MDPs with non-delayed feedback (Even-Dar et al., 2009; Jaksch et al., 2010; Zimin and Neu, 2013;
Dick et al., 2014; Rosenberg and Mansour, 2019b,a, 2021; Jin et al., 2020; Shani et al., 2020; Luo
et al., 2021). Under delayed feedback, apart from the literature mentioned earlier, Dai et al. (2022)
recently presented a Follow-The-Perturbed-Leader approach that can also handle delayed feedback
in adversarial MDPs. However, their regret bound is slightly weaker than that of Jin et al. (2022)
mentioned earlier. Finally, a different line of work (Katsikopoulos and Engelbrecht, 2003; Walsh
et al., 2009) considers delays in observing the current state, which is inherently different than our
setting—for a thorough discussion on the differences between the models we refer the reader to
Lancewicki et al. (2022a). A stochastic version of MDPs with delayed feedback has been studied
by (Howson et al., 2023a).

Linear bandits. Early work in the non-delayed linear bandit setting suffered from suboptimal
results in terms of 7' (McMahan and Blum, 2004; Awerbuch and Kleinberg, 2004; Dani and Hayes,
2006). Dani et al. (2007); Abernethy et al. (2008) were the first to prove a regret bound with optimal
scaling in 7. Subsequent works by (Bubeck and Eldan, 2015; Hazan and Karnin, 2016; Ito et al.,
2020b; Zimmert and Lattimore, 2022) obtained the optimal O(K VT ) regret bound. Stochastic
linear bandits with delayed feedback has been studied by (Vernade et al., 2020; Howson et al.,
2023Db).

2. Preliminaries

We denote by Zt € RX the estimate of the loss £; in round ¢t. We will define a loss estimator for
each application separately. We focus on Follow The Regularized Leader (FTRL) and define the
FTRL prediction given a sum of losses L (or estimated losses L) as follows,

wy(L) = argmin L v + Ry (v),
vew

where W C R¥ is a compact closed convex set, R; is a twice-differentiable strongly convex func-
tion. Note that the domain W and the action set .4 do not necessarily coincide, as is the case of
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combinatorial semi-bandits for example, where WV is the convex hull of A, i.e. W = Conv(A).
Similarly, a; and 'wt(IAJ) do not necessarily coincide. We will specify the relationship between a;
and wt(it) in each application.

If we define o; = {7 : 7+ d, < t} as the set of all losses available at the beginning of round
t, then FTRL predicts 'wt(IAJt), where L; = > s, 2,. We then use the notation [N] ={1,...,N}
and define m; = [t — 1] \ o; to be the set of indices of losses that have not been observed at the
start of round ¢ due to delay. As a simplifying assumption, we assume that dyax = maxc(pde > 1
which is known to the learner. This assumption is without loss of generality, as we may employ
the standard doubling trick to overcome the need to know this parameter (Bistritz et al., 2019;

Lancewicki et al., 2022a), see also Appendix E.

Additional notations. We denote by w; (L, ¢) the i-th element of the vector w;(L). We define a
filtration of all random events observed by the learner up to round ¢ as F; = { (7', ar, L(£;, aT)) :
7+ d; <t} and we use E¢[-] = E[-|F;]. For a twice-differentiable function ¢ such that VZ¢(v) -

01 for all v € W we denote by || L|| s, = \/LT(V%(U))_IL and by || L]}, = /LTV?¢(v)L.
The Dikin ellipsoid with radius 7 around v induced by ¢ is defined as Dy(v,r) = {x € W :

|z —vl[3, < r}. The notation O(-) hides poly-logarithmic factors, whereas < denotes inequalities
that hide constant factors.

Changing domains. Some settings require changing domains. In the MDP setting with unknown
transitions, the domain is related to the estimate of the transition function and as we update and
become more confident in our estimates, we may wish to shrink the domain. We overload the
notation slightly and define

wy(L) = argmin L v 4+ Ry(v), (1)
vEW,

where we require all WW; to be compact closed convex sets. Our analysis requires that if we observe
the feedback from round 7 in timestep ¢, then the corresponding iterate of FTRL, wT(IA}T), must be
in the same Dikin ellipsoid as the current iterate w; (it) To ensure that condition holds the domains
of timestep 7 and timestep ¢ have to agree. If that is not the case, we have to skip round 7, which
means trivially bounding the regret of round 7 with an appropriate constant value (like the length
of the episode in the MDP setting) and not building a loss estimator using the information of round
7. We define A C [T] to be the set of rounds that we skip and A = [T] \ A be the rounds that
we do not skip. Since we chose not to use the loss estimators of skipped rounds, we intersect the
set of observed losses and the set of missing losses at time ¢ with the rounds that we did not skip:
or = 0s N A, my = my N A. When we observe the loss of round 7, we know if we have changed the
domain since 7 and thus o, is well defined and non-random given the history ;. The same is not
true for m;, which can depend on future rounds. This is not a problem for the algorithms considered
here, as m, is a quantity only used in the analysis and for tuning the learning rates, where |m;| can
be used as an upper bound for |m;|. The constraints that must be fulfilled to use changing domains
are formalised in Assumption 1.

Assumption 1 For all t € [T] we assume that o, is non-random given the history F; and that
Wy =W, forall T € o4\ 0i—1. We also assume that Wy C W;_1 is a compact convex set such that
Wr is non-empty.
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If the domain is constant and no rounds are skipped then Assumption 1 reduces to the standard
assumption that WV is compact, convex, and non-empty as in that case o; = o; and m; = my.

In the remainder of the paper we use the following notation for cumulative loss estimates:

L,-Y%. =L+ Y4, ii-Yi.

TEOL TEMY TE[t]

Note that it* = f/,?”‘ + £, and that wt(i%”) is equivalent to FTRL in the non-delayed setting. We
also make the following regularity assumptions on the regularizer I?;.

Assumption 2 Let R; be the regularizer associated with equation (1) and let k > 0. Suppose that
forallt € [T

(a) 4V2Ry(v) = V2R,(v') = 1V2Ry(v) for all v € Wy and v' € Dp, (v, ﬁ)

T )" vk T d
(b) K (VRt(wt(Lt)) — VRH_(S('LUt(Lt))) x < 3—2\/33TV2Rt+5(wt(Lt)):c for all x € R
and all § € [dmax]-

(c) Ri(v) < Ry(v) and V2Ry(v) <X V2Ry (v) forallv € Wy allt < t'.

Assumption 2(a) allows us to relate the Hessian of the regularizer at different iterates of FTRL,
which is crucial in our analysis. Since essentially all regularizers we use in this paper are approx-
imately self-concordant, assumption 2(a) is almost automatically satisfied (Nemirovski, 2004), see
also equation 18. Assumption (b) tells us that the regularizer should not change too much between
rounds and is used show that the different iterates of FTRL are close to each other. As we will see,
assumption (b) can be verified for most standard regularizers given that the learning rate does not
change too much between rounds. Assumption 2(c) is a technical assumption and is satisfied by
almost all standard regularizers, including those that we use in this paper.

3. Analysis

In this section we establish general results that are then applied to combinatorial bandits, MDPs,
and linear bandits in the next sections. First, we give a broad overview of the proof ideas and then
prove the statements rigorously.

3.1 Overview

We build on the analysis of Flaspohler et al. (2021) for delayed feedback in the full-information
setting, where they observe that delayed feedback can be interpreted as poor hints in the sense of
optimistic online learning (Rakhlin and Sridharan, 2013). Taking this idea one step further, we
analyze what would happen had the algorithm received slightly different hints, and subsequently
bound the change between different instances of FTRL.

Suppose for a moment that the domain W; = W is constant, we are not skipping any rounds
A = (, and that our loss estimates satisfy E[E|ft] = £; + b;, where by is the estimator’s bias. Let



A UNIFIED ANALYSIS OF NONSTOCHASTIC DELAYED FEEDBACK

u € RX be any comparator. Our analysis relies on the following decomposition of the regret

T T T
S E[(wilL) —u)Te] =Y —E[(wi(L) —u) b + Y E[(wi(Lf) —u)T8] @
t=1 t=1 t=1
bias cheating regret ’
T ~ ~ ~ ~ ~
+ 3 (B[ (@ilLo) = wi L) 4] +E [(wn(L7") = wi(L) 4] ).
t=1 H, Ho

If Z\t is an unbiased estimator of the loss then b, = 0, which implies that the bias term of the de-
composition is also 0. The cheating regret can be found in different forms in online learning—see,
for example, the proof of (Shalev-Shwartz, 2012, Lemma 2.3) or (Gyorgy and Joulani, 2021, Equa-
tion 4)—and can be bounded using the standard be-the-leader lemma (Lemma 18 in Appendix F),
see also (Joulani et al., 2020, Theorem 3). Now we focus on the second line of Equation (2). Typ-
ically, H; and Ho are analysed simultaneously and referred to as “drift”, for example, see (Gyorgy
and Joulani, 2021). We split the drift into H; and Hs because we want to analyze the cost of delay
and the cost of bandit feedback separately.

Hj can be interpreted as capturing the influence of the missing observations. Hs captures the
influence of knowing the loss estimated one step in advance against running a non-delayed version
of FTRL. To bound H; and H> we will use the same tools. First we need to relate the differences
between the predictions of the different FTRL instances to the losses used in computing the different
FTRL iterates. Lemma 5 states that if w; (L"), w¢(L) € Dr(v, 2\[) for some k > 0, some v € W,

and some L, L’ € RX, and the regularizer is sufficiently nice, then ||w;(L) — w:(L')||% Rew <
8||L" — L||g, - In order to apply this result for different w;(-), we require them to lie in the same
Dikin ellipsoid, and Lemma 6 establishes machinery to allow us to determine when that is the case.
Specifically, if L' = L + > _ GZZ for some finite set z and > ___ k|E- R, awor(z) < 312, then
wy (L") € Dg, (wi(L), 5 f) We apply the last result in Lemma 7 to establish that w,(L,) €
Dr, ('wt(it), ﬁ) for all 7 € my, which in turn allows us to conclude that wt(L{”), 'wt(Lt*) €

Dg, (wi(Ly), ﬁ) Thus, we can repeatedly apply ||w¢(L) — wi(L')||R, , < 8||L" — Ll g, » due
to Lemma 5, which leads to Lemma 3.

Lemma 3 Suppose that E[Zt | Fi] = £+ by and suppose that Assumption 1 and Assumption 2 hold.

Lett € [T) and T € my U {t}. Suppose that HETHRt wi( < ot and E [HE H2 - ] < B2

(L¢) (L,

Suppose that for all t,t' € [T \/EHEHRt/,wz(Et) < m. Then for all u € WT,

T
E Z('wt(Lt) —u) 4| <E Z(’wt(Lt) —u) | + Rp(u) — mln Ri(v) + ZSﬁt
=1 ten teh
- ZE [(wt(i?‘) - u)Tbt] + Z (Sat |my| + 8ay E Z £; — ZT) ~ ]) .
teA teh TEML R wi(Ly)

The work of Van der Hoeven and Cesa-Bianchi (2022) provides a similar result for the multi-
armed bandit setting. However, that result does not apply to the more general setting we consider
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here as their analysis relies on the fact that in the multi-armed bandit setting the constraint in the
Lagrangian of the FTRL objective can be expressed in a simple manner, which is not possible in our
setting.

To interpret Lemma 3, consider the multi-armed bandit setting with the standard importance-
weighted estimator, no skipping A = (), and regularizer R(v) = Zfil %'v(z) log(v(i))—% log(v(i)).
The purpose of the log barrier term in the regularizer is to ensure stability of the iterates, as required
by the assumptions of the lemma. In this case, if |[£;|| < 1, then ay is O(y/7). The quantity /37 is
a bound on the expectation of the squared local norm of the loss estimate, which is O(nK). Thus,
by choosing u = (1 — %)'ﬁ + % arg min, ¢, R(v), we have that the expected regret against u is
of order

T
1
; 10g(K) + dinax K In(T) + (KT + D) + /1 Y _E

t=1

Z (ET - ZT)

TEM:

A ] , 3
R7wt(Lt)

where we used 3.7, [m¢| = D. The dmaxK In(T) term in the above equation comes from the
log-barrier part of R, which—when properly tuned—ensures that the FTRL iterates are close to
each other. So far, it seems that we did not manage to separate the cost of delay and bandit feedback
because of the final summation in (3). However, due to the delay, if 7,7’ € my, then ZT and ZT/ are
independent random variables and £, and £, are their means. Recall that the variance of the sum
of independent random variables equals to the sum of their variances. Thus, by applying Jensen’s
inequality to the square root and using that V2R(v) > diag (m)) _1, we can see that

2
an[ > (£ Y E[Z &, —£,) A]
TeEmy Rawe(Lt) TEMY Rawi(Ly)
i N 2
<2m, [E| D |8 — &) A]
LTeEm: Rawr (L)

r K
~2i B[ 3 men e E0)]

LTEm 1=1
S 2 V 772‘mt|K 3

where the second inequality is due to Lemma 7, a new result that proves the multi-round stability
of FTRL iterates under certain conditions, which can be applied for sufficiently small . By using
VnlminK < L(nlmi| + nK) we can see that (3) is in fact of order log(K)/n + dmax K In(T) +
n(KT + D), which gives a O(+/(KT + D)log(K) + dmaxK In(T')) bound for an appropriately
tuned 7.

To conclude, as long as loss estimates ZT and ZT/ are independent for 7,7’ € m;, Lemma 3 im-
plies that we have effectively split the cost of delayed feedback and bandit feedback. We formalize
the above in Corollary 4, whose proof can be found in Section 3.2.

Corollary 4 Under the same assumptions as in Lemma 3, suppose that E[ZT].B] = £, and that
E [(ET - KT)T(VQRt('wt(it)))_l(ZT/ — L) ]-'t} = 0forallt € [T) and all T,7" € m; where

8
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7' # 7. Let A = () and let Wy = W. Then for all w € W

T
wat Lt —’LLTEt

< Rr(u) — m1nR1 —|—162Bt—|—162at|mt\

3.2 Analysis Details

In this section we present the proofs of Lemma 3 and Corollary 4. We start by developing the
necessary tools in Lemmas 5, 6, and 7. Beginning with the former two, both of which are standard
and can be found in various forms in the literature.

Lemma 5 Suppose that Assumption 2 holds. Letv € Wy and L, L' € R such that wi(L'), w(L) €
Di, (v, 3. then |wi(E) = w,(L) 5, , < SIL' = Ll

Proof By Taylor’s theorem and the optimality of w;(L’) we have that for some ¢ on the line segment
between w; (L") and w; (L)

L' "wy(L) + Ry(wy(L)) — L' "wy (L) — Ry(wy (L))
1

> S(wi(E) — ()T V2 R(Q) (wi () — wi(L)
> (L)~ wi(D) V2R (o) (L) — w,(L)),

where the last inequality is due the assumption on V2 R;(v), which is applicable because if w;(L'), w;(L) €
Dg, (v, 2\f) the line segment between wy(L’) and wy(L) is also in Dg, (v, ﬁ) Thus ¢ €

DRt( ) Qﬁ)
By adding and subtracting L " (w;(L) — w;(L')) we have that

L' w ()+Rmm@»—L”w(U—RmW@%
= (L' = L) " (wy(L) — wy(L")) + L wy(L) + Ry(wy(L)) — LT wy(L') — Ry(wy (L))
(L' = L) (wy(L) — wy(L))

<
< | wmumx> wi(L) [, »

where the first inequality is due to the optimality of w; (L) and the second inequality is Holder’s
inequality. Thus, we may conclude that

1 2
1L = Lilreollwi (L) = wi(L) [, o > 5 (lw0(L) = 0 (L)) -

which concludes the proof after multiplying both sides of the above by T (L) =wi T
Ry,v

Lemma 6 Suppose that Assumption 2 holds. Let z C N be a finite set, and define L' = L +
Y rcs Yr» Where y, € RE, If> ¢, \/EHyTHRt,,wt(L) < 3—12 and Wy = Wy, then wy(L') €
DRt/ (wt<L>7 ﬁ)
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Proof Because of the strict convexity of all Ry, to show that wy (L') € Dpg,, (w(L), 7) it suffices
to show that for all & on the boundary of Dg,, (w;(L), ﬁ)

L'"@+ Ry(x) > L' wy(L) + Ry(wy(L)). @)

To see why the strict convexity of Ry is sufficient, suppose that all « that are on the boundary
of Dg, (wt(L), 5 \F> indeed satisfy (4). For the sake of contradiction suppose that wy (L') is
not in Dg,, (w¢(L), 2\%) Let z = (1 — a)wy(L) + awy (L’) be the point on the boundary of
Dg,, (wi(L), 5 f) on the segment between w; (L) and wy (L'). Then

L' wy(L) + Ry (wy(L))

<L'z+ Ry (2)

< (1= a)(Z wi(L) + Ry (wi(L))) + (L wy(L) + Ry (wy (L))

< L'"wy(L) + Ry (wy(L))
where the first inequality holds because we assumed (4) to be true and z is on the boundary of
Dg,, (wi(L), 5 \F) and the last inequality is by definition of wy (L’) and the assumption that W; =
W . Thus, we have a contradiction, which implies that if all z on the boundary of Dg,, (w; (L), #)
satisfy (4), then wy (L') € Dr, (wi(L), 5 f) We proceed by showing that all = on the boundary
of Dg,, (wy(L), 2f) satisfy (4). Let h =  — w;(L). Note that

wy(L) = argmin{v' L + R;(v)} = argmin{skv ' L + kR;y(v)} .
veW veEW

We have

(KL n nVRt/(wt(L))) "h= </<;L n nVRt(wt(L))) "hy /{(VRt/ (wi(L)) — VRt(wt(L)))Th

> (VRs(wi(L) - VR(wi(L)))

1

61’

where the first inequality is due to the optimality of wt(L) the second inequality is per Assump-
tion 2(a), implying that (ViR (w;(L)) — VeRy (w; (L))" & < 35 LV ETTV2Ry ('wt(L))m and
the last equality is due to the fact that h is a point on the boundary of Dg,, (wi(L), 5 f) and thus

1
_— 2 / = —
> 32\//<ah V2R, (wt(L))h

IR |I% Ry o (L) \F Using Taylor’s theorem, there exists ¢ on the segment between « and w; (L)
such that

kL' "z + KRy (x) — kL' wy(L) — KRy (wy(L))

T
— k(L' — L) h+ (KL + nVRt/(wt(L))> h+ ghTV2Rt/(§)h
1

T T
> k(L' — L) h—64+ Ly V2Ry(¢)h (5)
> / Ty 2R,
>k(L'—L) h 64+ 8h VRy(wi(L))h
1
- / T -
=k(L' — L) h+64

10
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where we also used Assumption 2(a) and that ¢ € Dpg,, (w;(L), ). Thus, by applying Holder’s

, . 7
inequality we can see that
T T 1
KL @+ kRy(2) = kL wi(L) = kRy(wi(L)) = =Y kllYr ||y o )1~y wr(z) + 61
TEZ
1 1
=—3 Z VYl Ry (L) + 6220
TEZ

where the equality is due to the fact that || h||} Ry (L) = f and the final inequality is due to the
assumption that 3~ v/k[|y- g, w, (L) < 3. [ |

The following lemma states that if the local norms of the loss estimates, HEH Ry on(E,) re small
enough, the iterates of FTRL are close across multiple rounds. This is a crucial ingredient in our
analysis, as this allows us to use Assumption (a) to control the variance term in Lemma 3. This
lemma might be of independent interest.

Lemma 7 Suppose that Assumptlon 1 and Assumption 2 hold. Also suppose that for all t,t' € [T,
f”ﬁtHRt/ wi(B) S 128dmax‘ Then, for all t € [T) and all 7 € my we have that wy(L;) €

DRt(wT(L )7 2\/‘)

Proof We will prove the statement by induction. Assume that there exists a t € [T'] such that for all
7 < tand all s € m,, it holds that w,(L,) € Dg, (wy(Ls), 2\f) Now pick any s € m;. For the

induction step we need to show that wt(Lt) € Dg, (ws (L )3 \F) The goal is to apply Lemma 6

for which we start by decomposing o; \ o5 into the losses that were already missing at timestep s
(and were observed later) and the losses that we incurred and observed after the round s,

Z \/EHeTHRtvws(Es) - Z \/EIIET”Rtaws(is) + Z \/EHETHRhws(Es)

TEO0t\0s TE0t\0s TEMs\my
T>S

<2 Y VAl iy t2 Y VAl i

TEO\0s TEMSs\my
T>S

=2 Z \/EHZTHRt,wT(iT)a

TEO0t\0s

For the inequality, we are applying Lemma 17 using the fact that w,(L,) € Dg_(ws(Ls), 5 \f)

for 7 € my and wy(L;) € Dg, (wy (L), 51 57=) for 7 > s (where we follow s € m, which follows
from s € m; and ¢ > 7), both of which hold by the inductive assumption. We continue:

2‘0,5\05‘
2 3 VRl < T < 35

TEO0\0s

where the first inequality is per the assumption and the second inequality follows by counting the
number of elements in o; \ 05, which we do as

106\ 05| < {81 —2dmnes - -+ Bi1}] = 2oy -

11
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Since we have now established that ZTEot\os V|| Roaws(Ee) < 35— We can apply Lemma 6

to conclude that wy(L;) € Dg, (ws(Ls), 5 f) as W, = W, which holds by Assumption 1. That
completes the induction step as we have chosen s arbitrarily. For the basis of induction it is sufficient
to note that wl(Ll) € Dg, (w1 (Ll), 2\f) holds trivially. [

Now that we have gathered the necessary tools, we can prove our main Lemma.

Lemma 3 (RESTATED) Suppose that E[Et\}"t] = £; + by and suppose that Assumption 1 and
Assumption 2 hold. Let t € [T] and 7 € my U {t}. Suppose that |||, wi(By = Quand

2 ) 1
[H THR o (E )] < Bi. Suppose that for all t,t' € [T \/EHEtHRt/,wt(Et) < Tmi Then
forall u € Wr,

<E | (wi(Ls) —u)' 4

T
E ) (wi(L;) —u) £
t=1 teA

+ Ry (u) — mln Ri(v +Z8ﬁt
teA

Rt,wt(it)]> .

Proof The first step of the proof is to establish some base facts including that wy(L;) € D, (w, (L ) 3
for all 7 € my and wy(L™), wy(L}) € Dg, (w(Ly)

> —2)

TEM

Z wt Lm —’u,) bt +Z(8atlmtl+8atﬂ*}
teA

teA

).
Since \FHEtHR, (B S 128dmax , by Lemma 7 we may conclude that w;(L;) € D, (w, (L ) o

for all 7 € my and all ¢, which is also a prerequisite for Lemma 17. We also note that 'wt(Lt) €
D, (wy(Ly), 5 f) holds trivially. Now we can conclude that

1
Yo VAl gy iy S D VA gy <2 D VEllEllg, w0 <350

TEMY TEMLU{t} TEMLU{t}

where we used Lemma 17 in the second inequality and the assumption on \/k HEt I Ry wi(Ee) along-

side the fact that |m; U {t}| < dmax + 1 < 2dpax in the third 1nequa11ty By Lemma 6 and
Assumption 1 we now know that wy (L), wy(L¥) € Dg, (wi(Ly), 3).

We decompose the regret as follows

T
> B [(wi(Ly) —u) 4] =E [Z(wt(it) —u) 8|+ —E[(wi(L") — u) " by] (6)

t=1 teA teA
skipped rounds bias
+ > E [(wi(L}) —u) 4] +Z( (wi(Ly) — wi (L) "] + E [ (wi (L") — wi(L})) £ ]
teA teA Hy Hs

cheating regret

12
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By Holder’s inequality and Lemma 5

Hy =E |(wi(L;) — ’wt(i;n))th]
<E [ wiZe) = wilE, o 21ty
<E|8|L; - LT”Rt,wt(it>”ftHRtth@w}
=E Z BT N |£tHRt,’wt(it)]
TEMy Ri,wi(Lt)
=E8| Y (&—t)+ > & R ||£tHRt,wt(it)]
L 'remy TEMY Re,we (L)
<E 8( Z (£7' - eT) Z £Lr ~ )HEtHRt,wt(it)]
L TEM: Rt,wt(L TEM: Rt7wt(Lt)
S 80% E Z (Z’r - ET) + 8a§‘mt’ ’ (7)
TEMy Ry,wi(Ly)

where the last inequality is due to the triangle inequality and the assumptions on

€7 HRt,wt(ft)'
Similarly we bound

Hy=E [(wt(i;") wy (L ))Tet] <882 (8)
By Lemma 18 we have that

heati t= L) —u)t < — mj :
cheating regre %(wt( 7)—u) £ < Rp(u) vnel)l/{}lRl(v) )

By combining equations (7), (8), and (9) with the regret decomposition and leaving the skipped
rounds and bias untouched we find

+ 3 —E [(wi(L") —u) by
teA

+ S E [(wi(Z}) —u) 78] + Z( (wi(Ly) — we(L7) 4] +E [(wy (D) — wt(iz))TE])
teA teA

T
> E[(wi(Ly) —u) 4] =E [Z(wt(it) —u)' g

t=1 teA

<E Z(wt(it) —u) 4| + Rr(u) — mm Ryi(v) + 28@
teA teA
— ZE [(wt(i;n) — ’u,)Tbt] + Z (80zt2|mt| + 80étE Z (e-,- — ZT) N ]) .
teA teh TEMY Ry, we(Ly)
which concludes the proof. |

We conclude this section with the proof of Corollary 4.

13
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Corollary 4 (RESTATED) Under the same assumptions as in Lemma 3, suppose that E[ZT |Fi] = €
and that E [(ZT - KT)T(VQRt(wt(it)))_l(ZT/ —£.) ‘ ]:t} =O0forallt € [T)and all 7,7 € my
where 7' # 1. Let A = () and let Wy = W. Then for all u € W

T

E Z(wt(it)—u)Tﬁt < Rp(u) — mm Ri(v +1626t +16Zat\mt\
t=1
Proof We are looking to control E [H > rem, Er —2;) | R Et):| for a given ¢t € [T']. We start by
considering
2
~ ~ 2
Ell Y (& -¢) i ] - Y E WT —fTHRt,wt(m]
TEMY Re,wi(Lt) TEMY

S (BI85 ] —F 1 ame)])

TEM

> Bl anien)

TEM

IN

where we used that E [(ZT - ET)T(VQRt('w(f/t)))_I(ZT/ — L) |]-'t} = 0 for 7 # 7’ in the first

equality, and that E[ZT | Fi] = £; in the second equality. In turn, the above together with Jensen’s
inequality implies that

E 0 — 0, E 2 ~

[DaCE N SR T
4 Ez: |:H£ HRt,wT(LT):| \/m’ (10)
TEMY

where in the second inequality we used Lemma 7 together with Lemma 17. Finally, the third
inequality of (10) is due to the assumptions of Lemma 3. We conclude by substituting this bound
into the results of Lemma 3,

T

S E [(wi(Li) — w) 4] < Rr(w) - min Fi(v) + 82& + Z (Sat | + 16,/|mt|a§53)
t=1 .

< Rp(u) — min Ry(v) + 16253 +1607 ) |mul,
where in the last inequality we used that v/ab < $(a+0b)fora,b> 0. [ |

4. Combinatorial Semi-Bandits

In this section, we demonstrate how to apply our generic FTRL approach to combinatorial semi-
bandits (CMAB) with delayed feedback. As outlined in the introduction, combinatorial semi-
bandits extend multi-armed bandits to be able to efficiently deal with combinatorial decision spaces

14
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Algorithm 1: Delayed FTRL for combinatorial semi-bandits

Input: Regularizers { R; }+>1 defined in (11), including hyperparams y € (0, 1) and {n; }>1.
for ¢ € [T] do

Observe ar ® £, for 7 € o, \ 04—1.

Find loss estimators £, (1) = % for new observations 7 € o; \ 0;_1.

Compute wy(L;) = arg min, ¢y LT v+ Ry(v).

Find probability distribution p; such that Eq.p, [a] = wi(Ly).

Draw and play a; ~ px.
end for

and have been used in portfolio management (Ni et al., 2023) and recommendation systems (Louédec
et al., 2015) among others. In combinatorial semi-bandits the learner picks an action a; € A at each
timestep ¢. The actionset A C {0, 1} is given as part of the problem formulation. The loss of the
learner is defined as a;' £;, where £, € [—1,1]¥. In the combinatorial semi-bandit setting the feed-
back function is L(£;,a;) = a; ® £,, where © is the Hadamard (elementwise) vector product. A
practical example is a path-finding problem. Consider a directed weighted graph, where the weight
on the edges corresponds to some cost associated with traversing an edge. The objective of the
learner is to reach a goal state while incurring the least loss. In this setting the dimension of the
actions is equal to the number of edges on the graph and the actionset A is the set of all valid paths
from the starting state to the goal state. The loss is the cost associated with each edge and the feed-
back is either the individual weights of the edges traversed for semi-bandits or the entire cost of the
path taken in full bandits.

We define the pseudo-regret in this setting as

Rr=E

T T
Z(at — a*)TEt] with a* = arg minz a'l .

=1 acAd o

Algorithm Algorithm 1 is inspired by the algorithm of Audibert et al. (2014). In any given round
t, Algorithm 1 first computes w;(L;), the solution of the FTRL optimization problem of Eq. (1)
over the convex hull of the action set, that is with YW = Conv(.A4). In this setting we are not
skipping rounds and the domain is constant. wt(it) can be computed efficiently using standard
methods from convex optimisation if Conv(.A) can be described in a polynomial number of linear
constraints, see Nemirovski (2004). Then, it constructs a probability distribution p; over A such
that Eq~p, [@] = w;(L¢). How to construct p; and if it can be sampled from efficiently depends on
the actionset and for many commonly used actionsets, like m-sets and spanning trees, there exist
efficient algorithms. The path finding problem outlined above can also be solved efficiently by
relaxing the convex hull of paths in the directed graph to so called unit flows, leading to a runtime
of O(n*) where n is the number of nodes in the path finding problem (Koolen et al., 2010). For
a more complete discussion on the computational efficiency of FTRL style combinatorial bandit
algorithms and for which actionsets wt(it) and p; can be obtained efficiently we refer to Koolen
et al. (2010), Cesa-Bianchi and Lugosi (2012), and Audibert et al. (2014). The estimator of loss is

15
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given by Zt(z) = %, which is unbiased. We use the regularizer
Sg 1
R(w) = 3 (-0(0)og(v(2)) ~ los(v(0))). an
i=1

where 7; > 0 and v > 0 are hyperparameters.
Main Result and Discussion The main result of this section is Theorem 8.
Theorem 8 Suppose that maxgec 4 ||a||1 < B. Algorithm I with

o =min{\/16(B (1+1log (X))  B?(1+1log (%)) } | B )

BY ' |my| + Kt)’ 128K (Bdpax + K) T 128V Bduny |

guarantees that

K
Ry < 12\/3 <1 + log <B)> (KT + BD) + 128K *dinax + 128V Bdmax K log (T) .

The result is based on Corollary 4. After confirming the conditions on the regularizer R;, the
proof finds oy = /1B and 32 = 1, K. The last thing to do is to bound the size of the regularizer
R7(u) on the comparator w, which is a term that also arises from Corollary 4. As R; tends to
infinity on parts of the boundary of VW we have to choose a u # a* and we pick w as the best point
in hindsight in a slightly shrunken actionset. That allows us to bound Ry (w) in exchange for a small
additive bias term. The full proof can be found in Appendix A.

Theorem 9 shows that our results are optimal up to log-factors.

Theorem 9 Suppose that dy = d for all t and that B < K /2. Then for any algorithm there exists
a sequence of losses such that

T
Z(at — a*)TKt

t=1

E :Q<max{m,Bﬁ}) .

The proof for Theorem 9 can be found in Appendix A. When using an action-set constructed
of basis vectors, we recover the delayed multi-armed bandit setting, in which we match the op-
timal upper bound for delayed adversarial bandits due to Zimmert and Seldin (2020) up to con-
stants and log-factors. In the non-delayed setting, we have D = 0 and we recover a bound of

O(\/ B (1 + log (%)) KT), which also matches the optimal upper bound of order by Audibert
et al. (2014) up to constants.

5. Linear Bandits

In this section, we show how to apply our analysis of FTRL to linear bandits with delayed feedback,
which is an instance of our general setting for £, € R such that max; ||€;]s < 1, A = W C RE,
and the feedback function is £(¢,a) = £"a. Additionally, we assume that the domain is constant
with W C B(B), where B(B) is an Euclidean ball with radius B. We are not skipping rounds in
this setting.
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Algorithm 2: Delayed FTRL for linear bandits

Input: V—se~lf concordant barrier U for W, hyperparameters {7, 'Yt}t~21-

::;t;aizie’\lc(jz‘;)‘ll() — mingeyy ¥(v) and Ry(+) = %H 13+ %\IJ() fort > 1.
Observe a.| £, for 7 € o \ 0s_1.
Compute ZT =Ktla, (V2\I/(w7(f17))) 1/21)7 for new observations 7 € o; \ 0;_1.
Compute wy(L;) = arg min, ¢y f;rv + Ry(v).
Sample v; uniformly from the unit sphere.
Play a; = wy (L) + (VQ\II('wt(lALt)))_l/Q'vt .

end for

Algorithm Our algorithm for the linear bandit setting is inspired by Abernethy et al. (2008),
who provide an algorithm with nearly optimal bounds for the linear bandit setting with an effi-
cient algorithm. For the delayed linear bandit setting we use a regularizer of the form R;(v) =
% |v|3 + %(Ivf('v), where U (v) = ¥(v) — miny ey ¥ (v') for a v-self-concordant barrier function
W. For a thorough introduction to self-concordant barriers, we refer the reader to (Nesterov and
Nemirovskii, 1994). In Appendix B, we recall the most important properties, which can be found
in (Nemirovski and Todd, 2008, Section 2). The main reason for using self-concordant barriers is
to adhere to Assumptions 2(a) and 2(b). As detailed in Appendix B, these are standard properties of
self-concordant barriers.

Specific examples of self-concordant barriers are f(x) = — log(x), which is 1-self-concordant
for the non-negative reals, f(x) = — log(1—||z||3), which is 1-self-concordant for the unit ball, the
1-self concordant barrier f(x) = —log(b — a " x) for linear constraints @' = < b, and the entropic

barrier, which is defined as

f(@) = sup {(2,6) — *(0)) where f+(6) =1 ( [

exp({(x, 0)) dm) ,
0cRd w

which is a d-self-concordant barrier for any V. Unfortunately, even though the entropic barrier is a
self-concordant barrier for all domains, it can not always be efficiently computed.

Finally, we turn to the way we choose the action a; € A and the construction of the estimator.
We use a; = wt(ft) + (V2\Il(wt(it)))_1/2vt, where v; is sampled i.i.d. from the uniform distri-
bution over the unit sphere. To see that a; € A, note that Dy (w, 1) C W = Aforany w € W (see

Appendix B). Since |la; — we(L;) H\I,’wt(it) = 1, we have that a; € V. As for the loss estimate,

we use £, = K€/ a, (V2 (wy(Ly))) 1/2,, which can be seen to an unbiased estimator for £; after
observing that E[v,;v, | 7] = +1.

Given that ¥(-), V¥(-), and V2¥(-) can be efficiently computed there are two computationally
demanding steps in Algorithm 2: the computation of w; (it) and the computation of (V2 (w; (IA;t))) 1/2

and its inverse. (VQ\IJ(wt(it))) Y2 and its inverse can be computed through an eigenvalue decom-
position, which can be done in O(K3). Abernethy et al. (2008) show that an approximation of
wt(f/t) can be computed in O(K?) per round by using the damped Newton method. This approx-
imation maintains the same same regret bound up to constants. The implementation as well as an
overview of the analysis can be found in Appendix B.1.
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Main Result and Discussion We arrive at the main result of this section.

Theorem 10 Suppose that T > 100 and B > 1. Algorithm 2, run with a v-self-concordant barrier
U and with

Y+ = min

1 vlog (1+ VT)
256 BK dppax 16 B2K?t

. B B2
= min ) ’
Mt 256dmax” \[ 16 30 |my|

guarantees that, for any u € W,

T
> (ar - u)%] < IZBK\/I/T log(1 4+ VT) + 12BVD + 2BVT

t=1

E

+ 512BK dpaxv log(1 + VT) .

The proof of Theorem 10 can be found in Appendix B. It follows from an application of Corol-
lary 4 and carefully tuning the learning rates.

Let us put Theorem 10 in perspective. For arbitrary ¥V we can use the entropic barrier as the
regularizer, which means v = d and thus algorithm 2 has a O(K?2/3\/T + /D) regret bound. For
constant delay, i.e. d; = d, Ito et al. (2020a) show that continuous exponential weights obtains a
O(K /T ++/dT) regret bound. Even though this algorithm can be computed in poly (K, T', B) time,
the algorithm is far from practical. In contrast, (an approximation of) algorithm 2 can be computed
in O(K?) time, with only a slightly worse regret bound. Huang et al. (2023) provide an algorithm
with simular computational complexity as algorithm 2, but their regret bound is 5([( 23T +
K?2+/D), which contains an unnecessary dependence on the dimension K in the delay term of the
regret bound. However, it seems that the regret bound of Huang et al. (2023) can be improved to
O(K\VvT + K+/vD). In their terminology: Banker-BOLO is (O(v log(T), K2))-stable, which
together with Theorem 4.6 of Huang et al. (2023) leads to a 5([( VT + K+/vD) regret bound.
Still, the unnecessary dependence on the dimension K in the delay term of the regret bound remains.

6. Adversarial Markov Decision Processes (MDPs)

In this section, we apply our FTRL approach to adversarial Markov Decision Processes (MDPs)
where the transition function is known to the learner in advance. We start with a presentation of the
model and regret minimization framework.

A finite-horizon episodic adversarial MDP is defined by M = (S, 21, H, p, {€;}1_,, Sinit), Where
S and 2/ are finite state and action spaces of sizes S and A, respectively, H is the horizon, 7" is the
number of episodes, and siyiy € S is the initial state. The transition function is p : [H] X S X
2A — Ag, where Ag is the simplex over the states and p(s’ | h, s, a) is the probability of moving
to s’ when taking action a in state s at time h. The learner interacts with the environment over
T episodes of length H each. At the beginning of episode ¢, the learner picks a policy m =
[H] x & — Agy and starts in the initial state s; 1 = sinir. For each h € [H], the learner observes
the current state s, € S, draws an action from the policy a;, ~ m (- | h,s: ), and transitions
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to the next state sy p+1 ~ p(- | h,Stp,arp). The cost functions €, € [0, 11754 are chosen by

an oblivious adversary, and the feedback of episode ¢ contains the elements of the cost function
corresponding to the agent’s trajectory {£;(h, s; p, az ) 1L, (i.e., bandit feedback) and is observed
only at the end of episode ¢ + d;. The learner’s goal is to minimize the value of its policies, where
Vi (h,s) =E [Zgzh LW, sy an) | sp = s,m,p] is the value function of policy 7 with respect
to the cost £;. The performance is measured by the regret, defined as the difference between the
cumulative expected cost of the learner and the best fixed policy in hindsight

T T
Rr = ; Vi (1, Sinie) — 17}16111%12_: V(1 Sinit)
where 11 is the set of all policies admitted by M.
Given a policy 7 and a transition function p’, the occupancy measure qr e [0, 1]
vector, where q”’p' (h, s,a, s") is the probability to visit state s at time h, take action a and transition
to state s’. We also denote

a7 (h,s,a) Zq P (h,s,a,s) and a ¥ (h,s) = Zq“’p/(ms,a).

24 .
HSAlsa

By Rosenberg and Mansour (2019b)—see also Zimin and Neu (2013); Dick et al. (2014)—the
occupancy measure encodes the policy and the transition function through the relations

™0 ( ™0 (h /
g \ns59) (h,5,0) and p’(s’]h,s,a)——q (h,5,a,5)

h,s) = =
ﬂ-(a | 75) Wp/(h, S) qTF’pl(h?S? CL)

The set of all occupancy measures with respect to an MDP M is denoted by A(M), and the set
of all policies by IT = {m: [H] x S — Agy}. Importantly, the value of a policy from the initial
state (i.e., the expected loss in an episode) can be written as the dot product between its occupancy
measure and the cost function, i.e., (q”’p/,@ = > s aq”’p'(h, s,a)l(h,s,a). Thus, the regret
becomes o

T T

Ry = TP 0 — i by .
T ;W ) quRI(I}A)t:1<q’ t)

Whenever p’ is omitted from the notation q’“p/, it is understood to be the true transition function p.

With that in hand, the adversarial MDP setting is an instance of the online learning frame-
work where £, € [0,1]#94, A = A(M) as the set of all occupancy measures and the feedback
L(w™ ,£;) is the loss over the trajectory {€.(h, s, a’T,h)}thl' W is a (slightly modified) set of
occupancy measures which we will define later. Note that in this context, w;(L) is a vector of di-
mension HS?A—we will denote by wy (L, h, s, a, s') the (h, s, a, s') element of it and also define
wi(L,h,s,a) =Y, wi(L,h,s,a,s).

Algorithm Algorithm 3 is based on the general framework presented in Section 3. To satisfy the
stability conditions required for Lemma 3, we employ a hybrid regularization of negative entropy
and log-barrier just like in the combinatorial bandit case:

Ri(v) = — Z v(h,s,a,s)logv(h,s,a,s) Z logwv(h,s,a,s’). (12)
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Algorithm 3: Delayed FTRL for adversarial MDPs
Input: Regularizers { R;};>1 defined in (12).
fort=1,...,T do
Observe feedback £;(h, s-p, a-p) for h € [H|, T € 0y \ 04—1.

Compute upper occupancy bounds g'**(h, s,a) = maxzep g™ P(h, s, a).

) H{ST,hZS,aT,h:a‘}‘zT (h’s’a)
Compute £.(h, s,a) = a7 (osa)

forT € o4 \ 04—1.

Compute w;(L;) = arg mingcyy L] v + R;(v) and policy m¢(a | h, s) = %
t Tyl
Play episode ¢ with policy ¢

end for

The main difference is that some of the elements of the occupancy measures may be 0 regardless of
the chosen policy (if p(s’ | h, s,a) = 0 then g™ (h, s,a,s’) = 0), in which case the regularization
is not well-defined. To avoid that, we augment the set of occupancy measures to include occupancy
measures for which the associated transition probability differs a little bit from the true transition
probabilities

> 1
— P . D =<p: |llp— < — 5 .
A(P)={q mell,pe P} where P {p 1P — plloo < THSA}

To complete the presentation of adversarial MDPs as an instance of our online learning framework,
we define the constant domain as YW = A(P). Also, we are not skipping any rounds. This con-
struction allows us to establish the following properties of W:

Lemma 11 W satisfies the following:

1. For any q € A(M), there exists ¢ € VW such that miny, 5 o ¢ q(h, s,a,s") > w and
lg —qll < 2.

2. Givenv € W, let w be defined by 7t(a | h, s) = Ué?}’lsg) and " (h, s,a) = max q”’ﬁ(h, s, a).
, e

4H?S
Then, 1 < =2

q" — vl < % and ||¢" — |

The proof can be found in Appendix C. The importance-weighted loss estimator for Algorithm 3
is inspired by Jin et al. (2020),

~ Hsrp=s,arp = a}lr(h,s,a)
br(h.s,0) = g™ (h, s, a) ’

max

where g’

(h,s,a) = maxsep " P(h, s, a) is an upper bound on the occupancy measure for each
state h, s, a when following policy 7. That means that ZT is underestimating the actual losses and
is a slightly biased estimator.

Note that W is a convex set defined by O(HS?A) linear equality and inequality constrains.
In practice, we can eliminate the equality constraints through a simple re-parameterization, en-
suring the variables lie within the linear subspace that satisfies the constraints (Boyd and Van-

denberghe, 2004), thereby making the interior of the decision set non-empty. Using that, we can
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apply the interior-point method to approximate the solution to the FTRL step with running time
O(poly(H, S, A) log T')—Nemirovski (2004); see also Abernethy et al. (2012)—with an error up to
1/T (which affects the regret only by a constant). In addition, g/"** can be computed efficiently as
well using dynamic programming (Jin et al., 2020). We note that, while this approach is technically
efficient, it becomes impractical when the number of states is significantly large.

Main Result and Discussion The main result of this section is Theorem12.

Theorem 12 Suppose that T' > H. Algorithm 3 with

1 S log(SA) log(54)
128Hdmy "7 .
96 HSA\/S Admax + 2, \/ SAt+ 30 jmyl

")/:

guarantees

E[Rr] < 72H+\/1og(SA)(TSA + D) + 1338dmax H>S? A% log (HSAT) .

The proof relies on yet another regret decomposition given by

T T T
RT:Z< —uEt Z _tht ft +Ztht —uﬁt —i—Zu uﬂt
t=1 t=1 t=1 t=1
ERROR REG SHIFT-PENALTY

A(P) is only slightly larger than A(M), and we can easily bound ERROR using the first property
in Lemma 11. Since Rr(wu) can be arbitrarily large near the boundary of the domain, we slightly
shift u to w using the first property in Lemma 11 to ensure that (i) Ry(u) < O(H 5; A) and (ii)
SHIFT-PENALTY is bounded by 2H. We can not apply Corollary 4 to bound REG because of the
bias in our estimator. We apply Lemma 3 instead. By Lemma 25 we can show that R; satisfies

Assumption 2 and that R7 (@) — ming,eyy, R1(v) is bounded by 5(% + %2’4)

The fact that g/"**(h, s, a) upper bounds both wt(f/t, h,s,a) and g™ (h, s, a) allows us to keep
local norms related to o and S; small. In addition, using the second property in Lemma 11, we
can also show that the estimator’s bias is only of order 1/7T° (1gn0r1ng S, H factors). The main part
of the remaining of the proof deals with the term || > . (£- )||2 wi (B0’ This term, which
arises because we are using biased estimators, is not present when applylng Corollary 4. The full
proof can be found in Appendix C.

The algorithm is optimal, matching the lower bound of Lancewicki et al. (2022a) up to log-

factors and improves on previous state-of-the-art regret bounds O (H 2SVAT + H(HSA)'/* \/5)
by Jin et al. (2022) and O (H?V/SAT + H3v/D) by Lancewicki et al. (2023).

7. Adversarial MDPs with Unknown Transitions

In this section, we apply our FTRL approach to adversarial Markov Decision Processes (MDPs)
setting detailed in Section 6, for the case that the transition function is unknown to the learner in
advance. We show that it yields the first algorithm that handles delay asymptotically optimal in this
setting, up to sub-optimality gaps that already exist in the non-delayed setting.
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Algorithm 4: Delayed FTRL for adversarial MDPs with unknown transitions

Initialize j = 1, P; as the set of all transition functions, Wy = A(Py).
For all (h,s,a,s’) € [H] x 8 x A x S set No(s'|h, s,a) = N1(s'|h, s,a) = 0.
fort=1,...,7do
/+ Transition estimation and epochs
Observe trajectories (srp, arp) for h € [H], 7 € 0 \ 04—1.
Update counters: N;(srnt1|h, S7h,arp) +=1forh € [H], T € 01 \ 04—1.
if 3 such that N;(h, s+, arp) > max{1,2N;_1(h, s, p,arp)} then
j4=1
Forall (h,s,a,s') € S x A x S, set Nj(s'|h,s,a) = Nj_1(s'|h, s,a).
Update set 73j as in equation (13).
Set W, = ﬂ;,zl A(ﬁj/). If W, = () then set W, = A(ﬁj).
Skip all rounds that are missing by adding all elements in m; to A.
end if
/* Loss estimation and episode execution
If W, is not defined by an epoch change, set W, = W;_1.
Observe feedback £;(h, s-p, a-p) for h € [H], T € 04 \ 0—1.

Compute upper occupancy bounds g7 (h, s, a) = max; g q"P(h,s,a).
) {sr n=s,ar n=a}l;(h,s,a .
Compute £, (h, s,a) = {57 q,pax(h*t&ahg( ) for new observations T € ot \ 0¢—1.

Compute w;(L;) = arg min,cyy, L] v + Ry (v) and policy m(a | b, s) = %
Play episode ¢ with policy 7

end for

Algorithm Algorithm 4 is very similar to the one presented in Section 6 for the known transitions
case, with one main differences: In order to estimate the transition function we use a delayed version
of the confidence set for the transition function of Jin et al. (2020). The confidence sets are updated
in epochs. Specifically, the algorithm maintains counters N;(s’ | h,s,a) to track the number of
visits to state-action pair (s, a) and transitioning to state s’ at time h. Mirroring the notation used
for occupancy measures we also define N;(h,s,a) = >, N;(s' | h,s,a) as the number of visits
to state-action pair (s, a) at time h. In each epoch j, if the counter N;(h, s, a) doubles compared to
Nj_1(h, s, a) for some triplet (h, s,a), a new epoch (epoch j + 1) is initiated. The confidence set
in epoch j is defined as

~

Py = {5 [p(s'lh.5.0) = By(s'1h,5.)| < (/1R s,a), Vb, o' a,5) € [H] < S x A x S},

(13)
where
('l 5,0) = 2 \/pj(5’|h,5,a) log(HSAT?3) 14log(HSAT?) |
max{1, N;(h,s,a) — 1} 3max{1, N;(h,s,a) — 1}
for T)j(s’ |h,s,a) = % being the empirical transition, calculated using the visit counts

N;(s'|h,s,a) at the beginning of the epoch. The domain is constant in each epoch and is com-

~

puted as the intersection over all previous A(P). That is, if round ¢ is in epoch j, then W; =
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ﬂg,zl A(ﬁj/). Lemma 13 below shows that the true transition function is contained in our confi-
dence set with high probability.

Lemma 13 With probability at least 1 — 4/T?, we have p € 7/5j forall j.
Proof The proof is a straightforward modification of the proof of Lemma 2 of Jin et al. (2020). W

As a consequence of Lemma 13, the occupancy measure of the benchmark policy is contained in
each domain. The reason that we define WV, as the intersection of A(7P;/) up to the current epoch is
to ensure that Wy C W; 1. This will later be crucial in the analysis to apply the be-the-leader lemma
(Lemma 18 in Appendix F). In order to ensure that Assumption 1, specifically the fact that W, = W,
for all outstanding observations 7 € my, is met, we skip all outstanding rounds at the beginning of
a new epoch. The loss estimator is an importance-weighted estimator with g (h, s, a) being an
upper confidence estimate for g™?(h, s, a). In addition we add a small bias &, so that the estimator
is also bounded under the bad event.

In terms of implementation, we can take the same approach as in the known transition case
(Section 6), with the main difference being that the decision set is defined by O(H?S3A?log T)
linear constraints due to the number of epochs being at most H S A log T'. Thus, the FTRL solution
can be 1/T-approximated with a running time of O(poly(H, S, A,logT')). As noted before, while
this approach is technically efficient, it becomes impractical when the number of states is large.

Main Result and Discussion The main result of this section is Theorem 14. To slightly simplify
the analysis, we choose 7, = 1. However, a decreasing learning rate is also possible, as shown for
MDPs with known transitions in section 6.

Theorem 14 Algorithm 4 with v = W, n= \/7%, §=71 L and T > 4 guarantees,

E[Ry] < H2S\/AT log (HSAT) 4+ H+/Dlog (SA)
+ H3S? Alog (HSAT) dpax + H?S> Alog? (HSAT) .

The proof relies on the same regret decomposition as in Section 6.

T
RT— Z —wt Lt Kt +Z 'wt Lt —u £t>+z<ﬂ—u,£t>
=1 t=1 t=1
ERROR REG SHIFT-PENALTY

The ERROR and SHIFT-PENALTY terms are bounded using standard arguments (see Lemma 29 in
the appendix). To bound the REG term we will apply Lemma 3 just as in the previous sections.
Since we now have a changing domain we need to ensure that all loss estimators that we observe in
round ¢, that is where 7 € o; \ 0,1, use the same domain as round ¢ does. Since our domains are
constant within any epoch, we will simply skip outstanding observations at the start of each epoch,
skipping at most dp,ax rounds whenever we change epochs. From here applying Lemma 3, bounding
the bias of the estimator and bounding the total regret of skipped rounds by H - dpax - HS Alog(T')
yields the desired result. The detailed proof can be found in Appendix D.

The first term in the regret matches the best known regret for adversarial MDPs even without
delayed feedback (Jin et al., 2020). The second term matches the lower bound of Lancewicki et al.
(2022a) up to logarithmic terms. This improves over the previous state-of-the-art regret bounds
O(HV/SAT + H(HSA)"*v/D) by Jin et al. (2022) and O (H*SV/AT + Hv/D) by Lancewicki
et al. (2023).
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8. Experiments

In this section we are evaluating the performance of Algorithm 1 and Algorithm 2 on synthetic
experiments. The full code for the experiments can be found here'

8.1 Experiments for combinatorial bandits

For the combinatorial bandit setting we split the time horizon of 7" = 10000 rounds into b blocks
of length J and the algorithm only receives the feedback for all rounds in a block at the end of
that block. As actions we use m-sets with m = 3 and K = 10, the losses of in dimension ¢
are either fixed or oscillating. The fixed arms are always 0, the oscillating arms have a constant
loss of —1 in block j if j is even and 0.9 otherwise. In other words, the oscillating arms are
good arms and the constants are the bad arms. We use m = 3 oscillating and 7 fixed arms. As
mentioned earlier, Algorithm 1 is the first algorithm for delayed adversarial combinatorial bandits.
We will therefore compare Algorithm 1 to a standard algorithm not adapted to delay. Namely, an
FTRL based version of the algorithm presented in Figure 3 of Audibert et al. (2014), which is the
same as running Algorithm 1 with regularizer R;(v) = Zfi 1 %v(z) log(v(i)) and learning rate
B(1+log( £

= /(D

The results of experiments for varying block sizes can be found in Figure 1. Dropping all other

dependencies, and assuming a constant delay of d; = d, our analysis finds that R < %+7]T +ndT'.

The delay unaware algorithms tunes 1 ~ %’ leading to a regret bound of Ry < /T +d+/T, which
matches the roughly linear dependency on delay which we observe for the delay unaware algorithm.
When the block size is b = 1, there is no delay present and the delay unaware method outperforms
our algorithm slightly as we are over-regularising. But even for small delays, the delay aware tuning

outperforms the non-delayed tuning significantly.

8.2 Experiments for linear bandits

In this section we present synthetic experiments for the linear bandit setting. The losses are gen-
erated using the same block structure as for the experiments for combinatorial semi-bandits, where
the algorithm only observes feedback at the end of the block. There are 7' = 10000 rounds split
into blocks, where the block size is J € {30, 60,90, 120, 150}. In each block the losses are either
(1/VK,...,1/vVK)or (-1/VK,...,—1/V/K). As in the combinatorial semi-bandit setting, the
sign of the losses alternates between blocks. The dimension is varied between experiments, with
K € [10,20,40]. We implemented Algorithm 2, Algorithm 5, and Banker-BOLO Huang et al.
(2023) with —log(1 — ||z||3) as the 1—self-concordant barrier for the unit ball. We also imple-
mented a version of Banker-BOLO with what we believe to be improved tuning as described in
Section 5. This version of Banker-BOLO is denoted by Banker-BOLO-V2. A fifth possible al-
gorithm to compare with is the algorithm of Ito et al. (2020a). This is an instance of continuous
exponential weigths, which means its computational complexity is O(poly(K,T)). However, the
degree of this polynomial is high, which means that running this algorithm is infeasible for us.

The results can be found in Figure 2 in the main body, and Figures 3 and 4 in Appendix G.
As predicted by theory, the regret grows with the square root of the block size for all algorithms.

1. https://github.com/LukasZierahn/A-Unified-Analysis—of-Nonstochastic-Delayed-Feedback.
git
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Figure 1: The results for our combinatorial semi-bandits experiments. The solid line is the mean
regret in the 20 repetitions over 7' = 10000 rounds. The shaded areas are 95% confidence
intervals.

However, it seems that the K v/vv/D and K3/21/D terms in the regret bounds of Banker-BOLO-V2
and Banker-BOLO could possibly improved, as we do not see the difference in the regret between
our algorithms and the Banker-BOLO algorithm increase as the dimension increases. This is to be
expected, as one can probably derive a similar decomposition of the regret for OMD, upon which
Banker-BOLO is based, as we did for FTRL. As with FTRL, this would most likely lead to VD
term in the regret bound for the cost of delay, given that the algorithm is appropriately tuned. We see
that our algorithms consistently outperform both versions of Banker-BOLO. However, we believe
that with the right tuning a version of OMD will perform similarly to our algorithms. It can be seen
that Banker-BOLO-V2 has better performance than Banker-BOLO, which is predicted by theory.
We also see that the performance of Algorithms 2 and 5 hardly differs, which is also predicted by
theory.
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Figure 2: Boxplot of the regret in the linear bandit experiments with 20 repetitions over 1" = 10000
rounds with K = 20.

9. Conclusion

In sections 4, 6, and 7 we have shown that FTRL leads to optimal regret bounds under delayed
feedback in combinatorial semi-bandits, MDPs with known transitions. For MDPs with unknown
transitions we provide state-of-the-art results. Furthermore, in section 5 we have provided an ef-
ficient algorithm with nearly optimal regret for linear bandits. In section 8§ we have shown that
Algorithm 1 and Algorithm 2 outperform delay-unaware and previous algorithms respectively on
our synthetic datasets.
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Appendix A. Combinatorial Bandits

In this appendix we proof the main results of Section 4.

Theorem 8 (RESTATED) Suppose that maxqc 4 ||all1 < B. Algorithm 1 with

. (1+log())  B*(1+log(5)) 1
N = min ; , ’ N
16(BY !y |my| + Kt) 128K (Bdmax + K) 128/ Bdmax

guarantees that

K
o125 (1 (1) ) (6T 1 50) 4 25K 4125V Bl 7).

Proof We start by verifying the conditions of Corollary 4 for R;. Because we are not skipping
rounds and have a constant actionset of YW = Conv(.A), we have that Assumption 1 holds. Next,
note that R; as specified in (11) does not satisfy Assumption 2(c) because R;(v) < Ri—1(v).
However, by using regularizer R;(v) = R;(v) — mingeyy Ry (v), and running the algorithm with
this regularizer instead, we can see that Assumption 2(c) is satisfied and, crucially, the algorithm
produces the same iterates. Note also that the gradients and Hessians of I?; and Ry are equivalent.
We continue the analysis as if the algorithm is run with regularizer Ry By Lemma 26

(-4« 2

Up Tt
Thus, using Lemma 25 and plugging in y gives,

dmax
(VRt(v) — VRt +6(v)) "y < \/fr \/ TV2Rt +6(v)y < 3—\/yTV2Rt+5(v)y,

forall t, 0 € [dpax), v € Wandall y € RE which verifies Assumption 2(b) for k = . The
fact that 4V2R,(v) = V2R,(v') = $V?R,(v) forallv € W, v’ € Dp, (v, ﬁ), and all ¢ is also
shown in Lemma 25, showing that Assumptions 2(a) holds for k = 7.

As the next step, we bound HETHRt,wt(Et)‘ We use S5 wi(L,i) < B, |€]|lse < 1, and

N + th(Lt, i) > fywt(Lt, /) to show that

Nyw Lt, i)?
1l gyt = o| S e (22D 1
TRy, we(Ly) ZZ; M +’}"wt(Lt> ) S~

Ot

Next we bound E {HZT H; w } . By the tower rule we have
t,Wr

(L-)

E(I&12, . )] =B [Ea 115, o &)1 7] ]
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where F is a filtration over all random events observed by the learner as defined in Section 2. Let

us consider E [HZTH?D% we(En) \.7-"7} in isolation:

. . 2
Ea, [Hzr\lit?w@)\ﬂ} = E,, EK: (M) (VQRt(wT(iT)))_I (i,1)|F;

K N T A2
R e L AL €2 S (15)
'wT(LTal) Tt +’YwT(LT’Z) ~

where we used that a2 =a,, By [a;] = wT(iT), and n; + fwa(IALT, i) > wa(IALT, i). We now

bound HHEtHRt,,wt(Lt)'

K aie)\ (L
~ a (1)l (i neywy(Ly, i
/@HﬁtHRt,,wt(Et) =R Z ( ot ) kit < +VkyB < 128d

= \wi(Le,i) ) e +’th(Lt, i)

max

_ 1
7T 128V Bdmax
The last requlrement is to show that £, and £, are independent for all 7,7’ € m; where 7/ # .

Recall that E (i) = ar@ () for all i. Conditioned on the observed history 3, the only random

’U)-,-( 75t )
element of E is ar ~ pr. Slnce E’ can not have been used in round 7 to compute p, (and vice
versa) we have that £ » and £ are independent. We conclude that

where we used that Kk =

E [(ZT — 2. (V2Ry(wi(Ly))) " (€ — £,1) )ft} ~0,

where we used that ZT/ is and unbiased estimator of £,/.
We are now in a position to apply Corollary 4. By using oy from equation (14) and 3? from
equation (15) it follows that for any ©w € W

T
E [Z(wt — u)TEt

t=1

T T
< Rp(u)+16Y A7 +16)  of|ml . (16)
t=1 t=1

Next we want to bound Rz (u), however the negative logarithm component is unbounded and tends
to infinity when any element of « tends to 0. Thus we cannot compare to a* directly, which might
lie on the boundary on }V and instead we will compare to u = argmin_ ;3 Zthl L] v where

W =Wn{x e R, :Viec K] (i) > 0} is a shrunken actionset. 6 now acts as a trade-
off between an upper bound on the regularizer and an additional bias-like term that stems from
comparing a* to w in terms of pseudo-regret. More specifically we can write a* = u + 6§, for
some & with [|£]|o < 1.

By Lemma 25, we have

B (1+1og (%)) N Klog () ‘

Rr(u) <
T() nr v

a7
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To finish the proof, we start from the regret

T T T
E Zat—a Zat Tft +E Z u—a* Tﬂt
t=1 t=1 t=1
T T T
Zat—u +E ZG&T& <E Zat—u +0KT
t=1 t=1 t=1
where we bound ¢ ' £; < K in the inequality. We continue by using (16)
T
E Z(at —u) 4| < Rr(u) + 162/@@5 + 16Z/£ozf|mt|
t=1
B(1+log (X))  Klog(T d
< (1+1og(5)) , Klog )+16KZm+16BZntlmt\
nr v — —
B(1+log (%)) Klog(T
_B(+og(s) | Klos(@)
nr Y

e o (10 (1)) ter s 5,

where we first substituted in (17), with § = £, o = 7B and 87 = 1K, and applied Lemma 24.
Using the last two inequalities and substituting

. B(1+1log (%)) B? (1+1log (%))
Utzmm{\/m( & , & }

B Ei:l |mt] + Kt) 128K(Bdmax + K)
1
Y= =,
128+v/ Bdnax

and doing some simplifications yields

K
o 12,5 (1 (1) ) (KT + D) 4 1251 e+ 1250 B (1)

concluding the proof. |

We now state a lower bound for the delayed combinatorial semi-bandit setting. This implies that,
ignoring terms that are logarithmic in 7', the result of Theorem 8 is optimal. The proof of our lower
bound follows from standard arguments in the delayed bandit feedback literature.

Theorem 9 (RESTATED) Suppose that d; = d for all t and that B < K /2. Then for any algorithm
there exists a sequence of losses such that

T

Z(at — a*)TEt

t=1

E :Q<max{m,3\/ﬁ})
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Proof By Audibert et al. (2014), we have that any algorithm without delay must suffer at least
Q(v BKT) regret in the combinatorial semi-bandit setting. Next, we assume full information feed-
back, which is easier from the point of view of the algorithm. We take inspiration from Langford
et al. (2009, Lemma 3). For simplicity we will assume that 7'/d is an integer. We divide the 7'
rounds into 7'/d blocks of d rounds. We take the losses of the lower bound for B-sets in (Koolen
et al., 2010, Section 4), which states that any algorithm in the full information setting must suffer
at least Q(Bv/T") regret after 7" rounds. We take the loss of the first round of the lower bound
(Koolen et al., 2010) and copy it d times, which we use as the losses for the first block. We repeat
this process for the remaining blocks. Since the algorithm can not respond to the copied losses, we
must have that any algorithm must suffer at least Q(dB+/T/d) = Q(B+v/dT) regret, which com-
pletes the proof. |

Appendix B. Linear Bandits

Recall that a thrice-differentiable function W is called self-concordant if it is convex and satisfies
V30 (v)[h, b, B]| < 2(V2U(0)[h, h])*?, where VAU ()[R, ha, hs] = gr ooy —ty—ts—0¥ (v-+
tihi + tahy + tshs). A self-concordant function W is a v-self-concordant barrier if |V (v)[h]| <
/vV2U(v)lh, h| . The following property allows us to satisfy the stability condition of the Hessian
in Assumption 2(a): for v, v’ € W, if |lv — v'[[3,,, < 1, then

(1= [lv = [[§.) V2O (v) 2 (') < (1~ o —2'[f},) *V2U(v). (18)

Next, given y € W denote by my(z) = inf{z > 0 : y + 27} (z — y) € W} the Minkowsky
function. We denote by Ws = {v : my+ (v) < (1 4 )71}, where v+ = argmin,,, ¥(v) and
0 > 0. If U is a v-self-concordant barrier, then for any v € W

¥(v) - min ¥(v) < vin ((1+8)571). (19

This property allows us to show that for any benchmark point w € Ws, Rp(u) and is nicely
bounded.

Theorem 10 (RESTATED) Suppose that T > 100 and B > 1. Algorithm 2, run with a v-self-
concordant barrier U and with

Y = min

1 vlog (1 + \/T)
256 BK diax 16 B2 K2t

n min B B
t = ’ ’
256dmax” \[ 16 30 |my|

guarantees that, for any u € W,

T
> (ar - u)TZt] < 12BK\/1/T log(1+ VT) + 12BVD + 2BVT

t=1

E

+ 512BK dpaxr log(1 + VT) .
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Proof We start by verifying the assumptions of Corollary 4. Because we are not skipping rounds and
have a constant actionset of YW = Conv(.A), we have that Assumption 1 holds. Using E[v;] = 0
and E[v,v/ ] = T we see that E[ﬁt] = ¢,. For 7 < t, observe that the distribution of £, is fully
determined given JFi because F» C F;. Furthermore, since KT can not be used in round 7/ because
T is not available in round ¢ due to the delay, we must have that ZTr is independent of ZT. Thus,

B[ — )T (V2R (wi(L0) " (& — ) | 7] =0,

where we used that E[€,| ] = E[£,|F;, €] = €.
We now turn to verifying that Assumption 2 holds. Assumption 2(c) holds by definition of 7;

and ~;. Because W is a self-concordant, if we choose x = ——L _ £\igalso self-concordant as
256 BK dmax’ 7Vt

self-concordance is preserved by scaling of factors exceeding one. Since c||v||3 is self-concordant
on R? for any ¢ > 0 and adding two self-concordant barriers yields a self-concordant barrier, xR;
is also a self-concordant barrier. If v' € Dg, (v, 5 \F) it implies that v € Dyp, (v, ). By equa-

tion (18), for v’ € Dy, (v, 3), we have 4V2k R, (v) = V2kR,(v') = $V2kR;(v) or equivalently,
forallv € Wandv' € DRt( v, 2f) we have 4V?R,(v) = V2R;(v') = V2R, (v), which verifies
Assumption 2(a).

The final condition to check is that 1 (VR;(v) — VRyy5(v)) 5 < 35 VEYTV2R;, 5(v)y. Let
veW,y € RE and § € [day], then

<VRt(v) — VRt+5(v)> Ty

2 1 2 1 T
=K (v + —V¥(v) - —v— V\I/(v)) Y
Tt Yt TNt+6 Y46

_ 22 < ~ > v(i)y(i) + & (1 — 1) (VI (v))"

i1 \Mt+s T Vi+s Tt

By using the Cauchy-Schwarz inequality and the fact that W C B(B) we can see that

ffn(l—;)womwsﬂ(

i1 Mt+6
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Similarly, since W is a v-self-concordant barrier and using that log(1 + +/T") > 1 by assumption on
T,
1

e [\ I ET N S N S T

Ve+s Ve Ye+s Nt
< kV16B2K2dpax\/y T V2U (v)y

= \/K7t+516BZK2dmax \/HyTVQ\I](’U)y
e+

K
< —— [ —4yTV2U(v
o NCL L (v)y

By using the above two inequalities and v/a 4+ v/b < v/2v/a + b we can see that

T K
1 K K
VRi(v) — VRyis(v < — | —2 )2+ —y T V2U(v
S B N P W R L

= 32 FﬂyTsztM( )y

Next, pick any ¢’ € [T and observe that because V2 Ry (v) = %VQ\I/(U) we have that
!

el

2/pT 2. T 2/ pT 2
R,r,wy(L¢) < Ky K= (€, at) v, vp = kypy K (€, at)” .

Since ||€|2 < 1 and W C B(B), we have that (£, a;)> < B? and thus
f”et”R,wt(Lt <k /%,B2K2

Bt’
. Let 7 € my U {t}, because VZR;(v) = &1

Ui

- 128dmaX

where the last inequality is because vy < m
and ||£;]|2 < 1 we have that

HKTHRt,wt(it) < \/@ .

Qg

We have fulfilled all requirements for Corollary 4.
Letu = % +vT € W, withv™ = argmin,y Ri(v). By equation 19 and W C B(B)

+ﬁ VT
we have that
_ B2 1~ _ 1~
Rr(w) — Ri(v") < — 4+ —V(a) - —¥(v")
nr YT 7
B? 1
<= 4 i log (ﬁ) 7 (20)

nr T §

where we used that (v ™) > 0. Furthermore, by using that W € B(B) and ||€]|> < 1, we have
that

T =
Z(ﬂ—u)Tﬁt:Z<1— 11>(a—v+)T£t§2TB< T ><2Bxf
t=1

+ 2= 1+ %
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Algorithm 5: Efficient implementation of delayed FTRL for linear bandits
Input: v-self concordant barrier ¥ for VW, hyperparameters 7, .
Set z; = arg min, ¥ (v)
fort=1,...,T do
Observe a.! £, for 7 € o; \ 0y_1.

Find loss estimators £, — Ktla, (V2U(2,)) 1/21)7 for new observations 7 € o; \ 0;_1.

Compute z; = DN (U1, 241)

Play a; = z;, + (V2\I/(zt))71/ 2vt , Where v; is uniformly sampled from the unit sphere.
end for

Thus, by Corollary 4 with a? = 7; and 3? = ;B> K? we obtain

T
Z(at — u)TEt
t=1

T T
< Rp(u) — Ry(v") + 16B* K "7 +16 > mi|my| + 2BVT
t=1 t=1

T

> (ar—u)' e

t=1

E <E + 2BVT

32
<t 71 log(1 + VT) + 8BK\/VT log(1+ V'T) +8BVD + 2BVT
T T

< 512BK dpaxv log(1 + VT) + 12BK\/1/T log(1 4+ VT) + 12BVD + 2BVT ,

. . . v/
where in the second inequality we used Ethl v < %ﬁ;m and Zthl nelme| < %B\/ﬁ

both of which follow from Lemma 24, and the last inequality follows from simplifications. |

B.1 Efficient Implementation

In this section we will use fixed learning rates 7; = 7 and 4 = ~y for simplicity. Define
@(0) = 7L v+ 7R(0) = 9L 0 + L o] + (o)

e(Bs,v) = — (V204 (v)) " V&,(v)

A(@1,v) = V0, (0)T (V20 () ' Ty (0)
1
1+ APy, 0)

z; = argmin &;_;(v).
v

DN(®,v) = e(Py,v)

The following facts can be found in Nemirovski and Todd (2008)

M@y, DN (®y,v)) < 2X(D4, v)? 1)
)\(q)t—b U)

if \(®;_ 1 22
— 2X(®4-1,v) i M @-1,0) < 22

o= 21z < 1
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Algorithm 5 is a simple modification of Algorithm 2 in section 9 of Abernethy et al. (2008). Aber-
nethy et al. (2008) show that in the non-delayed setting, given the previous iterate, it takes es-
sentially one iteration of the damped Newton method to compute wt(it). If an easily computed
self-concordant barrier is available, the computational complexity of the damped Newton method
is O(K?). Since we can compute (V2R;(z;))'/? and its inverse in O(K?) time by means of an
eigenvalue decomposition, the total runtime is O(K?). In what follows we provide a modifica-
tion of Lemma 7 by Abernethy et al. (2008) to the delayed setting. In what follows we will show
that z; is close to z; as measured in local distance. While this may seem arbitrary, we have that
z; = argmin, ®;(v) = argmin, f<I>t( ), which in turn is the FTRL objective we have been
working with throughout this paper. Thus showing that z} is close to z; implies that z; will have
a similar regret bound as we would obtain from z}, as argued by Abernethy et al. (2008). With
Lemma 15 in hand, one can follow the steps provided by Abernethy et al. (2008) to see that the
regret of Algorithm 5 is of the same order as that of Algorithm 2.

Lemma 15 Suppose that s =n > 0and v = v < It holds that for all t

1
162K 2dmax
2 272 " 272
MNPy, 2¢)” < 9y K dpax and |zt — =] ||q>t71,zt* < 6487* K*dmax -

Proof The proof is by induction on ¢. The base case holds by definition. Suppose the statement
holds for ¢ — 1. Using (z +y) " A(x +y) < 2x" Ax + 2y " Ay we get that

)\((I)t, Zt)z = V<I>t(zt)T (V2<I>t(zt)) _1V<I>t(zt)

-1
- (v@tl(zt) +v Y8 ) I+ V2y( zt)) (VCI)tl(zt) +v ) ZT>

TEML < TEM

1
<2’yzz ( I+V2\Ilzt>
TEM:

+2V<I>t_1(zt) (V \I/t 1 Zt)) 1V(I)t 1 Zt

AMPi—1,2¢)?

Now, with a minor modification of Lemma 7 we can see that 2; € Dg,(2} 4, 3) and 2} €
D, (2t—s,3) for all § € [min{dmax, T’ — t}]. In turn, this implies that

223" ef ( I+V20(z ))127

TEM:
<22 N 2] (VRU(z)) &
TEM:
< 872 Z T (V2U(z,)) ‘e (equation (18))
TEM:
< 82 K% my| < 872K *dpay - (by def. of £,)

By equation (21) and the induction assumption we have that

APy, 2)? < 2X(Pp—1, 2-1)* < 1629 K*d2

max *

(23)
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Thus, we can apply the assumption 72 < to find that

1
162K 2dmax

M@, 2)? < 892 K2 dpay + 16291 K4 d?

max

< 9’}’2Kdmax 5

after which we have proven the induction step for the first claim. For the second claim, we start
with equation (22) and then the fact that A\(®;_1, zt)2 < % which follows by equation (23) and the

assumption that y2 < m, then using equation (21) and finally applying the first claim yields

L < AP, 2¢)
2= 1-— 2)\(‘1),5,1,2,5)

2zt — 2 ||@,_,, < 2A(Dy1, 2¢) < AN D1, 20-1)% < 64872 K2 diay -

Appendix C. Adversarial Markov Decision Processes (MDPs)

Lemma 11 (RESTATED) W satisfies the following:

1. For any q € A(M), there exists ¢ € VW such that miny, ¢ o ¢ q(h, s,a,s") > W and

la —qll: < .

2. Givenv € W, let w be defined by w(a | h, s) = UIE?}’LSS) and ¢ (h, s,a) = max q"P(h,s,a).
) pe

< 2H max __ ,UH1 < 41—%25.

" —vlh and ||q

Proof We start by proving the first claim. Define p: [H] x S x A — Ag by p(s' | hys,a) = (1 -
751)P(s" | B s, a)+ 7 and notice that p € P since |p(s’ | b, s,a)—p(s" | h,s,a)| < 7757

Next, let 7, be the uniformly random policy, and define ¢ = (1— %)q+ ,}q’r“ P, It holds that g € W
because W is a convex set. Moreover, notice that g™+ (h,s,a,s) > m which implies that

a(h, S, a, S,) 2 WS‘LAQ Finally,
Hq - é]VH1 = Z ‘q(h,s,a, 8/) - E]V(hv‘g?av 3/)‘

h,s,a,s’

= Z lq(h s,a,8") — lqTr”’ﬁ(h s,a,s")
T ) ) ) T ) ) )
h,s,a,s’
2H
< — h — Tu,P h .
< Z s,a,s —|— Z q s,a,8) = -
h,s,as hsas

Now we prove the second claim. Define loss function £(h, s, a) = sign(g” (h, s,a) — v(h,s,a))

and note that ||¢" — v|; = V”’pe(l Sinit) — pre(l sinit) for some p E P. Combining the
value difference lemma (see, e.g, Shani et al. (2020)) with ||p — D||oc < THS —+ proves that ||g”™

le < 2751 . Now, let p™* be the transition functlon that corresponds to w(h,s). We have that,
127° = Dlloe < 1P = plloo + [P = Plloe < THSA. Thus, using the same argument as the above,

PO 2
lu —vll1 < 3., qu Tl < MES u
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Theorem 12 (RESTATED) Suppose that'I' > H. Algorithm 3 with

1 S log(SA) log(54)
128Hdmex " .
O6HSAYS Aduax + s\ [541 + 0 |my]

’y:

guarantees

E[R7] < 72H+\/1og(SA)(TSA + D) + 1338dyax H>S? A% log (HSAT) .

Proof As in the proof of Theorem 8, the regularizer R; as specified in (12) does not satisfy As-
sumption 2(c) because we can have R;(v) < R;_1(v), but, as argued in the proof of Theo-
rem &, we can overcome this issue in a relative straightforward manner via the regularizer ]3%('0) =
R:(v) — mingeyy R (v'), which has no impact on the iterates. We continue by decomposing the
regret as

T

T
RT:Z< -—u Et _wt Lt et)"‘Z(’lﬂt(Lt —u Et +Z ’LL u Et
t=1 t:l t=1 t=1

Mq

ERROR REG SHIFT—PENALTY
where, by the second property in Lemma 11, ERROR is bounded by 2H; and by the first property
u € WV exists such that both SHIFT-PENALTY is bounded by 2H and miny, s o s w(h, s,a,s") >
Wsmg, which we will choose as our comparator to ensure that the regularisation is always
bounded. For REG we use Lemma 3 with k = 5. The fact that 4V2R;(v) = VZR;(v') =
1V2R,(v) forallv € Wand v’ € D, (v, 2\%) and all ¢ comes directly from Lemma 25.

For 6 € d,.x we have that

1 1 /S Adax + d2 1
—_— < max <
v m”(ma m> S VI T e (5A) V32HSA

Thus, by definition of v, Lemma 25 also implies that that

\/’YZ/TVQRH&( )

(SAdmaX + dr2nax)1/4 :

v (VRi(v) — VRtJrJ('U)) > 32

Next pick any ¢ € [T], 7 € my, then

- T 2 T _
\|£T||RM(Lt)g\/ntZwt(Lt,h,s,a)e(h,s,a) g\/met(Lt,h,s,a)_ nH .

h,s,a h,s,a

Ot

Since g™ (h, s, a) = maxzep ¢"P(h, s, a) > max{w, (L, h, s,a),q™ (h, s,a)} we have that

[H T”Rt’w ] :ntE ZwT(ET7hvsaa)£T(h’57a)2

_h,s,a

E[I{s¢p = s,arp = a} | Fr]
<nE : :
=M Z q;nax(h, s, a)

_h,s,a
E [ q7r7‘(h787a‘) SA
=t | < -
e Ty 8,0) | T
- i
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Finally, pick any ¢, ¢/,

VI gy oy €7 | D wilLes hys.a)?Eu(hys,a)? <y [ Hspn = s,a, = a}

h,s,a h,s,a

= H< ———
=VH < 128dmax

where the second inequality is due to the fact that g;"**(h, s,a) > g™ (h, s, a) and that v =  and
the last inequality is by definition of ~. Thus, applying Lemma 3 with b, = E[£; — £, | F;], we get

REG < Ry(u) — min Ry (v )+8HSAZ7% + SHZUt\mt’ + ZE wi(L7)" (4 — &)

vew — — =
PENALTY BIASl
T ~
+3 Efa (& - £)] +8f2\/m DGR S PE
t=1 TEmt
BIASs DRIFT

Recall that ming, s o ¢ w(h, s,a,s") > W Thus, using the third fact of Lemma 25 with

b= K=H 52A and B = H, we conclude

T3H254A2 >

H (1 +log (5?4)) N HS?Alog (T3 H?S5*A?)
nr gl
< 4H log (SA) n 4HS?Alog (HSAT)

nr v

PENALTY <

Now we deal with the primary term that makes up DRIFT, for each ¢

1) (e, Rttht (Zz-e) V2R (wy(Ly)) (Ze )

TEM: TEM: TEM:
= >l =B iy T 2 D 8V R (L)l —E) . 24)
TEMY TEME 7' emy\{7}

We continue by bounding the first term on the right hands side in expectation:

SE(IE -8B, iyl <4 ENE -8, )]

TEML TEML

<4 Z E [||£‘r||23t7w7(iT)] +4 Z “w ”Rtw )]

TEM TEM:

< 4lmy|(a? + ) < 8 HSA|my|.
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We bound the second term on the right hand side of (24) by first applying the law of total expectation,

E[> Y (b — &)V Ry(wi(Ly)) (8 — L)

TEMt T'em\{7}

Y Y. Y wi(Ly,h,s,a)(8r(h,s,0) — E[l-(h, s,a) | Fi]) (£ (h, 5, a)

TeEmt v'emy /{1} h,5,a

- E[ET/(h,s,a) ’ ft])]

=E

E|v Z Z Z wt(ft,h,s,a)Q(ET(h,s,a) — E[ZT(h,s,a) | Ft])(ZT/(h,s,a)

TEMt r'emy /{7} h,s,a

E[e.(h, s, a) ]]—}])] .

Then, since £,/ (h, s,a) —E[€(h, s,a) | Fi] € [0, 1], we can bound the first term on the right-hand-
side above by

Eln Y Y > willihs.a)ts(hs,0) ~ ElEr(hs,a) | F)]

TEMt v'emy {7} h,s,a

T q;nax(hjs’a) _qﬂ-T(h‘a&a)
<E {nt\mt| Z Z wi(L¢, h,s,a)l-(h,s,a) a™ (. 5, a) ]

TEM¢ h,s,a

@ (1, 5,0) — (1, 5,0)
<2E ’I7t|mt| Z Z wr L‘r7h S a) q;nax(h7s’a) :|

TEMt h,s,a

<2E nt|mt| Z Z g7 (h,s,a) ”T(h,s,a)}
TEMt h,s,a

max T T QHQS
< 2E [mlmil Y 147 = we(Lo)lly + la™ = wr (Lo | < 12mfme? =

TEM

where the third inequality is by equation (37), the fourth inequality is since 'w.r(f.r, h,s,a) <

g (h, s, a), and the fifth inequality is by Lemma 11. Likewise we can see that

S > S wi(Li by s,0)2 (8o (b, s,0) — E[-(h, 5,a) | Fi]) (£ (h, s, a)

TeMt r'emy /{7} h,s,a

. H2S
E[€, (h, s, a) | ]—"t])] < 12|mt12T.
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These inequalities combined with Jensen’s inequality gives

T T

[H2S

8VH - DRIFT < 32H Y ny/SA[my| + > 96H (ny + /mey) I —
t=1 t=1

T
<32H ) ni(SA+ [me]) + HVST

t=1
< 65H+/log(SA)(TSA+ D),

where we used that n, v < m. Next, we bound B1AS;. Let G; be the history of all episodes in
[t — 1], and note that wy(L;), g™ and w; (L") are all determined by G;. Therefore,

Biasi =E | > wi(L}", h,s,a)(€(h, s,a) — E[&y(h, s,a) | Gi])

_t,h,s,a
T th (h7 S, a)
=K wy(L] hys,a)li(h,s,a) | 1 — ——"7"-
Z t a7 (s, a)

S ]E Z wt(iylah?S?a)

t,h,s,a

|q1§?}3x(87 CL) - qm5 (h7 S, a)’
q;* (h, s,a)

Now, as in the proof of Lemma 3, wt(f/?) € Dg, ('wt(it), ﬁ) Thus, by equation (37), wt(f;”, h,s,a) <
2wt(it, h,s,a) < 2qP*(h,s,a). Therefore,

T T
BiAs) <2 E[[lgi™ —wi(Ly)h] <2 E[lgr —wi(Li) |1 +lg™ —wi(Ly)|h] < 12H?S.
t=1 t=1

where the last is by article 2 in Lemma 11.
Recall that by definition g"*(h,s,a) > w™(h,s,a). Thus, E[€;(h,s,a) | Fi] < £ and
B1asy < 0. Putting everything together gives

N 4H log (SA) N 4HS?Alog (HSAT)

nr Y
< 16H2S + 72H+/1og(SA)(T'SA + D) + 512dmax H*S* Alog (HSAT)

+ 800dmay H?S? A2
< 72H+/1og(SA)(TSA + D) + 1338dma H2S* A? log (HSAT) .

E[R7] < 16H%S + 7T1H\/log(SA)(TSA + D)
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Appendix D. Adversarial MDPs with Unknown Transitions

Theorem 14 (RESTATED) Algorithm 4 with 5 = o, 1 = \/j% ¢=LandT >4
guarantees, e

E[Ry] < H2S\/AT log (HSAT) 4+ H+/Dlog (SA)
+ H3S? Alog (HSAT) dpax + H?S> Alog? (HSAT) .

Proof We introduce ¢, the good event, where p € P} for all j* < j; and the compliment of the good
event ¢¢. By Lemma 13 we have that the good event holds with probability of at least 1 — 4/72. We
then start by decomposing the regret in the same way as in the known transition setting, let u be any
comparator

T
Rr=E Z(q’” — u, by)
t=1
T T T
=E Z:<q7r _tht +Ztht —u, ) —i—Zu uft]. (25)
t=1 t=1 t=1

~~

ERROR REG SH[FT—PENALTY

Under the good event and by Lemma 11 there exists an w € Wy such that SHIFT-PENALTY is
bounded by 2H. That allows us to bound

T T HSA
s} Y (= u, ) +1{s} Y (- u,€t>] <2H +4——, (0)
=1 t=1

SHIFT-PENALTY = E

where we also used that (u — u, £;) < 1 as well as the probability of the bad event being greater or
equal to 4/72. The ERROR can be bound using standard tools in the analysis of MDPs with unknown
transitions (Lemma 29) by

ERROR < \/H4S2AT log(HSAT3) + H3S3Alog?(HSAT?) + H3S? Adppas . (27)

Bounding the REG will be the main challenge of this proof as we now estimate the transition
function and consequently have a changing domain ;. We are looking to apply Lemma 3, our
analysis is structured around epochs and to make sure that WW; = W, whenever 7 € my, as is
required by Assumption 1, we will only change our WW; once each epoch and not use any delayed
information from any previous epoch. We define & = {¢ : j; # ji—1} be the set of rounds in
which a new epoch starts and if we are changing epoch in round ¢ € £, then we skip all oustanding
observations, m; C A.

Wy € W;_1 holds by the construction of W, and Wr is non-empty under the good event,
fulfilling the rest of Assumption 1. Our regularizer fulfils Assumptions 2 under the same caveates
as in the previous section. We split REG into the good and bad event

T

{c} ) (wi(Ly) — @, )

t=1

T T
REG =E [th(it) - a,m] =E []I{g} > (wi(Ly) - w, 4) | +E

t=1 t=1
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and bound the bad event first. By Lemma 13 the good event ¢ happens with a probability of at
least 1 — % and we have that

T
K Nl | <E[{HMHT? <4H,  (28)

t=1

T
E [ﬂ{&} Y (wi(Ly) - ﬁ)TE] <E

t=1

where we used Holders inequality on (wy(L;) — u)Tft, upper bounded ||wy(L;) — @|jos < 1 and
finally upper bound all H non-zero elements of 2, with Et(h s,a) < % T'. Under the good event
we already showed that Assumption 1 and Assuming 2 are satisfied, both of which are required for

Lemma 3. Next we bound \/EHEHR wi(Ey) Tor K = 7. We have that

\/E”ZtHR,wt(it) <VE 7D wy(Ly, b, 5,a)2,(h, 5,0)% < /Ry > Isin=s,ah = a}

h,s,a h,s,a

=yVH = 128dmaX

where the second inequality is due to the fact that ¢/"**(h,s,a) > wt(ft, h,s,a) and the last
inequality is by definition of . For all T € m; U {t}, we have that

1615 20y S 71 D Wil Li, h,s,a)l(h, s,a)? < i . (29)
h,s,a o2

We re-define the filtration over all past events observed by the learner to include state information
Fi = {(T Srh, Grhy By L7 (P, sT’h,aTﬁh)) s T+dr < t,h e [H]} Then using that on the good

event ¢, ¢ (h,s,a) > q"" (h, s, a), we can bound
E[”&H?%,wf(if) | Fi,s] E |1 Y wr(Le,hys,a)lr(h, s, a)” ‘ Ft,§
h,s,a
I{s, T
<E 772 {Sh S, Qrp = a}’]:},C :UHSA. (30)
Py q™ (h,s,a) \g_,
L »S,a B

As in the proof of Theorem 8, the regularizer R; as specified in (12) does not satisfy Assumption 2(c)
because we can have R;(v) < R;_1(v), but, as argued in the proof of Theorem 8, we can overcome
this issue in a relative straightforward manner via the regularizer R, (v) = Ry(v)—miny ey Ry(v'),
which has no impact on the iterates. This already puts us in a position to apply Lemma 3 to find that

T ~
> (wi(Le) — @) \gl

t=1

T
E H{g}Z@Ut(it) —u,4)| <E

t=1

<E [th(it) ~@)Te |

teA

/

PENALTY
SKIPPED ROUNDS

+ Rp(@) — min Ry(v)+) 887 @31
— ZIE [(wt(i?‘) —a)'b, ‘ s —I—Z <8a?|mt + 8 E

> —4)

TEML

teA
teA teh Ry, wi(Lt)

TV
BIAS MISSING ESTIMATES
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Since we only start a new episode when any counter IV; doubles, we only start an new episode
logarithmically often. This implies that |A| < dpaxH S Alog(T"), which means that the cost for the
SKIPPED ROUNDS is upper bounded by:

Z(wt(it) —a) e < Z wi (L) € — 0 £ < dpax H*SAlog(T) . (32)
teA teA

where we used that £; € [0, 1] per assumption.

We now bound the BIAS term. We know that wy (L") € Dg, (wy(L;) ) when t € A,

) 2\[
which is also shown in the proof of Lemma 3. By Lemma 19 we have that wt(Lgn, h,s,a) <
2w (L, h, s,a). By definition g/ (h, s,a) > w(Ly, h, s, a) and thus,

—E > wi(L) by

teA
o q™(h,s,a)
=E Zzwt(l’t ,h,s,a)ft(h,s,a)<l max(h ) (1)+§>
texhsa
o Wy Lt 7h S a)et(h S CL) max Trt
=k ZZ mdth@)—l—g (q (hsa) (h,s,a)—l—f)
te/\hsa
wy Lt,h s,a)li(h,s,a) /| ax -
<2E tz:(hz P (hs.a) 1€ (lg"™(h,s,a) — q™ (h,s,a)| + &)
€ S,a

<2E Z(Z g™ (h, s, a) — g™ (h, s,a)] +§HSA)
L[teA h.s.a
< VHAS2AT log(HSAT3) + H3S3 Alog?(HSAT?) + H3S? Adypae + HSA (33)

where the last inequality is due to £ = 1/7 and Lemma 29, where we take an expectation over the
event that the inequality in Lemma 29 holds similar to how we have been treating the good event and
its complementary in other equations. For the second term in the BIAS, note that E[a b, | <] < 0,
since under the good event we have ¢ (h, s,a) > q" (h, s,a) and thus, b;(h, s,a) < 0.

Next is the MISSING ESTIMATES term. We can not simply use the same argument as in Corol-
lary 4 out of the box because Et is a biased estimator, so we add and subtract the bias b; and use the
triangle inequality to find

E [
Now we recognise that we are not us1ng any information from rounds that we have not seen yet and
thus B and E are independent if 7, 7/ € my. Furthermore, Bt is an unbiased estimator of £; + by,

Z (ET - ZT)

TEM

<E|[| > (- +b,—£)

TEM:

> o

TEM

‘ S s
R, wi(Ly)

Rt,'wt(it) Rt,'wt(it)
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>+ b~ £;)

TEM

I ENDSIC T B TR

which allows us to use the exact same arguments as in Corollary 4 for the first term to find
Ri,wi (L remy

d
< o/ 4me| 67

For the second term we start with the triangle inequality and Lemma 19,

E <E

> o

TEMYL

Ry, wi(Ly)

Z HbTHRt,wt(it) g]
TEMY

<2E | D 16l gy 20 g]
LTEM

E

@
<2E | 3 (I8 + bl @) + 1€l 5y 1) H

LTEM

(b)

298| Y (el i) |s

LTEM

< Alm¢loy ,

where we added and subtracted £, and used the triangle inequality again in inequality (a). In-
equality (b) holds as b, < 0, which holds as ¢"**(h,s,a) > q""(h,s,a) under the good event
for all (h,s,a). At the same time we have that ZT > 0 by the construction of ZT, showing
that £, + b, = E[ZT] is non-negative. Together both of those facts allow us to conclude that
|€; + b| = £; + b; < £, which we use in inequality (b).

Putting the last two equations together lets us bound the MISSING ESTIMATES term

</ Alme| B + 4mylay . G4

s
Re,wi(Le)

The last thing to bound is the PENALTY term. Using the third fact of Lemma 25 with b = W,
K = HS?A and B = H, we conclude
H (1+1log (524 HS?Alog (T3 H?S* A
PENALTY < ( o8 ( )) + o8 ( )
n v
4H log (SA) = 4HS?Alog (HSAT
_ 4H10g(SA) | 4HS*Alog (HSAT) )
n g
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Putting things together for the REG term gives

T
REG =E [Z<wt<f1t) - ﬁ»ft>]

t=1

T T
—E !]I{g} > wi(Ly) —w,8) | +E (TP (wi(Ly) — a,m]
t=1 t=1

4Hlog (SA) 4HS?Alog (HSAT)
< i( ) 5 Zgﬁt

PENALTY

+Z <8aflmt| +8Oét(\/4|mt|5t2 +4|mt|at>> + dmax H*S Alog(T)

teA

teA

MISSING ESTIMATES SKIPPED ROUNDS
— Y E[(wi(L]") —w) by ] +4H
teA

BIAS

. 4Hlog (S4) N 4HS?Alog (HSAT)
B n g
+ 1480H D + dypax H*S Alog(T)
— > E [(wi(L}") —u) by | <] +4H
teA

+ 136nHSAT

where we used equations (28), (31), (32), (34), (35) in the first inequality and plugged in the values
of o and 3 we found in equations (29) and (30) and also used that v ab < %(a +0b) fora,b > 0. We
plug in the learning rates to find

Hlog (SA) HS?Alog (HSAT)

REG < + +nHSAT
n ¥
+NHD + dmax H*S Alog(T)
— > E[(wi(L}) —u) by |<] + H
teh

S Hy/SATlog (SA) + H+/Dlog (SA)

+ dmax VHS? Alog (HSAT) + dyax H2S Alog(T)

— > B [(wi(L}") —u) by | <] + H . (36)
teA
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We can finally put everything together, starting from the regret again

T T T
Rr =B > (g7 —wi(Ly), &) + > (wi(Le) —w, &) + > (@ —u,b) (Eqn (25))
t=1 t=1 t=1
T ~
SE | (wy(Ly) — G, £) | + /H*S?AT log(HSAT?)
t=1
+ H3S3Alog?(HSAT?) + dpmax H?S? A (Eqns (26) and (27))

</ HAS2AT log(HSAT3) + H\/Dlog (SA) + dmax H3S*A  (Eqns (36) and (33))
+ H3S3Alog?(HSAT?) 4 dpaxVHS? Alog (HSAT) + dpax H2S Alog(T) ,

which concludes the proof. |

Appendix E. Doubling with Delayed Feedback

In this section we show how to handle unknown problem parameters. For simplicity of presentation
we assume that only dq, is unknown. The case of unknown 7" and D can be done in a similar
fashion (e.g., see Bistritz et al. (2019); Lancewicki et al. (2022a)).

Algorithm 6: Doubling procedure
Input: 7', D and algorithm ALG (for known T, D and dyq4)-
Set epoch index e = 1 and initialize ALG with T', D and 2€ as d,, 4.
fort=1,...,Tdo
if maXieo, dj > 2°¢ then
Start a new epoch e = e + 1, and re-initiate ALG with T, D and 2° as d,,4;.
end if
Play according to ALG.
end for

Theorem 16 Let ALG be an algorithm for known T, D and dy,q, and assume that ALG guaran-
tees regret of Ry p(dmax) whenever initiated properly. Then, running Algorithm 6 with unknown
dmaz gUarantees regret,

Rr < 2R7,p(2dmaz)log T + 2Mdypaq log T,

where M = maX;c(7] a,a¢ A(a—a) £, is the maximal regret per round (e.g., in Section 6, M < H).

Proof Let 7. = {t : 2¢— 1 < maxjeo, dj < 2°} be the set of indices of epoch e, and let i =
{t € Te : di < 2°} be the indices of epoch e with delay < 2¢ . The regret in rounds ¢ € 7T, is at
most R1 p(2°) < Rr,p(2dmqz) since the maximal delay in these rounds is indeed bounded by 2.
In addition, the regret in 7;\72 is at most Md,,q, since \7;\7;| < dyaz- Thus, the total regret in
epoch e is at most,

RT,D (Qdmax) + Mdmaa:
N—— — v
Regret in 7¢ Regret in 7\ 7e
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Finally, the total number of epochs is at most log d,q. + 1 < 2log T and thus, the total regret is
bounded by,
Rr < 2R7 p(2dmaz)log T + 2Mdypaq log T

Appendix F. Auxiliary Lemmas

Lemma 17 Let t € [T and suppose that AV>Ry(u) = V2Ry(w') = 1V2R,(u) for all u € W,
and ' € Dg,(u,1). Let v' € Dp,(v,3) orv € Dg, (v, 3), then

el mer < 2lree
forall x € RE,
Proof First consider that if v’ € Dg, (v, 1) then V2R, (v') = $V2R;(v) and thus
(V2Ry(v')) ™" <4 (V?Ry(v)) "

We can arrive to the same inequality if v € Dg,(v', 1), by using 4V2R(v') = V2R(v). We can
then follow directly

Jellrew = /2T (V2R()) '@ < 2¢/2T (V2R(@)) & = 22,0

Lemma 18 (Be-The-Leader Lemma) Let w;(L}) = arg ming, ey, wT L+ Ry(w). Suppose that
Ri(v) < Ryy1(v) forallv € Wy and all t € [T] and that W, C W;_1 is a non-empty compact
convex set. Then, for any fixed uw € Wr, we have that

S8 (@(L}) — w) < Rr(u) — min Ri(v)
— v 1
teA

Proof We will prove the statement by induction on 7'. For the induction step, assume that
> HaL) + Ri(wn(L) <> H ot Rroa(w)
teAN[T—1] teAn[T—1]

forany v € Wr. If AN [T — 1] = A N [T] the induction step holds. Otherwise 7' € A and adding
EA:'F— wr (L%) to both sides of the above inequality and setting v = wr(L%.) on the right-hand side of
the above inequality we find

Z E 'wt +R1 w1 L1 Z E UJT +RT 1(wT(i}))
teAN[T] teAm[T]
< > & wr(Lh) + Re(wr(L))
teAN[T]
< Z @U+RT( )
teAN[T)
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which proves the induction step after reordering and observing that the base case holds by defini-
tion of wy (L1). The statment is proven after applying R > R, which holds for all 7 € A, once. B

Lemma 19 Let V C {x € R" : Vi € [n], (i) > 0}. Let R : V — R be some twice-differentiable

convex function, and let ¢p(v) = —% i logwv(i) be the log barrier with y € (0,1). Assume that
forany v € V, V2R(v) = V2¢(v). Then for any v' € Dg(v, ﬁ) and all i € [n],

Fv(i) < v'(i) < 2v(i) .

Proof Since V2R(v) = V2¢(v), for any v’ € Dg(v, ﬁ),

* y 1
(Il = v[l5.6)* < ([0 = vll7,)* < el

On the other hand,
ol )2 = =~ (V(j) —v(j)* _ (W) —v(i)?
(Hv ||¢,'v) _]Z; ’}/’U(j)z 2 ’7’0(i)2 :
Thus, |v'(i) — v(i)| < 3v(i) which implies that v (i) < v'(i) < 2v(i). |

Lemma 20 Let a,b € R such that a > b, then
Va — Vb<va—b.
Proof We show directly

Va-vh=/(va-v5)' = a+v-2vab < va=s.

Lemma 21 log(z)? < 1 forall 0 <z < 1.

Proof Note that since log(z) < 0 < 1/z for 0 < z < 1, log(z)? < 1 is equivalent to — log(z) <

ﬁ which we rearange to —y/zlog(z) < 1. We maximise the function on the lefthandside on
x € (0, 1], taking a derivative yields

0 — xlog(x) 1 1

o NG log(x) N

Setting the derivative to 0 gives z = e~2 as a possible maximum and —v'e=2log(e2) = % < 1.
The supremum of —/z log(z) may also lie on the boundary of (0, 1] but —/11log(1) = 0 < 1 and
1

1 2
lim —v/7log(x) = lim #(m) = lim T =0<1,
z—04 z—04 W z—04 21:—5
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where we also used L’Hopital’s rule. We conclude that —/x log(x) < 1 forall 0 < z < 1. [ |

Lemma 22 Leta,b,c € R. Let b > c, then
max{a,b} — max{a,c} <b—c

Proof If a > b, then max{a, b} — max{a,c} =a—a=0<b—c.
If b > a > ¢, then max{a, b} — max{a,c} =b—a<b—c.

If b, ¢ > a, then max{a,b} — max{a,c} =b—c.

|

Lemma 23 (Part of Lemma 14 from Gaillard et al. (2014)) Let a1,...,a,m € Ry and call s; =
ai + ...+ a; Let f: (0,00) — [0, 00] be a non-increasing function. Then

a;f(si) < Sm f(z)dx

Proof

m m

Saft) =3 [ senar<d [7 fwar= [ fwar,

=1 =1 Y %i—1 =1 Y Si—1 al

where we used a telescoping sum in the first equality, the fact that f is non-increasing in the in-

equality and another telescoping sum in the last equality. |
Lemma 24
T || r 1 4 3
Z—<2f > ! <2VD, Zt’lggTi
=1 /2y I t=1

Jz
T T
—< | —=dz<2VT.
>7i<) v
We replace m; by m;, where we used that |m;| < |m;| which holds with probability one, then by
Lemma 23 with a; = |m;| and f(z) = ﬁ
L S S .
L ! / —dx < 2D .

tl\/ T1|m7' \/ Tl‘m
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One last time by Lemma 23 with aq,...,ap = 1 and f(z) = 271
T T
Sotd g/ v de < oTH
t=1 1 3

Lemma25 Let V(b) C {x : 0 < b < a(i) < 1} and let T;(v) = K, (%v(z’) log(v(i)) —

%log(v(i))) for some v, my > 0 and ny > 441, then
1
AV (v) = VT (V) = Zvm(v) :

forall v',v € V(b), v € Dr,(v, 2\%) and all t. Furthermore, if there exists an A\ > 0 and 1y is

such that /15 ( L i) < \/—\/%fora givent and 6 € [dyax), then

MNt+6 m

(VIt(v) = VIis(0) Ty < VA /YT V2ps(v)y

forallv € V(b) and all y € RX. Finally, ift' > 0, b > 0, and ||v|); < B for some B > 0 and all
v(i) € V(V'), then for all u € V(b)

K 1
Pp(u) — min Tr(o) < 20 F18(5)) | Klog(5)
veV(b) nr 5

Proof We start with the first statement and we state the derivatives of I';

K

1 . ) 1 .
i) =3 (5 0(0) oa(e() — ~ log(v())
)) = l og(v(z)) — 1
(VI¢(v)) (i) = ml g(v(i)) ~o(i)
2T, () (i, i) = — =
(VLN 6=
where (V2I4(v)) (j,4) = 0if j # i. Now, we have that
1 / lv(@) —v'()] _ 1 v'(1)
MZHU—UHFt,vZM—ﬁ) 018

120 < L (i) >
<

find v'(i) > 1v(i). Likewise, if v(i)
conclude that for v’ € Dr, (v, ﬁ)

(1) then ‘1 - 11’;((;)) =1- ’:;((Z)) and we re-arrange to
3

,U/
'(4) then we can see that v'(i) < jv(i). Thus, we can

or equivalently,

iv(z) <v'(i) < =v'(i). (37)
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Using these properties and the second derivative of I'; as written above we can verify the first
statement as

1 1
AV2T,(v) = 4 diag <’Yv + v2> = diag ( T4 1;/2> = V2T, (v)
Nt

v’

where the division is meant elementwise and V°I';(v') = V2T (v) goes through analogously.
Next for the second statement, we first pick any y € R¥ and then establish that

K

> —ly(i)| log(w(i)) <

=1

using the AM-QM inequality, which holds as all —|y(7)| log(v(i)) are real positive numbers and
using the fact that log(x)? < % for 0 < x < 1 as shown by Lemma 21. Using the above equation
gives

= VYTV 5(v)y,

where we only used |y(4)| > y(¢) in the first inequality, the above equation in the second inequality,
and the assumption on 7; and A and the fact that %38)2 > 0 in the last inequality.

For the last statement we start with the negative entropy component of I'r. Without loss of
generality we may assume that v(i) > 0 as we may define —v (%) log(v(i)) = 0. We can bound the

negative entropy component of 'y as
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where we used Jensen’s inequality in the second step and the fact that x log(%) + x is in increasing
onz € [1, K] in the last inequality. Set v = argmin, ¢y ) ['7(v), then

o)~ Trot) = 3 (U2 log(u(9) ~ > log(u(9))

=
K vt

=S ( n; ) log(v (i) — ilog(v*(i)))
=1

- B (1+1log (%)) N Klog (1)
nr Y

> m

where we used the fact that b < u(i) < 1 since u(i) € V(b), = < 77%’ and the fact that — log(z) is
a decreasing function and non-negative for = € (0, 1]. [ |

= mi I S . <
Lemma 26 Let 1, mln{a, \/m} for some a,b,c € R,. Ifa <

d
bdrrlax+0dr2nax for
some d € R, then

m(1—1><\/&.

M+s

Proof We start by showing that

1 1 t+0 t
—— = — <\ b+ ) + D e = b+ |my]
t+6
<\ +e > fmyl
T=t+1

< Vbdmax + cdZ,,

where we used our assumption on 7; together with max{x,y} — max{xz, z} <y — z (Lemma 22)
in the first inequality, \/a — Vb < v/a — b (Lemma 20) in the second inequality and the fact that
d < dmax and |my| < dpax in the third inequality. And from here we can see that

1 1
vV t+6 <77t+5 - 7]t> < VvV t+6 bdmax + Cd?nax < \/g

[ ]

Lemma 27 Let 1, = min {a, m}for some a,b,c € Ry. Ifa < \/ﬁfOr

some d € R, then

1 1 2 \1/4
Vs | —— — = ) < Vd(bdmax + cdi )V
M+s Tt
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Proof We start by showing that

1 1 t+0
— — — <\ |b(t+9) +c m.| — ,|bt +c m
- ZI | ZI |
t+4
<, |bd+c Z |m|
T=t+1

S V bdmax + Cd?nax )

where we used our assumption on 7, together with max{z,y} — max{z, z} <y — z (Lemma 22)
in the first inequality, \/a — Vb < va — b (Lemma 20) in the second inequality and the fact that
0 < dmax and |my| < dpax in the third inequality. And from here we can see that

1

1
Vi (= ) < s ol T i < V.

Nt+6

Lemma 28 (Lemma D.11 of Jin et al. (2022); see also Lemma 4 of Jin et al. (2A020)) With prob-
ability 1 — 9, for any collection of transition functions {pf 1} ses such that p} € P;

T H H
Do DDl hsa)— ol (s )| SHYODT DT alhss,0)0™ (hs,a)

t=1 h=1 s€S ac t=1 h=1s€S,acA

T
+H5’Z Z Z Z (s’ | hys,a)q™ (h, s, a)

t=1 1<p<h<H SE€S,a€AU,s'€S 5€S5,a€U

- min {2, > «(F | 13 a')} " (h,3,a|s;h+ 1)+ H3S? Adpas (38)

s'eS

where ¢t (h,s,a | §'; h) be the probability to visit (S, a) in time h given that we visited 5’ in time h.

Lemma 29 (Lemma D.12 of Jin et al. (2022) adapted to epochs) With probability 1 — 10/T, for
any collection of transition functions {pt 1 he|H),ses Such that pt Y e P

T H
SOS ST S  (hes,a) — g (B s,0)]

t=1 h=1s€S ac
< VHAS2AT log(HSAT3) + H3S3 Alog?(HSAT?) + H3S? Ad -
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Figure 3: Boxplot of the regret over 20 repetitions over 7' = 10000 rounds with K = 10.

Proof Following the exact same steps as in the proof of Lemma E.5 in Lancewicki et al. (2022b),
with probability of at least 1 — &, the first term in (38) can be bounded by,

L Hsin =s,a1p =a}
ZZ Z et(h,s,a)q™ (h,s,a) < +/Slog(HSAT?) Z : :

t=1 h=1 s€S,ac thsa \/Njw(h,s,a) V1

H{St,h = S,a¢p = a}
Njy(hys,a) V1

+ Slog(HSAT®) > + HSlog?(HSAT?)  (39)

t,h,s,a
Similarly, the second summation (38) is bounded by,

]I{St,h = S§,0¢,h = a}
Nj(t)(h, s, CL) V1

HSlog?(HSAT®)
t,h,s,a
Finally, (39) and (40) are bounded by O(H S+/AT log(HSAT3) + HS?log?(HSAT?)) and

O(H?S%Alog?(HSAT?)) respectively using standard arguments - see for example the proof of
Lemma 10 in Jin et al. (2020). |

(40)

Appendix G. Further Results of the Experiments
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