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Abstract
This paper addresses regression analysis for covariance matrix-valued outcomes with Eu-
clidean covariates, motivated by applications in single-cell genomics and neuroscience where
covariance matrices are observed across many samples. Our analysis leverages Fréchet re-
gression on the Bures-Wasserstein manifold to estimate the conditional Fréchet mean given
covariates x. We establish a non-asymptotic uniform

√
n-rate of convergence (up to log-

arithmic factors) over covariates with ‖x‖ .
√

log n and derive a pointwise central limit
theorem to enable statistical inference. For testing covariate effects, we devise a novel test
whose null distribution converges to a weighted sum of independent chi-square distributions,
with power guarantees against a sequence of contiguous alternatives. Simulations validate
the accuracy of the asymptotic theory. Finally, we apply our methods to a single-cell gene
expression dataset, revealing age-related changes in gene co-expression networks.
Keywords: Fréchet regression; Functional calculus; Hypothesis testing; Optimal trans-
port; Wasserstein distance.

1. Introduction

In modern data analysis, positive definite matrices frequently arise across various fields,
including medical imaging (Dryden et al., 2009; Fillard et al., 2007), neuroscience (Friston,
2011; Kong et al., 2020; Hu et al., 2021), signal processing (Arnaudon et al., 2013), and
computer vision (Caseiro et al., 2012). For example, in large-scale single-cell RNA-seq data,
individual-specific covariance matrices can be estimated and interpreted as co-expression
networks among a set of genes. In neuroimaging, covariance matrices (or correlation matri-
ces after standardization) of multiple brain regions are used to summarize functional con-
nectivity, providing insights into brain network organization. A central challenge in these
applications is performing regression analysis where the outcome is a covariance matrix and
the covariates are Euclidean.

Several regression models have been proposed for covariance matrix outcomes. Chiu et al.
(1996) developed a method that models the elements of the logarithm of the covariance
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matrix as a linear function of the covariates. Hoff and Niu (2012) proposed a regression
model where the covariance matrix is expressed as a quadratic function of the explanatory
variables. Zou et al. (2017) linked the matrix outcome to a linear combination of similarity
matrices derived from the covariates and examined the asymptotic properties of different
estimators under this framework. Zhao et al. (2021) introduced the Covariate Assisted
Principal (CAP) regression model for multiple covariance matrix outcomes, focusing on
identifying linear projections of the covariance matrices associated with the covariates. Kong
et al. (2020) and Hu et al. (2021) developed linear and nonparametric regression methods
for high-dimensional, low-rank matrices using nuclear norm regularization. However, these
approaches often either impose specific structural assumptions on the covariance matrices
or require the estimation of a large number of parameters.

In this paper, we focus on general regression analysis where the responses are symmetric
positive-definite (SPD) matrices and the predictors are Euclidean within the framework
of the Fréchet regression model (Petersen and Müller, 2019). This model defines a global
regression function that links response data in an arbitrary metric space with Euclidean
predictors. A key consideration in this context is the choice of an appropriate metric for
SPD matrices. Various metrics are available, including the Log-Euclidean metric (Arsigny
et al., 2007), the Cholesky metric (Dryden et al., 2009) and the Log-Cholesky metric (Lin,
2019). Each of these metrics has distinct properties and implications for regression analysis.
However, the Bures-Wasserstein metric W , introduced by Bures (1969), stands out for its
desirable mathematical and geometric properties. It is defined for any pair of SPD matrices
A,B ∈ S++

d as

W (A,B) =

[
trA+ trB − 2 tr

(
A1/2BA1/2

)1/2
]1/2

. (1)

This distance possesses desirable properties under both scaling and rotation: for positive
scalar c > 0 and orthogonal matrix O ∈ Od, it satisfies

W (cA, cB) = c1/2W (A,B)

W (OAO>, OBO>) = W (A,B)

Known as the Bures distance in quantum information theory (Bures, 1969), this metric is
equivalent to the Wasserstein distance between two centered Gaussian distributions with
specified covariance matrices. The Wasserstein distance, a fundamental concept in optimal
transport (OT) theory (Villani, 2003, 2009), which blends optimization, analysis, and ge-
ometry, has become highly valuable in various statistical and machine learning applications
(Abadie and Imbens, 2006; Deb and Sen, 2023; Arjovsky et al., 2017; Redko et al., 2017;
Hallin et al., 2021). This equivalence provides the Bures-Wasserstein distance with a clear
and meaningful probabilistic interpretation as the minimal "effort" required to transport
one Gaussian distribution, defined by its covariance matrix, to another. In single-cell ge-
nomics, most measurement technologies are destructive, meaning that the same cell cannot
be observed multiple times or profiled over time. Consequently, measurements at each time
point are often modeled as distributions, making optimal transport techniques well-suited
for analyzing the associated dynamics (Schiebinger et al., 2019; Bunne et al., 2022; Somnath
et al., 2023; Bunne et al., 2023a,b). Given its connection to optimal transport theory, the
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Bures-Wasserstein metric is a natural choice for studying gene expression covariance ma-
trices. When equipped with this metric, the space S++

d becomes a Riemannian manifold,
known as the Bures-Wasserstein manifold (Bhatia et al., 2019).

In contrast, the Log-Euclidean metric, the Cholesky metric and the Log-Cholesky metric
lack clear practical interpretations and do not naturally align with the structure of distribu-
tions or physical models. In addition, the Log-Euclidean metric dLE is insensitive to scaling;
specifically, dLE(cA, cB) = dLE(A,B) for any c > 0, making it less suitable for applications
where the magnitude of matrices is a critical factor. The Log-Cholesky metric dLC treats
the diagonal and off-diagonal components of the Cholesky factor LA differently, resulting in
dLC(cA, cB) not being proportional to dLC(A,B) for c > 0, which further limits its appli-
cability. Additionally, both the Cholesky metric dC and the Log-Cholesky metric dLC lack
rotational invariance; specifically, for O ∈ Od,

dC(OAO>, OBO>) 6= dC(A,B),

dLC(OAO>, OBO>) 6= dLC(A,B).

These limitations reduce the practical utility of these metrics for applications involving SPD
matrices where both scaling and rotation are essential, such as in aligning data from different
sources (Ma et al., 2024).

Using the Bures-Wasserstein distance as the metric for SPD matrices in the Fréchet
regression model, we consider independent and identically distributed (i.i.d.) pairs of pre-
dictor and response variables (X1, Q1), . . . , (Xn, Qn) ∈ Rp × S++

d . The objective is to con-
duct inference, particularly to test the effect of the covariate X on the response variable Q.
Previous research on the Fréchet regression model has primarily focused on consistency in
the asymptotic regime (Petersen and Müller, 2019; Chen and Müller, 2022), with inference
being considered only in the specific case of one-dimensional (1D) density curves as response
variables under the Wasserstein metric (Petersen et al., 2021). Notably, for any pair of 1D
distributions µ, ν ∈ P(R) with distribution functions Fµ, Fν , the 2-Wasserstein distance be-

tween them is given by
[∫ 1

0

∣∣F−1
µ (t)− F−1

ν (t)
∣∣2 dt]1/2

. Therefore, the 1D Wasserstein space
is unique in that it has zero sectional curvature (Ambrosio et al., 2005), and can be isometri-
cally embedded into a Hilbert space. This flat geometry allows for closed-form expressions in
1D Fréchet inference and provides well-understood solutions to various problems (Panaretos
and Zemel, 2016; Chen et al., 2023; Bigot et al., 2017). However, most metric spaces of
interest are nonlinear and exhibit nonzero curvature. For example, the Wasserstein space
of distributions in d dimension is positively curved for d > 1 (Ambrosio et al., 2005), with
the Bures-Wasserstein manifold being a special case. Consequently, isometric embeddings
of such curved metric spaces into a Hilbert space cannot be assumed, making it difficult to
derive distributional results for Fréchet regression in these spaces. This complexity poses
additional challenges for statistical inference, particularly in providing guarantees on signif-
icance levels and power.

1.1 Main contribution

We focus on Fréchet regression on the Bures-Wasserstein manifold, and our main contribu-
tions are threefold.
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First, we establish a non-asymptotic
√
n-rate of convergence (up to log n factors) for

the regression estimate Q̂(x) uniformly over the region ‖x‖ .
√

log n. To the best of our
knowledge, this is the first non-asymptotic uniform convergence result for Fréchet regression
over a potentially diverging region. Beyond the standard assumptions of light tails for X
and Q, we only require well-separation and a local curvature lower bound, which are mild
conditions and are verified in a simple case. These results are crucial for later deriving the
asymptotic null distribution and power of our proposed test for the association between
covariance matrices and covariates.

Second, we derive a central limit theorem for the point estimate Q̂(x), leading to the
construction of a pointwise confidence region. The covariance operator of the limiting Gaus-
sian distribution is shown to have contributions from two sources: the intrinsic variability
in Q and the imperfect information regarding X.

Third, we carefully construct a test statistic with a tractable asymptotic null distribution,
which is represented as a weighted sum of χ2

p distributions. The weights are determined
by the covariance of the tangent vector, which can be interpreted as a generalization of
classical noise variance. The proposed test is also shown to be powerful against a sequence
of contiguous alternatives. To the best of our knowledge, this is the first test developed for
Fréchet regression on a space with nonzero sectional curvature.

Finally, we validate our theoretical results through numerical simulations and real ap-
plications.

1.2 Related works

Statistical OT In addition to advances in computational optimal transport (OT) (Cuturi,
2013; Peyré and Cuturi, 2019; Altschuler et al., 2017), there has been a growing interest in
the statistical aspects of OT, where the stability of estimated densities (Weed and Berthet,
2019), Wasserstein distances (Barrio and Loubes, 2019; Mena and Niles-Weed, 2019; del
Barrio et al., 2023; Altschuler et al., 2022), transport maps (Hütter and Rigollet, 2021;
Pooladian and Niles-Weed, 2022; Manole et al., 2022; Gonzalez-Sanz et al., 2022; Pooladian
et al., 2023; Manole et al., 2023), and Fréchet means (Agueh and Carlier, 2011; Kim and
Pass, 2017; Le Gouic and Loubes, 2017; Le Gouic et al., 2022; Altschuler et al., 2021) are
investigated in the presence of sampling noise.

For the Wasserstein Fréchet mean, Le Gouic et al. (2022) established a parametric rate
of convergence for the empirical Fréchet mean in the more general Alexandrov spaces, which
include the 2-Wasserstein space as a special case, by introducing a bi-extendibility condition
that translates into regularity conditions on the Kantorovich potentials. This condition was
later relaxed by Chewi et al. (2020) when establishing the linear rate of convergence for
gradient descent algorithms over the Wasserstein space.

Taking this further, Panaretos and Zemel (2016) and Agueh and Carlier (2017) estab-
lished central limit theorems for the empirical Fréchet mean of 1D distributions. Subse-
quently, a central limit theorem for multivariate Gaussians was established by exploiting
the first-order differentiability of optimal transport maps (Kroshnin et al., 2021).

Fréchet mean The Fréchet mean is a natural generalization of the concept of an average
to abstract metric spaces. For its properties in general curved metric spaces, see Ohta
(2012); Yokota (2016); Le Gouic et al. (2022) and references therein. The existence and
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uniqueness of the Fréchet mean in the context of Riemannian manifolds and Wasserstein
spaces are established in Agueh and Carlier (2011); Kim and Pass (2017); Le Gouic and
Loubes (2017). The asymptotic properties of the empirical Fréchet mean on a Riemannian
manifold are addressed in Bhattacharya and Patrangenaru (2003, 2005); Le Gouic et al.
(2022).

Fréchet regression The Fréchet regression model can be viewed as an extension of the
Fréchet mean by incorporating a weighted average and was first introduced by Petersen
and Müller (2019). Petersen et al. (2021) proposed an F-test specifically for the case of 1D
density responses. In their approach, uniform convergence was not necessary for inference
because the problem could be embedded into a Hilbert space, allowing for explicit expres-
sions. However, in our case, demonstrating uniform convergence is crucial to ensure that
the contributions from the remainder term in the Taylor expansion are negligible.

It is worth noting that while the uniform convergence of Fréchet regression is also
addressed in Petersen and Müller (2019) and Chen and Müller (2022), their results are
asymptotic and only uniform over a fixed compact set of x. In contrast, our result is non-
asymptotic, with uniformity achieved within a compact set that expands in diameter to
accommodate the potential unboundedness of suppX.

Regression models on manifolds It is also important to note that the Fréchet regression
model is defined purely in terms of distance, making it applicable to any abstract metric
space. Meanwhile, a separate line of research focuses on regression on manifolds (Yuan
et al., 2012; Cornea et al., 2017; Lin et al., 2023; Chen et al., 2023). These regression models
are grounded in the concept of tangent spaces from differential geometry. Because tangent
spaces are linear, they allow regression on manifolds to essentially reduce to classical linear
regression within these tangent spaces.

1.3 Organization

The remainder of the paper is organized as follows. In Section 2, we provide the necessary
background on optimal transport. Section 3.1 formulates the Fréchet regression model,
followed by the assumptions outlined in Section 3.2. The main results are presented in
Section 4, where we demonstrate the uniform convergence of our estimator in Section 4.1 and
propose our test along with theoretical guarantees in Section 4.2. Then, Section 5 presents
a Riemannian gradient descent algorithm and numerical simulations to validate our theory.
Finally, Section 6 applies our test to a single-cell gene expression dataset, revealing age-
related changes in gene co-expression networks. The proofs of our theorems and technical
lemmas are provided in the Appendix. We conclude with a discussion in Section 7.

1.4 Notation

We denote by Z and R+ the set of integers and the set of non-negative real numbers. For
any a, b ∈ R, we write a ∨ b = max (a, b) and a ∧ b = min (a, b). For any x > 0, we write
log+(x) := log(x)∨1. For any integer K ≥ 1, [K] = {1, . . . ,K}. Given zi ∈ R for i ∈ [n], the
set {z1, . . . , zn} is denoted by zn1 . The Euclidean norm on Rp is denoted ‖·‖. For any x ∈ Rp
and L > 0, let Bx(L) = B(x, L) =

{
y ∈ Rd : ‖x− y‖ ≤ L

}
. We denote by Sd,S+

d ,S
++
d the

set of all d× d symmetric, positive semi-definite and positive definite matrices. For any real
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a < b, we define Sd(a, b) := {A ∈ Sd : aId ≺ A ≺ bId}. The subscript d is omitted when
it’s clear from context. Given any A ∈ Sd, denote the largest and smallest eigenvalue of
A by λmax (A) and λmin (A). The Frobenius norm and operator norm of a matrix A are
denoted by ‖A‖F and ‖A‖op. Given any matrix A ∈ Rm,n, let vecA ∈ Rmn denote the
vectorized A obtained by stacking columns of A. Given a random variable X and α > 0,
the ψα-"norm" of X, denoted by ‖X‖ψα , is defined in Appendix B.2. The support of a
probability distribution is denoted by supp(·).

Given normed spaces Y and Z, let L(Y ;Z) denote the space of all bounded linear
operators from Y to Z. Given a function φ : Y → Z and integer k ≥ 0, the k-th differential
dkφ, its operator norm

∥∥dkφ∥∥ and symmetric norm
∣∣∣∣∣∣dkφ∣∣∣∣∣∣ are defined in Section 2.

Finally, the quantities C and c will refer to constants whose values may change from
line to line. Given sequences (an)∞n=1 and (bn)∞n=1, we write an . bn if there exists C > 0
such that an ≤ Cbn, and we also write an � bn if bn . an . bn. The constant C is always
permitted to depend on d and other problem parameters when they are clear from context.

2. Preliminaries

We provide a concise overview of fundamental concepts in optimal transport, along with
associated differential properties, specifically focusing on the case of centered Gaussian dis-
tributions.

Given a Polish space (E, d), let P2(E) denote the collection of all (Borel) probability
measures µ on E such that EX∼µd(X, y)2 < ∞ for some y ∈ E. One can show that the
definition of P2(E) is independent of the choice of y. We specialize to the case when E = Rd
with Euclidean distance. For any pair of measures µ, ν ∈ P2(Rd), let Π(µ, ν) be the set of
couplings of between µ and ν, that is, the collection of probability measures π on Rd × Rd
such that if (X,Y ) ∼ π, then X ∼ µ and Y ∼ ν. The 2-Wasserstein distance between µ and
ν is defined as

W (µ, ν) :=

[
inf

π∈Π(µ,ν)
E(X,Y )∼π ‖X − Y ‖2

]1/2

(2)

Here, with a slight abuse of notation, we use W to denote both the Wasserstein distance
between two distributions and the Bures-Wasserstein distance between two PSD matrices.
This notation is justified by the fact that both distances coincide and have a closed-form
expression (1) when we identify centered Gaussian distributions with their covariance ma-
trices.

Let P2,ac(Rd) denote the subset of measures in P2(Rd) that are absolutely continuous
with respect to the Lebesgue measure. Given µ0, µ1 ∈ P2,ac(Rd), Brenier’s theorem guaran-
tees the existence of a unique optimal coupling π? ∈ Π(µ0, µ1) that achieves the minimum
in (2) and that it is induced by the optimal transport map Tµ1

µ0 : Rd → Rd in the sense that
Tµ1
µ0 (X) ∼ µ1 whenever X ∼ µ0. Specifically, when µ0, µ1 are centered Gaussian distribu-

tions with covariance matrices Q,S, the optimal transport map is given by the linear map

TSQ = S1/2
(
S1/2QS1/2

)−1/2
S1/2 = Q−1/2

(
Q1/2SQ1/2

)1/2
Q−1/2 (3)

For completeness, additional background on the geometry of optimal transport is provided
in Appendix A.1.

6



Test on the Bures-Wasserstein manifold

Kroshnin et al. (2021) showed that for any fixed S ∈ S++
d , TSQ is (Fréchet) differentiable

with respect to Q, with the differential at Q denoted by dTSQ . They also showed that for
fixed S ∈ S++

d , the squared Wasserstein distanceW 2(·, S) : S++
d → R is twice differentiable,

with the corresponding 1st and 2nd differential dW 2(Q,S), d2W 2(Q,S) satisfying

dW 2(Q,S)(X) =
〈
I − TSQ , X

〉
d2W 2(Q,S)(X,Y ) = −

〈
X, dTSQ(Y )

〉 (4)

In this paper, higher-order differentials dkTSQ are essential for the development of the theory.
Hence, additional background on functional calculus is provided in Appendix A.2 for self-
containedness.

3. Problem Formulation

In this section, we formulate the Fréchet regression model in Section 3.1 and outline the
assumptions in Section 3.2.

3.1 Fréchet regression on Bures-Wasserstein manifold

Given a metric space (Y, d), let P be a probability distribution over Rp × Y that generates
random pairs (X,Y ). The primary challenge in formulating a regression model between
Y and X lies in the fact that the metric-space-valued response Y does not lend itself to
linear operations. The Fréchet regression model (Petersen and Müller, 2019) seeks to gen-
eralize classical linear regression to a general metric space, building upon the concept of the
conditional Fréchet mean, which we introduce first.

The unconditional Fréchet mean EFréchetY generalizes the notion of an average in a
general metric space (Y, d) and is defined as:

EFréchetY := argmin
y∈Y

EY d2(y, Y ) (5)

The above definition is motivated by the fact that when Y is a Euclidean space, EFréchetY co-
incides with the classical expectation EY . Similarly, the conditional Fréchet mean, denoted
by EFréchet [Y |X = x], is defined as

EFréchet [Y |X = x] := argmin
y∈Y

EY |X=x

[
d2(y, Y )|X = x

]
(6)

The existence and uniqueness of both the conditional and unconditional Fréchet mean in
metric spaces can be ensured under additional assumptions; see Petersen and Müller (2019)
and references therein for further details.

With the notion of the conditional Fréchet mean established, the Fréchet regression
model proposed by Petersen and Müller (2019) satisfies:

EFréchet [Y |X = x] = argmin
y∈Y

E(X,Y )∼P
[
w(x,X)d2(y, Y )

]
(7)

where the weight function w is defined as

w(x,X) = 1 + (x− µ)>Σ−1(X − µ), µ = EX,Σ = Var(X) (8)
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The objective function E
[
w(x,X)d2(y, Y )

]
on the right-hand side of (7) generalizes the

Fréchet mean (5) by introducing a weighted expectation, similar in spirit to kernel estimators
in non-parametric statistics (Wasserman, 2006). The specific choice of the weight w(x,X)
in (8) is motivated by the requirement that under the classical linear regression model, the
minimizer corresponds to the desired conditional expectation of Y at x . Specifically, when
Y = R and E[Y |X = x] = a>(x− µ) + b, one can verify that

a>(x− µ) + b = argmin
y∈R

E(X,Y )

[
w(x,X) (y − Y )2

]
(9)

When specialized to the Bures-Wasserstein manifold (Y, d) = (S++
d ,W ), we use Q ∈

S++
d to denote the response. The existence and uniqueness of both the conditional and

unconditional Fréchet mean are guaranteed under mild moment conditions. The following
lemma follows from Theorem 2.1 in Kroshnin et al. (2021).

Lemma 1 On the Bures-Wasserstein manifold (S++
d ,W ), if E trQ < +∞, then the Fréchet

mean EFréchetQ exists uniquely in S++
d . If E[trQ|X = x] < +∞, then the conditional Fréchet

mean EFréchet [Y |X = x] exists uniquely in S++
d .

We denote Q∗(x) := EFréchet [Q|X = x] as the conditional Fréchet mean of Q given X = x,
and our Fréchet regression model assumes

Q∗(x) = argmin
S∈S++

d

F (x, S), where F (x, S) := E(X,Q)

[
w(x,X)W 2(S,Q)

]
(10)

In general, there is no closed-form expression for Q∗(x), similar to the situation with Bures-
Wasserstein barycenters (Agueh and Carlier, 2011). To gain intuition about the types of
functional relationships between Q and X that the Fréchet regression model (10) captures,
consider a special case where Q is concentrated on matrices that commute with each other.
In this setting, for any commuting matrices S,Q ∈ S++

d , the Bures-Wasserstein distance (1)
between Q and S simplifies toW (Q,S) =

∥∥Q1/2 − S1/2
∥∥

F
, which forms an isometric Hilbert

embedding of suppQ. Under this simplification, the Fréchet regression model (10) essentially
reduces to a linear regression model on the square roots of the covariance matrices in a similar
flavor as (9):

Q∗(x) = argmin
S∈S++

d

E(X,Q)

[
w(x,X)

∥∥∥S1/2 −Q1/2
∥∥∥2

F

]

A specific example of this is provided in Example 1 in Section 5.

3.2 Assumptions

To establish rigorous theoretical guarantees for estimation and hypothesis testing, we im-
pose the following model assumptions, which we believe are both theoretically minimal and
sufficiently general.

We start with conditions on the marginal distribution of the covariate X and the condi-
tional distribution of Q given X, as outlined in Assumption 1 and 2.
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Assumption 1 X is sub-Gaussian with ‖X‖ψ2
≤ Cψ2 and λmin(Σ) ≥ cΣ for some constants

Cψ2 , cΣ > 0.

Assumption 2 Given X = x ∈ suppX, the eigenvalues of Q are bounded away from 0 and
infinity in the sense that

P
(
Q ∈ Sd

(
γΛ(‖x− µ‖)−1, γΛ(‖x− µ‖)

)
|X = x

)
= 1 (11)

where γΛ : R+ → R+ is defined as

γΛ(t) := cΛ (t ∨ 1)CΛ (12)

for some constants cΛ ≥ 1 and CΛ ≥ 0.

Assumption 2 implies upper and lower bounds on both the conditional expectation Q∗(x)
(see Lemma 33) and noise. These bounds become progressively weaker as x → ∞. In the
literature on covariance matrix estimation, an upper bound on the population covariance
matrix is commonly assumed (Cai et al., 2010). The lower bound on λmin (Q∗(x)) here is
analogous to the uniform upper bound on the conditional densities in Fréchet regression for
1D density response curves (Petersen et al., 2021, Assumption T4), since density is inversely
proportional to the standard deviation in a 1D location-scale family. Assumptions on both
upper and lower bounds are natural in the context of optimal transport. For example,
Hütter and Rigollet (2021), Manole et al. (2022), and Pooladian and Niles-Weed (2022)
assumed smoothness and strong convexity of the Brenier potential for optimal transport map
estimation, which translates to upper and lower bounds on the eigenvalues of the covariance
matrix in the Gaussian case. Similarly, Altschuler et al. (2021) assume both upper and lower
bounds on the eigenvalues to ensure a variance inequality proposed in Chewi et al. (2020),
which is critical for proving the

√
n-convergence of the empirical barycenter and the linear

convergence of a gradient descent algorithm on the Bures-Wasserstein manifold.

Remark 2 The bounds presented here depend on γΛ(‖x− µ‖), which diverges as x → ∞.
This is motivated by the behavior of the conditional mean E(Y |X = x) in classical linear
regression, which also diverges as x→∞. Specifically, when µ = 0 and E[Y |X] = a>X + b,
it can be shown that |E[Y |X]| ≤ γΛ(X) with cΛ = ‖a‖+ |b| and CΛ = 1. In our context, we
assume a polynomial growth rate γΛ(t) . tCΛ , a condition permitted by (12) and commonly
satisfied in practical applications.

Remark 3 The bounded noise assumption can be relaxed by assuming that Q has a light
tail conditional on Q∗(X). Specifically, we can assume that

P
{
λmin (Q∗(x))

λmin (Q)
∨ λmax (Q)

λmax (Q∗(x))
> t
∣∣∣X = x

}
. exp (−ctα) , ∀t > 0

for some constant α > 0. The proof presented in our paper remains valid by incorporating
additional concentration arguments.

Assumption 1 and 2, together with Lemma 1, imply that the conditional Fréchet mean
Q∗(x) is well-defined. Based on this, we consider the Fréchet regression model given by (10).
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Assumption 3 The Fréchet regression model holds. In other words, for any x ∈ suppX,
equation (10) is satisfied.

To ensure estimation consistency, some regularity conditions on F (x, ·) are needed. Specifi-
cally, Assumption 4 below concerns the global behavior of F (x, ·) outside local neighborhoods
around its minimizer Q∗(x), while Assumption 5 focuses locally on the lower bound of the
eigenvalue of the second differential of F (x, ·) at Q∗(x).

Assumption 4 For any x ∈ suppX, F (x, ·) : S++
d → R has a unique minimizer. Moreover,

there exist constants αF ≥ 1 and δF > 0 such that for any x ∈ suppX and any (δ,∆) that
satisfies 0 ≤ δ ≤ δF ≤ ∆, the following

inf {F (x, S)− F (x,Q∗(x)) : δ ≤ ‖S −Q∗(x)‖F ≤ ∆} ≥ δαF

γF (‖x− µ‖ ,∆)
(13)

holds where γF : R+ × R+ → R+ is defined as

γF (t1, t2) = cF (t1 ∨ 1)CF (t2 ∨ 1)CF

for constants cF ≥ 1, CF ≥ 0.

Remark 4 Assumption 3 states that Q∗(x) is a minimizer of F (x, ·), while Assumption 4
further assumes that it is the unique minimizer to guarantee the consistency of our M-
estimation-type estimator (15). Additionally, condition (13) is motivated by the well-separated-
maximizer assumption in M-Estimation (Van Der Vaart and Wellner, 1996, Lemma 3.2.1),
which is also assumed in (Petersen and Müller, 2019). In the special case when X and Q are
independent, Lemma 34 establishes that Assumption 4 holds with δF = 1, αF = 2, CF = 1
and some constant cF large enough. Here we allow for a polynomial dependence on ‖x− µ‖
in the definition of γλ so that (13) is still expected to hold in the general case when X and
Q are not independent.

Assumption 5 For any x ∈ suppX, consider the symmetric linear operator

E
(
−w(x,X)dTQQ∗(x)

)
: Sd → Sd,

which is the second differential of F (x, .·) as Q∗(x). This operator has a lower bound for its
minimum eigenvalue given by:

λmin

(
−Ew(x,X)dTQQ∗(x)

)
≥ 1

γλ(‖x− µ‖)
(14)

where γλ : R+ × R+ → R+ is defined as

γλ(t) := cλ (t ∨ 1)Cλ

for some constants cλ ≥ 1 and Cλ ≥ 0.

10
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Remark 5 We provide some clarification on the term E
(
−w(x,X)dTQQ∗(x)

)
here. It is

equal to the second differential of F (x, ·) : S++
d → R at Q∗(x). Note that under the Fréchet

regression model (10), Q∗(x) is assumed to be the minimizer of the objective function F (x, ·) :
S++
d → R. As a result, the second differential of F (x, ·) at Q∗(x) is positive semi-definite.

Similar to the non-singular Fisher information assumption in maximum likelihood estimation
(van der Vaart, 1998), we further assume that the second differential E

(
−w(x,X)TQQ∗(x)

)
has positive eigenvalues that are lower-bounded as in (14). For relevant concepts in functional
calculus, see Appendix A.2, and for the justification that E

(
−w(x,X)dTQQ∗(x)

)
is equal to

the second differential, see Appendix B.1.

Remark 6 In the special case when X and Q are independent, which is a consequence of
Assumption 6 and the null hypothesis of no effect (21) below, one can show that (Lemma 34
in Appendix B.3) Assumption 5 holds for Cλ = 0 and cλ large enough. Again, dependence
on ‖x− µ‖ is allowed in order to account for the possible unboundedness of x when X and
Q are independent.

Finally, we assume conditional independence betweenX and Q given Q∗(X) for hypothe-
sis testing. However, this assumption is not necessary for the results on uniform convergence
(Theorem 7) or the central limit theorem (Theorem 11).

Assumption 6 X and Q are independent conditionally on Q∗(X).

4. Statistical Inference for Fréchet Regression on Bures-Wasserstein
manifold

Building on the assumptions outlined in Section 3, we now focus on hypothesis testing
within the Fréchet regression model. We begin by establishing the uniform convergence of
the Fréchet regression estimator and proving a central limit theorem in Section 4.1. The
uniform convergence is not only theoretically important but also crucial for determining the
asymptotic size and power of our proposed test. In Section 4.2.1, we introduce the test
statistic, followed by an analysis of its asymptotic null distribution and asymptotic power
in Section 4.2.2.

4.1 Estimation under the Fréchet regression model

We define the Fréchet regression estimator as follows. For ρ = n−1, let the empirical mean
and the regularized covariance estimator be given by

X = n−1
n∑
i=1

Xi, Σ̂ρ = n−1
n∑
i−1

(
Xi −X

) (
Xi −X

)>
+ ρIp.

The estimator is then defined as

Q̂ρ(x) := argmin
S∈S++

d

Fn,ρ(x, S), Fn,ρ(x, S) :=
1

n

n∑
i=1

[
wn,ρ(x,Xi)W

2(S,Qi)
]

(15)

11
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where wn,ρ(x,Xi) = 1 + (x−X)Σ̂−1
ρ (Xi −X).

The estimator was initially studied by Petersen and Müller (2019) with ρ = 0, where its
asymptotic properties in a general metric space were analyzed under additional assumptions
on the covering number, based on the theory of M-estimation. Here, we introduce an
additional regularization term, ρIp, to the empirical covariance matrix. This modification
offers several benefits: First, similar to ridge regression, the regularization term enhances
numerical stability due to the involvement of the estimated precision matrix in wn,ρ. Next,
as shown in Theorem 7, beyond providing a high-probability bound for the estimation error
in (16), it enables us to establish in (17) a uniform non-asymptotic

√
n-rate of convergence

for the expected estimation error defined as:

E sup
‖x−µ‖.

√
logn

∥∥∥Q̂ρ(x)−Q∗(x)
∥∥∥

F
.

For ρ = 0, as studied by Petersen and Müller (2019), it is challenging even to prove the
existence of such a moment. However, by setting ρ = n−1, we can show that this moment
exists and converges uniformly at a parametric rate. Similar results have been reported in
the literature on high-dimensional precision matrix estimation (Tony Cai and Luo, 2011; Cai
et al., 2016). Furthermore, the inclusion of the regularization term n−1Ip does not affect the
asymptotic central limit theorem (Theorem 11) or the asymptotic level and power of our
test (Theorem 16, 18). This is because it only introduces a bias on the order of n−1 which
is negligible compared to the typical stochastic variation of order n−1/2. In fact, ρ can be
set to any n−c with a constant c > 1/2. For simplicity, we fix ρ = n−1 unless otherwise
specified.

Our results on the non-asymptotic uniform convergence of the estimator are summarized
in Theorem 7 below.

Theorem 7 Let 1 ≤ Ln ≤ CL
√

log n for some constant CL > 0. Suppose Assumption 1-5
hold. Then

1. for ρ ∈
{

0, n−1
}
and any arbitrarily large fixed constant τ > 0, with probability at least

1− C3n
−τ , we have

sup
‖x−µ‖≤Ln

∥∥∥Q̂ρ(x)−Q∗(x)
∥∥∥

F
≤ C1

logC2 n√
n

(16)

for some constants C1, C2, C3 > 0 independent of n.

2. for ρ = n−1, we have

E sup
‖x−µ‖≤Ln

∥∥∥Q̂ρ(x)−Q∗(x)
∥∥∥

F
≤ C4

logC5 n√
n

(17)

for some constants C4, C5 > 0 independent of n.

Remark 8 The factor
√

log n in the upper bound of diameter Ln can be refined to logξL n
for an arbitrarily large fixed constant ξL > 0. One implication of Theorem 7 is that for
ρ ∈

{
0, n−1

}
, we have

max
i∈[n]

∥∥∥Q̂ρ(Xi)−Q∗(Xi)
∥∥∥

F
.

polylog (n)√
n

(18)

12
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with probability at least 1 − O (n−τ ) for any fixed τ > 0. This result is crucial for deriving
the asymptotic size and power of our proposed test. Petersen and Müller (2019) investigated
asymptotic uniform convergence over a fixed compact set. In our context, their results state
that for a fixed L > 0,

sup
‖x−µ‖≤L

W
(
Q̂0(x), Q∗(x)

)
= Op

(
n
− 1

2(α′−1)

)
for any α′ > 2. However, their results do not guarantee (18) unless the norm of the covariate
X is bounded by L, and therefore are insufficient for deriving the size and power of our test
when X has unbounded support. Consequently, we employ non-asymptotic bounds and derive
(18) from (16).

Remark 9 We use the Frobenius norm to quantify error here instead of the Wasserstein
distance for the following reasons:

• Differential properties of W 2(·, ·): The Wasserstein distance is used in the objective
function (10) due to its favorable properties under scaling and rotation, as well as its
meaningful probabilistic interpretation, as discussed in Section 1. After adopting the
Bures-Wasserstein metric in our formulation of the Fréchet regression model, we need
to leverage the differential properties of this metric to establish the statistical properties
of the estimator. These differential properties are more naturally expressed using the
Frobenius norm. For instance, for any Q, Q̃ ∈ S++

d and any A ∈ Sd, we have

dQW
2(Q, Q̃)(A) =

〈
Id − T Q̃Q , A

〉
where the Frobenius inner product is used, and T Q̃Q is the optimal transport map from the
normal distribution N(0, Q) to N(0, Q̃). Similarly, existing Taylor expansions for the
Bures-Wasserstein metric are also formulated in terms of the Frobenius norm. Hence, it
is more straightforward to express the estimation error using the Frobenius norm. For
further details on the differential properties of W , see Appendix B.1.

• Relationship Between Frobenius Norm and Wasserstein Distance: The Frobenius norm
and the Wasserstein distance are closely related. Specifically, Lemma 21 in Appendix B.1
shows that for any Q, Q̃ ∈ S++

d , the Wasserstein distance W (Q, Q̃) can be upper-bounded
in terms of their Euclidean distance. Consequently, we can derive analogous results for
the Wasserstein distance, as in Corollary 10 below. In fact, the two rates are equivalent
up to a polylog (n) factor in our setting.

Corollary 10 Let 1 ≤ Ln ≤ CL
√

log n for some constant CL > 0. Suppose Assumption 1-5
hold. Then

1. for ρ ∈
{

0, n−1
}
and any arbitrarily large fixed constant τ > 0, with probability at least

1− CW3n
−τ , we have

sup
‖x−µ‖≤Ln

W
(
Q̂ρ(x), Q∗(x)

)
≤ CW1

logCW2 n√
n

for some constants CW1, CW2, CW3 > 0 independent of n.

13
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2. for ρ = n−1, we have

E sup
‖x−µ‖≤Ln

W
(
Q̂ρ(x), Q∗(x)

)
≤ CW4

logCW5 n√
n

for some constants CW4, CW5 > 0 independent of n.

To the best of our knowledge, Theorem 7 and Corollary 10 provide the first non-
asymptotic uniform convergence results for Fréchet regression over a potentially diverging
region. The proof of Theorem 7 is intricate, and we provide an outline here. First, we use an
approach similar to Agueh and Carlier (2011) to establish that the largest eigenvalues of the
estimates Q̂ρ(x) are uniformly bounded from above. Next, we show that Q̂ρ(x) converges
uniformly at a slow rate by employing the chaining method. Special attention is required
here due to the Hölder continuity of the squared distance W 2; see Lemma 38 for details. Fi-
nally, we achieve a uniform fast rate of convergence by solving a quadratic inequality related
to the convergence rate. A detailed proof of Theorem 7 is provided in Appendix C.

Theorem 7 implies the pointwise consistency of the Fréchet regression estimator (15).
Moving one step further, we establish a pointwise central limit theorem that is elusive
in general metric spaces with nonzero curvature (Petersen and Müller, 2019). In order
to present the theorem, we pause to introduce several notations. First, for any x ∈ Rp,
define ~x :=

(
1 x>

)>. For any random vector X ∈ Rp with covariance matrix Σ, de-
note ~Σ = E ~X ~X> ∈ R(p+1)×(p+1). Next, let [E(−w(x,X)dTQQ∗(x))]

−1 denote the inverse of

E(−w(x,X)dTQQ∗(x)) which is a linear operator in L(Sd;Sd) (Appendix B.1). Last, given el-
ements x1, x2 of a Hilbert space H, the tensor product operator x1 ⊗ x2 : H → H is defined
by (x1 ⊗ x2) y = 〈x1, y〉x2 for any y ∈ H; see Hsing and Eubank (2015) for properties of the
tensor product operator and its role in the central limit theorem for random elements of a
Hilbert space.

With these notations in place, the central limit theorem for the Fréchet regression esti-
mator Q̂ρ(x) is stated as Theorem 11.

Theorem 11 Let ρ ∈
{

0, n−1
}
. Suppose Assumption 1-5 hold. Then for any fixed x ∈

suppX, the following central limit theorem

√
n
[
Q̂ρ(x)−Q∗(x)

]
w−→
[
E(X,Q)

(
−w(x,X)dTQQ∗(x)

)]−1
Zx, (19)

holds. Here Zx ∼ N (0,Ξx) is a Gaussian random element of Rd×d with covariance operator
Ξx equal to EVx ⊗ Vx where

Vx = Vx,1 + Vx,2

Vx,1 = w(x,X)
(
TQQ∗(x) − Id

)
Vx,2 = −

(
~x>~Σ−1( ~X ~X> − ~Σ)~Σ−1 ⊗ Id

)
·
(
E ~X ⊗ (TQQ∗(x) − Id)

)

14
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Remark 12 Since a linear transformation of a multivariate normal distribution is still nor-
mal, Theorem 11 implies that asymptotically the entries of

√
n(Q̂ρ(x)−Q∗(x)) jointly follow

a multivariate normal distribution in Rd2 when vectorized. More specifically, we have

√
n
(

vec Q̂ρ(x)− vecQ∗(x)
)

w−→ N (0,Ωx) (20)

Here Ωx = H−1
x E(vecVx)(vecVx)>H−1

x where Hx ∈ Rd2×d2 is the matrix representing the
invertible linear operator E(−w(x,X)dTQQ∗(x)); see Appendix B.1 for the expression of Hx.

Remark 13 Theorem 11 can be utilized to obtain confidence regions for entries of Q∗(x).
The asymptotic variance can be estimated using the plug-in method as follows:

Ξ̂x =
1

n

n∑
i=1

Vx,i ⊗ Vx,i

where

Vx,i = Vx,1,i + Vx,2,i

Vx,1,i = wn,ρ(x,Xi)
(
TQi
Q̂ρ(x)

− Id
)

Vx,2,i = −
(
~x> ~̂Σ

−1

ρ ( ~Xi
~X>i − ~̂Σ)~̂Σ

−1

ρ ⊗ Id
)
·

 1

n

n∑
j=1

~Xj ⊗ (T
Qj

Q̂ρ(x)
− Id)


Similarly,

[
E(X,Q)

(
−w(x,X)dTQQ∗(x)

)]−1
can be estimated by

[
1

n

n∑
i=1

(
−wn,ρ(x,Xi)dT

Qi
Q̂ρ(x)

)]−1

In Figure 1 in Section 5.2, the asymptotic variance of each entry of Q∗(x) is extracted
using (20) and appropriate indexing.

Theorem 11 shows that the covariance operator Ξx has contributions from both Vx,1 and
Vx,2. If the expectation µ and the covariance matrix Σ of the predictor X are known, and
we obtain an estimate Q̂∗0(x) of Q∗(x) by directly optimizing an ’oracle’ objective function
F ∗n(x, S) defined as F ∗n(x, S) = 1

n

∑n
i=1w(x,Xi)W

2(S,Qi), then Q̂∗0(x) would follow a central
limit theorem with covariance operator exactly equal to EV1,x ⊗ V1,x. When µ and Σ are
unknown and empirical estimates µ̂ and Σ̂ are plugged in as in (15), there is an additional
contribution to Ξx from Vx,2. Theorem 11 is supported by numerical experiments in Section
5, and the proof is given in Appendix D. To the best of our knowledge, the expression
for Ξx cannot be further simplified in general. However, under the hypothesis that X and
Q are independent, which can be a consequence of the null hypothesis in Section 4.2 and
Assumption 6, the term Vx,2 vanishes, leaving Ξx with contributions only from Vx,1. This
result is summarized in Corollary 14 below; see Appendix E for the proof.
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Corollary 14 Instate the assumptions in Theorem 11. If X and Q are independent, then

√
n
[
Q̂ρ(x)−Q∗(x)

]
w−→
(
E(X,Q)

(
−w(x,X)dTQQ∗(x)

))−1
Z ′x,

holds where Z ′x ∼ N (0,Ξ′x) and

Ξ′x = E
[
w(x,X)

(
TQQ∗ − Id

)
⊗
(
TQQ∗ − Id

)
w(x,X)

]
4.2 Hypothesis testing

In this section, we focus on testing the global null hypothesis of no effects within the Fréchet
regression model on the Bures-Wasserstein manifold, defined as follows:

H0 : Q∗(x) ≡ Q∗ for some unknown Q∗, (21)

where Q∗(x) is constant across all x.
We begin by providing the motivation and the formulation of the test statistic in Section

4.2.1. Subsequently, we explore its asymptotic null distribution in Section 4.2.2, followed by
an analysis of the asymptotic size and power of the proposed test.

4.2.1 Test statistic

Note that a key distinction between the Fréchet regression model (10) and classical linear
or generalized linear regression models is that the conditional expectation in the Fréchet
model is determined by an optimization problem, rather than through a link function. Con-
sequently, there is no parameter analogous to the slope β found in linear models. Therefore,
the null hypothesis can only be tested by directly aggregating comparisons between the
estimated predictions Q̂ρ(Xi) and the Fréchet mean Q∗.

Given the uniform consistency of the Fréchet regression estimator Q̂ρ(x) in Theorem 7,
we propose the following test statistic for testing the null hypothesis in (21).

T̂ρ =

n∑
i=1

∥∥∥Ĥρ ·
(
Q̂ρ(Xi)− Q̂ρ(X)

)∥∥∥2

F
, where Ĥρ = − 1

n

n∑
i=1

dTQi
Q̂ρ(X)

(22)

To develop some intuition about T̂ρ, consider that under the null hypothesis (21), the
"difference" between Q̂ρ(Xi) and Q∗ should be small. Since Q∗ is unknown, we estimate it
by Q̂ρ(X). Note that Q̂ρ(X) coincides with the Fréchet mean of Q1, ..., Qn. Specifically, by
definition (15), we have wn,ρ(X,Xi) = 1, which implies:

Q̂ρ(X) = argmin
S∈S++

d

1

n

n∑
i=1

W 2(S,Qi)

This is precisely the Fréchet mean of Q1, . . . , Qn. Therefore, a sensible test statistic would
be of the form

Tf =
n∑
i=1

f
(
Q̂ρ(Xi), Q̂ρ(X)

)
16
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where f : Rd×d × Rd×d → R is some function that measures the "difference" between
Q̂ρ(Xi) and Q̂ρ(X). The function f is expected to satisfy f(·, ·) ≥ 0, f(Q,Q) = 0 and
f(Q,S) = f(S,Q). Assuming tightness of the second-order Taylor approximation, the
uniform consistency of Q̂ρ(x) (Theorem 7) then implies

Tf ≈
n∑
i=1

〈
1

2
Hf

(
Q̂ρ(Xi)− Q̂ρ(X)

)
, Q̂ρ(Xi)− Q̂ρ(X)

〉
(23)

where Hf is the Hessian of f at Q̂ρ(X). This justifies the quadratic form of (22).
Furthermore, the specification of Hf should depend on the detailed distribution of

Q̂ρ(Xi)− Q̂ρ(X) such that the quadratic form in (23) has a well-defined asymptotic distri-
bution. To derive the asymptotic distribution of Q̂ρ(Xi)− Q̂ρ(X), we rely on the optimality
condition

∑
j wn,ρ(x,Xj)(T

Qj

Q̂ρ(x)
− Id) = 0. Under the null hypothesis (21), and assuming

tightness of the first order approximation of the optimality conditions at Xi and X we have

0 ≈
∑
j

wn,ρ(Xi, Xj)(T
Qj
Q∗ − Id) +

∑
j

wn,ρ(Xi, Xj)dT
Qj
Q∗

(
Q̂ρ(Xi)−Q∗

)
0 ≈

∑
j

wn,ρ(X,Xj)(T
Qj
Q∗ − Id) +

∑
j

wn,ρ(X,Xj)dT
Qj
Q∗

(
Q̂ρ(X)−Q∗

)
Take the difference and rearrange, we arrive at− 1

n

∑
j

dT
Qj
Q∗

 · √n(Q̂ρ(Xi)−Q∗) ≈
1√
n

∑
j

(wn,ρ(Xi, Xj)− 1)(T
Qj
Q∗ − Id)︸ ︷︷ ︸

a1(Xi)

+
1√
n

∑
j

(wn,ρ(Xi, Xj)− 1)dT
Qj
Q∗

(
Q̂ρ(Xi)−Q∗

)
︸ ︷︷ ︸

a2(Xi)

It can be shown that a2(Xi) is negligible compared to a1(Xi), leading to− 1

n

∑
j

dT
Qj
Q∗

 · √n(Q̂ρ(Xi)−Q∗) ≈ a1(Xi).

Specifically, the intuition behind the negligibility is as follows. The null hypothesis (21) and
Assumption 6 imply that X and Q are independent. As a result, 1√

n

∑
j(w(x,Xj)− 1)dT

Qj
Q∗

has zero expectation and is of order Op(1) by the central limit theorem, suggesting that

1√
n

∑
j

(wn,ρ(Xi, Xj)− 1)dT
Qj
Q∗ = Op(1)

by an approximation argument. Then the consistency of Q̂ρ(x) implies that a2(Xi) is of
order op(1), making it negligible compared to a1(Xi).
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Further calculations confirm a tractable asymptotic distribution for
∑
‖a1(Xi)‖2, which

suggests setting Hf = (− 1
n

∑
j dT

Qj
Q∗ )⊗ (− 1

n

∑
j dT

Qj
Q∗ ). Since Q∗ is unknown, Hf is approx-

imated by Ĥρ ⊗ Ĥρ, leading directly to our test statistic T̂ρ as defined in (22).

Remark 15 Petersen et al. (2021) proposed the following test statistic for the case where
responses are 1D densities, which has a simpler form compared to ours:

T̂ρ,1D =
n∑
i=1

W 2
(
Q̂ρ(Xi), Q̂ρ(X)

)
with ρ = 0. However, their results rely heavily on the isometric Hilbert embedding of the
1D Wasserstein space and do not generalize to higher dimensions. In contrast, our test
statistic (22) is applicable in any dimension and is motivated by the Wald statistic used in
generalized linear models. Moreover, one can show that T̂ρ and T̂n,1D are equivalent in the
special case of 1D Gaussian distributions. Since our test statistic (22) can also be viewed as
a generalization of the numerator of the global F-test in multiple linear regression, we refer
to T̂ρ in (22) as the Wasserstein F-statistic following Petersen et al. (2021).

4.2.2 Theoretical properties

We now discuss the theoretical guarantees of our test statistic T̂ρ and the corresponding
test. To begin, Theorem 16 provides the asymptotic null distribution of T̂ρ.

Theorem 16 Let ρ ∈
{

0, n−1
}
. Suppose Assumption 1-3 and 6 hold. Then under the null

(21), the test statistic T̂ρ satisfies

T̂ρ
w−→
∑
i

λiwi (24)

where wi are i.i.d. χ2
p random variables, and λi are the eigenvalues of the following operator:

E
[(
TQQ∗(µ) − Id

)
⊗
(
TQQ∗(µ) − Id

)]
Remark 17 The proof of Theorem 16 relies on the uniform consistency established in The-
orem 7, since T̂ρ involves estimated predictions Q̂ρ(·) at random covariates {Xi}i∈[n]. In
contrast, the uniform consistency is not needed in Petersen et al. (2021) because the Wasser-
stein space W2(R) is essentially flat (has zero sectional curvature), which allows for a closed-
form expression for T̂n,1D. However, the Bures-Wasserstein manifold (S++

d ,W ) is positively
curved when d > 1 (Ambrosio et al., 2005), and no closed-form expression is available for T̂ρ.
Thus, we rely on uniform consistency to ensure the tightness of the Taylor approximation.
For the proof, see Appendix F.

Theorem 16 asserts that T̂ρ converges weakly to a weighted sum of χ2
ps with weights

determined by the eigenvalues of the covariance operator E(TQQ∗ − Id)⊗ (TQQ∗ − Id). To get
a corresponding test, note that the asymptotic null distribution in Theorem 16 depends on
unknown parameters, namely the eigenvalues λi, which must be approximated to formulate
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a rejection region. A natural approach would be to estimate the eigenvalues λ̂i of the sample
average 1

n

∑n
i=1 T

Qi
Q̂ρ(X)

⊗ TQi
Q̂ρ(X)

and let q̂1−α be the 1− α quantile of
∑

i=1 λ̂iwi. Then we
define our test Φα for any α ∈ (0, 1) by

Φρ,α = 1
(
T̂ρ > q̂1−α

)
(25)

With Theorem 16 established, Proposition 1 below shows that Φρ,α has an asymptotic
size of α under the null hypothesis. See Appendix G for the proof.

Proposition 1 Suppose Assumption 1-3 and 6 hold. Then under the null (21),

P
(
T̂ρ > q̂1−α

)
→ α

as n→∞.

Finally, we turn to an analysis of the power of the test Φρ,α under a sequence of contiguous
alternatives. To this end, we denote by P the set of distributions of (X,Q) that satisfy
Assumption 1 - 6,

P :=
{
P ∈ P2

(
Rp × S+

d

)
: P satisfies Assumption 1− 6

}
For any P ∈ P, we measure the deviation of Q∗(x) from being a constant function of x
by Edist2(Q∗(X), Q∗(µ)) where dist is chosen to be either the Wasserstein distance or the
Frobenius distance. We define the corresponding alternatives under each distance as follows:

H1,n : P ∈ PF (an) :=
{
P̃ ∈ P : E

(X,Q)∼P̃ ‖Q
∗(X)−Q∗(µ)‖2F ≥ a

2
n

}
,

H̃1,n : P ∈ PW (an) :=
{
P̃ ∈ P : E

(X,Q)∼P̃W
2 (Q∗(X), Q∗(µ)) ≥ a2

n

}
.

Theorem 18 shows that Φρ,α is powerful against bothH1,n and H̃1,n whenever an & n−(1/2−α2)

for some constant α2 > 0. The proof is provided in Appendix H.

Theorem 18 Let ρ ∈
{

0, n−1
}
. Consider a sequence of alternative hypotheses H1,n with

an being a sequence such that an & 1
n1/2−α2

for some constant α2 > 0. Then the worst case
power converges uniformly to 1, that is

inf
P∈PF (an)

P
(
T̂ρ > q̂1−α

)
→ 1

as n→∞. The same result also holds for alternative hypotheses H̃1,n defined by the Wasser-
stein distance, that is

inf
P∈PW (an)

P
(
T̂ρ > q̂1−α

)
→ 1

as n→∞.

5. Algorithm and Numerical Experiments

In this section, we propose a Riemannian gradient descent algorithm for optimizing (15) in
Section 5.1. We then present a series of numerical experiments in Section 5.2 to validate our
theoretical results on the central limit theorem (Theorem 11), asymptotic null distribution
(Theorem 16) and power (Theorem 18). Additionally, in Section 5.3, we conduct simulations
under a setting where Q is not directly observed but is estimated from data, to assess the
deviation from the setting with perfect observations.
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5.1 Riemannian gradient descent algorithm

Motivated by the Bures-Wasserstein gradient descent algorithm (Chewi et al., 2020; Altschuler
et al., 2021) for the vanilla Bures-Wasserstein barycenter, we propose a gradient descent al-
gorithm to compute Q̂ρ(x) in (15), which is given as Algorithm 1.

Algorithm 1 GD for Fréchet regression

1: Input: covariates {Xi}ni=1, responses {Qi}ni=1, ρ ∈
{

0, n−1
}
, covariate x, learn-

ing rate η, initialization S0, maximum number of iterations T , threshold eps.
2: Initialize S ← S0.
3: for t = 1, ..., T do
4: Set

G← Id + η · 1

n

n∑
i=1

wn,ρ(x,Xi)(T
Qi
S − Id) (26)

5: Set

S ← GSG (27)

6: if ‖G‖F < eps then
7: break
8: Output: S.

Algorithm 1 can be viewed as a Riemannian gradient descent algorithm (see Appendix A
and Panaretos and Zemel (2016); Chewi et al. (2020); Altschuler et al. (2021)). Intuitively,
− 1
n

∑n
i=1wn,ρ(x,Xi)(T

Qi
S − Id) is the derivative of the objective function Fn,ρ(x, S) in (15)

in the tangent space (Ambrosio et al., 2005, Corollary 10.2.7) and (26) corresponds to one
gradient step in the tangent space with step size η. Then (27) is mapping the gradient step
in the tangent space back to S++

d through the exponential map (Appendix A)

The algorithm terminates if the Frobenius norm of the gradient G falls below the thresh-
old eps, indicating that the relative change in the gradient update is less than eps. For the
initialization S0, optimization over the Euclidean space typically starts near the origin (Chen
et al., 2019; Ye and Du, 2021). However, since the space of symmetric positive definite (SPD)
matrices, S++

d , is nonlinear, the natural counterpart of the origin in this space is the identity
matrix Id. Therefore, we initialize at S0 = Id. In Appendix I, we use numerical simulations
to compare this initialization with random initialization and initialization at the mean, and
observe that it consistently performs at least as well as these alternatives. For the step
size η, Altschuler et al. (2021) observed through numerical simulations that while the con-
vergence rate of Euclidean gradient descent is highly sensitive to its step size, Riemannian
gradient descent requires no tuning and works effectively with η = 1 when computing the
Bures-Wasserstein barycenter. In our simulations, we also find that η = 1 performs at least
as well as (and often better than) smaller step sizes. See Appendix I for details.
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5.2 Simulation setup and results

To validate our theory and demonstrate the practical applicability of our inferential pro-
cedures, we conduct a series of numerical experiments with ρ = n−1. We start with two
illustrative examples that follow the Fréchet regression model. In Example 1, the covariance
matrices share a common eigenspace and commute, which effectively reduces the Fréchet
regression model to a linear regression model on the square roots. In contrast, Example 2
considers the case where the covariance matrices do not commute.

Example 1 Let
{
Xi =

(
Xi1 · · · Xip

)
, i ∈ [n]

}
be i.i.d. random covariates in Rp with

Xi ∼ Uniform[−1, 1]p. The response matrices Q1, . . . , Qn ∈ Rd×d are generated as:

Qi = UVif(Xi; δ)
2ViU

>

where U and {Xi, Vi}i∈[n] are independent, and:

• f(·; δ) : Rp → Rd×d is a mapping from Rp to diagonal matrices defined by:

x =
(
x1 · · · xp

)
7→ f(x; δ) = (f(x; δ)kl)k,l∈[d] ,

where

f(x; δ)kk = 1.5 +
k

2
+ δ ·

p∑
j=1

xj ,

with δ ∈ (−2p−1, 2p−1) being a parameter that quantifies the deviation of the model from
the null hypothesis (21).

• U ∈ Od is a random orthogonal matrix following the Haar measure.

• V1, . . . Vn ∈ Rd are random diagonal matrices with i.i.d. diagonal entries Vi,kk ∼ Uniform[−0.1, 0.1].

It can be verified that the pair (X,Q) satisfies the Fréchet regression model with the condi-
tional expectation Q∗(·) satisfying

Q∗(Xi) = Uf(Xi)
2U>

Example 2 Let X =
(
X1 · · · Xp

)
be a random covariate in Rp with X ∼ Uniform[−1, 1]p.

The response matrix Q ∈ Rd×d, where d is an even number, is generated as:

Q = UV g(X; δ)2V U>,

where U, V and X are independent, and:

• g(·; δ) : Rp → Rd×d is a mapping from Rp to diagonal matrices defined by:

x =
(
x1 · · · xp

)
7→ g(x; δ) = (g(x; δ)kl)k,l∈[d] ,

where

g(x; δ)kk = 1.5 + 0.5 · dk/2e+ δ ·
p∑
j=1

xj ,

with d·e denoting the ceiling function, and δ ∈ (−2p−1, 2p−1) being a parameter that
quantifies the deviation of the model from the null hypothesis (21).
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• U ∈ Od is a random orthogonal matrix with a block-diagonal structure

U = diag(U (1), . . . , U (bd/2c))

where U (1), . . . , U (bd/2c) are i.i.d. random 2 × 2 orthogonal matrices following the Haar
measure.

• V ∈ Rd is a diagonal matrix with i.i.d. diagonal entries Vii ∼ Uniform[−0.1, 0.1].

It can be verified that the pair (X,Q) satisfies the Fréchet regression model with

Q∗(x) = g(x)2

With Example 1 and 2 in hand, we proceed to check the validity of the central limit
theorem for Q̂ρ(x) as stated in Theorem 11. To this end, we generate random predictor-
response pairs (X,Q) based on Example 1 with parameters d = 5, p = 5 and δ = 0; and
Example 2 with parameters d = 6, p = 5 and δ = 0. For each trial, we generate n = 200
samples of (Xi, Qi) and obtain the Fréchet regression estimate Q̂ρ(x) using Algorithm 1 with
ρ = n−1. We then compute normalized error

[
Q̃(x)

]
ij

=

√
n
[
Q̂ρ(x)−Q∗(x)

]
ij√

v̂x,ij

where v̂x,ij denotes the plug-in estimate for the asymptotic variance of the (i, j)-entry of√
n(Q̂ρ(x) − Q∗(x)), following Theorem 11 and (20). Specifically, the covariance operator

Ξx in Theorem 11 is estimated as follows:

Ξ̂x =
1

n

n∑
i=1

Vx,i ⊗ Vx,i

where

Vx,i = Vx,1,i + Vx,2,i

Vx,1,i = wn,ρ(x,Xi)
(
TQi
Q̂ρ(x)

− Id
)

Vx,2,i = −
(
~x> ~̂Σ

−1

ρ ( ~Xi
~X>i − ~̂Σ)~̂Σ

−1

ρ ⊗ Id
)
·

 1

n

n∑
j=1

~Xj ⊗ (T
Qj

Q̂ρ(x)
− Id)


The estimated covariance v̂x,ij can be extracted from Ξ̂x by appropriately indexing its ele-
ments.

Figure 1 presents the Q-Q (quantile-quantile) plots of Q̃ij(x) against the standard normal
distribution, based on 200 Monte Carlo trials at x = 0. According to Theorem 11, Q̃ij(x)
should asymptotically follow a standard normal distribution, which would be indicated by
a Q-Q plot that exhibits a linear relationship with a slope of one and an intercept of zero.
As shown in Figure 1, the empirical quantiles of Q̃ij(0) align closely with the theoretical
quantiles of N (0, 1), providing strong empirical support for the validity of Theorem 11.
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(b) Example 2, d = 6

Figure 1: Q-Q plots of Q̃11(0) and Q̃21(0) with parameters p = 5, δ = 0, n = 200. (a)
Example 1, d = 5; (b) Example 2, d = 6.

We then turn our attention to Theorem 16, which characterizes the asymptotic null
distribution of the test statistic T̂ρ, and Theorem 18, which focuses on the power of the test.
Figure 2 illustrates the results for Example 1 with parameters n = 200, p ∈ {1, 3, 5}, d ∈
{5, 10}; Figure 3 presents results for Example 2 with parameters n = 200, p ∈ {1, 3, 5}, d ∈
{6, 10}. The Q-Q plots demonstrate a linear fit with slope 1 and intercept 0. Additionally,
the figures indicate that as p and d increase, the test statistic also increases. The power
of the test quickly approaches 1 as the effect size δ grows. We compare the power of
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our test with that of the distance covariance test (dcov) (Székely et al., 2007) for testing
independence, using the Python dcor package (Ramos-Carreño and Torrecilla, 2023). Given
that the distance covariance test is nonparametric, our test is expected to outperform dcov
in this context.

In Example 1 and 2 above, the covariate X is supported on the fixed compact domain
[−1, 1]p. To illustrate the uniform convergence over a diverging domain ‖x‖ .

√
log n as

stated in Theorem 7, we perform additional experiments withX ∼ Uniform[−
√

log n,
√

log n]p

for n ∈ {100, 200, 400, 800, 1600}. The maximum in-sample estimation error is computed
and is observed to scale approximately as n−0.46, providing empirical support for the para-
metric rate of convergence up to logarithmic terms. For more details, see Appendix I.3.
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Figure 2: Q-Q plots of the test statistic T̂ρ against its asymptotic null distribution and power
curves compared to dcov as a function of the effect size δ for Example 1, with parameters
n = 200, p ∈ {1, 3, 5}. (a) d = 5; (b) d = 10.25
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Figure 3: Q-Q plots of the test statistic T̂ρ against its asymptotic null distribution and power
curves compared to dcov as a function of the effect size δ for Example 2, with parameters
n = 200, p ∈ {1, 3, 5}. (a) d = 6; (b) d = 10.26
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5.3 Robustness of the results when covariance matrices are estimated

In this section, we examine the numerical performance of our results in a setting where Q is
not directly observed but is instead estimated from the data. Specifically, consider the case
where we have access only to {(Xi;Zi1, Zi2, ..., Ziñ)}i∈[n] with Zi1, Zi2, ..., Ziñ

i.i.d.∼ N (0, Qi).
In this scenario, a natural plug-in approach for Fréchet estimation and testing is to estimate
Qi using the sample covariance, defined as Qi := ñ−1

∑ñ
j=1 Zi1Z

>
i1. This estimate Qi is then

substituted for Qi in downstream estimators. Specifically, we define the estimator Q̂ρ,ñ(x)

and test statistic T̂ρ,ñ with ρ = n−1 as follows.

Q̂ρ,ñ(x) = argmin
S∈S++

d

1

n

n∑
i=1

wn,ρ(x,Xi)W
2(S,Qi)

T̂ρ,ñ =

n∑
i=1

∥∥∥Ĥρ,ñ ·
(
Q̂ρ,ñ(Xi)− Q̂ρ,ñ(X)

)∥∥∥2

F
, where Ĥρ,ñ = − 1

n

n∑
i=1

dTQi
Q̂ρ,ñ(X)

The asymptotic null distribution of T̂ρ,ñ is computed as
∑

j λ̂ñ,jwi where wi are i.i.d. χ2
p

random variables and λ̂ñ,j are the eigenvalues of the following estimated operator:

1

n

n∑
i=1

(
TQi
Q̂ρ,ñ(X)

− Id
)
⊗
(
TQi
Q̂ρ,ñ(X)

− Id
)

We denote by q̂1−α,ñ the 1−α quantile of
∑

j λ̂ñ,jwi. This quantile is then used to construct
a test:

Φρ,ñ,α = 1
(
T̂ρ,ñ > q̂1−α,ñ

)
Similarly, the covariance operator Ξ̂x,ñ is computed as

Ξ̂x,ñ =
1

n

n∑
i=1

Vx,ñ,i ⊗ Vx,ñ,i (28)

where

Vx,i = Vx,ñ,1,i + Vx,ñ,2,i

Vx,ñ,1,i = wn,ρ(x,Xi)

(
TQi
Q̂ρ,ñ(x)

− Id
)

Vx,ñ,2,i = −
(
~x> ~̂Σ

−1

ρ ( ~Xi
~X>i − ~̂Σ)~̂Σ

−1

ρ ⊗ Id
)
·

 1

n

n∑
j=1

~Xj ⊗ (T
Qj

Q̂ρ,ñ(x)
− Id)


First, we examine the central limit theorem (Theorem 11) for (Xi, Qi)i∈[n] satisfying the

conditions in Example 1 with parameters ñ ∈ {50, 100,+∞}, n = 200, p = 5, d = 5 and
δ = 0. Here ñ = +∞ indicates Qi is directly observed. Using the estimated covariance
operator Ξ̂x,ñ defined in (28), we define the normalized error as:

[
Q̃ρ,ñ(x)

]
i,j

:=

√
n
[
Q̂ρ,ñ(x)−Q∗(x)

]
ij√

v̂x,ñ;ij
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where v̂x,ñ;ij is extracted from Ξ̂x,ñ with appropriate indexing. Figure 4 shows the Q-Q plots
of [Q̃n,ñ(x)]ij against the standard normal distribution. Generally, as ñ→∞, the Q-Q plots
for finite ñ approach those of ñ =∞, and can still be approximated by a straight line. This
observation suggests that the central limit theorem for the entries still holds. Interestingly,
the detailed behavior of the bias differs between diagonal and off-diagonal entries. For off-
diagonal entries, Figure 4b indicates that [Q̂ρ,ñ(0)]ij is unbiased. In contrast, for diagonal
entries, Figure 4a reveals that the Q-Q plots for finite ñ are negatively shifted compared to
that of ñ =∞ (blue), suggesting that [Q̂ρ,ñ(0)]ii is negatively biased. In this paper, we focus
on the theoretical properties of the Fréchet regression estimator (15) in the setting where
covariance matrices are directly observed. We leave a detailed theoretical investigation of
its refined behavior in the setting where covariance matrices are estimated for future work.
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(b) Off-diagonal entries: (2, 1), (3, 1), (3, 2)

Figure 4: Q-Q plots of diagonal and off-diagonal entries of Q̃ρ,ñ(0) with parameters d =
5, n = 200 and varying ñ ∈ {50, 100,∞}.

Figure 5 shows the Q-Q plot of T̂ρ,ñ against
∑

j λ̂ñ,jwi and the power of the test Φρ,ñ,α

for (Xi, Qi) satisfying the conditions of Example 1 with parameters ñ ∈ {50, 100,+∞},
n = 200, p = 5 and d = 5. Notably, the Q-Q plots exhibit a linear relationship with slope
1 and intercept 0, indicating that T̂ρ,ñ follows the asymptotic null distribution

∑
j λñ,jwi,
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where wi are i.i.d. χ2
p random variables and λñ,j are the eigenvalues of the following operator:

E
[(
TQQ∗(µ) − Id

)
⊗
(
TQQ∗(µ) − Id

)]

where Q = CovZ. This observation suggests that the plug-in method remains valid in this
context. The power plot indicates that while the power of the test decreases when Qi is
not directly observed, our test still demonstrates higher power compared to the distance
covariance test (dcov) in this setting.
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Figure 5: Q-Q plots of the test statistic T̂ρ,ñ against the estimated plug-in null distribution∑
j λ̂ñ,jwi and power curves of Φρ,ñ,α compared to dcov as a function of the effect size δ.
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6. Application to Single-cell Gene Co-expression Networks

Aging is a complex process of accumulation of molecular, cellular, and organ damage, lead-
ing to loss of function and increased vulnerability to disease and death. Nutrient-sensing
pathways, namely insulin/insulin-like growth factor signaling and target-of-rapamycin can
substantially increase healthy life span of laboratory model organisms (Davinelli et al., 2012;
de Lucia et al., 2020). These nutrient signaling pathways are conserved in various organisms.
We are interested in understanding the co-expression structure of 61 genes in this KEGG
nutrient-sensing pathways based on the recently published population scale single cell RNA-
seq data of human peripheral blood mononuclear cells (PBMCs) from blood samples of over
982 healthy individuals with ages ranging from 20 to 90 (Yazar et al., 2022).

We focus our analysis on CD4+ naive and central memory T (CD4NC) cells, which is
the most common cell type observed in the data. Age-associated changes in CD4 T-cell
functionality have been linked to chronic inflammation and decreased immunity (Elyahu
et al., 2019). There are a total of 51 genes that are expressed in this cell type. Even though
the Fréchet regression still makes sense when the covariance matrix is potentially degenerate
(see the remarks after Example 2), our theory relies on the strict positive definiteness. Hence,
we retain only the genes that have nonzero variances at any age, resulting in a total of 37
genes, see Figure 6 for a concise overview of these covariance matrices for individuals at
different ages, showing difference across different ages.

In genetics research, such covariance matrices represent individual-specific gene co-expression
networks. We are interested in testing whether such networks are associated with ages
by testing whether there is an age effect on the gene expression covariance matrices, i.e.
H0 : Q∗(t) ≡ Q∗ for some Q∗. The test we propose yields a p-value of 0.00019. When the
analysis is performed separately for males and females, we obtain a p-value of 0.00034 for
the male group and 0.00012 for the female group, suggesting a strong age effect on the gene
expression covariance matrices.
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Figure 6: Heatmap of the gene expression covariance matrices with diagonal elements omit-
ted for individual at age 20, 30, . . . , 90, respectively.

7. Discussion

The present paper provides a framework for statistical inference in the context of Fréchet
regression on the Bures-Wasserstein manifold, where covariance matrices serve as outcomes.
Our contributions include establishing uniform convergence rates for estimating the con-
ditional Fréchet mean and deriving the asymptotic distribution of the estimator. Lever-
aging these results, we further develop a hypothesis test to rigorously assess associations
between Euclidean covariates and covariance matrix-valued outcomes. The finite-sample
performance of our methods is validated through numerical simulations, and their practical
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utility is demonstrated in an application to gene co-expression analysis. Specifically, we
test the association between age and co-expression patterns in the nutrient sensing pathway,
revealing how these patterns evolve with age.

Beyond genomics, our framework has broad applicability in neuroimaging, where covari-
ance matrices (or correlation matrices after standardization) of multiple brain regions are
used to summarize as functional connectivity matrices. The proposed methods can be used
to identify the factors that are associated with such functional connectivity matrices.

In this work, we focus on the theoretical analysis of the Fréchet regression estimator (15)
under the assumption that outcome covariance matrices are directly observed. This setting
aligns with prior frameworks in Petersen and Müller (2019) and Petersen et al. (2021). While
our empirical results suggest the proposed hypothesis test remains valid when covariance
matrices must first be estimated from data, formal theoretical guarantees for this setting
remain an open problem. Additionally, relaxing the eigenvalue lower-bound assumption to
accommodate singular covariance matrices would broaden the applicability of our framework,
particularly in high-dimensional or sparse-data regimes.
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Appendix A. Background on optimal transport and functional calculus

In this section, we collect relevant background about optimal transport and functional cal-
culus to make the paper more self-contained.

A.1 Geometry of optimal transport

We begin with the geometry of optimal transport, and then specialize the general concepts
to the Bures–Wasserstein manifold. For introductory expositions of optimal transport, we
refer to Villani (2003); Santambrogio (2015); Panaretos and Zemel (2020). For a more
comprehensive treatment, we refer to Ambrosio et al. (2005); Villani (2009).

Given µ0, µ1 ∈ P2,ac(Rd), the constant-speed geodesic (µt)t∈[0,1] connecting µ0 to µ1 is
characterized by

µt =
[
id +t

(
Tµ1
µ0
− id

)]
#
µ0, t ∈ [0, 1]

Here, # denotes the pushforward operation defined by T#µ(E) = µ(T−1(E)) for any Borel
set E ⊂ Rd. Then define the tangent vector of the geodesic (µt)t∈[0,1] at t = 0 to be the
mapping Tµ1

µ0 − id. The tangent space Tµ0P2,ac(Rd) to P2,ac(Rd) at µ0 is defined in Ambrosio
et al., 2005, Thm 8.5.1 as

Tµ0P2,ac(Rd) :=
{
λ(T νµ0

− id) : λ > 0, ν ∈ P2,ac(Rd)
}L2(µ0)

Here the overline denotes closure with respect to the L2(µ0) measure.
Given two covariance matrices Q,S ∈ S++

d , the constant-speed geodesic connecting the
corresponding centered Gaussians is given by(

Id + t
(
TSQ − Id

))
Q
(
Id + t

(
TSQ − Id

))
, t ∈ [0, 1]

The tangent space TQS++
d can be identified with the space Sd of symmetric d× d matrices.

For any S̃ ∈ TQS++
d , its norm in the tangent space is given by∥∥∥S̃∥∥∥

Q
:=
〈
S̃, QS̃

〉1/2

A.2 Functional calculus

To consider higher order differentials of TSQ on the Bures-Wasserstein manifold, we give a brief
review of some key concepts in functional calculus that are essential for the development,
and direct readers to Dudley and Norvaiša (2011) for further details.

Let Y and Z be normed spaces with the norm on each denoted by ‖·‖, and let U be
an open subset of Y . Let L(Y, Z) denote the space of all bounded linear operators from Y
into Z. A function φ : U → Z is called (Fréchet) differentiable at u ∈ U if there exists an
L(u) ∈ L(Y,Z) such that for each y ∈ Y with u+ Y ∈ Y ,

lim
y→0

‖φ(u+ y)− φ(u)− L(u)y‖
‖y‖

= 0

The linear operator L(u) is unique, is called the derivative of φ at u, and is denoted by
Dφ(u). If the function φ is differentiable at each u ∈ U , then we say that φ is differentiable
on U .
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To consider higher order derivatives of φ, let L1(Y,Z) := L(Y,Z) with the usual operator
norm, and let Lk+1(Y,Z) := L(Y, Lk(Y,Z)) with the operator norm recursively for k =
1, 2, . . .. For k ≥ 2, we say that φ is (Fréchet) differentiable of order k at u if φ has a
(k − 1)st derivative Dk−1φ(y) at each point y of some neighborhood of u, and the mapping
Dk−1φ is differentiable at u. Then Dkφ(u), the kth derivative of φ at u, is defined as the
derivative of Dk−1φ at u. If φ is differentiable of order k at u for each u ∈ U then we say
that φ is differentiable of order k on U . A mapping φ is called a Ck function on U ⊂ Y
if the derivatives of φ through order k all exist on U and are continuous. A mapping φ is
called a C∞ function on U ⊂ X if it is a Ck function for each k.

It would be convenient to introduce the notion of multilinear mappings in order study
the properties of higher order derivatives Dkφ. A function A : Y k → Z is called k-linear if
for each j ∈ [k], A(y1, . . . , yk) is linear in yj for any fixed values of yi, i 6= j. The function
A is called bounded if

‖A‖ := sup {‖A(y1, . . . , yk)‖ : ‖yj‖ ≤ 1, j ∈ [k]} <∞ (29)

Let Mk(Y,Z) be the set of all bounded k-linear maps from Y k to Z with norm define by
(29).

The space Lk(Y,Z) can be identified with Mk(Y,Z) through the natural isomorphism
Φ(k) : Lk(Y,Z)→Mk(Y,Z) defined by

Φ(k)(A)(y1, . . . , yk) := A(y1)(y2) · · · (yk)
:= [· · · [A(y1)] (y2) · · · ] (yk)

Then the kth differential at u is defined by dkφ(u) := Φ(k)(D
kφ(u)).

The kth differential dkφ(u) is symmetric in the sense that

dkφ(u)(yσ(1), . . . , yσ(k)) = dkφ(u)(y1, . . . , yk)

for any permutation σ of [k]. For simplicity, we also denote dkφ(u)(y, . . . , y) by dkφ(u) ·y⊗k.
LetMk,s(Y, Z) denote the subspace of all symmetric elements ofMk(Y,Z). Then aside

from the operator norm inherited from Mk(Y,Z), one can define another norm |||·||| on
Mk,s(Y,Z) by

|||P ||| := sup {‖P (y, y, . . . , y)‖ : ‖y‖ ≤ 1}

Properties of the high order differentials dkTSQ are investigated in Appendix B.1.

Appendix B. Technical lemmas

In this section, we collect technical lemmas and relevant notations for the proof. First,
properties of differentials of TSQ are collected in Appendix B.1. Then various concentration
results are given in Appendix B.2. Finally, properties of F (·, ·) and Q∗(·) are summarized
in Appendix B.3.

B.1 Differentials of optimal transport maps

Recall that the optimal transport map between two centered Gaussian distributions N (0, Q)
and N (0, S) has the closed-form expression TSQ = S1/2(S1/2QS1/2)−1/2S1/2. In all relevant
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analysis, we need to consider differentials of TSQ when viewed as a function of Q for fixed S,
which we denote as dkTSQ for k ≥ 1. It is shown in Kroshnin et al. (2021) that dTSQ can be
defined as follows. For any H ∈ Sd,

dTSQ(H) := −S1/2U>Λ−1/2δΛ−1/2US1/2

where U>ΛU is an eigenvalue decomposition of S1/2QS1/2 with UU> = U>U = I and
δ = (δij)

d
i,j=1 with

δij =


∆ij√

λi+
√
λj

i, j ≤ rank(S)

0 otherwise
, ∆ = US1/2HS1/2U>

To consider higher order differentials of TSQ , we start with the map Q 7→ Q1/2 in Lemma 19,
next move on to Q 7→ Q−1/2 in Lemma 20 which then leads to TSQ in Lemma 21. Connections
between TSQ and W 2(Q,S) are also investigated in Lemma 21.

Lemma 19 The square root functional φ : Q ∈ S++
d → φ(Q) = Q1/2 ∈ S++

d is Fréchet
differentiable at any order on S++

d . Moreover, for any Q ∈ S++
d and any n ≥ 0, we have

the estimates ∣∣∣∣∣∣dn+1φ(Q)
∣∣∣∣∣∣ ≤ Cd,nλmin(Q)−(n+1/2)

Here Cd,n = dn/2 · n!
(

2n
n

)
· 2−(2n+1).

Proof See Del Moral and Niclas (2018) Theorem 1.1.

Lemma 20 The inverse square root functional ϕ : Q ∈ S++
d 7→ ϕ(Q) = Q−1/2 ∈ S++

d

is Fréchet differentiable at any order on S++
d . Moreover, for any A ∈ S++

d , H ∈ Sd, the
following holds.

dϕ(Q) ·H = −Q−1/2 (dφ(Q) ·H)Q−1/2

d2ϕ(Q) ·H⊗2 = −Q−1/2
(
d2φ(Q) ·H⊗2

)
Q−1/2 + 2Q−1/2(dφ(Q) ·H)Q−1/2(dφ(Q) ·H)Q−1/2

d3ϕ(Q) ·H⊗3 = −Q−1/2
(
d3φ(Q) ·H⊗3

)
Q−1/2 + 3Q−1/2

(
d2φ(Q) ·H⊗2

)
Q−1/2 (dφ(Q) ·H)Q−1/2

+ 3Q−1/2 (dφ(Q) ·H)Q−1/2
(
d2φ(Q) ·H⊗2

)
Q−1/2

− 6Q−1/2 (dφ(Q) ·H)Q−1/2 (dφ(Q) ·H)Q−1/2 (dφ(Q) ·H)Q−1/2

with
|||dϕ(Q)||| ≤ Cd,0λmin(Q)−3/2∣∣∣∣∣∣d2ϕ(Q)

∣∣∣∣∣∣ ≤ (Cd,1 + 2C2
d,0) · (λmin(Q))−5/2∣∣∣∣∣∣d3ϕ(Q)

∣∣∣∣∣∣ ≤ (Cd,2 + 6Cd,1Cd,0 + 6C3
d,0

)
λmin(Q)−7/2

where Cd,n is defined in Lemma 19.
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Proof By Lemma 19 we have for infinitesimal H ∈ Sd that

(Q+H)1/2 = Q1/2 + dφ(Q) ·H︸ ︷︷ ︸
Z1

+
1

2
d2φ(Q) ·H⊗2︸ ︷︷ ︸

Z2

+
1

6
d3φ(Q) ·H⊗3︸ ︷︷ ︸

Z3

+ · · ·

Let Z = Z1 + Z2 + Z3 + Z4, and we obtain for infinitesimal H ∈ Sd that

(Q+H)−1/2

=
(
Q1/4(Id +Q−1/4ZQ−1/4)Q1/4

)−1

= Q−1/4(Id +Q−1/4ZQ−1/4)−1Q−1/4

(i)
= Q−1/4

(
Id −Q−1/4ZQ−1/4 +Q−1/4ZQ−1/2ZQ−1/4 −Q−1/4ZQ−1/2ZQ−1/2ZQ−1/4 + · · ·

)
Q−1/4

= Q−1/2 −Q−1/2ZQ−1/2 +Q−1/2ZQ−1/2ZQ−1/2 −Q−1/2ZQ−1/2ZQ−1/2ZQ−1/2 + · · ·
(ii)
= Q−1/2 −Q−1/2Z1Q

−1/2︸ ︷︷ ︸
1st order in H

−Q−1/2Z2Q
−1/2 +Q−1/2Z1Q

−1/2Z1Q
−1/2︸ ︷︷ ︸

2nd order in H

−Q−1/2Z3Q
−1/2 +Q−1/2Z2Q

−1/2Z1Q
−1/2 +Q−1/2Z1Q

−1/2Z2Q
−1/2 −Q−1/2Z1Q

−1/2Z1Q
−1/2Z1Q

−1/2︸ ︷︷ ︸
3rd order in H

+ higher order terms in H

Here (i) follows from the von Neumann series expansion, and (ii) is obtained by arranging
terms according to their orders in H. Then (20) follows, and we have the following estimate∥∥d2ϕ(Q) ·H⊗2

∥∥
F
≤
∥∥∥Q−1/2

(
d2φ(Q) ·H⊗2

)
Q−1/2

∥∥∥
F

+ 2
∥∥∥Q−1/2(dφ(Q) ·H)Q−1/2(dφ(Q) ·H)Q−1/2

∥∥∥
F

≤ λmin(Q)−1 ·
∣∣∣∣∣∣d2φ(Q)

∣∣∣∣∣∣ · ‖H‖2F + 2λmin(Q)−3/2 |||dφ(Q)|||2 · ‖H‖2F
≤ (Cd,1 + 2C2

d,0)λmin(Q)−5/2 · ‖H‖2F

and similarly∥∥d3ϕ(Q) ·H⊗3
∥∥
F
≤ λmin(Q)−1

∣∣∣∣∣∣d3ϕ(Q)
∣∣∣∣∣∣ · ‖H‖3F + 6λmin(Q)−3/2

∣∣∣∣∣∣d2ϕ(Q)
∣∣∣∣∣∣ · |||dϕ(Q)||| · ‖H‖3F

+ 6λmin(Q)−2 |||dϕ(Q)|||3 · ‖H‖3F
≤
(
Cd,2 + 6Cd,1Cd,0 + 6C3

d,0

)
λmin(Q)−7/2 · ‖H‖3F

Here the last inequality follows by applying Lemma 19. And we arrive at the desired result.

Lemma 21 The following properties hold for the 2-Wasserstein distance W (Q,S) and the
optimal transport map TSQ. For any Q,Q1, Q2 ∈ S++

d , S ∈ S+
d and X,Y ∈ Sd,

(i) W 2(Q,S) is upper bounded by

W 2(Q,S) ≤ 2d (λmax(Q) + λmax(S))
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(ii) W 2(Q,S) is twice differentiable with

dQW
2(Q,S)(X) =

〈
I − TSQ , X

〉
d2
QW

2(Q,S)(X,Y ) = −
〈
X, dTSQ(Y )

〉
Moreover, the following quadratic approximation holds:

2(
1 + λ

1/2
max (Q′)

)2

〈
−dTSQ0

(Q1 −Q0), Q1 −Q0

〉
≤W 2(Q1, S)−W 2(Q0, S) +

〈
TSQ0
− I,Q1 −Q0

〉
≤ 2(

1 + λ
1/2
min (Q′)

)2

〈
−dTSQ0

(Q1 −Q0), Q1 −Q0

〉

with Q′ := Q
−1/2
0 Q1Q

−1/2
0 .

(iii) dTSQ is self-adjoint, negative semi-definite and enjoys the following two-sided bound.

λ
1/2
min

(
S1/2QS1/2

)
2

∥∥∥Q−1/2XQ−1/2
∥∥∥2

F
≤
〈
−dTSQ(X), X

〉
≤
λ

1/2
max

(
S1/2QS1/2

)
2

∥∥∥Q−1/2XQ−1/2
∥∥∥2

F

(iv) W 2(Q0, Q1) can be upper and lower bounded by the Frobenius norm as follows

1

2

λmax (Q0)λ−2
min (Q0)

1 + λ−1
min (Q0)λmax (Q1)

·‖Q1 −Q0‖2F ≤W
2(Q0, Q1) ≤

λmax (Q0)λ−2
min (Q0)

1 + λ−1
max (Q0)λmin (Q1)

·‖Q1 −Q0‖2F

(v)
∣∣∣∣∣∣∣∣∣dkTSQ∣∣∣∣∣∣∣∣∣can be upper bounded by

∣∣∣∣∣∣dTSQ∣∣∣∣∣∣ ≤ λmin (Q)−2

2
·
(
λmax

(
S1/2QS1/2

))1/2

∣∣∣∣∣∣d2TSQ
∣∣∣∣∣∣ ≤ λmax (S)3 (Cd,1 + 2C2

d,0) ·
(
λmin

(
S1/2QS1/2

))−5/2

∣∣∣∣∣∣d3TSQ
∣∣∣∣∣∣ ≤ λmax (S)4 (Cd,2 + 6Cd,1Cd,0 + 6C3

d,0

) (
λmin

(
S1/2QS1/2

))−7/2

Moreover, if S,Q ∈ Sd(M−1,M), then we have

∣∣∣∣∣∣dTSQ∣∣∣∣∣∣ ≤ 1

2
M3∣∣∣∣∣∣d2TSQ

∣∣∣∣∣∣ ≤ (Cd,1 + 2C2
d,0)M8∣∣∣∣∣∣d3TSQ

∣∣∣∣∣∣ ≤ (Cd,2 + 6Cd,1Cd,0 + 6C3
d,0

)
M11

Proof
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Proof of (i): By the closed form expression for W 2(Q,S), one has

W 2(Q,S) = tr
[
Q+ S − 2(S1/2QS1/2)1/2

]
≤ tr

[
Q+ S + 2(S1/2QS1/2)1/2

]
≤ d

(
λmax(Q) + λmax(S) + 2λmax(Q)1/2λmax(S)1/2

)
≤ 2d (λmax(Q) + λmax(S))

Proof of (ii), (iii): see Kroshnin et al. (2021, Lemma A.2, A.3, A.4, A.6).

Proof of (iv): Set S = Q0 in ((ii)), one can obtain

2(
1 + λ

1/2
max (Q′)

)2

〈
−dTQ0

Q0
(Q1 −Q0), Q1 −Q0

〉
≤W 2(Q1, Q0)

≤ 2(
1 + λ

1/2
min (Q′)

)2

〈
−dTQ0

Q0
(Q1 −Q0), Q1 −Q0

〉
(30)

where Q′ = Q
−1/2
0 Q1Q

−1/2
0 . Next, apply (iii) to get that for any X ∈ Sd, one has

λmin (Q0)

2
λ−2

max (Q0) ‖X‖2F ≤
〈
−dTQ0

Q0
(X), X

〉
≤ λmax (Q0)

2
λ−2

min (Q0) ‖X‖2F (31)

Combine (30) and (31) to get that

W 2(Q1, Q0) ≤
λmax (Q0)λ−2

min (Q0)(
1 + λ

1/2
min (Q′)

)2 · ‖Q1 −Q0‖2F

≤
λmax (Q0)λ−2

min (Q0)

1 + λmin (Q′)
· ‖Q1 −Q0‖2F

≤
λmax (Q0)λ−2

min (Q0)

1 + λ−1
max (Q0)λmin (Q1)

· ‖Q1 −Q0‖2F

and similarly

W 2(Q1, Q0) ≥ λmin (Q0)λ−2
max (Q0)(

1 + λ
1/2
max (Q′)

)2 · ‖Q1 −Q0‖2F

≥ 1

2

λmax (Q0)λ−2
min (Q0)

1 + λmax (Q′)
· ‖Q1 −Q0‖2F

≥ 1

2

λmax (Q0)λ−2
min (Q0)

1 + λ−1
min (Q0)λmax (Q1)

· ‖Q1 −Q0‖2F

Proof of (v): First, note that results for dTSQ follows directly from (iii).
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Next since TSQ = S1/2(S1/2QS1/2)−1/2S1/2, applying Lemma 20 gives that for H small
enough, one has

d2TSQ ·H⊗2 = S1/2
[
d2ϕ(S1/2QS1/2) · (S1/2HS1/2)⊗2

]
S1/2

d3TSQ ·H⊗3 = S1/2
[
d3ϕ(S1/2QS1/2) · (S1/2HS1/2)⊗3

]
S1/2

which implies

∣∣∣∣∣∣d2TSQ
∣∣∣∣∣∣ ≤ λmax(S)3 ·

∣∣∣∣∣∣∣∣∣d2ϕ(S1/2QS1/2)
∣∣∣∣∣∣∣∣∣

≤ λmax(S)3(Cd,1 + 2C2
d,0) ·

(
λmin(S1/2QS1/2)

)−5/2

∣∣∣∣∣∣d3TSQ
∣∣∣∣∣∣ ≤ λmax(S)4

∣∣∣∣∣∣∣∣∣d3ϕ(S1/2QS1/2)
∣∣∣∣∣∣∣∣∣

≤ λmax(S)4
(
Cd,2 + 6Cd,1Cd,0 + 6C3

d,0

)
λmin(S1/2QS1/2)−7/2

Lemma 22 Let Y and Z be normed spaces with the norm on each denoted by ‖·‖. For any
y ∈ Y , P ∈Mk,s(Y,Z), k ≥ 2, let Py denote a (k − 1)-linear function defined by

Py(y1, . . . , yk−1) = P (y, y1, . . . , yk−1)

Then Py ∈Mk−1,s(Y, Z) and

|||Py||| ≤ ‖P‖ ‖y‖ ≤ kk

k!
|||P ||| ‖y‖ (32)

Proof Py ∈ Mk−1,s(Y,Z) can be proved by definition. To prove (32), note that for any
‖ỹ‖ ≤ 1, one has

‖Py(ỹ, . . . , ỹ)‖ ≤ ‖P‖ · ‖y‖ · ‖ỹ‖k−1

≤ ‖P‖ · ‖y‖
(i)

≤ kk

k!
|||P ||| · ‖y‖

Here (i) follows from Dudley and Norvaiša (2011, Theorem 5.7).
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B.2 Concentration inequalities and uniform convergence

First, let us introduce some additional notation. Given a random variable X we denote
‖X‖ψα for α > 0 as follows.

‖X‖ψα := inf {η > 0 : Eψα (|X/η|) ≤ 1} , where ψα(x) := exp (xα)− 1 for x ≥ 0 (33)

Note that by the definition and Markov’s inequality, if ‖X‖ψα <∞, then

P (|X| ≥ t) ≤ 2 exp

(
− tα

‖X‖αψα

)
(34)

For α ≥ 1, ‖·‖ψα is a norm (Vershynin, 2018), and for α < 1, it is equivalent to a norm
(Talagrand, 1989).

Lemma 23 Let X be a random variable and α ≥ 1. Then the following properties are
equivalent; the parameters Ki > 0 appearing in these properties differ from each other by at
most an absolute constant factor depending on α.

1. The ψα-norm of X satisfies ‖X‖ψα ≤ K1.

2. The tails of X satisfy

P {|X| ≥ t} ≤ 2 exp (−tα/Kα
2 ) ∀t ≥ 0.

3. The moments of X satisfy

‖X‖p ≤ K3p
1/α

Proof See Vershynin (2018, Exercise 2.7.3).

For a random vector X ∈ Rp, denote

‖X‖ψα := sup
u∈Rp,‖u‖=1

∥∥∥u>X∥∥∥
ψα

Lemma 24 Let C1, c1, α, β,B > 0. Then

min
{

1, Bβ · C1 exp (−c1t
α)
}
≤ C1 exp

−c1
tα

1 + β log(1∨B)
log(1∨C1)


Proof Without loss of generality, assume C1, B ≥ 1. Denote

g(t) := C1 exp (−c1t
α)

f(t) := C1 exp

(
−c1

tα

1 + β logB
logC1

)

f, g : (0,+∞)→ R satisfy the following properties
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• g, f are both positive and decreasing for t ≥ 0.

• denote t0 =
[
β logB+logC1

c1

]1/α
, then

1 ∧ g(t0) = 1 ≤ f(t0)

• derivatives satisfy

d

dt
[log(g(t))] ≤ d

dt
[log(f(t))] , ∀t ≥ t0

Therefore,

1 ∧ g(t) ≤ f(t), ∀t > 0

Lemma 25 Let α ≥ 1. Let X,Q be random elements in Rd,Rd×d and let Φk be a random
symmetric operator in L

(
(Rd×d)×k;Rd×d

)
for some k ∈ N+. Then

I. ‖X‖ψα ≤ ‖‖X‖2‖ψα ≤ c0(2d+ 1)1/α ‖X‖ψα for any α ≥ 1 where c0 > 0 is some absolute
constant independent of d and α.

II. If Q ∈ Rd×d is symmetric, then for any ‖v‖ = 1,∥∥∥v>Qv∥∥∥
ψα
≤
∥∥∥‖Q‖op

∥∥∥
ψα
≤ c1

(
2d · log 3

log 2
+ 1

)1/α

sup
‖v‖=1

∥∥∥v>Qv∥∥∥
ψα

where c1 > 0 is some absolute constant independent of d and α.

III. For any U ∈ Rd×d with unit Frobenius norm

‖〈U,Q〉‖ψα ≤ ‖‖Q‖F‖ψα . sup
U :‖U‖F=1

‖〈U,Q〉‖ψα

IV. For any U ∈ Rd×d with unit Frobenius norm∥∥∥∥∥∥Φk · U⊗k
∥∥∥

F

∥∥∥
ψα
≤ ‖|||Φk|||‖ψα . sup

U :‖U‖F=1

∥∥∥∥∥∥Φk · U⊗k
∥∥∥

F

∥∥∥
ψα

The constants behind . only depend on dimension d, k and possible on α.

Proof
I: The first inequality ‖X‖ψα ≤ ‖‖X‖2‖ψα follows since 〈v,X〉 ≤ ‖X‖ for any ‖v‖ = 1.

For the second inequality, by Lemma 23, we can assume without loss of generality that
‖X‖ψα satisfies K2 = 1, i.e.

sup
‖v‖=1

P {|〈v,X〉| ≥ t} ≤ 2 exp (−tα)
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Following the 1/2-net argument in Lemma 1 in Jin et al. (2019), one can obtain

P {‖X‖ ≥ t} ≤ 4d sup
‖v‖=1

P(〈v,X〉 ≥ t/2)

≤ 2 · 4d exp (−tα/2α)︸ ︷︷ ︸
=:g(t)

Lemma 24 implies that for any t ≥ 0,

P {‖X‖ ≥ t} ≤ 2 exp

(
− tα

(2d+ 1) · 2α

)
=: f(t)

Therefore, Lemma 23 implies that

‖‖X‖2‖ψα ≤ c0(2d+ 1)1/α ‖X‖ψα

where c0 > 0 is some absolute constant independent of d and α.
II: We prove the second inequality here. By Lemma 23, we can assume without loss of
generality that sup‖v‖=1

∥∥v>Qv∥∥
ψα

satisfies K2 = 1, i.e.

sup
‖v‖=1

P
{∣∣∣v>Qv∣∣∣ ≥ t} ≤ 2 exp (−tα)

Following the 1/4-net argument in Vershynin (2018, Exercise 4.4.3, Theorem 4.4.5.), one
can obtain that for any t ≥ 0,

R
{∥∥∥‖Q‖op

∥∥∥
ψα
≥ t
}
≤ 9d · 2 exp(−tα/2α)

Lemma 24 then implies that

R
{∥∥∥‖Q‖op

∥∥∥
ψα
≥ t
}
≤ 2 exp

(
− tα

(2d · log 3
log 2 + 1) · 2α

)
, ∀t ≥ 0

Hence Lemma 23 implies that∥∥∥‖Q‖op

∥∥∥
ψα
≤ c1

(
2d · log 3

log 2
+ 1

)1/α

sup
‖v‖=1

∥∥∥v>Qv∥∥∥
ψα

where c1 > 0 is some absolute constant independent of d and α.
The proofs for statements III and IV follow a similar approach.

Next, we give some properties of the weights w(x,X) and wn,ρ(x,Xi) that will be crucial
to prove uniform concentration as well as a central limit theorem for the estimate Q̂ρ(x).
Recall that by definition, w(x,X) = 1 + (x − µ)>Σ−1(X − µ) and wn,ρ(x) = 1 + (x −
X)Σ̂−1

ρ (Xi −X). For any vector z ∈ Rp, denote ~z = (1, z>)> and

~Σ := E ~X ~X> =

(
1 µ>

µ Σ + µµ>

)
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~Σρ :=

(
1 µ>

µ Σρ + µµ>

)
, where Σρ = Σ + ρIp

~̂Σ := n−1
n∑
i=1

~Xi
~X>i =

(
1 µ̂>

µ̂ Σ̂ + µ̂µ̂>

)
~̂Σρ :=

(
1 µ̂>

µ̂ Σ̂ρ + µ̂µ̂>

)

Lemma 26 Suppose X,X1, . . . , Xn
i.i.d.∼ P ∈ P2(Rp). Let ~̂Σ = n−1

∑n
i=1

~Xi
~X>i . Then for

any x ∈ Rp,

w(x,X) = ~x>~Σ−1 ~X (35)

wn,ρ(x,Xi) = ~x> ~̂Σ
−1

ρ
~X (36)

Proof For (35), by definition one has

~Σ =

(
1 µ>

µ Σ + µµ>

)
Computing the inverse of the block matrix ~Σ then gives

~Σ−1 =

(
1 + µ>Σ−µ −µ>Σ−

−Σ−µ Σ−

)
Finally we arrive at (35) by computing ~x>Λ−1 ~X. (36) follows from similar arguments.

Lemma 27 Suppose Assumption 1 holds. Set

W0n := W0n(x) = −X>Σ̂−1
ρ (x−X) + µ>Σ̂−1

ρ (x− µ)

W1n := W1n(x) = Σ−1(x− µ)− Σ̂−1
ρ (x−X)

one has
wn,ρ(x,Xi)− w(x,Xi) = W0n +W>1nXi (37)

Moreover, for any ρ ∈
{

0, n−1
}
, L ≥ 1 and τ ≥ 0, there exists a constant C > 0 independent

of n such that

P

{
sup

x∈Bµ(L)
|W0n(x)| > L√

n
C(1 + τ) log n

}
. n−(1+τ) (38)

P

{
sup

x∈Bµ(L)
‖W1n(x)‖ > L√

n
C(1 + τ) log n

}
. n−(1+τ) (39)
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Proof Under Assumption 1, we can assume without loss of generality that µ = 0 and
Σ = Ip. Then

wn,ρ(x,Xi) = 1 + (x−X)>Σ̂−1
ρ (Xi −X)

w(x,X) = 1 + x>Xi

Proof of (37): Direct computation gives

wn,ρ(x,Xi)− w(x,Xi) = (x−X)>Σ̂−1
ρ (Xi −X)− x>Xi

= −x>Σ̂−1
ρ X +X>Σ̂−1

ρ X︸ ︷︷ ︸
=W0n(x)

+

(Σ̂−1
ρ − Ip)x+ Σ̂−1

ρ X︸ ︷︷ ︸
=W1n(x)


>

Xi

Proof of (38), (39): For W0n(x):

P

{
sup

x∈Bµ(L)
|W0n(x)| > t

}
≤ P

({∥∥∥Σ̂−1
ρ

∥∥∥
op
≤ 2

}
∩
{
L
∥∥X∥∥+

∥∥X∥∥2 ≥ t/2
})

+ P
({

2 <
∥∥∥Σ̂−1

ρ

∥∥∥
op
≤ n

}
∩
{
L
∥∥X∥∥+

∥∥X∥∥2 ≥ t/n
})

+ P
{∥∥∥Σ̂−1

ρ

∥∥∥
op
> n

}
≤ P

({
L
∥∥X∥∥+

∥∥X∥∥2 ≥ t/2
})

︸ ︷︷ ︸
(I)

+ P
({

2 <
∥∥∥Σ̂−1

ρ

∥∥∥ ≤ n}) ∧ P
({
L
∥∥X∥∥+

∥∥X∥∥2 ≥ t/n
})

︸ ︷︷ ︸
(II)

+ P
{∥∥∥Σ̂−1

ρ

∥∥∥ > n
}

︸ ︷︷ ︸
(III)

Note that for any s ≥ 0, one has

P
{
L
∥∥X∥∥+

∥∥X∥∥2 ≥ s
}
≤ P

{
L
∥∥X∥∥ ≥ √

nL√
nL+ 1

s

}
+ P

{∥∥X∥∥2 ≥ 1√
nL+ 1

s

}
= P

{∥∥X∥∥ ≥ √
n√

nL+ 1
s

}
+ P

{∥∥X∥∥2 ≥ 1√
nL+ 1

s

}
. exp(−cns2/L2) + exp(−c

√
ns/L)

• If ρ = 0, then

(II) + (III) ≤ P
(∥∥∥Σ̂−1

ρ

∥∥∥
op
> 2

)
≤ P

(∥∥∥Σ̂ρ − Ip
∥∥∥

op
> 1/2

)
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. exp(−cn)

Hence

P

{
sup

x∈Bµ(L)
|W0n(x)| > t

}
. exp(−cnt2/L2) + exp(−c

√
nt/L) + exp(−cn)

.

{
exp(−c

√
nt/L) + exp(−cn), t ≥ L/

√
n

exp(−cnt2/L2) + exp(−cn), t < L/
√
n

or equivalently for any s > 0,

P

{
sup

x∈Bµ(L)
|W0n(x)| > L√

n
s

}
.


exp(−cs2) s < 1

exp(−cs), 1 ≤ s ≤ n
exp(−cn), s > n

• If ρ = 1/n, then III = 0. As a result, for any s ≥ 1,

P

{
sup

x∈Bµ(L)
|W0n(x)| > s

L√
n

}

. exp(−cs) + exp(−cn) ∧

{
exp(−cs2/n2), 1 ≤ s ≤ n
exp(−cs/n), s > n

= exp(−cs) +

{
exp(−cn), 1 ≤ s ≤ n2

exp(−cs/n), s > n2

.


exp(−cs), 1 ≤ s ≤ n
exp(−cn), n < s ≤ n2

exp(−cs/n), s > n2

For W1n(x): note that Σ̂−1
ρ − Ip = −Σ̂−1

ρ

(
Σ̂ρ − Ip

)
, then one has

P

{
sup

x∈Bµ(L)
‖W1n(x)‖ > t

}

≤ P
{∥∥∥Σ̂−1

ρ

∥∥∥
op

∥∥∥Σ̂ρ − Ip
∥∥∥

op
L+

∥∥∥Σ̂−1
ρ

∥∥∥
op

∥∥X∥∥ ≥ t}
≤ P

{∥∥∥Σ̂−1
ρ

∥∥∥
op

∥∥∥Σ̂ρ − Ip
∥∥∥

op
L ≥ L

L+ 1
t

}
+ P

{∥∥∥Σ̂−1
ρ

∥∥∥
op

∥∥X∥∥ ≥ 1

L+ 1
t

}
Hence for L ≥ 1, one has

P

{
sup

x∈Bµ(L)
‖W1n(x)‖ > t

}

≤ P
{∥∥∥Σ̂−1

ρ

∥∥∥
op

∥∥∥Σ̂ρ − Ip
∥∥∥

op
≥ t

2L

}
+ P

{∥∥∥Σ̂−1
ρ

∥∥∥
op

∥∥X∥∥ ≥ t

2L

}
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≤ P
({∥∥∥Σ̂−1

ρ

∥∥∥
op
≤ 2

}
∩
{∥∥∥Σ̂ρ − Ip

∥∥∥
op
≥ t/(4L)

})
+ P

({
2 <

∥∥∥Σ̂−1
ρ

∥∥∥
op
≤ n

}
∩
{∥∥∥Σ̂ρ − Ip

∥∥∥
op
≥ t/(2nL)

})
+ P

({∥∥∥Σ̂−1
ρ

∥∥∥
op
> n

})
+ P

({∥∥∥Σ̂−1
ρ

∥∥∥
op
≤ 2

}
∩
{∥∥X∥∥ ≥ t/(4L)

})
+ P

({
2 <

∥∥∥Σ̂−1
ρ

∥∥∥
op
≤ n

}
∩
{∥∥X∥∥ ≥ t/(2nL)

})
+ P

({∥∥∥Σ̂−1
ρ

∥∥∥
op
> n

})
. P

{∥∥∥Σ̂ρ − Ip
∥∥∥

op
≥ t

4L

}
+ P

{∥∥X∥∥ ≥ t

4L

}
︸ ︷︷ ︸

(i)

+ P
{

2 <
∥∥∥Σ̂−1

ρ

∥∥∥
op
≤ n

}
∧
[
P
{∥∥∥Σ̂ρ − Ip

∥∥∥
op
≥ t/(2nL)

}
+ P

{∥∥X∥∥ ≥ t/(2nL)
}]

︸ ︷︷ ︸
(ii)

+ P
({∥∥∥Σ̂−1

ρ

∥∥∥
op
> n

})
︸ ︷︷ ︸

(iii)

• If ρ = 0, then

(ii) + (iii) ≤ P
{∥∥∥Σ̂−1

ρ

∥∥∥
op
> 2

}
. exp(−cn)

As a result, for any L ≥ 1,

P

{
sup

x∈Bµ(L)
‖W1n(x)‖ > t

}
. exp(−cnt/L) ∨ exp(−cnt2/L2) + exp(−cnt2/L2) + exp(−cn)

=

{
exp(−cnt2/L2), t < L

exp(−cn), t ≥ L

Therefore, for any s > 0, L ≥ 1,

P

{
sup

x∈Bµ(L)
‖W1n(x)‖ > L√

n
s

}
.

{
exp(−cs2), s <

√
n

exp(−cn), s >
√
n

• If ρ = n−1, then (iii) = 0. As a result, for any t = sL/
√
n and L ≥ 1,

P

{
sup

x∈Bµ(L)
‖W1n(x)‖ > L√

n
s

}
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.


exp(−cs2), 0 < s <

√
n

exp(−cn),
√
n ≤ s < n3/2

exp(−cs/
√
n), s ≥ n3/2

Combining results for W0n(x) and W1n(x), one can obtain that for any ρ ∈
{

0, n−1
}
, L ≥ 1,

τ ≥ 0 and 1 ≤ s ≤
√
n,

P

{
sup

x∈Bµ(L)
|W0n(x)| > L√

n
s

}
∨ P

{
sup

x∈Bµ(L)
‖W1n(x)‖ > L√

n
s

}
. exp(−cs)

By taking s = O ((1 + τ) log n), the proof is then complete.

Lemma 28 Let {(Xi, Qi)}ni=1 be i.i.d. samples satisfying Assumption 1-2. Let (V, ‖·‖) be
a normed vector space and ψ : S++

d ×Θ→ V is a mapping parametrized by θ ∈ Θ. Suppose
there exists an event E0 under which

• ‖Xi − µ‖ ≤ Ln for i = 1, ..., n.

• ‖ψ(Qi, θ)‖ ≤ Kn for i = 1, ..., n uniformly for θ ∈ Θ.

Denote

G(L,Θ;n) := sup
x∈Bµ(L)

sup
θ∈Θ

∥∥∥∥∥ 1

n

n∑
i=1

[wn,ρ(x,Xi)− w(x,Xi)]ψ(Qi; θ)

∥∥∥∥∥
Then for any ρ ∈

{
0, n−1

}
, L ≥ 1 and any τ ≥ 0, there exists constant C indpendent of n

such that

P
{
G(L,Θ;n) ≥ CKn(Ln + 1)

L√
n

(1 + τ) log n

}
≤O

(
n−(1+τ)

)
+ P(Ec0)

Proof Given s ≥ 1, define event E1(s)

E1(s) := sup
x∈Bµ(L)

sup
θ∈Θ

∥∥∥∥∥ 1

n

n∑
i=1

[wn,ρ(x,Xi)− w(x,Xi)]ψ(Qi; θ)

∥∥∥∥∥ ≥ 2Kn(Ln + 1) · L√
n
s

Then

P (E1(s)) ≤ P (E1(s) ∩ E0) + P (Ec0)

By (37) in Lemma 27, one can obtain for any x and θ ∈ Θ,∥∥∥∥∥ 1

n

n∑
i=1

wn,ρ(x,Xi)ψ(Qi; θ)−
1

n

n∑
i=1

w(x,Xi)ψ(Qi; θ)

∥∥∥∥∥
=

∥∥∥∥∥W0n(x)
1

n

n∑
i=1

ψ(Qi; θ) +
1

n

n∑
i=1

W1n(x)>Xiψ(Qi; θ)

∥∥∥∥∥
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≤ |W0n(x)| · 1

n

n∑
i=1

‖ψ(Qi; θ)‖+ ‖W1n(x)‖2
1

n

n∑
i=1

‖Xi‖2 ‖ψ(Qi; θ)‖

Hence

P(E1(s) ∩ E0) ≤ P

{
sup

x∈Bµ(L)
[|W0n(x)| ·Kn + ‖W1n(x)‖2 · LnKn] ≥ 2Kn(Ln + 1) · L√

n
s

}

= P

{
sup

x∈Bµ(L)
[|W0n(x)|+ ‖W1n(x)‖2] ≥ 2 · L√

n
s

}

≤ P

{
sup

x∈Bµ(L)
|W0n(x)| ≥ L√

n
s

}
+ P

{
sup

x∈Bµ(L)
‖W1n(x)‖2 ≥

L√
n
s

}

Applying (38) and (38) in Lemma 27 gives the desired result.

We will need uniform upper bounds for various quantities of the form

sup
θ∈Θ

f(Zn1 ; θ)

where Zn1 denotes (Z1, ..., Zn). To this end, we decompose the above quantity as follows.

sup
θ∈Θ

f(Zn1 ; θ)− E sup
θ∈Θ

f(Zn1 ; θ)︸ ︷︷ ︸
perturbation

+E sup
θ∈Θ

f(Zn1 ; θ)︸ ︷︷ ︸
expectation

The expectation term is bounded in Lemma 29 below with a chaining argument, while the
perturbation term is shown to concentrate in Lemma 31 by exploiting its bounded difference
property. The proof of Lemma 29 is deferred to Appendix B.2.1.

Lemma 29 Given a function class

F(Θ) = {f(·; θ) : Rp → R : θ ∈ Θ}

where f is continuous jointly in (z, θ) and (Θ, d) is a separable metric space with finite
diameter D := supθ1,θ2∈Θ d(θ1, θ2) & 1. Suppose a random vector Z ∈ Rp satisfies the
following inequality

‖f(Z; θ1)− f(Z; θ2)‖ψ2
≤ τ (d(θ1, θ2)) , ∀θ1, θ2 ∈ Θ (40)

for some increasing function τ : R+ → R+ that satisfies τ(0) = 0, τ(+∞) = +∞. Then

• the following inequality holds

E sup
θ∈Θ
|f(Z; θ)| ≤ C

∫ τ(D)

0

√
logN(τ−1(t); Θ) · dt+ sup

θ∈Θ
E |f(Z; θ)| (41)

where C > 0 is a fixed absolute constant and N(ε; Θ) is the ε-covering number of Θ.
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• Specifically, if τ has the form

τ(ε) =
K√
n

(ε ∨ εα0)

for some constant α0 > 0, then for any D & 1, one has∫ τ(D)

0

√
logN(τ−1(t); Θ) · dt . KD1∨α0

√
n

√
log+D (42)

• Specifically, if Z1, . . . , Zn ∈ Rp are i.i.d. and f : (Rp)k ×Θ→ R is equal to

f(Zn1 ; θ) =

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

ψ(Zi; θ)− E
1

n

n∑
i=1

ψ(Zi; θ)

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ , Zn1 := (Z1, . . . , Zn)

where ψ(z; θ) ∈ Mk,s(Rm;Rm) is a symmetric k-linear operator for any z ∈ Rp, θ ∈ Θ.
Then the following inequality∥∥∥f(Zn1 ; θ)− f(Zn1 ; θ̃)

∥∥∥
ψ2

.
1√
n

∥∥∥∣∣∣∣∣∣∣∣∣ψ(Z1; θ)− ψ(Z1; θ̃)
∣∣∣∣∣∣∣∣∣∥∥∥

ψ2

(43)

holds.

Remark 30 (43) will be applied in three ways as follows.

• m = 1, k = 1: ψ(z; θ) ∈ R and |||ψ(z; θ)||| reduces to the absolute value of ψ(z; θ).
Examples include ψ(X,Q;x, S) = w(x,X)W 2(Q,S) in Lemma 38

• m = d, k = 1: ψ(z; θ) ∈ L(Rm;Rm) can be viewed as a matrix. Moreover, |||ψ(z; θ)|||
reduces to the matrix operator norm. Examples include ψ(X,Q;x) = w(x,X)(TQQ∗(x)−Id)
in Lemma 40.

• m = d× d, k = 1: this is a special case of the previous one by identifying d× d matrices
as a vector in Rd2. Examples include ψ(X,Q;x) = −w(x,X)dTQQ∗(x) in Lemma 40.

• m = d× d, k = 2: Examples include ψ(X,Q;x, S) = w(x,X)d2TQS in Lemma 40.

Lemma 31 Let ψ : Rp × Θ → Rq be a class of functions indexed by θ ∈ Θ. Suppose ψ is
uniformly bounded in the sense that there exists a finite constant K such that ‖ψ(x; θ)‖2 ≤ K
for any x ∈ Rp and θ ∈ Θ. For any fixed y0 ∈ W, define f : (Rp)n ×Θ→ Rq as

f(xn1 ) := sup
θ∈Θ

∥∥∥∥∥ 1

n

n∑
i=1

ψ(xi; θ)− y0

∥∥∥∥∥
2

Then f satisfies the bounded difference property with parameter 2K/n, i.e. for any xn1 , x̃
n
1 ∈

(Rp)n such that
∑n

i=1 I(xi 6= x̃i) ≤ 1,

‖f(xn1 )− f(x̃n1 )‖2 ≤
2K

n
, (44)

Moreover, suppose X1, . . . , Xn are i.i.d. random element in Rp, then

‖f(Xn
1 )− Ef(Xn

1 )‖ψ2
.

2K√
n

(45)
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Proof Without loss of generality, assume x1 6= x̃1 and xj = x̃j for j = 2, . . . , n. Then one
has ∥∥∥∥∥ 1

n

n∑
i=1

ψ(xi; θ)− y0

∥∥∥∥∥
2

− sup
θ̃∈Θ

∥∥∥∥∥ 1

n

n∑
i=1

ψ(x̃i; θ̃)− y0

∥∥∥∥∥
2

≤

∥∥∥∥∥ 1

n

n∑
i=1

ψ(xi; θ)− y0

∥∥∥∥∥
2

−

∥∥∥∥∥ 1

n

n∑
i=1

ψ(x̃i; θ)− y0

∥∥∥∥∥
2

≤

∥∥∥∥∥ 1

n

n∑
i=1

ψ(xi; θ)− y0 −
1

n

n∑
i=1

ψ(x̃i; θ) + y0

∥∥∥∥∥
2

=

∥∥∥∥ 1

n
ψ(x1; θ)− ψ(x̃1; θ)

∥∥∥∥
2

≤2K

n

Taking supremum over θ then gives

f(xn1 )− f(x̃n1 ) ≤ 2K

n

The other direction can be obtained with the role xn1 and x̃n1 reversed. Therefore we get
(44). By Corollary 2.21 in Wainwright (2019), we get (45). The proof is then complete.

Finally, even though Theorem 7 shows fast convergence Q̂ρ(x) → Q∗(x), one needs
Q̂ρ(X) → Q∗(µ) when considering power in Theorem 18, and this is stated in Lemma 32
below. A crucial observation here is that Q̂ρ(X) and Q∗(µ) are the empirical and population
Fréchet mean respectively. The proof is built upon Le Gouic et al. (2022) and Altschuler
et al. (2021).

Lemma 32 Assume Assumption 1 and 2 hold. Then there exists an event Ẽ with probability
at least 1− n−100 under which the following holds

W 2
(
Q̂ρ(X), Q∗(µ)

)
.

polylog (n)√
n

(46)

As a result, under Ẽ, one has

∥∥∥Q̂ρ(X)−Q∗(µ)
∥∥∥

F
.

polylog (n)√
n

(47)

Proof Note that Q̂ρ(X) and Q∗(µ) are equal to the empirical and population barycenter
respectively. For simplicity, we write Q∗ for Q∗(µ).
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Proof of (46): From (3.8)-(3.9) in Le Gouic et al. (2022), the variance inequality in
Chewi et al. (2020, Theorem 6) and results in Altschuler et al. (2021), one can obtain the
following

W 2
(
Q̂ρ(X), Q∗

)
≤ Cb

∥∥∥∥∥ 1

n

n∑
i=1

(
TQiQ∗ − Id

)∥∥∥∥∥
Q∗

(48)

where Cb > 0 is a constant independent of n and ‖A‖Q∗(µ) := 〈A,Q∗A〉. Moreover, Lemma
33 implies that c−1

1 Id � Q∗ � c1Id; see Assumption 2 for the definition of c1. As a result,
one can obtain ∥∥∥∥∥ 1

n

n∑
i=1

(
TQiQ∗ − Id

)∥∥∥∥∥
Q∗

≤ λmax (Q∗) ·

∥∥∥∥∥ 1

n

n∑
i=1

(
TQiQ∗ − Id

)∥∥∥∥∥
F

≤ cΛ

∥∥∥∥∥ 1

n

n∑
i=1

(
TQiQ∗ − Id

)∥∥∥∥∥
F

(49)

Note that by the optimality condition for barycenter, one has E
(
TQQ∗ − Id

)
= 0. Then one

can apply Lemma 25 to get that∥∥∥∥∥
∥∥∥∥∥ 1

n

n∑
i=1

(
TQiQ∗ − Id

)∥∥∥∥∥
F

∥∥∥∥∥
ψ2

. sup
‖U‖F≤1

∥∥∥∥∥
〈
U,

1

n

n∑
i=1

(
TQiQ∗ − Id

)〉∥∥∥∥∥
ψ2

. sup
‖U‖F≤1

1√
n

∥∥∥〈U, TQQ∗ − Id〉∥∥∥
ψ2

≤ 1√
n

∥∥∥∥∥∥TQQ∗ − Id∥∥∥
F

∥∥∥
ψ2

(50)

Recall that TQS = S−1/2
(
S1/2QS1/2

)1/2
S−1/2, then one has∥∥∥∥∥∥TQQ∗ − Id∥∥∥

F

∥∥∥
ψ2

(i)

.

∥∥∥∥∥∥∥TQQ∗ − Id∥∥∥op

∥∥∥∥
ψ2

≤
∥∥∥1 + c

3/2
Λ λmax (Q)1/2

∥∥∥
ψ2

(ii)

≤
∥∥∥1 + c

3/2
Λ c

1/2
Λ ‖X − µ‖1/2

∥∥∥
ψ2

≤
∥∥∥1 + c

3/2
Λ c

1/2
Λ (1 ∨ ‖X − µ‖)

∥∥∥
ψ2

≤
∥∥1 + c2

Λ (1 + ‖X − µ‖)
∥∥
ψ2

. 1 (51)

Here (i) follows since dimension d is fixed and absorbed into the constant factor independent
of n, (ii) is a result of Assumption 2.

Finally, combining (48) (49) (50) and (51) gives∥∥∥W 2
(
Q̂ρ(X), Q∗(µ)

)∥∥∥
ψ2

.
1√
n

(52)

which implies (46).
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Proof of (47): Apply ((iv)) in Lemma 21 to get that under the event Ẽ,

∥∥∥Q̂ρ(X)−Q∗
∥∥∥

F
≤W 2

(
Q̂ρ(X), Q∗

)
·

1 + λ−1
min (Q∗)λmax

(
Q̂ρ(X)

)
λmax (Q∗) · λ−2

min (Q∗)

.W 2
(
Q̂ρ(X), Q∗

)
·
(

1 + λmax

(
Q̂ρ(X)

))
≤ C
√

log n√
n
·
(

1 + λmax

(
Q̂ρ(X)

)) (53)

for constant C > 0 large enough. Note that this implies

λmax

(
Q̂ρ(X)

)
≤ λmax (Q∗) +

∥∥∥Q̂ρ(X)−Q∗
∥∥∥

F

≤ cΛ + C

√
log n√
n
·
(

1 + λmax

(
Q̂ρ(X)

))
Solving for λmax

(
Q̂ρ(X)

)
gives

λmax

(
Q̂ρ(X)

)
≤
cΛ + C

√
logn√
n

1− C
√

logn√
n

. 1 for n large enough

(54)

Finally, plugging (54) back into (53) gives (47).

B.2.1 Proof of Lemma 29

Proof of (41): Since f(z, θ) is continuous in θ and Θ is separable, we have for any
countable, dense subset U ⊂ Θ, the following equality

E sup
θ∈Θ
|f(Z, θ)| = E sup

S∈U
|f(Z, θ)|

holds. By the monotone convergence theorem, it suffices to assume that U is finite and get
an upper bound that is independent of the cardinality of U.

For each k ∈ Z, let Uk ⊂ U be a minimal εk-covering set of U where εk is defined by

εk = τ−1(2−k) (55)

Let N(εk,U) be the cardinality of the minimal εk-covering set Uk of U. Since U is a subset
of Θ, N(εk,U) can be upper bounded by

logN(εk;U) = log |Uk| ≤ logN(εk; Θ)

Since U is finite, there is a largest η ∈ Z and a smallest integer H ∈ Z such that

Uη = {θ0} for some θ0 ∈ U, UH = U
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For each k ∈ Z, define the mapping πk : Θ→ Uk via

πk(θ) = argmin
θ̃∈Uk

d(θ̃, θ)

so that πk(S) is the best approximation of θ ∈ Θ from the set Uk.
For any θ ∈ U, apply the triangle inequality to see that

E
∣∣∣∣max
θ∈U

f(Z, θ)

∣∣∣∣ ≤ E
∣∣∣∣max
θ∈U

(f(Z, θ)− f(Z, θ0))

∣∣∣∣+ E |f(Z; θ0)|

≤ Emax
θ∈U
|f(Z, θ)− f(Z, θ0)|+ E |f(Z; θ0)|

(i)
= Emax

θ∈U

∣∣∣∣∣∣
H∑

k=η+1

(f(Z, πk(θ))− f(Z, πk−1(θ)))

∣∣∣∣∣∣+ E |f(Z; θ0)|

≤ Emax
θ∈U

H∑
k=η+1

|f(Z, πk(θ))− f(Z, πk−1(θ))|+ E |f(Z; θ0)|

≤
H∑

k=η+1

Emax
θ∈U
|f(Z, πk(θ))− f(Z, πk−1(θ))|+ E |f(Z; θ0)|

(56)

Here (i) is a consequence of decomposing f(Z, θ)− f(Z, θ0) as a telescoping sum

f(Z, θ)− f(Z, θ0) =
H∑

k=η+1

(f(Z, πk(θ))− f(Z, πk−1(θ)))

For any fixed θ ∈ Θ, one has

‖f(·, πk(θ))− f(·, πk−1(θ))‖ψ2
≤ ‖f(·, πk(θ))− f(·, θ)‖ψ2

+ ‖f(·, θ)− f(·, πk−1(θ))‖ψ2

(I)

≤ τ(εk) + τ(εk−1)

≤ 2τ(εk−1)

(II)
= 2 · 2−(k−1)

Here (I) is a result of (40), and (II) follows from (55). Then, one can obtain

Emax
θ∈U
|f(Z, πk(θ))− f(Z, πk−1(θ))|

(i)

.
√
|Uk−1| · |Uk| · 2 · 2−(k−1)

.
√

logN(εk; Θ) · 2−(k−1)

(57)

Here (i) follows from the properties of the maximum of finitely many sub-Gaussian random
variables and the fact that the maximum is taken over at most |Uk−1| · |Uk| ≤ N(εk; Θ)2
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random variables. Therefore,

H∑
k=η+1

Emax
θ∈U
|f(Z, πk(θ))− f(Z, πk−1(θ))| .

H∑
k=η+1

√
logN(εk; Θ) · 2−(k−1)

=

H∑
k=η+1

√
logN(τ−1(2−k); Θ) · 2−(k−1)

.
∫ ∞

0

√
logN(τ−1(t); Θ) · dt

(I)
=

∫ τ(D)

0

√
logN(τ−1(t); Θ) · dt

(58)

Here (I) follows by noticing that logN(τ−1(t); Θ) = 0 for any t ≥ τ(D).
Combine (56) and (58) to see that

E sup
θ∈Θ
|f(Z; θ)| ≤ C

∫ τ(D)

0

√
logN(τ−1(t); Θ) · dt+ sup

θ∈Θ
E |f(Z; θ)|

for some constant C > 0.

Proof of (42): Consider two cases α0 ∈ (0, 1] and α0 > 1.

Case I α0 ∈ (0, 1]: Note that since α0 ∈ (0, 1], one has

τ−1(t) =

(√
nt

K

)
∧
(√

nt

K

)1/α0

=


√
nt
K

√
nt ≥ K(√

nt
K

)1/α0 √
nt ≤ K

(59)

As a result, one has∫ τ(D)

0

√
logN(τ−1(t); Θ) · dt

(i)
=

1√
n

∫ √nτ(D)

0

√
logN

(
τ−1

(
t√
n

)
; Θ

)
· dt

(ii)
=

1√
n

∫ K

0

√
logN

(
(t/K)1/α0 ; Θ

)
· dt+

1√
n

∫ √nτ(D)

K

√
logN (t/K; Θ) · dt

.
1√
n

∫ K

0

√
log+

(
D

(t/K)1/α0

)
· dt+

1√
n

∫ √nτ(D)

K

√
log+

(
D

(t/K)

)
· dt

(iii)
=

K√
n

∫ 1

0

√
log+

(
D

t1/α0

)
· dt︸ ︷︷ ︸

a1

+
K√
n

∫ √nτ(D)/K

1

√
log+

(
D

t

)
· dt︸ ︷︷ ︸

a2

(60)

Here (i), (iii) follows from a change of variables, and (ii) follows from (59).
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• a1: one has

a1

(i)

≤
∫ 1

0

√
log+

(
1

t1/α0

)
dt+

∫ 1

0

√
log+Ddt

(ii)

.
√

log+D

(61)

Here (i) follows from the inequality
√
s+ t ≤

√
s+
√
t for s, t ≥ 0, and (ii) follows from

the assumption that D & 1.

• a2: for D & 1,

a2

(i)

≤
∫ √nτ(D)/K

1

√
log+Ddt

(ii)

≤
√
nτ(D)

K
·
√

log+D

= (D ∨Dα0)

√
log+D

(iii)

. D

√
log+D

(62)

Here (i) a consequence of the fact that D/t ≤ D for t ≥ 1, (ii) results from substituting
the definition of τ(·) and (iii) follows from the assumption α0 ∈ (0, 1].

Combine (60), (61) and (62) to see that

∫ τ(D)

0

√
logN(τ−1(t); Θ) · dt . K√

n
D

√
log+D

which proves (42) for α0 ∈ (0, 1].

Case II α0 > 1: for α0 > 1, one has

τ−1(t) =

(√
nt

K

)
∧
(√

nt

K

)1/α0

=


√
nt
K

√
nt ≤ K(√

nt
K

)1/α0 √
nt > K

(63)
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As a result, one can obtain∫ τ(D)

0

√
logN(τ−1(t); Θ) · dt

(i)
=

1√
n

∫ √nτ(D)

0

√
logN

(
τ−1

(
t√
n

)
; Θ

)
· dt

(ii)
=

1√
n

∫ K

0

√
logN (t/K; Θ) · dt+

1√
n

∫ √nτ(D)

K

√
logN

(
(t/K)1/α0 ; Θ

)
· dt

.
1√
n

∫ K

0

√
log+

(
D

t/K

)
· dt+

1√
n

∫ √nτ(D)

K

√
log+

(
D

(t/K)1/α0

)
· dt

(iii)
=

K√
n

∫ 1

0

√
log+

(
D

t

)
· dt︸ ︷︷ ︸

a3

+
K√
n

∫ √nτ(D)/K

1

√
log+

(
D

t1/α0

)
· dt︸ ︷︷ ︸

a4

(64)

Here (i), (iii) follows from a change of variables, and (ii) follows from (63).

• a3: one has

a3

(i)

≤
∫ 1

0

√
log+

(
1

t

)
dt+

∫ 1

0

√
log+Ddt

(ii)

.
√

log+D

(65)

Here (i) follows from the inequality
√
s+ t ≤

√
s+
√
t for s, t ≥ 0, and (ii) follows from

the assumption that D & 1.

• a4: for D & 1,

a4

(i)

≤
∫ √nτ(D)/K

1

√
log+Ddt

(ii)

≤
√
nτ(D)

K
·
√

log+D

= (D ∨Dα0)

√
log+D

(iii)

. Dα0

√
log+D

(66)

Here (i) a consequence of the fact that D/
(
t1/α0

)
≤ D for t ≥ 1, (ii) results from

substituting the definition of τ(·) and (iii) follows from the assumption α0 > 1.

Combine (64), (65) and (66) to see that∫ τ(D)

0

√
logN(τ−1(t); Θ) · dt . K√

n
Dα0

√
log+D

which proves (42) for α0 > 1.
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Proof of (43): Let Ψn(θ) := 1
n

∑n
i=1 ψ(Zi; θ), then one has∥∥∥f(Zn1 ; θ)− f(Zn1 ; θ̃)

∥∥∥
ψ2

=
∥∥∥|||Ψn(θ)− EΨn(θ)||| −

∣∣∣∣∣∣∣∣∣Ψn(θ̃)− EΨn(θ̃)
∣∣∣∣∣∣∣∣∣∥∥∥

ψ2

≤
∥∥∥∣∣∣∣∣∣∣∣∣Ψn(θ)− EΨn(θ)−Ψn(θ̃) + EΨn(θ̃)

∣∣∣∣∣∣∣∣∣∥∥∥
ψ2

(i)

. sup
u,v∈Sm−1

∥∥∥〈u, [Ψ̃n(θ)− EΨ̃n(θ)
]
−
[
Ψ̃n(θ̃) + Ψ̃n(θ̃)

]
· v⊗k

〉∥∥∥
ψ2

(ii)

.
1√
n

sup
u,v∈Sm−1

∥∥∥〈u, [ψ(Z; θ)− ψ(Z; θ̃)
]
− E

[
ψ(Z; θ)− ψ(Z; θ̃)

]
· v⊗k

〉∥∥∥
ψ2

(iii)

.
1√
n

sup
u,v∈Sm−1

∥∥∥〈u, [ψ(Z; θ)− ψ(Z; θ̃)
]
· v⊗k

〉∥∥∥
ψ2

≤ 1√
n

sup
v∈Sm−1

∥∥∥∥∥∥[ψ(Z; θ)− ψ(Z; θ̃)
]
· v⊗k

∥∥∥
F

∥∥∥
ψ2

(iv)

≤ 1√
n

sup
v∈Sm−1

∥∥∥∣∣∣∣∣∣∣∣∣ψ(Z; θ)− ψ(Z; θ̃)
∣∣∣∣∣∣∣∣∣ · ‖v‖kF∥∥∥

ψ2

≤ 1√
n

∥∥∥∣∣∣∣∣∣∣∣∣ψ(Z; θ)− ψ(Z; θ̃)
∣∣∣∣∣∣∣∣∣∥∥∥

ψ2

Here (i) is a result of Lemma 25, (ii) arises due to independence, (iii) follows from Lemma
2.6.8 in Vershynin (2018), and (iv) is derived from the definition of |||·|||. The proof is then
complete.

B.3 Properties of F and Q∗

This section collects properties of F (·, ·) and Q∗(·) that are needed later in the proof.

Lemma 33 Assume Assumption 1 and 2 holds. Then the following inequalities

γΛ(‖x− µ‖)−1Id �Q∗(x) � γΛ(‖x− µ‖)Id, ∀x ∈ suppX (67)

Moreover, there exist constant C∗0 , C
∗
1 > 0 which only depend on cΣ, Cψ2 from Assumption

1 and cΛ, C1 (from Assumption 2) such that

Q∗(x) � [C∗0 + C∗1 ‖x− µ‖]
2 Id (68)

Proof Without loss of generality, assume X have expectation µ = 0 and covariance Σ = Ip.
Denote λ1(x) = λmax (Q∗(x)) and λd(x) = λmin (Q∗(x))

Proof of (67): By the optimality condition of Q∗(x) = argminS E
[
W 2(S,Q)

∣∣X = x
]
. By

the differential properties of W 2 in Lemma 21, one can obtain

Id = E
[
TQQ∗(x)

∣∣X = x
]
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Recall that TQQ∗(x) = Q∗(x)−1/2 (Q∗(x)1/2QQ∗(x)1/2
)1/2

Q∗(x)−1/2, multiplying both sides
of the equation with Q∗(x)1/2 then gives

Q∗(x) = E
[(
Q∗(x)1/2QQ∗(x)1/2

)1/2 ∣∣X = x

]
Then one can obtain

λ1(x) = λmax

(
E
[(
Q∗(x)1/2QQ∗(x)1/2

)1/2
| X = x

])
≤ E

[
λmax

((
Q∗(x)1/2QQ∗(x)1/2

)1/2
)
| X = x

]
≤ γΛ(‖x− µ‖)1/2λ1(x)1/2

Here the second line follows from the convexity of the largest eigenvalue function λmax (·)
over PSD matrices. The last inequality follows from Assumption 2. Therefore, one can
readily obtain λ1(x) ≤ γΛ(‖x− µ‖). The lower bound λd(x) ≥ γΛ(‖x− µ‖)−1 can be
derived similarly by the concavity of the function λmin (·).
Proof of (68): By the optimality condition of Q∗(x) = argminS Ew(x,X)W 2(S,Q) , one has

0 = Ew(x,X)
(
TQQ∗(x) − Id

)
Note that Ew(x,X) = 1 for any x, hence one has

Id = Ew(x,X)TQQ∗(x)

Recall that TQQ∗(x) = Q∗(x)−1/2 (Q∗(x)1/2QQ∗(x)1/2
)1/2

Q∗(x)−1/2, multiplying both sides
of the equation with Q∗(x)1/2 then gives

Q∗(x) = Ew(x,X)
(
Q∗(x)1/2QiQ

∗(x)1/2
)1/2

Taking the largest eigenvalue on both sides, one has

λ1(x) ≤ E |w(x,X)| ·
∥∥∥∥(Q∗(x)1/2QQ∗(x)1/2

)1/2
∥∥∥∥

op

≤ E |w(x,X)| · λmax(Q)1/2λ
1/2
1 (x)

which implies

λ1(x) ≤
[
E (1 + ‖x‖ · ‖X‖)λmax(Q)1/2

]2

Under Assumption 1 and Assumption 2, we have λmax(Qi) ≤ γΛ(‖Xi‖), which implies that

λ1(x) ≤
[
EγΛ(‖X‖)1/2 + ‖x‖E ‖X‖ γΛ(‖X‖)1/2

]2

≤ [C∗0 + C∗1 ‖x‖]
2

where C∗0 , C∗1 > 0 are finite constants only depend on cΣ, Cψ2 from Assumption 1 and cΛ, CΛ

(from Assumption 2).
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Lemma 34 Assume Assumption 1 and 2 hold. If X and Q are independent, then the
following holds.

• Q∗(x) ≡ Q∗(µ)

• Assumption 5 holds for Cλ = 0 and cλ large enough.

• Assumption 4 holds for δF = 1, αF = 2, CF = 1 and some constant cF large enough.

Proof Independence between X and Q implies that

F (x, S) = Ew(x,X)W 2(S,Q)

= Ew(x,X) · EW 2(S,Q)

= EW 2(S,Q)

The existence and uniqueness of the minimizer of F (x, ·) follow from Panaretos and Zemel
(2020, Proposition 3.2.3, Proposition 3.2.7). Moreover, since EW 2(S,Q) does not depend
on x, we have Q∗(x) ≡ Q∗(µ). We denote Q∗ := Q∗(µ) from now on. Note that Lemma 33
implies that Q∗ ∈ Sd(c−1

Λ , cΛ)

Verification of Assumption 5: Again by independence, one has

E
[
−w(x,X)dTQQ∗

]
= E

[
−dTQQ∗

]
Therefore, one can obtain

λmin

(
E
[
−w(x,X)dTQQ∗

])
= λmin

(
E
[
−dTQQ∗

])
(i)

≥ E
λ

1/2
min(Q1/2Q∗Q1/2)

2
· λ2

min(Q∗−1)

& Eλ1/2
min(Q)

(ii)

& E [γΛ(‖X − µ‖)]−1/2

& E
1

1 ∨ ‖X − µ‖CΛ/2

(iii)

≥ ceig

for some constant ceig small enough. Here (i) follows form Lemma 21, (ii) is a result of
Assumption 2 and (iii) is due to Assumption 1. The proof is then complete.

59



Xu and Li

Verification of Assumption 4: In order to verify (13). Let us denoteQ′ = Q∗−1/2SQ∗−1/2.
Then ((ii)) and ((iii)) in Lemma 21 imply the following lower bound.

F (x, S)− F (x,Q∗)

=E
[
W 2(S,Q)−W 2(Q∗, Q)

]
≥E

〈
Id − TQQ∗ , S −Q

∗
〉

+ E
2(

1 + λ
1/2
max(Q′(x))

)2

〈
−dTQQ∗(S −Q

∗), S −Q∗
〉

(i)

≥E 2(
1 + λ

1/2
max(Q′(x))

)2 ·
λ

1/2
min

(
Q1/2Q∗Q1/2

)
2

·
∥∥∥Q∗−1/2(S −Q∗)Q∗−1/2

∥∥∥2

F

(69)

Here (i) follows from the fact that E(TQQ∗ − Id) = 0 which is a consequence of the optimality
condition and independence.

Triangle inequality implies that{
S ∈ S++

d : δ ≤ ‖S −Q∗‖F ≤ ∆
}
⊂
{
S ∈ S++

d : ‖S‖op ≤ cΛ + ∆
}

which combined with (69) implies for any ∆ ≥ δ,

inf
δ≤‖S−Q∗‖F≤∆

F (x, S)− F (x,Q∗)

≥ inf
δ≤‖S−Q∗‖F≤∆

E
2(

1 + λ
1/2
max(Q′)

)2 ·
λ

1/2
min

(
Q1/2Q∗Q1/2

)
2

·
∥∥∥Q∗−1/2(S −Q∗)Q∗−1/2

∥∥∥2

F

(i)

& inf
δ≤‖S−Q∗‖F≤∆

1(
1 + ∆1/2

)2 · ‖S −Q∗‖2F
(ii)

& inf
δ≤‖S−Q∗‖F≤∆

1

1 + ∆
· ‖S −Q∗‖2op

≥csep
1

∆
δ2

where csep > 0 is a constant independent of n that is small enough. Here (i) follows
from the inequalities that λmax (Q′) . λmax (S) . ∆, λmin

(
Q1/2Q∗Q1/2

)
& λmin (Q) and

Eλmin (Q)1/2 & 1; (ii) holds by choosing δF = 1 so that ∆ ≥ δF = 1.
Combining results above, Assumption 4 holds with with δF = 1, αF = 2, CF = 1 and

cF = 1/csep. The proof is then complete.

Recall the definition of γΛ(·) from Assumption 2 and the definition of αF , δF , CF from
Assumption 4. Denote ML := γΛ(L) for any L > 0. With these notations in place, we now
present the continuity theorem for Q∗(·) as follows.
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Lemma 35 (Hölder continuity of Q∗(·)) Suppose Assumption 1-5 hold. Then for any
L ≥ e that satisfies ML > δF , any x, x̃ ∈ Bµ(L),

‖Q∗(x)−Q∗(x̃)‖ ≤ CH max

{(
LCFMCF+1

L

)1/αF
‖x− x̃‖1/αF , LCFMCF+1

L ‖x− x̃‖
}

(70)

holds as long as the constant CH is large enough. Here CH is independent of n but depends
on d.

Proof Note that ML ≥ 1 by the properties of γΛ in Assumption 2. The proof is divided
into 3 steps.

1. First, we should that F (x, S) is Lipschitz in x for any fixed S ∈ Sd(M−1
L ,ML).

2. Next, the Lipschitzness in step 1 and Assumption 4 imply the local Hölder continuity of
Q∗(x) with respect to x.

3. Then, an argument based on linear interpolation between x and x̃ implies Lipschitz
continuity for x, x̃ separated far apart.

Combining the 3 step above finally gives (70).
To start with, note that Lemma 33 implies

Q∗(x) ∈ Sd(M−1
L ,ML), for any x ∈ B(µ,L)

Recall that F (x, S) = E
[
w(x,X)W 2(S,Q)

]
.

1. F is Lipschitz in x: for any x, x̃ ∈ Bµ(L), one can obtain

|F (x, S)− F (x̃, S)| =
∣∣E(x− x̃)Σ−1(X − µ)W 2(S,Q)

∣∣
. ‖x− x̃‖ · E

∥∥(X − µ)W 2(S,Q)
∥∥

(i)

. ‖x− x̃‖ · E ‖X − µ‖ (λmax (S) + λmax (Q))

= ‖x− x̃‖ · [E ‖X − µ‖λmax (S) + E ‖X − µ‖λmax (Q)]

(ii)

. ‖x− x̃‖ (λmax (S) + 1) (71)

Here (i) follows from ((i)) in Lemma 21, and (ii) follows from the concentration of X
(Assumption 1) and boundedness of Q given X (Assumption 2).

2. Local Hölder continuity: for any x, x̃ ∈ Bµ(L), one has

0 ≤F (x,Q∗(x̃))− F (x,Q∗(x))

= (F (x,Q∗(x̃))− F (x̃, Q∗(x̃))) + (F (x̃, Q∗(x̃))− F (x̃, Q∗(x)))︸ ︷︷ ︸
≤0

+ (F (x̃, Q∗(x))− F (x,Q∗(x)))

≤ |F (x,Q∗(x̃))− F (x̃, Q∗(x̃))|+ |F (x̃, Q∗(x))− F (x,Q∗(x))|
(i)

. ‖x− x̃‖ · (λmax (Q∗(x)) + λmax (Q∗(x̃)) + 2)

(ii)

≤CML ‖x− x̃‖
(72)
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provided that constant C > 0 is large enough. Here (i) follows from (71) and (ii) follows
since Q∗(x), Q∗(x̃) ∈ Sd(M−1

L ,ML) for x, x̃ ∈ Bµ(L) by Lemma 33.
Note also that for any x, x̃ ∈ Bµ(L), one has ‖Q∗(x)−Q∗(x̃)‖F ≤

√
dML. Recall the

definition of δF , αF , γ2(·, ·) from Assumption 4. Then for any x, x̃ ∈ Bµ(L) that satisfy

‖x− x̃‖ ≤
δαFF

CMLγ2(L,
√
dML)

=: t0 (73)

one can obtain

‖Q∗(x)−Q∗(x̃)‖F ≤
(
CMLγ2(L,

√
dML)

)1/αF
· ‖x− x̃‖1/αF (74)

To see this, note that first we have ‖Q∗(x)−Q∗(x̃)‖F < δF since otherwise Assumption 4
then implies that

F (x,Q∗(x̃))− F (x,Q∗(x)) >
δαFF

γ2(L,
√
dML)

(i)

≥ CML ‖x− x̃‖

Here (i) results from (73). This is a contradiction with (72). Next applying Assumption 4
with δ = ‖Q∗(x)−Q∗(x̃)‖F and ∆ =

√
dML gives

F (x,Q∗(x̃))− F (x,Q∗(x)) ≥ ‖Q
∗(x)−Q∗(x̃)‖αF

γ2(L,
√
dML)

which combined with (71) implies (74).

3. x, x̃ far apart: for any x, x̃ ∈ Bµ(L) such that ‖x− x̃‖ > t0, let K := d‖x− x̃‖ /t0e
and

xk :=

(
1− k

K

)
x+

k

K
x̃, k = 0, . . . ,K

Then ‖xk+1 − xk‖ ≤ t0, and one can apply (74) to see that

‖Q∗(x)−Q∗(x̃)‖ ≤
K−1∑
k=0

‖Q∗(xk+1)−Q∗(xk)‖

≤
K−1∑
k=0

(
CMLγ2(L,

√
dML)

)1/αF
· ‖xk+1 − xk‖1/αF

≤
K−1∑
k=0

(
CMLγ2(L,

√
dML)

)1/αF
· t1/αF0

= KδF

≤ 2
‖x− x̃‖
t0

δF

.MLγ2(L,
√
dML) · ‖x− x̃‖

(75)

Here the last line follows since δF is a constant defined in Assumption 4.
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Finally, combine (74) and (75) to see that for any x, x̃ ∈ Bµ(L), one has

‖Q∗(x)−Q∗(x̃)‖ ≤ CH ·max
{

(MLγ2(L,ML))1/αF ‖x− x̃‖1/αF ,MLγ2(L,ML) ‖x− x̃‖
}

for some constant CH independent of n (but depends on d).

Appendix C. Proof of Theorem 7 and Corollary 10

C.1 Proof outline for uniform convergence

We start by introducing some notations. Define

F̂ρ(x, S) =
1

n

n∑
i=1

wn,ρ(x,Xi)W
2(S,Qi)

Âρ :=
1

n

n∑
i=1

wn,ρ(x,Xi)
(
TQiQ∗(x) − Id

)
Φ̂ρ(x) :=

1

n

n∑
i=1

wn,ρ(x,Xi)dT
Qi
Q∗(x)

Ψ̂ρ (x, S) :=
1

n

n∑
i=1

wn,ρ(x,Xi)d
2TQiS

(76)

and

F̃n(x, S) :=
1

n

n∑
i=1

w(x,Xi)W
2(S,Qi)

Ãn(x) :=
1

n

n∑
i=1

w(x,Xi)
(
TQiQ∗(x) − Id

)
Φ̃n(x) :=

1

n

n∑
i=1

w(x,Xi)dT
Qi
Q∗(x)

Ψ̃n(x, S) :=
1

n

n∑
i=1

w(x,Xi)d
2TQiS

(77)

For any t ≥ 1, define the event E0(t) as

E0(t) :=
{
‖Xi − µ‖ ≤ t, Qi ∈ Sd(M−1

t ,Mt), i ∈ [n]
}

whereMt := γΛ(t) and γΛ(·) is defined in Assumption 2. Specifically, let Lτ =
√

(1 + τ) log n
for τ ≥ 0 and define

E0 = E0 (Cψ2Lτ ) , (78)

Under Assumption 1 and 2, we have P(Ec0) ≤ 2n−(1+τ).
We now give an outline of the proof strategy for our uniform convergence theory, namely,

Theorems 7 and Corollary 10.
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• Lemma 36 establishes a tail probability bound for the largest eigenvalue of Q̂ρ(x).

• Lemma 37 provides uniform concentration guarantees for F̂ρ.

• Lemma 38 demonstrates uniform consistency of Q̂ρ(x), albeit with a potentially slow
rate;

• Lemma 40-42 derive upper bounds for quantities associated with Âρ(x), Φ̂ρ(x) and
Ψ̂ρ(x;S).

• Lemma 43 arrives at the non-asymptotic
√
n-rate uniform convergence in the Frobenius

norm with high probability.

• Lemma 44 combines Lemma 36 and 43 to obtain a
√
n-rate moment bound for the

uniform Frobenius error.

• Lemma 45 generalizes the preceding moment result to the Wasserstein distance.

Theorem 7 and Corollary 10 then follow immediately by combining Lemmas 36-45.

Lemma 36 Suppose Assumption 1-2 hold. If n ≥ 3 and 1 ≤ L ≤
√
n, then there exist

constants Cb, cb, ce > 0 (independent of n) such that for t0 = CbL, the following hold:

• Case ρ = 0: for all t ≥ t0, the tail probability satisfies

P

(
sup

x∈Bµ(L)
λ̂1(x) ≥ t2

)
. h0(t) + exp(−cen)

• Case ρ = n−1: for all t ≥ t0, the tail probability satisfies

P

(
sup

x∈Bµ(L)
λ̂1(x) ≥ t2

)
.

{
h0(t) + exp(−cen), t ∈ [t0, nt0]

h0(t) + exp(−cen) ∧ h0(t/n), t ∈ (nt0,+∞)

where in the above two cases, h0 : R+ → R+ is defined as

h0(t) := exp

(
−
√

t

cbL

)
+ n · exp

[
−
(

t

cbL

)2/(CΛ+2)
]

As a result, denote

Ẽ0 :=

{
sup

x∈Bµ(L)
λmax

(
Q̂ρ(x)

)
< M̃L

}
(79)

where M̃L := (cb ∨ Cb)2 L2L4+(4∨2C1)
τ

then

P(Ẽc0) ≤ Cλ,τn−τ (80)

for some constant Cλ,τ independent of n.
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Proof See Appendix C.2.

Denote F (x, S) = EF̃n(x, S).

Lemma 37 Instate the notations and assumptions in Theorem 7 and Lemma 36. Then for
ρ ∈

{
0, n−1

}
and any τ > 0,

sup
x∈Bµ(L)

S∈Sd(0,M̃L)

∣∣∣F̂ρ(x, S)− F (x, S)
∣∣∣ ≤ CF,τ LM̃3

L√
n

with probability greater than 1− cF,τn−τ for constants CF,τ , cF,τ independent of n.

Proof See Appendix C.3.

Lemma 38 Instate the notations and assumptions in Theorem 7 and Lemma 37. Let 1 ≤
L = O(

√
log n). Then for ρ ∈

{
0, n−1

}
and any τ > 0, there exists an event Ẽ1 ⊂ Ẽ0 with

probability greater than 1− cδ,τn−τ under which

sup
x∈Bµ(L)

∥∥∥Q̂ρ(x)−Q∗(x)
∥∥∥

F
≤ Cδ,τ

polylog (n)

n1/(2αF )
(81)

for constants Cδ,τ , cδ,τ > 0 independent of n. As a result, under Ẽ1,

Q̂ρ(x) ∈ Sd
(
(CslowML)−1, CslowML

)
, ∀x ∈ Bµ(L) (82)

for some constant Cslow > 0 independent of n.

Proof See Appendix C.4.

Remark 39 We remind readers that in Lemma 38, αF ≥ 1 is defined in Assumption 4.
Therefore, Lemma 38 might only lead to a uniform convergence rate slower than

√
n. For

example, it is shown in Lemma 34 that αF = 2 when X and Q are independent, which results
by (81) in a uniform convergence rate of n1/4. Such a slow rate is not enough to derive the
asymptotic null distribution of our test statistic in Theorem 16. Therefore, we apply a finer
analysis in the following part of the proof to further boost the uniform convergence rate to
n1/2.

Lemma 40 Instate the notations and assumptions in Theorem 7 and Lemma 38. Then
there exists an event E2,1 ⊂ Ẽ1 with probability greater than 1− cτ,1n−τ under which

sup
x∈Bµ(L)

∥∥∥Ãn(x)
∥∥∥

F
≤ Cτ,1

polylog (n)√
n

(83)

sup
x∈Bµ(L)

∣∣∣∣∣∣∣∣∣Φ̃n(x)− EΦ̃n(x)
∣∣∣∣∣∣∣∣∣ ≤ Cτ,1 polylog (n)√

n
(84)
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sup
x∈Bµ(L)

S∈Sd((CslowML)−1,CslowML)

∣∣∣∣∣∣∣∣∣Ψ̃n(x;S)− EΨ̃n(x;S)
∣∣∣∣∣∣∣∣∣ ≤ Cτ,1 polylog (n)√

n
(85)

sup
x∈Bµ(L)

S∈Sd((CslowML)−1,CslowML)

∣∣∣∣∣∣∣∣∣EΨ̃n(x;S)
∣∣∣∣∣∣∣∣∣ ≤ Cτ,1polylog (n) (86)

for constants Cτ,1, cτ,1 independent of n.

Proof See Appendix C.5.

Lemma 41 Instate the notations and assumptions in Theorem 7 and Lemma 38. Then
there exists event E2,2 ⊂ Ẽ1 with probability greater than 1− cτ,2n−τ under which

sup
x∈Bµ(L)

∥∥∥Âρ(x)− Ãn(x)
∥∥∥

F
≤ Cτ,2

polylog (n)√
n

(87)

sup
x∈Bµ(L)

∣∣∣∣∣∣∣∣∣Φ̂ρ(x)− Φ̃n(x)
∣∣∣∣∣∣∣∣∣ ≤ Cτ,2 polylog (n)√

n
(88)

sup
x∈Bµ(L)

S∈Sd((CslowML)−1,CslowML)

∣∣∣∣∣∣∣∣∣Ψ̂ρ(x;S)− Ψ̃n(x;S)
∣∣∣∣∣∣∣∣∣ ≤ Cτ,2 polylog (n)√

n
(89)

for constants Cτ,2, cτ,2 independent of n.

Proof See Appendix C.6.

With Lemma 40 and 41 in hand, we define event Ẽ2 := E2,1 ∩ E2,2 under which Âρ(x),
Ψ̂ρ(x;S) and Φ̂−1

ρ (x) are uniformly bounded. This is summarized in Lemma 42.

Lemma 42 Instate the notations and assumptions in Theorem 7, Lemma 38, 40 and 41.
Then P(Ẽc2) ≤ c̃τ,2n−τ and under Ẽ2 the following hold:

sup
x∈Bµ(L)

∥∥∥Âρ(x)
∥∥∥

F
≤ C̃τ,2

polylog (n)√
n

(90)

sup
x∈Bµ(L)

S∈Sd((CslowML̃
)−1,CslowML̃)

∣∣∣∣∣∣∣∣∣Ψ̂ρ(x, S)
∣∣∣∣∣∣∣∣∣ ≤ C̃τ,2polylog (n) (91)

inf
x∈Bµ(L)

λmin

(
−Φ̂ρ(x)

)
≥ 1

C̃τ,2polylog (n)
(92)

As a result, under Ẽ2 the operator −Φ̂ρ is invertible and

sup
x∈Bµ(L)

∣∣∣∣∣∣∣∣∣−Φ̂−1
ρ (x)

∣∣∣∣∣∣∣∣∣ ≤ C̃τ,2polylog (n) (93)

Proof See Appendix C.7.
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Lemma 43 Instate the notations and assumptions in Theorem 7, Lemma 36 - 41. then
under Ẽ2,

sup
x∈Bµ(L)

∥∥∥Q̂ρ(x)−Q∗(x)
∥∥∥

F
≤ Cfast,τ

polylog (n)√
n

for constant Cfast,τ independent of n.

Proof See Appendix C.8.

Lemma 44 Let ρ = 1/n. Instate the notations and assumptions in Theorem 7, Lemma 36
- 43. Then

E sup
x∈Bµ(L)

∥∥∥Q̂ρ(x)−Q∗(x)
∥∥∥

F
≤ CE,F

polylog (n)√
n

for some constant CE,F independent of n.

Proof See Appendix C.9.

Lemma 45 Let ρ = 1/n. Instate the notations and assumptions in Theorem 7, Lemma 36
- 43. Then

E sup
x∈Bµ(L)

W
(
Q̂ρ(x), Q∗(x)

)
≤ CE,W

polylog (n)√
n

for some constant CE,W independent of n.

Proof See Appendix C.10.

C.2 Proof of Lemma 36

Without loss of generality, assume µ = 0, Σ = Ip, Cψ2 = 1 and cΛ = 1 (defined in Assump-
tion 2). Denote λ̂1(x) = λmax

(
Q̂ρ(x)

)
.

By the optimality condition for Q̂ρ(x), one has

0 =
1

n

n∑
i=1

wn,ρ(x,Xi)
(
TQi
Q̂ρ(x)

− Id
)

Note that n−1
∑n

i=1wn,ρ(x,Xi) = 1 for any x, hence one has

Id =
1

n

n∑
i=1

wn,ρ(x,Xi)T
Qi
Q̂ρ(x)
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Recall that TQ
Q̂ρ(x)

= Q̂ρ(x)
−1/2

(
Q̂ρ(x)1/2QQ̂ρ(x)1/2

)1/2
Q̂ρ(x)−1/2, multiplying both sides

of the equation with Q̂ρ(x) then gives

Q̂ρ(x) =
1

n

n∑
i=1

wn,ρ(x,Xi)
(
Q̂ρ(x)1/2QiQ̂ρ(x)1/2

)1/2

Taking the largest eigenvalue on both sides, one has

λ̂1(x) ≤ 1

n

n∑
i=1

|wn,ρ(x,Xi)| ·
∥∥∥∥(Q̂ρ(x)1/2QiQ̂ρ(x)1/2

)1/2
∥∥∥∥

op

≤ 1

n

n∑
i=1

|wn,ρ(x,Xi)| · λmax(Qi)
1/2λ̂

1/2
1 (x)

which implies

λ̂1(x) ≤

[
1

n

n∑
i=1

∣∣∣1 + (x−X)>Σ̂−1
ρ (Xi −X)

∣∣∣ · λmax(Qi)
1/2

]2

≤

[
1

n

n∑
i=1

(
1 +

∥∥x−X∥∥ · ∥∥∥Σ̂−1
ρ

∥∥∥
op
·
∥∥Xi −X

∥∥)λmax(Qi)
1/2

]2

Hence

P

(
sup

x∈Bµ(L)
λ̂1(x) ≥ t2

)

≤P

({∥∥∥Σ̂−1
ρ

∥∥∥
op
≤ 2

}
∩

{
sup

x∈Bµ(L)

1

n

n∑
i=1

(
1 +

∥∥x−X∥∥ · ∥∥Xi −X
∥∥)λmax(Qi)

1/2 ≥ t/2

})

+ P

({
2 <

∥∥∥Σ̂−1
ρ

∥∥∥
op
≤ n

}
∩

{
sup

x∈Bµ(L)

1

n

n∑
i=1

(
1 +

∥∥x−X∥∥ · ∥∥Xi −X
∥∥)λmax(Qi)

1/2 ≥ t/n

})

+ P
(∥∥∥Σ̂−1

ρ

∥∥∥
op
> n

)
≤P

(
sup

x∈Bµ(L)

1

n

n∑
i=1

(
1 +

∥∥x−X∥∥ · ∥∥Xi −X
∥∥)λmax(Qi)

1/2 ≥ t/2

)
︸ ︷︷ ︸

(I)

+ P
(

2 <
∥∥∥Σ̂−1

ρ

∥∥∥
op
≤ n

)
∧ P

(
sup

x∈Bµ(L)

1

n

n∑
i=1

(
1 +

∥∥x−X∥∥ · ∥∥Xi −X
∥∥)λmax(Qi)

1/2 ≥ t/n

)
︸ ︷︷ ︸

(II)

+ P
(∥∥∥Σ̂−1

ρ

∥∥∥
op
> n

)
︸ ︷︷ ︸

(III)
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Claim 1 Suppose Assumption 1-2 hold with µ = 0, Σ = Ip, Cψ2 = 1 and cΛ = 1. If n ≥ 3,
1 ≤ L ≤

√
n. then for ρ ∈

{
0, n−1

}
and any t ≥ 6L,

P
{∥∥∥Σ̂−1

ρ

∥∥∥
op
> 2

}
. exp(−cen)

P

{
sup

x∈Bµ(L)

1

n

n∑
i=1

(
1 +

∥∥x−X∥∥ · ∥∥Xi −X
∥∥)λmax(Qi)

1/2 ≥ t

}
. h0(t)

where

h0(t) = exp

(
−
√

t

cbL

)
+ n · exp

[
−
(

t

cbL

)2/(CΛ+2)
]

for some constants cb, ce > 0 independent of n.

See Appendix C.2.1 for the proof.
Combining the above results, one can obtain that

• If ρ = 0, then

(II) + (III) ≤ P
(∥∥∥Σ̂−1

ρ

∥∥∥
op
> 2

)
As a result, for any t ≥ 6L, the tail probability satisfies

P

(
sup

x∈Bµ(L)
λ̂1(x) ≥ t2

)
. h0(t) + exp(−cen)

• If ρ = n−1, then (III) = 0. As a results, the tail probability satisfies

P

(
sup

x∈Bµ(L)
λ̂1(x) ≥ t2

)
.

{
h0(t) + exp(−cen), t ∈ [t0, nt0]

h0(t) + exp(−cen) ∧ h0(t/n), t ∈ (nt0,+∞)

with t0 = 6L.

Finally, set

t̃L = (Cb ∨ cb)L2+(2∨2C1)
τ L

Note that t̃L ≥ t0, hence

P

(
sup

x∈Bµ(L)
λ̂1(x) ≥ t̃2L

)
. h0(t̃L) + exp(−cen)

. n−(1+τ) + exp(−cen)

≤ Cτn−(1+τ)

for some constant Cτ independent of n (but depends on τ).
This finishes the proof of Lemma 36.
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C.2.1 Proof of Claim 1

The first inequality follows by noticing that Σ̂ρ = n−1
∑n

i=1XiX
>
i − XX> + ρIp with

ρ ∈ {0, 1/n}. Applying the triangle inequality, one can obtain that for n ≥ 3,

P
{∥∥∥Σ̂−1

ρ

∥∥∥
op
> 2

}
≤ P

{∥∥∥Σ̂ρ − Ip
∥∥∥

op
> 1/2

}

≤ P

∥∥∥∥∥n−1
n∑
i=1

XiX
>
i − Ip

∥∥∥∥∥
op

> 1/12

+ P
(∥∥∥XX>∥∥∥

op
> 1/12

)

Note that the last line holds for both ρ ∈
{

0, n−1
}
. Under the sub-Gaussian assumption in

Assumption 1, one can obtain that

P


∥∥∥∥∥n−1

n∑
i=1

XiX
>
i − Ip

∥∥∥∥∥
op

> 1/12

 . exp(−cn)

P
{∥∥∥XX>∥∥∥

op
> 1/12

}
. exp(−cn)

Now we move on to the second inequality. Note that

1

n

n∑
i=1

(
1 +

∥∥x−X∥∥ · ∥∥Xi −X
∥∥)λmax(Qi)

1/2

≤ 1

n

n∑
i=1

(1 + ‖x‖ · ‖Xi‖)λmax(Qi)
1/2 +

1

n

n∑
i=1

∥∥X∥∥ · ‖Xi‖λmax(Qi)
1/2

+
1

n

n∑
i=1

‖x‖ ·
∥∥X∥∥λmax(Qi)

1/2 +
1

n

n∑
i=1

∥∥X∥∥2
λmax(Qi)

1/2

=
(

1 + ‖x‖
∥∥X∥∥+

∥∥X∥∥2
)
· 1

n

n∑
i=1

λmax(Qi)
1/2 +

(∥∥X∥∥+ ‖x‖
)
· 1

n

n∑
i=1

‖Xi‖λmax(Qi)
1/2

Therefore, for any L ≥ 1 and t > 0, one has

P

{
sup

x∈Bµ(L)

1

n

n∑
i=1

(
1 +

∥∥x−X∥∥ · ∥∥Xi −X
∥∥)λmax(Qi)

1/2 ≥ t

}

≤ P

{(
1 + L

∥∥X∥∥+
∥∥X∥∥2

)
· 1

n

n∑
i=1

λmax(Qi)
1/2 ≥ 1

1 + L
t

}

+ P

{(∥∥X∥∥+ ‖x‖
)
· 1

n

n∑
i=1

‖Xi‖λmax(Qi)
1/2 ≥ L

1 + L
t

}

≤ P

{(
1 + L

∥∥X∥∥+
∥∥X∥∥2

)
· 1

n

n∑
i=1

λmax(Qi)
1/2 ≥ t

2L

}
︸ ︷︷ ︸

(A)
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+ P

{(∥∥X∥∥+ L
)
· 1

n

n∑
i=1

‖Xi‖λmax(Qi)
1/2 ≥ t

2

}
︸ ︷︷ ︸

(B)

Analysis for (A): for any 1 ≤ L ≤
√
n, one can obtain that

(A) ≤ P

{
1

n

n∑
i=1

λmax(Qi)
1/2 ≥ 1

1 + L/
√
n+ 1/n

· t
2L

}

+ P

{
L
∥∥X∥∥ 1

n

n∑
i=1

λmax(Qi)
1/2 ≥ L/

√
n

1 + L/
√
n+ 1/n

· t
2L

}

+ P

{∥∥X∥∥2 1

n

n∑
i=1

λmax(Qi)
1/2 ≥ 1/n

1 + L/
√
n+ 1/n

· t
2L

}

≤ P

{
1

n

n∑
i=1

λmax(Qi)
1/2 ≥ 1

3
· t

2L

}
+ P

{∥∥X∥∥ 1

n

n∑
i=1

λmax(Qi)
1/2 ≥ 1/

√
n

3
· t

2L

}
︸ ︷︷ ︸

A1

+ P

{∥∥X∥∥2 1

n

n∑
i=1

λmax(Qi)
1/2 ≥ 1/n

3
· t

2L

}
︸ ︷︷ ︸

A2

• A1:

A1 ≤ P

{∥∥X∥∥ ≥ 1√
n
·
√

t

6L

}
+ P

{
1

n

n∑
i=1

λmax(Qi)
1/2 ≥

√
t

6L

}

• A2:

A2 ≤ P

{∥∥X∥∥2 ≥ 1

n
·
√

t

6L

}
+ P

{
1

n

n∑
i=1

λmax(Qi)
1/2 ≥

√
t

6L

}

Hence for t ≥ 6L,

(A) . P

{
1

n

n∑
i=1

λmax(Qi)
1/2 ≥

√
t

6L

}
+ P

{∥∥X∥∥2 ≥ 1

n
·
√

t

6L

}

. P

{
1

n

n∑
i=1

λmax(Qi)
1/2 ≥

√
t

6L

}
+ exp

(
−c
√

t

6L

)

Analysis for (B):

(B) ≤ P

{
L · 1

n

n∑
i=1

‖Xi‖λmax(Qi)
1/2 ≥

√
nL√

nL+ 1

t

2

}
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+ P

{∥∥X∥∥ · 1

n

n∑
i=1

‖Xi‖λmax(Qi)
1/2 ≥ 1√

nL+ 1

t

2

}

≤ P

{
1

n

n∑
i=1

‖Xi‖λmax(Qi)
1/2 ≥ t

4L

}
+ P

{∥∥X∥∥ · 1

n

n∑
i=1

‖Xi‖λmax(Qi)
1/2 ≥ t

4
√
nL

}

≤ P

{
1

n

n∑
i=1

‖Xi‖λmax(Qi)
1/2 ≥ t

4L

}

+ P

{∥∥X∥∥ ≥√ t

4nL

}
+ P

{
1

n

n∑
i=1

‖Xi‖λmax(Qi)
1/2 ≥

√
t

4L

}

Hence for t ≥ 4L,

(B) . P

{∥∥X∥∥ ≥√ t

4nL

}
+ P

{
1

n

n∑
i=1

‖Xi‖λmax(Qi)
1/2 ≥

√
t

4L

}

. exp(−ct/L) + P

{
1

n

n∑
i=1

‖Xi‖λmax(Qi)
1/2 ≥

√
t

4L

}

Combining results for (A) and (B), one can obtain that for t ≥ 6L,

(A) + (B)

. exp

(
−c
√

t

6L

)
+ exp(−ct/L) + P

{
1

n

n∑
i=1

λmax(Qi)
1/2 ≥

√
t

6L

}

+ P

{
1

n

n∑
i=1

‖Xi‖λmax(Qi)
1/2 ≥

√
t

4L

}

. exp

(
−c
√

t

6L

)
+ P

{
1

n

n∑
i=1

λ1/2
max(Qi) ≥

√
t

6L

}
+ P

{
1

n

n∑
i=1

‖Xi‖λ1/2
max(Qi) ≥

√
t

4L

}

Note that for any s ≥ 1,

P

{
1

n

n∑
i=1

λmax(Qi)
1/2 ≥ s

}
≤ n · P

{
λmax(Qi)

1/2 ≥ s
}

≤ n · P
{

(1 ∨ ‖Xi‖)CΛ/2 ≥ s
}

= n · P
{
‖Xi‖ ≥ s2/CΛ

}
. n · exp

(
−cs4/CΛ

)
and

P

{
1

n

n∑
i=1

‖Xi‖λmax(Qi)
1/2 ≥ s

}
≤ n · P

{
‖Xi‖λmax(Qi)

1/2 ≥ s
}
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≤ n · P
{
‖Xi‖ (1 ∨ ‖Xi‖)CΛ/2 ≥ s

}
= n · P

{
‖Xi‖1+CΛ/2 ≥ s

}
. n · exp

(
−cs4/(CΛ+2)

)
Therefore, for any t ≥ 6L,

(A) + (B) . exp

(
−c
√
t

L

)
+ n · exp

[
−c (t/L)2/CΛ

]
+ n · exp

[
−c (t/L)2/(CΛ+2)

]
. exp

(
−c
√
t

L

)
+ n · exp

[
−c (t/L)2/(CΛ+2)

]
The proof of Claim 1 is complete by adjusting constant c here.

C.3 Proof of Lemma 37

Without loss of generality, assume µ = 0, Σ = Ip, Cψ2 = 1. Recall notation Sd(a, b) :=
{A ∈ Sd : aId ≺ A ≺ bId}. Denote parameter θ = (x, S) and parameter space Θ = Bµ(L)×
Sd(0, M̃L). Let F (θ) denote F (x, S) and similarly for other functions of (x, S). By triangle
inequality, one can obtain that

sup
θ∈Θ

∣∣∣F̂ρ(θ)− F (θ)
∣∣∣ ≤ sup

θ∈Θ

∣∣∣F̂ρ(θ)− F̃n(θ)
∣∣∣︸ ︷︷ ︸

ζ1

+ sup
θ∈Θ

∣∣∣F̃n(θ)− F (θ)
∣∣∣︸ ︷︷ ︸

ζ2

(94)

For any t1, t2 > 0, define Csup(t1, t2) := sup
{
W 2(Q,S) : Q ∈ Sd(0, t1), S ∈ Sd(0, t2)

}
.

By Lemma 21, one has

Csup(t1, t2) . t1 + t2 (95)

Here dimension d is viewed as a fixed constant and absorbed into ..

• ζ1: under event E0 (defined in (78)), one has

– ‖Xi − µ‖ ≤ Lτ =
√

(1 + τ) log n for i = 1, ..., n.

– W 2(Qi, S) .MLτ ∨ M̃L for any S ∈ Sd(0, M̃L) and i ∈ [n].

Lemma 28 then implies that

ζ1 .
(
MLτ ∨ M̃L

) LL3
τ√
n

(96)

with probability greater than 1−O
(
n−(1+τ)

)
.

• ζ2 can be bounded by truncation and the uniform concentration in Lemma 29. Let L̃ ≥ 1
be a parameter to be specified later, and let M

L̃
:= γΛ(L̃). Then Assumption 2 implies

that a.s.
X ∈ Bµ(L̃) =⇒ Q ∈ Sd

(
M−1

L̃
,M

L̃

)
(97)
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Let X̃ be a truncated form of X defined as

X̃ := X̃(L̃) = X1(‖X‖ ≤ L̃) (98)

Let X̃> := X − X̃. By definition, one has X = X̃ + X̃> ,
∥∥∥X̃∥∥∥ ≤ L̃ and

X̃> =

{
0, ‖X‖ ≤ L̃
X, ‖X‖ > L̃

(99)

As a result, one can obtain the following decomposition.

w(x,X)W 2(S,Q)

=
(

1 + x>X
)
W 2(S,Q)

=
(

1 + x>X̃
)
W 2(S,Q) + x>X̃>W

2(S,Q)

=
(

1 + x>X̃
)
W 2(S,Q)1

(
Q ∈ S

(
M−1

L̃
,M

L̃

))
+
(

1 + x>X̃
)
W 2(S,Q)1

(
Q /∈ S

(
M−1

L̃
,M

L̃

))
+ x>X̃>W

2(S,Q)

(i)
=
(

1 + x>X̃
)
W 2(S,Q)1

(
Q ∈ S

(
M−1

L̃
,M

L̃

))
+W 2(S,Q)1

(
Q /∈ S

(
M−1

L̃
,M

L̃

))
+ x>X̃>W

2(S,Q)

Here (i) follows from (97). Indeed, if Q /∈ S
(
M−1

L̃
,M

L̃

)
, then as a result of (97), one

has ‖X‖ > L̃ which then implies X̃ = 0.

As a consequence, one can then obtain following decomposition of F̃n(θ)− F (θ).

F̃n(θ)− F (θ) = α1(θ) + α2(θ) + α3(θ), where

α1(θ) :=
1

n

n∑
i=1

(
1 + x>X̃i

)
W 2(S,Qi)1

(
Qi ∈ S

(
M−1

L̃
,M

L̃

))
− E

(
1 + x>X̃

)
W 2(S,Q)1

(
Q ∈ S

(
M−1

L̃
,M

L̃

))
α2(θ) :=

1

n

n∑
i=1

x>X̃i,>W
2(S,Qi)− Ex>X̃>W

2(S,Q)

α3(θ) :=
1

n

n∑
i=1

W 2(S,Qi)1
(
Qi /∈ S

(
M−1

L̃
,M

L̃

))
− EW 2(S,Q)1

(
Q /∈ S

(
M−1

L̃
,M

L̃

))
Then triangle inequality gives

ζ2 ≤ sup
θ∈Θ
|α1(θ)|+ sup

θ∈Θ
|α2(θ)|+ sup

θ∈Θ
|α3(θ)| (100)
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– α2(θ), α3(θ): sup |α2(θ)| and sup |α3(θ)| can be upper bounded as in Claim 2. The
proof is deferred to Appendix C.3.1.

Claim 2 There exists constant C̃ independent of n such that by taking L̃ = C̃Cψ2

√
(1 + τ) log n,

the following inequality

sup
θ∈Θ
|α2(θ)| ∨ sup

θ∈Θ
|α3(θ)| = O

(
M̃LL̃+ L̃1+CΛ

n1+τ
· L

)

holds with probability greater than 1−O (n−τ ).

– α1(θ): Apply triangle inequality to see that

sup
θ∈Θ
|α1(θ)| = sup

θ∈Θ
|α1(θ)| − E sup

θ∈Θ
|α1(θ)|︸ ︷︷ ︸

b1

+E sup
θ∈Θ
|α1(θ)|︸ ︷︷ ︸
b2

(101)

After truncation, α1(θ) is uniformly bounded. Hence b1 can be upper bounded by
exploiting the bounded difference property (Lemma 31). For b2, we first show that
W 2(Q,S) is only Hölder continuous in S which then implies Hölder (rather than Lip-
schitz) continuity of the corresponding sub-Gaussian norm. By generalizing Dudley’s
integral inequality via chaining in Lemma 29, we arrive at an upper bound for b2.
The results are summarized below in in Claim 3 whose proof is deferred to Appendix
C.3.2.

Claim 3 Instate the notations and assumptions in Lemma 38 and Claim 2.

sup
θ∈Θ
|α1(θ)| = O

(
LM̃2

L√
n

√
log M̃L

)

with probability at least 1−O
(
n−(1+τ)

)
.

– combine Claim 2, Claim 3 and (100) to see that

ζ2 = O

(
LM̃3

L√
n

)
(102)

with probability at least 1−O (n−τ ).

• Combining results for ζ1 and ζ2, one has

sup
θ∈Θ

∣∣∣F̂ρ(θ)− F (θ)
∣∣∣ ≤ ζ1 + ζ2

= O

(
LM̃3

L√
n

)

with probability greater than 1−O (n−τ ).

The proof of Lemma 37 is now complete.
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C.3.1 Proof of Claim 2

Without loss of generality, assume ‖X‖ψ2
≤ ‖‖X‖‖ψ2

≤ 1.
Proof for α2(θ): a crude upper bound suffices here. By triangle inequality, one has

sup
θ∈Θ
|α2(θ)|

≤ sup
θ∈Θ

∣∣∣Ex>X̃>W
2(S,Q)

∣∣∣+ sup
θ∈Θ

∣∣∣∣∣ 1n
n∑
i=1

x>X̃i,>W
2(S,Qi)

∣∣∣∣∣
≤ sup
θ∈Θ
‖x‖ · E

∥∥∥X̃>

∥∥∥ ·W 2(S,Q) + sup
θ∈Θ

1

n

n∑
i=1

‖x‖ ·
∥∥∥X̃i,>

∥∥∥ ·W 2(S,Qi)

Therefore, for any t > 0, one has

P
{

sup
θ∈Θ
|α2(θ)| ≥ t

}
≤P

{
sup
θ∈Θ
‖x‖ · E

∥∥∥X̃>

∥∥∥ ·W 2(S,Q) ≥ t
}

︸ ︷︷ ︸
=:I(t)

+P

{
sup
θ∈Θ

1

n

n∑
i=1

‖x‖ ·
∥∥∥X̃i,>

∥∥∥ ·W 2(S,Qi) > 0

}
︸ ︷︷ ︸

=:II(t)

I(t): Lemma 21 and Assumption 2 imply that

sup
θ∈Θ

W 2(S,Q) . M̃L + γΛ(‖X‖)

which further gives

(I) ≤ P
{
E
∥∥∥X̃>

∥∥∥(M̃L + ‖X‖CΛ

)
≥ t/(Lc)

}
≤ P

{
E
∥∥∥X̃>

∥∥∥ ≥ t

2cLM̃L

}
+ P

{
E
∥∥∥X̃>

∥∥∥ ‖X‖CΛ ≥ t/(2Lc)
}

By the definition of X̃>, one can obtain that
∥∥∥X̃>

∥∥∥ ‖X‖CΛ =
∥∥∥X̃>

∥∥∥1+CΛ

and for any s ≥ 0,

P
{∥∥∥X̃>

∥∥∥ ≥ L̃+ s
}
≤ 2 exp

(
−L̃2

)
exp

(
−s2

)
Therefore, one can obtain that for any L̃ ≥ 1, one has

E
∥∥∥X̃>

∥∥∥ ≤ 2 exp(−L̃2)

∫ ∞
0

(L̃+ s) exp(−s2)

. exp(−L̃2)L̃

and

E
∥∥∥X̃>

∥∥∥1+CΛ

≤ 2 exp(−L̃2)

∫ ∞
0

(L̃+ s)1+CΛ exp(−s2)ds
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. exp(−L̃2)L̃1+CΛ

Therefore, by taking L̃ = O(Lτ ), there exists constant CI > 0 such that

I(t) = 0, ∀t ≥ CIn−(1+τ) ·
(
M̃L +M

L̃

)
LL̃

II: Note that
∥∥∥X̃i,>

∥∥∥ > 0 if and only only if ‖Xi‖ > L̃. Hence

(II) ≤ n · P
{∥∥∥‖Xi‖ > L̃

∥∥∥}
. n · exp(−L̃2)

. n−τ

Combining (I), (II), there exists a constant C̃2 > 0 such that for any s ≥ 0,

P
{

sup
θ∈Θ
|α2(θ)| ≥ n−(1+τ)C̃2LL̃

(
M̃L + L̃CΛ

)}
. n−τ

Proof for α3(θ):

α3(θ) :=
1

n

n∑
i=1

W 2(S,Qi)1
(
Qi /∈ S

(
M−1

L̃
,M

L̃

))
− EW 2(S,Q)1

(
Q /∈ S

(
M−1

L̃
,M

L̃

))
Following a similar argument to the one above, there exists constant C̃3 > 0 such that

P
{

sup
θ∈Θ
|α3(θ)| ≥ n−(1+τ)C̃3L(M̃L + L̃CΛ)

}
. n−τ

Finally, combining above results on α2(θ) and α3(θ) proves Claim 2.

C.3.2 Proof of Claim 3

Recall that we assume without loss of generality that Cψ2 = 1, µ = 0, Σ = Ip, L̃ = Lτ ,
M
L̃

= γΛ(L̃) and M̃L is defined in Lemma 36 as

M̃L � L2L4+(4∨2C1)
τ & cΛ(1 ∨ L̃)CΛ = M

L̃

Denote Z = (X,Q) and define X̃ as in (98). Define

f(Z; θ) :=
(

1 + (x− µ)>Σ−1(X̃ − µ)
)
W 2(S,Q)1

(
Q ∈ S

(
M−1

L̃
,M

L̃

))
Then one has α1(θ) = n−1

∑n
i=1 f(Zi; θ)− Ef(Z; θ).
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Analysis of b1: due to truncation, f is uniformly bounded. To see this, note that recall
the definition of Θ,

θ ∈ Θ ⇐⇒ x ∈ Bµ(L), S ∈ Sd(0, M̃L)

Then for any θ ∈ Θ, one has

sup
θ∈Θ

sup
Z
|f(Z; θ)| = sup

θ∈Θ
sup
Z

∣∣∣(1 + x>X̃)W 2(Q,S)
∣∣∣1(Q ∈ Sd (M−1

L̃
,M

L̃

))
≤ sup

θ∈Θ
sup
Z

(
1 + ‖x− µ‖ ·

∥∥∥X̃ − µ∥∥∥) · ∣∣W 2(Q,S)
∣∣1(Q ∈ Sd (M−1

L̃
,M

L̃

))
.
(

1 + LL̃
)
· (M

L̃
+ M̃L)

. LL̃M̃L

(103)
By Lemma 31, one has ‖b1(x)‖ψ2

. LL̃M̃L√
n

which implies

b1 = O

(
LL̃M̃LLτ√

n

)
(104)

with probability at least 1−O
(
n−(1+τ)

)
for some absolute constant C > 0.

Analysis of b2: to apply Lemma 29, we follow the steps below.

• first we define a metric d on Θ by

d(θ, θ̃) = max
{
‖x− x̃‖2 ,

∥∥∥S − S̃∥∥∥
F

}
for any θ = (x, S) and S̃ = (x̃, S̃). Since Sd(0, M̃L) is a subset of

{
S ∈ Rd×d : |Sij | ≤ M̃L

}
(by noticing that for any S ∈ S+

M̃L
, one has 0 ≤ Sii ≤ M̃L and |Sij | ≤

√
SiiSjj ≤ M̃L),

the diameter D and metric entropy of Θ can be upper bounded by

D ≤ max
{

diam(Bµ(L̃)),diam(Sd(M̃−1
L , M̃L))

}
. L ∨ M̃L

(i)

. M̃L (105)

and

logN(ε; Θ) ≤ log
(
N(ε;Bµ(L̃)) ·N(ε;S+

M̃L
)
)

. log+

(
L ∨ M̃L

ε

)
(ii)

. log+

(
M̃L

ε

)
(106)

Here both (i) and (ii) arise due to M̃L & L.
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• Next, let us consider the sub-Gaussian norm of α1(θ)− α1(θ̃) as (40) in Lemma 29. By
(43) in Lemma 29, one has

∥∥∥α1(θ)− α1(θ̃)
∥∥∥
ψ2

.
1√
n

∥∥∥∣∣∣f(Z; θ)− f(Z; θ̃)
∣∣∣∥∥∥
ψ2

=
1√
n

∥∥∥∣∣∣f(Z;x, S)− f(Z; x̃, S̃)
∣∣∣∥∥∥
ψ2

≤ 1√
n

∥∥∥∣∣∣f(Z;x, S)− f(Z;x, S̃)
∣∣∣∥∥∥
ψ2︸ ︷︷ ︸

β1

+
1√
n

∥∥∥∣∣∣f(Z;x, S̃)− f(Z; x̃, S̃)
∣∣∣∥∥∥
ψ2︸ ︷︷ ︸

β2

(107)

– β1: Let g(Q;S) := (Q1/2SQ1/2)1/2. Then for any Q ∈ Sd(M−1

L̃
,M

L̃
),∥∥∥g(Q;S)− g(Q; S̃)

∥∥∥
F

=
∥∥∥(Q1/2SQ1/2)1/2 − (Q1/2S̃Q1/2)1/2

∥∥∥
F

.
∥∥∥Q1/2SQ1/2 −Q1/2S̃Q1/2

∥∥∥1/2

F

≤
∥∥∥S − S̃∥∥∥1/2

F
‖Q‖1/2op

≤M1/2

L̃

∥∥∥S − S̃∥∥∥1/2

F

Here in the second inequality, we exploit the following the Hölder continuity of matrix
square root in Wihler (2009); Carlsson (2018).∥∥∥A1/2 −B1/2

∥∥∥
F
≤ Cd ‖A−B‖

1/2
F

where Cd is a constant only depending on dimension d. Hence for any θ, θ̃ ∈ Θ,

β1 =
∥∥∥∣∣∣f(X,Q;x, S)− f(X,Q;x, S̃)

∣∣∣∥∥∥
ψ2

≤
∥∥∥∣∣∣1 + x>X̃

∣∣∣∥∥∥
ψ2

·
∥∥∥(g(Q;S)− g(Q; S̃)

)
· 1
(
Q ∈ Sd

(
M−1

L̃
,M

L̃

))∥∥∥
F

≤
(

1 + ‖x‖ ·
∥∥∥∥∥∥X̃∥∥∥

2

∥∥∥
ψ2

)
·M1/2

L̃

∥∥∥S − S̃∥∥∥1/2

F

. L ·M1/2

L̃

∥∥∥S − S̃∥∥∥1/2

F
(108)

– β2: for any θ, θ̃ ∈ Θ, one has

β2 =
∥∥∥(x− x̃)>X̃W 2(Q,S)1

(
Q ∈ Sd

(
M−1

L̃
,M

L̃

))∥∥∥
ψ2

(i)

. ‖x− x̃‖
∥∥∥X̃∥∥∥

ψ2

·
(
M
L̃

+ M̃L

)
. M̃L ‖x− x̃‖2 (109)

Here (i) follows from (95).
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– As a result of (108) and (109), one can obtain∥∥∥f(Z; θ)− f(Z; θ̃)
∥∥∥
ψ2

≤ β1 + β2

. LM
1/2

L̃
d(θ, θ̃)1/2 + M̃Ld(θ, θ̃)

. LM̃L

(
d(θ, θ̃)1/2 ∨ d(θ, θ̃)

)
(110)

Combining (107) and (110) then gives∥∥∥α1(θ)− α1(θ̃)
∥∥∥
ψ2

.
LM̃L√
n

(
d(θ, θ̃)1/2 ∨ d(θ, θ̃)

)
Hence τ(ε) in Lemma 29 can be chosen as

τ(ε) =
K√
n

(
ε1/2 ∨ ε

)
, K = CfLM̃L (111)

• by Lemma 29, one has

b2 := E sup
θ∈Θ
|α1(Z; θ)| . KD√

n

√
log+D︸ ︷︷ ︸
ζ1

+ sup
θ∈Θ

E |α1(Z; θ)|︸ ︷︷ ︸
ζ2

– ζ1: by (42) in Lemma 29 and (105), one can obtain

ζ1 .
LM̃2

L√
n

√
log M̃L (112)

– ζ2: For any θ ∈ Θ, we have

‖f(Z; θ)‖ψ2
≤ ‖|f(Z; θ)|‖ψ2

≤
∥∥∥∣∣∣1 + (x− µ)>Σ−1(X̃ − µ)

∣∣∣∥∥∥
ψ2

· sup
S∈Sd(0,M̃L)

[
W 2(Q,S)1

(
Q ∈ Sd

(
M−1

L̃
,M

L̃

))]
.

(
1 + ‖x− µ‖

∥∥∥∥∥∥X̃ − µ∥∥∥∥∥∥
ψ2

)
·
(
M
L̃

+ M̃L

)
. LM̃L

Therefore for any θ ∈ Θ, one has ‖α1(θ)‖ψ2
. LM̃L/

√
n and

E |α1(Z; θ)| . ‖α1(θ)‖ψ2
.
LM̃L√
n

Take supremum over θ ∈ Θ to see that

ζ2 .
LM̃L√
n

(113)
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– As a result of (112) and (113), one can obtain

b2 .
LM̃2

L√
n

√
log M̃L (114)

Finally, combine (104) and (114) to see that

sup
θ∈Θ
|α1(θ)| ≤ b1 + b2 . C

LM̃2
L√
n

√
log M̃L (115)

with probability at least 1−O
(
n−(1+τ)

)
. The proof of Claim 3 is then complete.

C.4 Proof of Lemma 38

Without loss of generality, assume µ = 0, Σ = Ip and Cψ2 = 1 in Assumption 1 and
Assumption 2. To prove the uniform convergence of Q̂ρ in (81), observe that for any δn, εn >
0, one has{

sup
x∈Bµ(L)

∥∥∥Q̂ρ(x)−Q∗(x)
∥∥∥

F
≤ δn

}
(i)
⊃
{

inf
S:‖S−Q∗(x)‖F≤δn

F̂ρ(x, S) < inf
S:‖S−Q∗(x)‖F≥δn

F̂ρ(x, S), ∀x ∈ Bµ(L)

}
(ii)
⊃
{
F̂ρ(x,Q

∗(x)) < inf
S:‖S−Q∗(x)‖F≥δn

F̂ρ(x, S),∀x ∈ Bµ(L)

}
∩
{
Q̂ρ(x) � M̃LId, ∀x ∈ Bµ(L)

}
(iii)
⊃

F̂ρ(x,Q∗(x)) < inf
S:‖S−Q∗(x)‖F≥δn

S�M̃LId

F̂ρ(x, S),∀x ∈ Bµ(L)

 ∩
{
Q̂ρ(x) � M̃LId,∀x ∈ Bµ(L)

}

⊃

 sup
x∈Bµ(L)

S�M̃LId

∣∣∣F̂ρ(x, S)− F (x, S)
∣∣∣ ≤ εn

︸ ︷︷ ︸
=:E1

∩

F (x,Q∗(x)) ≤ inf
S:‖S−Q∗(x)‖F≥δn

S�M̃LId

F (x, S)− 3εn, ∀x ∈ Bµ(L)

︸ ︷︷ ︸
=:E2

∩
{
Q̂ρ(x) � M̃LId, ∀x ∈ Bµ(L)

}
︸ ︷︷ ︸

=Ẽ0 in Lemma 36

(116)

Here (i) and (iii) follow since Q̂ρ(x) is the minimizer of Fn,ρ(x, ·); (ii) is obtained by set-
ting S = Q∗(x).

With (116) in place, it suffices to choose appropriate δn, εn such that E1 ∩ E2 occurs
with high probability and define E2 = E1 ∩ E2 ∩ Ẽ0. To this end, we first find the uniform
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convergence rate εn so that P(Ec1) . n−τ . Next, δn is set based on εn and properties of F so
that P(Ec2) . n−τ . For Ẽ0, we already showed in (80) that P(Ẽc0) . n−τ . Combining results
on E1, E2 and Ẽ0, the proof is then complete.

Analysis of E1: Let ε0 = δαFF /γF (L,
√
dM̃L) (δF and γF (·, ·) are defined in Assumption 4)

and set

εn := CF,τ
LM̃3

L√
n
∧ ε0

3

Note that for L = O
(√

log n
)
, CF,τ

LM̃3
L√
n
≤ ε0/3 for large n. Therefore, Lemma 37 implies

that for any τ ≥ 0,

P {E1} ≥ 1− cδ,τn−τ

for some constant cδ,τ > 0 independent of n.

Analysis of E2: Note that for any x ∈ Bµ(L) and S � M̃LId, one has

‖S −Q∗(x)‖F ≤
√
dmax

{
‖S‖op , ‖Q

∗(x)‖op

}
≤
√
dM̃L

Hence one has

inf
S:‖S−Q∗(x)‖F≥δn

S�M̃LId

F (x, S)− F (x,Q∗(x)) ≥ inf
S:δn≤‖S−Q∗(x)‖F≤

√
dM̃L

F (x, S)− F (x,Q∗(x))

Set

δn :=
[
3εnγF (L,

√
dM̃L)

]1/αF

By definition, δn ≤ δF . Therefore, Assumption 4 implies that P(E2) = 1 for n large enough.
Combining the above results on E1, E2 and Ẽ0, one can obtain

P

 sup
x∈Bµ(L)

∥∥∥Q̂ρ(x)−Q∗(x)
∥∥∥

F
≤ Cδ,τ

[
LM̃3

LγF (L,
√
dM̃L)√

n

]1/αF
 ≥ 1− cδ,τn−τ

for constants Cδ,τ , cδ,τ independent of n. Note that by definition, L, M̃L, γF (L,
√
dM̃L) .

polylog (n), one can then arrive at (81).
Finally, Eq. (82) follows by noticing that δF ∧ δn = o (ML).

C.5 Proof of Lemma 40

Without loss of generality, assume µ = 0, Σ = Ip, and Cψ2 = 1 in Assumption 1-Assumption
2. IfX is unbounded, then one can apply the truncation as (98) and follow similar arguments
as in Lemma 38. Hence we can assume without loss of generality that ‖X − µ‖ ≤ L̃ almost
surely with L̃ := Cψ2Lτ = Cψ2

√
(1 + τ) log n. Then we have a.s.

‖X − µ‖ ≤ L̃
Q,Q∗(X) ∈ Sd(M−1

L̃
,M

L̃
)

1(E0) = 1

(117)
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where we remind readers that E0 :=
{
‖Xi − µ‖ ≤ L̃, Qi ∈ Sd(M−1

L̃
,M

L̃
), i ∈ [n]

}
is defined

in (78).

Proof of (83): one can obtain the following decomposition.

sup
x∈Bµ(L)

∥∥∥Ãn(x)
∥∥∥
F
≤ sup

x∈Bµ(L)

∥∥∥Ãn(x)
∥∥∥
F
− E sup

x∈Bµ(L)

∥∥∥Ãn(x)
∥∥∥
F︸ ︷︷ ︸

a1

+E sup
x∈Bµ(L)

∥∥∥Ãn(x)
∥∥∥
F︸ ︷︷ ︸

a2

(118)

Let ϕ(Z;x) = w(x,X)
(
TQQ∗(x) − Id

)
.

Analysis of a1: By (117), one has almost surely that for any x ∈ Bµ(L),

‖ϕ(Z;x)‖F . (1 + ‖x− µ‖ · ‖X − µ‖) · sup
Q∈Sd(M−1

L̃
,M
L̃

)

S∈Sd((ML)−1,ML)

∥∥∥TQS − Id∥∥∥
F

(i)

. LL̃M
1/2

L̃
M

3/2
L

Here (i) follows by noticing that

sup
Q∈Sd(M−1

L̃
,M
L̃

)

S∈Sd((ML)−1,ML)

∥∥∥TQS ∥∥∥
op

= sup
Q∈Sd(M−1

L̃
,M
L̃

)

S∈Sd((ML)−1,ML)

∥∥∥S−1/2(S1/2QS1/2)1/2S−1/2
∥∥∥

op
≤M1/2

L̃
M

3/2
L

Lemma 31 then implies that ‖a1‖ψ2
.

LL̃M
1/2

L̃
M

3/2
L√

n
. Therefore, one can obtain

a1 .
LL̃M

1/2

L̃
M

3/2
L Lτ

√
n

(119)

with probability at least 1−O(n−(1+τ)).
Analysis of a2: to apply Lemma 29, we follow the steps below.

• First, we consider the sub-Gaussian norm of
∥∥∥Ãn(x)

∥∥∥
F
−
∥∥∥Ãn(x̃)

∥∥∥
F
as in (40) in Lemma

29. For any x, x̃ ∈ Bµ(L), one has∥∥∥∥∥∥Ãn(x)
∥∥∥

F
−
∥∥∥Ãn(x̃)

∥∥∥
F

∥∥∥
ψ2

≤
∥∥∥∥∥∥Ãn(x)− Ãn(x̃)

∥∥∥
F

∥∥∥
ψ2

(120)

Note that

Ãn(x)− Ãn(x̃) =
1

n

n∑
i=1

[
w(x,Xi)

(
TQiQ∗(x) − Id

)
− w(x̃, Xi)

(
TQiQ∗(x̃) − Id

)]
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Since EÃn(x) = 0 by the optimality condition (147), one has∥∥∥∥∥∥Ãn(x)− Ãn(x̃)
∥∥∥

F

∥∥∥
ψ2

(i)

.
1√
n

∥∥∥∥∥∥w(x,X)
(
TQQ∗(x) − Id

)
− w(x̃, X)

(
TQQ∗(x̃) − Id

)∥∥∥
F

∥∥∥
ψ2

≤ 1√
n

∥∥∥∥∥∥w(x,X)
(
TQQ∗(x) − Id

)
− w(x,X)

(
TQQ∗(x̃) − Id

)∥∥∥
F

∥∥∥
ψ2︸ ︷︷ ︸

b1

+
1√
n

∥∥∥∥∥∥w(x,X)
(
TQQ∗(x̃) − Id

)
− w(x̃, X)

(
TQQ∗(x̃) − Id

)∥∥∥
F

∥∥∥
ψ2︸ ︷︷ ︸

b2

(121)
Here (i) follows from (43) in Lemma 29.

– b1: For any x, x̃ ∈ Bµ(L), one has Q∗(x), Q∗(x̃) ∈ Sd(M−1
L ,ML). Then one can

obtain

b1 =
∥∥∥∥∥∥w(x,X)

(
TQQ∗(x) − T

Q
Q∗(x̃)

)∥∥∥
F

∥∥∥
ψ2

.
∥∥∥|1 + ‖x− µ‖ · ‖X − µ‖| ·

∥∥∥TQQ∗(x) − T
Q
Q∗(x̃)

∥∥∥
F

∥∥∥
ψ2

. ‖|1 + ‖x− µ‖ · ‖X − µ‖|‖ψ2
· sup
Q∈S(M−1

L̃
,M

L̃
)

∥∥∥TQQ∗(x) − T
Q
Q∗(x̃)

∥∥∥
F

. L · sup
Q∈Sd(M−1

L̃
,M
L̃

)

x,x̃∈Bµ(L)

∥∥∥TQQ∗(x) − T
Q
Q∗(x̃)

∥∥∥
F

(i)
= L · sup

Q∈Sd(M−1

L̃
,M
L̃

)

Q′∈Sd(M−1
L

,ML)

∥∥∥dTQQ′ · (Q∗(x)−Q∗(x̃))
∥∥∥

F

(ii)

≤ L · ‖Q∗(x)−Q∗(x̃)‖F · sup
Q∈Sd(M−1

L̃
,M
L̃

)

S∈Sd(M−1
L

,ML)

∣∣∣∣∣∣∣∣∣dTQS ∣∣∣∣∣∣∣∣∣
(iii)

. L · poly
(
ML,ML̃

)
· ‖Q∗(x)−Q∗(x̃)‖F (122)

Here (i) is a consequence of the mean value theorem (Dudley and Norvaiša, 2011,
Theorem 5.3) for some Q′ that lies between Q∗(x) and Q∗(x̃), (ii) arises from Lemma
22, and (iii) follows from Lemma 21.

– b2: one can obtain that

b2 ≤
∥∥∣∣(x− x̃)Σ−1(X − µ)

∣∣∥∥
ψ2

sup
Q∈Sd(M−1

L̃
,M
L̃

)

S∈Sd(M−1
L

,ML)

∥∥∥TQS − Id∥∥∥
F

(i)

. ‖x− x̃‖ ‖‖X − µ‖‖ψ2
poly

(
ML,ML̃

)
. ‖x− x̃‖ poly

(
ML,ML̃

)
(123)
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almost surely. Here (i) arises from Lemma 25 and the bounds on TQS in Lemma 21.

Combining (120), (121), (122) and (123) gives that for any x, x̃ ∈ Bµ(L),

∥∥∥∥∥∥Ãn(x)
∥∥∥

F
−
∥∥∥Ãn(x̃)

∥∥∥
F

∥∥∥
ψ2

.
1√
n
· Lpoly

(
ML,ML̃

)
(‖x− x̃‖+ ‖Q∗(x)−Q∗(x̃)‖F )

(i)

.
1√
n
· Lpoly

(
ML,ML̃

) (
‖x− x̃‖+MLγF (L,ML)

(
‖x− x̃‖2 ∨ ‖x− x̃‖

1/αF
))

(ii)

≤ C√
n
· L1+CFM4+CF

L

(
‖x− x̃‖2 ∨ ‖x− x̃‖

1/αF
)

(124)

Here (i) follows from Lemma 35 and the fact that MγF (L,M) ≥ 1.

• With the Hölder continuity (124) in place, we can apply Lemma 29 with τ(ε) chosen as

τ(ε) =
K√
n

(
ε1/αF ∨ ε

)
, K = CL1+CFM4+CF

L

which gives

a2 .
KL1∨α−1

F

√
n

√
log+ L+ sup

x∈Bµ(L)
E
∥∥∥Ãn(x)

∥∥∥
F

(i)
=
KL√
n

√
log+ L︸ ︷︷ ︸
ζ1

+ sup
x∈Bµ(L)

E
∥∥∥Ãn(x)

∥∥∥
F︸ ︷︷ ︸

ζ2

Here (i) follows since αF ≥ 1 as defined in Assumption 4.

– ζ1: direct calculation gives that

ζ1 .
L2+CFM4+CF

L√
n

√
log+ L (125)
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– ζ2: for any U ∈ Rd×d with unit Frobenius norm, one has

sup
x∈Bµ(L)

∥∥∥∥∥∥Ãn(x)
∥∥∥

F

∥∥∥
ψ2

(i)

. sup
x∈Bµ(L)

sup
‖U‖F=1

∥∥∥〈U, Ãn(x)
〉∥∥∥

ψ2

(ii)

. sup
x∈Bµ(L)

sup
‖U‖F=1

∥∥∥∥∥
〈
U,

1

n

n∑
i=1

ϕ(Zi;x)− Eϕ(Z;x)

〉∥∥∥∥∥
ψ2

. sup
x∈Bµ(L)

sup
‖U‖F=1

1√
n
‖〈U,ϕ(Z;x)〉‖ψ2

≤ sup
x∈Bµ(L)

1√
n
‖‖ϕ(Z;x)‖F‖ψ2

≤ 1√
n

sup
x∈Bµ(L)

‖|w(x,X)|‖ψ2
· sup
Q∈Sd(M−1

L̃
,M
L̃

)

S∈Sd(M−1
L

,ML)

∥∥∥TQS − Id∥∥∥
F

.
1√
n
L · poly

(
ML,ML̃

)
Here (i) results from Lemma 25, (ii) follows from independence. Therefore,

ζ2 .
L · poly

(
ML,ML̃

)
√
n

(126)

• As a result of (125) and (126), one can obtain

a2 .
poly

(
L,ML,ML̃

)
√
n

√
log+ L (127)

Finally, combining (118), (119) and (127) gives (83).

Proof of (84): one can obtain the following decomposition.

sup
x∈Bµ(L)

∣∣∣∣∣∣∣∣∣Φ̃n(x)− EΦ̃n(x)
∣∣∣∣∣∣∣∣∣ ≤ sup

x∈Bµ(L)

∣∣∣∣∣∣∣∣∣Φ̃n(x)− EΦ̃n(x)
∣∣∣∣∣∣∣∣∣− E sup

x∈Bµ(L)

∣∣∣∣∣∣∣∣∣Φ̃n(x)− EΦ̃n(x)
∣∣∣∣∣∣∣∣∣︸ ︷︷ ︸

a3

+ E sup
x∈Bµ(L)

∣∣∣∣∣∣∣∣∣Φ̃n(x)− EΦ̃n(x)
∣∣∣∣∣∣∣∣∣︸ ︷︷ ︸

a4

(128)
Let Z = (X,Q). Define φ(Z;x) = w(x,X)dTQQ∗(x).
Analysis of a3: By (117), one has almost surely that for any x ∈ Bµ(L),

|||φ(Z;x)||| . LL̃ · sup
Q∈Sd(M−1

L̃
,M
L̃

)

S∈Sd(M−1
L

,ML)

∣∣∣∣∣∣∣∣∣dTQS ∣∣∣∣∣∣∣∣∣
. LL̃poly

(
ML,ML̃

)
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By Lemma 31, one can then obtain

‖a3‖ψ2
.
LL̃poly

(
ML,ML̃

)
√
n

(129)

Analysis of a4: to apply Lemma 29, we follow the steps below.

• First, let us consider the sub-Gaussian norm of
∣∣∣∣∣∣∣∣∣Φ̃n(x)− EΦ̃n(x)

∣∣∣∣∣∣∣∣∣−∣∣∣∣∣∣∣∣∣Φ̃n(x̃)− EΦ̃n(x̃)
∣∣∣∣∣∣∣∣∣.

For any x, x̃ ∈ Bµ(L), by (43) in Lemma 29, one can obtain∥∥∥∣∣∣∣∣∣∣∣∣Φ̃n(x)− EΦ̃n(x)
∣∣∣∣∣∣∣∣∣− ∣∣∣∣∣∣∣∣∣Φ̃n(x̃)− EΦ̃n(x̃)

∣∣∣∣∣∣∣∣∣∥∥∥
ψ2

.
1√
n
‖|||φ(Z;x)− φ(Z; x̃)|||‖ψ2

(130)

Moreover,
‖|||φ(Z;x)− φ(Z; x̃)|||‖ψ2

=
∥∥∥∣∣∣∣∣∣∣∣∣w(x,X)dTQQ∗(x) − w(x̃, X)dTQQ∗(x̃)

∣∣∣∣∣∣∣∣∣∥∥∥
ψ2

≤
∥∥∥∣∣∣∣∣∣∣∣∣w(x,X)dTQQ∗(x) − w(x,X)dTQQ∗(x̃)

∣∣∣∣∣∣∣∣∣∥∥∥
ψ2︸ ︷︷ ︸

b3

+
∥∥∥∣∣∣∣∣∣∣∣∣w(x,X)dTQQ∗(x̃) − w(x̃, X)dTQQ∗(x̃)

∣∣∣∣∣∣∣∣∣∥∥∥
ψ2︸ ︷︷ ︸

b4

(131)

– b3: we have for any x, x̃ ∈ Bµ(L),

b3
(i)
=
∥∥∥∣∣∣∣∣∣∣∣∣w(x,X)d2TQQ′ · (Q

∗(x)−Q∗(x̃))
∣∣∣∣∣∣∣∣∣∥∥∥

ψ2

. L ‖X − µ‖ψ2
· ‖Q∗(x)−Q∗(x̃)‖F · sup

Q∈Sd(M−1

L̃
,M
L̃

)

S∈Sd(M−1
L

,ML)

∣∣∣∣∣∣∣∣∣d2TQS

∣∣∣∣∣∣∣∣∣
(ii)

. L · poly
(
ML,ML̃

)
‖Q∗(x)−Q∗(x̃)‖F (132)

Here (i) is a consequence of the mean value theorem (Dudley and Norvaiša, 2011,
Theorem 5.3) for some Q′ that lies between Q∗(x) and Q∗(x̃) and (ii) follows from
Lemma 21.

– b4: for any x, x̃ ∈ Bµ(L),

b4 ≤ ‖|w(x,X)− w(x̃, X)|‖ψ2
sup

Q∈Sd(M−1

L̃
,M
L̃

)

S∈Sd(M−1
L

,ML)

∣∣∣∣∣∣∣∣∣dTQS ∣∣∣∣∣∣∣∣∣
. poly

(
ML,ML̃

)
‖x− x̃‖2 (133)
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Combining (130), (131), (132) and (133), one can obtain that∥∥∥∣∣∣∣∣∣∣∣∣Φ̃n(x)− EΦ̃n(x)
∣∣∣∣∣∣∣∣∣− ∣∣∣∣∣∣∣∣∣Φ̃n(x̃)− EΦ̃n(x̃)

∣∣∣∣∣∣∣∣∣∥∥∥
ψ2

.
1√
n
· Lpoly

(
ML,ML̃

)
(‖x− x̃‖+ ‖Q∗(x)−Q∗(x̃)‖F)

.
1√
n
· Lpoly

(
ML,ML̃

) (
‖x− x̃‖ ∨ ‖x− x̃‖1/αF

)
• With the Hölder continuity above, we can apply Lemma 29 with τ(ε) chosen as

τ(ε) =
K√
n

(
ε1/αF ∨ ε

)
, K = poly (L,ML)

which gives

a4 .
KL√
n

√
log+ L︸ ︷︷ ︸
ζ3

+ sup
x∈Bµ(L)

E
∣∣∣∣∣∣∣∣∣Φ̃n(x)

∣∣∣∣∣∣∣∣∣︸ ︷︷ ︸
ζ4

– ζ3: direct calculation gives

ζ3 .
poly (L,ML)√

n
(134)

– ζ4: for any U, V ∈ Rd×d with unit Frobenius norm, one has

sup
x∈Bµ(L)

∥∥∥∣∣∣∣∣∣∣∣∣Φ̃n(x)
∣∣∣∣∣∣∣∣∣∥∥∥

ψ2

(i)

. sup
x∈Bµ(L)

sup
‖U‖F=‖V ‖F=1

∥∥∥〈V, Φ̃n(x) · U
〉∥∥∥

ψ2

(ii)

. sup
x∈Bµ(L)

sup
‖U‖F=‖V ‖F=1

1√
n
‖〈V, [φ(Z;x)− Eφ(Z;x)] · U〉‖ψ2

. sup
x∈Bµ(L)

sup
‖U‖F=‖V ‖F=1

1√
n
‖〈V, φ(Z;x) · U〉‖ψ2

≤ sup
x∈Bµ(L)

1√
n
‖|||φ(Z;x)|||‖ψ2

≤ 1√
n

sup
x∈Bµ(L)

‖|w(x,X)|‖ψ2
· sup
Q∈Sd(M−1

L̃
,M
L̃

)

S∈Sd(M−1
L

,ML)

∣∣∣∣∣∣∣∣∣dTQS ∣∣∣∣∣∣∣∣∣
(iii)

.
1√
n
Lpoly

(
ML,ML̃

)
Here (i) results from Lemma 25, (ii) follows from independence and (iii) is due to
Lemma 21. Hence

ζ4 .
Lpoly

(
ML,ML̃

)
√
n

(135)

• As a result of (134) and (135), one can obtain

a4 .
poly

(
L,ML,ML̃

)
√
n

(136)
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Finally, combining (128), (129) and (136) gives (84).

Proof of (85): Denote Θ = Bµ(L)× Sd((CslowML̃
)−1, CslowML̃

) and θ = (x, S) ∈ Θ.

sup
θ∈Θ

∣∣∣∣∣∣∣∣∣Ψ̃n(θ)− EΨ̃n(θ)
∣∣∣∣∣∣∣∣∣ ≤ sup

θ∈Θ

∣∣∣∣∣∣∣∣∣Ψ̃n(θ)− EΨ̃n(θ)
∣∣∣∣∣∣∣∣∣− E sup

θ∈Θ

∣∣∣∣∣∣∣∣∣Ψ̃n(θ)− EΨ̃n(θ)
∣∣∣∣∣∣∣∣∣︸ ︷︷ ︸

a5

+ E sup
θ∈Θ

∣∣∣∣∣∣∣∣∣Ψ̃n(θ)− EΨ̃n(θ)
∣∣∣∣∣∣∣∣∣︸ ︷︷ ︸

a6

(137)

Let Z = (X,Q). Define ψ(Z; θ) = w(x,X)d2TQS and ψ(Z; θ) = ψ(Z; θ)− Eψ(Z; θ)
Analysis of a5: By (117), one has almost surely that

sup
Z,θ
|||ψ(Z; θ)||| ≤ sup

x∈Bµ(L)

X∈Bµ(L̃)

|w(x,X)| · sup
Q∈Sd(M−1

L̃
,M
L̃

)

S∈Sd((CslowML)−1,CslowML)

∣∣∣∣∣∣∣∣∣d2TQS

∣∣∣∣∣∣∣∣∣
. LL̃ · poly

(
ML,ML̃

)
Lemma 31 then implies that , ‖a5‖ψ2

.
LL̃·poly(ML̃

ML)√
n

. Therefore, one can obtain

a5 . LL̃ · poly
(
MLML̃

) Lτ√
n

(138)

with probability at least 1−O(n−(1+τ)).
Analysis of a6: to apply Lemma 29, we follow the steps below.

• First, let us consider the sub-Gaussian norm of
∣∣∣∣∣∣∣∣∣Ψ̃n(θ)− EΨ̃n(θ)

∣∣∣∣∣∣∣∣∣−∣∣∣∣∣∣∣∣∣Ψ̃n(θ̃)− EΨ̃n(θ̃)
∣∣∣∣∣∣∣∣∣.

For any θ, θ̃ ∈ Θ, one has∥∥∥∣∣∣∣∣∣∣∣∣Ψ̃n(θ)− EΨ̃n(θ)
∣∣∣∣∣∣∣∣∣− ∣∣∣∣∣∣∣∣∣Ψ̃n(θ̃)− EΨ̃n(θ̃)

∣∣∣∣∣∣∣∣∣∥∥∥
ψ2

(i)

.
1√
n

∥∥∥∣∣∣∣∣∣∣∣∣ψ(Z; θ)− ψ(Z; θ̃)
∣∣∣∣∣∣∣∣∣∥∥∥

ψ2

(139)

Here (i) follows from Lemma 29. Moreover, one has∥∥∥∣∣∣∣∣∣∣∣∣ψ(Z; θ)− ψ(Z; θ̃)
∣∣∣∣∣∣∣∣∣∥∥∥

ψ2

=
∥∥∥∣∣∣∣∣∣∣∣∣w(x,X)d2TQS − w(x̃, X)d2TQ

S̃

∣∣∣∣∣∣∣∣∣∥∥∥
ψ2

≤
∥∥∥∣∣∣∣∣∣∣∣∣w(x,X)d2TQS − w(x,X)d2TQ

S̃

∣∣∣∣∣∣∣∣∣∥∥∥
ψ2︸ ︷︷ ︸

b5

+
∥∥∥∣∣∣∣∣∣∣∣∣w(x,X)d2TQ

S̃
− w(x̃, X)d2TQ

S̃

∣∣∣∣∣∣∣∣∣∥∥∥
ψ2︸ ︷︷ ︸

b6

(140)

– b5: for any θ, θ̃ ∈ Θ, one can obtain

b5
(i)
=
∥∥∥∣∣∣∣∣∣∣∣∣w(x,X)d3TQQ′ · (S − S̃)

∣∣∣∣∣∣∣∣∣∥∥∥
ψ2
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≤ ‖|w(x,X)|‖ψ2
·
∥∥∥S − S̃∥∥∥

F
· sup

Q∈Sd(M−1

L̃
,M
L̃

)

S∈Sd((CslowML)−1,CslowML)

∣∣∣∣∣∣∣∣∣d3TQS

∣∣∣∣∣∣∣∣∣
(ii)

. L · poly
(
ML,ML̃

) ∥∥∥S − S̃∥∥∥
F

(141)

Here (i) is a consequence of the mean value theorem (Dudley and Norvaiša, 2011,
Theorem 5.3) for some Q′ that lies between Q∗(x) and Q∗(x̃) and (ii) follows from
Lemma 21.

– b6: for any θ, θ̃ ∈ Θ, one has

b6 ≤ ‖|w(x,X)− w(x̃, X)|‖ψ2
sup

Q∈Sd(M−1

L̃
,M
L̃

)

S∈Sd((CslowML)−1,CslowML)

∣∣∣∣∣∣∣∣∣d2TQS

∣∣∣∣∣∣∣∣∣
. poly

(
ML,ML̃

)
‖x− x̃‖ (142)

Combining (130), (140), (141) and (142), one can obtain∥∥∥∣∣∣∣∣∣∣∣∣Ψ̃n(θ)− EΨ̃n(θ)
∣∣∣∣∣∣∣∣∣− ∣∣∣∣∣∣∣∣∣Ψ̃n(θ̃)− EΨ̃n(θ̃)

∣∣∣∣∣∣∣∣∣∥∥∥
ψ2

.
Lpoly

(
ML,ML̃

)
√
n

· d(θ, θ̃)

• With the Lipschitz continuity above, we can apply Lemma 29 with τ(ε) chosen as

τ(ε) =
K√
n
ε, K = C · Lpoly

(
ML,ML̃

)
which gives

a6 .
KM

L̃√
n

√
log+M

L̃︸ ︷︷ ︸
ζ5

+ sup
θ∈Θ

E
∣∣∣∣∣∣∣∣∣Ψ̃n(θ)

∣∣∣∣∣∣∣∣∣︸ ︷︷ ︸
ζ6

– ζ5: direct calculation gives

ζ5 .
Lpoly

(
MLML̃

)
√
n

(143)

– ζ6: for any U, V ∈ Rd×d with unit Frobenius norm, one has∥∥∥〈V, Ψ̃n(θ) · U
〉∥∥∥

ψ2

.
1√
n
‖〈V, [ψ(Z; θ)− Eψ(Z; θ)] · U〉‖ψ2

.
1√
n
‖〈V, ψ(Z; θ) · U〉‖ψ2

≤ 1√
n
‖|||ψ(Z; θ)|||‖ψ2

≤ 1√
n
‖|w(x,X)|‖ψ2

· sup
Q∈Sd(M−1

L̃
,M
L̃

)

S∈Sd((CslowML)−1,CslowML)

∣∣∣∣∣∣∣∣∣d2TQS

∣∣∣∣∣∣∣∣∣
.

1√
n
L · poly

(
MLML̃

)
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which combined with Lemma 25 implies

ζ6 .
Lpoly

(
MLML̃

)
√
n

(144)

• As a result of (143) and (144), one can obtain

a6 .
Lpoly

(
MLML̃

)
√
n

(145)

Finally, combining (137), (138) and (145) gives (85).

Proof of (86): by definition, one has

EΨ̃n(x;S) = E(X,Q)

[
w(x,X)d2TQS

]
Therefore, by the truncation assumption (117), one can obtain

sup
x∈Bµ(L)

S∈Sd((CslowML̃
)−1,CslowML̃)

∣∣∣∣∣∣∣∣∣EΨ̃n(x;S)
∣∣∣∣∣∣∣∣∣

≤

[
sup

x∈Bµ(L)
E |w(x,X)|

]
·

 sup
Q∈Sd(M−1

L̃
,M
L̃

)

S∈Sd((CslowML)−1,CslowML)

∣∣∣∣∣∣∣∣∣d2TQS

∣∣∣∣∣∣∣∣∣


(i)

.L · poly
(
MLML̃

)
Here (i) follows from Lemma 21.

Finally, note that by definition, L̃ �
√

log n and M
L̃

= poly
(
L̃
)
, one can obtain (86).

C.6 Proof of Lemma 41

As argued at the beginning of Appendix C.5, we can assume without loss of generality that
‖X − µ‖ ≤ L̃ almost surely with L̃ defined in (78). As a result, we have almost surely that

‖X − µ‖ ≤ L̃
Q,Q∗(X) ∈ Sd(M−1

L̃
,M

L̃
)

1(E0) = 1

(146)

where E0 :=
{
‖Xi − µ‖ ≤ L,Qi ∈ Sd(M−1

L̃
,M

L̃
), i ∈ [n]

}
.
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With the boundedness condition (146) in place, Lemma 21 implies the following upper
bounds

sup
Q∈Sd(M−1

L̃
,M
L̃

)

S∈Sd((CslowML)−1,CslowML)

∥∥∥TQS − Id∥∥∥
F
≤ poly

(
ML,ML̃

)

sup
Q∈Sd(M−1

L̃
,M
L̃

)

S∈Sd((CslowML)−1,CslowML)

∣∣∣∣∣∣∣∣∣dTQS ∣∣∣∣∣∣∣∣∣ ≤ poly
(
ML,ML̃

)

sup
Q∈Sd(M−1

L̃
,M
L̃

)

S∈Sd((CslowML)−1,CslowML)

∣∣∣∣∣∣∣∣∣d2TQS

∣∣∣∣∣∣∣∣∣ ≤ poly
(
ML,ML̃

)

almost surely. Applying Lemma 28 then gives the desired results.

C.7 Proof of Lemma 42

Proof of (90): apply the triangle inequality to see that

sup
x∈Bµ(L)

∥∥∥Âρ(x)
∥∥∥

F
≤ sup

x∈Bµ(L)

∥∥∥Âρ(x)− Ãn(x)
∥∥∥

F
+ sup
x∈Bµ(L)

∥∥∥Ãn(x)
∥∥∥

F

(i)

≤ polylog (n)√
n

Here (i) follows from Lemma 40 and Lemma 41

Proof of (91): apply the triangle inequality to see that

sup
x∈Bµ(L)

S∈Sd((2ML)−1,2ML)

∣∣∣∣∣∣∣∣∣Ψ̂ρ(x, S)
∣∣∣∣∣∣∣∣∣

≤ sup
x∈Bµ(L)

S∈Sd((2ML)−1,2ML)

∣∣∣∣∣∣∣∣∣Ψ̂ρ(x, S)− Ψ̃n(x, S)
∣∣∣∣∣∣∣∣∣+ sup

x∈Bµ(L)

S∈Sd((2ML)−1,2ML)

∣∣∣∣∣∣∣∣∣Ψ̃n(x, S)− EΨ̃n(x, S)
∣∣∣∣∣∣∣∣∣

+ sup
x∈Bµ(L)

S∈Sd((2ML)−1,2ML)

∣∣∣∣∣∣∣∣∣EΨ̃n(x, S)
∣∣∣∣∣∣∣∣∣

(i)

≤ polylog (n)√
n

+
polylog (n)√

n
+ polylog (n)

≤ polylog (n)

Here (i) follows from Lemma 40 and Lemma 41.
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Proof of (92), (93): By the remark after Assumption 5 and the eigenvalue stability
inequality, one can obtain

inf
x∈Bµ(L)

λmin

(
−Φ̂ρ(x)

)
≥ inf

x∈Bµ(L)

λmin

(
−EΦ̃n(x)

)
− sup
x∈Bµ(L)

∣∣∣∣∣∣∣∣∣Φ̃n(x)− EΦ̃n(x)
∣∣∣∣∣∣∣∣∣− sup

x∈Bµ(L)

∣∣∣∣∣∣∣∣∣Φ̃n(x)− Φ̂ρ(x)
∣∣∣∣∣∣∣∣∣

(i)

≥ 1

polylog (n)
− polylog (n)√

n
− polylog (n)√

n

≥ 1

polylog (n)

Here (i) follows by noticing that E(−Φ̃n(x)) = E
(
−w(x,X)dTQQ∗(x)

)
, Assumption 5 and

applying Lemma 40, Lemma 41.
By the remark after Assumption 5 and (92), one then has∣∣∣∣∣∣∣∣∣−Φ̂−1

ρ (x)
∣∣∣∣∣∣∣∣∣ = λmax

(
−Φ̂−1

ρ (x)
)
≤ 1

λmin

(
−Φ̂ρ(x)

)
Then (93) follows from (92).

C.8 Proof of Lemma 43

Recall definitions of Q∗(x) and Q̂ρ(x) that

Q∗(x) = argmin
S∈S++

d

E
[
w(x,X)W 2(S,Q)

]
Q̂ρ(x) = argmin

S∈S++
d

1

n

n∑
i=1

wn,ρ(x,Xi)W
2(S,Qi)

First, the differential properties ofW 2 (Lemma 21) imply the following optimality conditions
for Q∗(x) and Q̂ρ(x).

Ew(x,X)
(
TQQ∗(x) − Id

)
= 0 (147)

1

n

n∑
i=1

wn,ρ(x,Xi)
(
TQi
Q̂ρ(x)

− Id
)

= 0 (148)

Next, one can apply Lemma 21 again to get the 2nd order Taylor expansion of (148) around
Q∗(x) as follows.

0 =
1

n

n∑
i=1

wn,ρ(x,Xi)
(
TQiQ∗(x) − Id

)
+

1

n

n∑
i=1

wn,ρ(x,Xi)dT
Qi
Q∗(x) ·

(
Q̂ρ(x)−Q∗(x)

)
+

1

2n

n∑
i=1

wn,ρ(x,Xi)d
2TQi

Q̃n(x)
·
(
Q̂ρ(x)−Q∗(x)

)⊗2
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where Q̃n(x) lies between Q∗(x) and Q̂ρ(x). Rearranging then gives

Q̂ρ(x)−Q∗(x) =

−
1

n

n∑
i=1

wn,ρ(x,Xi)dT
Qi
Q∗(x)︸ ︷︷ ︸

=Φ̂ρ(x)


−1

· 1

n

n∑
i=1

wn,ρ(x,Xi)
(
TQiQ∗(x) − Id

)
︸ ︷︷ ︸

=Âρ(x)

+

(
− 1

n

n∑
i=1

wn,ρ(x,Xi)dT
Qi
Q∗(x)

)−1

· 1

2
· 1

n

n∑
i=1

wn,ρ(x,Xi)d
2TQi

Q̃n(x)︸ ︷︷ ︸
=Ψ̂ρ(x;Q̃n,ρ(x))

·(Q̂ρ(x)−Q∗(x))⊗2

(149)
Taking Frobenius norm on both sides of (149) gives the following quadratic inequality for∥∥∥Q̂ρ(x)−Q∗(x)

∥∥∥
F
.

∥∥∥Q̂ρ(x)−Q∗(x)
∥∥∥

F

≤
∣∣∣∣∣∣∣∣∣−Φ̂ρ(x)−1

∣∣∣∣∣∣∣∣∣ · ∥∥∥Âρ(x)
∥∥∥

F
+

1

2

∣∣∣∣∣∣∣∣∣−Φ̂ρ(x)−1
∣∣∣∣∣∣∣∣∣ · ∣∣∣∣∣∣∣∣∣Ψ̂ρ(x, Q̃(x))

∣∣∣∣∣∣∣∣∣ · ∥∥∥Q̂ρ(x)−Q∗(x)
∥∥∥2

F
(150)

With Lemma 42 in place, one can then derive from (150) that the following quadratic
inequality holds uniformly for any x ∈ Bµ(L) under Ẽ2.

∥∥∥Q̂ρ(x)−Q∗(x)
∥∥∥

F
≤ a0 + a2

∥∥∥Q̂ρ(x)−Q∗(x)
∥∥∥2

F

Here a0, a2 > 0 are uniform for any x ∈ Bµ(L) and satisfies

a0 = C̃ ′τ,1
polylog (n)√

n

a2 = C̃ ′τ,2polylog (n) polylog (n)

for constants C̃ ′τ,1, C̃ ′τ,2 > 0 independent of n.
Therefore, taking the supremum over x gives

sup
x∈Bµ(L)

∥∥∥Q̂ρ(x)−Q∗(x)
∥∥∥

F
≤ a0 + a2 sup

x∈Bµ(L)

∥∥∥Q̂ρ(x)−Q∗(x)
∥∥∥2

F

Solving the above quadratic inequality for supx∈Bµ(L)

∥∥∥Q̂ρ(x)−Q∗(x)
∥∥∥

F
then gives

sup
x∈Bµ(L)

∥∥∥Q̂ρ(x)−Q∗(x)
∥∥∥

F
∈
[
0,

1−
√

1− 4a0a2

2a2

]
∪
[

1 +
√

1− 4a0a2

2a2
,+∞

)
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Since Ẽ2 ⊂ Ẽ1 and the slow rate of convergence (Lemma 38) implies that only the smaller
branch should be retained. Therefore, one has

sup
x∈Bµ(L)

∥∥∥Q̂ρ(x)−Q∗(x)
∥∥∥

F
≤ 1−

√
1− 4a0a2

2a2

=
4a0a2

2a2(1 +
√

1− 4a0a2)

≤ Cfast,τ
·polylog (n)√

n

for some constant Cfast,τ independent of n.
The proof of Lemma 43 is then complete.

C.9 Proof of Lemma 44

Fix τ = 10. Denote

∆n,ρ = sup
x∈Bµ(L)

∥∥∥Q̂n,ρ(x)−Q∗(x)
∥∥∥

F

Ẽρ =

{
sup

x∈Bµ(L)

∥∥∥Q̂n,ρ(x)
∥∥∥

op
≤ n2M̃L

}
,

where M̃L = (CB ∨ cb)2 L2L
4+(4∨2C1)
τ ≥ t20 is defined in Lemma 36. By definition, one has

Ẽ2 ⊂ Ẽ0 ⊂ Ẽρ. Hence one can obtain the following decomposition

E∆n,ρ = E∆n,ρ1
{
Ẽ2

}
+ E∆n,ρ1

{
Ẽc2 ∩ Ẽρ

}
+ E∆n,ρ1

{
Ẽcρ

}
≤ Cfast,τ

polylog (n)√
n

+ +E∆n,ρ1
{
Ẽc2 ∩ Ẽρ

}
+ E∆n,ρ1

{
Ẽcρ

}
• Under event Ẽc2 ∩ Ẽρ, one has

∆n,ρ . sup
x∈Bµ(L)

∥∥∥Q̂ρ(x)−Q∗(x)
∥∥∥

op

≤ sup
x∈Bµ(L)

[∥∥∥Q̂ρ(x)
∥∥∥

op
∨ ‖Q∗(x)‖op

]
(i)

. n2M̃L

Here (i) follows from Lemma 33, 36 and the definition of Ẽρ. Hence

E∆n,ρ1
{
Ẽc2 ∩ Ẽρ

}
. n2M̃LP(Ẽc2)

.
polylog (n)

nτ−2
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• Under event Ẽcρ, one has

∆n,ρ . sup
x∈Bµ(L)

[∥∥∥Q̂ρ(x)
∥∥∥

op
+ ‖Q∗(x)‖op

]
. sup

x∈Bµ(L)

∥∥∥Q̂ρ(x)
∥∥∥

op

Lemma 36 implies that under Ẽcρ, for any t ≥ n2M̃L,

P

{
sup

x∈Bµ(L)

∥∥∥Q̂ρ(x)
∥∥∥

op
≥ t

}
. h0(

√
t/n)

. n · exp

[
−
( √

t

cbLn

)2/(CΛ∨2+2)
]

= n · exp

[
−
(

t

c2
bL

2n2

)1/(CΛ∨2+2)
]

Hence

E∆n,ρ1
{
Ẽcρ

}
. E sup

x∈Bµ(L)

∥∥∥Q̂ρ(x)
∥∥∥

op
1

{
sup

x∈Bµ(L)

∥∥∥Q̂ρ(x)
∥∥∥

op
> n2M̃L

}

.
∫ ∞
n2M̃L

nt exp

[
−
(

t

c2
bL

2n2

)1/(CΛ∨2+2)
]
dt

=

∫ ∞
M̃L

n5t exp

[
−
(

t

c2
bL

2

)1/(CΛ∨2+2)
]
dt

(i)

.
∫ ∞
M̃L

n5t

exp

−( M̃L

c2
bL

2

)1/(CΛ∨2+2)

−
(

t

c2
bL

2

)1/(CΛ∨2+2)
 dt

.
∫ ∞
M̃L

n5t

{
n−(1+τ) exp

[
−
(

t

c2
bL

2

)1/(CΛ∨2+2)
]}

dt

. n4−τL4

∫ ∞
M̃L/(cbL2)

t exp
[
−t1/(CΛ∨2+2)

]
dt

. n4−τL4

Here (i) follows from the inequality

(a+ b)α ≥ (aα + bα)/21−α, a, b ≥ 0, 0 < α ≤ 1

Finally, it follows by combining the results above that for τ ≥ 9/2,

E∆n,ρ ≤
polylog (n)√

n

This finishes the proof of Lemma 44.
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C.10 Proof of Lemma 45

Let τ > 9/2. Lemma 21 (iv) implies that under Ẽ2, one also has

sup
x∈Bµ(L)

W
(
Q̂ρ(x), Q∗(x)

)
≤ polylog (n)√

n

The proof then follows similar steps to those in Lemma 44. Specifically, denote

∆̃n,ρ = sup
x∈Bµ(L)

W
(
Q̂ρ(x), Q∗(x)

)
Then one can obtain

E∆̃n,ρ = E∆̃n,ρ1
{
Ẽ2

}
+ E∆̃n,ρ1

{
Ẽc2 ∩ Ẽρ

}
+ E∆̃n,ρ1

{
Ẽcρ

}
≤ polylog (n)√

n
+ +E∆̃n,ρ1

{
Ẽc2 ∩ Ẽρ

}
+ E∆̃n,ρ1

{
Ẽcρ

}
• Under event Ẽc2 ∩ Ẽρ, Lemma 21 (i) implies that

∆̃n,ρ . sup
x∈Bµ(L)

[∥∥∥Q̂ρ(x)
∥∥∥

op
∨ ‖Q∗(x)‖op

]
(i)

. n2M̃L

Here (i) follows from Lemma 33, 36 and the definition of Ẽρ. Hence

E∆̃n,ρ1
{
Ẽc2 ∩ Ẽρ

}
≤ n2M̃LP(Ẽc2)

≤ polylog (n)

nτ−2

• Under event Ẽcρ, one can similarly obtain that

∆̃n,ρ . sup
x∈Bµ(L)

∥∥∥Q̂ρ(x)
∥∥∥

op

and

E∆̃n,ρ1
{
Ẽcρ

}
. E sup

x∈Bµ(L)

∥∥∥Q̂ρ(x)
∥∥∥

op
1

{
sup

x∈Bµ(L)

∥∥∥Q̂ρ(x)
∥∥∥

op
> n2M̃L

}
. n−(τ−4)

Finally, one can arrive at the conclusion that for τ ≥ 9/2,

E∆̃n,ρ ≤
polylog (n)√

n

This finishes the proof of Lemma 45.
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Appendix D. Proof of Theorem 11

To simplify notation, we fix x and write Q∗ for Q∗(x), Q̂n,ρ for Q̂n,ρ(x) when there is no
ambiguity.

Following the same argument as (149) in Appendix C, one can obtain

E(X,Q)∼P w(x,X)
(
TQQ∗ − Id

)
= 0 (151)

√
n
(
Q̂n,ρ(x)−Q∗(x)

)
=

−
1

n

n∑
i=1

wn,ρ(x,Xi)dT
Qi
Q∗(x)︸ ︷︷ ︸

=Φ̂ρ(x)


−1

· 1√
n

n∑
i=1

wn,ρ(x,Xi)
(
TQiQ∗(x) − Id

)
︸ ︷︷ ︸

=:an(x)

+

(
− 1

n

n∑
i=1

wn,ρ(x,Xi)dT
Qi
Q∗(x)

)−1

·
√
n

2
· 1

n

n∑
i=1

wn,ρ(x,Xi)d
2TQi

Q̃n(x)
· (Q̂n,ρ(x)−Q∗(x))⊗2

︸ ︷︷ ︸
=:bn(x)

(152)

Analysis of Φ̂ρ(x): Lemma 40 and 41 together imply that for any fixed x,

Φ̂ρ(x)
p−→ E

[
−w(x,X)dTQQ∗(x)

]

Then by Assumption 5, one has

[
Φ̂ρ(x)

]−1 p−→
[
E
(
−w(x,X)dTQQ∗(x)

)]−1
(153)

Analysis of bn(x): Theorem 7, Lemma 40 and 41 together imply that for any fixed x,
with probability at least 1−O(n−100),

|bn(x)| ≤
√
n

2
·

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

wn,ρ(x,Xi)d
2TQi

Q̃n(x)

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ · ∥∥∥Q̂n,ρ(x)−Q∗(x)

∥∥∥2

F

≤
√
n

2
· polylog (n) · polylog (n)

n

=
polylog (n)√

n
(154)
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Analysis of an(x): by Lemma 26, one has w(x,X) = ~x>~Σ−1 ~X and wn,ρ(x,X) = ~x> ~̂Σ
−1

ρ
~X.

Hence one can obtain

an(x) =
1√
n

n∑
i=1

~x> ~̂Σ
−1

ρ
~Xi

(
TQiQ∗ − Id

)
=

(
~x> ~̂Σ

−1

ρ ⊗ Id
)
· 1√

n

n∑
i=1

~Xi ⊗
(
TQiQ∗ − Id

)
=
(
~x>~Σ−1 ⊗ Id

)
· 1√

n

n∑
i=1

~Xi ⊗
(
TQiQ∗ − Id

)
︸ ︷︷ ︸

=:an,1(x)

+
√
n

(
~x>(~̂Σ

−1

ρ − ~Σ−1)⊗ Id
)
· E ~X ⊗

(
TQQ∗ − Id

)
︸ ︷︷ ︸

=:an,2(x)

+
√
n

(
~x>(~̂Σ

−1

ρ − ~Σ−1)⊗ Id
)
·

[
1

n

n∑
i=1

~Xi ⊗
(
TQiQ∗ − Id

)
− E ~X ⊗

(
TQQ∗ − Id

)]
︸ ︷︷ ︸

=:an,3(x)

(155)

• an,1(x): by (151) and Lemma 26, one can obtain

Ean,1(x) = 0 (156)

To see this, it suffices to show E
(
~x>~Σ−1 ⊗ Id

)
·
(
~X ⊗ (TQQ∗ − Id)

)
= 0. Direct compu-

tation shows that the LHS of the equality is equal to

E~x>~Σ−1 ~X
(
TQQ∗ − Id

)
= Ew(x,X)(TQQ∗ − Id) = 0

Here the equality follows from the optimality condition (151).

• an,2(x): using the formula A−1 −B−1 = A−1(B −A)B−1, one can obtain

an,2(x) =
√
n

(
~x> ~̂Σ

−1

ρ (~Σ− ~̂Σ
−1

ρ )~Σ−1 ⊗ Id
)
· E ~X ⊗

(
TQQ∗ − Id

)
=
√
n

(
~x>~Σ−1(~Σ− ~̂Σρ)~Σ

−1 ⊗ Id
)
· E ~X ⊗

(
TQQ∗ − Id

)
−
√
n

(
~x>(~Σ−1 − ~̂Σ

−1

ρ )(~Σ− ~̂Σ
−1

ρ )~Σ−1 ⊗ Id
)
· E ~X ⊗

(
TQQ∗ − Id

)
= − 1√

n

(
n∑
i=1

~x>~Σ−1( ~Xi
~X>i − ~Σ)~Σ−1 ⊗ Id

)
·
(
E ~X ⊗ (TQQ∗ − Id)

)
+Op

(
1√
n

)
(157)

Here the last line follows from the fact that ~̂Σρ − ~Σ = Op(n
−1/2) which is itself due to

the sub-Gaussianity of X.
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• an,3(x): note that
[

1
n

∑n
i=1

~Xi ⊗
(
TQiQ∗ − Id

)
− E ~X ⊗

(
TQQ∗ − Id

)]
= Op(n

−1/2) again by
the sub-Gaussianity of X and Assumption 2, one can arrive at

an,3(x) = Op(n
−1/2) (158)

Combining (155), (156), (157), (158) and the functional central limit theorem (Hsing
and Eubank, 2015, Theorem 7.7.6), one can obtain

an(x) =
1√
n

n∑
i=1

[ (
~x>~Σ−1 ⊗ Id

)
·
(
~Xi ⊗ (TQiQ∗ − Id)

)
−(

~x>~Σ−1( ~Xi
~X>i − ~Σ)⊗ Id

)
·
(
E ~X ⊗ (TQQ∗ − Id)

) ]
+ op(1)

w→ Zx (159)

where Zx ∼ N (0,Ξx) is a Gaussian random matrix with mean 0 and covariance Ξx. Here
Ξx := EVx ⊗ Vx with

Vx = w(x,X)
(
TQQ∗ − Id

)
−
(
~x>~Σ−1( ~X ~X> − ~Σ)⊗ Id

)
·
(
E ~X ⊗ (TQQ∗ − Id)

)
Finally, (152), (153), (154) and (159) together imply

√
n
(
Q̂n,ρ −Q∗

)
w→
(
−Ew(x,X)dTQQ∗

)−1
· Zx

which completes the proof.

Appendix E. Proof of Corollary 14

The optimality condition for Q∗(x) implies that

Ew(x,X)
(
TQQ∗(x) − Id

)
= 0

Note that independence between X and Q implies that

Ew(x,X)
(
TQQ∗(x) − Id

)
= Ew(x,X)E

(
TQQ∗(x) − Id

)
(i)
= E

(
TQQ∗(x) − Id

)
Here (i) follows from the fact that Ew(x,X) = 1. Therefore, one has

E
(
TQQ∗(x) − Id

)
= 0

By independence, the above equality then implies

E ~X ⊗ (TQQ∗ − Id) = 0

Hence one has Vx,2 = 0, the proof is then complete.
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Appendix F. Proof of Theorem 16

First, we demonstrate in Lemma 46 below uniform fast convergence under Assumption 1, 2,
5, 6 and the null hypothesis. In order to apply Theorem 7, it suffices to verify Assumption
4 and Assumption 5. Note that Assumption 6 and the null hypothesis implies the inde-
pendence between X and Q, then both Assumption 4 and 5 are consequences of Lemma
34.

Lemma 46 Instate the assumptions in Theorem 16. Then with probability at least 1 −
O(n−100), one has

sup
x∈Bµ(Ln)

∥∥∥Q̂ρ(x)−Q∗(x)
∥∥∥

F
≤ polylog (n)√

n

sup
1≤i≤n

∥∥∥Q̂ρ(Xi)−Q∗(Xi)
∥∥∥

F
≤ polylog (n)√

n

With Lemma 46 in place, we consider the Taylor expansion of the optimality condition
for Q̂ρ(x). Recall that the optimality condition for Q̂ρ(x) gives

1

n

n∑
i=1

wn,ρ(x,Xi)
(
TQi
Q̂ρ(x)

− Id
)

= 0

Then one can apply Lemma 21 to get the following 2nd order Taylor expansion around
Q∗(x).

0 =
1

n

n∑
i=1

wn,ρ(x,Xi)
(
TQiQ∗(x) − Id

)
+

1

n

n∑
i=1

wn,ρ(x,Xi)dT
Qi
Q∗(x) ·

(
Q̂ρ(x)−Q∗(x)

)
+R2(x)

(160)

where R2(x) is the 2nd order remainder term with some Q̃n(x) lying between Q∗(x) and
Q̂ρ(x) defined as follows.

R2(x) :=
1

2n

n∑
i=1

wn,ρ(x,Xi)d
2TQi

Q̃n(x)
·
(
Q̂ρ(x)−Q∗(x)

)⊗2

Under the null hypothesis (21), one has Q∗(x) ≡ Q∗ and (160) reduces to

0 =
1

n

n∑
i=1

wn,ρ(x,Xi)
(
TQiQ∗ − Id

)
+

1

n

n∑
i=1

wn,ρ(x,Xi)dT
Qi
Q∗ ·

(
Q̂ρ(x)−Q∗(x)

)
+R2(x)

(161)

Setting x = X in (161) then gives

0 =
1

n

n∑
i=1

(
TQiQ∗ − Id

)
+

1

n

n∑
i=1

dTQiQ∗ ·
(
Q̂ρ(x)−Q∗(x)

)
+R2(x) (162)
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Take difference between (161) and (162) and rearrange, one can obtain(
− 1

n

n∑
i=1

dTQiQ∗

)
· (Q̂ρ(x)− Q̂ρ(X))︸ ︷︷ ︸

=:τ(x)

=
1

n

n∑
i=1

(wn,ρ(x,Xi)− 1)(TQiQ∗ − Id)︸ ︷︷ ︸
=:α0(x)

+
1

n

n∑
i=1

(wn,ρ(x,Xi)− 1)dTQiQ∗ · (Q̂ρ(x)− Q̂ρ(X))︸ ︷︷ ︸
=:α1(x)

+R2(x)−R2(X)︸ ︷︷ ︸
=:α2(x)

(163)
Before delving further into the proof, we pause to introduce more notations. Define

τ̂(x) =

(
− 1

n

n∑
i=1

dTQi
Q̂ρ(X)

)
· (Q̂ρ(x)− Q̂ρ(X))

Then by definition, the test statistic T̂ρ =
∑n

i=1 ‖τ̂(Xi)‖2F, and we have the following de-
composition of τ(x).

τ̂(x) = τ(x) + τ̂(x)− τ(x)

= τ(x) +

(
1

n

n∑
i=1

dTQiQ∗ −
1

n

n∑
i=1

dTQi
Q̂ρ(X)

)
· (Q̂ρ(x)− Q̂ρ(X))︸ ︷︷ ︸

=:α3(x)

= α0(x) + α1(x) + α2(x) + α3(x)︸ ︷︷ ︸
=:R(x)

We also define counterparts of α0, ..., α2 and R2 by replacing wn,ρ(·, ·) with w(·, ·) as follows.

α̃0(x) :=
1

n

n∑
i=1

(w(x,Xi)− 1)(TQiQ∗ − Id)

α̃1(x) :=
1

n

n∑
i=1

(w(x,Xi)− 1)dTQiQ∗ · (Q̂ρ(x)− Q̂ρ(X))

α̃2(x) := R̃2(x)− R̃2(X)

where

R̃2(x) =
1

2n

n∑
i=1

w(x,Xi)d
2TQi

Q̃n(x)
· (Q̂ρ(x)−Q∗)⊗2

With the above notation in place, one can obtain

T̂ρ =
n∑
k=1

‖α0(Xk)‖2F + 2
n∑
k=1

〈α0(Xk), R(Xk)〉+
n∑
k=1

‖R(Xk)‖2F︸ ︷︷ ︸
Remn

(164)
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The proof is then divided into three steps.

• First, we give upper bounds for α̃i as well as α̃i − αi and their consequences.

• Next, we show that the remainder term Remn is negligible.

• Then, we demonstrate that
∑

i ‖α0(Xi)‖2F converges weakly to the desired asymptotic
null distribution (24).

Analysis of α̃ and α̃−α: We give uniform upper bounds for α̃i(x)−αi(x) for i = 0, 1, 2
in Lemma 47 as uniform upper bounds for α̃i(x) and α3(x) in Lemma 48; see Appendix F.1,
F.2 for the proof.

Lemma 47 Instate the notations and assumptions in Theorem 16.

sup
x∈Bµ(L)

‖α0(x)− α̃0(x)‖F ≤
polylog (n)√

n
(165)

sup
x∈Bµ(L)

‖α1(x)− α̃1(x)‖F ≤
polylog (n)

n
(166)

sup
x∈Bµ(L)

‖α2(x)− α̃2(x)‖F ≤
polylog (n)

n3/2
(167)

with probability at least 1−O
(
n−99

)
.

Lemma 48 Instate the notations and assumptions in Theorem 16.

sup
x∈Bµ(L)

‖α̃0(x)‖F ≤
polylog (n)√

n
(168)

sup
x∈Bµ(L)

‖α̃1(x)‖F ≤
polylog (n)

n
(169)

sup
x∈Bµ(L)

‖α̃2(x)‖F ≤
polylog (n)

n
(170)

sup
x∈Bµ(L)

‖α3(x)‖F ≤
polylog (n)

n
(171)

with probability at least 1−O
(
n−99

)
.

With the above lemmas in place, one can readily obtain that with probability at least
1−O(n−99),

sup
i∈[n]
‖α0(Xi)‖F ≤ sup

i∈[n]
‖α̃0(Xi)− α0(Xi)‖F + sup

i∈[n]
‖α̃0(Xi)‖F ≤

polylog (n)√
n

(172)

sup
i∈[n]
‖α1(Xi)‖F ≤ sup

i∈[n]
‖α̃1(Xi)− α1(Xi)‖F + sup

i∈[n]
‖α̃1(Xi)‖F ≤

polylog (n)

n
(173)

sup
i∈[n]
‖α2(Xi)‖F ≤ sup

i∈[n]
‖α̃2(Xi)− α2(Xi)‖F + sup

i∈[n]
‖α̃2(Xi)‖F ≤

polylog (n)

n
(174)
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which then implies

sup
i∈[n]
‖R(Xi)‖F ≤

3∑
k=1

sup
i∈[n]
‖αk(Xi)‖F ≤

polylog (n)

n
(175)

Negligibility of Remn: We consider two terms
∑n

k=1 〈α0(Xk), R(Xk)〉 and
∑n

k=1 ‖R(Xk)‖2F
separately.
Analysis of

∑n
k=1 〈α0(Xk), R(Xk)〉: By (172) and (175), one has with probability at least

1−O(n−99),

n∑
k=1

〈α0(Xk), R(Xk)〉 ≤
n∑
k=1

‖α0(Xk)‖F · ‖R(Xk)‖F

≤
n∑
k=1

polylog (n)

n3/2

=
polylog (n)√

n

Analysis of
∑n

k=1 ‖R(Xk)‖2F: Similarly, by (175), one has with probability at least 1 −
O(n−99),

n∑
k=1

‖R(Xk)‖2F ≤
polylog (n)

n

Therefore, the above results imply that with probability at least 1−O(n−99),

Remn ≤
polylog (n)√

n
(176)

Analysis of α0: To consider the main term
∑n

i=1 ‖α0(Xi)‖2F, one has

n∑
k=1

‖α0(Xk)‖2F

=
1

n2

n∑
k=1

〈
n∑
i=1

(Xk −X)>Σ̂−1
ρ (Xi −X)(TQiQ∗ − Id),

n∑
j=1

(Xk −X)>Σ̂−1
ρ (Xj −X)(T

Qj
Q∗ − Id)

〉

=
1

n2

n∑
i,j=1

n∑
k=1

(Xi −X)>Σ̂−1
ρ (Xk −X)(Xk −X)>Σ̂−1

ρ (Xj −X)
〈
TQiQ∗ − Id, T

Qj
Q∗ − Id

〉
=

1

n

n∑
i,j=1

(Xi −X)>Σ̂−1
ρ (Xj −X)

〈
TQiQ∗ − Id, T

Qj
Q∗ − Id

〉

=

∥∥∥∥∥ 1√
n

n∑
i=1

Σ̂−1/2
ρ (Xi −X)⊗ (TQiQ∗ − Id)

∥∥∥∥∥
2

F
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Note that

1√
n

n∑
i=1

Σ̂−1/2
ρ (Xi −X)⊗ (TQiQ∗ − Id)

=
[
(Σ̂−1/2

ρ Σ1/2)⊗ Id
]
·

[
1√
n

n∑
i=1

Σ−1/2(Xi −X)⊗ (TQiQ∗ − Id)

]

= (1 + op(1))
1√
n

n∑
i=1

Σ−1/2(Xi −X)⊗ (TQiQ∗ − Id) (177)

Also, one can obtain(
1√
n

n∑
i=1

Σ−1/2(Xi −X)⊗ (TQiQ∗ − Id)

)
−

(
1√
n

n∑
i=1

Σ−1/2(Xi − µ)⊗ (TQiQ∗ − Id)

)

=
1√
n

n∑
i=1

Σ−1/2(µ−X)⊗ (TQiQ∗ − Id)

=Σ−1/2(µ−X)⊗

[
1√
n

n∑
i=1

(
TQiQ∗ − Id

)]
=op(1)

(178)
Here the last line follows since X − µ = op(1) and 1√

n

∑n
i=1(TQiQ∗ − Id) is asymptotically

normal with zero mean. The zero mean is justified in the following claim whose proof is
deferred to Appendix F.3.

Claim 4 Under the null hypothesis (21) and Assumption 4, 6, X and Q are independent
and one has

E(X − µ)⊗
(
TQQ∗ − Id

)
= 0 (179)

E
(
TQQ∗ − Id

)
= 0 (180)

Claim 4 also implies that EΣ−1/2(X −µ)⊗ (TQiQ∗ − Id) = 0. Therefore, by the functional
central limit theorem (Hsing and Eubank, 2015, Theorem 7.7.6), one can obtain

1√
n

n∑
i=1

Σ−1/2(Xi − µ)⊗ (TQiQ∗ − Id)
w→ N

(
0, Ip ⊗ E

[
(TQQ∗ − Id)⊗ (TQQ∗ − Id)

])
(181)

Combining (177), (178) and (181), we arrive at

1√
n

n∑
i=1

Σ̂−1/2
ρ (Xi −X)⊗ (TQiQ∗ − Id)

w→ N
(

0, Ip ⊗ E
[
(TQQ∗ − Id)⊗ (TQQ∗ − Id)

])
which then implies that

n∑
k=1

‖α0(Xk)‖2
w→
∑
i

λiwi (182)
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where wi are i.i.d. χ2
p random variables and λi are the eigenvalues of E

[
(TQQ∗ − Id)⊗ (TQQ∗ − Id)

]
.

Finally, taking (164) (176) and (182) collectively yields

T̂ρ
w→
∑
i

λiwi

F.1 Proof of Lemma 47

Apply Lemma 46 and triangle inequality to see that under the null (21), with probability
at least 1−O(n−100), one has

sup
x∈Bµ(L)

∥∥∥Q̂ρ(x)−Q∗
∥∥∥

F
≤ polylog (n)√

n

sup
x∈Bµ(L)

∥∥∥Q̂ρ(x)− Q̂ρ(X)
∥∥∥

F
≤ sup

x∈Bµ(L)

∥∥∥Q̂ρ(x)−Q∗
∥∥∥

F
+ sup
x∈Bµ(L)

∥∥∥Q̂ρ(X)−Q∗
∥∥∥

F
≤ polylog (n)√

n

(183)

Proof of (165): note that

α0(x)− α̃0(x) =
1

n

n∑
i=1

(wn,ρ(x,Xi)− w(x,Xi)) (TQiQ∗ − Id)

= An(x)− Ãn(x)

Hence (165) follows from Lemma 41.

Proof of (166): one can obtain

‖α1(x)− α̃1(x)‖F =

∥∥∥∥∥ 1

n

n∑
i=1

(wn,ρ(x,Xi)− w(x,Xi))dT
Qi
Q∗ · (Q̂ρ(x)− Q̂ρ(X))

∥∥∥∥∥
F

≤

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

(wn,ρ(x,Xi)− w(x,Xi))dT
Qi
Q∗

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ · ∥∥∥Q̂ρ(x)− Q̂ρ(X)

∥∥∥
F

=
∣∣∣∣∣∣∣∣∣Φn(x)− Φ̃n(x)

∣∣∣∣∣∣∣∣∣ · ∥∥∥Q̂ρ(x)− Q̂ρ(X)
∥∥∥

F

Hence (166) follows from Lemma 41 and (183).

Proof of (167): one can obtain

‖α2(x)− α̃2(x)‖F =

∥∥∥∥∥ 1

n

n∑
i=1

(wn,ρ(x,Xi)− w(x,Xi))d
2TQi

Q̃n(x)
· (Q̂ρ(x)−Q∗)⊗2

∥∥∥∥∥
F

≤

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

(wn,ρ(x,Xi)− w(x,Xi))d
2TQi

Q̃n(x)

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ · ∥∥∥Q̂ρ(x)− Q̂ρ(X)

∥∥∥2

F

=
∣∣∣∣∣∣∣∣∣Ψn(x, Q̃n(x))− Ψ̃n(x, Q̃n(x))

∣∣∣∣∣∣∣∣∣ · ∥∥∥Q̂ρ(x)− Q̂ρ(X)
∥∥∥2

F

Hence (167) follows from Lemma 41 and (183).
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F.2 Proof of Lemma 48

Apply Lemma 46 and triangle inequality to see that under the null (21), with probability
at least 1−O(n−100), one has

sup
x∈Bµ(L)

∥∥∥Q̂ρ(x)−Q∗
∥∥∥

F
≤ polylog (n)√

n

sup
x∈Bµ(L)

∥∥∥Q̂ρ(x)− Q̂ρ(X)
∥∥∥

F
≤ sup

x∈Bµ(L)

∥∥∥Q̂ρ(x)−Q∗
∥∥∥

F
+ sup
x∈Bµ(L)

∥∥∥Q̂ρ(X)−Q∗
∥∥∥

F
≤ polylog (n)√

n

(184)

Proof of (168): Recall the definition of Ãn(x) in (77), one can see that (168) follows
from (83) in Lemma 40 with a slight and straightforward modification to accommodate the
w(x,X)− 1 term here. For brevity, we omit the proof.

Proof of (169):

‖α̃1‖F ≤

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

(w(x,Xi)− 1)dTQiQ∗

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ · ∥∥∥Q̂ρ(x)− Q̂ρ(X)

∥∥∥
F

(185)

Recall the definition of Φ̃n(x) in (77), with a slight modification of the proof of (84) in
Lemma 40, one can obtain

sup
x∈Bµ(L)

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

(w(x,Xi)− 1)dTQiQ∗

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ ≤ polylog (n)√

n
(186)

For brevity, the proof is omitted.
Combining (184), (185) and (186) gives (169).

Proof of (170): Apply triangle inequality to see that

sup
x∈Bµ(L)

‖α̃2(x)‖F ≤
∥∥∥R̃2(X)

∥∥∥
F

+ sup
x∈Bµ(L)

∥∥∥R̃2(x)
∥∥∥

F

≤ 2 sup
x∈Bµ(L)

∥∥∥R̃2(x)
∥∥∥

F

Moreover, one can obtain

sup
x∈Bµ(L)

∥∥∥R̃2(x)
∥∥∥

F
. sup

x∈Bµ(L)

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

w(x,Xi)d
2TQi

Q̃n(x)

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ · ∥∥∥Q̂ρ(x)−Q∗

∥∥∥2

F

≤ sup
x∈Bµ(L)

S∈Sd((2ML)−1,2ML)

∣∣∣∣∣∣∣∣∣Ψ̃n(x, S)
∣∣∣∣∣∣∣∣∣ · sup

x∈Bµ(L)

∥∥∥Q̂ρ(x)−Q∗
∥∥∥2

F

(i)

≤ polylog (n)

n

Here (i) follows from (85), (86) in Lemma 40 as well as (184).
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Proof of (171): one can obtain

sup
x∈Bµ(L)

‖α3(x)‖F = sup
x∈Bµ(L)

∥∥∥∥∥
(

1

n

n∑
i=1

dTQiQ∗ −
1

n

n∑
i=1

dTQi
Q̂ρ(X)

)
· (Q̂ρ(x)− Q̂ρ(X))

∥∥∥∥∥
F

≤

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

dTQiQ∗ −
1

n

n∑
i=1

dTQi
Q̂ρ(X)

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ · sup

x∈Bµ(L)

∥∥∥Q̂ρ(x)− Q̂ρ(X)
∥∥∥

F
(187)

Moreover, one has∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ 1n

n∑
i=1

dTQiQ∗ −
1

n

n∑
i=1

dTQi
Q̂ρ(X)

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ (i)

≤ 1

n

n∑
i=1

∣∣∣∣∣∣∣∣∣dTQiQ∗ − dT
Qi
Q̂ρ(X)

∣∣∣∣∣∣∣∣∣
(ii)

≤ 1

n

n∑
i=1

∣∣∣∣∣∣∣∣∣d2TQi
Q′i,n
· (Q̂ρ(X)−Q∗)

∣∣∣∣∣∣∣∣∣
(iii)

≤ 1

n

n∑
i=1

∣∣∣∣∣∣∣∣∣d2TQi
Q′i,n

∣∣∣∣∣∣∣∣∣ · ∥∥∥Q̂ρ(X)−Q∗
∥∥∥

F
(188)

Here (i) follows from triangle inequality, (ii) from the mean value theorem (Dudley and
Norvaiša, 2011, Theorem 5.3) for some Q′i,n that lies on the segment between Q∗ and Q̂ρ(X),
and (iii) arises from Lemma 22. Therefore, with a slight modification of the proof of (86) in
Lemma 40, one can obtain with probability at least 1−O(n−100),

1

n

n∑
i=1

∣∣∣∣∣∣∣∣∣d2TQi
Q′i,n

∣∣∣∣∣∣∣∣∣ ≤ polylog (n) (189)

For brevity, the proof is omitted.
Finally, combining (187), (188) and (189) gives

sup
x∈Bµ(L)

‖α3(x)‖F .

[
1

n

n∑
i=1

∣∣∣∣∣∣∣∣∣d2TQi
Q′i,n

∣∣∣∣∣∣∣∣∣] · [ sup
x∈Bµ(L)

∥∥∥Q̂ρ(x)−Q∗(x)
∥∥∥

F

]2

≤ polylog (n)

n

which finishes the proof for (171).

F.3 Proof of Claim 4

The independence follows directly from Assumption 6 and the null hypothesis (21).

Proof of (179): by independence, we have

E(X − µ)⊗
(
TQQ∗ − Id

)
= [E(X − µ)]⊗

[
E
(
TQQ∗ − Id

)]
= 0
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Proof of (180): The optimality condition of Q∗(x) gives that

Ew(x,X)
(
TQQ∗(x) − Id

)
= 0

By independence, one then has

E
(
TQQ∗(x) − Id

)
(i)
= [Ew(x,X)] ·

[
Ew(x,X)

(
TQQ∗(x) − Id

)]
= Ew(x,X)

(
TQQ∗(x) − Id

)
= 0

Here (i) follows from the fact that Ew(x,X) ≡ 1.

Appendix G. Proof of Proposition 1

Note that under the null (21), it holds that Q∗(X) = Q∗. Then Theorem 7 implies that
with probability at least 1−O(n−100),∥∥∥Q̂ρ(X)−Q∗

∥∥∥
F
≤ polylog (n)√

n

Therefore, one has with probability at least 1−O(n−100),

Q̂ρ(X) ∈ Sd((2c1)−1, 2c1) (190)

for n large enough. Here we recall that c1 ≥ 1 is a constant defined in Assumption 2.
One can apply the triangle inequality to see that∥∥∥∥∥ 1

n

n∑
i=1

(
TQi
Q̂ρ(X)

− Id
)
⊗
(
TQi
Q̂n(X)

− Id
)
− E

(
TQQ∗ − Id

)
⊗
(
TQQ∗ − Id

)∥∥∥∥∥
F

≤

∥∥∥∥∥ 1

n

n∑
i=1

(
TQi
Q̂ρ(X)

− Id
)
⊗
(
TQi
Q̂n(X)

− Id
)
− E

(
TQ
Q̂ρ(X)

− Id
)
⊗
(
TQ
Q̂ρ(X)

− Id
)∥∥∥∥∥

F

+
∥∥∥E(TQ

Q̂ρ(X)
− Id

)
⊗
(
TQ
Q̂ρ(X)

− Id
)
− E

(
TQQ∗ − Id

)
⊗
(
TQQ∗ − Id

)∥∥∥
F

(i)

≤ sup
S∈Sd((2c1)−1,2c1)

∥∥∥∥∥ 1

n

n∑
i=1

(
TQiS − Id

)
⊗
(
TQiS − Id

)
− E

(
TQS − Id

)
⊗
(
TQS − Id

)∥∥∥∥∥
F︸ ︷︷ ︸

ζ1

+ sup
S:‖S−Q∗‖F≤polylog(n)/

√
n

∥∥∥E(TQS − Id)⊗ (TQS − Id)− E
(
TQQ∗ − Id

)
⊗
(
TQQ∗ − Id

)∥∥∥
F︸ ︷︷ ︸

ζ2

(191)

Here (i) follows from (190).
Upper bounds for ζ1, ζ2 in (191) are summarized in the lemma below whose proof is

deferred to Appendix G.1. Note that Lemma 49 do not assume the null hypothesis so that
it can be reused later for the proof of the power (Theorem 18).
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Lemma 49 Suppose Assumption 1-6 hold. Then with probability at least 1−O(n−100),

ζ1 ≤
polylog (n)√

n
(192)

ζ2 ≤
polylog (n)√

n
(193)

Lemma 49 combined with (191) then implies∥∥∥∥∥ 1

n

n∑
i=1

(
TQi
Q̂ρ(X)

− Id
)
⊗
(
TQi
Q̂n(X)

− Id
)
− E

(
TQQ∗ − Id

)
⊗
(
TQQ∗ − Id

)∥∥∥∥∥
F

≤ polylog (n)√
n

(194)

As a result, if (λi)i∈[d2] are sorted in order, then one has λ̂i → λi uniformly for i ∈ [d2] in
probability which further implies that

d2∑
i=1

λ̂iwi
p→

d2∑
i=1

λiwi

Then the continuous mapping theorem implies that q̂1−α → q1−α in probability. Then one
can obtain

P
(
T̂ρ > q̂1−α

)
≤ P

(
T̂ρ > q1−α − ε

)
+ P (|q̂1−α − q1−α| > ε)

Taking the limit as n→∞, followed by letting ε→ 0 to get that

lim sup
n→∞

P
(
T̂ρ > q̂1−α

)
≤ α (195)

A similar lower bound shows

lim inf
n→∞

P
(
T̂ρ > q̂α

)
≥ α (196)

Finally, combining (195) and (196) completes the proof.

G.1 Proof of Lemma 49

Proof of (192): the proof is similar to Lemma 40, and is hence omitted for brevity.

Proof of (193): First, recall differential properties (Lemma 21) that∥∥∥TQS ∥∥∥
op
≤ λmax (Q) · λmin (Q)−1/2 · λmin (S)−1/2∣∣∣∣∣∣∣∣∣dTQS ∣∣∣∣∣∣∣∣∣ ≤ 1

2
λmax (Q)1/2 · λmin (S)−2 · λmax (S)1/2

(197)

Also, denote φ(Q,S) :=
(
TQS − Id

)
⊗
(
TQS − Id

)
.
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With these results in place, one can obtain

‖φ(Q,S)− φ(Q,Q∗)‖F ≤
∥∥∥(TQS − Id)⊗ (TQS − TQQ∗)∥∥∥

F
+
∥∥∥(TQS − TQQ∗)⊗ (TQQ∗ − Id)∥∥∥

F

≤
∥∥∥TQS − Id∥∥∥

F
·
∥∥∥TQS − TQQ∗∥∥∥

F
+
∥∥∥TQS − TQQ∗∥∥∥

F
·
∥∥∥TQQ∗ − Id∥∥∥

F

≤
∥∥∥TQS − Id∥∥∥

F
·
∣∣∣∣∣∣∣∣∣dTQS′∣∣∣∣∣∣∣∣∣ · ‖S −Q∗‖F +

∥∥∥TQQ∗ − Id∥∥∥
F
·
∣∣∣∣∣∣∣∣∣dTQS′∣∣∣∣∣∣∣∣∣ · ‖S −Q∗‖F

where S′ lies between Q∗ and S. Note that Assumption 2 and the condition ‖S −Q∗‖F ≤
polylog (n) /

√
n implies that

S,Q∗ ∈ Sd((2c1)−1, 2c1)

Then for any S ∈ Sd((2c1)−1, 2c1), one has

E
∥∥∥TQS − Id∥∥∥

F
·
∣∣∣∣∣∣∣∣∣dTQS′∣∣∣∣∣∣∣∣∣ (i)

. E
(
‖X − µ‖3C1/2 + 1

)
· ‖X − µ‖C1/2

(ii)

. 1

Here C1 is defined in Assumption 2, (i) follows from (197) and (ii) is a result of the sub-
Gaussianity of X. Similarly, one has

E
∥∥∥TQQ∗ − Id∥∥∥

F
·
∣∣∣∣∣∣∣∣∣dTQS′∣∣∣∣∣∣∣∣∣ . 1

Combining results above, one can obtain

ζ2 ≤ sup
S:‖S−Q∗‖F≤polylog(n)/

√
n

EQ ‖φ(Q,S)− φ(Q,Q∗)‖F

. sup
S:‖S−Q∗‖F≤polylog(n)/

√
n

1 · ‖S −Q∗‖F

≤ polylog (n)√
n

The proof is then complete.

Appendix H. Proof of Theorem 18

As argued at the beginning of Appendix C.5, one can assume without loss of generality that
‖X − µ‖ ≤ L almost surely with L = CL

√
log n for some constant CL large enough as in

(78). Recall the notation that ML := γΛ(L).

Power under Frobenius norm: First we demonstrate concentration of various quantities
of interest and derive their consequences in Lemma 50 below. The proof is in Appendix H.1.

Lemma 50 Instate the notations and assumptions in Theorem 18. Assume in addition
that ‖X − µ‖ ≤ L almost surely. Then there exists an event En that satisfies P(En) ≥
1−O(n−100) for any P ∈ P, under which the following inequalities

‖Xi − µ‖ ≤ L, Qi ∈ Sd(M−1
L ,ML) for i ∈ [n] (198)
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sup
x∈Bµ(L)

∥∥∥Q̂ρ(x)−Q∗(x)
∥∥∥

F
≤ polylog (n)√

n
(199)

{
Q̂ρ(x) : x ∈ Bµ(L)

}
⊂ Sd

((
21/6ML

)−1
, 21/6ML

)
(200)

n∑
i=1

‖Q∗(Xi)−Q∗(µ)‖2F ≥
na2

n

2
(201)

∥∥∥Q̂ρ(X)−Q∗(µ)
∥∥∥

F
≤ polylog (n)√

n
(202)∣∣∣λ̂i∣∣∣ ≤ 2λ1, i ∈

[
d2
]

(203)

hold for n large enough.

Next, note that ((iii)) in Lemma 21 implies that for anyQ,S ∈ Sd
((

21/6ML

)−1
, 21/6ML

)
(here 21/6 is chosen only for technical computation), one has

1

2
√

2M3
L

≤ λmin

(
−dTQS

)
≤ λmax

(
−dTQS

)
≤
√

2

2
M3
L

which then implies that under En, the following holds.

λmin

(
Ĥ
)
≥ 1

n

n∑
i=1

λmin

(
−dTQi

Q̂ρ(X)

)
≥ 1

2
√

2M3
L

Therefore, under En, one has

T̂ρ ≥
1

8M6
L

n∑
i=1

∥∥∥Q̂ρ(Xi)− Q̂ρ(X)
∥∥∥2

F
(204)

Then from the following decomposition

Q̂ρ(Xi)− Q̂ρ(X) = Q∗(Xi)−Q∗(µ) + Q̂ρ(Xi)−Q∗(Xi) +Q∗(µ)− Q̂ρ(X)︸ ︷︷ ︸
∆i

one can obtain
n∑
i=1

∥∥∥Q̂ρ(Xi)− Q̂ρ(X)
∥∥∥2

F

(i)
=

n∑
i=1

‖Q∗(Xi)−Q∗(µ)‖2F + 2
n∑
i=1

〈Q∗(Xi)−Q∗(µ),∆i〉+
n∑
i=1

‖∆i‖2F

(ii)

≥
n∑
i=1

‖Q∗(Xi)−Q∗(µ)‖2F − 2

(
n∑
i=1

‖Q∗(Xi)−Q∗(µ)‖2F

)1/2

·

(
n∑
i=1

‖∆i‖2F

)1/2

+

n∑
i=1

‖∆i‖2F

≥

(
n∑
i=1

‖Q∗(Xi)−Q∗(µ)‖2F

)
·

1− 2

( ∑n
i=1 ‖∆i‖2F∑n

i=1 ‖Q∗(Xi)−Q∗(µ)‖2F

)1/2
 (205)
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Here (i) follows by developing the square, (ii) is a consequence of the Cauchy-Schwarz
inequality.

Lemma 50 implies that under En, one has

‖∆i‖F ≤
∥∥∥Q̂ρ(Xi)−Q∗(Xi)

∥∥∥
F

+
∥∥∥Q∗(µ)− Q̂ρ(X)

∥∥∥
F

.
polylog (n)√

n
(206)

Therefore, (205) and (206) together imply the following inequality for n large enough.

n∑
i=1

∥∥∥Q̂ρ(Xi)− Q̂ρ(X)
∥∥∥2

F

(I)

≥ na2
n

2
· 3

4
(207)

Here (I) arises due to Lemma 50, (206) as well as the fact that polylog (n) = o
(
na2

n

)
.

Combining (204) and (207) then gives that under En, one has

T̂ρ ≥
3na2

n

64M6
L

≥
√
na2

n (208)

for n large enough.
Denote q̃1−α the 1 − α quantile of

∑d2

i=1 2λ1wi, which is a fixed constant. Then as a
consequence of Lemma 50,

∑d2

i=1 λ̂iwi is stochastically dominated by
∑d2

i=1 2λ1wi under En,
which then implies that

q̂1−α < q̃1−α, under En

Therefore, for any P ∈ P, one can obtain

P
(
T̂ρ > q̂1−α

)
≥ P

({
T̂ρ > q̃1−α

}
∩ {q̃1−α > q̂1−α}

)
≥ P

({
T̂ρ > q̃1−α

}
∩ En

)
(i)

≥ P
({√

na2
n > q̃1−α

}
∩ En

)
for n large enough. Here (i) follows from (208).

Finally, one can take n→∞ to see that

lim inf
n→∞

inf
P∈P

P
(
T̂ρ > q̂1−α

)
≥ lim inf

n→∞
inf
P∈P

P
({√

na2
n > q̃1−α

}
∩ En

)
≥ 1

which implies
lim
n→∞

inf
P∈P

P
(
T̂ρ > q̂1−α

)
= 1

The proof is then complete.
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Power under Wasserstein distance: by Lemma 21 and the boundedness assumption,
one has

E ‖Q∗(X)−Q∗(µ)‖2F ≥
1

polylog (n)
EW 2 (Q∗(X), Q∗(µ))

Therefore, the 1st part of the proof (Frobenius norm) can be applied.

H.1 Proof of Lemma 50

(198)-(200) are shown in the proof of Theorem 7 and (202) is due to Lemma 32.

Proof of (201): With these in place, we have almost surely that

‖Q∗(X)−Q∗(µ)‖2F ≤ d ‖Q
∗(X)−Q∗(µ)‖2op

≤ dM2
L =: MF � polylog (n) (209)

Define random variable Yi as follows.

Yi := ‖Q∗(Xi)−Q∗(µ)‖2F − E ‖Q∗(X)−Q∗(µ)‖2F

With (209) in place, one then has Yi ∈ [−MF ,MF ], EYi = 0 and

VarYi = EY 2
i

≤ E |Yi|MF

≤ 2E ‖Q∗(Xi)−Q∗(µ)‖2F ·MF

= 2a2
n ·MF

To prove (201), it suffices to show that ,∣∣∣∣∣
n∑
i

Yi

∣∣∣∣∣ ≤ na2
n

2
with probability at least 1−O(n−100) (210)

To this end, note that by Bernstein’s inequality (Vershynin, 2018, Theorem 2.8.4), one has
with probability at least 1−O(n−100),∣∣∣∣∣

n∑
i

Yi

∣∣∣∣∣ .MF log n+
√
nVarYi ·

√
log n

.MF log n+
√
na2

nMF ·
√

log n

(i)

≤ polylog (n) ·
(

1 +
√
na2

n

)
(211)

Then (211) implies (210) for n large enough due to the assumption that na2
n & n2α2 for

some constant α2 > 0. The proof is then complete.
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Proof of (203): Note that the proof of Lemma 49 does not assume the null hypothesis.
Therefore, with (202) in place, one can exactly follow (190)-(194) as in the proof of Lemma
49 to get∥∥∥∥∥ 1

n

n∑
i=1

(
TQi
Q̂ρ(X)

− Id
)
⊗
(
TQi
Q̂ρ(X)

− Id
)
− E

(
TQQ∗ − Id

)
⊗
(
TQQ∗ − Id

)∥∥∥∥∥
F

≤ polylog (n)√
n

which implies (203).

Appendix I. Additional simulations

We conduct simulations to compare different initialization methods and step sizes, as de-
scribed in Section 5.1.

I.1 Initialization

To assess the performance of different initialization methods, we conduct simulations based
on Example 2 with parameters n = 200, p = 5 and d = 6, setting η = 1, T = 30 and
eps = 10−6 in Algorithm 1. We consider three different initialization methods:

1. Identity Initialization : S0 = Id.

2. Random Initialization: S0 = U exp(M)U> where U and M are independent; U ∈ Od is
a random orthogonal matrix following the Haar measure, and M is a random diagonal
matrix with i.i.d. diagonal entries Mkk ∼ N (0, 1/

√
d), k ∈ [d].

3. Mean Initialization: S0 =
∑n

i=1Qi.

Table 1 reports the number of steps before termination and the relative error with respect to
the identity initialization, averaged over 100 simulations. In each simulation, after generating
n = 200 pairs of (Xi, Qi), we randomly generate X̃ ∼ Uniform[−1, 1]p and compute Q̂ρ(X̃)
using Algorithm 1 with the three initialization methods described above. It can be observed

Table 1: Comparison of different initialization methods.

δ Initialization method Steps Relative error (×eps)

0
Id 3 0

Random 3.4 5.3e-4
Mean 3 4.8e-6

0.2
Id 3 0

Random 3.4 5.9e-4
Mean 3 4.8e-6

0.4
Id 3 0

Random 3.3 6.0e-4
Mean 3 5.9e-6

that all three methods converge to the same point within nearly the same number of steps,
as the relative error is significantly smaller than the threshold eps.
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I.2 Step size

To examine the performance of different step sizes, we conduct simulations based on Exam-
ple 2 with parameters n = 200, p = 5 and d = 6, setting S0 = Id, T = 30 and eps = 10−6 in
Algorithm 1. Table 2 reports the number of steps before termination and the relative error
with respect to step size 1, averaged over 100 simulations. In each simulation, after gener-
ating n = 200 pairs of (Xi, Qi), we randomly generate X̃ ∼ Uniform[−1, 1]p and compute
Q̂ρ(X̃) using Algorithm 1 with step size η ∈ {1, 0.9, 0.8, 0.7, 0.6}

Table 2: Comparison of different step sizes.

δ η Steps Relative error (×eps)

0

1 3 0
0.9 8 0.013
0.8 10 0.13
0.7 13 0.20
0.6 17 0.22

0.2

1 3 0
0.9 8 0.013
0.8 10 0.13
0.7 13 0.20
0.6 17 0.22

0.4

1 3 0
0.9 7.94 0.017
0.8 10 0.13
0.7 13 0.20
0.6 15.97 0.22

It can be observed that all three methods converge to the same point, as the relative
error is smaller than the threshold eps. Additionally, setting η = 1 results in the fastest
convergence.

I.3 Uniform convergence over a diverging domain

To investigate the convergence over a diverging domain, we slightly modify Example 2 by
considering X ∼ Uniform[−

√
log n,

√
log n]p with parameters p = 5, d = 6, δ = 0.1 and

n ∈ {100, 200, 400, 800, 1600}. For each n, we compute the maximum in-sample error

maxErrn := max
i∈[n]

∥∥∥Q̂ρ(Xi)−Q∗(Xi)
∥∥∥

F
, ρ = 1/n

Figure 7 plots log maxErrn against log n where maxErrn represents the average of maxErrn
over 5 independent trials. The plot shows a linear trend with a slope −0.46, providing
empirical support for the parametric rate of convergence up to logarithmic factors.
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Figure 7: log maxErrn vs. log n
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