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Abstract

The problem of learning one task using samples from another task is central to transfer
learning. In this paper, we focus on answering the following question: when does combining
the samples from two related tasks perform better than learning with one target task
alone? This question is motivated by an empirical phenomenon known as negative transfer
often observed in transfer learning practice. While the transfer effect from one task to
another depends on factors such as their sample sizes and the spectrum of their covariance
matrices, precisely quantifying this dependence has remained a challenging problem. In
order to compare a transfer learning estimator to single-task learning, one needs to compare
the risks between the two estimators precisely. Further, the comparison depends on the
distribution shifts between the two tasks. This paper applies recent developments of random
matrix theory to tackle this challenge in a high-dimensional linear regression setting with
two tasks. We provide precise high-dimensional asymptotics for the bias and variance of
a classical hard parameter sharing (HPS) estimator in the proportional limit, when the
sample sizes of both tasks increase proportionally with dimension at fixed ratios. The
precise asymptotics apply to various types of distribution shifts, including covariate shifts,
model shifts, and combinations of both. We illustrate these results in a random-effects
model to mathematically prove a phase transition from positive to negative transfer as the
number of source task samples increases. One insight from the analysis is that a rebalanced
HPS estimator, which downsizes the source task when the model shift is high, achieves the
minimax optimal rate. The finding regarding phase transition also applies to multiple tasks
when feature covariates are shared across all tasks. Simulations validate the accuracy of the
high-dimensional asymptotics for finite dimensions.
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1. Introduction

Given samples from two tasks, does combining the samples from both tasks together yield a
better estimator for the target task of interest? Concretely, suppose there are n1 samples
drawn from a p-dimensional distribution D1 with real-valued labels in a source task. Suppose
there are n2 samples drawn from a p-dimensional distribution D2 with real-valued labels
in the target task. Does combining the samples from both the source and the target tasks
together lead to an estimator whose performance would be better than the learning outcome
from utilizing the n2 samples alone?

This question is motivated by scenarios where one would like to use samples from an
auxiliary task to augment the sample size of a target task. It is widely observed that when the
two tasks are far apart, negative transfer can occur, where the transfer learning performance
is worse than that of single-task learning (Pan and Yang, 2009; Wu et al., 2020). However,
a rigorous proof of when and why negative transfer can happen (even within some simple
statistical models) has remained elusive in the statistical learning literature.

Identifying negative transfer requires modeling the relationship between two tasks. Early
work has approached such questions through structural learning (Ando and Zhang, 2005),
where a shared, low-dimensional structure is extracted from several (possibly unlabeled)
tasks via an alternating optimization framework. Another influential line of early work is the
quantification of transfer learning with uniform convergence bounds (Ben-David et al., 2010a).
Notice that negative transfer can happen if the label distribution of task one, conditioned
on the covariates, differs significantly from task two. For brevity, we refer to settings where
D1 6= D2 as covariate shift and settings where label distributions differ (conditioned on
the covariates) as model shift. However, analyzing these settings requires going beyond
the in-distributional assumptions of supervised learning, which has led to recent results
in transfer learning for the two-task linear regression setting (Lei et al., 2021; Dar and
Baraniuk, 2022). Recent results by Dhifallah and Lu (2021) shed light on an intriguing
phase transition that has been observed in empirical transfer learning. They study both
hard transfer and soft transfer via a precise analysis of the transfer rates. In this paper,
we propose to quantify transfer effects in high-dimensional linear regression by employing
recently developed techniques from the random matrix theory literature in the proportional
limit setting.

Concretely, we study a high-dimensional linear regression setting with two tasks under
combinations of covariate and model shifts. We study a hard transfer estimation procedure
in the high-dimensional limit. This procedure is rooted in the classical literature (Caruana,
1997), whose theoretical properties are not well-understood. We study functions involving
two sample covariance matrices with arbitrarily different population covariances. We estimate
the asymptotic limits of the bias and variance of hard parameter sharing and illustrate our
estimates in a random-effects model. We achieve these results using tools from modern
random matrix theory and free probability theory (Bai and Silverstein, 2010; Erdős and Yau,
2017; Nica and Speicher, 2006). In particular, building on recent developments in random
matrix theory (Bao et al., 2017; Bloemendal et al., 2014; Knowles and Yin, 2016), we derive
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Figure 1: We illustrate the performance of HPS vs. OLS (ordinary least squares) for different
levels of model shifts, indicated by µ ≈

∥∥β(1) − β(2)
∥∥ /√2. We consider two linear

regression tasks and vary the sample size of the source task, denoted as n1 and
µ, while holding the target task fixed. The gray line refers to the performance of
OLS. Any point above the gray line represents negative transfer, while any point
below represents positive transfer. In this simulation, we set p = 100, n2 = 300,
and σ2 = 1

4 . We sample the covariates X from a p-dimensional isotropic Gaussian
and plot the excess risk of HPS (see equation (2.6)). For further details about the
setup, see Proposition 8, Section 4.

precise high-dimensional asymptotics involving combinations of two covariance matrices,
along with almost sharp convergence rates to the limits.

1.1 Problem Setup

We first introduce our problem setup. For either task i = 1 or task i = 2, let x(i)
1 , x

(i)
2 , . . . , x

(i)
ni

denote the feature covariates and y(i)
1 , y

(i)
2 , . . . , y

(i)
ni denote the prediction labels; Recall that

n1 and n2 refer to the number of samples from task one and task two, respectively. We
assume a linear model specified by an unknown parameter vector β(i) ∈ Rp:

y
(i)
j =

(
x

(i)
j

)>
β(i) + ε

(i)
j , for any j = 1, . . . , ni, (1.1)

where ε(i)
j ∈ R denotes a random noise variable with mean zero and variance σ2. We refer to

the first task as the source task and the second task as the target task for ease of presentation.
We assume n2 > p while n1 can be either less than or greater than p.

Following the existing random matrix theory literature, we study random designs where
the covariates are given by

x
(i)
j =

(
Σ(i)

) 1
2 z

(i)
j , for i ∈ {1, 2} and for any j = 1, . . . , ni,

where z(i)
j consists of independent and identically distributed entries of mean zero and

variance one, and Σ(1) ∈ Rp×p and Σ(2) ∈ Rp×p denote the population covariance matrices.
Let X(i) = (x

(i)
1 , . . . , x

(i)
ni )
> ∈ Rni×p denote a matrix that corresponds to all the covariates of
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task i, for i ∈ {1, 2}. Let Y (1) ∈ Rn1 , Y (2) ∈ Rn2 be the vectors of labels. Then, we minimize
the following objective, parameterized by a shared variable B ∈ Rp:

`(B) =
∥∥∥X(1)B − Y (1)

∥∥∥2
+
∥∥∥X(2)B − Y (2)

∥∥∥2
. (1.2)

Notice that B provides a shared feature vector for both tasks. The results described in the
next section will permit straightforward extensions to variants of objective (1.2), including
adding weights to each task and a ridge penalty. Thus, we will describe our main results
for unweighted and unregularized objectives without losing generality. One can see that
when n2 > p, there is a unique minimizer of f . We denote this estimator for the target
task as β̂HPS

2 , which is also called hard parameter sharing (HPS) or hard transfer in the
multi-task learning literature (Caruana, 1997). We will analyze the bias and variance of the
HPS estimator and connect the analysis to transfer effects.

Our motivation for studying this simple HPS estimator is that it provides a simple setting
in which both positive and negative transfers can happen. In Figure 1, we illustrate that if
the model shift is high (as indicated by µ = 0.45), HPS always performs worse than OLS
(ordinary least squares), regardless of the value of n1. If the model shift is moderate (as
indicated by µ = 0.2, 0.3, 0.35), the transfer effect is positive within a small range of n1 until
reaching a threshold and turns negative afterward. In summary, the HPS estimator provides
an ideal scenario for understanding the effects of transfer learning under different types of
distribution shifts between the source task and the target task.

1.2 Summary of Our Results

We give a summary of our results, which follow the assumptions of a proportional limit
setting, with both n1 and n2 increasing to infinity in proportion as p goes to infinity. Our
goal is to find the asymptotic limit of the bias and variance of the HPS estimator applied to
the target task (i = 2). In particular, deriving the asymptotic limit of the bias and variance
of the HPS estimator requires studying several functions involving two independent sample
covariance matrices with different population covariance matrices. Below, we provide a
simplified exposition and elaborate on the results later in Section 2.

First, the variance of the HPS estimator is equal to

Tr

[
Σ(2)

(
X(1)>X(1) +X(2)>X(2)

)−1
]
. (1.3)

The bias of the HPS estimator is more involved and is deferred until Lemma 2. The bias
and variance both involve the inverse of the sum of the sample covariance matrices of both
tasks, which exhibit a covariate shift between them.

When n2 > p, the OLS estimator exists, and it is well-known that the limit of its excess
risk is equal to σ2p

n2−p (Bai and Silverstein, 2010). To the best of our knowledge, the asymptotic
limit of equation (1.3) (when n1/p → c1, n2/p → c2 as p → ∞) has not been identified in
the literature. Our paper takes the first step to fill the gap. We summarize our main results
as follows:

• First, we consider the covariate shift setting, where Σ(1) and Σ(2) are arbitrary and
β(1) = β(2). In Theorem 3, we describe the asymptotic limit of the variance formula as
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a function of the singular values of the covariate shift matrix. This result generalizes
classical results on the limit of the trace of the inverse of one sample covariance matrix
to two covariance matrices under covariate shifts.

• Second, we consider the model shift setting, where β(1) and β(2) are arbitrary and
Σ(1) = Σ(2). In Theorem 6, we describe the asymptotic limit of the bias and variance
of HPS as a function of the Euclidean distance between β(1) and β(2), and the sample
sizes. We then illustrate the results in a random-effects model. Motivated by the phase
transition, we show that with a simple adjustment, HPS can match the minimax lower
bound (see Theorem 9).

• Third, we extend the above results in two aspects: i) When both covariate and
model shifts are present; ii) When there are multiple tasks in the input. The detailed
results, along with supporting simulations, are provided in Section 5. In particular,
we demonstrate that the findings regarding complementary covariate shifts and phase
transitions in transfer learning are applicable to more general settings.

Finally, we present a case study comparing the statistical behavior of a soft transfer
estimator with HPS. The soft parameter sharing (SPS) estimator (which is also called soft
transfer in Dhifallah and Lu (2021)) is defined by minimizing the following for λ > 0:

`(B, z) =
∥∥∥X(1)(B + z)− Y (1)

∥∥∥2
+
∥∥∥X(2)B − Y (2)

∥∥∥2
+ λ ‖z‖2 . (1.4)

Let B̂, ẑ denote the minimizer, and the SPS estimator for the target task is defined as
β̂SPS

2 (λ) = B̂. The SPS estimator makes sense in the model shift setting where β(1) is far
from β(2). We will provide the bias and variance of SPS under deterministic designs. Then,
we provide an example to contrast the behavior of SPS with that of HPS. We find that the
regularization effect of SPS is similar to downsizing the source task in HPS when the model
shift is large.

We illustrate the above results in a random-effects model, where β(i) is equal to a shared
model vector across all i plus an independent random effect for each task. The random-effects
model provides a natural way to measure the heterogeneity of each task’s underlying linear
model and has been used to study distributed ridge regression (Dobriban and Sheng, 2020).

First, we demonstrate that covariate shifts can either enhance or hinder transfer learning
performance compared to single-task learning. We describe an example in Proposition
4, showing that when n1 < n2, transferring from any covariate-shifted data source (i.e.,
Σ(1) 6= Σ(2)) achieves a lower excess risk of HPS than transferring from the data source with
Σ(1) = Σ(2). On the other hand, when n1 > n2, transferring from any covariate-shifted data
source always incurs a higher excess risk of HPS than transferring from the data source with
Σ(1) = Σ(2).

Second, we identify three transfer regimes in the random-effects model. Let µ denote the
Euclidean distance between β(1) and β(2). We show the following dichotomy between µ and
n1, n2:

• When µ2 Tr[Σ(1)]
p 6 σ2p

2(n2−p) , the transfer effect is positive for any value of n1 > 0: HPS
always performs better than OLS.
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• When σ2p
2(n2−p) < µ2 Tr[Σ(1)]

p < σ2n2
2(n2−p) , there exists a deterministic constant ρ > 0 such

that the transfer effect is positive if and only if n1
p < ρ. This corresponds to the crossing

point between HPS and OLS in Figure 1.

• When µ2 Tr[Σ(1)]
p > σ2n2

2(n2−p) , the transfer effect is negative for any value of n1 > 0: HPS
always performs worse than OLS.

Summary of contributions. This paper presents a rigorous study of the transfer
effects of HPS estimators under various types of data set shifts between two tasks. We
contribute to the transfer learning literature by using random matrix theory to analyze
negative transfer of HPS in the high-dimensional asymptotic setting under covariate shifts.
In particular, we derive the asymptotic limit of the HPS estimator under covariate shift
(Theorem 3), which generalizes a classical result in the random matrix theory literature. For
the model shift setting, our result (Theorem 6) can explain a phase transition (Proposition
8) that has been observed in empirical studies of transfer learning. We extend these results
to show that the insights hold more generally beyond the specific examples. Simulation
studies demonstrate the accuracy of the derived asymptotic in finite dimensions. We highlight
numerous technically challenging open questions, and we hope our work can inspire further
studies on applying random matrix theory to understand transfer learning.

1.3 Related Work

Our work expands the existing statistical learning literature by contributing a random matrix
theory perspective to quantify transfer effects in high-dimensional linear regression with two
tasks. Our perspective differs from the existing literature, which uses uniform convergence
arguments (Baxter, 2000; Ben-David and Schuller, 2003; Maurer, 2006) and generalization
bounds (Crammer et al., 2008; Ben-David et al., 2010a) to quantify the performance of transfer
learning. The benefit of using precise asymptotics to study transfer learning performance
compared to generalization bounds is that they can be used to compare the performances
of different estimators, and their predictions remain accurate in finite dimensions. This is
crucial for explaining phenomena such as phase transitions, as highlighted in the simulation.

There has been a long line of work that tries to formulate the notion of information or
knowledge transfer in the statistical learning literature. In the context of the many Normal
means models, lasso regularization can be used to leverage the shared support of multiple
tasks (Kolar et al., 2011), and similar insights can also be fleshed out in multi-task learning
with marginal regression (Kolar and Liu, 2012). The work of Dhifallah and Lu (2021) provides
a precise analysis of both the hard transfer and soft transfer approaches in a student-teacher
framework. They provide the convergence of the training loss in the asymptotic setting where
n1/p, n2/p converge to a constant. Then, they provide illustrative examples of the precise
analysis in regression and classification models to explain the phase transition in transfer
learning. One of the key differences between our results and their work is that we address
covariate shifts in the high-dimensional setting, while also providing sharp convergence rates.
This requires the use of random matrix theory techniques from more recent literature. Dar
and Baraniuk (2022) derive generalization error rates for the two-task transfer learning in
the important overparameterized regime (see also Ju et al. (2023) for further studies in the
overparameterized transfer learning regime). They derive a generalization error formula for

6



Precise High-Dimensional Asymptotics for Quantifying Heterogeneous Transfers

the minimum `2-norm solution of the target task, which can reproduce a double descent
behavior and explain the negative transfer phenomenon (Dar et al., 2024). In this vein, the
high-dimensional asymptotics we have provided under various distribution shifts may be
viewed as complementary to this line of work, contributing to the mathematical formalization
of transfer learning.

In the context of linear regression tasks, recent studies have investigated the optimal
estimators for transfer learning under distribution shifts. Lei et al. (2021) give an in-depth
study of minimax estimators for transfer learning from two linear regression tasks. They
derive minimax optimal estimators that can be formulated as solving a convex program, and
the approach can be applied under both covariate and model shifts. In the setting of multiple
linear regression, Li et al. (2021) design an adaptive estimation procedure in a setting where
many tasks with Gaussian covariates are present. Duan and Wang (2023) introduce an
adaptive estimation procedure when many tasks are present in multi-task learning. There is
another related line of work on multi-view regression, where the input variable (which is a
real vector) can be partitioned into two different views, and it is assumed that either view of
the input is sufficient to make accurate predictions (Kakade and Foster, 2007). Zhao et al.
(2024) design a two-stage procedure for matrix estimation that uses a multi-task learning
objective to capture shared and unique features, and then refines them to adjust for structural
differences between the target and source matrices. Our paper complements these existing
works, as we focus on the proportional limit setting to examine the performance of commonly
used estimators and provide insights.

When covariates are sampled from Gaussian distributions, the precise asymptotic limit of
the inverse of a sample covariance matrix can be derived directly from the properties of the
Wishart distribution. In the high-dimensional setting, the eigenvalues of a Wishart matrix
satisfy the well-known Marchenko–Pastur (MP) law, whose Stieltjes transform characterizes
the variance limit. Furthermore, it is well known that the MP law holds universally regardless
of the underlying data distribution of the covariates (see, e.g., Bai and Silverstein (2010)).
Bloemendal et al. (2014) obtain a sharp convergence rate of the empirical spectral distribution
(ESD) to the MP law for sample covariance matrices with isotropic population covariances.
Knowles and Yin (2016) later extend this result to sample covariance matrices with arbitrary
population covariances. These results are proved by establishing the optimal convergence
estimates of the Stieltjes transforms of sample covariance matrices, also known as local laws
in the random matrix theory literature. We refer interested readers to Erdős and Yau (2017)
and the references therein for a detailed review. One technical contribution of this work is to
extend these techniques to the two-task setting and prove an almost sharp local law for the
sum of two sample covariance matrices with arbitrary covariate shifts. This local law allows
us to derive the precise variance limit depending on the singular values of the covariate shift
matrix. Finally, recent work has also studied the statistical behavior of interpolators in the
high-dimensional setting (Sur and Candès, 2019), which would be another promising setting
for exploring statistical transfer learning.

The asymptotic limit of equation (1.3) may also be derived using free probability theory.
However, this approach is not fully justified when the covariates are sampled from non-
Gaussian distributions with non-diagonal covariate shift matrices. Furthermore, our result
provides almost sharp convergence rates to the asymptotic limit, while it is unclear how
to obtain such rates using free probability techniques. The bias term involves asymmetric
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matrices in terms of two sample covariance matrices, whose analysis is technically involved.
Our techniques are inspired by free additions of random matrices (Nica and Speicher, 2006)
and recent results (Bao et al., 2017). In particular, we provide the first precise bias limit in
the model shift setting, assuming that Σ(1) = Σ(2) or that Σ(2) is isotropic, and the covariates
are sampled from Gaussian distributions. Showing the asymptotic bias limit under arbitrary
covariate and model shifts is an interesting open problem for future work (See Remarks 7
and 13 for further discussions).

1.4 Organization

The rest of this paper is organized as follows. In Section 2, we state the data model and
its underlying assumption. Then, we connect the transfer effect of the HPS estimator with
its bias-variance decomposition. In Section 3, we present the high-dimensional asymptotic
limits of the bias and variance of HPS under covariance shifts. In Section 4, we characterize
the high-dimensional asymptotic limits of the bias and variance of HPS under model shifts.
Section 5 extends our main findings from the above two settings to more general settings.
Section 6 provides a preliminary study of the bias and variance of the SPS estimator. Finally,
in Section 7, we state the conclusion of our paper. Appendix A to Appendix E provides
detailed proofs of our results.

2. Preliminaries

This section describes the data model that we will work with, along with the underlying
assumptions. Then, we describe the bias and variance of the HPS estimator. Finally, we
connect the bias-variance decomposition to the transfer analysis in the rest of the paper.

2.1 Data Model and Assumptions

Recall that we have two tasks. For i = 1, 2, X(i) ∈ Rni×p corresponds to task i’s covariates
and Y (i) ∈ Rni corresponds to their labels. Moreover, let ε(i) ∈ Rni be the vector notation
corresponding to the additive noise of data set i. Then, equation (1.1) can be reformulated as
Y (i) = X(i)β(i) + ε(i). Assume that β(1) and β(2) are two arbitrary (deterministic or random)
vectors that are independent of X(i) and ε(i). Throughout the paper, we make the following
assumptions on X(i) and ε(i), which are standard in the random matrix theory literature
(see, e.g., Tulino and Verdú (2004); Bai and Silverstein (2010)).

First, the row vectors of X(i) are i.i.d. centered random vectors with p× p population
covariance matrix Σ(i) and an ni × p random matrix Z(i) = [Z

(i)
jk ] with independent entries

of zero mean and unit variance:

X(i) = Z(i)(Σ(i))1/2 ∈ Rni×p. (2.1)

Let τ > 0 be a small constant. Suppose the ϕ-th moment of each entry Z(i)
jk is bounded from

above by 1/τ , for a constant ϕ > 4:

E
[∣∣Z(i)

jk

∣∣ϕ] 6 τ−1. (2.2)
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The eigenvalues of Σ(i), denoted as σ(i)
1 , · · · , σ(i)

p , are all bounded between τ and τ−1:

τ 6 σ(i)
p 6 · · · 6 σ

(i)
2 6 σ

(i)
1 6 τ

−1. (2.3)

Second, ε(i) ∈ Rni is a random vector with independent entries having mean zero, variance
σ2, and bounded moments up to any order, i.e., for any fixed k ∈ N, there exists a constant
Ck > 0 such that

E
[∣∣ε(i)

j

∣∣k] 6 Ck. (2.4)

Third, the sample sizes are comparable to the dimension p. Denote by ρ1 = n1/p and
ρ2 = n2/p. Assume

0 < ρ1 6 p
τ−1

, 1 + τ 6 ρ2 6 p
τ−1

, 0 < ρ1/ρ2 6 τ
−1. (2.5)

The condition ρ2 > 1 + τ ensures that the target task’s sample covariance matrix is of full
rank with high probability. The upper bound ρi 6 pτ

−1 is a mild condition; otherwise,
standard concentration results, such as the central limit theorem, already give accurate
estimates in the linear model. The condition ρ1/ρ2 6 τ−1 ensures the sample size imbalance
between the two tasks is bounded by a factor that does not grow with p. In the transfer
learning setting, one can think of ρ1 and ρ2 as fixed, positive constants that do not grow or
diminish with p to model practical applications. To summarize, the underlying assumptions
of the data model are as follows.

Assumption 1 Let τ > 0 be a small constant. Suppose X(1), X(2), ε(1), and ε(2) are
mutually independent. Moreover, suppose the following holds for i = 1 and i = 2:

1. X(i) takes the form of equation (2.1), where Z(i) is a random matrix with i.i.d. entries
having zero mean, unit variance, and bounded moments as in equation (2.2), and Σ(i)

is a deterministic positive definite symmetric matrix satisfying equation (2.3).

2. ε(i) ∈ Rn is a random vector consisting of i.i.d. entries of zero mean, variance σ2, and
bounded moments as in equation (2.4).

3. ρi satisfies equation (2.5).

2.2 Bias and Variance

The risk of β̂HPS
i over an unseen sample (x, y) of the target task i is given by (under the

mean squared loss):

E
x,y

[∥∥∥y − x>β̂HPS
i

∥∥∥2
]

=

∥∥∥∥Σ(i)
1
2

(
β̂HPS
i − β(i)

)∥∥∥∥2

+ σ2.

The excess risk is the difference between the above risk and the expected risk of the population
risk optimizer:

L(β̂HPS
i ) :=

∥∥∥∥Σ(i)
1
2

(
β̂HPS
i − β(i)

)∥∥∥∥2

. (2.6)
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We shall treat task two as the target task and treat task one as the source task. The
single-task learning estimator for the target task, which is the OLS estimator denoted by
β̂OLS

2 , is well-defined given Assumption 1, because the covariance matrix of the target task is
invertible with high probability under the assumption.

Next, we present a bias-variance decomposition of the excess risk of HPS.1 Denote the
sum of both tasks’ sample covariance matrix as:

Σ̂ = X(1)>X(1) +X(2)>X(2). (2.7)

The next result provides the bias and variance of the HPS estimator.

Lemma 2 Under Assumption 1, for any small constant c > 0, with high probability over
the randomness of the training samples X(1), Y (1), X(2), Y (2), the following estimates hold:

L(β̂HPS
2 ) =

(
1 + O(p−

1
2

+c)
)

(Lbias + Lvar) , (2.8)

where the bias and variance formulas are defined as

Lbias =

∥∥∥∥Σ(2)
1
2 Σ̂−1

(
X(1)>X(1)

)(
β(1) − β(2)

)∥∥∥∥2

, (2.9)

Lvar = σ2Tr
[
Σ(2)Σ̂−1

]
. (2.10)

Hereafter, an event Ξ is said to hold with high probability (w.h.p.) if P(Ξ)→ 1 as p→∞.
Moreover, the big-O notation A = O(B) means that |A| 6 C|B| for a constant C > 0
depending on the model parameters in Section 2.1 (i.e., τ , ϕ and Ck’s), but not on p, n1 and
n2. Hence, the event that equation (2.8) holds w.h.p. can be equivalently stated as

lim
p→∞

P
[∣∣∣L(β̂HPS

2 )− Lbias − Lvar

∣∣∣ 6 Cp− 1
2

+c(Lbias + Lvar)
]

= 1

for a constant C > 0. The proof of Lemma 2 can be found in Appendix A.3.

2.3 Using Bias and Variance to Analyze Transfer Effects

The bias and variance decomposition above allows us to reason about transfer effects by
comparing the bias and variance of HPS with that of OLS. Notice that the bias of OLS is
zero since n2 > (1 + τ)p under Assumption 1. Hence, the bias of HPS is always larger than
that of OLS. On the other hand, the variance of HPS is always lower than that of OLS. Let
X(1) = 0 in equation (2.10). By Woodbury matrix identity, the variance of OLS is always
higher than formula (2.10):

Tr
[
Σ(2)

(
X(2)>X(2)

)−1
]
> Tr

[
Σ(2)Σ̂−1

]
.

1. One way is to estimate the asymptotic limit of equation (2.6) directly. However, this would involve an
estimation that needs to take into account the randomness of the covariates X along with the noise
ε simultaneously. Instead, given that X and ε are independent, our approach is to first derive the
bias-variance decomposition of the excess risk, which is equal to the expectation of L(β̂HPS

i ) over the
randomness of ε, and then compare the bias and variance of two different estimators.

10
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Thus, the transfer effect of HPS is determined by the bias-variance decomposition: the bias
always increases while the variance always decreases. Whether or not the transfer effect of
HPS is positive depends on which effect dominates.

The above discussion highlights the need for precise bias-variance estimates to determine
transfer effects. However, finding the exact limits is challenging because of data set shifts.
Moreover, these shifts manifest in various forms. To make progress on this important yet
challenging problem, we divide our study into various combinations of covariate and model
shifts. Section 3 is devoted to the precise estimate of Lvar for the HPS estimator under an
arbitrary covariate shift but without model shift. Section 4 studies the effect of model shifts:
Section 4.1 gives precise estimates of Lbias and Lvar for the HPS estimator. Then, Section 4.2
discusses the adjusted HPS procedure. Finally, Section 4.3 states the minimax lower bound.
Section 5 extends our main findings from the previous two sections to settings with both
covariate and model shifts, as well as multiple tasks.

3. Covariate Shifts

This section presents a precise estimate of the variance Lvar for the HPS estimator in equation
(2.10) with an almost sharp convergence rate under two different population covariance
matrices Σ(1),Σ(2). Then, we will provide two examples to illustrate the asymptotic limit,
which provide varying levels of covariate shifts without model shifts. Our simulation study
shows that the asymptotic estimates are quite accurate, even when the feature dimension p
ranges from 50 to 100. Finally, we provide numerical comparisons of the excess risk of HPS
with several other transfer learning estimators.

3.1 Main Results

Suppose the two tasks satisfy the same linear model (β(1) = β(2)) but have different population
covariance matrices (Σ(1) 6= Σ(2)). Recall that the matrix Σ̂ in equation (2.7) is a sum of two
sample covariance matrices. Thus, the expectation of Σ̂ is equal to a mixture of Σ(1) and Σ(2),
with mixing proportions determined by the sample sizes n1 and n2. Intuitively, the spectrum
of Σ̂−1 not only depends on n1, n2, but also depends on how well aligned Σ(1) and Σ(2) are.
To capture this alignment, we introduce the covariate shift matrix M := Σ(1)

1
2 Σ(2)−

1
2 . Let

λ1 > λ2 > . . . > λp be the singular values of M in descending order. Our first main result is
the following theorem on the variance limit, which characterizes the exact dependence of
Lvar on the singular values of M and the sample sizes n1 and n2.

Theorem 3 (Precise estimates under covariate shifts) Under Assumption 1, for any
small constant c > 0, with high probability over the randomness of (X(1), X(2)), the following
holds: ∣∣∣∣Lvar −

σ2

n1 + n2
Tr

[(
α1M

>M + α2Idp×p

)−1
]∣∣∣∣ 6 σ2p

1
2 (n1 + n2)

2
ϕ
− 3

2
+c
, (3.1)

where α1 and α2 are the unique positive solutions of the following system of equations:

α1 + α2 = 1− p

n1 + n2
, α1 +

1

n1 + n2

p∑
i=1

λ2
iα1

λ2
iα1 + α2

=
n1

n1 + n2
. (3.2)

11
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Recalling that ϕ > 4, for a small enough constant c, equation (3.1) characterizes the limit
of Lvar with an error term that is smaller than the deterministic leading term by a factor
o(p−1/2).

Theorem 3 generalizes a classical result in multivariate statistics to the sum of two
independent sample covariance matrices with arbitrary covariate shift: with high probability
over the randomness of X(2),

Tr
[
Σ(2)

(
X(2)>X(2)

)−1
]

=
p

n2 − p
+ O

(
p

1
2n

2
ϕ
− 3

2
+c
)
. (3.3)

To see this, note that (3.3) is a special case of Theorem 3 with n1 = 0. For this case, equation
(3.2) implies that α1 = 0 and α2 = (n2 − p)/n2. Therefore,

1

n1 + n2
Tr

[(
α1M

>M + α2Idp×p

)−1
]

=
p

n2 − p
.

The result (3.3) has a rich history in the literature of random matrix theory. When Z(2) is a
Gaussian random matrix, the limit (without a convergence rate) follows from properties of
the inverse Wishart distribution. Otherwise, one can use the Stieltjes transform method to
derive the estimate (Lemma 3.11, Bai and Silverstein (2010)). The estimate (3.3) with sharp
convergence rates can be found in Theorem 2.4 (Bloemendal et al., 2014).

Theorem 3 follows from a sharp local law on the resolvent of Σ̂, which we will establish
based on recently developed techniques in the random matrix theory literature (Knowles
and Yin, 2016). We refer the reader to Appendix B.3 for more details.

As a remark, in the covariate shift setting, since β(1) = β(2), we only need to study hard
transfer, which does not add any model adjustment to the source task.

3.2 Illustrative Examples

The formulas in the above result are complex. To interpret their scaling, we provide two
illustrative examples of Theorem 3, based on which we revisit the effect of covariate shift
upon transfer. Notice that the answer to this question is not always clear in the transfer
learning literature due to the intricacy of covariate shifts. Thus, we will leverage the precise
asymptotics we have developed to provide a preliminary study of this question. Our goal
is to provide several illustrative examples that are not meant to be exhaustive. Also note
that in the case where both tasks share the same linear model (β(1) = β(2)), HPS always
incurs a lower risk than OLS. Therefore, the transfer effect is strictly positive in the covariate
shift setting, and our comparison will be between HPS estimators with different degrees of
covariate shift.

In the first example, we show that the impact of covariate shift depends on the ratio
between n1 and n2. In this example, we demonstrate that having greater covariate shifts
between source and target tasks can help improve estimation. Let p be an even integer, and
let

g(M) =
σ2

n1 + n2
Tr
[
(α1M

>M + α2Idp×p)
−1
]
.

12
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Figure 2: Illustration of Theorem 3 under various sample sizes and dimensions. Figure 2a
shows that the variance estimate can accurately fit the excess risk of HPS. This
simulation fixes λ = 4 and varies n1, n2, p. Figure 2b shows the dichotomy in
Proposition 4. When n1 < n2, the lowest risk is achieved by transferring from a
covariate-shifted data set. When n1 > n2, the lowest risk is achieved by transferring
from a data set with Σ(1) = Σ(2). This simulation fixes p = 100, n2 = 300 and varies
n1, λ. Both simulations use σ = 1/2. The covariates are sampled independently
from an isotropic Gaussian distribution.

We compare g(M) for different M matrices within a set S such that λp+1−i = 1/λi for
i = 1, 2, . . . , p/2. Therefore, every matrix in S is normalized with det(M) = 1.2 In particular,
M = Idp×p represents two tasks with the same population covariance matrix. We show that
when n1 < n2, the presence of covariate shifts can be beneficial for HPS. On the other hand,
when n1 > n2, the presence of covariate shifts can hurt the performance of hard transfer.

Proposition 4 Within the set M ∈ S, the following dichotomy regarding g(Idp×p) and
g(M) holds: i) When n1 < n2, g(M) 6 g(Idp×p) for any M ∈ S. ii) When n1 > n2,
g(Idp×p) 6 g(M) for any M ∈ S.

Figure 2 illustrates a special case where λ1 = · · · = λp/2 = λ > 1 and λp/2+1 = · · · =
λp = 1/λ. Thus, higher λ corresponds to a worse covariate shift. We plot the theoretical
estimate using g(M) and the excess risk using equation (2.10). Our theoretical estimate in
Theorem 3 matches the empirical risk incredibly well. As a result, we indeed observe the
dichotomy in Proposition 4. Furthermore, for larger λ, the excess risk of HPS decreases more
slowly, indicating a worse “rate of transfer” from task one. As a remark, impossibility results
for transfer learning under covariate shift have been observed for classification (Ben-David
et al., 2010b). Our results are stated in the high-dimensional regression setting. A related

2. Note that the covariate shift intensifies when we scale M by a larger scalar C > 1. Moreover, intuitively,
g(CM) generally would decrease as the scalar C increases. Thus, to ensure a fair comparison between
scenarios with and without covariate shift, we fix a normalization for the M matrix by requiring that
det(M) = 1.
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result regarding the effect of covariate shift on transfer has also appeared in the work of Lei
et al. (2021). They show that the minimax estimator depends on the singular values of the
M matrix.

In the second example, we consider the case where n1 > n2. A typical scenario in transfer
learning is that the source data set is much larger than the target data set. We show that
when n1 is larger than n2 times a sufficiently large constant, M = Idp×p indeed minimizes
g(M) within a bounded set of matrices whose determinants are equal to one.

Proposition 5 Let c ∈ (0, 1) be a fixed constant. Let S ′ be a set of matrices such that for
any M ∈ S ′: (i) det(M) = 1; (ii) the eigenvalues λ2

1, . . . , λ
2
p of M>M are bounded between c

and 1/c. If n1 − p > c−1n2, then g achieves the global minimum at Idp×p, i.e.,

g(Idp×p) 6 g(M), for any M ∈ S ′. (3.4)

We remark that the condition that the eigenvalues λ2
1, . . . , λ

2
p are bounded would be

necessary for equation (3.4) to hold. For example, choose M = Mx with 1 < λ2
1 = x and

λ2
2 = · · · = λ2

p = x−(p−1)−1 . Let (α1(x), α2(x)) be the solution to the system of equations

α1 + α2 = 1− p

n1 + n2
, α1 +

1

n1 + n2

((p− 1)x−(p−1)−1
α1

x−(p−1)−1α1 + α2
+

xα1

xα1 + α2

)
=

n1

n1 + n2
.

From this equation, we obtain that α1(x)→ n1−1
n1+n2

and α1(x)→ n2+1−p
n1+n2

as x→∞. Thus,

lim
x→∞

g(Mx) = lim
x→∞

σ2

n1 + n2

(
p− 1

x−(p−1)−1α1(x) + α2(x)
+

1

xα1(x) + α2(x)

)
=

σ2(p− 1)

n2 + 1− p
>

σ2p

n1 + n2 − p
= g(Idp×p).

Similar arguments, by comparing g(Idp×p) with g(M) for certain M on the boundary of
S ′, show that (n1 − p)/n2 should have a proper lower bound for g(Idp×p) to be the global
minimum. We will use an induction argument to show that (n1 − p)/n2 > c−1 is a sufficient
condition. The proof of Propositions 4 and 5 can be found in Appendix B.1 and Appendix
B.2, respectively.

Note that in both Propositions 4 and 5, our goal is to illustrate the exact asymptotics
of Theorem 3, since the formula is intricate. Relatedly, Dhifallah and Lu (2021) have also
conducted a precise analysis of the hard transfer and soft transfer estimation. These precise
estimates seem necessary when examining the effects of transfer learning and studying
negative transfer, as we need to compare the performance of joint learning with that of
single-task learning. The main intuition behind the above examples is that when the source
and target tasks have complementary spectra, combining both tasks can help transfer by
increasing the smallest eigenvalue in the combined covariance matrix Σ̂. Later in Section 5.1,
we will extend these examples to a setting involving both covariate and model shifts (see
Figures 4a and 4b for the illustration).
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Figure 3: Comparing the excess risks of several estimators, showing that HPS achieves the
lowest excess risk compared to OLS, AVG, and RIDGE in various settings with a
combination of covariate and model shifts.

3.3 Numerical Comparisons

We show that the HPS estimator provides strong empirical performance compared to several
transfer learning estimators. For this comparison, we consider the OLS estimator and the
ridge estimator (RIDGE), given by:

β̂RIDGE
2 (k) =

(
X(2)>X(2) + k · Idp×p

)−1
X(2)>Y (2).

We also consider an averaging estimator (AVG), which takes a convex combination of their
OLS estimators:

β̂AVG
2 (b) = b · β̂OLS

1 + (1− b) · β̂OLS
2 .

The parameters b and k are optimized using a validation set independent of the training
set. For HPS, a weight parameter is added for each task, along with a ridge penalty. Both
of these are optimized using the validation set. We remark that all the high-dimensional
asymptotic limits for HPS can be extended to this setting.

For the comparison in Figure 3a, we sample the entries of Z(1) and Z(2) from Gaussian
distributions and consider the same covariate shift as in Figure 2, that is, λ1 = · · · =
λb p

2
c = λ > 1 and λb p

2
c+1 = · · · = λp = λ−1. Then, we compare the excess risk of

equation (2.6) for different estimators under varying levels of λ. For this simulation, we set
p = 50, n1 = n2 = 100, and σ = 1

2 . Figure 3a shows that HPS can consistently outperform
OLS, RIDGE, and AVG in this simulation.

In Figures 3b and 3c, we show that similar results continue to hold in more general
settings with a combination of covariate and model shifts. In particular, we generate
covariate-shifted features and different linear models for the two tasks. We take the average
of 100 random seeds because of high variances due to small sample sizes. We find that
HPS achieves strong empirical performance under various settings of covariate and model
shifts. The experiment code for reproducing these simulation results can be found at https:
//github.com/VirtuosoResearch/Transfer_learning_random_matrix_simulations.
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4. Model Shifts

This section presents precise estimates of the bias and variance of HPS under model shifts,
assuming no covariate shifts are present. With these results, we can connect the bias-variance
decomposition to transfer effects by comparing the bias and variance of transfer learning
estimators with those of single-task learning. In particular, we will present a detailed analysis
in a random-effects model, which uncovers a phase transition in transfer learning. This
motivates us to design an adjusted HPS procedure that downsizes the source task when
the model shift is too high. We show that the performance of this procedure can match a
minimax lower bound for estimating one task from the samples of two linear regression tasks.

4.1 Precise Estimates

In this subsection, we study the impact of model shifts on the performance of the HPS
estimator when there is no covariate shift. Particularly, both tasks have the same population
covariance matrix (Σ(1) = Σ(2)) but follow different linear models (β(1) 6= β(2)). The following
result states the exact asymptotic limit of the excess risk of HPS in this case.

Theorem 6 (Precise estimates under model shifts) Let Σ(1) = Σ(2) be the same. Un-
der Assumption 1, suppose Z(1) and Z(2) are both Gaussian random matrices. Then, for any
small constant c > 0, with high probability over the randomness of Z(1), Z(2), the following
estimates hold:

Lvar = σ2L1 + O
(
σ2√p(n1 + n2)−

3
2

+c
)
, (4.1)

Lbias =

∥∥∥∥Σ(1)
1
2
(
β(1) − β(2)

)∥∥∥∥2

L2 + O

(
p−

1
2

+cn2
1

(n1 + n2)2

∥∥∥β(1) − β(2)
∥∥∥2
)
. (4.2)

Above, L1 and L2 are defined as

L1 =
p

n1 + n2 − p
, L2 =

n2
1(n1 + n2 − p) + pn1n2

(n1 + n2)2(n1 + n2 − p)
.

Combining equations (6) with (2) results in an exact estimate for the excess risk of
HPS under model shifts. The variance estimate (4.1) is a special case of Theorem 3 with
M = Idp×p and ϕ→∞ (since Gaussian random variables have bounded moments up to any
order).

The bias estimate (4.2) requires the assumption that both Z(1) and Z(2) are Gaussian.
We briefly describe the proof ideas. Let v = (Σ(1))1/2

(
β(1) − β(2)

)
. Then, the bias formula

(2.9) can be written as:

Lbias = v> Z(1)>Z(1)
(
Z(1)>Z(1) + Z(2)>Z(2)

)−2
Z(1)>Z(1) v .

Since both Z(1) and Z(2) are Gaussian random matrices, the distributions of Z(1)>Z(1) and
Z(2)>Z(2) are rotation-invariant. Thus, the following (approximate) identity holds up to a
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small error:

Lbias ≈
‖v ‖2

p
Tr

[(
Z(1)>Z(1)

)2(
Z(1)>Z(1) + Z(2)>Z(2)

)−2
]

=
‖v ‖2

p

d

dx

∣∣∣∣
x=0

Tr

[(
Z(1)>Z(1) + x

(
Z(1)>Z(1)

)2
+ Z(2)>Z(2)

)−1
]
. (4.3)

Due to the rotation invariance, the asymptotic limit of equation (4.3) is determined by
the free addition of Z(1)>Z(1) + x(Z(1)>Z(1))2 and Z(2)>Z(2). Building on free probability
techniques (see, e.g., Nica and Speicher (2006); Bao et al. (2017)), an explicit formula for
this free addition can be derived for any x around zero. This observation allows us to derive
equation (4.2) by taking the derivative with respect to x as in equation (4.3). More details
including the complete proof of Theorem 6 are presented in Appendix C.1.

Remark 7 We conjecture that the bias limit (4.2) is still the exact asymptotic form even
if Z(1) and Z(2) are non-Gaussian random matrices. One approach to show this is using
the local laws for polynomials of random matrices. This requires checking certain technical
regularity conditions, which are left as an open question for future work.

4.2 Examples and Adjustments

We will consider a random-effects model (Dobriban and Sheng, 2020). Each β(i) consists
of two components, in this case, one shared by all tasks and one that is task-specific. Let
β0 be the shared component and γi be the i-th task-specific component. For any i, the i-th
model vector is equal to β(i) = β0 + γi. The entries of the task-specific component γi are
drawn independently from a Gaussian distribution with mean zero and variance p−1µ2, for a
parameter µ > 0. In expectation, the Euclidean distance between the two model vectors is
equal to 2µ2.

Based on Theorem 6, we present a precise analysis of information transfer in this random-
effects model using the precise limits. The proof of the following proposition will be presented
in Appendix C.2.

Proposition 8 (Phase transition in the random-effects model) Under the assump-
tions of Theorem 6, suppose the random-effect model applies and n2 > 3p. For any small
constant c > 0, the following statements hold with high probability over the randomness of
training samples and model vectors.

1. If µ2 Tr[Σ(1)]
p 6 σ2p

2(n2−p) , then the transfer effect is always positive:

L(β̂HPS
2 ) 6

(
1 + O(p−1/2+c)

)
· L(β̂OLS

2 ). (4.4)

2. If σ2p
2(n2−p) < µ2 Tr[Σ(1)]

p < σ2n2
2(n2−p) , then there exists a deterministic value n0 > 0 (which

may not be an integer) such that if n1 6 n0, then equation (4.4) holds; otherwise if
n1 > n0, then

L(β̂OLS
2 ) 6

(
1 + O(p−1/2+c)

)
· L(β̂HPS

2 ). (4.5)
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3. If µ2 Tr[Σ(1)]
p > σ2n2

2(n2−p) , then equation (4.5) holds for any n1 > p.

Figure 1 illustrates phases 2 and 3 of Proposition 8 for multiple values of µ. We plot our
estimate vs. the excess risk using equation (2.7). This simulation shows that our estimate
accurately matches the bias and variance. For this simulation, we set Σ(1) = Σ(2) = Idp×p,
and fix p = 100, n2 = 300, σ = 1/2 while varying n1 and µ. Notice that the above result
requires n2 > 3p; when p < n2 < 3p, the threshold conditions can be derived with a similar
analysis.

Figure 1 suggests that a natural training procedure is to downsample the sample size
of the source task until the transfer learning performance starts to drop. In the setting of
Figure 1, this procedure will terminate at the optimal value of n1. We can rigorously show
this dichotomy in the setting of Proposition 8 (see Appendix C.2 for further details):

1. If µ2 Tr[Σ(1)]
p > σ2n2

2(n2−p) , then HPS gets strictly worse as n1 increases in [0,∞).

2. If µ2 Tr[Σ(1)]
p < σ2n2

2(n2−p) , then there exists n0 > 0 such that HPS first improves as n1

increases in [0, n0] but turns worse as soon as n1 > n0.

The above claim demonstrates that a simple adjustment to the HPS estimator can
be made to reduce negative transfers. Essentially, we will choose between HPS and OLS,
whichever performs better for the target task. In other words, if µ is too large, we will throw
away the source task data. Next, we will compare the performance of this adjusted HPS
estimation with a minimax lower bound, which shows that our estimate for the adjusted
HPS estimator matches the lower bound.

4.3 A Matching Lower Bound

Lastly, we complement our study in the model shift setting with a minimax lower bound.
Suppose we are trying to estimate an unknown parameter denoted as β(2). We are given
n2 samples drawn from a linear parametric model, following β(2), with isotropic Gaussian
covariates X(2), contaminated by Gaussian noise with variance σ2. Then, we are given n1

samples from another linear parametric model, following β(1), again with isotropic Gaussian
covariates X(1), contaminated by Gaussian noise with variance σ2. The parameter vectors
belong to the set

Θ(µ) = {β(1) ∈ Rp, β(2) ∈ Rp : ‖β(1) − β(2)‖ 6 µ, ‖β(1)‖ 6 1, ‖β(2)‖ 6 1}.

Note that our proof can be readily extended to cases with anisotropic Gaussian covariates as
in equation (2.1), and the length constraints on β(1) and β(2) can be replaced with any other
constant.3

Let β̂ be any estimation procedure that, given the above n1 + n2 samples, produces an
estimate of the unknown vector β(2). We prove the following minimax rate on the estimation
error of β̂.

3. In particular, to extend the proof to the case with covariate shifts, one can replace the bound in equation
(C.25), Appendix C.3, with different values of c for each respective Σ(1) and Σ(2). The rest of the covering
arguments will still go through. Then, one would set µ = 0 in the specification of Θ(µ).
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Theorem 9 In the setting described above, let β̂ be a fixed estimation procedure. Assume
that n1 > (1 + τ)p and n2 > (1 + τ)p for a constant τ > 0. For any (β(1), β(2)) within the
set Θ(µ), we have that

inf
β̂

sup
Θ(µ)

E
[

1

n2

∥∥∥X̃(2)
(
β̂ − β(2)

)∥∥∥2
]
> c
(

min
( n2

1µ
2

(n1 + n2)2
,
σ2p

n2

)
+

σ2p

n1 + n2

)
, (4.6)

where the expectation is over the randomness of X(1), X(2), Y (1), Y (2) and an independently
drawn X̃(2) that follows the same distribution as X(2). c is a fixed constant that does not
grow with p.

The lower bound in the right-hand side of equation (4.6) involves two parts:

• For the first part, if µ is large, the source samples are not helpful, so the rate σ2p
n2

is
the OLS rate using only the target task samples. If µ is small and n1 is large, then the
rate µ2 appears if we use the OLS estimator for the source task.

• For the second part, σ2p
n1+n2

is the rate in the case without model drift, i.e., β(1) = β(2).

We now compare the minimax lower bound in equation (4.6) to the rates in Theorem 6 and
show that for an adjusted HPS estimation, the two bounds match up to each other up to
constant factors. Let

∥∥β(1) − β(2)
∥∥ = µ. In the setting of Theorem 6, one can see that the

bias in equation (4.1) and the variance in equation (4.2) are given by the following orders:

Lbias = Θ

(
n2

1µ
2

(n1 + n2)2

)
, Lvar = Θ

(
σ2p

n1 + n2

)
. (4.7)

These estimates hold more generally for the bias-variance decomposition in Lemma 2 (beyond
the setting of Theorem 6); See the derivation in Appendix A.3 (equations (A.26) and (A.27)).
In particular, we can derive these estimates using concentration estimates on the eigenvalues
of random matrices.

If µ2 6 σ2p(n1+n2)2

n2
1n2

, we can see that Lbias + Lvar already matches the lower bound in
equation (4.6). Then, by invoking Lemma 2, we conclude that the excess risk of HPS matches
the minimax lower bound.

Otherwise, if µ2 > σ2p(n1+n2)2

n2
1n2

, the adjusted HPS procedure—which throws away all the

source task data—gives an excess risk at most σ2p
n2−p (plus small concentration errors). On the

other hand, the lower bound in equation (4.6) becomes O(σ2p( 1
n1

+ 1
n1+n2

)). Since n1 and
n2 are within a constant away of each other, the rate of the adjusted HPS still matches the
lower bound in the case that µ is larger than the above threshold. This concludes our study
of the model shift setting. The proof of this minimax lower bound is based on a covering
argument (see, e.g., Chapter 12, Zhang (2023)), and the details can be found in Appendix
C.3.

5. Extensions

This section presents two extensions to reinforce our findings from previous sections. First,
we consider a setting that involves both covariate shifts and model shifts, and our goal is to
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show that the insights obtained in Section 3 can still be extended to this setting. Second,
we consider a setting involving multiple regression tasks with shared feature covariates, but
following different linear models. The goal is to leverage these shared structures to help
estimate the target task. See, e.g., Ando and Zhang (2005); Wang et al. (2016) for some
prior works that study similar settings. In particular, we can still uncover a phase transition
similar to our findings from Section 4.

5.1 A Setting with Both Covariate and Model Shifts

We first consider a setting with both covariate and model shifts. Define a function that
depends on the source task’s covariance:

g0(x) =
1

n1
Tr
[
Σ(1)

(
Idp×p + x · Σ(1)

)−1
]
− 1

x
. (5.1)

Let g′0(x) be the derivative of g0(x). It can be shown that there is a unique positive solution
to the equation

(1 + x)g0(x) = −n−1
1 (n1 + n2 − p). (5.2)

Let y0 denote this solution. The following theorem provides the exact asymptotic variance
and bias limits when the population covariance of the target task is isotropic.

Theorem 10 (Precise estimates under covariate and model shifts) Under Assump-
tion 1, suppose that Σ(2) = Idp×p and Z(1) and Z(2) are both Gaussian random matrices.
Suppose further that the random-effects model applies. Let

f1 =
n1

p
y0 +

n1 − p
p · g0(y0)

, f2 =
n1

p · g′0(y0)
− n1 − p
p · (g0(y0))2

, and f3 = −g0(y0). (5.3)

Then, for any small constant c > 0, with high probability over the randomness of training
samples and model vectors, the following estimates hold:

Lvar =
(

1 + O(p−
1
2

+c)
)
σ2pn−1

1 f1,

Lbias =
(

1 + O(p−
1
2

+c)
)

2µ2 1− 2f1f3 + f2f
2
3

1− n−1
2 pf2f2

3

.

When the population covariance of the source task is also isotropic (i.e., Σ(1) = Idp×p),
we can verify that the above result is consistent with the variance and bias limits in Theorem
6. The proof of Theorem 10 uses similar techniques as Theorem 6 (see Appendix C.4).

5.1.1 The Anisotropic Case

Theorem 10 states exact estimates when the target task’s population covariance matrix
is isotropic. In the general anisotropic case, it is possible to estimate the bias formula
(2.9) by approximating the source task’s sample covariance matrix with its expectation. It
turns out that this renders the analysis of the bias formula similar to that of the variance
formula in Theorem 3. However, this approximation results in an error term that decreases
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Figure 4: Showing that our findings from Section 3 continue to hold under the presence of
both covariate and model shifts in the data.

to zero (relative to the estimated term) as n1/p increases to infinity; see the right-hand
side of equation (C.30). Thus, the accuracy of the estimate increases as n1/p increases.
This approximation is motivated by transfer learning scenarios where the source task is
significantly larger than the target task. The statement of this result for the anisotropic case
(Theorem 44), together with a complete proof, is described in Appendix C.5.

Remark 11 In order to obtain an exact asymptotic limit of Lbias under general forms of
Σ(2), one needs to study the singular values and singular vectors of an asymmetric random
matrix (

X(1)>X(1)
)−1

X(2)>X(2) + Idp×p. (5.4)

The eigenvalues of this matrix have been studied in the name of Fisher matrices (Zheng et al.,
2017). Notice, however, that its singular values are different from its eigenvalues because of
asymmetry. This asymmetry makes it difficult to characterize the asymptotic behavior of its
resolvent. We leave deriving a precise estimate of the anisotropic case to future work.

5.2 Numerical Comparisons

We complement our theoretical analysis of HPS with empirical evaluations. Figure 4 illustrates
the result for a setting where half of the eigenvalues of Σ(1) are equal to λ > 1 and the
other half are equal to 1/λ. Our theoretical estimates consistently match the empirical risks.
Figure 4a shows a similar dichotomy as in Figure 2b. We fix model shift µ = 0.1 while
varying covariate shift λ for each curve. Figure 4b illustrates different transfer effects as
in Figure 1. We fix the level of covariate shift λ = 4 while varying µ for each curve. Both
simulations use p = 100, n2 = 300, and σ = 1/2.
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5.3 Multitask Learning with Shared Features and Different Models

Next, we extend our findings from Section 4 to multiple source tasks involving model shifts.
Suppose there are t tasks whose feature covariates are all equal to X ∈ Rn×p. The label
vector of the i-th task follows a linear model with an unknown p dimensional vector β(i), for
i = 1, 2, . . . , t:

Y (i) = Xβ(i) + ε(i). (5.5)

This setting may also be referred to as multiple label regression, and variants of this setting
have been studied in the prior literature (Kolar et al., 2011; Wang et al., 2016). Similar to
the two-task case, one of the tasks is viewed as the primary target task of interest, while the
others are used as source tasks that aid in learning.

We assume that X = ZΣ
1
2 ∈ Rn×p is a random matrix satisfying the same assumption

as X(2) in Assumption 1, and ε(i) ∈ Rn, i = 1, 2, . . . , t, are independent random vectors,
each of which is independent of X and satisfies the same assumption as ε(2) in Assumption
1. Furthermore, each β(i) ∈ Rp is a (random or deterministic) vector independent of any
other β(j) for j 6= i, the matrix X, and ε(j) for all j = 1, . . . , t. The sample size n satisfies
1 + τ 6 n

p 6 p
τ−1 .

We combine the samples from all the tasks with a shared feature matrix B and a task-
specific prediction vector for each task. Specifically, let B ∈ Rp×r denote the shared feature
matrix and let A = [A1, A2, . . . , At] ∈ Rr×t denote the combined prediction variables. We
note that, unlike the two-task setting concerning covariate shifts, both A and B are part of
the model in the multi-task setting. The reason is twofold. First, this paper focuses on the
under-parameterized setting. Thus, in the two-task setting, one can show that the optimal
rank of B would be one, i.e., r = 1, in which case B becomes a scalar. Second, to tackle more
than two tasks, we need to incorporate more of the structural information from the other
tasks into the model (Ando and Zhang, 2005), which is encoded as the low-rank structures
of A and B. By contrast, in the two-task setting, we can focus on the setting where we have
a shared parameter vector for both tasks.

We can now write down the loss objective as follows:

`(A,B) =
t∑

j=1

∥∥∥XBAj − Y (j)
∥∥∥2
, (5.6)

In particular, we focus on the case where r < t. Otherwise, if r > t, the problem reduces to
single-task learning (for reference, see Proposition 1 from Wu et al. (2020)).

Let (Â, B̂) denote the global minimizer of `(A,B). In particular, we compute the global
minimizer of `(A,B) by first solving B̂ as a function of Â—this turns out to be (X>X)−1X>Y
multiplied by A>(AA>)+, with (AA>)+ denoting the pseudo-inverse of AA>. Next, we could
find the optimal Â by taking the rank-r SVD of Y >X(X>X)−1X>Y to get the leading r
left singular vectors as Ur ∈ Rt×r; See Appendix D for the derivation. Then, we can obtain
B̂Â as (X>X)−1X>Y UrU

>
r .

We now define the HPS estimator for task i as β̂HPS
i = B̂Âi, where Âi denotes the i-th

column of Â. The excess risk of β̂HPS
i is equal to:

Li(β̂
HPS
i ) =

∥∥∥Σ
1
2

(
β̂HPS
i − β(i)

)∥∥∥2
. (5.7)
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5.3.1 Results

We demonstrate that in the aforementioned multi-task setting, hard transfer identifies the
optimal rank-r approximation, which is utilized to share information across multiple tasks.
To describe the result, we introduce several notations. Let B? := [β(1), β(2), . . . , β(t)] ∈ Rp×t
be the matrix of concatenated model vectors. Let A?A?> be the best approximation of
B?>ΣB? in the set of rank-r subspaces in Rt:

A? := argmax
U∈Rt×r: U>U=Idr×r

〈UU>, B?>ΣB?〉, (5.8)

where 〈·, ·〉 denotes the Frobenius inner product between two matrices. Let a?i ∈ Rr be the
i-th column vector of A?A?>. For any matrix X, let ‖X‖2 be its spectral norm and ‖X‖F
be its Frobenius norm. A precise estimate of the excess risk of HPS is stated below.

Theorem 12 Suppose the setting described above holds. Let r < t be a positive integer.
Suppose the r-th largest eigenvalue λr of B?>ΣB? is strictly larger than its (r + 1)-th largest
eigenvalue λr+1. Then, for i = 1, . . . , t and any small constant c > 0, the following estimate
holds with high probability over the randomness of the training samples:

∣∣∣∣∣Li(β̂HPS
i )− Li(B?a?i )−

σ2p ‖a?i ‖
2

n− p

∣∣∣∣∣ 6 (∥∥∥B?>ΣB?
∥∥∥

2
+ σ2

)√√√√√ ‖B?>ΣB?‖
2

n
1
2−

2
ϕ−c

+ σ2

n
1
2−c

λr − λr+1
. (5.9)

In equation (5.9), Li(B?a?i ) is the asymptotic limit of the bias of HPS, while σ2p
n−p ‖a

?
i ‖

2

is the asymptotic limit of the variance of HPS. The proof of Theorem 12 relies on a
characterization of the global minimizer of `(A,B) by rank-r SVD. The detailed proof can
be found in Appendix D.1.

Remark 13 The data model in equation (5.5) studied in this section has also been considered
by several prior works in which there is a shared set of nonzero coordinates in the model
vectors β(1), . . . , β(t) among all tasks (Kolar et al., 2011; Wang et al., 2016). The goal is
to leverage this shared sparsity to recover the support set of nonzero coordinates. Duan and
Wang (2023) examined an adaptive multi-task learning setting that does not require X to be
shared among all tasks. They introduced an adaptive estimation procedure that can achieve
minimax optimality. Notice that in both the work of Duan and Wang (2023) and the setting
of Theorem 12, only model shifts are assumed to be present, and instead, covariate shifts are
not imposed across different tasks. It is an interesting question to study a combination of
covariate and model shifts in the multi-task learning setting. More recently, Li et al. (2023)
introduce a task modeling framework to capture task relationships through influence functions.
Li et al. (2024) design a boosting procedure on top of this influence estimation framework.
It is an interesting question to theoretically formalize the benefit of boosting for multitask
learning when tasks have strong negative interference. One promising direction is to revisit
methods from active clustering and connect that task structures (Voevodski et al., 2012).
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5.3.2 Illustrative Examples

We illustrate the above result with the random-effects model. The model vector of every
task is equal to a shared vector β0 plus a task-specific component γi, for i = 1, 2, · · · , t:

β(i) = β0 + γi. (5.10)

The entries of γi are drawn independently from a Gaussian distribution with mean zero and
variance p−1µ2. We study two natural questions:

1. What is the optimal rank r of the shared feature matrix B?

2. When does HPS transfer positively to a particular task, depending on the sample size
n and the model shift parameter µ?

For the first question, since the setting is symmetric in the t tasks, we analyze the
averaged limiting risk

gr(n, µ) :=
1

t

∥∥∥Σ1/2B?(A?A?> − Idt×t)
∥∥∥2

F
+

σ2p

n− p
r

t
,

which accurately approximates t−1
∑t

i=1 Li(β̂
HPS
i ) by Theorem 12. To see this, we notice

that the average of the bias and variance limits in equation (5.9) is

1

t

t∑
i=1

(
Li(B

?a?i ) +
σ2p

n− p
‖a?i ‖

2

)
=

1

t

∥∥∥Σ1/2B?(A?A?> − Idt×t)
∥∥∥2

F
+

σ2p

n− p
r

t
.

Above, we have used the matrix notation A? to rewrite the bias component. Moreover,
we apply the identity

∑t
i=1 ‖a?i ‖2 = Tr[(A?A?>)2] = r to the variance component, since

A?>A? = Idr×r following Definition (5.8). Then, the optimal rank of B can be identified by
sweeping through gr(n, µ) for different values of r.

For the second question, recall that by equation (3.3), the excess risk of the OLS estimator
is given by σ2p

n−p . Thus, by comparing gr(n, µ) to σ2p
n−p , the exact threshold between positive

and negative transfer can be identified. This is stated as follows.

Proposition 14 (Phase transition in multi-task learning) Consider the multi-task set-
ting stated above. Assume further that the random-effects model in equation (5.10) holds.
Then, for any small constant c > 0, the following claims hold with high probability over the
randomness of the training data samples and the underlying linear models:

1. When µ2 >
(

1 + p−
1
2

+c
)

σ2p2

(n−p)Tr[Σ] , then gr(n, µ) > σ2p
n−p for any 1 6 r < t.

2. When µ2 <
(

1− p−
1
2

+c
)

σ2p2

(n−p)Tr[Σ] , then gr(n, µ) is minimized when r = 1. Further-

more, when r = 1, we have that g1(n, µ) 6 σ2p
n−p .

Figure 5 illustrates the above result with ten tasks of dimension p = 100 and noise
variance σ = 1

2 . We plot the theoretical estimate using gr(n, µ) and the empirical value
of bias plus variance of β̂HPS

t (equation (D.16) in Section D). Figure 5a shows that the
performance of HPS is optimized when r = 1. Figure 5b shows different transfer effects by
varying n and µ in the multi-task setting. The results under different values of µ also match
the conditions in Proposition 14. The proof of Proposition 14 can be found in Appendix D.2.
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Figure 5: Illustration of transfer effects in the random-effects model with multiple source
tasks. Figure 5a shows that for rank r from 1 to 10, the lowest excess risk of task t
is achieved at r = 1 (averaged over three random seeds). Figure 5b fixes r = 1 and
varies µ, n. Similar to Figure 1, the transfer effect of HPS can be either positive or
negative depending on µ, n.

6. Comparison to Soft Transfer

In this section, we provide a case study of the statistical behavior of soft transfer estimation.
Soft transfer works by penalizing the distance between the linear models for the target task
and the source task. In general, soft transfer offers a more flexible regularization approach
for adjusting the distance. Thus, one can expect the statistical behavior of soft transfer to
be different from that of HPS. In this section, we provide a case study in several settings to
illustrate this difference.

6.1 Bias-Variance under Deterministic Designs

We first derive the expectation of the excess risk L(β̂SPS
2 (λ)) over the randomness of ε(1) and

ε(2) to get the bias and variance of SPS. For simplicity, we denote Σ̂(1) = X(1)>X(1), Σ̂(2) =

X(2)>X(2), and Σ̂ = Σ̂(1) + Σ̂(2) as in (2.7). Let Σ̂λ (which depends on the regularization
parameter λ > 04) be

Σ̂λ := λ−1Σ̂(1)Σ̂(2) + Σ̂. (6.1)

The bias and variance of the SPS estimator can be derived from straightforward algebraic
calculations.

4. The case that λ = 0 is not interesting since there would be no information transfer in this case.
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Lemma 15 In expectation over the randomness of ε(1) and ε(2), we have the following
equation for any λ > 0:

E
ε(1),ε(2)

[
L
(
β̂SPS

2 (λ)
)]

= Lbias(λ) + Lvar(λ), (6.2)

where the bias and variance formulas are defined as

Lbias(λ) =

∥∥∥∥Σ(2)
1
2
(
Σ̂λ

)−1
Σ̂(1)

(
β(1) − β(2)

)∥∥∥∥2

, (6.3)

Lvar(λ) = σ2Tr

[((
Σ̂λ

)−1
)>

Σ(2)
(
Σ̂λ

)−1
(

Σ̂(1) +
( Σ̂(1)

λ
+ Id

)
Σ̂(2)

( Σ̂(1)

λ
+ Id

))]
. (6.4)

As a sanity check, one can see that when λ tends to infinity, the above reduces to the bias
and variance of SPS, since Σ̂λ tends to Σ̂ and Σ̂(1)/λ tends to zero.

6.2 An Illustrative Example

Above, we have considered Σ̂(1) and Σ̂(2) to be deterministic covariance matrices by condi-
tioning on X(1) and X(2). Next, we are given a special example to compare the behavior of
SPS with HPS, assuming that (Z(2))>Z(2)/n2 = Idp×p while task one still follows a random
design. Given any λ > 0, denote

Σ̃(λ) =
n1

λ
Σ(2) +

n1

n2
Idp×p.

Let a0 be the unique positive solution to the equation

1

a0
= 1 +

1

n1
Tr

[
Σ̃(λ)

Idp×p + a0Σ̃(λ)

]
.

Then, let

x0 =
1

n1
Tr

[(
Idp×p + a0Σ̃(λ)

)−2
]
, y0 = a2

0x0

(
1− p

n1
− 2a0 + x0

)−1
. (6.5)

Lastly, define two matrices as follows:

M1 =
n1a0

n2

(
Idp×p + a0Σ̃(λ)

)−1
, M2 =

(n1

n2

)2 (
a2

0 − y0

) (
Idp×p + a0Σ̃(λ)

)−2
. (6.6)

We state the limits of bias and variance of SPS as follows.

Proposition 16 Suppose Assumption 1 holds. Additionally, assume that Σ(1) = Σ(2) and
Z(2)>Z(2)/n2 = Idp×p. Then, for any small constant c > 0, with high probability over the
randomness of the training samples, the following estimates hold:

Lbias =
(
β(1) − β(2)

)>
Σ(2)

1
2M2Σ(2)

1
2
(
β(1) − β(2)

)
+ O

(
n

1
ϕ
− 1

4
+c‖β(1) − β(2)‖2

)
, (6.7)

Lvar =
σ2p

n2
− σ2

n2
Tr
[
M1

]
− σ2

λ
Tr
[
Σ(2)M2

]
+ O

((pσ2

n2
+
pσ2

λ

)
n

1
ϕ
− 1

4
+c
)
, (6.8)

where we denote n = n1 + n2.
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Figure 6: We find that the regularization effect of SPS can help mitigate negative transfer,
which is more prominent when µ is higher (as indicated by the two lines where
µ = 0.3 and µ = 0.25. We leave a thorough understanding of this phenomenon,
including soft transfer, for future work.

Recalling that ϕ > 4, for a small enough constant c, equations (6.7) and (6.8) characterize
the limits of Lvar and Lbias with an error term that is smaller than the deterministic leading
term by an asymptotically vanishing factor. The proof of Lemma 15 and Proposition 16 can
be found in Appendix E.

It is an interesting question to derive the asymptotic bias and variance limits for the
SPS estimator under random designs for both Σ̂(1) and Σ̂(2), with arbitrary covariate and
model shifts. This requires developing new tools beyond the current random matrix theory
literature. Similar to the issues in Remark 11, one needs to deal with an even more complicated
asymmetric random matrix than equation (5.4), which is left for future work:

(Σ̂(1))−1Σ̂λ = λ−1Σ̂(2) + (Σ̂(1))−1Σ̂(2) + Idp×p.

6.3 Numerical Comparisons

We conduct a numerical comparison of SPS, OLS, and HPS. In Figure 6, we use the same
data-generating process as Figure 1, except that we now take Z(2)>Z(2) = n2Idp×p. We find
that the regularization effect of SPS can generally help reduce negative transfer, especially
when the model shift is large. Additionally, our estimates in Proposition 16 match the bias
and variance values in finite dimensions. Here, we set p = 100.

6.4 Discussion

Our analysis of SPS suggests that it behaves similarly to HPS when the model shift is low
or modest, and SPS can generally help reduce negative transfer when the model shift is
high. In this sense, the regularization of SPS behaves similarly to the data set shrinkage
applied to HPS. More general forms of soft transfer can be found in transfer learning with
foundation models, such as fine-tuning and instruction tuning, where overfitting often occurs
when a large model is fine-tuned on a small target data set. For such scenarios, applying
the regularization in soft transfer can effectively mitigate overfitting. It would be interesting
to further study the regularization effect of soft transfer in large models, which would also
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require developing tools for analyzing over-parameterized models (and perhaps a separate
data model). These are left for future work.

7. Conclusion

This paper presents several high-dimensional asymptotic results for analyzing transfer learning
with two linear regression tasks: one is the source task, and the other is the target task.
The main technical ingredients involve estimating the high-dimensional asymptotic limits
of several functions involving two independent sample covariance matrices with different
population covariance matrices. In particular, our main result involves:

• A generalization of a well-known result from the random matrix theory literature on
the trace of the inverse of one sample covariance matrix to the sum of two sample
covariance matrices under covariate shifts (Theorem 3), along with an almost sharp
convergence rate to this limit.

• A phase transition of transfer learning under model shifts between two high-dimensional
linear regression tasks, depending on the level of model shifts and the sample sizes
of source and target tasks (Theorem 6). With a simple adjustment, HPS is nearly
optimal, matching the minimax lower bound up to constant factors.

• An extension of the findings to a setting involving both covariate shift and model shift,
and a multi-task learning setting where the feature covariates are shared among all
tasks.

Numerical simulations are provided to show the accuracy of our estimates in finite dimensions.
Our work establishes a rigorous connection between transfer learning and random matrix

theory, highlighting several technically challenging questions that are worth further study.
The theoretical modeling of transfer learning is still a relatively new research area. We hope
our work can inspire future studies that apply random matrix theory to transfer learning.
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Appendix A. Basic Tools

Here is a roadmap of the appendix materials. In Appendix A.1 and A.2, we describe some
basic tools used to establish the proofs. Then, in Appendix A.3, we prove the bias-variance
decomposition of the HPS estimation from Section 2. In Appendix B, we prove the results
stated in Section 3. In Appendix C, we give the complete proofs for the estimates under
model shifts from Section 4 and the extension in Section 5.1. We state the proofs for the
multi-task case in Appendix D. Finally, Appendix E provides proofs for the SPS estimation.

A.1 Notations

In this supplement, we will use the following notations. The fundamental large parameter
in our proof is p. All quantities that are not explicitly constant may depend on p, and
we usually omit p from our notations. Given any matrix X, let ‖X‖ or ‖X‖2 denote its
operator norm (or equivalently, the largest singular value); let ‖X‖F denote its Frobenius
norm; let λmax(X) and λmin(X) denote its largest and smallest singular values, respectively;
let λ1(X) > λ2(X) > · · · denote the singular values of X in descending order; let X+ denote
the Moore-Penrose pseudoinverse of X. As a special case, the operator or Frobenius norm
of a vector v is also its Euclidean norm, i.e., ‖v‖ = ‖v‖2 = ‖v‖F . We will often write an
identity matrix as 1 if this does not cause any confusion in the specific context.

We say an event Ξ holds with high probability if P(Ξ)→ 1 as p→∞.
We will use the big-O notation g(p) = O(f(p)) if there exists a constant C > 0 such that

|g(p)| 6 Cf(p) for large enough p. Moreover, for any g(p) > 0 and f(p) > 0, we will use the
notations g(p) . f(p) if g(p) = O(f(p)), and g(p) ∼ f(p) if g(p) . f(p) and f(p) . g(p).

A.2 Concentration Estimates

In this section, we collect some useful tools that will be used in the proof. First, it is
convenient to introduce the following notation.

Definition 17 (Overwhelming probability) We say an event Ξ holds with overwhelming
probability (w.o.p.) if for any constant D > 0, P(Ξ) > 1−p−D for large enough p. Moreover,
we say Ξ holds with overwhelming probability in an event Ω if for any constant D > 0,
P(Ω \ Ξ) 6 p−D for large enough p.

The following notion of stochastic domination is commonly used to study random matrices.

Definition 18 (Stochastic domination) Let ξ ≡ ξ(p) and ζ ≡ ζ(p) be two p-dependent
random variables. We say that ξ is stochastically dominated by ζ, denoted by ξ ≺ ζ or
ξ = O≺(ζ), if for any small constant c > 0 and large constant D > 0, there exists a
p0(c, D) ∈ N such that for all p > p0(c, D),

P (|ξ| > pc |ζ|) 6 p−D.

In other words, ξ ≺ ζ if |ξ| 6 pc |ζ| with overwhelming probability for any small constant c > 0.
If ξ(u) and ζ(u) are functions of u supported in a set U , then we say ξ(u) is stochastically
dominated by ζ(u) uniformly in U if

P (∪u∈U{|ξ(u)| > pc |ζ(u)|}) 6 p−D
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for large enough p. Given any event Ω, we say ξ ≺ ζ on Ω if 1Ωξ ≺ ζ.

Remark 19 We make two simple remarks. First, since we allow for an pc factor in stochastic
domination, we can ignore log factors without loss of generality since (log p)C ≺ 1 for any
constant C > 0. Second, given a random variable ξ with unit variance and finite moments up
to any order as in (2.4), we have that |ξ| ≺ 1. This is because, by Markov’s inequality, there
is

P(|ξ| > pc) 6 p−kcE|ξ|k 6 p−D,

as long as k is taken to be larger than D/c.

The following lemma collects several basic properties of stochastic domination that will
be used tacitly in the proof. Roughly speaking, it says that the stochastic domination “≺"
can be treated as the conventional less-than sign “<" in some sense.

Lemma 20 (Lemma 3.2 in Bloemendal et al. (2014)) Let ξ and ζ be two families of
nonnegative random variables depending on some parameters u ∈ U and v ∈ V. Let C > 0 be
an arbitrary constant.

(i) Sum. Suppose that ξ(u, v) ≺ ζ(u, v) uniformly in u ∈ U and v ∈ V. If |V| 6 pC , then∑
v∈V ξ(u, v) ≺

∑
v∈V ζ(u, v) uniformly in u.

(ii) Product. If ξ1(u) ≺ ζ1(u) and ξ2(u) ≺ ζ2(u) uniformly in u ∈ U , then ξ1(u)ξ2(u) ≺
ζ1(u)ζ2(u) uniformly in u ∈ U .

(iii) Expectation. Suppose that Ψ(u) > p−C is a family of deterministic parameters,
and ξ(u) satisfies Eξ(u)2 6 pC . If ξ(u) ≺ Ψ(u) uniformly in u, then we also have
Eξ(u) ≺ Ψ(u) uniformly in u.

Let Q > 0 be a (p-dependent) deterministic parameter. We say a random matrix
Z ∈ Rn×p satisfies the bounded support condition with Q (or Z has bounded support Q) if

max
16i6n,16j6p

|Zij | ≺ Q. (A.1)

As shown in Remark 19, if the entries of Z have finite moments up to any order, then Z has
bounded support Q = 1. More generally, if every entry of Z has a finite ϕ-th moment as in
(2.2) and n > p, then using Markov’s inequality and a simple union bound we get that

P
(

max
16i6n,16j6p

|Zij | > (log n)n
2
ϕ

)
6

n∑
i=1

p∑
j=1

P
(
|Zij | > (log n)n

2
ϕ

)
.

n∑
i=1

p∑
j=1

[
(log n)n

2
ϕ

]−ϕ
6 (log n)−ϕ. (A.2)

In other words, Z has bounded support Q = n2/ϕ with high probability.
The following lemma, which can also be found from Lemma 3.8 in Erdős et al. (2013),

gives sharp concentration bounds for linear and quadratic forms of random variables with
bounded support.
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Lemma 21 Let the sequence (xi), (yj) be families of centered and independent random
variables, and (Ai), (Bij) be families of deterministic complex numbers. Suppose the entries
xi and yj have variance at most 1, and satisfy the bounded support condition (A.1) for a
deterministic parameter Q > 1. Then, we have the following estimates:∣∣∣ n∑

i=1

Aixi

∣∣∣ ≺ Q n
max
i=1
|Ai|+

( n∑
i=1

|Ai|2
)1/2

, (A.3)

∣∣∣ n∑
i,j=1

xiBijyj

∣∣∣ ≺ Q2Bd +Qn1/2Bo +
( ∑

16i 6=j6n
|Bij |2

)1/2
, (A.4)

∣∣∣ n∑
i=1

(|xi|2 − E|xi|2)Bii

∣∣∣ ≺ Qn1/2Bd, (A.5)

∣∣∣ ∑
16i 6=j6n

xiBijxj

∣∣∣ ≺ Qn1/2Bo +
( ∑

16i 6=j6n
|Bij |2

)1/2
, (A.6)

where we denote Bd := maxi |Bii| and Bo := maxi 6=j |Bij |. Moreover, if xi and yj have finite
moments up to any order, then we have the following stronger estimates:∣∣∣ n∑

i=1

Aixi

∣∣∣ ≺ ( n∑
i=1

|Ai|2
)1/2

, (A.7)

∣∣∣ n∑
i,j=1

xiBijyj

∣∣∣ ≺ ( n∑
i,j=1

|Bij |2
)1/2

, (A.8)

∣∣∣ n∑
i=1

(|xi|2 − E|xi|2)Bii

∣∣∣ ≺ ( n∑
i=1

|Bii|2
)1/2

, (A.9)

∣∣∣ ∑
16i 6=j6n

xiBijxj

∣∣∣ ≺ ( ∑
16i 6=j6n

|Bij |2
)1/2

. (A.10)

It is well-known that the empirical spectral distributions of Z(1)>Z(1) and Z(2)>Z(2)

satisfy the Marchenko-Pastur (MP) law (Marčenko and Pastur, 1967). Moreover, their
eigenvalues are all inside the support of the MP law with high probability. In the proof, we
will need a slightly stronger result that holds with overwhelming probability, as given by the
following lemma.

Lemma 22 Suppose Z ∈ Rn×p is an n× p random matrix satisfying the same assumptions
as Z(2) in Assumption 1. Suppose 1 + τ 6 n/p 6 pτ

−1, and Z satisfies the bounded support
condition (A.1) for a deterministic parameter Q such that 1 6 Q 6 n1/2−cQ for a constant
cQ > 0. Then, we have that

(
√
n−√p)2 −O≺(

√
n ·Q) 6 λp(Z

>Z) 6 λ1(Z>Z) 6 (
√
n−√p)2 + O≺(

√
n ·Q). (A.11)

Proof When Q is of order 1, this lemma follows from Theorem 2.10 of Bloemendal et al.
(2014). The result for the general case with 1 6 Q 6 n1/2−cQ follows from Lemma 3.11 of
Ding and Yang (2018).

31



Yang, Zhang, Wu, Ré, and Su

Using a standard cut-off argument, we can extend Lemma 21 and Lemma 22 to random
matrices whose entries satisfy only certain moment assumptions but not necessarily the
bounded support condition.

Corollary 23 Suppose Z ∈ Rn×p is an n×p random matrix satisfying the same assumptions
as Z(2) in Assumption 1. Suppose 1 + τ 6 n/p 6 pτ

−1. Then, equation (A.11) holds on a
high probability event with Q = n2/ϕ, where ϕ refers to the constant in equation (2.2).

Proof We introduce a truncated matrix Z̃ with entries

Z̃ij := 1 (|Zij | 6 Q log n) · Zij . (A.12)

From equation (A.2), we get that

P(Z̃ = Z) = 1− P
(

max
i,j
|Zij | > Q log n

)
= 1−O((log n)−ϕ). (A.13)

By definition, we have

EZ̃ij = −E [1 (|Zij | > Q log n)Zij ] ,

E|Z̃ij |2 = 1− E
[
1 (|Zij | > Q log n) |Zij |2

]
.

(A.14)

Using the tail probability expectation formula, we can check that

E |1 (|Zij | > Q log n)Zij | =
∫ ∞

0
P (|1 (|Zij | > Q log n)Zij | > s) ds

=

∫ Q logn

0
P (|Zij | > Q log n) ds+

∫ ∞
Q logn

P (|Zij | > s) ds

.
∫ Q logn

0
(Q log n)−ϕ ds+

∫ ∞
Q logn

s−ϕds 6 n−2(ϕ−1)/ϕ,

where in the third step we use the finite ϕ-th moment condition (2.2) for Zij and Markov’s
inequality. Similarly, we can obtain that

E |1 (|Zij | > Q log n)Zij |2 = 2

∫ ∞
0

sP (|1 (|Zij | > Q log n)Zij | > s) ds

= 2

∫ Q logn

0
sP (|Zij | > Q log n) ds+ 2

∫ ∞
Q logn

sP (|Zij | > s) ds

.
∫ Q logn

0
s (Q log n)−ϕ ds+

∫ ∞
Q logn

s−ϕ+1ds 6 n−2(ϕ−2)/ϕ.

Plugging the above two estimates into (A.14) and using ϕ > 4, we get that

|EZ̃ij | = O(n−3/2), E|Z̃ij |2 = 1 + O(n−1). (A.15)

From the first estimate in equation (A.15), we also get a bound on the operator norm:

‖E[Z̃]‖ = O(n−1/2). (A.16)
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Then, we centralize and rescale Z̃ as

Ẑ := (Z̃ − EZ̃)/

√
E|Z̃11|2. (A.17)

Now, Ẑ is a matrix satisfying the assumptions of Lemma 22 with bounded support Q. Thus,
we get that

(
√
n−√p)2 −O≺(

√
n ·Q) 6 λp(Ẑ

>Ẑ) 6 λ1(Ẑ>Ẑ) 6 (
√
n−√p)2 + O≺(

√
n ·Q).

Combining this estimate with lines (A.15) and (A.16), we can readily get that equation
(A.11) holds for the eigenvalues of Z̃>Z̃, which concludes the proof by equation (A.13).

Corollary 24 Suppose Z ∈ Rn×p is an n×p random matrix satisfying the same assumptions
as Z(2) in Assumption 1. Then, there exists a high probability event on which the following
estimate holds for any deterministic vector v ∈ Rp:∣∣‖Zv‖2 − n‖v‖2∣∣ ≺ n1/2Q‖v‖2, for Q = n2/ϕ. (A.18)

Proof Similar to the proof of Corollary 23, we truncate Z as in (A.12) and define Ẑ by
(A.17). By (A.15) and (A.16), we see that to conclude (A.18), it suffices to show that∣∣∣‖Ẑv‖2 − n‖v‖2∣∣∣ ≺ n1/2Q‖v‖2. (A.19)

To prove equation (A.19), we first notice that Ẑv ∈ Rn is a random vector with i.i.d. entries
of mean zero and variance ‖v‖2. Furthermore, with equation (A.3) we get that

|(Ẑv)i| ≺ Q
p

max
j=1
|vj |+ ‖v‖ 6 2Q‖v‖, i = 1, 2, · · · , n.

Hence, (Ẑv)/‖v‖ consists of i.i.d. random entries with zero mean, unit variance, and bounded
support Q. Then, applying equation (A.5), we get that∣∣∣‖Ẑv‖2 − n‖v‖2∣∣∣ = ‖v‖2

∣∣∣∣∣
n∑
i=1

(
|(Ẑv)i|2

‖v‖2
− E
|(Ẑv)i|2

‖v‖2

)∣∣∣∣∣ ≺ Qn1/2‖v‖2.

This concludes the proof.

From Lemma 21, we can obtain the following concentration estimates for zero-mean noise
vectors (which may also be found in standard texts such as Wainwright (2019)).

Corollary 25 Suppose ε(1), · · · , ε(t) ∈ Rn are independent random vectors satisfying As-
sumption 1 (ii). Then, we have that for any deterministic vector v ∈ Rn,

|v>ε(i)| ≺ σ‖v‖, i = 1, · · · , t, (A.20)

and for any deterministic matrix B ∈ Rn×n,∣∣∣(ε(i))>Bε(j) − δi,j · σ2Tr[B]
∣∣∣ ≺ σ2 ‖B‖F , for any i, j = 1, . . . , t, (A.21)

where δi,j = 1 if i = j, else δi,j = 0 if i 6= j.
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Proof Note that ε(i)/σ is a random vector with independent entries of zero mean, unit
variance, and bounded moments up to any order. Then, the result in equation (A.20) implies
that equation (A.7) holds. Using equation (A.8), we obtain that for i 6= j,∣∣∣(ε(i))>Bε(j)

∣∣∣ =
∣∣∣ n∑
k,l=1

ε
(i)
k ε

(j)
l Bkl

∣∣∣ ≺ σ2
( n∑
k,l=1

|Bkl|2
)1/2

= σ2‖B‖F .

Using the two estimates (A.9) and (A.10), we obtain that∣∣∣(ε(i))>Bε(i) − σ2Tr(B)
∣∣∣ 6 ∣∣∣∑

k

(
|ε(i)
k |

2 − E|ε(i)
k |

2
)
Bkk

∣∣∣+
∣∣∣∑
k 6=l

ε
(i)
k ε

(i)
l Bkl

∣∣∣
≺ σ2

( p∑
k=1

|Bkk|2
) 1

2
+ σ2

(∑
k 6=l
|Bkl|2

) 1
2
6
√

2σ2‖B‖F .

Hence, we have proved that the estimate (A.21) hold.

A.3 Proof of Lemma 2

Proof For the optimization objective `(B) in equation (1.2), using the local optimality
condition ∇`(B) = 0, we can solve that

B̂ = Σ̂−1
(
X(1)>Y (1) +X(2)>Y (2)

)
,

where Σ̂ is the sum of the sample covariance matrices (see definition in equation (2.7)).
Then, the HPS estimator for task two is equal to β̂HPS

2 = B̂. Plugging it into the excess risk
L(β̂HPS

2 ), we find that it is equal to∥∥∥Σ(2)1/2
Σ̂−1X(1)>X(1)(β(1) − β(2)) + Σ(2)1/2

Σ̂−1
(
X(1)>ε(1) +X(2)>ε(2)

)∥∥∥2

,

which can be expanded as Lbias + 2h1 + 2h2 + h3 + h4 + 2h5, where

h1 := ε(1)>X(1)Σ̂−1Σ(2)Σ̂−1X(1)>X(1)(β(1) − β(2)),

h2 := ε(2)>X(2)Σ̂−1Σ(2)Σ̂−1X(1)>X(1)(β(1) − β(2)),

h3 := ε(1)>X(1)Σ̂−1Σ(2)Σ̂−1X(1)>ε(1),

h4 := ε(2)>X(2)Σ̂−1Σ(2)Σ̂−1X(2)>ε(2),

h5 := ε(1)>X(1)Σ̂−1Σ(2)Σ̂−1X(2)>ε(2).

We estimate these terms one by one using Lemma 22 and Corollary 25.
First, under assumption (2.3), we can obtain the following estimates using Corollary 23.

There exists a high probability event on which all of the following estimates hold∥∥∥X(1)
∥∥∥

2
. max(

√
n1,
√
p),

∥∥∥X(2)
∥∥∥

2
.
√
n2,

∥∥∥Σ̂−1
∥∥∥

2
. (n1 + n2)−1. (A.22)
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As for the last bound, we can derive it in more detail as follows (recall that λ1, λp refer
to the largest and smallest singular values, respectively): using estimate (A.11) and the
assumptions ρ2 > 1 + τ and ρ2 > τρ1 in equation (2.5), we obtain that with high probability,

λ1(Σ̂) 6 λ1(X(1)>X(1)) + λ1(X(2)>X(2)) . n1 + n2, (A.23)

λp(Σ̂) > λp(X
(2)>X(2)) & n2, (A.24)

which is again at the order of n1 + n2 since they are within a constant factor of each other.
With equation (A.24), we conclude the last estimate in equation (A.22):∥∥∥Σ̂−1

∥∥∥
2

=
1

λp(Σ̂)
.

1

n1 + n2
. (A.25)

In addition, based on the estimates (A.23)–(A.25), we can obtain that Lbias and Lvar (cf.
equations (2.9) and (2.10)) are of the following orders (up to constants that do not grow
with p from both above and below):

Lbias ∼
1

(n1 + n2)2

∥∥∥X(1)>X(1)
(
β(1) − β(2)

)∥∥∥2
, Lvar ∼

pσ2

n1 + n2
. (A.26)

We first look at Lvar. Notice that

Lvar = σ2Tr[Σ(2)Σ̂−1] 6 σ2p
∥∥∥Σ(2)Σ̂−1

∥∥∥
2

6 σ2p
∥∥∥Σ(2)

∥∥∥
2
·
∥∥∥Σ̂−1

∥∥∥
2

6 σ2pτ−1 ·
∥∥∥Σ̂−1

∥∥∥
2

(by Assumption (2.3) on Σ(2))

.
σ2p

n1 + n2
. (by estimate (A.25))

Likewise, using the assumption that λp(Σ(2)) > τ , one can show that

Lvar > σ
2pτ · λp(Σ̂−1) &

σ2p

n1 + n2
,

where we have used that λp(Σ̂−1) = λ1(Σ̂)−1 & (n1 + n2)−1 by estimate (A.23). Next, we
look at Lbias. We first examine its upper estimate:

Lbias =

∥∥∥∥Σ(2)
1
2 Σ̂−1

(
X(1)>X(1)

)
(β(1) − β(2))

∥∥∥∥2

6
∥∥∥Σ(2)

∥∥∥
2

∥∥∥Σ̂−1
∥∥∥2

2

∥∥∥X(1)>X(1)
(
β(1) − β(2)

)∥∥∥2

.
1

(n1 + n2)2

∥∥∥X(1)>X(1)
(
β(1) − β(2)

)∥∥∥2
. (by Eq. (2.3) and estimate (A.25))

Then, we can derive the lower estimate with similar arguments as follows:

Lbias >

(
λp(Σ

(2)
1
2 Σ̂−1)

)2

·
∥∥∥X(1)>X(1)(β(1) − β(2))

∥∥∥2

&
1

(n1 + n2)2

∥∥∥X(1)>X(1)(β(1) − β(2))
∥∥∥2
. (by Eq. (2.3) and estimate (A.23))
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In the first step, we use the fact that ‖Xv‖ > (λmin(X))2 ‖v‖2 for any matrix X and vector
v. In the second step, we use that u>Σ̂−1Σ(2)Σ̂−1u > λmin(Σ(2)) · u>Σ̂−2u for any vector u,

so λp(Σ(2)
1
2 Σ̂−1) & (n1 + n2)−1. Taken together, we have proved the estimates in (A.26).

Note that if we further assume that ρ1 > 1+τ as in Theorem 9, then by Assumption (2.3)
on Σ(1) and the estimate (A.11), we have that with high probability, n1 . λp(X(1)>X(1)) 6

λ1(X(1)>X(1)) . n1. Consequently, the estimation of Lbias in equation (A.26) simplifies to

Lbias ∼
n2

1

(n1 + n2)2

∥∥∥β(1) − β(2)
∥∥∥2
. (A.27)

This equation has been used to establish the estimate (4.7).
The rest of the proof is always restricted to the high probability event Ξ, on which the

estimates (A.22)–(A.26) all hold true. Using equation (A.20) in Corollary (25), we can bound
h1 on Ξ as

|h1| ≺ σ
∥∥∥X(1)Σ̂−1Σ(2)Σ̂−1X(1)>X(1)(β(1) − β(2))

∥∥∥
6 σ

∥∥∥X(1)>X(1)
(
β(1) − β(2)

)∥∥∥ · ∥∥∥X(1)Σ̂−1Σ(2)Σ̂−1
∥∥∥

2

. σ
∥∥∥X(1)>X(1)

(
β(1) − β(2)

)∥∥∥ · max(
√
n1,
√
p)

(n1 + n2)2
(by estimate (A.22))

6
p−

1
4

∥∥X(1)>X(1)
(
β(1) − β(2)

) ∥∥
n1 + n2

· p
1
4σ

(n1 + n2)
1
2

(since max(
√
n1,
√
p) 6

√
n1 + n2)

6
p−

1
2

∥∥X(1)>X(1)
(
β(1) − β(2)

) ∥∥2

(n1 + n2)2
+

σ2√p
n1 + n2

(by the AM-GM inequality)

.
Lbias + Lvar√

p
. (by estimate (A.26))

With a similar argument, we can show that |h2| ≺ Lbias+Lvar√
p .

Next, using equation (A.21) in Corollary 25, we can estimate h3 as follows∣∣∣h3 − σ2Tr
[
X(1)Σ̂−1Σ(2)Σ̂−1X(1)>

]∣∣∣ ≺ σ2
∥∥∥X(1)Σ̂−1Σ(2)Σ̂−1X(1)>

∥∥∥
F

.
σ2

(n1 + n2)2

∥∥∥X(1)X(1)>
∥∥∥
F

(by equations (2.3) and (A.22))

.
σ2p

1
2 max(n1, p)

(n1 + n2)2
(by estimate (A.22))

.
Lvar√
p
, (by estimate (A.26))

where we use the following estimate in the third line∥∥∥X(1)X(1)>
∥∥∥
F
6
√
p
∥∥∥X(1)X(1)>

∥∥∥
2
.
√
pmax(n1, p).
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With a similar argument, we can show that∣∣∣h4 − σ2Tr
[
X(2)Σ̂−1Σ(2)Σ̂−1X(2)>

]∣∣∣ ≺ Lvar√
p
,

and |h5| ≺ Lvar/
√
p.

Finally, combining the above estimates on h1, h2, h3, h4, h5, and using that

σ2Tr
[
X(1)Σ̂−1Σ(2)Σ̂−1X(1)>

]
+ σ2Tr

[
X(2)Σ̂−1Σ(2)Σ̂−1X(2)>

]
= σ2Tr

[
Σ(2)Σ̂−1

]
= Lvar,

we conclude that conditioned on event Ξ, the following estimate holds true:∣∣∣L(β̂HPS
2 )− Lbias − Lvar

∣∣∣ ≺ Lbias + Lvar√
p

. (A.28)

This concludes the proof of equation (2.8).

Appendix B. Proofs for the Covariate Shift Setting

Before presenting the proof of Theorem 3, we first use its conclusion to complete the proofs
of Propositions 4 and 5.

B.1 Proof of Proposition 4

Proof By definition, we can expand g(M) as

g(M) =
σ2

n1 + n2

p
2∑
i=1

(
1

λ2
iα1 + α2

+
1

λ−2
i α1 + α2

)
.

WhenM = Idp×p, we have g(Idp×p) = σ2p
n1+n2−p , which can also be written as σ2

n1+n2

∑ p
2
i=1

2
α1+α2

,
since α1 + α2 = 1− p

n1+n2
by equation (3.2). Then, we subtract g(Idp×p) from g(M) to get

g(M)− g(Idp×p) =
σ2

n1 + n2 − p

p/2∑
i=1

(λ2
i − 1)2α1 (α1 − α2)

(α1 + λ2
iα2)(λ2

iα1 + α2)
.

We claim that α1 > α2 if and only if n1 > n2, thus proving the dichotomy. When α1 > α2,
the first part of equation (3.2) implies α1 >

1
2(1− p

n1+n2
). The second part of equation (3.2)

gives

n1

n1 + n2
= α1 +

1

n1 + n2

p∑
i=1

λ2
iα1

λ2
iα1 + α2

>
1

2

(
1− p

n1 + n2

)
+

1

n1 + n2

p/2∑
i=1

(
λ2
i

λ2
i + 1

+
λ−2
i

λ−2
i + 1

)
=

1

2

(
1− p

n1 + n2

)
+

p

2(n1 + n2)
=

1

2
,
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implying n1 > n2. When α1 < α2, one can show n1 < n2 using similar steps. This completes
the proof.

B.2 Proof of Proposition 5

Proof From the second part of equation (3.2), we get

n1

n1 + n2
= α1 +

1

n1 + n2

p∑
i=1

λ2
iα1

λ2
iα1 + α2

< α1 +
p

n1 + n2
,

which gives that α1 >
n1−p
n1+n2

. Combined with the first part of equation (3.2), it yields that

α2 = 1− p

n1 + n2
− α1 <

n2

n1 + n2
.

Hence, we have α1/α2 > (n1 − p)/n2 > c−1.
Now, abbreviating xp = (x1, . . . , xp) with xi = λ2

i , the trace of (α1M
>M + α2)−1 can be

written as

fp(xp) := Tr

[
1

α1M>M + α2

]
=

p∑
i=1

1

α1xi + α2
.

To conclude the proof, it suffices to prove the following claim: for any k ∈ {1, . . . , p},
c 6 b 6 1, and α1, α2 such that α1/α2 > c−1, fk(xk) is minimized at xk = (b, . . . , b) ∈ Rk
subject to the constraints c 6 xi 6 c−1 and

∏k
i=1 xi = bk. Note that in contrast to the

original setting, α1 and α2 are now taken as fixed parameters that do not depend on xk,
which will greatly simplify the optimization problem.

We prove the above claim by induction. First, the claim is trivial when k = 1. For k = 2,
a similar argument as in the proof of Proposition 4 indeed gives that f2 is minimized at
x1 = x2 = b as long as bα1 > α2. Now, suppose the claim holds for fk for some 2 6 k 6 p−1.
Consider xk+1 = (x1 . . . , xk+1) with c 6 xi 6 c−1 and

∏k+1
i=1 xi = bk+1. Renaming the indices

if necessary, we may assume that xk+1 is the largest entry, i.e., xk+1 > maxki=1 xi. Then, we
can write xk+1 = ba for some 1 6 a 6 min{(bc)−1, bkc−k}, where the condition a 6 bkc−k

comes from the constraints
∏k+1
i=1 xi = bk+1 and

∏k
i=1 xi > ck. The remaining variables

satisfy c 6 xi 6 c−1 and
∏k
i=1 xi = bk/a. Applying the induction hypothesis for fk, we get

that
k∑
i=1

1

α1xi + α2
>

k

α1ba−1/k + α2
.

Hence, for xk+1 = (x1, . . . , xk, ba), we have

fk+1(xk+1) > gk(a) :=
k

α1ba−1/k + α2
+

1

α1ba+ α2
.

To conclude the proof, we only need to show that gk(a) achieves a minimum when a = 1, i.e,

gk(a) >
k + 1

α1b+ α2
,
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which is equivalent to
k(a1/k − 1)

w + a1/k
>

a− 1

wa+ 1
, (B.1)

where we introduce the simplified notation w = bα1/α2 > bc−1 > 1. We rewrite the inequality
(B.1) as hk(a) > 0 with

hk(a) := k(a
1
k − 1)(wa+ 1)− (w + a

1
k )(a− 1).

Its derivative satisfies

h′k(a) = w(k + 1)(a
1
k − 1)− k + 1

k
a

1
k (1− a−1) > 0,

where, in the second step, we apply that k(1 − a−
1
k ) > 1 − a−1. Hence, we have hk(a) >

hk(1) = 0 for a > 1, i.e., the inequality of (B.1) indeed holds, which concludes the proof.

B.3 Proof of Theorem 3

For the rest of this section, we present the proof of Theorem 3, which is one of the main
results of this paper. The central quantity of interest is the matrix Σ̂−1 in equation (2.7).
Assume that M = Σ(1)1/2

Σ(2)−1/2 has a singular value decomposition

M = UΛV >, where Λ := diag(λ1, . . . , λp).

Then, we can write equation (2.10) as

Lvar = σ2Tr[Σ(2)Σ̂−1] =
σ2

n
Tr[W−1], (B.2)

where we denote n := n1 + n2 and

W := n−1
(

ΛU>Z(1)>Z(1)UΛ + V >Z(2)>Z(2)V
)
.

The resolvent or Green’s function of W is defined as (W − zIdp×p)−1 for z ∈ C.
In this section, we will prove a local convergence of this resolvent with a sharp convergence

rate, which is conventionally referred to as “the local law” (Bloemendal et al., 2014; Erdős and
Yau, 2017; Knowles and Yin, 2016). In particular, the key technical challenge is to establish
an (almost) sharp convergence rate of the bias and variance equations to their asymptotic
limits.

B.3.1 Resolvent and Local Law

We can write W as W = FF> for a p× n matrix

F := n−1/2[ΛU>Z(1)>, V >Z(2)>]. (B.3)

We introduce a convenient self-adjoint linearization trick to study W . It has been proved to
be useful in studying random matrices of Gram type (Knowles and Yin, 2016).
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Definition 26 (Self-adjoint linearization and resolvent) We define the following (p+
n)× (p+ n) symmetric block matrix

H :=

(
0 F
F> 0

)
, (B.4)

and its resolvent as

G(z) ≡ G(Z(1), Z(2), z) :=

[
H −

(
zIdp×p 0

0 Id(n1+n2)×(n1+n2)

)]−1

, z ∈ C,

as long as the inverse exists. Furthermore, we define the following (weighted) partial traces

m(z) :=
1

p

∑
i∈I0

Gii(z), m0(z) :=
1

p

∑
i∈I0

λ2
iGii(z),

m1(z) :=
1

n1

∑
µ∈I1

Gµµ(z), m2(z) :=
1

n2

∑
ν∈I2

Gνν(z),
(B.5)

where Ii, i = 0, 1, 2, are index sets defined as

I0 := J1, pK, I1 := Jp+ 1, p+ n1K, I2 := Jp+ n1 + 1, p+ n1 + n2K.

We will consistently use latin letters i, j ∈ I0 and greek letters µ, ν ∈ I1 ∪I2. Correspond-
ingly, the indices Z(1) and Z(2) are labelled as

Z(1) =
[
Z

(1)
µi : i ∈ I0, µ ∈ I1

]
, Z(2) =

[
Z

(2)
νi : i ∈ I0, ν ∈ I2

]
.

Moreover, we define the set of all indices I := I0 ∪ I1 ∪ I2, and label the indices in I as
a, b, c and so on.

Using the Schur complement formula for the inverse of a block matrix, we get that

G(z) =

(
(W − zId)−1 (W − zId)−1F

F>(W − zId)−1 z(F>F − zId)−1

)
. (B.6)

In particular, the upper left block of G is exactly the resolvent of W we are interested in.
Compared with (W − zId)−1, it turns out that G(z) is more convenient to deal with because
H is a linear function of Z(1) and Z(2). This is why we have chosen to work with G(z).

We define the matrix limit of G(z) as

G(z) :=

[α1(z)Λ2 + (α2(z)− z)]−1 0 0
0 − n

n1
α1(z)Idn1×n1 0

0 0 − n
n2
α2(z)Idn2×n2

 , (B.7)

where (α1(z), α2(z)) is the unique solution to the following system of self-consistent equations:

α1(z) + α2(z) = 1− 1

n

p∑
i=1

λ2
iα1(z) + α2(z)

λ2
iα1(z) + α2(z)− z

,

α1(z) +
1

n

p∑
i=1

λ2
iα1(z)

λ2
iα1(z) + α2(z)− z

=
n1

n
,

(B.8)
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such that Imα1(z) 6 0 and Imα2(z) 6 0 whenever Im z > 0. The existence and uniqueness
of solutions to the above system will be proved in Lemma 28.

We now state the main result, Theorem 27, of this section, which shows that for z in
a small neighborhood around 0, G(z) converges to the limit G(z) when p goes to infinity.
Moreover, it also gives an almost sharp convergence rate of G(z). Such an estimate is
conventionally called an anisotropic local law (Knowles and Yin, 2016). We define a domain
of the spectral parameter z as

D :=
{
z = E + iη ∈ C+ : |z| 6 (log n)−1

}
.

Theorem 27 Suppose that Z(1), Z(2), ρ1 and ρ2 satisfy Assumption 1. Suppose that Z(1)

and Z(2) satisfy the bounded support condition (A.1) with Q = n2/ϕ. Suppose that the singular
values of M satisfy that

λp 6 · · · 6 λ2 6 λ1 6 τ
−1. (B.9)

Then, the following local laws hold.

(1) Averaged local law: We have that

sup
z∈D

∣∣∣∣p−1
∑
i∈I0

[Gii(z)−Gii(z)]

∣∣∣∣ ≺ (np)−1/2Q, (B.10)

sup
z∈D

∣∣∣∣p−1
∑
i∈I0

λ2
i [Gii(z)−Gii(z)]

∣∣∣∣ ≺ (np)−1/2Q. (B.11)

(2) Anisotropic local law: For any deterministic unit vectors u,v ∈ Rp+n, we have that

sup
z∈D

∣∣∣u>[G(z)−G(z)]v
∣∣∣ ≺ n−1/2Q. (B.12)

With Theorem 27, we can complete the proof of Theorem 3 with a standard cutoff
argument.
Proof Similar to equation (A.12), we introduce the truncated matrices Z̃(1) and Z̃(2) with
entries

Z̃
(1)
µi := 1

(
|Z(1)
µi | 6 Q log n

)
· Z(1)

µi , Z̃
(2)
νi := 1

(
|Z(2)
νi | 6 Q log n

)
· Z(2)

νi , (B.13)

for Q = n2/ϕ. From equation (A.2), we get that

P(Z̃(1) = Z(1), Z̃(2) = Z(2)) = 1−O((log n)−ϕ).

By equations (A.15) and (A.16), we have that

|EZ̃(1)
µi | = O(n−3/2), |EZ̃(2)

νi | = O(n−3/2),

E|Z̃(1)
µi |

2 = 1 + O(n−1), E|Z̃(2)
νi |

2 = 1 + O(n−1),
(B.14)

and
‖EZ̃(1)‖ = O(n−1/2), ‖EZ̃(2)‖ = O(n−1/2). (B.15)
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Then, we centralize and rescale Z̃(1) and Z̃(2) as

Ẑ(1) := (E|Z̃(1)
µi |

2)−1/2(Z̃(1) − EZ̃(1)), Ẑ(2) := (E|Z̃(2)
νi |

2)−1/2(Z̃(2) − EZ̃(2)),

for arbitrary µ ∈ I1, ν ∈ I2 and i ∈ I0. Now, Ẑ(1) and Ẑ(2) satisfy the assumptions
of Theorem 27. Hence, G(Ẑ(1), Ẑ(2), z) satisfies equation (B.10), where G(Ẑ(1), Ẑ(2), z) is
defined in the same way as G(z) but with (Z(1), Z(2)) replaced by (Ẑ(1), Ẑ(2)). By equations
(B.14) and (B.15), we have that for k = 1, 2,

‖Ẑ(k) − Z̃(k)‖ . n−1‖Ẑ(k)‖+ ‖EZ̃(k)‖ ≺ n−1/2,

where we use Lemma 22 to bound the operator norm of Ẑ(k). Together with the estimate
(B.36) below, this bound implies that

max
i∈I0

∣∣∣Gii(Ẑ(1), Ẑ(2), z)−Gii(Z̃(1), Z̃(2), z)
∣∣∣ ≺ n−1/2

2∑
k=1

‖Ẑ(k) − Z̃(k)‖ ≺ n−1.

Combining this estimate with the local law (B.10) for G(Ẑ(1), Ẑ(2), z), we obtain that (B.10)
also holds for G(z) ≡ G(Z(1), Z(2), z) on the event Ξ1 := {Z̃(1) = Z(1), Z̃(2) = Z(2)}.

Now, we are ready to prove equation (3.1). By estimate (B.2), we have that

Lvar(a) =
σ2

n

∑
i∈I0

Gii(0).

We also notice that the equations in estimate (B.8) reduce to the equations in equation (3.2)
when z = 0, which gives that α1 = α1(0) and α2 = α2(0). Hence, the partial trace of G in
(B.7) over I0 is equal to∑

i∈I0

Gii(0) = Tr

[
1

α1Λ2 + α2

]
= Tr

[
1

α1M>M + α2

]
.

Now, applying estimate (B.10) to G(z), we conclude that on the event Ξ1,∣∣∣∣Lvar −
σ2

n1 + n2
Tr

[
1

α1M>M + α2

]∣∣∣∣ ≺ n2/ϕ

(np)1/2
· pσ2

n1 + n2
.

This concludes the proof of Theorem 3.

B.3.2 Self-consistent Equations

Proof The rest of this section is devoted to the proof of Theorem 27. In this subsection,
we show that the self-consistent equation (B.8) has a unique solution (α1(z), α2(z)) for any
z ∈ D. Otherwise, Theorem 27 will be a vacuous result. For simplicity of notation, we define
the following ratios

γn :=
p

n
, r1 :=

n1

n
, r2 :=

n2

n
.
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When z = 0, estimate (B.8) reduces to the system of equations in (3.2), from which we
can derive an equation of α1 ≡ α1(0) only:

f(α1) = r1, with f(α1) := α1 +
1

n

p∑
i=1

λ2
iα1

λ2
iα1 + (1− γn − α1)

. (B.16)

We can calculate that

f ′(α1) = 1 +
1

n

p∑
i=1

λ2
i (1− γn)

[λ2
iα1 + (1− γn − α1)]2

> 0.

Hence, f is strictly increasing on [0, 1− γn]. Moreover, we have f(0) = 0 < r1, f(1− γn) =
1 > r1, and f(r1) > r1 if r1 6 1 − γn. Hence, there exists a unique solution α1 to (B.16)
satisfying 0 < α1 < min {1− γn, r1} . Furthermore, using that f ′(x) = O(1) for any fixed
x ∈ (0, 1− γn), it is not hard to check that

r1τ 6 α1 6 min {1− γn, r1} (B.17)

for a small constant τ > 0. From equation (3.2), we can also derive a equation of α2 ≡ α2(0)
only. With a similar argument as above, we get that

r2τ 6 α2 6 min {1− γn, r2} (B.18)

for a small constant τ > 0.
Next, we prove the existence and uniqueness of the solution to the self-consistent equation

(B.8) for a general z ∈ D. For the proof of Theorem 27, it is more convenient to use the
following rescaled functions of α1(z) and α2(z):

m1c(z) := −r−1
1 α1(z), m2c(z) := −r−1

2 α2(z), (B.19)

which, as we will see later, are the classical values (i.e., asymptotic limits) of m1(z) and
m2(z), respectively. Moreover, it is not hard to check that equation (B.8) is equivalent to
the following system of self-consistent equations of m1c(z),m2c(z):

1

m1c
=
γn
p

p∑
i=1

λ2
i

z + λ2
i r1m1c + r2m2c

− 1,

1

m2c
=
γn
p

p∑
i=1

1

z + λ2
i r1m1c + r2m2c

− 1.

(B.20)

When z = 0, using equations (3.2), (B.17), and (B.18), we get that

τ 6 −m1c(0) 6 1, τ 6 −m2c(0) 6 1, −r1m1c(0)− r2m2c(0) = 1− γn. (B.21)

Now, we claim the following lemma, which gives the existence and uniqueness of the
solutions m1c(z) and m2c(z) to the system of equations (B.20).
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Lemma 28 There exist constants c0, C0 > 0 depending only on τ in Assumption 1 and
equation (B.21) such that the following statements hold. There exists a unique solution
m1c(z),m2c(z) to equation (B.20) under the conditions

|z| 6 c0, |m1c(z)−m1c(0)|+ |m2c(z)−m2c(0)| 6 c0. (B.22)

Moreover, the solution satisfies

|m1c(z)−m1c(0)|+ |m2c(z)−m2c(0)| 6 C0|z|. (B.23)

Proof The proof is based on a standard application of the contraction principle. First, it is
easy to check that the system of equations in equation (B.20) is equivalent to

r1m1c = −(1− γn)− r2m2c − z
(
m−1

2c + 1
)
, gz(m2c(z)) = 1, (B.24)

where

gz(m2c) := −m2c +
γn
p

p∑
i=1

m2c

z − λ2
i (1− γn) + (1− λ2

i )r2m2c − λ2
i z
(
m−1

2c + 1
) .

We first show that there exists a unique solution m2c(z) to the equation gz(m2c(z)) = 1
under the conditions in equation (B.22). We abbreviate δ(z) := m2c(z) −m2c(0). From
equation (B.24), we obtain that

0 =
[
gz(m2c(z))− g0(m2c(0))− g′z(m2c(0))δ(z)

]
+ g′z(m2c(0))δ(z),

which gives that

δ(z) = −gz(m2c(0))− g0(m2c(0))

g′z(m2c(0))
− gz(m2c(0) + δ(z))− gz(m2c(0))− g′z(m2c(0))δ(z)

g′z(m2c(0))
.

Inspired by this equation, we define iteratively a sequence δ(k)(z) ∈ C such that δ(0) = 0 and

δ(k+1) = −gz(m2c(0))− g0(m2c(0))

g′z(m2c(0))
− gz(m2c(0) + δ(k))− gz(m2c(0))− g′z(m2c(0))δ(k)

g′z(m2c(0))
.

(B.25)

Then, equation (B.25) defines a mapping hz : C→ C, which maps δ(k) to δ(k+1) = hz(δ
(k)).

Through a straightforward calculation, we get that

g′z(m2c(0)) = −1− γn
p

p∑
i=1

λ2
i (1− γn)− z

[
1− λ2

i

(
2m−1

2c (0) + 1
)][

z − λ2
i (1− γn) + (1− λ2

i )r2m2c(0)− λ2
i z
(
m−1

2c (0) + 1
)]2 .

Using equations (B.9) and (B.21), it is easy to check that∣∣z − λ2
i (1− γn) + (1− λ2

i )r2m2c(0)− λ2
i z
(
m−1

2c (0) + 1
)∣∣ > cτ − c−1

τ |z|,

for a constant cτ > 0 depending only on τ . Hence, as long as we choose c0 6 c2
τ/2, we have∣∣z − λ2

i (1− γn) + (1− λ2
i )r2m2c(0)− λ2

i z
(
m−1

2c (0) + 1
)∣∣ > cτ/2.
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With this estimate, we can check that there exist constants c̃τ , C̃τ > 0 depending only on τ
such that the following estimates hold: for all z, δ1, δ2 such that min{|z|, |δ1|, |δ2|} 6 c̃τ ,∣∣∣∣ 1

g′z(m2c(0))

∣∣∣∣ 6 C̃τ , ∣∣∣∣gz(m2c(0))− g0(m2c(0))

g′z(m2c(0))

∣∣∣∣ 6 C̃τ |z|, (B.26)

and ∣∣∣∣gz(m2c(0) + δ1)− gz(m2c(0) + δ2)− g′z(m2c(0))(δ1 − δ2)

g′z(m2c(0))

∣∣∣∣ 6 C̃τ |δ1 − δ2|2. (B.27)

Using equations (B.26) and (B.27), we find that there exists a sufficiently small constant
c1 > 0 depending only on C̃τ such that hz : Bd → Bd is a self-mapping on the ball
Bd := {δ ∈ C : |δ| 6 d}, as long as d 6 c1 and |z| 6 c1. Now, it suffices to prove that
hz restricted to Bd is a contraction, which then implies that δ := limk→∞ δ

(k) exists and
m2c(0) + δ(z) is a unique solution to the equation gz(m2c(z)) = 1 subject to |δ| 6 d.

From the iteration relation (B.25), using equation (B.27) we readily get that

δ(k+1) − δ(k) = hz(δ
(k))− hz(δ(k−1)) 6 C̃τ |δ(k) − δ(k−1)|2.

Hence, h is indeed a contraction mapping on Bd as long as d is chosen sufficiently small
such that 2dC̃τ 6 1/2. This proves both the existence and uniqueness of the solution
m2c(z) = m2c(0) + δ(z) if we choose c0 in equation (B.22) to be c0 = min{c2

τ/2, c1, (4C̃τ )−1}.
After obtaining m2c(z), we then solve m1c(z) using the first equation in (B.24).

It remains to prove the estimate (B.23). Using equation (B.26) and δ(0) = 0, we can
obtain from equation (B.25) that |δ(1)(z)| 6 C̃τ |z|. Then, by the contraction mapping, we
have the bound

|δ| 6
∞∑
k=0

|δ(k+1) − δ(k)| 6 2C̃τ |z| ⇒ |m2c(z)−m2c(0)| 6 2C̃τ |z|.

Finally, using the first equation in (B.24), we also obtain the bound |m1c(z)−m1c(0)| . |z|.

As a byproduct of the above contraction mapping argument, we also obtain the following
stability result that will be used in the proof of Theorem 27. Roughly speaking, it states
that if two analytic functions m1(z) and m2(z) satisfy the self-consistent equation (B.20)
approximately up to some small errors, then m1(z) and m2(z) will be close to the solutions
m1c(z) and m2c(z).

Lemma 29 There exist constants c0, C0 > 0 depending only on τ in Assumption 1 and
(B.21) such that the system of self-consistent equations (B.20) is stable in the following sense.
Suppose |z| 6 c0, and m1(z) and m2(z) are analytic functions of z such that

|m1(z)−m1c(0)|+ |m2(z)−m2c(0)| 6 c0. (B.28)

Moreover, assume that m1,m2 satisfies the system of equations

1

m1
+ 1− γn

p

p∑
i=1

λ2
i

z + λ2
i r1m1 + r2m2

= E1,

1

m2
+ 1− γn

p

p∑
i=1

1

z + λ2
i r1m1 + r2m2

= E2,

(B.29)
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for some (deterministic or random) errors such that |E1|+ |E2| 6 (log n)−1/2. Then, we have

|m1(z)−m1c(z)|+ |m2(z)−m2c(z)| 6 C0 (|E1|+ |E2|) .

Proof Under condition (B.28), we can obtain equation (B.24) approximately:

r1m1 = −(1− γn)− r2m2 − z
(
m−1

2 + 1
)

+ Ẽ1(z), gz(m2(z)) = 1 + Ẽ2(z), (B.30)

where the errors satisfy that |Ẽ1(z)| + |Ẽ2(z)| . |E1| + |E2|. Then, we subtract equa-
tion (B.24) from equation (B.30), and consider the contraction principle for the function
δ(z) := m2(z)−m2c(z). The rest of the proof is exactly the same as the one for Lemma 28,
so we omit the details.

B.3.3 Multivariate Gaussian Case

One main difficulty for the proof is that the entries of Z(1)UΛ and Z(2)V are not independent.
However, if the entries of Z(1) and Z(2) are i.i.d. Gaussian, then by the rotational invariance
of the multivariate Gaussian distribution, we have that

Z(1)UΛ
d
= Z(1)Λ, Z(2)V

d
= Z(2).

In this case, the problem is reduced to proving the local laws for G(z) with U = Idp×p and
V = Idp×p, such that the entries of Z(1)Λ and Z(2) are independent. In this case, we use
the standard resolvent method, as in e.g., Bloemendal et al. (2014), to prove the following
proposition. Note that if the entries of Z(1) and Z(2) are i.i.d. Gaussian, then Z(1) and Z(2)

have bounded support Q = 1 by Remark 19.

Proposition 30 Under the setting of Theorem 27, assume further that the entries of Z(1)

and Z(2) are i.i.d. Gaussian random variables, and U = V = Idp×p. Then, the estimates
(B.10), (B.11), and (B.12) hold with Q = 1.

The proof of Proposition 30 is based on the following entrywise local law.

Lemma 31 (Entrywise local law) Under the setting of Proposition 30, the averaged local
laws (B.10) and (B.11) and the following entrywise local law hold with Q = 1:

sup
z∈D

max
a,b∈I

|Gab(z)−Gab(z)| ≺ n−1/2. (B.31)

With Lemma 31, we can complete the proof of Proposition 30.
Proof With estimate (B.31), we can use the polynomial method in Section 5 of Bloemendal
et al. (2014) to get the anisotropic local law (B.12) with Q = 1. The proof is exactly the
same, except for some minor differences in notations. Hence, we omit the details.

The rest of this subsection is devoted to the proof of Lemma 31, where the resolvent G
in Definition 26 becomes

G(z) =

 −zIdp×p n−1/2ΛZ(1)> n−1/2Z(2)>

n−1/2Z(1)Λ −Idn1×n1 0

n−1/2Z(2) 0 −Idn2×n2


−1

. (B.32)
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To deal with the matrix inverse, we introduce resolvent minors.

Definition 32 (Resolvent minors) Given a (p + n) × (p + n) matrix A and c ∈ I, the
minor of A after removing the c-th row and column is a (p + n − 1) × (p + n − 1) matrix
denoted by A(c) := [Aab : a, b ∈ I \ {c}]. We keep the names of indices when defining A(c),
i.e., A(c)

ab = Aab for a, b 6= c. Correspondingly, we define the resolvent minor of G(z) by

G(c)(z) :=


 −zIdp×p n−1/2ΛZ(1)> n−1/2Z(2)>

n−1/2Z(1)Λ −Idn1×n1 0

n−1/2Z(2) 0 −Idn2×n2


(c)

−1

.

We define the partial traces m(c)(z), m(c)
0 (z), m(c)

1 (z) and m
(c)
2 (z) by replacing G(z) with

G(c)(z) in equation (B.5). For convenience, we will adopt the convention that G(c)
ab = 0 if

a = c or b = c.

The following resolvent identities are important tools for our proof. All of them can
be proved directly using Schur’s complement formula, cf. Lemma 4.4 of Knowles and Yin
(2016). Recall that the matrix F is defined in equation (B.3). We do not assume U and V
are identity matrices for Lemma 33 and Lemma 34 below.

Lemma 33 We have the following resolvent identities.

(i) For i ∈ I0 and µ ∈ I1 ∪ I2, we have

1

Gii
= −z −

(
FG(i)F>

)
ii
,

1

Gµµ
= −1−

(
F>G(µ)F

)
µµ
. (B.33)

(ii) For i ∈ I0, µ ∈ I1 ∪ I2, a ∈ I \ {i}, and b ∈ I \ {µ}, we have

Gia = −Gii
(
FG(i)

)
ia
, Gµb = −Gµµ

(
F>G(µ)

)
µb
. (B.34)

(iii) For c ∈ I and a, b ∈ I \ {c}, we have

G
(c)
ab = Gab −

GacGcb

Gcc
. (B.35)

We claim the following a priori estimate on the resolvent G(z) for z ∈ D.

Lemma 34 Under the setting of Theorem 27, there exists a constant C > 0 such that with
overwhelming probability the following estimates hold uniformly in z, z′ ∈ D:

‖G(z)‖ 6 C, and (B.36)∥∥G(z)−G(z′)
∥∥ 6 C|z − z′|. (B.37)
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Proof Our proof is a simple application of the spectral decomposition of G. Let

F =

p∑
k=1

√
µkξkζ

>
k , µ1 > µ2 > · · · > µp > 0 = µp+1 = . . . = µn,

be a singular value decomposition of F , where {ξk}pk=1 are the left-singular vectors and
{ζk}nk=1 are the right-singular vectors. Then, using equation (B.6), we get that for i, j ∈ I1

and µ, ν ∈ I1 ∪ I2,

Gij =

p∑
k=1

ξk(i)ξ
>
k (j)

µk − z
, Gµν = z

n∑
k=1

ζk(µ)ζ>k (ν)

µk − z
, (B.38)

Giµ = Gµi =

p∑
k=1

√
µkξk(i)ζ

>
k (µ)

µk − z
. (B.39)

Using the fact n−1V >Z(2)>Z(2)V � FF> and Lemma 22, we obtain that

µp > λp
(
n−1Z(2)>Z(2)

)
> cτ w.o.p.,

for a constant cτ > 0 depending only on τ . This further implies that

inf
z∈D

min
16k6p

|µk − z| > cτ − (log n)−1.

Combining this bound with estimates (B.38) and (B.39), we can conclude that estimates
(B.36) and (B.37) are both true.

Now, we are ready to give the proof of Lemma 31.
Proof In the setting of Lemma 31, we can write equation (B.3) as

F
d
= n−1/2[ΛZ(1)>, Z(2)>].

We use the resolvent in equation (B.32) throughout the following proof. Our proof is divided
into four steps.

Step 1: Large deviation estimates. In this step, we prove some large deviation estimates
on the off-diagonal G entries and the following Z variables. In analogy to Section 3 of Erdős
et al. (2013) and Section 5 of Knowles and Yin (2016), we introduce the Z variables

Za := (1− Ea)
[(
Gaa

)−1]
, a ∈ I,

where Ea[·] := E[· | H(a)] denotes the partial expectation over the entries in the a-th row and
column of H. Using equation (B.33), we get that for i ∈ I0,

Zi =
λ2
i

n

∑
µ,ν∈I1

G(i)
µν

(
δµν − Z(1)

µi Z
(1)
νi

)
+

1

n

∑
µ,ν∈I2

G(i)
µν

(
δµν − Z(2)

µi Z
(2)
νi

)
− 2

λi
n

∑
µ∈I1,ν∈I2

Z
(1)
µi Z

(2)
νi G

(i)
µν , (B.40)
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and for µ ∈ I1 and ν ∈ I2,

Zµ =
1

n

∑
i,j∈I0

λiλjG
(µ)
ij

(
δij − Z(1)

µi Z
(1)
µj

)
, Zν =

1

n

∑
i,j∈I0

G
(ν)
ij

(
δij − Z(2)

νi Z
(2)
νj

)
. (B.41)

Moreover, we introduce the random error

Λo := max
a6=b

∣∣G−1
aa Gab

∣∣ , (B.42)

which controls the size of off-diagonal entries.

Lemma 35 Under the assumptions of Proposition 30, the following estimate holds uniformly
in z ∈ D:

Λo + max
a∈I
|Za| ≺ n−1/2. (B.43)

Proof Note that for a ∈ I, H(a) and G(a) also satisfy the assumptions of Lemma 34. Hence,
the estimates (B.36) and (B.37) hold for G(a) with overwhelming probability. For any i ∈ I0,
since G(i) is independent of the entries in the i-th row and column of H, we can apply
equations (A.8), (A.9), and (A.10) to equation (B.40) to obtain that

|Zi| .
1

n

2∑
k=1

∣∣∣ ∑
µ,ν∈Ik

G(i)
µν

(
δµν − Z(k)

µi Z
(k)
νi

) ∣∣∣+
1

n

∣∣∣ ∑
µ∈I1,ν∈I2

Z
(1)
µi Z

(2)
νi G

(i)
µν

∣∣∣
≺ 1

n

( ∑
µ,ν∈I1∪I2

|G(i)
µν |2

)1/2
≺ n−1/2.

Here, in the last step we used equation (B.36) to get that for µ ∈ I1 ∪ I2,∑
ν∈I1∪I2

|G(i)
µν |2 6

∑
a∈I
|G(i)

µa|2 =
(
G(i)G(i)∗

)
µµ

= O(1), (B.44)

with overwhelming probability, where G(i)∗ denotes the conjugate transpose of G(i). Similarly,
applying equations (A.8), (A.9), and (A.10) to Zµ and Zν in equation (B.41) and using
equation (B.36), we can obtain the same bound. This gives that maxa∈I |Za| ≺ n−1/2.

Next, we prove the off-diagonal estimate on Λo. For i ∈ I1 and a ∈ I\{i}, using equations
(B.34), (A.8) and (B.36), we can obtain that∣∣G−1

ii Gia
∣∣ . n−1/2

∣∣∣ ∑
µ∈I1

Z
(1)
µi G

(i)
µa

∣∣∣+ n−1/2
∣∣∣ ∑
µ∈I2

Z
(2)
µi G

(i)
µa

∣∣∣
≺ n−1/2

( ∑
µ∈I1∪I2

|G(i)
µa|2

)1/2
≺ n−1/2.

Using exactly the same argument, we can get a similar estimate on
∣∣G−1

µµGµb
∣∣ for µ ∈ I1 ∪ I2

and b ∈ I \ {µ}. This gives that Λo ≺ n−1/2.
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Note that combining equation (B.43) with the bound in equation (B.36), we immediately
conclude equation (B.31) for off-diagonal resolvent entries Gab with a 6= b.

Step 2: Self-consistent equations. In this step, we show that (m1(z),m2(z)) satisfies the
system of approximate self-consistent equations in equation (B.29) for some small errors E1

and E2. Later in Step 3, we will apply Lemma 29 to show that (m1(z),m2(z)) is close to
(m1c(z),m2c(z)).

By equation (B.23), the following estimates hold for z ∈ D:

|m1c(z)−m1c(0)| . (log n)−1, |m2c(z)−m2c(0)| . (log n)−1.

Combining them with the estimates in (B.21), we obtain that uniformly in z ∈ D,

|m1c(z)| ∼ |m2c(z)| ∼ 1, |z + λ2
i r1m1c(z) + r2m2c(z)| ∼ 1. (B.45)

Moreover, using equation (B.20), we get that uniformly in z ∈ D,

|1 + γnmc(z)| = |m−1
2c (z)| ∼ 1, |1 + γnm0c(z)| = |m−1

1c (z)| ∼ 1, (B.46)

where we introduce the notations

mc(z) := −1

p

p∑
i=1

1

z + λ2
i r1m1c(z) + r2m2c(z)

, (B.47)

m0c(z) := −1

p

p∑
i=1

λ2
i

z + λ2
i r1m1c(z) + r2m2c(z)

. (B.48)

Later, we will see that mc(z) and m0c(z) are respectively the asymptotic limits of m(z) and
m0(z) defined in equation (B.5). Applying equation (B.45) to equation (B.7) and using
equation (B.19), we get that

|Gaa(z)| ∼ 1 uniformly in z ∈ D and a ∈ I.

Now, we define the following z-dependent event

Ξ(z) :=
{
|m1(z)−m1c(0)|+ |m2(z)−m2c(0)| 6 (log n)−1/2

}
. (B.49)

With equation (B.45), we get that on Ξ(z),

|m1(z)| ∼ |m2(z)| ∼ 1, |z + λ2
i r1m1(z) + r2m2(z)| ∼ 1. (B.50)

We claim the following key lemma, which shows that (m1(z),m2(z)) satisfies equation (B.29)
on Ξ(z) for some small (random) errors E1 and E2.

Lemma 36 Under the setting of Lemma 31, the following estimates hold uniformly in z ∈ D:

1(Ξ)

∣∣∣∣∣ 1

m1
+ 1− γn

p

p∑
i=1

λ2
i

z + λ2
i r1m1 + r2m2

∣∣∣∣∣ ≺ n−1 + n−
1
2 Θ + |[Z]0|+ |[Z]1|, (B.51)
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and

1(Ξ)

∣∣∣∣∣ 1

m2
+ 1− γn

p

p∑
i=1

1

z + λ2
i r1m1 + r2m2

∣∣∣∣∣ ≺ n−1 + n−
1
2 Θ + |[Z]|+ |[Z]2|, (B.52)

where we introduce the notations

Θ := |m1(z)−m1c(z)|+ |m2(z)−m2c(z)|, (B.53)

and

[Z] :=
1

p

∑
i∈I0

Zi
(z + λ2

i r1m1c + r2m2c)2
,

[Z]0 :=
1

p

∑
i∈I0

λ2
iZi

(z + λ2
i r1m1c + r2m2c)2

,

[Z]1 :=
1

n1

∑
µ∈I1

Zµ, [Z]2 :=
1

n2

∑
ν∈I2

Zν .

(B.54)

Proof Using equations (B.33), (B.40) and (B.41), we can write that

1

Gii
= −z − λ2

i

n

∑
µ∈I1

G(i)
µµ −

1

n

∑
µ∈I2

G(i)
µµ + Zi = −z − λ2

i r1m1 − r2m2 + Ei, ∀i ∈ I0, (B.55)

1

Gµµ
= −1− 1

n

∑
i∈I0

λ2
iG

(µ)
ii + Zµ = −1− γnm0 + Eµ,∀µ ∈ I1, (B.56)

1

Gνν
= −1− 1

n

∑
i∈I0

G
(ν)
ii + Zν = −1− γnm+ Eν , ∀ν ∈ I2, (B.57)

where we denote (recall the notations in equation (B.5) and Definition 32)

Ei := Zi + λ2
i r1(m1 −m(i)

1 ) + r2(m2 −m(i)
2 ), and

Eµ := Zµ + γn(m0 −m(µ)
0 ), Eν := Zν + γn(m−m(ν)).

Using equations (B.35), (B.42) and (B.43), we can bound that

|m1 −m(i)
1 | 6

1

n1

∑
µ∈I1

∣∣∣∣GµiGiµGii

∣∣∣∣ 6 |Λo|2|Gii| ≺ n−1. (B.58)

Similarly, we also have that

|m2 −m(i)
2 | ≺ n

−1, |m0 −m(µ)
0 | ≺ n

−1, |m−m(ν)| ≺ n−1, (B.59)

for i ∈ I0, µ ∈ I1 and ν ∈ I2. Combining the above estimates with equation (B.43), we
obtain that

max
i∈I0
|Ei|+ max

µ∈I1∪I2
|Eµ| ≺ n−1/2. (B.60)
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From equation (B.55), we obtain that on Ξ,

Gii = − 1

z + λ2
i r1m1 + r2m2

− Ei
(z + λ2

i r1m1 + r2m2)2
+ O≺

(
n−1

)
= − 1

z + λ2
i r1m1 + r2m2

− Zi
(z + λ2

i r1m1c + r2m2c)2
+ O≺

(
n−1 + n−

1
2 Θ
)
, (B.61)

where in the first step we use estimates (B.60) and (B.50) on Ξ, and in the second step we
use estimates (B.53), (B.58) and (B.60). Plugging equation (B.61) into the definitions of m
and m0 in equation (B.5) and using equation (B.54), we get that on Ξ,

m = −1

p

∑
i∈I0

1

z + λ2
i r1m1 + r2m2

− [Z] + O≺

(
n−1 + n−1/2Θ

)
, (B.62)

m0 = −1

p

∑
i∈I0

λ2
i

z + λ2
i r1m1 + r2m2

− [Z]0 + O≺

(
n−1 + n−1/2Θ

)
. (B.63)

Comparing these two equations with estimates (B.47) and (B.48), we obtain that

|m(z)−mc(z)|+ |m0(z)−m0c(z)| . (log n)−1/2, w.o.p. on Ξ.

Together with equation (B.46), this estimate implies that

|1 + γnm(z)| ∼ 1, |1 + γnm0(z)| ∼ 1, w.o.p. on Ξ. (B.64)

With a similar argument as above, from equations (B.56) and (B.57) we obtain that on Ξ,

Gµµ = − 1

1 + γnm0
− Zµ

(1 + γnm0)2
+ O≺

(
n−1 + n−

1
2 Θ
)
, µ ∈ I1, (B.65)

Gνν = − 1

1 + γnm
− Zν

(1 + γnm)2
+ O≺

(
n−1 + n−

1
2 Θ
)
, ν ∈ I2, (B.66)

where we used estimates (B.53), (B.59), (B.60) and (B.64) in the derivation. Taking averages
of equations (B.65) and (B.66) over µ ∈ I1 and ν ∈ I2, we get that on Ξ,

m1 = − 1

1 + γnm0
− [Z]1

(1 + γnm0)2
+ O≺

(
n−1 + n−

1
2 Θ
)
, (B.67)

m2 = − 1

1 + γnm
− [Z]2

(1 + γnm)2
+ O≺

(
n−1 + n−

1
2 Θ
)
, (B.68)

which further implies that on Ξ,

1

m1
+ 1 + γnm0 ≺ n−1 + n−

1
2 Θ + |[Z]1|, (B.69)

1

m2
+ 1 + γnm ≺ n−1 + n−

1
2 Θ + |[Z]2|. (B.70)

Finally, plugging estimates (B.62) and (B.63) into equations (B.69) and (B.70), we get that
equations (B.51) and (B.52) are true.

52



Precise High-Dimensional Asymptotics for Quantifying Heterogeneous Transfers

Step 3: Entrywise local law. In this step, we show that the event Ξ(z) in (B.49)
actually holds with overwhelming probability for all z ∈ D. Once we have proved this fact,
applying Lemma 29 to equations (B.51) and (B.52) gives that (m1(z),m2(z)) is close to
(m1c(z),m2c(z)) up to an error of order O≺(n−1/2), with which we can conclude the entrywise
local law (B.31).

First, we claim that it suffices to show

|m1(0)−m1c(0)|+ |m2(0)−m2c(0)| ≺ n−
1
2 . (B.71)

In fact, by equation (B.37) we have that uniformly in z ∈ D,

|m1(z)−m1(0)|+ |m2(z)−m2(0)| . (log n)−1 w.o.p.

Thus, if equation (B.71) holds, using the triangle inequality, we obtain from the above
estimate that

sup
z∈D

(|m1(z)−m1c(0)|+ |m2(z)−m2c(0)|) . (log n)−1 w.o.p. (B.72)

The equation (B.72) shows that the event Ξ(z) holds w.o.p., and it also verifies the condition
(B.28) of Lemma 29. Now, applying Lemma 29 to equations (B.51) and (B.52), we obtain

Θ(z) = |m1(z)−m1c(z)|+ |m2(z)−m2c(z)|

≺ n−1 + n−
1
2 Θ(z) + |[Z]|+ |[Z]0|+ |[Z]1|+ |[Z]2|,

which implies that

Θ(z) ≺ n−1 + |[Z]|+ |[Z]0|+ |[Z]1|+ |[Z]2| ≺ n−
1
2 , (B.73)

uniformly in all z ∈ D, where we used equation (B.43) in the second step. On the other
hand, with equations (B.65) to (B.68), we obtain that

max
µ∈I1
|Gµµ(z)−m1(z)|+ max

ν∈I2
|Gνν(z)−m2(z)| ≺ n−

1
2 .

Combining this estimate with equation (B.73), we get that

max
µ∈I1
|Gµµ(z)−m1c(z)|+ max

ν∈I2
|Gνν(z)−m2c(z)| ≺ n−

1
2 . (B.74)

Next, plugging equation (B.73) into equation (B.61) and recalling equations (B.7) and (B.19),
we obtain that

max
i∈I1
|Gii(z)−Gii(z)| ≺ n−

1
2 .

Together with equation (B.74), it gives the diagonal estimate

max
a∈I
|Gaa(z)−Πaa(z)| ≺ n−

1
2 . (B.75)
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Combining equation (B.75) with the off-diagonal estimate on Λo in equation (B.43), we
conclude the entrywise local law (B.31).

It remains to prove equation (B.71). Using equations (B.36) and (B.38), w.o.p.,

1 & m(0) =
1

p

∑
i∈I0

Gii(0) =
1

p

∑
i∈I0

p∑
k=1

|ξk(i)|2

µk
> µ−1

1 & 1,

where we used Lemma 22 to bound µ1. Similarly, we can get that m0(0) > 0 and m0(0) ∼ 1.
Hence, we have the estimates

1 + γnm(0) ∼ 1, 1 + γnm0(0) ∼ 1. (B.76)

Combining these estimates with equations (B.56), (B.57) and (B.60), we obtain that equations
(B.67) and (B.68) hold at z = 0 without requiring the event Ξ(0) to hold. This further gives
that w.o.p.,∣∣λ2

i r1m1(0) + r2m2(0)
∣∣ =

∣∣∣∣ λ2
i r1

1 + γnm0(0)
+

r2

1 + γnm(0)
+ O≺(n−1/2)

∣∣∣∣ ∼ 1.

Then, combining this estimate with (B.55) and (B.60), we obtain that equations (B.62)
and (B.63) also hold at z = 0 without requiring the event Ξ(0) to hold. Finally, plugging
equations (B.62) and (B.63) into equations (B.69) and (B.70), we conclude that equations
(B.51) and (B.52) hold at z = 0, that is,∣∣∣∣∣ 1

m1(0)
+ 1− 1

n

p∑
i=1

λ2
i

λ2
i r1m1(0) + r2m2(0)

∣∣∣∣∣ ≺ n− 1
2 ,∣∣∣∣∣ 1

m2(0)
+ 1− 1

n

p∑
i=1

1

λ2
i r1m1(0) + r2m2(0)

∣∣∣∣∣ ≺ n− 1
2 .

(B.77)

Denoting y1 = −m1(0) and y2 = −m2(0), by estimates (B.67) and (B.68) at z = 0, we
have that

y1 =
1

1 + γnm0(0)
+ O≺(n−1/2), y2 =

1

1 + γnm(0)
+ O≺(n−

1
2 ).

Together with equation (B.76), it implies that

c 6 y1 6 1, c 6 y2 6 1, w.o.p., (B.78)

for a small constant c > 0. Also with equation (B.77), we can check that (r1y1, r2y2) satisfies
approximately the same system of equations as equations (3.2) and (B.16):

r1y1 + r2y2 = 1− γn + O≺(n−1/2), f(r1y1) = r1 + O≺(n−1/2). (B.79)

The first equation of (B.79) and equation (B.78) together imply that r1y1 ∈ [0, 1− γn] with
overwhelming probability. We also know that r1y1 = α1 is a solution to the second equation
of (B.79). Moreover, we have checked that the function f is strictly increasing and has
bounded derivative on [0, r−1

1 (1− γn)].
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With basic calculus, we can get that

|m1(0)−m1c(0)| = |y1 − r−1
1 α1| ≺ n−1/2.

Plugging it into the first equation of (B.79), we get

|m2(0)−m2c(0)| = |y2 − r−1
2 α2| ≺ n−1/2.

The above two estimates conclude that equation (B.71) is true. This concludes the proof of
Lemma B.31.

Step 4: Averaged local law. Finally, we prove the averaged local laws (B.10) and (B.11).
For this purpose, we need to use the following fluctuation averaging lemma, whose proof is
omitted as it is a standard result in the literature.

Lemma 37 (Fluctuation averaging) Under the setting of Proposition 30, suppose the
entrywise local law (B.31) holds uniformly in z ∈ D. Then, we have that

|[Z]|+ |[Z]0|+ |[Z]1|+ |[Z]2| ≺ (np)−1/2, (B.80)

uniformly in z ∈ D.

Proof The proof can be found in the works of Erdős et al. (2013).

Now, plugging equations (B.73) and (B.80) into equations (B.51) and (B.52) and applying
Lemma 29, we get

|m1(z)−m1c(z)|+ |m2(z)−m2c(z)| ≺ (np)−1/2. (B.81)

Then, subtracting equation (B.47) from equation (B.62) and using equations (B.80) and
(B.81), we obtain that

|m(z)−mc(z)| ≺ (np)−1/2.

This is the averaged local law (B.10) with Q = 1. The proof of law (B.11) is similar.

B.3.4 Anisotropic Local Law

Proof In this section, we prove the anisotropic local law in Theorem 27 by extending from
Gaussian random matrices to generally distributed random matrices. With Proposition 30,
it suffices to prove that for Z(1) and Z(2) satisfying the assumptions of Theorem 27, we have∣∣∣u> (G(Z, z)−G(ZGauss, z)

)
v
∣∣∣ ≺ n−1/2Q,

for any deterministic unit vectors u,v ∈ Rp+n and z ∈ D, where we abbreviate that

Z :=

(
Z(1)

Z(2)

)
and ZGauss :=

(
(Z(1))Gauss

(Z(2))Gauss

)
.
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Here, (Z(1))Gauss and (Z(2))Gauss are Gaussian random matrices satisfying the assumptions of
Proposition 30. We will prove the above statement using a continuous comparison argument
developed in Knowles and Yin (2016). Since the arguments are similar to the ones in Sections
7 and 8 of Knowles and Yin (2016), we will not write down all the details.

We define a continuous sequence of interpolating matrices between ZGauss and Z.

Definition 38 (Interpolation) We denote Z0 := ZGauss and Z1 := Z. Let ρ0
µi and ρ

1
µi be

respectively the laws of Z0
µi and Z

1
µi for i ∈ I0 and µ ∈ I1 ∪ I2. For any θ ∈ [0, 1], we define

the interpolated law ρθµi := (1− θ)ρ0
µi + θρ1

µi. We work on the probability space consisting of
triples (Z0, Zθ, Z1) of independent n× p random matrices, where the matrix Zθ = (Zθµi) has
law ∏

i∈I0

∏
µ∈I1∪I2

ρθµi(dZ
θ
µi). (B.82)

For λ ∈ R, i ∈ I0 and µ ∈ I1 ∪ I2, we define the matrix Zθ,λ(µi) through

(
Zθ,λ(µi)

)
νj

:=

{
Zθµi, if (j, ν) 6= (i, µ)

λ, if (j, ν) = (i, µ)
,

that is, it is obtained by replacing the (µ, i)-th entry of Zθ with λ. We abbreviate that

Gθ(z) := G(Zθ, z), Gθ,λ(µi)(z) := G(Zθ,λ(µi), z).

We will prove the anisotropic local law (B.12) through interpolating matrices Zθ between
Z0 and Z1. We have seen that equation (B.12) holds for G(Z0, z) by Proposition 30. Using
equation (B.82) and basic calculus, we readily get the following interpolation formula: for
any differentiable function F : Rn×p → C,

d

dθ
EF (Zθ) =

∑
i∈I0

∑
µ∈I1∪I2

[
EF

(
Z
θ,Z1

µi

(µi)

)
− EF

(
Z
θ,Z0

µi

(µi)

)]
, (B.83)

provided all expectations exist. We will apply equation (B.83) to the function F (Z) :=
F suv(Z, z) for any fixed s ∈ 2N, where

Fuv(Z, z) :=
∣∣∣u> [G(Z, z)−G(z)]v

∣∣∣ . (B.84)

The main part of the proof is to show the following self-consistent estimate for the right-hand
side of equation (B.83): for any fixed s ∈ 2N, constant c > 0, and θ ∈ [0, 1],∣∣∣∣∑

i∈I0

∑
µ∈I1∪I2

[
EF suv

(
Z
θ,Z1

µi

(µi) , z

)
− EF suv

(
Z
θ,Z0

µi

(µi) , z

)] ∣∣∣∣ . (ncq)s + EF suv(Zθ, z), (B.85)

where we abbreviate that q := n−1/2Q. If equation (B.85) holds, then combining equation
(B.83) with Grönwall’s inequality, we obtain that for any fixed s ∈ 2N and constant c > 0,

E
∣∣∣u> [G(Z1, z)−Π(z)

]
v
∣∣∣s . (ncq)s. (B.86)
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Then, applying Markov’s inequality and noticing that c can be arbitrarily small, we conclude
that equation (B.12) is true.

In order to prove equation (B.85), we compare Z
θ,Z0

µi

(µi) and Z
θ,Z1

µi

(µi) via a common Zθ,0(µi),
that is, we will prove that for any constant c > 0, α ∈ {0, 1}, and θ ∈ [0, 1],∣∣∣∣∑

i∈I0

∑
µ∈I1∪I2

[
EF suv

(
Z
θ,Zαµi
(µi) , z

)
− EF suv

(
Zθ,0(µi), z

)]
−A

∣∣∣∣ . (ncq)s + EF suv(Zθ, z), (B.87)

for a quantity A that does not depend on α ∈ {0, 1}. Underlying the proof of equation (B.87)
is an expansion approach which we describe now. We define the I × I matrix ∆λ

(µi) as

∆λ
(µi) := λ

(
0 u

(µ)
i e>µ

eµu
(µ)
i

>
0

)
,

where u
(µ)
i := ΛU>ei if µ ∈ I1, u

(µ)
i := V >ei if µ ∈ I2, and ei and eµ denote the standard

basis vectors along the i-th and µ-th directions. Then, by the definition of H in equation
(B.4), applying a Taylor expansion, we get that for any λ, λ′ ∈ R and K ∈ N,

Gθ,λ
′

(µi) = Gθ,λ(µi) + n−
k
2

K∑
k=1

Gθ,λ(µi)

(
∆λ−λ′

(µi) G
θ,λ
(µi)

)k
+ n−

K+1
2 Gθ,λ

′

(µi)

(
∆λ−λ′

(µi) G
θ,λ
(µi)

)K+1
. (B.88)

Using this expansion and the bound in equation (B.36), it is easy to prove the following
estimate: if y is a random variable satisfying |y| ≺ Q (note that the entries of any interpolating
matrix Zθ satisfy this bound), then w.o.p.,

max
i∈I0

max
µ∈I1 ∪I2

Gθ,y(µi) = O(1). (B.89)

For simplicity of notations, in the following proof, we denote

f(µi)(λ) := F suv

(
Zθ,λ(µi)

)
=
∣∣∣u> (G(Zθ,λ(µi), z

)
−G(z)

)
v
∣∣∣s .

We use f (r)
(µi) to denote the r-th order derivative of f(µi). By equation (B.89), it is easy to see

that for any fixed r ∈ N, f (r)
(µi)(y) = O(1) w.o.p. for any random variable y satisfying |y| ≺ Q.

Then, the Taylor expansion of f(µi) gives

f(µi)(y) =
1

nr/2

s+4∑
r=0

yr

r!
f

(r)
(µi)(0) + O≺

(
qs+4

)
.

Therefore, we have that for α ∈ {0, 1},

EF suv
(
Z
θ,Zαµi
(µi)

)
− EF suv

(
Zθ,0(µi)

)
= E

[
f(µi)

(
Zαµi
)
− f(µi)(0)

]
=E f(µi)(0) +

1

2n
E f (2)

(µi)(0) +
s+4∑
r=3

n−r/2

r!
E f (r)

(µi)(0) · E
(
Zαµi
)r

+ O≺(qs+4). (B.90)
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To illustrate the idea in a more concise way, we assume the extra condition

E(Z1
µi)

3 = 0, 1 6 µ 6 n, 1 6 i 6 p. (B.91)

Hence, the r = 3 term in the Taylor expansion (B.90) vanishes. However, this condition is
not necessary as we will explain at the end of the proof.

Recall that the entries of Z1
µi have finite fourth moments by equation (2.2). Together

with the bounded support condition, it gives that∣∣E (Zaµi)r∣∣ ≺ Qr−4, r > 4.

We take
A = E f(µi)(0) +

1

2n
E f (2)

(µi)(0).

Thus, to show equation (B.87)) under equation (B.91), we only need to prove that for
r = 4, · · · , s+ 4,

n−2qr−4
∑
i∈I0

∑
µ∈I1∪I2

∣∣∣E f (r)
(µi)(0)

∣∣∣ . (ncq)s + EF suv(Zθ, z). (B.92)

In order to get a self-consistent estimate in terms of the matrix Zθ only on the right-hand

side of equation (B.92), we want to replace Zθ,0(µi) in f(µi)(0) = F suv(Zθ,0(µi)) with Zθ ≡ Z
θ,Zθµi
(µi) .

Lemma 39 Suppose that

n−2qr−4
∑
i∈I0

∑
µ∈I1∪I2

∣∣∣E f (r)
(µi)(Z

θ
µi)
∣∣∣ . (ncq)s + EF suv(Zθ) (B.93)

holds for r = 4, · · · , s+ 4. Then, equation (B.92) holds for r = 4, · · · , s+ 4.

Proof The proof is the same as that for Lemma 7.16 of Knowles and Yin (2016).

What remains now is the proof of equation (B.93). For simplicity of notations, we will
abbreviate Zθ ≡ Z in the following proof. For any k ∈ N, we denote

Aµi(k) :=

(
∂

∂Zµi

)k
u> (G−G)v. (B.94)

The derivative on the right-hand side can be calculated using the expansion (B.88). In
particular, it is easy to check the following bound

|Aµi(k)| ≺

{
(R(µ)

i )2 +R2
µ, if k > 2,

R(µ)
i Rµ, if k = 1,

(B.95)

where for i ∈ I1 and µ ∈ I1 ∪ I2, we denote

R(µ)
i := |u>Gu(µ)

i |+ |v
>Gu

(µ)
i |, Rµ := |u>Geµ|+ |v>Geµ|. (B.96)
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Now, we can calculate the derivative

f
(r)
(µi)(Zµi) =

(
∂

∂Zµi

)r
F suv(Z) =

∑
k1+···+ks=r

s/2∏
t=1

(
Aµi(kt)Aµi(kt+s/2)

)
.

Then, to prove equation (B.93), it suffices to show that

n−2qr−4
∑
i∈I0

∑
µ∈I1∪I2

∣∣∣∣E s/2∏
t=1

Aµi(kt)Aµi(kt+s/2)

∣∣∣∣ . (ncq)s + EF suv(Z, z), (B.97)

for r = 4, · · · , s+ 4 and any (k1, · · · , ks) ∈ Ns satisfying k1 + · · ·+ ks = r. Treating zero kt’s
separately (note that Aµi(0) = Guv −Guv by definition), we find that it suffices to prove

n−2qr−4
∑
i∈I0

∑
µ∈I1∪I2

E |Aµi(0)|s−l
l∏

t=1

|Aµi(kt)| . (ncq)s + EF suv(Z, z), (B.98)

for r = 4, · · · , s+ 4 and l = 1, · · · , s. Here, without loss of generality, we have assumed that
kt = 0 for l + 1 6 t 6 s, kt > 1 for 1 6 t 6 l, and

∑l
t=1 kt = r.

There is at least one non-zero kt in all cases, while in the case with r 6 2l− 2, there exist
at least two kt’s with kt = 1 by the pigeonhole principle. Therefore, with equation (B.95),
we get that

l∏
t=1

|Aµi(kt)| ≺ 1(r > 2l − 1)
[
(R(µ)

i )2 +R2
µ

]
+ 1(r 6 2l − 2)(R(µ)

i )2R2
µ. (B.99)

Using equation (B.36) and a similar argument as in equation (B.44), we can obtain that∑
i∈I0

(R(µ)
i )2 = O(1),

∑
µ∈I1 ∪I2

R2
µ = O(1), (B.100)

with overwhelming probability. Using equations (B.99) and (B.100), and n−1/2 6 n−1/2Q = q,
we get that

n−2qr−4
∑
i∈I0

∑
µ∈I1∪I2

|Aµi(0)|s−l
l∏

t=1

|Aµi(kt)|

≺ qr−4F s−luv (Z)
[
1(r > 2l − 1)n−1 + 1(r 6 2l − 2)n−2

]
6F s−luv (Z)

[
1(r > 2l − 1)qr−2 + 1(r 6 2l − 2)qr

]
. (B.101)

If r 6 2l − 2, then we have qr 6 ql by the trivial inequality r > l. On the other hand, if
r > 4 and r > 2l − 1, then r > l + 2 and we have qr−2 6 ql. Thus, with equation (B.101),
we conclude that

n−2qr−4
∑
i∈I0

∑
µ∈I1∪I2

E|Aµi(0)|s−l
l∏

t=1

|Aµi(kt)| ≺ EF s−luv (Z)ql 6 [EF suv(Z)]
s−l
s ql

. EF suv(Z) + qs,
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where we used Hölder’s inequality in the second step and Young’s inequality in the last
step. This gives equation (B.98), which concludes the proof of equation (B.93), and hence
of equation (B.87), and hence of equation (B.85), which concludes equation (B.86) and
completes the proof of the anisotropic local law of equation (B.12) under the condition of
equation (B.91).

Finally, if the condition (B.91) does not hold, then there is also an r = 3 term in the
Taylor expansion (B.90):

1

6n3/2
E f (3)

(µi)(0) · E
(
Zαiµ
)3
.

But the sum over i and µ in equation (B.87) gives a factor n2, which cannot be canceled
by the n−3/2 factor in the above equation. In fact, E f (3)

(µi)(0) will provide an extra n−1/2

factor to compensate the remaining n1/2 factor. This follows from an improved self-consistent
comparison argument for sample covariance matrices in Section 8 of Knowles and Yin (2016).
The argument for our setting is almost the same except for some notational differences, so we
omit the details. This completes the proof of equation (B.12) without the condition (B.91).

B.3.5 Averaged Local Law

Proof Finally, in this subsection, we focus on the proof of the averaged local law (B.10) in
the setting of Theorem 27, while the proof of the law (B.11) is exactly the same. Our proof
is similar to that for the anisotropic local law (B.12) in the previous subsection, and we only
explain the main differences. In analogy to equation (B.84)), we define

F̃ (Z, z) :=

∣∣∣∣1p ∑
i∈I0

[Gii(Z, z)−Gii(z)]

∣∣∣∣.
Under the notations of Definition 38, we have proved that F̃ (Z0, z) ≺ (np)−1/2 in Lemma
31. To illustrate the idea, we again assume that the condition (B.91) holds in the following
proof. Using the arguments in Section B.3.4, analogous to equation (B.93) we only need to
prove that for Z = Zθ, q = n−1/2Q, any small constant c > 0, and fixed s ∈ 2N,

n−2qr−4
∑
i∈I0

∑
µ∈I1∪I2

∣∣∣∣E( ∂

∂Zµi

)r
F̃ s(Z)

∣∣∣∣ . (p−1/2+cq)s + EF̃ s(Z), (B.102)

for r = 4, ...,K, where K ∈ N is a large enough constant. Similar to equation (B.94), let

Aj,µi(k) :=

(
∂

∂Zµi

)k
(Gjj −Gjj) .

Analogous to estimate (B.97), it suffices to prove that

n−2qr−4
∑
i∈I0

∑
µ∈I1∪I2

∣∣∣∣E s/2∏
t=1

(
1

p

∑
j∈I0

Aj,µi(kt)

)(
1

p

∑
j∈I0

Aj,µi(kt+s/2)

)∣∣∣∣
. (p−1/2+cq)s + EF̃ s(Z),
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for r = 4, ...,K and any (k1, · · · , ks) ∈ Ns satisfying k1 + · · · + ks = r. Without loss of
generality, we assume that kt = 0 for l + 1 6 t 6 s, kt > 1 for 1 6 t 6 l, and

∑l
t=1 kt = r.

Then, it suffices to prove that

n−2qr−4
∑
i∈I0

∑
µ∈I1∪I2

E F̃ s−l(Z)
l∏

t=1

∣∣∣∣1p ∑
j∈I0

Aj,µi(kt)

∣∣∣∣ . (p−1/2+cq)s + EF̃ s(Z),

for r = 4, ...,K and any 1 6 l 6 s.
Using equation (B.36) and a similar argument as in equation (B.44), we obtain that for

1 6 t 6 l, ∣∣∣ ∑
j∈I0

Aj,µi(kt)
∣∣∣ . 1 (B.103)

with overwhelming probability. Moreover, taking u = v = ej in equation (B.96), we define

R(µ)
j,i := |e>j Gu

(µ)
i |, Rj,µ := |e>j Geµ|.

Similar to equation (B.100), we have that∑
i∈I0

(R(µ)
j,i )2 = O(1),

∑
µ∈I1 ∪I2

R2
j,µ = O(1), w.o.p. (B.104)

Using equation (B.103) and applying equation (B.95) to Aj,µi(kt), we obtain that

l∏
t=1

∣∣∣∣1p ∑
j∈I0

Aj,µi(kt)

∣∣∣∣ ≺ 1(r > 2l − 1)p−l + 1(r 6 2l − 2)p−l
∑

j1,j2∈I0

R(µ)
j1,i
R(µ)
j2,i
Rj1,µRj2,µ,

where we use an argument that is similar to the one for estimate (B.99). Summing this
equation over i ∈ I0, µ ∈ I1 ∪ I2 and using estimate (B.104), we get that

n−2qr−4
∑
i∈I0

∑
µ∈I1∪I2

E F̃ s−l(Z)
l∏

t=1

∣∣∣∣1p ∑
j∈I0

Aj,µi(kt)

∣∣∣∣
≺ qr−4 E F̃ s−l(Z)

[
1(r > 2l − 1)p−(l−1)n−1 + 1(r 6 2l − 2)n−2p−(l−2)

]
.

We consider the following cases (recall that r > 4 and r > l).

• If r > 2l − 1 and l > 2, then we have r > l + 2 and l − 1 > l/2, which gives

p−(l−1)qr−4n−1 6 p−l/2qr−2 6 (p−1/2q)l.

• If r > 2l − 1 and l = 1, then we have

p−(l−1)qr−4n−1 6 n−1 6 (p−1/2q)l.

• If r 6 2l − 2 and l > 4, then we have r > l and l − 2 > l/2, which gives

p−(l−2)qr−4n−2 6 p−l/2qr 6 (p−1/2q)l.
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• If r 6 2l − 2 and l < 4, then we have r = 4 and l = 3, which gives

p−(l−2)qr−4n−2 6 p−1n−2 6 (p−1/2q)l.

Combining the above cases, we get that

n−2qr−4
∑
i∈I0

∑
µ∈I1∪I2

E F̃ s−l(Z)
l∏

t=1

∣∣∣∣1p ∑
j∈I0

Aj,µi(kt)

∣∣∣∣ ≺ E F̃ s−l(X)(p−1/2q)l.

Applying Holder’s inequality and Young’s inequality, we can conclude that equation (B.102)
holds, which completes the proof of the averaged local law (B.10) under the condition (B.91).

Finally, even if the condition (B.91) does not hold, using the self-consistent comparison
argument in Section 9 of Knowles and Yin (2016), we can still prove equation (B.10). Since
(almost) the same argument also works in our setting, we omit the details.

Appendix C. Proofs for the Model Shift Setting

In this section, we present the proofs of Theorems 6, 9, and 10, and Proposition 8. At the
end of this section, we will also derive an approximate estimate of the bias under arbitrary
covariate and model shifts.

C.1 Proof of Theorem 6

The variance estimate (4.1) can be derived from Theorem 3 or equation (3.3). Hence, we
focus on the proof of the bias estimate (4.2). In the setting of Theorem 6, we can write that

Lbias = v> Z(1)>Z(1)
(
Z(1)>Z(1) + Z(2)>Z(2)

)−2
Z(1)>Z(1) v

= v>Q(1)

(
Q(1) +

n2

n1
Q(2)

)−2

Q(1) v,

where we use the simplified notations

v := Σ(1)1/2
(
β(1) − β(2)

)
, Q(1) :=

1

n1
Z(1)>Z(1), Q(2) :=

1

n2
Z(2)>Z(2).

Note that Q(1) and Q(2) are both Wishart matrices. Using the rotational invariance of the
laws of Q(1) and Q(2), we can simplify Lbias as follows.

Lemma 40 In the setting of Theorem 6, we have that

Lbias =
[
1 + O≺(p−1/2)

] ‖v‖2
p

Tr

[(
Q(1) +

n2

n1
Q(2)

)−2

(Q(1))2

]
. (C.1)
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Proof It is easy to see that the law of the matrix A := Q(1)(Q(1) + n2
n1
Q(2))−2Q(1) is

rotationally invariant. Thus, we have that

v>Av
d
= ‖v‖2 g>

‖g‖
A g

‖g‖
, (C.2)

where “ d=" means “equal in distribution", and g = (g1, · · · , gp) is a random vector that is
independent of A and has i.i.d. Gaussian entries of mean zero and variance one. By Lemma
22, we have that w.o.p.,

‖A‖F 6 p1/2‖A‖ . p−1/2Tr[A].

Using equation (A.21), we get that

‖g‖ = p+ O≺(p1/2), |g>Ag − TrA| ≺ ‖A‖F ≺ p−1/2TrA. (C.3)

Plugging equation (C.3) into equation (C.2), we conclude that equation (C.1) is true.

Now, based on estimate (C.1), we can write that

Lbias = −
[
1 + O≺(p−1/2)

]
‖v‖2 · dhα(t)

dt

∣∣∣∣
t=0

, where α := n2/n1 and (C.4)

hα(t) :=
1

p
Tr

[
1

Q(1) + t(Q(1))2 + αQ(2)

]
.

Hence, to obtain the asymptotic limit of Lbias, we need to calculate the values of hα(t) for t
around 0. Without loss of generality, in the following proof, we mainly focus on the case
that 0 < α 6 1. That is, the ratio between n2 and n1 does not grow with p. Later, we will
explain how to extend the proof to the α > 1 case.

We calculate hα(t) using the Stieltjes transform method in random matrix theory and
free additive convolution (or free addition) in free probability theory. We briefly describe the
basic concepts that are needed for the proof and refer the interested readers to classical texts
such as Bai and Silverstein (2010) for a more thorough introduction. The Stieltjes transform
of a probability measure µ supported on R is a complex function defined as

mµ(z) :=

∫ ∞
0

dµ(x)

x− z
, for z ∈ C \ supp(µ). (C.5)

Given any p× p symmetric matrix M , let µM := p−1
∑

i δλi(M) denote the empirical spectral
distribution (ESD) of M , where λi(M) denotes the i-th eigenvalue of M and δλi(M) is the
point mass measure at λi(M). Then, it is easy to see that the Stieltjes transform of µM is

mµM (z) :=
1

p

p∑
i=1

1

λi(M)− z
=

1

p
Tr
[
(M − zIdp×p)−1

]
.

Given two p × p matrices Ap and Bp, suppose their ESDs µAp and µBp converge weakly
to probability measures µA and µB, respectively. Let Up be a sequence of p × p Haar
distributed orthogonal matrices. Then, it is known in free probability theory that the ESD
of Ap + UpBpU

>
p converges to the free addition of µA and µB, denoted by µA � µB.

63



Yang, Zhang, Wu, Ré, and Su

It is well-known that the ESDs of Wishart matrices Q(1) and Q(2) converge weakly to
the famous Marchenko-Pastur (MP) law (Marčenko and Pastur, 1967): µQ(1) ⇒ µ(1) and
µQ(2) ⇒ µ(2), where µ(1) and µ(2) have densities

ρ(i)(x) =
1

2πξix

√
(λ

(i)
+ − x)(x− λ(i)

− )1
x∈[λ

(i)
− ,λ

(i)
+ ]
, i = 1, 2,

where we denote ξi = p/ni and the spectrum edges are given by λ(i)
± := (1±

√
ξi)

2. Moreover,
the Stieltjes transforms of µ(1) and µ(2) satisfy the self-consistent equations

zξim
2
µ(i)
− (1− ξi − z)mµ(i) + 1 = 0, i = 1, 2.

With this equation, we can check that gi(mµ(i)(z)) = z, where the function gi is defined by

gi(m) =
1

1 + ξim
− 1

m
, i = 1, 2. (C.6)

The sharp convergence rates of µQ(1) and µQ(2) have also been obtained in Theorem 3.3 of
Pillai and Yin (2014), that is,

dK

(
µQ(i) , µ(i)

)
≺ p−1, i = 1, 2, (C.7)

where dK denotes the Kolmogorov distance between two probability measures:

dK

(
µQ(i) , µ(i)

)
:= sup

x∈R

∣∣∣µQ(i) ((−∞, x])− µ(i) ((−∞, x])
∣∣∣ .

For any fixed α, t > 0, the ESDs of αQ(2) and Q(1) + t(Q(1))2 converge weakly to two
measures µ(2)

α and µ(1)
t defined through

µ(2)
α ((−∞, x]) =

∫
1αy∈(−∞,x]dµ

(2)(y), µ
(1)
t ((−∞, x]) =

∫
1y+ty2∈(−∞,x]dµ

(1)(y).

Hence, their Stieltjes transforms are given by

m
µ
(2)
α

(z) =
1

α
mµ(2)

( z
α

)
, m

µ
(1)
t

(z) =

∫
dµ(1)(x)

x+ tx2 − z
. (C.8)

Note that the eigenmatrices of Q(1) + t(Q(1))2 and αQ(2) are independent Haar-distributed
orthogonal matrices. Hence, the ESD of Q(1) + t(Q(1))2 + αQ(2) converges weakly to the
free addition µ(1)

t � µ
(2)
α . In particular, we will use the following almost sharp estimate on

the difference between the Stieltjes transforms of µQ(1)+t(Q(1))2+αQ(2) and µ(1)
t � µ

(2)
α .

Lemma 41 In the setting of Theorem 6, suppose α, t ∈ [0, C] for a constant C > 0. Then,
we have that ∣∣∣∣1pTr

[
1

Q(1) + t(Q(1))2 + αQ(2)

]
−m

µ
(1)
t �µ

(2)
α

(z = 0)

∣∣∣∣
≺1

p
+ dK

(
µQ(1)+t(Q(1))2 , µ

(1)
t

)
+ dK

(
µαQ(2) , µ(2)

α

)
. (C.9)
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Proof This lemma is a consequence of Theorem 2.5 of Bao et al. (2017). In fact, equation
(C.9) is proved for z = E+iη with E ∈ supp(µ

(1)
t �µ

(2)
α ) and η > 0 in a follow-up work of Bao

et al. (2017), but the proof there can be repeated almost verbatim in our setting with z = 0.

With the above lemma, in order to calculate the right-hand side of (C.4), we need to
calculate ∂tmµ

(1)
t �µ

(2)
α

(z = 0) at t = 0. This is given by the following lemma.

Lemma 42 We have

d

dt
m
µ
(1)
t �µ

(2)
α

(0)

∣∣∣∣
t=0

= −1− 2f1(α)f3(α) + f2(α)f3(α)2

1− ξ2f2(α)f3(α)2
, (C.10)

where the functions f1, f2 and f3 are defined as

f1(α) := m
µ
(1)
0 �µ

(2)
α

(0)

=
2

α(1− ξ2) + (1− ξ1) +
√

[α(1− ξ2) + (1− ξ1)]2 + 4α(ξ1 + ξ2 − ξ1ξ2)
, (C.11)

f2(α) :=

(
1

f1(α)2
− ξ1

(1 + ξ1f1(α))2

)−1

, (C.12)

f3(α) :=
α

1 + αξ2f1(α)
. (C.13)

Proof We calculate the Stieltjes transform of the free addition µ(1)
t �µ

(2)
α using the following

lemma. The following lemma is known in the literature.

Lemma 43 Given two probability measures, µ1 and µ2 on R, there exist unique analytic
functions ω1, ω2 : C+ → C+, where C+ := {z ∈ C : Im z > 0} is the upper half complex
plane, such that the following equations hold: for any z ∈ C+,

mµ1(ω2(z)) = mµ2(ω1(z)), ω1(z) + ω2(z)− z = − 1

mµ1(ω2(z))
. (C.14)

Moreover, mµ1(ω2(z)) is the Stieltjes transform of µ1 � µ2, that is,

mµ1�µ2(z) = mµ1(ω2(z)).

We now solve equation (C.14) for µ1 = µ
(1)
t and µ2 = µ

(2)
α when z → 0:

m
µ
(1)
t

(ω2(α, t)) = m
µ
(2)
α

(ω1(α, t)), ω1(α, t) + ω2(α, t) = − 1

m
µ
(1)
t

(ω2(α, t))
, (C.15)

where, for simplicity, we omit the argument z = 0 from ω1(z = 0, α, t) and ω2(z = 0, α, t).
Using the definition of m

µ
(2)
α

in equation (C.8), we can check that

αg2

(
αm

µ
(2)
α

(z)
)

= z, (C.16)
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where g2 is defined in equation (C.6). Applying equation (C.16) to the first equation of
(C.15), we get that

ω1 =
α

1 + ξ2αmµ
(1)
t

(ω2)
− 1

m
µ
(1)
t

(ω2)
.

Plugging this equation into the second equation of (C.15), we get that
α

1 + ξ2αmµ
(1)
t

(ω2)
+ ω2 = 0 ⇔ α+ ω2

[
1 + αξ2mµ

(1)
t

(ω2)
]

= 0. (C.17)

This gives a self-consistent equation of m
µ
(1)
t �µ

(2)
α

(z = 0) = m
µ
(1)
t

(ω2(α, t)).
Now, we define the following quantities at t = 0:

f1(α) := m
µ
(1)
0

(ω2(α, 0)) = m
µ
(1)
0 �µ

(2)
α

(z = 0),

f2(α) :=
dm

µ
(1)
0

(z)

dz

∣∣∣∣∣
z=ω2(α,0)

=

∫
dµ(1)(x)

[x− ω2(α, 0)]2
, f3(α) := −ω2(α, 0).

First, from equation (C.17) we can obtain that equation (C.13) is true. Using the fact that
g1 in equation (C.6) is the inverse function of m

µ
(1)
0

, we can write equation (C.17) into an
equation of f1 only when t = 0:

α+

(
1

1 + ξ1f1
− 1

f1

)
(1 + αξ2f1) = 0.

This equation can be reduced to a quadratic equation:

α (ξ1 + ξ2 − ξ1ξ2) f2
1 + [α(1− ξ2) + (1− ξ1)] f1 − 1 = 0. (C.18)

By definition, f1 is the Stieltjes transform of µ(1)
0 �µ

(2)
α at z = 0. Since µ(1)

0 �µ
(2)
α is supported

on (0,∞), f1 is positive by equation (C.5). Then, it is not hard to see that the only positive
solution of equation (C.18) is given by equation (C.11). Finally, calculating the derivative
of m

µ
(1)
0

using its inverse function, we obtain that f2(α) = [g′1(f1)]−1, which implies that
equation (C.12) holds.

To conclude the proof, we still need to calculate ∂tmµ
(1)
t

(ω2(α, t))|t=0. Taking the
derivative of equation (C.17) with respect to t at t = 0, we get that

∂tω2(α, 0) · [1 + αξ2f1(α)]− αξ2f3(α) · ∂tmµ
(1)
t

(ω2(α, t))
∣∣∣
t=0

= 0. (C.19)

Using equation (C.8), we can calculate that

∂tmµ
(1)
t

(ω2(α, t)) = ∂t

∫
dµ(1)(x)

x+ tx2 − ω2(α, t)
= −

∫
[x2 − ∂tω(α, t)]dµ(1)(x)

[x+ tx2 − ω2(α, t)]2
.

Taking t = 0 in the above equation, we get that

∂tmµ
(1)
t

(ω2(α, t))
∣∣∣
t=0

=∂tω(α, 0) · f2(α)−
∫

[(x− ω2(α, 0))2 + 2ω2(α, 0)(x− ω2(α, 0)) + ω2(α, 0)2]dµ(1)(x)

[x− ω2(α, 0)]2

=∂tω(α, 0) · f2(α)− 1 + 2f1(α)f3(α)− f2(α)f3(α)2.
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We can solve from this equation that

∂tω(α, 0) =
1

f2(α)

[
∂tmµ

(1)
t

(ω2(α, t))
∣∣∣
t=0

+ 1− 2f1(α)f3(α) + f2(α)f3(α)2
]
.

Inserting it into equation (C.19), we can solve that

∂tmµ
(1)
t

(ω2(α, t))
∣∣∣
t=0

= −1− 2f1(α)f3(α) + f2(α)f3(α)2

1− αξ2f2(α)f3(α)
1+αξ2f1(α)

.

Using (1 + αξ2f1(α))−1 = α−1f3(α) by equation (C.17), we conclude Lemma 42.

Now, we are ready to give the proof of Theorem 6.
Proof The estimate (4.1) is a special case of Theorem 3 with M = Idp×p. For a sanity check,
we show that it is consistent with the result obtained from the free addition technique. We
can write the variance term (2.10) as

Lvar = σ2Tr

[
1

n1Q(1) + n2Q(2)

]
=
pσ2

n1
· 1

p
Tr

[
1

Q(1) + αQ(2)

]
. (C.20)

Combining Lemma 41 with estimate (C.7), we get that∣∣∣∣1pTr

[
1

Q(1) + αQ(2)

]
−m

µ
(1)
0 �µ

(2)
α

(0)

∣∣∣∣ ≺ 1

p
.

Recall that m
µ
(1)
0 �µ

(2)
α

(0) = f1(α) by estimate (C.11). Plugging into α = n2/n1, we indeed
get that p

n1
f(α) = L1.

Next, for the bias term, we first consider the case α = n2/n1 6 1. Recall that the bias
limit is given by estimate (C.4). Taking t = p−1/2, we can use Lemma 22 to check that
w.o.p., ∣∣∣∣ dhα(t)

dt

∣∣∣∣
t=0

− hα(t)− hα(0)

t

∣∣∣∣ . t.
Similarly, we have w.o.p.,∣∣∣∣∣ dm

µ
(1)
t �µ

(2)
α

(0)

dt

∣∣∣∣∣
t=0

−
m
µ
(1)
t �µ

(2)
α

(0)−m
µ
(1)
0 �µ

(2)
α

(0)

t

∣∣∣∣∣ . t.
On the other hand, using Lemma 41 and estimate (C.7), we get that∣∣∣hα(0)−m

µ
(1)
0 �µ

(2)
α

(0)
∣∣∣+
∣∣∣hα(t)−m

µ
(1)
t �µ

(2)
α

(0)
∣∣∣ ≺ 1

p
.

Combining the above three estimates, we obtain that∣∣∣∣∣ dhα(t)

dt

∣∣∣∣
t=0

−
dm

µ
(1)
t �µ

(2)
α

(0)

dt

∣∣∣∣∣
t=0

∣∣∣∣∣ ≺ t+

∣∣hα(0)−m
µ
(1)
0 �µ

(2)
α

(0)
∣∣+
∣∣hα(t)−m

µ
(1)
t �µ

(2)
α

(0)
∣∣

t

≺ p−1/2. (C.21)
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Plugging this estimate into estimate (C.4), after a straightforward calculation estimate using
equation (C.10), we can get the estimate (4.2) when α 6 1.

Finally, we consider the α > 1 (recall that α = n2
n1
) case for the bias term. We rewrite

equations (C.1) and (C.4) as

Lbias =
(

1 + O≺(p−
1
2 )
)
· ‖v‖

2

α2p
Tr

[(
α−1Q(1) +Q(2)

)−2
(Q(1))2

]
= −

(
1 + O≺(p−

1
2 )
)
‖v‖2 · α̃2 dh̃α̃(t)

dt

∣∣∣∣∣
t=0

,

where α̃ := α−1 = n1/n2 and h̃α̃(t) is defined by

h̃α̃(t) :=
1

p
Tr

[
1

α̃Q(1) + t(Q(1))2 +Q(2)

]
.

We can estimate dh̃α̃(t)
dt

∣∣∣
t=0

in the same way as dhα(t)
dt

∣∣∣
t=0

for α̃ < 1, by establishing analogues

of Lemma 41 and Lemma 42. Through these calculations, we can find that α̃2 dh̃α̃(t)
dt

∣∣∣
t=0

converges to the same asymptotic limit as dhα(t)
dt

∣∣∣
t=0

as expected. However, the error term
becomes

O≺(α̃2p−
1
2 ) = O≺

(
p−

1
2n2

1

(n1 + n2)2

)
,

where we use that α̃ < 2n1
n1+n2

when n1 < n2. This concludes equation (4.2) for the case when
α > 1.

C.2 Proof of Proposition 8

Proof Let a = p−1Tr
[
Σ(1)

]
. Since ‖(Σ(1))1/2

(
β(1) − β(2)

)
‖2 = (2 + O(p−1/2+c))µ2a with

high probability, the limit of L(β̂HPS
2 ) is equal to

`(n1) := σ2L1 + 2µ2aL2 =
σ2p

n1 + n2 − p
+ 2µ2a · n

2
1(n1 + n2 − p) + pn1n2

(n1 + n2)2(n1 + n2 − p)
. (C.22)

By Theorem 6, we have that with high probability,

L(β̂HPS
2 ) =

(
1 + O(p−1/2+c)

)
· `(n1). (C.23)

By equation (3.3), with high probability over the randomness of X(2), the excess risk of the
OLS estimator is

L(β̂OLS
2 ) = σ2 · Tr

[
Σ(2)

(
X(2)>X(2)

)−1
]

=
(
1 + O(p−1+c)

)
· σ2p

n2 − p
. (C.24)
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Thus, whether or not L(β̂HPS
2 ) 6 L(β̂OLS

2 ) reduces to comparing `(n1) and σ2p
n2−p . Let h(n1)

be their difference:

h(n1) = 2µ2a · n
2
1(n1 + n2 − p) + pn1n2

(n1 + n2)2(n1 + n2 − p)
− σ2pn1

(n1 + n2 − p)(n2 − p)
.

The sign of h(n1) is the same as the sign of the following second-order polynomial in n1:

h̃(n1) = 2µ2a(n2 − p)(n1(n1 + n2 − p) + pn2)− σ2p(n1 + n2)2

=
(
2µ2a(n2 − p)− σ2p

)
n2

1 + (2µ2a(n2 − p)2 − 2σ2pn2)n1 +
(
2µ2a(n2 − p)pn2 − σ2pn2

2

)
.

Let C0, C1, C2 be the coefficients of n0
1, n

1
1, n

2
1 terms in h̃(n1). We prove each claim as follows.

1. If µ2a 6 σ2p
2(n2−p) , then C0, C1, C2 are all non-positive, which gives h̃(n1) 6 0.

2. If σ2p
2(n2−p) < µ2a < σ2n2

2(n2−p) , then C2 > 0 and C0 < 0. Thus, h̃(n1) has a positive root
and a negative root. Let the positive root of h̃(n1) be n0 ∈ R. Then, h̃(n1) 6 0 if
n1 6 n0, and h̃(n1) > 0 otherwise.

3. If µ2a > σ2n2
2(n2−p) , then C0 and C2 are both non-negative. Furthermore, we can check

that C1 > 0 using the assumption n2 > 3p. Hence, we have h̃(n1) > 0 for all n1.

Combining these three cases with equations (C.23) and (C.24) concludes the proof.

C.2.1 Proof of the Dichotomy

Proof The derivative of `(n1) is equal to

`′(n1) = − pσ2

(n− p)2
+

2µ2an2

(n− p)2

(
2
(

1− n2

n

)(
1− 2p

n

)(
1− p

n

)
+
p(n2 − p)

n2

)
,

where we denote n = n1 + n2. Hence, the sign of `′(n1) is given by the sign of the following
function:

f(n) := 2
(

1− n2

n

)(
1− 2p

n

)(
1− p

n

)
+
p(n2 − p)

n2
− pσ2

2µ2an2
.

Under the assumption n > n2 > 3p, we see that

f ′(n) >
2n2

n2

(
1− 2p

n

)(
1− p

n

)
− 2p(n2 − p)

n3
> 0,

i.e., f(n) is strictly increasing with respect to n. Hence, if f(n2) > 0, then case 1 holds;
otherwise, if f(n2) < 0, then case 2 holds. This concludes the proof.
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C.3 Proof of Theorem 9

Proof Since X(1) and X(2) are both isotropic Gaussian matrices, with high probability, they
satisfy the following normalization conditions: there exists a constant c > 0, such that for
i = 1, 2 and any vector θ ∈ Rp,

c ‖θ‖ 6 1
√
ni

∥∥∥X(i)θ
∥∥∥ 6 1

c
‖θ‖ , (C.25)

where we use X(i)
j to denote the j-th column of the matrix X(i). For reference, see, e.g.,

Section 3.2 of Raskutti et al. (2011). These two estimates also follow directly from Lemma
22. For the rest of the proof, we will condition on X(1) and X(2), which are regarded as
fixed design matrices satisfying the normalization condition (C.25). For convenience, denote
n = n1 + n2 and r1 = n1/n. Our proof is divided into two cases.

i) n2
1µ

2

(n1+n2)2
6 σ2p

n1+n2
. Notice that σ2p

n1+n2
is the minimax lower bound for fixed design linear

regression when µ = 0, i.e., all of the n1 + n2 samples are drawn from the same linear
regression model. Thus, by invoking some standard arguments (see e.g., Example 15.14
of Wainwright (2019)), we can show equation (4.6).

ii) n2
1µ

2

(n1+n2)2
> σ2p

n1+n2
. Then, we need to show that the minimax rate is at least of order

min(
n2
1µ

2

(n1+n2)2
, σ

2p
n2

). This can be done by constructing an O(r1µ)-cover of the subset of
parameter vectors.

We next prove each case separately following the arguments in Example 15.14 of Wainwright
(2019).

For case i), we design a covering set, denoted as S = {θ̃1, θ̃2, . . . , θ̃M} ∪ {θ1, θ2, . . . , θM},
such that the followings hold:

• {θ1, θ2, . . . , θM} is a 2δ-packing of the subset of p-dimensional vectors of Euclidean
length at most 4δ.

• ‖θ̃i − θi‖ = µ for i = 1, 2, . . . ,M . We achieve this by adding a fixed shift a of length µ
to θi, i.e, θ̃i = θi + a.

• The size of S can be as large as 2p+1.

For any j = 1, . . . ,M , let Pj denote the law of the label vector y =

(
Y (1)

Y (2)

)
of the two

tasks when the true regression vectors are β(1) = θ̃j and β(2) = θj . By definition of the
linear model, conditioning on X(1) and X(2), Pj follows a multivariate normal distribution

N
((

X(1)θ̃j

X(2)θj

)
, σ2Idn×n

)
. Similarly, for any k 6= j, let Pk denote the law of the label vector

when the true regression vectors are θ̃k and θk. By standard facts on the KL divergence
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between two normal distributions, we have

DKL(Pj‖Pk) =
1

2σ2

(∥∥∥X(1)(θ̃j − θ̃k)
∥∥∥2

+
∥∥∥X(2)(θj − θk)

∥∥∥2
)

6
1

2σ2

(
c−2n1‖θ̃j − θ̃k‖2 + c−2n2

∥∥∥θj − θk∥∥∥2 )
6

n

2c2σ2

∥∥∥θj − θk∥∥∥2
6

32nδ2

c2σ2
,

where we use equation (C.25) in the second step. We need the above bound to satisfy the
following condition (see equation (15.35b), Section 15.3.3 of Wainwright (2019)):

1

2
log |S| > 32nδ2

c2σ2
+ log 2, (C.26)

which can be satisfied by setting δ2 = c2σ2p
100n for large enough p. Thus, we conclude that

inf
β̂

sup
Θ(µ)

E
[

1

n2

∥∥∥X̃(2)(β̂ − β(2))
∥∥∥2
]

= inf
β̂

sup
Θ(µ)

E
[∥∥∥β̂ − β(2)

∥∥∥2
]

(C.27)

>
δ2

2
>
c2σ2p

200n
>

c2

400

(
n2

1µ
2

(n1 + n2)2
+

σ2p

n1 + n2

)
.

Next, we consider case ii), which is further divided into two cases. If r2
1µ

2 > σ2p
n2

, then
the source task samples are not helpful in improving the rate. In this case, we just need to
follow a similar calculation as above, but use the label vector y = Y (2) instead with the KL
divergence 1

2σ2

∥∥X(2)(θi − θk)
∥∥2. Then, the lower bound in equation (C.27) becomes

c2

200

σ2p

n2
>

c2

400

(
σ2p

n2
+

σ2p

n1 + n2

)
.

On the other hand, if σ2p
n1+n2

< r2
1µ

2 < σ2p
n2

, we again construct a 2δ-packing of the subset
of p-dimensional vectors of Euclidean length at most 4δ, but we choose the label vector as
y = Y (2). Following a similar argument as above, we reach the conclusion that

DKL(Pj‖Pk) 6
32n2δ

2

c2σ2
.

By setting δ2 =
c2r21µ

2

100 , we know that the above bound is less than 1
2(p− 1) log 2. Thus, the

condition for the KL bound (C.26) is satisfied. Hence, the lower bound in equation (C.27)
becomes

δ2

2
=
c2r2

1µ
2

200
>

c2

400

(
n2

1µ
2

(n1 + n2)2
+

σ2p

n1 + n2

)
.

Combining all three cases together and renaming the constant c, we complete the proof of
estimate (4.6).
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C.4 Proof of Theorem 10

Theorem 10 can be proved in a similar way to Theorem 6 by using free additions.
Proof In the current setting with Σ(2) = Id, we denote α = n2/n1 and

Q(1) :=
1

n1
X(1)>X(1) =

1

n1
Σ(1)1/2

Z(1)>Z(1)Σ(1)1/2
, Q(2) :=

1

n2
Z(2)>Z(2).

In terms of these notations, Lvar still satisfies equation (C.20), and Lbias satisfies a similar
equality as estimate (C.1):

Lbias =
(

1 + O≺(p−1/2)
)
· 2µ2

p
Tr

[(
Q(1) + αQ(2)

)−2
(Q(1))2

]
= −

(
1 + O≺(p−1/2)

)
· 2µ2 dhα(t)

dt

∣∣∣∣
t=0

,

(C.28)

where we use that under the random-effect model, β(1) − β(2) has i.i.d. Gaussian entries of
mean zero and variance 2µ2/p.

The ESD of Q(1) converges weakly to a deformed MP law µ(1) determined by the
eigenvalues of Σ(1) (Marčenko and Pastur, 1967) as described below. Let µ(0) be the
asymptotic ESD of Q(0) := X(1)X(1)>/n1. Since Q(0) has the same non-zero eigenvalues as
Q(1) and n1 − p more zero eigenvalues, we have that

µ(0) =
p

n1
µ(1) +

n1 − p
n1

δ0.

Hence, the Stieltjes transforms of µ(0) and µ(1) satisfy the following relation:

mµ(1) =
n1

p
mµ(0) +

n1 − p
pz

.

Moreover, similar to (E.3), mµ(0) satisfies the deformed MP equation

1

mµ(0)(z)
= −z +

1

n1

p∑
i=1

σ
(1)
i

1 + σ
(1)
i mµ(0)(z)

,

where σ(1)
i , i = 1, · · · p, are the eigenvalues of Σ(1). Thus, we have that g0(mµ(0)(z)) = z,

where recall that the function g0 is defined in (5.1). The sharp convergence rate of µQ(0)

follows from Theorem 3.12 of Knowles and Yin (2016):

dK

(
µQ(0) , µ(0)

)
≺ p−1.

Similar to the proof of Theorem 6 in Appendix C.1, we need to calculate m
µ
(1)
t �µ

(2)
α

(0)

and its derivative ∂tmµ
(1)
t �µ

(2)
α

(0) at t = 0. First, we follow exactly the same argument as in
the proof of Lemma 42 and derive the self-consistent equation (C.17) for ω2(α, t). Then, we
again introduce the following functions:

f1(α) := m
µ
(1)
0

(ω2(α, 0)) =
n1

p
mµ(0)(ω2(α, 0)) +

n1 − p
pω2(α, 0)

,
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f2(α) :=
dm

µ
(1)
0

(z)

dz

∣∣∣∣∣
z=ω2(α,0)

, f3(α) := −ω2(α, 0).

We rewrite equation (C.17) at t = 0 and α = n2/n1 as

n2

n1

(
1 +

ξ2

ξ1
− ξ2

)
+ ω2 ·

[
1 +mµ(0)(ω2(α, 0))

]
= 0. (C.29)

Using the fact that g0 is the inverse function of mµ(0) , we can rewrite (C.29) into an equation
of y0 := mµ(0)(ω2(α, 0)) at t = 0:

n1 + n2 − p
n1

+ g0(y0) · (1 + y0) = 0,

which is the equation (5.2). We can express f1(α) and f3(α) as in equation (5.3). Regarding
f2, we have that

f2(α) =
n1

p
m′
µ(0)

(ω2(α, 0))− n1 − p
p[ω2(α, 0)]2

=
n1

p · g′0(y0)
− n1 − p
p · [g0(y0)]2

.

Finally, following the argument below line (C.19), we can obtain line (C.10).
From these calculations, we obtain m

µ
(1)
0 �µ

(2)
α

(0) = f1(α) and ∂tmµ
(1)
t �µ

(2)
α

(0)|t=0 given
by equation (C.10). Plugging them into equations (C.20) and (C.28), we conclude the proof.

C.5 An Approximate Estimate under Covariate and Model Shifts

With the local convergence of the resolvent, we can also derive an approximate estimate of
the bias under arbitrary covariate and model shifts, which may be of independent interest.
The accuracy of this estimate increases as n1/p increases.

Theorem 44 (Anisotropic covariance) Under Assumption 1, if n1 � p, then for any
small constant c > 0, with high probability over the randomness of the training samples, the
following holds: ∣∣∣∣Lbias −

∥∥∥Π1/2Σ(1)1/2(
β(1) − β(2)

)∥∥∥2
∣∣∣∣

= O

((√
p

n1
+ n

2/ϕ−1/2+c
1

)
λ2

1

λ2
p

)∥∥∥Σ(1)1/2
(
β(1) − β(2)

)∥∥∥2

. (C.30)

Above, λ1 and λp are the largest and smallest singular values of M , respectively. Π is a p× p
matrix defined as

Π =
n2

1

(n1 + n2)2
M
α3M

>M + α4 + 1

(α1M>M + α2)
2 M

>,
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where α1 and α2 are defined in equation (3.2), and α3 and α4 are the unique positive solutions
of the following system of equations:

α3 + α4 =
1

n1 + n2

p∑
i=1

1

λ2
iα1 + α2

,

α3 +
1

n1 + n2

p∑
i=1

λ2
i (α2α3 − α1α4)(
λ2
iα1 + α2

)2 =
1

n1 + n2

p∑
i=1

λ2
iα1(

λ2
iα1 + α2

)2 .
(C.31)

Proof We first show an estimate on

L̃bias := n2
1

∥∥∥Σ(2)1/2
Σ̂−1Σ(1)

(
β(1) − β(2)

)∥∥∥2

.

We claim that for any small constant c > 0, there exists a high probability event on which
the following estimate holds:∣∣∣∣L̃bias −

∥∥∥Π1/2Σ(1)1/2
(β(1) − β(2))

∥∥∥2
∣∣∣∣ ≺ n−1/2Q

∥∥∥Σ(1)1/2
(
β(1) − β(2)

)∥∥∥2

. (C.32)

Define the vector v := V >Σ(2)−1/2
Σ(1)

(
β(1) − β(2)

)
∈ Rp, and its embedding in Rp+n,

w = (v>,0>n )>, where 0n is an n-dimensional zero vector. Then, we can write that

L̃bias = w>
n2

1

(ΛU>Z(1)>Z(1)UΛ + V >Z(2)>Z(2)V )2
w =

n2
1

n2
w>G′(0)w,

where G′(0) denotes the derivative of G(z) with respect to z at z = 0. Again, we introduce
the truncated matrices Z̃(1) and Z̃(2) in equation (B.13). With a similar argument as in
the above proof of Theorem 3, we can show that (B.12) holds for w>G(z)w on the event
Ξ1 = {Z̃(1) = Z(1), Z̃(2) = Z(2)}. Combining equation (B.12) with Cauchy’s integral formula,
we get that on Ξ1,

w>G′(0)w =
1

2πi

∮
C

w>G(z)w

z2
dz =

1

2πi

∮
C

w>G(z)w

z2
dz + O≺(n−

1
2Q‖w‖2)

= w>G′(0)w+ O≺(n−
1
2Q‖w‖2),

(C.33)

where C is the contour {z ∈ C : |z| = (log n)−1}. With equation (B.7), we can calculate the
derivative w>G′(0)w as

w>G′(0)w = v>
α3Λ2 + (1 + α4)Idp×p

(α1Λ2 + α2Idp×p)2
v,

where
α3 := − dα1(z)

dz

∣∣∣∣
z=0

, α4 := − dα2(z)

dz

∣∣∣∣
z=0

.

Taking derivatives of the system of equations in equation (B.8) with respect to z at z = 0,
we can derive equation (C.31). Together with equation (C.33), this concludes that equation
(C.32) is true.
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Now, with equation (C.32), to conclude equation (C.30) it remains to bound

Lbias − L̃bias = 2n1(β(1) − β(2))>Σ(1)1/2
∆
[
Σ(1)1/2

Σ̂−1Σ(2)Σ̂−1Σ(1)1/2
]

Σ(1)1/2
(β(1) − β(2))

+
∥∥∥Σ(2)1/2

Σ̂−1Σ(1)1/2
∆Σ(1)1/2

(β(1) − β(2))
∥∥∥2

,

where we abbreviate ∆ = Z(1)>Z(1) − n1Idp×p. From this equation, we get that

∣∣∣Lbias − L̃bias

∣∣∣ 6 ((n1 + ‖∆‖)2 − n2
1

)∥∥∥∥Σ(1)
1
2 Σ̂−1Σ(2)Σ̂−1Σ(1)

1
2

∥∥∥∥ · ∥∥∥∥Σ(1)
1
2 (β(1) − β(2))

∥∥∥∥2

.

By Corollary 23, the following estimates holds with high probability for any constant c > 0:

(n1 + ‖∆‖)2 − n2
1 6 n

2
1

[(
1 +

√
p

n1

)4

− 1 + n
−1/2+2/ϕ+c
1

]
,

∥∥∥Σ(2)1/2
Σ̂−1Σ(2)1/2

∥∥∥ 6 1 + n
−1/2+2/ϕ+c
1

λ2
p(
√
n1 −

√
p)2 + (

√
n2 −

√
p)2

.

Combining the above three estimates and ‖M‖2 6 λ1, we obtain that with high probability,

∣∣∣Lbias − L̃bias

∣∣∣ 6 ((1 +

√
p

n1

)4

− 1 + n
−1/2+2/ϕ+c
1

) λ2
1n

2
1

∥∥∥∥Σ(1)
1
2
(
β(1) − β(2)

)∥∥∥∥2

(λ2
p(
√
n1 −

√
p)2 + (

√
n2 −

√
p)2)2

.

Combining this estimate with equation (C.32), we conclude the proof of Theorem 44.

Appendix D. Proofs for the Multiple Tasks Setting

We first derive the HPS estimator. For the optimization objective `(A,B) in equation (5.6),
using the local optimality condition ∂f

∂B = 0, we can obtain B̂ as a function of A:

B̂(A) = (X>X)−1X>Y A>(AA>)+,

where Y := [Y (1), Y (2), . . . , Y (t)] and (AA>)+ denotes the pseudoinverse of AA>. Plugging
B̂(A) into equation (5.6), we obtain the following objective that depends only on A (in
matrix notation):

g(A) =
∥∥∥X(X>X)−1X>Y A>(AA>)+A− Y

∥∥∥2

F
. (D.1)

Note that A>(AA>)+A is a projection onto the subspace spanned by the rows of A. For
simplicity, we write it into the form

A>(AA>)+A = UAU
>
A ,
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where UA ∈ Rt×r is a t× r partial orthonormal matrix (i.e., U>AUA = Idr×r). Hence, we also
denote the function g(A) by g(UA).

Now, to find the optimal solution for UA, we write X(X>X)−1X> = PX (which is an n
by n projection matrix of rank p), and expand g(A) as:

g(A) =
∥∥∥PXY UAU>A − Y ∥∥∥2

F
=
∥∥∥PXY UAU>A ∥∥∥2

F
+ ‖Y ‖2F − 2〈PXY UAU>A , Y 〉

= ‖Y ‖2F − 〈PXY UAU
>
A , Y 〉 = ‖Y ‖2F − 〈UAU

>
A , Y

>PXY 〉,

where we use the fact that P 2
X = PX since it is a projection matrix and U>AUA = Idr×r.

Thus, to minimize g(A), we just need to maximize the inner project between Y >PXY and
UAU

>
A—this can be achieved by finding the best rank-r SVD of Y >PXY and taking the

top-r singular vectors, which form the partial orthonormal matrix Ur = UÂ. Lastly, we can
insert Ur as A back to B̂A to obtain B̂Â as the HPS estimators for all tasks from 1 to t.

D.1 Proof of Theorem 12

First, we can use the concentration estimates in Appendix A to simplify the expression of
g(UA). In the following proof, we always let Q = n2/ϕ.

Lemma 45 In the setting of Theorem 12, for any small constant c > 0 and large constant
C > 0, there exists a high probability event Ξ, on which the following estimate holds:

|g(UA)− h(UA)| 6 Qn
1
2

+c
∥∥∥Σ

1
2B?(UAU

>
A − Idt×t)

∥∥∥2

F
+ σ2n

1
2

+c + p−C
∥∥∥Σ

1
2B?

∥∥∥2

F
, (D.2)

uniformly in all rank-r partial orthonormal matrices UA ∈ Rt×r. Here, h is defined by

h(UA) := n
∥∥∥Σ1/2B?

(
UAU

>
A − Idt×t

)∥∥∥2

F
+ σ2(nt− pr). (D.3)

Proof With Corollary 23 and Corollary 24, we can choose a high probability event Ξ1 on
which the estimate (A.18) holds and

C−1n 6 λp(Z
>Z) 6 λ1(Z>Z) 6 Cn (D.4)

for a large constant C > 0. Throughout the following proof, we assume that event Ξ1 holds.
To facilitate the analysis, we introduce the following matrix notations. Denote

E := [ε(1), ε(2), · · · , ε(t)], and W := X(X>X)−1X>EUAU>A .

For any j = 1, 2, . . . , t, denote

Hj := B?
(
UAU

>
A − Idt×t

)
ej , Ej := (W − E)ej , (D.5)

where ej is the standard basis unit vector along the j-th direction. Then, plugging Y =
XB? + E into equation (D.1), we can write the function g(UA) as

g(UA) =

t∑
j=1

‖XHj + Ej‖2 .
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We will divide g(A) into three parts.
The first part is

t∑
j=1

‖XHj‖2 =
∥∥∥XB?

(
UAU

>
A − Idt×t

)∥∥∥2

F
.

Applying estimate (A.18) to XHj = ZΣ
1
2Hj , we obtain that on Ξ1,

‖XHj‖2 = n‖Σ
1
2Hj‖2 ·

(
1 + O≺(n−

1
2Q)

)
= n

∥∥∥Σ
1
2B?

(
UAU

>
A − Idt×t

)
ej

∥∥∥2
·
(

1 + O≺(n−
1
2Q)

)
,

which gives that∣∣∣∣ t∑
j=1

‖XHj‖2 − n
∥∥∥Σ1/2B?

(
UAU

>
A − Idt×t

)∥∥∥2

F

∣∣∣∣ ≺ Qn1/2
∥∥∥Σ1/2B?(UAU

>
A − Idt×t)

∥∥∥2

F
.

The second part is the cross term

2
t∑

j=1

〈XHj , Ej〉 = 2〈XB?(UAU
>
A − Idt×t),W − E〉 = −2〈XB?(UAU

>
A − Idt×t), E〉.

Using estimate (A.20), we obtain that

|〈XB?(UAU
>
A − Idt×t), E〉| ≺ σ

∥∥∥XB?(UAU
>
A − Idt×t)

∥∥∥
F

. σn1/2
∥∥∥Σ1/2B?(UAU

>
A − Idt×t)

∥∥∥
F

6 σ2n1/2 + n1/2
∥∥∥Σ1/2B?(UAU

>
A − Idt×t)

∥∥∥2

F
,

where we use X = ZΣ
1
2 and equation (D.4) in the second step, and use the AM-GM inequality

in the third step.
The last part is

t∑
j=1

‖Ej‖2 = ‖W − E‖2F = ‖E‖2F − 〈W, E〉,

where in the second step we use ‖W‖2F = 〈W, E〉 by algebraic calculation. Using estimate
(A.21), we get that ∣∣∣‖ε(i)‖2 − σ2n

∥∥∥ ≺ σ2√n, (D.6)

and ∣∣∣ε(i)>X(X>X)−1X>ε(j) − δij · pσ2
∣∣∣

=
∣∣∣ε(i)>X(X>X)−1X>ε(j) − δij · σ2Tr[X(X>X)−1X>]

∣∣∣
≺ σ2

∥∥∥X(X>X)−1X>
∥∥∥
F

= σ2√p. (D.7)
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Summing up equation (D.6) over i, we obtain that

∣∣‖E‖2
F
− σ2nt

∣∣ 6 t∑
i=1

∣∣∣‖ε(i)‖2 − σ2n
∣∣∣ ≺ σ2√n. (D.8)

Using line (D.7), we can estimate the inner product between W and E as∣∣〈W, E〉 − σ2pr
∣∣ =

∣∣∣Tr
[(
E>X(X>X)−1X>E − pσ2 · Idt×t

)
UAU

>
A

]∣∣∣
6 r

∥∥∥E>X(X>X)−1X>E − pσ2 · Idt×t
∥∥∥ ≺ σ2√n. (D.9)

Combining equations (D.8) and (D.9), we obtain that

t∑
j=1

‖Ej‖2 = σ2(nt− pr) + O≺(σ2√n).

Combining the concentration estimates for all three parts, we obtain that on event Ξ1,

|g(UA)− h(UA)| ≺ Q
√
n
∥∥∥Σ1/2B?(UAU

>
A − Idt×t)

∥∥∥2

F
+ σ2√n

for any fixed UA. Then, using a standard ε-net argument with ε = p−C , we can conclude
that equation (D.2) is true uniformly in all rank-r partial orthonormal matrices UA.

From equation (D.3), we see that the global minimizer of h(UA) is the best rank-r approx-
imation A? of B?>ΣB? defined in equation (5.8). On the other hand, let UÂ be a global
minimizer of g(UA). We have the following characterization of UÂU

>
Â
, which is a consequence

of Lemma 45.

Lemma 46 In the setting of Theorem 12, we have that∥∥∥UÂU>Â −A?A?>∥∥∥2

F
. n−1/2+cQ‖B?>ΣB?‖+ σ2

λr − λr+1
,

on the high probability event Ξ in Lemma 45.

Proof Using triangle inequality, we upper bound h(UÂ)− h(A?) as

h(UÂ)− h(A?) 6 (g(UÂ)− g(A?)) + |g(A?)− h(A?)|+
∣∣g(UÂ)− h(UÂ)

∣∣ (D.10)

6 |g(A?)− h(A?)|+
∣∣g(UÂ)− h(UÂ)

∣∣ . n1/2+c
(
Q‖Σ1/2B?‖2F + σ2

)
,

on the event Ξ. Here, in the second step, we used the fact that UÂ is the global minimizer of
g(·), so that g(UÂ) 6 g(A?), and in the third step we used equation (D.2), ‖UAU>A−Idt×t‖ 6 1

and p−C 6 Qn1/2+c for large enough C > 0. Using the definition of h(UA) in equation (D.3),
we can check that

h(UÂ)− h(A?) = n · Tr
[
B?>ΣB?(A?A?> − UÂU

>
Â

)
]
.
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For 1 6 i 6 t, let λi be the i-th largest eigenvalue of B?>ΣB? and vi be the corresponding
eigenvector. Then, we have A?A?> =

∑r
i=1 viv

>
i , and

h(UÂ)− h(A?) = n

r∑
i=1

λi − n
t∑
i=1

λi‖U>Â vi‖
2

= n

r∑
i=1

λi

(
1− ‖U>

Â
vi‖2

)
− n

t∑
i=r+1

λi‖U>Â vi‖
2

> n(λr − λr+1)

t∑
i=r+1

‖U>
Â
vi‖2, (D.11)

where in the last step we use that

r∑
i=1

(
1− ‖U>

Â
vi‖2

)
= r −

r∑
i=1

‖U>
Â
vi‖2 =

t∑
i=r+1

‖U>
Â
vi‖2.

From equation (D.10) and equation (D.11), we obtain that

t∑
i=r+1

‖U>
Â
vi‖2 . n−1/2+c

Q
∥∥Σ1/2B?

∥∥2

F
+ σ2

λr − λr+1
. (D.12)

On the other hand, we have

∥∥∥A?A?> − UÂU>Â ∥∥∥2

F
= 2r − 2

〈
A?A?>, UÂUÂ

>
〉

= 2
t∑

i=r+1

‖U>
Â
vi‖2.

Combined with equation (D.12) and ‖Σ1/2B?‖2F . ‖B?>ΣB?‖, we conclude the proof.

The last piece of the proof of Theorem 12 is the following concentration estimate on the
prediction loss of β̂HPS

i (A).

Lemma 47 In the setting of Theorem 12, denote

β̂HPS
i (UA) := B̂(A)A = (X>X)−1X>Y UAU

>
A ,

and ai := UAU
>
A ei. Then, for any small constant c > 0 and large constant C > 0, there exists

a high probability event Ξ, on which the following estimate holds:∣∣∣Li(β̂HPS
i (UA))− Li(B?ai)− σ2‖ai‖2 · Tr

[
Σ(X>X)−1

]∣∣∣
6n−1/2+c

(
Li(B

?ai) + σ2‖ai‖2
)

+ p−C
∥∥∥Σ1/2B?

∥∥∥2

F
, (D.13)

uniformly in all rank-r partial orthonormal matrices UA ∈ Rt×r, where Li is defined in (5.7).

79



Yang, Zhang, Wu, Ré, and Su

Proof The following proof is restricted to a high probability event Ξ1 on which equation
(D.4) holds. For any fixed UA, the prediction loss of β̂HPS

i (UA) is

Li(β̂
HPS
i (UA)) =

∥∥∥Σ1/2
(

(X>X)−1X>Y ai − β(i)
)∥∥∥2

=
∥∥∥Σ1/2(Hi +Ri)

∥∥∥2
,

where we denote Ri = (X>X)−1X>Eai and Hi is defined in equation (D.5). The rest of the
proof is similar to that of Lemma 45. We divide the prediction loss into three parts.

Part 1: The first part is the bias term ‖Σ1/2Hi‖2 = Li(B
?ai).

Part 2: The second part is the cross term 2〈Σ1/2Hi,Σ
1/2Ri〉. We can bound it as∣∣∣〈Σ1/2Hi,Σ

1/2Ri〉
∣∣∣ =

∣∣∣〈X(X>X)−1ΣHi, Eai〉
∣∣∣ 6 t∑

j=1

|ai(j)| ·
∣∣∣〈X(X>X)−1ΣHi, ε

(j)〉
∣∣∣

≺
t∑

j=1

|ai(j)| · σ
∥∥∥X(X>X)−1ΣHi

∥∥∥ . ‖ai‖σ
n1/2

∥∥∥Σ1/2Hi

∥∥∥
6 n−1/2σ2‖ai‖2 + n−1/2Li(B

?ai).

Here, in the second step, we use ai(j) to denote the j-th coordinate of ai; in the third step,
we use equation (A.20); in the fourth step, we use equations (D.4), (2.3) and

∑
j |ai(j)| 6√

t‖ai‖ by Cauchy-Schwarz inequality; in the last step, we use AM-GM inequality and
‖Σ1/2Hi‖2 = Li(B

?ai).
Part 3: The last part is

‖Σ1/2Ri‖2 =

∥∥∥∥ t∑
j=1

ai(j)Σ
1/2(X>X)−1X>ε(j)

∥∥∥∥2

=
∑

16j,k6t

ai(j)ai(k)ε(j)>X(X>X)−1Σ(X>X)−1X>ε(k). (D.14)

Using estimate (A.21) and Tr[X(X>X)−1Σ(X>X)−1X>] = Tr[Σ(X>X)−1], we obtain that∣∣∣ε(j)>X(X>X)−1Σ(X>X)−1X>ε(k) − δjk · σ2Tr
[
Σ(X>X)−1

]∣∣∣
≺ σ2

∥∥∥X(X>X)−1Σ(X>X)−1X>
∥∥∥
F
. σ2p1/2n−1 6 σ2n−1/2, (D.15)

where we use estimate (D.4) in the second step. Plugging estimate (D.15) into estimate
(D.14), we obtain that∣∣∣∣∥∥∥Σ1/2Ri

∥∥∥2
− σ2‖ai‖2 · Tr

[
Σ(X>X)−1

]∣∣∣∣ ≺ σ2n−1/2
∑

16j,k6t

|ai(j)||ai(k)|

. n−1/2σ2‖ai‖2.

Combining the concentration error estimates for all three parts, we obtain that on event
Ξ1,∣∣∣Li(β̂HPS

i )− Li(B?ai)− σ2‖ai‖2Tr
[
Σ(X>X)−1

]∣∣∣ ≺ n− 1
2
(
Li(B

?ai) + σ2‖ai‖2
)
, (D.16)
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for any fixed UA. Then, using a standard ε-net argument with ε = p−C , we can conclude
equation (D.13) holds uniformly in all rank-r partial orthonormal matrices UA.

Combining Lemma 46 and Lemma 47, we are ready to prove Theorem 12.
Proof Using Lemma 47 and applying Theorem 3 (with n1 = 0, n2 = n and Σ(2) = Σ) to
Tr
[
Σ(X>X)−1

]
, we get that for âi := UÂU

>
Â
ei,∣∣∣∣Li(β̂HPS

i (UÂ))− Li(B?âi)−
pσ2

n− p
‖âi‖2

∣∣∣∣
6n−

1
2

+cLi(B
?âi) + p−

1
2n

2
ϕ
− 1

2
+c pσ

2‖âi‖2

n
+ p−C‖Σ1/2B?‖2F (D.17)

with high probability. From this equation, using ϕ > 4, we obtain that∣∣∣∣Li(β̂HPS
i (UÂ))− Li(B?a?i )−

pσ2

n− p
‖a?i ‖2

∣∣∣∣
6n−1/2+c

(∥∥∥Σ1/2B?
∥∥∥2

2
+ σ2‖a?i ‖2

)
+

(∥∥∥Σ1/2B?
∥∥∥2

2
+ σ2

)
‖âi − a?i ‖ , (D.18)

where we also use that Li(B?a?i ) 6
∥∥Σ1/2B?

∥∥2

2
. On the other hand, using Lemma 46, we can

bound that with high probability,

‖âi − a?i ‖
2 . n−1/2+c

Q
∥∥∥B?>ΣB?

∥∥∥
2

+ σ2

λr − λr+1
.

Plugging it into equation (D.18), we conclude that equation (5.9) is true.

D.2 Proof of Proposition 14

Proof First, as a corollary of equation (5.9), by averaging over i = 1, . . . , t, with high
probability over the randomness of the training examples, the averaged risk satisfies∣∣∣∣∣1t

t∑
i=1

Li(β̂
HPS
i )− 1

t

∥∥∥Σ1/2B?(A?A?> − Idt×t)
∥∥∥2

F
− σ2p

n− p
r

t

∣∣∣∣∣
6
∥∥∥B?>ΣB?

∥∥∥
2
n

2
ϕ
− 1

2
+c

+ σ2n−
1
2

+c. (D.19)

However, note that the error bound in equation (D.19) for the averaged risk is tighter than
that in equation (5.9) for each individual risk. The proof of estimate (D.19) is postponed
until we complete the proof of Proposition 14.

By Definition (5.8), the bias term is equal to the sum of the smallest (t− r) eigenvalues
of B?>ΣB?: ∥∥∥Σ1/2B?(A?A?> − Idt×t)

∥∥∥2

F
= Tr

[
B?>ΣB?(Idp×p −A?A?>)

]
.
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By the concentration estimates of random vectors in Lemma 21, with high probability, the
(i, j)-th entry of B?>ΣB? is equal to

β(i)>Σβ(j) = β>0 Σβ0 + δij
µ2

p
Tr [Σ] + O

(
p−1/2+c′‖β0‖2 + p−1/2+c′µ2

)
,

for any constant c′ > 0. Thus, B?>ΣB? is (approximately) equal to a rank-1 matrix with
spectral norm t · β>0 Σβ0 plus a scalar matrix µ2

p Tr [Σ] Idt×t. Thus, we have that

λ1 =
(

1 + O(p−1/2+c′)
)(

t · β>0 Σβ0 +
µ2

p
Tr [Σ]

)
,

λi =
(

1 + O(p−1/2+c′)
)µ2

p
Tr [Σ] , ∀ i = 2, · · · , t.

This implies that the sum of the smallest (t− r) eigenvalues of B?>ΣB? is equal to(
1 + O(p−1/2+c′)

)
· (t− r)µ

2Tr [Σ]

p
,

with high probability. Thus, we conclude that with high probability,

gr(n, µ)− σ2p

n− p
=
(

1 + O(p−1/2+c′)
)
·
(

1− r

t

) µ2

p
Tr [Σ] +

r

t
· σ

2p

n− p
− σ2p

n− p

=
(

1− r

t

)[(
1 + O(p−1/2+c′)

)
· µ

2Tr [Σ]

p
− σ2p

n− p

]
. (D.20)

Now, we are ready to finish the proof. Let c′ be a positive constant smaller than c.

1. If µ2 > (1+p−
1
2

+c) σ2p2

(n−p)Tr[Σ] , the coefficient of (1− r
t ) in equation (D.20) is nonnegative

and Claim 1 follows.

2. If µ2 < (1− p−
1
2

+c) σ2p2

(n−p)Tr[Σ] , the coefficient of (1− r
t ) in equation (D.20) is negative.

Thus, equation (D.20) is minimized when r = 1, and Claim 2 also follows.

This completes the proof of Proposition 14.

It remains to prove the estimate in equation (D.19).
Proof Summing up equation (D.17) over i, we obtain that∣∣∣∣∣∑

i

Li(β̂
HPS
i (UÂ))−

∥∥∥Σ
1
2B?(UÂU

>
Â
− Idt×t)

∥∥∥2

F
− σ2p · r

n− p

∣∣∣∣∣
6n−

1
2

+c

(∥∥∥Σ
1
2B?(UÂU

>
Â
− Idt×t)

∥∥∥2

F
+ σ2

)
+ p−C‖Σ

1
2B?‖2F , (D.21)

with high probability, where we use that
∑t

i=1 ‖âi‖2 = r and

t∑
i=1

Li(B
?âi) =

∥∥∥Σ
1
2B?(UÂU

>
Â
− Idt×t)

∥∥∥2

F
.
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With the result from equation (D.3), we can get∥∥∥Σ
1
2B?(UÂU

>
Â
− Idt×t)

∥∥∥2

F
=
h(UÂ)− σ2(nt− pr)

n

>
h(A?)− σ2(nt− pr)

n
=
∥∥∥Σ

1
2B?(A?A?> − Idt×t)

∥∥∥2

F
,

where in the second step we use the fact that A? is the global minimizer of h. On the other
hand, using equation (D.10), we can get that with high probability

h(UÂ)− σ2(nt− pr)
n

6
h(A?)− σ2(nt− pr)

n
+ O

(
n−

1
2

+c
(
Q‖Σ

1
2B?‖2F + σ2

))
.

Combining the above two estimates, we get that with high probability,∥∥∥Σ
1
2B?(UÂU

>
Â
− Idt×t)

∥∥∥2

F
=
∥∥∥Σ

1
2B?(A?A?> − Idt×t)

∥∥∥2

F
+ O

(
n−

1
2

+c
(
Q‖Σ

1
2B?‖2F + σ2

))
.

Plugging this estimate into equation (D.21), we conclude that equation (D.19) is true.

Appendix E. Proofs for SPS Estimation

We first derive the bias-variance decomposition for the SPS estimator in Lemma 15.

E.1 Proof of Lemma 15

Proof Minimizing equation (1.4) leads to the solution for z as:

ẑ =
(
X(1)>X(1) + λ

)−1
X(1)>(Y (1) −X(1)B

)
.

Inserting the expression of ẑ into `(B, z) leads us to the solution of B, which is the SPS
estimator given as follows (recall that Σ̂λ has been defined in equation (6.1)):

β̂SPS
2 = Σ̂−1

λ

(
λ−1X(1)>X(1)X(2)>Y (2) +X(1)>Y (1) +X(2)>Y (2)

)
= β(2) + Σ̂−1

λ

(
X(1)>X(1)

(
β(1) − β(2)

)
+X(1)>ε(1) +

(
λ−1X(1)>X(1) + 1

)
X(2)>ε(2)

)
.

Hence, the excess risk of β̂SPS
2 is given by

L(β̂SPS
2 ) =

∥∥∥∥Σ(2)
1
2 Σ̂−1

λ

(
Σ̂(1)

(
β(1) − β(2)

)
+X(1)>ε(1) +

(
λ−1Σ̂(1) + 1

)
X(2)>ε(2)

)∥∥∥∥2

.

We can now take the expectation of L(β̂SPS
2 ) with respect to ε(1) and ε(2). Equations

(6.3) and (6.4) follow after rearranging the terms in the expectation, and we can conclude
that equation (6.2) is true.
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E.2 Proof of Proposition 16

As part of the proof, we are going to need the following result.

Proposition 48 Under the setting of Proposition 16, suppose that Z(1) satisfies the bounded
support condition (A.1) with Q = n

2
ϕ . Then, the following anisotropic local law holds: for

any deterministic unit vectors u,v ∈ Rp, we have that

sup
t∈[−1/2,1/2]

∣∣∣u>[Gt(−1)−Gt(−1)]v
∣∣∣ ≺ n−1/2Q, (E.1)

Proof For each fixed t, the anisotropic local law was established in the work of Ding and
Yang (2018) (and its follow-up). Then, using a standard ε-net argument in t, we can extend
the result uniformly to all t ∈ [−1/2, 1/2] and conclude that equation (E.1) is true.

Now we are ready to present the proof of Proposition 16.
Proof As in Lemma 2, we can first show the following estimate that is similar to equation
(A.28): ∣∣∣L(β̂HPS

2 )− Lbias(λ)− Lvar(λ)
∣∣∣ ≺ Lbias(λ) + Lvar(λ)

√
p

.

The proof essentially relies on the estimates (A.22) and (A.26) for the SPS estimation,
employing the same reasoning as outlined in Appendix A.3.

Next, for t ∈ R, we denote

v := Σ(2)
1
2

(
β(1) − β(2)

)
, Ht := n2

(
Z(1)>Z(1)

)−1
+
n2

λ
Σ(2) + (1 + t)Idp×p.

Then, under the setting of Theorem 16, we can write Lbias(λ) and Lvar(λ) in equations (6.3)
and (6.4) as

Lbias(λ) = v>H−2
0 v, Lvar(λ) =

pσ2

n2
− σ2

n2
Tr
[
H−1

0

]
− σ2

λ
Tr
[
Σ(2)H−2

0

]
. (E.2)

Note that H−2
0 = − ∂tH−1

t

∣∣
t=0

. Hence, to evaluate equation (E.2), we need to derive precise
estimates on Tr

[
H−1
t

]
and Tr

[
Σ(2)H−1

t

]
for t around 0. For this purpose, we rewrite H−1

t as

H−1
t =

n1

n2
Σ̃
− 1

2
t

Idp×p −
1

n−1
1 Σ̃

1
2
t Z

(1)>Z(1)Σ̃
1
2
t + 1

 Σ̃
− 1

2
t ,

where Σ̃t := n1
λ Σ(2) + (1 + t)n1

n2
Idp×p. Now, define the resolvent Gt(z) and its averaged trace

as

Gt(z) :=

(
1

n1
Σ̃

1
2
t Z

(1)>Z(1)Σ̃
1
2
t − zIdp×p

)−1

, mt(z) :=
1

n1
Tr[Gt(z)].

It is well-known that mt(z) converges to the Stieltjes transform of the MP law (Marčenko
and Pastur, 1967), defined as the unique solution at(z) to the deformed MP equation

1

at(z)
= −z +

1

n1
Tr

[
Σ̃t

Idp×p + at(z)Σ̃t

]
(E.3)
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such that Im at(z) > 0 whenever Im z > 0. Furthermore, Gt(z) is close to a deterministic
matrix

Gt(z) := − 1

z(1 + at(z)Σ̃t)
,

in the sense of Proposition 48, in which we take z = −1.
Now, we define

Πt :=
n1

n2
Σ̃
− 1

2
t [Idp×p −Gt(−1)] Σ̃

− 1
2

t =
n1

n2

at(−1)

Idp×p + at(−1)Σ̃t

. (E.4)

By Proposition 48, H−1
t is well-approximated by Πt in the sense of anisotropic local law.

Furthermore, using the argument in the proof of Theorem 6 (i.e., the argument above equation
(C.21)), we obtain that for any deterministic unit vectors u,v ∈ Rp,∣∣∣u>(H−2

0 + ∂tΠt|t=0)v
∣∣∣ ≺ n− 1

4Q
1
2 . (E.5)

With estimates (E.2), (E.1) and (E.5), to conclude estimates (6.7) and (6.8), it remains to
calculate Π0 and ∂tΠt|t=0.

First, when t = 0, Π0 is equal to the matrixM1 defined in equation (6.6) with a0(−1) = a0

and Σ̃0 = Σ̃. Second, taking the derivative of equation (E.3) with respect to t at t = 0, we
obtain that

∂tat(−1)|t=0

a2
0

= −n1

n2
x0 + ∂tat(−1)|t=0

1

n1
Tr

( Σ̃0

Idp×p + a0Σ̃0

)2
 , (E.6)

where x0 is defined in equation (6.5). Using equation (E.3), we obtain that

1

n1
Tr

( Σ̃0

Idp×p + a0Σ̃0

)2
 =

1

a2
0

(
− p

n1
+

2a0

n1
Tr

Σ̃0

1 + a0Σ̃0

+ x0

)

=
1

a2
0

[
− p

n1
+ 2a0

(
1

a0
− 1

)
+ x0

]
=

1

a2
0

(
2− p

n1
− 2a0 + x0

)
.

Plugging it into estimate (E.6), we can solve that

∂tat(−1)|t=0 =
n1

n2
y0, (E.7)

where y0 is defined in equation (6.5). With estimate (E.7), we can calculate that

∂tΠt|t=0 =

(
n1

n2

)2 y0 − a2
0

(Idp×p + a0Σ̃0)2
= −M2, (E.8)

for M2 defined in equation (6.6).
Finally, we combine the above ingredients to complete the proof. Using the truncation

argument in the proof of Theorem 3 (i.e., the argument below equation (B.13)), it suffices to
assume that Z(1) satisfies the bounded support condition (A.1) with Q = n

2
ϕ . Then, applying

equations (E.1), (E.4), (E.5) and (E.8), we can evaluate equation (E.2) and conclude that
both equations (6.7) and (6.8) are true. The proof of Proposition 16 is finished.
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