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Abstract

The problem of learning one task using samples from another task is central to transfer
learning. In this paper, we focus on answering the following question: when does combining
the samples from two related tasks perform better than learning with one target task
alone? This question is motivated by an empirical phenomenon known as negative transfer
often observed in transfer learning practice. While the transfer effect from one task to
another depends on factors such as their sample sizes and the spectrum of their covariance
matrices, precisely quantifying this dependence has remained a challenging problem. In
order to compare a transfer learning estimator to single-task learning, one needs to compare
the risks between the two estimators precisely. Further, the comparison depends on the
distribution shifts between the two tasks. This paper applies recent developments of random
matrix theory to tackle this challenge in a high-dimensional linear regression setting with
two tasks. We provide precise high-dimensional asymptotics for the bias and variance of
a classical hard parameter sharing (HPS) estimator in the proportional limit, when the
sample sizes of both tasks increase proportionally with dimension at fixed ratios. The
precise asymptotics apply to various types of distribution shifts, including covariate shifts,
model shifts, and combinations of both. We illustrate these results in a random-effects
model to mathematically prove a phase transition from positive to negative transfer as the
number of source task samples increases. One insight from the analysis is that a rebalanced
HPS estimator, which downsizes the source task when the model shift is high, achieves the
minimax optimal rate. The finding regarding phase transition also applies to multiple tasks
when feature covariates are shared across all tasks. Simulations validate the accuracy of the
high-dimensional asymptotics for finite dimensions.
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1. Introduction

Given samples from two tasks, does combining the samples from both tasks together yield a
better estimator for the target task of interest? Concretely, suppose there are ny samples
drawn from a p-dimensional distribution D with real-valued labels in a source task. Suppose
there are no samples drawn from a p-dimensional distribution D with real-valued labels
in the target task. Does combining the samples from both the source and the target tasks
together lead to an estimator whose performance would be better than the learning outcome
from utilizing the ny samples alone?

This question is motivated by scenarios where one would like to use samples from an
auxiliary task to augment the sample size of a target task. It is widely observed that when the
two tasks are far apart, negative transfer can occur, where the transfer learning performance
is worse than that of single-task learning (Pan and Yang, 2009; Wu et al., 2020). However,
a rigorous proof of when and why negative transfer can happen (even within some simple
statistical models) has remained elusive in the statistical learning literature.

Identifying negative transfer requires modeling the relationship between two tasks. Early
work has approached such questions through structural learning (Ando and Zhang, 2005),
where a shared, low-dimensional structure is extracted from several (possibly unlabeled)
tasks via an alternating optimization framework. Another influential line of early work is the
quantification of transfer learning with uniform convergence bounds (Ben-David et al., 2010a).
Notice that negative transfer can happen if the label distribution of task one, conditioned
on the covariates, differs significantly from task two. For brevity, we refer to settings where
Dy # Dy as covariate shift and settings where label distributions differ (conditioned on
the covariates) as model shift. However, analyzing these settings requires going beyond
the in-distributional assumptions of supervised learning, which has led to recent results
in transfer learning for the two-task linear regression setting (Lei et al., 2021; Dar and
Baraniuk, 2022). Recent results by Dhifallah and Lu (2021) shed light on an intriguing
phase transition that has been observed in empirical transfer learning. They study both
hard transfer and soft transfer via a precise analysis of the transfer rates. In this paper,
we propose to quantify transfer effects in high-dimensional linear regression by employing
recently developed techniques from the random matrix theory literature in the proportional
limit setting.

Concretely, we study a high-dimensional linear regression setting with two tasks under
combinations of covariate and model shifts. We study a hard transfer estimation procedure
in the high-dimensional limit. This procedure is rooted in the classical literature (Caruana,
1997), whose theoretical properties are not well-understood. We study functions involving
two sample covariance matrices with arbitrarily different population covariances. We estimate
the asymptotic limits of the bias and variance of hard parameter sharing and illustrate our
estimates in a random-effects model. We achieve these results using tools from modern
random matrix theory and free probability theory (Bai and Silverstein, 2010; Erdés and Yau,
2017; Nica and Speicher, 2006). In particular, building on recent developments in random
matrix theory (Bao et al., 2017; Bloemendal et al., 2014; Knowles and Yin, 2016), we derive
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Figure 1: We illustrate the performance of HPS vs. OLS (ordinary least squares) for different
levels of model shifts, indicated by pu ~ H[i’(l) e | /v2. We consider two linear
regression tasks and vary the sample size of the source task, denoted as n; and
1, while holding the target task fixed. The gray line refers to the performance of
OLS. Any point above the gray line represents negative transfer, while any point
below represents positive transfer. In this simulation, we set p = 100, ny = 300,
and 0% = %. We sample the covariates X from a p-dimensional isotropic Gaussian
and plot the excess risk of HPS (see equation (2.6)). For further details about the
setup, see Proposition 8, Section 4.

precise high-dimensional asymptotics involving combinations of two covariance matrices,
along with almost sharp convergence rates to the limits.

1.1 Problem Setup

We first introduce our problem setup. For either task i = 1 or task ¢ = 2, let $§i),xg), . ,x,(fi)

denote the feature covariates and ygi),ygi), . ,y,(fi) denote the prediction labels; Recall that
n1 and no refer to the number of samples from task one and task two, respectively. We
assume a linear model specified by an unknown parameter vector () € RP:

9 = )30+, torany =1 o)

where £ € R denotes a random noise variable with mean zero and variance o2. We refer to
the first task as the source task and the second task as the target task for ease of presentation.
We assume no > p while n; can be either less than or greater than p.

Following the existing random matrix theory literature, we study random designs where
the covariates are given by

2 = (E(i))%zj(-i), for i € {1,2} and for any j =1,...,n,,

where zj@ consists of independent and identically distributed entries of mean zero and
variance one, and (1) € RP*? and £(2) € RP*? denote the population covariance matrices.

Let X() = (:cgi), e ,a:,(fl) )T € R"*P denote a matrix that corresponds to all the covariates of
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task i, for i € {1,2}. Let YW e R™ Y@ € R™ be the vectors of labels. Then, we minimize
the following objective, parameterized by a shared variable B € RP:

UB) = HX<1>B—Y<1)H2+ HX<2>B—Y<2>H2. (1.2)

Notice that B provides a shared feature vector for both tasks. The results described in the
next section will permit straightforward extensions to variants of objective (1.2), including
adding weights to each task and a ridge penalty. Thus, we will describe our main results
for unweighted and unregularized objectives without losing generality. One can see that
when no > p, there is a unique minimizer of f. We denote this estimator for the target
task as B?P S_ which is also called hard parameter sharing (HPS) or hard transfer in the
multi-task learning literature (Caruana, 1997). We will analyze the bias and variance of the
HPS estimator and connect the analysis to transfer effects.

Our motivation for studying this simple HPS estimator is that it provides a simple setting
in which both positive and negative transfers can happen. In Figure 1, we illustrate that if
the model shift is high (as indicated by u = 0.45), HPS always performs worse than OLS
(ordinary least squares), regardless of the value of n;. If the model shift is moderate (as
indicated by p = 0.2,0.3,0.35), the transfer effect is positive within a small range of n; until
reaching a threshold and turns negative afterward. In summary, the HPS estimator provides
an ideal scenario for understanding the effects of transfer learning under different types of
distribution shifts between the source task and the target task.

1.2 Summary of Our Results

We give a summary of our results, which follow the assumptions of a proportional limit
setting, with both n; and no increasing to infinity in proportion as p goes to infinity. Our
goal is to find the asymptotic limit of the bias and variance of the HPS estimator applied to
the target task (i = 2). In particular, deriving the asymptotic limit of the bias and variance
of the HPS estimator requires studying several functions involving two independent sample
covariance matrices with different population covariance matrices. Below, we provide a
simplified exposition and elaborate on the results later in Section 2.
First, the variance of the HPS estimator is equal to

Tr {2(2) (X(l)Tx(l) + X(2)TX(2))_1] . (1.3)

The bias of the HPS estimator is more involved and is deferred until Lemma 2. The bias
and variance both involve the inverse of the sum of the sample covariance matrices of both
tasks, which exhibit a covariate shift between them.

When no > p, the OLS estimator exists, and it is well-known that the limit of its excess
risk is equal to n";_p (Bai and Silverstein, 2010). To the best of our knowledge, the asymptotic
limit of equation (1.3) (when ni/p — ¢1,n2/p — ¢2 as p — o0) has not been identified in
the literature. Our paper takes the first step to fill the gap. We summarize our main results

as follows:

e First, we consider the covariate shift setting, where () and £ are arbitrary and
B1) = B2 In Theorem 3, we describe the asymptotic limit of the variance formula as
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a function of the singular values of the covariate shift matrix. This result generalizes
classical results on the limit of the trace of the inverse of one sample covariance matrix
to two covariance matrices under covariate shifts.

e Second, we consider the model shift setting, where () and 8 are arbitrary and
»(1) = 2@ In Theorem 6, we describe the asymptotic limit of the bias and variance
of HPS as a function of the Euclidean distance between SV and 82, and the sample
sizes. We then illustrate the results in a random-effects model. Motivated by the phase
transition, we show that with a simple adjustment, HPS can match the minimax lower
bound (see Theorem 9).

e Third, we extend the above results in two aspects: i) When both covariate and
model shifts are present; ii) When there are multiple tasks in the input. The detailed
results, along with supporting simulations, are provided in Section 5. In particular,
we demonstrate that the findings regarding complementary covariate shifts and phase
transitions in transfer learning are applicable to more general settings.

Finally, we present a case study comparing the statistical behavior of a soft transfer
estimator with HPS. The soft parameter sharing (SPS) estimator (which is also called soft
transfer in Dhifallah and Lu (2021)) is defined by minimizing the following for A > 0:

(B, z) = HX<1>(B b2 - Y<1>H2 + HX<2>B - Y<2>H2 ISV (1.4)

Let 3,73 denote the minimizer, and the SPS estimator for the target task is defined as
BQSPS()\) = B. The SPS estimator makes sense in the model shift setting where 81 is far
from 3. We will provide the bias and variance of SPS under deterministic designs. Then,
we provide an example to contrast the behavior of SPS with that of HPS. We find that the
regularization effect of SPS is similar to downsizing the source task in HPS when the model
shift is large.

We illustrate the above results in a random-effects model, where 3 is equal to a shared
model vector across all ¢ plus an independent random effect for each task. The random-effects
model provides a natural way to measure the heterogeneity of each task’s underlying linear
model and has been used to study distributed ridge regression (Dobriban and Sheng, 2020).

First, we demonstrate that covariate shifts can either enhance or hinder transfer learning
performance compared to single-task learning. We describe an example in Proposition
4, showing that when n; < ng, transferring from any covariate-shifted data source (i.e.,
(1) £ %)) achieves a lower excess risk of HPS than transferring from the data source with
¥ = %3, On the other hand, when n; > no, transferring from any covariate-shifted data
source always incurs a higher excess risk of HPS than transferring from the data source with
n(1) — n(2)

Second, we identify three transfer regimes in the random-effects model. Let u denote the
Euclidean distance between 3(1) and 3(2). We show the following dichotomy between z and
ni, na:

o Tr[EM] o2p . . _

e When p > S 3 o) the transfer effect is positive for any value of n; > 0: HPS

always performs better than OLS.
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2 o Tr[EM] 2
o When gl < p° =5 < o0 5y

that the transfer effect is positive if and only if % < p. This corresponds to the crossing

point between HPS and OLS in Figure 1.

o Tr [Z(1>] a?n . .

e When p o 2 2(n2_2p), the transfer effect is negative for any value of ny > 0: HPS
always performs worse than OLS.

there exists a deterministic constant p > 0 such

Summary of contributions. This paper presents a rigorous study of the transfer
effects of HPS estimators under various types of data set shifts between two tasks. We
contribute to the transfer learning literature by using random matrix theory to analyze
negative transfer of HPS in the high-dimensional asymptotic setting under covariate shifts.
In particular, we derive the asymptotic limit of the HPS estimator under covariate shift
(Theorem 3), which generalizes a classical result in the random matrix theory literature. For
the model shift setting, our result (Theorem 6) can explain a phase transition (Proposition
8) that has been observed in empirical studies of transfer learning. We extend these results
to show that the insights hold more generally beyond the specific examples. Simulation
studies demonstrate the accuracy of the derived asymptotic in finite dimensions. We highlight
numerous technically challenging open questions, and we hope our work can inspire further
studies on applying random matrix theory to understand transfer learning.

1.3 Related Work

Our work expands the existing statistical learning literature by contributing a random matrix
theory perspective to quantify transfer effects in high-dimensional linear regression with two
tasks. Our perspective differs from the existing literature, which uses uniform convergence
arguments (Baxter, 2000; Ben-David and Schuller, 2003; Maurer, 2006) and generalization
bounds (Crammer et al., 2008; Ben-David et al., 2010a) to quantify the performance of transfer
learning. The benefit of using precise asymptotics to study transfer learning performance
compared to generalization bounds is that they can be used to compare the performances
of different estimators, and their predictions remain accurate in finite dimensions. This is
crucial for explaining phenomena such as phase transitions, as highlighted in the simulation.

There has been a long line of work that tries to formulate the notion of information or
knowledge transfer in the statistical learning literature. In the context of the many Normal
means models, lasso regularization can be used to leverage the shared support of multiple
tasks (Kolar et al., 2011), and similar insights can also be fleshed out in multi-task learning
with marginal regression (Kolar and Liu, 2012). The work of Dhifallah and Lu (2021) provides
a precise analysis of both the hard transfer and soft transfer approaches in a student-teacher
framework. They provide the convergence of the training loss in the asymptotic setting where
n1/p,na/p converge to a constant. Then, they provide illustrative examples of the precise
analysis in regression and classification models to explain the phase transition in transfer
learning. One of the key differences between our results and their work is that we address
covariate shifts in the high-dimensional setting, while also providing sharp convergence rates.
This requires the use of random matrix theory techniques from more recent literature. Dar
and Baraniuk (2022) derive generalization error rates for the two-task transfer learning in
the important overparameterized regime (see also Ju et al. (2023) for further studies in the
overparameterized transfer learning regime). They derive a generalization error formula for
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the minimum /fo-norm solution of the target task, which can reproduce a double descent
behavior and explain the negative transfer phenomenon (Dar et al.; 2024). In this vein, the
high-dimensional asymptotics we have provided under various distribution shifts may be
viewed as complementary to this line of work, contributing to the mathematical formalization
of transfer learning.

In the context of linear regression tasks, recent studies have investigated the optimal
estimators for transfer learning under distribution shifts. Lei et al. (2021) give an in-depth
study of minimax estimators for transfer learning from two linear regression tasks. They
derive minimax optimal estimators that can be formulated as solving a convex program, and
the approach can be applied under both covariate and model shifts. In the setting of multiple
linear regression, Li et al. (2021) design an adaptive estimation procedure in a setting where
many tasks with Gaussian covariates are present. Duan and Wang (2023) introduce an
adaptive estimation procedure when many tasks are present in multi-task learning. There is
another related line of work on multi-view regression, where the input variable (which is a
real vector) can be partitioned into two different views, and it is assumed that either view of
the input is sufficient to make accurate predictions (Kakade and Foster, 2007). Zhao et al.
(2024) design a two-stage procedure for matrix estimation that uses a multi-task learning
objective to capture shared and unique features, and then refines them to adjust for structural
differences between the target and source matrices. Our paper complements these existing
works, as we focus on the proportional limit setting to examine the performance of commonly
used estimators and provide insights.

When covariates are sampled from Gaussian distributions, the precise asymptotic limit of
the inverse of a sample covariance matrix can be derived directly from the properties of the
Wishart distribution. In the high-dimensional setting, the eigenvalues of a Wishart matrix
satisfy the well-known Marchenko-Pastur (MP) law, whose Stieltjes transform characterizes
the variance limit. Furthermore, it is well known that the MP law holds universally regardless
of the underlying data distribution of the covariates (see, e.g., Bai and Silverstein (2010)).
Bloemendal et al. (2014) obtain a sharp convergence rate of the empirical spectral distribution
(ESD) to the MP law for sample covariance matrices with isotropic population covariances.
Knowles and Yin (2016) later extend this result to sample covariance matrices with arbitrary
population covariances. These results are proved by establishing the optimal convergence
estimates of the Stieltjes transforms of sample covariance matrices, also known as local laws
in the random matrix theory literature. We refer interested readers to Erdés and Yau (2017)
and the references therein for a detailed review. One technical contribution of this work is to
extend these techniques to the two-task setting and prove an almost sharp local law for the
sum of two sample covariance matrices with arbitrary covariate shifts. This local law allows
us to derive the precise variance limit depending on the singular values of the covariate shift
matrix. Finally, recent work has also studied the statistical behavior of interpolators in the
high-dimensional setting (Sur and Candés, 2019), which would be another promising setting
for exploring statistical transfer learning.

The asymptotic limit of equation (1.3) may also be derived using free probability theory.
However, this approach is not fully justified when the covariates are sampled from non-
Gaussian distributions with non-diagonal covariate shift matrices. Furthermore, our result
provides almost sharp convergence rates to the asymptotic limit, while it is unclear how
to obtain such rates using free probability techniques. The bias term involves asymmetric
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matrices in terms of two sample covariance matrices, whose analysis is technically involved.
Our techniques are inspired by free additions of random matrices (Nica and Speicher, 2006)
and recent results (Bao et al., 2017). In particular, we provide the first precise bias limit in
the model shift setting, assuming that Y = @ or that @ is isotropic, and the covariates
are sampled from Gaussian distributions. Showing the asymptotic bias limit under arbitrary
covariate and model shifts is an interesting open problem for future work (See Remarks 7
and 13 for further discussions).

1.4 Organization

The rest of this paper is organized as follows. In Section 2, we state the data model and
its underlying assumption. Then, we connect the transfer effect of the HPS estimator with
its bias-variance decomposition. In Section 3, we present the high-dimensional asymptotic
limits of the bias and variance of HPS under covariance shifts. In Section 4, we characterize
the high-dimensional asymptotic limits of the bias and variance of HPS under model shifts.
Section 5 extends our main findings from the above two settings to more general settings.
Section 6 provides a preliminary study of the bias and variance of the SPS estimator. Finally,
in Section 7, we state the conclusion of our paper. Appendix A to Appendix E provides
detailed proofs of our results.

2. Preliminaries

This section describes the data model that we will work with, along with the underlying
assumptions. Then, we describe the bias and variance of the HPS estimator. Finally, we
connect the bias-variance decomposition to the transfer analysis in the rest of the paper.

2.1 Data Model and Assumptions

Recall that we have two tasks. For i = 1,2, X0 € R™*? corresponds to task i’s covariates
and Y € R™ corresponds to their labels. Moreover, let e(? € R™ be the vector notation
corresponding to the additive noise of data set i. Then, equation (1.1) can be reformulated as
Y = X0 B0 4 20) Assume that ) and S are two arbitrary (deterministic or random)
vectors that are independent of X and (). Throughout the paper, we make the following
assumptions on X @ and ¢ which are standard in the random matrix theory literature
(see, e.g., Tulino and Verda (2004); Bai and Silverstein (2010)).

First, the row vectors of X are i.i.d. centered random vectors with p x p population
covariance matrix ¥ and an n; x p random matrix Z®) = [ZJ(Q] with independent entries
of zero mean and unit variance:

X0 = 7O (g)1/2 ¢ graxp, (2.1)

Let 7 > 0 be a small constant. Suppose the ¢-th moment of each entry Z](.,? is bounded from
above by 1/7, for a constant ¢ > 4:

E||Z{7] <77 (2.2)
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The eigenvalues of 2@ denoted as agi), ‘e ,al(f), are all bounded between 7 and 7!

T < O'}gl) <o K o-él) < o'gz) < L (23>

Second, e € R™ is a random vector with independent entries having mean zero, variance
o2, and bounded moments up to any order, i.e., for any fixed k € N, there exists a constant
C} > 0 such that

E[["] < Cw. (2.4)

Third, the sample sizes are comparable to the dimension p. Denote by p; = n;/p and
p2 = na/p. Assume

0<p<p’ ', 147<p<p’ |, 0<p/pp<7h (2.5)
The condition py > 1 + 7 ensures that the target task’s sample covariance matrix is of full
rank with high probability. The upper bound p; < pF1 is a mild condition; otherwise,
standard concentration results, such as the central limit theorem, already give accurate
estimates in the linear model. The condition p1/ps < 77! ensures the sample size imbalance
between the two tasks is bounded by a factor that does not grow with p. In the transfer
learning setting, one can think of p; and ps as fixed, positive constants that do not grow or
diminish with p to model practical applications. To summarize, the underlying assumptions
of the data model are as follows.

Assumption 1 Let 7 > 0 be a small constant. Suppose XV, X@ ) and @) gre
mutually independent. Moreover, suppose the following holds for i =1 and i = 2:

1. X takes the form of equation (2.1), where Z® is a random matriz with i.i.d. entries
having zero mean, unit variance, and bounded moments as in equation (2.2), and X
is a deterministic positive definite symmetric matriz satisfying equation (2.3).

2. e € R" is a random vector consisting of i.i.d. entries of zero mean, variance o>

bounded moments as in equation (2.4).

, and

3. pi satisfies equation (2.5).

2.2 Bias and Variance

The risk of BAZHPS over an unseen sample (x,y) of the target task i is given by (under the
mean squared loss):

[ s S L G
T,y

The excess risk is the difference between the above risk and the expected risk of the population
risk optimizer:

2

L(@) i= |20 (31 - 50) (2.6
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We shall treat task two as the target task and treat task one as the source task. The
single-task learning estimator for the target task, which is the OLS estimator denoted by
AQLS, is well-defined given Assumption 1, because the covariance matrix of the target task is
invertible with high probability under the assumption.

Next, we present a bias-variance decomposition of the excess risk of HPS.! Denote the
sum of both tasks’ sample covariance matrix as:

$=xO'x0 L x@" x@), (2.7)
The next result provides the bias and variance of the HPS estimator.

Lemma 2 Under Assumption 1, for any small constant ¢ > 0, with high probability over
the randomness of the training samples XD y® x@ y@ the following estimates hold:

L( g{PS) = (1 + O(p_%‘“?)) (Lbias + Lvar) ) (28)

where the bias and variance formulas are defined as

2

Lt = 835 (6 TXO) (50 - 52) (29)

Lyar = 0*Te [P35, (2.10)

Hereafter, an event = is said to hold with high probability (w.h.p.) if P(Z) — 1 as p — oo.
Moreover, the big-O notation A = O(B) means that |A| < C|B| for a constant C' > 0
depending on the model parameters in Section 2.1 (i.e., 7, ¢ and C}’s), but not on p, n; and
no. Hence, the event that equation (2.8) holds w.h.p. can be equivalently stated as

. ~ _1
lim P HL( HPS) 7 e — Loae| < Op™ 37 (Lpgas + Lvar)} =1

p—o0

for a constant C' > 0. The proof of Lemma 2 can be found in Appendix A.3.

2.3 Using Bias and Variance to Analyze Transfer Effects

The bias and variance decomposition above allows us to reason about transfer effects by
comparing the bias and variance of HPS with that of OLS. Notice that the bias of OLS is
zero since ng > (1 + 7)p under Assumption 1. Hence, the bias of HPS is always larger than
that of OLS. On the other hand, the variance of HPS is always lower than that of OLS. Let
X =0 in equation (2.10). By Woodbury matrix identity, the variance of OLS is always
higher than formula (2.10):

Te [2® (x@ ' x@) 7 > v [5@571]

1. One way is to estimate the asymptotic limit of equation (2.6) directly. However, this would involve an
estimation that needs to take into account the randomness of the covariates X along with the noise
€ simultaneously. Instead, given that X and ¢ are independent, our approach is to first derive the
bias-variance decomposition of the excess risk, which is equal to the expectation of L( AlHPS) over the
randomness of ¢, and then compare the bias and variance of two different estimators.

10
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Thus, the transfer effect of HPS is determined by the bias-variance decomposition: the bias
always increases while the variance always decreases. Whether or not the transfer effect of
HPS is positive depends on which effect dominates.

The above discussion highlights the need for precise bias-variance estimates to determine
transfer effects. However, finding the exact limits is challenging because of data set shifts.
Moreover, these shifts manifest in various forms. To make progress on this important yet
challenging problem, we divide our study into various combinations of covariate and model
shifts. Section 3 is devoted to the precise estimate of Ly, for the HPS estimator under an
arbitrary covariate shift but without model shift. Section 4 studies the effect of model shifts:
Section 4.1 gives precise estimates of Liag and Ly, for the HPS estimator. Then, Section 4.2
discusses the adjusted HPS procedure. Finally, Section 4.3 states the minimax lower bound.
Section 5 extends our main findings from the previous two sections to settings with both
covariate and model shifts, as well as multiple tasks.

3. Covariate Shifts

This section presents a precise estimate of the variance Ly, for the HPS estimator in equation
(2.10) with an almost sharp convergence rate under two different population covariance
matrices ¥, 23 Then, we will provide two examples to illustrate the asymptotic limit,
which provide varying levels of covariate shifts without model shifts. Our simulation study
shows that the asymptotic estimates are quite accurate, even when the feature dimension p
ranges from 50 to 100. Finally, we provide numerical comparisons of the excess risk of HPS
with several other transfer learning estimators.

3.1 Main Results

Suppose the two tasks satisfy the same linear model (3 1) =@ ) but have different population
covariance matrices (2(1) # £()). Recall that the matrix 3 in equation (2.7) is a sum of two
sample covariance matrices. Thus, the expectation of 3 is equal to a mixture of ¥ and @),
with mixing proportions determined by the sample sizes n; and ns. Intuitively, the spectrum
of 71 not only depends on ni,ng, but also depends on how well aligned &Y and £ are.

To capture this alignment, we introduce the covariate shift matrix M := 2(1)52(2)_%. Let
A1 = A2 = ... = ), be the singular values of M in descending order. Our first main result is
the following theorem on the variance limit, which characterizes the exact dependence of
Ly on the singular values of M and the sample sizes n1 and no.

Theorem 3 (Precise estimates under covariate shifts) Under Assumption 1, for any
small constant ¢ > 0, with high probability over the randommness of (X(l), X(Z)), the following
holds:

2

-1
Loy — —2—Tr [(alMTM + agIdep> ] 2

SOop

D=

(m+n2)= 2% (3)
n no)¥ .
ni + ng ! 2 ’

where a1 and oo are the unique positive solutions of the following system of equations:

p 1 Z )\2051 1
= 1 —_— L = . 3.2
a1t oz ni+ng’ a1+n1+n2, ( )
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Recalling that ¢ > 4, for a small enough constant ¢, equation (3.1) characterizes the limit
of Ly, with an error term that is smaller than the deterministic leading term by a factor
o(p~1/?).

Theorem 3 generalizes a classical result in multivariate statistics to the sum of two
independent sample covariance matrices with arbitrary covariate shift: with high probability
over the randomness of X2,

T -1 p 1 2 3.,
Tr [5@ (x®' x@) }:n2_p+o(p2nw ). (3.3)

To see this, note that (3.3) is a special case of Theorem 3 with n; = 0. For this case, equation
(3.2) implies that oy = 0 and ag = (ny — p)/ng. Therefore,

1
ny + n2

p
ng —p

-1
Tr [(alMTM + Oz2Idep> ] =

The result (3.3) has a rich history in the literature of random matrix theory. When Z @ is a
Gaussian random matrix, the limit (without a convergence rate) follows from properties of
the inverse Wishart distribution. Otherwise, one can use the Stieltjes transform method to
derive the estimate (Lemma 3.11, Bai and Silverstein (2010)). The estimate (3.3) with sharp
convergence rates can be found in Theorem 2.4 (Bloemendal et al., 2014).

Theorem 3 follows from a sharp local law on the resolvent of 33, which we will establish
based on recently developed techniques in the random matrix theory literature (Knowles
and Yin, 2016). We refer the reader to Appendix B.3 for more details.

As a remark, in the covariate shift setting, since 8() = ), we only need to study hard
transfer, which does not add any model adjustment to the source task.

3.2 Illustrative Examples

The formulas in the above result are complex. To interpret their scaling, we provide two
illustrative examples of Theorem 3, based on which we revisit the effect of covariate shift
upon transfer. Notice that the answer to this question is not always clear in the transfer
learning literature due to the intricacy of covariate shifts. Thus, we will leverage the precise
asymptotics we have developed to provide a preliminary study of this question. Our goal
is to provide several illustrative examples that are not meant to be exhaustive. Also note
that in the case where both tasks share the same linear model (5(1) = 5(2)), HPS always
incurs a lower risk than OLS. Therefore, the transfer effect is strictly positive in the covariate
shift setting, and our comparison will be between HPS estimators with different degrees of
covariate shift.

In the first example, we show that the impact of covariate shift depends on the ratio
between n; and no. In this example, we demonstrate that having greater covariate shifts
between source and target tasks can help improve estimation. Let p be an even integer, and

let

0.2

g(M) = mTr (a1 M T M + agldyy,)

12
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Figure 2: Illustration of Theorem 3 under various sample sizes and dimensions. Figure 2a
shows that the variance estimate can accurately fit the excess risk of HPS. This
simulation fixes A = 4 and varies ny,no,p. Figure 2b shows the dichotomy in
Proposition 4. When n; < ng, the lowest risk is achieved by transferring from a
covariate-shifted data set. When n; > ne, the lowest risk is achieved by transferring
from a data set with (1) = %), This simulation fixes p = 100, 7o = 300 and varies
n1, A\. Both simulations use o = 1/2. The covariates are sampled independently
from an isotropic Gaussian distribution.

We compare g(M) for different M matrices within a set & such that A,y1—; = 1/); for
i=1,2,...,p/2. Therefore, every matrix in S is normalized with det(M) = 1.2 In particular,
M = 1d,x, represents two tasks with the same population covariance matrix. We show that
when ni < ng, the presence of covariate shifts can be beneficial for HPS. On the other hand,
when ny > no, the presence of covariate shifts can hurt the performance of hard transfer.

Proposition 4 Within the set M € S, the following dichotomy regarding g(1d,xp,) and
g(M) holds: 1) When ny < na, g(M) < g(Idpxp) for any M € S. ii) When n1 > no,
g(Idpxp) < g(M) for any M € S.

Figure 2 illustrates a special case where Ay = --- =X, s = A>1land A,p 1 =+ =
Ap = 1/A. Thus, higher A corresponds to a worse covariate shift. We plot the theoretical
estimate using g(M) and the excess risk using equation (2.10). Our theoretical estimate in
Theorem 3 matches the empirical risk incredibly well. As a result, we indeed observe the
dichotomy in Proposition 4. Furthermore, for larger A, the excess risk of HPS decreases more
slowly, indicating a worse ‘“rate of transfer” from task one. As a remark, impossibility results
for transfer learning under covariate shift have been observed for classification (Ben-David
et al., 2010b). Our results are stated in the high-dimensional regression setting. A related

2. Note that the covariate shift intensifies when we scale M by a larger scalar C > 1. Moreover, intuitively,
g(CM) generally would decrease as the scalar C' increases. Thus, to ensure a fair comparison between
scenarios with and without covariate shift, we fix a normalization for the M matrix by requiring that
det(M) = 1.

13
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result regarding the effect of covariate shift on transfer has also appeared in the work of Lei
et al. (2021). They show that the minimax estimator depends on the singular values of the
M matrix.

In the second example, we consider the case where ny > ns. A typical scenario in transfer
learning is that the source data set is much larger than the target data set. We show that
when n; is larger than no times a sufficiently large constant, M = Id,x, indeed minimizes
g(M) within a bounded set of matrices whose determinants are equal to one.

Proposition 5 Let ¢ € (0,1) be a fized constant. Let S" be a set of matrices such that for
any M € 8': (i) det(M) = 1; (ii) the eigenvalues A}, ..., A2 of M" M are bounded between c

and 1/c. If ny —p = ¢ 'ng, then g achieves the global minimum at Id,x,, i.e.,

g(Idpxp) < g(M), for any M € S'. (3.4)
We remark that the condition that the eigenvalues A\?, ... ,)\12, are bounded would be
necessary for equation (3.4) to hold. For example, choose M = M, with 1 < A\? = z and
M= = )\]2) =2~V Let (o (z), az(z)) be the solution to the system of equations
1 — 1)~ -1
CV1+042:1—L,061 <(p )x_l aq T >: ny .
ny + no ni+mne\ z= =Dy +ay  war + s ny + no

From this equation, we obtain that a;(x) — 7?11;732 and aq(z) — %ﬂ:f as ¢ — 0o. Thus,
2
. . p—1 1
lim g(M;) = lim +
x—>oog( ) T—00 Nq + N <x(171)_1a1(33) +ao(z)  zay(z)+ Cm(m))
2 2
o“(p—1) o°p
= Z = g(Idpxp).

no+1—p~ ni4+ne—p

Similar arguments, by comparing g(Id,x,) with g(M) for certain M on the boundary of
S’, show that (n; — p)/n2 should have a proper lower bound for g(Id,x,) to be the global
minimum. We will use an induction argument to show that (n; — p)/ns > ¢! is a sufficient
condition. The proof of Propositions 4 and 5 can be found in Appendix B.1 and Appendix
B.2, respectively.

Note that in both Propositions 4 and 5, our goal is to illustrate the exact asymptotics
of Theorem 3, since the formula is intricate. Relatedly, Dhifallah and Lu (2021) have also
conducted a precise analysis of the hard transfer and soft transfer estimation. These precise
estimates seem necessary when examining the effects of transfer learning and studying
negative transfer, as we need to compare the performance of joint learning with that of
single-task learning. The main intuition behind the above examples is that when the source
and target tasks have complementary spectra, combining both tasks can help transfer by
increasing the smallest eigenvalue in the combined covariance matrix . Later in Section 5.1,
we will extend these examples to a setting involving both covariate and model shifts (see
Figures 4a and 4b for the illustration).
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Figure 3: Comparing the excess risks of several estimators, showing that HPS achieves the
lowest excess risk compared to OLS, AVG, and RIDGE in various settings with a
combination of covariate and model shifts.

3.3 Numerical Comparisons

We show that the HPS estimator provides strong empirical performance compared to several
transfer learning estimators. For this comparison, we consider the OLS estimator and the
ridge estimator (RIDGE), given by:

BRIDGE (1) — (X T X@ 4 k. Idy,) X Ty @)

We also consider an averaging estimator (AVG), which takes a convex combination of their
OLS estimators:

BVO0) = b 49 + (- 0)- B9,

The parameters b and k are optimized using a validation set independent of the training
set. For HPS, a weight parameter is added for each task, along with a ridge penalty. Both
of these are optimized using the validation set. We remark that all the high-dimensional
asymptotic limits for HPS can be extended to this setting.

For the comparison in Figure 3a, we sample the entries of Z(!) and Z? from Gaussian
distributions and consider the same covariate shift as in Figure 2, that is, A\; = .-+ =
AL%J = A > 1and )‘Lng = o= Qp = AL, Then, we compare the excess risk of
equation (2.6) for different estimators under varying levels of A. For this simulation, we set
p=>50,n1 =no =100, and o = % Figure 3a shows that HPS can consistently outperform
OLS, RIDGE, and AVG in this simulation.

In Figures 3b and 3c, we show that similar results continue to hold in more general
settings with a combination of covariate and model shifts. In particular, we generate
covariate-shifted features and different linear models for the two tasks. We take the average
of 100 random seeds because of high variances due to small sample sizes. We find that
HPS achieves strong empirical performance under various settings of covariate and model
shifts. The experiment code for reproducing these simulation results can be found at https:
//github.com/VirtuosoResearch/Transfer_learning random_matrix_simulations.
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4. Model Shifts

This section presents precise estimates of the bias and variance of HPS under model shifts,
assuming no covariate shifts are present. With these results, we can connect the bias-variance
decomposition to transfer effects by comparing the bias and variance of transfer learning
estimators with those of single-task learning. In particular, we will present a detailed analysis
in a random-effects model, which uncovers a phase transition in transfer learning. This
motivates us to design an adjusted HPS procedure that downsizes the source task when
the model shift is too high. We show that the performance of this procedure can match a
minimax lower bound for estimating one task from the samples of two linear regression tasks.

4.1 Precise Estimates

In this subsection, we study the impact of model shifts on the performance of the HPS
estimator when there is no covariate shift. Particularly, both tasks have the same population
covariance matrix (1) = %)) but follow different linear models (3" # 5()). The following
result states the exact asymptotic limit of the excess risk of HPS in this case.

Theorem 6 (Precise estimates under model shifts) Let ©() = %) be the same. Un-
der Assumption 1, suppose Z0) and ZP2) are both Gaussian random matrices. Then, for any
small constant ¢ > 0, with high probability over the randomness of ZW), Z@) | the following
estimates hold:

Luar = 02L1 + O (02\/]3(711 n n2)—%+0) , (4.1)
N 2 —14c, 2 2
|y 2 Q) _ 52 P2 aa) g2
Lbias Hz (B BN Ly + O <(n1 ) HB B H ) . (4.2)
Above, L1 and Lo are defined as
_ P _ n}(ny +ny —p) + pning
Li=———— Ly= 2 .
ni+na —p (n1 4+ n2)%(n1 +n2 —p)

Combining equations (6) with (2) results in an exact estimate for the excess risk of
HPS under model shifts. The variance estimate (4.1) is a special case of Theorem 3 with
M =1d,xp and ¢ — oo (since Gaussian random variables have bounded moments up to any
order).

The bias estimate (4.2) requires the assumption that both Z() and Z(?) are Gaussian.
We briefly describe the proof ideas. Let v = (Z(l))1/2 (B(l) — ﬁ@)). Then, the bias formula
(2.9) can be written as:

Lijas = v 20"z (Z(l)TZ(l) + Z<2>TZ<2>) 0Tz

Since both Z(!) and Z® are Gaussian random matrices, the distributions of Z M7z and

Z®@ " Z(2) are rotation-invariant. Thus, the following (approximate) identity holds up to a
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small error:
2 _
Lo ~ VI, [(Zu)TZu))?(Z(l)TZ(l) + 207 70) 2}
b

Iv|? d
p dz

Tr [(Z(I)TZ(U +a(zMTz0)? 4 Z(2>TZ(2)) _1} . (4.3)
x=0

Due to the rotation invariance, the asymptotic limit of equation (4.3) is determined by
the free addition of Z(M " Z(1) + .'JJ"(Z(UTZ(U)2 and 22" Z(2), Building on free probability
techniques (see, e.g., Nica and Speicher (2006); Bao et al. (2017)), an explicit formula for
this free addition can be derived for any x around zero. This observation allows us to derive
equation (4.2) by taking the derivative with respect to x as in equation (4.3). More details
including the complete proof of Theorem 6 are presented in Appendix C.1.

Remark 7 We conjecture that the bias limit (4.2) is still the exact asymptotic form even
if ZO and Z® are non-Gaussian random matrices. One approach to show this is using
the local laws for polynomials of random matrices. This requires checking certain technical
reqularity conditions, which are left as an open question for future work.

4.2 Examples and Adjustments

We will consider a random-effects model (Dobriban and Sheng, 2020). Each B consists
of two components, in this case, one shared by all tasks and one that is task-specific. Let
Bo be the shared component and ; be the i-th task-specific component. For any 4, the i-th
model vector is equal to 39 = By 4+ ~;. The entries of the task-specific component ; are
drawn independently from a Gaussian distribution with mean zero and variance p~! 2, for a
parameter u > 0. In expectation, the Euclidean distance between the two model vectors is
equal to 2u2.

Based on Theorem 6, we present a precise analysis of information transfer in this random-
effects model using the precise limits. The proof of the following proposition will be presented
in Appendix C.2.

Proposition 8 (Phase transition in the random-effects model) Under the assump-
tions of Theorem 6, suppose the random-effect model applies and no > 3p. For any small
constant ¢ > 0, the following statements hold with high probability over the randommness of
training samples and model vectors.

r[2 (D)
1. If ,LLQT [i ] < 2(1?22573)’ then the transfer effect is always positive:
L(BE™) < (1400 1/219)) - L(59'S). (4.4)
1)
2. If Z(g;fp) < /AQTY[z ] 2((;22"_2]3), then there exists a deterministic value ng > 0 (which

may not be an integer) such that if n1 < ng, then equation (4.4) holds; otherwise if
ni1 > ng, then

L(BS™8) < (14 0(p1/2+)) - L(GE™). (4.5)
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Tr[2(W)] o2n, ‘
2 then equation (4.5) holds for any ni > p.

3. If ,u2 (na—p)’

Figure 1 illustrates phases 2 and 3 of Proposition 8 for multiple values of p. We plot our
estimate vs. the excess risk using equation (2.7). This simulation shows that our estimate
accurately matches the bias and variance. For this simulation, we set (1) = 3(2) = Idpxp,
and fix p = 100, na = 300, 0 = 1/2 while varying n; and p. Notice that the above result
requires ng = 3p; when p < ny < 3p, the threshold conditions can be derived with a similar
analysis.

Figure 1 suggests that a natural training procedure is to downsample the sample size
of the source task until the transfer learning performance starts to drop. In the setting of
Figure 1, this procedure will terminate at the optimal value of n;. We can rigorously show
this dichotomy in the setting of Proposition 8 (see Appendix C.2 for further details):

o Tr[2()] > a2n2

1. Ifp Z Sra—p) then HPS gets strictly worse as n; increases in [0, 00).

It o Tr[z()] o2ns
H 2(n2—p)’
increases in [0, ng] but turns worse as soon as ny > ng.

then there exists ng > 0 such that HPS first improves as n;

The above claim demonstrates that a simple adjustment to the HPS estimator can
be made to reduce negative transfers. Essentially, we will choose between HPS and OLS,
whichever performs better for the target task. In other words, if p is too large, we will throw
away the source task data. Next, we will compare the performance of this adjusted HPS
estimation with a minimax lower bound, which shows that our estimate for the adjusted
HPS estimator matches the lower bound.

4.3 A Matching Lower Bound

Lastly, we complement our study in the model shift setting with a minimax lower bound.
Suppose we are trying to estimate an unknown parameter denoted as 3(2). We are given
ng samples drawn from a linear parametric model, following A2, with isotropic Gaussian
covariates X(?) contaminated by Gaussian noise with variance o2. Then, we are given n;
samples from another linear parametric model, following 3(1), again with isotropic Gaussian
covariates X (1) contaminated by Gaussian noise with variance o2. The parameter vectors
belong to the set

() = {BY e RP, 8P e RP : ||BY — 5P| < 1, |18V < 1, 18P < 1}

Note that our proof can be readily extended to cases with anisotropic Gaussian covariates as
in equation (2.1), and the length constraints on BD and B? can be replaced with any other
constant.?

Let B be any estimation procedure that, given the above n; + no samples, produces an
estimate pf the unknown vector 32). We prove the following minimax rate on the estimation
error of 3.

3. In particular, to extend the proof to the case with covariate shifts, one can replace the bound in equation
(C.25), Appendix C.3, with different values of ¢ for each respective ©*) and 2. The rest of the covering
arguments will still go through. Then, one would set = 0 in the specification of ©(u).
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Theorem 9 In the settz’ng described above, let B be a fized estimation procedure. Assume
that ny > (14 7)p and ny > (1 + 7)p for a constant T > 0. For any (31, 82 within the
set ©(u), we have that

2,2

inf sup E { HX ([3’ — ﬁ(2)> Hz] > c(min (% UQp) + JQp), (4.6)

B e(u) ny +ng)?’ ny ny +ng

where the expectation is over the randomness of XU x@ vyD v gnd an independently
drawn X@) that follows the same distribution as X?). ¢ is a fized constant that does not
grow with p.

The lower bound in the right-hand side of equation (4.6) involves two parts:

e For the first part, if p is large, the source samples are not helpful, so the rate %p is
the OLS rate using only the target task samples. If p is small and n; is large, then the
rate p? appears if we use the OLS estimator for the source task.

e For the second part is the rate in the case without model drift, i.e., BV = 32,

’n+n

We now compare the minimax lower bound in equation (4.6) to the rates in Theorem 6 and
show that for an adjusted HPS estimation, the two bounds match up to each other up to
constant factors. Let Hﬁ(l) - 53 H = p. In the setting of Theorem 6, one can see that the
bias in equation (4.1) and the variance in equation (4.2) are given by the following orders:

2,2 2
Lbias =0 & ; Lvar =0 & . (47)
(n1 + ng)? ny + ng

These estimates hold more generally for the bias-variance decomposition in Lemma 2 (beyond
the setting of Theorem 6); See the derivation in Appendix A.3 (equations (A.26) and (A.27)).
In particular, we can derive these estimates using concentration estimates on the eigenvalues
of random matrices.

2 2
If 4 < %, we can see that Lyi,s + Lyar already matches the lower bound in
1

equation (4.6). Then, by invoking Lemma 2, we conclude that the excess risk of HPS matches
the minimax lower bound.

Otherwise, if p? > M the adjusted HPS procedure—which throws away all the

2
source task data—gives an excess risk at most nz_p (plus small concentration errors). On the

other hand, the lower bound in equation (4.6) becomes O(a2p(n—11 + mim )). Since n; and
ng are within a constant away of each other, the rate of the adjusted HPS still matches the
lower bound in the case that p is larger than the above threshold. This concludes our study
of the model shift setting. The proof of this minimax lower bound is based on a covering
argument (see, e.g., Chapter 12, Zhang (2023)), and the details can be found in Appendix

C.3.

5. Extensions

This section presents two extensions to reinforce our findings from previous sections. First,
we consider a setting that involves both covariate shifts and model shifts, and our goal is to
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show that the insights obtained in Section 3 can still be extended to this setting. Second,
we consider a setting involving multiple regression tasks with shared feature covariates, but
following different linear models. The goal is to leverage these shared structures to help
estimate the target task. See, e.g., Ando and Zhang (2005); Wang et al. (2016) for some
prior works that study similar settings. In particular, we can still uncover a phase transition
similar to our findings from Section 4.

5.1 A Setting with Both Covariate and Model Shifts

We first consider a setting with both covariate and model shifts. Define a function that
depends on the source task’s covariance:

1 — 1
go(w) = - Tr 20 1y + - 2M) 7] - =, (5.1)

Let gy(z) be the derivative of go(x). It can be shown that there is a unique positive solution
to the equation

(1+2)go(x) = —ny ' (n1 + na — p). (5.2)

Let yo denote this solution. The following theorem provides the exact asymptotic variance
and bias limits when the population covariance of the target task is isotropic.

Theorem 10 (Precise estimates under covariate and model shifts) Under Assump-
tion 1, suppose that (2 = Idpxp and ZW and Z® are both Gaussian random matrices.
Suppose further that the random-effects model applies. Let

ni ny—p ni ny—p
fi=—yo+

p p-9owo) 7 p-gh(wo) p-(90(w0))® and f3 = —go(yo)- (5.3)

Then, for any small constant ¢ > 0, with high probability over the randommness of training
samples and model vectors, the following estimates hold:

Lvar - <1 + O(p_%+c)) Uanflfl,
o1 —2f1f3+ fof2
1 —ny'pfaf?

Liias = (1 + O(p’%“)) 24

When the population covariance of the source task is also isotropic (i.e., @ = Idpxp),
we can verify that the above result is consistent with the variance and bias limits in Theorem
6. The proof of Theorem 10 uses similar techniques as Theorem 6 (see Appendix C.4).

5.1.1 THE ANISOTROPIC CASE

Theorem 10 states exact estimates when the target task’s population covariance matrix
is isotropic. In the general anisotropic case, it is possible to estimate the bias formula
(2.9) by approximating the source task’s sample covariance matrix with its expectation. It
turns out that this renders the analysis of the bias formula similar to that of the variance
formula in Theorem 3. However, this approximation results in an error term that decreases
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Figure 4: Showing that our findings from Section 3 continue to hold under the presence of
both covariate and model shifts in the data.

to zero (relative to the estimated term) as nj/p increases to infinity; see the right-hand
side of equation (C.30). Thus, the accuracy of the estimate increases as ni/p increases.
This approximation is motivated by transfer learning scenarios where the source task is
significantly larger than the target task. The statement of this result for the anisotropic case
(Theorem 44), together with a complete proof, is described in Appendix C.5.

Remark 11 In order to obtain an exact asymptotic limit of Lyjas under general forms of
2@ one needs to study the singular values and singular vectors of an asymmetric random
matrix

(x0T x0) T x@ T x@ 414, (5.4)

The eigenvalues of this matriz have been studied in the name of Fisher matrices (Zheng et al.,
2017). Notice, however, that its singular values are different from its eigenvalues because of
asymmetry. This asymmetry makes it difficult to characterize the asymptotic behavior of its
resolvent. We leave deriving a precise estimate of the anisotropic case to future work.

5.2 Numerical Comparisons

We complement our theoretical analysis of HPS with empirical evaluations. Figure 4 illustrates
the result for a setting where half of the eigenvalues of ¥ are equal to A > 1 and the
other half are equal to 1/\. Our theoretical estimates consistently match the empirical risks.
Figure 4a shows a similar dichotomy as in Figure 2b. We fix model shift u = 0.1 while
varying covariate shift A for each curve. Figure 4b illustrates different transfer effects as
in Figure 1. We fix the level of covariate shift A\ = 4 while varying p for each curve. Both
simulations use p = 100, ng = 300, and o = 1/2.

21



YANG, ZHANG, WU, RE, AND SU

5.3 Multitask Learning with Shared Features and Different Models

Next, we extend our findings from Section 4 to multiple source tasks involving model shifts.
Suppose there are t tasks whose feature covariates are all equal to X € R™*P. The label
vector of the i-th task follows a linear model with an unknown p dimensional vector 3, for
i=1,2,...,t

YO = x50 4 0, (5.5)

This setting may also be referred to as multiple label regression, and variants of this setting
have been studied in the prior literature (Kolar et al., 2011; Wang et al., 2016). Similar to
the two-task case, one of the tasks is viewed as the primary target task of interest, while the
others are used as source tasks that aid in learning.

We assume that X = Z¥2 € R™? is a random matrix satisfying the same assumption
as X@ in Assumption 1, and £ € R", i = 1,2,...,t, are independent random vectors,
each of which is independent of X and satisfies the same assumption as e in Assumption
1. Furthermore, cach () € R is a (random or deterministic) vector independent of any
other BU) for j # 4, the matrix X, and €) for all j = 1,...,t. The sample size n satisfies
I+7<2<p .

We combine the samples from all the tasks with a shared feature matrix B and a task-
specific prediction vector for each task. Specifically, let B € RP*" denote the shared feature
matrix and let A = [Ay, A, ..., A;] € R™" denote the combined prediction variables. We
note that, unlike the two-task setting concerning covariate shifts, both A and B are part of
the model in the multi-task setting. The reason is twofold. First, this paper focuses on the
under-parameterized setting. Thus, in the two-task setting, one can show that the optimal
rank of B would be one, i.e., r = 1, in which case B becomes a scalar. Second, to tackle more
than two tasks, we need to incorporate more of the structural information from the other
tasks into the model (Ando and Zhang, 2005), which is encoded as the low-rank structures
of A and B. By contrast, in the two-task setting, we can focus on the setting where we have
a shared parameter vector for both tasks.

We can now write down the loss objective as follows:

/A, B) = i: HXBAj - Y(j>H2, (5.6)
j=1

In particular, we focus on the case where r < t. Otherwise, if » > ¢, the problem reduces to
single-task learning (for reference, see Proposition 1 from Wu et al. (2020)).

Let (A, B) denote the global minimizer of (A, B). In particular, we compute the global
minimizer of /(A, B) by first solving B as a function of A—this turns out to be (X X)) 1 X Ty
multiplied by AT(AAT)*, with (AAT)* denoting the pseudo-inverse of AAT. Next, we could
find the optimal A by taking the rank-r SVD of YTX(XTX)'XTY to get the leading
left singular vectors as U, € R**"™; See Appendix D for the derivation. Then, we can obtain
BAas (XTX)"'XTYU,U,.

We now define the HPS estimator for task 7 as BZHPS = BA;, where A; denotes the i-th
column of A. The excess risk of BAlHPS is equal to:

L(BEs) = || (87 - 59| .7
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5.3.1 RESuULTS

We demonstrate that in the aforementioned multi-task setting, hard transfer identifies the
optimal rank-r approximation, which is utilized to share information across multiple tasks.
To describe the result, we introduce several notations. Let B* := [5(1), B .. ,B(t)] € Rpxt
be the matrix of concatenated model vectors. Let A*A*" be the best approximation of
B*TSB* in the set of rank-r subspaces in Rf:

A = argmax  (UU',B*'SB*), (5.8)
UeRt>T: UTU=Idyxr

where (-, -) denotes the Frobenius inner product between two matrices. Let af € R" be the
i-th column vector of A*A*". For any matrix X, let || X||2 be its spectral norm and || X||
be its Frobenius norm. A precise estimate of the excess risk of HPS is stated below.

Theorem 12 Suppose the setting described above holds. Let r < t be a positive integer.
Suppose the r-th largest eigenvalue X\, of B*'SB* is strictly larger than its (r+ 1)-th largest
eigenvalue A\py1. Then, fori=1,...,t and any small constant ¢ > 0, the following estimate
holds with high probability over the randomness of the training samples:

B85, | o
+0?) N R )
2 )\7‘ - )\T—l—l

2
o?p e

)
n—p

Li(B{""°) — Li(B*a}) ~

< (Jos

In equation (5.9), L;(B*a}) is the asymptotic limit of the bias of HPS, while Z—i@ a2
is the asymptotic limit of the variance of HPS. The proof of Theorem 12 relies on a
characterization of the global minimizer of ¢(A, B) by rank-r SVD. The detailed proof can

be found in Appendix D.1.

Remark 13 The data model in equation (5.5) studied in this section has also been considered
by several prior works in which there is a shared set of nonzero coordinates in the model
vectors BV, ..., 8O among all tasks (Kolar et al., 2011; Wang et al., 2016). The goal is
to leverage this shared sparsity to recover the support set of nonzero coordinates. Duan and
Wang (2023) examined an adaptive multi-task learning setting that does not require X to be
shared among all tasks. They introduced an adaptive estimation procedure that can achieve
minimax optimality. Notice that in both the work of Duan and Wang (2023) and the setting
of Theorem 12, only model shifts are assumed to be present, and instead, covariate shifts are
not imposed across different tasks. It is an interesting question to study a combination of
covariate and model shifts in the multi-task learning setting. More recently, Li et al. (2023)
introduce a task modeling framework to capture task relationships through influence functions.
Li et al. (2024) design a boosting procedure on top of this influence estimation framework.
It is an interesting question to theoretically formalize the benefit of boosting for multitask
learning when tasks have strong negative interference. One promising direction is to revisit
methods from active clustering and connect that task structures (Voevodski et al., 2012).
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5.3.2 ILLUSTRATIVE EXAMPLES

We illustrate the above result with the random-effects model. The model vector of every
task is equal to a shared vector 5y plus a task-specific component ~;, for ¢ = 1,2,--- | ¢:

B = By + 7. (5.10)

The entries of v; are drawn independently from a Gaussian distribution with mean zero and
variance p~tu?. We study two natural questions:

1. What is the optimal rank r of the shared feature matrix B?

2. When does HPS transfer positively to a particular task, depending on the sample size
n and the model shift parameter p?

For the first question, since the setting is symmetric in the t tasks, we analyze the
averaged limiting risk

2 2
(n ,U' HZI/QB*(A*A*T . Idtxt)H + o p
F n—p

T
t

which accurately approximates ¢! Ele L@,(B@HPS) by Theorem 12. To see this, we notice
that the average of the bias and variance limits in equation (5.9) is

2

1 2 o T
L (v Zpa) = [ aen o+ 22

Above, we have used the matrix notation A* to rewrite the bias component. Moreover,
we apply the identity S°i_, [la||> = Tr[(A*A*")?] = r to the variance component, since
A*T A* = Id,, following Definition (5.8). Then, the optimal rank of B can be identified by
sweeping through g,(n, u) for different values of r.

For the second question, recall that by equation (3 3), the excess risk of the OLS estimator
is given by =~ ’; Thus, by comparing g, (n, 1) to < ’; the exact threshold between positive

and negatlve transfer can be identified. This is stated as follows.

Proposition 14 (Phase transition in multi-task learning) Consider the multi-task set-
ting stated above. Assume further that the random-effects model in equation (5.10) holds.
Then, for any small constant ¢ > 0, the following claims hold with high probability over the
randomness of the training data samples and the underlying linear models:

1. When p?® > (1 —i—p_%“) (naj)w then g-(n, ) > Z’, for any 1 <r < t.

2. When p? < (1 - p_%‘*'c) %, then gr(n,p) is minimized when r = 1. Further-
more, when r =1, we have that g1(n, pu) < %_

Figure 5 illustrates the above result with ten tasks of dimension p = 100 and noise
variance o = % We plot the theoretical estimate using g,(n, ) and the empirical value
of bias plus variance of BHPS (equation (D.16) in Section D). Figure 5a shows that the
performance of HPS is optimized when r = 1. Figure 5b shows different transfer effects by
varying n and g in the multi-task setting. The results under different values of y also match
the conditions in Proposition 14. The proof of Proposition 14 can be found in Appendix D.2.
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Figure 5: Illustration of transfer effects in the random-effects model with multiple source
tasks. Figure 5a shows that for rank r from 1 to 10, the lowest excess risk of task ¢
is achieved at r = 1 (averaged over three random seeds). Figure 5b fixes r = 1 and
varies p,n. Similar to Figure 1, the transfer effect of HPS can be either positive or
negative depending on u,n.

6. Comparison to Soft Transfer

In this section, we provide a case study of the statistical behavior of soft transfer estimation.
Soft transfer works by penalizing the distance between the linear models for the target task
and the source task. In general, soft transfer offers a more flexible regularization approach
for adjusting the distance. Thus, one can expect the statistical behavior of soft transfer to
be different from that of HPS. In this section, we provide a case study in several settings to
illustrate this difference.

6.1 Bias-Variance under Deterministic Designs

We first derive the expectation of the excess risk L(3573())) over the randomness of ¢(1) and
£ to get the bias and variance of SPS. For simplicity, we denote »1) = X(I)TX(D, £ =
X(Q)TX(Q), and ¥ = 21 4 3@ as in (2.7). Let £y (which depends on the regularization
parameter A > 0%) be

A

3y = A8 45 (6.1)

The bias and variance of the SPS estimator can be derived from straightforward algebraic
calculations.

4. The case that A = 0 is not interesting since there would be no information transfer in this case.
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Lemma 15 In expectation over the randomness of €V and €2, we have the following
equation for any A > 0:

(1) @ [L(ASPS(/\))} = Liias(A) + Lvar (1), (6.2)
where the bias and variance formulas are defined as

2

Lbias(N) = Hz@)%@AVﬁ” CREES] N (6.3)

(1937) s (s (5 i) (5 )

As a sanity check, one can see that when A tends to infinity, the above reduces to the bias
and variance of SPS, since 3, tends to ¥ and () /) tends to zero.

Lyar(\) = 0 Tr (6.4)

6.2 An Illustrative Example

Above, we have considered $M and @ to be deterministic covariance matrices by condi-
tioning on X M and X@. Next, we are given a special example to compare the behavior of
SPS with HPS, assuming that (Z(?))TZ®) /ny = Id,x, while task one still follows a random
design. Given any A > 0, denote

= n n
S(A) = le@) + nildpxp.

Let ag be the unique positive solution to the equation

1 1 )
ag ni Idyxp 4+ aoX(N)
Then, let
1 = -2 2 p -
T = n—lTr (Idpxp + aoE(A)) , Yo = apxo (1 T 2a9 + 950) . (6.5)

Lastly, define two matrices as follows:

4o (Idpxp + agZ()\))il, M, = (%)2 (a2 — o) (Idpxp + agi()\))d. (6.6)

2

M, =
n2

We state the limits of bias and variance of SPS as follows.

Pr0p051t10n 16 Suppose Assumption 1 holds. Additionally, assume that ¥V = £2) and

Z(Z) 2)/ng Idpxp. Then, for any small constant ¢ > 0, with high probability over the
randomness of the training samples, the following estimates hold:

L = (B — 82) TS AL (50 - 5O) 4 0 (ni—i“uﬁ(” —891),  (67)

ap o2 1

Ly = 22— Te[My] - 7T1~[2<2>M2] +0 ((pg + pi )n w“c) : (6.8)

na na na

where we denote n = nj + no.
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Figure 6: We find that the regularization effect of SPS can help mitigate negative transfer,
which is more prominent when g is higher (as indicated by the two lines where
#=0.3 and u = 0.25. We leave a thorough understanding of this phenomenon,
including soft transfer, for future work.

Recalling that ¢ > 4, for a small enough constant ¢, equations (6.7) and (6.8) characterize
the limits of Ly, and Lyi,s with an error term that is smaller than the deterministic leading
term by an asymptotically vanishing factor. The proof of Lemma 15 and Proposition 16 can
be found in Appendix E.

It is an interesting question to derive the asymptotic bias and variance limits for the
SPS estimator under random designs for both $® and @ with arbitrary covariate and
model shifts. This requires developing new tools beyond the current random matrix theory
literature. Similar to the issues in Remark 11, one needs to deal with an even more complicated
asymmetric random matrix than equation (5.4), which is left for future work:

SISy = A718@ 4 (SO 7IS@ 4 1d,y,.

6.3 Numerical Comparisons

We conduct a numerical comparison of SPS, OLS, and HPS. In Figure 6, we use the same

data-generating process as Figure 1, except that we now take 7 (Q)TZ @ = nold,xp,. We find
that the regularization effect of SPS can generally help reduce negative transfer, especially
when the model shift is large. Additionally, our estimates in Proposition 16 match the bias
and variance values in finite dimensions. Here, we set p = 100.

6.4 Discussion

Our analysis of SPS suggests that it behaves similarly to HPS when the model shift is low
or modest, and SPS can generally help reduce negative transfer when the model shift is
high. In this sense, the regularization of SPS behaves similarly to the data set shrinkage
applied to HPS. More general forms of soft transfer can be found in transfer learning with
foundation models, such as fine-tuning and instruction tuning, where overfitting often occurs
when a large model is fine-tuned on a small target data set. For such scenarios, applying
the regularization in soft transfer can effectively mitigate overfitting. It would be interesting
to further study the regularization effect of soft transfer in large models, which would also
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require developing tools for analyzing over-parameterized models (and perhaps a separate
data model). These are left for future work.

7. Conclusion

This paper presents several high-dimensional asymptotic results for analyzing transfer learning
with two linear regression tasks: one is the source task, and the other is the target task.
The main technical ingredients involve estimating the high-dimensional asymptotic limits
of several functions involving two independent sample covariance matrices with different
population covariance matrices. In particular, our main result involves:

e A generalization of a well-known result from the random matrix theory literature on
the trace of the inverse of one sample covariance matrix to the sum of two sample
covariance matrices under covariate shifts (Theorem 3), along with an almost sharp
convergence rate to this limit.

e A phase transition of transfer learning under model shifts between two high-dimensional
linear regression tasks, depending on the level of model shifts and the sample sizes
of source and target tasks (Theorem 6). With a simple adjustment, HPS is nearly
optimal, matching the minimax lower bound up to constant factors.

e An extension of the findings to a setting involving both covariate shift and model shift,
and a multi-task learning setting where the feature covariates are shared among all
tasks.

Numerical simulations are provided to show the accuracy of our estimates in finite dimensions.
Our work establishes a rigorous connection between transfer learning and random matrix
theory, highlighting several technically challenging questions that are worth further study.
The theoretical modeling of transfer learning is still a relatively new research area. We hope
our work can inspire future studies that apply random matrix theory to transfer learning.
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Appendix A. Basic Tools

Here is a roadmap of the appendix materials. In Appendix A.1 and A.2, we describe some
basic tools used to establish the proofs. Then, in Appendix A.3, we prove the bias-variance
decomposition of the HPS estimation from Section 2. In Appendix B, we prove the results
stated in Section 3. In Appendix C, we give the complete proofs for the estimates under
model shifts from Section 4 and the extension in Section 5.1. We state the proofs for the
multi-task case in Appendix D. Finally, Appendix E provides proofs for the SPS estimation.

A.1 Notations

In this supplement, we will use the following notations. The fundamental large parameter
in our proof is p. All quantities that are not explicitly constant may depend on p, and
we usually omit p from our notations. Given any matrix X, let || X|| or || X||, denote its
operator norm (or equivalently, the largest singular value); let ||.X||» denote its Frobenius
norm; let Apax(X) and Apin(X) denote its largest and smallest singular values, respectively;
let A\1(X) = Aa(X) = -+ denote the singular values of X in descending order; let X denote
the Moore-Penrose pseudoinverse of X. As a special case, the operator or Frobenius norm
of a vector v is also its Euclidean norm, i.e., ||[v]| = ||v||2 = ||v||r. We will often write an
identity matrix as 1 if this does not cause any confusion in the specific context.

We say an event E holds with high probability if P(Z) — 1 as p — oc.

We will use the big-O notation g(p) = O(f(p)) if there exists a constant C' > 0 such that
lg(p)| < Cf(p) for large enough p. Moreover, for any g(p) > 0 and f(p) > 0, we will use the

notations g(p) < f(p) if g(p) = O(f(p)), and g(p) ~ f(p) if g(p) < f(p) and f(p) < 9(p).

A.2 Concentration Estimates

In this section, we collect some useful tools that will be used in the proof. First, it is
convenient to introduce the following notation.

Definition 17 (Overwhelming probability) We say an event = holds with overwhelming
probability (w.o.p.) if for any constant D > 0, P(Z) > 1—p~P for large enough p. Moreover,
we say = holds with overwhelming probability in an event Q if for any constant D > 0,
P(Q\ E) < p~P for large enough p.

The following notion of stochastic domination is commonly used to study random matrices.

Definition 18 (Stochastic domination) Let & = P and ¢ = ¢P) be two p-dependent
random variables. We say that & is stochastically dominated by (, denoted by & < ( or
& = 0<(C), if for any small constant ¢ > 0 and large constant D > 0, there exists a
po(c, D) € N such that for all p > po(c, D),

P(l¢] > polcl) <p~ P

In other words, £ < ¢ if |€| < p©|C| with overwhelming probability for any small constant ¢ > 0.
If £(u) and ((u) are functions of u supported in a set U, then we say (u) is stochastically
dominated by ¢(u) uniformly in U if

P (Uuer{[€()] > pIC(w)[}) < p~7
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for large enough p. Given any event 2, we say & < ¢ on Q if 1€ < (.

Remark 19 We make two simple remarks. First, since we allow for an p® factor in stochastic
domination, we can ignore log factors without loss of generality since (logp)c <1 for any
constant C' > 0. Second, given a random variable & with unit variance and finite moments up
to any order as in (2.4), we have that || < 1. This is because, by Markov’s inequality, there
18

P(l¢| > p°) <p “Elgf <p?,

as long as k is taken to be larger than D/c.

The following lemma collects several basic properties of stochastic domination that will
be used tacitly in the proof. Roughly speaking, it says that the stochastic domination “=<"
can be treated as the conventional less-than sign “<" in some sense.

Lemma 20 (Lemma 3.2 in Bloemendal et al. (2014)) Let & and ¢ be two families of
nonnegative random variables depending on some parameters u € U and v € V. Let C' > 0 be
an arbitrary constant.

(i) Sum. Suppose that &(u,v) < C(u,v) uniformly inu € U and v € V. If |V| < p©, then
Eyev §(u,v) < Zvev C(u,v) uniformly in u.

(i) Product. If & (u) < (1(u) and &(u) < (2(u) uniformly in u € U, then & (u)éa(u) <
C1(u)Ca(u) uniformly in u € U.

(iii) Expectation. Suppose that ‘ll(u) > p~C is a family of deterministic parameters,

and &(u) satisfies BE(u)? < p©. If £(u) < W(u) uniformly in u, then we also have
E¢(u) < ¥(u) uniformly in u.

Let @ > 0 be a (p-dependent) deterministic parameter. We say a random matrix
Z € R™*P gatisfies the bounded support condition with @ (or Z has bounded support Q) if

max  |Zi| < Q. (A.1)

1<i<n, 1<5<p

As shown in Remark 19, if the entries of Z have finite moments up to any order, then Z has
bounded support @@ = 1. More generally, if every entry of Z has a finite ¢-th moment as in
(2.2) and n > p, then using Markov’s inequality and a simple union bound we get that

n p
i=1j
n

z:l i

)
—

[ logn nw} 7 < (logn)™%. (A.2)

Mw

Il
—

In other words, Z has bounded support Q = n?/¢ with high probability.

The following lemma, which can also be found from Lemma 3.8 in Erdés et al. (2013),
gives sharp concentration bounds for linear and quadratic forms of random variables with
bounded support.
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Lemma 21 Let the sequence (x;), (y;) be families of centered and independent random
variables, and (A;), (Bij) be families of deterministic complex numbers. Suppose the entries
x; and y; have variance at most 1, and satisfy the bounded support condition (A.1) for a
deterministic parameter Q > 1. Then, we have the following estimates:

> A < Quibe a4 + (30 142) (A.3)
i=1 =1

n

/

MZ_; iL"iBijyj‘ < Q*By+Qn'?B, + (ng;n |Bz’j|2)1 g (A.4)
Z(W’Q — Elz;[*)Byi| <= Qn'/?By, (A.5)
=1

Z xiBijxj’ < Qn1/230 + ( Z ‘Bij’2) 1/2, (AG)
1<iZj<n 1<iAi<n

where we denote By := max; |By;| and B, := max;.; | Bi;|. Moreover, if x; and y; have finite
moments up to any order, then we have the following stronger estimates:
< (1aP) (A7)

zn:Aixi
i=1 i=1
Xn: xiBijyj‘ < ( z": |Bij\2)1/27 (A.8)

n 1/2

ij=1 i =1
- 2 2 - 2\ /2
> (lzil* = Ela*) Bii| < <Z|Bz‘z‘\ ) ; (A.9)
i—1 i=1
1/2
Z ZCiBZ’j.%'j‘ < ( Z ‘Bij’2) . (A.lO)
1<izj<n 1<iZj<n

It is well-known that the empirical spectral distributions of Z(I)TZ(I) and Z(Q)TZ(2)
satisfy the Marchenko-Pastur (MP) law (Marcenko and Pastur, 1967). Moreover, their
eigenvalues are all inside the support of the MP law with high probability. In the proof, we
will need a slightly stronger result that holds with overwhelming probability, as given by the
following lemma.

Lemma 22 Suppose Z € R™™P is an n x p random matriz satisfying the same assumptions
as Z@ in Assumption 1. Suppose 1 + 1 < n/p < pTﬁl, and Z satisfies the bounded support
condition (A.1) for a deterministic parameter Q such that 1 < Q < n'/?=<@ for a constant
cq > 0. Then, we have that

(V= vp)? = Ox(vn- Q) S M(Z2"Z) < M(Z7Z) < (V= /p)* + O<(Vn- Q). (A1)

Proof When @ is of order 1, this lemma follows from Theorem 2.10 of Bloemendal et al.
(2014). The result for the general case with 1 < Q < n'/27¢@ follows from Lemma 3.11 of
Ding and Yang (2018). [ |
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Using a standard cut-off argument, we can extend Lemma 21 and Lemma 22 to random
matrices whose entries satisfy only certain moment assumptions but not necessarily the
bounded support condition.

Corollary 23 Suppose Z € R™*P is an n X p random matriz satisfying the same assumptions
as Z® in Assumption 1. Suppose 1 + 1 < n/p < pTﬁl. Then, equation (A.11) holds on a
high probability event with Q = n?/?, where @ refers to the constant in equation (2.2).
Proof We introduce a truncated matrix Z with entries

From equation (A.2), we get that
P(Z=2)=1-P (max | Zi;| > Qlogn) =1-0((logn)™%). (A.13)
irj

By definition, we have

EZij = ~E[1(|Z;| > Qlogn) Zyj], (A.14)
E|Zij|2 =1-E [1 (|ZZJ’ > Qlogn) |ZZJ|2] .

Using the tail probability expectation formula, we can check that

o
BI1Z| > Quogn) Zyl = [ P(1(2Z,] > Quogn) Zy| > 9)ds
Qlogn 0
—/ P(Z;;| > Qlogn)ds+/ P(|Z;| > s)ds
0 Qlogn

Qlogn 00
< [T @uogm s [T sras <o,
0 Qlogn

where in the third step we use the finite ¢-th moment condition (2.2) for Z;; and Markov’s
inequality. Similarly, we can obtain that

E|1(|Zij| > Qlogn) Zij|* = 2/ sP (11 (|Zi;| > Qlogn) Zi;| > s)ds
0
Qlogn 00
:2/ sIP’(|Zij|>Qlogn)ds—|—2/ sP (| Zij| > s)ds
0 Qlogn

Qlogn 00
< / s(Qlogn) “ds +/ sT¢Hds < e 2/e,
0 Qlogn

Plugging the above two estimates into (A.14) and using ¢ > 4, we get that
[EZ;j| = O(n=/?), E|Zj]*=1+0(n""). (A.15)
From the first estimate in equation (A.15), we also get a bound on the operator norm:

IE[Z][| = O(n~"?). (A.16)
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Then, we centralize and rescale Z as

Z = (Z —EZ)/\/E|Z11 2. (A.17)

Now, 7 is a matrix satisfying the assumptions of Lemma 22 with bounded support ). Thus,
we get that

(Vi = B = 0=(vn- Q) < M(ZT2) < M(Z7Z) < (Vi = V) + 0= (v Q)

Combining this estimate with lines (A.15) and (A.16), we can readily get that equation
(A.11) holds for the eigenvalues of Z ' Z, which concludes the proof by equation (A.13). M

Corollary 24 Suppose Z € R™*P is an n X p random matriz satisfying the same assumptions
as ZD in Assumption 1. Then, there exists a high probability event on which the following
estimate holds for any deterministic vector v € RP:

1Z0]* = nllo]?| < n'2Q0])?,  for @ =n?/%. (A.18)

Proof Similar to the proof of Corollary 23, we truncate Z as in (A.12) and define Z by
(A.17). By (A.15) and (A.16), we see that to conclude (A.18), it suffices to show that

1201 = nllol?| < n'/2Qlv] (A.19)

To prove equation (A.19), we first notice that Zv € R is a random vector with i.i.d. entries
of mean zero and variance ||v||?. Furthermore, with equation (A.3) we get that

_ , |
(Zo)] < Quibx o] + o <2Qllol, i=1,2-- n.

Hence, (Zv)/||v|| consists of i.i.d. random entries with zero mean, unit variance, and bounded
support Q. Then, applying equation (A.5), we get that

“ (2ol (B0l
§:<|ww ST >

=1

< Qn' |||,

12012 = nlloll?] = o]

This concludes the proof. |

From Lemma 21, we can obtain the following concentration estimates for zero-mean noise
vectors (which may also be found in standard texts such as Wainwright (2019)).

Corollary 25 Suppose eV, ... ) € R™ are independent random vectors satisfying As-
sumption 1 (ii). Then, we have that for any deterministic vector v € R™,

wTe®| <olvl|, i=1,---,t (A.20)
and for any deterministic matriz B € R™"*"™,
(e)TBelW) — 6ij - *Te[B]| < *|Bllp, foranyi,j=1,...,t, (A.21)

where §; ; =1 if i = 7, else §; ; = 0 if ¢ # j.
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Proof Note that () /o is a random vector with independent entries of zero mean, unit
variance, and bounded moments up to any order. Then, the result in equation (A.20) implies
that equation (A.7) holds. Using equation (A.8), we obtain that for i # j,

j( (T geli ] ( Z ele ])Bkl‘ oy (Z | By ) = 02| B||p.
Using the two estimates (A.9) and (A.10), we obtain that

‘(€(i))7B5(i) _ 0—2Tr(B)‘ < ‘ > (101 - B ?) Bkk‘ n ‘ Zsk Bkl‘
k

p 1 1
<18+ (X 1ul) < Vo Bl
k=1

k1
Hence, we have proved that the estimate (A.21) hold. |

A.3 Proof of Lemma 2

Proof For the optimization objective ¢(B) in equation (1.2), using the local optimality
condition V/(B) = 0, we can solve that

B_$-1 <X(1)Ty(1) 4 X(2>Ty<2>) :

where 3 is the sum of the sample covariance matrices (see definition in equation (2.7)).
Then, the HPS estimator for task two is equal to B%{PS = B. Plugging it into the excess risk
L(BYPS), we find that it is equal to

2

)

1/24

H2(2) $-1x M7 x M (g0 _ @)y 4 n@2g-1 (Xu)TE(l) I X(z)%(z))‘

which can be expanded as Lyi,s + 2h1 + 2ho + hs 4+ hg + 2h5, where

hy = e T xWS-15@5-1x O x50 _ g2)
h 1= @ x@5-15@5-1xO T x50 _ g2)y
hg =D xW-19@5-1xM) (1)

Y

hy =@ x@O5-15@5-1x@) 7).

hy = DT xWH-15@5-1x@ T (2)

We estimate these terms one by one using Lemma 22 and Corollary 25.
First, under assumption (2.3), we can obtain the following estimates using Corollary 23.
There exists a high probability event on which all of the following estimates hold

HX<1 H < max(y/n1, v/p), HX H < /s, ‘)2—1”25(m+n2)—1. (A.22)
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As for the last bound, we can derive it in more detail as follows (recall that A, A, refer
to the largest and smallest singular values, respectively): using estimate (A.11) and the
assumptions pa > 1+ 7 and py > 7p; in equation (2.5), we obtain that with high probability,

M) < MXDOTXD) 1A (XOT X)) <y 4o, (A.23)
Ao(E) = Ap(X) X®) >y, (A.24)
which is again at the order of ni + no since they are within a constant factor of each other.
With equation (A.24), we conclude the last estimate in equation (A.22):
. 1 1
HE*1H - < . (A.25)
2 () T mtn

In addition, based on the estimates (A.23)—(A.25), we can obtain that Lpj,s and Lya, (cf.
equations (2.9) and (2.10)) are of the following orders (up to constants that do not grow
with p from both above and below):

X0 (50 _ 5@)|] po* A
L, ~7HX ( - )H Luar ~ . 26
bias (nl + 7”L2 ﬁ ﬁ var ni + ng ( )
We first look at Ly,r. Notice that
et < ],
<oty £
2 2
<oprt- ”271"2 (by Assumption (2.3) on X))
2
<P (by estimate (A.25))
ny + na

Likewise, using the assumption that /\p(E(Z)) > 7, one can show that

2

. o°p
Lyar = 02p71 - My (2710 > ,
var = 0 PT p( )N n1 + ng

where we have used that A\,(371) = A1 (2)~! 2 (n1 4 ng)~! by estimate (A.23). Next, we
look at Ly;,s. We first examine its upper estimate:

1 2
Lbias = H 2)2 %, (Xu)TX(l))(ﬂ( ) _ g@)
<l - e o)
~ m HX(I)TX(I) (5(1) (2)> H2 (by Eq. (2.3) and estimate (A.25))

Then, we can derive the lower estimate with similar arguments as follows:

. 2
Lypias > (/\p@@nil)) : HX(l)TX(l)(B(l) - 5(2))"

T

2

> — HX XM — 6(2)))’2. (by Eq. (2.3) and estimate (A.23))

~ (n1 + ng)?
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In the first step, we use the fact that || Xv[| > (A mm(X))2 [v]|? for any matrix X and vector
v. In the becond step, we use that ul e~ 12( )31y > )\min(Z(2)) T3 2y for any vector u,
50 A\ (2 )22 1Y > (n1 +ng)~!. Taken together, we have proved the estimates in (A.26).
Note that if we further assume that p; > 1+ 7 as in Theorem 9, then by Assumption (2.3)
on XM and the estimate (A.11), we have that with high probability, n; < )\p(X(l)TX(l)) <
)q(X(l)TX(l)) < ny. Consequently, the estimation of Ly;,s in equation (A.26) simplifies to
2

T~ i [0 - 90 (a2

This equation has been used to establish the estimate (4.7).

The rest of the proof is always restricted to the high probability event =, on which the
estimates (A.22)—(A.26) all hold true. Using equation (A.20) in Corollary (25), we can bound
hi on = as

| < o HX “ly@5-1xO 7 x 1) g0 _ 5<2>)H

xM (M) _ @)y
o | x (ff 8)| - [xvs=ws,
<o HX(l)TX(l) ( )H maz g’ VD) (by estimate (A.22))
1+ n2)
“Tlx® T x® ;
HX (8 - 8®) H pic _ (since max(yAT, B) < VAT T D)
ny + ng (n1 +n2)2
_1 T 2
p2 HX(I) x@) (5(1) _ 5(2)) I o2\ /p - -
< (1 T 1ma)? + o (by the AM-GM inequality)
< M. (by estimate (A.26))

/D

With a similar argument, we can show that |hg| < %.

Next, using equation (A.21) in Corollary 25, we can estimate hg as follows

‘h3—02Tr [X(Uz In@5-1x1) ” g HX “1y @ —1X(1)THF
<o
™~ (n1 + ng)? F

(by equations (2.3) and (A.22))

1
< 0°p? max(n, p)

(n1 + ng)?
< Lvar
~ \/ﬁ b

where we use the following estimate in the third line

(by estimate (A.22))

(by estimate (A.26))

HX(I)X(I)THF < \/ISHX(I)X(I)THQS@max(nlap)'
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With a similar argument, we can show that
Lyar
VP’

’h4 — 2Ty [X(Q)ﬁ)_lE@)ﬁ)_lX(z)T] ) <

and |hs| < Lvar//D-
Finally, combining the above estimates on hq, ho, hs, hy, hs, and using that

o2 Tr [XU)i*lz(?)i*lX(l)T} 42Ty [X@)i*lz(?)i*l)((?ﬁ] — 2Tr [2@)2*1} — Loar,

we conclude that conditioned on event =, the following estimate holds true:
Lbias + Lvar
VP

This concludes the proof of equation (2.8). |

‘L( AgIPS) - Lbias - Lvar <

(A.28)

Appendix B. Proofs for the Covariate Shift Setting

Before presenting the proof of Theorem 3, we first use its conclusion to complete the proofs
of Propositions 4 and 5.

B.1 Proof of Proposition 4

Proof By definition, we can expand g(M) as

2
2

g ni+mng Mar+ay Ao tag/)

2 . . o B
When M = Id,x,, we have g(Id,xp) = m—iini—p’ which can also be written as n1+2n2 2, alf_og ,
since ] +ag =1 — n1in2 by equation (3.2). Then, we subtract g(Id,xp) from g(M) to get
2 P/2 2 2
g (/\ — 1) (65} (041 — 042)
M) — g(Id = L .
9(M) = g(1dpp) ny+ng —p Z (1 4+ Mag)(Mag + as9)

=1

We claim that a3 > as if and only if nq > ne, thus proving the dichotomy. When a; > as,
the first part of equation (3.2) implies o > %(1 — —L_). The second part of equation (3.2)

n1+n2
gives
p 2
ni 1 /\1041
:a—|—
nitng n1+n2;>\fa1+az
/2 2 —2
1 P 1 < A A
>*<1— >—|— < 1 + 7 >
2 ny + ng nﬁ—mé AN+l NP+
2 ny + ng 2(??,1 + 712) 2’



YANG, ZHANG, WU, RE, AND SU

implying n; > ng. When a3 < ag, one can show n; < ne using similar steps. This completes
the proof. |

B.2 Proof of Proposition 5

Proof From the second part of equation (3.2), we get

ni 4 1 i )\%041 < + P
7 a _
ny + n2 ! n1 +n2 !

2
i=1 "

which gives that a; > =L Combined with the first part of equation (3.2), it yields that

n1+n2

n
a2:1—7p —Oél<72 .
ni + na ni + no
Hence, we have ay/ag > (n1 —p)/ng > ¢ L.
Now, abbreviating x, = (1, ..., ,) with z; = A2, the trace of (a; M T M + a)~! can be

written as

o) = | -

1
alMTM—i—on oz +ag

p
1=

1

To conclude the proof, it suffices to prove the following claim: for any k& € {1,...,p},
c < b< 1, and a1, a9 such that ag/as > ¢!, fy(x;) is minimized at x; = (b,...,b) € R*
subject to the constraints ¢ < z; < ¢! and Hle x; = bF. Note that in contrast to the
original setting, oy and a9 are now taken as fixed parameters that do not depend on x,
which will greatly simplify the optimization problem.

We prove the above claim by induction. First, the claim is trivial when &k = 1. For k = 2,
a similar argument as in the proof of Proposition 4 indeed gives that fo is minimized at
x1 = x9 = b as long as bay > as. Now, suppose the claim holds for fi for some 2 < k < p—1.
Consider X1 = (z1...,75,1) withe < 2; < ¢! and Hf;rll x; = b**1. Renaming the indices
if necessary, we may assume that x,1 is the largest entry, i.e., xpy1 > maxle x;. Then, we
can write 2,1 = ba for some 1 < a < min{(be)~!, b¥¢*}, where the condition a < bFc*
comes from the constraints Hfill x; = bFT1 and Hle x; > ¢*. The remaining variables
satisfy ¢ < z; < ¢! and H;C:l x; = b¥/a. Applying the induction hypothesis for f;, we get

that
k

1 k
PRI |
— oz + o arba=1k 4+ g

Hence, for xx41 = (z1, ..., 2, ba), we have

k 1
+ .
arba=Vk 4+ a9 arba + as

fer1(Xky1) = gr(a) ==

To conclude the proof, we only need to show that gi(a) achieves a minimum when a = 1, i.e,

kE+1

z —,
gk(a) a1b+a2
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which is equivalent to
k(al/k —1) a—1
w+al/k T wa+1’

(B.1)

where we introduce the simplified notation w = bay /g > bc=1 > 1. We rewrite the inequality
(B.1) as hg(a) > 0 with

hi(a) == k(a® — 1)(wa + 1) — (w + ak)(a — 1).

Its derivative satisfies

kA1

h(a) = w(k + 1)(ar — 1) ar(l1—a) >0,

where, in the second step, we apply that k(1 — a_%) > 1—a~!. Hence, we have hy(a) >
hi(1) =0 for a > 1, i.e., the inequality of (B.1) indeed holds, which concludes the proof. B

B.3 Proof of Theorem 3

For the rest of this section, we present the proof of Theorem 3, which is one of the main
results of this paper. The central quantity of interest is the matrix ¥ =1 in equation (2.7).

Assume that M = 2(1)1/22(2)_1/2 has a singular value decomposition
M =UAVT, where A:=diag(\i,...,\p).

Then, we can write equation (2.10) as
~ 0'2
Lyar = o2 Te[2P87Y = —Te[w 1, (B.2)

n

where we denote n := ny + ns and
Woi=n"! (AUTZU)TZ(UUA + VTZ(2)TZ(2)V> .

The resolvent or Green’s function of W is defined as (W — zId,x,) ! for z € C.

In this section, we will prove a local convergence of this resolvent with a sharp convergence
rate, which is conventionally referred to as “the local law” (Bloemendal et al., 2014; Erdgs and
Yau, 2017; Knowles and Yin, 2016). In particular, the key technical challenge is to establish
an (almost) sharp convergence rate of the bias and variance equations to their asymptotic
limits.

B.3.1 RESOLVENT AND LocAL LAw

We can write W as W = FF for a p x n matrix
Fi=n"2AUTZzOT yT 2@, (B.3)

We introduce a convenient self-adjoint linearization trick to study W. It has been proved to
be useful in studying random matrices of Gram type (Knowles and Yin, 2016).
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Definition 26 (Self-adjoint linearization and resolvent) We define the following (p +
n) X (p+n) symmetric block matriz

H:<£T§>, (B.4)

and its resolvent as

-1
2Idpxp 0 >} L eC
0 Id(n1+n2)><(n1+n2) ’ ’

as long as the inverse exists. Furthermore, we define the following (weighted) partial traces

m@:;Z@M,m@:;Zﬁ%@

€1y €Ly

qazm%%ﬂﬁakwﬂ_<

) ) (B.5)
W@:EZ%WLW@:@Z@W%

pnely vels

where T;, i = 0,1,2, are index sets defined as
IO = [[17p]]7 Il ::[Lp+17p+n1]]a IZ ::[[p+n1+1ap+n1+n2]]'

We will consistently use latin letters i,j € Zy and greek letters u,v € Z; UZy. Correspond-
ingly, the indices Z() and Z®@) are labelled as

2)

ZW — [ij) :z’eIo,uEL}, 7 — [Z,E :iEIO,VEIQ].

Moreover, we define the set of all indices Z := Zy U Z7 U 75, and label the indices in Z as
a, b, ¢ and so on.
Using the Schur complement formula for the inverse of a block matrix, we get that

(W — 2Id)~! (W —2Id)~'F ) '

a”:<FWW—A®1 2(FTF — 21d)~! (B.6)

In particular, the upper left block of G is exactly the resolvent of W we are interested in.
Compared with (W — zId)~!, it turns out that G(z) is more convenient to deal with because
H is a linear function of Z() and Z®). This is why we have chosen to work with G(z).

We define the matrix limit of G(z) as

[1(2)A? + (az(z) — 2)] 7! 0 0
6(2) = O —%Oél(Z)Ianan O s (B?)
0 0 _7%062(2)1(1712 Xno

where (a1(z), a2(z)) is the unique solution to the following system of self-consistent equations:

1 zp: May(2) + az(z2)

P Mai(z) + az(z) — 2 B3)
1 u May(2) _m .
o1(z) + n ; Mai(z) +ag(z) —z  n’
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such that Imaq(2) < 0 and Im a3(z) < 0 whenever Im z > 0. The existence and uniqueness
of solutions to the above system will be proved in Lemma 28.

We now state the main result, Theorem 27, of this section, which shows that for z in
a small neighborhood around 0, G(z) converges to the limit &(z) when p goes to infinity.
Moreover, it also gives an almost sharp convergence rate of G(z). Such an estimate is
conventionally called an anisotropic local law (Knowles and Yin, 2016). We define a domain
of the spectral parameter z as

D:={z=E+ine Cs:|z| < (logn)~'}.

Theorem 27 Suppose that ZV) | Z2 | pi and py satisfy Assumption 1. Suppose that Z()
and Z?) satisfy the bounded support condition (A.1) with Q = n2/®. Suppose that the singular
values of M satisfy that

Ap << <y <7 h (B.9)

Then, the following local laws hold.

(1) Averaged local law: We have that

sup ‘p‘l > [Gii(z) — 64(2)]| < (np)~'/?Q, (B.10)
zeD icTo
su]g) pt Z )\?[Gii(z) — ®;(2)]| < (np)_1/2Q. (B.11)
ze icTo

(2) Anisotropic local law: For any deterministic unit vectors u,v € RP™™ we have that

SIGJB u' [G(z) - Qi(z)]v‘ <n12Q. (B.12)

With Theorem 27, we can complete the proof of Theorem 3 with a standard cutoff
argument. _ _
Proof Similar to equation (A.12), we introduce the truncated matrices Z() and Z(?) with
entries

ZY =1 (|ij)| < Qlogn) 28, 7 =1 (|Z§§)| < Qlogn) - z?, (B.13)
for Q = n?/?. From equation (A.2), we get that
Pz = zW 23 = 2@y =1 — O((logn)™%)
By equations (A.15) and (A.16), we have that
7 _ ~3/2 7(2) _ ~3/2
~|EiZ,u | =0(n™"7), IE%,,; | =0(n™"7), (B.14)
EIZY)?=1+0(n™Y), EIZJP=1+0(m™1),
and B B
IEZM| = O(n™"7?), |EZ®| = O(n~"/?). (B.15)
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Then, we centralize and rescale ZW and Z®? as
(1) . 7 W2y-1/2/7(1) _ m>(1) (2) 7(2)12-1/2(7(2) _ @ 7(2)
720 = (E|z, )220 —EZWY), Z® .= (|7, ?)"1*(2®) - EZ?),

for arbitrary u € Z;, v € Iy and i € Zy. Now, ZW and Z® satisfy the assumptions
of Theorem 27. Hence, G(Z(), Z(2) 2) satisfies equation (B.10), where G(Z(M), Z®) | 2) is
defined in the same way as G(z) but with (Z(), Z®) replaced by (Z AON Z(Q)). By equatlons
(B.14) and (B.15), we have that for k = 1,2,

1Z® = ZON S 20| + |EZW| < n 2,

where we use Lemma 22 to bound the operator norm of Z®), Together with the estimate
(B.36) below, this bound implies that

max |G (200, 29, ) — G Z0, 2 )| < 1/22 170 - Z0 | < oL,

1€Zp

Combining this estimate with the local law (B.10) for G(Z(i), AC) z), we obtain that (B.10)
also holds for G(z) = G(ZW, Z?) 2) on the event =, := {Z(1) = z(), Z() = Zz(?)},

Now, we are ready to prove equation (3.1). By estimate (B.2), we have that

2

Lyar(a) = % 3 Gii(0).

We also notice that the equations in estimate (B.8) reduce to the equations in equation (3.2)
when z = 0, which gives that a3 = «1(0) and as = a2(0). Hence, the partial trace of & in
(B.7) over Zj is equal to

1 1
S 6u(0) = Tr | —5—— | =Tt | —— |
= (0) [alAQ—i-aJ ' [alMTM+a2]
T 0

Now, applying estimate (B.10) to G(z), we conclude that on the event Zq,

2 1 2/ 2
gy — ——Tr | —— L
ny + ng arM "M + as (np)t/2 n1 + ng
This concludes the proof of Theorem 3. |

B.3.2 SELF-CONSISTENT EQUATIONS

Proof The rest of this section is devoted to the proof of Theorem 27. In this subsection,
we show that the self-consistent equation (B.8) has a unique solution (aq(z), az(z)) for any
z € D. Otherwise, Theorem 27 will be a vacuous result. For simplicity of notation, we define
the following ratios

Tn =

p LA L)
=, Tr1i=—, Tr9i= —.
n
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When z = 0, estimate (B.8) reduces to the system of equations in (3.2), from which we
can derive an equation of oy = «1(0) only:

p

1
flea) =m,  wi flaa) = an + n Mai+ (1 — 9, — o)

22
il (B.16)

We can calculate that

p 2
AL (1 —
qu: Z)\ ) > 0.

1
ﬁ — 2Oq—|— (1=, —a1)?

Hence, f is strictly increasing on [0,1 — v,]. Moreover, we have f(0) =0 < r1, f(1 —7,) =
1>y, and f(r1) > r if r1 <1 —~,. Hence, there exists a unique solution «a; to (B.16)
satisfying 0 < oy < min{1 — ~,,71} . Furthermore, using that f’'(z) = O(1) for any fixed
x € (0,1 —,), it is not hard to check that

r7T <oy <min{l —,,r} (B.17)

for a small constant 7 > 0. From equation (3.2), we can also derive a equation of aa = a2(0)
only. With a similar argument as above, we get that

roT < ap < min {1 — 7y, 72} (B.18)

for a small constant 7 > 0.

Next, we prove the existence and uniqueness of the solution to the self-consistent equation
(B.8) for a general z € D. For the proof of Theorem 27, it is more convenient to use the
following rescaled functions of v (z) and aa(z2):

mie(2) = —rytar(2), mae(z) = —ry tas(z), (B.19)

which, as we will see later, are the classical values (i.e., asymptotic limits) of m;(z) and
ma(z), respectively. Moreover, it is not hard to check that equation (B.8) is equivalent to
the following system of self-consistent equations of mj.(z), mac(2):

mlc P z 4 AN2rimic + ramac ’
(B.20)
p
1 lz -
mae p izt Nrimie + ramae
When z = 0, using equations (3.2), (B.17), and (B.18), we get that
T<—mie(0) <1, 7< —moc(0) <1, —r1mic(0) —ramoc(0) =1 — 7. (B.21)

Now, we claim the following lemma, which gives the existence and uniqueness of the
solutions mi.(z) and ma.(z) to the system of equations (B.20).
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Lemma 28 There exist constants cg,Co > 0 depending only on T in Assumption 1 and
equation (B.21) such that the following statements hold. There exists a unique solution
mic(2), mac(2) to equation (B.20) under the conditions

’Z‘ < ¢, ‘mlc('z) - mlc(0)| + |m20(z) - mQC(O)’ < ¢p. (B-22)
Moreover, the solution satisfies
Im1c(z) = mac(0)] + |mac(2) — mac(0)] < Colz]- (B.23)

Proof The proof is based on a standard application of the contraction principle. First, it is
easy to check that the system of equations in equation (B.20) is equivalent to

rimic = —(1 — ) — r2mage — 2 (mi} + 1) ;o gz(mac(2)) =1, (B.24)
where
T o ms
g-(mae) := —moe + 4 . - .
) o Z;Z—A?(l—%)+(1—>\?)r2m2c—)\z22 (mae +1)

We first show that there exists a unique solution mo.(z) to the equation g,(mao.(z)) = 1
under the conditions in equation (B.22). We abbreviate 0(z) := mac(z) — ma.(0). From
equation (B.24), we obtain that

0= [gz(mac(2)) — go(1m2c(0)) = 92(m2c(0))3(2)] + g2(m2c(0))d(2),
which gives that

9=(m2c(0)) = go(m2c(0))  g=(m2c(0) +6(2)) — g:(m2c(0)) — g;(m2c(0))d(2)
g% (mac(0)) 92 (mac(0)) '

Inspired by this equation, we define iteratively a sequence 5(k)(z) € C such that 6 = 0 and

)) = 90(m2c(0)  g=(mae(0) + ™)) — g:(mac(0)) — gl (m2c(0))6™

(0
9:(m2c(0)) g% (m2c(0))

0(z) =—

s+ — 9=(mac

(B.25)

Then, equation (B.25) defines a mapping h. : C — C, which maps 6 to 6¢:+1) = hz(é(k)).
Through a straightforward calculation, we get that

P
Y
gé(m%(o ? Z

Using equations (B.9) and (B.21), it is easy to check that

N1 =) — 2 [1 = N (2my. (0) +1)]
— A2(1 = ) + (1= A2)ramac(0) — A2z (mg} (0) + 1))

’z — )\?(1 — ) + (1 — 22 S )ramac(0) — )\222 (m;cl(O) + 1)’ >cr — c;1|z],
for a constant ¢, > 0 depending only on 7. Hence, as long as we choose ¢y < ¢2/2, we have

|2 = AF(1 =) + (1 = A])ramae(0) — APz (3.} (0) + 1) | > ¢r/2.
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With this estimate, we can check that there exist constants ¢,, C, >0 depending only on 7
such that the following estimates hold: for all z, d1, d such that min{|z|, |01], |62|} < <7,

N P 9:(m2c(0)) = go(m2c(0))| _ & |
92(7712(:(0))‘ s 9-(m2c(0)) ' < Crll, (B.26)
and
g-(mac(0) 4 61) — g2 (mace(0) 4+ 62) — ¢-.(m2e(0)) (61 — 82)| _ ~ ,
. (m2c(0)) < Cr[1 — 62 (B.27)

Using equations (B.26) and (B.27), we find that there exists a sufficiently small constant
¢1 > 0 depending only on C; such that h, : By — By is a self-mapping on the ball
By :={0 € C:|d] < d}, as long as d < ¢; and |z] < ¢;. Now, it suffices to prove that
h, restricted to By is a contraction, which then implies that § := limy_ o 5*) exists and
mac(0) + §(2) is a unique solution to the equation g.(mec(2)) = 1 subject to |0| < d.

From the iteration relation (B.25), using equation (B.27) we readily get that

§EAD — 5) = p_(6W)) — h,(6*D) < Cp|6®) — 12,

Hence, h is indeed a contraction mapping on By as long as d is chosen sufficiently small
such that 2d57- < 1/2. This proves both the existence and uniqueness of the solution
mae(z) = mac(0) + 8(z) if we choose ¢y in equation (B.22) to be ¢o = min{c2/2, ¢1, (4C,)~}.
After obtaining ma.(2), we then solve mi.(2) using the first equation in (B.24).

It remains to prove the estimate (B.23). Using equation (B.26) and 6(%) = 0, we can
obtain from equation (B.25) that |6V (2)| < 67|z|. Then, by the contraction mapping, we
have the bound

16] < D6 — 60 <20 2| = [mac(z) — mac(0)] < 2C; 2.
k=0
Finally, using the first equation in (B.24), we also obtain the bound |m1.(z) —m1.(0)| < |z|. W

As a byproduct of the above contraction mapping argument, we also obtain the following
stability result that will be used in the proof of Theorem 27. Roughly speaking, it states
that if two analytic functions mi(z) and my(z) satisfy the self-consistent equation (B.20)
approximately up to some small errors, then mq(z) and mg(z) will be close to the solutions
mic(z) and maoc(z).

Lemma 29 There exist constants cy, Cy > 0 depending only on 7 in Assumption 1 and
(B.21) such that the system of self-consistent equations (B.20) is stable in the following sense.
Suppose |z| < ¢, and my(z) and ma(z) are analytic functions of z such that

|m1(z) — m1:(0)] + |ma(z) — ma.(0)| < co. (B.28)

Moreover, assume that my, mo satisfies the system of equations

1 P A2
—+1—7—”Z L =&,

my P —~ 2+ N2rimq + romo

=1 ' (B.29)
SR . Ep: ! .y
ma p = 2+ Afrimy + rama >
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—-1/2

for some (deterministic or random) errors such that |E1| + |E2| < (logn)~ /. Then, we have

Im1(2) — mac(2)] + |ma(z) — mac(2)] < Co ([€1] + |E2]) -
Proof Under condition (B.28), we can obtain equation (B.24) approximately:
rim; = —(1 — ) —rama — z (mQ_1 + 1) + 5~1(z), gz(ma(z)) =14+ gg(z), (B.30)

where the errors satisfy that |1(2)] + |£2(2)] < |&1| + |€2]. Then, we subtract equa-
tion (B.24) from equation (B.30), and consider the contraction principle for the function
0(2) :== ma(2) — mac(2). The rest of the proof is exactly the same as the one for Lemma 28,
so we omit the details. |

B.3.3 MULTIVARIATE GAUSSIAN CASE

One main difficulty for the proof is that the entries of ZWUA and Z®V are not independent.
However, if the entries of Z(!) and Z(® are i.i.d. Gaussian, then by the rotational invariance
of the multivariate Gaussian distribution, we have that

7MpA L AN AN Vs 4 7(2)

In this case, the problem is reduced to proving the local laws for G(z) with U = Id,x, and
V' = Idpxp, such that the entries of ZWA and Z®@ are independent. In this case, we use
the standard resolvent method, as in e.g., Bloemendal et al. (2014), to prove the following
proposition. Note that if the entries of Z(1) and Z? are i.i.d. Gaussian, then Z() and Z(?
have bounded support ¢ = 1 by Remark 19.

Proposition 30 Under the setting of Theorem 27, assume further that the entries of Z()
and Z@ are i.i.d. Gaussian random variables, and U = V = Idpxp. Then, the estimates

(B.10), (B.11), and (B.12) hold with Q = 1.

The proof of Proposition 30 is based on the following entrywise local law.

Lemma 31 (Entrywise local law) Under the setting of Proposition 30, the averaged local
laws (B.10) and (B.11) and the following entrywise local law hold with Q@ = 1:
sup max |Gap(2) — Gap(2)] < n 2. (B.31)
zeD Cl,bEI
With Lemma 31, we can complete the proof of Proposition 30.
Proof With estimate (B.31), we can use the polynomial method in Section 5 of Bloemendal
et al. (2014) to get the anisotropic local law (B.12) with @ = 1. The proof is exactly the
same, except for some minor differences in notations. Hence, we omit the details. |

The rest of this subsection is devoted to the proof of Lemma 31, where the resolvent G
in Definition 26 becomes

Ciddy,,  nol2Az0T poizze)T \ T

G(z)=| n2ZON  —Idp, xn, 0 : (B.32)
n—1/2Z(2) 0 _Idn2><n2
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To deal with the matrix inverse, we introduce resolvent minors.

Definition 32 (Resolvent minors) Given a (p + n) X (p + n) matrix A and ¢ € I, the
minor of A after removing the c-th row and column is a (p+n —1) x (p+n — 1) matriz

denoted by A := [Agp : a,b € T\ {c}]. We keep the names of indices when defining A,
i.e., A‘(IZ) = Agp for a,b # c. Correspondingly, we define the resolvent minor of G(z) by

-1
—zIdpxp n-12AzMT 12727 ©)

GO = || n2ZOA  —Idy, i, 0
n=1/27() 0 —Idnyxns
We define the partial traces m'(z), méc)(z), mgc)(z) and méc)(z) by replacing G(z) with
G(‘)(z) in equation (B.5). For convenience, we will adopt the convention that ng) =0 if
a=corb=c.

The following resolvent identities are important tools for our proof. All of them can
be proved directly using Schur’s complement formula, cf. Lemma 4.4 of Knowles and Yin
(2016). Recall that the matrix F is defined in equation (B.3). We do not assume U and V
are identity matrices for Lemma 33 and Lemma 34 below.

Lemma 33 We have the following resolvent identities.

(i) Fori € Zy and p € Iy Uy, we have

1 , 1
— = —2— (FGWFT —— =—1—(FTGWF) . B.
Gii ? ( ¢ )n" G ( G )uu (B.33)
(ii) Fori€Zy, pe iUy, acZ\{i}, and b € T\ {u}, we have
G (4) - _ T
Gia = ~Gii (FG ) Gup = =Gy (FTG >#b' (B.34)

(i1i) For ¢ € T and a,b € T\ {c}, we have

_ Gachb

chb) = Gap Gee

(B.35)

We claim the following a priori estimate on the resolvent G(z) for z € D.

Lemma 34 Under the setting of Theorem 27, there exists a constant C' > 0 such that with
overwhelming probability the following estimates hold uniformly in z,z' € D:

|G(2)|| < C, and (B.36)
HG(Z) —G(z')H <Clz -7 (B.37)
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Proof Our proof is a simple application of the spectral decomposition of G. Let
P
FZZ\/%&@C}I, 1 =2 = =y =2 0=y = ... = Uy,
k=1

be a singular value decomposition of F', where {fk}zzl are the left-singular vectors and
{Ck}7_, are the right-singular vectors. Then, using equation (B.6), we get that for i,j € Z,
and p,v € 7y UL,

L &) S Gl
Z ot =7y ok (B.38)

—z
=1 Hk k=1 Hk

o= G — erk )L (1) 539

Mk — 2
Using the fact n_lVTZ(Q)TZ(Q)V < FFT and Lemma 22, we obtain that
Hp = Ap (n_lZ(Q)TZ(Q)) >cr W.0.p.,

for a constant ¢, > 0 depending only on 7. This further implies that

f — - — (logn) ™t
58, Ik — 2l 2 e = logn)

Combining this bound with estimates (B.38) and (B.39), we can conclude that estimates
(B.36) and (B.37) are both true. [ |

Now, we are ready to give the proof of Lemma 31.
Proof In the setting of Lemma 31, we can write equation (B.3) as

FLp12az07 707,

We use the resolvent in equation (B.32) throughout the following proof. Our proof is divided
into four steps.

Step 1: Large deviation estimates. In this step, we prove some large deviation estimates
on the off-diagonal G entries and the following Z variables. In analogy to Section 3 of Erdd&s
et al. (2013) and Section 5 of Knowles and Yin (2016), we introduce the Z variables

Zyi= (1-E)[(Gaa) '], w€T,

where Eq[-] := E[- | H®] denotes the partial expectation over the entries in the a-th row and
column of H. Using equation (B.33), we get that for i € Zy,

22 ) 1 )
Z="0% G0 (0w — 2020 )+~ X 6 (0w - 2027

v ETY V€L

by 1) (2) (i

DY 2302364, (B.40)
peL,vels
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and for p € 77 and v € 1o,
1 1 2) (2
2=~ > ANGY (05— 202, = Z ¢ (0 - 2225)) . B4
1,5€7Lo ,]EIO

Moreover, we introduce the random error

(B.42)

o -1
A, = Iﬁljg( ‘Gaa G
which controls the size of off-diagonal entries.

Lemma 35 Under the assumptions of Proposition 30, the following estimate holds uniformly
imzeD:

Ay + max |Zy| < n /2, (B.43)
acl

Proof Note that for a € Z, H® and G(@ also satisfy the assumptions of Lemma 34. Hence,
the estimates (B.36) and (B.37) hold for G(® with overwhelming probability. For any i € Zy,
since G® is independent of the entries in the i-th row and column of H, we can apply
equations (A.8), (A.9), and (A.10) to equation (B.40) to obtain that

Bl Z\ G (b - 2028 [+ | S 2D 2Pl

k=1 p,veTy nel,vels

<o( 3 wer) <o

e ULy

Here, in the last step we used equation (B.36) to get that for u € Z; UZs,

SO <N et = (G(“G@*) —0(1), (B.44)

veT UL, acZ e

with overwhelming probability, where G®” denotes the conjugate transpose of G . Similarly,
applying equations (A.8), (A.9), and (A.10) to Z, and Z, in equation (B.41) and using
equation (B.36), we can obtain the same bound. This gives that max,ez | Z4| < n=1/2,

Next, we prove the off-diagonal estimate on A,. For i € Z; and a € 7\ {i}, using equations
(B.34), (A.8) and (B.36), we can obtain that

GGl 5072 Y 206

+n 23 286

eIy pnels
_ 1/2 _
<n 1/2< Z \foc)l] > <n~ Y2
pnELLUL,

Using exactly the same argument, we can get a similar estimate on ‘G Gub| for p € Ty UZy
and b € T\ {u}. This gives that A, < n~1/2. [ |
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Note that combining equation (B.43) with the bound in equation (B.36), we immediately
conclude equation (B.31) for off-diagonal resolvent entries G4, with a # b.

Step 2: Self-consistent equations. In this step, we show that (mq(z), ma(2)) satisfies the
system of approximate self-consistent equations in equation (B.29) for some small errors &;
and &. Later in Step 3, we will apply Lemma 29 to show that (m(z), ma(z)) is close to

(m1e(2), mac(2)).
By equation (B.23), the following estimates hold for z € D:
[mac(z) = mic(0)] S (logn) ™, |mae(z) — ma2c(0)] < (logn) ™.
Combining them with the estimates in (B.21), we obtain that uniformly in z € D,
Im1e(2)| ~ [mac(2)] ~ 1, |24+ Mrimi(2) + romoc(2)| ~ 1. (B.45)
Moreover, using equation (B.20), we get that uniformly in z € D,
1+ mme(2)] = [ma (2)] ~ 1, 1+ ymmoe(2)| = [mi! (2)] ~ 1, (B.46)

where we introduce the notations

me(z) == —11) Z ! , (B.47)

oz A rimac(z) 4 remac(2)

p
) A? .
piz+ )\?Tlmh:(Z) + romac(2)

moc(2) = (B.48)

Later, we will see that m.(z) and mq.(z) are respectively the asymptotic limits of m(z) and
mo(z) defined in equation (B.5). Applying equation (B.45) to equation (B.7) and using
equation (B.19), we get that

|Baq(2)| ~ 1 uniformly in z€ D and a€Z.

Now, we define the following z-dependent event
=(2) 1= {Ima(2) = mac(0)] + |ma(z) — mac(0)] < (logm) 7. (BA9)
With equation (B.45), we get that on =Z(z),
Ima(2)] ~ [ma(2)| ~ 1, [z + Arima(2) + rama(2)] ~ 1, (B.50)

We claim the following key lemma, which shows that (mq(z), ma(z)) satisfies equation (B.29)
on =(z) for some small (random) errors & and &s.

Lemma 36 Under the setting of Lemma 31, the following estimates hold uniformly in z € D:

1 Tn - A2 1 _1
15)|—+1-» i <nl4n20+|2+|[Zh], (B.51
(=) ;z—i-)\%nml—i—rgmg " " [[Z]o] + 1211 ( )

50



PRECISE HIGH-DIMENSIONAL ASYMPTOTICS FOR QUANTIFYING HETEROGENEOUS TRANSFERS

and

= |1 Tn . 1 -1 -1
1) |—+1-— — < +n"20 + || Z]]| + || Z]2], B.52
(Z) z; 2+ A2rymy + romy n n [Z]] + [[Z]2] ( )

where we introduce the notations

= [ma(2) = mic(2)] + [ma(2) — mac(2)]; (B.53)

and

1 Z;
2] = >

(2 4+ A2rimic + ramac)?’

i€Ty
1 )\ZZZ'
Zlp 1=~ . ’ B4
[Zlo p zeZI: (z + Mrimae + szzc)2 (B0
Z Z,, Z 2.
uezl V€I2

Proof Using equations (B.33), (B.40) and (B.41), we can write that

1 A

?ﬁ:_z_ n ZG(Z ZG + Zi = —2 — N2rymy — roma + &, Vi € Ty, (B.55)
B
Gup

eIy MGIQ
Z NGW Lz, = 1~ yumo+ &LV e Ty, (B.56)
ZEZO
1 1 ()
e :—I—EZG% +Z,=-1—vyym+E,Vv €L, (B.57)
vy i€Zp

where we denote (recall the notations in equation (B.5) and Definition 32)
E =2 + )\?rl (mq — mgl)) + ro(mg — mgi)), and
Eu =2, + n(mo — m(ou))7 E =2, +(m— m(”)).
Using equations (B.35), (B.42) and (B.43), we can bound that

Gm Gip

i 1
i —m{’| < — Y < A2 Gy < n L (B.58)
ny i
eIy
Similarly, we also have that
|mg — mg)| <n7t |my — m(()“)\ <n7h m=—mW| <nt (B.59)

for i € Zyp, p € Z; and v € Z,. Combining the above estimates with equation (B.43), we
obtain that
max |&| + max [E,] <n V2 (B.60)
€1y peEI1ULy
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From equation (B.55), we obtain that on =,

1 &
Q.. = — — +0< (nt
" 24 Nrima 4+ rame (2 + AN2rymg + rama)? <)
1 Z

1
=— — +0 (nil + n*59) , B.61

zZ+ )\?rlml +romy (24 )\%rlmlc + romac)? = ( )
where in the first step we use estimates (B.60) and (B.50) on =, and in the second step we
use estimates (B.53), (B.58) and (B.60). Plugging equation (B.61) into the definitions of m
and mg in equation (B.5) and using equation (B.54), we get that on =,

1 1
__1 _[2]+0 ( 1 *1/2@) , B.62
" P;Z+A?T1m1+r2m2 21+ O n ( )
1&cLo
2
mo = L > A —[Z]o+ O« (n_l + n_l/Q@) : (B.63)
P ® + A?T1m1 + roma

Comparing these two equations with estimates (B.47) and (B.48), we obtain that

_1/2, w.0.p. on =.

Im(z) = me(2)| + [mo(z) —moc(2)] < (logn)
Together with equation (B.46), this estimate implies that
14+ v,m(2)| ~1, [1+~,mo(z)]~1, w.op. on ZE. (B.64)

With a similar argument as above, from equations (B.56) and (B.57) we obtain that on =,

1 Z 1
G _ L +0.(n4ni0), ped, B.65
e T+v,mo (14 9,mp)? = s ! ( )
1 Z 1
G,y = — — = + 0 (n_1+n_§@>, v € I, B.66
v IL+v,m (14 y,m)? = 2 ( )

where we used estimates (B.53), (B.59), (B.60) and (B.64) in the derivation. Taking averages
of equations (B.65) and (B.66) over u € Z; and v € Zs, we get that on =,

=TT inmo ¢ Jijno)z +0< (”71 + ”7%@) ’ (B-67)
M=y +17nm S iifmﬁ +0< (”71 + ”7%@) ’ (B.68)

which further implies that on =,
n/1”+1+7nm0<n1+né@+\[3]1!, (B.69)
W1L2—|-1+7nm<n_l+n_;@+|[z}2|- (B.70)

Finally, plugging estimates (B.62) and (B.63) into equations (B.69) and (B.70), we get that
equations (B.51) and (B.52) are true. [ |
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Step 3: Entrywise local law. In this step, we show that the event Z(z) in (B.49)
actually holds with overwhelming probability for all z € D. Once we have proved this fact,
applying Lemma 29 to equations (B.51) and (B.52) gives that (m(z), ma(2)) is close to
(m1e(2), mac(2)) up to an error of order O (n~1/?), with which we can conclude the entrywise
local law (B.31).

First, we claim that it suffices to show

SIS

|m1(0) — m1c(0)| 4+ |m2(0) — mac(0)| < n (B.71)

In fact, by equation (B.37) we have that uniformly in z € D,
ma(2) — ma(0)] + ma(2) — ma(0)] S (logn) ™" w.o.p.

Thus, if equation (B.71) holds, using the triangle inequality, we obtain from the above
estimate that

Slellg (|m1(2) — m1c(0)] + |ma(z) — mac(0)]) < (logn)™!  w.o.p. (B.72)

The equation (B.72) shows that the event Z(z) holds w.o.p., and it also verifies the condition
(B.28) of Lemma 29. Now, applying Lemma 29 to equations (B.51) and (B.52), we obtain

O(2) = [m1(2) — mac(2)] + [ma(z) — mac(2)]

<07t 4+ 0770(2) + 2] + |[Z]o] + |[Z]1] + [[2]a],
which implies that
0(z) < n~" + |[Z]| + [[Z]o] + [[Z1] + |[Z]2] < n~7, (B.73)

uniformly in all z € D, where we used equation (B.43) in the second step. On the other
hand, with equations (B.65) to (B.68), we obtain that

D=

max |G upu(2) —ma(2)| + max |G (2) —ma(2)| < n

Combining this estimate with equation (B.73), we get that

(NI

max |G (2) — mie(2)] + max |G (2) —mac(z)] < n (B.74)
veTy

K€Ly
Next, plugging equation (B.73) into equation (B.61) and recalling equations (B.7) and (B.19),
we obtain that

N[

Gii(2) — &y
rggfl (2) (2)] <n

Together with equation (B.74), it gives the diagonal estimate

[N

max |Gaa(2) — Mga(2)| < 0 2.

B.75
acl ( )
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Combining equation (B.75) with the off-diagonal estimate on A, in equation (B.43), we
conclude the entrywise local law (B.31).
It remains to prove equation (B.71). Using equations (B.36) and (B.38), w.o.p.,

2\ |2

12 m(0) = 2 3 Gul0) = 5 30 3 0

where we used Lemma 22 to bound p;. Similarly, we can get that mg(0) > 0 and mg(0) ~ 1.
Hence, we have the estimates

-1
2,“1 217

1+ 7,m(0) ~1, 14~,mp(0) ~ 1. (B.76)

Combining these estimates with equations (B.56), (B.57) and (B.60), we obtain that equations
(B.67) and (B.68) hold at z = 0 without requiring the event =(0) to hold. This further gives
that w.o.p.,

)\227”1 79

+ ~ 1.
L+ 9,mo(0) 1+ ~,m(0)

[Ar1im1(0) + rama(0)| = ‘ +0<(n1?)

Then, combining this estimate with (B.55) and (B.60), we obtain that equations (B.62)
and (B.63) also hold at z = 0 without requiring the event Z(0) to hold. Finally, plugging
equations (B.62) and (B.63) into equations (B.69) and (B.70), we conclude that equations
(B.51) and (B.52) hold at z = 0, that is,

L. +1 ! i A <n7z
_ = n-z,
m1(0) n = Afrima(0) + rama(0) (B.77)
1 1 & 1 L |
1—= <n 2.
‘mz(O) T 2 Nrima(0) + rama(0)|

i=1

Denoting y; = —m1(0) and y2 = —m2(0), by estimates (B.67) and (B.68) at z = 0, we
have that

1 1 1
— + O n_1/2 , = — + O n 2).
Y1 1+ 71m0(0) <( ), Y2 1+ 7,m(0) <( )
Together with equation (B.76), it implies that
c<y <1, ¢<yp <1, wop, (B.78)

for a small constant ¢ > 0. Also with equation (B.77), we can check that (riy;, roys) satisfies
approximately the same system of equations as equations (3.2) and (B.16):

riy1 +raye =1 — v, + Ox(n™Y2), flriyn) = r + O<(n/?). (B.79)

The first equation of (B.79) and equation (B.78) together imply that riy; € [0,1 — ~,,] with
overwhelming probability. We also know that r1y; = a; is a solution to the second equation
of (B.79). Moreover, we have checked that the function f is strictly increasing and has
bounded derivative on [0,7] (1 — v,)].
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With basic calculus, we can get that

m1(0) — m1c(0)] = |y1 — ry ton| < 2,

Plugging it into the first equation of (B.79), we get

Im2(0) — mac(0)] = |y2 — 15 "an| < n~12,
The above two estimates conclude that equation (B.71) is true. This concludes the proof of
Lemma B.31. -

Step 4: Averaged local law. Finally, we prove the averaged local laws (B.10) and (B.11).
For this purpose, we need to use the following fluctuation averaging lemma, whose proof is
omitted as it is a standard result in the literature.

Lemma 37 (Fluctuation averaging) Under the setting of Proposition 30, suppose the
entrywise local law (B.31) holds uniformly in z € D. Then, we have that

2]+ [[Z)o] + [[Zh] + [[Z2] < (np)™"/2, (B.80)
uniformly in z € D.
Proof The proof can be found in the works of Erdés et al. (2013). [ |

Now, plugging equations (B.73) and (B.80) into equations (B.51) and (B.52) and applying
Lemma 29, we get

[ma(2) = mic(2)] + [ma(2) — mae(2)] < (np) ™72, (B.81)

Then, subtracting equation (B.47) from equation (B.62) and using equations (B.80) and

(B.81), we obtain that
[m(z) = me(2)] < (np) ="/

This is the averaged local law (B.10) with @ = 1. The proof of law (B.11) is similar. [

B.3.4 ANISOTROPIC LOCAL LAw

Proof In this section, we prove the anisotropic local law in Theorem 27 by extending from
Gaussian random matrices to generally distributed random matrices. With Proposition 30,
it suffices to prove that for Z() and Z®) satisfying the assumptions of Theorem 27, we have

‘uT (G(Z, z) — G(ZG“SS, z)) v‘ =< n*1/2Q,

for any deterministic unit vectors u,v € RP™ and z € D, where we abbreviate that

Z(l) Canss (Z(l))Gauss
Z = <Z(2)> and Z = <(Z(2))Gauss) .
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Here, (Z(1))Gauss and (7(2))Gauss are Gaussian random matrices satisfying the assumptions of
Proposition 30. We will prove the above statement using a continuous comparison argument
developed in Knowles and Yin (2016). Since the arguments are similar to the ones in Sections
7 and 8 of Knowles and Yin (2016), we will not write down all the details.

We define a continuous sequence of interpolating matrices between ZG29S and Z.

Definition 38 (Interpolation) We denote Z° := Z%%ss and Z' .= Z. Let ,0?”- and p}”- be
respectively the laws of ZSZ» and Z;i fori €Iy and p € Iy UZy. For any 6 € [0,1], we define
the interpolated law an =(1- H)p?m» + Hp}“». We work on the probability space consisting of
triples (20,29, Z") of independent n x p random matrices, where the matriz Z° = (Zzi) has

law
IT II Ahaz). (B.82)
1€Ly pe1UIo
For A€ R, i €y and u € Ty Uy, we define the matrix Z&;‘) through
(ZQ,%\ ) . Zzw Zf (]7 V) 7é (Za M)
Wi AN G =)
that is, it is obtained by replacing the (u,1)-th entry of Z9 with X\. We abbreviate that

G'(2):=G(2",2), GlN() =Gz,

We will prove the anisotropic local law (B.12) through interpolating matrices Z? between
7% and Z'. We have seen that equation (B.12) holds for G(Z°, z) by Proposition 30. Using
equation (B.82) and basic calculus, we readily get the following interpolation formula: for
any differentiable function F' : R"*P — C,

0 7 ) 97ZO1'
—IEFZ =y “ ~EF(Z," )], (B.83)
1€Zo pel1 ULy

provided all expectations exist. We will apply equation (B.83) to the function F(Z) :=
F5.(Z, z) for any fixed s € 2N, where

Fuy(Z,2) = ‘uT (G(Z, 2) — (2)] v’ . (B.84)

The main part of the proof is to show the following self-consistent estimate for the right-hand
side of equation (B.83): for any fixed s € 2N, constant ¢ > 0, and 6 € [0, 1],

s 7Z12 s 07Z0i c \S s 0
Yood |BERL (22 ) BN (Zot 2 )| | S (9 + BFG(Z%,2),  (B.85)

1€Zo pe1 ULy

where we abbreviate that ¢ := n~1/2Q. If equation (B.85) holds, then combining equation
(B.83) with Gronwall’s inequality, we obtain that for any fixed s € 2N and constant ¢ > 0,

S

E ‘uT [G(ZY,2) —T1(2)] v| < (n°q)". (B.86)
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Then, applying Markov’s inequality and noticing that ¢ can be arbitrarily small, we conclude
that equation (B.12) is true.

ZO
In order to prove equation (B.85), we compare Z(u) and Z( 0 ‘ via a common ZZ’E),

that is, we will prove that for any constant ¢ > 0, o € {0,1}, and 0 € [0, 1],

S [EFS ( i )—IEFjV (Z&%,z)] —A‘S(ncq)s+]EF§v(Z9,z), (B.87)

1€Ly pe1UIs

for a quantity A that does not depend on « € {0,1}. Underlying the proof of equation (B.87)

is an expansion approach which we describe now. We define the Z x Z matrix A?m’) as

(W) T
R
(1) e#u(“) 0

()

where uz(»”) =AU"e;if pey, u,g”) =V 'e; if u € Iy, and e; and e, denote the standard
basis vectors along the i-th and p-th directions. Then, by the definition of H in equation
(B.4), applying a Taylor expansion, we get that for any \, ' € R and K € N,

K
0.\ 0.\ k 0.\ AN A0\ P K41 0N ( AA=N 02 K+1
Gy =Gyt 172 )Gy (sz) G(m)) tn G (A< )G(m) . (B.88)

Using this expansion and the bound in equation (B.36), it is easy to prove the following
estimate: if y is a random variable satisfying |y| < @ (note that the entries of any interpolating
matrix Z? satisfy this bound), then w.o.p.,

7y —
max max G(/u) O(1). (B.89)

For simplicity of notations, in the following proof, we denote
_ 18 ox\ _ |..T 0, _
Joiy ) = Fa (200) = [u” (6 (20, 2) = () v

We use f to denote the r-th order derivative of f,;). By equation (B.89), it is easy to see

s

that for any fixed r € N, f ) ( ) = O(1) w.o.p. for any random variable y satisfying |y| < Q.
Then, the Taylor expansmn of f(uiy gives

s+4

f(l“ nr/Q Z 4 f(uz ( S+4) '

Therefore, we have that for a € {0, 1},

S G’Zai S 5 (0%
EFsy (Zg") —EFay (20)) = E W (Z5) = fiui(0)]

s+4 /9
_ 1 @) ) a\r s
~E Sy (0) + 5, EIGHO) + 3 S EL0) B(Z) 40 (B0
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To illustrate the idea in a more concise way, we assume the extra condition
E(Z))* =0, 1<p<n, 1<i<p. (B.91)

Hence, the r = 3 term in the Taylor expansion (B.90) vanishes. However, this condition is
not necessary as we will explain at the end of the proof.

Recall that the entries of Z }LZ have finite fourth moments by equation (2.2). Together
with the bounded support condition, it gives that

E(Z) | <Q " r>4
We take )
A =E fu(0) + 3 E f2)(0).
Thus, to show equation (B.87)) under equation (B.91), we only need to prove that for

r=4,--- ,s+4,

KPS ‘Ef((ﬁz ‘ (n°q)" + EFy (2%, 2). (B.92)
1€ZLy pe1UIo
In order to get a self-consistent estimate in terms of the matrix Z 0 only on the right-hand

0,29,
side of equation (B.92), we want to replace ZZ’L?.) in fi.:(0) = FSV(ZZ’S)) with Z¢ = Z(m)‘“.

Lemma 39 Suppose that

-2 r 42 Z ‘Ef((;z Z9

1€To pEL1 UL,

< (n°q)” +EF,(2°) (B.93)

holds forr =4,--- s+ 4. Then, equation (B.92) holds forr=4,--- ;s +4.
Proof The proof is the same as that for Lemma 7.16 of Knowles and Yin (2016). |

What remains now is the proof of equation (B.93). For simplicity of notations, we will
abbreviate Z? = Z in the following proof. For any k € N, we denote

k
Aui(k) = (agm) u' (G-8)v. (B.94)

The derivative on the right-hand side can be calculated using the expansion (B.88). In
particular, it is easy to check the following bound

(RM2 4 R2, ifk>2
A =< ! B.95
A (£ {RE“)R#, i E=1, (B.95)
where for ¢ € 77 and p € 7y UZy, we denote
R = [ Gul |+ vTGul|, R, = |u"Ge,| + v Ge,l. (B.96)
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Now, we can calculate the derivative

s/2

15520 = (55-) Fa@ = ¥ TT (4wt Aulhrer)).

kit tks=rt=1

Then, to prove equation (B.93), it suffices to show that

s/2
2SS S BT At Anlirars)| S (0°0)° 4 EF(Z,2),  (BOT)
1€Lo pe1UZo t=1

forr=4,--- ,s+4 and any (ki,--- ,ks) € N° satisfying k; + - - - + ks = r. Treating zero k;’s
separately (note that A,;(0) = Guv — Gyv by definition), we find that it suffices to prove

l
n2 Y S EAOF [ Al S (00 +EFa(Z,2),  (B9S)
1€Lo pe1UZo t=1
forr=4,--- ;s+4andl =1, ---,s. Here, without loss of generality, we have assumed that

kt—0f0r1+1<t<s ky > 1for1<t<l andzt L ke=r.

There is at least one non-zero k; in all cases, while in the case with r < 2] — 2, there exist
at least two k;’s with k; = 1 by the pigeonhole principle. Therefore, with equation (B.95),
we get that

l
H ikl < 1(r > 20 = 1) [(RIM)? + RE| + 1(r < 20 = 2)(RP)?R2. (B.99)

Using equation (B.36) and a similar argument as in equation (B.44), we can obtain that

S ®RE?2=0@1), S RE=0(1), (B.100)

i€Zo pneL Uy

with overwhelming probability. Using equations (B.99) and (B.100), and n='/2 < n=1/2Q = ¢,
we get that

l
n2 Y T Y T AL O) T A (k)|
t=1

1€y pel1UZo
<¢ ' FLNZ) [1rz 20— DnTt 4 1(r < 20— 2)n7
<SFLHZ) [1(r=20-1)g 2 +1(r <20 - 2)¢"] . (B.101)
If 7 < 21 — 2, then we have ¢" < ¢! by the trivial 1nequahty r > [. On the other hand, if

r>4andr >2l—1, thenr > l+ 2 and we have ¢"~2 < ¢'. Thus, with equation (B.101),
we conclude that

l
-2 r— s— S— s s=l
n2g Yy Y ElALO)PT [ T1Au(k) < ERG(2)d' < BRL(Z2)] ¢

i€To pneT1UT> t=1
SEFL(Z) + ¢,
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where we used Hoélder’s inequality in the second step and Young’s inequality in the last
step. This gives equation (B.98), which concludes the proof of equation (B.93), and hence
of equation (B.87), and hence of equation (B.85), which concludes equation (B.86) and
completes the proof of the anisotropic local law of equation (B.12) under the condition of
equation (B.91).

Finally, if the condition (B.91) does not hold, then there is also an r = 3 term in the
Taylor expansion (B.90): .

(3

a3
e E f(m?)(O)-E(Zw) .

But the sum over i and x4 in equation (B.87) gives a factor n?, which cannot be canceled
by the n=3/2 factor in the above equation. In fact, Ef(gg (0) will provide an extra n1/2
factor to compensate the remaining n'/2 factor. This follows from an improved self-consistent
comparison argument for sample covariance matrices in Section 8 of Knowles and Yin (2016).
The argument for our setting is almost the same except for some notational differences, so we
omit the details. This completes the proof of equation (B.12) without the condition (B.91). B

B.3.5 AVERAGED LocAL LaAw

Proof Finally, in this subsection, we focus on the proof of the averaged local law (B.10) in
the setting of Theorem 27, while the proof of the law (B.11) is exactly the same. Our proof
is similar to that for the anisotropic local law (B.12) in the previous subsection, and we only
explain the main differences. In analogy to equation (B.84)), we define

F(Z,2) = ‘1 S [GalZ,2) — Bi(2)]|.

p i€Zo

Under the notations of Definition 38, we have proved that F(Z°,z) < (np)~'/2 in Lemma
31. To illustrate the idea, we again assume that the condition (B.91) holds in the following
proof. Using the arguments in Section B.3.4, analogous to equation (B.93) we only need to
prove that for Z = Z?, ¢ = n='/2@Q, any small constant ¢ > 0, and fixed s € 2N,

n=2qr4 Z Z

1€Z0 pEIL1 ULy

E( F(2Z)| £ (p7"/*°q)* + EF*(2), (B.102)
07,

for r =4, ..., K, where K € N is a large enough constant. Similar to equation (B.94), let

a k
Ajpi(k) == (az,) (Gjj — 8jj).

Analogous to estimate (B.97), it suffices to prove that

s/2
o 1 1 .
vt S JEI( X Aitin) (5 X Tl
i€Ty peT1ULy | t=1 J€To J€Lo

< (p~VHeg) +EF(2),

~
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for r = 4,..., K and any (ki,---,ks) € N® satisfying k; + -+ + ks = r. Without loss of
generality, we assume that ks =0 for [ +1 <t <s, ke >1for 1 <t <, and Zizl ki =r.
Then, it suffices to prove that

l
n—2qr—4 Z Z E ﬁs—l(Z) H

1€Lo peZ1 ULy

p V) + BE(2),

Z AJ m kt

JGIO

forr=4,..,K and any 1 <[ < s.
Using equation (B.36) and a similar argument as in equation (B.44), we obtain that for
1<t <,

| At 1 (B.103)

Jj€Zo

with overwhelming probability. Moreover, taking u = v = e; in equation (B.96), we define

RUW = le]Gul|, R, :=le] Ge,l.

]Z

Similar to equation (B.100), we have that

S®RWY =01, 3 R, =0(1), wop (B.104)

€L ueIl UZo

Using equation (B.103) and applying equation (B.95) to A; ,;(k¢), we obtain that

l
11| Z Ajpii (kt)

t=1 jEZo

le

J1,j2€Zo

where we use an argument that is similar to the one for estimate (B.99). Summing this
equation over i € Zp, i € 71 UZy and using estimate (B.104), we get that

n~2q" 1 Z Z EF*~(Z) Z Ajui(ke)

1€To pel1UZo t=1 jEIO

< g AEFU(2) [1(@25-1) ~(=Dp=1 | 1(r < 20 — 2)n~2p~ (=D

l

We consider the following cases (recall that 7 > 4 and r > ).
o If r >2l—1and ! > 2, then we have r > [+ 2 and [ — 1 > [/2, which gives
p D= =1 < 7 V2gr=2 < (=120,
o Ifr>2/—1and !l =1, then we have
p D=t <~ < (p 1V 2g)
o If r <2l —2and ! >4, then we have r > [ and [ — 2 > [/2, which gives

pf(lfQ)qr74n72 < pfl/2qr < (pfl/Qq)l'
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o If r <2/ —2and! < 4, then we have r =4 and [ = 3, which gives

pf(l72)qrf4n72 < p71n72 < (p71/2q)l‘

Combining the above cases, we get that

. Z Aj (k)| < Eﬁs_l(x)(p—l/Qq)z'

p J€Zo

l
n—2qr—4 Z Z E ﬁs—l(z) H
t=1

1€Z0 peZ1UZo

Applying Holder’s inequality and Young’s inequality, we can conclude that equation (B.102)
holds, which completes the proof of the averaged local law (B.10) under the condition (B.91).

Finally, even if the condition (B.91) does not hold, using the self-consistent comparison
argument in Section 9 of Knowles and Yin (2016), we can still prove equation (B.10). Since
(almost) the same argument also works in our setting, we omit the details. |

Appendix C. Proofs for the Model Shift Setting

In this section, we present the proofs of Theorems 6, 9, and 10, and Proposition 8. At the
end of this section, we will also derive an approximate estimate of the bias under arbitrary
covariate and model shifts.

C.1 Proof of Theorem 6

The variance estimate (4.1) can be derived from Theorem 3 or equation (3.3). Hence, we
focus on the proof of the bias estimate (4.2). In the setting of Theorem 6, we can write that

L = v 207 7 ( 70T 70 4 @7 Z<2>> 20T 0,
-2
_ T oW <Q(1) N ”2Q<2>> oy,
ni
where we use the simplified notations

v = a2 (5<1> _ 5(2)) o= L0700 @2 o7 e

ny n2

Note that Q(l) and Q(2) are both Wishart matrices. Using the rotational invariance of the
laws of QW) and Q(Q), we can simplify Ly;,s as follows.

Lemma 40 In the setting of Theorem 6, we have that

—1/2 ”V”2
Lbias: 1+O<(p )} 7]? Tr

<Q<1> + Z?Q@)>2 (Q‘”)2] : (C1)
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Proof It is easy to see that the law of the matrix A := Q(l)(Q(l) + %Q(z))ﬂQ(l) is
rotationally invariant. Thus, we have that

.
viAv L |vPE_ 45 (C.2)
el lell

where “Z" means “equal in distribution", and g = (g1,--- , gp) is a random vector that is

independent of A and has i.i.d. Gaussian entries of mean zero and variance one. By Lemma
22, we have that w.o.p.,
Il F < p2[l Al S p~'/?Tr[A).

Using equation (A.21), we get that
lgll = p+O0<(»"?), |g"Ag—TrA| < ||Al|r < p~"/*TrA. (C.3)

Plugging equation (C.3) into equation (C.2), we conclude that equation (C.1) is true. W

Now, based on estimate (C.1), we can write that

dha(t)
de¢

Liias = = [14+ 0207/ v

, where o := ngy/n; and (C.4)
t=0

1
ha(t) := ETr [Q(l) IO OzQ(Q):| :
Hence, to obtain the asymptotic limit of Ly,s, we need to calculate the values of hy(t) for ¢
around 0. Without loss of generality, in the following proof, we mainly focus on the case
that 0 < a < 1. That is, the ratio between ny and n; does not grow with p. Later, we will
explain how to extend the proof to the o > 1 case.

We calculate h(t) using the Stieltjes transform method in random matrix theory and
free additive convolution (or free addition) in free probability theory. We briefly describe the
basic concepts that are needed for the proof and refer the interested readers to classical texts
such as Bai and Silverstein (2010) for a more thorough introduction. The Stieltjes transform
of a probability measure p supported on R is a complex function defined as

o0
mu(z) = / dL(x), for z € C\ supp(p). (C.5)
0 T—2
Given any p x p symmetric matrix M, let pps == p~* > i O M) denote the empirical spectral
distribution (ESD) of M, where A;(M) denotes the i-th eigenvalue of M and dy,(py) is the
point mass measure at \;(M ). Then, it is easy to see that the Stieltjes transform of up; is

My (2) 1= EZ )\(]\11)—2 = ;Tr [(M — zIdep)fl] )
i=1""

Given two p x p matrices A, and By, suppose their ESDs 4, and up, converge weakly
to probability measures p4 and pp, respectively. Let U, be a sequence of p x p Haar
distributed orthogonal matrices. Then, it is known in free probability theory that the ESD
of A, + UpoUpT converges to the free addition of p4 and pp, denoted by pua B up.
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It is well-known that the ESDs of Wishart matrices Q1) and Q2 converge weakly to
the famous Marchenko-Pastur (MP) law (Marcenko and Pastur, 1967): nugu) = 1M and
Ho@) = 1? where p and x® have densities

. 1 . ;
(4) (@ _ _ @ o .
1Y (CU) = 27Tfi$ \/()\+ :1:)(3: AL )1956[)\@,>\$>}’ 1= 1, 2,

where we denote & = p/n; and the spectrum edges are given by )\gi) := (14+/&)%. Moreover,
the Stieltjes transforms of p) and ;2 satisfy the self-consistent equations

z&mi(i) —(1—=&—2)m,m+1=0, i=12

With this equation, we can check that gi(mu(i) (z)) = 2z, where the function g; is defined by

S, =12 (C.6)

The sharp convergence rates of p15(1) and jig(2) have also been obtained in Theorem 3.3 of
Pillai and Yin (2014), that is,

dic (1o, ) <p7', =12, (C.7)

where dx denotes the Kolmogorov distance between two probability measures:
dg (MQ(MH(I)) = SUE ’ﬂQ(i) ((—OO,JZ‘]) - ILL(’L) ((_OO7$])) :
HAS

For any fixed «,t > 0, the ESDs of aQ®@ and 9 + 1§(Q(1))2 converge weakly to two

measures ,ug) and ,u,gl) defined through

1
,ug)((—oo,x]) = /1o<y€(—oo,a:]d:u(2)(y)7 ,ug )((—OO,:U]) = /1y+ty2€(oo,z]d/$(1)(y)'
Hence, their Stieltjes transforms are given by

1 z B dpM(z)
mu((lz) (Z) = amu(z) (a) s mugl)(Z) = / m (08)

Note that the eigenmatrices of o 4 1E(Q(1))2 and Q@ are independent Haar-distributed
orthogonal matrices. Hence, the ESD of oW 4 t(Q(l))2 +aQ® converges weakly to the
free addition ugl) H ug). In particular, we will use the following almost sharp estimate on

the difference between the Stieltjes transforms of HoM) 14(Q)2+aQ( and ugl) H Mﬁf).

Lemma 41 In the setting of Theorem 6, suppose a,t € [0,C] for a constant C > 0. Then,
we have that

1 1
‘PTr [Qﬂ) +t(QM)2 + aQ(z)] —m g, (2= o)‘
1
~p +dx ('uQ(l)—i—t(Q(l))% u,?”) + dg (%Q(’z),ug)) . ©9)
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Proof This lemma is a consequence of Theorem 2.5 of Bao et al. (2017). In fact, equation

(C.9) is proved for z = E+in with E € supp(y; (1 )Hﬂ,u((l )) and 1 > 0 in a follow-up work of Bao

et al. (2017), but the proof there can be repeated almost verbatim in our setting with z = 0. B

With the above lemma, in order to calculate the right-hand side of (C.4), we need to
calculate 8tmy“’aﬂu(2) (2 =0) at t = 0. This is given by the following lemma.
+ (oY

Lemma 42 We have

d 1 =2f1(a) f3(a) + fa2(a) f3(a)?
dt M(I)EEMO) (0) o - 1 — ngQ(a)f?)(a)Q ) (ClO)
where the functions f1, fo and f3 are defined as
fila) == mug)ﬁug)(())
_ 2 RNTGREY
a(l—&)+ (1 —&)+ V[l — &)+ (1 - &) +4a(é + & — &)
. 1 &1 !
1) = (G~ T ah@r) (©12
fala) = —— 2 (C.13)

L+ o fi(a)

Proof We calculate the Stieltjes transform of the free addition uﬁl) =a! ug) using the following

lemma. The following lemma is known in the literature.

Lemma 43 Given two probability measures, 1 and ps on R, there exist unique analytic
functions wi,wq : Ct — CT, where CT := {2z € C : Imz > 0} is the upper half complex
plane, such that the following equations hold: for any z € CT,

My (wo(2)) = My (wi(2), - wilz) +wa(z) — 2= —W- (C.14)

Moreover, my,, (w2(2)) is the Stieltjes transform of pi B po, that is,

My B (2) = My (w2(2)).

We now solve equation (C.14) for pu = ugl) and pe = ,u((f) when z — 0:

1

muin(wz(a,t))’ (C.15)

mﬂtu)(wQ(oz,t)) =m ) (wi(ayt)), wi(a,t) +we(a,t) =—

where, for simplicity, we omit the argument z = 0 from wi(z = 0, a, t) and wa(z = 0, o, t).
Using the definition of m @ in equation (C.8), we can check that

ago (am#&m(z)) =z, (C.16)
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where g9 is defined in equation (C.6). Applying equation (C.16) to the first equation of

(C.15), we get that
o} 1

1+ &am gy (we) m m (wa)
My Hi

w1 =

Plugging this equation into the second equation of (C.15), we get that
@
1+ &am ) (w2)
Hy

+wr=0 & a+tws 1+a§gmu<1>(w2) =0. (C.17)

This gives a self-consistent equation of m g, (z=0) = m (wa(ayt)).
t o t

Now, we define the following quantities at ¢t = 0:

fila) == mu(<)1> (wa(e,0)) = muénaaul(f) (z=0),

dm )(z) ()
Ko - = [/ —r = —wo(
- [ e = e

dz
First, from equation (C.17) we can obtain that equation (C.13) is true. Using the fact that
g1 in equation (C.6) is the inverse function of m ), We can write equation (C.17) into an
0

fo(a) ==

z=wa(e,0)

equation of f; only when ¢t = 0:

a+< : 1)(1+a§2f1)

1+&fi N
This equation can be reduced to a quadratic equation:
aGr+&—a&) ff+[al-—E&)+(1-&)fi-1=0. (C.18)

By definition, f; is the Stieltjes transform of ,u(()l) H u(f) at z = 0. Since uél) Eﬂ,ug) is supported
n (0,00), f1 is positive by equation (C.5). Then, it is not hard to see that the only positive
solution of equation (C.18) is given by equation (C.11). Finally, calculating the derivative
of m o using its inverse function, we obtain that fo(a) = [¢}(f1)]!, which implies that
equatlon (C.12) holds.
To conclude the proof, we still need to calculate 0tmu(1)(w2(a,t))\t:0. Taking the
t
derivative of equation (C.17) with respect to t at t = 0, we get that
wa(a,0) - [1 4+ abafi(a)] — adafs(a) - 5tmugl)(w2(a,t))‘t70 =0. (C.19)
Using equation (C.8), we can calculate that

1D () B (22 — dw(a, t)]du™ ()
8tm M y(wa(a, t)) = O /m+t:1:2 —wnlant) / [z + t22 — wa(a, )2

Taking ¢t = 0 in the above equation, we get that

o, m(w@(a,0)|

2 — wola, 0))2 4 2wa(a. 0)(z — wola woler. 0021d D (2
:atw(a,()).fQ(a)_/K 2(a,0))? + 2us [;0>_<w2(a720<)]2,0>>+ 2(a,0)%]dp D ()

=dw(a,0) - fola) — 14 2f1(a)f3(a) — fala) f3(a)?.
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We can solve from this equation that

Do(ar, 0) = 1= 2fi(0) fs(@) + fao(a) fo(e)?]

3tmu<1> (wa(ay, t))’
t =

1
T |

Inserting it into equation (C.19), we can solve that

_ 1=2fi(a)f3(e) + f2(04)f3(04)2'

o, (wa(a, 1))

—0 1 = %f2(a)f3(a)
1+ f1(a)
Using (14 aéafi(a))~! = a1 f3(a) by equation (C.17), we conclude Lemma 42. |

Now, we are ready to give the proof of Theorem 6.
Proof The estimate (4.1) is a special case of Theorem 3 with M = Id,x,. For a sanity check,
we show that it is consistent with the result obtained from the free addition technique. We
can write the variance term (2.10) as

1 po? 1 1
_ 2 — .z -
frar =7t [nlg(l) n mg(z)} = b [Q(l) n aQ(@} | (020
Combining Lemma 41 with estimate (C.7), we get that
1 1 1
‘pTr [M] - muél)Eﬁuff)(O)‘ s

Recall that m,o (0) = fi(«) by estimate (C.11). Plugging into a@ = ng/n1, we indeed
0

Bul
get that = f(a) = L.
Next, for the bias term, we first consider the case & = na/n; < 1. Recall that the bias

limit is given by estimate (C.4). Taking ¢t = p~ /2, we can use Lemma 22 to check that
w.0.p.,
dhoc(t) o ha(t) — hoz(o) < ¢
at |, t ~

Similarly, we have w.o.p.,

dmugnmug) (0)
dt¢

- muil)ﬁﬂug) (0) — muél)EE,ug) (0)
t

t=0

On the other hand, using Lemma 41 and estimate (C.7), we get that

ha(0) —m

(0)] +

1
AL ha(t) — mugl)ﬁﬂu((f)(o)’ < b

Combining the above three estimates, we obtain that

- dmugl)ﬂﬂug) (0)
=0 dt

|ha(0) — (1), (O)] + |[halt) — M0 ,@ (0)]
t

dha(t)
dt

<t+

t=0
<p Y2 (C.21)
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Plugging this estimate into estimate (C.4), after a straightforward calculation estimate using
equation (C.10), we can get the estimate (4.2) when o < 1.

Finally, we consider the a > 1 (recall that o = Z—f) case for the bias term. We rewrite
equations (C.1) and (C.4) as

VI

a?p

Lijes = (14 02(07%)) - D50y [(a—lg(l) +o@)” (Q(l))z]
dha(t)
dhalt)

)

t=0

=~ (1+00h) P&

where & := o~ = ny /ny and hg(t) is defined by

hia(t) = LTy [ L } .

p LaQW +¢(QW)2 + Q@
We can estimate dhd#t(t) 0 in the same way as dhgt(t) ’t:o for & < 1, by establishing analogues
of Lemma 41 and Lemma 42. Through these calculations, we can find that &2 dhd#t(t)
t=0
converges to the same asymptotic limit as dhgt(t) ‘ as expected. However, the error term
t=0
becomes
1 7%’112
~2 _1 p 1
os@»p2)=0s| —1- ],
<(ap2) <<(n1—|—n2)2>
where we use that o < nf—ﬁn when ny < ng. This concludes equation (4.2) for the case when

a > 1. [ |

C.2 Proof of Proposition 8

Proof Let a = p~!Tr [EW]. Since [|(ZM)/2 (81 — g@) |12 = (2 + O(p~¥/2*+¢))p?a with
high probability, the limit of L(GHFS) is equal to

2 2
+n2 —p) + prang
l(ny) := o?Ly + 2u%al :aip—l—Z 2a.n1(n1 . C.22
(m1) LAt ny+ng —p : (n1 +n2)?(n1 +n2 — p) ( )
By Theorem 6, we have that with high probability,
L(BE™S) = (14 0(p/2%)) - t(m), (C.23)

By equation (3.3), with high probability over the randomness of X ()| the excess risk of the
OLS estimator is

. 2
LBOS) — o2 . Ty [2(2) (X<2)TX<2>)—1} = (1+0(p1+9)) - @L—pp‘ (C.24)
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Thus, whether or not L(85PS) < L(B9™S) reduces to comparing £(n;) and 2. Let h(n1)
be their difference:

ni(ny +ng —p) +pny a*pny
(m +n2)?(m +n2—p)  (m+n2—p)(n2—p)

h(ny) = 2p’a

The sign of h(n1) is the same as the sign of the following second-order polynomial in n;:

h(n1) = 2p*a(ng — p)(n1 (n1 +nz — p) + pnz) — o*p(n1 + )
= (2,u2a(n2 —p) — 0'2p) n? + (2ula(ng — p)? — 20%png)ny + (2u2a(n2 —p)png — azpng).

2

Let Cp, C1, Cs be the coefficients of n{,nl, n? terms in ﬁ(nl) We prove each claim as follows.

1. If p2a < Q(T‘ifp), then Cy, C1, Cy are all non-positive, which gives B(nl) <0.

2. If 2(527210) < pla < 2(n ) then Cy > 0 and Cy < 0. Thus, h(nl) has a positive root

and a negative root. Let the positive root of h(n1) be ng € R. Then, h(ny) < 0 if
n1 < nog, and h(ny) > 0 otherwise.

3. If p?a > ("22”2 L then Cy and Cs are both non-negative. Furthermore, we can check

that C7 > 0 using the assumption ns > 3p. Hence, we have h(nl) > 0 for all ny.

Combining these three cases with equations (C.23) and (C.24) concludes the proof. |

C.2.1 PROOF OF THE DICHOTOMY

Proof The derivative of £(n) is equal to
2

o= N (07 () (D))

where we denote n = ny + na. Hence, the sign of ¢/(n1) is given by the sign of the following
function:

=2 (1=52) (1) (1= 1) + 2P gl

Under the assumption n > no > 3p, we see that

) > 21y (1 B 2p> <1 B g) _ (2 —p) 0.

n? n n n3

i.e., f(n) is strictly increasing with respect to n. Hence, if f(ng) > 0, then case 1 holds;
otherwise, if f(ng) < 0, then case 2 holds. This concludes the proof. |
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C.3 Proof of Theorem 9

Proof Since XM and X are both isotropic Gaussian matrices, with high probability, they
satisfy the following normalization conditions: there exists a constant ¢ > 0, such that for
i = 1,2 and any vector 8 € RP,

< jﬁ |x @6 <~ pei (C.25)

where we use X 7@ to denote the j-th column of the matrix X @ . For reference, see, e.g.,
Section 3.2 of Raskutti et al. (2011). These two estimates also follow directly from Lemma
22. For the rest of the proof, we will condition on X and X®), which are regarded as
fixed design matrices satisfying the normalization condition (C.25). For convenience, denote
n =nq + ng and r; = ny/n. Our proof is divided into two cases.

is the minimax lower bound for fixed design linear

2,2 2
i) ( bk < -Z2_| Notice that

O'2p
n1+n2)2 = ni+ng ni+nz
regression when p = 0, i.e., all of the ny + no samples are drawn from the same linear

regression model. Thus, by invoking some standard arguments (see e.g., Example 15.14
of Wainwright (2019)), we can show equation (4.6).

.. n?p? o2p
ii) 1 >
(n1+n2)? ni+ns
2,,2 2
min( (n?jr’; LL Un—zp) This can be done by constructing an O(ryu)-cover of the subset of

parameter vectors.

. Then, we need to show that the minimax rate is at least of order

We next prove each case separately following the arguments in Example 15.14 of Wainwright
(2019).

For case i), we design a covering set, denoted as S = {51, 9~2, e ,gM} u{6t,6?,...,0M},
such that the followings hold:

o {01,60%,...,6M} is a 26-packing of the subset of p-dimensional vectors of Euclidean
length at most 44.

o ng — 0| = pu for i =1,2,..., M. We achieve this by adding a fixed shift a of length p
to 0%, i.e, §' = 0" + a.

e The size of S can be as large as 2P+!,

vy
vy (2)
tasks when the true regression vectors are S(1) = 67 and B®? = 9i. By definition of the
linear model, conditioning on X and X2, IP; follows a multivariate normal distribution

For any j = 1,..., M, let P; denote the law of the label vector y = ( > of the two

(L) gi
N <(§(2)Zj) ,O'QIann>. Similarly, for any k # j, let Px denote the law of the label vector

when the true regression vectors are 0k and 6%, By standard facts on the KL divergence
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between two normal distributions, we have

Drc(P[Py) = % <HX<1>(5J' _ gk)Hz +[xew - 9k)“g>

N

1 ~ . 2
ﬁ(c_inHQJ 79]“H2+c_2n2H03 kaH )
o

n : 2 32n42
g 9] - ekH < 9
2¢202 H c2o?

where we use equation (C.25) in the second step. We need the above bound to satisfy the
following condition (see equation (15.35b), Section 15.3.3 of Wainwright (2019)):

1 32n42
5 log |S] > 2,7 +log 2, (C.26)
which can be satisfied by setting 6% = 01267025 for large enough p. Thus, we conclude that

inf supIE [ HX 6 B2 )H ] inf sup E [Hﬁ B H ] (C.27)
B e B e

2 2 2,2 2
25726020207 U SR
2 200n ~ 400 \ (n1 +n2)?  ni+no

Next, we consider case ii), which is further divided into two cases. If 72u% > %2;’, then
the source task samples are not helpful in improving the rate. In this case, we just need to
follow a similar calculation as above, but use the label vector y = Y instead with the KL

divergence ﬁ }|X(2)(0i — Gk)HQ. Then, the lower bound in equation (C.27) becomes
i02p>02 O'p+ o’p '
200 no 400 ny + no

On the other hand, if - +n <riu? <P 2 , we again construct a 2d-packing of the subset

of p-dimensional vectors of Euclidean length at most 49, but we choose the label vector as
y =Y @ Following a similar argument as above, we reach the conclusion that

32156
D (Pj|[Py) < a7

By setting 6% = 6217“5(1)1,2’ we know that the above bound is less than %(p — 1)log 2. Thus, the
condition for the KL bound (C.26) is satisfied. Hence, the lower bound in equation (C.27)

becomes
8 _ g’ & < nip? a’p )
(n1+n2)?2 ni+ng/)’

2 200 ~ 400

Combining all three cases together and renaming the constant ¢, we complete the proof of
estimate (4.6). [ |
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C.4 Proof of Theorem 10

Theorem 10 can be proved in a similar way to Theorem 6 by using free additions.
Proof In the current setting with (2 = Id, we denote a = ny/n; and

oW .= x0T yw - Lym2,mT ;o012 g@ .~ L0740,

ni ni n2

In terms of these notations, Ly, still satisfies equation (C.20), and Ly, satisfies a similar
equality as estimate (C.1):

2 —

dha(t)

= - (1 + O<(p_1/2)) - 2p7 “a

(C.28)

I

t=0

where we use that under the random-effect model, 1) — 3 has i.i.d. Gaussian entries of
mean zero and variance 2u2/p.

The ESD of QM) converges weakly to a deformed MP law p(!) determined by the
eigenvalues of (1) (Marcenko and Pastur, 1967) as described below. Let p(® be the

asymptotic ESD of Q(O) = X(l)X(l)T/nl. Since Q(O) has the same non-zero eigenvalues as
OM and n; — p more zero eigenvalues, we have that

L0 P M

ny ny

Hence, the Stieltjes transforms of 1(®) and p() satisfy the following relation:

ni ny —p
mu(l) = ?mu(o) =+ Dz .

Moreover, similar to (E.3), My, (0) satisfies the deformed MP equation

1 1< ot
m o(z):_HrTZ O ’
p(© Limd L4077 m,0(2)

(1

where 0,7, i = 1,---p, are the eigenvalues of »(@). Thus, we have that go(mu(o)(z)) =z,
where recall that the function go is defined in (5.1). The sharp convergence rate of 1o
follows from Theorem 3.12 of Knowles and Yin (2016):

dg (MQ(O),M(O)> <p L.

Similar to the proof of Theorem 6 in Appendix C.1, we need to calculate m (g, (0)
t «
and its derivative 8tmﬂ<1)83#<2> (0) at t = 0. First, we follow exactly the same argument as in
+ a
the proof of Lemma 42 and derive the self-consistent equation (C.17) for wa(c,t). Then, we

again introduce the following functions:

fila) = muén(wz(a,o)) = %mu(‘” (wala,0)) + 2%7
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dmu(()n (2)

fale) = dz

> f3(a) = —(,Ug(a,()).

z=w2(a,0)

We rewrite equation (C.17) at t = 0 and « = ny/n; as

( + Z - §2> +ws - [1 + m,0 (w2(a,0))| = 0. (C.29)

Using the fact that gg is the inverse function of m,(0), We can rewrite (C.29) into an equation
of yo 1= m, 0 (w2(a, 0)) at ¢ = 0:

ny+ng —p

+ 90(vo) - (1 + o) =0,
ni

which is the equation (5.2). We can express fi(«) and f3(«) as in equation (5.3). Regarding
f2, we have that

—Em’ wala __m-p _ n o m—p '
fola) = » 0 (w2(a, 0)) plwa(a,0)2  p-golyo) - [90(v0)]?

Finally, following the argument below line (C.19), we can obtain line (C.10).
From these calculations, we obtain m Jors @ (0) = fi(a) and BthmEEM(z) (0)]t=o given
t e

by equation (C.10). Plugging them into equatlons (C.20) and (C.28), we conclude the proof. B

C.5 An Approximate Estimate under Covariate and Model Shifts

With the local convergence of the resolvent, we can also derive an approximate estimate of
the bias under arbitrary covariate and model shifts, which may be of independent interest.
The accuracy of this estimate increases as nj/p increases.

Theorem 44 (Anisotropic covariance) Under Assumption 1, if ny > p, then for any
small constant ¢ > 0, with high probability over the randommness of the training samples, the
following holds:

‘me |z (50 — gy
:O<< Ti+n§/@1/2+c) >HE 1/2(ﬁ(1)75(2))H2' (C.30)

Above, \1 and A, are the largest and smallest singular values of M, respectively. 11 is a p X p
matrix defined as

n% MagMTM+oz4+1
(m+n2)?2 " (M TM + ay)?
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where a and ag are defined in equation (3.2), and as and ay are the unique positive solutions
of the following system of equations:

1 < 1
Oé3+0(4 = nl—l—nQ ;)\?a1+a27
n 1 i A (a3 — aray) i Aa (C.31)
a3 = .
nt+ng = (Mg + a2)2 Cng+ng ~ (Ao + OQ)

Proof We first show an estimate on

1/2

$-19(1) (5(1> _ 5(2)) H2

We claim that for any small constant ¢ > 0, there exists a high probability event on which
the following estimate holds:

f/biaus = n% HE@)

B - 2500 ] <0 (- ) o

Define the vector v := VTZ(Q)A/QE(U (6(1) — 6(2)) € R?, and its embedding in RP*",
w = (v',0])T, where 0, is an n-dimensional zero vector. Then, we can write that
~ n2
Lpias = WT T L T W = 2 T G/(O)
(AUTZO) ZWUA+VTZ@) " Z22)V)2 n

where G’(0) denotes the derivative of G(z) with respect to z at z = 0. Again, we introduce
the truncated matrices Z() and Z® in equation (B.13). With a similar argument as in
the above proof of Theorem 3, we can show that (B.12) holds for w' G(z)w on the event
== {Z(l) =zW 72 = Z?)}. Combining equation (B.12) with Cauchy’s integral formula,
we get that on =1,

T T
, w G _ 1w G(z)w _1 9
w! G0 27717{ om b2 4O« EQlwl (C.33)
=w' &(0)w+0<(n"2Q|w]?),
where C is the contour {z € C: |z| = (logn)~'}. With equation (B.7), we can calculate the
derivative w' &(0) w as

VT agAQ + (1 + Oz4)1dp><p v

T g/ _
w6 (0) W= (a1A2 + OéQIdep)Z ’
where
e e day (2) ar e das(z)
i dz |’ T dz |.—o

Taking derivatives of the system of equations in equation (B.8) with respect to z at z = 0,
we can derive equation (C.31). Together with equation (C.33), this concludes that equation
(C.32) is true.
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Now, with equation (C.32), to conclude equation (C.30) it remains to bound

~ 1/2 1/2~ & 1/2 1/2
Lins — Lijas = 201 (8 — @Y T2 A [Eu) P5-1yp@s-1nmY } 250 _ 52)

1/2 )1/2

+HE(2)1/2242(1) AxMV2(50) _ g2 )HQ?

where we abbreviate A = ZW Tz _ n1ld,x,. From this equation, we get that

1 2

1 1
< ((m + 122 - ) |05t 1m?

Lbias - Lbias

. HE(D%(B(U PO

By Corollary 23, the following estimates holds with high probability for any constant ¢ > 0:

4
(my +[|AD? — 0 < n? Q+ p>_1+—wwwﬂ’

ni

1/242/¢p+c

[ s < e e

Combining the above three estimates and ||M||, < A;, we obtain that with high probability,

1 2

! Npn? ||R(02 (800 — 5)
< <1_|_ p) _1+n—1/2+2/<p+c '
™ 1 N = Vo) + (Vi = o))

Combining this estimate with equation (C.32), we conclude the proof of Theorem 44. [ |

Lbias - Lbias

Appendix D. Proofs for the Multiple Tasks Setting

We first derive the HPS estimator. For the optimization objective ¢(A, B) in equation (5.6),
using the local optimality condition 2 8 = 0, we can obtain B as a function of A:

BA) = (XTX)'XTYAT(4AT)*,
where Y := [Y(D Y@ V®] and (AAT)T denotes the pseudoinverse of AAT. Plugging

E(A) into equation (5.6), we obtain the following objective that depends only on A (in
matrix notation):

A) = HX(XTX)‘lXTYAT(AAT)*A - YH; (D.1)

Note that AT(AAT)* A is a projection onto the subspace spanned by the rows of A. For
simplicity, we write it into the form

AT(AANHYTA=U,U},
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where Ug € R™" is a t x 7 partial orthonormal matrix (i.e., UXUA = Id,«,). Hence, we also
denote the function g(A) by g(Ua).

Now, to find the optimal solution for Uy, we write X (X " X)"'X T = Px (which is an n
by n projection matrix of rank p), and expand g(A) as:

2 2
g(A) = ||PxyUat] = | = [Py UaUT |||+ IVIG - 2Py ULUR, Y)
= Y[} = (PxYULULY) = |Y I — (UaUL, Y PxY),

where we use the fact that P)Q( = Px since it is a projection matrix and UXU 4 = Idy .
Thus, to minimize g(A), we just need to maximize the inner project between Y ' PxY and
U AUX—this can be achieved by finding the best rank-r SVD of YT PxY and taking the
top-r singular vectors, which form the partial orthonormal matrix U, = U ;. Lastly, we can
insert U, as A back to BA to obtain BA as the HPS estimators for all tasks from 1 to t.

D.1 Proof of Theorem 12

First, we can use the concentration estimates in Appendix A to simplify the expression of
g(Uga). In the following proof, we always let Q = n2/¢.

Lemma 45 In the setting of Theorem 12, for any small constant ¢ > 0 and large constant
C > 0, there exists a high probability event Z, on which the following estimate holds:

2

2
19(Ua) = h(UA)| < Q3™ |SEB (UAU] ~1dsco)|| | + 0™ +p~C 238 . (D2)

uniformly in all rank-r partial orthonormal matrices Uy € RY". Here, h is defined by
2
h(Ua) == n Hzl/QB*(UAUj — Tdyy) HF + o2 (nt — pr). (D.3)

Proof With Corollary 23 and Corollary 24, we can choose a high probability event Z; on
which the estimate (A.18) holds and

Cn<\(Z"2) <\ (Z7Z) < Cn (D.4)

for a large constant C' > 0. Throughout the following proof, we assume that event Z; holds.
To facilitate the analysis, we introduce the following matrix notations. Denote

E:=[W @ ... O] and W:=X(X"X)'XTeULU].
For any j =1,2,...,t, denote
Hj = B*(UaUj —Idixt)ej, Eji= (W —E)ey, (D.5)
where e; is the standard basis unit vector along the j-th direction. Then, plugging ¥ =
X B* + £ into equation (D.1), we can write the function g(Uy4) as
t
g(Ua) =) | XH;+ Ej*.

J=1
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We will divide g(A) into three parts.
The first part is

d 2 * T 2
S X H,|? = HXB (UAUS —Idtxt)HF.
=

Applying estimate (A.18) to XH; = ZZéHj, we obtain that on =1,
IXH;|” = w2 2 (14 0<(n3Q)
1% T 2 -1
:nHE2B (UAU}] —Idtxt)ejH : (1—|—O<(n 2Q)),

which gives that

¢ 2 2
Z ||XHj”2 —n H21/2B*(UAUX - Idm) HF ‘ < Qn'/? "21/23*(UAUX — Idm)HF
j=1

The second part is the cross term

t
2> (XHj, Ej) = 2AXB*(UaUj —Idpsy), W = €) = =2 XB*(UaU,; — Idpa), E).
j=1

Using estimate (A.20), we obtain that
(X B*(UAUL —1dyxt), E)| < o HXB*(UAU} _ Idtxt)HF
< onl/? Hzl/QB*(UAU/I - Idtxt)HF

2
< o2nl/2 4 pl/2 HEWB*(UAUX — Idm)HF,

where we use X = Z%2 and equation (D.4) in the second step, and use the AM-GM inequality
in the third step.
The last part is

¢
STIEP =W =€l = lIElF — (W, €),
j=1

where in the second step we use |[W||% = (W, E) by algebraic calculation. Using estimate
(A.21), we get that

\||5<i>\|2 - J2nH < o%/n, (D.6)
and

‘MTX(XTX)—lXTsU) _yy -p(;?‘
- ‘&:(i)TX(XTX)*lXTeU) — 8y T X(XT X)X

< o2 HX(XTX)—lXTHF = o2/p. (D.7)
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Summing up equation (D.6) over i, we obtain that
t .
HEN2 = o?nt| <3 )||5(Z)||2 - o2n( < o%/n. (D.8)
i=1

Using line (D.7), we can estimate the inner product between W and & as

[, &) —o?pr| =

Tr [(5TX(XTX)—1XT5 ~po?. Idtxt> UAUﬂ ’

<r HSTX(XTX)—leg — po? Ty < o2 (D.9)

Combining equations (D.8) and (D.9), we obtain that

Y _IIES P = o (nt — pr) + O< (0 V).

j=1

Combining the concentration estimates for all three parts, we obtain that on event =1,

2
9(U) — h(U4)| < Qvn Hzl/QB*(UAUX - Idtxt)HF N
for any fixed U,. Then, using a standard e-net argument with e = p~¢, we can conclude
that equation (D.2) is true uniformly in all rank-r partial orthonormal matrices Upg. |

From equation (D.3), we see that the global minimizer of h(Uj,) is the best rank-r approx-
imation A* of B*"$B* defined in equation (5.8). On the other hand, let Uj; be a global
minimizer of g(U4). We have the following characterization of U 4 UZ, which is a consequence
of Lemma 45.

Lemma 46 In the setting of Theorem 12, we have that

‘2 < n—1/2+cQ||B*TZB*H +U2

T T
HUAUA AT S A

on the high probability event Z in Lemma 45.
Proof Using triangle inequality, we upper bound h(U ;) — h(A*) as
h(Uz) = h(A*) < (g(Uz) — 9(A")) + [g(A") = h(A")[ + |g(U ) — h(U )] (D.10)

<19(A%) = h(A%)| + |g(U) = (U] S /2 (QISV2 B} +02)

on the event =. Here, in the second step, we used the fact that U is the global minimizer of
g(+), so that g(U ;) < g(A*), and in the third step we used equation (D.2), [|[UaU} —Idyx|| < 1
and p~¢ < Qn'/2*¢ for large enough C' > 0. Using the definition of h(U4) in equation (D.3),
we can check that

WU;) — h(A) =n- T [BTSB (4 AT - UAUM .
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For 1 <i < t, let \; be the i-th largest eigenvalue of B*T ©B* and v; be the corresponding
eigenvector. Then, we have A*A*" =37 w0, and

r t
h(Ug) = h(A*) =n) Xi—n > MU vl
=1 =1

T t
=n> N (1 - HU;{W\P) —n 3 AU w2
=1

i=r+1

t
>n(A = A1) Y U fuill?, (D.11)
i=r+1

where in the last step we use that
r T t
T T T
S (1= 1ful?) =r = Y Uful? = 3 UfulP
i=1 =1 1=r+1
From equation (D.10) and equation (D.11), we obtain that
El/QB*Hi“ + o2
)\r - >\r+1 .

t
S o ul? £ o]
i=r+1

(D.12)
On the other hand, we have
T T||? T T : T
2
HA*A* ~U,U] HF — o — 2<A*A* UU; > =2 Y U Twil
i=r+1

Combined with equation (D.12) and ||2Y/2B*||% < ||B*T £B*|, we conclude the proof. M

The last piece of the proof of Theorem 12 is the following concentration estimate on the
prediction loss of BFS(A).

Lemma 47 In the setting of Theorem 12, denote
BEPS(U4) := B(A)A = (X X)X TYULU],

and a; = UAUXei. Then, for any small constant ¢ > 0 and large constant C' > 0, there exists
a high probability event Z, on which the following estimate holds:

[L(BHPS W) — Li(B*ai) = o il Tr [£(X )7 |

2

, (D.13)

<7’L_1/2+C (Li(B*ai)+02||ai||2)+p_cHzl/QB* -

uniformly in all rank-r partial orthonormal matrices Ua € RY™", where L; is defined in (5.7).
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Proof The following proof is restricted to a high prgbability event =1 on which equation
(D.4) holds. For any fixed U, the prediction loss of S1FS(Uy) is

)

L,-(@HPS(UA)) _ HE1/2 <(XTX)71XTYai B B(i)> HQ _ H21/2(Hz‘ R 2

where we denote R; = (XTX)_lXTé’aZ- and H; is defined in equation (D.5). The rest of the
proof is similar to that of Lemma 45. We divide the prediction loss into three parts.

Part 1: The first part is the bias term ||S'V/2H;||? = L;i(B*a;).

Part 2: The second part is the cross term 2(X'/2H;, ©1/2R;). We can bound it as

<El/2Hi,El/2Ri>‘ - ’(X(XTX)_lEHi,gai)

t
<Y lai()] - |(X(XTX) 72 H;, )|

HazHa H

t
<Yl o || X (XTX)" e
j=1

< n_1/2c72||ai||2 + n_1/2Li(B*ai).

Here, in the second step, we use a;(j) to denote the j-th coordinate of a;; in the third step,
we use equation (A.20); in the fourth step, we use equations (D.4), (2.3) and }_,[a;(j)[ <
Vt||ai|| by Cauchy-Schwarz inequality; in the last step, we use AM-GM inequality and
I=V2H;||* = Li(B*ai).

Part 3: The last part is

t
Z HEV2(XTX)TIx Tl

2
=2 Ri||? =

= a;()ai(k)eD T X(XTX) (X T X)X Te®, (D.14)

1<,k<t
Using estimate (A.21) and Tr[X (X T X)"!'2(X TX)71X 7] = Tr[2(X T X)~!], we obtain that
’sU)TX(XTX)*lz(XTX)*1XTE<’€> — Gy 0Ty [E(XTX)*} ‘
< o2 HX(XTX)—lz(XTX)—leHF < o2 201 < o212, (D.15)

where we use estimate (D.4) in the second step. Plugging estimate (D.15) into estimate
(D.14), we obtain that

<o 2N Jail)]ai(k)|

1<, k<t
<20 ag?.

2
‘HZWRZ-H = ?llag - Te [(XTX) ]

Combining the concentration error estimates for all three parts, we obtain that on event

o
—1,

Li(B™) = Li(B*a;) = o?llaulPTr [S(XTX)7Y] | < 07 (Li(B*ai) + 0*ai]?) . (D.16)
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for any fixed Uy. Then, using a standard e-net argument with ¢ = p~©, we can conclude

equation (D.13) holds uniformly in all rank-r partial orthonormal matrices U 4. |

Combining Lemma 46 and Lemma 47, we are ready to prove Theorem 12.
Proof Using Lemma 47 and applying Theorem 3 (with n; = 0, no = n and ¥ = %) to
Tr [S(X " X) ™!, we get that for a; := UAUgei,

2
po? .

||
p

Li(BIPS(Uy)) — Li(B*a;) —

n —

2_

L 2014 .12
<nHL(Bay) + pint o ieT AT oy g (D.17)
n
with high probability. From this equation, using ¢ > 4, we obtain that

AHPS * % pUQ *12
Li(B;"°(Uy)) — Li(B"aj) — m”% |

2 2
e (e tla?) + (2B + o) la-al, 0as)

where we also use that L;(B*a}) < HEl/2B*H;. On the other hand, using Lemma 46, we can
bound that with high probability,

2 1/2 @ HB*TZB* +o

PR < pn—1/2+c 2

”a'b a; || ~ N )\'r' . )\7'+]_

Plugging it into equation (D.18), we conclude that equation (5.9) is true. |

D.2 Proof of Proposition 14

Proof First, as a corollary of equation (5.9), by averaging over ¢ = 1,...,t, with high
probability over the randomness of the training examples, the averaged risk satisfies

t
1 (PHPSYy _ 1 H 1/2 % pg*x A* T H2 B 0'2]7 r
- ;L,(@ )= BB @A )| - 3

ne "3t 4 g2pTate (D.19)

< HB*TZB*
2

However, note that the error bound in equation (D.19) for the averaged risk is tighter than
that in equation (5.9) for each individual risk. The proof of estimate (D.19) is postponed
until we complete the proof of Proposition 14.

By Definition (5.8), the bias term is equal to the sum of the smallest (¢ — r) eigenvalues
of B*'$B*:

HEl/QB*(A*A*T - Idtxt)H; _ [B*TZB*(Idep — A ).
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By the concentration estimates of random vectors in Lemma 21, with high probability, the
(i,7)-th entry of B*" £B* is equal to
2
T . _ ’ _ /
FO 280 = 57860 + 6y~ Tr (5] + 0 (24 Bol* 4 p 72 )

for any constant ¢ > 0. Thus, B*' ©B* is (approximately) equal to a rank-1 matrix with
spectral norm ¢ - B(—)r Y B0 plus a scalar matrix “;Tr [¥]Id;x;. Thus, we have that

/ M2
At = (1 +O(p~ /2t )) (t By TP + pmz]) :
2
A= (1402 &TrE,Vi:2,-~,t.
(106 )) ez

This implies that the sum of the smallest (¢ — r) eigenvalues of B*TYB* is equal to

: Tr (s
(1 + O(p—1/2+c )) . (t . T)M I'[ ]7
p
with high probability. Thus, we conclude that with high probability,
2 2 2 2
)~ T~ (1 0Gr) (1 T) g 4 T P
n—op t/ p t n—p n-—p
/ 2Tr % 2
- (1 - f) [(1—1—0(}9_1/2"'0 )) PR o | (D.20)
t p n—p
Now, we are ready to finish the proof. Let ¢’ be a positive constant smaller than c.
1o Ifpu? > (1 +p7%+c)%, the coefficient of (1— %) in equation (D.20) is nonnegative

and Claim 1 follows.

2. If pu? < (1 — p_%“'c)%, the coefficient of (1 — 7) in equation (D.20) is negative.

Thus, equation (D.20) is minimized when r = 1, and Claim 2 also follows.

This completes the proof of Proposition 14. |

It remains to prove the estimate in equation (D.19).
Proof Summing up equation (D.17) over i, we obtain that

« 1 2 0'2}7 T
S LB U) - |zt U] 1) - & —
7
2
<noite <HE§B*(UAUX ~Ude)| + a2> +p~O||%2 B, (D-21)

with high probability, where we use that S°¢_, [|@;]|?> = r and

t

2
S Li(Bray) = HE%B*(UAUE - Idm)HF.
=1
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With the result from equation (D.3), we can get

h(U ) — o?(nt — pr)
n
*\ _ 2 _ 2
> h(A ) oz (nt pr) _ HE%B*(A*A*T _ Itht)HF’
n

1 % T 2
H22B (UU] —Idtxt)HF -

where in the second step we use the fact that A* is the global minimizer of h. On the other
hand, using equation (D.10), we can get that with high probability

) — g2 — *) — — 1 1
h(UA) o®(nt — pr) < h(A*) UZ(nt pr) +O(n—§+c (Q”EiB*H%—i—UQ)).

n n

Combining the above two estimates, we get that with high probability,
2 2
HE%B*(UAUX _ Idm)HF - HE%B*(A*A*T - Idtxt)HF +0 ('rf%“ (QHE%B*H% + 02)) .

Plugging this estimate into equation (D.21), we conclude that equation (D.19) is true. N

Appendix E. Proofs for SPS Estimation

We first derive the bias-variance decomposition for the SPS estimator in Lemma 15.

E.1 Proof of Lemma 15
Proof Minimizing equation (1.4) leads to the solution for z as:

1 T

2= (X xOT x +A)” x @ (y(l) _ X(I)B).

Inserting the expression of Z into ¢(B, z) leads us to the solution of B, which is the SPS
estimator given as follows (recall that ¥y has been defined in equation (6.1)):

B5PS — 5 (A 1y xa )X(Q)Ty(Q)+X(1)Ty(1)+X(2)Ty(2)>

=B® 4 57 (X< )TX(l)(B(l) — 8@ + XMWy (A—1X<1>TX<1> 4 1)X<2)T€<2)>_

Hence, the excess risk of ,@QSPS is given by

. 1, . 2
L(B5™S) = HE< )25 (2(”(5(1) — @) £ xOTM 4 (A8 4 1)X(2)T5(2)> H .

We can now take the expectation of L( Agps) with respect to e and ). Equations
(6.3) and (6.4) follow after rearranging the terms in the expectation, and we can conclude

that equation (6.2) is true. [ |
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E.2 Proof of Proposition 16

As part of the proof, we are going to need the following result.

Proposition 48 Under the setting of Proposition 16, suppose that Z(1) satisfies the bounded
2

support condition (A.1) with Q@ = nv. Then, the following anisotropic local law holds: for
any deterministic unit vectors u,v € RP, we have that

sup  [u! [Gy(—1) — &,(=1)]v| < n/2Q, (E.1)
te[-1/2,1/2]

Proof For each fixed ¢, the anisotropic local law was established in the work of Ding and
Yang (2018) (and its follow-up). Then, using a standard e-net argument in ¢, we can extend
the result uniformly to all ¢t € [-1/2,1/2] and conclude that equation (E.1) is true. [ ]

Now we are ready to present the proof of Proposition 16.
Proof As in Lemma 2, we can first show the following estimate that is similar to equation
(A.28):

Lbias ()\) + Lvar (A)
\/f) .

The proof essentially relies on the estimates (A.22) and (A.26) for the SPS estimation,
employing the same reasoning as outlined in Appendix A.3.
Next, for t € R, we denote

vi— x®7 (50) _ 5(2)) CH, =y <Z(1)TZ(1))

‘L(BE_IPS) - Lbias()\) - Lvar(A)‘ <

1
+ %2(2) + (1 4 £)Tdyxy.

Then, under the setting of Theorem 16, we can write Lpias(A) and Ly (A) in equations (6.3)
and (6.4) as
T 7-2 po® o° 1 o 2 2
Liias(\) = v Hy?v, Lea(V) =22 - Ty [H;1] - Ty [2( VHy } . (E.2)
N9 N9 A
Note that HO_2 =— 875Ht_1}t=0 . Hence, to evaluate equation (E.2), we need to derive precise
estimates on Tr [Ht_l] and Tr [Z(Q)Ht_l] for ¢ around 0. For this purpose, we rewrite H; ' as

1 ~
DITEE

)T

NI

Hfl = Ei;% Idpxp -
~1 ~1
2 R ENACRYAC) LI |

where 3, := %2(2) + (1 +¢) 3t Idpx,. Now, define the resolvent Gy(z) and its averaged trace

as
i,\,

52700 :

-1
T ~1
zW%2 — zIdep> . omy(2) = n—l”ﬁ"[Gt(z)].

Gy(z) = (

It is well-known that m;(z) converges to the Stieltjes transform of the MP law (Marcenko
and Pastur, 1967), defined as the unique solution a;(z) to the deformed MP equation

ni

%

1
=—z+—Tr =
Idep + at(z)Et

a(z) n1

(E.3)
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such that Ima;(z) > 0 whenever Im z > 0. Furthermore, G¢(z) is close to a deterministic
matrix

1
Bi(2) =~
2(1+ ay(2)%:)
in the sense of Proposition 48, in which we take z = —1.
Now, we define
1 1 -1
M= 288 1y — 0 (- 5 2 =D (E4)
ng 12 Idpxp + ar(—1)%

By Proposition 48, H{l is well-approximated by II; in the sense of anisotropic local law.
Furthermore, using the argument in the proof of Theorem 6 (i.e., the argument above equation
(C.21)), we obtain that for any deterministic unit vectors u,v € RP,

u' (Hy? + 001 |,_ )v| < n"1Q2. (E.5)

With estimates (E.2), (E.1) and (E.5), to conclude estimates (6.7) and (6.8), it remains to
calculate Iy and O/IL;|,_,,.

First, when ¢t = 0, Il is equal to the matrix M defined in equation (6.6) with ag(—1) = ag
and f)o =3 Second, taking the derivative of equation (E.3) with respect to t at t = 0, we
obtain that

~ 2
Brag(—1) | 1 5
LQ)‘”O = Mo+ Qa1 |mo—Tr | [ —2 ) |, (E.6)
a? na nm Idpxp + aoXo

where ¢ is defined in equation (6.5). Using equation (E.3), we obtain that
~ 2 ~
1 by 1 2 by
—Ty || —=2 == _r + Aoy =0 + xq
ny Idpxp + apXp ag ni ny 14 apXp

1 P 1 1 P
== —— 4+ 2a9 ——1) 4+ 29 == 2—— —2ap+x ).
ag nq ag ag ni

Plugging it into estimate (E.6), we can solve that

n
8tat(_1)’t:0 =

1
E.7
Ny Yo, ( )

where yg is defined in equation (6.5). With estimate (E.7), we can calculate that

2 2
ny Yo — Gy
Oy, = <> —— = — Mo, (E.8)
=0 n2 (Idpxp + a020)2

for My defined in equation (6.6).

Finally, we combine the above ingredients to complete the proof. Using the truncation
argument in the proof of Theorem 3 (i.e., the argument below equation (B.13)), it suffices to

2

assume that Z() satisfies the bounded support condition (A.1) with @ = n¥. Then, applying
equations (E.1), (E.4), (E.5) and (E.8), we can evaluate equation (E.2) and conclude that
both equations (6.7) and (6.8) are true. The proof of Proposition 16 is finished. |
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