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Abstract

Bayesian approaches for training deep neural networks (BNNs) have received significant
interest and have been effectively utilized in a wide range of applications. Several studies
have examined the properties of posterior concentrations in BNNs. However, most of these
studies focus solely on BNN models with sparse or heavy-tailed priors. Surprisingly, there
are currently no theoretical results for BNNs using Gaussian priors, which are the most
commonly used in practice. The lack of theory arises from the absence of approximation
results of Deep Neural Networks (DNNs) that are non-sparse and have bounded parameters.
In this paper, we present a new approximation theory for non-sparse DNNs with bounded
parameters. Additionally, based on the approximation theory, we show that BNNs with
non-sparse general priors can achieve near-minimax optimal posterior concentration rates
around the true model.

Keywords: Bayesian neural networks, posterior concentration rate, Bayesian nonpara-
metric regression, approximation theory, deep neural networks

1. Introduction

Bayesian Neural Networks (BNNs) (MacKay, 1992; Neal, 2012), a framework for training
Deep Neural Networks (DNNs) through Bayesian techniques, have garnered significant at-
tention in the field of machine learning and AI. The distinctive feature of BNNs lies in
their ability to combine the flexibility of DNNs and the probabilistic reasoning of Bayesian
approaches. This combination results in DNNs that not only yield superior generalization
capability across various tasks but also provide improved uncertainty quantification (Wilson
and Izmailov, 2020; Izmailov et al., 2021). This attribute is particularly vital in applications
where decision-making under uncertainty is crucial. Representative examples of such appli-
cations are recommender systems (Wang et al., 2015), computer vision (Kendall and Gal,
2017), active learning (Tran et al., 2019), medicine (Beker et al., 2020) and astrophysics
(Cranmer et al., 2021), to name just a few.
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The remarkable success of BNNs can be attributed to the inherent capacity of DNNs
to automatically learn features from data even if they are parametric models (Wang and
Yeung, 2020; Jospin et al., 2022). By leveraging this advantage, flexible BNN models
can be devised easily that can handle complex predictive tasks data-adaptively without
explicit model specification. This means that even in scenarios where users lack detailed
knowledge about the functional relationship between inputs and outputs, BNNs are capable
of uncovering intricate patterns and relationships existing in data.

There have been vast amounts of literature that attempt to understanding theoretical
properties of BNNs from the nonparametric regression standpoint (Polson and Ročková,
2018; Chérief-Abdellatif, 2020; Bai et al., 2020; Liu, 2021; Sun et al., 2022; Lee and Lee,
2022; Jantre et al., 2023; Kong et al., 2023; Ohn and Lin, 2024). Rather than presuming
the true function to be confined within a specific parametric model, these studies make the
broader assumption that the true function belongs to a certain functional space, such as the
Hölder function class. Notably, Polson and Ročková (2018); Chérief-Abdellatif (2020); Bai
et al. (2020); Sun et al. (2022); Lee and Lee (2022); Kong et al. (2023); Ohn and Lin (2024)
show that posterior distribution of BNNs concentrate around the true function with near-
minimax optimal rates with respect to the sample size when the architecture and the prior
on the weights and biases are selected carefully. These results demonstrate that even when
the exact form of the data-generating process is unknown or too complex to be captured
by traditional parametric models, BNNs possess the capacity for effective generalization,
enabling them to learn these underlying patterns efficiently.

However, there is an important limitation in the existing results. That is, the priors on
the weights and biases of DNNs do not include those that are commonly used in practice.
For example, Polson and Ročková (2018); Chérief-Abdellatif (2020); Bai et al. (2020); Sun
et al. (2022); Lee and Lee (2022) consider spike-and-slab priors but significant amounts of
additional exploration times for searching a sparsity patterns become a significant obstacle
in their practical use. Ohn and Lin (2024) derives the posterior concentration rate of non-
sparse BNNs but uses the uniform distribution on the weights whose domain diverges as the
sample size increases. It would not be easy to select the optimal size of the domain for given
finite data which prevents the Bayesian model of Ohn and Lin (2024) from being popularly
used in practice. Kong et al. (2023) considers polynomial-tail priors, but these priors make
the calculation of the gradient computationally demanding and thus the development of a
computationally efficient MCMC algorithm be difficult.

Surprisingly, there is no theoretical result about BNNs with i.i.d. standard Gaussian
priors on the weights and biases, which are most popular priors for BNNs in practice (Fortuin
et al., 2022; Jospin et al., 2022). That is, there exists a significant gap between theories
and applications. A main reason for the lack of optimal concentration rates of BNNs using
Gaussian priors is the absence of an approximation theory of fully-connected DNNs with
bounded parameters. Existing approximation theories of DNNs require the weights to be
either sparse (Suzuki, 2018; Schmidt-Hieber, 2019; Imaizumi and Fukumizu, 2019; Bauer
and Kohler, 2019; Ohn and Kim, 2019; Schmidt-Hieber, 2020; Nakada and Imaizumi, 2020;
Kohler et al., 2022; Chen et al., 2022) or unbounded (Kohler and Langer, 2021a; Lu et al.,
2021; Jiao et al., 2023).

The aim of this paper is to fill this gap by deriving near-minimax optimal concentration
rates of the posterior distributions of BNNs with a class of general priors on the weights
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including independent Gaussian priors. To achieve this aim, we develop a new technique to
approximate the Hölder functions by fully connected DNNs with bounded weights, which
offers several advantages: (1) Compared to Schmidt-Hieber (2020), our results allow fully
connected DNNs, enabling their application to BNNs without the need for sparse-inducing
priors to control model complexity. (2) In contrast to Kohler and Langer (2021a), our results
can employ DNNs with bounded parameters, allowing their application to BNNs without
resorting to heavy-tailed priors. (3) The ReLU activation function (Nair and Hinton, 2010)
is extended to the Leaky-ReLU activation function (Maas et al., 2013), which are known
for their optimization merits (Xu et al., 2015).

Based on our new approximation results, we demonstrate that the posterior distributions
of fully-connected BNNs with a certain class of priors concentrate around the true function
with near-minimax optimal rates. Notably, the assumed conditions on the priors hold
for most commonly used prior distributions for BNNs, including the independent Gaussian
distribution which has not been covered by existing theories. That is, our results successively
fill the important gap between existing theories and applications in BNNs.

2. Preliminaries

2.1 Notation

We write N0 := {0} ∪ N and R+ := {x ∈ R : x > 0}. For an integer n ∈ N, we denote
[n] := {1, . . . , n}. A capital letter denotes a random variable or matrix interchangeably
whenever its meaning is clear. A vector is denoted by a bold letter, and its elements are
denoted by regular letters with superscript indices. e.g. x := (x(1), . . . , x(d))⊤. For a d-
dimensional vector x ∈ Rd, we denote |x|p := (

∑d
j=1 |x(j)|p)1/p for 1 ≤ p < ∞, |x|0 :=∑d

j=1 I(x(j) ̸= 0) and |x|∞ := maxj∈[d] |x(j)|. For two vectors x1 and x2 of the same
dimension, max(x1,x2) is defined elementwise. For a real-valued function f : X → R and

1 ≤ p < ∞, we denote ∥f∥p,n := (
∑n

i=1 f(xi)
p/n)1/p and ∥f∥p,PX

:=
(∫
X∈X f(X)pdPX

)1/p
,

where PX is a probability measure defined on the input space X . We assume X ⊆ [−a, a]d

for some a ≥ 1. Also, we define ∥f∥∞ := supx∈X |f(x)|. For α = (α1, . . . , αd) ∈ Nd
0, we

denote ∂α := ∂α1 . . . ∂αd . We denote ◦ as the composition of functions. For two positive
sequences {an} and {bn}, we denote an ≲ bn if there exists a positive sequence C > 0 such
that an ≤ Cbn for all n ∈ N. We denote an ≍ bn if an ≲ bn and an ≳ bn hold. We use the
little o notation, that is, we write an = o(bn) if limn→∞ an/bn = 0.

Let β = q + s for some q ∈ N0 and s ∈ (0, 1]. We consider the β-Hölder class Hβ
d (K) for

the class where the true function belongs, which is defined as

Hβ
d (K) :=

{
f : [−a, a]d → R; ∥f∥Hβ ≤ K

}
,

where ∥f∥Hβ denotes the Hölder norm defined by

∥f∥Hβ :=
∑

α:|α|1≤q

∥∂αf∥∞ +
∑
α∈Nd

0
α:|α|1=q

sup
x1,x2∈[−a,a]d

x1 ̸=x2

|∂αf(x1) − ∂αf(x2)|
|x1 − x2|s∞

.
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2.2 Deep Neural Networks

For a depth L ∈ N and width r = (r(0), r(1), ..., r(L), r(L+1))⊤ ∈ NL+2 where r(0) = d and
r(L+1) = 1, Deep Neural Network (DNN) with the (L, r) architecture is defined as a DNN
model which has L hidden layers and r(l) many neurons at the l-th hidden layer for l ∈ [L].
The output of the DNN model can be written as

fDNN
θ,ρ (·) := AL+1 ◦ ρ ◦AL · · · ◦ ρ ◦A1(·), (1)

where Al : Rr(l−1) 7→ Rr(l) for l ∈ [L+ 1] is an affine map defined as Al(x) := Wlx+ bl with

Wl ∈ Rr(l)×r(l−1)
and bl ∈ Rr(l) and ρ is an activation function. Here, θ := (θ⊤w ,θ

⊤
b )⊤ is the

concatenation of the parameters of the DNN model, where

θw :=(vec(W1)
⊤, . . . , vec(WL+1)

⊤)⊤,

θb :=(b⊤1 , . . . , b
⊤
L+1)

⊤

are the concatenation of the weight matrices and bias vectors. We denote J as the dimension
of θ, i.e.,

J := J(L, r) =
L+1∑
l=1

(r(l−1) + 1)r(l).

The standard choice for the activation function ρ is the Rectified linear unit (ReLU)
activation function (Nair and Hinton, 2010), which is defined as

ρ0(x) = max{x,0}.

The ReLU activation function is known to alleviate the vanishing gradient problem com-
pared to the sigmoid or tanh activation functions, enabling efficient gradient propagation
and enhancing DNN performance (Goodfellow et al., 2016).

As assumed in other papers for simplicity (Kohler and Langer, 2021a), we consider
DNN architectures whose numbers of neurons in each hidden layer are the same. For a
given activation function ρ, the number of hidden layers L ∈ N and the number of neurons
in each hidden layer r ∈ N, we define the set of DNN functions which are parameterized by
θ ∈ RJ as below.

Definition 1. For an activation function ρ, depth L ∈ R and width r ∈ N, we define
FDNN
ρ (L, r) as the function class of DNNs with the (L, (d, r, . . . , r, 1)⊤) architecture and the

activation function ρ. That is,

FDNN
ρ (L, r) :=

{
f : f = fDNN

θ,ρ is a DNN with the (L, (d, r, . . . , r, 1)⊤) architecture

}
.

Also, for B ≥ 1, we define FDNN
ρ (L, r,B) as the subset of FDNN

ρ (L, r) consisting of DNNs
whose parameter values lie within the absolute bound B. That is,

FDNN
ρ (L, r,B) :=

{
f : f = fDNN

θ,ρ is a DNN with the (L, (d, r, . . . , r, 1)⊤)

architecture, |θ|∞ ≤ B

}
.
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In addition, for a sparsity S ∈ [J ], we define FSDNN
ρ (L, r, S,B) as the subset of FDNN

ρ (L, r,B)
consisting of DNNs whose number of non-zero parameters is bounded by S. That is,

FSDNN
ρ (L, r, S,B) :=

{
f : f = fDNN

θ,ρ is a DNN with the (L, (d, r, . . . , r, 1)⊤)

architecture, |θ|0 ≤ S, |θ|∞ ≤ B

}
.

For an any activation function ρ, depths L1 ≤ L2, widths r1 ≤ r2, sparsity S1 ≤ S2 and
B1 ≤ B2, we have FDNN

ρ (L1, r1) ⊆ FDNN
ρ (L2, r2), FDNN

ρ (L1, r1, B1) ⊆ FDNN
ρ (L2, r2, B2)

and FSDNN
ρ (L1, r1, S1, B1) ⊆ FSDNN

ρ (L2, r2, S2, B2) due to the enlarging property of DNNs.

Also, by definition, we have FSDNN
ρ (L1, r1, S1, B1) ⊆ FDNN

ρ (L1, r1, B1) ⊆ FDNN
ρ (L1, r1). In

addition, if we denote J1 as the total number of parameters in FDNN
ρ (L1, r1, B1), we have

FDNN
ρ (L1, r1, B1) ⊆ FSDNN

ρ (L2, r2, J1, B1).

2.3 Approximation Results for DNNs

Analysis of nonparametric regression using neural networks has been developed over the
years. Leshno et al. (1993) and Barron (1993) develop universal approximation proper-
ties of shallow neural networks. While shallow neural networks can approximate functions
well, Montufar et al. (2014) and Eldan and Shamir (2016) claim that the expressive power
of DNNs grows exponentially with the number of layers. Approximation errors of sparse
DNNs with the ReLU activation function have been derived for β-times differentiable func-
tions (Yarotsky, 2017) and piecewise smooth functions (Petersen and Voigtlaender, 2018).
Schmidt-Hieber (2020) demonstrates that least square estimators based on sparsely con-
nected DNNs with the ReLU activation function and properly chosen architectures achieve
near-minimax optimal convergence rates. Similar results for sparse DNNs can be found in
Suzuki (2018); Imaizumi and Fukumizu (2019); Bauer and Kohler (2019); Ohn and Kim
(2019); Schmidt-Hieber (2019); Nakada and Imaizumi (2020); Kohler et al. (2022); Chen
et al. (2022).

These optimal results rely heavily on sparsity constraints on DNNs. This is because the
class of fully-connected DNNs is too large to yield optimal results. For instance, Schmidt-

Hieber (2020) uses the approximation theorem that there exist positive constants C
(s)
1 , C

(s)
2 ,

C
(s)
3 and c(s) such that for every f0 ∈ Hβ

d (K) and any sufficiently large M ∈ N, there exists

fDNN
θ̂,ρ0

∈ FSDNN
ρ0

(⌈
C

(s)
1 log2M

⌉
,
⌈
C

(s)
2 M2d

⌉
, C

(s)
3 M2d log2M, 1

)
with ∥fDNN

θ̂,ρ0
− f0∥∞,[−a,a]d ≤ c(s)M−2β. Indeed, their approximation theorem implies that a

fully connected DNN in FDNN
ρ0 (⌈C(s)

1 log2M⌉, ⌈C(s)
2 M2d⌉, 1) approximates f0 well, but the

complexity of FDNN
ρ0 (⌈C(s)

1 log2M⌉, ⌈C(s)
2 M2d⌉, 1) is too large to use, and so they consider

sparsity constraints to reduce complexity.

Kohler and Langer (2021a) show that least squares estimators based on fully connected
DNNs with the ReLU activation function also achieves near-minimax optimal convergence
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rates. They use a new approximation theorem that there exist positive constants C
(k)
1 , C

(k)
2

and c(k) such that for every f0 ∈ Hβ
d (K) and any sufficiently large M ∈ N, there exists

fDNN
θ̂,ρ0

∈ FDNN
ρ0

(⌈
C

(k)
1 log2M

⌉
,
⌈
C

(k)
2 Md

⌉)
with ∥fDNN

θ̂,ρ0
− f0∥∞,[−a,a]d ≤ c(k)M−2β. A significant advantage of the DNN approximation

theorem proposed by Kohler and Langer (2021a) is that it does not require a sparsity
condition. However, their DNN approximation has the drawback of unbounded parameter
sizes. By following their proof, it can be confirmed that parameters are bounded by M2, and
this bound should diverge to reduce the approximation error. The DNN approximations of
Lu et al. (2021) and Jiao et al. (2023) also face the issue of unbounded parameters. This
point limits their applications in some areas, such as Bayesian analysis.

2.4 Posterior Concentration Results for BNNs

Posterior concentration, which is an asymptotic behavior of posterior distributions as the
sample size increases, is crucial for the frequentist justification of Bayesian methods. Con-
centration rate is defined by the rate at which there exists a neighborhoods of the true
model shrinking meanwhile still capturing most of the posterior mass (Ghosal et al., 2000).
One of the key components for deriving the posterior concentration rate is the prior con-
centration condition, which is the requirement of a sufficient amount of prior mass assigned
to a shrinking neighborhood of the true model (Ghosal and van der Vaart, 2017).

For BNNs, the prior concentration condition is usually established by the two steps:
firstly choosing a DNN that approximates the true function well and then secondly devising
a prior which puts sufficient masses around this DNN. Thus, when the approximation
results of DNNs require sparsity assumptions (Suzuki, 2018; Imaizumi and Fukumizu, 2019;
Bauer and Kohler, 2019; Ohn and Kim, 2019; Schmidt-Hieber, 2020), sparse-inducing priors
(Polson and Ročková, 2018; Chérief-Abdellatif, 2020; Bai et al., 2020; Sun et al., 2022; Lee
and Lee, 2022) are inevitably required to make the posterior concentration rate be optimal.
Specifically, Polson and Ročková (2018) proves that posterior distributions of BNNs using
spike-and-slab priors concentrate around the true function at near-minimax optimal rates
on the Hölder spaces. This result has been extended to variational posterior distributions
(Chérief-Abdellatif, 2020; Bai et al., 2020), continuous relaxation of spike-and-slab priors
(Sun et al., 2022) and the case where the true functions belong to the Besov spaces (Lee
and Lee, 2022).

Following the recent results of approximation using non-sparse DNNs (Kohler and
Langer, 2021a), efforts have been made to show that BNNs with non-sparse priors can
also achieve optimal posterior concentration rates (Kong et al., 2023; Ohn and Lin, 2024).
However, to achieve the optimal posterior concentration rates using the approximation re-
sults of Kohler and Langer (2021a), heavy-tailed prior distributions should be used. For
example, Kong et al. (2023) employs polynomial tail distributions such as the Cauchy dis-
tribution as the prior distribution, while Ohn and Lin (2024) employs uniform distributions
defined on a diverging range.

So far, no approximation results for non-sparse short-tailed priors to achieve the optimal
posterior concentration rates are available. Due to this theoretical shortcoming, there is no
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result available about the optimal posterior concentration rates of non-sparse BNNs with
standard not-heavy-tailed priors such as independent Gaussian distributions.

3. Approximation Using Fully-Connected DNNs with Bounded
Parameters

In this section, we develop a new approximation result using fully-connected DNNs with
bounded parameters. For activation functions in DNNs, we consider the Leaky-ReLU acti-
vation function (Maas et al., 2013), which is defined as

ρν(x) := max{x, νx}

for ν ∈ [0, 1). Note that the Leaky-ReLU activation function includes the ReLU activation
function as a special case with ν = 0. The Leaky-ReLU activation function addresses one
of the main limitations of the ReLU function: the dying ReLU problem (Douglas and Yu,
2018; Lu et al., 2020). In the original ReLU, negative inputs are zeroed out, potentially
leading to dead neurons during training. The Leaky-ReLU addresses this issue by allowing
a small, non-zero gradient for negative values. This leads to more consistent trainings of
DNNs, and often results in improved performance on various tasks (Xu et al., 2015).

We aim to approximate f0 : Rd → R that belongs to the β-Hölder class for a pre-
specified value β ∈ (0,∞) by non-sparse DNNs. In the following theorem, we show that
any function in the β-Hölder class can be approximated by a fully-connected DNN with
bounded parameters.

Theorem 1. For β ∈ (0,∞), K ≥ 1 and ν ∈ [0, 1), there exist positive constants C1, C2, C3

and c1 such that for every f0 ∈ Hβ
d (K) and every sufficiently large M ∈ N, there exists

fDNN
θ̂,ρν

∈ FDNN
ρν (⌈C1 log2M⌉,

⌈
C2M

d
⌉
, C3) with∥∥∥fDNN

θ̂,ρν
− f0

∥∥∥
∞,[−a,a]d

≤ c1
1

M2β
.

The proof of Theorem 1 is provided in Appendix A and can be seen as a modification
of the proof by Kohler and Langer (2021a). Theorem 1 employs DNNs with the number
of nodes similar to that in Kohler and Langer (2021a) to achieve a similar error rate.
However, while the infinite norm of the parameters in the approximation of Kohler and
Langer (2021a) is unbounded, the parameters in our approximating DNNs are bounded by
a constant C3 > 0, which is independent of M and plays a crucial role to study posterior
concentration rates with non-sparse DNNs and not-heavy-tailed priors. In addition, our
theorem demonstrates the result for the Leaky-ReLU activation function using arbitrary
ν ∈ [0, 1), extending the scope beyond the ReLU activation function used in Kohler and
Langer (2021a). The core of our proof lies in using the degree-one homogeneity of the Leaky
ReLU activation function to redistribute scale across layers.

4. Posterior Concentration

In this section, we demonstrate the optimal posterior concentration rate of fully-connected
BNNs with general priors, including Gaussian priors, based on the result in Theorem 1.
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BNNs are defined by a DNN model and priors over its parameters. We consider a DNN
model fDNN

θ,ρ with the (L, r) architecture, where L ∈ N and r = (r(0), r(1), ..., r(L), r(L+1))⊤ ∈
NL+2 denote the depth and width of the DNN respectively. We assign a prior distribution
Π over the parameters θ = (θ(1), . . . , θ(J))⊤ ∈ RJ . Then, the corresponding posterior
distribution is given by, for any measurable A ⊂ RJ ,

Πn(A | D(n)) =

∫
A L(θ|D(n))dΠ(θ)∫
L(θ|D(n))dΠ(θ)

,

where D(n) and L(·|D(n)) are train data set and corresponding likelihood function, respec-
tively.

For a new test example z ∈ X , the prediction of a BNN is made based on the predictive
distribution:

p(y | z,D(n)) =

∫
θ
p(y | z,θ)Πn(θ | D(n))dθ.

Since evaluating this integral directly is challenging, the Monte Carlo method is often em-
ployed to approximate it:

p(y | z,D(n)) ≈ 1

B

B∑
b=1

p(y | z,θb),

where θ1 . . . ,θB ∼ Πn(θ | D(n)) are samples drawn from the posterior. These samples are
usually generated by stochastic gradient Markov chain Monte Carlo (Welling and Teh, 2011;
Chen et al., 2014; Li et al., 2016; Zhang et al., 2020; Heek and Kalchbrenner, 2019; Wilson
and Izmailov, 2020) or variational inference (Graves, 2011; Blundell et al., 2015; Louizos
and Welling, 2017; Swiatkowski et al., 2020).

4.1 Sufficient Condition for Priors

Since the choice of prior directly influences the resulting posterior distribution much, it has
been the subject of considerable discussions (Izmailov et al., 2021; Fortuin, 2022). While the
i.i.d. standard Gaussian prior is the most prevalent choice (Izmailov et al., 2021; Fortuin
et al., 2022; Jospin et al., 2022), several alternative priors have been proposed, such as
Laplace priors (Williams, 1995; Fortuin et al., 2022), radial-directional priors (Oh et al.,
2020; Farquhar et al., 2020) and hierarchical priors (Hernández-Lobato and Adams, 2015;
Louizos et al., 2017; Wu et al., 2019; Ghosh et al., 2019; Dusenberry et al., 2020; Ober and
Aitchison, 2021; Seto et al., 2021), among others.

To demonstrate general theoretical results that encompass these priors, we make only
the following very mild assumption about the prior distributions.

Assumption 1. Π admits a probability density function π(·) on RJ with respect to Lebesgue
measure. Also, for every κ > 0, there exists δκ > 0 (not depending on J) such that π(θ) is
lower bounded by δJκ on θ ∈ [−κ, κ]J .

Since a lower bound of a density function usually decreases at an exponential rate as
T increases, most prior distributions commonly considered for BNNs satisfy Assumption 1.
Independent priors with specific conditions are simple examples, as follows.
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Example 1 (Independent prior). Assume that θ(1), . . . , θ(J) are independent with the proba-
bility density functions π(1)(·), . . . , π(J)(·) on R with respect to Lebesgue measure respectively.
Also, for every κ > 0, there exists δκ > 0 (not depending on J) such that for every j ∈ [J ],
π(j)(θ) is lower bounded by δκ on θ ∈ [−κ, κ].

Specifically, Example 1 includes independent Gaussian and Laplace priors, which have
not yet been considered for the study of optimal posterior concentration rates in other
papers.

Although independent priors are predominantly used in most BNNs for algorithmic
convenience, several studies have explored using hierarchical priors for greater flexibility in
the prior structure. Representative examples include zero-mean Gaussian prior with inverse-
gamma prior on the prior variance (Hernández-Lobato and Adams, 2015; Wu et al., 2019)
and group horseshoe prior (Louizos et al., 2017; Ghosh et al., 2019). Most of hierarchical
priors fulfill Assumption 1, as illustrated in the following example.

Example 2 (Hierarchical prior). Assume that the prior distribution of θ is defined by a
hierarchical structure:

ψ ∼ Ξ,

θ|ψ ∼ Πψ,

where ψ ∈ RS is an auxiliary parameter, Ξ is a distribution of ψ and Πψ is a conditional
distribution of θ for given ψ ∈ RS. Further assume that there exist a subset Ψ ⊆ RS and
a positive constant δ1 such that (1) Ξ (ψ ∈ Ψ) ≥ δJ1 and (2) for every ψ ∈ Ψ, Πψ satisfies
Assumption 1 with δκ not depending on ψ. Then, Assumption 1 holds.

Another example satisfying Assumption 1 is the multivariate Gaussian distribution.
Examples of the use of multivariate Gaussian priors include continual learning (Nguyen
et al., 2018) and transfer learning (Špendl and Pirc, 2022), where they serve as informative
priors for transferring information from one domain to another.

Example 3 (Multivariate Gaussian prior). Assume that there exist positive constants B,
λmin and λmax such that Π is a multivariate Gaussian prior with a mean vector in [−B,B]J

and a covariance matrix whose eigenvalues are bounded between λmin and λmax. Then,
Assumption 1 holds.

The proofs of the three examples are provided in Appendix B.1. Beyond these examples,
most prior distributions commonly considered for BNNs also satisfy Assumption 1. An
example of a prior, however, that does not satisfy Assumption 2 is a uniform distribution
defined on [−1, 1]J , as its density function has a value 0 for any θ ∈ RJ \ [−1, 1]J .

4.2 Results on Nonparametric Gaussian Regression

In nonparametric Gaussian regression problems, we assume that the input vector X ∈ X ⊆
[−a, a]d and the response variable Y ∈ R are generated from the model

X ∼PX ,

Y |X ∼N(f0(X), σ2
0),

(2)

9
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where PX is the probability measure defined on X . Here, f0 : X → R and σ2
0 > 0 are the

unknown true regression function and variance of the noise, respectively. We assume that
the true regression function f0 satisfies ∥f0∥∞ ≤ F and f0 ∈ Hβ

d (K) for some F ≥ 1, β > 0
and K ≥ 1. We assume that D(n) := {(Xi, Yi)}i∈[n] are independent copies.

For Bayesian inference, we consider the probabilistic model

Yi
ind.∼ N

(
TF ◦ fDNN

θ,ρν (Xi), σ
2
)

(3)

for a pre-specified ν ∈ [0, 1), where TF is the truncation operator defined as TF (x) =
max(−F,min(x, F )) and fDNN

θ,ρν
is the (Ln, rn) architecture DNN, where Ln and rn are

given by

Ln := ⌈C1 log n⌉ ,

rn :=
⌈
C2n

d
2(2β+d)

⌉
,

rn :=(d, rn, . . . , rn, 1)⊤ ∈ NLn+2

(4)

for constants C1 and C2 defined in Theorem 1. Then, the likelihood is expressed as

L(θ, σ2|D(n)) = (2πσ2)−
n
2 exp

(
−
∑n

i=1(Yi − TF ◦ fDNN
θ,ρν

(Xi))
2

2σ2

)
.

For a given DNN structure, we assign a prior Π over θ ∈ RJn which satisfies Assumption 1,
where Jn is defined by

Jn := (d + 1)rn + (Ln − 1)(rn + 1)rn + (rn + 1).

Also, we assign a prior Ξ over σ2 ∈ R+, which is independent of Π and satisfies the following
mild condition.

Assumption 2. Ξ admits a density with respect to Lebesgue measure, which is continuous
and positive on (0, 2σ2

0). Additionally, Ξ(σ2 > K) ≲ 1
K holds for sufficiently large K.

Assumption 2 holds for most distributions whose support includes σ2
0. The most com-

monly used prior for the σ2 is the inverse-gamma distribution; however, other priors, such
as the uniform distribution, can also be employed. The corresponding posterior distribution
is given by, for any measurable A ⊂ RJn and B ⊂ R+,

Πn(A⊗B | D(n)) =

∫
A

∫
B L(θ, σ2|D(n))dΞ(σ2)dΠ(θ)∫ ∫
L(θ, σ2|D(n))dΞ(σ2)dΠ(θ)

.

In the following theorem, we demonstrate that BNNs with general priors (i.e., priors
satisfying Assumption 1 and 2) achieve optimal (up to a logarithmic factor) posterior con-
centration rates around the true regression function.

Theorem 2. Assume f0 ∈ Hβ
d (K) and ∥f0∥∞ ≤ F for some K ≥ 1, β > 0 and F ≥ 1.

For ν ∈ [0, 1), consider the DNN model fDNN
θ,ρν

with the (Ln, rn) architecture, where Ln and
rn are given in (4). For any priors Π and Ξ satisfying Assumption 1 and Assumption 2,

10
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respectively, the posterior distribution of TF ◦ fDNN
θ,ρν

and σ2 concentrates around f0 and σ2
0

at the rate εn = n−β/(2β+d) logγ(n) for γ > 2, in the sense that

Πn

( (
θ, σ2

)
: ∥TF ◦ fDNN

θ,ρν − f0∥2,PX
+ |σ2 − σ2

0| > Mnεn

∣∣∣ D(n)
) Pn

0→ 0

as n → ∞ for any Mn → ∞, where Pn
0 is the probability measure of the training data D(n).

The proof of Theorem 2 is provided in Appendix B.3. The concentration rate n−β/(2β+d)

is known to be the minimax lower bound when estimating the β-Hölder smooth functions
Tsybakov (2009). Our concentration rate is near-optimal up to a logarithmic factor.

Similar concentration rates have been derived in previous works (Polson and Ročková,
2018; Chérief-Abdellatif, 2020; Bai et al., 2020; Sun et al., 2022; Kong et al., 2023; Ohn and
Lin, 2024). However, as we mentioned earlier, the prior distributions considered in these
studies are not commonly used in practice. Polson and Ročková (2018); Chérief-Abdellatif
(2020); Bai et al. (2020); Sun et al. (2022) require sparse-inducing priors, which is com-
putationally demanding due to additional exploration time for searching sparsity patterns.
Near-optimal posterior concentration rates for non-sparse BNNs have been obtained by
Kong et al. (2023) and Ohn and Lin (2024), but extremely heavy-tailed priors are required
which do not even include Gaussian distributions. Theorem 2 stands as the first result to
establish the theoretical optimality of BNNs with Gaussian priors.

Remark 1. To prove Theorem 2, we check the conditions in Ghosal and van der Vaart
(2007), which is the standard methodology for demonstrating posterior concentrations in
nonparametric regression problems. This technique necessitates showing the prior concen-
tration condition

(Π ⊗ Ξ)
(
B∗

n

(
(f0, σ

2
0), εn

))
≳e−nε2n , (5)

where B∗
n

(
(f0, σ

2
0), εn

)
denotes the εn-Kullback–Leibler neighbourhood around (f0, σ

2
0). To

establish (5), we must first find a DNN that approximates f0 and then demonstrate that
sufficient prior probability exists around it. While, existing approximation results fall short
of enabling the demonstration of (5) for the Gaussian prior, in Section 3 makes it possible.
See details in the proof of Lemma B.4 of the Appendix.

4.3 Results on Nonparametric Logistic Regression

In nonparametric logistic regression problems, we assume that the input vector X ∈ X ⊆
[−a, a]d and the response variable Y ∈ {0, 1} are generated from the model

X ∼PX ,

Y |X ∼Bernoulli (ϕ ◦ f0(X)) ,
(6)

where PX is the probability measure defined on X and ϕ(z) := (1 + exp(−z))−1 is the
sigmoid function. Here, f0 : X → R is the logit of the unknown probability function. We
assume that the true function f0 satisfies ∥f0∥∞ ≤ F and f0 ∈ Hβ

d (K) for some F ≥ 1,
β > 0 and K ≥ 1. We assume that D(n) := {(Xi, Yi)}i∈[n] are independent copies.

11
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For Bayesian inference, we consider the probabilistic model

Yi
ind.∼ Bernoulli

(
ϕ ◦ TF ◦ fDNN

θ,ρν (Xi)
)

(7)

for a pre-specified ν ∈ [0, 1), where fDNN
θ,ρν

(Xi) is the (Ln, rn) architecture DNN, where Ln

and rn are given by (4). Then, the likelihood is expressed as

L(θ|D(n)) =
n∏

i=1

(ϕ ◦ TF ◦ fDNN
θ,ρν (Xi))

Yi(1 − ϕ ◦ TF ◦ fDNN
θ,ρν (Xi))

1−Yi ,

and the corresponding posterior distribution is given by, for any measurable A ⊂ RJn ,

Πn(A | D(n)) =

∫
A L(θ|D(n))dΠ(θ)∫
L(θ|D(n))dΠ(θ)

In the following theorem, we demonstrate that the BNNs with general priors (i.e., priors
satisfying Assumption 1) achieve optimal (up to a logarithmic factor) posterior concentra-
tion rates around the true conditional class probability.

Theorem 3. Assume f0 ∈ Hβ
d (K) and ∥f0∥∞ ≤ F for some K ≥ 1, β > 0 and F > 0.

For ν ∈ [0, 1), consider the DNN model fDNN
θ,ρν

with the (Ln, rn) architecture, where Ln

and rn are given in (4). For any prior Π over θ satisfying Assumption 1, the posterior
distribution of ϕ ◦ TF ◦ fDNN

θ,ρν
concentrates around the true conditional class probability at

the rate εn = n−β/(2β+d) logγ(n) for γ > 2, in the sense that

Πn

(
θ : ∥ϕ ◦ TF ◦ fDNN

θ,ρν − ϕ ◦ f0∥2,PX
> Mnεn

∣∣∣ D(n)
) Pn

0→ 0

as n → ∞ for any Mn → ∞, where Pn
0 is the probability measure of the training data D(n).

4.4 Avoiding the Curse of Dimensionality by Assuming Hierarchical
Composition Structure

Due to the inherent hierarchical structure of DNNs, they hold particular advantages when
modeling data that also exhibits a hierarchical structure. For example, image data en-
compasses multiple levels of abstraction, ranging from low-level features such as edges and
textures to high-level concepts like objects and scenes, and is hence considered to exhibit a
hierarchical structure. Building upon this intuition, Schmidt-Hieber (2020) and Kohler and
Langer (2021a) prove that by assuming a hierarchical structure for the true function, DNN
models can avoid the curse of dimensionality and achieve faster convergence rates. However,
faster concentration rate of hierarchical composition structure functions in BNNs has not
yet been investigated. In this subsection, we demonstrate that faster BNN concentration
results can be achieved by assuming a similar hierarchical structure.

For a minimum smoothness βmin ≥ 1, a maximum smoothness βmax ≥ βmin and a
maximum dimension dmax ∈ N, let

P ⊂ [βmin, βmax] × {1, . . . , dmax}

be a constraint set consisting of pairs of smoothness and dimension. We assume that the
true function f0 follows a hierarchical composition structure with N ∈ Nq for some q ∈ N
and the constraint set P, which is defined as follows.

12
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Figure 1: Example of hierarchical composition structure.

Definition 2 (hierarchical composition structure). We say that a function f follows the
hierarchical composition structure H(N ,P) if for (N0, . . . , Nq−1)

⊤ := N and Nq := 1,

a) For i ∈ [N0], there exists d′ ∈ [d] such that

f0,i(x) = x(d
′) for all x ∈ Rd.

b) For l ∈ [q] and i ∈ [Nl], there exists (βl,i, dl,i) ∈ P such that
∑Nl

i=1 dl,i = Nl−1 holds.
Also, there exists a CLip-Lipschitz function gl,i : Rdl,i → R with CLip ≥ 1 such that

gl,i ∈ Hβl,i

dl,i
(K), ∥gl,i∥∞ ≤ F and

fl,i(x) = gl,i

(
fl−1,

∑i−1
i′=1

dl,i′+1(x), . . . , fl−1,
∑i−1

i′=1
dl,i′+dl,i

(x)
)

for all x ∈ Rd.

c) The function f satisfies

f(x) = fq,1(x) for all x ∈ Rd.

Figure 1 illustrates a simple example of a hierarchical composition structure H(N ,P),
where N = (8, 3)⊤ and P = {(4, 2), (4, 3), (5, 3)}. In this case, we have d1,1 = 3, d1,2 =
2, d1,3 = 3, d2,1 = 3, f0,i = x(i) for i ∈ [8] and

f1,1(x) = g1,1(f0,1(x), f0,2(x), f0,3(x)),

f1,2(x) = g1,2(f0,4(x), f0,5(x)),

f1,3(x) = g1,3(f0,6(x), f0,7(x), f0,8(x)),

f2,1(x) = g2,1(f1,1(x), f1,2(x), f1,3(x)),

where g1,1 ∈ H4
3(K), g1,2 ∈ H4

2(K), g1,3 ∈ H5
3(K) and g2,1 ∈ H5

3(K). In this example,
the actual input dimension of f2,1 is 8, but the maximum input dimension of gl,i is 3.
The primary advantage of assuming such a hierarchical composition structure is that the
dimensions of each g are significantly smaller compared to the overall dimensions, which
allows the function to be approximated with a smaller DNN model.
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We assume that D(n) := {(Xi, Yi)}i∈[n] are independent copies generated from (2) for
the nonparametric Gaussian regression problem and from (6) for the nonparametric logistic
regression problem, where the true function f0 follows the hierarchical composition structure
H(N ,P). For Bayesian inference, we consider the probabilistic model

Yi
ind.∼ N

(
TF ◦ fDNN

θ,ρν (Xi), σ
2
)

for nonparametric Gaussian regression problem and

Yi
ind.∼ Bernoulli

(
ϕ ◦ TF ◦ fDNN

θ,ρν (Xi)
)

for nonparametric logistic regression problem, where ν ∈ [0, 1) is a pre-specified value and
fDNN
θ,ρν

is the (Ln, rn) architecture DNN, where Ln and rn are given by

Ln :=
⌈
C̃1 log2 n

⌉
,

rn :=

⌈
C̃2 max

(β′,d′)∈P
n

d′
2(2β′+d′)

⌉
,

rn :=(d, rn, . . . , rn, 1)⊤ ∈ NLn+2,

(8)

where C̃1 and C̃2 are constants (depending on βmin, βmax and dmax) defined in Lemma B.8
in Appendix B.5.

The following theorem shows that by assuming hierarchical compositional structure,
BNNs with general priors can avoid the curse of dimensionality.

Theorem 4. Assume that data are generated from (2) for the nonparametric Gaussian
regression problem and from (6) for the nonparametric logistic regression problem. Assume
that f0 follows the hierarchical composition structure H(N ,P), defined in Definition 2. For
ν ∈ [0, 1), consider the DNN model fDNN

θ,ρν
with the (Ln, rn) architecture, where Ln and rn

are given in (8). For any priors Π (and Ξ) which satisfy Assumption 1 (and Assumption
2, respectively), the posterior distribution concentrates around the true function at the rate

εn = max(β′,d′)∈P n
− β′

(2β′+d′) logγ(n) for γ > 2, in the sense that for any Mn → ∞,

Πn

( (
θ, σ2

)
: ∥TF ◦ fDNN

θ,ρν − f0∥2,PX
+ |σ2 − σ2

0| > Mnεn

∣∣∣ D(n)
) Pn

0→ 0

holds for the nonparametric Gaussian regression problem and

Πn

(
θ : ∥ϕ ◦ TF ◦ fDNN

θ,ρν − ϕ ◦ f0∥2,PX
> Mnεn

∣∣∣ D(n)
) Pn

0→ 0

holds for the nonparametric logistic regression problem, where Pn
0 is the probability measure

of the training data D(n).

The proof of Theorem 4 is provided in Appendix B.5. Note that the concentration rate

max(β′,d′)∈P n
− β′

(2β′+d′) is much faster than n
− β

(2β+d) in the case dmax ≪ d and hence avoids
the curse of dimensionality. This rate is known to be the minimax lower bound when esti-
mating hierarchical composition structure functions (Schmidt-Hieber, 2020). Concentration
rate in Theorem 4 is near-optimal up to a logarithmic factor.
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5. Bayesian Neural Networks Adaptive to Smoothness

Similar to minimax optimal results of least square estimators with DNNs (Schmidt-Hieber,
2020; Kohler and Langer, 2021a), theories in the previous section also face the limitation
of requiring knowledge of the smoothness of the true function (or constraint set P for
hierarchical composition structure in Section 4) to choose a network of appropriate size.
Since the true smoothness is rarely known, the optimal width is usually determined through
the use of a validation data set in practice.

In Bayesian analysis, this issue is often addressed by assigning a prior to the parameter
related to smoothness or model complexity. Instead of choosing the width r depending on
β as well as n in our previous results in Section 4, we can assign a prior to r. Specifically,
we give prior

Γ(r) ∝ e−(logn)5r2 , (9)

which is similar to the prior considered in Kong et al. (2023) and Ohn and Lin (2024). For
given r ∈ N, Ln and rn are given by

Ln :=
⌈
C̃1 log n

⌉
,

rn := (d, r, . . . , r, 1)⊤ ∈ NLn+2,
(10)

for the constant C̃1 used in (8). For a given DNN structure, we assign a prior Πr over
θ ∈ RJn,r which satisfies Assumption 1, where Jn,r is defined by

Jn,r := (d + 1)r + (Ln − 1)(r + 1)r + (r + 1).

In addition, for nonparametric Gaussian regression, we assign a prior Ξ over σ2 which
satisfies Assumption 2. For Bayesian inference, we consider the probabilistic model (3) for
nonparametric Gaussian regression problem and (7) for nonparametric logistic regression
problem.

The following theorem shows that by giving suitable prior on the width, BNNs with
general priors achieve optimal (up to a logarithmic factor) posterior concentration rates
around the true function, adaptively to the true smoothness.

Theorem 5. Assume that data are generated from (2) for the nonparametric Gaussian
regression problem and from (6) for the nonparametric logistic regression problem. Assume
that f0 follows the hierarchical composition structure H(N ,P), defined in Definition 2. For
ν ∈ [0, 1), consider the prior (9) over the width r, and consider the DNN model fDNN

θ,ρν
with the (Ln, rn) architecture, where Ln and rn are given in (10). For any priors Πr (and
Ξ) which satisfy Assumption 1 (and Assumption 2, respectively), the posterior distribution

concentrates around the true function at the rate εn = max(β′,d′)∈P n
− β′

(2β′+d′) logγ(n) for

γ > 5
2 , in the sense that for any Mn → ∞,

Πn

( (
θ, σ2

)
: ∥TF ◦ fDNN

θ,ρν − f0∥2,PX
+ |σ2 − σ2

0| > Mnεn

∣∣∣ D(n)
) Pn

0→ 0
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holds for the nonparametric Gaussian regression problem and

Πn

(
θ : ∥ϕ ◦ TF ◦ fDNN

θ,ρν − ϕ ◦ f0∥2,PX
> Mnεn

∣∣∣ D(n)
) Pn

0→ 0

holds for the nonparametric logistic regression problem, where Pn
0 is the probability measure

of the training data D(n).

The proof of Theorem 5 is provided in Appendix C. Theorem 5 implies that BNNs with
a random width achieve near-optimal concentration rates up to a logarithmic factor as long
as the prior of the random width is carefully selected. Note that the proposed prior for
the width does not utilize P, which means that the BNNs achieve the optimal posterior
concentration rates adaptively to the smoothness of the true model.

Posterior inference in such models poses significant challenges, since the dimension of
parameters changes as the network structure changes. In such cases, a commonly used
method is reversible jump MCMC (Green, 1995), which employs dimension-matching tech-
niques and proposes changes of the dimensionality along with appropriate adjustments in the
parameters. Alternatively, one could consider applying masking variables to a sufficiently
large DNN, and by using a well-designed proposal distribution for the Metropolis-Hastings
algorithm to update the masking variables, faster posterior mixing can be induced (Kong
et al., 2023).

6. Discussions

The main contributions of this paper are (1) to provide the new approximation result of
DNNs in Theorem 1 and (2) to derive the posterior concentration rates of BNNs with
general priors based on Theorem 1. We believe that there are other problems where the
new approximation result of DNNs plays a crucial role. For instance, whereas Ohn and Lin
(2024) employs a uniform prior over a diverging set and Kong et al. (2023) uses a polynomial-
tailed prior, their procedures can also achieve near-minimax optimal rates under a standard
Gaussian prior by applying Theorem 1. Another possible example would be asymptotic
properties of a certain penalized least square (or maximum likelihood) estimator of DNN.
There are some studies of sparse penalties with DNNs (Ohn and Kim, 2022) but no results
are available for non-sparse penalties.

We have only considered the posterior concentration rates of BNNs. A more interest-
ing property would be uncertainty quantification. For Bayesian nonparametric regression,
Szabó et al. (2015) and Rousseau and Szabo (2020) have studied asymptotic properties in
view of uncertainty quantification. It would be expected that similar results hold for BNNs
but not yet proved. Our new approximation result could be a good starting point.
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Appendix A. Proofs for Section 3

In this section, we prove Theorem 1. In Section A.1, we describe additional notations for the
proofs. In Section A.2, we state and prove a re-scaling lemma for Leaky-ReLU DNNs. In
Section A.3, we construct auxiliary networks with Leaky-ReLU activation function. Based
on these results, we prove Theorem 1 in Section A.4.

Our proof for Theorem 1 closely follows the proof of Kohler and Langer (2021a) but
we make the following four modifications: (1) alteration of the activation function, (2)
adjustments to the network size accordingly, (3) imposition of the upper bound of the
absolute values of parameters in each layer and (4) alteration of the upper bounds to make
them similar. For simplicity, we refer to the results in the proof of Kohler and Langer
(2021a) unless there is any confusion, and focus on the four modifications.

A.1 Additional notations

For a DNN model fDNN, L(fDNN) denotes the number of hidden layers in fDNN. For
l ∈ [L(fDNN) + 1], Wl(f

DNN) and bl(f
DNN) denote the weight matrix and bias vector of the

l-th layer of fDNN, respectively. We further denote

θw(fDNN) :=(vec(W1(f
DNN))⊤, . . . , vec(WL+1(f

DNN))⊤)⊤,

θb(f
DNN) :=(b1(f

DNN)⊤, . . . , bL+1(f
DNN)⊤)⊤.

We define the set of Leaky-ReLU DNN functions where the absolute values of the weights
and biases are bounded by Bw and Bb, respectively, by F̃DNN

ρν (L, r,Bw, Bb) as follows.

Definition 3. For L ∈ N, r ∈ N, Bw ≥ 1 and Bb ≥ 1, we define F̃DNN
ρ (L, r,Bw, Bb) as the

function class of DNNs with the (L, (d, r, . . . , r, 1)⊤) architecture and the activation function
ρ such that the absolute values of the weights are bounded by Bw and the absolute values of
the biases are bounded by Bb. That is,

F̃DNN
ρν (L, r,Bw, Bb) :=

{
f : f = fDNN

θ,ρ is a DNN with the
(
L, (d, r, . . . , r, 1)⊤

)
architecture,

|θw(f)|∞ ≤ Bw, |θb(f)|∞ ≤ Bb

}
.

A vector function is denoted by a bold letter. e.g. f(·) := (f (1)(·), . . . , f (k)(·))⊤.

A.2 Re-scaling Lemma for Leaky-ReLU DNNs

Lemma A.1. For ν ∈ [0, 1), L ∈ N and r ∈ NL+2, consider a DNN with the (L, r)
architecture fDNN

θ,ρν
: Rd → R which is parameterized by θ = (θ⊤w ,θ

⊤
b )⊤, where θw =

(vec(W1)
⊤, . . . , vec(WL+1)

⊤)⊤ and θb = (b⊤1 , . . . , b
⊤
L+1)

⊤. For positive constants ζ1, . . . , ζL+1,
we define

W̃l :=ζl ·Wl,

b̃l :=

(
l∏

l′=1

ζl′

)
· bl
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for l ∈ [L + 1] and define

θ̃w :=(vec(W̃1)
⊤, . . . , vec(W̃L+1)

⊤)⊤,

θ̃b :=(b̃⊤1 , . . . , b̃
⊤
L+1)

⊤,

θ̃ :=(θ̃⊤w , θ̃
⊤
b )⊤.

If
∏L+1

l=1 ζl = 1,
fDNN
θ,ρν (x) = fDNN

θ̃,ρν
(x)

holds for every x ∈ Rd

Proof. Note that the Leaky-ReLU activation function has the property

ρν(ζx) = max{ζx, ζνx} = ζ max{x, νx} = ζρν(x)

for every ζ > 0 and vector x. For l ∈ [L + 1], we denote Ãl(x) := W̃lx + b̃l as the affine
map defined by W̃l and b̃l.

First, we have Ã1(x) = W̃1x+ b̃1 = ζ1A1(x). Assume that for some l ∈ [L],

Ãl ◦ ρν · · · ◦ ρν ◦ Ã1(x) =

(
l∏

l′=1

ζl′

)
· (Al ◦ ρν · · · ◦ ρν ◦A1(x))

holds. Then, we have

Ãl+1 ◦ ρν ◦ Ãl ◦ ρν · · · ◦ ρν ◦ Ã1(x)

= Ãl+1 ◦ ρν ◦

((
l∏

l′=1

ζl′

)
· (Al ◦ ρν · · · ◦ ρν ◦A1(x))

)

= Ãl+1 ◦

((
l∏

l′=1

ζl′

)
· (ρν ◦Al ◦ ρν · · · ◦ ρν ◦A1(x))

)

= W̃l+1

((
l∏

l′=1

ζl′

)
· (ρν ◦Al ◦ ρν · · · ◦ ρν ◦A1(x))

)
+ b̃l+1

=

(
l+1∏
l′=1

ζl′

)
· (Wl+1 (ρν ◦Al ◦ ρν · · · ◦ ρν ◦A1(x)) + bl+1)

=

(
l+1∏
l′=1

ζl′

)
· (Al+1 ◦ ρν ◦Al ◦ ρν · · · ◦ ρν ◦A1(x)) .

Hence, by mathematical induction, we have the assertion.

Lemma A.1 implies that scale of some layers can be transferred to other layers in Leaky-
ReLU DNNs. This is due to the fact that the Leaky-ReLU activation function satisfies the
property ρν(cx) = cρν(x) for any x and c > 0. This lemma is particularly useful when
the absolute values of some parameters in the lower layers are large, while those in other
layers are not. Figure 2 provides a simple illustration of Lemma A.1 with ζ1 = 2−L and
ζ2 = · · · = ζL+1 = 2.
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Figure 2: Example of Lemma A.1. A DNN with depth L and width r = (2, . . . , 2, 1)⊤

(above) and its re-scaled DNN (below) using Lemma A.1. We use ζ1 = 2−L and
ζ2 = · · · = ζL+1 = 2 for re-scaling. The two networks produce a same output for
a same input.

A.3 Auxiliary networks with the Leaky-ReLU activation function

Lemma A.2. For ν ∈ [0, 1) and k ∈ N,

a) There exists a neural network fid(·) : Rk → Rk such that for every x ∈ Rk

fid(x) = x,

and for every neural network g(·) : Rd → Rk in F̃DNN
ρν (L, r,Bw, Bb),

fid(g(·)) ∈ F̃DNN
ρν (L + 1,max(r, 2k), Bw, Bb) .

b) There exists a neural network fρ0(·) : Rk → Rk such that for every x ∈ Rk

fρ0(x) = ρ0(x),

and for every neural network g(·) : Rd → Rk in F̃DNN
ρν (L, r,Bw, Bb),

fρ0(g(·)) ∈ F̃DNN
ρν

(
L + 1,max(r, 2k),max

(
Bw,

1

1 − ν2

)
, Bb

)
.

Proof. a) For x = (x(1), . . . , x(k))⊤,

fid(x) :=
1

1 + ν
ρν(x) − 1

1 + ν
ρν(−x)
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satisfies fid(x)(i) = x(i)

1+ν + νx(i)

1+ν = x(i) for x(i) ≥ 0 and fid(x)(i) = νx(i)

1+ν + x(i)

1+ν = x(i)

for x(i) < 0. Also, fid(g(·)) requires r neurons in each of the 1st through Lth hidden
layers and 2k neurons in the (L + 1)th hidden layer. Hence, we get the assertion.

b) For x = (x(1), . . . , x(k))⊤,

fρ0(x) :=
1

1 − ν2
ρν(x) +

ν

1 − ν2
ρν(−x)

satisfies fρ0(x)(i) = x(i)

1−ν2
− ν2x(i)

1−ν2
= x(i) for x(i) ≥ 0 and fρ0(x)(i) = νx(i)

1−ν2
− νx(i)

1−ν2
= 0

for x(i) < 0. Also, fρ0(g(·)) requires r neurons in each of the 1st through Lth hidden
layers and 2k neurons in the (L + 1)th hidden layer. Hence, we get the assertion.

For L ∈ N, we denote fL
id(·) := fid ◦ fid ◦ · · · ◦ fid(·) ∈ F̃DNN

ρν (L, 2k, 1, 1), where k is the

input dimension of fL
id.

Lemma A.3. Let ν ∈ [0, 1), R ∈ N, b1, b2 ∈ [−a, a]d with b
(i)
2 − b

(i)
1 ≥ 2

R for all i ∈ [d] and

K1/R =
{
x ∈ Rd : ∀i ∈ [d], x(i) /∈ [b

(i)
1 , b

(i)
1 + 1/R) ∪ (b

(i)
2 − 1/R, b

(i)
2 )
}
.

a) There exists a neural network find,[b1,b2)(·) : Rd → R such that for x ∈ K1/R

find,[b1,b2)(x) = I[b1,b2)(x), (A.1)

and for x ∈ Rd ∣∣find,[b1,b2)(x) − I[b1,b2)(x)
∣∣ ≤ 1, (A.2)

and for every neural network g(·) : Rd → Rd in F̃DNN
ρν (L, r,Bw, Bb)

find,[b1,b2)(g(·)) ∈ F̃DNN
ρν

(
L + 2,max(r, 4d),max

(
Bw,

R

1 − ν2

)
,max(Bb, 1 + a)

)
.

b) Let |s| ≤ R. Then there exists the network ftest(·) : R3d+1 → R such that for x ∈ K1/R

ftest(x, b1, b2, s) = s · I[b1,b2)(x), (A.3)

and for x ∈ Rd ∣∣ftest(x, b1, b2, s) − s · I[b1,b2)(x)
∣∣ ≤ |s|, (A.4)

and for g1(·) : Rd → Rd in F̃DNN
ρν (L, r1, Bw, Bb), g2(·) : Rd → Rd in F̃DNN

ρν (L, r2, Bw, Bb)

and g3(·) : Rd → Rd in F̃DNN
ρν (L, r3, Bw, Bb), we have

ftest(g1(·), g2(·), g3(·), s) ∈ F̃DNN
ρν

(
L + 2,max(r1 + r2 + r3, 8d + 4),

max

(
Bw,

R2

1 − ν2

)
, Bb

)
.

(A.5)
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Proof. For the network fρ0 defined on Lemma A.2 with k = 1, we define

find,[b1,b2)(x) := fρ0

(
1 −R ·

d∑
i=1

(
fρ0

(
b
(i)
1 + 1/R− x(i)

)
+ fρ0

(
x(i) − b

(i)
2 + 1/R

)))

= ρ0

(
1 −R ·

d∑
i=1

(
ρ0

(
b
(i)
1 + 1/R− x(i)

)
+ ρ0

(
x(i) − b

(i)
2 + 1/R

)))
,

and

ftest(x, b1, b2, s) := fρ0

(
fid(s) −R2 ·

d∑
i=1

(
fρ0

(
b
(i)
1 + 1/R− x(i)

)
+ fρ0

(
x(i) − b

(i)
2 + 1/R

)))

−fρ0

(
− fid(s) −R2 ·

d∑
i=1

(
fρ0

(
b
(i)
1 + 1/R− x(i)

)
+ fρ0

(
x(i) − b

(i)
2 + 1/R

)))

= ρ0

(
fid(s) −R2 ·

d∑
i=1

(
ρ0

(
b
(i)
1 + 1/R− x(i)

)
+ρ0

(
x(i) − b

(i)
2 + 1/R

)))

−ρ0

(
− fid(s) −R2 ·

d∑
i=1

(
ρ0

(
b
(i)
1 + 1/R− x(i)

)
+ρ0

(
x(i) − b

(i)
2 + 1/R

)))
.

Then, (A.1), (A.2), (A.3) and (A.4) hold by Lemma 6 of Kohler and Langer (2021b), and
(A.5) holds by Lemma A.2.

Lemma A.4. Let ν ∈ [0, 1) and sufficiently large R ∈ N be given.

a) There exists a neural network fmult(·, ·) : R2 → R such that

|fmult(x) − x(1)x(2)| ≤ c3 · 4−R

for x ∈ [−a, a]2, and for every neural network g(·) : Rd → [−a, a]2 in the class
F̃DNN
ρν (L, r,Bw, Bb),

fmult(g(·)) ∈ F̃DNN
ρν (L + R,max(r, 24),max(Bw, c4),max(Bb, c5)),

where c3, c4 and c5 are constants not depending on R.

b) There exists a neural network fmult,d(·) : Rd → R such that∣∣∣∣∣fmult,d(x) −
d∏

i=1

x(i)

∣∣∣∣∣ ≤ c6 · 4−R

for x ∈ [−a, a]d, and for every neural network g(·) : Rd → [−a, a]d in the class
F̃DNN
ρν (L, r,Bw, Bb),

fmult,d(g(·)) ∈ F̃DNN
ρν (L + R⌈log2(d)⌉,max(r, 24d),max(Bw, c4),max(Bb, c5)),

where c6 is a constant not depending on R.
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c) For N ∈ N, let m1, . . . ,m(d+N
d ) denote all monomials of the form

d∏
k=1

(
x(k)

)αk

for some α1, . . . , αd ∈ N0 such that α1 + · · · + αd ≤ N . For u1, . . . , u(d+N
d ) ∈ [−1, 1],

define

p
(
x, y1, . . . , y(d+N

d )

)
:=

(d+N
d )∑

i=1

ui · yi ·mi(x).

Then, there exists a neural network fp (·, . . . , ·) : R[d+(d+N
d )] → R such that∣∣∣fp (x, y1, . . . , y(d+N

d )

)
− p

(
x, y1, . . . , y(d+N

d )

)∣∣∣ ≤ c7 · 4−R

for x ∈ [−a, a]d and yi ∈ [−a, a], and for every neural network g0(·) : Rd → [−a, a]d in
the class F̃DNN

ρν (L, r0, Bw, Bb) and gi(·) : Rd → [−a, a] in the class F̃DNN
ρν (L, ri, Bw, Bb)

for i ∈ [
(
d+N
d

)
], we have

fp

(
g0(·), g1(·), . . . , g(d+N

d )(·)
)

∈ F̃DNN
ρν

(
L + R⌈log2(N + 1)⌉,max

( (d+N
d )∑

i=0

ri, 24(N + 1)

(
d + N

d

))
,

max(Bw, c4),max(Bb, c5)

)
,

where c7 is a constant not depending on R.

Proof. a) We define f∧(·) : R → R as

f∧(x) := 2fρ0(x) − 4fρ0(x− 0.5) + 2fρ0(x− 1),

where fρ0 is defined on Lemma A.2. Then, we can check that f∧(·) satisfies f∧(x) =
2x · I(0 ≤ x < 0.5) + 2(1−x) · I(0.5 ≤ x < 1) for every x. Also, for any g(·) : R → R in
F̃DNN
ρν (L, r,Bw, Bb), we have f∧(g(·)) ∈ F̃DNN

ρν (L + 1,max(r, 6),max(Bw,
4

1−ν2
), Bb).

Now, for f̂1,0(x) = f̂2,0(x) = x and f̂3,0(x) = 0, we define

f̂1,l(x) = fid(f̂1,l−1(x))

f̂2,l(x) = f∧(f̂2,l−1(x))

f̂3,l(x) = fid(f̂3,l−1(x)) − f∧(f̂2,l−1(x))/22l

for l ∈ [R− 1] and

fsq[0,1](x) = fid(f̂1,R−1(x)) − f∧(f̂2,R−1(x))/22R + fid(f̂3,R−1(x)).
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By the proof of Lemma 20 of Kohler and Langer (2021c), we obtain

|fsq[0,1](x) − x2| ≤ 2−2R−2

for x ∈ [0, 1]. Note that fsq[0,1](g(·)) requires r neurons in each of the 1st through Lth
hidden layers and 2 + 6 + 2 neurons in each of the (L+ 1)th through (L+R)th hidden
layers. Hence, we have fsq[0,1](g(·)) ∈ F̃DNN

ρν (L + R,max(r, 10),max(Bw,
4

1−ν2
), Bb).

Now, with the additional network ftran : [−2a, 2a] → [0, 1] such that

ftran(x) :=
x

4a
+

1

2
,

we define

fsq(x) :=16a2fsq[0,1](ftran(x)) − 4afR
id(x) − 4a2.

Then, for x ∈ [−2a, 2a], we have

|fsq(x) − x2| =|(16a2fsq[0,1](ftran(x)) − 4ax− 4a2) − (4aftran(x) − 2a)2|
=|(16a2fsq[0,1](ftran(x)) − 16a2ftran(x) + 4a2) − (4aftran(x) − 2a)2|
≤16a2 · |fsq[0,1](ftran(x)) − (ftran(x))2|

≤16a2 · 4−R−1

=4a2 · 4−R.

and
fsq(g(·)) ∈ F̃DNN

ρν (L + R,max(r, 12),max(Bw, c4),max(Bb, c5)),

where c4 = max(16a2, 4
1−ν2

) and c5 = 4a2.

Now, we define fmult(·, ·) : [−a, a]2 → R as

fmult(x, y) :=
1

4
fsq(x + y) − 1

4
fsq(x− y).

Since |x + y| ≤ 2a and |x− y| ≤ 2a, we have

|fmult(x, y) − xy| =|fmult(x, y) − 1

4
((x + y)2 − (x− y)2)|

≤1

4
|fsq(x + y) − (x + y)2| +

1

4
|fsq(x− y) − (x− y)2|

≤2a2 · 4−R

for any x, y ∈ [−a, a]. Also, we have

fmult(g(·)(1), g(·)(2)) ∈ F̃DNN
ρν (L + R,max(r, 24),max(Bw, c4),max(Bb, c5)).

b) For q = ⌈log2(d)⌉, we consider x̃ := (x(1), . . . , x(d), 1, . . . , 1)⊤ ∈ [−a, a]2
q
. In the first

R layers, we compute

fmult(x̃
(1), x̃(2)), . . . , fmult(x̃

(2q−1), x̃(2
q)),
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which can be formulated by R hidden layers and 24 · 2q−1 ≤ 24d neurons in each
of the hidden layers. We define fmult,d : Rd → R as the deep neural network which
iteratively pairing those outputs and applying fmult. Then, we have

fmult,d(g(·)) ∈ F̃DNN
ρν (L + R⌈log2(d)⌉,max(r, 24d),max(Bw, c4),max(Bb, c5)).

By Lemma 8 of Kohler and Langer (2021b), we obtain the other assertion.

c) Using fmult,d, we can construct a neural network fmi (·, . . . , ·) : [−a, a][d+(d+N
d )] → R

for i ∈ [
(
d+N
d

)
] such that∣∣∣fmi

(
x, y1, . . . , y(d+N

d )

)
− yi ·mi(x)

∣∣∣ ≤ c84
−R

and

fmi

(
g0(·), g1(·), . . . , g(d+N

d )(·)
)

∈ F̃DNN
ρν

(
L + R⌈log2(N + 1)⌉,max

( (d+N
d )∑

i=0

ri, 24(N + 1)
)
,max(Bw, c4),max(Bb, c5)

)
,

(A.6)

where c8 is a constant not depending on R.

Now, we define a network fp (·, . . . , ·) as

fp (·, . . . , ·) :=

(d+N
d )∑

i=1

ui · fmi (·, . . . , ·) ,

which satisfies ∣∣∣fp (x, y1, . . . , y(d+N
d )

)
− p

(
x, y1, . . . , y(d+N

d )

)∣∣∣
≤

(d+N
d )∑

i=1

|ui| ·
∣∣∣fmi(x, y1, . . . , y(d+N

d )) − yi ·mi(x)
∣∣∣

≤c8 ·
(
d + N

d

)
· max

i
|ui| · 4−R.

Also, we have the other assertion by (A.6).

A.4 Proof for Theorem 1

We follow the notations and partitions of Kohler and Langer (2021b). For a half-open cube
C ⊂ [−a, a]d with length s > 0, which is defined by

C =
{
x : C

(j)
left ≤ x(j) < C

(j)
left + s, j ∈ [d]

}
,
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we denote the “bottom left” corner of C by Cleft. Also, for a half-open cube C ⊂ [−a, a]d

with length s and 0 < δ < s
2 , we denote C0

δ ⊂ C as the half-open cube which contains all
x ∈ C that lie with a distance of at least δ to the boundaries of C. i.e.,

C0
δ =

{
x : C

(j)
left + δ ≤ x(j) < C

(j)
left + s− δ, j ∈ [d]

}
.

We partition [−a, a)d into Md and M2d equal-sizes half-open cubes (i.e., length of 2a/M
and 2a/M2). We denote these partitions as

P1 := {Ci,1}i∈[Md]

and
P2 := {Cj,2}j∈[M2d].

Furthermore, let

v1, . . . ,vMd ∈
{

0,
2a

M2
, . . . ,

2a(M − 1)

M2

}d

be the d-dimensional Md different vectors. We denote the half-open cubes C̃1,i, . . . , C̃Md,i

as the half-open cubes of P2 that are contained in Ci,1 and ordered in such a way that

(C̃k,i)left = (Ci,1)left + vk

holds for all k ∈ [Md] and i ∈ [Md]. Then, we have

P2 = {Cj,2}j∈[M2d] = {C̃k,i}k∈[Md]},i∈[Md].

For a partition P (=P1 or P2) and x ∈ [−a, a)d, we denote CP(x) as the half-open cube of
P which includes x.

Lemma A.5. For β > 0 and K ≥ 1, let f ∈ Hβ
d (K) be the β-Hölder class function defined

on [−a, a]d. For any ν ∈ [0, 1) and sufficiently large M ∈ N, there exists a neural network
fnet,P2(·) : [−a, a]d → R such that

fnet,P2(·) ∈ FDNN
ρν

(
⌈c9 log2M⌉, c10Md, c11

)
and

|fnet,P2(x) − f(x)| ≤ c12
1

M2β

holds for all x ∈
⋃

j∈[M2d] (Cj,2)
0
1/M2β+2 and

|fnet,P2(x)| ≤ c13

holds for all x ∈ [−a, a]d, where c9, c10, c11, c12 and c13 are constants not depending on M .

Proof. We construct the networks

ϕ̂1,1 =
(
ϕ̂
(1)
1,1, . . . , ϕ̂

(d)
1,1

)
= f2

id(x),

ϕ̂2,1 =
(
ϕ̂
(1)
2,1, . . . , ϕ̂

(d)
2,1

)
=
∑

i∈[Md]

(Ci,1)left · find,Ci,1
(x)

(A.7)
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using Lemma A.2 and Lemma A.3, where R in Lemma A.3 is chosen as M . Also, for
j ∈ [Md] and l ∈ {l1, . . . , l(d+⌊β⌋

d )} := {l ∈ Nd
0, ∥l∥1 ≤ ⌊β⌋}, we construct the network

ϕ̂
(l,j)
3,1 =

∑
i∈[Md]

(∂lf)
(

(C̃j,i)left

)
· find,Ci,1

(x)

using Lemma A.3, where R in Lemma A.3 is chosen as R = M . Then,ϕ̂1,1, ϕ̂2,1, ϕ̂
(l1,1)
3,1 , . . . , ϕ̂

(
l
(d+⌊β⌋

d )
,Md

)
3,1

 (A.8)

requires 2 hidden layers, 2d + Md · 4d neurons in each of the hidden layers, the absolute
values of weights are bounded by M

1−ν2
and the absolute values of biases are bounded by

a + 1. In other words,

(A.8) ∈ F̃DNN
ρν

(
2, 2d + 4dMd,

M

1 − ν2
, a + 1

)
.

Next, on the top of the (A.8), we construct the networks

ϕ̂1,2 =
(
ϕ̂
(1)
1,2, . . . , ϕ̂

(d)
1,2

)
= f2

id(ϕ̂1,1),

ϕ̂2,2 =
(
ϕ̂
(1)
2,2, . . . , ϕ̂

(d)
2,2

)
,

(A.9)

where

ϕ̂
(i)
2,2 =

Md∑
j=1

ftest

(
ϕ̂1,1, ϕ̂2,1 + vj , ϕ̂2,1 + vj +

2a

M2
· 1, ϕ̂(i)

2,1 + v
(i)
j

)
is constructed using Lemma A.3, where R in Lemma A.3 is chosen as M . Also, for l ∈
{l1, . . . , l(d+⌊β⌋

d )}, we construct the networks

ϕ̂
(l)
3,2 =

Md∑
j=1

ftest

(
ϕ̂1,1, ϕ̂2,1 + vj , ϕ̂2,1 + vj +

2a

M2
· 1, ϕ̂(l,j)

3,1

)
using Lemma A.3, where R in Lemma A.3 is chosen as R = M . Then,ϕ̂1,2, ϕ̂2,2, ϕ̂

(l1)
3,2 , . . . , ϕ̂

(
l
(d+⌊β⌋

d )

)
3,2

 (A.10)

requires 2+2 hidden layers, max
(

2d + 4dMd, 2d + d ·Md · (8d + 4) +
(d+⌊β⌋

d

)
·Md · (8d + 4)

)
neurons in each of the hidden layers, the absolute values of weights are bounded by M2

1−ν2

and the absolute values of biases are bounded by a + 1. In other words,

(A.10) ∈ F̃DNN
ρν

(
4, 2d + (8d + 4)Md ·

((
d + ⌊β⌋

d

)
+ d

)
,

M2

1 − ν2
, a + 1

)
.
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Note that by Lemma A.2 and Lemma A.3, we have ϕ̂1,2(x) = x for x ∈ [−a, a]d and
ϕ̂2,2(x) = (CP2(x))left for x ∈

⋃
i∈[M2d](Ci,2)

0
1/M2p+2 .

Then, on the top of the (A.10), we construct the network

f̃net,P2(x) = fp

ϕ̂1,2 − ϕ̂2,2, ϕ̂
(l1)
3,2 , . . . , ϕ̂

(
l
(d+⌊β⌋

d )

)
3,2


using Lemma A.4, where the coefficients u1, . . . , u(d+N

d ) in Lemma A.4 are chosen as ui =

1
li!

and N and R in Lemma A.4 are chosen as N = max(1, ⌊β⌋) and R = ⌈log2
(
Mβ

)
⌉,

respectively. By Lemma 3 of Kohler and Langer (2021b), for all x ∈
⋃

j∈[M2d] (Cj,2)
0
1/M2β+2

|f̃net,P2(x) − f(x)| ≤ c14 · (max(2a,K))4(⌊β⌋+1) · 1

M2β
, (A.11)

where c14 is a constant not depending on M and for all x ∈ [−a, a]d

|f̃net,P2(x)| ≤ 1 + e2adK. (A.12)

Note that f̃net,P2(·) requires 4 + max(1, ⌈log2 (⌊β⌋ + 1)⌉) · ⌈log2
(
Mβ

)
⌉ hidden layers and

max
(

2d + (8d + 4)Md ·
((d+⌊β⌋

d

)
+ d
)
, 24(⌊β⌋ + 1) ·

(d+⌊β⌋
d

))
neurons in each of the hidden

layers.
Also, we define Ul(f̃net,P2) ∈ R+ for l ∈ [L(f̃net,P2) + 1] as

Ul(f̃net,P2) :=
M2

1 − ν2
l ∈ {1, 2, 3, 4, 5},

Ul(f̃net,P2) := c4 l ∈ {6, . . . , L(f̃net,P2) + 1},

where c4 is a constant defined on Lemma A.4. Then, Ul(f̃net,P2) satisfies

max(1, | vec(Wl(f̃net,P2))|∞) ≤ Ul(f̃net,P2).

Now we choose ζl as

ζl :=
1

Ul(f̃net,P2)

(
c
L(f̃net,P2

)+1−5

4

(
M2

1 − ν2

)5
) 1

L(f̃net,P2
)+1

and re-scale the parameters of f̃net,P2 using Lemma A.1. We denote this DNN model as

fnet,P2 . Since
∏L(f̃net,P2

)+1

l=1 ζl = 1, (A.11) and (A.12) also hold for fnet,P2 by Lemma A.1.
Also note that (

c
L(f̃net,P2

)−4

4

(
M2

1 − ν2

)5
) 1

L(f̃net,P2
)+1

≤ c4
1 − ν2

(M10)
1

β log2(M)

=
c4

1 − ν2
210/β =: c15,

which means |θw(fnet,P2)|∞ ≤ c15 holds. Finally, since
∏l

l′=1 ζl′ ≤ 1 for every l ∈ [L(fnet,P2)+
1], we have |θb(fnet,P2)|∞ ≤ a+ 1. By choosing c11 = max(c15, a+ 1), we get the last asser-
tion.
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However, Lemma A.5 only holds for x ∈
⋃

j∈[M2d] (Cj,2)
0
1/M2β+2 . To approximate f(x)

on every x ∈ [−a, a)d, we need additional networks. The strategy is to approximate
wP2(x)f(x) rather than f(x), where wP2(x) is defined by

wP2(x) =
d∏

j=1

max

(
0, 1 − M2

a
·
∣∣∣(CP2(x))

(j)
left +

a

M2
− x(j)

∣∣∣) .

Note that wP2(x) takes maximum value 1 at the center of CP2(x) and gradually decreases
linearly to 0 towards the edge of CP2(x). Also,

wP2(x) ≤ 2

Mβ
(A.13)

holds for x ∈
⋃

i∈[M2d]Ci,2 \ (Ci,2)
0
2/M2β+2 .

We aim to approximate wP2(x)f(x) for every x ∈ [−a, a)d by following three steps. The
first step is to construct a network fcheck,P2 , which ascertains whether x falls within the
boundaries of P2 or not.

Lemma A.6. For any ν ∈ [0, 1) and sufficiently large M ∈ N, there exists a neural network
fcheck,P2(·) : Rd → R such that

fcheck,P2(·) ∈ FDNN
ρν

(
L(fnet,P2), c16M

d, c17

)
and

fcheck,P2(x) = 1 (A.14)

for x ∈
⋃

i∈[M2d]Ci,2 \ (Ci,2)
0
1/M2β+2,

fcheck,P2(x) = 0 (A.15)

for x ∈
⋃

i∈[M2d](Ci,2)
0
2/M2β+2 and

|fcheck,P2(x)| ≤ 1 (A.16)

for x ∈ [−a, a)d, where c16 and c17 are constants not depending on M .

Proof. We construct the network

f̄check,P2(x) = 1 − fρ0

(
− f2

id

(
1 −

Md∑
k=1

find,(Ck,1)
0
1/M2β+2

(x)
)

+

Md∑
k=1

ftest

(
f2
id(x), ϕ̂2,1 + vk +

1

M2β+2
· 1, ϕ̂2,1 + vk +

2a

M2
· 1− 1

M2β+2
· 1, 1

))

using Lemma A.2, Lemma A.3 and (A.7), where R in Lemma A.3 is chosen as M . Further,
we construct the network

f̃check,P2(x) = f
L(fnet,P2

)−5

id

(
f̄check,P2(x)

)
.
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Then, by Lemma 10 of Kohler and Langer (2021b), (A.14), (A.15) and (A.16) hold for
f̃check,P2 . Note that f̃check,P2(·) requires L(fnet,P2) hidden layers and max(4dMd + 2d +
4dMd, 2 + (8d + 4)Md) neurons in each of the hidden layers.

Also, we define Ul(f̃check,P2) ∈ R+ for l ∈ [L(f̃check,P2) + 1] as

Ul(f̃check,P2) :=
M2

1 − ν2
l ∈ {1, . . . , 6},

Ul(f̃check,P2) := 1 l ∈ {7, . . . , L(fnet,P2) + 1},

which satisfies max(1, | vec(Wl(f̃check,P2))|∞) ≤ Ul(f̃check,P2). Now we choose ζl as

ζl :=
1

Ul(f̃check,P2)

((
M2

1 − ν2

)6
) 1

L(f̃check,P2
)+1

and re-scale the parameters of f̃check,P2 using Lemma A.1. We denote this DNN model as

fcheck,P2 . Since
∏L(f̃check,P2

)+1

l=1 ζl = 1, (A.14), (A.15) and (A.16) also holds for fcheck,P2 by
Lemma A.1. Also note that((

M2

1 − ν2

)6
) 1

L(f̃check,P2
)+1

≤ 1

1 − ν2
(M12)

1
β log2(M)

≤ 1

1 − ν2
212/β =: c18,

which means |θw(fcheck,P2)|∞ ≤ c18 holds. Finally, since
∏l

l′=1 ζl′ ≤ 1 for every l ∈
[L(fcheck,P2) + 1], we have |θb(fcheck,P2)|∞ ≤ a + 1. By choosing c17 = max(c18, a + 1),
we get the last assertion.

The second step is to construct a network fwP2
(·), which approximates wP2(·) on x ∈⋃

j∈[M2d] (Cj,2)
0
1/M2β+2 .

Lemma A.7. For any ν ∈ [0, 1) and sufficiently large M ∈ N, there exists a neural network
fwP2

(·) : Rd → R such that

fwP2
(·) ∈ FDNN

ρν

(
⌈c19 log2M⌉, c20Md, c21

)
and

|fwP2
(x) − wP2(x)| ≤ c22

1

M2β

for x ∈
⋃

i∈[M2d](Ci,2)
0
1/M2p+2 and

|fwP2
(x)| ≤ 2

for x ∈ [−a, a)d, where c19, c20, c21 and c22 are constants not depending on M .
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Proof. For ϕ̂1,2 =
(
ϕ̂
(1)
1,2, . . . , ϕ̂

(d)
1,2

)
and ϕ̂2,2 =

(
ϕ̂
(1)
2,2, . . . , ϕ̂

(d)
2,2

)
considered on (A.9), we define

fwP2,j
(x) := fρ0

(
M2

a
·
(
ϕ̂
(j)
1,2 − ϕ̂

(j)
2,2

))
− 2fρ0

(
M2

a
·
(
ϕ̂
(j)
1,2 − ϕ̂

(j)
2,2 −

a

M2

))
+ fρ0

(
M2

a
·
(
ϕ̂
(j)
1,2 − ϕ̂

(j)
2,2 −

2a

M2

))
for j ∈ [d], where fρ0(·) is defined on Lemma A.2. Since

max(0, x) − 2 max(0, x− 1) + max(0, x− 2) = max(0, 1 − |1 − x|)

holds for every x ∈ R, we have

fwP2,j
(x) = max

(
0, 1 − M2

a
·
∣∣∣ϕ̂(j)

2,2 +
a

M2
− ϕ̂

(j)
1,2

∣∣∣) .

Then, we define the network

f̃wP2
(x) := fmult,d

(
fwP2,1

(x), . . . , fwP2,d
(x)
)

using Lemma A.4, where R in Lemma A.4 is chosen as R = ⌈log2(M
β)⌉. By Lemma A.4,

we obtain ∣∣∣∣∣∣f̃wP2
(x) −

d∏
j=1

max

(
0, 1 − M2

a
·
∣∣∣ϕ̂(j)

2,2 +
a

M2
− ϕ̂

(j)
1,2

∣∣∣)
∣∣∣∣∣∣ ≤ c22

1

M2β
,

where c22 is a constant not depending on M . Using this fact, we have

|f̃wP2
(x)| ≤

∣∣∣∣∣∣f̃wP2
(x) −

d∏
j=1

fwP2,j
(x)

∣∣∣∣∣∣+

∣∣∣∣∣∣
d∏

j=1

fwP2,j
(x)

∣∣∣∣∣∣
≤1 +

d∏
j=1

max

(
0, 1 − M2

a
·
∣∣∣ϕ̂(j)

2,2 +
a

M2
− ϕ̂

(j)
1,2

∣∣∣)
≤2 (A.17)

for x ∈ [−a, a)d. Also, for x ∈
⋃

i∈[M2d](Ci,2)
0
1/M2p+2 , since ϕ̂

(j)
1,2 = x(j) and ϕ̂

(j)
2,2 =

(CP2(x))
(j)
left holds, we have

|f̃wP2
(x) − wP2(x)| ≤ c22

1

M2β
(A.18)

for x ∈
⋃

i∈[M2d](Ci,2)
0
1/M2p+2 . Note that f̃wP2

(·) requires 4+1+⌈log2(d)⌉⌈log2(M
β)⌉ hidden

layers and max(2d + Md · d · (8d + 4), 6d, 24d) neurons in each of the hidden layers.
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Also, we define Ul(f̃wP2
) ∈ R+ for l ∈ [L(f̃wP2

) + 1] as

Ul(f̃wP2
) :=

M2

1 − ν2
l ∈ {1, . . . , 6},

Ul(f̃wP2
) := c4 l ∈ {7, . . . , L(f̃wP2

) + 1},

where c4 is a constant defined on Lemma A.4. Then, Ul(f̃wP2
) satisfies

max(1, | vec(Wl(f̃wP2
))|∞) ≤ Ul(f̃wP2

).

Now we choose ζl as

ζl :=
1

Ul(f̃wP2
)

(
c
L(f̃wP2

)+1−6

4

(
M2

1 − ν2

)6
) 1

L(f̃wP2
)+1

and re-scale the parameters of f̃wP2
using Lemma A.1. We denote this DNN model as fwP2

.

Since
∏L(f̃wP2

)+1

l=1 ζl = 1, (A.17) and (A.18) also hold for fwP2
by Lemma A.1. Also note

that (
c
L(f̃wP2

)−5

4

(
M2

1 − ν2

)6
) 1

L(f̃wP2
)+1

≤ c4
1 − ν2

(M12)
1

β log2(M)

=
c4

1 − ν2
212/β =: c23,

which means |θw(fwP2
|∞ ≤ c23 holds. Finally, since

∏l
l′=1 ζl′ ≤ 1 for every l ∈ [L(fwP2

)+1],
we have |θb(fwP2

)|∞ ≤ a + 1. By choosing c21 = max(c23, a + 1), we get the last assertion.

The last step is to construct a network fnet which approximates wP2 · f on x ∈ [−a, a)d.
In this step, we use the networks fnet,P2 , fcheck,P2 and fwP2

, which are defined on Lemma
A.5, Lemma A.6 and Lemma A.7, respectively.

Lemma A.8. For β > 0 and K ≥ 1, let f ∈ Hβ
d (K) be the β-Hölder class function defined

on [−a, a]d. For any ν ∈ [0, 1) and sufficiently large M ∈ N, there exists a neural network
fnet(·) : Rd → R such that

fnet(·) ∈ FDNN
ρν

(
⌈c24 log2M⌉, c25Md, c26

)
and

|fnet(x) − wP2(x) · f(x)| ≤ c27 ·
1

M2β

hold for x ∈ [−a, a)d, where c24, c25, c26 and c27 are constants not depending on M .
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Proof. We construct

fnet,P2,true(x) :=fρ0

(
fnet,P2(x) − c13 · fcheck,P2(x)

)
− fρ0

(
− fnet,P2(x) − c13 · fcheck,P2(x)

)
,

where fρ0(·) is defined on Lemma A.2, fnet,P2(·) and c13 are defined on Lemma A.5 and
fcheck,P2(·) is defined on Lemma A.6. Note that Since |fnet,P2(x)| ≤ c13, we have

fnet,P2,true(x) = 0

for x ∈
⋃

i∈[M2d]Ci,2 \ (Ci,2)
0
1/M2β+2 ,

fnet,P2,true(x) = fnet,P2(x)

for x ∈
⋃

i∈[M2d](Ci,2)
0
2/M2β+2 and

|fnet,P2,true(x)| ≤ |fnet,P2(x)| ≤ c13

for x ∈
⋃

i∈[M2d](Ci,2)
0
1/M2β+2 \(Ci,2)

0
2/M2β+2 . For Ldiff := L(fnet,P2,true)−L(fwP2

), we define

the network fnet(·) as

fnet(x) := fmult

(
f
max(0,Ldiff)
id (fwP2

(x)), f
max(0,−Ldiff)
id (fnet,P2,true(x))

)
,

where fmult is defined on Lemma A.4 with R = ⌈log2(M
β)⌉, fid is defined on Lemma A.2

and fwP2
is defined on Lemma A.7. Then, by Lemma A.4, we have∣∣∣fnet(x) − fwP2

(x)fnet,P2,true(x)
∣∣∣ ≤ c28

M2β

for some constant c28 not depending on M . From

|fnet(x) − wP2(x) · f(x)| ≤
∣∣∣fnet(x) − fwP2

(x)fnet,P2,true(x)
∣∣∣

+
∣∣∣fwP2

(x)fnet,P2,true(x) − wP2(x) · f(x)
∣∣∣ , (A.19)

1. For x ∈
⋃

i∈[M2d](Ci,2)
0
2/M2β+2 ,

(A.19) ≤ c28
M2β

+
∣∣∣fwP2

(x)
∣∣∣ · |fnet,P2,true(x) − f(x)| + |f(x)| ·

∣∣∣fwP2
(x) − wP2(x)

∣∣∣
≤ c28
M2β

+ 2 |fnet,P2(x) − f(x)| + F ·
∣∣∣fwP2

(x) − wP2(x)
∣∣∣

≤ c28
M2β

+
2c12
M2β

+
Fc22
M2β

holds by Lemma A.5 and Lemma A.7.
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2. For x ∈
⋃

i∈[M2d](Ci,2)
0
1/M2β+2 \ (Ci,2)

0
2/M2β+2 ,

(A.19)

≤ c28
M2β

+ |fnet,P2,true(x)| ·
∣∣∣fwP2

(x) − wP2(x)
∣∣∣+ |wP2(x)| · |fnet,P2,true(x) − f(x)|

≤ c28
M2β

+ c13 ·
∣∣∣fwP2

(x) − wP2(x)
∣∣∣+ |wP2(x)| · (c13 + F )

≤ c28
M2β

+
c13c22
M2β

+
2(ctrue + F )

M2β

holds by Lemma A.5, Lemma A.7 and (A.13).

3. For x ∈
⋃

i∈[M2d]Ci,2 \ (Ci,2)
0
1/M2β+2 ,

(A.19) = |fnet(x)| + |wP2(x) · f(x)|

≤ c28
M2β

+ F · |wP2(x)|

≤ c28
M2β

+
2F

M2β
,

holds by Lemma A.4 and (A.13).

In conclusion, there exists c27 not depending on M such that

|fnet(x) − wP2(x) · f(x)| ≤ c27 ·
1

M2β
.

Also, since we have

fnet,P2,true ∈ FDNN
ρν

(
⌈c9 log2M⌉ + 1, (c10 + c16)M

d,max(c11, c17, c13)
)
,

we obtain
fnet ∈ FDNN

ρν

(
⌈c24 log2M⌉, c25Md, c26

)
,

where c24, c25 and c26 are constants not depending on M .

Proof of Theorem 1. We partition [−2a, 2a)d into M2d equal-sizes half-open cubes (i.e.,
length of 4a/M2). We denote this partition as

P3 := {Cj,3}j∈[M2d].

Furthermore, let

u1, . . . ,u2d ∈
{

0,
2a

M2

}d

be the d-dimensional 2d different vectors. For k ∈ [2d] and j ∈ [M2d], we define

Cj,3,k := {x ∈ Rd : x− uk ∈ Cj,3}

as the slightly shifted block, and define

P3,k := {Cj,3,k}j∈[M2d]
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as the slightly shifted partition. In other words, P3,k is the partition of

Xk :=
{
x ∈ Rd : x− uk ∈ [−2a, 2a)d

}
with equal-sizes half-open cubes C1,3,k, . . . , CM2d,3,k.

We can apply Lemma A.8 to partitions P3,k for k ∈ 2d, instead of P2. In other words,
there exist neural networks fnet,k(·) : Rd → R for k ∈ [2d] such that

fnet,k(·) ∈ FDNN
ρν

(
c29 log2M, c30M

d, c31

)
and ∣∣fnet,k(x) − wP2,k

(x) · f(x)
∣∣ ≤ c32 ·

1

M2β

holds for x ∈ Xk and hence for x ∈ [−a, a)d, where c29, c30, c31 and c32 are constants not
depending on M and k and

wP2,k
(x) =

d∏
j=1

max

(
0, 1 − M2

2a
·
∣∣∣∣(CP2,k

(x))
(j)
left +

2a

M2
− x(j)

∣∣∣∣) .

For any j ∈ [d], note that

1. If (CP̃2
(x))

(j)
left ≤ x(j) < (CP̃2

(x))
(j)
left + 2a

M2 , then the half of {(CP2,k
(x))

(j)
left}

2d

k=1 have

value (CP̃2
(x))

(j)
left and the other half have value (CP̃2

(x))
(j)
left −

2a
M2 . Also,

M2

2a

∣∣∣∣(CP̃2
(x))

(j)
left +

2a

M2
− x(j)

∣∣∣∣+
M2

2a

∣∣∣∣((CP̃2
(x))

(j)
left −

2a

M2

)
+

2a

M2
− x(j)

∣∣∣∣ = 1.

2. If (CP̃2
(x))

(j)
left + 2a

M2 ≤ x(j) < (CP̃2
(x))

(j)
left + 4a

M2 , the half of {(CP2,k
(x))

(j)
left}

2d

k=1 have

value (CP̃2
(x))

(j)
left and the other half have value (CP̃2

(x))
(j)
left + 2a

M2 . Also,

M2

2a

∣∣∣∣(CP̃2
(x))

(j)
left +

2a

M2
− x(j)

∣∣∣∣+
M2

2a

∣∣∣∣((CP̃2
(x))

(j)
left +

2a

M2

)
+

2a

M2
− x(j)

∣∣∣∣ = 1

Hence, by factorization we have

2d∑
k=1

wP2,k
(x) =

2d∑
k=1

d∏
j=1

max

(
0, 1 − M2

2a
·
∣∣∣∣(CP2,k

(x))
(j)
left +

2a

M2
− x(j)

∣∣∣∣)

=

2d∑
k=1

d∏
j=1

(
1 − M2

2a
·
∣∣∣∣(CP2,k

(x))
(j)
left +

2a

M2
− x(j)

∣∣∣∣)

=
d∏

j=1

(1 + 1 − 1) = 1.
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Hence, by defining

fDNN
θ̂,ρν

(x) :=
2d∑
k=1

fnet,k(x),

we obtain ∥∥∥fDNN
θ̂,ρν

− f
∥∥∥
∞,[−a,a]d

≤ c32 · 2d · 1

M2β

and
fDNN
θ̂,ρν

∈ FDNN
ρν

(
⌈c29 log2M⌉, c302dMd, c31

)
.
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Appendix B. Proofs for Section 4

In this section, we prove the examples and theorems presented in Section 4. In Section B.1,
we demonstrate that prior distributions in Example 1, 2 and 3 satisfy Assumption 1. In
Section B.2, we describe auxiliary lemmas for demonstrating the concentration results. In
Section B.3, B.4 and B.5, we prove Theorem 2, 3 and 4, respectively.

B.1 Proofs for examples in Section 4.1

Proof of Example 1. For any θ ∈ [−κ, κ]J , we have

π(θ) =

J∏
j=1

π(j)(θ(j)) ≥ δJκ

and hence Assumption 1 holds.

Proof of Example 2. We denote π(·|ψ) as the probability density function of Πψ. Then, for
every θ ∈ [−κ, κ]J , we have

π(θ) =

∫
ψ∈RS

π(θ|ψ)dΞ

≥
∫
ψ∈Ψ

π(θ|ψ)dΞ ≥ (δ1δκ)J .

Hence, Assumption 1 holds by δ1δκ.

Proof of Example 3. We denote µ ∈ [−B,B]J and Σ ∈ RJ×J as the mean vector and
covariance matrix of Π, respectively. Also, we denote λ1, . . . , λJ as the eigenvalues of Σ.
For any θ ∈ [−κ, κ]J , we have

|θ − µ|2 ≤ (B + κ)
√
J

and hence

(θ − µ)⊤Σ−1(θ − µ) = (B + κ)2J ·
(

θ − µ
(B + κ)

√
J

)⊤
Σ−1

(
θ − µ

(B + κ)
√
J

)
≤ (B + κ)2J

λmin
.

Also, we have

det(Σ) =
J∏

j=1

λj ≤ (λmax)J .

To sum up, we obtain

π(θ) =(2π)−
J
2 det(Σ)−

1
2 exp

(
−1

2
(θ − µ)⊤ Σ−1 (θ − µ)

)
≥(2πλmax)−

J
2 exp

(
−(B + κ)2J

2λmin

)
.
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Hence, Assumption 1 holds by

δκ =
1√

2πλmax
exp

(
−(B + κ)2

2λmin

)
.

B.2 Auxiliary lemmas for posterior concentration results

Lemma B.1. Consider two DNN models fDNN
θ1,ρν

: [−a, a]d → R, fDNN
θ2,ρν

: [−a, a]d → R with

the (L, r) architecture, where L ∈ N, r = (d, r, r, ..., r, 1)⊤ ∈ NL+2 for some r ∈ N and
ν ∈ [0, 1). If |θ1|∞ ≤ B, |θ2|∞ ≤ B and |θ1 − θ2|∞ ≤ δ holds for some B > 0 and δ > 0,
then ∥∥fDNN

θ1,ρν − fDNN
θ2,ρν

∥∥
∞,[−a,a]d

≤ a(d + 1)(r + 1)LBL(L + 1)δ

holds.

Proof. We denote

fDNN
θ1,ρν (·) = AL+1,1 ◦ ρν ◦AL,1 · · · ◦ ρν ◦A1,1(·),
fDNN
θ2,ρν (·) = AL+1,2 ◦ ρν ◦AL,2 · · · ◦ ρν ◦A1,2(·).

Also, for l ∈ [L], we define hθ1,l,ρν : [−a, a]d → Rr and hθ2,l,ρν : [−a, a]d → Rr as the DNN
models whose outputs are l-th hidden layer of fDNN

θ1,ρν
and fDNN

θ1,ρν
, respectively. That is,

hθ1,l,ρν (·) = Al,1 ◦ ρν ◦Al−1,1 · · · ◦ ρν ◦A1,1(·),
hθ2,l,ρν (·) = Al,2 ◦ ρν ◦Al−1,2 · · · ◦ ρν ◦A1,2(·).

Also, we denote hθ1,L+1,ρν (·) = fDNN
θ1,ρν

(·) and hθ2,L+1,ρν (·) = fDNN
θ2,ρν

(·).
For l ∈ [L], we have∥∥|hθ1,l,ρν |∞∥∥∞,[−a,a]d

≤ a(d + 1)(r + 1)l−1Bl.

and hence ∥∥|hθ1,l+1,ρν − hθ2,l+1,ρν |∞
∥∥
∞,[−a,a]d

=
∥∥|Al+1,1 ◦ ρν ◦ hθ1,l,ρν −Al+1,2 ◦ ρν ◦ hθ2,l,ρν |∞

∥∥
∞,[−a,a]d

≤
∥∥|Al+1,1 ◦ ρν ◦ hθ1,l,ρν −Al+1,2 ◦ ρν ◦ hθ1,l,ρν |∞

∥∥
∞,[−a,a]d

+
∥∥|Al+1,2 ◦ ρν ◦ hθ1,l,ρν −Al+1,2 ◦ ρν ◦ hθ2,l,ρν |∞

∥∥
∞,[−a,a]d

≤ (r + 1)|θ1 − θ2|∞ ∥|hθ1,l,ρν |∞∥∞,[−a,a]d

+ r|θ2|∞ ∥|hθ1,l,ρν − hθ2,l,ρν |∞∥∞,[−a,a]d

≤ δa(d + 1)(r + 1)lBl

+ rB ∥|hθ1,l,ρν − hθ2,l,ρν |∞∥∞,[−a,a]d .

Since ∥∥|hθ1,1,ρν − hθ2,1,ρν |∞∥∥∞,[−a,a]d
≤ a(d + 1)δ
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holds, we get ∥∥|hθ1,l,ρν − hθ2,l,ρν |∞∥∥∞,[−a,a]d
≤ a(d + 1)(r + 1)l−1Bl−1lδ

for every l ∈ [L + 1] by induction.

Lemma B.2 (Theorem 19.3 of Györfi et al. (2002)). Let X,X1, . . . ,Xn be independent
and identically distributed random vectors with values in Rd. Let K1,K2 ≥ 1 be constants
and let G be a class of functions g : Rd → R with the properties

|g(x)| ≤ K1 (x ∈ Rd) and E(g(X)2) ≤ K2E(g(X)).

Let 0 < τ < 1 and α > 0. Assume that

√
nτ

√
1 − τ

√
α ≥ 288 max

{
2K1,

√
2K2

}
and that, for all x1, . . . ,xn ∈ Rd and for all t ≥ α

8 ,

√
nτ(1 − τ)t

96
√

2 max {K1, 2K2}
≥
∫ √

t

τ(1−τ)t
16max{K1,2K2}

√√√√logN

(
u,

{
g ∈ G :

1

n

n∑
i=1

g (xi)
2 ≤ 16t

}
, ∥ · ∥1,n

)
du.

Then,

P

{
sup
g∈G

∣∣E{g(X)} − 1
n

∑n
i=1 g (Xi)

∣∣
α + E{g(X)}

> τ

}
≤ 60 exp

(
− nατ2(1 − τ)

128 · 2304 max
{
K2

1 ,K2

}) .

B.3 Proof of Theorem 2

Without loss of generality, we consider γ in (2, 52). We define Fn as the set of pairs of
truncated DNN with the (Ln, rn) architecture and variance of the Gaussian noise,

Fn :=
{(

TF ◦ fDNN
θ,ρν , σ2

)⊤
: fDNN

θ,ρν ∈ FDNN
ρν (Ln, rn), 0 < σ2 ≤ e4nε

2
n

}
,

where Ln and rn are defined on (4). We denote Jn as the number of parameters in the DNN
model with the (Ln, rn) architecture. In other words,

Jn :=

Ln+1∑
l=1

(r(l−1)
n + 1)r(l)n .

For given x(n) = (x1, . . . ,xn), we denote P(f,σ2),i and p(f,σ2),i as the probability measure
and density corresponding to the Gaussian distribution N(f(xi), σ

2), respectively. For given
x(n) = (x1, . . . ,xn), we define the semimetric hn on Fn as the average of the squares of the
Hellinger distances between P(f,σ2),i. That is,

h2n
(
(f1, σ

2
1), (f2, σ

2
2)
)

:=
1

n

n∑
i=1

h2
(
P(f1,σ2

1),i
, P(f2,σ2

2),i

)
.
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Lemma B.3. For given x(n) = (x1, . . . ,xn), we have

sup
ε>εn

logN
(

1

36
ε,
{

(f, σ2) ∈ Fn : hn
(
(f, σ2), (f0, σ

2
0)
)
< ε
}
, hn

)
≲ nε2n

under the conditions of Theorem 2.

Proof. We define semimetric dn on Fn as

d2n
(
(f1, σ

2
1), (f2, σ

2
2)
)

:= ∥f1 − f2∥1,n + |σ2
1 − σ2

2|2.

Then, h2n(·) ≲ d2n(·) holds by by Lemma B.1 of Xie and Xu (2020) and hence N (ε,Fn, hn) ≲
N
(
ε2,Fn, d

2
n

)
. Also, by the fact that ∥f1 − f2∥1,n ≤ ε2

2 and |σ2
1 − σ2

2|2 ≤ ε2

2 implies
∥f1 − f2∥1,n + |σ2

1 − σ2
2|2 ≤ ε2, we get

N (ε,Fn, hn) ≲N
(
ε2,Fn, d

2
n

)
≤
√

2

ε
· exp(4nε2n) · N

(
ε2

2
, TF ◦ FDNN

ρ (Ln, rn), ∥ · ∥1,n
)

≤
√

2

ε
· exp(4nε2n) · M

(
ε2

2
, TF ◦ FDNN

ρ (Ln, rn), ∥ · ∥1,n
)

≤
√

2

ε
· exp(4nε2n) · 3

(
8eF

ϵ2
log

12eF

ϵ2

)V +

TF ◦FDNN
ρ (Ln,rn)

≤
√

2

ε
· exp(4nε2n) · 3

(
8eF

ϵ2
log

12eF

ϵ2

)V +

FDNN
ρ (Ln,rn)

≤
√

2

ε
· exp(4nε2n) · 3

(
8eF

ϵ2
log

12eF

ϵ2

)c33L2
nr

2
n log(Lnr2n)

(B.1)

holds for every ε > 0, where the fourth and last inequalities hold by Theorem 9.4 of Györfi
et al. (2002) and Theorem 7 of Bartlett et al. (2019), respectively. Here, c33 > 0 is a
constant not depending on n. Hence, we obtain

sup
ε>εn

logN
(

1

36
ε,
{

(f, σ2) ∈ Fn : hn
(
(f, σ2), (f0, σ

2
0)
)
< ε
}
, hn

)
≤ logN

(
1

36
εn,Fn, hn

)
≲ nε2n + L2

nr
2
n logLnr

2
n log n

≲ nε2n.

Lemma B.4. For given x(n) = (x1, . . . ,xn), we define

Ki((f0, σ
2
0), (f, σ2)) =

∫
log(p(f0,σ2

0),i
/p(f,σ2),i)dP(f0,σ2

0),i
,

Vi((f0, σ
2
0), (f, σ2)) =

∫ (
log(p(f0,σ2

0),i
/p(f,σ2),i) −Ki((f0, σ

2
0), (f, σ2))

)2
dP(f0,σ2

0),i
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and

B∗
n

(
(f0, σ

2
0), εn

)
=

{
(f, σ2) ∈ Fn :

1

n

n∑
i=1

Ki((f0, σ
2
0), (f, σ2)) ≤ ε2n,

1

n

n∑
i=1

Vi((f0, σ
2
0), (f, σ2)) ≤ ε2n

}
.

Then, we have

(Π ⊗ Ξ)
(
B∗

n

(
(f0, σ

2
0), εn

))
≳e−nε2n

under the conditions of Theorem 2.

Proof. For ε > 0, define

A∗
n

(
(f0, σ

2
0), ε

)
:=
{

(f, σ2) ∈ Fn : max
i

|f(xi) − f0(xi)| ≤
σ0ε

2
, σ2 ∈ [σ2

0, (1 + ε2)σ2
0]
}
.

Then for every f ∈ A∗
n

(
(f0, σ

2
0), ε

)
and i ∈ [n],

Ki((f0, σ
2
0), (f, σ2)) =

1

2
log

σ2

σ2
0

+
σ2
0 + (f0(xi) − f(xi))

2

2σ2
− 1

2
≤ ε2

and

Vi((f0, σ
2
0), (f, σ2)) = Varf0,σ2

0

(
−(Yi − f0(xi))

2

2σ2
0

+
(Yi − f(xi))

2

2σ2

)
= Varf0,σ2

0

(
−(Yi − f0(xi))

2

2σ2
0

+
(Yi − f0(xi) + f0(xi) − f(xi))

2

2σ2

)
= Varf0,σ2

0

(
−1

2
(1 − σ2

0

σ2
)Z2

i +
σ0(f0(xi) − f(xi))Zi

σ2

)
≤ ε2

where Zi := Yi−f0(xi)
σ0

∼ N(0, 1). Hence, we obtain

A∗
n

(
(f0, σ

2
0), εn

)
⊂ B∗

n

(
(f0, σ

2
0), εn

)
. (B.2)

Also, by Theorem 1 with M = n
1

2(2β+d) , there exists fDNN
θ̂,ρν

∈ FDNN
ρν (Ln, rn, C3) such that

∥∥∥fDNN
θ̂,ρν

− f0

∥∥∥
∞,[−a,a]d

≤c1n
− β

(2β+d)

<
σ0εn

4
(B.3)
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satisfies for sufficiently large n. Note that θ̂ ∈ [−C3, C3]
Jn holds. With (B.2), (B.3) and

Lemma B.1, we obtain

(Π ⊗ Ξ)
(
B∗

n

(
(f0, σ

2
0), εn

))
≥ (Π ⊗ Ξ)

(
A∗

n

(
(f0, σ

2
0), εn

))
= Π

({
θ : max

i

∣∣TF ◦ fDNN
θ,ρν (xi) − f0(xi)

∣∣ ≤ σ0εn
2

})
Ξ
({

σ2 : σ2 ∈ [σ2
0, (1 + ε2n)σ2

0]
})

≥ Π

({
θ : max

i

∣∣fDNN
θ,ρν (xi) − f0(xi)

∣∣ ≤ σ0εn
2

})
Ξ
({

σ2 : σ2 ∈ [σ2
0, (1 + ε2n)σ2

0]
})

≥ Π

({
θ : max

i

∣∣∣fDNN
θ,ρν (xi) − fDNN

θ̂,ρν
(xi)

∣∣∣ ≤ σ0εn
4

})
Ξ
({

σ2 : σ2 ∈ [σ2
0, (1 + ε2n)σ2

0]
})

≥ Π
(
θ : θ ∈ C⋆

n(θ̂)
)

Ξ
({

σ2 : σ2 ∈ [σ2
0, (1 + ε2n)σ2

0]
})

,

where C∗
n(θ̂) is defined by

C∗
n(θ̂) :=

{
θ ∈ RJn : |θ − θ̂|∞ ≤ σ0εn

4a(d + 1)(rn + 1)LnCLn
3 (Ln + 1)

}
.

By Assumption 1, there exists a constant δ1 > 0 such that

Π
(
C∗
n(θ̂)

)
≥ δJn1

(
σ0εn

2a(d + 1)(rn + 1)LnCLn
3 (Ln + 1)

)Jn

.

Also, since the density function of Ξ(σ2) is continuous and positive, there exists a constant
δ2 > 0 such that Ξ

({
σ2 : σ2 ∈ [σ2

0, (1 + ε2n)σ2
0]
})

≥ δ2ε
2
n by the Extreme Value Theorem.

Hence, we obtain

(Π ⊗ Ξ)
(
B∗

n

(
(f0, σ

2
0), εn

))
≥ Π

(
C∗
n(θ̂)

)
Ξ
({

σ2 : σ2 ∈ [σ2
0, (1 + ε2n)σ2

0]
})

≥ δTn
1

(
σ0εn

2a(d + 1)(rn + 1)LnCLn
3 (Ln + 1)

)Jn

δ2ε
2
n (B.4)

≳ exp
(
−C2

2C1(log n)n
d

2β+d (log n)2
)
n−1

≳ e−nε2n (B.5)

for all but finite many n.

Lemma B.5. For given x(n) = (x1, . . . ,xn), we have

(Π ⊗ Ξ) (Fc
n)

(Π ⊗ Ξ)
(
B∗

n

(
(f0, σ2

0), εn
)) = o(e−2nε2n)

under the conditions of Theorem 2.
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Proof. From (B.5) and

(Π ⊗ Ξ) (Fc
n) = Ξ

(
σ2 > e4nε

2
n

)
≲ e−4nε2n ,

we obtain the assertion.

Proof of Theorem 2. From Lemma B.3, Lemma B.4, Lemma B.5 and Theorem 4 of Ghosal
and van der Vaart (2007), we have

E0

[
Πn

(
(f, σ2) : hn

(
(f, σ2), (f0, σ

2
0)
)
> Mnεn

∣∣∣D(n)
)∣∣∣X(n) = x(n)

]
→ 0

for every sequence {x(n)}∞n=1, where the expectation is with respect to {Yi}ni=1. Since

(∥f1 − f2∥2,n + |σ2
1 − σ2

2|)2 ≤ 2
(
∥f1 − f2∥22,n + |σ2

1 − σ2
2|2
)

≲ h2n
(
(f1, σ

2
1), (f2, σ

2
2)
)

holds by Lemma B.1 of Xie and Xu (2020), we obtain

E0

[
Πn

(
(f, σ2) : ∥f − f0∥2,n + |σ2 − σ2

0| > Mnεn

∣∣∣D(n)
)∣∣∣X(n) = x(n)

]
→ 0

for every sequence {x(n)}∞n=1, where the expectation is with respect to {Yi}ni=1. Note that
we can consider

E0

[
Πn

(
(f, σ2) : ∥f − f0∥2,n + |σ2 − σ2

0| > Mnεn

∣∣∣D(n)
)∣∣∣X(n)

]
(B.6)

as the sequence of bounded random variable. Since (B.6) is uniformly integrable, we have

E0

[
Πn

(
(f, σ2) : ∥f − f0∥2,n + |σ2 − σ2

0| > Mnεn

∣∣∣D(n)
)]

→ 0, (B.7)

where the expectation is with respect to {(Xi, Yi)}ni=1.

Next, we will check the conditions in Lemma B.2 for

G :=
{
g : g = (TF ◦ fDNN

θ,ρν − f0)
2, fDNN

θ,ρν ∈ FDNN
ρν (Ln, rn)

}
,

τ :=
1

2
, α := ε2n, K1 = K2 = 4F 2.

First, it is easy to check ∥g(x)∥∞ ≤ 4F 2 and E(g(X)2) ≤ 4F 2E(g(X)) for g ∈ G. Also,
since ∥∥(TF ◦ fDNN

θ1,ρν − f0)
2 − (TF ◦ fDNN

θ2,ρν − f0)
2
∥∥
1,n

=
∥∥(TF ◦ fDNN

θ1,ρν − f0 + TF ◦ fDNN
θ2,ρν − f0)(TF ◦ fDNN

θ1,ρν − TF ◦ fDNN
θ2,ρν )

∥∥
1,n

≤ 4F
∥∥TF ◦ fDNN

θ1,ρν − TF ◦ fDNN
θ2,ρν

∥∥
1,n
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holds for any fDNN
θ1,ρν

, fDNN
θ2,ρν

∈ FDNN
ρν (Ln, rn), there exists c34 > 0 such that

N (u,G, ∥ · ∥1,n) ≤N
( u

4F
, TF ◦ FDNN

ρν (Ln, rn), ∥ · ∥1,n
)

≤M
( u

4F
, TF ◦ FDNN

ρν (Ln, rn), ∥ · ∥1,n
)

≤3

(
16eF 2

u
log

24eF 2

u

)FDNN
ρν

(Ln,rn)+

≲nc34L2
nr

2
n log(Lnr2n)

for u ≥ n−1 by Theorem 9.4 of Györfi et al. (2002) and Theorem 7 of Bartlett et al. (2019).

Hence for all t ≥ ε2n
8 ,

∫ √
t

τ(1−τ)t
16max{K1,2K2}

√
logN (u,G, ∥ · ∥1,n)du ≲

√
t
(
n

d
2β+d (log n)4

) 1
2

=o

( √
nτ(1 − τ)t

96
√

2 max {K1, 2K2}

)
holds. To sum up, we conclude that

P

 sup
f∈FDNN(Ln,rn)

∣∣∣∥f − f0∥22,PX
− ∥f − f0∥22,n

∣∣∣
ε2n + ∥f − f0∥22,PX

>
1

2

 ≤ 60 exp

(
− nε2n/8

128 · 2304 · 16F 4

)
(B.8)

holds for all but finite many n by Lemma B.2. By (B.7) and (B.8), we obtain the assertion.

B.4 Proof of Theorem 3

Without loss of generality, we consider γ in (2, 52). We define Fn as the set of truncated
DNN with the (Ln, rn) architecture,

Fn :=
{
TF ◦ fDNN

θ,ρν : fDNN
θ,ρν ∈ FDNN

ρν (Ln, rn)
}
,

where Ln and rn are defined on (4). We denote Jn as the number of parameters in the DNN
model with the (Ln, rn) architecture. In other words,

Jn :=

Ln+1∑
l=1

(r(l−1)
n + 1)r(l)n .

For given x(n) = (x1, . . . ,xn), we denote Pf,i and pf,i as the probability measure and
density corresponding to the Bernoulli distribution Bernoulli (ϕ ◦ f(xi)), respectively. Also,
for given x(n) = (x1, . . . ,xn), we define semimetric hn on Fn as the average of the squares

43



Kong and Kim

of the Hellinger distances between Pf,i. That is,

h2n (f1, f2)

:=
1

n

n∑
i=1

h2 (Pf1,i, Pf2,i)

=
1

2n

n∑
i=1

[(√
ϕ ◦ f1(xi) −

√
ϕ ◦ f1(xi)

)2
+
(√

1 − ϕ ◦ f1(xi) −
√

1 − ϕ ◦ f1(xi)
)2]

Lemma B.6. For given x(n) = (x1, . . . ,xn), we have

sup
ε>εn

logN
(

1

36
ε, {f ∈ Fn : hn (f, f0) < ε} , hn

)
≲ nε2n.

Proof. We define semimetric dn on Fn as

d2n (f1, f2) := ∥ϕ ◦ f1 − ϕ ◦ f2∥2,n.

Since the infinite norms of f1, f2 ∈ Fn are bounded by F ,

d2n (f1, f2)

=
1

2n

n∑
i=1

{
(ϕ ◦ f1(xi) − ϕ ◦ f2(xi))

2 + ((1 − ϕ ◦ f1(xi)) − (1 − ϕ ◦ f2(xi)))
2

}

=
1

2n

n∑
i=1

{(√
ϕ ◦ f1(xi) −

√
ϕ ◦ f2(xi)

)2 (√
ϕ ◦ f1(xi) +

√
ϕ ◦ f2(xi)

)2
+
(√

1 − ϕ ◦ f1(xi) −
√

1 − ϕ ◦ f2(xi)
)2 (√

1 − ϕ ◦ f1(xi) +
√

1 − ϕ ◦ f2(xi)
)2}

≳ h2n (f1, f2)

holds. Hence, we obtain

N (ε,Fn, hn) ≲N (ε,Fn, dn)

≤N (ε,Fn, ∥ · ∥2,n)

≤M
(
ε, TF ◦ FDNN

ρ (Ln, rn), ∥ · ∥2,n
)

≤3

(
8eF 2

ϵ2
log

12eF 2

ϵ2

)V +

TF ◦FDNN
ρ (Ln,rn)

≤3

(
8eF 2

ϵ2
log

12eF 2

ϵ2

)V +

FDNN
ρ (Ln,rn)

≤3

(
8eF 2

ϵ2
log

12eF 2

ϵ2

)c35L2
nr

2
n log(Lnr2n)
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holds for every ε > 0, where the second, fourth and last inequalities hold by 1-Lipschitz
continuity of ϕ, Theorem 9.4 of Györfi et al. (2002) and Theorem 7 of Bartlett et al. (2019),
respectively. Here, c35 > 0 is a constant not depending on n. Hence, we obtain

sup
ε>εn

logN
(

1

36
ε, {f ∈ Fn : hn (f, f0) < ε} , hn

)
≤ logN

(
1

36
εn,Fn, hn

)
≲L2

nr
2
n logLnr

2
n log n

≲nε2n.

Lemma B.7. For given x(n) = (x1, . . . ,xn), we define

Ki(f0, f) =

∫
log(pf0,i/pf,i)dPf0,i,

Vi(f0, f) =

∫
(log(pf0,i/pf,i) −Ki(f0, f))2 dPf0,i,

B∗
n (f0, εn) =

{
f ∈ Fn :

1

n

n∑
i=1

Ki(f0, f) ≤ ε2n,
1

n

n∑
i=1

Vi(f0, f) ≤ ε2n

}
.

Then, we have

Π (B∗
n (f0, εn)) ≳e−nε2n .

Proof. For ε > 0, define

A∗
n (f0, ε) :=

{
f ∈ Fn : max

i
|f(xi) − f0(xi)| ≤ ε

}
.

Then by Lemma 3.2 of van der Vaart and van Zanten (2008), we have

A∗
n (f0, εn) ⊂ B∗

n (f0, εn) . (B.9)

Also, by Theorem 1 with M = n
1

2(2β+d) , there exists fDNN
θ̂,ρν

∈ FDNN
ρν (Ln, rn, C3) such that∥∥∥fDNN

θ̂,ρν
− f0

∥∥∥
∞

≤c1n
− β

(2β+d)

<
εn
2

(B.10)

satisfies for sufficiently large n. Note that θ̂ ∈ [−C3, C3]
Jn holds. With (B.9), (B.10) and

Lemma B.1, we obtain

Π (B∗
n (f0, εn)) ≥ Π (A∗

n (f0, εn))

= Π

({
θ : max

i

∣∣TF ◦ fDNN
θ,ρν (xi) − f0(xi)

∣∣ ≤ εn

})
≥ Π

({
θ : max

i

∣∣fDNN
θ,ρν (xi) − f0(xi)

∣∣ ≤ εn

})
≥ Π

({
θ : max

i

∣∣∣fDNN
θ,ρν (xi) − fDNN

θ̂,ρν
(xi)

∣∣∣ ≤ εn
2

})
≥ Π

(
θ : θ ∈ C∗

n(θ̂)
)
,
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where C∗
n(θ̂) is defined by

C∗
n(θ̂) :=

{
θ ∈ RJn : |θ − θ̂|∞ ≤ εn

2a(d + 1)(rn + 1)LnCLn
3 (Ln + 1)

}
.

By Assumption 1, there exists a constant δ3 > 0 such that

Π
(
C∗
n(θ̂)

)
≥ δJn3

(
εn

a(d + 1)(rn + 1)LnCLn
3 (Ln + 1)

)Jn

.

Hence, we obtain

Π (B∗
n (f0, εn)) ≥Π

(
C∗
n(θ̂)

)
≥δJn3

(
εn

a(d + 1)(rn + 1)LnCLn
3 (Ln + 1)

)Jn

≳ exp
(
−C2

2C1(log n)n
d

2β+d (log n)2
)

≳e−nε2n

for all but finite many n.

Proof of Theorem 3. From Lemma B.6, Lemma B.7, Πn(Fc
n) = 0 and Theorem 4 of Ghosal

and van der Vaart (2007), we have

E0

[
Πn

(
f : hn (f, f0) > Mnεn

∣∣∣D(n)
)∣∣∣X(n) = x(n)

]
→ 0

for every sequence {x(n)}∞n=1, where the expectation is with respect to {Yi}ni=1. Since

∥ϕ ◦ f1 − ϕ ◦ f2∥2,n =
1

n

n∑
i=1

(ϕ ◦ f1(xi) − ϕ ◦ f2(xi))
2

=
1

n

n∑
i=1

(√
ϕ ◦ f1(xi) −

√
ϕ ◦ f2(xi)

)2 (√
ϕ ◦ f1(xi) +

√
ϕ ◦ f2(xi)

)2
≲h2n (f1, f2) ,

we obtain

E0

[
Πn

(
f : ∥ϕ ◦ f − ϕ ◦ f0∥2,n > Mnεn

∣∣∣D(n)
)∣∣∣X(n) = x(n)

]
→ 0

for every sequence {x(n)}∞n=1, where the expectation is with respect to {Yi}ni=1. Since

E0

[
Πn

(
f : ∥ϕ ◦ f − ϕ ◦ f0∥2,n > Mnεn

∣∣∣D(n)
)∣∣∣X(n) = x(n)

]
is uniformly integrable, we have

E0

[
Πn

(
f : ∥ϕ ◦ f − ϕ ◦ f0∥2,n > Mnεn

∣∣∣D(n)
)]

→ 0, (B.11)
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where the expectation is with respect to {(Xi, Yi)}ni=1.

Next, we will check the conditions in Lemma B.2 for

G :=
{
g : g = (ϕ ◦ TF ◦ fDNN

θ,ρν − ϕ ◦ f0)2, fDNN
θ,ρν ∈ FDNN

ρν (Ln, rn)
}
,

τ :=
1

2
, α := ε2n, K1 = K2 = 1.

First, it is easy to check ∥g(x)∥∞ ≤ 1 and E(g(X)2) ≤ E(g(X)) for g ∈ G. Also, since∥∥(ϕ ◦ TF ◦ fDNN
θ1,ρν − ϕ ◦ f0)2 − (ϕ ◦ TF ◦ fDNN

θ2,ρν − ϕ ◦ f0)2
∥∥
1,n

=
∥∥(ϕ ◦ TF ◦ fDNN

θ1,ρν − ϕ ◦ f0 + ϕ ◦ TF ◦ fDNN
θ2,ρν − ϕ ◦ f0)(ϕ ◦ TF ◦ fDNN

θ2,ρν − ϕ ◦ TF ◦ fDNN
θ2,ρν )

∥∥
1,n

≤ 4
∥∥ϕ ◦ TF ◦ fDNN

θ1,ρν − ϕ ◦ TF ◦ fDNN
θ2,ρν

∥∥
1,n

≤ 4
∥∥TF ◦ fDNN

θ1,ρν − TF ◦ fDNN
θ2,ρν

∥∥
1,n

holds for any fDNN
θ1,ρν

, fDNN
θ2,ρν

∈ FDNN
ρν (Ln, rn), there exists c36 > 0 such that

N (u,G, ∥ · ∥1,n) ≤N
(u

4
, TF ◦ FDNN

ρν (Ln, rn), ∥ · ∥1,n
)

≤M
(u

4
, TF ◦ FDNN

ρν (Ln, rn), ∥ · ∥1,n
)

≤3

(
16eF

u
log

24eF

u

)FDNN
ρν

(Ln,rn)+

≲nc36L2
nr

2
n log(Lnr2n)

for u ≥ n−1 by Theorem 9.4 of Györfi et al. (2002) and Theorem 7 of Bartlett et al. (2019).

Hence for all t ≥ ε2n
8 ,

∫ √
t

τ(1−τ)t
16max{K1,2K2}

√
logN (u,G, ∥ · ∥1,n)du ≲

√
t
(
n

d
2β+d (log n)4

) 1
2

=o

( √
nτ(1 − τ)t

96
√

2 max {K1, 2K2}

)
holds. To sum up, we conclude that

P

 sup
f∈FDNN(Ln,rn)

∣∣∣∥ϕ ◦ f − ϕ ◦ f0∥22,PX
− ∥ϕ ◦ f − ϕ ◦ f0∥22,n

∣∣∣
ε2n + ∥ϕ ◦ f − ϕ ◦ f0∥22,PX

>
1

2

 ≤ 60 exp

(
− nε2n/8

128 · 2304

)
(B.12)

holds for all but finite many n by Lemma B.2. Hence by (B.11) and (B.12), we obtain the
assertion.
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B.5 Proof for hierarchical compositional structure Theorem 4

The primary advantage of assuming such a hierarchical composition structure is that the
dimensions of each g are significantly smaller compared to the overall dimensions. This fact
allows the function to be approximated with a smaller DNN model, as demonstrated in the
following lemma.

Lemma B.8. For ν ∈ [0, 1), N ∈ Nq and P ⊂ [βmin, βmax] × {1, . . . , dmax}, there exist
positive constants C̃1, C̃2, C̃3 and c2 such that for every f0 that follows the hierarchical
composition structure H(N ,P), there exists fDNN

θ̂,ρν
∈ FDNN

ρν (Ln, rn, C̃3), where Ln and rn

are given by

Ln :=
⌈
C̃1 log2 n

⌉
,

rn :=

⌈
C̃2 max

(β′,d′)∈P
n

d′
2(2β′+d′)

⌉
,

such that ∥∥∥fDNN
θ̂,ρν

− f0

∥∥∥
∞,[−a,a]d

≤ c2 max
(β′,d′)∈P

n
− β′

2β′+d′

holds.

Proof. For each l ∈ [q] and i ∈ [Nl], we have βmin ≤ βl,i ≤ βmax and 1 ≤ dl,i ≤ dmax. Hence,
there exist constants c37 > 0, c38 > 0, c39 ≥ 1 and c40 > 0 such that for any sufficiently

large Ml,i there exists ĝDNN
l,i ∈ FDNN

ρν (⌈c37 log2 n⌉, ⌈c38n
dl,i

2(2βl,i+dl,i) ⌉, c39) with

∥∥ĝDNN
l,i − gl,i

∥∥
∞,[−a′,a′]d

≤ c40n
−

βl,i
2βl,i+dl,i (B.13)

by putting M = n
1

2(2βl,i+dl,i) in Theorem 1, where a′ := max(a, 2F ). From the bottom layer,
we sequentially construct a network by

f̂DNN
1,i (x) = ĝDNN

1,i

(
f0,
∑i−1

i′=1
d1,i′+1(x), . . . , f0,

∑i−1
i′=1

d1,i′+d1,i
(x)
)

for i ∈ [N1] and

f̂DNN
l,i (x) = ĝDNN

l,i

(
f̂DNN
l−1,

∑i−1
i′=1

dl,i′+1
(x), . . . , f̂DNN

l−1,
∑i−1

i′=1
dl,i′+dl,i

(x)

)
for l ∈ {2, . . . , q} and i ∈ [Nl]. Note that each(

f0,
∑i−1

i′=1
d1,i′+1(x), . . . , f0,

∑i−1
i′=1

d1,i′+d1,i
(x)
)

for i ∈ [N1] is a permutation of x (with length dl,i). Hence, by defining C̃1 := 2q · c37,
C̃2 := maxl∈[q]Nl · c38 and C̃3 := c239, we obtain

f̂DNN
q,1 ∈ FDNN

ρν

(
⌈C̃1 log2 n⌉, ⌈C̃2 max

(β,d)∈P
n

d
2(2β+d) ⌉, C̃3

)
. (B.14)
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Now, for l ∈ [q] and i ∈ [Nl], we will show∥∥∥f̂DNN
l,i − fl,i

∥∥∥
∞,[−a,a]d

≤ c40l
(
CLip

√
dmax

)l−1
max

(β′,d′)∈P
n
− β′

(2β′+d′) (B.15)

holds by induction. First, for l = 1, we obtain (B.15) directly from (B.13). Assume that
(B.15) holds for some l ∈ [q − 1] and every i ∈ [Nl]. Then, for any j ∈ [Nl+1], we have

∣∣∣f̂DNN
l+1,j (x) − fl+1,j(x)

∣∣∣ =

∣∣∣∣∣ĝDNN
l+1,j

(
f̂DNN
l,
∑j−1

i′=1
dl+1,i′+1

(x), . . . , f̂DNN
l,
∑j−1

i′=1
dl+1,i′+dl+1,j

(x)

)

− gl+1,j

(
f
l,
∑j−1

i′=1
dl+1,i′+1

(x), . . . , f
l,
∑j−1

i′=1
dl+1,i′+dl+1,j

(x)
) ∣∣∣∣∣

≤

∣∣∣∣∣ĝDNN
l+1,j

(
f̂DNN
l,
∑j−1

i′=1
dl+1,i′+1

(x), . . . , f̂DNN
l,
∑j−1

i′=1
dl+1,i′+dl+1,j

(x)

)

− gl+1,j

(
f̂DNN
l,
∑j−1

i′=1
dl+1,i′+1

(x), . . . , f̂DNN
l,
∑j−1

i′=1
dl+1,i′+dl+1,j

(x)

) ∣∣∣∣∣
+

∣∣∣∣∣gl+1,j

(
f̂DNN
l,
∑j−1

i′=1
dl+1,i′+1

(x), . . . , f̂DNN
l,
∑j−1

i′=1
dl+1,i′+dl+1,j

(x)

)

− gl+1,j

(
f
l,
∑j−1

i′=1
dl+1,i′+1

(x), . . . , f
l,
∑j−1

i′=1
dl+1,i′+dl+1,j

(x)
) ∣∣∣∣∣

≤c40n
−

βl+1,j
2βl+1,j+dl+1,j

+ CLip

√
dl+1,jc40l

(
CLip

√
dmax

)l−1
max

(β′,d′)∈P
n
− β′

(2β′+d′)

≤c40(l + 1)
(
CLip

√
dmax

)l
max

(β′,d′)∈P
n
− β′

(2β′+d′)

for any x ∈ [−a, a]d, where the second inequality holds by ∥f̂DNN
l,i ∥∞,[−a′,a′]d ≤ 2F ≤ a′ for

i ∈ [Nl] and the Lipschitz condition of gl+1,j . By defining c2 := c40q
(
CLip

√
dmax

)q−1
, we

obtain ∥∥∥f̂DNN
q,1 − f0

∥∥∥
∞,[−a,a]d

≤ c2 max
(β′,d′)∈P

n
− β′

(2β′+d′) . (B.16)

By (B.14) and (B.16), we obtain the assertion.

Proof of Theorem 4. We only present results for nonparametric Gaussian regression. Ex-
tending to nonparametric logistic regression can be done similarly to those in Appendix
B.4. Without loss of generality, we consider γ in (2, 52). We define Fn as the set of pairs of
truncated DNN with the (Ln, rn) architecture and variance of the Gaussian noise,

Fn :=
{(

TF ◦ fDNN
θ,ρν , σ2

)⊤
: fDNN

θ,ρν ∈ FDNN
ρν (Ln, rn), 0 < σ2 ≤ e4nε

2
n

}
, (B.17)
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where Ln and rn are defined on (8). We denote Tn as the number of parameters in the
DNN model with the (Ln, rn) architecture.

First, for given x(n) = (x1, . . . ,xn), we obtain

sup
ε>εn

logN
(

1

36
ε,
{

(f, σ2) ∈ Fn : hn
(
(f, σ2), (f0, σ

2
0)
)
< ε
}
, hn

)
≲ nε2n

under the conditions of Theorem 4, by following the proof of Lemma B.3. Also, we define
Ki((f0, σ

2
0), (f, σ2)), Vi((f0, σ

2
0), (f, σ2)) and B∗

n

(
(f0, σ

2
0), εn

)
in the same way as in Lemma

B.4, with the only change in the definition of Fn by (B.17). By Lemma B.8, there exists
fDNN
θ̂,ρν

∈ FDNN
ρν (Ln, rn, C3) such that

∥∥∥fDNN
θ̂,ρν

− f0

∥∥∥
∞,[−a,a]d

≤c2 max
(β′,d′)∈P

n
− β′

2β′+d′

<
σ0εn

4

satisfies for sufficiently large n. Hence, we obtain

(Π ⊗ Ξ)
(
B∗

n

(
(f0, σ

2
0), εn

))
≳e−nε2n

and

(Π ⊗ Ξ) (Fc
n)

(Π ⊗ Ξ)
(
B∗

n

(
(f0, σ2

0), εn
)) = o(e−2nε2n)

under the conditions of Theorem 4, by following the proofs of Lemma B.4 and B.5. The
rest of the proof can be completed along the lines of that of Theorem 2.
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Appendix C. Proof for Theorem 5

Extending to nonparametric logistic regression is straightforward by following Appendix
B.4, therefore, we only present results for nonparametric Gaussian regression. Without loss
of generality, we consider γ in (52 , 3). We define

ξn :=

⌈
C̃2 max

(β′,d′)∈P
n

d′
2(2β′+d′) log

1
2 n

⌉
and

ξn := (d, ξn, . . . , ξn, 1)⊤ ∈ NLn+2,

where C̃2 is a constant (depending on βmin, βmax and dmax) defined in Lemma B.8. We
denote Sn as the number of parameters in the DNN model with the (Ln, ξn) architecture.
In other words,

Sn :=

Ln+1∑
l=1

(ξ(l−1)
n + 1)ξ(l)n .

We define the sieve Fn as

Fn :=
{(

TF ◦ fDNN
θ,ρν , σ2

)⊤
: fDNN

θ,ρν ∈
ξn⋃
r=1

FDNN
ρν (Ln, r), 0 < σ2 ≤ e4nε

2
n

}
, (C.1)

where Ln is defined on (10).

Lemma C.1. For given x(n) = (x1, . . . ,xn), we have

sup
ε>εn

logN
(

1

36
ε,
{

(f, σ2) ∈ Fn : hn
(
(f, σ2), (f0, σ

2
0)
)
< ε
}
, hn

)
≲ nε2n

under the conditions of Theorem 5, where Fn is defined on (C.1).

Proof. We have

sup
ε>εn

logN
(

1

36
ε,
{

(f, σ2) ∈ Fn : hn
(
(f, σ2), (f0, σ

2
0)
)
< ε
}
, hn

)
≤ logN

(
1

36
εn,Fn, hn

)
≤ log

(
ξn∑
r=1

N
(

1

36
εn,
{(

TF ◦ fDNN
θ,ρν , σ2

)⊤
: fDNN
θ,ρν ∈ FDNN

ρν (Ln, r), 0 < σ2 ≤ e4nε
2
n

}
, hn

))

≤ log

(
ξnN

(
1

36
εn,
{(

TF ◦ fDNN
θ,ρν , σ2

)⊤
: fDNN
θ,ρν ∈ FDNN

ρν (Ln, ξn), 0 < σ2 ≤ e4nε
2
n

}
, hn

))
≲ log ξn + nε2n + L2

nξ
2
n logLnξ

2
n log n

≲ nε2n,

where the fourth inequality holds by (B.1).
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Lemma C.2. For given x(n) = (x1, . . . ,xn), we define Ki((f0, σ
2
0), (f, σ2)), Vi((f0, σ

2
0), (f, σ2))

and B∗
n

(
(f0, σ

2
0), εn

)
in the same way as in Lemma B.4, with the only change in the defini-

tion of Fn by (C.1). Then, we have

∞∑
r=1

(Πr ⊗ Ξ)
(
B∗

n

(
(f0, σ

2
0), εn

))
Γ(r) ≳e−nε2n

under the conditions of Theorem 5.

Proof. We define

ξ′n :=

⌈
C̃2 max

(β′,d′)∈P
n

d′
2(2β′+d′)

⌉
and

ξ′n := (d, ξ′n, . . . , ξ
′
n, 1)⊤ ∈ NLn+2,

S′
n :=

Ln+1∑
l=1

(ξ′n
(l−1)

+ 1)ξ′n
(l)
.

Then, by Lemma B.8, there exists fDNN
θ̂,ρν

∈ FDNN
ρν (Ln, ξ

′
n, C̃3) such that

∥∥∥fDNN
θ̂,ρν

− f0

∥∥∥
∞,[−a,a]d

≤c2 max
(β′,d′)∈P

n
− β′

2β′+d′

<
σ0εn

4

holds for sufficiently large n. Hence, we obtain

∞∑
r=1

(Πr ⊗ Ξ)
(
B∗

n

(
(f0, σ

2
0), εn

))
Γ(r)

≥ Γ(ξ′n) · (Πξ′n ⊗ Ξ)
(
B∗

n

(
(f0, σ

2
0), εn

))
≳

1

(log n)5
e−(logn)5(ξ′n)

2
δ
S′
n

1

(
σ0εn

2a(d + 1)(ξ′n + 1)LnCLn
3 (Ln + 1)

)S′
n

δ2ε
2
n

≳ exp

(
−(log n)5C2

2 max
(β′,d′)∈P

n
d′

2β′+d′

)
exp

(
−C2

2C1(log n) max
(β′,d′)∈P

n
d′

2β′+d′ (log n)2
)
n−1

≳ e−nε2n (C.2)

for all but finite many n, where the third inequality holds by the proof of (B.4).

Lemma C.3. For given x(n) = (x1, . . . ,xn), we have∑∞
r=1(Πr ⊗ Ξ) (Fc

n) Γ(r)∑∞
r=1(Πr ⊗ Ξ)

(
B∗

n

(
(f0, σ2

0), εn
))

Γ(r)
= o(e−2nε2n)

under the conditions of Theorem 5, where Fn is defined on (C.1).
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Proof. Since (
1

2kr
− 1

4k2r3

)
e−kr2 ≤

∫ ∞

r
e−kt2dt ≤ 1

2kr
e−kr2

for any k > 0 and s > 0,

Γ(r > ξn) ≤
∑∞

r=ξn+1 e
−(logn)5r2∑∞

r=1 e
−(logn)5r2

≲
e−(logn)5ξ2n

ξne−(logn)5

≲e−(logn)5ξn
2

e(logn)
5

holds. From (C.2) and

∞∑
r=1

(Πr ⊗ Ξ) (Fc
n) Γ(r) ≤Γ (r > ξn) + Ξ

(
σ2 > e4nε

2
n

)
≲e−(λ logn)5ξn

2

e(λ logn)5 + e−4nε2n

≲e−4nε2n ,

we obtain the assertion.

Proof of Theorem 5. We only present results for nonparametric Gaussian regression. From
Theorem 4 of Ghosal and van der Vaart (2007), Lemma C.1 and Lemma C.2, we have

E0

[
Πn

(
(f, σ2) ∈ Fn : hn

(
(f, σ2), (f0, σ

2
0)
)
> Mnεn

∣∣∣D(n)
)∣∣∣X(n) = x(n)

]
→ 0

for every sequence {x(n)}∞n=1, where the expectation is with respect to {Yi}ni=1. Similar
with the proof of (B.7), we have

E0

[
Πn

(
(f, σ2) ∈ Fn : ∥f − f0∥2,n + |σ2 − σ2

0| > Mnεn

∣∣∣D(n)
)]

→ 0, (C.3)

where the expectation is with respect to {(Xi, Yi)}ni=1.
Next, we will check the conditions in Lemma B.2 for

G :=

{
g : g = (TF ◦ fDNN

θ,ρν − f0)
2, fDNN

θ,ρν ∈
ξn⋃
r=1

FDNN
ρν (Ln, r)

}
,

τ :=
1

2
, α := ε2n, K1 = K2 = 4F 2.

First, it is easy to check ∥g(x)∥∞ ≤ 4F 2 and E(g(X)2) ≤ 4F 2E(g(X)) for g ∈ G. Also,
since ∥∥(TF ◦ fDNN

θ1,ρν − f0)
2 − (TF ◦ fDNN

θ2,ρν − f0)
2
∥∥
1,n

=
∥∥(TF ◦ fDNN

θ1,ρν − f0 + TF ◦ fDNN
θ2,ρν − f0)(TF ◦ fDNN

θ1,ρν − TF ◦ fDNN
θ2,ρν )

∥∥
1,n

≤ 4F
∥∥TF ◦ fDNN

θ1,ρν − TF ◦ fDNN
θ2,ρν

∥∥
1,n
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holds for any fDNN
θ1,ρν

, fDNN
θ2,ρν

∈
⋃ξn

r=1FDNN
ρν (Ln, r), there exists c34 > 0 such that

N (u,G, ∥ · ∥1,n) ≤N

(
u

4F
,

ξn⋃
r=1

TF ◦ FDNN
ρν (Ln, r), ∥ · ∥1,n

)
≤ξnN

( u

4F
, TF ◦ FDNN

ρν (Ln, ξn), ∥ · ∥1,n
)

≤ξnM
( u

4F
, TF ◦ FDNN

ρν (Ln, ξn), ∥ · ∥1,n
)

≤3ξn

(
16eF 2

u
log

24eF 2

u

)FDNN
ρν

(Ln,ξn)+

≲ξnn
c34L2

nξ
2
n log(Lnξ2n)

for u ≥ n−1 by Theorem 9.4 of Györfi et al. (2002) and Theorem 7 of Bartlett et al. (2019).

Hence for all t ≥ ε2n
8 ,∫ √

t

τ(1−τ)t
16max{K1,2K2}

√
logN (u,G, ∥ · ∥1,n)du ≲

√
t
(
n

d
2β+d (log n)6

) 1
2

=o

( √
nτ(1 − τ)t

96
√

2 max {K1, 2K2}

)
holds. Hence, we have

P

 sup
f∈FDNN(Ln,rn)

∣∣∣∥f − f0∥22,PX
− ∥f − f0∥22,n

∣∣∣
ε2n + ∥f − f0∥22,PX

>
1

2

 ≤ 60 exp

(
− nε2n/8

128 · 2304 · 16F 4

)
(C.4)

holds for all but finite many n by Lemma B.2. By (C.3) and (C.4), we obtain

E0

[
Πn

(
(f, σ2) ∈ Fn : ∥f − f0∥2,PX

+ |σ2 − σ2
0| > Mnεn

∣∣∣D(n)
)]

→ 0,

where the expectation is with respect to {(Xi, Yi)}ni=1.
Finally, Lemma C.3 and Lemma 1 of Ghosal and van der Vaart (2007) imply that

E0

[
Πn

(
(f, σ2)⊤ ∈ Fc

n

∣∣∣D(n)
)]

→ 0.

Hence, we obtain the assertion.
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