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Abstract
Recently, sharpness-aware minimization (SAM) has attracted much attention because of
its surprising effectiveness in improving generalization performance. However, compared to
stochastic gradient descent (SGD), it is more prone to getting stuck at the saddle points,
which as a result may lead to performance degradation. To address this issue, we propose
a simple renormalization strategy, dubbed Stable SAM (SSAM), so that the gradient norm
of the descent step maintains the same as that of the ascent step. Our strategy is easy
to implement and flexible enough to integrate with SAM and its variants, almost at no
computational cost. With elementary tools from convex optimization and learning theory,
we also conduct a theoretical analysis of sharpness-aware training, revealing that compared
to SGD, the effectiveness of SAM is only assured in a limited regime of learning rate. In
contrast, we show how SSAM extends this regime of learning rate and then it can consis-
tently perform better than SAM with the minor modification. Finally, we demonstrate the
improved performance of SSAM on several representative data sets and tasks.
Keywords: deep neural networks, sharpness-aware minimization, expected risk analysis,
uniform stability, stochastic optimization

1. Introduction

Over the last decade, deep neural networks have been successfully deployed in a variety of
domains, ranging from object detection (Redmon et al., 2016), machine translation (Dai
et al., 2019), to mathematical reasoning (Davies et al., 2021), and protein folding (Jumper
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et al., 2021). Generally, deep neural networks are applied to approximate an underlying
function that fits the training set well. In the realm of supervised learning, this is equivalent
to solving an unconstrained optimization problem

min
w

FS(w) =
1

n

n∑
i=1

f(w, zi),

where f represents the per-example loss, w ∈ Rd denotes the parameters of the deep neural
network, and n feature/label pairs zi = (xi, yi) constitute the training set S. Often, we
assume each example is i.i.d. generated from an unknown data distribution D. Since deep
neural networks are usually composed of many hidden layers and have millions (even billions)
of learnable parameters, it is quite a challenging task to search for the optimal values in
such a high-dimensional space.

In practice, instead of directly applying gradient descent (GD) to train deep neural
networks, we use only a small subset of the training examples, known as a mini-batch,
to estimate the full-batch gradient and employ stochastic gradient-based methods to make
training millions (even billions) of parameters feasible, the solution of which often performs
better than GD due to the incurred noise (Zhu et al., 2019). However, the generalization
ability of the solutions can vary with different training hyperparameters and optimizers. For
example, Jastrzębski et al. (2018); Keskar et al. (2017); He et al. (2019) argued that training
neural networks with a larger ratio of learning rate to mini-batch size tends to find solutions
that generalize better. Meanwhile, Wilson et al. (2017); Zhou et al. (2020) also pointed
out that the solutions found by adaptive optimization methods such as Adam (Kingma and
Ba, 2014) and AdaGrad (Duchi et al., 2011) often generalize significantly worse than SGD
(Bottou et al., 2018). Although the relationship between optimization and generalization
remains not fully understood (Choi et al., 2019; Dahl et al., 2023), it is generally appreciated
that solutions recovered from the flat regions of the loss landscape generalize better than
those landing in sharp regions (Keskar et al., 2017; Chaudhari et al., 2019; Jastrzebski et al.,
2021; Kaddour et al., 2022). This can be justified from the perspective of the minimum
description length principle that fewer bits of information are required to describe a flat
minimum (Hinton and van Camp, 1993), which, as a result, leads to stronger robustness
against distribution shift between training data and test data.

Based on this observation, different approaches are proposed towards finding flatter min-
ima, amongst which sharpness-aware minimization (SAM) (Foret et al., 2021) substantially
improves the generalization and attains state-of-art results on large-scale models such as
vision transformers (Chen et al., 2022) and language models (Bahri et al., 2022). Unlike
standard training that minimizes the loss of the current weight wt, SAM minimizes the loss
of the perturbed weight

wasc
t = wt + ρ∇FΩt(wt),

where Ωt is a mini-batch of S at t-th step and ρ is a predefined constant.1 Despite the

1. It is worth noting that different from the standard formulation of SAM (Foret et al., 2021), here we drop
the normalization term and adopt the unnormalized version (Andriushchenko and Flammarion, 2022)
for analytical simplicity. While there are some disputes that this simplification sometimes would hurt the
algorithmic performance (Dai et al., 2024; Long and Bartlett, 2024), we hypothesize that this is because
their analysis is based on GD rather than on SGD. Moreover, the empirical results in Section 5.3 and

2



Stable Sharpness-Aware Minimization

0 100 200 300 400 500

Epoch

1

2

3

4

5

6

7
T

ra
in

in
g

lo
ss

SGD

SAM∗

SAM

SSAM

(a) ρ = 0.02

0 100 200 300 400 500

Epoch

1

2

3

4

5

6

7

T
ra

in
in

g
lo

ss

SGD

SAM∗

SAM

SSAM

(b) ρ = 0.05
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(c) ρ = 0.08

Figure 1: Loss curves of different optimizers to escape from the saddle point (namely, the
origin) under different values of ρ. Following Compagnoni et al. (2023), we approximate the
identity matrix of dimension d = 20 as the product of two square matrices and initialize
them with elements sampled from N (0, 1.0e−4). We then train the linear autoencoder with
different optimizers up to 500 epochs using a constant learning rate of 1.0e−3. Similar trends
are also observed when we replace the synthetic inputs with real data sets like MNIST and
CIFAR-10 (see Appendix A).

potential benefit of improved generalization, however, this unusual operation also brings
about one critical issue during training. Compared to SGD, as pointed out by Compagnoni
et al. (2023) and Kim et al. (2023), SAM dynamics are easier to become trapped in the
saddle points and require much more time to escape from them. To see this, let us take
the linear autoencoder described in Kunin et al. (2019) as an example. It is known that
there is a saddle point of the loss function near the origin and here we compare the escaping
efficiency of different optimizers. As shown in Figure 1, we can observe that both SAM and
SAM∗ indeed require more time than SGD to escape from this point and become slower and
slower as we gradually increase ρ up to not being able to escape anymore.

To stabilize training neural networks with SAM and its variants, here we propose a simple
yet effective strategy by rescaling the gradient norm at point wasc

t to the same magnitude
as the gradient norm at point wt. In brief, our contributions can be summarized as follows:

1. We proposed a strategy, dubbed Stable SAM (SSAM), to stabilize training deep neural
networks with SAM optimizer. Our strategy is easy to implement and flexible enough
to be integrated with any other SAM variants, almost at no computational cost. Most
importantly, our strategy does not introduce any additional hyperparameter, tuning
which is quite time-consuming in the context of sharpness-based optimization.

2. We theoretically analyzed the benefits of SAM over SGD in terms of algorithmic
stability (Hardt et al., 2016) and found that the superiority of SAM is only assured in
a limited regime of learning rate. We further extended the study to SSAM and showed
that it allows for a higher learning rate and can consistently perform better than SAM
under mild conditions.

from Andriushchenko and Flammarion (2022) also suggest that the normalization term is not necessary
for improving generalization. To avoid ambiguity, we refer to the standard formulation of SAM proposed
by Foret et al. (2021) as SAM∗ where necessary.
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3. We empirically validated the capability of SSAM to stabilize sharpness-aware training
and demonstrated its improved generalization performance in real-world problems.

The remainder of the study is organized as follows. Section 2 reviews the related literature,
while Section 3 elaborates on the details of the renormalization strategy. Section 4 then
provides a theoretical analysis of SAM and SSAM from the perspective of expected excess
risk. Finally, before concluding the study, Section 5 presents the experimental results.

2. Related Works

Building upon the seminal work of SAM (Foret et al., 2021), numerous algorithms have been
proposed, most of which can be classified into two categories.

The first category continues to improve the generalization performance of SAM. By
stretching/shrinking the neighborhood ball according to the magnitude of parameters, ASAM
(Kwon et al., 2021) strengthens the connection between sharpness and generalization, which
might break up due to model reparameterization. Similarly, instead of defining the neigh-
borhood ball in the Euclidean space, FisherSAM (Kim et al., 2022) runs the SAM update on
the statistical manifold induced by the Fisher information matrix. Since one-step gradient
ascent may not suffice to accurately approximate the solution of the inner maximization,
RSAM (Liu et al., 2022b) was put forward by smoothing the loss landscape with Gaussian
filters. This approach is similar to Haruki et al. (2019); Bisla et al. (2022), both of which
aim to flatten the loss landscape by convoluting the loss function with stochastic noise. To
separate the goal of minimizing the training loss and sharpness, GSAM (Zhuang et al., 2022)
was developed to seek a region with both small loss and low sharpness. Contrary to imposing
a common weight perturbation within each mini-batch, δ-SAM (Zhou et al., 2022) uses an
approximate per-example perturbation with a theoretically principled weighting factor.

The second category is devoted to reducing the computational cost because SAM involves
two gradient backpropagations at each iteration. An early attempt is LookSAM (Liu et al.,
2022a), which runs a SAM update every few iterations. Another strategy is RST (Zhao
et al., 2022b), according to which SAM and standard training are randomly switched with
a scheduled probability. Inspired by the local quadratic structure of the loss landscape,
SALA (Tan et al., 2024) uses SAM only at the terminal phase of training when the distance
between two consecutive steps is smaller than a threshold. Similarly, AESAM(Jiang et al.,
2023) designs an adaptive policy to apply SAM update only in the sharp regions of the loss
landscape. ESAM (Du et al., 2022a) and Sparse SAM (Mi et al., 2022) both attempt to
perturb a subset of parameters to estimate the sharpness measure, while KSAM (Ni et al.,
2022) applies the SAM update to the examples with the highest loss. Another intriguing
approach is SAF (Du et al., 2022b), which accelerates the training process by replacing
the sharpness measure with a trajectory loss. However, this approach is heavily memory-
consuming as it requires saving the output history of each example.

In contrast to these studies, our approach concentrates on improving the training stability
of sharpness-aware optimization, functioning as a plug-and-play component for SAM and its
variants. Despite its simplicity, our approach is shown to be more robust with large learning
rates and can achieve similar or even superior generalization performance compared to the
vanilla SAM.
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3. Methodology

While there exist some disputes about the relationship between sharpness and generalization
(Dinh et al., 2017; Wen et al., 2024; Andriushchenko et al., 2023; Mason-Williams et al.,
2024), it is widely appreciated that under some restrictions flat minima empirically generalize
better than sharp ones (Keskar et al., 2017; Chaudhari et al., 2019; Kaddour et al., 2022).
Motivated by this, SAM actively biases the training towards the flat regions of the loss
landscape and seeks a neighborhood with low training losses. In practice, after a series of
Taylor approximations, each SAM iteration can be decomposed into two steps,

wasc
t = wt + ρ∇FΩt(wt), wt+1 = wt − η∇FΩt(w

asc
t ),

where Ωt is a mini-batch of S at t-th step, ρ > 0 is the perturbation radius, and η is the
learning rate. By first ascending the weight along ∇FΩt(wt) and then descending it along
∇FΩt(w

asc
t ), SAM penalizes the gradient norm (Zhao et al., 2022a; Compagnoni et al., 2023)

and consistently minimizes the worse-case loss within the neighborhood, making the found
solution more robust to distribution shift and consequently yielding a better generalization.

In contrast to SGD, however, SAM faces a higher risk of getting trapped in the saddle
points (Compagnoni et al., 2023; Kim et al., 2023), which may result in suboptimal outcomes
(Du et al., 2017; Kleinberg et al., 2018). To address this issue, we propose a simple strategy,
dubbed SSAM (see Algorithm 1),2 to improve the stability of sharpness-aware training,
where now each iteration consists of the following two steps,

wasc
t = wt + ρ∇FΩt(wt), wt+1 = wt − η

‖∇FΩt(wt)‖2
‖∇FΩt(w

asc
t )‖2

∇FΩt(w
asc
t ).

Slightly different from SAM, we include an extra renormalization step to ensure that the
gradient norm of the descent step maintains the same as that of the ascent step. The ratio,
γt = ‖∇FΩt(wt)‖2/‖∇FΩt(w

asc
t )‖2, which we refer to as the renormalization factor, can

be interpreted as follows. When ‖∇FΩt(w
asc
t )‖2 is larger than ‖∇FΩt(wt)‖2, we downscale

the norm of ∇FΩt(w
asc
t ) to ensure that the iterates move in a smaller step towards the flat

regions and thus we can reduce the chance of fluctuation and divergence. In contrast, when
‖∇FΩt(w

asc
t )‖2 is smaller than ‖∇FΩt(wt)‖2, a situation that may occur near the saddle

points, we upscale the norm of ∇FΩt(w
asc
t ) to incur a larger perturbation to improve the

escaping efficiency. It should be clarified that the analysis here is not from the generalization
perspective, but instead from the optimization perspective only.

To gain some quantitative insights into how SSAM ameliorates the training stability of
SAM, let us consider the following function (Lucchi et al., 2021),

f(x1, x2) =
1

4
x4

1 − x1x2 +
1

2
x2

2,

which has a strict saddle point at (0, 0) and two global minima at (−1,−1) and (1, 1). Given
a random starting point, we want to know whether the training process can converge to one
of the global minima.

As shown in Figure 2, the probability that SAM and SAM∗ fail to converge to the
global minima first blows up when we gradually increase the learning rate, suggesting that

2. A PyTorch implementation is available at https://github.com/cltan023/stablesam2024.
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Algorithm 1 SSAM Optimizer

Input: Training set S = {(xi, yi)}ni=1, objective function FS(w), initial weight w0 ∈ Rd,
learning rate η > 0, perturbation radius ρ > 0, training iterations T , and base optimizer
A (e.g. SGD)

Output: wT

1: for t = 0, 1, · · · , T − 1 do
2: Sample a mini-batch Ωt = {(xt1 , yt1), · · · , (xtb , ytb)};
3: Compute gradient gt = ∇wFΩt(w)|w=wt of the loss over Ωt;
4: Compute perturbed weight wasc

t = wt + ρgt;
5: Compute gradient gasct = ∇wFΩt(w)|w=wasc

t
of the loss over the same Ωt;

6: Renormalize gradient as gasct = ‖gt‖2
‖gasc

t ‖2g
asc
t ;

7: Update weight with base optimizer A, e.g. wt+1 = wt − ηgasct ;
8: end for

a smaller learning rate is necessary for sharpness-aware training to ensure convergence.
Moreover, we can observe that SGD always achieves the highest rate of successful training,
while SAM∗ is the most unstable optimizer. Notice that the stability of sharpness-aware
training also heavily relies on the perturbation radius ρ. Often, a larger ρ corresponds to a
lower percentage of successful runs. This indicates that both SAM and SAM∗ become more
and more difficult to escape from the saddle point (0, 0).

After applying the renormalization strategy, we can observe that this issue can be reme-
died to a large extent as the curve of SSAM now remains approximately the same as SGD
even for large learning rates. Similar results for realistic neural networks can also be found
in Appendix B.

4. Theoretical Analysis

The generalization ability of sharpness-aware training was initially studied by the PAC-
Bayesian theory (Foret et al., 2021; Yue et al., 2023; Zhuang et al., 2022). This approach,
however, is fundamentally limited since the generalization bound is focused on the worst-
case perturbation rather than the realistic one-step ascent approximation (Wen et al., 2022).
For a certain class of problems, an analysis from the perspective of implicit bias suggests
that SAM can always choose a better solution than SGD (Andriushchenko and Flammarion,
2022). In the small learning rate regime, Compagnoni et al. (2023) further characterized
the continuous-time models for SAM in the form of a stochastic differential equation and
concluded that SAM is attracted to saddle points under some realistic conditions, an obser-
vation which has also been unveiled by Kim et al. (2023). Moreover, Bartlett et al. (2023)
argued that SAM converges to a cycle that oscillates between the minimum along the prin-
cipal direction of the Hessian of the loss function. Different from these studies, here we
investigate the generalization performance of SAM via algorithmic stability (Bousquet and
Elisseeff, 2002; Hardt et al., 2016) and together with its convergence properties present an
upper bound over its expected excess risk.
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(b) ρ = 0.05
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(c) ρ = 0.2
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(d) ρ = 0.4

Figure 2: (a) Contour plot of function f(x1, x2) = x4
1/4 − x1x2 + x2

2/2 and the symbol
(+) marks the global minima at (−1,−1) and (1, 1), respectively. (b) - (d) exhibit the
rate of successful training as a function of the learning rate for different optimizers and
perturbation radius ρ. In this experiment, we select 100 different learning rates that are
equispaced between 0.001 and 0.3 on the logarithm scale. For each learning rate, we then
uniformly sample 10000 random points from the square [−2, 2]× [−2, 2] and report the total
percentage of runs that eventually converge to the global minima. We mark the runs that get
stuck in the saddle point or fail to converge as unsuccessful runs. To introduce stochasticity
during training, we manually perturb the gradient with zero-mean Gaussian noise with a
variance of 0.005. Notice that the curve of SGD remains the same throughout these subplots
since it does not depend on ρ.

4.1 Notations and Preliminaries

Let X ⊂ Rp and Y ⊂ R denote the feature and label space, respectively. We consider a
training set S of n examples, each of which is randomly sampled from an unknown dis-
tribution D over the data space Z = X × Y . Given a learning algorithm A, it learns an
hypothesis that relates the input x ∈ X to the output y ∈ Y . For deep neural networks, the
learned hypothesis is parameterized by the network parameters w ∈ Rd.
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Suppose f(w, z) : Rd × Z 7→ R+ is a non-negative cost function, we then can define the
population risk

FD(w) = Ez∼D [f(w, z)] ,

and the empirical risk

FS(w) =
1

n

n∑
i=1

f(w, zi).

In practice, we cannot compute FD(w) directly since the data distribution D is unknown.
However, once the training set S is given, we have access to its estimation and can minimize
the empirical risk FS(w) instead, a process which is often referred to as empirical risk
minimization. Let wA,S be the output returned by minimizing the empirical risk FS(w)
with learning algorithm A, and w∗D be one minimizer of the population risk FD(w), namely,
w∗D ∈ arg minw FD(w). Since wA,S in high probability will not be the same with w∗D, we
are interested in how far wA,S deviates from w∗D when evaluated on an unseen example
z ∼ D.

A natural measure to quantify this difference is the so-called expected excess risk,

εexc = E [FD(wA,S)− FD(w∗D)]

= E [FD(wA,S)− FS(wA,S)]︸ ︷︷ ︸
εgen

+E [FS(wA,S)− FS(w∗S)]︸ ︷︷ ︸
εopt

+E [FS(w∗S)− FD(w∗D)]︸ ︷︷ ︸
εapprox

,

where w∗S ∈ arg minw FS(w). Since w∗D remains constant for the population risk FD(w)
which depends only on the data distribution and loss function, it follows that the expected
approximation error εapprox = E [FS(w∗S)− FD(w∗D)] = E [FS(w∗S)− FS(w∗D)] ≤ 0. There-
fore, it often suffices to obtain tight control of the expected excess risk εexc by bounding the
expected generalization error εgen and the expected optimization error εopt.3

For learning algorithms based on iterative optimization, εopt in many cases can be ana-
lyzed via a convergence analysis (Bubeck et al., 2015). Meanwhile, to derive an upper bound
over εgen, we can use the following theorem, which is due to Hardt et al. (2016), indicat-
ing that the generalization error could be bounded via the uniform stability (Bousquet and
Elisseeff, 2002). Indeed, the uniform stability characterizes how sensitive the output of the
learning algorithm A is when a single example in the training set S is modified.

Theorem 1 (Generalization error under ε-uniformly stability) Let S and S′ denote
two training sets i.i.d. sampled from the same data distribution D such that S and S′ differ
in at most one example. A learning algorithm A is ε-uniformly stable if and only if for all
samples S and S′, the following inequality holds

sup
z

E|f(wA,S , z)− f(wA,S′ , z)| ≤ ε.

Furthermore, if A is ε-uniformly stable, the expected generalization error εgen is upper
bounded by ε, namely,

E [FD(wA,S)− FS(wA,S)] ≤ ε.
3. It is worth noting that the difference between the test error and the training error in some literature is

referred to as generalization gap and the test error alone goes by generalization error.
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To simplify notation, we use f(w) interchangeably with f(w, z) in the sequel as long as
it is clear from the context that z is being held constant or can be understood from prior
information. In the remainder of this section, we first show that SAM consistently generalizes
better than SGD, though a much smaller learning rate is required. And then we show
how our proposed method, SSAM, extends the regime of learning rate and can achieve a
better generalization performance than SAM. Figure 3 provides a diagram summarizing the
relationship between the main results.

Assumption 1
Renormalization factor

γt ∈ (0, 1)

Lemma 2
Growth rate

z 6= z′

Lemma 4
Growth rate

z = z′

Theorem 5
Bound over εsam

gen

Theorem 10
Bound over εsam

exc

Theorem 8
Bound over εsam

opt

Lemma 12
Growth rate

z 6= z′

Lemma 11
Growth rate

z = z′

Theorem 13
Bound over εssam

gen

Theorem 17
Bound over εssam

exc

Theorem 15
Bound over εssam

opt

Figure 3: Proof sketch of the expected excess risk of SAM (left panel) and SSAM (right
panel). Dependencies between nodes are represented by solid lines, and nodes linked by
dashed lines are considered irrelevant.

4.2 Expected Excess Risk Analysis of SAM

In this section, we first investigate the stability of SAM and then its convergence property,
together yielding an upper bound over the expected excess risk εexc. We restrict our attention
to the strongly convex case so that we can compare against known results, particularly from
Hardt et al. (2016).

4.2.1 Stability

Consider the optimization trajectories w0,w1, · · · ,wT and v0,v1, · · · ,vT induced by run-
ning SAM for T steps on sample S and S′, which differ from each other only by one example.
Suppose that the loss function f(w, z) is G-Lipschitz with respect to the first argument, then
it holds for all z ∈ Z that

|f(vT , z)− f(wT , z)| ≤ G‖vT −wT ‖2. (1)

9
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Therefore, the remaining step in our setup is to upper bound ‖vT − wT ‖2, which can be
recursively controlled by the growth rate.

In the lemma below, we show that ‖vt−wt‖2 is contracting when z and z′ are the same
and its proof is provided in Appendix E.

Lemma 2 Assume that the per-example loss function f(w, z) is µ-strongly convex, L-
smooth, and G-Lipschitz continuous with respect to the first argument w. Suppose that
at step t, the examples selected by SAM are the same in S and S′ and the update rules are
denoted by wt+1 = wt − η∇f(wasc

t , z) and vt+1 = vt − η∇f(vasct , z), respectively. Then, it
follows that

‖vt+1 −wt+1‖2 ≤
(

1− (1 + µρ)
ηµL

µ+ L

)
‖vt −wt‖2, (2)

where the learning rate η satisfies that

η ≤ 2

µ+ L
− µ+ L

2µL(µ/ρL2 + 1)
. (3)

Remark 3 To ensure that the learning rate η is feasible, the right-hand side of (3) should
be at least larger than zero. This holds for any perturbation radius ρ > 0 if µ = L. However,
if µ < L, we further need to require that ρ < 4µ2/L(L−µ)2. It is also worth noting that the
following inequality holds for all ρ > 0

2

µ+ L
− µ+ L

2µL(µ/ρL2 + 1)
<

2

(1 + µρ)(µ+ L)
,

implying that the contractivity of (2) can be guaranteed.

On the other hand, with probability 1/n, the examples selected by SAM, say z and z′, are
different in both S and S′. In this case, we can simply bound the growth in ‖vt −wt‖2 by
the norms of ∇f(w, z) and ∇f(v, z′).

Lemma 4 Assume the same settings as in Lemma 2. For the t-th iteration, suppose that
the examples selected by SAM are different in S and S′ and the update rules are denoted by
wt+1 = wt − η∇f(wasc

t , z) and vt+1 = vt − η∇f(vasct , z′), respectively. Consequently, we
have

‖vt+1 −wt+1‖2 ≤
(

1− (1 + µρ)
ηµL

µ+ L

)
‖vt −wt‖2 + 2ηG.

Proof The proof is straightforward. It follows immediately

‖vt+1 −wt+1‖2 = ‖vt − η∇f(vasct , z′)−
(
wt − η∇f(wasc

t , z′)
)
− η

(
∇f(wasc

t , z′)−∇f(wasc
t , z)

)
‖2

≤ ‖vt − η∇f(vasct , z′)−
(
wt − η∇f(wasc

t , z′)
)
‖2 + η‖∇f(wasc

t , z′)−∇f(wasc
t , z)‖2

≤
(

1− (1 + µρ)
ηµL

µ+ L

)
‖vt −wt‖2 + 2ηG,

where the last inequality comes from Lemma 2.

With the above two lemmas, we are now ready to give an upper bound over the expected
generalization error of SAM.

10
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Theorem 5 Assume that the per-example loss function f(w, z) is µ-strongly convex, L-
smooth, and G-Lipschitz continuous with respect to the first argument w. Suppose we run
the SAM iteration with a constant learning rate η satisfying (3) for T steps. Then, SAM
satisfies uniform stability with

εsam
gen ≤

2G2(µ+ L)

nµL(1 + µρ)

{
1−

[
1− (1 + µρ)

ηµL

µ+ L

]T}
.

Proof Define δt = ‖wt − vt‖2 to denote the Euclidean distance between wt and vt as
training progresses. Observe that at any step t ≤ T , with a probability 1−1/n, the selected
examples from S and S′ are the same. In contrast, with a probability of 1/n, the selected
examples are different. This is because S and S′ only differ by one example. Therefore,
from Lemmas 2 and 4, we conclude that

E[δt] ≤
(

1− 1

n

)(
1− (1 + µρ)

ηµL

µ+ L

)
E[δt−1] +

1

n

(
1− (1 + µρ)

ηµL

µ+ L

)
E[δt−1] +

2ηG

n

=

(
1− (1 + µρ)

ηµL

µ+ L

)
E[δt−1] +

2ηG

n
.

Unraveling the above recursion yields

E[δT ] ≤ 2ηG

n

T−1∑
t=0

(
1− (1 + µρ)

ηµL

µ+ L

)t
=

2G(µ+ L)

nµL(1 + µρ)

{
1−

[
1− (1 + µρ)

ηµL

µ+ L

]T}
.

Plugging this inequality into (1), we complete the proof.

In the same strongly convex setting, it is known that SGD allows a higher learning rate
(namely, η ≤ 2

µ+L) to attain a similar generalization bound (Hardt et al., 2016, Lemma 3.7).
However, when both SGD and SAM use a constant learning rate satisfying (3), the following
corollary suggests that SAM consistently generalizes better than SGD.

Corollary 6 Assume the same settings as in Theorem 5. Suppose that we run SGD and
SAM with a constant learning rate η satisfying (3) for T steps. Then, SAM consistently
achieves a tighter generalization bound than SGD.

Proof Following Hardt et al. (2016, Theorem 3.9), we can derive a similar generalization
bound for SGD as follows

εsgd
gen ≤

2G2(µ+ L)

nµL

{
1−

[
1− ηµL

µ+ L

]T}
.

Define q(x) = a(1− x)T − (1− ax)T , where a = 1 + µρ and x = ηµL
µ+L . Note that a > 1 and

0 < ax < 1. With a simple calculation, we have

q′(x) = aT
[
(1− ax)T−1 − (1− x)T−1

]
,

implying that q′(x) ≤ 0 for any T ≥ 1 and as a result we have q(x) ≤ a− 1. Then, it follows
that

εsam
gen ≤

2G2(µ+ L)

nµL(1 + µρ)

{
1−

[
1− (1 + µρ)

ηµL

µ+ L

]T}
≤ 2G2(µ+ L)

nµL

{
1−

[
1− ηµL

µ+ L

]T}
,

11
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thus concluding the proof.

4.2.2 Convergence

From the perspective of convergence, we can further prove that SAM converges to a noisy
ball if the learning rate η is fixed. Let zt be the example that is chosen by SAM at t-th step
and ∇f(wasc

t ) = ∇f (wt + ρ∇f (wt, zt) , zt) be the stochastic gradient of the descent step.
It is worth noting that the same example zt is used in the ascent and descent steps. The
following lemma shows that ∇f(wasc

t ) may not be well-aligned with the full-batch gradient
∇FS(wt).

Lemma 7 Assume the loss function f(w, z) is µ-strongly convex, L-smooth, and G-Lipschitz
continuous with respect to the first argument w. Then, we have for all wt ∈ Rd,

E 〈∇f(wasc
t ),∇FS(wt)〉 ≥ ρ(µ+ L) ‖∇FS(wt)‖22 −

ρ2L2G2

2
.

Base on this lemma, we are ready to present the convergence analysis of SAM as follows.
For clarity, the proofs of Lemma 7 and Theorem 8 are deferred to Appendix E.

Theorem 8 Assume that the per-example loss function f(w, z) is µ-strongly convex, L-
smooth and G-Lipschitz continuous with respect to the first argument w. Consider the se-
quence w0,w1, · · · ,wT generated by running SAM with a constant learning rate η for T
steps. Let w∗ ∈ arg infw FS(w), it follows that

εsam
opt = E [FS(wT )− FS(w∗)] ≤ [1− 2ηµρ(µ+ L)]T E [FS(w0)− FS(w∗)] +

LG2
(
ρ2L+ η

)
4µρ (µ+ L)

.

Remark 9 Under a similar argument, we can establish that εsgd
opt is bounded by ηLG2

4µ that
vanishes when the learning rate η becomes infinitesimally small. By contrast, the upper bound
of εsam

opt consists of a constant ρL2G2

4µ(µ+L) , implying that SAM will never converge to the mini-
mum unless ρ decays to zero as well. While we often use a fixed ρ in practice to train neural
networks, this observation highlights that ρ should also be adjusted according to the learning
rate to achieve a lower optimization error. We note that while SAM consistently achieves
a tighter upper bound over the generalization error than SGD, this theorem suggests that it
does not necessarily perform better on unseen data because εsam

opt is not always smaller than
εsgd

opt. Therefore, it requires particular attention in hyper-parameter tuning to promote the
generalization performance. Moreover, if η dominates over ρ2L, this theorem suggests that
the optimization error will decrease with ρ. On the contrary, if ρ2L � η, the optimization
error will increase with ρ.

Combining the previous results, we are able to present an upper bound over the expected
excess risk of the SAM algorithm.

Theorem 10 Under assumptions and parameter settings in Theorems 5 and 8, the expected
excess risk εsam

exc of the output wT obeys εsam
exc ≤ εsam

gen + εsam
opt , where εsam

gen and εsam
opt are given

by Theorems 5 and 8, respectively. Furthermore, as T grows to infinity, we have

εsam
exc ≤

2G2(µ+ L)

nµL(1 + µρ)
+
LG2

(
ρ2L+ η

)
4µρ (µ+ L)

.

12



Stable Sharpness-Aware Minimization

25 50 75 100 125 150 175 200

Epoch

0.4

0.5

0.6

0.7

0.8

0.9

1.0
G

ra
d

ie
n
t

n
or

m
ra

ti
o
γ
t

ρ = 0.05

ρ = 0.1

ρ = 0.2

(a) ResNet-20 on CIFAR-10
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Figure 4: Evolution of the ratio γt of the gradient norm of the ascent step ‖∇FΩt(wt)‖2
to that of the descent step ‖∇FΩt(w

asc
t )‖2 throughout training. Both neural networks

are trained up to 200 epochs using the SAM optimizer with different perturbation radius
ρ ∈ {0.01, 0.05, 0.2}. Note that when we train the networks for a longer time (e.g. 500
epochs), we can still observe a similar trend.

Proof This result is a direct consequence of T →∞.

4.3 Expected Excess Risk Analysis of SSAM

Now we continue to investigate the stability of sharpness-aware training when the renor-
malization strategy is applied. Compared to SAM, we demonstrate that SSAM allows for a
relatively larger learning rate without performance deterioration.

4.3.1 Stability

For a fixed perturbation radius ρ, as shown in Figure 4, the renormalization factor γt tends
to decrease throughout training and is smaller than 1. Therefore, we can impose another
assumption as follows.

Assumption 1 Suppose that there exist a constant γupp so that γt is bounded for all 1 ≤
t ≤ T ,

0 < γt ≤ γupp < 1.

Notice that the constant γupp is not universal but problem-specific. Under this assumption,
we can derive a similar growth rate of ‖vt−wt‖2 as Lemma 2, whose proof can be found in
Appendix E.

Lemma 11 Let Assumption 1 hold and assume that the per-example loss function f(w, z)
is µ-strongly convex, L-smooth and G-Lipschitz continuous with respect to the first argument
w. Suppose that at step t, the examples selected by SSAM are the same in S and S′ and

13
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the corresponding update rules are denoted by wt+1 = wt − ηγt∇f(wasc
t , z) and vt+1 =

vt − ηγt∇f(vasct , z), respectively. Then, it follows that for all 1 ≤ t ≤ T

‖vt+1 −wt+1‖2 ≤
(

1− (1 + µρ)
γtηµL

µ+ L

)
‖vt −wt‖2, (4)

where the learning rate η satisfies that

η ≤ 1

γupp

[
2

µ+ L
− µ+ L

2µL(µ/ρL2 + 1)

]
. (5)

On the other hand, when the examples selected from S and S′ are different, we can obtain
a similar result as Lemma 4.

Lemma 12 Assume the same settings as in Lemma 11. For the t-th iteration, suppose that
the examples selected by SSAM are different in S and S′ and that wt+1 = wt−ηγt∇f(wasc

t , z)
and vt+1 = vt − ηγt∇f(vasct , z′). Consequently, we obtain

‖vt+1 −wt+1‖2 ≤
(

1− (1 + µρ)
γtηµL

µ+ L

)
‖vt −wt‖2 + 2ηγtG.

Proof The proof is straightforward. It follows immediately from

‖vt+1 −wt+1‖2 = ‖vt − ηγt∇f(vasct , z′)−
(
wt − ηγt∇f(vasct , z′)

)
− ηγt

(
∇f(vasct , z′)−∇f(wasc

t , z)
)
‖2

≤ ‖vt − ηγt∇f(vasct , z′)−
(
wt − ηγt∇f(vasct , z′)

)
‖2 + ηγt‖∇f(vasct , z′)−∇f(wasc

t , z)‖2

≤
(

1− (1 + µρ)
γtηµL

µ+ L

)
‖vt −wt‖2 + 2ηγtG,

thus concluding the proof.

With the above two lemmas, we can show that SSAM consistently performs better than
SAM in terms of the generalization error.

Theorem 13 Under assumptions and parameter settings in Lemmas 11 and 12. Suppose
we run the SSAM iteration with constant learning rate η satisfying (5) for T steps. Then,
SSAM satisfies uniform stability with

εssam
gen ≤

2G2(µ+ L)

nµL(1 + µρ)

{
1−

[
1− (1 + µρ)

γuppηµL

µ+ L

]T}
.

Proof Define δt = ‖wt − vt‖2 to denote the Euclidean distance between wt and vt as
training continues. Observe that at any step t ≤ T , with a probability 1− 1/n, the selected
examples from S and S′ are the same. In contrast, with a probability of 1/n, the selected
examples are different. This is because S and S′ only differ by one example. Therefore,
from Lemmas 11 and 12, we conclude that

E[δt] ≤
(

1− 1

n

)(
1− (1 + µρ)

γtηµL

µ+ L

)
E[δt−1] +

1

n

(
1− (1 + µρ)

γtηµL

µ+ L

)
E[δt−1] +

2ηγtG

n

=

(
1− (1 + µρ)

γtηµL

µ+ L

)
E[δt−1] +

2ηγtG

n
.
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Write β = ηµL (1 + µρ) / (µ+ L) and α = 2ηG/n, we then unravel the above recursion and
obtain from Lemma 20 that

E[δT ] ≤ γuppα

T−1∑
t=0

(1− γuppβ)t =
2G(µ+ L)

nµL(1 + µρ)

{
1−

[
1− (1 + µρ)

γuppηµL

µ+ L

]T}
.

Plugging this inequality into (1), we complete the proof.

Remark 14 Compared to SAM, this theorem indicates that the bound over generalization
error can be further reduced by SSAM because the extra term γupp is smaller than 1.

4.3.2 Convergence

Similar to Theorem 8, we show that SSAM also converges to a noisy ball when the learning
rate η is fixed and the proof is provided in Appendix E.

Theorem 15 Let Assumption 1 hold and suppose the loss function f(w, z) is µ-strongly
convex, L-smooth, and G-Lipschitz continuous with respect to the first argument w. Consider
the sequence w0,w1, · · · ,wT generated by running SSAM with a constant learning rate η
for T steps. Let w∗ ∈ arg infw FS(w), it follows that

εssam
opt = E [FS(wT )− FS(w∗)] ≤ [1− γuppηµρ(µ+ L)]T E [FS(w0)− FS(w∗)] +

LG2
(
ρ2L+ γuppη

)
4µρ(µ+ L)

.

Remark 16 Since we require that γupp is smaller than 1, compared to SAM, this theorem
suggests that SSAM nevertheless slows down the training process.

Combining these results, we can present an upper bound over the expected excess risk of
the SSAM algorithm as follows.

Theorem 17 Under assumptions and parameter settings in Theorems 13 and 15, the ex-
pected excess risk εssam

exc of the output wT obeys εssam
exc ≤ εssam

opt + εssam
gen , where εssam

opt and εssam
gen

are given by Theorems 13 and 15, respectively. Furthermore, as T tends to infinity, we have

εssam
exc ≤

2G2(µ+ L)

nµL(1 + µρ)
+
LG2

(
ρ2L+ γuppη

)
4µρ(µ+ L)

.

Proof This result follows immediately as T →∞.

Remark 18 This theorem implies that SSAM would eventually achieve a tighter bound over
the expected excess risk than SAM when the model is trained for a sufficiently long time.
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5. Experiments

In this section, we present the empirical results on a range of tasks. From the perspective
of algorithmic stability, we first investigate how SSAM ameliorates the issue of training in-
stability with realistic data sets. We then provide the convergence results on a quadratic
loss function. To demonstrate that the increased stability does not come at the cost of
performance degradation, we also evaluate it on tasks such as training deep classifiers from
scratch. The results suggest that SSAM can achieve comparable or even superior perfor-
mance compared to SAM. For completeness, sometimes we also include the results of the
standard formulation of SAM proposed by Foret et al. (2021) and denote it by SAM∗.

5.1 Algorithmic Stability

In Section 4.3, we showed that SSAM can consistently perform better than SAM in terms
of generalization error (see Theorems 5 and 13 for a comparison). To verify this claim
empirically, we follow the experimental settings of Hardt et al. (2016) and consider two
proxies to measure the algorithmic stability. The first is the Euclidean distance between the
parameters of two identical models, namely, with the same architecture and initialization.
The second proxy is the generalization error which measures the difference between the
training error and the test error.

To construct two training sets S and S′ that differ in only one example, we first ran-
domly remove an example from the given training set, and the remaining examples naturally
constitute one set S. Then we can create another set S′ by replacing a random example of S
with the one previously deleted. We restrict our attention to the task of image classification
and adopt two different neural architectures: a simple fully connected neural network (FCN)
trained on MNIST, and a LeNet (LeCun et al., 1998) trained on CIFAR-10. The FCN model
consists of two hidden layers of 500 neurons, each of which is followed by a ReLU activation
function. To make our experiments more controllable, we exclude all forms of regularization
such as weight decay and dropout. We use the vanilla SGD (namely, mini-batch size is 1)
without momentum acceleration as the default base optimizer and train each model with
a constant learning rate. Of course, we also fix the random seed at each epoch to ensure
that the order of examples in two training sets remains the same. Additionally, we do not
use data augmentation so that the distribution shift between training data and test data is
minimal. Moreover, we record the Euclidean distance and the generalization error once per
epoch.

As shown in Figures 5 and 6, there is a close correspondence between the parameter
distance and the generalization error. These two quantities often move in tandem and
are positively correlated. Moreover, when starting from the same initialization, models
trained by SGD quickly diverge, whereas models trained by SAM and SSAM change slowly.
By comparing the training curves, we can further observe that SSAM is significantly less
sensitive than SAM when the training set is modified.
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Figure 5: Evolution of (a) parameter distance and (b) generalization gap as a function of
epoch. The base model is a fully connected neural network and the data set is MNIST. All
models are trained with a constant learning rate and neither momentum nor weight decay
is employed.
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Figure 6: Evolution of (a) parameter distance and (b) generalization gap as a function of
epoch. The base model is LeNet and the data set is CIFAR-10. All models are trained with
a constant learning rate and neither momentum nor weight decay is employed.

5.2 Convergence Results

To empirically validate the convergence results of SAM and SSAM, here we consider a
quadratic loss function of dimension d = 20,

f(x) =
1

2
xT (AAT /2d+ δI)x,

where A ∈ Rd×2d is a random matrix with elements being standard Gaussian noise and δ
is a small positive coefficient to ensure that the loss function is strongly convex. Starting
from a point sampled according to N (0, I), we optimize the loss function for one million
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Figure 7: The left panel illustrates the convergence curves of quadratic loss for SAM under
different values of perturbation radius ρ and the right panel displays the loss of the last 1000
steps.

steps with a constant learning rate of 1.0e−3. To introduce stochasticity, we also perturb
the gradient at each step with random noise from N (0, 1.0e−4).

As depicted in Figure 7, we can observe that the convergence speed of SAM grows with
the perturbation radius ρ. More importantly, as we gradually increase ρ from 0.01 to 2, the
loss at the end of training first decreases and then starts to increase, suggesting that there
indeed exists a tradeoff between ρ2L and the learning rate η as predicted by Theorem 8. We
then compare SSAM against SAM and SGD in Figure 8 and find that SSAM indeed slows
down the convergence speed. But, just as implied by Theorem 15, it is able to achieve a
lower loss than SAM when trained for a sufficiently long period. Meanwhile, although SAM
converges faster than SGD, it nevertheless converges to a larger noisy ball than SGD, which
once again suggests that a careful choice of ρ is critical to achieving a better generalization
performance. From Figure 8(b), we can also observe that SAM∗ seems to be more unstable
than SAM because of the normalization step.

5.3 Image Classification from Scratch

We now continue to investigate how SSAM performs on real-world image classification prob-
lems. The baselines include SGD, SAM (Andriushchenko and Flammarion, 2022), SAM∗

(Foret et al., 2021), ASAM (Kwon et al., 2021), and one-step GASAM (Zhang et al., 2022)
that attempts to stabilize the training dynamics as well.

CIFAR-10 and CIFAR-100. Here we adopt several popular backbones, ranging
from basic ResNets (He et al., 2016) to more advanced architectures such as WideRes-
Net (Zagoruyko and Komodakis, 2016), ResNeXt (Xie et al., 2017), and PyramidNet (Han
et al., 2017). To increase reproductivity, we decide to employ the standard implementations
of these architectures that are encapsulated in a Pytorch package.4 Beyond the training
and test set, we also construct a validation set containing 5000 images out of the training

4. Details can be found at https://pypi.org/project/pytorchcv.
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Figure 8: The left panel illustrates the convergence curves of quadratic loss for different
optimizers and the right panel displays the loss of the last 1000 steps.

Table 1: Results on CIFAR-10 and CIFAR-100. We run each model with three different
random seeds and report the mean test accuracy (%) along with the standard deviation.
Text marked as bold indicates the best result.

ResNet-20 ResNet-56 ResNext-29-32x4d WRN-28-10 PyramidNet-110

CIFAR-10

SGD 92.78 ± 0.11 93.99 ± 0.19 95.47 ± 0.06 96.08 ± 0.16 96.02 ± 0.16

SAM∗ 93.39 ± 0.14 94.93 ± 0.21 96.30 ± 0.01 96.91 ± 0.12 96.95 ± 0.06

SAM 93.43 ± 0.24 94.92 ± 0.22 96.20 ± 0.08 96.55 ± 0.17 96.91 ± 0.16

SSAM 93.46 ± 0.22 95.01 ± 0.19 96.33 ± 0.16 96.65 ± 0.18 97.04 ± 0.09

ASAM 93.11 ± 0.23 94.51 ± 0.34 95.74 ± 0.06 96.24 ± 0.08 96.39 ± 0.14

GASAM 92.96 ± 0.14 94.18 ± 0.31 93.66 ± 0.92 95.75 ± 0.34 81.83 ± 1.58

CIFAR-100

SGD 69.11 ± 0.11 72.38 ± 0.17 79.93 ± 0.15 80.42 ± 0.06 81.39 ± 0.31

SAM∗ 70.30 ± 0.32 74.81 ± 0.07 81.09 ± 0.37 83.23 ± 0.19 84.03 ± 0.27

SAM 70.77 ± 0.24 75.02 ± 0.19 81.25 ± 0.14 82.94 ± 0.35 83.68 ± 0.10

SSAM 70.48 ± 0.18 75.11 ± 0.14 81.35 ± 0.13 82.80 ± 0.15 83.78 ± 0.17

ASAM 69.57 ± 0.12 72.82 ± 0.32 80.01 ± 0.14 81.34 ± 0.31 82.04 ± 0.09

GASAM 69.02 ± 0.13 72.05 ± 1.09 77.81 ± 1.52 81.48 ± 0.31 45.59 ± 3.03

set. Moreover, we only employ basic data augmentations such as horizontal flip, random
crop, and normalization. We set the mini-batch size to be 128 and each model is trained
up to 200 epochs with a cosine learning rate decay (Loshchilov and Hutter, 2016). The
default base optimizer is SGD with a momentum of 0.9. To determine the best choice of
hyper-parameters for each backbone, slightly different from Kwon et al. (2021); Kim et al.
(2022), we first use SGD to grid search the learning rate and the weight decay coefficient over
{0.01, 0.05, 0.1} and {1.0e-4, 5.0e-4, 1.0e-3}, respectively. For SAM and the variants, these
two hyper-parameters are then fixed. As suggested by Kwon et al. (2021), the perturbation
radius ρ of ASAM needs to be much larger, and we thus range it from {0.5, 1.0, 2.0}. In
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Table 2: Top-1 accuracy (%) on ImageNet-1K validation set with Inception-style data aug-
mentation only. The base optimizer for ResNet is SGD with a momentum of 0.9. In contrast,
the base optimizer for the vision transformer is AdamW.

SGD/AdamW SAM∗ SAM SSAM

ResNet-18 70.56 ± 0.03 70.74 ± 0.02 70.66 ± 0.12 70.76 ± 0.09

ResNet-50 77.09 ± 0.12 77.81 ± 0.04 77.82 ± 0.08 77.89 ± 0.13

ViT-S-32 65.42 ± 0.12 67.42 ± 0.21 69.98 ± 0.11 71.15 ± 0.18

ViT-S-16 72.25 ± 0.09 73.81 ± 0.06 76.88 ± 0.25 77.41 ± 0.13

contrast, we sweep the perturbation radius ρ of other optimizers over {0.05, 0.1, 0.2}. We
run each model with three different random seeds and report the mean and the standard
deviation of the accuracy on the test set.

As shown in Table 1, apart from GASAM that even fails to converge for PyramidNet-110,
both SAM and its variants are able to consistently perform better than the base optimizer
SGD. Meanwhile, it is worth noting that there is no significant difference between SAM
(Andriushchenko and Flammarion, 2022) and SAM∗ (Foret et al., 2021), suggesting that
the normalization term is not necessary for promoting generalization performance. Focusing
on the rows of SSAM and SAM, we further observe that SSAM can achieve a higher test
accuracy than SAM on most backbones, though the improvements may not be significant.

ImageNet-1K (Deng et al., 2009). To investigate the performance of the renormal-
ization strategy on a larger scale, we further evaluate it with the ImageNet-1K data set. We
only employ basic data augmentations, namely, resizing and cropping images to 224-pixel
resolution and then normalizing them. We adopt several typical architectures, including two
ResNets (ResNet-18/50), and two vision transformers (ViT-S-16/32) (Dosovitskiy et al.,
2021).5 ResNet-18 and ResNet-50 are trained for 90 and 100 epochs, respectively. The
default base optimizer is SGD with momentum acceleration, the peak learning rate is 0.1,
and the weight decay coefficient is 1.0e-4. According to Foret et al. (2021), the perturbation
radius ρ is set to be 0.05. For the vision transformer, the two models are trained up to 300
epochs and the default base optimizer is switched to AdamW. The peak learning rate is 3.0e-
4 and the weight decay coefficient is 0.3. The value of ρ is 0.2 because the vision transformer
favors larger ρ than ResNet does (Chen et al., 2022). For both models, we use a constant
mini-batch size of 256, and the cosine learning rate decay schedule is also employed. As
shown in Table 2, the renormalization strategy remains effective on the ImageNet-1K data
set. After applying the renormalization strategy to SAM, we can observe an improved top-1
accuracy on the validation set for all models, though the improvement is more pronounced
for the two vision transformers.

5.4 Minima Analysis

Finally, to gain a better understanding of SSAM, we further compare the differences in
the sharpness of the minima found by different optimizers, which can be described by the

5. Both models are trained with the timm library that is available at https://github.com/huggingface/
pytorch-image-models.
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Figure 9: Illustration of the top five eigenvalues of the Hessian of the loss function, which
is estimated using PyHessian (Yao et al., 2020). Since sharpness can be easily manipulated
with the reparameterization trick (Dinh et al., 2017), following Jiang et al. (2020), we remove
the batch normalization before computing the Hessian by fusing the normalization layer with
the preceding convolution layer.

dominant eigenvalue of the Hessian of the loss function (Foret et al., 2021; Zhuang et al.,
2022; Kaddour et al., 2022). For this purpose, we train a ResNet-20 on CIFAR-10 and a
ResNet-56 on CIFAR-100 using the same hyper-parameters and then estimate the top five
eigenvalues of the Hessian.

From Figure 9, we can observe that compared to SGD, SAM significantly reduces the
sharpness of the minima. Meanwhile, it also can be found that SSAM achieves the lowest
eigenvalue. While this observation does not necessarily indicate that SSAM is more effective
at escaping from saddle points than SAM, it nevertheless suggests that the renormalization
strategy is also beneficial in finding flatter regions of the loss landscape.

6. Conclusion

In this paper, we proposed a renormalization strategy to mitigate the issue of instability in
sharpness-aware training. We also evaluated its efficacy, both theoretically and empirically.
Following this line, we believe several directions deserve further investigation. Although we
have verified that SSAM and SAM both can greatly improve the generalization performance
over SGD, it remains unknown whether they converge to the same attractor of minima,
properties of which might significantly differ from those found by SGD (Kaddour et al., 2022).
Moreover, probing to what extent the renormalization strategy reshapes the optimization
trajectory or the parameter space it explores is also of interest. Another intriguing direction
involves controlling the renormalization factor during the training process, for example, by
imposing explicit constraints on its bounds or adjusting the perturbation radius according to
the gradient norm of the ascent step. The influence of renormalization strategy on adversarial
robustness should also be investigated (Wei et al., 2023). Finally, it is worth noting that
our theoretical analysis is built upon the vanilla SAM optimizer. Things may become much
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complicated when we take into account popular training tricks like momentum and batch
normalization. For example, Kim et al. (2023) found that this instability issue appears to
be alleviated by incorporating momentum. However, their empirical validation is limited to
a simple classification task, and further research is required to probe on other applications,
which we leave for future study.
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Appendix A. Escaping Behavior Near Saddle Points

Actually, it is challenging for deep neural networks to initialize their weights near a saddle
point. Here we play with the linear autoencoder as the origin is known to be a saddle
point of the reconstruction loss (Kunin et al., 2019). Instead of using synthetic data set as
in Figure 1, this time we use realistic data sets like MNIST and CIFAR-10. As shown in
Figure 10, we can observe that SSAM also effectively avoids saddle point problem better
than SAM for real data sets.

Appendix B. Training Instability on Realistic Neural Networks

To examine the training stability on real-world applications, we also train a ResNet-20 on
CIFAR-10 and a ResNet-56 on CIFAR-100 with different learning rates that are equispaced
between 0.01 and 3.16 on the logarithm scale. The default optimizer is SGD with a mini-
batch size of 128 and each model is trained up to 200 epochs. To make the difference more
significant, we use a relatively large value of ρ = 1.0, and the learning rate is not decayed
throughout training.

In Figures 11 and 12, we report the metrics of loss and accuracy on the training set at
the end of training. When the learning rate is small, we can observe that SGD attains the
lowest loss and SAM performs better than SSAM. As we continue to increase the learning
rate, however, SAM becomes highly unstable and finally fails to converge. As a comparison,
we can observe that SSAM is more stable than SAM and even can achieve a lower loss and
a higher accuracy than SGD in a relatively large range of learning rates. Notice that SAM∗

is still much more unstable than SAM because of the normalization step.

Appendix C. Results on Large Language Models

In the section, we compare the performance of different optimizers on nanoGPT.6 We ba-
sically follow the official instructions, except that we only use four NVIDIA GeForce RTX

6. The project is available at https://github.com/karpathy/nanoGPT.
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(c) CIFAR-10, ρ = 0.05
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(d) CIFAR-10, ρ = 0.5

Figure 10: Loss curves of different optimizers to escape from the saddle point (namely, the
origin) under different values of ρ.

4090s. We train the minimal nanoGPT (∼124 million parameters) on OpenWebText for
about 600, 000 steps. This will run for about 8 days for AdamW and 16 days for SAM
and SSAM. Due to limited resources, we only train them once and use perturbation radius
ρ = 0.2 without further tuning. As shown in Figure 13, we can observe that SAM performs
better than AdamW and SSAM further decreases the validation loss. However, it is worth
noting that the improvements are not as pronounced as in image classification.

Appendix D. Auxiliary Lemmas

In this section, we provide two useful auxiliary lemmas.

Lemma 19 A function f(w) : Rd 7→ R+ is µ-strongly convex and L-smooth, for all w,
v ∈ Rd, we have

〈∇f(v)−∇f(w),v −w〉 ≥ µL

µ+ L
‖v −w‖22 +

1

µ+ L
‖∇f(v)−∇f(w)‖22.

Proof Consider the function ϕ(w) = f(w)− µ
2‖w‖

2
2, which is convex with (L−µ)-smooth

by appealing to the fact that f(w) is µ-strongly convex and L-smooth. Therefore, it follows
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Figure 11: Curves of (a) training loss and (b) training accuracy of different optimizers as a
function of the learning rate. Notice that both metrics are evaluated on the model of the
last epoch. The backbone is ResNet-20 and the data set is CIFAR-10.
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Figure 12: Curves of (a) training loss and (b) training accuracy of different optimizers as a
function of the learning rate. Notice that both metrics are evaluated on the model of the
last epoch. The backbone is ResNet-56 and the data set is CIFAR-100.

that
〈∇ϕ(v)−∇ϕ(w),v −w〉 ≥ 1

L− µ
‖∇ϕ(v)−∇ϕ(w)‖22.

On the other hand,

〈∇ϕ(v)−∇ϕ(w),v −w〉 = 〈∇f(v)−∇f(w),v −w〉 − µ 〈v −w,v −w〉 .

Substituting the preceding inequality in, we have

〈∇f(v)−∇f(w),v −w〉 ≥ 1

L− µ
‖∇f(v)−∇f(w)− µ(v −w)‖22 + µ‖v −w‖22.
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Figure 13: Validation loss curve of nanoGPT (∼124 million parameters) on OpenWebText.
Due to limited resources, the result is reported based on a single run of different optimizers.

Expanding the first term on the right side, it follows that

〈∇f(v)−∇f(w),v −w〉 ≥ µL

µ+ L
‖v −w‖22 +

1

µ+ L
‖∇f(v)−∇f(w)‖22,

thus concluding the proof.

Lemma 20 Consider a sequence γ1, . . . , γT , where 0 < γk < 1 for any 1 ≤ k ≤ T . Denote
the maximum of the first k elements by γkmax. Then, for any constants α > 0, 0 < β <
1/γTmax, and i = 1, 2, . . ., the following inequality holds

(1− γk+1β) Ψ(k) + (γk+1)i α ≤ Ψ(k + 1),

where
Ψ(k) =

[(
1− γkmaxβ

)k−1
+ . . .+

(
1− γkmaxβ

)
+ 1

](
γkmax

)i
α.

Proof To prove this result, we only need to substitute Ψ(k) in. In the case of γk+1 ≥ γkmax,
we have

Ψ(k + 1)− (1− γk+1β) Ψ(k)− (γk+1)i α

=
α

β
(1− γk+1β)

{
(γk+1)i−1

[
1− (1− γk+1β)k

]
−
(
γkmax

)i−1
[
1−

(
1− γkmaxβ

)k]}
≥ 0.

In the case of γk+1 ≤ γkmax, we also have

Ψ(k + 1)− (1− γk+1β) Ψ(k)− (γk+1)i α ≥ αγk+1

[(
γkmax

)i−1
− (γk+1)i−1

]
≥ 0,

thus concluding the proof.
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Appendix E. Theoretical Proofs

In this section, we provide the missing proofs in the main text.

E.1 Proof of Lemma 2

To prove this result, we first would like to lower bound the term ‖vasct −wasc
t ‖22 as follows:

‖vasct −wasc
t ‖22 = ‖vt −wt‖22 + 2ρ 〈vt −wt,∇f(vt)−∇f(wt)〉+ ρ2‖∇f(vt)−∇f(wt)‖22

≥ (1 + 2µρ)‖vt −wt‖22 + ρ2‖∇f(vt)−∇f(wt)‖22
≥ (1 + µρ)‖vt −wt‖22 + (µρ/L2 + ρ2)‖∇f(vt)−∇f(wt)‖22.

According to the update rule, we further have

‖vt+1 −wt+1‖22 = ‖vt − η∇f(vasct )− (wt − η∇f(wasc
t )) ‖22

= ‖vt −wt‖22 − 2η 〈vt −wt,∇f(vasct )−∇f(wasc
t )〉+ η2‖∇f(vasct )−∇f(wasc

t )‖22
= ‖vt −wt‖22 − 2η 〈vasct −wasc

t ,∇f(vasct )−∇f(wasc
t )〉

+ 2ρη 〈∇f(vt)−∇f(wt),∇f(vasct )−∇f(wasc
t )〉+ η2‖∇f(vasct )−∇f(wasc

t )‖22
1©
≤
(

1− 2 (1 + µρ)
ηµL

µ+ L

)
‖vt −wt‖22 − 2

(µρ
L2

+ ρ2
) ηµL

µ+ L
‖∇f(vt)−∇f(wt)‖22

+ 2ρη 〈∇f(vt)−∇f(wt),∇f(vasct )−∇f(wasc
t )〉+

(
η2 − 2η

µ+ L

)
‖∇f(vasct )−∇f(wasc

t )‖22

2©
≤
(

1− 2 (1 + µρ)
ηµL

µ+ L

)
‖vt −wt‖22 +

[
ρ2η

2
µ+L − η

− 2
(µρ
L2

+ ρ2
) ηµL

µ+ L

]
‖∇f(vt)−∇f(wt)‖22

+

(
η2 − 2η

µ+ L

)[
(∇f (vasct )−∇f (wasc

t ))− ρ
2

µ+L − η
(∇f (vt)−∇f (wt))

]2

3©
≤
(

1− 2 (1 + µρ)
ηµL

µ+ L

)
‖vt −wt‖22,

where 1© is due to the coercivity of the loss function (cf. Lemma 19) that

〈∇f(vasct )−∇f(wasc
t ),vasct −wasc

t 〉 ≥
µL

µ+ L
‖vasct −wasc

t ‖22+
1

µ+ L
‖∇f(vasct )−∇f(wasc

t )‖22.

Moreover, 3© holds since the last two terms of 2© are smaller than zero provided that the
learning rate η satisfies the given condition. Consequently, we have

‖vt+1−wt+1‖2 ≤
(

1− 2 (1 + µρ)
ηµL

µ+ L

)1/2

‖vt−wt‖2 ≤
(

1− (1 + µρ)
ηµL

µ+ L

)
‖vt−wt‖2,

where the last inequality is due to the fact that
√

1− x ≤ 1− x/2 holds for all x ∈ [0, 1].
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E.2 Proof of Lemma 7

First, it is easy to check that FS(w) is µ-strongly convex, L-smooth, and G-Lipschitz con-
tinuous with respect to the first argument w as well. Let ŵasc

t = wt + ρ∇FS(wt), we
have

〈∇f(wasc
t )−∇f(ŵasc

t ),∇FS(wt)〉 ≤
1

2
‖∇f(wasc

t )−∇f(ŵasc
t )‖22 +

1

2
‖∇FS(wt)‖22

≤ ρ2L2

2
‖∇f(wt)−∇FS(wt)‖22 +

1

2
‖∇FS(wt)‖22 .

After taking the expectation, it follows that

E 〈∇f(wasc
t )−∇f(ŵasc

t ),∇FS(wt)〉 ≤
ρ2L2G2

2
+

1− ρ2L2

2
‖∇FS(wt)‖22 .

On the other hand,

E 〈∇f(ŵasc
t ),∇FS(wt)〉 = 〈∇FS(ŵasc

t ),∇FS(wt)〉
= 〈∇FS(ŵasc

t )−∇FS(wt),∇FS(wt)〉+ ‖∇FS(wt)‖22

=
1

ρ
〈∇FS(w + ρ∇FS(wt))−∇FS(wt), ρ∇FS(wt)〉+ ‖∇FS(wt)‖22

≥ (1 + µρ) ‖∇FS(wt)‖22 .

Combining the above results, we have

E 〈∇f(wasc
t ),∇FS(wt)〉 = E 〈∇f(wasc

t )−∇f(ŵasc
t ),∇FS(wt)〉+ E 〈∇f(ŵasc

t ),∇FS(wt)〉

≥
(

1 + ρ2L2

2
+ µρ

)
‖∇FS(wt)‖22 −

ρ2L2G2

2

≥ ρ(µ+ L) ‖∇FS(wt)‖22 −
ρ2L2G2

2
,

completing the proof.

E.3 Proof of Theorem 8

From Taylor’s theorem, there exists a ŵt such that

FS(wt+1) = FS (wt − η∇f(wasc
t ))

= FS(wt)− η 〈∇f(wasc
t ),∇FS(wt)〉+

η2

2
∇f(wasc

t )T∇2FS(ŵt)∇f(wasc
t )

≤ FS(wt)− η 〈∇f(wasc
t ),∇FS(wt)〉+

η2L

2
‖∇f(wasc

t )‖22

≤ FS(wt)− η 〈∇f(wasc
t ),∇FS(wt)〉+

η2LG2

2
.

According to Lemma 7, it follows that

E 〈∇f(wasc
t ),∇FS(wt)〉 ≥ ρ(µ+ L) ‖∇FS(wt)‖22 −

ρ2L2G2

2

≥ 2µρ(µ+ L) [FS(wt)− FS(w∗)]− ρ2L2G2

2
,
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where the last inequality is due to Polyak-Łojasiewicz condition as a result of being µ-
strongly convex. Subtracting FS(w∗) from both sides and taking expectations, we obtain

E [FS(wt+1)− FS(w∗)] ≤ [1− 2ηµρ(µ+ L)]E [FS(wt)− FS(w∗)] +
ηρ2L2G2

2
+
η2G2L

2
.

Recursively applying the above inequality and summing up the geometric series yields

E [FS(wT )− FS(w∗)] ≤ [1− 2ηµρ(µ+ L)]T E [FS(w0)− FS(w∗)] +
LG2

(
ρ2L+ η

)
4µρ (µ+ L)

,

thus concluding the proof.

E.4 Proof of Lemma 11

The proof is similar to Lemma 2. According to the update rule of SSAM, we have

‖vt+1 −wt+1‖22 = ‖vt − γtη∇f(vasct )− (wt − γtη∇f(wasc
t )) ‖22

= ‖vt −wt‖22 − 2γtη 〈vt −wt,∇f(vasct )−∇f(wasc
t )〉+ γ2

t η
2‖∇f(vasct )−∇f(wasc

t )‖22
= ‖vt −wt‖22 − 2γtη 〈vasct −wasc

t ,∇f(vasct )−∇f(wasc
t )〉

+ 2γtρη 〈∇f(vt)−∇f(wt),∇f(vasct )−∇f(wasc
t )〉+ γ2

t η
2‖∇f(vasct )−∇f(wasc

t )‖22
1©
≤
(

1− 2 (1 + µρ)
γtηµL

µ+ L

)
‖vt −wt‖22 − 2

(µρ
L2

+ ρ2
) γtηµL
µ+ L

‖∇f(vt)−∇f(wt)‖22

+ 2γtρη 〈∇f(vt)−∇f(wt),∇f(vasct )−∇f(wasc
t )〉+

(
γ2
t η

2 − 2γtη

µ+ L

)
‖∇f(vasct )−∇f(wasc

t )‖22

2©
≤
(

1− 2 (1 + µρ)
γtηµL

µ+ L

)
‖vt −wt‖22 +

[
ρ2γtη

2
µ+L − γtη

− 2
(µρ
L2

+ ρ2
) γtηµL
µ+ L

]
‖∇f(vt)−∇f(wt)‖22

+

(
γ2
t η

2 − 2γtη

µ+ L

)[
(∇f (vasct )−∇f (wasc

t ))− ρ
2

µ+L − γtη
(∇f (vt)−∇f (wt))

]2

3©
≤
(

1− 2 (1 + µρ)
γtηµL

µ+ L

)
‖vt −wt‖22,

where 1© is due to the coercivity of the loss function (cf. Lemma 19) that

〈∇f(vasct )−∇f(wasc
t ),vasct −wasc

t 〉 ≥
µL

µ+ L
‖vasct −wasc

t ‖22+
1

µ+ L
‖∇f(vasct )−∇f(wasc

t )‖22.

Moreover, 3© holds since the last two terms of 2© are smaller than zero provided that the
learning rate η satisfies the given condition. Consequently, we have

‖vt+1−wt+1‖2 ≤
(

1− 2 (1 + µρ)
γtηµL

µ+ L

)1/2

‖vt−wt‖2 ≤
(

1− (1 + µρ)
γtηµL

µ+ L

)
‖vt−wt‖2,

where the last inequality is due to the fact that
√

1− x ≤ 1− x/2 holds for all x ∈ [0, 1].
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E.5 Proof of Theorem 15

The proof follows the same steps as Theorem 10. From Taylor’s theorem, there exists a ŵt

such that

FS(wt+1) = FS (wt − γtη∇f(wasc
t ))

= FS(wt)− γtη 〈∇f(wasc
t ),∇FS(wt)〉+

γ2
t η

2

2
∇f(wasc

t )T∇2FS(ŵt)∇f(wasc
t )

≤ FS(wt)− γtη 〈∇f(wasc
t ),∇FS(wt)〉+

γ2
t η

2L

2
‖∇f(wasc

t )‖22

≤ FS(wt)− γtη 〈∇f(wasc
t ),∇FS(wt)〉+

γ2
t η

2LG2

2
.

According to Lemma 7, it follows that

E 〈∇f(wasc
t ),∇FS(wt)〉 ≥ ρ(µ+ L) ‖∇FS(wt)‖22 −

ρ2L2G2

2

≥ 2µρ(µ+ L) [FS(wt)− FS(w∗)]− ρ2L2G2

2
,

where the last inequality is due to Polyak-Łojasiewicz condition as a result of being µ-
strongly convex. Subtracting FS(w∗) from both sides and taking expectations, we obtain

E [FS(wt+1)− FS(w∗)] ≤ [1− γtηµρ(µ+ L)]E [FS(wt)− FS(w∗)] +
γtηρ

2L2G2

2
+
γ2
t η

2G2L

2
.

Recursively applying Lemma 20 and summing up the geometric series yields

E [FS(wT )− FS(w∗)] ≤ [1− γuppηµρ(µ+ L)]T E [FS(w0)− FS(w∗)] +
LG2

(
ρ2L+ γuppη

)
4µρ(µ+ L)

,

thus concluding the proof.
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