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Abstract

Expected shortfall (ES) is widely used for characterizing the tail of a distribution across
various fields, particularly in financial risk management. In this paper, we explore a two-
step procedure that leverages an orthogonality property to reduce sensitivity to nuisance
parameters when estimating within a joint quantile and expected shortfall regression frame-
work. For high-dimensional sparse models, we propose a robust ¢;-penalized two-step ap-
proach capable of handling heavy-tailed data distributions. We establish non-asymptotic
estimation error bounds and propose an appropriate growth rate for the diverging robus-
tification parameter. To facilitate statistical inference for certain linear combinations of
the ES regression coefficients, we construct debiased estimators and develop their asymp-
totic distributions, which form the basis for constructing valid confidence intervals. We
validate the proposed method through simulation studies, demonstrating its effectiveness
in high-dimensional linear models with heavy-tailed errors.

Keywords: conditional value-at-risk, expected shortfall, heavy-tailed data, Huber loss,
quantile regression

1. Introduction

Value-at-risk (VaR) and expected shortfall are two commonly used measures for quantifying
risk. VaR measures the maximum potential loss that could be incurred at a specified
confidence level, whereas ES represents the expected loss that exceeds the VaR threshold.
Despite its popularity, VaR has several drawbacks as a risk metric, including the violation
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of sub-additivity and the inability to capture tail risks beyond the specified quantile level
(Artzner et al., 1999; Acerbi, 2002; Bayer and Dimitriadis, 2022). Recently, the Basel
Committee adopted ES as the standard risk measure for financial institutions, replacing
VaR (Basel Committee, 2016, 2019). This shift in focus has led to the development of
new methods for estimating, forecasting, and backtesting ES in the banking and insurance
industries (Nolde and Ziegel, 2017; Bercu et al., 2021; Hallin and Trucios, 2023; Deng and
Qiu, 2021; Bayer and Dimitriadis, 2022). ES has also been widely adopted in other domains,
such as operations research (Rockafellar et al., 2014; Soleimani and Govindan, 2014), and
treatment effect analysis (He et al., 2010; Chen and Yen, 2025; Wei et al., 2024).

Let Z be a real-valued random variable and let Fz be its cumulative distribution function
(CDF), i.e., Fz(z) = P(Z < z). The quantile and ES of Z at level a € (0,1) are defined as
Qua(Z) =inf{z € R: Fz(2) > a} and E,(Z) = E{Z|Z < Qu(Z)}, respectively. In financial
applications, Z often indicates the payoff of a portfolio, and E,(Z) represents the average
return of a portfolio given that a return is occurring at or below the quantile level . A
more detailed discussion of ES and its properties can be found in Rockafellar and Royset
(2013) and McNeil et al. (2015).

Despite the importance of ES as a risk measure, there are limited estimation and statis-
tical inference procedures available for examining the relationship between a p-dimensional
vector of covariates X € RP and the ES of the outcome variable Y € R, especially when p
is large; see, for instance, Scaillet (2005), Cai and Wang (2008) and Kato (2012), among
others. This is primarily due to the non-elicitability of ES, which implies that ES cannot
be directly optimized through the minimization of a loss function (Gneiting, 2011). While
ES is not elicitable on its own, in their seminal work, Fissler and Ziegel (2016) have shown
that the ES is jointly elicitable with the quantile under a class of joint loss functions.

We consider the joint linear quantile and ES model:

Qu.Y|X)=X"p* and E,(Y]|X)=X"0", (1)

where Q. (Yi|X;) and E,(Y;|X;) = E{Y;]Y; < Q.(Yi|X;), X;} are the conditional a-level
quantile and ES of Y given X, respectively. Here, 5* = 3%, 6* = 0’ € RP are the quantile
and ES regression coefficients that can vary across different quantile levels . We suppress
their dependency on « for simplicity.

Under the joint model (1), Dimitriadis and Bayer (2019) and Patton et al. (2019) pro-
posed to simultaneously estimate the quantile and ES regression coefficients by minimizing
a class of non-convex and non-differentiable joint loss functions. Theoretically, they es-
tablished the consistency and asymptotic normality of the resulting M-estimator, defined
as a global minimum. However, this approach involves minimizing a non-convex and non-
differentiable joint loss function for which a global optimum is not guaranteed, creating a
theoretical gap between the estimator and the theoretical results developed for global min-
ima. Moreover, it is computationally challenging to obtain an estimator from minimizing
non-convex functions, especially when the number of covariates, p, is large. From a different
perspective, Barendse (2020) proposed a computationally efficient two-step method for ES
regression using the orthogonality property by treating the quantile regression coefficient
vector as a nuisance parameter. Specifically, the two-step method involves fitting a quantile
regression and solving a least squares problem with surrogate response variables. Theoret-
ically, Barendse (2020) established that the resulting ES regression estimator is consistent
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and asymptotically normal under the fixed-p regime, while He et al. (2023) studied the
increasing-p regime under the scaling condition p = O(n®) for some a € [1/2,1).

In this work, we focus on the data-rich setting in which the dimension can be as large
as or larger than the sample size. To address this, we assume sparsity, where only a
small subset of p covariates affects the response, and use an [; penalty to encourage sparse
regression coefficients; see Wainwright (2019) and Fan et al. (2020), for example. Under
high-dimensional sparse models, Barendse (2023) and Zhang et al. (2023) extended the
two-step approach of Barendse (2020) and proposed an ¢;-penalized two-step least squares
ES estimator. However, a critical limitation of these methods lies in their reliance on
least squares loss in the second step, which makes them highly sensitive to heavy-tailed
data and outliers. This vulnerability is exacerbated in high dimensions due to spurious
correlations (Fan et al., 2018; Sun et al., 2020). To address this limitation and improve
robustness, motivated by He et al. (2023), we propose a novel modification of the two-
step ES estimation procedure by replacing the standard least squares loss in the second
stage with the Huber loss. However, adjusting the loss function alone is insufficient to fully
address the challenges posed by heavy-tailed errors. A key innovation of our approach lies
in the precise selection of the parameter 7 in the Huber loss to optimally trade bias for
robustness. We show that sub-Gaussian deviation bounds can be attained even when the
conditional distribution of Y given X is heavy-tailed, as long as a diverging robustification
parameter 7 is chosen appropriately.

In the context of high-dimensional ES regression, existing methods have significant lim-
itations. Barendse (2023) provides rates restricted to polynomially growing p, while Zhang
et al. (2023) achieve better rates but rely on light-tailed distributions, making them unsuit-
able for heavy-tailed data. Given an £1-penalized robust ES regression estimator, we develop
a framework for performing statistical inference on a™6*, where a € RP is a pre-specified
p-dimensional vector based on the scientific question of interest. Zhang et al. (2023) at-
tempted to address inference by proposing a debiased estimator for individual coefficients
using nodewise regression (van de Geer et al., 2014). However, their approach is confined
to coordinate-wise inference and does not extend to linear projections, which are essen-
tial for testing contrasts. Linear projections combine multiple coordinates, accumulating
biases from individual components and amplifying cross-dependencies among predictors,
even when the vector a is sparse. Motivated by these gaps, we propose a debiased estimator
for a™0* that directly addresses these challenges.

NoTATIONS: For any two R¥ vectors u = (u1,...,u;)" and v = (vy,...,v;)", we write
their inner product as u™v = (u,v) = Z§:1 ujvj. We use || - ||, (1 < p < o) to denote
the ¢y-norm in R*: ||ul|, = (Z?Zl lu;[P)/P for p > 1 and ||ulleo = maxi<j<i |uj|. For a
positive semi-definite matrix A € R¥** and u € R¥, let |jul|4 = ||AY?ulj» = VuTAu. For
any matrix A = (a;;)1<;j<k € RF* we denote ||Al|; and ||A[2 as the induced £;- and fo-
norm, respectively, where [|Al|; = maxj<j<k Zle laij| and [|All2 = omax(A), with omax(A)
being the largest singular value of A. Additionally, we denote ||A|max = maxi<; j<k |ai;]
as the maximum element of A in magnitude. For two real numbers a and b, we write
a Ab = min{a,b} and a V b = max{a,b}. For two sequences of nonnegative real numbers
{an}n>1 and {by, }n>1, we write a,, < by, if a, < Cb, for some constant C' > 0 (independent
of n), a, 2 by if b, < ayp, and a,, < b, if a, S b, and a, 2 by,.

~ ~ ~
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2. Preliminaries

In this section, we provide a brief overview of the joint quantile and expected shortfall
model, along with the motivation behind the two-step method for robust expected shortfall
regression.

2.1 Joint Linear Quantile and Expected Shortfall Model

Let {(Y;, X;)}, be a sequence of independent and identically distributed observations,
where Y; € R is the response variable and X; € RP is a p-dimensional vector of covariates.
We start with a brief review of existing work on ES regression under the joint linear quantile
and ES model in equation (1). For the identification of (conditional) quantile and ES jointly,
Fissler and Ziegel (2016) proposed the following class of loss functions

Lrz(B,6;Y,X) = {a - 1(Y < X"B)H{G1(Y) — G1(X7B)} (2)
| Ga(X70)

and showed that (8*,0*) is the unique minimizer of E{Lpz(53,0;Y, X)|X} almost surely.
Here, G, G2, and Gs are real-valued functions satisfying: (1) G is increasing and integrable,
(2) G5 = Go, and (3) Ga is strictly increasing and strictly convex.

Using the above construction, Dimitriadis and Bayer (2019) proposed estimating (5*, 6*)
by minimizing the loss function in equation (2), leading to

{aXT(6 - 8) — (Y - X"B)L(Y < X"B)} - Go(X70),

PO, ) 1 <&
(Bioint gioint) < argmin g peo Z Lyy(8,6;Y:, X5), (3)
i=1

where ©® C RP x RP is a compact and convex parameter space with a nonempty inte-
rior. Under the fixed p regime, Dimitriadis and Bayer (2019) showed that the estimators
(piomt) @Omt) are consistent and asymptotically normal. However, for problems with a large
number of covariates p, the above method becomes computationally challenging due to the
non-differentiable and non-convex objective function (2), regardless of the choice of feasible
functions G; and G (Fissler and Ziegel, 2016).

From a different perspective, Barendse (2020) proposed a two-step method for esti-
mating (8*,0*) using a tailored score function that satisfies certain orthogonality condi-
tions. Let S(5,0;Y,X) := (Y — X"B)L(Y < X"B) + aX™(8 — 6) and let (5,0;X) =
E{S(5,0;Y, X)| X} be its expectation. It can be shown that the true regression coefficients
(8*, 0) satisfy the moment condition ¢ (8*,0*; X) = 0 almost surely. To see this, note that
under the joint model (1),

Y(B,0% X) = B{YL(Y < X"8)| X} — X"8 Fyx (X"B") + aX (8" — ")
= Ba(Y|X)Fyx(X78%) — aX"6" + {a — Fyx (X"B)}X"8" =0.  (4)
Furthermore, the partial derivative of (8, 0; X) with respect to 3, evaluated at g = %,
takes the form
0

5 (579;X)‘5:6* ={a— Fyx(X"8")}X =0, (5)
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which we refer to as the Neyman orthogonality property throughout this paper.

Motivated by (5), Barendse (2020) proposed a two-step method for fitting the ES re-
gression: (i) compute an estimator 8 of 5* by fitting the quantile regression (Koenker and
Bassett Jr, 1978); (ii) obtain an estimator 6 of 6* by solving

1 & -
é\twostep s SQ 0:V:. X.). 6
€ arg min 'E_ (8,0;Yi, Xi) (6)

Due to the Neyman orthogonality condition as in equation (5), Barendse (2020) showed
that the estimation error of the quantile regression estimator is first-order negligible. Their
results were further supported by He et al. (2023), who showed that the convergence rate
for the ES regression coefficient giwostep ynder the {3 norm depends on the estimation error
of B through a higher-order term o - max{rg, /p/n}, where |8 — 8|2 < ro.

2.2 Robust Expected Shortfall Regression

Given a quantile regression estimator ,B\ , the two-step method in Section 2.1 involves solving
the least squares problem in the second step (Barendse, 2020). To see this, we define the
pseudo-response variable

Zi(B) = (Yi = X[ B)L(Y; < X[ B) + o X 5. (7)

Under the joint model (1), it can be shown that E{Z;(8*)|X;} = aX[6*. Thus, given B,
the estimator @tWosteP in (6) can be interpreted as the least squares estimator 0btaifped by
regressing the generated pseudo-response variables Z; := Z;(3) on aX;. That is, §tvostep
can be obtained by minimizing the squared error loss function n=* 3" ,1(Z —aX TQ)

As pointed out by He et al. (2023), the conditional distribution of the pseudo-response
variables is asymmetric and left-skewed. Specifically, the joint model (1) is equivalent to

Yi= X[ +ei, Zi(BY)=aX[0+¢&, (8)

where ¢; and &; can be interpreted as the random noise such that Q.(g;|X;) = 0 and
E(&]X;) = 0, respectively. Accordingly, we have that Z;(8*) = min(e;, 0) + o X%, and by
(4), E{min(e;,0)|X;} = a X (6" —*). Therefore, { = min(g;,0) —E{min(e;,0)|X;}. Due to
the right-truncation at 0, the conditional distribution of & given X; is asymmetric and left-
skewed and may be heavy-tailed if the random noise ¢; follows a heavy-tailed distribution.
In such scenarios, the least squares estimator 6 ™°5t°P can be sensitive to potential outliers
and may not be statistically efficient for estimating 6*.

To address the issues above, He et al. (2023) proposed a robust ES regression method by
replacing the least squares loss with a robust loss. Let £, (u) := (u?/2)1(Ju| < 7) + (7|u| —
72/2)1(Ju| > 7) be the Huber loss, where 7 > 0 is a robustification parameter that blends
the squared error loss and the absolute deviation loss that encourages robustness (Huber,
1973). He et al. (2023) proposed a two-step adaptive Huber estimator for estimating 6* by
solving the following convex optimization problem:

— T
mlélelﬁyze ZZ —aX'0). 9)
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Due to the asymmetric nature of &;, the choice of the robustification parameter 7 becomes
crucial in achieving an optimal balance between bias and robustness. Selecting 7 to be too
small will introduce non-negligible bias to the resulting estimator, whereas selecting 7 to be
too large will yield an estimator that is sensitive to outliers. We refer readers to He et al.
(2023) for a comprehensive discussion on the selection of 7 for the robust ES regression
estimator from (9), under the regime in which p < n and n,p — oo.

In this paper, we limit heavy-tailedness to the error distribution, assuming that the
high-dimensional covariate vector X € R¢ has either sub-exponential or sub-Gaussian tails.
In this case, it can be shown that with high probability, the maximum magnitude of all
entries of X grows logarithmically in d. For simplicity, we focus on the case where all entries
of X are bounded in magnitude, which facilitates theoretical analysis.

3. (;-Penalized Robust Expected Shortfall Regression

In this section, we develop a framework for robust estimation and statistical inference on
a linear functional of 6* in the high-dimensional setting in which p > n. To this end, we
assume that the regression coefficients under the joint linear quantile and ES model in (1)
are sparse, i.e., ||3*[|o < sg and ||6*|lo < sg, where ||*|lo and [|#*||p are the number of
non-zero elements of 5* and 6%, respectively.

Let po(u) = {a — 1(u < 0)}u be the quantile loss function. We start with computing
an {1-penalized quantile regression estimator:

e argmin { 13 a3~ XI9) + 041 | (10)

BERP

where A\, > 0 is a tuning parameter that controls the sparsity level of the quantile regression
estimator (Belloni and Chernozhukov, 2011; Wang et al., 2012; Wang and He, 2024). We
then compute the pseudo-response Z, .. . Zy, based on (7). The proposed ¢1-penalized
Huber-ES regression estimator can then be obtained as follows:

~

I~ =
0, € argmin {Za(zi — aXF) +a)\6]0||1}, (11)
HERP ni4

where 7 > 0 is a robustification parameter and Ac > 0 is a sparsity tuning parameter that
controls thg number of non-zeros in 6,.

Given 0., we develop a framework for testing the statistical hypothesis Hy : a¥6* = 0
versus Hy : a™0* #£ 0, where a € R” is a pre-specified vector based on the scientific question
of interest. Due to the £1-penalty, 0, is biased and is not asymptotically normal. To address
this issue, many authors have proposed different forms of debiased estimators to remove bias
induced by the ¢1-penalty (Zhang and Zhang, 2014; van de Geer et al., 2014; Javanmard and
Montanari, 2014). Motivated by the existing work, we will construct a debiased estimator
for §, that can be shown to be asymptotically normal in the rest of the section.

We start by introducing some additional notation that will be used throughout the
remaining sections. Let ¢, (v) = ¢/ (v) = sign(v) min{|v|,7} be the first order derivative
of the Huber loss. Moreover, let ¥ = E(XX7) and let v = X 'a. In the low-dimensional
setting in which p < n (without imposing the ¢;-penalty), it can be shown that aa™ (6, —6%)
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admits a linear approximation u™n =t 3" (&)X, (ignoring higher-order terms), with an
appropriately chosen robustification parameter 7 (He et al., 2023). However, this is no
longer valid in the high-dimensional setting due to bias incurred by the /i-penalty, and
some form of bias correction is needed to ensure asymptotic normality. R

We consider a debiased estimator that takes the form o - a™0, + u™n! Yo (&)X
where §Z =Z;—aX TH Note that

—~ 1 —~
a-a"(0; —0%) + uT; ;wT(g)X

1« ~ ~
=uT 2 Yr@)Xitarat(B =0+ 03 (0r (&) —vr(@)' X (12)
=1 =1
variance term bias term

where the first and second terms correspond to the variance and bias of the estimator,
respectively. To show asymptotic normality, it remains to show that the bias term is
op(n™2). Let ¥ = n~1 3" | X;XT. The bias term can be rewritten as

(6, —0%) Z{wT &) — U (&)X,

= - Z{wT &) — e (&) + aXF (0, — 0)}u"X; + (a - = ZX XMu )Ta@ — 6

=1

=(a - zu> a0 — 0°) + u"{A,(B,0;) + Ba(3,0,)}, (13)

where A,(8,6,) = ™' Y0, (1~ E)[{,(&) — (&) + aX7 (6, — %)) X,) and B (8,0,) =
E{¢-(&) — - (&) + X[ (0, — 9*)}X~] Under the scaling condition max(sg, sp) logp =
o(y/n), we will show that [|An(3,0:)|lsc = op(n='/2) and || B (B, 6;)||2 = op(n~'/2). Conse-
quently, it remains to construct an appropriate projection direction u to ensure that ||ul|;
is bounded and that ||a — Sul|e is sufficiently small.

To this end, we propose to construct the projection direction u as follows:

U = argmin,, cpy uSu, (14)
subject to [ja — iuHoo < pllal|2, (15)
[ully < Callallz, (16)

|a™Su — [|all3] < o[lal3, (17)

where p,p’ € (0,1) are tuning parameters that are chosen to be sufficiently small, and
C, > 0 is a constant that does not depend on n and p. The constraint (17) complements
(15) by ensuring the proximity between u and a. Additionally, it effectively prevents the
possibility of u being zero. The optimization problem (14) is a quadratic programming
problem and can be solved using existing software, such as the quadprog package in R.
Consequently, a debiased estimator of w* := a™6* is given by

_ P R Tt
Or = a0+ — > (&)X, (18)
=1
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Under the scaling condition max(sg, sg)log p = o(y/n), we will show in Section 4.2 that the
proposed debiased estimator w, in (18) is asymptotically normal:

ay/n (@ — w*)/s(@) S N(0,1) as n,p— oo,

where 52(70) = 0"A% and A = n~ ' S B(€2]X;) X, X}
To accommodate heavy-tailed noise &;, we propose a truncated variance estimator

o~ A~ A in ~ . N 1 n =~
si(u) =u'Ayu with A, = - Z@bg,(gz)XzXzT, (19)
i=1

where v := vy(n,p) > 0 is a second robustification parameter. In Theorem 10, we will show
that §%(ﬂ), with v = (n/logp)'/3, is a consistent estimator of the asymptotic variance of
@r. Combining the debiased estimator w; in (18) and the truncated (asymptotic) variance
estimator in (19), we propose to construct an asymptotic 100 - (1 — ¢)% confidence interval
for a™0* (0 < ¢ < 1) as follows:

_ 5@ %.(3)

where z, (0 < v < 1) is the v-th quantile of the standard normal distribution.

(20)

Remark 1 The objective function (14) serves as an upper bound of the variance term
in (12). To see this, it is important to note that when the robustification parameter T
is allowed to diverge as a function of n and p, E{v-(&)|X;} — 0 and E{¢2(&)|X;} ~
E(¢2|X;) = var(e; A 0|X;). Assuming that the conditional variance is bounded by some
constant (almost surely over X ), it can be shown that var(n™1 Y7, ¥, (&)u"X;|X;) < uTSu.

The constraint (15) is employed to regulate the bias term, which depends on the term ||a—
(1/n) >0 (&) XiX ] ulloo. The function 1, is absolutely continuous and is differentiable
everywhere, with first-order derivative ¢¥.(t) = 1(|t| < 7). Given that the choice of the
robustification parameter is T = T(n,p) < \/n/logp (up to a constant factor), we have
made the convenient substitution of Y. (-) with the constant value 1. This simplification has
been made to streamline the theoretical analysis.

Constraint (16) ensures that the ¢1-norm of uw is bounded, and similar constraints have
been used in the existing literature for high-dimensional inference. For instance, Cai et al.
(2021) used maxi<i<p | X u| < mllall2, where \/logn < 7, < \/n, to control the magnitude
of w. From a theoretical perspective, this constraint is adequate in cases where the regression
errors in a linear model are independent of the covariates. However, the error variables &;
in (8) exhibit heteroscedasticity and may depend on the covariates X;. In this case, an
upper bound on maxi<i<p | X u| may not be sufficient.

4. Theoretical Analysis

We provide a non-asymptotic upper bound for the estimation error of the proposed ¢;-
penalized robust ES regression estimator under the high-dimensional regime in which p > n.
We then show that the debiased estimator (18) is asymptotically normal. Thus, valid
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statistical inference for testing the linear hypothesis Hy : a™6* = ¢¢ for some pre-specified
constant ¢y € R can be performed using the debiased estimator. Throughout our theoretical
analysis, we assume the joint linear quantile and ES model in (1) and that both QR and ES
coeflicients are sparse, i.e., ||5*|lo < sg and ||0*||o < s respectively, where max(sg, sg) < n.

4.1 Non-Asymptotic Upper Bounds on the Estimation Error

We start with some conditions on X and the conditional distribution of Y given X.

Condition 1 The random covariate vector X € RP satisfies || X||co < Bx, where Bx 2 1

is a dimension-free constant. The matriz ¥ = E[X XT] is positive definite with 0 < r* <
E|(X,u)[?

Anin(X) € Amax(X) < &2 < oco. Moreover, assume that k3 = SUPycgp-1 E(X )32 18

dimension-free.

Condition 1 assumes that the covariates X are bounded with a finite third moment and
that the population covariance matrix of X has bounded eigenvalues. We note that the
boundedness condition on X is imposed primarily for ease of presentation. The condition
can be easily relaxed to a sub-Gaussian assumption, and similar results will hold. In such
a case, || X||co < vIogp with high probability.

The /(1-penalized robust ES regression estimator in (11) is computed based on an £1-
penalized QR estimator 5, and thus it is necessary to first characterize the estimation error
of 8. To this end, we impose some conditions on the conditional density of £ given X
that are commonly used in the existing literature on high-dimensional quantile regression
(Belloni and Chernozhukov, 2011; Wang and He, 2024). Upper bounds on the estimation
error of the ¢;-penalized QR estimator 8 under both the ¢ and ¢; norms are provided in
Proposition 2.

Condition 2 The conditional density function of € :=Y — XT3* given X, denoted by
Il x(+), ewists and is continuous on its support. Moreover, there exist constants f,lo > 0
such that fx(0) > f and |f;x(t) — fox(0)] < lo|t| for allt € R almost surely (over X).

Proposition 2 Assume Conditions 1 and 2 hold. For any t > 0, the {y1-penalized QR
estimator B in (10) with sparsity tuning parameter chosen as

log(2p) +t log(2 t
r > 2{ el —alr WMBXO%U?H} 1)
n

satisfies the error bounds

- 16
rinp.t) and (B =8 < sl r(np.) (22)

with probability at least 1 —2e~" as long as r(n,p,t) < 3f%/(8loks), where

1B —B"ls <

\kh\q;

1/2
§ log(2 t log(2 t
r(n,p,t) == B{lﬁ\fom M + 16@BXM + /\q}
& n

n

and & = max{a, 1 — a}.
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Using t = log(n), the upper bounds in (22) can be simplified to ||B—B*H2 < splog(p)/n
and || — B*[1 S sg/log(p)/n. Similar results have also been observed in Belloni and

~

Chernozhukov (2011) and Wang and He (2024). The next condition concerns the QR
residual €.

Condition 3 The conditional CDF F,x(:) of € given X is continuously differentiable and
satisfies |Fyx(t) — Fyx(0)| < flt| for all t € R. The negative of part of €, denoted by
e_ := min{e, 0}, satisfies 0? < var(e?|X) < 7°.

Let By(r) = {0 € RP 10l < r} and C(ly) = {0 € RP : [|6]]1 < l1]|d|ls}. With the
above upper bounds on 5 and CoEdition 3, we establish an upper bound for the estimation
error of the robust ES estimator 8, in the following theorem.

Theorem 3 Assume that Conditions 1-8 hold. For any given t > 0, select the robustifica-

tion parameter T such that T = o\/n/(log(p) + t). Conditioning on the event {(3 — 8*) €
Bx(r9) N C(l1)} for some 0 < rg < 1 and Iy < s~ /35, and selecting the sparsity tuning
parameter A\, to satisfy

log(2 t _1/2—
Ae 2 max {(U + Bxll?”o)ﬁ Og(fz)—i_, KSy 1/2f?”8}7 (23)

with probability at least 1 — 3e™t, we have
aHé\T — 0%y < 8@_13‘;/2)\6 and a||§T — 0% < 40K 259\ (24)

as long as n is sufficiently large such that
n 2 {(RV Bx)/k}*Bx (sp V s9)*{log(p) + t}. (25)

Theorem 3 sheds light on how the estimation error of B enters the estimation bound
for the ¢1-penalized robust ES estimator @.. Specifically, due to the Neyman orthogonality
property (5), the estimation error of B appears only in the higher-order terms, i.e., 7“8
and l17r9+/log(p)/n, suggesting that @\T is first-order insensitive to the QR estimation error
from the first step. To simplify the results, we view Byx,R&,7,k, f, f and ly as constants
independent of the dimensions (s,p,n). From Theorem 3 and Proposition 2, choosing
the robustification parameter 7 =< (/n/logp and sparsity tuning parameters \; =< A =

log(p)/n, we conclude that, under the scaling condition n > max(sg, sg)? log p,

~ 353;/2 logp sglogp sglogp
allf; —0%||s < + < and
n n n

~ lo 1 1
allfy = 07| § 22280 39\/ =P 5 39\/ e
n n

n

hold with high probability. Additionally, if we are willing to assume that X has dimension-
free kurtosis kg = sup,egp-—1 E(X, u)?/(E(X, u)?)?, the above results hold under a weaker
sample size condition: n 2 max{sg,sp}logp. Under a stronger assumption that a higher
conditional moment of e_ exists, for example, the ¢g-th moment E(|e_|?|X) with ¢ > 3, we
show that the robustification parameter 7 can be chosen more flexibly while maintaining
the same rates of convergence in the following proposition.

10
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Proposition 4 Assume that Conditions 1-3 hold, and that E(le_|?|X) < o almost surely
for some ag > 0. For any given t > 0, let the robustification parameter T satisfy

» — Ve -
“ { log(p) + t} T\ Tog(p) + ¢ (26)

Conditioning on the event {(B—B*) € Bg(ro)NC(I1)} for some 0 < 1o <1 andly < k=1 /33,
and selecting the sparsity tuning parameter to satisfy

A

_ 1/(g=1)
Ae = max [{(O’\/ aé/q) + Bxliro}R bg(pn)—i_t,nsgl/z{frg + r0< bg(};)-ﬂﬁ) }] ,

(27)

the 01-penalized ES estimator 0, defined in (11) has the same error bound as in (24) with

probability at least 1 — 3e™t, as long as the sample size is sufficiently large as presented
in (25).

4.2 Asymptotic Normality of the Debiased Estimator

Given a pre-specified loading vector a € RP, we provide a weak convergence result for the
bias-corrected estimator w, defined in (18). Specifically, in Theorem 5, we provide a non-
asymptotic Bahadur’s representation for W, with explicit error bounds that depend on both
QR and ES estimation errors. Using the Bahadur’s representation, we further show that
W, is asymptotic normal in Theorem 6. Recall from (14) that w is the estimated projection
direction and let Bi(r) = {6 € RP : ||§||1 < r}. We now present the main results.

Theorem 5 Assume that Conditions 1-3 hold. For any t > 0, let T < a+/n/{log(p) + t}.

Conditioning on the event {(B — B*) € By(ro) NBy(r1)} N {a(é\.r —0*) € Bx(do) NB1(61)}
with 0 < ro,00 < 1 and 61,71 > 0, and selecting p < \/log(p)/n and p' = o(1), we have

- lo lo
S!\a\lz<f?”§+m/ oF a7y ip), (28)

, where 7o = rg + 0y and 71 =11 + 01.

(@ — w*) — % S e (€)X1T
=1

with probability at least 1 — 2p~!

To establish asymptotic normality, we further impose some conditions on the pre-
specified loading vector a. Specifically, we require ||al|1/||a||2 = o(/n/logp), which ensures
a to be reasonably sparse. Similar conditions can be found in the existing literature on
high-dimensional inference. For instance, Bradic and Kolar (2017) consider a unit vector a
with [ja|l; < C for some C' > 0. They also considered growing number of linear combina-
tions, where a is d-sparse, i.e., ||a|lo < d, and satisfies ||a|ls-1 < K for some K > 0. Zhu
and Bradic (2018) assumed that [lal]lo = o(y/n/logp), and Cai and Guo (2017) imposed
a special structure on a with |lallo < [[0*]|o and max;jegupp(a) [a;]/ min y laj| < @ for
some ¢ > 1.

j€supp(a

11
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Theorem 6 Assume that Conditions 1-3 hold, and that E(|e_|?|X) < a3 almost surely
for some a3z > 0. Assume that a € RP satisfies |all1/||allz = o(y/n/logp) and || tall; <
Cqllall2 for some Cy > 0. Let the regularization parameter Aq and A. satisfy Ay < /log(p)/n
and A =< sglog(p)/n + +/log(p)/n. Moreover, let the robustification parameters T satisfy

T =< 7y/n/logp. Under the scaling condition max(sg, sg)logp = o(y/n), we have
ayVn(@; —w*)/s(@) S N(0,1) (29)
as n,p — oo, where s(0) = W AT with A = n~' 37 B(E2X;) X, X[

The asymptotic property established above provides an explicit method for testing linear
hypothesis Hg : a¥60* = ¢ versus Hy : a™60* # ¢, where ¢y € R is a predetermined constant.

Remark 7 [t is worth noting that a bounded third (conditional) moment condition on the
negative part of QR errors e_; implies that the ES residual & also has a bounded third
(conditional) moment. Recall that & = e_; — E(e_;|X;) with e_; < 0. Therefore, we
have &2 < max{|e_ |, [E(e— | X:)[?} < max{|e_ |3, E(|e—:|*|X;)}, which implies that
E(|&PXi) < E(le—il?|Xs) < as if E(le—i°| X) < as.

For statistical inference, a more general moment condition is Lyapunov’s condition,
which states that E(|e_ ;|70 X;) < anys < oo for some § > 0. This condition is applicable in
our case, and the asymptotic behavior can be shown to be the same with a slight modification
of the proof. Here, we use the bounded third moment E(|e_ ;|?| X;) < ag for simplicity.

It is also important to note that the bounded third moment condition is not partic-
ularly restrictive. Consider a general high-dimensional location-scale model of the form
Y = X" +0(X)e, where o(X) is a bounded function and the noise e is independent of X
with E(e) = 0. Quantile regression only requires the density to satisfy f.(0) > 0. However,
ES regression, which essentially operates as a least squares regression, requires e— = e A0
to be light-tailed in the sense of being sub-Gaussian or sub-exponential. In particular, the
condition in Zhang et al. (2023), they require e_ to satisfy the Bernstein moment condition,
which implies that e_ is sub-exponential. In comparison, our third moment condition un-
der the robust regression setting is relatively weaker, as it accommodates heavy-tailed noise
distributions.

Remark 8 In addition to ||a1/||al|2 = o(v/n/log p), we require | S~ al|1/ | all2 to be bounded.
This condition ensures the constraint set U defined by (15)—(17) contains at least one
nonzero solution with high probability (see Lemma 20). Specifically, this condition states
that || 3 csupp(a) aij_lﬂl is bounded by ||al|2, where Ej_l is the j-th column of X1, Intu-
itively, this condition assumes X~ to have “weakly sparse” columns under {1-norm over
supp(a). For ezample, when a = ej, ||~ all1/]all2 = ||Ej_1H1 < C,, indicating the j-th col-
umn of X7 is weakly sparse. When it comes to the inverse covariance matriz estimation,
a more commonly used condition is |£ 7|1 < M for some M > 0 (Cai et al., 2016; Bradic
and Kolar, 2017), which states that all columns of the precision matriz ¥~' are bounded in
{1-norm.

To better accommodate heavy-tailed random noise, recall from (19) that we use a trun-

cated estimator 32(W) as an alternative to s%(u) for estimating the asymptotic variance.

Y

12
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Then, under Hy, it can be shown that the test statistic 15, 7, (a) = ay/n(W, — o) /5, (1) is
asymptotically normal, and a (1 — ¢)% confidence interval can be constructed as in (20).
Specifically, based on the results in Theorem 6, it suffices to show that the truncated

variance estimator é\?y(ﬂ) is a consistent estimator of s%(%). Proposition 9 provides a non-

asymptotic bound for _/ALY under max norm, where /A\,y is defined in (19). Based on the results
in Proposition 9, we establish the consistency of 52 (ﬂ) in Theorem 10.

Proposition 9 Assume the same conditions as in Theorem 5. Suppose E(|e_ 3 |X) < asg for
some az > 0 almost surely. Let A = E(¢2X;X}). Recall that A7 =n"130 wQ(ﬁz)X X

Conditioned on the event that {(5—,6’*) € Bx(ro)NBi(r1)} N {a(GT —6%) € Bx(do) NB1(61)}
with 0 < rg,00 <1 and 41,71 > 0,

1Ry = Al S 70 +nmy BRLEE | ploslD) HE | s (30)

max N n n v
with probability at least 1 — 2e™t, where 7o = ro + 8o and 71 = r1 + 61.

Theorem 10 Assume Conditions 1-§ hold. Suppose that E(|e_|>|X) < a3 almost surely
for some a3 > 0. Select the robustification parameter v such that v =< (n/logp)'/3. Under
the scaling condition max(sg, sg)logp = o(v/n), we have

82(a) — s*(@)| = 0. (31)
Theorem 10 guarantees the convergence of §?/(ﬂ) to s2(u), thereby establishing the va-
lidity of the proposed test statistic and confidence interval for w* in (20).

5. Numerical Studies

In Section 5.1, we perform numerical studies to assess the performance of the proposed high-
dimensional robust ES regression under a linear heteroscedastic model. We then examine
the validity of the proposed inference procedure in Section 5.2.

Recall from (10) and (11) that the proposed two-step method involves fitting an ¢;-
penalized QR at the first step, and subsequently fitting an ¢;-penalized adaptive Huber
regression with a pseudo-response as defined in (7) at the second stage. For computational
efficiency, we compute the ¢;-penalized smoothed QR estimator that is shown to be first-
order equivalent to that of the ¢1-penalized QR estimator (Tan et al., 2022), using the R
package conquer with the default smoothing parameter (Man et al., 2024). The sparsity
tuning parameter ), is selected using 5-fold cross-validation.

Given an estimator of the fi-penalized QR, B, we obtain the f1-penalized robust ES
regression estimator by solving (11) using the R package adaHuber (Sun et al., 2020). To
choose the robustification parameter 7, we apply the data-driven mechanism developed
by Wang et al. (2021). Given the pseudo-response variables {Z}?Zl, we use a cross-validated
lasso estimator as an initialization, denoted by 0. At iteration t = 1,2,..., we update
the tuning parameter 7(*) by solving

1 " min{(Z; — aXF0E1)2 72} log(p) + log(n)
t—1) Z -

n — s 72 n ’ (32)

i=1

13
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where 5= = ||§t=D]|o. Next, compute the updated estimator (") by solving

(1 ~
m;n{nZ;eT(t)(zi—axze>+xeuer1}, (33)

where . is chosen by five-fold cross-validation. Repeat the above two steps until conver-
gence, or until the maximum number of iterations is reached.

5.1 Estimation

For the data-generating mechanism, we consider the following linear heteroscedastic model
Y = (X5, v") +(Xi,n™) -ei, i=1,...,n, (34)

where v* = (25,0,-5)", 7 = (0.25[,/2],0p—[s/21)", € is independent of X; and has a mean
of zero. Provided that (X;,n*) > 0 almost surely, it can be shown that the true quantile
and ES regression coeflicients are sparse with cardinality s and take the form

B =0+ Qale) and 0° =v" + 1" Eqle), (35)

where Q,(e) and E,(e) are the a-th quantile and the a-th ES of e, respectively. Throughout
the numerical studies, we generate three types of random noise e from (i) the standard
normal distribution, (ii) the t9 5 distribution, and (iii) the t3; distribution. Moreover, we
consider four types of covariates: (Cl) X;; = |Gj;| where G;; ~ N(0,1); (C2) X;; ~
Unif(0,2); (C3) X; = |Gy| with G; ~ N,(0,% = (0.507F1)1;1<,); and (C4) X; = |Gy
with G; ~ N,(0,X = (0.8‘]'_’“|)1§j7k§p). Note that all covariates are positive to ensure
(Xi,m) > 0, so that (35) holds.

Remark 11 In the data-generating process described above, we used folded normal random
variables that are not bounded with probability one. As previously mentioned, the bound-
edness condition for covariates can be relaxed to a sub-Gaussian assumption, where the
covariate vector X satisfies || X||co < V1ogp with high probability. The boundedness condi-
tion is primarily introduced for technical simplicity in the proofs. In practice, simulation
results indicate that employing a light-tailed covariate distribution is also effective.

We compare the proposed ¢;-penalized robust ES regression to its non-robust counter-
part (Zhang et al., 2023). As benchmarks, we also compute the oracle estimator for robust
and non-robust ES regression by calculating the pseudo-response Z1(8%),..., Z,(8*) eval-
uated under the true QR coefficients, and regressing the pseudo-response onto a subset of
true active s-dimensional covariates. We note that computing the oracle estimators is not
feasible in practice, since they require the support of 6* to be known a priori.

To assess the performance across the different methods, for an estimator 5, we report
the mean and standard error of the relative estimation error on the true support of 8%, that
is, [|0s — 05ll2/110% (|2, where S = {j : 67 # 0}, and the relative estimation error of false

positives, i.e., |]§5cHg/H9*||2 Results averaged over 500 replications for p = 200 and s = 4,
across various levels of @ = {0.05,0.1,0.2,0.3,0.5}, are reported in Tables 1 and 2. The
results for t31-distributed errors are reported in Tables 7 and 8 in Appendix D.
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Under the Gaussian random noise, we see from Table 1 that the relative estimation
error of the proposed robust ES method on S is similar to its non-robust counterpart across
different quantile levels and different types of covariates. On the other hand, under the
heavy-tailed t5 5 random noise, the f/1-penalized robust ES estimator has a much smaller
relative estimation error than that of the /i-penalized ES estimator. In addition, we see
from Table 2 that the two methods have similar false positive error under the Gaussian
noise, and that the proposed robust method has a lower false positive error than its non-
robust counterpart under ¢95 noise. A similar pattern is observed under the ¢37 error
distribution. Our results indicate that utilizing the Huber loss in the second step gains
robustness against heavy-tailed random noise without sacrificing statistical accuracy under
the setting with Gaussian random noise.

5.2 Statistical Inference

We now evaluate the performance of the proposed debiased estimator for testing the linear
hypothesis Hy : a™0* = 0 versus Hy : a6* # 0, where a € RP is a pre-specified vector.
Specifically, we consider these four different choices of a: (i) a1 = (1,0,-1)", (ii) a2 =
(15,1,0p,8+1)T, (iii) az = (1,—1,Op,2)T and (iV) a4 = (1[3/2'\’_0'25Ls/2ja170p—s—l)T' We
use the same data generation mechanism as detailed in (34) with:

(1) X; = |Gi| where G; ~ Np(0,% = (0.507#);; ;) under (0, 1) random noise;
(2) X; =|Gy| where G; ~ Np(0,% = (0.577Fl); ;1<) under ¢35 random noise; and
(3) X; ~ Unif(0,2) under N'(0,1) and ¢3; random noise.

Results for more types of error distributions and covariates are reported in Tables 9-12 in
Appendix D.

Remark 12 The to5 distribution used in our simulations does not satisfy the theoretical
moment assumption that Ele[> < co. On one hand, we employ this more challenging setting
as a stress test for all methods. On the other hand, as discussed in Remark 7, the bounded
third moment condition is primarily imposed to simplify the technical proofs. A bounded
2 + 0 moment can produce similar asymptotic and non-asymptotic results. Therefore, the
choice of the to5 distribution serves as a reasonable compromise. Our simulation results
further illustrate that the proposed method remains effective even when the error distribution
exhibits heavier tails.

Recall from Section 5 that A\, and A, are selected using 5-fold cross-validation. Let /)\\e
be the chosen tuning parameter. To construct the debiased estimator, it remains to obtain
a projection direction u by solving the quadratic programming optimization problem (14)—
(17). For this purpose, we employ the quadprog package in R. The above optimization
problem involves two tuning parameters p and p’. We set p’ = 0.9 and let p = /):e be the
initial tuning parameter. Let r > 1 be a constant. We further tune p through the following
steps:

(1) Multiply p by a factor of either r or 1/r;
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N(0,1) random noise; n = [25s/a]
Covariates | Methods a = 0.05 a=0.1 a=0.2 a=0.3
{1-penalized Robust ES | 6.950 (0.061)  6.789 (0.061)  7.265 (0.063)  7.605 (0.067)
c1 f1-penalized ES 4.684 (0.072)  4.660 (0.069)  5.303 (0.074)  5.675 (0.073)
Oracle Robust ES 2.393 (0.038)  2.584 (0.040)  2.821 (0.048)  3.186 (0.058)
Oracle ES 2.724 (0.051)  2.774 (0.045)  3.099 (0.057)  3.310 (0.061)
¢1-penalized Robust ES | 10.099 (0.059)  9.809 (0.065) 10.184 (0.074) 10.525 (0.073)
9 {1-penalized ES 5.671 (0.065)  5.679 (0.073)  6.411 (0.085)  6.771 (0.072)
Oracle Robust ES 2.656 (0.042)  2.742 (0.041)  3.169 (0.052)  3.688 (0.062)
Oracle ES 2.916 (0.047)  2.857 (0.044)  3.384 (0.056)  3.742 (0.063)
{1-penalized Robust ES | 5.565 (0.057)  5.484 (0.063)  6.094 (0.068)  6.331 (0.066)
o3 {1-penalized ES 4.150 (0.067)  4.249 (0.068)  4.884 (0.077)  5.045 (0.071)
Oracle Robust ES 2.534 (0.042)  2.723 (0.042)  3.028 (0.050)  3.553 (0.059)
Oracle ES 2.973 (0.057)  2.952 (0.049)  3.407 (0.063)  3.755 (0.065)
{1-penalized Robust ES | 4.971 (0.072)  4.960 (0.076)  5.446 (0.085)  5.589 (0.073)
i ¢,-penalized ES 4.271 (0.075)  4.491 (0.077)  4.922 (0.089)  4.967 (0.075)
Oracle Robust ES 3.168 (0.054)  3.508 (0.054)  3.958 (0.069)  4.680 (0.080)
Oracle ES 3.765 (0.075)  3.947 (0.071)  4.483 (0.086)  4.944 (0.087)
to.5 random noise; n = [50s/«|
Covariates | Methods a = 0.05 a=0.1 a=0.2 a=0.3
{1-penalized Robust ES | 15.622 (0.301) 14.885 (0.280) 14.908 (0.289) 14.679 (0.278)
c1 f1-penalized ES 33.151 (0.825) 33.705 (0.806) 31.273 (0.798) 29.981 (0.779)
Oracle Robust ES 11.021 (0.162)  8.333 (0.126)  6.660 (0.107)  5.948 (0.097)
Oracle ES 17.289 (0.440) 16.085 (0.480) 14.689 (0.442) 13.408 (0.434)
¢1-penalized Robust ES | 18.706 (0.265) 17.726 (0.263) 17.538 (0.243) 16.979 (0.236)
2 f1-penalized ES 36.914 (0.662) 36.688 (0.696) 36.695 (0.685) 35.376 (0.706)
Oracle Robust ES 11.794 (0.169)  9.125 (0.131)  7.523 (0.119)  6.769 (0.107)
Oracle ES 19.072 (0.308) 17.119 (0.318) 15.761 (0.328) 15.232 (0.307)
f1-penalized Robust ES | 14.067 (0.319) 13.413 (0.322) 13.106 (0.260) 13.144 (0.290)
o3 {1-penalized ES 27.803 (0.748) 27.230 (0.709) 25.737 (0.706) 23.790 (0.721)
Oracle Robust ES 11.599 (0.161)  9.034 (0.128)  7.078 (0.107)  6.566 (0.110)
Oracle ES 18.009 (0.549) 16.550 (0.493) 14.495 (0.401) 14.349 (0.469)
{1-penalized Robust ES | 15.202 (0.325) 14.134 (0.329) 13.549 (0.264) 13.014 (0.263)
c4 l1-penalized ES 25.989 (0.720) 25.314 (0.678) 23.405 (0.670) 21.939 (0.638)
Oracle Robust ES 13.999 (0.198) 10.706 (0.160) 8.983 (0.145)  7.926 (0.132)
Oracle ES 22.513 (0.596) 21.010 (0.533) 19.450 (0.640) 17.848 (0.583)

Table 1: The mean A(and standard error) of the relative estimation error on the support
S of 0*: ||0s — 0%][2/]|0% ]2, averaged over 500 replications with p = 200, s = 4,
and o = {0.05,0.1,0.2,0.3} under standard normal random noise and ¢2 5 random
noise across four different types of covariates. All results are scaled by a factor of
100.
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N(0,1) random noise; n = [25s/a]
Covariates | Methods a = 0.05 a=0.1 a=0.2 a=0.3
c1 {1-penalized Robust ES | 0.215 (0.019)  0.335 (0.026)  0.539 (0.028)  0.545 (0.028)
¢,-penalized ES 1.998 (0.046)  2.254 (0.050)  2.421 (0.052)  2.461 (0.060)
o 7,-penalized Robust ES | 0.028 (0.006)  0.045 (0.008)  0.150 (0.014)  0.235 (0.019)
{1-penalized ES 2.506 (0.058)  2.585 (0.060)  2.852 (0.068)  3.131 (0.076)
o3 {,-penalized Robust ES | 0.237 (0.021)  0.328 (0.025)  0.510 (0.031)  0.508 (0.027)
{1-penalized ES 1.748 (0.046)  1.967 (0.053)  2.076 (0.054)  2.231 (0.060)
c4 {1-penalized Robust ES | 0.253 (0.023)  0.303 (0.025)  0.373 (0.028)  0.336 (0.023)
{1-penalized ES 1.492 (0.048)  1.601 (0.049)  1.576 (0.053)  1.740 (0.066)
to.5 random noise; n = [50s/«]
Covariates | Methods a = 0.05 a=0.1 a=0.2 a=03
c1 {1-penalized Robust ES | 7.263 (0.246)  6.847 (0.234)  6.464 (0.203)  5.867 (0.189)
(1-penalized ES 11.842 (0.265) 11.499 (0.251) 11.419 (0.255) 11.416 (0.273)
o f1-penalized Robust ES | 9.488 (0.301)  8.608 (0.274)  7.800 (0.242)  7.116 (0.225)
{1-penalized ES 9.591 (0.247)  8.515 (0.214)  8.048 (0.188)  7.839 (0.174)
o3 f1-penalized Robust ES | 6.527 (0.264)  6.145 (0.232)  5.621 (0.221)  5.512 (0.195)
(1-penalized ES 10.147 (0.251) 10256 (0.268)  9.612 (0.241)  9.449 (0.225)
C4 {1-penalized Robust ES | 5.450 (0.247)  4.822 (0.223)  4.471 (0.194)  4.467 (0.187)
{1-penalized ES 7.905 (0.255)  7.787 (0.230)  7.023 (0.227)  7.013 (0.216)

Table 2: The mean (and standard error) of the relative estimation error of the false positives
of 0, i.e., ||fsc||2/||0*||2, averaged over 500 replications with p = 200, s = 4, and
a = {0.05,0.1,0.2,0.3,0.5} under standard normal and t25 random noise. All
results are scaled by a factor of 100.

(2) Choose the factor that minimizes the mean squared error (MSE), calculated as 52 () +
b7 (@), where br(u) = [la — (1/n) 321y ¢7(6) XX ulloo;
(3) Adjust p by multiplying it by the selected factor from step (2);

(4) Repeat steps (2) and (3) until the MSE either stops decreasing or decreases by an
amount smaller than a predefined tolerance level.

Next, we calculate the debiased estimator @, according to (18). To obtain a robust estimator

of the variance, we select v = (aé/ 5 /o)1, where a3 and & are the sample 3rd moment and
standard deviation of the negative part of quantile residuals, respectively. We then compute
the variance as in (19), and the 95% confidence interval can be constructed as in (20).

We compare our proposed ¢1-penalized robust ES regression estimator to its non-robust
counterpart (Zhang et al., 2023). Let 6% be a non-robust ¢;-penalized ES regression esti-
mator. We compute the debiased estimator for w* = a™0* as

~ ~ 1 - ~ls_
wls = GTGIS + % ZZ:; fl 'LLTXZ‘, (36)

~1 ~ —~
where &; ° = Zi — aXZ-THIS. We obtain u by selecting p’ = 0.9 and tuning p using the same
~ ~1
method as described above, with b(@) = [|a—$i]|o and {3%(@)}2 = n~ ' 1 (& )2(X[0)2.
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Then, the corresponding 95% CI is constructed as

~l $8M) (1)

W° = 2z1_q/2° avn W”+21-q/2" “a/n (37)

To assess the performance of the two methods, we compute the coverage rate and the
mean width of the 95% confidence interval for both the robust and non-robust debiased
estimators. Results under standard normal and ¢-distributed random noise for two types of
covariates, computed based on 500 independent replications, are reported in Tables 3, 4 and
5. The coverage rates for both robust and non-robust debiased estimators are close to the
desired 95% confidence level when the error distribution is standard normal. In contrast,
under the ¢ 5 random noise, we see from Table 4 that the robust debiased estimator can
maintain 0.95 coverage while its non-robust counterpart has a relatively unstable coverage
rate and suffers from under coverage in many cases, especially when a has more nonzero
entries. Moreover, the robust debiased estimator has a lower estimation error and the mean
width of the 95% confidence interval for our proposed robust approach is shorter than that
of its non-robust counterpart. When the error distribution exhibits lighter tails, Table 5
shows that the differences become less significant, as anticipated. Nevertheless, our method
continues to demonstrate a notable advantage in terms of both coverage and confidence
interval length, particularly when a is denser. In summary, our results suggest that our
proposed method gains robustness against heavy-tailed errors without loss of efficiency, and
the debiased estimator for linear projections exhibits stable asymptotic behavior.

€; ~ N(O, 1)

a o Estimation Error Coverage Estimated Width
Robust Non-Robust | Robust Non-Robust Robust Non-Robust
0.05 | 3.07 (0.10)  3.06 (0.10) 96.0 95.2 15.00 (0.18) 15.15 (0.19)
a; | 0.1 | 3.58 (0.13) 3.59 (0.13) 93.4 93.6 17.15 (0.20) 17.41 (0.22)
0.2 | 324 (0.12) 3.25(0.12) | 94.2 94.2 16.02 (0.16)  16.07 (0.18)
0.05 | 4.98 (0.17)  4.68 (0.16) 95.6 95.4 22.69 (0.27) 23.04 (0.30)
az | 0.1 | 5.65(0.21) 5.48 (0.20) 95.4 95.6 26.68 (0.36) 27.17 (0.38)
0.2 | 5.44 (0.19) 5.25 (0.19) 94.8 94.8 24.65 (0.26) 24.78 (0.30)
0.05 | 4.40 (0.15)  4.40 (0.15) 93.8 94.0 20.72 (0.20) 20.87 (0.22)
as | 0.1 | 4.91 (0.17)  5.11 (0.17) 94.6 95.2 23.07 (0.21) 24.24 (0.23)
0.2 | 4.53 (0.16) 4.56 (0.17) 93.6 93.4 21.99 (0.18) 22.58 (0.20)
0.05 | 4.64 (0.17)  4.72 (0.17) 95.2 93.2 23.29 (0.28) 24.10 (0.30)
aqs | 0.1 | 550 (0.19) 5.66 (0.19) 94.6 94.2 27.32 (0.36) 28.26 (0.38)
0.2 | 542 (0.19) 5.43 (0.19) 94.6 94.0 27.66 (0.27) 27.47 (0.28)

Table 3: The mean estimation error |& — w*| (and standard error), coverage rate, and the
mean width of 95% confidence intervals (and standard error), averaged over 500
replications, with p = 200, s = 4 and n = [50s/a| under the standard normal
random noise. The covariates are generated as X; = |G;| where G; ~ N,(0,X =
(0.50=F1); < k<p). All results are scaled by a factor of 100.

18



LINEAR HYPOTHESIS TESTING IN HIGH-DIMENSIONAL EXPECTED SHORTFALL REGRESSION

e; ~1las

a N Estimation Error Coverage(%) Estimated Width
Robust Non-Robust | Robust Non-Robust Robust Non-Robust
0.05 | 14.41 (0.54) 19.46 (0.74) 90.0 85.2 58.38 (0.54)  64.33 (0.88)
ap | 0.1 | 10.72 (0.37) 13.91 (0.54) 94.2 92.6 53.49 (0.64)  59.52 (0.72)
0.2 | 10.83 (0.42) 15.32 (0.73) 94.2 89.0 46.04 (0.61) 51.06 (0.88)
0.05 | 20.94 (0.77) 29.19 (1.20) 92.6 87.0 98.61 (1.13) 106.47 (1.76)
as | 0.1 | 18.25 (0.67) 25.51 (0.95) 91.4 90.2 71.30 (0.94)  94.55 (1.99)
0.2 | 16.19 (0.62) 24.17 (1.16) 93.4 86.8 71.74 (1.01)  79.89 (1.51)
0.05 | 18.93 (0.65) 22.58 (0.80) 94.2 93.2 88.09 (0.70)  96.92 (1.13)
ag | 0.1 | 17.03 (0.58) 19.27 (0.65) 95.6 94.8 81.99 (0.87) 86.06 (1.08)
0.2 | 15.40 (0.52) 18.09 (0.66) 93.4 90.8 68.89 (0.88)  76.01 (1.18)
0.05 | 21.43 (0.73) 29.48 (1.13) 92.6 82.8 94.97 (0.82)  96.86 (1.09)
aq | 0.1 | 17.08 (0.57) 23.49 (0.94) 92.0 89.8 82.17 (0.75)  87.28 (1.25)
0.2 | 16.39 (0.59) 21.86 (0.94) 93.8 88.0 75.88 (0.90)  80.10 (1.05)

Table 4: The mean estimation error |0 — w*| (and standard error), coverage rate, and the
mean width of 95% confidence intervals (and standard error), averaged over 500
replications, with p = 200, s = 4 and n = [100s/«| under the t3 5 random noise.
The covariates are generated as X; = |G| where G; ~ Np(0,% = (0.5V 7)o, ).
All results are scaled by a factor of 100.

e; ~t31

u N Estimation Error Coverage(%) Estimated Width
Robust Non-Robust | Robust Non-Robust Robust Non-Robust
0.05 | 8.20 (0.29) 8.52 (0.30) 95.2 95.2 40.73 (0.23) 40.88 (0.23)
a; | 0.1 | 6.17(0.21) 626 (0.22) | 956 96.4 32.36 (0.17)  32.49 (0.16)
02 | 6.28(0.22) 6.42(0.22) | 94.8 95.0 30.84 (0.19) 31.14 (0.18)
0.05 | 16.46 (0.54) 19.30 (0.65) 93.2 88.6 66.07 (0.49) 66.40 (0.50)
as | 0.1 | 12.19 (0.42) 14.00 (0.49) | 93.4 90.4 53.75 (0.36)  54.02 (0.36)
0.2 | 10.92 (0.39) 12.32 (0.46) | 93.6 89.0 48.11 (0.32)  49.00 (0.31)
0.05 | 11.16 (0.38) 11.19 (0.38) 95.6 95.8 54.52 (0.27) 54.58 (0.27)
as | 0.1 | 8.77(0.29) 878 (0.29) | 94.6 94.8 4274 (0.21)  42.88 (0.21)
0.2 | 7.11 (0.26)  7.19 (0.26) | 95.0 94.8 37.39 (0.19)  37.85 (0.19)
0.05 | 15.79 (0.54) 17.61 (0.61) 92.6 90.2 68.56 (0.52) 68.71 (0.53)
aqg | 0.1 | 11.22 (0.40) 12.00 (0.43) 95.0 94.4 55.53 (0.38) 55.76 (0.38)
0.2 | 11.87 (0.43) 12.98 (0.47) 94.0 92.8 53.41 (0.41) 53.86 (0.42)

Table 5: The mean estimation error | — w*| (and standard error), coverage rate, and the
mean width of 95% confidence intervals (and standard error), averaged over 500
replications, with p = 200, s = 4 and n = [100s/«| under the t3; random noise.
The covariates are generated as X; ~ Unif(0,2). All results are scaled by a factor
of 100.
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6. Data Application

Iron deficiency and iron-deficiency anemia are significant global health concerns and are
commonly encountered in clinical practice. Although the prevalence of iron-deficiency ane-
mia has declined slightly, iron deficiency remains the leading cause of anemia worldwide
(Camaschella, 2015). Early detection is crucial, especially in patients with inflammation,
infection, or chronic disease, and plays a key role in preventive care, as it can indicate
underlying conditions such as gastrointestinal malignancies (Rockey and Cello, 1993). One
important measure of iron deficiency is the soluble transferrin receptor (STRP), a protein
that binds transferrin. Elevated sTRP levels serve as a reliable indicator of iron deficiency
(Mast et al., 1998).

The scientific goals of this study are to assess: (1) whether there is a disparity in the
upper a = 0.9 expected shortfall of sSTRP levels among four ethnic groups—Asian, Black,
Mexican American, and White; and (2) whether being overweight (BMI > 25) influences
sTRP levels across these groups. To address these objectives, we analyze data from the
National Health and Nutrition Examination Survey (NHANES) for the years 2017 to 2020
(pre-COVID), which includes sTRP measurements for female participants aged 20 to 49
years. As shown in Figure 1, differences in sSTRP levels are more noticeable in the upper
90% tail of the distribution.
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—e— Black t
o _| Mexican American
|- wnite
=
B 1o
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Q o _|
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o)
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£ 24
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—
|_
Lr) —
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| I I I I
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Figure 1: The soluble transferrin receptor levels (mg/L) across quantile levels (ranging from
0.8 to 1) for female participants, categorized by four ethnic groups—Asian, Black,
Mexican American, and White—and by weight status

20



LINEAR HYPOTHESIS TESTING IN HIGH-DIMENSIONAL EXPECTED SHORTFALL REGRESSION

Our analysis adjusts for demographic factors such as age, education level, and diet,
as well as health conditions including asthma, arthritis, and cancer, along with relevant
interaction terms. To simplify the analysis, we excluded all participants with missing values
for the covariates, resulting in a final dataset of n = 1644 observations and p = 135 variables.
More specifically, the model in this study is

E,(sTRP) = 6y + 6, - race + 03 - overweight + 03 - (race xoverweight) + other features.

Here, with a slight abuse of notation, F, denotes the expected shortfall of the upper tail. It
is important to note that the variable race consists of three dummy variables representing
Asian, Mexican American, and Black ethnicities, with White as the reference group. The
variable overweight, on the other hand, is binary. For the first objective, the loading vector
is of the form a = (1,0,...,0)T, with a value of 1 for the corresponding ethnic group.
For the second objective, the reference group is White non-overweight individuals, and
the loading vector is structured as a = (1,1,1,0,...,0)", where one nonzero coordinate
corresponds to the ethnic group dummy variable, one to the overweight indicator, and
another to their interaction term. This setup for the two loading vectors enables natural
comparisons between overweight and non-overweight groups within each ethnicity.

To assess the tail behavior of sSTRP levels, we first examine its histogram. As shown
in Figure 2, a significant number of observations fall outside the 95% range, indicating the
presence of more extreme values than expected under a light-tailed distribution. In addition,
we construct a Hill plot (see, e.g., Section 4.4 in Resnick (2007)). Figure 3 suggests that the
data has finite moments up to approximately order ¢ = 2.3, indicating that while the data is
likely to have finite mean and variance, higher-order moments may not exist. Furthermore,
the sample kurtosis of STRP levels is 40.70 > 3, which provides additional evidence that
the data exhibit heavy-tailedness.

While our proposed method primarily focuses on the lower tail of the conditional dis-
tribution, it can easily be adapted to the upper tail. Given a continuous conditional CDF
Fy|x(+), note that Qa(Y|X) = —Q1-a(=Y|X). Therefore, we apply the method at the
(1 — @) level using negative sTRP values, and then reverse the sign of the resulting esti-
mators and confidence intervals to obtain the regression coefficients of interest. Similar to
Section 5, we compare the performance of the robust method with that of the non-robust
one. The results are presented in Table 6.

From Table 6 we observe that the proposed method successfully detects disparities
between the Black and White groups, as well as between the overweight Asian group and the
non-overweight White group. For other groups, while potential disparities exist, the effect
sizes are close to zero. Additionally, although overweight status may be associated with
higher sTRP levels, the result is not statistically significant. Due to the heavy-tailed nature
of the data, the non-robust method fails to detect the disparity between the overweight
Asian group and the non-overweight White group. Moreover, the robust approach also
produces narrower confidence intervals.

7. Discussion

In this work, we consider the estimation and inference under a high-dimensional joint quan-
tile and expected shortfall regression model, with a focus on the latter. Unlike quantiles,
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Figure 2: The histogram of soluble transferrin receptor levels (mg/L) for female partici-
pants.
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Figure 3: The Hill plot of soluble transferrin receptor levels (mg/L) for female participants.
Under a cutoff value of 5.8 for tail values, the estimated maximum order ¢ of
finite moments is approximately ¢ = 2.3.
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Overweight Non-Overweight
Race Robust Non-Robust Robust Non-Robust
Asian 3.59 (2.94, 4.24) 0.51 (—0.14, 1.16) 0.11 (—0.27, 0.49) 0.36 (—0.30, 1.02)
Black 4.83 (4.05, 5.62) 4.65 (3.29, 6.00) 4.77 (4.02, 5.51) 4.29 (3.07, 5.51)
Mexican | —0.01 (—0.44, 0.43) —0.11 (—1.06, 0.85) | —0.45 (—1.44, 0.55) —0.78 (—1.79, 0.22)
White 0.18 (—0.55, 0.91) 0.66 (—0.43, 1.74) Baseline

Table 6: The estimated coefficients (and 95% confidence intervals) for the upper 90% Ex-
pected Shortfall (ES) across ethnic groups and overweight status, using both robust
and non-robust methods. The baseline group is white non-overweight females.

expected shortfall is a measure of the (conditional) average, which makes the least-squares
method highly sensitive to heavy-tailed data compared to the check loss minimization used
in quantile regression. Therefore, we propose a robust penalized approach to overcome the
challenges brought about by high-dimensionality and heavy-tailed data distributions.

To conduct inference, it is well-known that ¢;-regularization introduces non-negligible
bias, which prevents the estimator from being asymptotically efficient. Therefore, we pro-
pose a debiased estimator to alleviate the effect of /1-penalization bias and construct a
test statistic that satisfies asymptotic normality in the ultra-sparse regime “max(sg, sg) =
o(y/n/logp)”. This debiased method provides a valid way of constructing confidence in-
tervals for a class of linear projections of 8*, which paves the way for inference on high-
dimensional ES treatment effects, provided that the sparsity assumptions hold.
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Appendix A. Auxiliary Lemmas

In preparation for the proof, we begin by providing a concise overview and introducing the
notations that will be frequently used. For any random variable X, we denote its centered
version as (1 — E)X = X — EX. Additionally, denote the conditional expectation and
variance given X as Ex and vary, respectively. Let @(5) =n 13" pa(Y; — XTB) be
the empirical quantile loss, and define the loss difference D(8) = Q(8* + 6) — Q(8*) and its
population counterpart D(5) = ED(8) for § € RP. For estimating the ES in step two, let

L. (8,0) = (1/n) S0y £-(Z:(B) — aX16), where

Zi(B) = (Yi = Xi' B)L(Y; < X B) + aXi'B. (38)
Write Z = ZZ(B) with B = B()\q) denotlng the /4- penahzed QR estimator, the two-step
Huber-ES estimator is given by 6, = 0, (A. ) € argmingepy = > 14 4y (Z;— aXT0)+al |0

For the sake of simplicity, we denote o= 97 when there is no ambiguity. Furthermore, we
define the quantile and ES residuals as

ei=Yi—Xi'B" and &(B,0) = Zi(B) — aXi'0 (39)

In particular, we write &(5) = &(8,0%) and & = &(8*,60*). In addition, let v, denote the
derivative of the Huber loss, that is, ¥, (t) = sign(t) min{|¢|, 7}.
For any ¢y > 1 and subset S C {1,...,p}, define the ¢;-cone

(Cb(S) = {5 e R?P: H(55c”1 < bH(53||1} (40)
Moreover, for any I; > 0, define the cone-like set
C(lh) =C?(l) ={0 € R”: [|6]|1 < La[|d]| 5} (41)

Under Condition 1 that Amin(3) > £2 > 0, we have ||0]|s > £[|0]]2 and hence Cy(S) C C(11)
with I = (b+ 1)4/s/k and s = |S].

With the above preparations, we are ready to present a series of technical lemmas that
form the core elements of the main proofs.

Lemma 13 Assume Condition 1 holds. Given any rg,l1 > 0,

n

sup {D(§) — D)} < 4o_cr0l1{\/§/£

log(2p) +t ' By log(2p) +t
§€C (11 )NBx (ro) "

holds with probability at least 1 —e™" for any t > 0, where & = max(a, 1 — ).

Lemma 14 Assume Conditions 1 and 2 hold. For any t > 0, it holds with probability at
least 1 — et that

%Z{ﬂ(&' <
i=1

where & = max(a, 1 — ).

log(2p) log(2p) + t
< V2o = a) 0g(2p) +aBX og( p)+’
n
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Lemma 15 Assume Conditions 1 and 3 hold. For anyt > 0,

Hii“ ~ E){er (€)X,

log(2p) + t log(2p) + t

< VIR 0g(2p) + +TBX0g(p)+'
n n

=1

[e.e]
with probability at least 1 — e t.

Lemma 16 Assume Conditions 1 and 8 hold. For any r1 > 0,

lo +1 /1() +t
o0

holds with probability at least 1 — et for any t > 0.

n

LS - BY W (6(8)) — e (€)X

=1

sup
BEB1(8*,r1)

Lemma 17 Assume Conditions 1 and 3 hold, and let U; = X~Y2X;. For any ro > 0,

1 — _ o .
sup  ||E{¢(&(8))Ui}l2 < §f€3(f T L E iy, e
BEBx(B*,r0) T

Moreover, if Ex,(|le—|9) < a4 (almost surely) for some ¢ > 3, where e = min{e, 0}, then

1 - _ T _
sup [|E{¢r(&(8)Uibll2 < Gra(F + 77 )rf + g1 +ag/70 7.
BeBs(8*,r0) T
Lemma 18 Assume Conditions 1, 2 and 3 hold. Let A = 6 — 6*, A/ = 3 — B* and

t > 0. For any given r,rg > 0, let the robustification parameter T be such that T >
2.5 max{Bx(Ir V l179),/505}. Then with probability at least 1 — e !,

(VoLr(8,0) = VoLr(B,0),0 = 0%) _ o?
— 4

inf
aA€EBy (r)NC(l) 10 — 6|1
A eBs(ro)NC(11)

(42)

as long as n > (K V Bx)?B%1*{log(2p) + t}.

Lemma 19 (Sun et al., 2020). Let f : RP — R be a differentiable convex function, and de-
fine the corresponding symmetrized Bregman divergence D¢ (1, 52) = (V f(B2) — f(B1), B2 —
B1) for Bi, B2 € RP. Then for any 5,0 € RP and X € [0,1], Dy (B, 3) < X- Dy(p1, ), where
Brx=pL+ A and 3 = B+ 9.

Lemma 20 Assume Conditions 1, 2 and 3 hold, and let a € RP be such that ||al|1/||all2 =
o(v/n/logp) and |7 ally < Cyllallz for some C, > 0. Let U be the set defined by con-
straints (15)—(17) and let u be a solution (if there is any). Provided that n 2 logp, the
following statements hold (jointly) with probability at least 1 —p~':

1) U contains at least one nonzero element;

2) any optimum 4 satisfies K 2||all2(1 — o(1)) < ||tz < £72||all2(1 + o(1));

3) the conditional variance s*(u) =n~' 3" | Ex,(£3)(X[a)? satisfies

"2 [al3(1 - o(1)) < (@) < &~ *|all3(1 + o(1)). (43)
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For any (8,0 € RP, define
gp0(wi) = Pr(&i(B,0)) — r (&) + a X[ (0 — 07) with w; = (X, &).

Lemma 21 Assume Conditions 1, 2 and 3 hold. Let A = 0 — 0* and A" = 3 — 3*. Let
U; = X"Y2X;. For any given 0 < &y,7m9 < 1,

1 = K o
sup [|E{ga.0(wi)Ui} 2 < grafrd + (rodo + 78 +63/2) > + (ro+d0)—,  (44)
OCAE]BZ((S()) T T
A'eBx(ro)

Lemma 22 Assume Conditions 1, 2 and 3 hold. Let A =0 —0*, A’ = 3 — B* and t > 0.
For any 0 < rg,00 <1 and 61,71 >0,

n

301 - B){gse(w)

i=1

log(p) +t

S Bx(RTy +To) ”

sup (45)
aA€eBy, ((50)01‘31 ((51)

Aleﬁg(ﬂ))ﬂﬂl(rl)

[e.9]
with probability at least 1 — e™t, where To = ro + dp and 71 = 11 + &1

Appendix B. Proof of Main Results

In this section, we present the formal proofs for the theorems and propositions stated in
the main text.

B.1 Proof of Proposition 2
To begin with, define

R(8) = Q(B* +6) — Q(B") + Ag([IB" + 8]l1 — I8]11), & € RP.

Note that ﬁ(O) = 0 and ﬁ(g) < 0 by the optimality of B\, where & = E — p*. Let wg =
(1/n) >0 {1(Y; < XB) — a}X; for f € RP so that wg € dQ(B) is a subgradient of Q
at any . Denote by S = supp(5*) the support of * satisfying |S| < sg. Then, applying
Proposition 9.13 and (9.50) in Wainwright (2019) with £,, = o) and ®(-) = || - |1 we obtain
that conditioned on the event {A\; > 2||wg+||}, the error 6 = § — * belongs to the cone

set C3(S), and for any § € C3(S),
R(6) 2 Q5" +6) — Q8" >+Aq{|\55c||1 —lI6sllx}
> Q(B* +6) — Q(B") — £ /5pA 6|5 (46)

~
~

Next, let Q(8) = @([5’) be the population quantile loss, satisfying VO(8*) = 0 and
V2Q(B8) = E{f.,1x;({(Xi, 8 — #*))X;X]}. Under Condition 2, it holds for any § € R? and
t € [0,1] that

(6, V2Q(B" + 16)8) = B{f-, x,(tX]0)(X[ 6)*}
= E{f-,1x, (0)(X[0)*} + B{ fo,1x, (tX[6) — f-,x,(0)}(X['6)?
> flI6)3 — ot - EIXTSP > fl6]I% — lowst - [|6]]3:-
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This together with the fundamental theorem of calculus implies

1
Q(F* +8) — Q(B") = (VO(B").8) + / (VO(B" +18) — VQ(BY), 6)dt

=0
1 1 1 1
:/ / (5, V2 Q" + tud))dudt > S f 6113 — <lons 6]
o Jo
For some rg,l; > 0 to be determined, it follows from Lemma 13 that, with probability at
least 1 — e~* (for any ¢ > 0),
sup  {Q(B" +0) - Q(B") — QB +6) + Q(B")} < roly - 7(n, p, 1),

56@01)032(7”0)
where 7(n, p,t) = 4max(a, 1 — ){%+/2(log(2p) + t)/n + Bx(log(2p) + t)/n}.
Together, the previous two inequalities and (46) show that with probability at least
1—et,

ﬁ(é) > g—o{iro — %lo/ﬂg?“g —2Li7(n,p,t) — 2k s 1/2 Ag}

holds for any & € 0By (rg)NC(l1). We thus choose rg = 4f ' {l17(n, p, t)+£1\ /55N } and let
(n, Ag) satisfy l17(n, p,t) + 571 /55Aq < 3f%/(8loks). Then, with high probability R(5) >0
for all § € OBx(ro) NC(l1). Recall that R(§) < 0 and § € C3(S) € C(ly) with Iy = 4x~" /55
conditioned on {A\; > 2||wg« /o0 }- Consequently, we conclude from Lemma 9.21 in Wam—
wright (2019) and the convexity of O(-) that 5e By (rg) with probability at least 1 — e~

conditioned on {A; > 2||wg+||sc}. Combining this with Lemma 14 and (21) establishes the
claim. -

B.2 Proof of Theorem 3

Let £,(0) = (ﬁ 0) = (1/n)> i, lr (Zi— —a X ), where Bis the ¢1- penalized QR estimator
of B*. Since L, (#) is convex Wlth respect to 6, for any optimum 0 c argmlng{ﬁ 0) +

o~

aAe||f|1}, there exists a subgradient vector z € 8”9”1 satisfying (z,6) = ||9||1, 1Z]]c0 < 1
and VL. (6) + A\eZ = 0. Therefore,

0 < (VLA(0) — VL(0%),0 — 0%) = —ade(z,0 — 0%) + (—V L (6%),0 — 0%)
= aX(|0%]l1 — 10]l) + (~VL(0%),8 — 0%).  (47)

Let A = 9 0" denote the error vector, and let 7" = supp(f*) with |7| < sp. Then we have
16%11= 118111 = 1651l = [|A7e+(A+6%)7]| < | A7 —=[[A7el1. To bound (~VL,(6%),6—-6%),
consider the decomposition

~VL(07) = wasz

n

*Z (L= E)r (&)X} + = 3 (1~ E)ur(&(B) — vr(6)X,)

1=1

+aE{¢T(§z( B)Xi}.
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Denote U; = »-1/2X;. Note that conditioning on event {3 € Bx(58*,79) N C(l1)}, we have
B € Bx(8*,10) NB1 (5%, l17r0). Then it follows that

~Y (=B {g &)X -alAll

n
~ ~ H 1
i=1

o0

::Al
n

LSS0 - B) [ (6(8)) — (€)X

n -
i=1

-af|All

o

+ sup
BEB1(B*,l170)

=:Ao

+  sup E{w-(&(8) Uil | Alls
BEBx(8*,r0)

=:A3
= (A1 + Ag) - || A1 + As - af|Als. (48)

e
2

Provided that A, > 2(A1 4 Ay), we have 0 < —<(3||A7|l1 — |A7e]l1) + Az - || Alls, which

implies the cone property:

IA7e]lL < 3| Arll + 2X; ' Asl|Alls. (49)
Recall from Condition 1 that Apin(X) > k2. Assume further that A\, > 2@9;1/ 2A3. Then,

1Al < 4 A7+ £ sal Alls < 45| Arlle + 5 /50| Alls
< 4/50)|All2 + 57 sl Alls < 457 /50| Alls + 57 sl Alls
=55 /sl A s

This implies that A € C(1) with | = 55~1\/5p if
Ae > 2max{A; + Ag,ﬁsgl/zAg}. (50)

Given r > 9571,/Sp)A, we construct an intermediate “estimator” 0 = (1 —n)6* + o,
where 17 = sup{t € [0,1] : 6% + t(6 — 6*) € By(6*,7/a)}. If 6 € By(0*,r/a), n = 1 and
0 = 0; otherwise, if 0 ¢ Bs(0*,r/a), n < 1 and 0 € OBx(6*,7/a), ie., al|§ — 0*|x = r. Let
A = 0 — 6*, which satisfies @A € By(r). On the other hand, |All; = n||AlL < 7l||Alls =
1| Alls, implying that A € C(l). Since aA € By (r) N C(1), it follows from Lemma 18 that
with probability at least 1 — e™?,

O[2~

—|IAE < (VL(8) — VL(6%),0 — 07). (51)

as long as 7 > 2.5max{Bx (Ir Vl170), 505} and n > (K V Bx)?B%1*{log(2p) +t}. On the
other hand, Lemma 19 ensures that

o~ o~

(VL (0) — VL(6%),0 — 6%) < (VL (8) — VL (6%),6 — 6. (52)
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Furthermore,
(VL 0) = VL(07),0 = 0%) < - aXe(|Arlls — [[Age]r) + - (~VL(67),6 — 6)
= aXe(| A7l = [|A7<][1) + (—=VLA(6%),0 — 6%)
< aA(Arls — | Age]) + 22
a>\

559 ||A||E (53)

© . n ' aallAlls
e 'V 1A, (54)

where (53) follows from (48), (50) and (52). Then substituting (51) and (54) into (52) yields
that with probability at least 1 — 3e~,

a||Allg < 8571 /SgAe. (55)

a)\e o1

Therefore, we have a||Alls < r with probability at least 1—-3¢77, i.e., 0 falls into the interior
of Bx(6*,r/a). By the construction of 8, we must have § = 6.
It remains to establish a lower bound for A, so that the event (50) occurs with high prob-

ability. We finally choose 7 < &+/n/(log(p) +t) so that 7 > 2.5 max{Bx (Ir V l17¢), V505 }

under the sample size requirement
nZ (RV Bx)*BX (V1) *{log(p) + t} < {(RV Bx)/r}*Bx (55 V 56)*{log(p) + t}.  (56)

By Lemma 15 and 16 and letting 7 =< @+/n/(log(p) + t), we see that with probability at

least 1 — e,

log (2 log(2 1
M—{—TBXM <FRo log@) +¢ 4 (57)
n n n

1 t /1 t 1 t
Agnglﬂ’()(BX Og(];l)‘i‘ +K Ogi+ ) SJEBXZl?"O Og(i)—i_7 (58)

where (58) used the condition n > (Bx /%)?(log(p) +t), which is satisfied under sample size
requirement (56). In addition, Lemma 17 yields

52
H89—1/2A3S 1/2{ (f—i— > +@+ }S,fﬁas(;l/z(rg—i—a log(p)—i—t). (59)

n

A <

From (57)—(59) we see that inequality (50) holds with probability at least 1 —2e™¢, as long
as

1 _
Ae = max {H(O’ + Bxliro) 70g( ) , fES 1/2 2}.
Combining the results above, we conclude that for a sufficiently large n satisfying sample

size requirement (56), al|Ally < 8k 1\ /3pAc and a|Allr < all|Alls < 406"2sgAe hold with
probability at least 1 — 3e~?, as claimed. [ |
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B.3 Proof of Proposition 4

The proof is similar to that of Theorem 3 with slight modifications. Applying the second
upper bound in Lemma 17 to (59), we see that provided 7 2 aé/q{n/(log(p) + )} /21,

1
_ _ - 1 t\ 2(¢=1) 1 t
KSg 1/2A3 S KSy 1/2{fr8 + 7o <0g(];) ks > ’ + Oé;/q Oig@) i }

n

On the other hand, with 7 < &+/n/(log(p) +t) and n > (Bx /%)?(log(p) +t), by (57) and
(58), we have

1 t
A+ As 5 E(E-ﬁ- Bxllro) M

The rest follows from the proof of Theorem 3. |

B.4 Proof of Theorem 5

Let R, = a(@; — w*) —n~! oy - (&)X . Recall that U; = 12X, A =60 —6* and
= (8 — B*. For any given 0 < rg,d9 < 1 and 61,71 > 0,

|Ra| = Z{wT (&(B,0)) = s (&)} X[ + a6 — 67)
< swp  |[B{0(6(8,0)) — wrl&) + aX[ (6 - 00| -lalls
aA€eBy;(8o) 2
A/EBE(T’())
=T
1 ¢ T . ~
+ s = (=B (&(8,0)) — (&) + o X (6 — 67) @l
aAEBz(50)ﬂBl(§1) n i=1 00
A/EBE(TQ)ﬁﬁl(T‘l)
=:T'9
1 — ~
- = X, Xt - ol —6%.
a- L oXX7a| - alld -0l (60)
Applying Lemma 21 with 7 < /n/logp, we have
_ — 1
I'h < ﬁgfrg/Z + 7'_1/{3(7“050 + 7‘8 + 53/2) + 7'_15(7“0 +d0) < frg + o7 in,

where 7o = rg + Jp. Additionally, by Lemma 22, I'y < Bx(RT1 + To)+/log(p)/n with
probability at least 1 — p~!. Combining with Lemma 20, constraints (15),(16) and (60)
yields that

logp
|Rn|,s{ 2||a||2F1+C||a||2T2}+P||a|251<|a||2<f7"o+1\/ L7 g)

with probability at least 1 — 2p~*
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B.5 Proof of Theorem 6

a(@r — w*) wa &)X+~ wa &(8,0)) — vr (&)} X0+ a"a(f — 07) . (61)

=S, =R,

By Theorems 3, 5 and Lemma 20 with 7 < &/n/logp, R,/s(u) = Op{(sg + sg) log(p)/n},

and thus R, /s(@) = op(n~'/?) provided that max{sg, ss} = o(y/n/logp). Hence, it suffices

to show the asymptotic behavior for S,,, and the result follows from Slutsky’s Theorem.
Let V; = {s(u)} 1. (&)XFu and W; = V; — Ex,(V;) so that

= S Wik -3 B (W)
i=1 i=1

1=
—_———
=S1,n =852

We will show /nS1 2, N(0,1) and Sy, = op(n~/?). We first show the asymptotic
normality of Sy, conditioned on {X;} ;. Let A, =n~1 Yoy Ex, {¢2(&)}X; X and recall
that A =n"1Y" Ex, (£)X;X}. Note that

varx (vnSy ) < {s(@)} 2 -0 A,
= 14+a"(A, — AT

I T~
=1+7a {n ;Exiwz(fi) - &)X X; }“

Note that Ex|&]3 < a3 (See Remark 7). Since |2(&)— &2 = [( —m2)1(&] > 7)| < &3/
and 7 < 7+/n/logp, by constraint (16) and the fact that Ex,|;|> < a3, we have

0" (Ay — M) < ||Ar = Almax @7 < a3C2|al|3/7. (62)

Therefore, limsup,, ,,_,, varx,(v/n51,,) < 1. On the other hand, by Lemma 20, with prob-
ability at least 1 — p~

v (Vi) = {s(@)} 2R~ (s(@} 77 (5 Z{EX (61T )

(A -Na 7
s2(@) 725%(1)
a3Cgllall3 ___orlall3(1 +o(1)

- r{e2em al3(1+o(1)}  T2{o?k?R al3(1+ (1))}
21— asw/(ar)? — 72(0/0)* (R/K)",

> 14 TS0

where the second and third inequalities use |1/, (t) —t| < t?/7 and (62), respectively. Hence,
with 7 < 74/n/logp, liminf, , . varx, (v/nS1,,) = 1 almost surely. Consequently, we have
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limy, 00 varx, (v/nSin) = 1 almost surely. It remains to check Lindeberg’s condition. By
Lemma 20, for any constant b > 0,

ExWill _ SEx |V _ 8(XT)? - Ex,[-()P
bvn T by/n — by/n - s3(u)
3 (3[41|3 =2\ *
< 83 By Cy ||all3 < 93 (BXCaF& )
— byn-s3(u) "~ byn oK
with probability at least 1 —p~t. Thus, lim, peon 1> 0 Ex, {W2L(|W;| > by/n)} = 0

almost surely, and the Lindeberg’s condition is satisfied. Therefore, /nSi, Y (0,1)
conditioned on {X;}? ;. Finally, by calculating the characteristic function of S;, and

Ex, {WZL(|W;| > by/n)} <

applying the bounded convergence theorem, we have /nSi ,, 4N (0,1).
For Sy, since [, (t) —t| <t /7% for ¢ € Ny, Ex, {9+ (&)} < Ex,|&3 /72 < as/72%, by
Lemma 20 and constraint (16),

Sop < _a3 lzn:XTa < az3BxC, < a3BxCyR? i

2s(u — m2s(u) ~ oklalls T

with probability at least 1 — p~!. Hence, with 7 < @y/n/logp and the growth condition
n 2 (logp)?, Syn = op(n™'/2). u

B.6 Proof of Proposition 9

Denote A = 6 — 6* and A’ = § — §*. Let u; = XA’ and v; = X"A. Conditioning on the
event {A/ S Bz(ro) ﬂIBl('f‘l)} N {OJA S BE((S()) ﬂBl(51)} with 0 < 79,59 <1 and 61,71 > 0,

~

I8 = Al = mae | (A, A}Jk]<max Z{w (&(B, 0>>xijxik—E<«s?xijxik)}'

< max sup
Ik aAeBy (50)

E[{2(&(8,0)) — V3 (&) }wija]

A’EBE(T’())
=5
1
+ max = E)[{¢2(&(B,0)) — 2 (&) }ijmin]
5k aAEIB%g((So) 1(61) 1T 1:1

AIGBE (T'()) Bl(Tl)

:=So
n

% S0 - B) W2 (&)}

=1

E[{y2 (&) — & Yaijain]

+ max
j?k

+ max
j7k

=53 =54

Upper bound for Si: Note that &(5,0) = ¢(e; — u;) + o X" — X6 can be rewritten as

§i(B,0) = & + (9(ei — wi) — ¢(&i)) + au; — av;,
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where ¢(t) = t1(¢ < 0). Additionally, notice that ¢2(t) = v,2(t*). Since ¢(-) and t.2(-) are
1-Lipschitz continuous,

[43(&:(8,0)) — 3 (&)| < |€7(8,0) — €]
<2G] - [(d(ei — wi) — ¢(e) + aui — awy
+ |(¢(ei — wi) — dles)) + aus — vy
<20&] - {1+ a)us] + afvil} + {(1 + @) us| + afvi[}
< 26| - (2Jui| + afvil) + (2|uil + afvi])? (63)

Because Ex, |¢;| <7, and for any A’ € By (1) and aA € Bx(d), Elu;| < r¢ and E|v;| < do,

E[{¢2(&(B,0)) — 2 (&) aijra] < 2BX5(2r0 + 6o) + Bx (2o + 60)* < B 7o,

where 7o = ro 4 dp. Since this inequality holds uniformly over (A’ @A) € By (1) x Bx(dg)
and j,k € {1,...,p}, the same upper bound holds for S;.

Upper bound for So: We apply a similar method as in Lemmas 18 and 22. Denote )?Z =
(XT, =X)" = (@i, 2i2)" € R? and hyp(wi; 8,0) = {¢3(&(8.9)) — ¥5(&)}a T,
where w; = (¢;, X])T. Then

n

1

%Z E)[{42(&(8,0)) — 2 (&) }wijmi]

maX
=1
Note that
8h 2y M ~ ~
B 2 (6(5.0)) - (66,00 - (2 — Lo < )Tl < 2055

oh i3 3,0) /
‘ (i ‘:p% 6(8,0)) -4, (€(8,0)) - (—0)| < 207B%.

Therefore, for any A’ € By (r9) NB1(r1) and aA € By () NB1(01),

e (wis B, 0)| < {[W2(&(8,0)) — v2(&(8%,0))| + [W2(&(8%,0)) — ¥2(&(B*, )|} - |73 Tan|
< 2yB% (ui + v;) < 2yB%(r1 + 61) S vBYT1,

where 71 = r1+3d1. On the other hand, we have Ehik(wi) < BYE{E2(u?+a%v?)} < BYo T3,
from (63). Denote

n

1
AGgn = sup Z(l —E)hji(wi; 5,6).
OLAEBZ((S())Q]B1(61) -1
AIEBZ (To)ﬂBl (7‘1)

By Theorem 7.3 in Bousquet (2003), with probability at least 1 — e ¢,

AGwyn SEAG R + (BAG R )2 7B - \[ +Bxc”"0\[ +YBYT1 - — (64)
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and thus it remains to bound EA(; 1) ,. By Rademacher symmetrization and the relationship
between Gaussian and Rademacher complexities (e.g., Lemma 4.5 in Ledoux and Talagrand
(1991)), we have

k < v2rE sup - g k? w; 757 ) >
] Jn aAEBx (d0)NB1 (& Z o '
A'€Bx(ro)MBy(r )

Gﬁ’g

where g1, ..., gn are i.i.d. standard normal random variables. For any (A}, A1), (A}, Ay) €
{Bx(do) N B1(01)} x {Bx(ro) NB1(r1)},

Gp, 0, — G, = % > 93 (& (81, 01) — 3 (&( B, 01)}Tij T
i=1
S G265, ) — R, 00) YT
i=1

By Lipschitz continuity of h;, we have
Ew(GBLel - G52792)2 < 2E, (G51 91 - G/32,91)2 + 2K, (G,BQ 01— G62,92)2

2B 8
87 8y*Bx Z (X, A — ALY? MZ (X, A1 — Ag)2.
=1

Define another Gaussian process {Zgg} as

where ¢i,...,q), and ¢f,..., ¢/ are i.i.d. standard normal random variables. Then, we
have Ey(Gg, 0, — Gp,.0,)% < Ew(Zp, .0, — Zp, 0,)*. Hence, by Sudakov-Fernique’s Gaussian
comparison inequality (e.g., Theorem 7.2.11 in Vershynin (2018)),

Ey, sup Ggp ¢ < Eu, sup Zg6 ¢
aA€eBy, (60)(7]31 (61) QAEBE((So)ﬂBl (61)
AIEBE (To)ﬂBl(T’l) AIEBE(TQ)ﬁﬂl(T‘l)

which remains true by replacing E,, with E. Note that

1 n
2v/2~vB% 6, - El| = "X,
R TR R I

i=1

[e.e]

1 n
E sup Zgg ¢ < 2V2yB%r, IEHn Z;ggX,
1=

aAeBy (60)NB1 (d1)
logp 3 __ log
< (14 01)y = yBxk T

A'E]BE (To)ﬂ]Bl (7‘1)
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where the last inequality uses (87). Putting together the pieces, we have EA(ju)n <
vB3%%71+/log(p)/n. Finally, by taking the union bound over j,k = {1,...,2p} and set-
ting u = log(4p?) + t, we obtain that with probability at least 1 — e~?,

1 t 1 t

og(p) +t B2o7, og(p) +t
n n

Upper bound for S3: Note that E{(wg(ﬁl)xwmzkf} < AE{(Ey,|&]?) - xfjxfk} < B3R?yas,

and for all & > 3, E|¢$(£z)wl]xlk|k < (v?B%)F2. B2 R%*ya3 < (k!/2) - (v2B%)*2 . B¥R%as.

By Bernstein’s inequality and the union bound, with probability at least 1 — 2e~*,

log(2p) +t
n

log(2p) +1
Sy < BXE('YOB)UQ g( p) )

+79°B%
Upper bound for Sy: Since [¢7(&;) — €] = [(§ — 7)L(|&] = 7)| < &/ and Ex, (|&]°) <
a3, we have Sy < @3||X|lmax/y < Rag/vy. Finally, combining the upper bounds for Sj,
i=1,...,4, yields the result. |

B.7 Proof of Theorem 10
Let Ay =n 'S0 Ex, {¢2(&)} X, X7 Note that
55(@) — s2(a)] = [a" (Ay — Ay)al < [|Ay = Ay [lmax @7

< CL%HAW - A”/”max + CgHAW - AVHmaX-

For the first term, applying Theorem 3 and Proposition 9 with v =< (n/logp)!/® and the
scaling condition max{sg, sg} = o(y/n/logp), we have

~ sg + sg)lo sg + sg)lo lo « lo 1/3
1R, = Al < (sg + s9) ngw( 3+ 50) BP | 2 gp+3§< gp>
n n n ~ n

with probability at least 1 —2p~!. On the other hand, note that E[{(Exlwg(fz))xl]xzk}ﬂ <
E4B§(E2, and for all k > 3,

_ _ k! _
E|Ex, {42(&)}oijaal” < (¥BY)" - o' BYR* < — - (v*B)" - 7' BXF".

-2

By Bernstein’s inequality and the union bound, we have

Y log(2 log(2 1 1/3
IRy = Al 7By ECE) 423 OB ¢ (08D T
n n n

with probability at least 1 — 2p~!. Combining the results above establishes the claim. M
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Appendix C. Proof of Technical Lemmas

In this section, we present the proofs for the technical lemmas employed in establishing the
main theorems and propositions.

C.1 Proof of Lemma 13

For each sample d; = (X;,Y;) and 6 € RP, define s(0;d;) = pa(Yi — X7 (8" +9)) — pa(Yi —
X7 B*) = palei — XT6) — pa(e;). Then D(5) = LS 1 s(0;d;). By the Lipschitz continuity
of pa, s(0;d;) is Lipschitz continuous in X6, with Lipschitz constant &. Given r,l; > 0,
define random variable

n

sup  {D(6) - D(S)}.

A(ro,l
( 0 1) 4aroly §€Bx(ro)NC(11)

For any u > 0, by Chernoff’s inequality,

P{A(ro,11) > u} < exp | — sup{u — log Ee*(0:1) 1 1 (65)
A>0

Next we bound EeM("0:h) Note that for any 6 € Bx(ro) N C(l1), ||6]|1 < 7oly. Then
using Rademacher symmetrization and Ledoux-Talagrand contraction inequality (see, e.g.,
Ledoux and Talagrand, 1991),

Ee)\A(To,ll) < Eexp{

Zel sad}

2aroh 5615%2(1"0 m(C(ll

n

SEexp{A sup Zei<Xi,6>} SEexp{)\ Zei

T0l1 5eBy (ro)NC(11) =3

A }7
oo

i=1
where €1, ..., ¢, are independent Rademacher random variables. Let X; = (X5, -X")T =
(5@1, ey fi72p)T S RQP. Then ” Z?:l EZ'X Hoo = INax1<;j<2p Zz:l Ez‘:fij. Since €; is symmet—
ric, E(e;zi;)F = 0 if k is odd; E(ezij)* = Exf] < BY?R? < (K!/2)R?BE2 if k is even.

Therefore, similar to the proof of Bernstein’s 1nequahty (e g., Theorem 2.10 in Boucheron
et al. (2013)), we have that for any A € (0,1/Bx),

= nkz\?
This further implies that
)\A( l) 2 A - nE2)\2
T 9y p— <~< .
log Ee*(roi) < 1ogE;exp{n ;ezxm} <log(2p) + 57— p 3y
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Thus, for any ¢t > 0, by the above bound and equation (2.5) in Boucheron et al. (2013), we
have

Sup{)\t _ log Ee)\A(To,ll)} > sup {)\t _ log Ee)\Aj(rl)}

A>0 0<A<1/Bx
nRZA2
> —log(2p) + sup {/\t—}
( ) 0<A<1/Bx 2(1_BX)‘)
ni? Bxt
= —log(2 —hi| = 67
Og( p)"i'Bg( 1<nl€2>’ ( )

where hy(u) = 1+u—+/1 + 2u is an increasing function from (0, co) onto (0, co) with inverse
function hy'(u) = u + v/2u for all u > 0. Substituting this into (65) gives that

P{A(ro,l1) > Bxu+ EV2nu} < 2pe” "

for any u > 0. Then, taking u = log(2p) + ¢ yields the result. [ |

C.2 Proof of Lemma 14

For each 1 < j < p, |1(g; < 0)| - |z45] < aBx and E{(1(g; < 0) — a)Qx?j} < ol — )R>

Then claimed bound follows from Bernstein’s inequality and the union bound. |

C.3 Proof of Lemma 15

Note that [|(1/n) 322, (1 = EN¢r (&) Xitlleo = maxicjcp [(1/n) 3252, (1 = E){obr (&)ij }
Since |¢r(&)| < 7 and Ex, {¢2(&)} < Ex, () = Ex,(e2 ;) — o®(X"8* — X10%)? <57, we
have E[¢); (&)z:;]? < 72R2. Because || X |l < Bx, for k > 3, B[t (&)x45|F < 2R*(1Bx)F 2 <

%EQEQ(TB x)*72. Thus by Bernstein’s inequality,

2
<GR\| % + 7By
n n

with probability at least 1 — 2e~*. Then by taking union bound over 57 = 1,--- ,p and
letting u = log(2p) + t, we obtain the claimed bound. |

Y- B Ee)

i=1

C.4 Proof of Lemma 16

Let 6§ = 8 — 8%, and let ¢(¢t) = t1(t < 0). Then ¢(¢) is a 1-Lipschitz continuous function.
Denote s;(9) := &(5) = ¢(ei— X[ 0)+aX[o+aX]T(5*—0%). Then s;(0) = ¢(e;) +a X (5*—
6*). For each 1 < j < p, define the random process R;(8) = (1/n) > i (1 —E)r;(d; i, X;),
where 7;(5; €4, X;) = {07(si(5)) — ¥r(5:(0)) } ;5. We aim to upper bound supsep, (,,) [12;(5)]
for each j first and then take the union bound.
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Let u; = (Xj;,0). Denote % as the derivative of r;(d;¢;, X;) with respect to u;. Then,

since [YL (1) =1(jt| <7) <1 almost surely for all ¢ € R, we have

‘a = | - ¥ (54(0)) - (0 = T(ei < wi))| < Joyg| < B,

8ui

Therefore, we have |r;(d; e, X;) — rj(0'; 65, Xs)| < Bx[(Xi,0) — (X;,0")| for 6 # &',
Now we control supseg, () [ Rj(6)[. Given ry > 0, define the random variable

n
Aj(r1) = m 661531118"1) |R;(9)].

By Chernoff’s bound,

P(Aj(r1) >t) <exp [ — sup{At — log Ee)‘Aﬂ'(”)}] . (68)
A>0

For Ee*i(") | using Rademacher symmetrization and applying Ledoux-Talagrand contrac-
tion inequality (e.g., Theorem 4.12 in Ledoux and Talagrand, 1991) gives

n

2
sup Zﬁirj(ts;ii,Xz‘)}

BxT1 sei(m) =

EerMi(m) < Eexp {

n

< Eexp {)\ sup Zq(Xi,é}} < Eexp {)\
1 0€By(r1) i=1

n
E €X;
i=1

J

where €1, - , €, are independent Rademacher random variables. Let X; = X; -XH"=
(fi,la s ,fiygp)T S RQp' Then by (66),

2p n =212
M (1) S S e ni=A
log Ee () < log]Ej:1 exp {)\ 2 elx”} < log(2p) + 50— BxN)

Meanwhile, similar to (67), we have

R [ Bxt
sup{ Xt — log EeMi (")} > _log(2p) + %hl <X>,
A>0 B% n

Substituting this into (68) gives
nK Bxt
P{A;(r1) >t} <exp { log(2p) — B—zhl <X2> }

Using h™!, we have P{A;(r1) > Bxu + %v2nu} < 2pe~*. Finally, taking the union bound
and letting u = log(2p?) + t establishes the claim. [ ]
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C.5 Proof of Lemma 17

Note that ||E[¢-(&(8))Uilll2 = supyesp—1 [E{¥-(&(8))U;"v|. Recall that the conditional
CDF F = F_,x, of &; given X; is continuously differentiable with f = F'. Let Ey, be the
conditional expectation given X;. For 5 € R?, let u; := X" (5 — %), and

— [t aXP (@ - 0N A [ b X5 - ) sOd,

Then we have

[E{yr(&(B) U 0} < [E{(¥(B) = W(B)U; v} + [E{¢pr (&) Ui v} (69)

Since 1, (+) is absolutely continuous and has a derivative ¢ (t) = 1(|t| < 7) almost every-
where, by the fundamental theorem of calculus,

ORGEY) (VU 15— 5, 6 — 5,
where
VY (3) = /_uoo Pt —wi + X (B —0%) f(t)dt - (o — 1) X + e (X (B — 07)) fui) X;
+ P (aX] (B = 01— F(w)} - aXi — r (@ X (8 — 07)) f(wi) X;
- /; Lt — wi + a X7 (8 — 69) < T)F(1) dt - (@ = DX,
S 1(aXI (809 <) {1— F(w)}-aX,
= (a = D) F(u)X; — Ex{L(|&G(B)] > 7)L(e; < wi) - (= 1) X;} + aX;

—aX; Ex, 1(|&(B8)] > 7) — aXiF(wi) + aX; - Ex, {1(&(8) > 7)1(e; < u;)}
={a— F(u)} Xi + Ex, [1(1&(8)] > 7){L(ei < wi) — a}X;]. (70)

For t € [0, 1], define 8; = B* +¢(8 — *). Then X[ (B; — f*) = tu; and we have
(VU(Br), B = B7) ={or = F(tui) pui + Ex; [1(1&:(Be)| > 7){T(ei < tui) — afug].
By condition 3, |a — F(tu;)| = |F(0) — F(tu;)| < f-t|u;|. Moreover, by Markov’s inequality,

1-—
T

Ex, [1(1&(80)] > 7){1(es < tus) — a}] € ——Ex[&(8)]- (71)
Note that for any 5 € RP, &(8) = Zi(8) — aX"0* = (g5 — ui)1(e; < wi) + X (B — 6%).
Thus we have
& (B < 1&(Be) — &l + &
< &)+ (g0 — tui)L(e; < tug) — gl (e; < 0) + otugl
<l {|5i]1(o <& < twg) + twila — 1(s; < twy)]|  if w; >0

|tui[oz — ]l(Ei < tul)] — 51']1(0 <g < tul)| if u; <0
< [&] + tui (72)
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Therefore, under Condition 3, Ex;, & (5:)| < t|ui| +Ex, |&| < tlu;| +7. Substituting this into
(71), and putting together the pieces, we obtain that for any 5 € Bx(5*,19)

1
WKWW)—Wwﬂﬂ?théHWVWw&ﬁ—BﬂW?M&
1
< [ BTt 477 @ - ) - Ol

< LG+ @) o 73

On the other hand, since Ex, (&) = 0, Ex, (£2) < &2 and |- (t) —t| = (Jt| — 7)L(|t| > 7) <
77142, then

E{¢r (&)U 0} < E{|vr(&) — &llUS 0]} < (1/7) - E(|U;0]) < 7%/ (74)

Substituting (73) and (74) into (69) proves the claimed bound with b(7) = 52/7.

For the second part, first note that if Ex|e_|¢ exists, since & = e_; — Ex,(e— ;) with
e_; < 0, we have [§]9 < max{|e_;|%, |Ex,(e—;)|?} < max{|e_;|9, Ex,le_;|?}. Therefore,
Ex, &7 < Ex,le—|? < og. Similar to (71), by Markov’s inequality and Jensen’s inequality
that Ex,|&| < (Ex,|&]9)Y9, we obtain that

l-—a 1-«
Ex,&(B)] < - {a/T + tluil},

Ex,[1(1&(B)] > T){1(ei < twg) —a}] < —

where the second last inequality uses (72). Thus,

1

E{(0(8) — W(3")UTv}] < /0 E[(VE (), 8 — 6*)|[UFv] dt
1
sAEwﬂw+MW+mmwwwwwww

1
< §{f+(1/7)}/<63'7"(2)+{0%1/q/7}'7“0- (75)
Because |1, (t) —t| <t /79 for all ¢ > 1,q € N, similar to (74),

E{y-(£)Uf v} < E{[y-(&) — & - [Uol} S E(&4UFv]) /707" < ag/1971 (76)
Combining (69), (75) and (76) yields the second claim. |

C.6 Proof of Lemma 18
Note that for any aA € By (r)NC(1) and A’ € By (ro)NC(l1), when 7 > 2.5Bx max{lr,l17o}
2 2
|aXTA| < Bxla||Alls < gT and | XTA'| < Bxli||A|s < gT
By the proof of Lemma 17, we have |£;(8)| = | Zi(8) —a X 0*| < |&]+| X[ A'|. Consequently,

12(8) ~ aX76] < 6(8)] + XAl < J&i] + 1
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Therefore, conditioned on events {A’ € By (5*,79) N C(l1)} and {A € Bx(6*,r/a) NC(1)},

we have
(VoL (B,0) — VoL, (8,0%),0 — 6%)

= S Z(B) — aXI0) — r(Z4() — 0 XTONXT (O~ 0")
i=1
2 %Z{wr(&-(ﬂ) — aXT0*) — Y (Zi(B) — aXTOYXT (0 — 0*)1{|&| < 7/5}
=1
Oéz n
= = Y (X0 0)’1{J&] < 7/5},
=1

Let 6 = A/||Al|x so that § € ngl N C(I). Denote rs(w;) = (XT0)21{|&| < 7/5}, where
w; = (X}, &))" and R,(0) :=n"t> " rs(w;). Then we have

(VoL (B,0) — VoLr(B,0),0 — %) > (al|All£)*Rn(5). (77)

Next, we derive lower bounds for ER,,(0) and R,,(d) — ER,(0) respectively.
First, note that by Markov’s inequality,

1
ER,(0) = [16]1% — E{1L(&| > 7/5)(X[6)*} > [|I8]%{1 - (55/7)*} > 5 (78)
where the last inequality holds if 7 > V507.
Next, we consider the upper bound of
1 n
I,:= sup {ER,(0)— R,(0)}= sup -— Z{Erg(wi) —rs(w;)}.

sestinc() sesttne@) M=

Note that 0 < rs(w;) < (Bxl)? for all 6 € ngl NC(l). Since w;’s are independent, it follows
from McDiarmid’s inequality that with probability at least 1 —e™¢,

Dy < By + (BxiPy 5 (79)

To bound ETI';,, by Rademacher symmetrization we have

1 n
ET, < QE{ sup  — Zez"f’é(wi)}

sest ey i
where €1,..., €, are i.i.d. Rademacher random variables. Since for 4,8’ € Sg_l NC(),

‘T(;(U)Z') - r(;/(wi)] S 2Bxl|XlT5 - X,LT(5/|,
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rs(w;) is (2Bx!)-Lipshitz in X[ 0. By Ledoux-Talagrand contraction inequality (see, e.g.,
Ledoux and Talagrand, 1991), we obtain that

n
ET, < 2E{ sup 1 Z eirg(wi)}
sesttnc) ™ i1
1< 1 <
< 4BXZIE{ sup  — ZeinTé} < 4BX12EH D X,
sestnc() ni4 ni3

By the proof of 13, for any A € (0,1/Bx),
- nR2\?
logE A &xij | < s
og exp( ;ex]> 20— B

Then similar to the proof of 13, for any A € (0,1/Bx),

nE2\?
< P am—
Z EiXi }
i=1 oo
=2
< 1 {log(2p) L __TF A }

> inf
n O</\1<nl/BX A 2(1 — Bx\)

_ gy l08(2p) ,  [2log(2p)
n n

Substituting this into (79), we have that with probability at least 1 —e™¢,

log(2 2log(2 [t
r, < 4(BXZ)2M + 47 Bx[? M + (Bxl)2 o <
n n n

aslong as n > (FVBx)?B%1*{log(2p)+t}. Together with (78), we have that with probability

at least 1 —e™¢,

n
log E exp H)\ Z €:X;
i=1

[e.e]

Therefore,

n

IN

n A>0

1 1
— inf X log E exp {)\

—_

17

Rn(6) = ER, () + {Ry(8) — ER,(5)} > % _

| =
I

holds uniformly over § € ngl N C(l). Substituting this into (77) establishes the claim. N

C.7 Proof of Lemma 20
For any ¢ > 0, let A be the event that {||X — &|lmax < +/(log(p) + t)/n}. Note that

n

=30 - B)aigra)

12 = 5 flmax = max
Js
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Since E(Eijfik)Q < Bg(ﬁz and for any k > 3, E]xz]xmk < B§(_2E2 < k!EZBé}_Q/Z by
Bernstein’s inequality, [n™1 Y1 | (1 — E)(@ijzi)| < ®y/(2u)/n + Bx (u/n) with probability
at least 1 — 2e~*. Taking the union bound over j,k = 1,...,p and letting u = log(4p) + ¢,
we obtain that P(A) > 1 — et

Proof of 1): Let u* := £~ ta. Since Cqllallz > S 1al|1, u* satisfies (16). Next, conditioning
on event A, we have

la =Xl < fla = Xu"loo + [|(E = Z)ufleo = [|(5 = E)u"loo

< 18 = Sl s S Cullafey B2EL,

Therefore u* satisfies (15) when p =< \/log(p)/n. For (17), note that conditioned on A,

~ -~ log(p) +t
a"Su — |lall3] < llally - la — Zu*lse < llalliflall2Ca —

Thus as long as ||a||1/||all2 = o(y/n/logp), u* also satisfies (17) with p’ = o(1). Hence, u*
is in the constraint set with probability at least 1 — e,

Proof of 2): By constraint (17), |||a||3 — a™Sa| < o' |lal|3. Applying triangle inequality and
re-arranging terms, we have

llall3 = a*>al < [[lal3 - a"Sal + [a" (S = E)al < pllall3 + 1(Z — E)alloolall1.

Note that

165 = Dl = | £ 30~ EN(XF e

=1

30 - B (X ayry) |

= max
1<j<p

=1
Since E{(X[a)z;;}* < B%%?||a||3 and for k > 3,
E|(X] a)Zi;|" < (BX llalh)**E{(X{ a)zi;}* < (BXllall)* =2 - (BXF*|lal3).

Then, by Bernstein’s inequality and the union bound, with probability at least 1 — e,

I(S = E)allow S BxElallz

~

log(2p) +t
OB EL | B al)

log(2p) +t
—

Denote v := a/||all2. Since p’ = o(1) and a satisfies ||a||1/]|al|2 = o(y/n/log p), then together
with (16), with probability at least 1 — e™%,

lllallz — v*3a| < p'llallz + Callall2Bx%

OB _ o)

Finally, combining with the fact that x2||ul2 < v™Xu < ®2||7l2, we obtain desired bounds.
Proof of 3): The proof is similar to Lemma 1 in Cai et al. (2021). Recall that s%(u) = u" A,

where A = (1/n) S Ex, (62)X;XT. First we show an upper bound for s(). By the proof
above, for any ¢t > 0, u* € U with probability at least 1 — e~*. Then by the optimality of @,

~

$2(0) < 720 S0 < 72 (u) St = 72 (uh) " Su 4 72 (u) (S — D).

43



GaoYyUu Wu, JELENA BraDIC, KEAN MING TAN, AND WEN-XIN ZHOU

Note that (u*)*Su* = aT¥ e < /<f2|]aH2 Meanwhile, conditioned on A, we have (u*)*(E—

)t < |8 =3 max] v 12 < (Cullall2)?y/(og(2p) + t)/n. Comblmng the results above yields
that s%(u) < K~ O'2HaH2(1 + o(1)). with probability at least 1 — e~

For lower bound, first note that by the second part of Lemma 20 and Holder’s inequality,
when conditioned on event A,

WTSE = ATEA+ (S - D)a 2 A5 — |5 — 2 max187

_ log(2p) +t
Z &2 (7 ?|lall2)? = Chllal3y/ ==

Hence s(4)? > 020780 = F4K%02||al|3(1 — o(1)) with probability at least 1 — e~ . [ |

C.8 Proof of Lemma 21

Note that [E{gso(wi)Us}l2 = supyesrs B{gaa(wiUTv}. Let W(,6) = Ex, {t:(6(5,6))}.
Recall that A’ = 8 — 8* and A = 6 — 6*. Then

+E[{¥(5",0) — w(8,0%) + aXi' (0 — 07) }U; v]. (80)

For 3,60 € RP, let u; = X;"A" and v; = X;"A. By the fundamental theorem of calculus,

1
\11(6,9)—\11(6*,9):/0 (VU (8 + A, 0), A} dt,

where V¥ (3,0) = {a — F(u;) } X + Ex, [1(]&(8,0)| > 7){1(e; < w;) — a}X;] by (70). For
t € [0,1], define f; = B* + tA’ so that X (8 — %) = tu;, and we have

(VpU(B1,0), 8 — B%) = {a — F(tu;) }u; + Ex, [1(1& (8, 0)] > 7){L(ei < tu;) — atuy).

By condition 3, |a — F(tu;))u;| < f - t|u;|. Moreover, by Markov’s inequality,

Ex;[1(1&:(5, 0) > 7){1(ei < tui) —a}] < (B, 0).
Similar to (72), we have |&(5:, 0)| < t|wi| + alvi| + |&]. Thus,
(VU(B,0), 8 = B < fotlusl® + il - (@ + ali] + tui]) /7. (81)

Putting together the pieces, we obtain that for any A’ € By (rg) and aA € By(dp),

1
E{[¥(5.6) — U(B",0)| U v} < /0 E|(V U (5" +1(8 — 5).6), 8 — 6] - [UFo| dt

< m37r8/2 + k3(rodo + T(Q))/T + 627"0/7'. (82)
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On the other hand, Vo¥(5,0) = —aX; - Ex, . (&(8,0)) = —aX; - Ex,1(|&(8,60)| < 7). Let
0y = 0" +t(6 — 0*). Then by the fundamental theorem of calculus,

\I'(ﬁ*,Q)—W(B*,Q*)—FaXE(@—O*)
1

- /0 Ex (L(&(5° 60 < 7)} - {—aXF (0 — 69} dt + aX7 (0 — 6°)
1 1

= [ Exaleem.00 > D axi0 -0 < - [ Ex a0l alul
0 T Jo

Similar to (72) again, we have |§;(5%,6;)] < |&| 4+t - afvi| and Ex;|&(8%,0:)| < T+t - avy|.
Thus, for any aA € Bx(dy), ¥(8*,0) — ¥(5*,0%) + aX] (0 — 0%) < a|vi| - (T + alv;]/2)/T.

Combining the results above, we get

E[{¥(5",0) = W(6",07) + aX[ (0 — 0")}Uj"v] < (@60 + 1305 /2) /7.

(83)
Finally, combining (82) and (83) yields the result.

[ |
C.9 Proof of Lemma 22

Let X; = (XF,—X5)T € R? and denote r;(w;; 8,0) = gz.0(w;)Z;;. We have

1 & Lo
n Z;u ~Efgna(w) Xi}| = max - 2(1 By (wss 5, 6).

For any 0 < rg,09 < 1 and 61,71 > 0, define

1

sup — E (].*E)T(wzaﬁae)
aAEBs (80)NB1 (51) T i=1 ’
A’€Bs:(ro)NB1 (r1)

Ljn

Let u; = X;"A" and v; = XA, Since ¢(t) and ¢(t) := t1(t < 0) are both 1-Lipschitz
continuous, then conditioned on the event {A’ € By (r19)NB1(r1) }N{aA € Bx(dp)NB1(d1)}},

l98,0(w;i)| < 1&(B,07) — &(B%,0%)] + [&(B,0) — &(B,0%)| + alv;]
< o(ei — ui) — @(es)| + afug| + 2afv;]
< (14 a)|ug| + 2alv;| < 2BxT,

where 71 = r; + 1, and ]Er?(wi;ﬁ,ﬁ) < B%{2(1 + a)’Eu? + 40’Ev?} < B%73, where
7o = rg + dg. By Theorem 7.3 in Bousquet (2003), for any u > 0, with probability at least
1—e™,

u u u
ij 5 IEFj,n + (Erj’n)1/21 / ngrl\/; + BXrO\/; + Bg{rlﬁ' (84)

It remains to bound EI';,,. By applying Rademacher symmetrization first and using the re-
lationship between Gaussian and Rademacher complexities (see, e.g., Lemma 4.5 in Ledoux
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and Talagrand, 1991), we have

1 n
Erj,n S V2rE sup - Zgirj(wi; /87 9) ) (85)
OzAGBZ((S())ﬂ]Bl((sl) n i=1
A'€Bx(ro)NB1(r1) ~-
::GB’G
where g¢1,..., gy, are i.i.d. standard normal random variables. Hence for any (A}, aA;),

(A3, alg) € {Bx(ro) N Bi(r1)} x {Bx(do) NB1(01)},

n

Gpron — Gpooy = — O _{0r(&(Br,01)) — Ur(&i(Ba, 01)) 125

1
ﬁ i=1
e D652, 00) = (6, 2) + X Dx — aX] Bah.

Since 9, (t) and ¢(t) are 1-Lipschitz, we have

[V (& (B1,601) — - (&(B2,01))] < |&(B1,01) — &(B2, 61)]
= [¢p(e; — XA — o(ei — X AY) + X (A] — AY)|
< (14 a)| X[ (A] = AY),

and |’¢T(fl(ﬁg, (91) - l/JT(fi(ﬁQ, 92)) +OéX7:TA1 - aXZTA2| < 20(|X1T(A1 - A2)| Conditioned on

Wy,
Ey, (Gﬁlﬂl - G62,92)2 < 2E,, (Gﬁlﬂl - G62,91)2 + 2E,, (Gﬁzﬂl - G52,92)2
n

= D (681, 00)) — (652, 0T
=1
5 {5 (6(B2,01)) = r(&i(Ba, 02)) + @ XT A1 — aXT Ao}
2 n 2 n
< 2(BX(1 : a)> S (X, AL - A2+ 2(23)(&) > (Ko Ay = A)”.

n n
i=1 =1

K3 n
g/,..., g0 areiid. standard normal random variables. Then we have E,,(Gg, g9, —Gg, g,)* <

Euw,(Zg, 9, —Zp, 9,)*. By Sudakov-Fernique’s Gaussian comparison inequality (e.g., Theorem
7.2.11 in Vershynin (2018)),

Define Zgy = Y2Bx(ta) 5o grix, Ny 4 2/2Bxa e gi(x, A where g},..., g} and

E, sup Ggp ¢ < Ey, sup Zgo ¢
aAEBx (d0)NB1 (d1) aAEByx (dp)NB1 (1)
A’eBy (To)ﬂBl(Tl) AIEBZ(T‘())QBl(T‘l)
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which remains true by replacing E,,, with E. Note that

1 — 1<
E sup Zgg ¢ < 2v/2Bxr EHZg;Xl +2V2Bx 4, .EHZgngi
aAE]BE(do)ﬂBl((Sl) n — 0o n pot -
AIE]BE(To)ﬂBl(Tj)
SEOR Byt 0

Denote X; = (X, —X)" = (Zi1,... ,Ti2p)T € R?. Then we have |[n7t Y1 | ¢: X0 =
max<j<op(l/n) Y ;| giZij. Since g; is symmetric, we have E(gia:ij)k = 0 when k is odd; if
k is even, E(gx;;)* = (k — 1)!! - Exf] < (k- 1)!!%23;“(_2 < %EQB§_2. Then similar to the
proof of 13, for any A € (0,1/Bx),

n nr2\2
log E exp <)\ E gixij> < —
p 2(1 — Bx\)

which further implies that

2P LI nR2A\?
< logZEexp {/\Zgixij} < log(2p) + 0= Br)

o0 j=1 i=1
Zgin }
i=1 00
=2
1 f {log( D) + nrA }

N 0<A<1/Bx 2(1 — Bx\)

log(2p) 21og(2p) 1
_ g, los®p) | o [21os(2p) /ogp. (87)

where the last inequality used the assumption n 2 (Bx /E)2 log p.
Combining the results above, we have EFJ n S BxRET14/log(p)/n, where 71 = 11 + 6.
Finally, taking the union bound over j € {1,...,2p} and setting u = log(2p) + ¢, we obtain

log E exp H)\ Z g: X
i=1

Therefore,

| /\

1 n
E|-> X
=1

1
f—l E
2 g3 orE e

N

that
/1 t /1 t
max F] n S Bxkr 70g(p) + + BxTy 70g(p) +
1<5<2p n n
with probability at least 1 — e~! as desired. |

Appendix D. Additional Simulation Results

We present additional results, including estimation (Tables 7-8) and inference (Tables 9-
12), for the proposed debiased estimator across various types of covariates in this section.
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t3.1 random noise; n = [50s/«|
Covariates | Methods a =0.05 a=0.1 a=0.2 a=03
71-penalized Robust ES | 13.804 (0.206) 11.707 (0.189) 12.713 (0.180) 13.156 (0.189)
c1 {1-penalized ES 20.639 (0.365) 17.646 (0.366) 17.794 (0.337) 17.188 (0.344)
Oracle Robust ES 7.540 (0.121)  8.333 (0.126)  5.379 (0.086)  5.152 (0.085)
Oracle ES 10.242 (0.227)  8.355 (0.171)  8.223 (0.184)  7.924 (0.176)
¢1-penalized Robust ES | 17.011 (0.229) 14.059 (0.189) 15.121 (0.182) 14.956 (0.181)
2 {1-penalized ES 23.980 (0.352) 20.613 (0.314) 20.929 (0.311) 20.038 (0.302)
Oracle Robust ES 8.376 (0.138)  6.748 (0.107)  6.083 (0.095)  5.962 (0.096)
Oracle ES 10.846 (0.187)  9.515 (0.159)  8.823 (0.152)  8.976 (0.158)
{1-penalized Robust ES | 11.946 (0.198) 10.018 (0.151) 11.664 (0.186) 11.802 (0.182)
C3 {1-penalized ES 17.798 (0.389) 14.347 (0.320) 15.466 (0.338) 15.148 (0.332)
Oracle Robust ES 8.027 (0.126)  6.434 (0.097)  5.876 (0.099)  5.603 (0.097)
Oracle ES 11.091 (0.233)  9.442 (0.215)  9.011 (0.237)  8.574 (0.198)
71-penalized Robust ES | 12.145 (0.218) 11.010 (0.188) 11.448 (0.208) 11.590 (0.213)
o {,-penalized ES 16.864 (0.336) 14.856 (0.327) 14.709 (0.348) 14.241 (0.350)
Oracle Robust ES 0.984 (0.169)  8.148 (0.133)  7.377 (0.134)  7.106 (0.128)
Oracle ES 14.025 (0.312) 11.573 (0.263) 11.368 (0.272) 11.448 (0.288)

Table 7: The mean (and standard

a error) of the relative estimation error on the support S
of 6*: ||0s — 0%l|2/]|0"[|2 with o = {0.05,0.1,0.2,0.3} under ¢3; random noise with
four different types of covariates.

t3.1 random noise; n = [50s/]
Covariates | Methods a=0.05 a=01 a=02 a=03
c1 ¢1-penalized Robust ES | 6.231 (0.177) 5.203 (0.146) 5.461 (0.149) 5.277 (0.131)
¢1-penalized ES 7.912 (0.183) 6.890 (0.163) 7.003 (0.173) 6.896 (0.144)
2 {1-penalized Robust ES | 7.502 (0.212) 6.152 (0.169) 6.142 (0.171) 6.536 (0.169)
¢1-penalized ES 8.297 (0.200) 6.732 (0.159) 7.020 (0.161) 7.199 (0.168)
s ?1-penalized Robust ES | 5.544 (0.188) 4.447 (0.144) 4.450 (0.137) 4.633 (0.145)
{1-penalized ES 6.950 (0.178) 5.751 (0.160) 5.731 (0.147) 5.795 (0.156)
c4 ¢1-penalized Robust ES | 4.231 (0.180) 3.619 (0.136) 3.714 (0.137) 3.873 (0.136)
¢1-penalized ES 5.554 (0.186) 4.565 (0.143) 4.599 (0.144) 4.604 (0.133)

Table 8: The mean (and standard error) of the relative estimation error of the false positives
of 0, i.e., ||0sc|[2/]|0*||2 with a = {0.05,0.1,0.2,0.3} under ¢33 random noise.

D.1 Estimation

In this section, we provide additional estimation results for true positive and false positive
errors under t31 random noise. All results are based on 500 replications with p = 200 and
s =4 and are scaled by a factor of 100. The four types of covariates (C1)-(C4) follow the
definitions in Section 4.1.

D.2 Inference

In this section, we present additional inference results under three types of random noise:
standard normal AN(0,1), t25, and 3, distributions, evaluated with two covariate types
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€; ~ N(O, 1)

a N Estimation Error Coverage(%) Estimated Width
Robust Non-Robust | Robust Non-Robust Robust Non-Robust
0.05 | 2.93 (0.11)  2.93 (0.11) 93.60 91.40 13.70 (0.17) 13.81 (0.19)
a; | 0.1 | 3.37(0.12) 3.35(0.12) 93.80 93.40 16.23 (0.17) 16.44 (0.19)
0.2 | 3.19 (0.11)  3.19 (0.11) 94.40 93.40 15.08 (0.16) 15.08 (0.17)
0.05 | 5.36 (0.19)  4.86 (0.17) 93.20 94.60 21.91 (0.27) 22.19 (0.29)
as | 0.1 | 558 (0.20)  5.16 (0.19) 96.00 96.40 25.98 (0.27) 26.56 (0.31)
0.2 | 5.31(0.18) 5.03 (0.17) 96.00 95.80 24.45 (0.21) 24.51 (0.25)
0.05 | 4.16 (0.14)  4.17 (0.14) 93.00 93.00 18.47 (0.17)  18.58 (0.18)
as | 0.1 | 442 (0.15) 4.55 (0.16) 94.40 94.20 20.76 (0.16) 21.68 (0.18)
0.2 | 4.14 (0.14) 4.22 (0.15) 95.00 94.60 19.68 (0.17) 20.49 (0.19)
0.05 | 4.82 (0.18)  4.74 (0.17) 95.40 94.60 22.14 (0.28) 22.96 (0.29)
as | 0.1 | 5.32(0.19) 5.26 (0.18) 94.60 94.20 24.72 (0.24) 27.00 (0.31)
0.2 | 5.01 (0.18) 4.85 (0.17) 94.20 94.00 23.24 (0.20) 24.41 (0.25)

Table 9: The mean estimation error |0 — w*| (and standard error), coverage rate, and the
mean width of 95% confidence intervals (and standard error), with n = [50s/«/]
under the standard normal noise. The covariates are generated as X; = |G;| where

Gy ~ No,(0, ).

€; ~ N(O, 1)

a N Estimation Error Coverage(%) Estimated Width
Robust Non-Robust | Robust Non-Robust Robust Non-Robust
0.05 | 2.94 (0.10)  2.86 (0.10) 96.20 95.00 13.18 (0.07) 13.12 (0.07)
a; | 0.1 | 3.24 (0.10) 3.17 (0.10) 96.60 96.40 15.78 (0.08) 15.75 (0.08)
0.2 | 3.01 (0.10) 3.06 (0.11) 95.00 93.60 15.54 (0.08) 15.32 (0.09)
0.05 | 5.30 (0.18)  5.06 (0.17) 94.60 94.00 23.48 (0.16) 22.94 (0.16)
as | 0.1 | 586 (0.21)  5.55 (0.20) 94.80 94.20 27.97 (0.18) 26.55 (0.19)
0.2 | 5.67 (0.21) 5.13 (0.19) 94.20 94.80 26.67 (0.15) 26.15 (0.18)
0.05 | 4.03 (0.14)  4.02 (0.14) 93.20 93.00 17.77 (0.09) 17.66 (0.09)
as | 0.1 | 4.17 (0.13) 4.32 (0.14) 96.00 95.00 20.04 (0.09) 20.67 (0.10)
0.2 | 3.96 (0.13) 4.09 (0.13) 95.40 95.80 19.51 (0.08) 20.12 (0.09)
0.05 | 5.50 (0.18)  5.06 (0.16) 94.40 95.20 23.69 (0.17) 23.23 (0.18)
as | 0.1 | 5.62(0.19) 5.39 (0.18) 96.00 95.60 28.33 (0.18)  27.93 (0.20)
0.2 | 5.60 (0.19) 5.71 (0.19) 96.00 95.40 28.58 (0.16)  28.09 (0.17)

Table 10: The mean estimation error |0 — w*| (and standard error), coverage rate, and the
mean width of 95% confidence intervals (and standard error), with n = [50s/a/]
under the standard normal noise. The covariates are generated as X; ~ Unif(0, 2).

(C1)—(C2) as defined in Section 4.1. These results, generated with p = 200 and s = 4
over 500 replications, are scaled by a factor of 100 to facilitate comparison. This analysis
demonstrates the robustness and performance of our method across different noise structures
and covariate settings.
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e; ~1las

a N Estimation Error Coverage(%) Estimated Width
Robust Non-Robust | Robust Non-Robust Robust Non-Robust
0.05 | 11.37 (0.41) 15.20 (0.64) 92.00 85.80 51.90 (0.54)  52.93 (0.61)
ap | 0.1 | 10.55 (0.38) 14.16 (0.58) 95.20 92.80 50.71 (0.60)  57.67 (0.68)
0.2 | 10.10 (0.43) 17.39 (0.89) 95.80 86.20 44.38 (0.65)  50.43 (1.02)
0.05 | 21.71 (0.73)  31.35 (1.20) 94.40 85.60 99.64 (1.00) 107.60 (1.70)
az | 0.1 | 18.36 (0.76) 30.09 (1.09) 93.20 88.80 87.36 (1.14)  99.97 (2.35)
0.2 | 17.95 (0.64) 25.97 (1.10) 94.00 88.00 72.84 (0.96)  86.49 (1.65)
0.05 | 16.83 (0.59) 18.92 (0.65) 94.40 94.20 80.04 (0.67)  87.10 (1.05)
as | 0.1 | 1546 (0.53) 17.57 (0.61) 95.40 95.00 72.86 (0.76)  81.53 (1.11)
0.2 12.31 (0.44) 14.59 (0.53) 95.80 93.40 59.91 (0.82) 64.48 (1.18)
0.05 | 18.74 (0.63) 24.54 (0.87) 90.20 85.40 84.47 (0.77)  84.60 (0.81)
aqs | 0.1 | 16.34 (0.59) 23.29 (0.80) 91.40 84.80 72.40 (0.73)  77.05 (0.93)
0.2 | 16.60 (0.60) 26.60 (1.16) 92.40 80.60 71.64 (0.91)  76.23 (1.08)

Table 11: The mean estimation error |0 — w*| (and standard error), coverage rate, and the
mean width of 95% confidence intervals (and standard error), with n = [50s/«]
under ty 5 random noise. The covariates are generated as X; = |G;| where G; ~

N,(0, I,).

€; ~ t31

R N Estimation Error Coverage(%) Estimated Width
Robust Non-Robust | Robust Non-Robust Robust Non-Robust
0.05 | 8.73 (0.31) 9.15 (0.33) 92.80 92.80 41.15 (0.45) 41.96 (0.52)
a; | 0.1 9.33 (0.32) 10.15 (0.36) 96.00 95.60 40.27 (0.48) 41.26 (0.54)
0.2 5.57 (0.20) 5.75 (0.20) 94.40 95.20 28.91 (0.30) 29.56 (0.29)
0.05 | 16.10 (0.56) 19.80 (0.74) 92.60 86.00 63.25 (0.66) 64.03 (0.71)
as | 0.1 | 11.91 (0.41) 13.51 (0.52) 92.00 89.60 51.51 (0.57) 51.62 (0.50)
0.2 | 10.00 (0.37) 11.34 (0.44) 94.00 91.80 45.93 (0.46) 47.19 (0.46)
0.05 | 11.50 (0.40) 11.73 (0.41) 95.80 96.00 57.83 (0.55) 58.71 (0.62)
az | 0.1 9.33 (0.32) 9.33 (0.32) 95.60 95.60 45.12 (0.41) 45.50 (0.42)
0.2 8.14 (0.27) 8.10 (0.27) 96.20 95.80 39.72 (0.35) 39.84 (0.34)
0.05 | 14.81 (0.51) 16.68 (0.60) 93.20 91.00 64.78 (0.66) 65.36 (0.70)
ag | 0.1 | 15.95 (0.54) 18.83 (0.66) 93.20 89.00 63.27 (0.66) 65.16 (0.75)
0.2 9.37 (0.35) 10.75 (0.42) 94.60 93.00 47.29 (0.47) 46.53 (0.42)

Table 12: The mean estimation error |0 —w*| (and standard error), coverage rate, and the
mean width of 95% confidence intervals (and standard error), with n = [50s/a/]
under t3; random noise. The covariates are generated as X; = |G;| where G; ~

N,(0, I,).
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