
Journal of Machine Learning Research 26 (2025) 1-54 Submitted 1/24; Revised 4/25; Published 5/25

Linear Hypothesis Testing in High-Dimensional Expected
Shortfall Regression with Heavy-Tailed Errors

Gaoyu Wu g5wu@ucsd.edu
Department of Mathematics
University of California, San Diego
La Jolla, CA 92093

Jelena Bradic jbradic@ucsd.edu
Department of Mathematics and Halıcıoğlu Data Science Institute
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Abstract

Expected shortfall (ES) is widely used for characterizing the tail of a distribution across
various fields, particularly in financial risk management. In this paper, we explore a two-
step procedure that leverages an orthogonality property to reduce sensitivity to nuisance
parameters when estimating within a joint quantile and expected shortfall regression frame-
work. For high-dimensional sparse models, we propose a robust `1-penalized two-step ap-
proach capable of handling heavy-tailed data distributions. We establish non-asymptotic
estimation error bounds and propose an appropriate growth rate for the diverging robus-
tification parameter. To facilitate statistical inference for certain linear combinations of
the ES regression coefficients, we construct debiased estimators and develop their asymp-
totic distributions, which form the basis for constructing valid confidence intervals. We
validate the proposed method through simulation studies, demonstrating its effectiveness
in high-dimensional linear models with heavy-tailed errors.

Keywords: conditional value-at-risk, expected shortfall, heavy-tailed data, Huber loss,
quantile regression

1. Introduction

Value-at-risk (VaR) and expected shortfall are two commonly used measures for quantifying
risk. VaR measures the maximum potential loss that could be incurred at a specified
confidence level, whereas ES represents the expected loss that exceeds the VaR threshold.
Despite its popularity, VaR has several drawbacks as a risk metric, including the violation
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of sub-additivity and the inability to capture tail risks beyond the specified quantile level
(Artzner et al., 1999; Acerbi, 2002; Bayer and Dimitriadis, 2022). Recently, the Basel
Committee adopted ES as the standard risk measure for financial institutions, replacing
VaR (Basel Committee, 2016, 2019). This shift in focus has led to the development of
new methods for estimating, forecasting, and backtesting ES in the banking and insurance
industries (Nolde and Ziegel, 2017; Bercu et al., 2021; Hallin and Trućıos, 2023; Deng and
Qiu, 2021; Bayer and Dimitriadis, 2022). ES has also been widely adopted in other domains,
such as operations research (Rockafellar et al., 2014; Soleimani and Govindan, 2014), and
treatment effect analysis (He et al., 2010; Chen and Yen, 2025; Wei et al., 2024).

Let Z be a real-valued random variable and let FZ be its cumulative distribution function
(CDF), i.e., FZ(z) = P(Z ≤ z). The quantile and ES of Z at level α ∈ (0, 1) are defined as
Qα(Z) = inf{z ∈ R : FZ(z) ≥ α} and Eα(Z) = E{Z|Z ≤ Qα(Z)}, respectively. In financial
applications, Z often indicates the payoff of a portfolio, and Eα(Z) represents the average
return of a portfolio given that a return is occurring at or below the quantile level α. A
more detailed discussion of ES and its properties can be found in Rockafellar and Royset
(2013) and McNeil et al. (2015).

Despite the importance of ES as a risk measure, there are limited estimation and statis-
tical inference procedures available for examining the relationship between a p-dimensional
vector of covariates X ∈ Rp and the ES of the outcome variable Y ∈ R, especially when p
is large; see, for instance, Scaillet (2005), Cai and Wang (2008) and Kato (2012), among
others. This is primarily due to the non-elicitability of ES, which implies that ES cannot
be directly optimized through the minimization of a loss function (Gneiting, 2011). While
ES is not elicitable on its own, in their seminal work, Fissler and Ziegel (2016) have shown
that the ES is jointly elicitable with the quantile under a class of joint loss functions.

We consider the joint linear quantile and ES model:

Qα(Y |X) = XTβ∗ and Eα(Y |X) = XTθ∗, (1)

where Qα(Yi|Xi) and Eα(Yi|Xi) = E{Yi|Yi ≤ Qα(Yi|Xi), Xi} are the conditional α-level
quantile and ES of Y given X, respectively. Here, β∗ = β∗α, θ∗ = θ∗α ∈ Rp are the quantile
and ES regression coefficients that can vary across different quantile levels α. We suppress
their dependency on α for simplicity.

Under the joint model (1), Dimitriadis and Bayer (2019) and Patton et al. (2019) pro-
posed to simultaneously estimate the quantile and ES regression coefficients by minimizing
a class of non-convex and non-differentiable joint loss functions. Theoretically, they es-
tablished the consistency and asymptotic normality of the resulting M -estimator, defined
as a global minimum. However, this approach involves minimizing a non-convex and non-
differentiable joint loss function for which a global optimum is not guaranteed, creating a
theoretical gap between the estimator and the theoretical results developed for global min-
ima. Moreover, it is computationally challenging to obtain an estimator from minimizing
non-convex functions, especially when the number of covariates, p, is large. From a different
perspective, Barendse (2020) proposed a computationally efficient two-step method for ES
regression using the orthogonality property by treating the quantile regression coefficient
vector as a nuisance parameter. Specifically, the two-step method involves fitting a quantile
regression and solving a least squares problem with surrogate response variables. Theoret-
ically, Barendse (2020) established that the resulting ES regression estimator is consistent
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and asymptotically normal under the fixed-p regime, while He et al. (2023) studied the
increasing-p regime under the scaling condition p = O(na) for some a ∈ [1/2, 1).

In this work, we focus on the data-rich setting in which the dimension can be as large
as or larger than the sample size. To address this, we assume sparsity, where only a
small subset of p covariates affects the response, and use an l1 penalty to encourage sparse
regression coefficients; see Wainwright (2019) and Fan et al. (2020), for example. Under
high-dimensional sparse models, Barendse (2023) and Zhang et al. (2023) extended the
two-step approach of Barendse (2020) and proposed an `1-penalized two-step least squares
ES estimator. However, a critical limitation of these methods lies in their reliance on
least squares loss in the second step, which makes them highly sensitive to heavy-tailed
data and outliers. This vulnerability is exacerbated in high dimensions due to spurious
correlations (Fan et al., 2018; Sun et al., 2020). To address this limitation and improve
robustness, motivated by He et al. (2023), we propose a novel modification of the two-
step ES estimation procedure by replacing the standard least squares loss in the second
stage with the Huber loss. However, adjusting the loss function alone is insufficient to fully
address the challenges posed by heavy-tailed errors. A key innovation of our approach lies
in the precise selection of the parameter τ in the Huber loss to optimally trade bias for
robustness. We show that sub-Gaussian deviation bounds can be attained even when the
conditional distribution of Y given X is heavy-tailed, as long as a diverging robustification
parameter τ is chosen appropriately.

In the context of high-dimensional ES regression, existing methods have significant lim-
itations. Barendse (2023) provides rates restricted to polynomially growing p, while Zhang
et al. (2023) achieve better rates but rely on light-tailed distributions, making them unsuit-
able for heavy-tailed data. Given an `1-penalized robust ES regression estimator, we develop
a framework for performing statistical inference on aTθ∗, where a ∈ Rp is a pre-specified
p-dimensional vector based on the scientific question of interest. Zhang et al. (2023) at-
tempted to address inference by proposing a debiased estimator for individual coefficients
using nodewise regression (van de Geer et al., 2014). However, their approach is confined
to coordinate-wise inference and does not extend to linear projections, which are essen-
tial for testing contrasts. Linear projections combine multiple coordinates, accumulating
biases from individual components and amplifying cross-dependencies among predictors,
even when the vector a is sparse. Motivated by these gaps, we propose a debiased estimator
for aTθ∗ that directly addresses these challenges.

Notations: For any two Rk vectors u = (u1, . . . , uk)
T and v = (v1, . . . , vk)

T, we write
their inner product as uTv = 〈u, v〉 =

∑k
j=1 ujvj . We use ‖ · ‖p (1 ≤ p ≤ ∞) to denote

the `p-norm in Rk: ‖u‖p = (
∑k

j=1 |uj |p)1/p for p ≥ 1 and ‖u‖∞ = max1≤j≤k |uj |. For a

positive semi-definite matrix A ∈ Rk×k and u ∈ Rk, let ‖u‖A = ‖A1/2u‖2 =
√
uTAu. For

any matrix A = (aij)1≤i,j≤k ∈ Rk×k, we denote ‖A‖1 and ‖A‖2 as the induced `1- and `2-

norm, respectively, where ‖A‖1 = max1≤j≤k
∑k

i=1 |aij | and ‖A‖2 = σmax(A), with σmax(A)
being the largest singular value of A. Additionally, we denote ‖A‖max = max1≤i,j≤k |aij |
as the maximum element of A in magnitude. For two real numbers a and b, we write
a ∧ b = min{a, b} and a ∨ b = max{a, b}. For two sequences of nonnegative real numbers
{an}n≥1 and {bn}n≥1, we write an . bn if an ≤ Cbn for some constant C > 0 (independent
of n), an & bn if bn . an, and an � bn if an . bn and an & bn.
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2. Preliminaries

In this section, we provide a brief overview of the joint quantile and expected shortfall
model, along with the motivation behind the two-step method for robust expected shortfall
regression.

2.1 Joint Linear Quantile and Expected Shortfall Model

Let {(Yi, Xi)}ni=1 be a sequence of independent and identically distributed observations,
where Yi ∈ R is the response variable and Xi ∈ Rp is a p-dimensional vector of covariates.
We start with a brief review of existing work on ES regression under the joint linear quantile
and ES model in equation (1). For the identification of (conditional) quantile and ES jointly,
Fissler and Ziegel (2016) proposed the following class of loss functions

LFZ(β, θ;Y,X) = {α− 1(Y ≤ XTβ)}{G1(Y )−G1(XTβ)} (2)

+
G2(XTθ)

α
{αXT(θ − β)− (Y −XTβ)1(Y ≤ XTβ)} − G2(XTθ),

and showed that (β∗, θ∗) is the unique minimizer of E{LFZ(β, θ;Y,X)|X} almost surely.
Here, G1, G2, and G2 are real-valued functions satisfying: (1) G1 is increasing and integrable,
(2) G′2 = G2, and (3) G2 is strictly increasing and strictly convex.

Using the above construction, Dimitriadis and Bayer (2019) proposed estimating (β∗, θ∗)
by minimizing the loss function in equation (2), leading to

(β̂joint, θ̂joint) ∈ argmin(β,θ)∈Θ

1

n

n∑
i=1

LFZ(β, θ;Yi, Xi), (3)

where Θ ⊆ Rp × Rp is a compact and convex parameter space with a nonempty inte-
rior. Under the fixed p regime, Dimitriadis and Bayer (2019) showed that the estimators
(β̂joint, θ̂joint) are consistent and asymptotically normal. However, for problems with a large
number of covariates p, the above method becomes computationally challenging due to the
non-differentiable and non-convex objective function (2), regardless of the choice of feasible
functions G1 and G2 (Fissler and Ziegel, 2016).

From a different perspective, Barendse (2020) proposed a two-step method for esti-
mating (β∗, θ∗) using a tailored score function that satisfies certain orthogonality condi-
tions. Let S(β, θ;Y,X) := (Y − XTβ)1(Y ≤ XTβ) + αXT(β − θ) and let ψ(β, θ;X) =
E{S(β, θ;Y,X)|X} be its expectation. It can be shown that the true regression coefficients
(β∗, θ∗) satisfy the moment condition ψ(β∗, θ∗;X) = 0 almost surely. To see this, note that
under the joint model (1),

ψ(β∗, θ∗;X) = E{Y 1(Y ≤ XTβ∗)|X} −XTβ∗FY |X(XTβ∗) + αXT(β∗ − θ∗)
= Eα(Y |X)FY |X(XTβ∗)− αXTθ∗ + {α− FY |X(XTβ∗)}XTβ∗ = 0. (4)

Furthermore, the partial derivative of ψ(β, θ;X) with respect to β, evaluated at β = β∗,
takes the form

∂

∂β
ψ(β, θ;X)

∣∣
β=β∗

= {α− FY |X(XTβ∗)}X = 0, (5)
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which we refer to as the Neyman orthogonality property throughout this paper.
Motivated by (5), Barendse (2020) proposed a two-step method for fitting the ES re-

gression: (i) compute an estimator β̂ of β∗ by fitting the quantile regression (Koenker and
Bassett Jr, 1978); (ii) obtain an estimator θ̂ of θ∗ by solving

θ̂twostep ∈ arg min
θ∈Rp

1

n

n∑
i=1

S2(β̂, θ;Yi, Xi). (6)

Due to the Neyman orthogonality condition as in equation (5), Barendse (2020) showed
that the estimation error of the quantile regression estimator is first-order negligible. Their
results were further supported by He et al. (2023), who showed that the convergence rate
for the ES regression coefficient θ̂twostep under the `2 norm depends on the estimation error
of β̂ through a higher-order term r0 ·max{r0,

√
p/n}, where ‖β̂ − β∗‖2 ≤ r0.

2.2 Robust Expected Shortfall Regression

Given a quantile regression estimator β̂, the two-step method in Section 2.1 involves solving
the least squares problem in the second step (Barendse, 2020). To see this, we define the
pseudo-response variable

Zi(β) = (Yi −XT
i β)1(Yi ≤ XT

i β) + αXT
i β. (7)

Under the joint model (1), it can be shown that E{Zi(β∗)|Xi} = αXT
i θ
∗. Thus, given β̂,

the estimator θ̂twostep in (6) can be interpreted as the least squares estimator obtained by
regressing the generated pseudo-response variables Ẑi := Zi(β̂) on αXi. That is, θ̂ twostep

can be obtained by minimizing the squared error loss function n−1
∑n

i=1(Ẑi − αXT
i θ)

2.
As pointed out by He et al. (2023), the conditional distribution of the pseudo-response

variables is asymmetric and left-skewed. Specifically, the joint model (1) is equivalent to

Yi = XT
i β
∗ + εi, Zi(β

∗) = αXT
i θ
∗ + ξi, (8)

where εi and ξi can be interpreted as the random noise such that Qα(εi|Xi) = 0 and
E(ξi|Xi) = 0, respectively. Accordingly, we have that Zi(β

∗) = min(εi, 0) +αXT
i β
∗, and by

(4), E{min(εi, 0)|Xi} = αXT
i (θ∗−β∗). Therefore, ξi = min(εi, 0)−E{min(εi, 0)|Xi}. Due to

the right-truncation at 0, the conditional distribution of ξi given Xi is asymmetric and left-
skewed and may be heavy-tailed if the random noise εi follows a heavy-tailed distribution.
In such scenarios, the least squares estimator θ̂ twostep can be sensitive to potential outliers
and may not be statistically efficient for estimating θ∗.

To address the issues above, He et al. (2023) proposed a robust ES regression method by
replacing the least squares loss with a robust loss. Let `τ (u) := (u2/2)1(|u| ≤ τ) + (τ |u| −
τ2/2)1(|u| > τ) be the Huber loss, where τ > 0 is a robustification parameter that blends
the squared error loss and the absolute deviation loss that encourages robustness (Huber,
1973). He et al. (2023) proposed a two-step adaptive Huber estimator for estimating θ∗ by
solving the following convex optimization problem:

minimize
θ∈Rp

1

n

n∑
i=1

`τ (Ẑi − αXT
i θ). (9)
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Due to the asymmetric nature of ξi, the choice of the robustification parameter τ becomes
crucial in achieving an optimal balance between bias and robustness. Selecting τ to be too
small will introduce non-negligible bias to the resulting estimator, whereas selecting τ to be
too large will yield an estimator that is sensitive to outliers. We refer readers to He et al.
(2023) for a comprehensive discussion on the selection of τ for the robust ES regression
estimator from (9), under the regime in which p < n and n, p→∞.

In this paper, we limit heavy-tailedness to the error distribution, assuming that the
high-dimensional covariate vector X ∈ Rd has either sub-exponential or sub-Gaussian tails.
In this case, it can be shown that with high probability, the maximum magnitude of all
entries of X grows logarithmically in d. For simplicity, we focus on the case where all entries
of X are bounded in magnitude, which facilitates theoretical analysis.

3. `1-Penalized Robust Expected Shortfall Regression

In this section, we develop a framework for robust estimation and statistical inference on
a linear functional of θ∗ in the high-dimensional setting in which p > n. To this end, we
assume that the regression coefficients under the joint linear quantile and ES model in (1)
are sparse, i.e., ‖β∗‖0 ≤ sβ and ‖θ∗‖0 ≤ sθ, where ‖β∗‖0 and ‖θ∗‖0 are the number of
non-zero elements of β∗ and θ∗, respectively.

Let ρα(u) = {α − 1(u < 0)}u be the quantile loss function. We start with computing
an `1-penalized quantile regression estimator:

β̂ ∈ argmin
β∈Rp

{
1

n

n∑
i=1

ρα(Yi −XT
i β) + λq‖β‖1

}
, (10)

where λq > 0 is a tuning parameter that controls the sparsity level of the quantile regression
estimator (Belloni and Chernozhukov, 2011; Wang et al., 2012; Wang and He, 2024). We
then compute the pseudo-response Ẑ1, . . . , Ẑn based on (7). The proposed `1-penalized
Huber-ES regression estimator can then be obtained as follows:

θ̂τ ∈ argmin
θ∈Rp

{
1

n

n∑
i=1

`τ (Ẑi − αXT
i θ) + αλe‖θ‖1

}
, (11)

where τ > 0 is a robustification parameter and λe > 0 is a sparsity tuning parameter that
controls the number of non-zeros in θ̂τ .

Given θ̂τ , we develop a framework for testing the statistical hypothesis H0 : aTθ∗ = 0
versus H1 : aTθ∗ 6= 0, where a ∈ Rp is a pre-specified vector based on the scientific question
of interest. Due to the `1-penalty, θ̂τ is biased and is not asymptotically normal. To address
this issue, many authors have proposed different forms of debiased estimators to remove bias
induced by the `1-penalty (Zhang and Zhang, 2014; van de Geer et al., 2014; Javanmard and
Montanari, 2014). Motivated by the existing work, we will construct a debiased estimator
for θ̂τ that can be shown to be asymptotically normal in the rest of the section.

We start by introducing some additional notation that will be used throughout the
remaining sections. Let ψτ (v) = `′τ (v) = sign(v) min{|v|, τ} be the first order derivative
of the Huber loss. Moreover, let Σ = E(XXT) and let u = Σ−1a. In the low-dimensional
setting in which p < n (without imposing the `1-penalty), it can be shown that αaT(θ̂τ −θ∗)
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admits a linear approximation uTn−1
∑n

i=1 ψτ (ξi)Xi (ignoring higher-order terms), with an
appropriately chosen robustification parameter τ (He et al., 2023). However, this is no
longer valid in the high-dimensional setting due to bias incurred by the `1-penalty, and
some form of bias correction is needed to ensure asymptotic normality.

We consider a debiased estimator that takes the form α · aTθ̂τ + uTn−1
∑n

i=1 ψτ (ξ̂i)Xi,

where ξ̂i = Ẑi − αXT
i θ̂τ . Note that

α · aT(θ̂τ − θ∗) + uT 1

n

n∑
i=1

ψτ (ξ̂i)Xi

=uT 1

n

n∑
i=1

ψτ (ξi)Xi︸ ︷︷ ︸
variance term

+α · aT(θ̂τ − θ∗) +
1

n

n∑
i=1

{ψτ (ξ̂i)− ψτ (ξi)}uTXi︸ ︷︷ ︸
bias term

, (12)

where the first and second terms correspond to the variance and bias of the estimator,
respectively. To show asymptotic normality, it remains to show that the bias term is
oP(n−1/2). Let Σ̂ = n−1

∑n
i=1XiX

T
i . The bias term can be rewritten as

α · aT(θ̂τ − θ∗) +
1

n

n∑
i=1

{ψτ (ξ̂i)− ψτ (ξi)}uTXi

=
1

n

n∑
i=1

{ψτ (ξ̂i)− ψτ (ξi) + αXT
i (θ̂τ − θ∗)}uTXi +

(
a− 1

n

n∑
i=1

XiX
T
i u

)T

α(θ̂τ − θ∗)

= (a− Σ̂u)Tα(θ̂τ − θ∗) + uT{An(β̂, θ̂τ ) +Bn(β̂, θ̂τ )}, (13)

where An(β̂, θ̂τ ) = n−1
∑n

i=1(1− E)[{ψτ (ξ̂i)− ψτ (ξi) + αXT
i (θ̂τ − θ∗)}Xi] and Bn(β̂, θ̂τ ) =

E[{ψτ (ξ̂i) − ψτ (ξi) + αXT
i (θ̂τ − θ∗)}Xi]. Under the scaling condition max(sβ, sθ) log p =

o(
√
n), we will show that ‖An(β̂, θ̂τ )‖∞ = oP(n−1/2) and ‖Bn(β̂, θ̂τ )‖2 = oP(n−1/2). Conse-

quently, it remains to construct an appropriate projection direction u to ensure that ‖u‖1
is bounded and that ‖a− Σ̂u‖∞ is sufficiently small.

To this end, we propose to construct the projection direction u as follows:

û = argminu∈Rp u
TΣ̂u, (14)

subject to ‖a− Σ̂u‖∞ ≤ ρ‖a‖2, (15)

‖u‖1 ≤ Ca‖a‖2, (16)

|aTΣ̂u− ‖a‖22| ≤ ρ′‖a‖22, (17)

where ρ, ρ′ ∈ (0, 1) are tuning parameters that are chosen to be sufficiently small, and
Ca > 0 is a constant that does not depend on n and p. The constraint (17) complements
(15) by ensuring the proximity between Σu and a. Additionally, it effectively prevents the
possibility of û being zero. The optimization problem (14) is a quadratic programming
problem and can be solved using existing software, such as the quadprog package in R.
Consequently, a debiased estimator of ω∗ := aTθ∗ is given by

ω̂τ := aTθ̂τ +
1

αn

n∑
i=1

ψτ (ξ̂i) û
TXi. (18)
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Under the scaling condition max(sβ, sθ) log p = o(
√
n), we will show in Section 4.2 that the

proposed debiased estimator ω̂τ in (18) is asymptotically normal:

α
√
n (ω̂τ − ω∗)/s(û)

d−→ N (0, 1) as n, p→∞,

where s2(û) = ûTΛ̃û and Λ̃ = n−1
∑n

i=1 E(ξ2
i |Xi)XiX

T
i .

To accommodate heavy-tailed noise ξi, we propose a truncated variance estimator

ŝ2
γ(û) = ûTΛ̂γ û with Λ̂γ =

1

n

n∑
i=1

ψ2
γ(ξ̂i)XiX

T
i , (19)

where γ := γ(n, p) > 0 is a second robustification parameter. In Theorem 10, we will show
that ŝ2

γ(û), with γ � (n/ log p)1/3, is a consistent estimator of the asymptotic variance of
ω̂τ . Combining the debiased estimator ω̂τ in (18) and the truncated (asymptotic) variance
estimator in (19), we propose to construct an asymptotic 100 · (1− c)% confidence interval
for aTθ∗ (0 < c < 1) as follows:[

ω̂τ − z1−c/2 ·
ŝγ(û)

α
√
n
, ω̂τ + z1−c/2 ·

ŝγ(û)

α
√
n

]
, (20)

where zv (0 < v < 1) is the v-th quantile of the standard normal distribution.

Remark 1 The objective function (14) serves as an upper bound of the variance term
in (12). To see this, it is important to note that when the robustification parameter τ
is allowed to diverge as a function of n and p, E{ψτ (ξi)|Xi} → 0 and E{ψ2

τ (ξi)|Xi} ≈
E(ξ2

i |Xi) = var(εi ∧ 0|Xi). Assuming that the conditional variance is bounded by some

constant (almost surely over X), it can be shown that var(n−1
∑n

i=1 ψτ (ξi)u
TXi|Xi) . uTΣ̂u.

The constraint (15) is employed to regulate the bias term, which depends on the term ‖a−
(1/n)

∑n
i=1 ψ

′
τ (ξ̂i)XiX

T
i u‖∞. The function ψτ is absolutely continuous and is differentiable

everywhere, with first-order derivative ψ′τ (t) = 1(|t| ≤ τ). Given that the choice of the
robustification parameter is τ = τ(n, p) �

√
n/ log p (up to a constant factor), we have

made the convenient substitution of ψ′τ (·) with the constant value 1. This simplification has
been made to streamline the theoretical analysis.

Constraint (16) ensures that the `1-norm of û is bounded, and similar constraints have
been used in the existing literature for high-dimensional inference. For instance, Cai et al.
(2021) used max1≤i≤n |XT

i u| ≤ τn‖a‖2, where
√

log n . τn �
√
n, to control the magnitude

of û. From a theoretical perspective, this constraint is adequate in cases where the regression
errors in a linear model are independent of the covariates. However, the error variables ξi
in (8) exhibit heteroscedasticity and may depend on the covariates Xi. In this case, an
upper bound on max1≤i≤n |XT

i u| may not be sufficient.

4. Theoretical Analysis

We provide a non-asymptotic upper bound for the estimation error of the proposed `1-
penalized robust ES regression estimator under the high-dimensional regime in which p > n.
We then show that the debiased estimator (18) is asymptotically normal. Thus, valid
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statistical inference for testing the linear hypothesis H0 : aTθ∗ = c0 for some pre-specified
constant c0 ∈ R can be performed using the debiased estimator. Throughout our theoretical
analysis, we assume the joint linear quantile and ES model in (1) and that both QR and ES
coefficients are sparse, i.e., ‖β∗‖0 ≤ sβ and ‖θ∗‖0 ≤ sθ respectively, where max(sβ, sθ)� n.

4.1 Non-Asymptotic Upper Bounds on the Estimation Error

We start with some conditions on X and the conditional distribution of Y given X.

Condition 1 The random covariate vector X ∈ Rp satisfies ‖X‖∞ ≤ BX , where BX ≥ 1
is a dimension-free constant. The matrix Σ = E[XXT] is positive definite with 0 < κ2 ≤
λmin(Σ) ≤ λmax(Σ) ≤ κ2 < ∞. Moreover, assume that κ3 := supu∈Sp−1

E|〈X,u〉|3
(E〈X,u〉2)3/2 is

dimension-free.

Condition 1 assumes that the covariates X are bounded with a finite third moment and
that the population covariance matrix of X has bounded eigenvalues. We note that the
boundedness condition on X is imposed primarily for ease of presentation. The condition
can be easily relaxed to a sub-Gaussian assumption, and similar results will hold. In such
a case, ‖X‖∞ .

√
log p with high probability.

The `1-penalized robust ES regression estimator in (11) is computed based on an `1-
penalized QR estimator β̂, and thus it is necessary to first characterize the estimation error
of β̂. To this end, we impose some conditions on the conditional density of ε given X
that are commonly used in the existing literature on high-dimensional quantile regression
(Belloni and Chernozhukov, 2011; Wang and He, 2024). Upper bounds on the estimation
error of the `1-penalized QR estimator β̂ under both the `2 and `1 norms are provided in
Proposition 2.

Condition 2 The conditional density function of ε := Y − XTβ∗ given X, denoted by
fε|X(·), exists and is continuous on its support. Moreover, there exist constants f, l0 > 0
such that fε|X(0) ≥ f and |fε|X(t)− fε|X(0)| ≤ l0|t| for all t ∈ R almost surely (over X).

Proposition 2 Assume Conditions 1 and 2 hold. For any t > 0, the `1-penalized QR
estimator β̂ in (10) with sparsity tuning parameter chosen as

λq ≥ 2

{√
2α(1− α)κ

√
log(2p) + t

n
+ ᾱBX

log(2p) + t

n

}
(21)

satisfies the error bounds

‖β̂ − β∗‖Σ ≤
4

f
r(n, p, t) and ‖β̂ − β∗‖1 ≤

16

κf
s

1/2
β r(n, p, t) (22)

with probability at least 1− 2e−t as long as r(n, p, t) < 3f2/(8l0κ3), where

r(n, p, t) :=
s

1/2
β

κ

{
16
√

2ᾱκ

√
log(2p) + t

n
+ 16ᾱBX

log(2p) + t

n
+ λq

}
and ᾱ = max{α, 1− α}.

9
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Using t = log(n), the upper bounds in (22) can be simplified to ‖β̂−β∗‖2 .
√
sβ log(p)/n

and ‖β̂ − β∗‖1 . sβ
√

log(p)/n. Similar results have also been observed in Belloni and
Chernozhukov (2011) and Wang and He (2024). The next condition concerns the QR
residual ε.

Condition 3 The conditional CDF Fε|X(·) of ε given X is continuously differentiable and

satisfies |Fε|X(t) − Fε|X(0)| ≤ f |t| for all t ∈ R. The negative of part of ε, denoted by
ε− := min{ε, 0}, satisfies σ2 ≤ var(ε2

−|X) ≤ σ2.

Let BΣ(r) = {δ ∈ Rp : ‖δ‖Σ ≤ r} and C(l1) = {δ ∈ Rp : ‖δ‖1 ≤ l1‖δ‖Σ}. With the
above upper bounds on β̂ and Condition 3, we establish an upper bound for the estimation
error of the robust ES estimator θ̂τ in the following theorem.

Theorem 3 Assume that Conditions 1–3 hold. For any given t > 0, select the robustifica-
tion parameter τ such that τ � σ

√
n/(log(p) + t). Conditioning on the event {(β̂ − β∗) ∈

BΣ(r0) ∩ C(l1)} for some 0 < r0 ≤ 1 and l1 � κ−1√sβ, and selecting the sparsity tuning
parameter λe to satisfy

λe & max

{
(σ +BX l1r0)κ

√
log(2p) + t

n
, κs

−1/2
θ fr2

0

}
, (23)

with probability at least 1− 3e−t, we have

α‖θ̂τ − θ∗‖Σ ≤ 8κ−1s
1/2
θ λe and α‖θ̂τ − θ∗‖1 ≤ 40κ−2sθλe (24)

as long as n is sufficiently large such that

n & {(κ ∨BX)/κ}2B2
X(sβ ∨ sθ)2{log(p) + t}. (25)

Theorem 3 sheds light on how the estimation error of β̂ enters the estimation bound
for the `1-penalized robust ES estimator θ̂τ . Specifically, due to the Neyman orthogonality
property (5), the estimation error of β̂ appears only in the higher-order terms, i.e., r2

0

and l1r0

√
log(p)/n, suggesting that θ̂τ is first-order insensitive to the QR estimation error

from the first step. To simplify the results, we view BX , κ, σ, κ, f , f and l0 as constants
independent of the dimensions (s, p, n). From Theorem 3 and Proposition 2, choosing
the robustification parameter τ �

√
n/ log p and sparsity tuning parameters λq � λe �√

log(p)/n, we conclude that, under the scaling condition n & max(sβ, sθ)
2 log p,

α‖θ̂τ − θ∗‖Σ .
sβs

1/2
θ log p

n
+

√
sθ log p

n
.

√
sθ log p

n
and

α‖θ̂τ − θ∗‖1 .
sβsθ log p

n
+ sθ

√
log p

n
. sθ

√
log p

n

hold with high probability. Additionally, if we are willing to assume that X has dimension-
free kurtosis κ4 = supu∈Sp−1 E〈X,u〉4/(E〈X,u〉2)2, the above results hold under a weaker
sample size condition: n & max{sβ, sθ} log p. Under a stronger assumption that a higher
conditional moment of ε− exists, for example, the q-th moment E(|ε−|q|X) with q ≥ 3, we
show that the robustification parameter τ can be chosen more flexibly while maintaining
the same rates of convergence in the following proposition.

10
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Proposition 4 Assume that Conditions 1–3 hold, and that E(|ε−|q|X) ≤ αq almost surely
for some αq > 0. For any given t > 0, let the robustification parameter τ satisfy

α1/q
q

{√
n

log(p) + t

}1/(q−1)

. τ . σ

√
n

log(p) + t
(26)

Conditioning on the event {(β̂−β∗) ∈ BΣ(r0)∩C(l1)} for some 0 < r0 ≤ 1 and l1 � κ−1√sβ,
and selecting the sparsity tuning parameter to satisfy

λe & max

[
{(σ ∨ α1/q

q ) +BX l1r0}κ
√

log(p) + t

n
, κs
−1/2
θ

{
fr2

0 + r0

(√
log(p) + t

n

)1/(q−1)}]
,

(27)

the `1-penalized ES estimator θ̂τ defined in (11) has the same error bound as in (24) with
probability at least 1 − 3e−t, as long as the sample size is sufficiently large as presented
in (25).

4.2 Asymptotic Normality of the Debiased Estimator

Given a pre-specified loading vector a ∈ Rp, we provide a weak convergence result for the
bias-corrected estimator ω̂τ defined in (18). Specifically, in Theorem 5, we provide a non-
asymptotic Bahadur’s representation for ω̂τ with explicit error bounds that depend on both
QR and ES estimation errors. Using the Bahadur’s representation, we further show that
ω̂τ is asymptotic normal in Theorem 6. Recall from (14) that û is the estimated projection
direction and let B1(r) = {δ ∈ Rp : ‖δ‖1 ≤ r}. We now present the main results.

Theorem 5 Assume that Conditions 1–3 hold. For any t > 0, let τ � σ
√
n/{log(p) + t}.

Conditioning on the event {(β̂ − β∗) ∈ BΣ(r0) ∩ B1(r1)} ∩ {α(θ̂τ − θ∗) ∈ BΣ(δ0) ∩ B1(δ1)}
with 0 < r0, δ0 ≤ 1 and δ1, r1 > 0, and selecting ρ �

√
log(p)/n and ρ′ = o(1), we have

∣∣∣∣α(ω̂τ − ω∗)−
1

n

n∑
i=1

ψτ (ξi)X
T
i û

∣∣∣∣ . ‖a‖2
(
fr2

0 + r1

√
log p

n
+ σ r0

√
log p

n

)
, (28)

with probability at least 1− 2p−1, where r̄0 = r0 + δ0 and r̄1 = r1 + δ1.

To establish asymptotic normality, we further impose some conditions on the pre-
specified loading vector a. Specifically, we require ‖a‖1/‖a‖2 = o(

√
n/ log p), which ensures

a to be reasonably sparse. Similar conditions can be found in the existing literature on
high-dimensional inference. For instance, Bradic and Kolar (2017) consider a unit vector a
with ‖a‖1 ≤ C for some C > 0. They also considered growing number of linear combina-
tions, where a is d-sparse, i.e., ‖a‖0 ≤ d, and satisfies ‖a‖Σ−1 ≤ K for some K > 0. Zhu
and Bradic (2018) assumed that ‖a‖0 = o(

√
n/ log p), and Cai and Guo (2017) imposed

a special structure on a with ‖a‖0 . ‖θ∗‖0 and maxj∈supp(a) |aj |/minj∈supp(a) |aj | ≤ c for
some c ≥ 1.

11
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Theorem 6 Assume that Conditions 1–3 hold, and that E(|ε−|3|X) ≤ α3 almost surely
for some α3 > 0. Assume that a ∈ Rp satisfies ‖a‖1/‖a‖2 = o(

√
n/ log p) and ‖Σ−1a‖1 ≤

Ca‖a‖2 for some Ca > 0. Let the regularization parameter λq and λe satisfy λq �
√

log(p)/n
and λe � sβ log(p)/n +

√
log(p)/n. Moreover, let the robustification parameters τ satisfy

τ � σ
√
n/ log p. Under the scaling condition max(sβ, sθ) log p = o(

√
n), we have

α
√
n(ω̂τ − ω∗)/s(û)

d−→ N (0, 1) (29)

as n, p→∞, where s(û) = ûTΛ̃û with Λ̃ = n−1
∑n

i=1 E(ξ2
i |Xi)XiX

T
i .

The asymptotic property established above provides an explicit method for testing linear
hypothesis H0 : aTθ∗ = c0 versus H1 : aTθ∗ 6= c0, where c0 ∈ R is a predetermined constant.

Remark 7 It is worth noting that a bounded third (conditional) moment condition on the
negative part of QR errors ε−,i implies that the ES residual ξi also has a bounded third
(conditional) moment. Recall that ξi = ε−,i − E(ε−,i|Xi) with ε−,i ≤ 0. Therefore, we
have |ξi|3 ≤ max{|ε−,i|3, |E(ε−,i|Xi)|3} ≤ max{|ε−,i|3,E(|ε−,i|3|Xi)}, which implies that
E(|ξi|3|Xi) ≤ E(|ε−,i|3|Xi) ≤ α3 if E(|ε−,i|3|Xi) ≤ α3.

For statistical inference, a more general moment condition is Lyapunov’s condition,
which states that E(|ε−,i|2+δ|Xi) ≤ α2+δ <∞ for some δ > 0. This condition is applicable in
our case, and the asymptotic behavior can be shown to be the same with a slight modification
of the proof. Here, we use the bounded third moment E(|ε−,i|3|Xi) ≤ α3 for simplicity.

It is also important to note that the bounded third moment condition is not partic-
ularly restrictive. Consider a general high-dimensional location-scale model of the form
Y = XTβ∗+σ(X)e, where σ(X) is a bounded function and the noise e is independent of X
with E(e) = 0. Quantile regression only requires the density to satisfy fe(0) > 0. However,
ES regression, which essentially operates as a least squares regression, requires e− = e ∧ 0
to be light-tailed in the sense of being sub-Gaussian or sub-exponential. In particular, the
condition in Zhang et al. (2023), they require e− to satisfy the Bernstein moment condition,
which implies that e− is sub-exponential. In comparison, our third moment condition un-
der the robust regression setting is relatively weaker, as it accommodates heavy-tailed noise
distributions.

Remark 8 In addition to ‖a‖1/‖a‖2 = o(
√
n/ log p), we require ‖Σ−1a‖1/‖a‖2 to be bounded.

This condition ensures the constraint set U defined by (15)–(17) contains at least one
nonzero solution with high probability (see Lemma 20). Specifically, this condition states
that ‖

∑
j∈supp(a) ajΣ

−1
j ‖1 is bounded by ‖a‖2, where Σ−1

j is the j-th column of Σ−1. Intu-

itively, this condition assumes Σ−1 to have “weakly sparse” columns under `1-norm over
supp(a). For example, when a = ej, ‖Σ−1a‖1/‖a‖2 = ‖Σ−1

j ‖1 ≤ Ca, indicating the j-th col-

umn of Σ−1 is weakly sparse. When it comes to the inverse covariance matrix estimation,
a more commonly used condition is ‖Σ−1‖1 ≤M for some M > 0 (Cai et al., 2016; Bradic
and Kolar, 2017), which states that all columns of the precision matrix Σ−1 are bounded in
`1-norm.

To better accommodate heavy-tailed random noise, recall from (19) that we use a trun-
cated estimator ŝ2

γ(û) as an alternative to s2(û) for estimating the asymptotic variance.

12
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Then, under H0, it can be shown that the test statistic Tn,τ,γ(a) = α
√
n(ŵτ − c0)/ŝγ(û) is

asymptotically normal, and a (1 − c)% confidence interval can be constructed as in (20).
Specifically, based on the results in Theorem 6, it suffices to show that the truncated
variance estimator ŝ2

γ(û) is a consistent estimator of s2(û). Proposition 9 provides a non-

asymptotic bound for Λ̂γ under max norm, where Λ̂γ is defined in (19). Based on the results
in Proposition 9, we establish the consistency of ŝ2

γ(û) in Theorem 10.

Proposition 9 Assume the same conditions as in Theorem 5. Suppose E(|ε−|3|X) ≤ α3 for
some α3 > 0 almost surely. Let Λ = E(ξ2

iXiX
T
i ). Recall that Λ̂γ = n−1

∑n
i=1 ψ

2
γ(ξ̂i)XiX

T
i .

Conditioned on the event that {(β̂−β∗) ∈ BΣ(r0)∩B1(r1)}∩{α(θ̂τ −θ∗) ∈ BΣ(δ0)∩B1(δ1)}
with 0 < r0, δ0 ≤ 1 and δ1, r1 > 0,∥∥Λ̂γ − Λ

∥∥
max

. σr̄0 + γr̄1

√
log(p) + t

n
+ γ2 log(p) + t

n
+
α3

γ
(30)

with probability at least 1− 2e−t, where r̄0 = r0 + δ0 and r̄1 = r1 + δ1.

Theorem 10 Assume Conditions 1–3 hold. Suppose that E(|ε−|3|X) ≤ α3 almost surely
for some α3 > 0. Select the robustification parameter γ such that γ � (n/ log p)1/3. Under
the scaling condition max(sβ, sθ) log p = o(

√
n), we have

|ŝ 2
γ (û)− s2(û)| P−→ 0. (31)

Theorem 10 guarantees the convergence of ŝ2
γ(û) to s2(û), thereby establishing the va-

lidity of the proposed test statistic and confidence interval for ω∗ in (20).

5. Numerical Studies

In Section 5.1, we perform numerical studies to assess the performance of the proposed high-
dimensional robust ES regression under a linear heteroscedastic model. We then examine
the validity of the proposed inference procedure in Section 5.2.

Recall from (10) and (11) that the proposed two-step method involves fitting an `1-
penalized QR at the first step, and subsequently fitting an `1-penalized adaptive Huber
regression with a pseudo-response as defined in (7) at the second stage. For computational
efficiency, we compute the `1-penalized smoothed QR estimator that is shown to be first-
order equivalent to that of the `1-penalized QR estimator (Tan et al., 2022), using the R

package conquer with the default smoothing parameter (Man et al., 2024). The sparsity
tuning parameter λq is selected using 5-fold cross-validation.

Given an estimator of the `1-penalized QR, β̂, we obtain the `1-penalized robust ES
regression estimator by solving (11) using the R package adaHuber (Sun et al., 2020). To
choose the robustification parameter τ , we apply the data-driven mechanism developed
by Wang et al. (2021). Given the pseudo-response variables {Ẑi}ni=1, we use a cross-validated

lasso estimator as an initialization, denoted by θ̂ (0). At iteration t = 1, 2, . . ., we update
the tuning parameter τ (t) by solving

1

n− ŝ(t−1)

n∑
i=1

min{(Ẑi − αXT
i θ̂

(t−1))2, τ2}
τ2

=
log(p) + log(n)

n
, (32)
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where ŝ(t−1) = ‖θ̂(t−1)‖0. Next, compute the updated estimator θ̂(t) by solving

min
θ

{
1

n

n∑
i=1

`τ (t)(Ẑi − αXT
i θ) + λe‖θ‖1

}
, (33)

where λe is chosen by five-fold cross-validation. Repeat the above two steps until conver-
gence, or until the maximum number of iterations is reached.

5.1 Estimation

For the data-generating mechanism, we consider the following linear heteroscedastic model

Yi = 〈Xi, ν
∗〉+ 〈Xi, η

∗〉 · ei, i = 1, . . . , n, (34)

where ν∗ = (2s, 0p−s)
T, η∗ = (0.25ds/2e, 0p−ds/2e)

T, ei is independent of Xi and has a mean
of zero. Provided that 〈Xi, η

∗〉 ≥ 0 almost surely, it can be shown that the true quantile
and ES regression coefficients are sparse with cardinality s and take the form

β∗ = ν∗ + η∗ ·Qα(e) and θ∗ = ν∗ + η∗ · Eα(e), (35)

where Qα(e) and Eα(e) are the α-th quantile and the α-th ES of e, respectively. Throughout
the numerical studies, we generate three types of random noise e from (i) the standard
normal distribution, (ii) the t2.5 distribution, and (iii) the t3.1 distribution. Moreover, we
consider four types of covariates: (C1) Xij = |Gij | where Gij ∼ N (0, 1); (C2) Xij ∼
Unif(0, 2); (C3) Xi = |Gi| with Gi ∼ Np(0,Σ = (0.5|j−k|)1≤j,k≤p); and (C4) Xi = |Gi|
with Gi ∼ Np(0,Σ = (0.8|j−k|)1≤j,k≤p). Note that all covariates are positive to ensure
〈Xi, η〉 ≥ 0, so that (35) holds.

Remark 11 In the data-generating process described above, we used folded normal random
variables that are not bounded with probability one. As previously mentioned, the bound-
edness condition for covariates can be relaxed to a sub-Gaussian assumption, where the
covariate vector X satisfies ‖X‖∞ .

√
log p with high probability. The boundedness condi-

tion is primarily introduced for technical simplicity in the proofs. In practice, simulation
results indicate that employing a light-tailed covariate distribution is also effective.

We compare the proposed `1-penalized robust ES regression to its non-robust counter-
part (Zhang et al., 2023). As benchmarks, we also compute the oracle estimator for robust
and non-robust ES regression by calculating the pseudo-response Z1(β∗), . . . , Zn(β∗) eval-
uated under the true QR coefficients, and regressing the pseudo-response onto a subset of
true active s-dimensional covariates. We note that computing the oracle estimators is not
feasible in practice, since they require the support of θ∗ to be known a priori.

To assess the performance across the different methods, for an estimator θ̂, we report
the mean and standard error of the relative estimation error on the true support of θ∗, that
is, ‖θ̂S − θ∗S‖2/‖θ∗‖2, where S = {j : θ∗j 6= 0}, and the relative estimation error of false

positives, i.e., ‖θ̂Sc‖2/‖θ∗‖2. Results averaged over 500 replications for p = 200 and s = 4,
across various levels of α = {0.05, 0.1, 0.2, 0.3, 0.5}, are reported in Tables 1 and 2. The
results for t3.1-distributed errors are reported in Tables 7 and 8 in Appendix D.
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Under the Gaussian random noise, we see from Table 1 that the relative estimation
error of the proposed robust ES method on S is similar to its non-robust counterpart across
different quantile levels and different types of covariates. On the other hand, under the
heavy-tailed t2.5 random noise, the `1-penalized robust ES estimator has a much smaller
relative estimation error than that of the `1-penalized ES estimator. In addition, we see
from Table 2 that the two methods have similar false positive error under the Gaussian
noise, and that the proposed robust method has a lower false positive error than its non-
robust counterpart under t2.5 noise. A similar pattern is observed under the t3.1 error
distribution. Our results indicate that utilizing the Huber loss in the second step gains
robustness against heavy-tailed random noise without sacrificing statistical accuracy under
the setting with Gaussian random noise.

5.2 Statistical Inference

We now evaluate the performance of the proposed debiased estimator for testing the linear
hypothesis H0 : aTθ∗ = 0 versus H1 : aTθ∗ 6= 0, where a ∈ Rp is a pre-specified vector.
Specifically, we consider these four different choices of a: (i) a1 = (1, 0p−1)T, (ii) a2 =
(1s−1, 0p−s+1)T, (iii) a3 = (1,−1, 0p−2)T and (iv) a4 = (1ds/2e,−0.25bs/2c, 1, 0p−s−1)T. We
use the same data generation mechanism as detailed in (34) with:

(1) Xi = |Gi| where Gi ∼ Np(0,Σ = (0.5|j−k|)1≤j,k≤p) under N (0, 1) random noise;

(2) Xi = |Gi| where Gi ∼ Np(0,Σ = (0.5|j−k|)1≤j,k≤p) under t2.5 random noise; and

(3) Xi ∼ Unif(0, 2) under N (0, 1) and t3.1 random noise.

Results for more types of error distributions and covariates are reported in Tables 9–12 in
Appendix D.

Remark 12 The t2.5 distribution used in our simulations does not satisfy the theoretical
moment assumption that E|e|3 <∞. On one hand, we employ this more challenging setting
as a stress test for all methods. On the other hand, as discussed in Remark 7, the bounded
third moment condition is primarily imposed to simplify the technical proofs. A bounded
2 + δ moment can produce similar asymptotic and non-asymptotic results. Therefore, the
choice of the t2.5 distribution serves as a reasonable compromise. Our simulation results
further illustrate that the proposed method remains effective even when the error distribution
exhibits heavier tails.

Recall from Section 5 that λq and λe are selected using 5-fold cross-validation. Let λ̂e
be the chosen tuning parameter. To construct the debiased estimator, it remains to obtain
a projection direction û by solving the quadratic programming optimization problem (14)–
(17). For this purpose, we employ the quadprog package in R. The above optimization
problem involves two tuning parameters ρ and ρ′. We set ρ′ = 0.9 and let ρ = λ̂e be the
initial tuning parameter. Let r > 1 be a constant. We further tune ρ through the following
steps:

(1) Multiply ρ by a factor of either r or 1/r;

15



Gaoyu Wu, Jelena Bradic, Kean Ming Tan, and Wen-Xin Zhou

N (0, 1) random noise; n = d25s/αe
Covariates Methods α = 0.05 α = 0.1 α = 0.2 α = 0.3

C1

`1-penalized Robust ES 6.950 (0.061) 6.789 (0.061) 7.265 (0.063) 7.605 (0.067)
`1-penalized ES 4.684 (0.072) 4.660 (0.069) 5.303 (0.074) 5.675 (0.073)
Oracle Robust ES 2.393 (0.038) 2.584 (0.040) 2.821 (0.048) 3.186 (0.058)
Oracle ES 2.724 (0.051) 2.774 (0.045) 3.099 (0.057) 3.310 (0.061)

C2

`1-penalized Robust ES 10.099 (0.059) 9.809 (0.065) 10.184 (0.074) 10.525 (0.073)
`1-penalized ES 5.671 (0.065) 5.679 (0.073) 6.411 (0.085) 6.771 (0.072)
Oracle Robust ES 2.656 (0.042) 2.742 (0.041) 3.169 (0.052) 3.688 (0.062)
Oracle ES 2.916 (0.047) 2.857 (0.044) 3.384 (0.056) 3.742 (0.063)

C3

`1-penalized Robust ES 5.565 (0.057) 5.484 (0.063) 6.094 (0.068) 6.331 (0.066)
`1-penalized ES 4.150 (0.067) 4.249 (0.068) 4.884 (0.077) 5.045 (0.071)
Oracle Robust ES 2.534 (0.042) 2.723 (0.042) 3.028 (0.050) 3.553 (0.059)
Oracle ES 2.973 (0.057) 2.952 (0.049) 3.407 (0.063) 3.755 (0.065)

C4

`1-penalized Robust ES 4.971 (0.072) 4.960 (0.076) 5.446 (0.085) 5.589 (0.073)
`1-penalized ES 4.271 (0.075) 4.491 (0.077) 4.922 (0.089) 4.967 (0.075)
Oracle Robust ES 3.168 (0.054) 3.508 (0.054) 3.958 (0.069) 4.680 (0.080)
Oracle ES 3.765 (0.075) 3.947 (0.071) 4.483 (0.086) 4.944 (0.087)

t2.5 random noise; n = d50s/αe
Covariates Methods α = 0.05 α = 0.1 α = 0.2 α = 0.3

C1

`1-penalized Robust ES 15.622 (0.301) 14.885 (0.280) 14.908 (0.289) 14.679 (0.278)
`1-penalized ES 33.151 (0.825) 33.705 (0.806) 31.273 (0.798) 29.981 (0.779)
Oracle Robust ES 11.021 (0.162) 8.333 (0.126) 6.660 (0.107) 5.948 (0.097)
Oracle ES 17.289 (0.440) 16.085 (0.480) 14.689 (0.442) 13.408 (0.434)

C2

`1-penalized Robust ES 18.706 (0.265) 17.726 (0.263) 17.538 (0.243) 16.979 (0.236)
`1-penalized ES 36.914 (0.662) 36.688 (0.696) 36.695 (0.685) 35.376 (0.706)
Oracle Robust ES 11.794 (0.169) 9.125 (0.131) 7.523 (0.119) 6.769 (0.107)
Oracle ES 19.072 (0.308) 17.119 (0.318) 15.761 (0.328) 15.232 (0.307)

C3

`1-penalized Robust ES 14.067 (0.319) 13.413 (0.322) 13.106 (0.260) 13.144 (0.290)
`1-penalized ES 27.803 (0.748) 27.230 (0.709) 25.737 (0.706) 23.790 (0.721)
Oracle Robust ES 11.599 (0.161) 9.034 (0.128) 7.078 (0.107) 6.566 (0.110)
Oracle ES 18.009 (0.549) 16.550 (0.493) 14.495 (0.401) 14.349 (0.469)

C4

`1-penalized Robust ES 15.292 (0.325) 14.134 (0.329) 13.549 (0.264) 13.014 (0.263)
`1-penalized ES 25.989 (0.720) 25.314 (0.678) 23.405 (0.670) 21.939 (0.638)
Oracle Robust ES 13.999 (0.198) 10.706 (0.160) 8.983 (0.145) 7.926 (0.132)
Oracle ES 22.513 (0.596) 21.010 (0.533) 19.450 (0.640) 17.848 (0.583)

Table 1: The mean (and standard error) of the relative estimation error on the support
S of θ∗: ‖θ̂S − θ∗S‖2/‖θ∗‖2, averaged over 500 replications with p = 200, s = 4,
and α = {0.05, 0.1, 0.2, 0.3} under standard normal random noise and t2.5 random
noise across four different types of covariates. All results are scaled by a factor of
100.
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N (0, 1) random noise; n = d25s/αe
Covariates Methods α = 0.05 α = 0.1 α = 0.2 α = 0.3

C1
`1-penalized Robust ES 0.215 (0.019) 0.335 (0.026) 0.539 (0.028) 0.545 (0.028)
`1-penalized ES 1.998 (0.046) 2.254 (0.050) 2.421 (0.052) 2.461 (0.060)

C2
`1-penalized Robust ES 0.028 (0.006) 0.045 (0.008) 0.150 (0.014) 0.235 (0.019)
`1-penalized ES 2.506 (0.058) 2.585 (0.060) 2.852 (0.068) 3.131 (0.076)

C3
`1-penalized Robust ES 0.237 (0.021) 0.328 (0.025) 0.510 (0.031) 0.508 (0.027)
`1-penalized ES 1.748 (0.046) 1.967 (0.053) 2.076 (0.054) 2.231 (0.060)

C4
`1-penalized Robust ES 0.253 (0.023) 0.303 (0.025) 0.373 (0.028) 0.336 (0.023)
`1-penalized ES 1.492 (0.048) 1.601 (0.049) 1.576 (0.053) 1.740 (0.066)

t2.5 random noise; n = d50s/αe
Covariates Methods α = 0.05 α = 0.1 α = 0.2 α = 0.3

C1
`1-penalized Robust ES 7.263 (0.246) 6.847 (0.234) 6.464 (0.203) 5.867 (0.189)
`1-penalized ES 11.842 (0.265) 11.499 (0.251) 11.419 (0.255) 11.416 (0.273)

C2
`1-penalized Robust ES 9.488 (0.301) 8.608 (0.274) 7.800 (0.242) 7.116 (0.225)
`1-penalized ES 9.591 (0.247) 8.515 (0.214) 8.048 (0.188) 7.839 (0.174)

C3
`1-penalized Robust ES 6.527 (0.264) 6.145 (0.232) 5.621 (0.221) 5.512 (0.195)
`1-penalized ES 10.147 (0.251) 10.256 (0.268) 9.612 (0.241) 9.449 (0.225)

C4
`1-penalized Robust ES 5.450 (0.247) 4.822 (0.223) 4.471 (0.194) 4.467 (0.187)
`1-penalized ES 7.905 (0.255) 7.787 (0.230) 7.023 (0.227) 7.013 (0.216)

Table 2: The mean (and standard error) of the relative estimation error of the false positives
of θ̂, i.e., ‖θ̂Sc‖2/‖θ∗‖2, averaged over 500 replications with p = 200, s = 4, and
α = {0.05, 0.1, 0.2, 0.3, 0.5} under standard normal and t2.5 random noise. All
results are scaled by a factor of 100.

(2) Choose the factor that minimizes the mean squared error (MSE), calculated as ŝ2
γ(û) +

b2τ (û), where bτ (u) = ‖a− (1/n)
∑n

i=1 ψ
′
τ (ξ̂i)XiX

T
i u‖∞;

(3) Adjust ρ by multiplying it by the selected factor from step (2);

(4) Repeat steps (2) and (3) until the MSE either stops decreasing or decreases by an
amount smaller than a predefined tolerance level.

Next, we calculate the debiased estimator ω̂τ according to (18). To obtain a robust estimator

of the variance, we select γ = (α̂
1/3
3 /σ̂)τ , where α̂3 and σ̂ are the sample 3rd moment and

standard deviation of the negative part of quantile residuals, respectively. We then compute
the variance as in (19), and the 95% confidence interval can be constructed as in (20).

We compare our proposed `1-penalized robust ES regression estimator to its non-robust
counterpart (Zhang et al., 2023). Let θ̂ ls be a non-robust `1-penalized ES regression esti-
mator. We compute the debiased estimator for ω∗ = aTθ∗ as

ω̂ls = aTθ̂ ls +
1

αn

n∑
i=1

ξ̂i
ls
ûTXi, (36)

where ξ̂i
ls

= Ẑi − αXT
i θ̂

ls. We obtain û by selecting ρ′ = 0.9 and tuning ρ using the same

method as described above, with b(û) = ‖a−Σ̂û‖∞ and {ŝ ls(û)}2 = n−1
∑n

i=1(ξ̂i
ls

)2(XT
i û)2.
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Then, the corresponding 95% CI is constructed as[
ω̂ls − z1−α/2 ·

ŝ ls(û)

α
√
n
, ω̂ls + z1−α/2 ·

ŝ ls(û)

α
√
n

]
. (37)

To assess the performance of the two methods, we compute the coverage rate and the
mean width of the 95% confidence interval for both the robust and non-robust debiased
estimators. Results under standard normal and t-distributed random noise for two types of
covariates, computed based on 500 independent replications, are reported in Tables 3, 4 and
5. The coverage rates for both robust and non-robust debiased estimators are close to the
desired 95% confidence level when the error distribution is standard normal. In contrast,
under the t2.5 random noise, we see from Table 4 that the robust debiased estimator can
maintain 0.95 coverage while its non-robust counterpart has a relatively unstable coverage
rate and suffers from under coverage in many cases, especially when a has more nonzero
entries. Moreover, the robust debiased estimator has a lower estimation error and the mean
width of the 95% confidence interval for our proposed robust approach is shorter than that
of its non-robust counterpart. When the error distribution exhibits lighter tails, Table 5
shows that the differences become less significant, as anticipated. Nevertheless, our method
continues to demonstrate a notable advantage in terms of both coverage and confidence
interval length, particularly when a is denser. In summary, our results suggest that our
proposed method gains robustness against heavy-tailed errors without loss of efficiency, and
the debiased estimator for linear projections exhibits stable asymptotic behavior.

ei ∼ N (0, 1)

a α
Estimation Error Coverage Estimated Width

Robust Non-Robust Robust Non-Robust Robust Non-Robust

a1

0.05 3.07 (0.10) 3.06 (0.10) 96.0 95.2 15.00 (0.18) 15.15 (0.19)
0.1 3.58 (0.13) 3.59 (0.13) 93.4 93.6 17.15 (0.20) 17.41 (0.22)
0.2 3.24 (0.12) 3.25 (0.12) 94.2 94.2 16.02 (0.16) 16.07 (0.18)

a2

0.05 4.98 (0.17) 4.68 (0.16) 95.6 95.4 22.69 (0.27) 23.04 (0.30)
0.1 5.65 (0.21) 5.48 (0.20) 95.4 95.6 26.68 (0.36) 27.17 (0.38)
0.2 5.44 (0.19) 5.25 (0.19) 94.8 94.8 24.65 (0.26) 24.78 (0.30)

a3

0.05 4.40 (0.15) 4.40 (0.15) 93.8 94.0 20.72 (0.20) 20.87 (0.22)
0.1 4.91 (0.17) 5.11 (0.17) 94.6 95.2 23.07 (0.21) 24.24 (0.23)
0.2 4.53 (0.16) 4.56 (0.17) 93.6 93.4 21.99 (0.18) 22.58 (0.20)

a4

0.05 4.64 (0.17) 4.72 (0.17) 95.2 93.2 23.29 (0.28) 24.10 (0.30)
0.1 5.50 (0.19) 5.66 (0.19) 94.6 94.2 27.32 (0.36) 28.26 (0.38)
0.2 5.42 (0.19) 5.43 (0.19) 94.6 94.0 27.66 (0.27) 27.47 (0.28)

Table 3: The mean estimation error |ω̂ − ω∗| (and standard error), coverage rate, and the
mean width of 95% confidence intervals (and standard error), averaged over 500
replications, with p = 200, s = 4 and n = d50s/αe under the standard normal
random noise. The covariates are generated as Xi = |Gi| where Gi ∼ Np(0,Σ =
(0.5|j−k|)1≤j,k≤p). All results are scaled by a factor of 100.
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ei ∼ t2.5
a α

Estimation Error Coverage(%) Estimated Width
Robust Non-Robust Robust Non-Robust Robust Non-Robust

a1

0.05 14.41 (0.54) 19.46 (0.74) 90.0 85.2 58.38 (0.54) 64.33 (0.88)
0.1 10.72 (0.37) 13.91 (0.54) 94.2 92.6 53.49 (0.64) 59.52 (0.72)
0.2 10.83 (0.42) 15.32 (0.73) 94.2 89.0 46.04 (0.61) 51.06 (0.88)

a2

0.05 20.94 (0.77) 29.19 (1.20) 92.6 87.0 98.61 (1.13) 106.47 (1.76)
0.1 18.25 (0.67) 25.51 (0.95) 91.4 90.2 71.30 (0.94) 94.55 (1.99)
0.2 16.19 (0.62) 24.17 (1.16) 93.4 86.8 71.74 (1.01) 79.89 (1.51)

a3

0.05 18.93 (0.65) 22.58 (0.80) 94.2 93.2 88.09 (0.70) 96.92 (1.13)
0.1 17.03 (0.58) 19.27 (0.65) 95.6 94.8 81.99 (0.87) 86.06 (1.08)
0.2 15.40 (0.52) 18.09 (0.66) 93.4 90.8 68.89 (0.88) 76.01 (1.18)

a4

0.05 21.43 (0.73) 29.48 (1.13) 92.6 82.8 94.97 (0.82) 96.86 (1.09)
0.1 17.08 (0.57) 23.49 (0.94) 92.0 89.8 82.17 (0.75) 87.28 (1.25)
0.2 16.39 (0.59) 21.86 (0.94) 93.8 88.0 75.88 (0.90) 80.10 (1.05)

Table 4: The mean estimation error |ω̂ − ω∗| (and standard error), coverage rate, and the
mean width of 95% confidence intervals (and standard error), averaged over 500
replications, with p = 200, s = 4 and n = d100s/αe under the t2.5 random noise.
The covariates are generated as Xi = |Gi| where Gi ∼ Np(0,Σ = (0.5|j−k|)1≤j,k≤p).
All results are scaled by a factor of 100.

ei ∼ t3.1
a α

Estimation Error Coverage(%) Estimated Width
Robust Non-Robust Robust Non-Robust Robust Non-Robust

a1

0.05 8.20 (0.29) 8.52 (0.30) 95.2 95.2 40.73 (0.23) 40.88 (0.23)
0.1 6.17 (0.21) 6.26 (0.22) 95.6 96.4 32.36 (0.17) 32.49 (0.16)
0.2 6.28 (0.22) 6.42 (0.22) 94.8 95.0 30.84 (0.19) 31.14 (0.18)

a2

0.05 16.46 (0.54) 19.30 (0.65) 93.2 88.6 66.07 (0.49) 66.40 (0.50)
0.1 12.19 (0.42) 14.00 (0.49) 93.4 90.4 53.75 (0.36) 54.02 (0.36)
0.2 10.92 (0.39) 12.32 (0.46) 93.6 89.0 48.11 (0.32) 49.00 (0.31)

a3

0.05 11.16 (0.38) 11.19 (0.38) 95.6 95.8 54.52 (0.27) 54.58 (0.27)
0.1 8.77 (0.29) 8.78 (0.29) 94.6 94.8 42.74 (0.21) 42.88 (0.21)
0.2 7.11 (0.26) 7.19 (0.26) 95.0 94.8 37.39 (0.19) 37.85 (0.19)

a4

0.05 15.79 (0.54) 17.61 (0.61) 92.6 90.2 68.56 (0.52) 68.71 (0.53)
0.1 11.22 (0.40) 12.00 (0.43) 95.0 94.4 55.53 (0.38) 55.76 (0.38)
0.2 11.87 (0.43) 12.98 (0.47) 94.0 92.8 53.41 (0.41) 53.86 (0.42)

Table 5: The mean estimation error |ω̂ − ω∗| (and standard error), coverage rate, and the
mean width of 95% confidence intervals (and standard error), averaged over 500
replications, with p = 200, s = 4 and n = d100s/αe under the t3.1 random noise.
The covariates are generated as Xi ∼ Unif(0, 2). All results are scaled by a factor
of 100.
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6. Data Application

Iron deficiency and iron-deficiency anemia are significant global health concerns and are
commonly encountered in clinical practice. Although the prevalence of iron-deficiency ane-
mia has declined slightly, iron deficiency remains the leading cause of anemia worldwide
(Camaschella, 2015). Early detection is crucial, especially in patients with inflammation,
infection, or chronic disease, and plays a key role in preventive care, as it can indicate
underlying conditions such as gastrointestinal malignancies (Rockey and Cello, 1993). One
important measure of iron deficiency is the soluble transferrin receptor (sTRP), a protein
that binds transferrin. Elevated sTRP levels serve as a reliable indicator of iron deficiency
(Mast et al., 1998).

The scientific goals of this study are to assess: (1) whether there is a disparity in the
upper α = 0.9 expected shortfall of sTRP levels among four ethnic groups—Asian, Black,
Mexican American, and White; and (2) whether being overweight (BMI ≥ 25) influences
sTRP levels across these groups. To address these objectives, we analyze data from the
National Health and Nutrition Examination Survey (NHANES) for the years 2017 to 2020
(pre-COVID), which includes sTRP measurements for female participants aged 20 to 49
years. As shown in Figure 1, differences in sTRP levels are more noticeable in the upper
90% tail of the distribution.

Figure 1: The soluble transferrin receptor levels (mg/L) across quantile levels (ranging from
0.8 to 1) for female participants, categorized by four ethnic groups—Asian, Black,
Mexican American, and White—and by weight status
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Our analysis adjusts for demographic factors such as age, education level, and diet,
as well as health conditions including asthma, arthritis, and cancer, along with relevant
interaction terms. To simplify the analysis, we excluded all participants with missing values
for the covariates, resulting in a final dataset of n = 1644 observations and p = 135 variables.
More specifically, the model in this study is

Eα(sTRP) = θ0 + θ1 · race + θ2 · overweight + θ3 · (race×overweight) + other features.

Here, with a slight abuse of notation, Eα denotes the expected shortfall of the upper tail. It
is important to note that the variable race consists of three dummy variables representing
Asian, Mexican American, and Black ethnicities, with White as the reference group. The
variable overweight, on the other hand, is binary. For the first objective, the loading vector
is of the form a = (1, 0, . . . , 0)T, with a value of 1 for the corresponding ethnic group.
For the second objective, the reference group is White non-overweight individuals, and
the loading vector is structured as a = (1, 1, 1, 0, . . . , 0)T, where one nonzero coordinate
corresponds to the ethnic group dummy variable, one to the overweight indicator, and
another to their interaction term. This setup for the two loading vectors enables natural
comparisons between overweight and non-overweight groups within each ethnicity.

To assess the tail behavior of sTRP levels, we first examine its histogram. As shown
in Figure 2, a significant number of observations fall outside the 95% range, indicating the
presence of more extreme values than expected under a light-tailed distribution. In addition,
we construct a Hill plot (see, e.g., Section 4.4 in Resnick (2007)). Figure 3 suggests that the
data has finite moments up to approximately order q = 2.3, indicating that while the data is
likely to have finite mean and variance, higher-order moments may not exist. Furthermore,
the sample kurtosis of sTRP levels is 40.70 � 3, which provides additional evidence that
the data exhibit heavy-tailedness.

While our proposed method primarily focuses on the lower tail of the conditional dis-
tribution, it can easily be adapted to the upper tail. Given a continuous conditional CDF
FY |X(·), note that Qα(Y |X) = −Q1−α(−Y |X). Therefore, we apply the method at the
(1 − α) level using negative sTRP values, and then reverse the sign of the resulting esti-
mators and confidence intervals to obtain the regression coefficients of interest. Similar to
Section 5, we compare the performance of the robust method with that of the non-robust
one. The results are presented in Table 6.

From Table 6 we observe that the proposed method successfully detects disparities
between the Black and White groups, as well as between the overweight Asian group and the
non-overweight White group. For other groups, while potential disparities exist, the effect
sizes are close to zero. Additionally, although overweight status may be associated with
higher sTRP levels, the result is not statistically significant. Due to the heavy-tailed nature
of the data, the non-robust method fails to detect the disparity between the overweight
Asian group and the non-overweight White group. Moreover, the robust approach also
produces narrower confidence intervals.

7. Discussion

In this work, we consider the estimation and inference under a high-dimensional joint quan-
tile and expected shortfall regression model, with a focus on the latter. Unlike quantiles,
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Figure 2: The histogram of soluble transferrin receptor levels (mg/L) for female partici-
pants.

Figure 3: The Hill plot of soluble transferrin receptor levels (mg/L) for female participants.
Under a cutoff value of 5.8 for tail values, the estimated maximum order q of
finite moments is approximately q = 2.3.
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Overweight Non-Overweight

Race Robust Non-Robust Robust Non-Robust

Asian 3.59 (2.94, 4.24) 0.51 (−0.14, 1.16) 0.11 (−0.27, 0.49) 0.36 (−0.30, 1.02)

Black 4.83 (4.05, 5.62) 4.65 (3.29, 6.00) 4.77 (4.02, 5.51) 4.29 (3.07, 5.51)

Mexican −0.01 (−0.44, 0.43) −0.11 (−1.06, 0.85) −0.45 (−1.44, 0.55) −0.78 (−1.79, 0.22)

White 0.18 (−0.55, 0.91) 0.66 (−0.43, 1.74) Baseline

Table 6: The estimated coefficients (and 95% confidence intervals) for the upper 90% Ex-
pected Shortfall (ES) across ethnic groups and overweight status, using both robust
and non-robust methods. The baseline group is white non-overweight females.

expected shortfall is a measure of the (conditional) average, which makes the least-squares
method highly sensitive to heavy-tailed data compared to the check loss minimization used
in quantile regression. Therefore, we propose a robust penalized approach to overcome the
challenges brought about by high-dimensionality and heavy-tailed data distributions.

To conduct inference, it is well-known that `1-regularization introduces non-negligible
bias, which prevents the estimator from being asymptotically efficient. Therefore, we pro-
pose a debiased estimator to alleviate the effect of `1-penalization bias and construct a
test statistic that satisfies asymptotic normality in the ultra-sparse regime “max(sβ, sθ) =
o(
√
n/ log p)”. This debiased method provides a valid way of constructing confidence in-

tervals for a class of linear projections of θ∗, which paves the way for inference on high-
dimensional ES treatment effects, provided that the sparsity assumptions hold.
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Appendix A. Auxiliary Lemmas

In preparation for the proof, we begin by providing a concise overview and introducing the
notations that will be frequently used. For any random variable X, we denote its centered
version as (1 − E)X = X − EX. Additionally, denote the conditional expectation and
variance given X as EX and varX , respectively. Let Q̂(β) = n−1

∑n
i=1 ρα(Yi − XT

i β) be

the empirical quantile loss, and define the loss difference D̂(δ) = Q̂(β∗+ δ)− Q̂(β∗) and its
population counterpart D(δ) = ED̂(δ) for δ ∈ Rp. For estimating the ES in step two, let
L̂τ (β, θ) = (1/n)

∑n
i=1 `τ (Zi(β)− αXT

i θ), where

Zi(β) = (Yi −XT
i β)1(Yi ≤ XT

i β) + αXT
i β. (38)

Write Ẑi = Zi(β̂) with β̂ = β̂(λq) denoting the `1-penalized QR estimator, the two-step

Huber-ES estimator is given by θ̂τ = θ̂τ (λe) ∈ argminθ∈Rp
1
n

∑n
i=1 `τ (Ẑi−αXT

i θ)+αλe‖θ‖1.
For the sake of simplicity, we denote θ̂ = θ̂τ when there is no ambiguity. Furthermore, we
define the quantile and ES residuals as

εi = Yi −XT
i β
∗ and ξi(β, θ) = Zi(β)− αXT

i θ (39)

In particular, we write ξi(β) = ξi(β, θ
∗) and ξi = ξi(β

∗, θ∗). In addition, let ψτ denote the
derivative of the Huber loss, that is, ψτ (t) = sign(t) min{|t|, τ}.

For any c0 ≥ 1 and subset S ⊆ {1, . . . , p}, define the `1-cone

Cb(S) := {δ ∈ Rp : ‖δSc‖1 ≤ b‖δS‖1}. (40)

Moreover, for any l1 > 0, define the cone-like set

C(l1) = Cp(l1) = {δ ∈ Rp : ‖δ‖1 ≤ l1‖δ‖Σ}. (41)

Under Condition 1 that λmin(Σ) ≥ κ2 > 0, we have ‖δ‖Σ ≥ κ‖δ‖2 and hence Cb(S) ⊆ C(l1)
with l1 = (b+ 1)

√
s/κ and s = |S|.

With the above preparations, we are ready to present a series of technical lemmas that
form the core elements of the main proofs.

Lemma 13 Assume Condition 1 holds. Given any r0, l1 > 0,

sup
δ∈C(l1)∩BΣ(r0)

{D(δ)− D̂(δ)} ≤ 4ᾱr0l1

{
√

2κ

√
log(2p) + t

n
+BX

log(2p) + t

n

}

holds with probability at least 1− e−t for any t > 0, where ᾱ = max(α, 1− α).

Lemma 14 Assume Conditions 1 and 2 hold. For any t > 0, it holds with probability at
least 1− e−t that∥∥∥∥ 1

n

n∑
i=1

{1(εi ≤ 0)− α}Xi

∥∥∥∥
∞
≤
√

2α(1− α)κ

√
log(2p) + t

n
+ ᾱBX

log(2p) + t

n
,

where ᾱ = max(α, 1− α).
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Lemma 15 Assume Conditions 1 and 3 hold. For any t > 0,∥∥∥∥ 1

n

n∑
i=1

(1− E){ψτ (ξi)Xi}
∥∥∥∥
∞
≤
√

2σκ

√
log(2p) + t

n
+ τBX

log(2p) + t

n
.

with probability at least 1− e−t.

Lemma 16 Assume Conditions 1 and 3 hold. For any r1 > 0,

sup
β∈B1(β∗,r1)

∥∥∥∥ 1

n

n∑
i=1

(1− E){ψτ (ξi(β))− ψτ (ξi)}Xi

∥∥∥∥
∞

. BXr1

(
BX

log p+ t

n
+ κ

√
log(p) + t

n

)

holds with probability at least 1− e−t for any t ≥ 0.

Lemma 17 Assume Conditions 1 and 3 hold, and let Ui = Σ−1/2Xi. For any r0 > 0,

sup
β∈BΣ(β∗,r0)

‖E{ψτ (ξi(β))Ui}‖2 ≤
1

2
κ3(f + τ−1)r2

0 + σ
r0

τ
+ σ2/τ

Moreover, if EXi(|ε−|q) ≤ αq (almost surely) for some q ≥ 3, where ε− = min{ε, 0}, then

sup
β∈BΣ(β∗,r0)

‖E{ψτ (ξi(β))Ui}‖2 ≤
1

2
κ3(f + τ−1)r2

0 + α1/q
q

r0

τ
+ αq/τ

q−1.

Lemma 18 Assume Conditions 1, 2 and 3 hold. Let ∆ = θ − θ∗, ∆′ = β − β∗ and
t > 0. For any given r, r0 > 0, let the robustification parameter τ be such that τ ≥
2.5 max{BX(lr ∨ l1r0),

√
50σ}. Then with probability at least 1− e−t,

inf
α∆∈BΣ(r)∩C(l)

∆′∈BΣ(r0)∩C(l1)

〈∇θL̂τ (β, θ)−∇θL̂τ (β, θ∗), θ − θ∗〉
‖θ − θ∗‖2Σ

≥ α2

4
(42)

as long as n & (κ ∨BX)2B2
X l

4{log(2p) + t}.

Lemma 19 (Sun et al., 2020). Let f : Rp 7→ R be a differentiable convex function, and de-
fine the corresponding symmetrized Bregman divergence Df (β1, β2) = 〈∇f(β2)−f(β1), β2−
β1〉 for β1, β2 ∈ Rp. Then for any β, δ ∈ Rp and λ ∈ [0, 1], Df (βλ, β) ≤ λ ·Df (β1, β), where
βλ = β + λδ and β1 = β + δ.

Lemma 20 Assume Conditions 1, 2 and 3 hold, and let a ∈ Rp be such that ‖a‖1/‖a‖2 =
o(
√
n/ log p) and ‖Σ−1a‖1 ≤ Ca‖a‖2 for some Ca > 0. Let U be the set defined by con-

straints (15)–(17) and let û be a solution (if there is any). Provided that n & log p, the
following statements hold (jointly) with probability at least 1− p−1:
1) U contains at least one nonzero element;
2) any optimum û satisfies κ−2‖a‖2(1− o(1)) ≤ ‖û‖2 ≤ κ−2‖a‖2(1 + o(1));
3) the conditional variance s2(û) = n−1

∑n
i=1 EXi(ξ2

i )(XT
i û)2 satisfies

κ−4κ2σ2‖a‖22(1− o(1)) ≤ s2(û) ≤ κ−2σ2‖a‖22(1 + o(1)). (43)
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For any β, θ ∈ Rp, define

gβ,θ(wi) = ψτ (ξi(β, θ))− ψτ (ξi) + αXT
i (θ − θ∗) with wi = (Xi, εi).

Lemma 21 Assume Conditions 1, 2 and 3 hold. Let ∆ = θ − θ∗ and ∆′ = β − β∗. Let
Ui = Σ−1/2Xi. For any given 0 < δ0, r0 ≤ 1,

sup
α∆∈BΣ(δ0)
∆′∈BΣ(r0)

‖E{gβ,θ(wi)Ui}‖2 ≤
1

2
κ3fr

2
0 + (r0δ0 + r2

0 + δ2
0/2)

κ3

τ
+ (r0 + δ0)

σ

τ
, (44)

Lemma 22 Assume Conditions 1, 2 and 3 hold. Let ∆ = θ − θ∗, ∆′ = β − β∗ and t > 0.
For any 0 < r0, δ0 ≤ 1 and δ1, r1 > 0,

sup
α∆∈BΣ(δ0)∩B1(δ1)
∆′∈BΣ(r0)∩B1(r1)

∥∥∥∥ 1

n

n∑
i=1

(1− E){gβ,θ(wi)Xi}
∥∥∥∥
∞

. BX(κ r1 + r0)

√
log(p) + t

n
. (45)

with probability at least 1− e−t, where r0 = r0 + δ0 and r1 = r1 + δ1

Appendix B. Proof of Main Results

In this section, we present the formal proofs for the theorems and propositions stated in
the main text.

B.1 Proof of Proposition 2

To begin with, define

R̂(δ) = Q̂(β∗ + δ)− Q̂(β∗) + λq(‖β∗ + δ‖1 − ‖β∗‖1), δ ∈ Rp.

Note that R̂(0) = 0 and R̂(δ̂) ≤ 0 by the optimality of β̂, where δ̂ = β̂ − β∗. Let wβ =

(1/n)
∑n

i=1{1(Yi ≤ XT
i β) − α}Xi for β ∈ Rp so that wβ ∈ ∂Q̂(β) is a subgradient of Q̂

at any β. Denote by S = supp(β∗) the support of β∗ satisfying |S| ≤ sβ. Then, applying

Proposition 9.13 and (9.50) in Wainwright (2019) with Ln = Q̂ and Φ(·) = ‖ · ‖1 we obtain
that conditioned on the event {λq ≥ 2‖wβ∗‖∞}, the error δ̂ = β̂ − β∗ belongs to the cone
set C3(S), and for any δ ∈ C3(S),

R̂(δ) ≥ Q̂(β∗ + δ)− Q̂(β∗) + λq{‖δSc‖1 − ‖δS‖1}

≥ Q̂(β∗ + δ)− Q̂(β∗)− κ−1√sβλq‖δ‖Σ. (46)

Next, let Q(β) = EQ̂(β) be the population quantile loss, satisfying ∇Q(β∗) = 0 and
∇2Q(β) = E{fεi|Xi(〈Xi, β − β∗〉)XiX

T
i }. Under Condition 2, it holds for any δ ∈ Rp and

t ∈ [0, 1] that

〈δ,∇2Q(β∗ + tδ)δ〉 = E{fεi|Xi(tX
T
i δ)(X

T
i δ)

2}
= E{fεi|Xi(0)(XT

i δ)
2}+ E{fεi|Xi(tX

T
i δ)− fεi|Xi(0)}(XT

i δ)
2

≥ f‖δ‖2Σ − l0t · E|XT
i δ|3 ≥ f‖δ‖2Σ − l0κ3t · ‖δ‖3Σ.
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This together with the fundamental theorem of calculus implies

Q(β∗ + δ)−Q(β∗) = 〈∇Q(β∗), δ〉︸ ︷︷ ︸
= 0

+

∫ 1

0
〈∇Q(β∗ + tδ)−∇Q(β∗), δ〉dt

=

∫ 1

0

∫ 1

0
u〈δ,∇2Q(β∗ + tuδ)δ〉dudt ≥ 1

2
f ‖δ‖2Σ −

1

6
l0κ3‖δ‖3Σ.

For some r0, l1 > 0 to be determined, it follows from Lemma 13 that, with probability at
least 1− e−t (for any t ≥ 0),

sup
δ∈C(l1)∩BΣ(r0)

{Q(β∗ + δ)−Q(β∗)− Q̂(β∗ + δ) + Q̂(β∗)} ≤ r0l1 · τ(n, p, t),

where τ(n, p, t) = 4 max(α, 1− α){κ
√

2(log(2p) + t)/n+BX(log(2p) + t)/n}.
Together, the previous two inequalities and (46) show that with probability at least

1− e−t,

R̂(δ) ≥ r0

2
{fr0 −

1

3
l0κ3r

2
0 − 2l1τ(n, p, t)− 2κ−1s

1/2
β λq}

holds for any δ ∈ ∂BΣ(r0)∩C(l1). We thus choose r0 = 4f−1{l1τ(n, p, t)+κ−1√sβλq} and let

(n, λq) satisfy l1τ(n, p, t) +κ−1√sβλq < 3f2/(8l0κ3). Then, with high probability R̂(δ) > 0

for all δ ∈ ∂BΣ(r0)∩C(l1). Recall that R̂(δ̂) ≤ 0 and δ̂ ∈ C3(S) ⊆ C(l1) with l1 = 4κ−1√sβ
conditioned on {λq ≥ 2‖wβ∗‖∞}. Consequently, we conclude from Lemma 9.21 in Wain-

wright (2019) and the convexity of Q̂(·) that δ̂ ∈ BΣ(r0) with probability at least 1 − e−t
conditioned on {λq ≥ 2‖wβ∗‖∞}. Combining this with Lemma 14 and (21) establishes the
claim.

B.2 Proof of Theorem 3

Let L̂τ (θ) = L̂τ (β̂, θ) = (1/n)
∑n

i=1 `τ (Ẑi−αXT
i β), where β̂ is the `1-penalized QR estimator

of β∗. Since L̂τ (θ) is convex with respect to θ, for any optimum θ̂ ∈ argminθ{L̂τ (θ) +
αλe‖θ‖1}, there exists a subgradient vector ẑ ∈ ∂‖θ̂‖1 satisfying 〈ẑ, θ̂〉 = ‖θ̂‖1, ‖ẑ‖∞ ≤ 1
and ∇L̂τ (θ̂) + λeẑ = 0. Therefore,

0 ≤ 〈∇L̂τ (θ̂)−∇L̂τ (θ∗), θ̂ − θ∗〉 = −αλe〈ẑ, θ̂ − θ∗〉+ 〈−∇Lτ (θ∗), θ̂ − θ∗〉

= αλe(‖θ∗‖1 − ‖θ̂‖1) + 〈−∇Lτ (θ∗), θ̂ − θ∗〉. (47)

Let ∆̂ = θ̂− θ∗ denote the error vector, and let T = supp(θ∗) with |T | ≤ sθ. Then we have
‖θ∗‖1−‖θ̂‖1 = ‖θ∗T ‖1−‖∆̂T c+(∆̂+θ∗)T ‖ ≤ ‖∆̂T ‖1−‖∆̂T c‖1. To bound 〈−∇L̂τ (θ∗), θ̂−θ∗〉,
consider the decomposition

−∇L̂τ (θ∗) =
α

n

n∑
i=1

ψτ (ξi(β̂))Xi

=
α

n

n∑
i=1

(1− E){ψτ (ξi)Xi}+
α

n

n∑
i=1

(1− E){ψτ (ξi(β̂))− ψτ (ξi)Xi}

+ αE{ψτ (ξi(β̂))Xi}.
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Denote Ui = Σ−1/2Xi. Note that conditioning on event {β̂ ∈ BΣ(β∗, r0) ∩ C(l1)}, we have
β̂ ∈ BΣ(β∗, r0) ∩ B1(β∗, l1r0). Then it follows that

〈−∇L̂(θ∗), θ̂ − θ∗〉 ≤
∥∥∥∥ 1

n

n∑
i=1

(1− E){ψτ (ξi)Xi}
∥∥∥∥
∞︸ ︷︷ ︸

=:Λ1

·α‖∆̂‖1

+ sup
β∈B1(β∗,l1r0)

∥∥∥∥ 1

n

n∑
i=1

(1− E){ψτ (ξi(β))− ψτ (ξi)}Xi

∥∥∥∥
∞︸ ︷︷ ︸

=:Λ2

·α‖∆̂‖1

+ sup
β∈BΣ(β∗,r0)

‖E{ψτ (ξi(β))Ui}‖2︸ ︷︷ ︸
=:Λ3

·α‖∆̂‖Σ

= (Λ1 + Λ2) · α‖∆̂‖1 + Λ3 · α‖∆̂‖Σ. (48)

Provided that λe ≥ 2(Λ1 + Λ2), we have 0 ≤ αλe
2

(3‖∆̂T ‖1 − ‖∆̂T c‖1) + Λ3 · α‖∆̂‖Σ, which

implies the cone property:

‖∆̂T c‖1 ≤ 3‖∆̂T ‖1 + 2λ−1
e Λ3‖∆̂‖Σ. (49)

Recall from Condition 1 that λmin(Σ) ≥ κ2. Assume further that λe ≥ 2κs
−1/2
θ Λ3. Then,

‖∆̂‖1 ≤ 4‖∆̂T ‖1 + κ−1√sθ‖∆‖Σ ≤ 4
√
sθ‖∆̂T ‖2 + κ−1√sθ‖∆‖Σ

≤ 4
√
sθ‖∆̂‖2 + κ−1√sθ‖∆‖Σ ≤ 4κ−1√sθ‖∆‖Σ + κ−1√sθ‖∆‖Σ

= 5κ−1√sθ‖∆‖Σ.

This implies that ∆̂ ∈ C(l) with l = 5κ−1√sθ if

λe ≥ 2 max{Λ1 + Λ2, κs
−1/2
θ Λ3}. (50)

Given r ≥ 9κ−1√sθλe, we construct an intermediate “estimator” θ̃ = (1 − η)θ∗ + ηθ,

where η = sup{t ∈ [0, 1] : θ∗ + t(θ̂ − θ∗) ∈ BΣ(θ∗, r/α)}. If θ̂ ∈ BΣ(θ∗, r/α), η = 1 and
θ̃ = θ̂; otherwise, if θ̂ /∈ BΣ(θ∗, r/α), η < 1 and θ̃ ∈ ∂BΣ(θ∗, r/α), i.e., α‖θ̃ − θ∗‖Σ = r. Let
∆̃ = θ̃ − θ∗, which satisfies α∆̃ ∈ BΣ(r). On the other hand, ‖∆̃‖1 = η‖∆‖1 ≤ ηl‖∆̂‖Σ =
l‖∆̃‖Σ, implying that ∆̃ ∈ C(l). Since α∆̃ ∈ BΣ(r) ∩ C(l), it follows from Lemma 18 that
with probability at least 1− e−t,

α2

4
‖∆̃‖2Σ ≤ 〈∇L̂τ (θ̃)−∇L̂τ (θ∗), θ̃ − θ∗〉. (51)

as long as τ ≥ 2.5 max{BX(lr ∨ l1r0),
√

50σ} and n & (κ ∨BX)2B2
X l

4{log(2p) + t}. On the
other hand, Lemma 19 ensures that

〈∇L̂τ (θ̃)−∇L̂τ (θ∗), θ̃ − θ∗〉 ≤ η〈∇L̂τ (θ̂)−∇L̂τ (θ∗), θ̂ − θ∗〉. (52)
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Furthermore,

η〈∇L̂τ (θ̂)−∇L̂τ (θ∗), θ̂ − θ∗〉 ≤ η · αλe(‖∆̂T ‖1 − ‖∆̂T c‖1) + η · 〈−∇Lτ (θ∗), θ̂ − θ∗〉

= αλe(‖∆̃T ‖1 − ‖∆̃T c‖1) + 〈−∇Lτ (θ∗), θ̃ − θ∗〉

≤ αλe(‖∆̃T ‖1 − ‖∆̃T c‖1) +
αλe

2
‖∆̃‖1

+
αλe

2
· κ−1√sθ‖∆̃‖Σ (53)

≤ αλe
2
κ−1√sθ · 3‖∆̃‖Σ +

αλe
2
· κ−1√sθ‖∆̃‖Σ

= 2αλeκ
−1√sθ · ‖∆̃‖Σ, (54)

where (53) follows from (48), (50) and (52). Then substituting (51) and (54) into (52) yields
that with probability at least 1− 3e−t,

α‖∆̃‖Σ ≤ 8κ−1√sθλe. (55)

Therefore, we have α‖∆̃‖Σ < r with probability at least 1−3e−t, i.e., θ̃ falls into the interior
of BΣ(θ∗, r/α). By the construction of θ̃, we must have θ̂ = θ̃.

It remains to establish a lower bound for λe so that the event (50) occurs with high prob-
ability. We finally choose τ � σ

√
n/(log(p) + t) so that τ ≥ 2.5 max{BX(lr ∨ l1r0),

√
50σ}

under the sample size requirement

n & (κ ∨BX)2B2
X(l ∨ l1)4{log(p) + t} � {(κ ∨BX)/κ}2B2

X(sβ ∨ sθ)2{log(p) + t}. (56)

By Lemma 15 and 16 and letting τ � σ
√
n/(log(p) + t), we see that with probability at

least 1− e−t,

Λ1 ≤
√

2κσ

√
log(2p) + t

n
+ τBX

log(2p) + t

n
. κσ

√
log(p) + t

n
and (57)

Λ2 . BX l1r0

(
BX

log(p) + t

n
+ κ

√
log p+ t

n

)
. κBX l1r0

√
log(p) + t

n
, (58)

where (58) used the condition n & (BX/κ)2(log(p) + t), which is satisfied under sample size
requirement (56). In addition, Lemma 17 yields

κs
−1/2
θ Λ3 ≤ κs−1/2

θ

{κ3

2

(
f +

1

τ

)
r2

0 +
σr0

τ
+
σ2

τ

}
. fκ s

−1/2
θ

(
r2

0 + σ

√
log(p) + t

n

)
. (59)

From (57)–(59) we see that inequality (50) holds with probability at least 1− 2e−t, as long
as

λe & max

{
κ(σ +BX l1r0)

√
log(p) + t

n
, fκ s

−1/2
θ r2

0

}
.

Combining the results above, we conclude that for a sufficiently large n satisfying sample
size requirement (56), α‖∆̂‖Σ ≤ 8κ−1√sθλe and α‖∆̂‖1 ≤ αl‖∆̂‖Σ ≤ 40κ−2sθλe hold with
probability at least 1− 3e−t, as claimed.
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B.3 Proof of Proposition 4

The proof is similar to that of Theorem 3 with slight modifications. Applying the second

upper bound in Lemma 17 to (59), we see that provided τ & α
1/q
q {n/(log(p) + t)}1/2(q−1),

κs
−1/2
θ Λ3 . κs

−1/2
θ

{
fr2

0 + r0

(
log(p) + t

n

) 1
2(q−1)

+ α1/q
q

√
log(p) + t

n

}
.

On the other hand, with τ . σ
√
n/(log(p) + t) and n & (BX/κ)2(log(p) + t), by (57) and

(58), we have

Λ1 + Λ2 . κ(σ +BX l1r0)

√
log(p) + t

n
.

The rest follows from the proof of Theorem 3.

B.4 Proof of Theorem 5

Let Rn = α(ω̂τ − ω∗) − n−1
∑n

i=1 ψτ (ξi)X
T
i û. Recall that Ui = Σ−1/2Xi, ∆ = θ − θ∗ and

∆′ = β − β∗. For any given 0 < r0, δ0 ≤ 1 and δ1, r1 > 0,

|Rn| =
∣∣∣∣ 1n

n∑
i=1

{ψτ (ξi(β̂, θ̂))− ψτ (ξi)}XT
i û+ aTα(θ̂ − θ∗)

∣∣∣∣
≤ sup

α∆∈BΣ(δ0)
∆′∈BΣ(r0)

∥∥∥E{ψτ (ξi(β, θ))− ψτ (ξi) + αXT
i (θ − θ∗)}Ui

∥∥∥
2︸ ︷︷ ︸

=: Γ1

· ‖û‖Σ

+ sup
α∆∈BΣ(δ0)∩B1(δ1)
∆′∈BΣ(r0)∩B1(r1)

∥∥∥∥ 1

n

n∑
i=1

(1− E){ψτ (ξi(β, θ))− ψτ (ξi) + αXT
i (θ − θ∗)}Xi

∥∥∥∥
∞︸ ︷︷ ︸

=: Γ2

· ‖û‖1

+

∥∥∥∥a− 1

n

n∑
i=1

XiX
T
i û

∥∥∥∥
∞
· α‖θ̂ − θ∗‖1. (60)

Applying Lemma 21 with τ � σ
√
n/ log p, we have

Γ1 ≤ κ3fr
2
0/2 + τ−1κ3(r0δ0 + r2

0 + δ2
0/2) + τ−1σ(r0 + δ0) . fr2

0 + σ r0

√
log p

n
,

where r0 = r0 + δ0. Additionally, by Lemma 22, Γ2 . BX(κ r1 + r0)
√

log(p)/n with
probability at least 1 − p−1. Combining with Lemma 20, constraints (15),(16) and (60)
yields that

|Rn| .
{
κ−2κ2‖a‖2Γ1 + Ca‖a‖2Γ2

}
+ ρ‖a‖2δ1 . ‖a‖2

(
fr2

0 + r1

√
log p

n
+ σ r0

√
log p

n

)
.

with probability at least 1− 2p−1.
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B.5 Proof of Theorem 6

α(ω̂τ − ω∗) =
1

n

n∑
i=1

ψτ (ξi)X
T
i û︸ ︷︷ ︸

:=Sn

+
1

n

n∑
i=1

{ψτ (ξi(β, θ))− ψτ (ξi)}XT
i û+ aTα(θ̂ − θ∗)︸ ︷︷ ︸

:=Rn

. (61)

By Theorems 3, 5 and Lemma 20 with τ � σ
√
n/ log p, Rn/s(û) = OP{(sβ + sθ) log(p)/n},

and thus Rn/s(û) = oP(n−1/2) provided that max{sβ, sθ} = o(
√
n/ log p). Hence, it suffices

to show the asymptotic behavior for Sn, and the result follows from Slutsky’s Theorem.

Let Vi = {s(û)}−1ψτ (ξi)X
T
i û and Wi = Vi − EXi(Vi) so that

Sn =
1

n

n∑
i=1

Wi︸ ︷︷ ︸
:=S1,n

+
1

n

n∑
i=1

EXi(Vi)︸ ︷︷ ︸
:=S2,n

.

We will show
√
nS1,n

D−→ N (0, 1) and S2,n = oP(n−1/2). We first show the asymptotic

normality of S1,n conditioned on {Xi}ni=1. Let Λ̃τ = n−1
∑n

i=1 EXi{ψ2
τ (ξi)}XiX

T
i and recall

that Λ̃ = n−1
∑n

i=1 EXi(ξ2
i )XiX

T
i . Note that

varX(
√
nS1,n) ≤ {s(û)}−2 · ûTΛ̃τ û

= 1 + ûT(Λ̃τ − Λ̃)û

= 1 + ûT

{
1

n

n∑
i=1

EXi(ψ
2
τ (ξi)− ξ2

i )XiX
T
i

}
û

Note that EX |ξi|3 ≤ α3 (See Remark 7). Since |ψ2
τ (ξi)−ξ2

i | = |(ξ2
i −τ2)1(|ξi| ≥ τ)| ≤ |ξi|3/τ

and τ � σ
√
n/ log p, by constraint (16) and the fact that EXi |ξi|3 ≤ α3, we have

ûT(Λ̃τ − Λ̃)û ≤ ‖Λ̃τ − Λ̃‖max‖û‖21 ≤ α3C
2
a‖a‖22/τ. (62)

Therefore, lim supn,p→∞ varXi(
√
nS1,n) ≤ 1. On the other hand, by Lemma 20, with prob-

ability at least 1− p−1,

varXi(
√
nS1,n) = {s(û)}−2 · ũTΛ̂τ û− {s(û)}−2 · ûT

(
1

n

n∑
i=1

{EXiψτ (ξi)}2XiX
T
i

)
û

≥ 1 +
ûT(Λ̃τ − Λ̃)û

s2(û)
− σ2

τ2s2(û)
· ûTΣ̂û

≥ 1− α3C
2
a‖a‖22

τ{σ2κ2κ−4‖a‖22(1 + o(1))}
− σ2κ−2‖a‖22(1 + o(1))

τ2{σ2κ2κ−4‖a‖22(1 + o(1))}
& 1− τ−1α3κ

4/(σκ)2 − τ−2(σ/σ)2(κ/κ)4,

where the second and third inequalities use |ψτ (t)− t| ≤ t2/τ and (62), respectively. Hence,
with τ � σ

√
n/ log p, lim infn,p→∞ varXi(

√
nS1,n) = 1 almost surely. Consequently, we have
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limn,p→∞ varXi(
√
nS1,n) = 1 almost surely. It remains to check Lindeberg’s condition. By

Lemma 20, for any constant b > 0,

EXi{W 2
i 1(|Wi| ≥ b

√
n)} ≤ EXi |Wi|3

b
√
n
≤ 8EXi |Vi|3

b
√
n

≤ 8(XT
i û)3 · EXi |ψτ (ξi)|3

b
√
n · s3(û)

≤
8α3B

3
XC

3
a‖a‖32

b
√
n · s3(û)

.
α3

b
√
n
·

(
BXCaκ

2

σ κ

)3

with probability at least 1 − p−1. Thus, limn,p→∞ n
−1
∑n

i=1 EXi{W 2
i 1(|Wi| ≥ b

√
n)} = 0

almost surely, and the Lindeberg’s condition is satisfied. Therefore,
√
nS1,n

d−→ N (0, 1)
conditioned on {Xi}ni=1. Finally, by calculating the characteristic function of S1,n and

applying the bounded convergence theorem, we have
√
nS1,n

d−→ N (0, 1).
For S2,n, since |ψτ (t)− t| ≤ tq+1/τ q for q ∈ N+, EXi{ψτ (ξi)} ≤ EXi |ξi|3/τ2 ≤ α3/τ

2, by
Lemma 20 and constraint (16),

S2,n ≤
α3

τ2s(û)
·
(

1

n

n∑
i=1

XT
i û

)
≤ α3BXCa

τ2s(û)
.
α3BXCaκ

2

σ κ‖a‖2
· 1

τ2
.

with probability at least 1 − p−1. Hence, with τ � σ
√
n/ log p and the growth condition

n & (log p)2, S2,n = oP(n−1/2).

B.6 Proof of Proposition 9

Denote ∆ = θ − θ∗ and ∆′ = β − β∗. Let ui = XT
i ∆′ and vi = XT

i ∆. Conditioning on the
event {∆′ ∈ BΣ(r0) ∩ B1(r1)} ∩ {α∆ ∈ BΣ(δ0) ∩ B1(δ1)} with 0 < r0, δ0 ≤ 1 and δ1, r1 > 0,

‖Λ̂γ − Λ‖max = max
j,k

∣∣∣{Λ̂γ − Λ}jk
∣∣∣ ≤ max

j,k

∣∣∣∣ 1n
n∑
i=1

{ψ2
γ(ξi(β̂, θ̂))xijxik − E(ξ2

i xijxik)}
∣∣∣∣

≤ max
j,k

sup
α∆∈BΣ(δ0)
∆′∈BΣ(r0)

∣∣∣∣E[{ψ2
γ(ξi(β, θ))− ψ2

γ(ξi)}xijxik]
∣∣∣∣

︸ ︷︷ ︸
:=S1

+ max
j,k

sup
α∆∈BΣ(δ0)∩B1(δ1)
∆′∈BΣ(r0)∩B1(r1)

∣∣∣∣ 1n
n∑
i=1

(1− E)[{ψ2
γ(ξi(β, θ))− ψ2

γ(ξi)}xijxik]
∣∣∣∣

︸ ︷︷ ︸
:=S2

+ max
j,k

∣∣∣∣ 1n
n∑
i=1

(1− E){ψ2
γ(ξi)xijxik}

∣∣∣∣︸ ︷︷ ︸
:=S3

+ max
j,k

∣∣∣∣E[{ψ2
γ(ξi)− ξ2

i }xijxik]
∣∣∣∣︸ ︷︷ ︸

:=S4

Upper bound for S1: Note that ξi(β, θ) = φ(εi − ui) + αXT
i β − αXT

i θ can be rewritten as

ξi(β, θ) = ξi + (φ(εi − ui)− φ(εi)) + αui − αvi,
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where φ(t) = t1(t ≤ 0). Additionally, notice that ψ2
γ(t) = ψγ2(t2). Since φ(·) and ψγ2(·) are

1-Lipschitz continuous,

|ψ2
γ(ξi(β, θ))− ψ2

γ(ξi)| ≤ |ξ2
i (β, θ)− ξ2

i |
≤ 2|ξi| · |(φ(εi − ui)− φ(εi)) + αui − αvi|

+ |(φ(εi − ui)− φ(εi)) + αui − αvi|2

≤ 2|ξi| · {(1 + α)|ui|+ α|vi|}+ {(1 + α)|ui|+ α|vi|}2

≤ 2|ξi| · (2|ui|+ α|vi|) + (2|ui|+ α|vi|)2 (63)

Because EXi |ξi| ≤ σ, and for any ∆′ ∈ BΣ(r0) and α∆ ∈ BΣ(δ0), E|ui| ≤ r0 and E|vi| ≤ δ0,

E[{ψ2
γ(ξi(β, θ))− ψ2

γ(ξi)}xijxik] ≤ 2B2
Xσ(2r0 + δ0) +B2

X(2r0 + δ0)2 . B2
Xσ r0,

where r0 = r0 + δ0. Since this inequality holds uniformly over (∆′, α∆) ∈ BΣ(r0)× BΣ(δ0)
and j, k ∈ {1, . . . , p}, the same upper bound holds for S1.

Upper bound for S2: We apply a similar method as in Lemmas 18 and 22. Denote X̃i =
(XT

i ,−XT
i )T = (xi,1, . . . , xi,2p)

T ∈ R2p and hj,k(wi;β, θ) = {ψ2
γ(ξi(β, θ)) − ψ2

γ(ξi)}x̃ij x̃ik,
where wi = (εi, X

T
i )T. Then

max
j,k

∣∣∣∣ 1n
n∑
i=1

(1− E)[{ψ2
γ(ξi(β, θ))− ψ2

γ(ξi)}xijxik]
∣∣∣∣ = max

j,k

1

n

n∑
i=1

(1− E)hj,k(wi;β, θ).

Note that∣∣∣∣∂hj,k(wi;β, θ)∂ui

∣∣∣∣ = |2ψγ(ξi(β, θ)) · ψ′γ(ξi(β, θ)) · (α− 1(ε ≤ ui))x̃ij x̃ik| ≤ 2γB2
X∣∣∣∣∂hj,k(wi;β, θ)∂vi

∣∣∣∣ = |2ψγ(ξi(β, θ)) · ψ′γ(ξi(β, θ)) · (−α)| ≤ 2αγB2
X .

Therefore, for any ∆′ ∈ BΣ(r0) ∩ B1(r1) and α∆ ∈ BΣ(δ0) ∩ B1(δ1),

|hj,k(wi;β, θ)| ≤ {|ψ2
γ(ξi(β, θ))− ψ2

γ(ξi(β
∗, θ))|+ |ψ2

γ(ξi(β
∗, θ))− ψ2

γ(ξi(β
∗, θ∗))|} · |x̃ij x̃ik|

≤ 2γB2
X(ui + vi) ≤ 2γB3

X(r1 + δ1) . γB3
Xr1,

where r1 = r1+δ1. On the other hand, we have Eh2
j,k(wi) . B4

XE{ξ2
i (u2

i +α2v2
i )} . B4

Xσ
2r2

0.
from (63). Denote

Λ(j,k),n = sup
α∆∈BΣ(δ0)∩B1(δ1)
∆′∈BΣ(r0)∩B1(r1)

1

n

n∑
i=1

(1− E)hj,k(wi;β, θ).

By Theorem 7.3 in Bousquet (2003), with probability at least 1− e−t,

Λ(j,k),n . EΛ(j,k),n + (EΛ(j,k),n)1/2
√
γB3

Xr1 ·
√
t

n
+B2

Xσ r0

√
t

n
+ γB3

Xr1 ·
t

n
, (64)
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and thus it remains to bound EΛ(j,k),n. By Rademacher symmetrization and the relationship
between Gaussian and Rademacher complexities (e.g., Lemma 4.5 in Ledoux and Talagrand
(1991)), we have

EΛ(j,k),n ≤
√

2πE

 sup
α∆∈BΣ(δ0)∩B1(δ1)
∆′∈BΣ(r0)∩B1(r1)

1

n

n∑
i=1

gihj,k(wi;β, θ)︸ ︷︷ ︸
Gβ,θ

 ,

where g1, . . . , gn are i.i.d. standard normal random variables. For any (∆′1,∆1), (∆′2,∆2) ∈
{BΣ(δ0) ∩ B1(δ1)} × {BΣ(r0) ∩ B1(r1)},

Gβ1,θ1 −Gβ2,θ2 =
1

n

n∑
i=1

gi{ψ2
γ(ξi(β1, θ1))− ψ2

γ(ξi(β2, θ1)}x̃ij x̃ik

+
1

n

n∑
i=1

gi{ψ2
γ(ξi(β2, θ1))− ψ2

γ(ξi(β2, θ1)}x̃ij x̃ik

By Lipschitz continuity of hj,k, we have

Ew(Gβ1,θ1 −Gβ2,θ2)2 ≤ 2Ew(Gβ1,θ1 −Gβ2,θ1)2 + 2Ew(Gβ2,θ1 −Gβ2,θ2)2

≤
8γ2B4

X

n2

n∑
i=1

〈Xi,∆
′
1 −∆′2〉2 +

8α2γ2B4
X

n2

n∑
i=1

〈Xi,∆1 −∆2〉2.

Define another Gaussian process {Zβ,θ} as

Zβ,θ =
2
√

2γB2
X

n

n∑
i=1

g′i〈Xi,∆
′〉+

2
√

2αγB2
X

n

n∑
i=1

g′′i 〈Xi,∆〉,

where g′1, . . . , g
′
n and g′′1 , . . . , g

′′
n are i.i.d. standard normal random variables. Then, we

have Ew(Gβ1,θ1 − Gβ2,θ2)2 ≤ Ew(Zβ1,θ1 − Zβ2,θ2)2. Hence, by Sudakov-Fernique’s Gaussian
comparison inequality (e.g., Theorem 7.2.11 in Vershynin (2018)),

Ewi

 sup
α∆∈BΣ(δ0)∩B1(δ1)
∆′∈BΣ(r0)∩B1(r1)

Gβ,θ

 ≤ Ewi

 sup
α∆∈BΣ(δ0)∩B1(δ1)
∆′∈BΣ(r0)∩B1(r1)

Zβ,θ

 ,

which remains true by replacing Ew with E. Note that

E

 sup
α∆∈BΣ(δ0)∩B1(δ1)
∆′∈BΣ(r0)∩B1(r1)

Zβ,θ

 ≤ 2
√

2γB2
Xr1 · E

∥∥∥∥ 1

n

n∑
i=1

g′iXi

∥∥∥∥
∞

+ 2
√

2γB2
Xδ1 · E

∥∥∥∥ 1

n

n∑
i=1

g′′iXi

∥∥∥∥
∞

. (r1 + δ1)γB3
Xκ

√
log p

n
= γB3

Xκ r1

√
log p

n
,
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where the last inequality uses (87). Putting together the pieces, we have EΛ(j,k),n .

γB3
Xκ r1

√
log(p)/n. Finally, by taking the union bound over j, k = {1, . . . , 2p} and set-

ting u = log(4p2) + t, we obtain that with probability at least 1− e−t,

S2 . γB3
Xκ r1

√
log(p) + t

n
+B2

Xσ r0

√
log(p) + t

n
.

Upper bound for S3: Note that E{(ψ2
γ(ξi)xijxik)

2} ≤ γE{(EXi |ξi|3) · x2
ijx

2
ik} ≤ B2

Xκ
2γα3,

and for all k ≥ 3, E|ψ2
γ(ξi)xijxik|k ≤ (γ2B2

X)k−2 ·B2
Xκ

2γα3 ≤ (k!/2) · (γ2B2
X)k−2 ·B2

Xκ
2α3.

By Bernstein’s inequality and the union bound, with probability at least 1− 2e−t,

S3 ≤ BXκ(γα3)1/2

√
log(2p) + t

n
+ γ2B2

X

log(2p) + t

n
.

Upper bound for S4: Since |ψ2
τ (ξi) − ξ2

i | = |(ξ2
i − τ2)1(|ξi| ≥ τ)| ≤ |ξi|3/τ and EXi(|ξi|3) ≤

α3, we have S4 ≤ α3‖Σ‖max/γ ≤ κα3/γ. Finally, combining the upper bounds for Si,
i = 1, . . . , 4, yields the result.

B.7 Proof of Theorem 10

Let Λ̃γ = n−1
∑n

i=1 EXi{ψ2
γ(ξi)}XiX

T
i . Note that

|ŝ2
γ(û)− s2

γ(û)| = |ûT(Λ̂γ − Λ̃γ)û| ≤ ‖Λ̂γ − Λ̃γ‖max‖û‖21
≤ C2

a‖Λ̂γ − Λγ‖max + C2
a‖Λ̃γ − Λγ‖max.

For the first term, applying Theorem 3 and Proposition 9 with γ � (n/ log p)1/3 and the
scaling condition max{sβ, sθ} = o(

√
n/ log p), we have

‖Λ̂γ − Λγ‖max .

√
(sβ + sθ) log p

n
+ γ

(sβ + sθ) log p

n
+ γ2 log p

n
+
α3

γ
.

(
log p

n

)1/3

with probability at least 1− 2p−1. On the other hand, note that E[{(EXiψ2
γ(ξi))xijxik}2] ≤

σ4B2
Xκ

2, and for all k ≥ 3,

E|EXi{ψ2
γ(ξi)}xijxik|k ≤ (γ2B2

X)k · σ4B2
Xκ

2 ≤ k!

2
· (γ2B2

X)k · σ4B2
Xκ

2.

By Bernstein’s inequality and the union bound, we have

‖Λ̃γ − Λγ‖max . σBXκ

√
log(2p)

n
+ γ2B2

X

log(2p)

n
.

(
log p

n

)1/3

.

with probability at least 1− 2p−1. Combining the results above establishes the claim.
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Appendix C. Proof of Technical Lemmas

In this section, we present the proofs for the technical lemmas employed in establishing the
main theorems and propositions.

C.1 Proof of Lemma 13

For each sample di = (Xi, Yi) and δ ∈ Rp, define s(δ; di) = ρα(Yi −XT
i (β∗ + δ))− ρα(Yi −

XT
i β
∗) = ρα(εi −XT

i δ)− ρα(εi). Then D̂(δ) = 1
n

∑n
i=1 s(δ; di). By the Lipschitz continuity

of ρα, s(δ; di) is Lipschitz continuous in XT
i δ, with Lipschitz constant ᾱ. Given r0, l1 > 0,

define random variable

Λ(r0, l1) =
n

4ᾱr0l1
sup

δ∈BΣ(r0)∩C(l1)
{D(δ)− D̂(δ)}.

For any u > 0, by Chernoff’s inequality,

P{Λ(r0, l1) ≥ u} ≤ exp

[
− sup

λ≥0
{λu− logEeλΛ(r0,l1)}

]
. (65)

Next we bound EeλΛ(r0,l1). Note that for any δ ∈ BΣ(r0) ∩ C(l1), ‖δ‖1 ≤ r0l1. Then
using Rademacher symmetrization and Ledoux-Talagrand contraction inequality (see, e.g.,
Ledoux and Talagrand, 1991),

EeλΛ(r0,l1) ≤ E exp

{
λ

2ᾱr0l1
sup

δ∈BΣ(r0)∩C(l1)

n∑
i=1

εi · s(δ; di)
}

≤ E exp

{
λ

r0l1
sup

δ∈BΣ(r0)∩C(l1)

n∑
i=1

εi〈Xi, δ〉
}
≤ E exp

{
λ

∥∥∥∥ n∑
i=1

εiXi

∥∥∥∥
∞

}
,

where ε1, . . . , εn are independent Rademacher random variables. Let X̃i := (XT
i ,−XT

i )T =
(x̃i,1, . . . , x̃i,2p)

T ∈ R2p. Then ‖
∑n

i=1 εiXi‖∞ = max1≤j≤2p
∑n

i=1 εix̃ij . Since εi is symmet-
ric, E(εixij)

k = 0 if k is odd; E(εixij)
k = Exkij ≤ Bk−2

X κ2 ≤ (k!/2)κ2Bk−2
X if k is even.

Therefore, similar to the proof of Bernstein’s inequality (e.g., Theorem 2.10 in Boucheron
et al. (2013)), we have that for any λ ∈ (0, 1/BX),

logE exp

{
λ

n∑
i=1

εix̃ij

}
≤ nκ2λ2

2(1−BXλ)
. (66)

This further implies that

logEeλΛ(r0,l1) ≤ logE
2p∑
j=1

exp

{
λ

n

n∑
i=1

εix̃ij

}
≤ log(2p) +

nκ2λ2

2(1−BXλ)
.
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Thus, for any t > 0, by the above bound and equation (2.5) in Boucheron et al. (2013), we
have

sup
λ>0
{λt− logEeλΛ(r0,l1)} ≥ sup

0<λ<1/BX

{λt− logEeλAj(r1)}

≥ − log(2p) + sup
0<λ<1/BX

{
λt− nκ2λ2

2(1−BXλ)

}
= − log(2p) +

nκ2

B2
X

h1

(
BXt

nκ2

)
, (67)

where h1(u) = 1+u−
√

1 + 2u is an increasing function from (0,∞) onto (0,∞) with inverse
function h−1

1 (u) = u+
√

2u for all u > 0. Substituting this into (65) gives that

P{Λ(r0, l1) ≥ BXu+ κ
√

2nu} ≤ 2pe−u.

for any u > 0. Then, taking u = log(2p) + t yields the result.

C.2 Proof of Lemma 14

For each 1 ≤ j ≤ p, |1(εi ≤ 0)| · |xij | ≤ ᾱBX and E{(1(εi ≤ 0) − α)2x2
ij} ≤ α(1 − α)κ2.

Then claimed bound follows from Bernstein’s inequality and the union bound.

C.3 Proof of Lemma 15

Note that ‖(1/n)
∑n

i=1(1 − E){ψτ (ξi)Xi}‖∞ = max1≤j≤p |(1/n)
∑n

i=1(1 − E){ψτ (ξi)xij}|.
Since |ψτ (ξi)| ≤ τ and EXi{ψ2

τ (ξi)} ≤ EXi(ξ2
i ) = EXi(ε2

−,i) − α2(XTβ∗ −XTθ∗)2 ≤ σ2, we

have E[ψτ (ξi)xij ]
2 ≤ σ2κ2. Because ‖X‖∞ ≤ BX , for k ≥ 3, E|ψτ (ξi)xij |k ≤ σ2κ2(τBX)k−2 ≤

k!
2 σ

2κ2(τBX)k−2. Thus by Bernstein’s inequality,∣∣∣∣ 1n
n∑
i=1

(1− E){ψτ (ξi)xij}
∣∣∣∣ ≤ σ κ

√
2u

n
+ τBX

u

n

with probability at least 1 − 2e−u. Then by taking union bound over j = 1, · · · , p and
letting u = log(2p) + t, we obtain the claimed bound.

C.4 Proof of Lemma 16

Let δ = β − β∗, and let φ(t) = t1(t ≤ 0). Then φ(t) is a 1-Lipschitz continuous function.
Denote si(δ) := ξi(β) = φ(εi−XT

i δ)+αXT
i δ+αXT

i (β∗−θ∗). Then si(0) = φ(εi)+αXT
i (β∗−

θ∗). For each 1 ≤ j ≤ p, define the random process Rj(δ) = (1/n)
∑n

i=1(1− E)rj(δ; εi, Xi),
where rj(δ; εi, Xi) = {ψτ (si(δ))−ψτ (si(0))}xij . We aim to upper bound supδ∈B1(r1) |Rj(δ)|
for each j first and then take the union bound.
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Let ui = 〈Xi, δ〉. Denote
∂rj
∂ui

as the derivative of rj(δ; εi, Xi) with respect to ui. Then,
since |ψ′τ (t)| = 1(|t| ≤ τ) ≤ 1 almost surely for all t ∈ R, we have∣∣∣∣∂rj∂ui

∣∣∣∣ = |xij · ψ′τ (si(δ)) · (α− 1(εi ≤ ui))| ≤ |xij | ≤ BX .

Therefore, we have |rj(δ; εi, Xi)− rj(δ′; εi, Xi)| ≤ BX |〈Xi, δ〉 − 〈Xi, δ
′〉| for δ 6= δ′.

Now we control supδ∈B1(r1) |Rj(δ)|. Given r1 > 0, define the random variable

Aj(r1) =
n

4BXr1
sup

δ∈B1(r1)
|Rj(δ)|.

By Chernoff’s bound,

P(Aj(r1) ≥ t) ≤ exp

[
− sup

λ>0
{λt− logEeλAj(r1)}

]
. (68)

For EeλAj(r1), using Rademacher symmetrization and applying Ledoux-Talagrand contrac-
tion inequality (e.g., Theorem 4.12 in Ledoux and Talagrand, 1991) gives

EeλAj(r1) ≤ E exp

{
2λ

4BXr1
sup

δ∈B1(r1)

n∑
i=1

εirj(δ; εi, Xi)

}

≤ E exp

{
λ

r1
sup

δ∈B1(r1)

n∑
i=1

εi〈Xi, δ〉
}
≤ E exp

{
λ

∥∥∥∥ n∑
i=1

εiXi

∥∥∥∥
∞

}
,

where ε1, · · · , εn are independent Rademacher random variables. Let X̃i = (XT
i ,−XT

i )T =
(x̃i,1, · · · , x̃i,2p)T ∈ R2p. Then by (66),

logEeλAj(r1) ≤ logE
2p∑
j=1

exp

{
λ

n∑
i=1

εix̃ij

}
≤ log(2p) +

nκ2λ2

2(1−BXλ)
.

Meanwhile, similar to (67), we have

sup
λ>0
{λt− logEeλAj(r1)} ≥ − log(2p) +

nκ2

B2
X

h1

(
BXt

nκ2

)
,

Substituting this into (68) gives

P{Aj(r1) ≥ t} ≤ exp

{
log(2p)− nκ2

B2
X

h1

(
BXt

nκ2

)}
.

Using h−1, we have P{Aj(r1) ≥ BXu+ κ
√

2nu} ≤ 2pe−u. Finally, taking the union bound
and letting u = log(2p2) + t establishes the claim.
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C.5 Proof of Lemma 17

Note that ‖E[ψτ (ξi(β))Ui]‖2 = supv∈Sp−1 |E{ψτ (ξi(β))UT
i v|. Recall that the conditional

CDF F = Fεi|Xi of εi given Xi is continuously differentiable with f = F ′. Let EXi be the
conditional expectation given Xi. For β ∈ Rp, let ui := XT

i (β − β∗), and

Ψ(β) = EXiψτ (ξi(β))

=

∫ ui

−∞
ψτ (t− ui + αXT

i (β∗ − θ∗))f(t) dt+

∫ ∞
ui

ψτ (αXT(β − θ∗))f(t) dt.

Then we have

|E{ψτ (ξi(β))UT
i v}| ≤ |E{(Ψ(β)−Ψ(β∗))UT

i v}|+ |E{ψτ (ξi)U
T
i v}|. (69)

Since ψτ (·) is absolutely continuous and has a derivative ψ′τ (t) = 1(|t| ≤ τ) almost every-
where, by the fundamental theorem of calculus,

Ψ(β)−Ψ(β∗) =

∫ 1

0
〈∇Ψ(β∗ + t(β − β∗)), β − β∗〉 dt,

where

∇Ψ(β) =

∫ ui

−∞
ψ′τ (t− ui + αXT

i (β − θ∗))f(t) dt · (α− 1)Xi + ψτ (αXT
i (β − θ∗))f(ui)Xi

+ ψ′τ (αXT
i (β − θ∗)){1− F (ui)} · αXi − ψτ (αXT

i (β − θ∗))f(ui)Xi

=

∫ ui

−∞
1(|t− ui + αXT

i (β − θ∗)| ≤ τ)f(t) dt · (α− 1)Xi

+ 1(|αXT
i (β − θ∗)| ≤ τ) · {1− F (ui)} · αXi

= (α− 1)F (ui)Xi − EXi{1(|ξi(β)| > τ)1(εi ≤ ui) · (α− 1)Xi}+ αXi

− αXi · EXi1(|ξi(β)| > τ)− αXiF (ui) + αXi · EXi{1(ξi(β) > τ)1(εi ≤ ui)}
= {α− F (ui)}Xi + EXi [1(|ξi(β)| > τ){1(εi ≤ ui)− α}Xi]. (70)

For t ∈ [0, 1], define βt = β∗ + t(β − β∗). Then XT
i (βt − β∗) = tui and we have

〈∇Ψ(βt), β − β∗〉 ={α− F (tui)}ui + EXi [1(|ξi(βt)| > τ){1(εi ≤ tui)− α}ui].

By condition 3, |α−F (tui)| = |F (0)−F (tui)| ≤ f · t|ui|. Moreover, by Markov’s inequality,

EXi [1(|ξi(βt)| > τ){1(εi ≤ tui)− α}] ≤
1− α
τ

EXi |ξi(βt)|. (71)

Note that for any β ∈ Rp, ξi(β) = Zi(β) − αXTθ∗ = (εi − ui)1(εi ≤ ui) + αXT
i (β − θ∗).

Thus we have

|ξi(βt)| ≤ |ξi(βt)− ξi|+ |ξi|
≤ |ξi|+ |(εi − tui)1(εi ≤ tui)− εi1(εi ≤ 0) + αtui|

≤ |ξi|+

{
|εi1(0 ≤ εi ≤ tui) + tui[α− 1(εi ≤ tui)]| if ui ≥ 0

|tui[α− 1(εi ≤ tui)]− εi1(0 ≤ εi ≤ tui)| if ui < 0

≤ |ξi|+ t|ui|. (72)
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Therefore, under Condition 3, EXi |ξi(βt)| ≤ t|ui|+EXi |ξi| ≤ t|ui|+σ. Substituting this into
(71), and putting together the pieces, we obtain that for any β ∈ BΣ(β∗, r0)

|E{(Ψ(β)−Ψ(β∗))UT
i v}| ≤

∫ 1

0
E|〈∇Ψ(βt), β − β∗〉||UT

i v| dt

≤
∫ 1

0
E{[ f · tu2

i + τ−1(σ + t|ui|) · |ui|] · |UT
i v|}dt

≤ 1

2
(f + τ−1)κ3 · r2

0 + (σ/τ) · r0. (73)

On the other hand, since EXi(ξi) = 0, EXi(ξ2
i ) ≤ σ2 and |ψτ (t)− t| = (|t| − τ)1(|t| > τ) ≤

τ−1t2, then

E{ψτ (ξi)U
T
i v} ≤ E{|ψτ (ξi)− ξi||UT

i v|} ≤ (1/τ) · E(ξ2
i |UT

i v|) ≤ σ2/τ. (74)

Substituting (73) and (74) into (69) proves the claimed bound with b(τ) = σ2/τ .
For the second part, first note that if EX |ε−|q exists, since ξi = ε−,i − EXi(ε−,i) with

ε−,i ≤ 0, we have |ξi|q ≤ max{|ε−,i|q, |EXi(ε−,i)|q} ≤ max{|ε−,i|q,EXi |ε−,i|q}. Therefore,
EXi |ξi|q ≤ EXi |ε−|q ≤ αq. Similar to (71), by Markov’s inequality and Jensen’s inequality
that EXi |ξi| ≤ (EXi |ξi|q)1/q, we obtain that

EXi [1(|ξi(βt)| > τ){1(εi ≤ tui)− α}] ≤
1− α
τ

EXi |ξi(βt)| ≤
1− α
τ
{α1/q

q + t|ui|},

where the second last inequality uses (72). Thus,

|E{(Ψ(β)−Ψ(β∗))UT
i v}| ≤

∫ 1

0
E|〈∇Ψ(βt), β − β∗〉||UT

i v|dt

≤
∫ 1

0
E[{ f · tu2

i + {α1/q
q + t|ui|} · |ui|/τ} · |UT

i v|] dt

≤ 1

2
{f + (1/τ)}κ3 · r2

0 + {α1/q
q /τ} · r0. (75)

Because |ψτ (t)− t| ≤ tq+1/τ q for all q ≥ 1, q ∈ N, similar to (74),

E{ψτ (ξi)U
T
i v} ≤ E{|ψτ (ξi)− ξi| · |UT

i v|} ≤ E(|ξi|q|UT
i v|)/τ q−1 ≤ αq/τ q−1. (76)

Combining (69), (75) and (76) yields the second claim.

C.6 Proof of Lemma 18

Note that for any α∆ ∈ BΣ(r)∩C(l) and ∆′ ∈ BΣ(r0)∩C(l1), when τ ≥ 2.5BX max{lr, l1r0}

|αXT
i ∆| ≤ BX lα‖∆‖Σ ≤

2τ

5
and |XT

i ∆′| ≤ BX l1‖∆′‖Σ ≤
2τ

5
.

By the proof of Lemma 17, we have |ξi(β)| = |Zi(β)−αXT
i θ
∗| ≤ |ξi|+|XT

i ∆′|. Consequently,

|Zi(β)− αXT
i θ| ≤ |ξi(β)|+ |αXT

i ∆| ≤ |ξi|+
4τ

5
.
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Therefore, conditioned on events {∆′ ∈ BΣ(β∗, r0) ∩ C(l1)} and {∆ ∈ BΣ(θ∗, r/α) ∩ C(l)},
we have

〈∇θL̂τ (β, θ)−∇θL̂τ (β, θ∗), θ − θ∗〉

=
α

n

n∑
i=1

{ψτ (Zi(β)− αXT
i θ
∗)− ψτ (Zi(β)− αXT

i θ)}XT
i (θ − θ∗)

≥ α

n

n∑
i=1

{ψτ (Zi(β)− αXT
i θ
∗)− ψτ (Zi(β)− αXT

i θ)}XT
i (θ − θ∗)1{|ξi| ≤ τ/5}

=
α2

n

n∑
i=1

〈Xi, θ − θ∗〉21{|ξi| ≤ τ/5}.

Let δ = ∆/‖∆‖Σ so that δ ∈ Sp−1
Σ ∩ C(l). Denote rδ(wi) = (XTδ)21{|ξi| ≤ τ/5}, where

wi = (XT
i , εi)

T and Rn(δ) := n−1
∑n

i=1 rδ(wi). Then we have

〈∇θL̂τ (β, θ)−∇θL̂τ (β, θ∗), θ − θ∗〉 ≥ (α‖∆‖Σ)2Rn(δ). (77)

Next, we derive lower bounds for ERn(δ) and Rn(δ)− ERn(δ) respectively.

First, note that by Markov’s inequality,

ERn(δ) = ‖δ‖2Σ − E{1(|ξi| > τ/5)(XT
i δ)

2} ≥ ‖δ‖2Σ{1− (5σ/τ)2} ≥ 1

2
(78)

where the last inequality holds if τ ≥
√

50σ.

Next, we consider the upper bound of

Γn := sup
δ∈Sp−1

Σ ∩C(l)

{ERn(δ)−Rn(δ)} = sup
δ∈Sp−1

Σ ∩C(l)

1

n

n∑
i=1

{Erδ(wi)− rδ(wi)}.

Note that 0 ≤ rδ(wi) ≤ (BX l)
2 for all δ ∈ Sp−1

Σ ∩C(l). Since wi’s are independent, it follows
from McDiarmid’s inequality that with probability at least 1− e−t,

Γn ≤ EΓn + (BX l)
2

√
t

2n
. (79)

To bound EΓn, by Rademacher symmetrization we have

EΓn ≤ 2E
{

sup
δ∈Sp−1

Σ ∩C(l)

1

n

n∑
i=1

εirδ(wi)

}

where ε1, . . . , εn are i.i.d. Rademacher random variables. Since for δ, δ′ ∈ Sp−1
Σ ∩ C(l),

|rδ(wi)− rδ′(wi)| ≤ 2BX l|XT
i δ −XT

i δ
′|,
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rδ(wi) is (2BX l)-Lipshitz in XT
i δ. By Ledoux-Talagrand contraction inequality (see, e.g.,

Ledoux and Talagrand, 1991), we obtain that

EΓn ≤ 2E
{

sup
δ∈Sp−1

Σ ∩C(l)

1

n

n∑
i=1

εirδ(wi)

}

≤ 4BX lE
{

sup
δ∈Sp−1

Σ ∩C(l)

1

n

n∑
i=1

εiX
T
i δ

}
≤ 4BX l

2E
∥∥∥∥ 1

n

n∑
i=1

εiXi

∥∥∥∥
∞
.

By the proof of 13, for any λ ∈ (0, 1/BX),

logE exp

(
λ

n∑
i=1

εixij

)
≤ nκ2λ2

2(1−BXλ)
,

Then similar to the proof of 13, for any λ ∈ (0, 1/BX),

logE exp

∥∥∥∥λ n∑
i=1

εiXi

∥∥∥∥
∞
≤ log(2p) +

nκ2λ2

2(1−BXλ)
.

Therefore,

E
∥∥∥∥ 1

n

n∑
i=1

εiXi

∥∥∥∥
∞
≤ 1

n
inf
λ>0

1

λ
logE exp

{
λ

∥∥∥∥ n∑
i=1

εiXi

∥∥∥∥
∞

}
≤ 1

n
inf

0<λ<1/BX

{
log(2p)

λ
+

nκ2λ

2(1−BXλ)

}
= BX

log(2p)

n
+ κ

√
2 log(2p)

n
.

Substituting this into (79), we have that with probability at least 1− e−t,

Γn ≤ 4(BX l)
2 log(2p)

n
+ 4κBX l

2

√
2 log(2p)

n
+ (BX l)

2

√
t

2n
≤ 1

4
,

as long as n & (κ∨BX)2B2
X l

4{log(2p)+t}. Together with (78), we have that with probability
at least 1− e−t,

Rn(δ) = ERn(δ) + {Rn(δ)− ERn(δ)} ≥ 1

2
− 1

4
=

1

4

holds uniformly over δ ∈ Sp−1
Σ ∩ C(l). Substituting this into (77) establishes the claim.

C.7 Proof of Lemma 20

For any t > 0, let A be the event that {‖Σ− Σ̂‖max .
√

(log(p) + t)/n}. Note that

‖Σ− Σ̂‖max = max
j,k

∣∣∣∣ 1n
n∑
i=1

(1− E)(xijxik)

∣∣∣∣.
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Since E(x̃ij x̃ik)
2 ≤ B2

Xκ
2 and for any k ≥ 3, E|xijxik|k ≤ Bk−2

X κ2 ≤ k!κ2Bk−2
X /2, by

Bernstein’s inequality, |n−1
∑n

i=1(1− E)(xijxik)| ≤ κ
√

(2u)/n+BX(u/n) with probability
at least 1− 2e−u. Taking the union bound over j, k = 1, . . . , p and letting u = log(4p) + t,
we obtain that P(A) ≥ 1− e−t.
Proof of 1): Let u∗ := Σ−1a. Since Ca‖a‖2 ≥ ‖Σ−1a‖1, u∗ satisfies (16). Next, conditioning
on event A, we have

‖a− Σ̂u∗‖∞ ≤ ‖a− Σu∗‖∞ + ‖(Σ− Σ̂)u∗‖∞ = ‖(Σ− Σ̂)u∗‖∞

≤ ‖Σ− Σ̂‖max‖u∗‖1 . Ca‖a‖2

√
log(p) + t

n
.

Therefore u∗ satisfies (15) when ρ �
√

log(p)/n. For (17), note that conditioned on A,

|aTΣ̂u− ‖a‖22| ≤ ‖a‖1 · ‖a− Σ̂u∗‖∞ . ‖a‖1‖a‖2Ca

√
log(p) + t

n

Thus as long as ‖a‖1/‖a‖2 = o(
√
n/ log p), u∗ also satisfies (17) with ρ′ = o(1). Hence, u∗

is in the constraint set with probability at least 1− e−t.
Proof of 2): By constraint (17), |‖a‖22 − aTΣ̂û| ≤ ρ′‖a‖22. Applying triangle inequality and
re-arranging terms, we have

|‖a‖22 − aTΣû| ≤ |‖a‖22 − aTΣ̂û|+ |aT(Σ− Σ̂)û| ≤ ρ′‖a‖22 + ‖(Σ− Σ̂)a‖∞‖û‖1.

Note that

‖(Σ− Σ̂)a‖∞ =

∥∥∥∥ 1

n

n∑
i=1

(1− E){(XT
i a)xij}

∥∥∥∥
∞

= max
1≤j≤p

∣∣∣∣ 1n
n∑
i=1

(1− E){(XT
i a)xij}

∣∣∣∣.
Since E{(XT

i a)xij}2 ≤ B2
Xκ

2‖a‖22 and for k ≥ 3,

E|(XT
i a)x̃ij |k ≤ (B2

X‖a‖1)k−2E{(XT
i a)xij}2 ≤ (B2

X‖a‖1)k−2 · (B2
Xκ

2‖a‖22).

Then, by Bernstein’s inequality and the union bound, with probability at least 1− e−t,

‖(Σ− Σ̂)a‖∞ . BXκ‖a‖2

√
log(2p) + t

n
+B2

X‖a‖1
log(2p) + t

n
.

Denote v := a/‖a‖2. Since ρ′ = o(1) and a satisfies ‖a‖1/‖a‖2 = o(
√
n/ log p), then together

with (16), with probability at least 1− e−t,

|‖a‖2 − vTΣû| . ρ′‖a‖2 + Ca‖a‖2BXκ
√

log(p) + t

n
= o(‖a‖2).

Finally, combining with the fact that κ2‖û‖2 ≤ vTΣû ≤ κ2‖û‖2, we obtain desired bounds.
Proof of 3): The proof is similar to Lemma 1 in Cai et al. (2021). Recall that s2(û) = ûTΛ̃û,

where Λ̃ = (1/n)
∑n

i=1 EXi(ξ2
i )XiX

T
i . First we show an upper bound for s(û). By the proof

above, for any t > 0, u∗ ∈ U with probability at least 1− e−t. Then by the optimality of û,

s2(û) ≤ σ2ûTΣ̂û ≤ σ2(u∗)TΣ̂u∗ = σ2(u∗)TΣu∗ + σ2(u∗)T(Σ̂− Σ)u∗.
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Note that (u∗)TΣu∗ = aTΣ−1a ≤ κ−2‖a‖22. Meanwhile, conditioned onA, we have (u∗)T(Σ̂−
Σ)u∗ ≤ ‖Σ̂−Σ‖max‖u∗‖21 . (Ca‖a‖2)2

√
(log(2p) + t)/n. Combining the results above yields

that s2(û) ≤ κ−2σ2‖a‖22(1 + o(1)). with probability at least 1− e−t.
For lower bound, first note that by the second part of Lemma 20 and Hölder’s inequality,

when conditioned on event A,

ûTΣ̂û = ûTΣû+ ûT(Σ̂− Σ)û ≥ κ2‖û‖22 − ‖Σ̂− Σ‖max‖û‖21

& κ2(κ−2‖a‖2)2 − C2
a‖a‖22

√
log(2p) + t

n
.

Hence s(û)2 ≥ σ2ûTΣ̂û = κ−4κ2σ2‖a‖22(1− o(1)) with probability at least 1− e−t.

C.8 Proof of Lemma 21

Note that ‖E{gβ,θ(wi)Ui}‖2 = supv∈Sp−1 E{gβ,θ(wi)UT
i v}. Let Ψ(β, θ) = EXi{ψτ (ξi(β, θ))}.

Recall that ∆′ = β − β∗ and ∆ = θ − θ∗. Then

E{gβ,θ(wi)UT
i v} = E[{Ψ(β, θ)−Ψ(β∗, θ)}UT

i v]

+ E[{Ψ(β∗, θ)−Ψ(β∗, θ∗) + αXT
i (θ − θ∗)}UT

i v]. (80)

For β, θ ∈ Rp, let ui = XT
i ∆′ and vi = XT

i ∆. By the fundamental theorem of calculus,

Ψ(β, θ)−Ψ(β∗, θ) =

∫ 1

0
〈∇βΨ(β∗ + t∆′, θ),∆′〉dt,

where ∇βΨ(β, θ) = {α− F (ui)}Xi + EXi [1(|ξi(β, θ)| > τ){1(εi ≤ ui)− α}Xi] by (70). For
t ∈ [0, 1], define βt = β∗ + t∆′ so that XT

i (βt − β∗) = tui, and we have

〈∇βΨ(βt, θ), β − β∗〉 = {α− F (tui)}ui + EXi [1(|ξi(βt, θ)| > τ){1(εi ≤ tui)− α}ui].

By condition 3, |α− F (tui))ui| ≤ f̄ · t|ui|. Moreover, by Markov’s inequality,

EXi [1(|ξi(βt, θ)| > τ){1(εi ≤ tui)− α}] ≤
1− α
τ

EXi |ξi(βt, θ)|.

Similar to (72), we have |ξi(βt, θ)| ≤ t|ui|+ α|vi|+ |ξi|. Thus,

|〈∇βΨ(βt, θ), β − β∗〉| ≤ f̄ · t|ui|2 + |ui| · (σ2 + α|vi|+ t|ui|)/τ. (81)

Putting together the pieces, we obtain that for any ∆′ ∈ BΣ(r0) and α∆ ∈ BΣ(δ0),

E{[Ψ(β, θ)−Ψ(β∗, θ)]UT
i v} ≤

∫ 1

0
E|〈∇βΨ(β∗ + t(β − β∗), θ), β − β∗〉| · |UT

i v| dt

≤ κ3fr
2
0/2 + κ3(r0δ0 + r2

0)/τ + σ2r0/τ. (82)
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On the other hand, ∇θΨ(β, θ) = −αXi · EXiψ′τ (ξi(β, θ)) = −αXi · EXi1(|ξi(β, θ)| ≤ τ). Let
θt = θ∗ + t(θ − θ∗). Then by the fundamental theorem of calculus,

Ψ(β∗, θ)−Ψ(β∗, θ∗) + αXT
i (θ − θ∗)

=

∫ 1

0
EXi{1(|ξi(β∗, θt)| ≤ τ)} · {−αXT

i (θ − θ∗)} dt+ αXT
i (θ − θ∗)

=

∫ 1

0
EXi1(|ξi(β∗, θt)| > τ) dt · αXT

i (θ − θ∗) ≤ 1

τ

∫ 1

0
EXi |ξi(β∗, θt)|dt · α|vi|.

Similar to (72) again, we have |ξi(β∗, θt)| ≤ |ξi|+ t · α|vi| and EXi |ξi(β∗, θt)| ≤ σ + t · α|vi|.
Thus, for any α∆ ∈ BΣ(δ0), Ψ(β∗, θ) − Ψ(β∗, θ∗) + αXT

i (θ − θ∗) ≤ α|vi| · (σ + α|vi|/2)/τ.
Combining the results above, we get

E[{Ψ(β∗, θ)−Ψ(β∗, θ∗) + αXT
i (θ − θ∗)}UT

i v] ≤ (σδ0 + κ3δ
2
0/2)/τ. (83)

Finally, combining (82) and (83) yields the result.

C.9 Proof of Lemma 22

Let X̃i = (XT
i ,−XT

i )T ∈ R2p and denote rj(wi;β, θ) = gβ,θ(wi)x̃ij . We have∥∥∥∥ 1

n

n∑
i=1

(1− E){gβ,θ(wi)Xi}
∥∥∥∥
∞

= max
1≤j≤2p

1

n

n∑
i=1

(1− E)rj(wi;β, θ).

For any 0 < r0, δ0 ≤ 1 and δ1, r1 > 0, define

Γj,n = sup
α∆∈BΣ(δ0)∩B1(δ1)
∆′∈BΣ(r0)∩B1(r1)

1

n

n∑
i=1

(1− E)rj(wi;β, θ).

Let ui = XT
i ∆′ and vi = XT

i ∆. Since ψτ (t) and φ(t) := t1(t ≤ 0) are both 1-Lipschitz
continuous, then conditioned on the event {∆′ ∈ BΣ(r0)∩B1(r1)}∩{α∆ ∈ BΣ(δ0)∩B1(δ1)}},

|gβ,θ(wi)| ≤ |ξi(β, θ∗)− ξi(β∗, θ∗)|+ |ξi(β, θ)− ξi(β, θ∗)|+ α|vi|
≤ |φ(εi − ui)− φ(εi)|+ α|ui|+ 2α|vi|
≤ (1 + α)|ui|+ 2α|vi| ≤ 2BXr1,

where r1 = r1 + δ1, and Er2
j (wi;β, θ) ≤ B2

X{2(1 + α)2Eu2
i + 4α2Ev2

i } . B2
Xr

2
0, where

r0 = r0 + δ0. By Theorem 7.3 in Bousquet (2003), for any u > 0, with probability at least
1− e−u,

Γj,n . EΓj,n + (EΓj,n)1/2
√
B2
Xr1

√
u

n
+BXr0

√
u

n
+B2

Xr1
u

n
. (84)

It remains to bound EΓj,n. By applying Rademacher symmetrization first and using the re-
lationship between Gaussian and Rademacher complexities (see, e.g., Lemma 4.5 in Ledoux
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and Talagrand, 1991), we have

EΓj,n ≤
√

2πE

 sup
α∆∈BΣ(δ0)∩B1(δ1)
∆′∈BΣ(r0)∩B1(r1)

1

n

n∑
i=1

girj(wi;β, θ)︸ ︷︷ ︸
:=Gβ,θ

 , (85)

where g1, . . . , gn are i.i.d. standard normal random variables. Hence for any (∆′1, α∆1),
(∆′2, α∆2) ∈ {BΣ(r0) ∩ B1(r1)} × {BΣ(δ0) ∩ B1(δ1)},

Gβ1,θ1 −Gβ2,θ2 =
1

n

n∑
i=1

{ψτ (ξi(β1, θ1))− ψτ (ξi(β2, θ1))}x̃ij

+
1

n

n∑
i=1

{ψτ (ξi(β2, θ1))− ψτ (ξi(β2, θ2)) + αXT
i ∆1 − αXT

i ∆2}x̃ij .

Since ψτ (t) and φ(t) are 1-Lipschitz, we have

|ψτ (ξi(β1, θ1)− ψτ (ξi(β2, θ1))| ≤ |ξi(β1, θ1)− ξi(β2, θ1)|
= |φ(εi −XT

i ∆′1)− φ(εi −XT
i ∆′2) + αXT

i (∆′1 −∆′2)|
≤ (1 + α)|XT

i (∆′1 −∆′2)|,

and |ψτ (ξi(β2, θ1)−ψτ (ξi(β2, θ2)) +αXT
i ∆1−αXT

i ∆2| ≤ 2α|XT
i (∆1−∆2)|. Conditioned on

wi,

Ewi(Gβ1,θ1 −Gβ2,θ2)2 ≤ 2Ewi(Gβ1,θ1 −Gβ2,θ1)2 + 2Ewi(Gβ2,θ1 −Gβ2,θ2)2

=
2

n2

n∑
i=1

{ψτ (ξi(β1, θ1))− ψτ (ξi(β2, θ1))}2x̃2
ij

+
2

n2
{ψτ (ξi(β2, θ1))− ψτ (ξi(β2, θ2)) + αXT

i ∆1 − αXT
i ∆2}2x̃2

ij

≤ 2

(
BX(1 + α)

n

)2 n∑
i=1

〈Xi,∆
′
1 −∆′2〉2 + 2

(
2BXα

n

)2 n∑
i=1

〈Xi,∆1 −∆2〉2.

Define Zβ,θ =
√

2BX(1+α)
n

∑n
i=1 g

′
i〈Xi,∆

′〉 + 2
√

2BXα
n

∑n
i=1 g

′′
i 〈Xi,∆〉, where g′1, . . . , g

′
n and

g′′1 , . . . , g
′′
n are i.i.d. standard normal random variables. Then we have Ewi(Gβ1,θ1−Gβ2,θ2)2 ≤

Ewi(Zβ1,θ1−Zβ2,θ2)2. By Sudakov-Fernique’s Gaussian comparison inequality (e.g., Theorem
7.2.11 in Vershynin (2018)),

Ewi

 sup
α∆∈BΣ(δ0)∩B1(δ1)
∆′∈BΣ(r0)∩B1(r1)

Gβ,θ

 ≤ Ewi

 sup
α∆∈BΣ(δ0)∩B1(δ1)
∆′∈BΣ(r0)∩B1(r1)

Zβ,θ

 ,
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which remains true by replacing Ewi with E. Note that

E

 sup
α∆∈BΣ(δ0)∩B1(δ1)
∆′∈BΣ(r0)∩B1(r1)

Zβ,θ

 ≤ 2
√

2BXr1 · E
∥∥∥∥ 1

n

n∑
i=1

g′iXi

∥∥∥∥
∞

+ 2
√

2BXδ1 · E
∥∥∥∥ 1

n

n∑
i=1

g′′iXi

∥∥∥∥
∞

= 2
√

2BX(r1 + δ1)E
∥∥∥∥ 1

n

n∑
i=1

g′iXi

∥∥∥∥
∞
. (86)

Denote X̃i = (XT
i ,−XT

i )T = (x̃i,1, . . . , x̃i,2p)
T ∈ R2p. Then we have ‖n−1

∑n
i=1 giXi‖∞ =

max1≤j≤2p(1/n)
∑n

i=1 gix̃ij . Since gi is symmetric, we have E(gixij)
k = 0 when k is odd; if

k is even, E(gixij)
k = (k − 1)!! · Exkij ≤ (k − 1)!!κ2Bk−2

X ≤ k!
2 κ

2Bk−2
X . Then similar to the

proof of 13, for any λ ∈ (0, 1/BX),

logE exp

(
λ

n∑
i=1

gixij

)
≤ nκ2λ2

2(1−BXλ)
,

which further implies that

logE exp

∥∥∥∥λ n∑
i=1

giXi
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∞
≤ log

2p∑
j=1

E exp

{
λ

n∑
i=1

gix̃ij

}
≤ log(2p) +

nκ2λ2

2(1−BXλ)
.

Therefore,

E
∥∥∥∥ 1

n

n∑
i=1

giXi
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∞
≤ 1

n
inf
λ>0

1

λ
logE exp

{
λ

∥∥∥∥ n∑
i=1

giXi
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}
≤ 1

n
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0<λ<1/BX

{
log(2p)

λ
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nκ2λ

2(1−BXλ)

}
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log(2p)

n
+ κ

√
2 log(2p)

n
. κ

√
log p

n
. (87)

where the last inequality used the assumption n & (BX/κ)2 log p.
Combining the results above, we have EΓj,n . BXκ r1

√
log(p)/n, where r1 = r1 + δ1.

Finally, taking the union bound over j ∈ {1, . . . , 2p} and setting u = log(2p) + t, we obtain
that

max
1≤j≤2p

Γj,n . BXκ r1

√
log(p) + t

n
+BXr0

√
log(p) + t

n

with probability at least 1− e−t as desired.

Appendix D. Additional Simulation Results

We present additional results, including estimation (Tables 7–8) and inference (Tables 9–
12), for the proposed debiased estimator across various types of covariates in this section.
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t3.1 random noise; n = d50s/αe
Covariates Methods α = 0.05 α = 0.1 α = 0.2 α = 0.3

C1

`1-penalized Robust ES 13.804 (0.206) 11.707 (0.189) 12.713 (0.180) 13.156 (0.189)
`1-penalized ES 20.639 (0.365) 17.646 (0.366) 17.794 (0.337) 17.188 (0.344)
Oracle Robust ES 7.540 (0.121) 8.333 (0.126) 5.379 (0.086) 5.152 (0.085)
Oracle ES 10.242 (0.227) 8.355 (0.171) 8.223 (0.184) 7.924 (0.176)

C2

`1-penalized Robust ES 17.011 (0.229) 14.059 (0.189) 15.121 (0.182) 14.956 (0.181)
`1-penalized ES 23.980 (0.352) 20.613 (0.314) 20.929 (0.311) 20.038 (0.302)
Oracle Robust ES 8.376 (0.138) 6.748 (0.107) 6.083 (0.095) 5.962 (0.096)
Oracle ES 10.846 (0.187) 9.515 (0.159) 8.823 (0.152) 8.976 (0.158)

C3

`1-penalized Robust ES 11.946 (0.198) 10.018 (0.151) 11.664 (0.186) 11.802 (0.182)
`1-penalized ES 17.798 (0.389) 14.347 (0.320) 15.466 (0.338) 15.148 (0.332)
Oracle Robust ES 8.027 (0.126) 6.434 (0.097) 5.876 (0.099) 5.603 (0.097)
Oracle ES 11.091 (0.233) 9.442 (0.215) 9.011 (0.237) 8.574 (0.198)

C4

`1-penalized Robust ES 12.145 (0.218) 11.010 (0.188) 11.448 (0.208) 11.590 (0.213)
`1-penalized ES 16.864 (0.336) 14.856 (0.327) 14.709 (0.348) 14.241 (0.350)
Oracle Robust ES 9.984 (0.169) 8.148 (0.133) 7.377 (0.134) 7.106 (0.128)
Oracle ES 14.025 (0.312) 11.573 (0.263) 11.368 (0.272) 11.448 (0.288)

Table 7: The mean (and standard error) of the relative estimation error on the support S
of θ∗: ‖θ̂S − θ∗S‖2/‖θ∗‖2 with α = {0.05, 0.1, 0.2, 0.3} under t3.1 random noise with
four different types of covariates.

t3.1 random noise; n = d50s/αe
Covariates Methods α = 0.05 α = 0.1 α = 0.2 α = 0.3

C1
`1-penalized Robust ES 6.231 (0.177) 5.203 (0.146) 5.461 (0.149) 5.277 (0.131)
`1-penalized ES 7.912 (0.183) 6.890 (0.163) 7.003 (0.173) 6.896 (0.144)

C2
`1-penalized Robust ES 7.502 (0.212) 6.152 (0.169) 6.142 (0.171) 6.536 (0.169)
`1-penalized ES 8.297 (0.200) 6.732 (0.159) 7.020 (0.161) 7.199 (0.168)

C3
`1-penalized Robust ES 5.544 (0.188) 4.447 (0.144) 4.450 (0.137) 4.633 (0.145)
`1-penalized ES 6.950 (0.178) 5.751 (0.160) 5.731 (0.147) 5.795 (0.156)

C4
`1-penalized Robust ES 4.231 (0.180) 3.619 (0.136) 3.714 (0.137) 3.873 (0.136)
`1-penalized ES 5.554 (0.186) 4.565 (0.143) 4.599 (0.144) 4.604 (0.133)

Table 8: The mean (and standard error) of the relative estimation error of the false positives
of θ̂, i.e., ‖θ̂Sc‖2/‖θ∗‖2 with α = {0.05, 0.1, 0.2, 0.3} under t3.1 random noise.

D.1 Estimation

In this section, we provide additional estimation results for true positive and false positive
errors under t3.1 random noise. All results are based on 500 replications with p = 200 and
s = 4 and are scaled by a factor of 100. The four types of covariates (C1)–(C4) follow the
definitions in Section 4.1.

D.2 Inference

In this section, we present additional inference results under three types of random noise:
standard normal N (0, 1), t2.5, and t3.1 distributions, evaluated with two covariate types
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ei ∼ N (0, 1)

a α
Estimation Error Coverage(%) Estimated Width

Robust Non-Robust Robust Non-Robust Robust Non-Robust

a1

0.05 2.93 (0.11) 2.93 (0.11) 93.60 91.40 13.70 (0.17) 13.81 (0.19)
0.1 3.37 (0.12) 3.35 (0.12) 93.80 93.40 16.23 (0.17) 16.44 (0.19)
0.2 3.19 (0.11) 3.19 (0.11) 94.40 93.40 15.08 (0.16) 15.08 (0.17)

a2

0.05 5.36 (0.19) 4.86 (0.17) 93.20 94.60 21.91 (0.27) 22.19 (0.29)
0.1 5.58 (0.20) 5.16 (0.19) 96.00 96.40 25.98 (0.27) 26.56 (0.31)
0.2 5.31 (0.18) 5.03 (0.17) 96.00 95.80 24.45 (0.21) 24.51 (0.25)

a3

0.05 4.16 (0.14) 4.17 (0.14) 93.00 93.00 18.47 (0.17) 18.58 (0.18)
0.1 4.42 (0.15) 4.55 (0.16) 94.40 94.20 20.76 (0.16) 21.68 (0.18)
0.2 4.14 (0.14) 4.22 (0.15) 95.00 94.60 19.68 (0.17) 20.49 (0.19)

a4

0.05 4.82 (0.18) 4.74 (0.17) 95.40 94.60 22.14 (0.28) 22.96 (0.29)
0.1 5.32 (0.19) 5.26 (0.18) 94.60 94.20 24.72 (0.24) 27.00 (0.31)
0.2 5.01 (0.18) 4.85 (0.17) 94.20 94.00 23.24 (0.20) 24.41 (0.25)

Table 9: The mean estimation error |ω̂ − ω∗| (and standard error), coverage rate, and the
mean width of 95% confidence intervals (and standard error), with n = d50s/αe
under the standard normal noise. The covariates are generated as Xi = |Gi| where
Gi ∼ Np(0, Ip).

ei ∼ N (0, 1)

a α
Estimation Error Coverage(%) Estimated Width

Robust Non-Robust Robust Non-Robust Robust Non-Robust

a1

0.05 2.94 (0.10) 2.86 (0.10) 96.20 95.00 13.18 (0.07) 13.12 (0.07)
0.1 3.24 (0.10) 3.17 (0.10) 96.60 96.40 15.78 (0.08) 15.75 (0.08)
0.2 3.01 (0.10) 3.06 (0.11) 95.00 93.60 15.54 (0.08) 15.32 (0.09)

a2

0.05 5.30 (0.18) 5.06 (0.17) 94.60 94.00 23.48 (0.16) 22.94 (0.16)
0.1 5.86 (0.21) 5.55 (0.20) 94.80 94.20 27.97 (0.18) 26.55 (0.19)
0.2 5.67 (0.21) 5.13 (0.19) 94.20 94.80 26.67 (0.15) 26.15 (0.18)

a3

0.05 4.03 (0.14) 4.02 (0.14) 93.20 93.00 17.77 (0.09) 17.66 (0.09)
0.1 4.17 (0.13) 4.32 (0.14) 96.00 95.00 20.04 (0.09) 20.67 (0.10)
0.2 3.96 (0.13) 4.09 (0.13) 95.40 95.80 19.51 (0.08) 20.12 (0.09)

a4

0.05 5.50 (0.18) 5.06 (0.16) 94.40 95.20 23.69 (0.17) 23.23 (0.18)
0.1 5.62 (0.19) 5.39 (0.18) 96.00 95.60 28.33 (0.18) 27.93 (0.20)
0.2 5.60 (0.19) 5.71 (0.19) 96.00 95.40 28.58 (0.16) 28.09 (0.17)

Table 10: The mean estimation error |ω̂− ω∗| (and standard error), coverage rate, and the
mean width of 95% confidence intervals (and standard error), with n = d50s/αe
under the standard normal noise. The covariates are generated asXi ∼ Unif(0, 2).

(C1)—(C2) as defined in Section 4.1. These results, generated with p = 200 and s = 4
over 500 replications, are scaled by a factor of 100 to facilitate comparison. This analysis
demonstrates the robustness and performance of our method across different noise structures
and covariate settings.
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ei ∼ t2.5
a α

Estimation Error Coverage(%) Estimated Width
Robust Non-Robust Robust Non-Robust Robust Non-Robust

a1

0.05 11.37 (0.41) 15.20 (0.64) 92.00 85.80 51.90 (0.54) 52.93 (0.61)
0.1 10.55 (0.38) 14.16 (0.58) 95.20 92.80 50.71 (0.60) 57.67 (0.68)
0.2 10.10 (0.43) 17.39 (0.89) 95.80 86.20 44.38 (0.65) 50.43 (1.02)

a2

0.05 21.71 (0.73) 31.35 (1.20) 94.40 85.60 99.64 (1.00) 107.60 (1.70)
0.1 18.36 (0.76) 30.09 (1.09) 93.20 88.80 87.36 (1.14) 99.97 (2.35)
0.2 17.95 (0.64) 25.97 (1.10) 94.00 88.00 72.84 (0.96) 86.49 (1.65)

a3

0.05 16.83 (0.59) 18.92 (0.65) 94.40 94.20 80.04 (0.67) 87.10 (1.05)
0.1 15.46 (0.53) 17.57 (0.61) 95.40 95.00 72.86 (0.76) 81.53 (1.11)
0.2 12.31 (0.44) 14.59 (0.53) 95.80 93.40 59.91 (0.82) 64.48 (1.18)

a4

0.05 18.74 (0.63) 24.54 (0.87) 90.20 85.40 84.47 (0.77) 84.60 (0.81)
0.1 16.34 (0.59) 23.29 (0.80) 91.40 84.80 72.40 (0.73) 77.05 (0.93)
0.2 16.60 (0.60) 26.60 (1.16) 92.40 80.60 71.64 (0.91) 76.23 (1.08)

Table 11: The mean estimation error |ω̂− ω∗| (and standard error), coverage rate, and the
mean width of 95% confidence intervals (and standard error), with n = d50s/αe
under t2.5 random noise. The covariates are generated as Xi = |Gi| where Gi ∼
Np(0, Ip).

ei ∼ t3.1
a α

Estimation Error Coverage(%) Estimated Width
Robust Non-Robust Robust Non-Robust Robust Non-Robust

a1

0.05 8.73 (0.31) 9.15 (0.33) 92.80 92.80 41.15 (0.45) 41.96 (0.52)
0.1 9.33 (0.32) 10.15 (0.36) 96.00 95.60 40.27 (0.48) 41.26 (0.54)
0.2 5.57 (0.20) 5.75 (0.20) 94.40 95.20 28.91 (0.30) 29.56 (0.29)

a2

0.05 16.10 (0.56) 19.80 (0.74) 92.60 86.00 63.25 (0.66) 64.03 (0.71)
0.1 11.91 (0.41) 13.51 (0.52) 92.00 89.60 51.51 (0.57) 51.62 (0.50)
0.2 10.00 (0.37) 11.34 (0.44) 94.00 91.80 45.93 (0.46) 47.19 (0.46)

a3

0.05 11.50 (0.40) 11.73 (0.41) 95.80 96.00 57.83 (0.55) 58.71 (0.62)
0.1 9.33 (0.32) 9.33 (0.32) 95.60 95.60 45.12 (0.41) 45.50 (0.42)
0.2 8.14 (0.27) 8.10 (0.27) 96.20 95.80 39.72 (0.35) 39.84 (0.34)

a4

0.05 14.81 (0.51) 16.68 (0.60) 93.20 91.00 64.78 (0.66) 65.36 (0.70)
0.1 15.95 (0.54) 18.83 (0.66) 93.20 89.00 63.27 (0.66) 65.16 (0.75)
0.2 9.37 (0.35) 10.75 (0.42) 94.60 93.00 47.29 (0.47) 46.53 (0.42)

Table 12: The mean estimation error |ω̂− ω∗| (and standard error), coverage rate, and the
mean width of 95% confidence intervals (and standard error), with n = d50s/αe
under t3.1 random noise. The covariates are generated as Xi = |Gi| where Gi ∼
Np(0, Ip).
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