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Abstract

We introduce a new nonparametric methodology for estimating a directed acyclic graph (DAG)
from observational data. Our method is nonparametric in nature: it does not impose any specific
form on the joint distribution of the underlying DAG. Instead, it relies on a linear operator on repro-
ducing kernel Hilbert spaces to evaluate conditional independence. However, a fully nonparametric
approach would involve conditioning on a large number of random variables, subjecting it to the
curse of dimensionality. To solve this problem, we apply nonlinear sufficient dimension reduction
to reduce the number of variables before evaluating the conditional independence. We develop an
estimator for the DAG, based on a linear operator that characterizes conditional independence, and
establish the consistency and convergence rates of this estimator, as well as the uniform consistency
of the estimated Markov equivalence class. We introduce a modified PC-algorithm to implement
the estimating procedure efficiently such that the complexity depends on the sparseness of the un-
derlying true DAG. We demonstrate the effectiveness of our methodology through simulations and
a real data analysis.

Keywords: causality; conditional independence; directed graphs; pc algorithm; sufficient dimen-
sion reduction

1. Introduction

Inferring cause-effect relationships from observational data is fundamental in many scientific dis-
ciplines, such as epidemiology, neuroscience, genetics, sociology, and finance. See Spirtes et al.
(2001). The underlying causal relationships among the data are often encoded in a directed acyclic
graph (DAG). In this paper, we establish a new nonparametric framework for estimating the struc-
ture of a DAG from observational data.

Mathematically, let X = (X', ..., X") be a p-dimensional random vector, and let G = (V, E)
be a DAG that consists of a set of vertices V = {1,. .., p}, corresponding to the p random variables,
X' ..., X" and a set of directed edges E C {(i,j) € V x V,i # j} such that there are no directed
cycles. We denote every ordered pair (i,7) € E by i — j, which indicates that X" has a direct
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causal effect on X’. We say that the joint distribution, Py, of X is faithful with respect to G, if the
conditional independence among the variables can be inferred from the structure of the DAG via the
concept of d-separation in the graph G and vice-versa. See Section 2 which contains a brief review
of the key concepts and definitions for DAGs that are relevant to this paper. In general, it is well
known that there are typically a class of DAGs with respect to the joint distribution Py is faithful.
For this reason, we can only estimate the so-called Markov equivalence class of G, that is, the set of
all DAGs with the same d-separation structure (Kalisch and Biihlman, 2007; Peters et al., 2014).

Many approaches have been proposed to estimate the Markov equivalence class of the true DAG.
For example, in the Gaussian setting, Chickering (2003) introduced the greedy equivalence search
(GES) which belongs to the category of the greedy score-based search approaches. Given a starting
graph and a BIC-score, GES performs a greedy search on the space of Markov equivalence classes.
van de Geer and Biihlmann (2013) proposed an £(-penalized likelihood approach for estimating the
Markov equivalence class in the Gaussian setting. Another class of methods are the constraint-based
methods like the PC-algorithm (Spirtes et al., 2001) that conducts a sequence of conditional inde-
pendence tests to infer the Markov equivalence class. For example, Kalisch and Biihlman (2007)
considered the PC-algorithm for estimating the equivalence class of a high-dimensional DAG under
the Gaussian assumption, and proved its consistency in the high-dimensional sparse setting. Ac-
cording to Kalisch and Biihlman (2007), the PC-algorithm is computationally feasible and has the
property that, if the underlying true DAG is sparse, its computational efficiency is determined by
the level of sparseness rather than the size of the network.

Since the Gaussian assumption is restrictive in practice, many recent approaches have been
developed to relax this assumption. A main methodological challenge is to relax the Gaussian
assumption without resorting to high-dimensional kernels which can cause the curse of the dimen-
sionality and reduce estimation accuracy. To this end, Harris and Drton (2013) propose the Gaussian
copula DAG model using rank correlations. However, the Gaussian copula assumption can be vio-
lated under nonlinear interactions. To further relax the Gaussian copula assumption, one can resort
to fully nonparametric approaches based on kernel-based conditional independence tests (Gretton
et al., 2009; Sun, 2008; Zhang et al., 2011). However, such approaches involve the computation of
high-dimensional kernels, and thus often suffer from the curse of dimensionality, a problem that is
more severe for large networks. To strike a balance between model flexibility and dimensionality,
Lee et al. (2020) proposed a fully nonparametric estimation approach based on a new statistical
relation called additive conditional independence (ACI), originally proposed by Li et al. (2014).
ACI is a three-way statistical relation that follows the spirit of conditional independence but its
nonparametric characterization involves only one-dimensional kernels, thus avoiding the curse of
dimensionality. See also Li and Solea (2018); Lee et al. (2016a).

1.1 Our proposal and contributions

In this paper, we propose an alternative nonparametric approach for estimating the Markov
equivalence class with the PC-algorithm. Instead of relying on ACI to mitigate the curse of di-
mensionality, our proposal utilizes recent nonlinear sufficient dimension reduction (SDR) tech-
niques (Lee et al., 2013) to construct the graph. In particular, the estimation procedure proceeds
in two steps. First, we perform nonlinear sufficient dimension reduction on the high-dimensional
conditioning vector to produce a low dimensional-conditioning vector. Second, we feed the low
dimension-dimensional vector into a linear operator, called the conjoined conditional cross-covariance
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operator (CCCO), to evaluate conditional independence. This operator is defined on reproducing
kernel Hilbert spaces (RKHS) and does not rely on any parametric distribution assumption. The
combined feature of dimension reduction and distribution-free makes our method attract in par-
ticularly attractive for handling high-dimensional, non-Gaussian causal graphs. To implement the
methodology, we propose a modified PC-algorithm by integrating dimension reduction with the
classical PC-algorithm such that the computational complexity does not depend on the size of the
network but instead on its level of sparseness. We establish the consistency of the Markov equiv-
alence class and the uniform consistency under a strong faithfulness condition (Uhler et al., 2013).
We illustrate our methodology by simulation and a real data analysis.

1.2 Related work

Conditional independence testing is an important problem, especially in learning directed graph-
ical models and causal discovery. Due to the curse of dimensionality, nonparametric testing for
conditional independence of continuous variables is particularly challenging. Recently, some work
has been proposed based on RKHS. For example, Fukumizu et al. (2004, 2007a) proposed the
conditional cross-covariance operator to characterise conditional independence. Fukumizu et al.
(2007b) introduced the normalized conditional cross-covariance operator that completely charac-
terizes conditional independence, and has the additional advantage of removing the marginal vari-
ations from the covariance operators. Sun et al. (2007), Gretton et al. (2009) and Fukumizu et al.
(2007b) proposed a causal learning algorithm that uses the Hilbert-Schmidt norm of the conditional
cross-covariance operator to measure conditional dependence and combines the PC algorithm with
a permutation test of independence. Zhang et al. (2011) developed the asymptotic distribution of the
empirical cross-covariance operator (CCO) under the null hypothesis of conditional independence.

However, these kernel-based conditional independence tests rely on multi-dimensional kernels
to characterize conditional independence, which can lead to substantial drop in accuracy known as
curse of dimensionality. As a result, these methods often perform poorly in practice when dealing
with large networks. Our solution addresses this limitation by applying nonlinear SDR before the
evaluation of conditional independence. Nonlinear SDR generalizes linear SDR and seeks a set of
nonlinear functions in the predictors that best predict the response. Lee et al. (2013) proposed the
Generalized Sliced Inverse Regression (GSIR) and the Generalized Sliced Average Variance Es-
timator (GSAVE), which extend the Sliced Inverse Regression (Li, 1991) and the Sliced Average
Variance Estimator (SAVE) (Cook and Weisberg, 1991), respectively. Both GSIR and GSAVE are
not restricted to linear constraints, and can capture nonlinear relations that linear SDR methods can
miss, thus achieving further dimension reduction. Employing of nonlinear sufficient dimension re-
duction before evaluating conditional independence to avoid curse of dimensionality, our method is
significantly different from the above-mentioned fully nonparametric approaches.  Correspond-
ing to this difference in methodology, our asymptotic analysis is significantly different from the
mentioned previous works as well. Specifically, we establish the consistency of CCCO taking into
account the error introduced from the step for estimating the sufficient predictors, which requires a
much more involved asymptotic analysis than in the previous works. We also establish the uniform
consistency of the estimated DAG, not available in the previous works (Sun et al., 2007; Gretton
et al., 2009; Fukumizu et al., 2007b; Zhang et al., 2011).

Our work is also substantially different from Lee et al. (2020), which employed additive con-
ditional independence (ACI) as the criterion to construct the graph and proposed the normalised
additive conditional covariance operator to characterize ACI. In contrast, we use conditional inde-
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pendence, a more widely accepted criterion as the criterion to determine the DAG as required by
Lee et al. (2020). Additionally, our method is not constrained by additive structures.

We should also mention that there is a class of hybrid algorithms that combine ideas from the
constraint-based and the score-based approaches, typically by employing a greedy search over a
restricted space determined through conditional independence tests. Examples of such algorithms
include the max-min hill climbing (MMHC) algorithm (Tsamardinos et al., 2006) and the adaptively
restricted GES (Nandy et al., 2018). Numerous works have also been proposed to identify the DAG
under additional distributional assumptions. Examples include linear structural equation models
(SEMs) with non-Gaussian noise, linear non-Gaussian acyclic models (LiNGAM, Shimizu et al.
(2006)), nonlinear SEMs with additive noise (Peters et al., 2014; Biihlmann et al., 2014), and linear
Gaussian SEMs with equal error variances (Peters and Biihlmann, 2014). Finally, these approaches
have been further developed to accommodate latent variables (Richardson and Spirtes, 2002; Hoyer
et al., 2008; Shimizu and Hyvirinen, 2007), time series data (Hyvirinen et al., 2010), interven-
tional distributions (Hauser and Biihlmann, 2012; Tian and Pearl, 2001; Cooper and Yoo, 1999;
Eaton and Murphy, 2007; He and Geng, 2008; Tong and Koller, 2001; Eberhardt, 2008; Peng et al.,
2020), and directed cycles (Lacerda et al., 2008; Eberhardt et al., 2010) (for a detailed overview,
see Shimizu (2014)). Our proposal significantly advances several key areas this line of research, in-
cluding constraint-based learning methods for random variables, DAG estimation, and kernel-based
conditional independence testing.

1.3 Organization of the paper

The rest of the paper is organized as follows. In Section 2, we briefly review the main concepts and
theory of graphical models, and introduce some notations. In Section 3, we propose the DAG by
incorporating sufficient dimension reduction with a DAG, and describe its estimation process at the
population level. In Section 4, we develop the algorithm to implement the methodology. In Section
5, we study the asymptotic properties such as estimation consistency, uniform consistency and con-
vergence rates. In Section 6, we demonstrate the performance of our methodology by simulation
studies and a pathway analysis. We make some concluding remarks in Section 7, and put all proofs
and some additional results in the Appendix.

2. Preliminaries and notation

In this section, we briefly review the theory of graphical models. A graph G = (V, E) consists of
asetV ={1,2,...,p} of p vertices and a set of edges E C {(i,j) € V x V,i # j}. A graph G
is called a directed graph if for any (i,7) € V x V, with i # j, at most one of the ordered pairs
(i,7) belongs to E. If (i,5) € E, then we write i — j. An edge (i,j) € E is called undirected
if (i,7) € E if and only if (j,i) € E, and is denoted by ¢ — j. A graph G is called undirected
if all its edges are undirected (Kalisch and Biihlman, 2007). In a graph G = (V, E) (directed or
undirected), if there is an edge, (¢, j) in E, then the nodes i and j are said to be adjacent. A path
on G is a sequence of distinct vertices i, . . ., %,, such that successive nodes ¢, and ¢, , are adjacent
forallk =1,...,n— 1. If ¢, — 4., for all k, then the path is called directed. A path of length at
least three, for which the endpoint vertices ¢, and 7,, are the same, but for which all other vertices
are distinct from each other, is called a cycle. A DAG is a directed graph that contains no directed
cycles.

Let X = (X',..., X?) be a random vector associated with the DAG G such that each node
i € V corresponds to the random variable X". The joint distribution Py of X is said to be faithful



LEARNING CAUSAL GRAPHS VIA NONLINEAR SUFFICIENT DIMENSION REDUCTION

with respect to G if for any 7,7 € V with ¢ # j and any set S C V \ {4, 7},
node i and node j are d-separated by the set Sin G < X' 1L X’ |X *

where the notation U Il V' | W indicates that random variables U and V' are conditionally indepen-
dent given W, and d-separation means that every path in G between nodes ¢ and j is blocked by S
(see Koller and Friedman (2009)). The main reason for imposing this assumption is that non-faithful
distributions form a set that has a Lebesgue measure of zero, as it can be viewed as a collection of
hypersurfaces within a hypercube (Uhler et al., 2013). Examples of faithful distributions include
the Gaussian distribution, the nonparanormal distribution (Liu et al., 2009) and distributions gener-
ated by linear structural equation models (SEM) with the additive errors drawn from a mixture of
Cauchy distributions (see Harris and Drton (2013)). Sadeghi (2017) provided sufficient and nec-
essary conditions for a distribution that factorizes with respect to a DAG to be faithful to a given
graph. These are singleton-transitivity and ordered upward- and downward- stabilities (see Sadeghi
(2017, Corollary 34)). The Gaussian distribution and binary distributions satisfy these properties.
More generally, strictly positive densities also satisfy these conditions. We remark that examples
of non-faithful distributions is given in Spirtes et al.(2000, Chapter 3.5.2), Peters et al. (2014) and
Peters (2015).

The skeleton of a DAG, G, is the undirected graph constructed from G by dropping the orienta-
tion on the edges, and is denoted by ske(G). A v-structure in a DAG, G, is a triplet of nodes (4, j, k)
such that ¢ — j and £ — 7, and ¢ and k are not adjacent.

Two DAGs are called Markov equivalent if they possess the same d-separation relations and,
hence, they cannot be distinguished from one another using conditional independence. The class
of all DAGs sharing the same d-separation relations is called the Markov equivalence class of the
true DAG, G. Markov equivalent DAGs are characterized by having the same skeleton and the same
v-structures (Verma and Pearl, 2022; Drton and Maathuis, 2017; Kalisch and Biihlman, 2007).

It is common to visualize each Markov equivalence class by a completed partially directed
acyclic graph (CPDAG) that may have directed and undirected edges (Andersson et al., 1997; Rover-
ato, 2005). Every directed edge in a CPDAG, exists in all DAGs in the equivalence class of the true
DAG, and if there exists a DAG with ¢ — 7 and a DAG j — i in the equivalence class, then the
undirected edge ¢ — j exists in the CPDAG. Hence, the goal is to estimate the Markov equivalence
class of the true DAG, G, or equivalently, its CPDAG, from a simple random sample from X.

Assuming that Py is faithful with respect to the true DAG, constraint-based methods like the PC
algorithm (Spirtes et al., 2000) seek to estimate the CPDAG from data. The PC algorithm proceeds
in two steps. The first step uses a sequence of conditional independence tests to estimate the skeleton
of the true DAG. In particular, for any i, j € V, ¢ # j,

i and j are not connected in ske(G) < X' I X’ | X®forsomeS c V \ {i,;}. (1)

The second step uses the results of the conditional independence tests to learn the partial orientation
of the edges in the form of a CPDAG. For a compact description of the PC algorithm, see Drton
and Maathuis (2017) and Kalisch and Buhlman (2007). In this process, the performance of the con-
ditional independence test to infer X' 1l X?|X* is of crucial importance, as Kalisch and Buhlman
(2007) stated: “if this part is done correctly, the orientation of the edges in the CPDAG will be
correct”. The main point of the methodology proposed in this paper is to improve the performance
of the conditional independence tests through dimension reduction.
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We now introduce some notations that will be used throughout the article. For two Hilbert
spaces H, and H,, let B(H,,H,) denote the class of all bounded linear operators from H, to #.,.
The space B(H,,H,) is a Banach space endowed with the operator norm which is denoted by
| |lop- Let By(H,, H,) denote the class of all Hilbert-Schmidt operators from #, to #,. The class
B, (H,,H,) is a Hilbert space with inner product (-, -) x5 and induced norm || - ||zs. Moreover, it can
be shown that B,(H,, H,) C B(H,,H,). For convenience, when H = H, = H,, we use B(*H) and
B, (H) to denote B(H,#H) and B,(#H,H), respectively. For any operator A € B(H,,H,), let A
denote the adjoint operator of A, ker(A) the kernel space of A, ran(A) the range of A, and Tan(A)

L

the closure of the range of A. For any operator A € B(H), tan(A) = ker(A")".

3. Methodology

3.1 Nonlinear sufficient dimension reduction and directed acyclic graphs

For a univariate response Y, classical linear SDR seeks a p x d matrix § such that Y 1l X |87X,
where d < p. The space spanned by the column vectors 34, ..., 3, of 5 is called the dimension
reduction subspace. The greatest dimension reduction of the predictor vector is achieved by the
smallest dimension reduction subspace, called the central subspace, denoted by Sy x. See Li (1991);
Cook and Weisberg (1991); Li (2018b). A commonly used method is the sliced inverse regression
(SIR, Li (1991)). Linear SDR was generalized to the nonlinear case by Lee et al. (2013) and Li et al.
(2011), which considered Y Il X |G, where G is a sub-field of the o-field, o(X), generated by X.
The sub o-field G is called the SDR o-field for Y versus X. The intersection of all sub o-field
is called the central o-field, and is denoted by Gy x. By making analogy with classical SDR, the
authors proposed the GSIR and the GSAVE, as extension to the SIR and the SAVE, respectively.
This general framework was built upon several earlier kernel dimension reduction methods, such
as the KCCA (Fukumizu et al., 2007a; Wu, 2008) and the kernel sliced inverse regression (Wang,
2008).

Following Kim (2022) and Li and Kim (2024), our idea is to connect nonlinear SDR with the
DAG. Forany W C V,let X" = {X": k € W} and o(X") be the o-field generated by X"

Assumption 1 For eachi,j € V, i # j, and S C V \ {i, j}, there is a sub o-field G° of o(X°)
such that

(X', X7 1L X°|G°. (2)

The smallest sub o-field G° of o(X®) that satisfies (2) is called the central sub o-field for
X* versus (X', X7), and is denoted by G xS Examples of joint distributions that satisfy
Assumption 1 are given in Li and Kim (2024, Appendinx J), and include the Gaussian distribution,
the nonparanormal distribution (Liu et al., 2009), and a multivariate distribution determined by a
type of a regular graph in which each pair of vertices can have at most d neighbors. The following

theorem is found in Li and Kim (2024, Theorem 1).
Theorem 1 If Assumption 1 holds, then

X' 1LX' X% e X' 1LX|G

(x' x7) x5

This theorem suggests that we can combine nonlinear SDR with d-separation to estimate the Markov
equivalence class.
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Definition 2 Suppose that Assumption 1 holds. We say that the joint distribution Py of the random
vector X is faithful with respect to a DAG G if for any i,j € V withi # j and any set S C V\{i,j},

node i and node j are d-separated by the set Sin G < X' 1l X’ | Q(Xi PENPER 3)

Under faithfulness, we use X' 1L X’ |G (xx7) xS a8 acriterion to learn the skeleton of the DAG, G,

after performing nonlinear SDR of (X", X”) versus X° foreachi,j € V,i # jand S C V'\ {i, j}.
Specifically, the skeleton of the DAG, denoted by ske(G), is defined by

ske(G) = {(i,j) e VxV:i#j X I X’ |G s forall S c V\ {i,j}}.

xixdyx

3.2 Reproducing kernel Hilbert spaces and covariance operators

Let (2, F, P) be a probability space, ({2x, Fx) a measurable space, and X : Q — Qy a p-
dimensional random vector with distribution Py. Suppose {2x = € 1 x -+ x ;», where {2 ; is
the support of the ith component, X", of X. For each i € V, let i be an RKHS of functions on
Q)i to R defined by a positive definite kernel i : 2 i x Qi — R. Let L,(P,:) be the class of all
square-integrable functions in €2 . such that i f2dPXi < 00, where P, is the distribution of X "
The following integrability assumption ensures that 7 i C L,(P i) (see Fukumizu et al. (2007b)).
Assumption 2 E(x (X", X")) < oo, i=1,...,p.

This is a mild assumption that guarantees the square integrability of the members in H i, and
is satisfied by bounded kernels such as the Gaussian radial basis function (RBF)

KyitHyi X Hoi = R, (l’i,x;) > exp(—7, i (:L‘Z1 — x;)z), ()
where y,i > 0, and the Laplacian kernel x _i(z},2,) = exp(—7,i|z, — z,|). See, for example,
Fukumizu et al. (2009). Under Assumption 2, the linear functional H . > f — E(f(X")) is
bounded. Hence, by Riesz’s representation theorem, there exists a unique function p, : in H i such
that E(f(X")) = (f, tyi), Vf € H,i. Also under Assumption 2, for any i, j € V, the bilinear form
defined by

HoxHoa =R, (fig) = cov(f(X7),g(X))

is bounded, which implies that there is a unique linear operator ¥ i ; € B(H i,H ;) such that,
forall f € H i,g€H

(.5 000, = cov(f(X),g(X")).

See, for example, Conway (2019, Chapter II, Theorem 2.2). This operator is called the cross-
covariance operator between X and X’ (Fukumizu et al., 2007b), and is a Hilbert-Schmidt operator
under Assumption 1 (Gretton et al. (2005a, Lemma 1)). This operator extends the covariance matrix
on Euclidean spaces to nonlinear spaces. Obviously, ¥*, ;, =¥ ; ;. If X' = X/, ¥ ; ;is

XX XX XX
called the covariance operator, which is self-adjoint and positive definite Hilbert-Schmidt operator
(Fukumizu et al., 2007b).
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Note that any f belongs to ker(X i :) if and only if var(f(X")) = 0. Hence ker(X i )
consists of functions in # . that are constant almost surely. Since constants are unimportant in
conditional independence, we can, without loss of generality, assume ker(¥ i i) = {0} for all
i =1,...,p. Since X i i is self-adjoint, Tan(% i i) = ker(3 . i)". Hence, we reset H i to
be ran(X i i), and we refer to it as the centered RKHS. Li and Song (2017, Lemma 1) derived an
explicit expression for the centered RKHS, H i as

H, i =span{ri(-x') —pix €Q it

For the rest of the paper, we work with the centered RKHS, H ey Next, we define the inverse of an
operator. Because ker(¥ i i) = {0}, the covariance operator ¥ ;i definedonH i = Tan(X i )
is an injective function. We use Z;xi to denote the inverse of % i .. Note that Z;x" is an
unbounded operator since X i i is a Hilbert-Schmidt operator.

3.3 Generalized sliced inverse regression and regression operator

We use the GSIR for nonlinear sufficient dimension reduction. For each S C V, let Q2 5 be the
range of X°, which is the cartesian product of QrforkeS Letk,s:Q s xQ s+— Rbea
positive definite kernel. Let H s = span{x s, %) — fys z° € 0, s} be the centered RKHS.
Similarly, for each ¢, j € V,let Q. ; = Q_: X Q _; be the range of (X', X7), and let H i bethe
RKHS generated by the kernel ki, 5 : Q i 5 x Q. ; — R. We make the following assumption.

Assumption 3 Foranyi,j €V, i# j, S CV\{i,j}, we have
1. E(k,s(X®,X%)) < oo, and E(k (X', X"),(X", X)) < oo.

2. ran(X s ) Cran(¥ s s).

(Xin)

Part 1 of Assumption 3 ensures the covariance operators X s xixi) € B(H,i.i,H,s) and
¥ s.s € B(H,s) are well-defined. Part 2 assumes a type of collective smoothness assumption in
the relation between (X', X’) and X °. It requires that the operator & x5 (xixd) sends any incoming
function f € H, . ; to the eigenspaces of X s s corresponding to the leading eigenvalues, or
to the low-frequency components of %, s s. This assumption is satisfied when the range of the
operator X s (xix) is a finite-dimensional reducing subspace of 2 s s. This is true, for example,
when the polynomial kernel of finite order is used (Lee et al., 2016a,b). Otherwise, for kernels
inducing infinite-dimensional spaces, it holds if the dependency between X and X’ given X has
to be sufficiently concentrated on the leading eigenfunctions of 3 s s. In practice, this assumption
is satisfied since H, s can be approximated by the spanning space of a few leading eigenfunctions

of ¥ s s. Under Assumption 3, the operator

xT(xix?y T S x5 x% (xtxTy
is well-defined, and we call it the regression operator from H . ; to H s, since it resembles the
regression coefficient matrix in multivariate linear regression. The regression operator plays an
important role in nonlinear SDR.

In order for the class of functions, HXS , to characterize the central o-field, G s, we need

(Xi,Xj)|X
to make the following assumption: that projections onto L, (P, s)-the L,-space with respect to the
distribution P _s of X “_can be well approximated by elements in the RKHS, H CH
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Assumption 4 For any S C V, H s is a dense subset of LQ(PXs) modulo constants, that is for
any f € Ly(P,s) and any € > 0, there exists a g € H s such that var[f(X®) — g(X®)] < e

Assumption 4 ensures the kernel function, s, to be sufficiently rich so that it is a characteristic
kernel with respect to Lz(PXS)- This means that projections onto L, (PXs) can be well approxi-
mated by elements in the RKHS, H _s. This assumption is satisfied by the Gaussian RBF kernel, but
not by the polynomial kernel. For a compact metric space, an RKHS constructed by a universal ker-
nel (Steinwart, 2002) is characteristic. See Sriperumbudur et al. (2011) and Fukumizu et al. (2007b,
Lemma 1). Under Assumption 4, the class of functions in H 5 that are G i xy) Xs—measurable
form the central class for X° versus (X', X”), and is denoted by & ( s. The central class is
the target of estimation in nonlinear SDR.

Let Ly(P, s) be the L,-space with respect to the distribution P_s of X ®. Similar to Lee et al.
(2013), we assume that the central class, & i xTy xS is a complete class which means that for any
G i i) s -measurable f € Ly(P ) such that E(f(X)|(X*, X?)) = 0 almost surely, f(X*) =0
almost surely.

x'x7yx

Assumption 5 The central class G s is a complete dimension reduction class of (X', X”)

(Xin)\X
S
versus X" .

Assumption 5 is a mild condition which is satisfied by most nonparametric models with additive
error (See Lee et al. (2013, Propositions 1 and 2)). As shown in Lee et al. (2013), under the
Assumptions 2 through 5, the closure of the range of the regression operator is equal to the central
class

ran(B = G(Xixj)‘XS. )

XS(Xin))

In most of the practical nonparametric regression problems, the response variable Y depends
on the predictor X only through a few functions of X. For example, in the commonly-used mean
regression model

Y=f(X)+e

where X | e, the central o-field is generated by one function f(X). In the mean regression with
heteroscedasticity:

YV = f(X)+9(X)e,

the central o-field is generated by 2 functions. Based on this consideration, it is reasonable to assume
that the central o-field is generated by a finite number of functions, which amounts to assuming the
rank of the regression operator is finite. The next assumption formalizes this observation. This
assumption was also made in Li and Song (2017) and Li and Kim (2024). In most of the practi-
cal nonparametric regression problems, the response variable Y depends on the predictor X only
through a few functions of X. For example, in the commonly-used mean regression model

Y =f(X)+e
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where X | ¢, the central o-field is generated by one function f(X). In the mean regression with
heteroscedasticity:

Y = f(X)+9(X)e,

the central o-field is generated by 2 functions. Based on this consideration, it is reasonable to assume
that the central o-field is generated by a finite number of functions, which amounts to assuming the
rank of the regression operator is finite. The next assumption formalizes this observation. This
assumption was also made in Li and Song (2017) and Li and Kim (2024).

Assumption 6 B s is a finite-rank operator with rank d.

x'x%)
This assumption allows to establish the estimation procedure and recover the range of B s

(x'x7)
via finite d steps of optimization. It means that for any f € H Kixds DS xix) f is relatively
smooth. It would be violated, for example, if one can find f € H_ . ; such that ¥ s xixd f
is arbitrarily choppy (Li and Kim, 2024). Moreover, in the simulation settings, we approximate
each H i through a few leading eigenfunctions, and hence Assumption 6 holds since all operators
involved are finite-rank operators.

Relation (5) suggests that we use ran(B 5

<Xin))to estimate the G i ;) (Xixj)) _
ran - -1 : o« . .

ran(EXSXS EXS(Xin)AE(Xin)XS EXSXS) for any nonsingular and self-adjoint operator Ain B(H i j, H i ),
o xy A i xd)x

(2024), we choose A = X', . . . since it achieves better scaling. Thus, we have
(x'x7y(x"x7y

s. SinceTan(B s

-1 —1 . . .
we can use EX 5.8 X.s s ZX s s torecover the central class. Following Li and Kim

[ -1 -1
I"an(ZXSXS ZXS(XZXJ)E(XZX])<XIX‘7)Z(XZX])XS EXSXS) - G(XZXJ)\XS (6)

The space in (6) can be recovered by performing a generalized eigenvalue problem of EX(Z-, DS E;gx s EXSX(Z-, M
withrespectto 3 s s, which can be restated in terms of the sequential maximization problem given

below in (8). We first need the following assumption.

Assumption 7 For eachi,j €V, i # jand S C V\ {i, j},
1oran(¥ s o) Cran(X s s), ran(S o s) C ran(S o) 60)s
2. szxu,j) is a finite rank-operator with rank dg

3. all the nonzero eigenvalues of ¥ i j) s Z;gxszxsx(i,j) are distinct.

—1

The operator E;EXSEXS(XZ'XJ')E(Xixj)(xixj)ﬁ(xixj)XsE;.;XS exists by part 1 of Assumption 7.

Part 2 ensures that it is finite-rank. Part 3 assumes that its eigenvalues satisfy A;’ > --- > A",. This
S

is to guarantee a unique solution for the d iterations and to simplify the asymptotic analysis. Under

Assumption 7, a basis {f,’,..., f;Zj} of the central class, G(Xixj)‘XS, can be found by solving
S

the following iterative maximization problem for each i,5 € V and S C V \ {4,j}. For each

k=1,...,d7?

o -1
maximize (f, ZXS(Xin)Z(Xixj)(xix]‘)E(Xin)XSf> %
subjectto  f € H s, (f, X s .sf)=1, (f,¥ s.sfi)="=(f,8,s5,.5fi1) =0,

10
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This means, we first solve the standard eigenvalue problem. Foreach k = 1,...,d"
.. —1/2 R o —1/2
maximize <g, EXSXSEXS(XZX])E(Xixj)(xixj)E(XlXJ)XSZXSXSg> (8)
subjectto QGHXS,<Q,9> =1, <g7gl>:: <g7gk71> :07
—1/2 o —1. ) o o —1/2 . . . . 3
The operator ZXSXSEXs<X1XJ)Z<X1X]>(X1XJ)E(XZX]>XS EXSXS in (8) is nonnegative definite, self

adjoint and compact. By Assumption 7, it is finite-rank and its eigenvalues satisfy A/ > --- > A;]”
S
Thus, by the Theorem 4.2.5 in Hsing and Eubank (2015), the maximum in (8) is achieved at its kth

eigenfunction g;’ corresponding to the kth largest eigenvalue. Furthermore, since & xixIy xS isa
complete class, the transformed functions f,” = 2;5/; s9., k =1,...,dJ guarantees the central

o-field.

Any sample estimator targeting the central class, & (i x0y x5 is referred to as GSIR. To summa-
rize, our goal consists of two steps: first, to use GSIR to estimate the central class & xixIy xS for any
i,j€V,S CV\{4,j}, and second, to estimate the skeleton of the true DAG based on the reduced
data {(X', X7, & 4,5 € V,S c V\ {i,j}}. In particular, let f(X°),..., fdﬂsj (X%
be the d basis functions of &
S C V. We aim to evaluate

node i and node j are not connected in ske(G) < X' Il X7 | f/(X"), ..., f4(X®)

dg

for some S C V\ {i,5}.

<xixj)\xs)

(xixy x> Where d7 < |S| and |S| denotes the cardinality of any set

3.4 Conjoined conditional cross-covariance operator

In this section, we introduce the conjoined conditional cross-covariance operator (CCCO) to char-
acterize X' IL X7 | f7(X%)..., f;fj (X*®), and hence the skeleton of the DAG. This operator was
q

originally proposed by Fukumizu et al. (2007b) for kernel-based conditional independence testing
and was also used in Li and Kim (2024) for the construction of undirected graphical models. For
eachi=1,...,p,letQ i s =Q i xQ s, andlet H . s be the centered RKHS generated by the
kernel k i s 1 Q2 i s X Qi s — R. We need the following assumption.

Assumption 8 Foranyi,j €V, i1 # 35, S CV\{i,j}, we assume

1 Bk s(X°, X)) < oo, E(k,:s(X,X%),(X",X"))) < oo, and
E(x (X7, X%), (X7, X*))) < .

x7 x5

2. ran(X s

. (XiXS)) Cran(X, s, s)andran(X s ) Cran(¥ s s).

x7x%)
Assumption 8 ensures that the covariance operators EXS(XiXS>, ZXS(Xsz), E(XiXS)(XjXS>,
1 1 . ..

.ZXSXSEX'S(XiXS) and szxszxsngxs are well—deﬁnec'L Part 2 of Assurnptlon 8 has 51m1'lar
interpretation as part 2 of Assumption 3. Under Assumption 8, the CCCO exists. The following

definition is due to Fukumizu et al. (2007b).
Definition 3 Suppose Assumption 8 holds. Then, the following operator
3

-1
xSy xixSy xS = E(Xixs)(Xsz) — (XiXs)XsEXSXSEXs(XjXS) )
is well-defined and is called the conjoined conditional cross-covariance operator (CCCO) of (X', X7)

given X°.

11
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The Definition 3 is needed to state the following proposition which is due to Fukumizu et al. (2007b),
a proof of a special case of which is given in Fukumizu et al. (2004). For a random vector X, a
RKHS, .77 based on a kernel kx is probability determining if and only if the mapping Py —
Ep, [kx(-, X)] is injective. For example, the Gaussian RBF is probability determining, but the
polynomial kernel is not.

Proposition 4 Suppose that for any i,j € V and i # j, any S CV\ {i,j}
L. H i s ®H, s is probability determining.
2. Foreach f € H s, E[f (X', X*)|X® = -] belongs to H,s.

3. Foreachg € H ; s, E[g(X’, X*)|X® = ] belongs to H,.s.
where ® is a tensor product. Then,

s=0e X' 1L X'| X"

"X x %) x
Let U7 = (f7(X%),..., f;f;j (X®)) denote the population-level output from the nonlinear SDR

step, obtained by solving the maximization problem (8). Let K iyihs Qi ijs X Qi ijs =R
be a positive definite kernel, where QXZ-UU,S = QXi X QUij,S. Let HXiUz’j,S be the centered RKHS
generated by £ i ;.. Similarly, let 1 ;s be the centered RKHS generated by the positive definite
kernel £ ijs + Qijs X Qijs — R. We apply the CCCO to (X', X7, U") to determine whether
X'l XU is true for all i,j € V,i # jand S C V \ {4,5}. In order for the CCCO to be
defined on (X*, X7 U""*), we need the following assumption.

Assumption 9 Assumption 8 and conditions 1 through 3 in Proposition 4 are satisfied with X s
replaced by U”* foralli,j €V, i # jand S C V '\ {i,7}.

Under Assumption 9, the CCCO
Y o ij,8

-1
(x Y i ij,S)(XjUij,S) -2 ij,S)Uij,SEU,-j,SUmSEXiUij,s(XjUij,s) (10)

YT U T x (x
is well-defined and satisfies X i ii.s) i s, us =06 X' 1L X7 | U™, This result allows us
to use X Ly S (x9S ) 1S to measure conditional independence and characterize the skeleton of
the DAG, G.

Corollary 5 Suppose Assumption 1 holds and X is faithful to a DAG, G. Then, under Assumption
9 foralli,j eV, i#j

nodes i and j are not connected in ske(G) < Z(Xi 15,5 I S i3S = 0, (11D

for some S C V\ {3, j}.

Hence, for a given DAG, G,

ske(G) = {(Z,]) eVxV:i#j, HE(Xi ij,S)(XjUij,S)lUij,SHHS #0 forall SCV \ {Z,j}}
The above result allows to use Z(Xi 58 (xS 1y
that is a based on a low-dimensional vector U*"* obtained from the first SDR step. Furthermore,
the equivalence (11) does not require any distributional assumptions, and avoids the computation of
high-dimensional kernels for the estimation of the skeleton. It thus avoids the curse of dimension-
ality and is able to handle large-scale networks.

ij,s as a criterion for conditional independence

12
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4. Estimation

In this section, we develop the algorithms to implement the methodology. We first develop algo-
rithms for the sample versions of GSIR and CCCO, followed by a cross-validation scheme to select
tuning parameters in the GSIR and CCCO algorithms and a strategy to accelerate computation.
Then we develop a new version of the PC-algorithm to estimate the DAG that incorporates dimen-
sion reduction. To formulate the algorithms we need to represent the operators as matrices using a
coordinate representation system (Horn and Johnson, 2012).

4.1 Coordinate representation

Let ¢, be an n-dimensional Hilbert space spanned by the set of functions %, = {b;,...,b.}.
Then, each member f of &, can be written as a linear combination of b;,...,b.. The vector of
coefficients is called the coordinate of f with respect to % ,, and is written as [f]z,. Let ¢, be
another Hilbert space spanned by %, = {b:,...,b".}. For any linear operator A : ¢, — ¥,, the
matrix g,[A]n, = ([Ab]a,,...,[Ab,]z,) € R™ " is called the coordinate of A relative to the
bases #, and #,. The mapping %,[-], : A — %,[A]p, is called the coordinate mapping. Let
%, be a third Hilbert space with base % 5, and A’ : 4, — ¥, a linear operator, then the coordinate
representation of the composite operator A’A : &, — b5 is 5 [A'Al g, = #;[A'|,2,[A]»,. For
more details about the coordinate representations, see Horn and Johnson (2012), page 30 and Solea
and Li (2022), Theorem 5.

4.2 Step 1: implementation of GSIR

In this section, we derive the coordinate representation of the estimator of the GSIR problem (8).
Let X;,..., X, beani.i.dsample of X, where X, = (X, ,..., X?) fori =1,...,n. At the sample
level, the true distribution Py is replaced by the empirical distribution based on the sample. For
eachi =1,...,p, the centered RKHS H . is spanned by

¢ =1{r (X)) =B (k( X)) ra=1,...,n}, (12)

2 K

where [E,, is the mean with respect to the empirical distribution, that is, E,, x i (X l) =

3=

a=1,...,n}. Furthermore, foreachi =1,... ,plet K . = {r (X, X, )} ey € R be the
Gram matrix for X', and G i = QK :Q € R""" be its centered version, where Q = I, — 1,17 /n,
1, is the n-dimension vector of 1’s and I,, is the n x n identity matrix. Similarly, for every (i, j) € V,
i # j,let K _i_j be the n x n Gram matrix whose (¢, m)th entry is £ i ((X;, X)), (X,,, X)),
and G i ; = QK i ;Q € R"™" be its centered version. It can be shown that for any f, g € H
(f9) = [f]'Gilg]. Let K5 be the n x n matrix whose (a, b)th entry is fiXs(Xf,XbS) and let
G s = QKsQ. We have the following coordinate representations for the operators (Li, 2018a):

[EXin]O(GXj, [Z
[z

XS(Xin)] OCGXi [ZXSXS] OCGXS

]O(GXi

Xj’

> 13)

x*x7yxtx%y x7 (Xin)XS] X GXS'
Using the coordinate expressions in (13), the maximization problem in (8) can be represented

as the following standard eigenvalue problem with Tychonoff regularized inverse (see Li and Kim

13

For any subset S of V, the centered RKHS # s is spanned by ¢, s = {x s (-, Xf)—En(/st (-, X)g)) :

X.
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(2024) for more details): for eachi,j € V,i # jand S C V\ {4,5} and foreach k = 1,...,d?,
maximize v'(G s + n.1,)"" G sG i (G + e 1,)”" G s(G s+ nnIn)_lv
subjectto vv=1,vv, =...=v"v,_, =0,

where €, > 0 and 7, > 0 are tuning constants such that ¢, — 0 and n,, — 0 as n — oo. In other
words, vy, ..., v _ij are the first dg eigenvectors of the matrix
S

(Gos +nul) G sG i i (Gig+e,) G s(G s +n.0,)" (14)
Then, the GSIR sufficient predictors are

P15 Z 095 (G s ) K sQ. v =1 d, 13

T

will be used for the implementation of the CCCO in tne next section.

4.3 Step 2: implementation of the conjoined conditional cross-covariance operator

Having derived the estimated sufficient predictors U for all i,j € V, i # j and for any S C
V\ {4, j}, we next evaluate conditional independence by thresholding the Hilbert-Schmidt norm of
the CCCO defined in (10). That is, for any ¢, € V, i # j and forany S C V \ {4, j},

Xi J_L XJ ‘ Uijys = ”Z(XZUZ] S)(Xj[}ij’s)ﬂ?ij’S”Hs < pn7

for some threshold constant p,, > 0 that depends on n. Thus we have the following estimate of the
skeleton of the SDAG G,

ske( ) ={(,7) €V XV i j |8 jigins) yigiss, giasllus > pa forall § VA {i, j}}. (16)

(x'o

Next, we turn to the coordinate representation of X (xS xS and its Hilbert-Schmidt norm.

Foreachi,j € V,i# j,and S C V \ {i,j}, we define the centered RKHS

H igiss = span{r i i (- (X5, U7%) = Eplkipus (L (X, UT)] ra=1,...,n},
H s = span{k s (- (X2, U%) = Bulk s ( (X, U)] ra=1,...,n},
HUij,S = Span{F&Uz’j,s(', U;j S) — EH[FLUU,S(', U” S)] .a= 1, . ,n}.

By Theorem 12.1 of Li (2018a), the coordinate representations of the covariance operators are

[E(XlUZJ S)<XJ ij, S)] X GX] ~17,S [Z(XZU” S) 7, S] X G zg S,

[Eﬁij,sﬁij,s] X Gﬁij,S, [Eﬁij,S<Xj0ij,S)] X GXjUij,S.

Consequently, the coordinate representation of the CCCO (Li and Kim, 2024) is
i s — G s (Gﬁij,s + (5nfn)71G

X o 15,5y

[2 ©.~17,5 (X_] zyS)lU'L] S] :G X]U

(XU
where §,, — 0 is a positive tuning constant. By Li and Kim (2024), the Hilbert-Schmidt norm of
CCCO has the following coordinate representation

HE Q] S)(in/ij’s)mij‘SHHs HGl/ZQ i SG1/2 i~ G1/12 i SGUU"S (Gﬁz‘j,s + 6nIn)71G1/.2Aij,SHF7

(X0 X' x70

where || - || is the Frobenious matrix norm.

14
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4.3.1 RANK-REDUCED KERNEL

To reduce computation time, so that our method can be readily applied to relatively large networks,
we propose a simplified algorithm to estimate the CCCO. In practice, the Gram matrices G i often
have a few dominating eigenvalues, indicating that the RKHS H _: are of lower dimensions (Lee and
Huang, 2007; Chen et al., 2010). This motivates us to use the leading eigenfunctions to construct
H i, which reduces the amount of computation without incurring much loss of accuracy. Suppose
that, for each i = 1, ..., p, the Gram matrices G : have the following spectral-decomposition

— ) /T 7 . D VT
GX'L — VX’LDX’LVXi + VXZDXZVXi’

where VD XiVX corresponds to the first 7; eigenvalues of G i and V D VT corresponds to
the last n — r; eigenvalues of G, . Instead of the original bases qS;,. = (d) iy d) )" in (12),
we use

W= (W i, )T = ()06, ) VD2,

as the orthonormal basis for . One can show that the coordinate representation of the inner prod-
uct with respect to the new bases is (f, g) = [f][g] for any f,g € H :. The next proposition gives
the coordinate represe.ntations of relevant opera.tors using the new ba§i§ 1/);2- = (Q,Z)L JEFRI wm Xi)T.
The proof uses essentially the same arguments in the proof of Proposition 8 in Lee et al. (2020), and
is thus omitted.

Proposition 6 Foranyi,j € V,1# j,and S CV\ {i,j} the operators ¥ i i, & i

)
X
E(quw, J(xI Sy E RRCE NN Zﬁi]’,sﬁi]’,s and Eﬁij,s(xjﬁij,s> have thefollowzng coordinate rep-
resentation with respect to the new basis w;i = (Y, yiseosh )
, ”
1/2 T 1/2
[E(XIUM, >(X7U17, )] X! z;,SV s SV J 7 ZJ,SA XIS
1/2 T 1/2
[Z(XZU”’ )U”’ ] - z 13 SV i 1J,SV 2]75A zg S
1/2 T 1/2
[ US 'L]S]: 1],SV ’L]SV 74]75A 17,57

—1,1/2 T 1/2
[2 7S (x-S =n A USVUUSV] ij,s A IS

The coordinate representation of the CCCO is then

[Z - [Z i ’L]S)(Xj ’L]S>] [E

(x'o

+
(X’LUZ], )(XJ 17, S)‘Uij,s] (X'LUij,S)Uij,S][EUij,SUij,S] (5n)[2 ~17, S(XJ 17, S)]

where, for any matrix A € R**" and ¢ > 0, A'(¢) = Y. A\ 'T(\; > €)uul, and (\;, ;)i =
1,...,n, are the eigenpairs of A. Using the coordinate representations of proposition 6, we obtain
the coordinate representation of the CCCO with respect to the new basis as

[E _lAi(/iZUij,SV;iUij,S (In - V Uvsdlag( m 7«] S O)V[;J,S)V Z]aSAl/gQ 17,5y
17

(Xi[jij,S)(XjOij,S)mij,S] -

where m ;s is the number of eigenvalues in A ;s greater than 4,,. Correspondingly, the Hilbert-
Schmidt norm of the CCCO can be computed via

2
HE(X’LU’LJ S)(XjUij,S)‘Uij,SHHS :tr([z(szu S)(X] i7, S)‘Uij,s][E(XZU’LJ, )(X] 17,5 )lU’L] S]T). (18)

15
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4.4 Tuning

In this subsection, we propose the tuning procedures involved in various steps in our method.
Specifically, for step 1, the tuning parameters include the kernel parameters k., i@ = 1,...,p,
the Tychonoff regularization tuning constants 7, and ¢,,, and the dimension dj of the sufficient pre-
dictor U""°. For step 2, the tuning parameters include the number of leading eigenvalues of G i,
r;, the Tychonoff regularization parameter for the CCCO, §,,, and the thresholding constant p,, in
the estimation of the skeleton in (16).

Foreachi =1,...,p, wetake £ i (+, ) to be the Gaussian RBF. We choose 7 by the criterion
used in Lee et al. (2013):

yii= () Teaxi-xil (19)

For the choice of ¢, and 7,,, we use a generalized cross validation (GCV) scheme, which follows
from Li and Kim (2024),

||G1—G;(G2+€)\max(G2))71G1 IIF
n_ltr(In—Gg(GQ"l‘EAmax(GQ))_I) ’

GCV(e) = argmin ), _

where G, G, € R"" are positive definite matrices and \,,...(G>) is the largest eigenvalue of G..
The matrices are taken to be G, = st and G, = GXin fore, and G, = GXin and G, = GX_s_
for ,,. We minimize GCV (¢) over a grid of values to choose e. For selecting the dimension d7
of U, to the best of our knowledge there is no general procedure for choosing the dimension of
the central class for nonlinear SDR. Nevertheless, in practice a small dimension such as 1 or 2 is
usually sufficient. For example, in the classical nonparametric regression models Y = f(X) + e,
with X 1l ¢, the dimension of the central class is by definition 1 (Li and Kim, 2024).

For step 2, we choose r; such that the cumulative percentage of total variation of GG, ; exceeds
0.99, as in Lee et al. (2020). That is, we choose r; according to

/. Z::lk’b(GXZ)

r, = min{

We choose §,, similarly; that is,

Z?:l)\i(AUij,S)I{)\i(AUij,S) > e}
Z:LIIAZ(AU”VS)

To determine the thresholding constant, p,,, we follow the permutation-test based approach as Lee
et al. (2020); Fukumizu et al. (2007b); Sun (2008). Specifically, we first partition {(A]l” ’S, R U :lj ’S}
into n¢ clusters using, K-means. We then randomly shuffle £ times the observations of the vector
(X, U ’S) with respect to the n. clusters. For each /th sample, we calculate the CCCO as in (17)

and its Hilbert-Schmidt norm as in (18):

&, = min {e : > 0.99}. Q1)

h 2
Rh = ||E(Xi »ij,S)(XjUij,SHﬁij,S||Hs; h = 1’ s ’f‘

For a given significance level, o, we use the 1 — « sample upper quantile of the R, ..., R, as the
thresholding constant p,,.
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4.5 A new PC-algorithm

We first summarize the implementation procedures for steps 1 and 2 developed in Section 4.4 for a
giveni,j € V,i# j,and S C V\ {i,j}:

1. Foreachi = 1,...,p, marginally standardize X_, ..., X' sothatE,(X") = O and var,(X") =
1.

2. Choose the kernels « i for H . to be the Gaussian RBF in (4), and the tuning parameter v ;
by (19).

3. Compute the matrices K, ;, K, ; and K s and their centered versions G i, G, ; and G s,
respectively.

4. Solve the eigenvalue problem (14) with €, and 7,, chosen by minimizing GCV (¢€) over a grid
of values of €. Let @, ..., ; be the first d eigenvectors, and form the sufficient predictor
S

rii S 5ij.S 5ij.S )
U =" f ) according to (15).
S
5. Form the Gram matrices Gﬁz‘j,S, G oS and G IS and perform spectral decomposition
to obtain the matrices AUz‘j,S, AXiUij,S and AXjUij,S and VUij,S, VXiUz‘j,S and VXjUij,S.

6. Determine r; and d,, using (20) and (21), respectively.

i3.5..i1.5 || hg according to (17) and (18),

7. Calculate E(XiUij,S)(XjUij,S)‘[jij,S and HE WO

respectively.

xSy xTo

Next, we develop a modified version of the PC-algorithm (Spirtes et al., 2000) to identify the
Markov equivalence class of the DAG at the sample level. The new PC algorithm incorporates di-
mension reduction to reduce the dimension of the conditional variable while exploiting the sparse-
ness of the graph to reduce the amount of computation, as in Kalisch and Biihlman (2007). Like
the original PC-algorithm, the complexity depends on the sparseness of the DAG instead of the size
of the network. We display the new version of the PC-algorithm in the Algorithm 1 in the form
of pseudo-codes. Algorithm 1 below describes only the first part of the DAG-PC algorithm that
identifies the skeleton of the DAG. The output of this part is the estimated skeleton, s@, and
the separation sets denoted, .S. Then, the second part of the DAG-PC algorithm uses these separa-
tion sets to extend the skeleton to the equivalence class, by identifying the partial orientation of the
edges. The output is the CPDAG (Meek, 1995). We omit the second part of the DAG-PC algorithm
as it is essentially the same as that in Kalisch and Biihlman (2007). In algorithm 1 adj(G, j) denotes
the set of all vertices ¢ that are adjacent to 5 in DAG G (connected by a directed or undirected edge).

5. Asymptotic theory

In this section, we develop the asymptotic theory of our method, including the consistency and
the convergence rates of the CCCO, and the consistency and uniform consistency of the DAG-PC
algorithm. We focus on the case where the network size, p and the dimension d? are fixed, while
allowing the tuning parameters, 7,, d,, and €,, and the thresholding constant, p,, to depend on the
sample size n. For two sequences of positive numbers (a,,),cy and (b,,),en, We write a,, < b, if
a,/b, — 0asn — oo, and a,, < b, if a, /b, is a bounded sequence.
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Algorithm 1 The DAG-PC algorithm

Set { = —1 and sfe(\G) to be the complete undirected graph C
repeat

(=041

repeat

o —

Select a new ordered pair of nodes (i,7) that are adjacent in ske(G) such that
jadj(ske(G), 7) \ {j}| > ¢

repeat .
select new S C adj(ske(G), ) \ {j}) with S| = ¢
Implement GSIR to obtain the d sufficient predictors U7 = (f7. .. f;é])
if ||2(X,LU’LJ S)(XjUij,S)‘Uij,S ||HS < P then
delete edge ¢ — j from sk/e(\G)
Save 5;; = S
end if
until
edge i — j is deleted or all S C adJ(ske( ),%) \ {j}) with |S| = ¢ have been chosen
until

all ordered pairs of adjacent variables 7 and j such that |adj (ske/(\G), i)\ {j}| > ¢and S C

adj(sk/e(\G), i)\ {j}) with |S| have been tested for conditional independence
until
ladj(ske(G),7) \ {j}| < ¢ for each ordered pair of adjacent nodes (i, 7).

5.1 Convergence rate of the GSIR estimator

In this subsection, we first present the convergence rate of the GSIR estimator U = (1%, ..., f - S)

which was given in Li and Kim (2024), and will be important when deriving the consistency of the
CCCO as we can replace U""® with U”"®. We make the following assumption.

Theorem 7 Suppose Assumptions 3-7 hold. If
n <, <1, n<e, <1, (22)

then HU”S — US| =0, 'n " 0 'n 0, 4 €,).

n n

5.2 Convergence rate of CCCO

Let 3 (xS (xT DS ) S be the sample-level of CCCO. In this subsection, we derive the conver-

gence rate of the Hilbert-Schmidt norm HE(XZUZ] S (xS S T By, i)

the estimated GSIR U satisfies (22). The approach used in establishing this result is of indepen-
dent interest, as it tells us how to deal with estimated quantities such as U that are in valued in
the sampled estimate of a linear operator. We make the following assumption for the reproducing
kernels K i ij.s, K, i ij.s and K _i;,s which implies a type of Lipschitz continuity (see also Li and
Kim (2024)).

i,5 ||as, when
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Assumption 10 Let x : ) x Q — R be a positive kernel that satisfies
1. Foreacht € Q, the function s — k(s,t) is twice differentiable.

2. Ok (s,t)

Js =0.

s=t

2
3. The minimum and maximum eigenvalues of the Hessian matrix H (s,t) = 88:;5? L A (H(s,t))
and Ao (H (s, 1)), respectively satisfy

Cl S Amin(H(S7 t)) S Amax(H(Sat)) S CQ’
for some constants C', > 0 and C, > 0.
Let H, be an RKHS generated by the kernel «, (s, t) that satisfies Assumption 10 (for example, the
Gaussian RBF satisfies Assumption 10, but the Laplace kernel does not (Li and Kim, 2024)). Let

H, be an RKHS generated by a kernel x,. Then, according to Theorem 2 of Li and Kim (2024),
there exists a constant C' > 0 such that for any, f,g € H, and a € ,

152 (-5 f (@) = k(- g(@)) | < OV mo(a, @)l f = gllan, (23)

A consequence of (23) is the following Theorem (Theorem 2, Li and Kim, 2024).

Theorem 8 Suppose the conditions of Theorem 7 are satisfied such that | U™ — U"®|| = O, (b,),
where b,, = 7];3/ e tnT ) nTr M. + €, < 1. Suppose, furthermore, that Assumptions 9 and

10 hold for the reproducing kernels R yiyidS, K ids and Ky idS- Then,

1. Hiﬁij,sﬁij,s - 2Uij,SUij,SHHS = Op(bn),

2. HfJ(XiUij,s)Uij,s - 2(X¢Uij,s)Uij,SHHs = 0,(bn),

3. ]\2<Xiﬁij,s)<xjﬁij,s) — i:(xi z‘j,s>(XjUij,S>HHs = 0,(b,).

Using Theorem 8, we can derive the convergence rate of i(xi 5138 (53 5 i S - We need the

following assumption.

Assumption 11 For eachi,j € V,i # 7, S\ {i,j}, z;;,sw,szw,s
operator.

ij,s. is a Hilbert-Schmidt

(xu' %

This assumption ensures a degree of smoothness in the relation between X' and U”"°. Since
E;J-,SU”,S is an unbounded operator, in order for X"}, ¢ 3.5 2,118 iy, 10 be a Hilbert-Schmidt
operator, the range space of X ij.s xS should be sufficiently concentrated on the eigenspaces
of X ij.s 5.5 corresponding to large eigenvalues, or the low-frequency components of X ijs ij.s.

ij,8

Theorem 9 Suppose the conditions of Theorem 7 are satisfied such that |[U™° — U7%| = O, (b,),
where b, = 77;3/26;177,71 + 17;17171/2 + 1, + €, < 1, and the Assumptions 9 and 10 hold for
the reproducing kernels k i ij.s, K j ij,s and K ij,s. Suppose, furthermore, that Assumptions 11

holds, and

x7

n <, <1, n<e, <1, n <82 b, <87

where 5, < 1, b, =1 e 'n"" + 0 'n""? + 1, < 1. Then,

S o e o o g — -1 -1_-1/2 1/2
HE(X'LUZJ,S)(X]Uz],S)lU'L],S E(XZU’L],S)(X]U’L],S)lU’L],SHHS —Op((Sn bn+(5n n +(Sn )
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5.3 Consistency of the estimator of the DAG

In this section, we prove the consistency of the estimated CPDAG of the true DAG. Let ske/(E) and
CPEAE( G) be the estimated skeleton and the estimated CPDAG of the true DAG, G, respectively.
To highlight the dependence of sfe(\G) and CPEAE(G) on 1,,€,,0, and p,, we write them as
sk/e(\G)(nn7 €ny Oy Pr) and CPﬁAE(G)(nn, €ny Ony P )> TESPECtively.

Theorem 10 Suppose Assumption 1 is satisfied and X is faithful with respect to a DAG, G, accord-
ing to Definition 3. Then, under the assumptions of Theorem 9, and if 6, ‘b, + 6. 'nTt? 4 5,1/ ’ <
pn <1,

o —

P(ske(G) (0, €ny 0y pr) = ske(G)) — 1, as n — oo,

where Sfe(\G) is as defined in (16).

Theorem 11 Suppose Assumption 1 is satisfied and X is faithful with respect to a DAG, G, accord-
ing to Definition 3. Then, under the assumptions of Theorem 9, and if 5 'b,, + 5;11{1/2 + 5}1/2 =<
Pn <1,

P(CPDAG(G)(1,, €, 0y pn) = CPDAG(G)) — 1, as n — oo.

5.4 Uniform consistency of the estimator of the DAG

In the last subsection, the consistency was established in terms of the true distribution Py. Some-
times the uniform consistency might be preferable if we want to control type I and type II errors
(Lee et al., 2020). For a DAG, G, a Gaussian distribution P is called 7-strongly faithful with respect
to G for some 7 > 0, if and only if P is faithful with respect to G, and

min{|cor(X”, X*|X*)| : cor(X?, X" |X*) #0,(j, k) € VxV,S CV\ {j,k}} > .

Strong faithfulness can be viewed as a condition of signal strength in terms of non-zero partial
correlations. Uhler et al. (2013) showed that strong faithfulness is a strong assumption for many
DAG:s, but it is essentially preferable for statistical inference. Let P be the class of distributions of
X. The following definition extends the strong faithfulness condition to our setting.

Definition 12 A family of distributions P of X is T-strongly faithful with respect to G, if the faith-
fulness condition (3) holds, and there is a T > 0 such that VP € P

i1.5(P)llus # 04,5 € V,S CV\ {i,j}} > . (24)

min{HE(xi 15,5) I i3S 1y

The next theorem establishes the uniform consistency of the CPEAE(G) My Oy €0y P)-

Theorem 13 Suppose
(a) P is T-strongly faithful with respect to G.
(b) Foralli,jeV,S CV\{i,j}ande >0,

lim sup sup IP’(HfJ(XiUij,s)(XjUij,s)mij,s — E(Xi ij,S)(XjUij,S)‘Uij,S(P)HHS >e)=0. (25)
n—o0o PeP
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Then, for any 0 < p, < T,

lim sup sup IP(CPD/AE(G)(UH, €ns Oy pn) = CPDAG(G)) = 0.

n—oo PeP

Condition (b) can be viewed as the uniform extension of (| B xS (3 S, i8S T8 i g5

€) which was proved in Theorem 9. A similar condition was considered in Lee et al. (2020).

6. Numerical Study

In this section, we evaluate the performance of our DAG estimator, referred to as the DAG-PC
algorithm, through simulation comparisons with other methods and a data application. We compare
it with three existing PC algorithms: the Gaussian-PC algorithm, which is based on the sample
partial correlation (Kalisch and Biihlman, 2007); the semiparametric rank-PC algorithm, which is
based on rank correlation statistics (Harris and Drton, 2013), and the fully nonparametric kernel-PC
algorithm of Gretton et al. (2009) without dimension reduction (Székely et al., 2007; Gretton et al.,
2005b). For simplicity, these methods are labeled as

Method A : Gaussian-PC algorithm
Method B : Rank-PC algorithm
Method C: Kernel-PC algorithm
Method D: DAG-PC algorithm.

We evaluate theses methods by their accuracy in estimating both the skeleton and the CPDAG. We
use the structural Hamming distance (SHD; Tsamardinos et al., 2006) to measure the efficiency of
estimating the CPDAG, and use the area under the curve (AUC) of the receiver operating charac-
teristic curve (ROC) to measure the estimation efficiency of the skeleton. As a fully nonparametric
approach, we expect DAG to perform better in capturing dependence structures in non-Gaussian
DAGs. A dimension reduction approach, which mitigates the curse of dimensionality, we expect
our method to perform well for larger networks.

To demonstrate these features, we generate both Gaussian and non-Gaussian DAGs. Similar to
Kalisch and Biihlman (2007), we generate a p X p dimensional adjacency matrix D as follows: after
deciding on the topological ordering among nodes, we fill the lower-diagonal elements of D with
Os or 1s according to the Bernoulli distribution with parameter s, which denotes the probability of
success. Here, s can be regarded as a sparsity parameter, and the expected number of neighbors
of each node i, denoted by E[V;], is s(p — 1).  Given the adjacency matrix D, we generate a
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p-dimensional random vector X = (X', ..., X”) sequentially via

Step I: €,...,¢ 1AJGIN(O 1),
Step IT: X' =€,

i—1
Step III : Gaussian case X' = Z d,; X" +¢€,
Jj=1
i—1

non-Gaussian case X' = E d;; cos(X”) + €,

Jj=1

Mixed non-Gaussian case : Z di; (X)) + Z eanhin (X7, X "+ €
(4,k)EP (i)

where d,; is the (7, j)-th element of the adjacency matrix D, f,; and h;, are randomly selected from
a bank of functions, including cos(z), 2%, 4/(1+exp(—z)), to allow for diverse causal mechanisms.
We select e, randomly from Uniform([0, 1]). In the Mixed non-Gaussian case, the error terms €'
are sampled from N (0, o7), where o7 is chosen randomly from Uniform[0.5, 2]. We also introduce
random interactions among parent nodes. We determine the number of interactions randomly based
on the network size p, using a random number generator. This ensures that the complexity of the
network scales appropriately with its size, with the number of interactions increasing as p grows.
This allows the model to represent more intricate causal dynamics. To secure a comprehensive
comparison, we choose the sample size and the network size to be the same as Gaussian and non-
Gaussian cases. To make a comprehensive comparison, we choose the sample size n to be 100, 150
and 200 and the network size p to be 5, 10 and 50. We consider two scenarios where the expected
values E[V,] are 2 and 4, respectively

We choose the tuning parameters, 7,, and €, in step 1, ; and ¢ in step 2, and the threshold con-
stant p using the procedures described in Section 4.4. Finally, since there is no available procedure
for determining the dimension of the sufficient predictor, in the simulations, we experimented with
both dimensions, disj =1and d;j = 2, which lead to very similar result. For this reason, we present
only the results for d = 1.

6.1 Estimation of CPDAG(G)

In this subsection, we compare the estimated CPDAG to the true CPDAG. We use SHD to quan-
tify the directional information in the CPDAG. SHD measures the extent to which the estimated
CPDAG captures the true CPDAG by penalizing addition, deletion, and re-orientation of the esti-
mated CPDAG to match the true CPDAG. Lower value SHD indicates higher accuracy. Methods
A and B were implemented using the pcalg package (Kalisch et al., 2012) in R, while for Method
C, we used the kpcalg package (Verbyla et al., 2017) in R. We repeated each model 10 times and
plotted the boxplots of SHD in Figures 1 to 6.

Figure 1 shows the results for the Gaussian and E[V;] = 2 scenario. As expected, both linear
methods (A and B) outperform the nonparametric methods (C and D) in this Gaussian scenario.
We also observe that our Method D outperforms the Kernel-PC algorithm method (Method C),
which shows the benefit of dimension reduction. Furthermore, for the higher dimension p = 50,
our method D demonstrates improved efficiency relative to the other three methods, which again
demonstrates the benefit of dimension reduction.
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Figure 1: Comparisons of SHD values for Gaussian settings under E[N;] = 2.

Gaussian E[N,] =2 E[N,] =4
n | Method p=>5 p=10 p =50 p=>5 p=10 p =50
A 0.73(0.12) | 0.81(0.06) | 0.79(0.02) | 0.65(0.04) | 0.66(0.06) | 0.73(0.02)
B 0.71(0.09) | 0.80(0.09) | 0.78(0.01) | 0.67(0.06) | 0.64(0.05) | 0.72(0.02)
100 C 0.59(0.06) | 0.65(0.06) | 0.67(0.02) | 0.61(.0.3) | 0.58(0.03) | 0.61(0.01)
D 0.64(0.04) | 0.75(0.08) | 0.74(0.02) | 0.64(0.3) | 0.63(0.05) | 0.67(0.02)
A 0.88(0.12) | 0.82(0.08) | 0.80(0.04) | 0.66(0.04) | 0.68(0.06) | 0.76(0.01)
B 0.85(0.14) | 0.83(0.05) | 0.81(0.03) | 0.66(0.04) | 0.69(0.06) | 0.75(0.01)
150 C 0.77(0.13) | 0.69(0.07) | 0.69(0.02) | 0.61(0.03) | 0.62(0.03) | 0.63(0.01)
D 0.81(0.14) | 0.75(0.06) | 0.77(0.02) | 0.65(0.05) | 0.65(0.05) | 0.70(0.01)
A 0.86(0.09) | 0.85(0.08) | 0.85(0.03) | 0.64(0.02) | 0.72(0.05) | 0.76(0.02)
B 0.85(0.07) | 0.83(0.06) | 0.84(0.03) | 0.64(0.04) | 0.72(0.06) | 0.76(0.02)
200 C 0.76(0.07) | 0.70(0.10) | 0.73(0.02) | 0.61(0.03) | 0.62(0.05) | 0.64(0.02)
D 0.80(0.08) | 0.80(0.08) | 0.81(0.03) | 0.62(0.03) | 0.69(0.04) | 0.71(0.03)
Table 1: Comparison of AUC values between the true and estimated graph for Gaussian settings

with E[N,] = 2, 4.

The results for the case with E[V,] = 4 are presented in Figure 2. We observe that Methods A,

B, and C perform slightly better than the DAG (Method D) in this case.

The non-Gaussian and sparse scenarios are shown in Figure 3. We see that our method sub-
stantially outperforms the other three methods in all cases, particularly for higher dimensions. The
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Figure 2: Comparisons of SHD values for Gaussian settings under E[N;] = 4.

Non-Gaussian

E[N,] = 2

E[N, =4

n Method

pP=9

p=10

p =50

p=9

p=10

p =50

100

0.57(0.09)
0.55(0.09)
0.59(0.09)
0.62(0.08)

0.54(0.03)
0.53(0.03)
0.57(0.02)
0.57(0.04)

0.53(0.01)
0.53(0.01)
0.53(0.01)
0.56(0.01)

0.54(0.03)
0.55(0.02)
0.56(0.02)
0.57(0.03)

0.53(0.54)
0.54(0.02)
0.55(0.02)
0.56(0.03)

0.54(0.01)
0.55(0.01)
0.54(0.01)
0.57(0.01)

150

0.52(0.03)
0.51(0.02)
0.59(0.08)
0.61(0.11)

0.52(0.03)
0.53(0.05)
0.61(0.05)
0.61(0.07)

0.55(0.02)
0.55(0.01)
0.58(0.02)
0.60(0.01)

0.54(0.02)
0.55(0.02)
0.57(0.02)
0.60(0.03)

0.52(0.03)
0.55(0.05)
0.56(0.02)
0.58(0.04)

0.55(0.01)
0.57(0.02)
0.57(0.01)
0.61(0.01)

200

OlQ|wm > O Qlw > T 0 = >

0.54(0.06)
0.54(0.06)
0.66(0.13)
0.700.11)

0.53(0.03)
0.53(0.03)
0.59(0.03)
0.61(0.04)

0.54(0.01)
0.54(0.01)
0.61(0.02)
0.63(0.02)

0.55(0.03)
0.56(0.03)
0.59(0.03)
0.61(0.04)

0.54(0.03)
0.56(0.04)
0.61(0.04)
0.63(0.03)

0.56(0.01)
0.58(0.02)
0.61(0.02)
0.64(0.02)

Table 2: Comparison of AUC values between the true and estimated graph for non-Gaussian settings
with E[N,] = 2,4.

same pattern of comparison is also seen in Figure 4, which presents the non-Gaussian and the case

of E[N,] = 4.

Figures 5 and 6 present the outcomes under the mixed non-Gaussian setting. For the complex
and realistic causal mechanisms under a non-Gaussian scenario, we included random parent in-
teractions, multiple nonlinearity, and randomly sampled error variances. As we can observe from
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Figure 3: Comparisons of SHD values for non-Gaussian settings under E[N;] = 2.

mixed Model

E[N] =2

E[N]=4

n | Method

p=>5

p=10

p=1>50

pP=>5

p=10

p =50

100

0.51(0.05)
0.51(0.07)
0.56(0.04)
0.58(0.07)

0.53(0.03)
0.53(0.03)
0.56(0.05)
0.55(0.04)

0.54(0.01)
0.54(0.01)
0.53(0.01)
0.56(0.02)

0.53(0.02)
0.55(0.02)
0.56(0.03)
0.56(0.02)

0.50(0.02)
0.51(0.02)
0.54(0.03)
0.56(0.03)

0.55(0.01)
0.56(0.01)
0.54(0.01)
0.57(0.01)

150

0.51(0.07)
0.50(0.06)
0.60(0.08)
0.65(0.15)

0.54(0.03)
0.53(0.03)
0.57(0.05)
0.60(0.08)

0.53(0.02)
0.54(0.02)
0.56(0.01)
0.59(0.01)

0.55(0.02)
0.56(0.03)
0.59(0.03)
0.60(0.04)

0.53(0.04)
0.55(0.05)
0.57(0.03)
0.58(0.04)

0.57(0.01)
0.58(0.01)
0.58(0.01)
0.62(0.01)

200

wiieli-ligiviigli--ldiwii@lleslied

0.56(0.07)
0.55(0.06)
0.60(0.06)
0.62(0.05)

0.54(0.04)
0.57(0.03)
0.58(0.05)
0.62(0.05)

0.53(0.02)
0.54(0.02)
0.61(0.03)
0.64(0.01)

0.56(0.02)
0.56(0.01)
0.58(0.02)
0.62(0.04)

0.54(0.05)
0.54(0.05)
0.58(0.04)
0.61(0.03)

0.53(0.01)
0.54(0.01)
0.60(0.02)
0.63(0.03)

Table 3: Comparison of AUC values between the true and estimated graph for mixed Non-Gaussian

settings with E[V,] = 2, 4.

Figures 5 and 6, the results demonstrate that our proposed method, Method D, consistently out-
performs Methods A, B, and C, especially in high-dimensional settings. For both E[N;] = 2 and
E[N;] = 4, Method D demonstrates strong performance across all dimensions. However, the ad-
vantage of Method D becomes especially noticeable in the high-dimensional cases, where the com-
plexity of the causal graph makes accurate estimation more challenging. These result highlight the
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Figure 4: Comparisons of SHD values for non-Gaussian settings under E[N;] = 4.

benefit of dimension reduction of our method in maintaining high accuracy as the dimensionality
grows. Methods A, B, and C show a decline in performance in high-dimensions.

In Tables 1, 2, and 3, we present the AUC values to evaluate the performance of the different
methods in various settings while SHD is commonly used in causal structure learning, it is known
to be less effective in sparse settings (E[N,] = 2) settings due to its inability to distinguish between
different types of errors such as false positives and false negatives. This is particularly evident in
high-dimensional cases where estimators may perform similarly in terms of SHD. AUC provides a
more balanced evaluation of these trade-offs by considering both true positives and false positives.

In Table 1, where the distribution is Gaussian, while Method D shows only slightly lower AUC
values compared than Methods A and B, it outperforms the nonparametric approach, Method C.
This result demonstrates that Method D captures the causal structure more effectively than a non-
parametric approach. Tables 2 and 3, which focus on non-Gaussian and mixed non-Gaussian set-
tings, show that Method D consistently outperforms Methods A, B, and C. This performance in
non-Gaussian environments reconfirms the advantage of our approach in scenarios where more
complex, nonlinear relationships exist between variables. Finally, the lower SHD and higher AUC
for Method D in these settings indicate that it is reliable in accurately recovering the underlying
causal structure.

6.2 Estimation of ske(G)

In Tables 4, 5 and 6 we report the averaged AUC, to assess the performance of estimating true
skeleton based on different methods when E[NV,] = 2 and E[V;] = 4. Table 4 presents results in the
Gaussian setting. Here, although Method D achieves slightly lower AUC values than Methods A

26



LEARNING CAUSAL GRAPHS VIA NONLINEAR SUFFICIENT DIMENSION REDUCTION

Mixed Non Gaussian  n= 100 p=5 Mixed Non Gaussian  n= 100 p= 10 Mixed Non Gaussian n= 100 p= 50

8=t ang .00,

SHD
SHD
SHD

“Method ° : * Method ° h * Method

Mixed Non Gaussian  n= 150 p=5 Mixed Non Gaussian n= 150 p= 10 Mixed Non Gaussian n= 150 p= 50

| M

=

SHD
SHD

==k

SHD

“ Method : : * Method ° h * Method

Mixed Non Gaussian  n=200 p=5 Mixed Non Gaussian  n= 200 p= 10 Mixed Non Gaussian n= 200 p= 50

ke ek

* Method : : * Method ° : * Method

SHD
SHD
SHD

Figure 5: Comparisons of SHD values for mixed Non-Gaussian settings under E[V,] = 2.

and B, it still outperforms Method C. This suggests that Method D remains competitive even when
assumptions are more favorable to Methods A and B. The results indicate that even in Gaussian
settings, Method D performs better than fully nonparametric approaches, showing robustness as we
move between E[V;] = 2 and E[N,] = 4.

In Table 5, under the non-Gaussian scenario, Method D outperforms Methods A, B, and C,
achieving higher AUC values for both E[N,] = 2 and E[N,] = 4. This indicates that Method
D can capture nonlinear relationships more effectively than the other methods. Method C, while
performing better here than in the Gaussian case, still falls short of Method D, demonstrating that
our sufficient dimension reduction based method is competitive at complex settings. Finally, in
Table 6, which is a mixed non-Gaussian model, Method D again outperforms the other methods.

6.3 Data application

We apply our method to the flow cytometry dataset (Sachs et al., 2005), which includes simultane-
ously measured p = 11 phosphorylated phosphoproteins and phospholipids in the single cell. This
dataset can be downloaded from

https : //github.com/ fernandoPalluzzi/SEM graph.

The goal of this application was to demonstrate that our method can accurately discover causal
relationships in the latent signaling network. To demonstrate the effectiveness of our approach, we
applied Methods A, B, C, and D to n = 90 observations, and compared the estimated CPDAG with
the true CPDAG. The true DAG can be found in (Sachs et al., 2005). We repeated this subsampling
procedure 10 times and reported the mean and standard deviation of the SHD values in Table 7.
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Gaussian

E[N] =2

E[N,] =4

n

Method

p=>5

p=10

p =50

p=295

p=10

p =50

100

0.85(0.07)
0.86(0.07)
0.75(0.14)
0.81(0.10)

0.86(0.05)
0.86(0.07)
0.71(0.07)
0.79(0.07)

0.86(0.03)
0.85(0.03)
0.72(0.02)
0.81(0.03)

0.75(0.06)
0.75(0.05)
0.62(0.05)
0.70(0.04)

0.72(0.05)
0.70(0.04)
0.64(0.04)
0.67(0.05)

0.75(0.02)
0.75(0.03)
0.64(0.02)
0.70(0.02)

150

0.87(0.06)
0.88(0.06)
0.77(0.08)
0.84(0.08)

0.89(0.06)
0.89(0.06)
0.78(0.08)
0.82(0.14)

0.89(0.02)
0.89(0.02)
0.78(0.03)
0.85(0.03)

0.78(0.05)
0.77(0.04)
0.63(0.05)
0.74(0.06)

0.75(0.05)
0.75(0.05)
0.67(0.05)
0.73(0.06)

0.80(0.03)
0.80(0.03)
0.65(0.04)
0.63(0.05)

200

OlQm > O Qlw > T 0 = >

0.95(0.07)
0.93(0.09)
0.90(0.08)
0.92(0.08)

0.91(0.07)
0.91(0.07)
0.78(0.05)
0.84(0.05)

0.90(0.02)
0.90(0.02)
0.81(0.03)
0.87(0.03)

0.80(0.05)
0.80(0.05)
0.70(0.04)
0.78(0.05)

0.80(0.06)
0.80(0.06)
0.68(0.05)
0.75(0.06)

0.80(0.01)
0.81(0.01)
0.67(0.07)
0.76(0.01)

Table 4: Averaged AUC values of estimating true skeleton for Gaussian setting under E[N;] = 2, 4.

Non-Gaussian

E[N, = 2

E[N] =4

n

Method

p=>5

p=10

p =50

p=>5

p=10

p =250

100

0.53(0.07)
0.51(0.08)
0.63(0.10)
0.59(0.12)

0.52(0.04)
0.53(0.06)
0.63(0.07)
0.62(0.08)

0.54(0.02)
0.55(0.02)
0.58(0.04)
0.61(0.02)

0.55(0.04)
0.55(0.03)
0.57(0.03)
0.59(0.06)

0.56(0.03)
0.57(0.04)
0.60(0.04)
0.62(0.05)

0.56(0.01)
0.56(0.01)
0.58(0.02)
0.60(0.02)

150

0.55(0.08)
0.55(0.07)
0.68(0.08)
0.71(0.08)

0.55(0.09)
0.55(0.09)
0.69(0.08)
0.70(0.05)

0.57(0.03)
0.57(0.02)
0.64(0.02)
0.67(0.03)

0.57(0.05)
0.58(0.05)
0.65(0.04)
0.63(0.05)

0.55(0.03)
0.56(0.05)
0.62(0.05)
0.63(0.05)

0.59(0.02)
0.60(0.02)
0.63(0.02)
0.67(0.02)

200

wiieli-ligiviigli--lediwii@ll-lid

0.54(0.08)
0.57(0.08)
0.79(0.10)
0.78(0.07)

0.60(0.06)
0.60(0.07)
0.75(0.10)
0.78(0.10)

0.55(0.03)
0.57(0.03)
0.65(0.04)
0.70(0.03)

0.54(0.08)
0.60(0.07)
0.67(0.07)
0.68(0.07)

0.58(0.05)
0.59(0.06)
0.67(0.05)
0.69(0.07)

0.58(0.02)
0.59(0.03)
0.65(0.02)
0.68(0.02)

Table 5: Averaged AUC values of estimating true skeleton for non-Gaussian setting under E[IV,]

2,4
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Figure 6: Comparisons of SHD values for mixed Non-Gaussian settings under E[V,] = 4.

Mixed Model E[N;] =2 E[N;] =4

n | Method p=> p=10 p =50 p=>5 p=10 p =50
0.65(0.15) | 0.63(0.06) | 0.60(0.03) | 0.54(0.04) | 0.55(0.04) | 0.56(0.01)
0.59(0.11) | 0.62(0.06) | 0.59(0.04) | 0.53(0.04) | 0.56(0.04) | 0.57(0.01)
0.67(0.12) | 0.68(0.04) | 0.62(0.03) | 0.58(0.04) | 0.60(0.03) | 0.57(0.01)
0.70(0.13) | 0.70(0.05) | 0.66(0.03) | 0.60(0.06) | 0.62(0.02) | 0.60(0.01)
0.69(0.09) | 0.66(0.10) | 0.63(0.04) | 0.57(0.04) | 0.54(0.04) | 0.59(0.01)
0.71(0.07) | 0.66(0.12) | 0.62(0.04) | 0.58(0.04) | 0.56(0.04) | 0.59(0.02)
0.76(0.11) | 0.74(0.08) | 0.68(0.04) | 0.62(0.03) | 0.63(0.03) | 0.61(0.01)
0.78(0.07) | 0.75(0.08) | 0.73(0.04) | 0.63(0.04) | 0.65(0.04) | 0.65(0.01)
0.62(0.10) | 0.65(0.10) | 0.62(0.04) | 0.55(0.04) | 0.54(0.03) | 0.59(0.02)
0.58(0.10) | 0.64(0.11) | 0.62(0.04) | 0.59(0.05) | 0.54(0.03) | 0.60(0.01)
0.77(0.12) | 0.78(0.06) | 0.72(0.03) | 0.66(0.05) | 0.64(0.03) | 0.64(0.01)
0.81(0.11) | 0.81(0.05) | 0.75(0.03) | 0.67(0.09) | 0.67(0.04) | 0.69(0.01)

100

150

200

OlQm > O alw > T o = >

Table 6: Averaged AUC values of estimating true skeleton for mixed non Gaussian setting under
E[N,] = 2,4.

Our proposed method (Method D) has the lowest SHD values, indicating its competitiveness for
investigating causal relations among cells.
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Method A B C D
SHD 21.2(1.31) | 23.6(1.07) | 21.1(1.91)) | 20.6(0.79)

Table 7: Comparison of the mean and standard deviation of SHD values among four methods, with
the standard deviation presented in parentheses.

7. Discussion

In this paper, we introduce a novel nonparametric methodology, called DAG, for estimating a DAG
using the PC-algorithm. This methodology applies nonlinear sufficient dimension reduction to re-
place the high-dimensional conditioning random variable with a low-dimensional variable in the
evaluation of conditional independence when estimating the skeleton of the DAG with the PC-
algorithm. The proposed approach achieves a substantial gain in estimation accuracy, particularly
in high-dimensional settings, where the number of variables is large compared to the sample size.
Our method also can capture nonlinear relations without requiring any distributional or linear struc-
tural assumptions. Under a reasonably mild set of conditions on the kernel, we established the
consistency and the convergence rates of the estimators, taking into account the error in the esti-
mated sufficient predictors U7, We also established the uniform consistency of the DAG under
a strong faithfulness assumption. We developed a new PC-algorithm that integrates dimension re-
duction, whose complexity does not depend on the number of nodes but instead on the level of
sparseness of the DAG. We illustrate the methodology by a variety of simulation studies and real
data analysis using a flow cytometry dataset.

The idea advanced in this paper opens up a number of possibilities for further development.
First, we have used the Hilbert-Schmidt norm of the conjoined conditional cross-covariance op-
erator as the dependence measure of conditional independence. However, one could construct the
normalized conjoined conditional cross-covariance operator similar to the NCCO of Fukumizu et al.
(2007b), which removes the effect of marginal variation when evaluating interdependence. Second,
our methodology assumes that the central class is complete and sufficient, so that GSIR is exhaus-
tive and able to recover it. However, when the central class is not complete, GSIR is no longer
exhaustive and there is no guarantee that it will recover the central class fully. In this case, we
can employ GSAVE to recover a larger portion of the central class than GSIR (Lee et al., 2013;
Li, 2018b). Third, one could use more sophisticated sparse penalty techniques than threshold, such
as the LASSO (Tibshirani, 1996), and the adaptive LASSO (Zou, 2006). Finally, another possible
extension of the current method is the situations where the observations on each vertex are random
functions. This type of network structure is commonly encountered in medical applications such
as electroencephalography and functional magnetic resonance imaging, where the data collected
represents functional measurements. Recently, various undirected functional graphical models have
been proposed in the literature Zhu et al. (2016); Qiao et al. (2019); Li and Solea (2018); Solea
and Li (2022). However, learning causal relationships is fundamental in many disciplines such as
genetics, epidemiology and finance. Therefore, in our future research, we will consider construct-
ing a nonparametric functional DAG whose observations on the vertices are random functions. To
address the curse of the dimensionality in the evaluation of conditional independence, a possible ap-
proach would be to utilize the functional generalized sliced inverse regression technique developed
by Li and Song (2017).
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Appendix
Basics from bounded linear operators in Hilbert spaces

First, we recall some useful relations for bounded linear operators. For concrete references, see
Weidmann (2012) and Conway (2019). The following result is given in Proposition 2.7 in Conway
(2019).

Lemma 14 Let H be a Hilbert space. If A € B(H), then its adjoint operator, A", is also bounded,
and

(@) [|A|op = [ Allop-
(b) [|A*Allo, = | AI5,-

Proof
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(a) Letz € H such that ||z|| = 1. Suppose that A" (x) # 0. Then, by the definition of the adjoint
operator and the Cauchy-Schwarz inequality,

IA™(@)]" = (A"(x), A"(2)) = (2, AA"(2)) < [Allop A" (2)]]-

Dividing by ||A"(x)|| on both sides, and taking the supremum over ||z|| = 1 yields || A"||,, <
| Allop- Next, using the fact that (A™)" = A, we have by the application of the above argu-

ments || Ao, = [[(A")]|op < ||A||op- Combining these two results yields || A"||op = || Allop-
(b) First, for every € # such that ||z|| = 1,
[AA@)]| < A o [ A < 1A o[l Allop-

Thus, A" A is bounded and [|A"A|l,, < [|[A]lopl|Allop = [[Allopl|Allop = [IA]lZ, because of
the result in (a). Now, by the sub-multiplicative property of the operator norm, and using the
result in (a),

1AIZ, = 1Al Allop = 1A lop 1 Allop > (A" Allop-
Therefore, | A" A, = [|AlZ,.-
The following result is given in Theorem 6.9 in Weidmann (2012).
Lemma 15 [f A € B,(H), then
[Allep < [|Allas = [|A”

HS-
Proof By Parseval’s identity,
1A™ ()" = X5 (A (2), €)= 272 {(2), Aley))’
< 2”252 A = llz Pl Al

where the inequality is due to the Cauchy-Schwarz inequality. Therefore, ||A"[|,, < ||Al|us. Now
use the fact that || A" ||, = || A||., from Lemma 14(a) to complete the proof. The following inequal-
ity is well known-see (Weidmann, 2012).

Lemma 16 Let H,, H, and Hs be Hilbert spaces. If B € B(Hy, H,) and A € By(Ha, Hs), then
BA € B,(Hs, H,), and

[1BA[lis < |Bllop | All1s-
Proof Let {¢, },.c, be an orthonormal basis in #. By definition of the Hilbert-Schmidt norm,
IBAlfs = X0, 1 BA()I” < 1BI2, 0 1A = (1B I1Al s,
yielding the desired result. The following property is given in Fukumizu et al. (2007a) (Lemma 6).
Lemma 17 If A and B are self-adjoint and invertible operators, then
ATV BT = {AT(B - AP+ A BYB T, (26)
The following Lemma is taken from Fukumizu et al. (2007a).

Lemma 18 Suppose A and B are self-adjoint operators in a Hilbert space such that 0 < A < ¢l
and 0 < B < cl for some positive constant c. Then,

HA3/2 - B3/2H0p < 361/2”‘4 - B”op' (27)
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Basics of cross-covariance operators in RKHS

The following lemmas are critical to our subsequent developments. The following Lemma is due to
Fukumizu et al. (2007a).

5,8

Lemma 19 Suppose Assumption 2 holds and Assumption 8 is satisfied with X° replaced by U
foralli,jeV,i# jand S C V \ {i,j}. Then,

(@) 121 — By llns = Op(n™7%), 8118 )

ij,5 — EUij,SUij,SHHS = Op(n

>

U

(b) HE 1. 17,S

xS xIys) T I xyis S)(XjUiJFS)HHs = Op(n_1/2),

) (XU

(C) HE i.45,5., 15,5 E i z]S z'j,SHHS == Op(n71/2),H2Uij,S

(x'uHu x'v

Op(nfl/Q).

xipiisy = Byias yiyiss |lus =

Lemma 20 Suppose Assumption 2 holds and E/@Uij,s(Uij’S, U“%) < oo. Then, for any n? <
0, <1,

(@) |(Z,55,05 + 0.0) lop = (05505 + 0.0) oy = (E 05,05 + 6.0) oy =
0,(5,"),

(b) H(XAJU”’SU”VS + 6"7']—)712;]/1375U1'j75||0p =0,(6,""),

1/2)

n ’

(c) H(iUij,SUij,S + 571])7121]1']',5 XjUij,S)Hop = Op((T

(

(d) HE i 17, S 13 S(ZUij,SUij,S + 5111)71/2”01;) == O(l)

(XU
Proof

(a) This is because ||(2 iissyiis + 0,1) lop < [1(6,1)7"|| < 6,". This relation also holds if
EU”S Z]s—i—énllsreplacedbyE 3,8 13,8 + 6,1l or ¥ LS Us+(5 I.

1/2

(b) It is equivalent to show ||X i SUijys(iUij,SUij,S +30,1) lop = O,(5,?). By using the fact
that ElU/j $ i isa self—adomt operator in ByH ij.s and the Cauchy-Schwarz inequality, for
any f € H_j,s such that Ifll <1,

12,55 1.5 (Syins s + 6.0 7 f|
= <(2Uij,sUz‘j,s + 6,017, ZUij,sUij,s(iUij,sUij,s +6,0)7"f)
< N(Byiasyias + 6.D) " Nopll S s yiss (Eiss yians + 6aD) ™ lop
<= S ids T 5TLI)_1Hop[”(zUij,SUij,S - f]Uij,sUij,s)(f]Uij,sUu,s + 6,1 |op
+ |’2Uij,sUij,s(iUij,sUij,s 4+ 6, 1) " |op-
By (a), the first term on the right is O,(5,"). By Lemma 19 and (a) again, the second term is

O,(n""?5") and the third term is O, (1). Together with the assumption n~ "> < §, < 1, we
get the desired bound.
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(c) By definition

I (iUij,SUij,S + (SnI)_IEUij,S(Xj i) llop

~ —1q1/2 1/2
S ||(2Uij,SUij,S + 6,LI) ZUijvSUijvSHOPHRUij’S(XJ 17, S 2 ij’s)(X

JUZJvS)HOII”

where the first term on the right is O, (6, '/*) by (b) and the second term is O(1).

.. " R ot V5 B 1/2 _
(d) Similarly, dy definition E(XZU” S yidS = E(XZU” S)(XiUijvS)R(XZUZJ S>U”‘32Uij*suij*s’ one ob

tains

—1/2
||Z(XZUU S ) y1: (ZUij,SUij,S +0,1) ||Op
1/2 1/2 —1/2
S ||E(XZUZJ S)(X’LUZ] S R X’iUij,S)Ul]aS||op||E 15,8 ’L] S(EUij,SUij,S + 577,-[) ”op?
which has order O(1).

Proof of Theorem 9

First, by the triangle inequality we make the following decomposition

1%

(XZU'LJ,S)(XJ U’LJ,S)‘UZ],S - Z(XZU’L] S>(XJU’L],S>‘U’L],S ||HS

~

~ ||Z(X1Uw S)<X] 7, S)lej, E(XlUL] S)(XJUZ]’S)|U”’SHHS

+||2 i..15,S

x‘u )(XJUijys)‘UZLS - E(XlUU S)(Xlejws)‘Uljys||HS'

Next, we derive the convergence rates of each term on the right-hand side.

Lemma 21 Suppose the conditions of Theorem 7 are satisfied such that |[U”° — U”%| = O, (b,),
where b, =1, e nT 4 nflnfl/ >4+ 1, + €, < 1. Suppose, furthermore, that Assumptions 9 and
10 hold for the reproducing kernels k K_j ij,s and Ky i, Then,

n

xS xiy

||E e e

(XwUU, (XJUZJ,S)‘UZLS

0,(6.'b,).

(XZUZJ,S)(XJUU,S”UU,S ”HS -

Proof By definition and the triangular identity, the norm HE i 25,8 X

i (xS (xS
is decomposed by O, ,, + O, ,,, where

)‘0”75 (XZUZLS)(XJUZLS)lUUvS HHS

@l’n :Hi(xigij»s)(xjﬁ”’s) — i(xiﬁij,s)(XjUz‘j,S)HHS
@z,n :HXA: i 45,8, 45,8 (XA}UU’SUU’S T 571[)712[]%5

(x'vu
_E 115,85 S(E

(x ot yo'

(XJUZJ,S)

1
i35 gins + 0uL) Npiss igiis, |lus-
Next, we derive the convergence rates of ©, ,, and O, ,,, respectively. First, by Theorem 8, relation

(iid),

@1 n — Op(bn)' (28)
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Next, we consider O, ,,, which is upper bounded by O,, ,, + Oy, ,, + O,3.,,, Where

z]S - (X’LUZJ S)U

i3.5[(Sgisgins +6.0) " = (Spinsyis +0.0) 1S i igins las, (29)

@21’,” — H(XA: i 1] S
@227,” — ||E i 13,5

(x‘uu

@23’”’ — HZ i 13,5

x'vHu

o i.5) (XA:Uij,SUij,S + 5,1[)7120@,5()(]'01‘3‘,3) Il

ij,8 (XA]Uij,SUij,S + (5,1[)71(201'] S xSy i:Uij,S(XjUij,S‘))HHS.

Next, we derive the convergence rates of Oy, ,,, O, ,, and O, ,,, respectively.
First, ©,, ,, is upper bounded by

HE 1 17,5

(x o )UijS - E i 17, S)UijSHHS

(x'U
x (IS is.s giss + 0,1) ( 555 55, = DS i) )low
+ Sy gias + 0.0 5 i 55, lop)

By Theorem 8, the first norm on the right-hand side is of order O,(b,,). By Theorem 8 again and
Lemma 20, relation (a), the second norm is of order O, (0, 'b,). The third term ||(3 .55 +

571[)712[]”_’5(}(]. Uij’s)) Hop iS further bounded by
(3,55 a5 + 6n I)_I(E 8 (xIytS) T ZUU’S(X]U” ™ (30)
+ (B giasgins +8.D) " Siss i pyias, llops

U

in which the first term is of order 0,(6,n~""*) by Lemma 19 and Lemma 20, relation (c). For the
second term ||(Xij.5 5.5 + 6HI)712Uij,S(Xj pidS) ||op at the right-hand side of (30) we have
||(iﬁij,50ij75 + 5n1)712Uij,S<XjUijﬁs)||op
< NS s iss +0,I) " = (8 igs yiis + 5nI)’1]2Uij,s(Xqu,s)||op
+ ||(f3Uij,sUz‘j,s + 5n1)712Uij’S(XjUij’S>||Op
By using the identity A™' — B™' = A™'(B — A)B™", the first term at the right-hand side is
||(20ij,sﬁij,s + 5,1])71(2[]@,501'3',3 — 2Uij,sﬁij,s)(iUij,sUij,s + 5nI)7IEUz‘j,s<XjUij,S)||op
< N(Spissgias + 6.0) E s gins — Sgins giaslusll (Syinsyiss + 620 s 55 llop
which is of order O, (§ 3/ 2bn) by the Theorem 8 again and Lemma 20, relations (a) and (c). Hence,
(g5 +6.0) " Spiis ains lop = Op(8°7°ba) + 0, (677%). 31)
Therefore,
Oa1n < 0,(b,)[0,(8,'b,) + 0, (3,07 %) + 0,(5,7%b,) + 0,(6, )] = 0,(6, b))  (32)

by the conditions b,, < (53/ >b, <1land§, < 1. For O,, ,,, first note that
@22,n < ”E(XZU” S)Uij’s(i 5,58 49,5 + 5”‘[)71/2”01)
I(E issias + 0,0 (S s giss + 0,D) " = (B iss ins + 0,0) N Jiss yiis + 0a) " |lus

(a5 ias + 8.0) " *Siis i gias,llop:

U

(33)
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Now, the first norm || i ij.s. s (ﬁ)Uij,sUij,s +6,1)"""?||,,, at the right-hand side of (33) is upper

(x'vHu

bounded by

o & —1/2

I (Z(XLUW S, i E(XZUU S)Uij,S)(EUij,SUij,S +0,1) llop 34

+ ||E(X1U” Syyts (EUij’S igs + 5n1)_1/2||0p,

where the first norm is of order O, (9, YVipmY %) by Lemma 19 and Lemma 20, relation (a). Now, by
_ 1/2 1/2
the definition E(XZU” Sypias = X s g, S)R(XZU” S yidS EUU’SU”’S’ the second term at the
right-hand side of (34) is
12 i s ij,S(i 13,8 14,5 +5HI)_1/2||0

x'vHu

/ / S
S ||22X27'U” S)(XZU” S R(XZUZJ S 2,’I S ||0p||21 j S ij,S(E

sy 46,0 (39)

U

where the first norm at the right-hand side is O(1). Now, for the second term at the right-hand side
of (35) we have

1525 s s [(Egiasyias 46,07 = S iis s +6.0) 7] [lop

_ (36)
+ ||21/£ 5 iins (D5 iss + 0,1) 2o
where the second term is O(1) since X ijs,i.s < X ij,s,ijs + 0,1. By Lemma 17 and Lemma

18, for the first term at the right-hand side of (36), we obtain
Hi;llJ/QSU”S[(E 9S8 ys + 51)3/2 - (2 15,5 ;13,8 + 51)3/2](2
+ H(iU“’SUU’S — Xy yias ) (Byis yiss + 5, 1) " o

< 3c%5, 2|8 s yias — S i ias lus + 3676, |8 s

=0 (5 Vi) =0,(1),

v i35 i3, + 5nI)7lHop

U U

yidS — EUij,sUij,s HHS

3/2

by condition n~"/* < §°/*. Hence, using this fact and together with (35) we have shown

15, iyians, yins (s yins + 0,0) " ]|op = O,(1). (37)

x‘uu

Similarly, the third norm ||(2Uij,SUij,S + 5nI)71/22 45 (3 0.5 ||0p at the right-hand side of (33) is
bounded by

(%,
+ H(i 5,8 3,5 +6nI) 1/22 ij,S

ot (XjUij75)|’op7

—1/2 2
3,8 iss + 0 1) (2 i (i a5y = B8 i, ) lop 38)

in which the first norm is O, (5, "/?b,,) by Theorem 8 and Lemma 20, relation (a). The second norm
at the right-hand side of (38) is further bounded by

. iy 3 -1/
||(2Uij,SUij,S + 5nI) ! 2(2 38 (3 i3Sy — by Uy (xI s))Hop + ”(EUij,SUij,S + 5nI) ! ZEUij,S(XjUij,S)HOP

)

which is of order O,(d, Y27V 4+ 0,(1) = 0,(1), by (37). Combining the results, yields,
(2 i Syigs + 0,1)7 1/QEUIJ,S(XJQZJ,S)HOP = 0,(1). Next we derive the convergence rate of the
second norm at the right-hand side of (33). By calculations,

H(i S ia s 5nI)1/2[<2Uz’jS~i]’S +4 1)71 — (EUijS ij,s + 0. I)il](i yiS i s 5nI)1/QHOP
= [[(2 iz yiss + 6,D)"* (2 isis gisns + 0,D) (B isis igs +6,1)"* = T us. (39)
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Now, because AA" — I and A A — I have the same spectrum, the norm on the right of (39) can be
re-written as

H(i:f}ij,sf]u,s + 5nI)71/2(2U” S 7,] S + 6 I)( 'L] S - zg S + 5 I) 1/2 — IHHS
= ||(2Az‘j,SUij,S + 571])_1/2(2 ij,S . ij,8 — ihij,s »ij,S)(ZUij,SUij,S + 5nI) 1/2HHS,

U U U U U

which by Theorem 8 and Lemma 20, relation (a) is of order O, (5 'b,,).

Hence, O,,,, < 0,(6,'b,). Regarding, ©,; ,,, we can obtain,

Os3., < O,(b )[H( (xipiS S E(XiUij,S)Uij,S)(EUij,SUij,S + 5nI)71H0p

+ HE(XiUij,S)Uij,S (ZUU,SUU,S + (5nf)_1 ||op} .
By Theorem 8, ©.;.,, is of order O, (b,,)[0, (5, 'n~"*) +0,(6.'*)] = O,(b,6,""*) by Lemmas 19,
20 and conditions b, < 1 and n "? < 6, < 1.

Hence, by combining the results for ©,, ,,, O, and ©,3,, we obtain that ©,, is of order
O,(5.'b,,). This, together with (28) and the condition b,, < 1 lead to the desired result.

Lemma 22 Suppose the conditions of Theorem 7 are satisfied such that | U™ — U™%|| = O,(b,,),
where b, = n, e InT 4 n.'n 2 4 n. + €, < 1, and the Assumptions 9 and 10 hold for
the reproducing kernels Ky iyiiSs Ky id.s and K id.S- Suppose, furthermore, that Assumptions 11

holds, and

<, <1, nV<e <1, n <62 b, <87

where 5, < 1,b, =0, %e,'n"" +n,'n"

n

1/2

4+ n, < 1. Then,
-1 —1/2 1/2
HZ(X’U”’ YISy S T E(X’U”’ )(XjUij,SHUij,SHHS = Op(5n n +0,7). 40)

Proof First, we introduce the intermediate operator

&
En' i i "SZE 113,85 E 117,85

1y
(xi0S) (xS i S xSy T By )Uij,S(E i3, 3,5 + 0,1) yi9S (xI i S -

U

Then, by the triangle inequality

HE(XZU” S)(XjUij,S)‘Uij,S - E(XZU” S)(XJ ij,SﬂUij,S HHS
on
= ||E(XZU”’S)(XJU”’S)\U”’S E(Xlej S)(XJU“’S)\U”’SHHS
+|Iz° (XZU”, IS, 8 = B iy, 35 S ||s
= Al + A
n 2,n-

Next, we derive the convergence rates of A, ,, and A, ,,, respectively. By the triangle inequality,
Al,n S A11,77, + A12,71,7
where,

All,n :HZ i..13,S b i.15,S

xS xTy Sy T Hixty )(XiUij’S)HHS’
1
Ay, =2 i igs ij,S(ZUij,SUij,S +0,1) ZUij,S<XjUij,S)

x'vHu

R e
- E(XiUij,s)Uij,s(ZUij,sUij,s +0.0) X s iy |lus.
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By Lemma 19, we immediately obtain A, ,, = Op(nfm)

by A121,n + A122,n + A123,m where

. The second term A, ,, is upper bounded

Ay, = ||E i .S 5,8 — 2. i ij,S ij,S)(XA]Uij,SUij,S+6HI)7liUij,S(XjUij,S>HHS

(x Uyt x‘v %y
AIQQ,TL HZ(X’LU’LJ S ’LJ S [(EUij,SUij,S + 571‘[)_1 - (EUij,SUij,S + 6nI)_1:|2Uij,S(XjUij,S) HHS
Algs, = HE(X’U“ S\ 55 (EUij,sUij,s + 5nI)71[2Uij,S<XjUij,S) — ZUij,S(XjUij,S>]||Hs-

We now derive the convergence rates of A, ,,, Ajss,, and Ay, respectively. The term A5, ,, is
upper bounded by

Ao < O, (07 (B yiss + 6,1) 7 (5
(555 + 00D) S iy lop):

7,] S(X] ij, S) - EUij,S(XjUijvS))Hop

By Lemma 19 and Lemma 20(a), the norm ||(2Uij,SUij,S+5nI)7l( S (xT S)_EUij,S(XjUij,S))HOp
is of order O, (5" 71/2) By Lemma 20, again, relation (c), the term || (X Uz],SUij,S+5nI)71
is of order O, (6, '/?). Therefore, by the fact that n~"/* < 6, < 1,

EUij,S(XjUij,S) Hop

A, =0,06n")+ 0,6 *n %) = 0,6

n

ViR, (41)
Regarding the term A,,, ,,, we obtain the following decomposition

Aigyn < ||Z(X1U” Syy'ds (Byiss s + 5n—’)_1/2”op
< NN (S s yiss + 0,1) (85 s + 0,1) 7 — (2
x [[(=2

—1/2&
3.5 ,i08 + 0u) T8 s iyias [lop-

. 3,5 1.8 + (5nI)71](Z 5,8 14,8 + 571[)1/2”Hs

U U

U

(42)

By Lemma 20, relation (e), the first norm on the right hand side is of order O(1). The third term on
the right is

”(EUij,SUij,S + 5,1])71/22 i3, S(X] 3,8 Hop — ||( Z] S'Uij,S' + 5”'[)71/2(2 ], S(X] i, S) - EUU’S(XJ‘UU7S))H0P

+ ”( y9S 19,8 + 6n[)71/2EUij'S(XjUij’S>HOP
_ Op(5;1/2n—1/2) + 0(1) — Op(l)

due to the fact that n="/* < §, < 1. Using an argument similar to the term ©, ,,, the second norm
on the right hand side of (42) is

||(2Uij,SUij,S + 5nI)71/2(ZUij,SUij,S + (SnI)(zA:Uij,SUij,S + (5,1[)71/2 — I|us
< Iy +8uD) P NIZ s — Sys sl S5, + 0.0

which is of order O,(6.'n"""?) by Lemma 19 and Lemma 20, relation (a). Hence, A, =
0,(6.'n"""?). Using similar arguments, we can obtain that the term A,,;,, is O,(1). Thus, com-
bining the results for Ay, ,,, Ajss,, and A3, we have that A, ,, = Op(églnfl/z). As aresult,

Ay, = 0,6, 0. (43)
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Next, we consider the term A, ,,. By definition and Assumption 11

8

DI i3,S J,,13,8 ij,S—Zni ij,8 j.i3,8.,,.i3,S
(X (XU )NU (xuvHx‘uhHywo
—1 —1
= X iyias)yins (Byiasiss +0u1) B s yiyins, — B igins s s s 80 i,
—1
= X yiyias,yins (Byiasyiss +0,1) X s insT s yiyins) = B igins, s Tis s

—1
= —(5n2<xi 5,5 13,5 (ZUij,SUij,S + 5n1) TUij,S(XjUij,S-
Consequently,
AQ,n - HE(XZU”’S)(XJU”’S)‘U”7S (Xl ’L],S>(XJU’LJ,S)‘UZ]75HHS

= 6,””2()(7; ij,S)Uij,S(ZUij,SUij,S + (Snl)_lTUij,S(XjUij,S)HHS
/ / -1/
< 5nHE<1X2i 55 (7 l’j’S)R(Xi z’j,S)Uij,SHHSHE:J;"SUU’S(ZUij,SUij,S +9,1) 1 2H0p 44)

X (S5 55 +8aD) ™" T iss i35 op
= 0(6,)0(1)01)0(5. %) = 0(6"?).

n n

The assertion follows by combining the results for A, ,, in (43) and A, ,, in (44).

Proof of Theorem 10
For convenience, let C = {(i,4,5) € Q : X' Il X’ | X°}, where

Q={(5,9) i, €V, i#j5SV\{ij}} (45)

By Assumption 1, for every (i, j, S) € C, which also means (i) ¢ ske(G) or (i,) € ske(G)°,

we have ||E(Xi i.5 i.5|lus = 0. By Theorem 9 and the condition &, 'b, + &, 'n~"* +

6% < p, < 1, for any (i,5) ¢ ske(G), P(Hio(iAij,S)<Xjﬁij,S)|0ij,SHHS < p,) — lasn —

yxI vy

n
—

oo. Thus, by the definition of ske(G)(n,,€,, 0y, pn), P((3,7) ¢ sl«e/(\G)(nn,en,(Sn,pn)) — 1 as
n — oo, which further implies that P(ske(G)® C SE\(G)(nn,en,émpn))c) — lasn — oo, or
P(ske(G) (1., €n, 8., pn)) C ske(G)) — 1 as n — oo.
We then show that ske(G) C ske/(\G)(n,,, €n, Oy Pn) With probability tending to 1. For any
(i,7) € ske(G), we have HZ(Xi ij,S)(XjUij,S)‘Uij,SHHS > 2p, > 0forall S C V\ {i,j}. By
Theorem 9 and the condition &, 'b, + &8, 'n "> + 6/ < p, < 1, for any (i,j) € ske(G),
P(||2 113, i i35y 0 |lus > pn) — Lasn — oo. Hence, by the definition ofske/(\G)(nn, €nsOns Pn)s
P((i,j) € ske/(\G)(nn, €nyOny Pn)) — 1 asn — oo, which further implies that P(ske(G) C ske/(\G)(nn, €ns Ons Pn)) —

1 as n — oo. Combining with the previous result, P(ske/(\G)(nn, €nyOny Pn) C ske(G)) — 1 as
n — 00, we obtain the desired result. O

n

(X

Proof of the Theorem 11

As mentioned in Section 2, to estimate the graphical structure of the CPDAG of the true graph,
G, it is sufficient to estimate the correct skeleton and the separation sets, which are determined
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by conditional independence. Hence, by Theorem 10 and the Continuous Mapping Theorem,
P(C,; = C,;) — Lasn — oo, where Cj; = {S € V\ {4, 4} : (i,5,5) & ske(G) (1, €ns 6y p))}
and C;; = {S CcV\{i,75}:(i,5,9) ¢ ske(G))}. In words, the probability of selecting the correct
separation sets .S tend to 1 as n — oo. Hence, the probability of estimating the true CPDAG tends
to1asn — oo. O

Proof of the Theorem 13

We follow same arguments as in the proof of Theorem 24 in Lee et al. (2020). For convenience,
for each P € P, let Z(P) = {(i,5,5) € Q : X' Il X’ | X"} and I(P) = {(i,§,59) € Q :
HE i sid, S)(Xjﬁij,s)‘Uij,S”Hs < p,}, where Q is defined in (45). Let also D = {(4,5,5) € Q :

(x'0

i and j are d-separated by S'in G}. It is sufficient to show that limsup,, , . suppcp, ]P’(I/(P\) #
D) = 0. We define two events A, and A, as follows: A, = {||Z(X1UU 8, (I g S)‘Uij,SHHS >
pn V(i,5,5) ¢ D}, and A, = {HZ(XZU” Sy xd g5y i [ms < pa V(i J, ) € D}. Then, the event
ITP\) = D happens when the events A; and A, do not hold simultaneously. By the 7-strongly
sufficient faithfulness condition (a), for each P € Py, ||X _: ijs i5,5(P)|lus = 0 for all

x'v 8 xS u
(1,7,8) € D, and ||§](X1UzJ S)(XjUij,S)‘Uij,S(P)HHS > 7 forall (i, 4,5) ¢ D, for some 7 > 0. Hence,
we have,

P(ﬁl?) # D) =P(A, and A, do not hold simultaneously ,
||Z(xlu” Fx )\UijvS(P)”Hs =0,9(i,5,5) € D,
||E(X'LU1] S)(XjUij,S)‘Uij,S(P)”HS > T,V(i,j, S) ¢ D)

Let S, represent the event inside the parentheses on the right hand side. Then, for every € > 0
sufficiently small,

P(I(P) # D) = P(S,)
SP(S,, 15 i8558, 0155 = i xipins, ions (Plls < € ¥(i, 5, 5) € Q)
—i—IP)(HZ(XZUUs)(XJ 51955, i1.5 (P)|lus > €, for some(i, j,S) € Q)
i5.5(P)|lus < €, ¥(i,5,5) € Q)

S]P)(Sn,HE i ~17,S
+ Z(i,j,S)EQ (HZ(XZU” S>(Xj iJ, SHU’LJ S(P) — E(XZUZ] S)<XjUij,S)|Uij,S(P)HHS Z 6),

d S

13,8 — (X’LULJ S>(XJU’LJ,S>‘U

Jljs ij,8 — PN i 13,

o' x'v S xI S

(X TTT(xT I

where the last inequality follows by Boole’s inequality. Taking the supremum over P and the limit
superior, lim sup,,_,__, yields,

lim sup sup P( ( ) # D)

n—oo PeP

S limsup SupP(Sn, ||Z(X1,U'L] S)(XJ i, S)\UU S — by i i, S)(XjUij,S)‘Uij,S(P)”HS < €,V(Z.,j, S) S Q)

(x'U
n—oco PEP

+ lim sup sup D is)eo (HE(XzUu 8 (xS 1S T B xS i yidsSy yians (P)ls = €),

n—oo Pe

where the last limit on the right hand side is O due to condition (b) and the fact that the set Q is
finite. This way, we then only need to show that the first limit on the right hand side is 0. Note
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that the event S,, N {HXA)(X Y 5S4 S T Z(Xi 155 53 1055195 (P)HHS <€, V(i,j, S) S Q}
cannot happen for sufficiently small €, and hence has probability equal to 0. Therefore, it follows

immediately that

i.i4,8

lim sup sup IP’(ITZ?) # D) =0.
n—oo PeP
Under the sufficient faithfulness condition 3, the skeleton ske(G) and its estimator s@ (s €ny Oy Pr)
are determined by I(P) and I(P), respectively, which implies

lim sup sup P(ske(G) (1., €., 0, pn) 7 ske(G)) = 0.

n—oo PeP

Using a similar argument as with the proof of Theorem 11, we can obtain

lim sup sup P(CPDAG(G)(1,, €1, 6., pn) # CPDAG(G)) = 0,

n—oo PeP

as desired.
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