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Abstract
We introduce a new nonparametric methodology for estimating a directed acyclic graph (DAG)
from observational data. Our method is nonparametric in nature: it does not impose any specific
form on the joint distribution of the underlying DAG. Instead, it relies on a linear operator on repro-
ducing kernel Hilbert spaces to evaluate conditional independence. However, a fully nonparametric
approach would involve conditioning on a large number of random variables, subjecting it to the
curse of dimensionality. To solve this problem, we apply nonlinear sufficient dimension reduction
to reduce the number of variables before evaluating the conditional independence. We develop an
estimator for the DAG, based on a linear operator that characterizes conditional independence, and
establish the consistency and convergence rates of this estimator, as well as the uniform consistency
of the estimated Markov equivalence class. We introduce a modified PC-algorithm to implement
the estimating procedure efficiently such that the complexity depends on the sparseness of the un-
derlying true DAG. We demonstrate the effectiveness of our methodology through simulations and
a real data analysis.
Keywords: causality; conditional independence; directed graphs; pc algorithm; sufficient dimen-
sion reduction

1. Introduction

Inferring cause-effect relationships from observational data is fundamental in many scientific dis-
ciplines, such as epidemiology, neuroscience, genetics, sociology, and finance. See Spirtes et al.
(2001). The underlying causal relationships among the data are often encoded in a directed acyclic
graph (DAG). In this paper, we establish a new nonparametric framework for estimating the struc-
ture of a DAG from observational data.

Mathematically, let X = (X1, . . . , Xp) be a p-dimensional random vector, and let G = (V,E)
be a DAG that consists of a set of vertices V = {1, . . . , p}, corresponding to the p random variables,
X1, . . . , Xp and a set of directed edges E ⊂ {(i, j) ∈ V × V, i 6= j} such that there are no directed
cycles. We denote every ordered pair (i, j) ∈ E by i → j, which indicates that X i has a direct

c©2025 Eftychia Solea, Bing Li, and Kyongwon Kim.

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided at
http://jmlr.org/papers/v26/24-0048.html.

https://creativecommons.org/licenses/by/4.0/
http://jmlr.org/papers/v26/24-0048.html


SOLEA, LI, AND KIM

causal effect on Xj . We say that the joint distribution, PX , of X is faithful with respect to G, if the
conditional independence among the variables can be inferred from the structure of the DAG via the
concept of d-separation in the graph G and vice-versa. See Section 2 which contains a brief review
of the key concepts and definitions for DAGs that are relevant to this paper. In general, it is well
known that there are typically a class of DAGs with respect to the joint distribution PX is faithful.
For this reason, we can only estimate the so-called Markov equivalence class of G, that is, the set of
all DAGs with the same d-separation structure (Kalisch and Bühlman, 2007; Peters et al., 2014).

Many approaches have been proposed to estimate the Markov equivalence class of the true DAG.
For example, in the Gaussian setting, Chickering (2003) introduced the greedy equivalence search
(GES) which belongs to the category of the greedy score-based search approaches. Given a starting
graph and a BIC-score, GES performs a greedy search on the space of Markov equivalence classes.
van de Geer and Bühlmann (2013) proposed an `0-penalized likelihood approach for estimating the
Markov equivalence class in the Gaussian setting. Another class of methods are the constraint-based
methods like the PC-algorithm (Spirtes et al., 2001) that conducts a sequence of conditional inde-
pendence tests to infer the Markov equivalence class. For example, Kalisch and Bühlman (2007)
considered the PC-algorithm for estimating the equivalence class of a high-dimensional DAG under
the Gaussian assumption, and proved its consistency in the high-dimensional sparse setting. Ac-
cording to Kalisch and Bühlman (2007), the PC-algorithm is computationally feasible and has the
property that, if the underlying true DAG is sparse, its computational efficiency is determined by
the level of sparseness rather than the size of the network.

Since the Gaussian assumption is restrictive in practice, many recent approaches have been
developed to relax this assumption. A main methodological challenge is to relax the Gaussian
assumption without resorting to high-dimensional kernels which can cause the curse of the dimen-
sionality and reduce estimation accuracy. To this end, Harris and Drton (2013) propose the Gaussian
copula DAG model using rank correlations. However, the Gaussian copula assumption can be vio-
lated under nonlinear interactions. To further relax the Gaussian copula assumption, one can resort
to fully nonparametric approaches based on kernel-based conditional independence tests (Gretton
et al., 2009; Sun, 2008; Zhang et al., 2011). However, such approaches involve the computation of
high-dimensional kernels, and thus often suffer from the curse of dimensionality, a problem that is
more severe for large networks. To strike a balance between model flexibility and dimensionality,
Lee et al. (2020) proposed a fully nonparametric estimation approach based on a new statistical
relation called additive conditional independence (ACI), originally proposed by Li et al. (2014).
ACI is a three-way statistical relation that follows the spirit of conditional independence but its
nonparametric characterization involves only one-dimensional kernels, thus avoiding the curse of
dimensionality. See also Li and Solea (2018); Lee et al. (2016a).

1.1 Our proposal and contributions

In this paper, we propose an alternative nonparametric approach for estimating the Markov
equivalence class with the PC-algorithm. Instead of relying on ACI to mitigate the curse of di-
mensionality, our proposal utilizes recent nonlinear sufficient dimension reduction (SDR) tech-
niques (Lee et al., 2013) to construct the graph. In particular, the estimation procedure proceeds
in two steps. First, we perform nonlinear sufficient dimension reduction on the high-dimensional
conditioning vector to produce a low dimensional-conditioning vector. Second, we feed the low
dimension-dimensional vector into a linear operator, called the conjoined conditional cross-covariance
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operator (CCCO), to evaluate conditional independence. This operator is defined on reproducing
kernel Hilbert spaces (RKHS) and does not rely on any parametric distribution assumption. The
combined feature of dimension reduction and distribution-free makes our method attract in par-
ticularly attractive for handling high-dimensional, non-Gaussian causal graphs. To implement the
methodology, we propose a modified PC-algorithm by integrating dimension reduction with the
classical PC-algorithm such that the computational complexity does not depend on the size of the
network but instead on its level of sparseness. We establish the consistency of the Markov equiv-
alence class and the uniform consistency under a strong faithfulness condition (Uhler et al., 2013).
We illustrate our methodology by simulation and a real data analysis.

1.2 Related work

Conditional independence testing is an important problem, especially in learning directed graph-
ical models and causal discovery. Due to the curse of dimensionality, nonparametric testing for
conditional independence of continuous variables is particularly challenging. Recently, some work
has been proposed based on RKHS. For example, Fukumizu et al. (2004, 2007a) proposed the
conditional cross-covariance operator to characterise conditional independence. Fukumizu et al.
(2007b) introduced the normalized conditional cross-covariance operator that completely charac-
terizes conditional independence, and has the additional advantage of removing the marginal vari-
ations from the covariance operators. Sun et al. (2007), Gretton et al. (2009) and Fukumizu et al.
(2007b) proposed a causal learning algorithm that uses the Hilbert-Schmidt norm of the conditional
cross-covariance operator to measure conditional dependence and combines the PC algorithm with
a permutation test of independence. Zhang et al. (2011) developed the asymptotic distribution of the
empirical cross-covariance operator (CCO) under the null hypothesis of conditional independence.

However, these kernel-based conditional independence tests rely on multi-dimensional kernels
to characterize conditional independence, which can lead to substantial drop in accuracy known as
curse of dimensionality. As a result, these methods often perform poorly in practice when dealing
with large networks. Our solution addresses this limitation by applying nonlinear SDR before the
evaluation of conditional independence. Nonlinear SDR generalizes linear SDR and seeks a set of
nonlinear functions in the predictors that best predict the response. Lee et al. (2013) proposed the
Generalized Sliced Inverse Regression (GSIR) and the Generalized Sliced Average Variance Es-
timator (GSAVE), which extend the Sliced Inverse Regression (Li, 1991) and the Sliced Average
Variance Estimator (SAVE) (Cook and Weisberg, 1991), respectively. Both GSIR and GSAVE are
not restricted to linear constraints, and can capture nonlinear relations that linear SDR methods can
miss, thus achieving further dimension reduction. Employing of nonlinear sufficient dimension re-
duction before evaluating conditional independence to avoid curse of dimensionality, our method is
significantly different from the above-mentioned fully nonparametric approaches. Correspond-
ing to this difference in methodology, our asymptotic analysis is significantly different from the
mentioned previous works as well. Specifically, we establish the consistency of CCCO taking into
account the error introduced from the step for estimating the sufficient predictors, which requires a
much more involved asymptotic analysis than in the previous works. We also establish the uniform
consistency of the estimated DAG, not available in the previous works (Sun et al., 2007; Gretton
et al., 2009; Fukumizu et al., 2007b; Zhang et al., 2011).

Our work is also substantially different from Lee et al. (2020), which employed additive con-
ditional independence (ACI) as the criterion to construct the graph and proposed the normalised
additive conditional covariance operator to characterize ACI. In contrast, we use conditional inde-
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pendence, a more widely accepted criterion as the criterion to determine the DAG as required by
Lee et al. (2020). Additionally, our method is not constrained by additive structures.

We should also mention that there is a class of hybrid algorithms that combine ideas from the
constraint-based and the score-based approaches, typically by employing a greedy search over a
restricted space determined through conditional independence tests. Examples of such algorithms
include the max-min hill climbing (MMHC) algorithm (Tsamardinos et al., 2006) and the adaptively
restricted GES (Nandy et al., 2018). Numerous works have also been proposed to identify the DAG
under additional distributional assumptions. Examples include linear structural equation models
(SEMs) with non-Gaussian noise, linear non-Gaussian acyclic models (LiNGAM, Shimizu et al.
(2006)), nonlinear SEMs with additive noise (Peters et al., 2014; Bühlmann et al., 2014), and linear
Gaussian SEMs with equal error variances (Peters and Bühlmann, 2014). Finally, these approaches
have been further developed to accommodate latent variables (Richardson and Spirtes, 2002; Hoyer
et al., 2008; Shimizu and Hyvärinen, 2007), time series data (Hyvärinen et al., 2010), interven-
tional distributions (Hauser and Bühlmann, 2012; Tian and Pearl, 2001; Cooper and Yoo, 1999;
Eaton and Murphy, 2007; He and Geng, 2008; Tong and Koller, 2001; Eberhardt, 2008; Peng et al.,
2020), and directed cycles (Lacerda et al., 2008; Eberhardt et al., 2010) (for a detailed overview,
see Shimizu (2014)). Our proposal significantly advances several key areas this line of research, in-
cluding constraint-based learning methods for random variables, DAG estimation, and kernel-based
conditional independence testing.
1.3 Organization of the paper

The rest of the paper is organized as follows. In Section 2, we briefly review the main concepts and
theory of graphical models, and introduce some notations. In Section 3, we propose the DAG by
incorporating sufficient dimension reduction with a DAG, and describe its estimation process at the
population level. In Section 4, we develop the algorithm to implement the methodology. In Section
5, we study the asymptotic properties such as estimation consistency, uniform consistency and con-
vergence rates. In Section 6, we demonstrate the performance of our methodology by simulation
studies and a pathway analysis. We make some concluding remarks in Section 7, and put all proofs
and some additional results in the Appendix.

2. Preliminaries and notation

In this section, we briefly review the theory of graphical models. A graph G = (V,E) consists of
a set V = {1, 2, . . . , p} of p vertices and a set of edges E ⊆ {(i, j) ∈ V × V, i 6= j}. A graph G
is called a directed graph if for any (i, j) ∈ V × V, with i 6= j, at most one of the ordered pairs
(i, j) belongs to E. If (i, j) ∈ E, then we write i → j. An edge (i, j) ∈ E is called undirected
if (i, j) ∈ E if and only if (j, i) ∈ E, and is denoted by i − j. A graph G is called undirected
if all its edges are undirected (Kalisch and Bühlman, 2007). In a graph G = (V,E) (directed or
undirected), if there is an edge, (i, j) in E, then the nodes i and j are said to be adjacent. A path
on G is a sequence of distinct vertices i1, . . . , in such that successive nodes ik and ik+1 are adjacent
for all k = 1, . . . , n− 1. If ik → ik+1 for all k, then the path is called directed. A path of length at
least three, for which the endpoint vertices i1 and in are the same, but for which all other vertices
are distinct from each other, is called a cycle. A DAG is a directed graph that contains no directed
cycles.

Let X = (X1, . . . , Xp) be a random vector associated with the DAG G such that each node
i ∈ V corresponds to the random variable X i. The joint distribution PX of X is said to be faithful
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with respect to G if for any i, j ∈ V with i 6= j and any set S ⊆ V \ {i, j},

node i and node j are d-separated by the set S in G ⇔ X
i

X
j |XS

,

where the notation U V |W indicates that random variables U and V are conditionally indepen-
dent given W , and d-separation means that every path in G between nodes i and j is blocked by S
(see Koller and Friedman (2009)). The main reason for imposing this assumption is that non-faithful
distributions form a set that has a Lebesgue measure of zero, as it can be viewed as a collection of
hypersurfaces within a hypercube (Uhler et al., 2013). Examples of faithful distributions include
the Gaussian distribution, the nonparanormal distribution (Liu et al., 2009) and distributions gener-
ated by linear structural equation models (SEM) with the additive errors drawn from a mixture of
Cauchy distributions (see Harris and Drton (2013)). Sadeghi (2017) provided sufficient and nec-
essary conditions for a distribution that factorizes with respect to a DAG to be faithful to a given
graph. These are singleton-transitivity and ordered upward- and downward- stabilities (see Sadeghi
(2017, Corollary 34)). The Gaussian distribution and binary distributions satisfy these properties.
More generally, strictly positive densities also satisfy these conditions. We remark that examples
of non-faithful distributions is given in Spirtes et al.(2000, Chapter 3.5.2), Peters et al. (2014) and
Peters (2015).

The skeleton of a DAG, G, is the undirected graph constructed from G by dropping the orienta-
tion on the edges, and is denoted by ske(G). A v-structure in a DAG, G, is a triplet of nodes (i, j, k)
such that i→ j and k → j, and i and k are not adjacent.

Two DAGs are called Markov equivalent if they possess the same d-separation relations and,
hence, they cannot be distinguished from one another using conditional independence. The class
of all DAGs sharing the same d-separation relations is called the Markov equivalence class of the
true DAG, G. Markov equivalent DAGs are characterized by having the same skeleton and the same
v-structures (Verma and Pearl, 2022; Drton and Maathuis, 2017; Kalisch and Bühlman, 2007).

It is common to visualize each Markov equivalence class by a completed partially directed
acyclic graph (CPDAG) that may have directed and undirected edges (Andersson et al., 1997; Rover-
ato, 2005). Every directed edge in a CPDAG, exists in all DAGs in the equivalence class of the true
DAG, and if there exists a DAG with i → j and a DAG j → i in the equivalence class, then the
undirected edge i − j exists in the CPDAG. Hence, the goal is to estimate the Markov equivalence
class of the true DAG, G, or equivalently, its CPDAG, from a simple random sample from X .

Assuming that PX is faithful with respect to the true DAG, constraint-based methods like the PC
algorithm (Spirtes et al., 2000) seek to estimate the CPDAG from data. The PC algorithm proceeds
in two steps. The first step uses a sequence of conditional independence tests to estimate the skeleton
of the true DAG. In particular, for any i, j ∈ V, i 6= j,

i and j are not connected in ske(G) ⇔ X
i

X
j |XS for someS ⊂ V \ {i, j}. (1)

The second step uses the results of the conditional independence tests to learn the partial orientation
of the edges in the form of a CPDAG. For a compact description of the PC algorithm, see Drton
and Maathuis (2017) and Kalisch and Buhlman (2007). In this process, the performance of the con-
ditional independence test to infer X i Xj|XS is of crucial importance, as Kalisch and Buhlman
(2007) stated: “if this part is done correctly, the orientation of the edges in the CPDAG will be
correct”. The main point of the methodology proposed in this paper is to improve the performance
of the conditional independence tests through dimension reduction.
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We now introduce some notations that will be used throughout the article. For two Hilbert
spaces H1 and H2, let B(H1,H2) denote the class of all bounded linear operators from H1 to H2.
The space B(H1,H2) is a Banach space endowed with the operator norm which is denoted by
‖ · ‖op. Let B2(H1,H2) denote the class of all Hilbert-Schmidt operators from H1 to H2. The class
B2(H1,H2) is a Hilbert space with inner product 〈·, ·〉HS and induced norm ‖ · ‖HS. Moreover, it can
be shown that B2(H1,H2) ⊂ B(H1,H2). For convenience, whenH = H1 = H2, we use B(H) and
B2(H) to denote B(H,H) and B2(H,H), respectively. For any operator A ∈ B(H1,H2), let A∗

denote the adjoint operator of A, ker(A) the kernel space of A, ran(A) the range of A, and ran(A)
the closure of the range of A. For any operator A ∈ B(H), ran(A) = ker(A∗)⊥.

3. Methodology

3.1 Nonlinear sufficient dimension reduction and directed acyclic graphs

For a univariate response Y , classical linear SDR seeks a p × d matrix β such that Y X |βTX ,
where d ≤ p. The space spanned by the column vectors β1, . . . , βd of β is called the dimension
reduction subspace. The greatest dimension reduction of the predictor vector is achieved by the
smallest dimension reduction subspace, called the central subspace, denoted by SY |X . See Li (1991);
Cook and Weisberg (1991); Li (2018b). A commonly used method is the sliced inverse regression
(SIR, Li (1991)). Linear SDR was generalized to the nonlinear case by Lee et al. (2013) and Li et al.
(2011), which considered Y X | G, where G is a sub-field of the σ-field, σ(X), generated by X .
The sub σ-field G is called the SDR σ-field for Y versus X . The intersection of all sub σ-field
is called the central σ-field, and is denoted by GY |X . By making analogy with classical SDR, the
authors proposed the GSIR and the GSAVE, as extension to the SIR and the SAVE, respectively.
This general framework was built upon several earlier kernel dimension reduction methods, such
as the KCCA (Fukumizu et al., 2007a; Wu, 2008) and the kernel sliced inverse regression (Wang,
2008).

Following Kim (2022) and Li and Kim (2024), our idea is to connect nonlinear SDR with the
DAG. For any W ⊆ V, let XW = {Xk : k ∈W} and σ(XW ) be the σ-field generated by XW .

Assumption 1 For each i, j ∈ V, i 6= j, and S ⊆ V \ {i, j}, there is a sub σ-field GS of σ(XS)
such that

(X
i
, X

j
) X

S | GS. (2)

The smallest sub σ-field GS of σ(XS) that satisfies (2) is called the central sub σ-field for
XS versus (X i, Xj), and is denoted by G

(X
i
X
j
)|XS

. Examples of joint distributions that satisfy
Assumption 1 are given in Li and Kim (2024, Appendinx J), and include the Gaussian distribution,
the nonparanormal distribution (Liu et al., 2009), and a multivariate distribution determined by a
type of a regular graph in which each pair of vertices can have at most d neighbors. The following
theorem is found in Li and Kim (2024, Theorem 1).

Theorem 1 If Assumption 1 holds, then

X
i

X
j |XS ⇔ X

i
X

j | G
(X
i
,X
j
)|XS

.

This theorem suggests that we can combine nonlinear SDR with d-separation to estimate the Markov
equivalence class.
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Definition 2 Suppose that Assumption 1 holds. We say that the joint distribution PX of the random
vectorX is faithful with respect to a DAG G if for any i, j ∈ V with i 6= j and any set S ⊂ V\{i, j},

node i and node j are d-separated by the set S in G ⇔ X
i

X
j | G

(X
i
,X
j
)|XS

. (3)

Under faithfulness, we use X i Xj | G
(X
i
X
j
)|XS

as a criterion to learn the skeleton of the DAG, G,
after performing nonlinear SDR of (X i, Xj) versus XS for each i, j ∈ V, i 6= j and S ⊂ V \ {i, j}.
Specifically, the skeleton of the DAG, denoted by ske(G), is defined by

ske(G) = {(i, j) ∈ V × V : i 6= j, X
i

X
j | G

(X
i
X
j
)|XS

for all S ⊂ V \ {i, j}}.

3.2 Reproducing kernel Hilbert spaces and covariance operators

Let (Ω,F , P ) be a probability space, (ΩX ,FX) a measurable space, and X : Ω 7→ ΩX a p-
dimensional random vector with distribution PX . Suppose ΩX = Ω

X
1 × · · · × ΩX

p , where Ω
X
i is

the support of the ith component, X i, of X . For each i ∈ V, let H
X
i be an RKHS of functions on

Ω
X
i to R defined by a positive definite kernel κ

X
i : Ω

X
i×Ω

X
i 7→ R. Let L2(PXi) be the class of all

square-integrable functions in Ω
X
i such that

∫
f 2dP

X
i < ∞, where P

X
i is the distribution of X i.

The following integrability assumption ensures thatH
X
i ⊂ L2(PXi) (see Fukumizu et al. (2007b)).

Assumption 2 E(κ
X
i(X

i, X i)) <∞, i = 1, . . . , p.

This is a mild assumption that guarantees the square integrability of the members in H
X
i , and

is satisfied by bounded kernels such as the Gaussian radial basis function (RBF)

κ
X
i : H

X
i ×H

X
i 7→ R, (x

i

1, x
i

2) 7→ exp(−γ
X
i(x

i

1 − x
i

2)
2
), (4)

where γ
X
i > 0, and the Laplacian kernel κ

X
i(x

i

1, x
i

2) = exp(−γ
X
i |xi1 − x

i

2|). See, for example,
Fukumizu et al. (2009). Under Assumption 2, the linear functional H

X
i 3 f 7→ E(f(X i)) is

bounded. Hence, by Riesz’s representation theorem, there exists a unique function µ
X
i inH

X
i such

that E(f(X i)) = 〈f, µ
X
i〉,∀f ∈ H

X
i . Also under Assumption 2, for any i, j ∈ V, the bilinear form

defined by

H
X
i ×H

X
j → R, (f, g) 7→ cov(f(X

i
), g(X

j
))

is bounded, which implies that there is a unique linear operator Σ
X
i
X
j ∈ B(H

X
i ,H

X
j ) such that,

for all f ∈ H
X
i , g ∈ H

X
j ,

〈f,Σ
X
i
X
jg〉H

X
i

= cov(f(X
i
), g(X

j
)).

See, for example, Conway (2019, Chapter II, Theorem 2.2). This operator is called the cross-
covariance operator betweenX i andXj (Fukumizu et al., 2007b), and is a Hilbert-Schmidt operator
under Assumption 1 (Gretton et al. (2005a, Lemma 1)). This operator extends the covariance matrix
on Euclidean spaces to nonlinear spaces. Obviously, Σ∗

X
i
X
j = Σ

X
j
X
i . If X i = Xj , Σ

X
i
X
i is

called the covariance operator, which is self-adjoint and positive definite Hilbert-Schmidt operator
(Fukumizu et al., 2007b).
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Note that any f belongs to ker(Σ
X
i
X
i) if and only if var(f(X i)) = 0. Hence ker(Σ

X
i
X
i)

consists of functions in H
X
i that are constant almost surely. Since constants are unimportant in

conditional independence, we can, without loss of generality, assume ker(Σ
X
i
X
i) = {0} for all

i = 1, . . . , p. Since Σ
X
i
X
i is self-adjoint, ran(Σ

X
i
X
i) = ker(Σ

X
i
X
i)
⊥. Hence, we reset H

X
i to

be ran(Σ
X
i
X
i), and we refer to it as the centered RKHS. Li and Song (2017, Lemma 1) derived an

explicit expression for the centered RKHS,H
X
i as

H
X
i = span{κ

X
i(·, xi)− µ

X
i : x

i ∈ Ω
X
i}.

For the rest of the paper, we work with the centered RKHS, H
X
i . Next, we define the inverse of an

operator. Because ker(Σ
X
i
X
i) = {0}, the covariance operator Σ

X
i
X
i defined onH

X
i = ran(Σ

X
i
X
i)

is an injective function. We use Σ−1

X
i
X
i to denote the inverse of Σ

X
i
X
i . Note that Σ−1

X
i
X
i is an

unbounded operator since Σ
X
i
X
i is a Hilbert-Schmidt operator.

3.3 Generalized sliced inverse regression and regression operator

We use the GSIR for nonlinear sufficient dimension reduction. For each S ⊆ V, let Ω
X
S be the

range of XS, which is the cartesian product of Ω
X
k for k ∈ S. Let κ

X
S : Ω

X
S × Ω

X
S 7→ R be a

positive definite kernel. Let H
X
S = span{κ

X
S (·, xS) − µ

X
S : xS ∈ Ω

X
S} be the centered RKHS.

Similarly, for each i, j ∈ V, let Ω
X
i
X
j = Ω

X
i ×Ω

X
j be the range of (X i, Xj), and letH

X
i
X
j be the

RKHS generated by the kernel κ
X
i
X
j : Ω

X
i
X
j × Ω

X
i
X
j 7→ R. We make the following assumption.

Assumption 3 For any i, j ∈ V, i 6= j, S ⊆ V \ {i, j}, we have

1. E(κ
X
S (XS, XS)) <∞, and E(κ

X
i
X
j ((X

i, Xj), (X i, Xj))) <∞.

2. ran(Σ
X
S
(X
i
X
j
)
) ⊆ ran(Σ

X
S
X
S ).

Part 1 of Assumption 3 ensures the covariance operators Σ
X
S
(X
i
X
j
)
∈ B(H

X
i
X
j ,H

X
S ) and

Σ
X
S
X
S ∈ B(H

X
S ) are well-defined. Part 2 assumes a type of collective smoothness assumption in

the relation between (X i, Xj) and XS. It requires that the operator Σ
X
S
(X
i
X
j
)

sends any incoming
function f ∈ H

X
i
X
j to the eigenspaces of Σ

X
S
X
S corresponding to the leading eigenvalues, or

to the low-frequency components of Σ
X
S
X
S . This assumption is satisfied when the range of the

operator Σ
X
S
(X
i
X
j
)

is a finite-dimensional reducing subspace of Σ
X
S
X
S . This is true, for example,

when the polynomial kernel of finite order is used (Lee et al., 2016a,b). Otherwise, for kernels
inducing infinite-dimensional spaces, it holds if the dependency between X i and Xj given XS has
to be sufficiently concentrated on the leading eigenfunctions of Σ

X
S
X
S . In practice, this assumption

is satisfied since H
X
S can be approximated by the spanning space of a few leading eigenfunctions

of Σ
X
S
X
S . Under Assumption 3, the operator

B
X
S
(X
i
X
j
)

= Σ
−1

X
S
X
SΣ

X
S
(X
i
X
j
)

is well-defined, and we call it the regression operator from H
X
i
X
j to H

X
S , since it resembles the

regression coefficient matrix in multivariate linear regression. The regression operator plays an
important role in nonlinear SDR.

In order for the class of functions,H
X
S , to characterize the central σ-field, G

(X
i
,X
j
)|XS

, we need
to make the following assumption: that projections onto L2(PXS )-the L2-space with respect to the
distribution P

X
S of XS-can be well approximated by elements in the RKHS,H

X
S .

8
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Assumption 4 For any S ⊆ V, H
X
S is a dense subset of L2(PXS ) modulo constants; that is for

any f ∈ L2(PXS ) and any ε > 0, there exists a g ∈ H
X
S such that var[f(XS)− g(XS)] < ε.

Assumption 4 ensures the kernel function, κ
X
S , to be sufficiently rich so that it is a characteristic

kernel with respect to L2(PXS ). This means that projections onto L2(PXS ) can be well approxi-
mated by elements in the RKHS,H

X
S . This assumption is satisfied by the Gaussian RBF kernel, but

not by the polynomial kernel. For a compact metric space, an RKHS constructed by a universal ker-
nel (Steinwart, 2002) is characteristic. See Sriperumbudur et al. (2011) and Fukumizu et al. (2007b,
Lemma 1). Under Assumption 4, the class of functions in H

X
S that are G

(X
i
X
j
)|XS

-measurable
form the central class for XS versus (X i, Xj), and is denoted by S

(X
i
X
j
)|XS

. The central class is
the target of estimation in nonlinear SDR.

Let L2(PXS ) be the L2-space with respect to the distribution P
X
S of XS. Similar to Lee et al.

(2013), we assume that the central class, S
(X
i
X
j
)|XS

, is a complete class which means that for any
G

(X
i
X
j
)|XS

-measurable f ∈ L2(PXS ) such that E(f(XS)|(X i, Xj)) = 0 almost surely, f(XS) = 0
almost surely.

Assumption 5 The central class S
(X
i
X
j
)|XS

is a complete dimension reduction class of (X i, Xj)

versus XS.

Assumption 5 is a mild condition which is satisfied by most nonparametric models with additive
error (See Lee et al. (2013, Propositions 1 and 2)). As shown in Lee et al. (2013), under the
Assumptions 2 through 5, the closure of the range of the regression operator is equal to the central
class

ran(B
X
S
(X
i
X
j
)
) = S

(X
i
X
j
)|XS

. (5)

In most of the practical nonparametric regression problems, the response variable Y depends
on the predictor X only through a few functions of X . For example, in the commonly-used mean
regression model

Y = f(X) + ε

where X ε, the central σ-field is generated by one function f(X). In the mean regression with
heteroscedasticity:

Y = f(X) + g(X)ε,

the central σ-field is generated by 2 functions. Based on this consideration, it is reasonable to assume
that the central σ-field is generated by a finite number of functions, which amounts to assuming the
rank of the regression operator is finite. The next assumption formalizes this observation. This
assumption was also made in Li and Song (2017) and Li and Kim (2024). In most of the practi-
cal nonparametric regression problems, the response variable Y depends on the predictor X only
through a few functions of X . For example, in the commonly-used mean regression model

Y = f(X) + ε

9
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where X ε, the central σ-field is generated by one function f(X). In the mean regression with
heteroscedasticity:

Y = f(X) + g(X)ε,

the central σ-field is generated by 2 functions. Based on this consideration, it is reasonable to assume
that the central σ-field is generated by a finite number of functions, which amounts to assuming the
rank of the regression operator is finite. The next assumption formalizes this observation. This
assumption was also made in Li and Song (2017) and Li and Kim (2024).

Assumption 6 B
X
S
(X
i
X
j
)

is a finite-rank operator with rank dijS .

This assumption allows to establish the estimation procedure and recover the range of B
X
S
(X
i
X
j
)

via finite dijS steps of optimization. It means that for any f ∈ H
X
i
X
j , Σ

X
S
(X
i
X
j
)
f is relatively

smooth. It would be violated, for example, if one can find f ∈ H
X
i
X
j such that Σ

X
S
(X
i
X
j
)
f

is arbitrarily choppy (Li and Kim, 2024). Moreover, in the simulation settings, we approximate
each H

X
i through a few leading eigenfunctions, and hence Assumption 6 holds since all operators

involved are finite-rank operators.
Relation (5) suggests that we use ran(B

X
S
(X
i
X
j
)
) to estimate the S

(X
i
X
j
)|XS

. Since ran(B
X
S
(X
i
X
j
)
) =

ran(Σ−1

X
S
X
SΣ

X
S
(X
i
X
j
)
AΣ

(X
i
X
j
)X
SΣ−1

X
S
X
S ) for any nonsingular and self-adjoint operatorA inB(H

X
i
X
j ,H

X
i
X
j ),

we can use Σ−1

X
S
X
SΣ

X
S
(X
i
X
j
)
AΣ

(X
i
X
j
)X
SΣ−1

X
S
X
S to recover the central class. Following Li and Kim

(2024), we choose A = Σ−1

(X
i
X
j
)(X

i
X
j
)

since it achieves better scaling. Thus, we have

ran(Σ
−1

X
S
X
SΣ

X
S
(X
i
X
j
)
Σ
−1

(X
i
X
j
)(X

i
X
j
)
Σ

(X
i
X
j
)X
SΣ
−1

X
S
X
S ) = S

(X
i
X
j
)|XS

(6)

The space in (6) can be recovered by performing a generalized eigenvalue problem of Σ
X

(i,j)
X
SΣ−1

X
S
X
SΣ

X
S
X

(i,j)

with respect to Σ
X
S
X
S , which can be restated in terms of the sequential maximization problem given

below in (8). We first need the following assumption.

Assumption 7 For each i, j ∈ V, i 6= j and S ⊂ V \ {i, j},

1. ran(Σ
X
S
X

(i,j)) ⊆ ran(Σ
X
S
X
S ), ran(Σ

X
(i,j)

X
S ) ⊆ ran(Σ

X
(i,j)

X
(i,j));

2. Σ
X
S
X

(i,j) is a finite rank-operator with rank dijS ;

3. all the nonzero eigenvalues of Σ
X

(i,j)
X
SΣ−1

X
S
X
SΣ

X
S
X

(i,j) are distinct.

The operator Σ−1

X
S
X
SΣ

X
S
(X
i
X
j
)
Σ−1

(X
i
X
j
)(X

i
X
j
)
Σ

(X
i
X
j
)X
SΣ−1

X
S
X
S exists by part 1 of Assumption 7.

Part 2 ensures that it is finite-rank. Part 3 assumes that its eigenvalues satisfy λij1 > · · · > λij
d
ij
S

. This

is to guarantee a unique solution for the dijS iterations and to simplify the asymptotic analysis. Under
Assumption 7, a basis {f ij1 , . . . , f

ij

d
ij
S

} of the central class, S
(X
i
X
j
)|XS

, can be found by solving

the following iterative maximization problem for each i, j ∈ V and S ⊂ V \ {i, j}. For each
k = 1, . . . , dijS

maximize 〈f,Σ
X
S
(X
i
X
j
)
Σ
−1

(X
i
X
j
)(X

i
X
j
)
Σ

(X
i
X
j
)X
Sf〉

subject to f ∈ H
X
S , 〈f,Σ

X
S
X
Sf〉 = 1, 〈f,Σ

X
S
X
Sf1〉 = · · · = 〈f,Σ

X
S
X
Sfk−1〉 = 0,

(7)

10
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This means, we first solve the standard eigenvalue problem. For each k = 1, . . . , dijS

maximize 〈g,Σ−1/2

X
S
X
SΣ

X
S
(X
i
X
j
)
Σ
−1

(X
i
X
j
)(X

i
X
j
)
Σ

(X
i
X
j
)X
SΣ
−1/2

X
S
X
Sg〉

subject to g ∈ H
X
S , 〈g, g〉 = 1, 〈g, g1〉 = · · · = 〈g, gk−1〉 = 0,

(8)

The operator Σ−1/2

X
S
X
SΣ

X
S
(X
i
X
j
)
Σ−1

(X
i
X
j
)(X

i
X
j
)
Σ

(X
i
X
j
)X
SΣ−1/2

X
S
X
S in (8) is nonnegative definite, self-

adjoint and compact. By Assumption 7, it is finite-rank and its eigenvalues satisfy λij1 > · · · > λij
d
ij
S

.

Thus, by the Theorem 4.2.5 in Hsing and Eubank (2015), the maximum in (8) is achieved at its kth
eigenfunction gijk corresponding to the kth largest eigenvalue. Furthermore, since S

(X
i
X
j
)|XS

is a

complete class, the transformed functions f ijk = Σ−1/2

X
S
X
Sg

ij

k , k = 1, . . . , dijS guarantees the central
σ-field.

Any sample estimator targeting the central class, S
(X
i
X
j
)|XS

, is referred to as GSIR. To summa-
rize, our goal consists of two steps: first, to use GSIR to estimate the central class S

(X
i
X
j
)|XS

for any
i, j ∈ V, S ⊂ V \ {i, j}, and second, to estimate the skeleton of the true DAG based on the reduced
data {(X i, Xj,S

(X
i
X
j
)|XS

) : i, j ∈ V, S ⊂ V \ {i, j}}. In particular, let f ij1 (XS), . . . , f ij
d
ij
S

(XS)

be the dijS basis functions of S
(X
i
X
j
)|XS

, where dijS < |S| and |S| denotes the cardinality of any set
S ⊆ V. We aim to evaluate

node i and node j are not connected in ske(G) ⇔ X
i

X
j | f ij1 (X

S
), . . . , f

ij

d
ij
S

(X
S
)

for someS ⊆ V \ {i, j}.

3.4 Conjoined conditional cross-covariance operator

In this section, we introduce the conjoined conditional cross-covariance operator (CCCO) to char-
acterize X i Xj | f ij1 (XS) . . . , f ij

d
ij
S

(XS), and hence the skeleton of the DAG. This operator was

originally proposed by Fukumizu et al. (2007b) for kernel-based conditional independence testing
and was also used in Li and Kim (2024) for the construction of undirected graphical models. For
each i = 1, . . . , p, let Ω

X
i
X
S = Ω

X
i ×Ω

X
S , and letH

X
i
X
S be the centered RKHS generated by the

kernel κ
X
i
X
S : Ω

X
i
X
S × Ω

X
i
X
S 7→ R. We need the following assumption.

Assumption 8 For any i, j ∈ V, i 6= j, S ⊆ V \ {i, j}, we assume

1. E(κ
X
S (XS, XS)) <∞, E(κ

X
i
X
S ((X i, XS), (X i, XS))) <∞, and

E(κ
X
j
X
S ((Xj, XS), (Xj, XS))) <∞.

2. ran(Σ
X
S
(X
i
X
S
)
) ⊆ ran(Σ

X
S
X
S ) and ran(Σ

X
S
(X
j
X
S
)
) ⊆ ran(Σ

X
S
X
S ).

Assumption 8 ensures that the covariance operators Σ
X
S
(X
i
X
S
)
, Σ

X
S
(X
j
X
S
)
, Σ

(X
i
X
S
)(X

j
X
S
)
,

Σ−1

X
S
X
SΣ

X
S
(X
i
X
S
)

and Σ−1

X
S
X
SΣ

X
S
(X
j
X
S
)

are well-defined. Part 2 of Assumption 8 has similar
interpretation as part 2 of Assumption 3. Under Assumption 8, the CCCO exists. The following
definition is due to Fukumizu et al. (2007b).

Definition 3 Suppose Assumption 8 holds. Then, the following operator

Σ
(X
i
X
S
)(X

j
X
S
)|XS

= Σ
(X
i
X
S
)(X

j
X
S
)
− Σ

(X
i
X
S
)X
SΣ
−1

X
S
X
SΣ

X
S
(X
j
X
S
)

(9)

is well-defined and is called the conjoined conditional cross-covariance operator (CCCO) of (X i, Xj)
given XS.
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The Definition 3 is needed to state the following proposition which is due to Fukumizu et al. (2007b),
a proof of a special case of which is given in Fukumizu et al. (2004). For a random vector X , a
RKHS, H X based on a kernel κX is probability determining if and only if the mapping PX 7→
EPX

[κX(·, X)] is injective. For example, the Gaussian RBF is probability determining, but the
polynomial kernel is not.

Proposition 4 Suppose that for any i, j ∈ V and i 6= j, any S ⊆ V \ {i, j}

1. H
X
i
X
S ⊗H

X
j
X
S is probability determining.

2. For each f ∈ H
X
i
X
S , E[f(X i, XS)|XS = ·] belongs toH

X
S .

3. For each g ∈ H
X
j
X
S , E[g(Xj, XS)|XS = ·] belongs toH

X
S .

where ⊗ is a tensor product. Then,

Σ
(X
i
X
S
)(X

j
X
S
)|XS

= 0 ⇔ X
i

X
j |XS

.

Let U ij,S = (f ij1 (XS), . . . , f ij
d
ij
S

(XS)) denote the population-level output from the nonlinear SDR

step, obtained by solving the maximization problem (8). Let κ
X
i
U
ij,S : Ω

X
i
U
ij,S × Ω

X
i
U
ij,S 7→ R

be a positive definite kernel, where Ω
X
i
U
ij,S = Ω

X
i × Ω

U
ij,S . Let H

X
i
U
ij,S be the centered RKHS

generated by κ
X
i
U
ij,S . Similarly, letH

U
ij,S be the centered RKHS generated by the positive definite

kernel κ
U
ij,S : Ω

U
ij,S × Ω

U
ij,S 7→ R. We apply the CCCO to (X i, Xj, U ij,S) to determine whether

X i Xj |U ij,S is true for all i, j ∈ V, i 6= j and S ⊂ V \ {i, j}. In order for the CCCO to be
defined on (X i, Xj, U ij,S), we need the following assumption.

Assumption 9 Assumption 8 and conditions 1 through 3 in Proposition 4 are satisfied with XS

replaced by U ij,S for all i, j ∈ V, i 6= j and S ⊂ V \ {i, j}.

Under Assumption 9, the CCCO

Σ
(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
= Σ

(X
i
U
ij,S

)(X
j
U
ij,S

)
− Σ

(X
i
U
ij,S

)U
ij,SΣ

−1

U
ij,S

U
ij,SΣ

X
i
U
ij,S

(X
j
U
ij,S

)
(10)

is well-defined and satisfies Σ
(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
= 0 ⇔ X i Xj |U ij,S. This result allows us

to use Σ
(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
to measure conditional independence and characterize the skeleton of

the DAG, G.

Corollary 5 Suppose Assumption 1 holds and X is faithful to a DAG, G. Then, under Assumption
9, for all i, j ∈ V, i 6= j

nodes i and j are not connected in ske(G) ⇔ Σ
(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
= 0, (11)

for some S ⊂ V \ {i, j}.

Hence, for a given DAG, G,

ske(G) = {(i, j) ∈ V × V : i 6= j, ‖Σ
(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
‖HS 6= 0 for all S ⊂ V \ {i, j}}.

The above result allows to use Σ
(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
as a criterion for conditional independence

that is a based on a low-dimensional vector U ij,S obtained from the first SDR step. Furthermore,
the equivalence (11) does not require any distributional assumptions, and avoids the computation of
high-dimensional kernels for the estimation of the skeleton. It thus avoids the curse of dimension-
ality and is able to handle large-scale networks.
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4. Estimation

In this section, we develop the algorithms to implement the methodology. We first develop algo-
rithms for the sample versions of GSIR and CCCO, followed by a cross-validation scheme to select
tuning parameters in the GSIR and CCCO algorithms and a strategy to accelerate computation.
Then we develop a new version of the PC-algorithm to estimate the DAG that incorporates dimen-
sion reduction. To formulate the algorithms we need to represent the operators as matrices using a
coordinate representation system (Horn and Johnson, 2012).

4.1 Coordinate representation

Let G 1 be an n-dimensional Hilbert space spanned by the set of functions B 1 = {b11, . . . , b
1

n}.
Then, each member f of G 1 can be written as a linear combination of b11, . . . , b

1

n. The vector of
coefficients is called the coordinate of f with respect to B 1, and is written as [f ]B1

. Let G 2 be
another Hilbert space spanned by B 2 = {b21, . . . , b

2

m}. For any linear operator A : G 1 7→ G 2, the
matrix B2

[A]B1
= ([Ab11]B2

, . . . , [Ab1n]B2
) ∈ Rm×n is called the coordinate of A relative to the

bases B 1 and B 2. The mapping B2[·]B1
: A 7→ B2[A]B1

is called the coordinate mapping. Let
G 3 be a third Hilbert space with base B 3, and A′ : G 2 7→ G 3 a linear operator, then the coordinate
representation of the composite operator A′A : G 1 7→ G 3 is B3

[A′A]B1
= B3[A

′]B2B2
[A]B1

. For
more details about the coordinate representations, see Horn and Johnson (2012), page 30 and Solea
and Li (2022), Theorem 5.

4.2 Step 1: implementation of GSIR

In this section, we derive the coordinate representation of the estimator of the GSIR problem (8).
Let X1, . . . , Xn be an i.i.d sample of X , where Xi = (X1

i , . . . , X
p

i ) for i = 1, . . . , n. At the sample
level, the true distribution PX is replaced by the empirical distribution based on the sample. For
each i = 1, . . . , p, the centered RKHSH

X
i is spanned by

φ
X
i = {κ

X
i(·, X i

a)− En(κ
X
i(·, X i

)) : a = 1, . . . , n}, (12)

where En is the mean with respect to the empirical distribution, that is, EnκXi(·, X
i) = 1

n

∑n

a=1
κ
X
i(·, X i

a).
For any subset S of V, the centered RKHSH

X
S is spanned by φ

X
S = {κ

X
S (·, XS

a )−En(κ
X
S (·, XS)) :

a = 1, . . . , n}. Furthermore, for each i = 1, . . . , p let K
X
i = {κ

X
i(X

i

` , X
i

m)}n`,m=1 ∈ Rn×n be the
Gram matrix for X i, and G

X
i = QK

X
iQ ∈ Rn×n be its centered version, where Q = In− 1n1T

n/n,
1n is the n-dimension vector of 1’s and In is the n×n identity matrix. Similarly, for every (i, j) ∈ V,
i 6= j, let K

X
i
X
j be the n × n Gram matrix whose (`,m)th entry is κ

X
i
X
j ((X

i

` , X
j

` ), (X
i

m, X
j

m)),
and G

X
i
X
j = QK

X
i
X
jQ ∈ Rn×n be its centered version. It can be shown that for any f , g ∈ H

X
i

〈f, g〉 = [f ]TG
X
i [g]. Let KS be the n × n matrix whose (a, b)th entry is κ

X
S (XS

a , X
S

b ) and let
G
X
S = QKSQ. We have the following coordinate representations for the operators (Li, 2018a):

[Σ
X
i
X
j ] ∝ G

X
j , [Σ

X
S
(X
i
X
j
)
] ∝ G

X
i
X
j , [Σ

X
S
X
S ] ∝ G

X
S

[Σ
(X
i
X
j
)(X

i
X
j
)
] ∝ G

X
i
X
j , [Σ

(X
i
X
j
)X
S ] ∝ G

X
S .

(13)

Using the coordinate expressions in (13), the maximization problem in (8) can be represented
as the following standard eigenvalue problem with Tychonoff regularized inverse (see Li and Kim

13



SOLEA, LI, AND KIM

(2024) for more details): for each i, j ∈ V, i 6= j and S ⊂ V \ {i, j} and for each k = 1, . . . , dijS ,

maximize vT(G
X
S + ηnIn)

−1
G
X
SG

X
i
X
j (G

X
i
X
j + εnIn)

−1
G
X
S (G

X
S + ηnIn)

−1
v

subject to vTv = 1, vTv1 = . . . = vTvk−1 = 0,

where εn > 0 and ηn > 0 are tuning constants such that εn → 0 and ηn → 0 as n → ∞. In other
words, v1, . . . , vdijS

are the first dijS eigenvectors of the matrix

(G
X
S + ηnIn)

−1
G
X
SG

X
i
X
j (G

X
i
X
j + εnIn)

−1
G
X
S (G

X
S + ηnIn)

−1
. (14)

Then, the GSIR sufficient predictors are

f̂
ij,S

r = Û
ij,S

r = vT
r(GX

S + ηnI)
−1
K
X
SQ, r = 1, . . . , d

ij

S , (15)

will be used for the implementation of the CCCO in tne next section.

4.3 Step 2: implementation of the conjoined conditional cross-covariance operator

Having derived the estimated sufficient predictors Û ij,S for all i, j ∈ V, i 6= j and for any S ⊂
V \ {i, j}, we next evaluate conditional independence by thresholding the Hilbert-Schmidt norm of
the CCCO defined in (10). That is, for any i, j ∈ V, i 6= j and for any S ⊂ V \ {i, j},

X
i

X
j | Û ij,S ⇔ ‖Σ

(X
i
Û
ij,S

)(X
j
Û
ij,S

)|Ûij,S
‖HS < ρn,

for some threshold constant ρn > 0 that depends on n. Thus we have the following estimate of the
skeleton of the SDAG G,

ŝke(G) = {(i, j) ∈ V × V : i 6= j, ‖Σ
(X
i
Û
ij,S

)(X
j
Û
ij,S

)|Ûij,S
‖HS > ρn for all S ⊂ V \ {i, j}}. (16)

Next, we turn to the coordinate representation of Σ
(X
i
Û
ij,S

)(X
j
Û
ij,S and its Hilbert-Schmidt norm.

For each i, j ∈ V, i 6= j, and S ⊂ V \ {i, j}, we define the centered RKHS

H
X
i
Û
ij,S = span{κ

X
i
U
ij,S (·, (X i

a, Û
ij,S

a ))− En[κ
X
i
Û
ij,S (·, (X i

, Û
ij,S

))] : a = 1, . . . , n},
H
X
j
Û
ij,S = span{κ

X
j
Û
ij,S (·, (Xj

a, Û
ij,S

a ))− En[κ
X
j
Û
ij,S (·, (Xj

, Û
ij,S

))] : a = 1, . . . , n},
H
Û
ij,S = span{κ

Û
ij,S (·, Û ij,S

a )− En[κ
Û
ij,S (·, Û ij,S

)] : a = 1, . . . , n}.

By Theorem 12.1 of Li (2018a), the coordinate representations of the covariance operators are

[Σ
(X
i
Û
ij,S

)(X
j
Û
ij,S

)
] ∝ G

X
j
Û
ij,S , [Σ

(X
i
Û
ij,S

)Û
ij,S ] ∝ G

Û
ij,S ,

[Σ
Û
ij,S

Û
ij,S ] ∝ G

Û
ij,S , [Σ

Û
ij,S

(X
j
Û
ij,S

)
] ∝ G

X
j
Û
ij,S .

Consequently, the coordinate representation of the CCCO (Li and Kim, 2024) is

[Σ
(X
i
Û
ij,S

)(X
j
Û
ij,S

)|Ûij,S
] = G

X
j
Û
ij,S −G

Û
ij,S (G

Û
ij,S + δnIn)

−1
G
X
j
Û
ij,S ,

where δn → 0 is a positive tuning constant. By Li and Kim (2024), the Hilbert-Schmidt norm of
CCCO has the following coordinate representation

‖Σ
(X
i
Û
ij,S

)(X
j
Û
ij,S

)|Ûij,S
‖HS = ‖G1/2

X
i
Û
ij,SG

1/2

X
j
Û
ij,S −G1/2

X
i
Û
ij,SGÛ

ij,S (G
Û
ij,S + δnIn)

−1
G

1/2

X
j
Û
ij,S‖F,

where ‖ · ‖F is the Frobenious matrix norm.
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4.3.1 RANK-REDUCED KERNEL

To reduce computation time, so that our method can be readily applied to relatively large networks,
we propose a simplified algorithm to estimate the CCCO. In practice, the Gram matrices G

X
i often

have a few dominating eigenvalues, indicating that the RKHSH
X
i are of lower dimensions (Lee and

Huang, 2007; Chen et al., 2010). This motivates us to use the leading eigenfunctions to construct
H
X
i , which reduces the amount of computation without incurring much loss of accuracy. Suppose

that, for each i = 1, . . . , p, the Gram matrices G
X
i have the following spectral-decomposition

G
X
i = V

X
iD

X
iV T

X
i + Ṽ

X
iD̃

X
i Ṽ T

X
i ,

where V
X
iD

X
iV T

X
i corresponds to the first ri eigenvalues of G

X
i and Ṽ

X
iD̃

X
i Ṽ T

X
i corresponds to

the last n− ri eigenvalues of G
X
i . Instead of the original bases φT

X
i = (φ

1,X
i , . . . , φ

n,X
i)T in (12),

we use

ψT

X
i = (ψ

1,X
i , . . . , ψ

ri,X
i)T = (φ

1,X
i , . . . , φ

n,X
i)TV

X
iD
−1/2

X
i ,

as the orthonormal basis forH
X
i . One can show that the coordinate representation of the inner prod-

uct with respect to the new bases is 〈f, g〉 = [f ]T[g] for any f, g ∈ H
X
i . The next proposition gives

the coordinate representations of relevant operators using the new basis ψT

X
i = (ψ

1,X
i , . . . , ψ

ri,X
i)T.

The proof uses essentially the same arguments in the proof of Proposition 8 in Lee et al. (2020), and
is thus omitted.

Proposition 6 For any i, j ∈ V, ı 6= j, and S ⊂ V \ {i, j} the operators Σ
X
i
X
i , Σ

X
i
X
j ,

Σ
(X
i
Û
ij,S

)(X
j
Û
ij,S

)
, Σ

(X
i
Û
ij,S

)Û
ij,S , Σ

Û
ij,S

Û
ij,S and Σ

Û
ij,S

(X
j
Û
ij,S

)
have the following coordinate rep-

resentation with respect to the new basis ψT

X
i = (ψ

1,X
i , . . . , ψ

ri,X
i)T

[Σ
(X
i
Û
ij,S

)(X
j
Û
ij,S

)
] = n

−1
Λ

1/2

X
i
Û
ij,SV

T

X
i
Û
ij,SVXjÛij,SΛ

1/2

X
j
Û
ij,S ,

[Σ
(X
i
Û
ij,S

)Û
ij,S ] = n

−1
Λ

1/2

X
i
Û
ij,SV

T

X
i
Û
ij,SVÛij,SΛ

1/2

Û
ij,S ,

[Σ
Û
ij,S

Û
ij,S ] = n

−1
Λ

1/2

Û
ij,SV

T

Û
ij,SVÛij,SΛ

1/2

Û
ij,S ,

[Σ
Û
ij,S

(X
j
Û
ij,S

)
] = n

−1
Λ

1/2

Û
ij,SV

T

Û
ij,SVXjÛij,SΛ

1/2

X
j
Û
ij,S ,

The coordinate representation of the CCCO is then

[Σ
(X
i
Û
ij,S

)(X
j
Û
ij,S

)|Ûij,S
] = [Σ

(X
i
Û
ij,S

)(X
j
Û
ij,S

)
]− [Σ

(X
i
Û
ij,S

)Û
ij,S ][Σ

Û
ij,S

Û
ij,S ]

†
(δn)[Σ

Û
ij,S

(X
j
Û
ij,S

)
],

where, for any matrix A ∈ Rn×n and ε > 0, A†(ε) =
∑n

i=1
λ−1

i I(λi > ε)uiu
T
i , and (λi, ui), i =

1, . . . , n, are the eigenpairs of A. Using the coordinate representations of proposition 6, we obtain
the coordinate representation of the CCCO with respect to the new basis as

[Σ
(X
i
Û
ij,S

)(X
j
Û
ij,S

)|Ûij,S
] = n

−1
Λ

1/2

X
i
Û
ij,SV

T

X
i
Û
ij,S

(
In − VÛij,Sdiag(Im

Û
ij,S

, 0)V T

Û
ij,S

)
V
X
j
Û
ij,SΛ

1/2

X
j
Û
ij,S ,

(17)

where m
Û
ij,S is the number of eigenvalues in Λ

Û
ij,S greater than δn. Correspondingly, the Hilbert-

Schmidt norm of the CCCO can be computed via

‖Σ
(X
i
Û
ij,S

)(X
j
Û
ij,S

)|Ûij,S
‖2HS = tr

(
[Σ

(X
i
Û
ij,S

)(X
j
Û
ij,S

)|Ûij,S
][Σ

(X
i
Û
ij,S

)(X
j
Û
ij,S

)|Ûij,S
]T
)
. (18)
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4.4 Tuning

In this subsection, we propose the tuning procedures involved in various steps in our method.
Specifically, for step 1, the tuning parameters include the kernel parameters κ

X
i , i = 1, . . . , p,

the Tychonoff regularization tuning constants ηn and εn, and the dimension dijS of the sufficient pre-
dictor Û ij,S. For step 2, the tuning parameters include the number of leading eigenvalues of G

X
i ,

ri, the Tychonoff regularization parameter for the CCCO, δn, and the thresholding constant ρn in
the estimation of the skeleton in (16).

For each i = 1, . . . , p, we take κ
X
i(·, ·) to be the Gaussian RBF. We choose γ

X
i by the criterion

used in Lee et al. (2013):

1/
√
γ
X
i =

(
n

2

)−1∑
a<b
|X i

a −X
i

b|. (19)

For the choice of εn and ηn, we use a generalized cross validation (GCV) scheme, which follows
from Li and Kim (2024),

GCV(ε) = argminε
∑

i<j

‖G1−GT
2(G2+ελmax(G2))

−1
G1‖F

n−1tr(In−GT
2(G2+ελmax(G2))

−1)
,

where G1, G2 ∈ Rn×n are positive definite matrices and λmax(G2) is the largest eigenvalue of G2.
The matrices are taken to be G1 = G

X
S and G2 = G

X
i
X
j for εn and G1 = G

X
i
X
j and G2 = G

X
S

for ηn. We minimize GCV(ε) over a grid of values to choose ε. For selecting the dimension dijS
of U ij,S, to the best of our knowledge there is no general procedure for choosing the dimension of
the central class for nonlinear SDR. Nevertheless, in practice a small dimension such as 1 or 2 is
usually sufficient. For example, in the classical nonparametric regression models Y = f(X) + ε,
with X ε, the dimension of the central class is by definition 1 (Li and Kim, 2024).

For step 2, we choose ri such that the cumulative percentage of total variation of G
X
i exceeds

0.99, as in Lee et al. (2020). That is, we choose ri according to

ri = min
{
r′ :

∑r′

i=1
λi(GX

i)∑n

i=1
λi(GX

i)
≥ 0.99

}
. (20)

We choose δn similarly; that is,

δn = min
{
ε :

∑n

i=1
λi(ΛÛ

ij,S )I{λi(ΛÛ
ij,S ) ≥ ε}∑n

i=1
λi(ΛÛ

ij,S )
≥ 0.99

}
. (21)

To determine the thresholding constant, ρn, we follow the permutation-test based approach as Lee
et al. (2020); Fukumizu et al. (2007b); Sun (2008). Specifically, we first partition {Û ij,S

1 , . . . , Û ij,S

n }
into nC clusters using, K-means. We then randomly shuffle ` times the observations of the vector
(Xj, Û

ij,S) with respect to the nC clusters. For each `th sample, we calculate the CCCO as in (17)
and its Hilbert-Schmidt norm as in (18):

Rh = ‖Σh

(X
i
Û
ij,S

)(X
j
Û
ij,S

)|Ûij,S
‖2HS, h = 1, . . . , `.

For a given significance level, α, we use the 1 − α sample upper quantile of the R1, . . . , R` as the
thresholding constant ρn.
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4.5 A new PC-algorithm

We first summarize the implementation procedures for steps 1 and 2 developed in Section 4.4 for a
given i, j ∈ V, i 6= j, and S ⊂ V \ {i, j}:

1. For each i = 1, . . . , p, marginally standardizeX i

1, . . . , X
i

n so that En(X i) = 0 and varn(X i) =
1.

2. Choose the kernels κ
X
i forH

X
i to be the Gaussian RBF in (4), and the tuning parameter γ

X
i

by (19).

3. Compute the matrices K
X
i , K

X
j and K

X
S and their centered versions G

X
i , G

X
j and G

X
S ,

respectively.

4. Solve the eigenvalue problem (14) with εn and ηn chosen by minimizing GCV(ε) over a grid
of values of ε. Let v̂1, . . . , v̂dijS

be the first dijS eigenvectors, and form the sufficient predictor

Û ij,S = (f̂ ij,S1 , . . . , f̂ ij,S
d
ij
S

) according to (15).

5. Form the Gram matrices G
Û
ij,S , G

X
i
Û
ij,S and G

X
j
Û
ij,S , and perform spectral decomposition

to obtain the matrices Λ
Û
ij,S , Λ

X
i
Û
ij,S and Λ

X
j
Û
ij,S and V

Û
ij,S , V

X
i
Û
ij,S and V

X
j
Û
ij,S .

6. Determine ri and δn using (20) and (21), respectively.

7. Calculate Σ
(X
i
Û
ij,S

)(X
j
Û
ij,S

)|Ûij,S
and ‖Σ

(X
i
Û
ij,S

)(X
j
Û
ij,S

)|Ûij,S
‖2HS according to (17) and (18),

respectively.

Next, we develop a modified version of the PC-algorithm (Spirtes et al., 2000) to identify the
Markov equivalence class of the DAG at the sample level. The new PC algorithm incorporates di-
mension reduction to reduce the dimension of the conditional variable while exploiting the sparse-
ness of the graph to reduce the amount of computation, as in Kalisch and Bühlman (2007). Like
the original PC-algorithm, the complexity depends on the sparseness of the DAG instead of the size
of the network. We display the new version of the PC-algorithm in the Algorithm 1 in the form
of pseudo-codes. Algorithm 1 below describes only the first part of the DAG-PC algorithm that
identifies the skeleton of the DAG. The output of this part is the estimated skeleton, ŝke(G), and
the separation sets denoted, S. Then, the second part of the DAG-PC algorithm uses these separa-
tion sets to extend the skeleton to the equivalence class, by identifying the partial orientation of the
edges. The output is the CPDAG (Meek, 1995). We omit the second part of the DAG-PC algorithm
as it is essentially the same as that in Kalisch and Bühlman (2007). In algorithm 1 adj(G, j) denotes
the set of all vertices i that are adjacent to j in DAG G (connected by a directed or undirected edge).

5. Asymptotic theory

In this section, we develop the asymptotic theory of our method, including the consistency and
the convergence rates of the CCCO, and the consistency and uniform consistency of the DAG-PC
algorithm. We focus on the case where the network size, p and the dimension dijS are fixed, while
allowing the tuning parameters, ηn, δn and εn, and the thresholding constant, ρn to depend on the
sample size n. For two sequences of positive numbers (an)n∈N and (bn)n∈N, we write an ≺ bn if
an/bn → 0 as n→∞, and an � bn if an/bn is a bounded sequence.
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Algorithm 1 The DAG-PC algorithm

Set ` = −1 and ŝke(G) to be the complete undirected graph C̃
repeat

` = `+ 1
repeat

Select a new ordered pair of nodes (i, j) that are adjacent in ŝke(G) such that
|adj(ŝke(G), i) \ {j}| ≥ `

repeat
select new S ⊂ adj(ŝke(G), i) \ {j}) with |S| = `
Implement GSIR to obtain the dijS sufficient predictors Û ij,S = (f̂ ij1 , . . . , f̂

ij

d
ij
S

)

if ‖Σ
(X
i
Û
ij,S

)(X
j
Û
ij,S

)|Ûij,S
‖HS ≤ ρ then

delete edge i− j from ŝke(G)
Save Si,j = S

end if
until
edge i− j is deleted or all S ⊂ adj(ŝke(G), i) \ {j}) with |S| = ` have been chosen

until
all ordered pairs of adjacent variables i and j such that |adj(ŝke(G), i) \ {j}| ≥ ` and S ⊆

adj(ŝke(G), i) \ {j}) with |S| have been tested for conditional independence
until
|adj(ŝke(G), i) \ {j}| < ` for each ordered pair of adjacent nodes (i, j).

5.1 Convergence rate of the GSIR estimator

In this subsection, we first present the convergence rate of the GSIR estimator Û ij,S = (f̂ ij,S1 , . . . , f̂ ij,S
d
ij
S

),

which was given in Li and Kim (2024), and will be important when deriving the consistency of the
CCCO as we can replace Û ij,S with U ij,S. We make the following assumption.

Theorem 7 Suppose Assumptions 3-7 hold. If

n
−1/2 ≺ ηn ≺ 1, n

−1/2 ≺ εn ≺ 1, (22)

then ‖Û ij,S − U ij,S‖ = Op(η
−3/2

n ε−1

n n
−1 + η−1

n n−1/2 + ηn + εn).

5.2 Convergence rate of CCCO

Let Σ̂
(X
i
Û
ij,S

)(X
j
Û
ij,S

)|Ûij,S
be the sample-level of CCCO. In this subsection, we derive the conver-

gence rate of the Hilbert-Schmidt norm ‖Σ̂
(X
i
Û
ij,S

)(X
j
Û
ij,S

)|Ûij,S
−Σ

(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
‖HS, when

the estimated GSIR Û ij,S satisfies (22). The approach used in establishing this result is of indepen-
dent interest, as it tells us how to deal with estimated quantities such as Û ij,S that are in valued in
the sampled estimate of a linear operator. We make the following assumption for the reproducing
kernels κ

X
i
U
ij,S , κ

X
j
U
ij,S and κ

U
ij,S which implies a type of Lipschitz continuity (see also Li and

Kim (2024)).

18



LEARNING CAUSAL GRAPHS VIA NONLINEAR SUFFICIENT DIMENSION REDUCTION

Assumption 10 Let κ : Ω× Ω→ R be a positive kernel that satisfies

1. For each t ∈ Ω, the function s 7→ κ(s, t) is twice differentiable.

2. ∂κ(s,t)
∂s

∣∣
s=t

= 0.

3. The minimum and maximum eigenvalues of the Hessian matrixH(s, t) = ∂
2
κ(s,t)
∂s∂sT , λmin(H(s, t))

and λmax(H(s, t)), respectively satisfy

C1 ≤ λmin(H(s, t)) ≤ λmax(H(s, t)) ≤ C2,

for some constants C1 > 0 and C2 > 0.

LetH1 be an RKHS generated by the kernel κ1(s, t) that satisfies Assumption 10 (for example, the
Gaussian RBF satisfies Assumption 10, but the Laplace kernel does not (Li and Kim, 2024)). Let
H0 be an RKHS generated by a kernel κ0. Then, according to Theorem 2 of Li and Kim (2024),
there exists a constant C > 0 such that for any, f, g ∈ H0 and a ∈ Ω,

‖κ1(·, f(a))− κ1(·, g(a))‖ ≤ C
√
κ0(a, a)‖f − g‖H1

. (23)

A consequence of (23) is the following Theorem (Theorem 2, Li and Kim, 2024).

Theorem 8 Suppose the conditions of Theorem 7 are satisfied such that ‖Û ij,S −U ij,S‖ = Op(bn),
where bn = η−3/2

n ε−1

n n
−1 + η−1

n n−1/2 + ηn + εn ≺ 1. Suppose, furthermore, that Assumptions 9 and
10 hold for the reproducing kernels κ

X
i
U
ij,S , κ

X
j
U
ij,S and κ

U
ij,S . Then,

1. ‖Σ̂
Û
ij,S

Û
ij,S − Σ̂

U
ij,S

U
ij,S‖HS = Op(bn),

2. ‖Σ̂
(X
i
Û
ij,S

)Û
ij,S − Σ̂

(X
i
U
ij,S

)U
ij,S‖HS = Op(bn),

3. ‖Σ̂
(X
i
Û
ij,S

)(X
j
Û
ij,S

)
− Σ̂

(X
i
U
ij,S

)(X
j
U
ij,S

)
‖HS = Op(bn).

Using Theorem 8, we can derive the convergence rate of Σ̂
(X
i
Û
ij,S

)(X
j
Û
ij,S

)|Ûij,S
. We need the

following assumption.

Assumption 11 For each i, j ∈ V, i 6= j, S \ {i, j}, Σ−1

U
ij,S

U
ij,SΣ

U
ij,S

(X
j
U
ij,S

)
is a Hilbert-Schmidt

operator.

This assumption ensures a degree of smoothness in the relation between X i and U ij,S. Since
Σ−1

U
ij,S

U
ij,S is an unbounded operator, in order for Σ−1

U
ij,S

U
ij,SΣ

U
ij,S

(X
j
U
ij,S

)
to be a Hilbert-Schmidt

operator, the range space of Σ
U
ij,S

(X
j
U
ij,S

)
should be sufficiently concentrated on the eigenspaces

of Σ
U
ij,S

U
ij,S corresponding to large eigenvalues, or the low-frequency components of Σ

U
ij,S

U
ij,S .

Theorem 9 Suppose the conditions of Theorem 7 are satisfied such that ‖Û ij,S −U ij,S‖ = Op(bn),
where bn = η−3/2

n ε−1

n n
−1 + η−1

n n−1/2 + ηn + εn ≺ 1, and the Assumptions 9 and 10 hold for
the reproducing kernels κ

X
i
U
ij,S , κ

X
j
U
ij,S and κ

U
ij,S . Suppose, furthermore, that Assumptions 11

holds, and

n
−1/2 ≺ ηn ≺ 1, n

−1/2 ≺ εn ≺ 1, n
−1/2 ≺ δ3/2n , bn ≺ δ

3/2

n ,

where δn ≺ 1, bn = η−3/2

n ε−1

n n
−1 + η−1

n n−1/2 + ηn ≺ 1. Then,

‖Σ̂
(X
i
Û
ij,S

)(X
j
Û
ij,S

)|Ûij,S
− Σ

(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
‖HS = Op(δ

−1

n bn + δ
−1

n n
−1/2

+ δ
1/2

n ).
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5.3 Consistency of the estimator of the DAG

In this section, we prove the consistency of the estimated CPDAG of the true DAG. Let ŝke(G) and
̂CPDAG(G) be the estimated skeleton and the estimated CPDAG of the true DAG, G, respectively.

To highlight the dependence of ŝke(G) and ̂CPDAG(G) on ηn, εn, δn and ρn, we write them as
ŝke(G)(ηn, εn, δn, ρn) and ̂CPDAG(G)(ηn, εn, δn, ρn), respectively.

Theorem 10 Suppose Assumption 1 is satisfied and X is faithful with respect to a DAG, G, accord-
ing to Definition 3. Then, under the assumptions of Theorem 9, and if δ−1

n bn + δ−1

n n−1/2 + δ1/2n ≺
ρn ≺ 1,

P(ŝke(G)(ηn, εn, δn, ρn) = ske(G))→ 1, as n→∞,

where ŝke(G) is as defined in (16).

Theorem 11 Suppose Assumption 1 is satisfied and X is faithful with respect to a DAG, G, accord-
ing to Definition 3. Then, under the assumptions of Theorem 9, and if δ−1

n bn + δ−1

n n−1/2 + δ1/2n ≺
ρn ≺ 1,

P( ̂CPDAG(G)(ηn, εn, δn, ρn) = CPDAG(G))→ 1, as n→∞.

5.4 Uniform consistency of the estimator of the DAG

In the last subsection, the consistency was established in terms of the true distribution PX . Some-
times the uniform consistency might be preferable if we want to control type I and type II errors
(Lee et al., 2020). For a DAG, G, a Gaussian distribution P is called τ -strongly faithful with respect
to G for some τ > 0, if and only if P is faithful with respect to G, and

min{|cor(X
j
, X

k|XS
)| : cor(X

j
, X

k|XS
) 6= 0, (j, k) ∈ V × V, S ⊆ V \ {j, k}} > τ.

Strong faithfulness can be viewed as a condition of signal strength in terms of non-zero partial
correlations. Uhler et al. (2013) showed that strong faithfulness is a strong assumption for many
DAGs, but it is essentially preferable for statistical inference. Let P be the class of distributions of
X . The following definition extends the strong faithfulness condition to our setting.

Definition 12 A family of distributions P of X is τ -strongly faithful with respect to G, if the faith-
fulness condition (3) holds, and there is a τ > 0 such that ∀P ∈ P

min
{
‖Σ

(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
(P )‖HS 6= 0, i, j ∈ V, S ⊆ V \ {i, j}

}
> τ. (24)

The next theorem establishes the uniform consistency of the ̂CPDAG(G)(ηn, δn, εn, ρn).

Theorem 13 Suppose

(a) P is τ -strongly faithful with respect to G.

(b) For all i, j ∈ V, S ⊆ V \ {i, j} and ε > 0,

lim sup
n→∞

sup
P∈P

P(‖Σ̂
(X
i
Û
ij,S

)(X
j
Û
ij,S

)|Ûij,S
− Σ

(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
(P )‖HS > ε) = 0. (25)
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Then, for any 0 < ρn < τ ,

lim sup
n→∞

sup
P∈P

P( ̂CPDAG(G)(ηn, εn, δn, ρn) = CPDAG(G)) = 0.

Condition (b) can be viewed as the uniform extension of P(‖Σ̂
(X
i
Û
ij,S

)(X
j
Û
ij,S

)|Ûij,S
−Σ

(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
(P )‖HS >

ε) which was proved in Theorem 9. A similar condition was considered in Lee et al. (2020).

6. Numerical Study

In this section, we evaluate the performance of our DAG estimator, referred to as the DAG-PC
algorithm, through simulation comparisons with other methods and a data application. We compare
it with three existing PC algorithms: the Gaussian-PC algorithm, which is based on the sample
partial correlation (Kalisch and Bühlman, 2007); the semiparametric rank-PC algorithm, which is
based on rank correlation statistics (Harris and Drton, 2013), and the fully nonparametric kernel-PC
algorithm of Gretton et al. (2009) without dimension reduction (Székely et al., 2007; Gretton et al.,
2005b). For simplicity, these methods are labeled as

Method A : Gaussian-PC algorithm

Method B : Rank-PC algorithm

Method C : Kernel-PC algorithm

Method D : DAG-PC algorithm.

We evaluate theses methods by their accuracy in estimating both the skeleton and the CPDAG. We
use the structural Hamming distance (SHD; Tsamardinos et al., 2006) to measure the efficiency of
estimating the CPDAG, and use the area under the curve (AUC) of the receiver operating charac-
teristic curve (ROC) to measure the estimation efficiency of the skeleton. As a fully nonparametric
approach, we expect DAG to perform better in capturing dependence structures in non-Gaussian
DAGs. A dimension reduction approach, which mitigates the curse of dimensionality, we expect
our method to perform well for larger networks.

To demonstrate these features, we generate both Gaussian and non-Gaussian DAGs. Similar to
Kalisch and Bühlman (2007), we generate a p×p dimensional adjacency matrixD as follows: after
deciding on the topological ordering among nodes, we fill the lower-diagonal elements of D with
0s or 1s according to the Bernoulli distribution with parameter s, which denotes the probability of
success. Here, s can be regarded as a sparsity parameter, and the expected number of neighbors
of each node i, denoted by E[Ni], is s(p − 1). Given the adjacency matrix D, we generate a
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p-dimensional random vector X = (X1, . . . , Xp) sequentially via

Step I : ε
1
, . . . , ε

p i.i.d∼ N(0, 1),

Step II : X
1

= ε
1
,

Step III : Gaussian case X
i

=

i−1∑
j=1

dijX
j

+ ε
i
,

non-Gaussian case X
i

=

i−1∑
j=1

dij cos(X
j
) + ε

i
,

Mixed non-Gaussian case : Xi =

i−1∑
j=1

dijfij(X
j
) +

∑
(j,k)∈P (i)

eijkhjk(X
j
, X

k
) + ε

i
,

where dij is the (i, j)-th element of the adjacency matrix D, fij and hjk are randomly selected from
a bank of functions, including cos(x), x2, 4/(1+exp(−x)), to allow for diverse causal mechanisms.
We select eijk randomly from Uniform([0, 1]). In the Mixed non-Gaussian case, the error terms εi

are sampled from N(0, σ2

i ), where σ2

i is chosen randomly from Uniform[0.5, 2]. We also introduce
random interactions among parent nodes. We determine the number of interactions randomly based
on the network size p, using a random number generator. This ensures that the complexity of the
network scales appropriately with its size, with the number of interactions increasing as p grows.
This allows the model to represent more intricate causal dynamics. To secure a comprehensive
comparison, we choose the sample size and the network size to be the same as Gaussian and non-
Gaussian cases. To make a comprehensive comparison, we choose the sample size n to be 100, 150
and 200 and the network size p to be 5, 10 and 50. We consider two scenarios where the expected
values E[Ni] are 2 and 4, respectively

We choose the tuning parameters, ηn and εn in step 1, ri and δ in step 2, and the threshold con-
stant ρ using the procedures described in Section 4.4. Finally, since there is no available procedure
for determining the dimension of the sufficient predictor, in the simulations, we experimented with
both dimensions, dijS = 1 and dijS = 2, which lead to very similar result. For this reason, we present
only the results for dijS = 1.

6.1 Estimation of CPDAG(G)

In this subsection, we compare the estimated CPDAG to the true CPDAG. We use SHD to quan-
tify the directional information in the CPDAG. SHD measures the extent to which the estimated
CPDAG captures the true CPDAG by penalizing addition, deletion, and re-orientation of the esti-
mated CPDAG to match the true CPDAG. Lower value SHD indicates higher accuracy. Methods
A and B were implemented using the pcalg package (Kalisch et al., 2012) in R, while for Method
C, we used the kpcalg package (Verbyla et al., 2017) in R. We repeated each model 10 times and
plotted the boxplots of SHD in Figures 1 to 6.

Figure 1 shows the results for the Gaussian and E[Ni] = 2 scenario. As expected, both linear
methods (A and B) outperform the nonparametric methods (C and D) in this Gaussian scenario.
We also observe that our Method D outperforms the Kernel-PC algorithm method (Method C),
which shows the benefit of dimension reduction. Furthermore, for the higher dimension p = 50,
our method D demonstrates improved efficiency relative to the other three methods, which again
demonstrates the benefit of dimension reduction.
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Figure 1: Comparisons of SHD values for Gaussian settings under E[Ni] = 2.

Gaussian E[Ni] = 2 E[Ni] = 4

n Method p = 5 p = 10 p = 50 p = 5 p = 10 p = 50

A 0.73(0.12) 0.81(0.06) 0.79(0.02) 0.65(0.04) 0.66(0.06) 0.73(0.02)
B 0.71(0.09) 0.80(0.09) 0.78(0.01) 0.67(0.06) 0.64(0.05) 0.72(0.02)

100 C 0.59(0.06) 0.65(0.06) 0.67(0.02) 0.61(.0.3) 0.58(0.03) 0.61(0.01)
D 0.64(0.04) 0.75(0.08) 0.74(0.02) 0.64(0.3) 0.63(0.05) 0.67(0.02)
A 0.88(0.12) 0.82(0.08) 0.80(0.04) 0.66(0.04) 0.68(0.06) 0.76(0.01)
B 0.85(0.14) 0.83(0.05) 0.81(0.03) 0.66(0.04) 0.69(0.06) 0.75(0.01)

150 C 0.77(0.13) 0.69(0.07) 0.69(0.02) 0.61(0.03) 0.62(0.03) 0.63(0.01)
D 0.81(0.14) 0.75(0.06) 0.77(0.02) 0.65(0.05) 0.65(0.05) 0.70(0.01)
A 0.86(0.09) 0.85(0.08) 0.85(0.03) 0.64(0.02) 0.72(0.05) 0.76(0.02)
B 0.85(0.07) 0.83(0.06) 0.84(0.03) 0.64(0.04) 0.72(0.06) 0.76(0.02)

200 C 0.76(0.07) 0.70(0.10) 0.73(0.02) 0.61(0.03) 0.62(0.05) 0.64(0.02)
D 0.80(0.08) 0.80(0.08) 0.81(0.03) 0.62(0.03) 0.69(0.04) 0.71(0.03)

Table 1: Comparison of AUC values between the true and estimated graph for Gaussian settings
with E[Ni] = 2, 4.

The results for the case with E[Ni] = 4 are presented in Figure 2. We observe that Methods A,
B, and C perform slightly better than the DAG (Method D) in this case.

The non-Gaussian and sparse scenarios are shown in Figure 3. We see that our method sub-
stantially outperforms the other three methods in all cases, particularly for higher dimensions. The
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Figure 2: Comparisons of SHD values for Gaussian settings under E[Ni] = 4.

Non-Gaussian E[Ni] = 2 E[Ni] = 4

n Method p = 5 p = 10 p = 50 p = 5 p = 10 p = 50

A 0.57(0.09) 0.54(0.03) 0.53(0.01) 0.54(0.03) 0.53(0.54) 0.54(0.01)
B 0.55(0.09) 0.53(0.03) 0.53(0.01) 0.55(0.02) 0.54(0.02) 0.55(0.01)

100 C 0.59(0.09) 0.57(0.02) 0.53(0.01) 0.56(0.02) 0.55(0.02) 0.54(0.01)
D 0.62(0.08) 0.57(0.04) 0.56(0.01) 0.57(0.03) 0.56(0.03) 0.57(0.01)
A 0.52(0.03) 0.52(0.03) 0.55(0.02) 0.54(0.02) 0.52(0.03) 0.55(0.01)
B 0.51(0.02) 0.53(0.05) 0.55(0.01) 0.55(0.02) 0.55(0.05) 0.57(0.02)

150 C 0.59(0.08) 0.61(0.05) 0.58(0.02) 0.57(0.02) 0.56(0.02) 0.57(0.01)
D 0.61(0.11) 0.61(0.07) 0.60(0.01) 0.60(0.03) 0.58(0.04) 0.61(0.01)
A 0.54(0.06) 0.53(0.03) 0.54(0.01) 0.55(0.03) 0.54(0.03) 0.56(0.01)
B 0.54(0.06) 0.53(0.03) 0.54(0.01) 0.56(0.03) 0.56(0.04) 0.58(0.02)

200 C 0.66(0.13) 0.59(0.03) 0.61(0.02) 0.59(0.03) 0.61(0.04) 0.61(0.02)
D 0.70(0.11) 0.61(0.04) 0.63(0.02) 0.61(0.04) 0.63(0.03) 0.64(0.02)

Table 2: Comparison of AUC values between the true and estimated graph for non-Gaussian settings
with E[Ni] = 2, 4.

same pattern of comparison is also seen in Figure 4, which presents the non-Gaussian and the case
of E[Ni] = 4.

Figures 5 and 6 present the outcomes under the mixed non-Gaussian setting. For the complex
and realistic causal mechanisms under a non-Gaussian scenario, we included random parent in-
teractions, multiple nonlinearity, and randomly sampled error variances. As we can observe from
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Figure 3: Comparisons of SHD values for non-Gaussian settings under E[Ni] = 2.

mixed Model E[Ni] = 2 E[Ni] = 4

n Method p = 5 p = 10 p = 50 p = 5 p = 10 p = 50

A 0.51(0.05) 0.53(0.03) 0.54(0.01) 0.53(0.02) 0.50(0.02) 0.55(0.01)
B 0.51(0.07) 0.53(0.03) 0.54(0.01) 0.55(0.02) 0.51(0.02) 0.56(0.01)

100 C 0.56(0.04) 0.56(0.05) 0.53(0.01) 0.56(0.03) 0.54(0.03) 0.54(0.01)
D 0.58(0.07) 0.55(0.04) 0.56(0.02) 0.56(0.02) 0.56(0.03) 0.57(0.01)
A 0.51(0.07) 0.54(0.03) 0.53(0.02) 0.55(0.02) 0.53(0.04) 0.57(0.01)
B 0.50(0.06) 0.53(0.03) 0.54(0.02) 0.56(0.03) 0.55(0.05) 0.58(0.01)

150 C 0.60(0.08) 0.57(0.05) 0.56(0.01) 0.59(0.03) 0.57(0.03) 0.58(0.01)
D 0.65(0.15) 0.60(0.08) 0.59(0.01) 0.60(0.04) 0.58(0.04) 0.62(0.01)
A 0.56(0.07) 0.54(0.04) 0.53(0.02) 0.56(0.02) 0.54(0.05) 0.53(0.01)
B 0.55(0.06) 0.57(0.03) 0.54(0.02) 0.56(0.01) 0.54(0.05) 0.54(0.01)

200 C 0.60(0.06) 0.58(0.05) 0.61(0.03) 0.58(0.02) 0.58(0.04) 0.60(0.02)
D 0.62(0.05) 0.62(0.05) 0.64(0.01) 0.62(0.04) 0.61(0.03) 0.63(0.03)

Table 3: Comparison of AUC values between the true and estimated graph for mixed Non-Gaussian
settings with E[Ni] = 2, 4.

Figures 5 and 6, the results demonstrate that our proposed method, Method D, consistently out-
performs Methods A, B, and C, especially in high-dimensional settings. For both E[Ni] = 2 and
E[Ni] = 4, Method D demonstrates strong performance across all dimensions. However, the ad-
vantage of Method D becomes especially noticeable in the high-dimensional cases, where the com-
plexity of the causal graph makes accurate estimation more challenging. These result highlight the
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Figure 4: Comparisons of SHD values for non-Gaussian settings under E[Ni] = 4.

benefit of dimension reduction of our method in maintaining high accuracy as the dimensionality
grows. Methods A, B, and C show a decline in performance in high-dimensions.

In Tables 1, 2, and 3, we present the AUC values to evaluate the performance of the different
methods in various settings while SHD is commonly used in causal structure learning, it is known
to be less effective in sparse settings (E[Ni] = 2) settings due to its inability to distinguish between
different types of errors such as false positives and false negatives. This is particularly evident in
high-dimensional cases where estimators may perform similarly in terms of SHD. AUC provides a
more balanced evaluation of these trade-offs by considering both true positives and false positives.

In Table 1, where the distribution is Gaussian, while Method D shows only slightly lower AUC
values compared than Methods A and B, it outperforms the nonparametric approach, Method C.
This result demonstrates that Method D captures the causal structure more effectively than a non-
parametric approach. Tables 2 and 3, which focus on non-Gaussian and mixed non-Gaussian set-
tings, show that Method D consistently outperforms Methods A, B, and C. This performance in
non-Gaussian environments reconfirms the advantage of our approach in scenarios where more
complex, nonlinear relationships exist between variables. Finally, the lower SHD and higher AUC
for Method D in these settings indicate that it is reliable in accurately recovering the underlying
causal structure.

6.2 Estimation of ske(G)

In Tables 4, 5 and 6 we report the averaged AUC, to assess the performance of estimating true
skeleton based on different methods when E[Ni] = 2 and E[Ni] = 4. Table 4 presents results in the
Gaussian setting. Here, although Method D achieves slightly lower AUC values than Methods A
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Figure 5: Comparisons of SHD values for mixed Non-Gaussian settings under E[Ni] = 2.

and B, it still outperforms Method C. This suggests that Method D remains competitive even when
assumptions are more favorable to Methods A and B. The results indicate that even in Gaussian
settings, Method D performs better than fully nonparametric approaches, showing robustness as we
move between E[Ni] = 2 and E[Ni] = 4.

In Table 5, under the non-Gaussian scenario, Method D outperforms Methods A, B, and C,
achieving higher AUC values for both E[Ni] = 2 and E[Ni] = 4. This indicates that Method
D can capture nonlinear relationships more effectively than the other methods. Method C, while
performing better here than in the Gaussian case, still falls short of Method D, demonstrating that
our sufficient dimension reduction based method is competitive at complex settings. Finally, in
Table 6, which is a mixed non-Gaussian model, Method D again outperforms the other methods.

6.3 Data application

We apply our method to the flow cytometry dataset (Sachs et al., 2005), which includes simultane-
ously measured p = 11 phosphorylated phosphoproteins and phospholipids in the single cell. This
dataset can be downloaded from

https : //github.com/fernandoPalluzzi/SEMgraph.

The goal of this application was to demonstrate that our method can accurately discover causal
relationships in the latent signaling network. To demonstrate the effectiveness of our approach, we
applied Methods A, B, C, and D to n = 90 observations, and compared the estimated CPDAG with
the true CPDAG. The true DAG can be found in (Sachs et al., 2005). We repeated this subsampling
procedure 10 times and reported the mean and standard deviation of the SHD values in Table 7.

27

https://github.com/fernandoPalluzzi/SEMgraph


SOLEA, LI, AND KIM

Gaussian E[Ni] = 2 E[Ni] = 4

n Method p = 5 p = 10 p = 50 p = 5 p = 10 p = 50

A 0.85(0.07) 0.86(0.05) 0.86(0.03) 0.75(0.06) 0.72(0.05) 0.75(0.02)
B 0.86(0.07) 0.86(0.07) 0.85(0.03) 0.75(0.05) 0.70(0.04) 0.75(0.03)

100 C 0.75(0.14) 0.71(0.07) 0.72(0.02) 0.62(0.05) 0.64(0.04) 0.64(0.02)
D 0.81(0.10) 0.79(0.07) 0.81(0.03) 0.70(0.04) 0.67(0.05) 0.70(0.02)
A 0.87(0.06) 0.89(0.06) 0.89(0.02) 0.78(0.05) 0.75(0.05) 0.80(0.03)
B 0.88(0.06) 0.89(0.06) 0.89(0.02) 0.77(0.04) 0.75(0.05) 0.80(0.03)

150 C 0.77(0.08) 0.78(0.08) 0.78(0.03) 0.63(0.05) 0.67(0.05) 0.65(0.04)
D 0.84(0.08) 0.82(0.14) 0.85(0.03) 0.74(0.06) 0.73(0.06) 0.63(0.05)
A 0.95(0.07) 0.91(0.07) 0.90(0.02) 0.80(0.05) 0.80(0.06) 0.80(0.01)
B 0.93(0.09) 0.91(0.07) 0.90(0.02) 0.80(0.05) 0.80(0.06) 0.81(0.01)

200 C 0.90(0.08) 0.78(0.05) 0.81(0.03) 0.70(0.04) 0.68(0.05) 0.67(0.07)
D 0.92(0.08) 0.84(0.05) 0.87(0.03) 0.78(0.05) 0.75(0.06) 0.76(0.01)

Table 4: Averaged AUC values of estimating true skeleton for Gaussian setting under E[Ni] = 2, 4.

Non-Gaussian E[Ni] = 2 E[Ni] = 4

n Method p = 5 p = 10 p = 50 p = 5 p = 10 p = 50

A 0.53(0.07) 0.52(0.04) 0.54(0.02) 0.55(0.04) 0.56(0.03) 0.56(0.01)
B 0.51(0.08) 0.53(0.06) 0.55(0.02) 0.55(0.03) 0.57(0.04) 0.56(0.01)

100 C 0.63(0.10) 0.63(0.07) 0.58(0.04) 0.57(0.03) 0.60(0.04) 0.58(0.02)
D 0.59(0.12) 0.62(0.08) 0.61(0.02) 0.59(0.06) 0.62(0.05) 0.60(0.02)
A 0.55(0.08) 0.55(0.09) 0.57(0.03) 0.57(0.05) 0.55(0.05) 0.59(0.02)
B 0.55(0.07) 0.55(0.09) 0.57(0.02) 0.58(0.05) 0.56(0.05) 0.60(0.02)

150 C 0.68(0.08) 0.69(0.08) 0.64(0.02) 0.65(0.04) 0.62(0.05) 0.63(0.02)
D 0.71(0.08) 0.70(0.05) 0.67(0.03) 0.63(0.05) 0.63(0.05) 0.67(0.02)
A 0.54(0.08) 0.60(0.06) 0.55(0.03) 0.54(0.08) 0.58(0.05) 0.58(0.02)
B 0.57(0.08) 0.60(0.07) 0.57(0.03) 0.60(0.07) 0.59(0.06) 0.59(0.03)

200 C 0.79(0.10) 0.75(0.10) 0.65(0.04) 0.67(0.07) 0.67(0.05) 0.65(0.02)
D 0.78(0.07) 0.78(0.10) 0.70(0.03) 0.68(0.07) 0.69(0.07) 0.68(0.02)

Table 5: Averaged AUC values of estimating true skeleton for non-Gaussian setting under E[Ni] =
2, 4

28



LEARNING CAUSAL GRAPHS VIA NONLINEAR SUFFICIENT DIMENSION REDUCTION

A B C D

6
7

8
9

10

Mixed Non Gaussian    n= 100 p= 5

Method
S

H
D

A B C D

15
20

25

Mixed Non Gaussian    n= 100 p= 10

Method

S
H

D

A B C D

80
90

10
0

11
0

12
0

Mixed Non Gaussian    n= 100 p= 50

Method

S
H

D

A B C D

4
5

6
7

8
9

10

Mixed Non Gaussian    n= 150 p= 5

Method

S
H

D

A B C D

10
15

20
25

Mixed Non Gaussian    n= 150 p= 10

Method

S
H

D

A B C D

70
80

90
10

0
11

0
12

0
13

0

Mixed Non Gaussian    n= 150 p= 50

Method

S
H

D

A B C D

4
5

6
7

8
9

10

Mixed Non Gaussian    n= 200 p= 5

Method

S
H

D

A B C D

10
15

20
25

Mixed Non Gaussian    n= 200 p= 10

Method

S
H

D

A B C D

60
70

80
90

10
0

11
0

12
0

Mixed Non Gaussian    n= 200 p= 50

Method

S
H

D

Figure 6: Comparisons of SHD values for mixed Non-Gaussian settings under E[Ni] = 4.

Mixed Model E[Ni] = 2 E[Ni] = 4

n Method p = 5 p = 10 p = 50 p = 5 p = 10 p = 50

A 0.65(0.15) 0.63(0.06) 0.60(0.03) 0.54(0.04) 0.55(0.04) 0.56(0.01)
B 0.59(0.11) 0.62(0.06) 0.59(0.04) 0.53(0.04) 0.56(0.04) 0.57(0.01)

100 C 0.67(0.12) 0.68(0.04) 0.62(0.03) 0.58(0.04) 0.60(0.03) 0.57(0.01)
D 0.70(0.13) 0.70(0.05) 0.66(0.03) 0.60(0.06) 0.62(0.02) 0.60(0.01)
A 0.69(0.09) 0.66(0.10) 0.63(0.04) 0.57(0.04) 0.54(0.04) 0.59(0.01)
B 0.71(0.07) 0.66(0.12) 0.62(0.04) 0.58(0.04) 0.56(0.04) 0.59(0.02)

150 C 0.76(0.11) 0.74(0.08) 0.68(0.04) 0.62(0.03) 0.63(0.03) 0.61(0.01)
D 0.78(0.07) 0.75(0.08) 0.73(0.04) 0.63(0.04) 0.65(0.04) 0.65(0.01)
A 0.62(0.10) 0.65(0.10) 0.62(0.04) 0.55(0.04) 0.54(0.03) 0.59(0.02)
B 0.58(0.10) 0.64(0.11) 0.62(0.04) 0.59(0.05) 0.54(0.03) 0.60(0.01)

200 C 0.77(0.12) 0.78(0.06) 0.72(0.03) 0.66(0.05) 0.64(0.03) 0.64(0.01)
D 0.81(0.11) 0.81(0.05) 0.75(0.03) 0.67(0.09) 0.67(0.04) 0.69(0.01)

Table 6: Averaged AUC values of estimating true skeleton for mixed non Gaussian setting under
E[Ni] = 2, 4.

Our proposed method (Method D) has the lowest SHD values, indicating its competitiveness for
investigating causal relations among cells.
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Method A B C D
SHD 21.2(1.31) 23.6(1.07) 21.1(1.91)) 20.6(0.79)

Table 7: Comparison of the mean and standard deviation of SHD values among four methods, with
the standard deviation presented in parentheses.

7. Discussion

In this paper, we introduce a novel nonparametric methodology, called DAG, for estimating a DAG
using the PC-algorithm. This methodology applies nonlinear sufficient dimension reduction to re-
place the high-dimensional conditioning random variable with a low-dimensional variable in the
evaluation of conditional independence when estimating the skeleton of the DAG with the PC-
algorithm. The proposed approach achieves a substantial gain in estimation accuracy, particularly
in high-dimensional settings, where the number of variables is large compared to the sample size.
Our method also can capture nonlinear relations without requiring any distributional or linear struc-
tural assumptions. Under a reasonably mild set of conditions on the kernel, we established the
consistency and the convergence rates of the estimators, taking into account the error in the esti-
mated sufficient predictors Û ij,S. We also established the uniform consistency of the DAG under
a strong faithfulness assumption. We developed a new PC-algorithm that integrates dimension re-
duction, whose complexity does not depend on the number of nodes but instead on the level of
sparseness of the DAG. We illustrate the methodology by a variety of simulation studies and real
data analysis using a flow cytometry dataset.

The idea advanced in this paper opens up a number of possibilities for further development.
First, we have used the Hilbert-Schmidt norm of the conjoined conditional cross-covariance op-
erator as the dependence measure of conditional independence. However, one could construct the
normalized conjoined conditional cross-covariance operator similar to the NCCO of Fukumizu et al.
(2007b), which removes the effect of marginal variation when evaluating interdependence. Second,
our methodology assumes that the central class is complete and sufficient, so that GSIR is exhaus-
tive and able to recover it. However, when the central class is not complete, GSIR is no longer
exhaustive and there is no guarantee that it will recover the central class fully. In this case, we
can employ GSAVE to recover a larger portion of the central class than GSIR (Lee et al., 2013;
Li, 2018b). Third, one could use more sophisticated sparse penalty techniques than threshold, such
as the LASSO (Tibshirani, 1996), and the adaptive LASSO (Zou, 2006). Finally, another possible
extension of the current method is the situations where the observations on each vertex are random
functions. This type of network structure is commonly encountered in medical applications such
as electroencephalography and functional magnetic resonance imaging, where the data collected
represents functional measurements. Recently, various undirected functional graphical models have
been proposed in the literature Zhu et al. (2016); Qiao et al. (2019); Li and Solea (2018); Solea
and Li (2022). However, learning causal relationships is fundamental in many disciplines such as
genetics, epidemiology and finance. Therefore, in our future research, we will consider construct-
ing a nonparametric functional DAG whose observations on the vertices are random functions. To
address the curse of the dimensionality in the evaluation of conditional independence, a possible ap-
proach would be to utilize the functional generalized sliced inverse regression technique developed
by Li and Song (2017).
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Appendix

Basics from bounded linear operators in Hilbert spaces

First, we recall some useful relations for bounded linear operators. For concrete references, see
Weidmann (2012) and Conway (2019). The following result is given in Proposition 2.7 in Conway
(2019).

Lemma 14 Let H be a Hilbert space. If A ∈ B(H), then its adjoint operator, A∗, is also bounded,
and

(a) ‖A∗‖op = ‖A‖op.

(b) ‖A∗A‖op = ‖A‖2op.

Proof
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(a) Let x ∈ H such that ‖x‖ = 1. Suppose that A∗(x) 6= 0. Then, by the definition of the adjoint
operator and the Cauchy-Schwarz inequality,

‖A∗(x)‖2 = 〈A∗(x), A
∗
(x)〉 = 〈x,AA∗(x)〉 ≤ ‖A‖op‖A

∗
(x)‖.

Dividing by ‖A∗(x)‖ on both sides, and taking the supremum over ‖x‖ = 1 yields ‖A∗‖op ≤
‖A‖op. Next, using the fact that (A∗)∗ = A, we have by the application of the above argu-
ments ‖A‖op = ‖(A∗)∗‖op ≤ ‖A∗‖op. Combining these two results yields ‖A∗‖op = ‖A‖op.

(b) First, for every x ∈ H such that ‖x‖ = 1,

‖A∗A(x)‖ ≤ ‖A∗‖op‖A(x)‖ ≤ ‖A∗‖op‖A‖op.

Thus, A∗A is bounded and ‖A∗A‖op ≤ ‖A∗‖op‖A‖op = ‖A‖op‖A‖op = ‖A‖2op because of
the result in (a). Now, by the sub-multiplicative property of the operator norm, and using the
result in (a),

‖A‖2op = ‖A‖op‖A‖op = ‖A∗‖op‖A‖op ≥ ‖A
∗
A‖op.

Therefore, ‖A∗A‖op = ‖A‖2op.

The following result is given in Theorem 6.9 in Weidmann (2012).

Lemma 15 If A ∈ B2(H), then

‖A‖op ≤ ‖A‖HS = ‖A∗‖HS.

Proof By Parseval’s identity,

‖A∗(x)‖2 =
∑∞

j=1
〈A∗(x), εj〉2 =

∑∞
j=1
〈(x), A(εj)〉2

≤ ‖x‖2
∑∞

j=1
‖A(εj)‖2 = ‖x‖2‖A‖2HS,

where the inequality is due to the Cauchy-Schwarz inequality. Therefore, ‖A∗‖op ≤ ‖A‖HS. Now
use the fact that ‖A∗‖op = ‖A‖op from Lemma 14(a) to complete the proof. The following inequal-
ity is well known-see (Weidmann, 2012).

Lemma 16 Let H1, H2 and H3 be Hilbert spaces. If B ∈ B(H2,H1) and A ∈ B2(H2,H3), then
BA ∈ B2(H3,H1), and

‖BA‖HS ≤ ‖B‖op‖A‖HS.

Proof Let {εn}n∈\ be an orthonormal basis inH. By definition of the Hilbert-Schmidt norm,

‖BA‖2HS =
∑∞

n=1
‖BA(εn)‖2 ≤ ‖B‖2op

∑∞
n=1
‖A(εn)‖2 = ‖B‖2op‖A‖

2

HS,

yielding the desired result. The following property is given in Fukumizu et al. (2007a) (Lemma 6).

Lemma 17 If A and B are self-adjoint and invertible operators, then

A
−1/2 −B−1/2

= {A−1/2
(B

3/2 −A3/2
) +A−B}B−3/2

. (26)

The following Lemma is taken from Fukumizu et al. (2007a).

Lemma 18 Suppose A and B are self-adjoint operators in a Hilbert space such that 0 ≤ A ≤ cI
and 0 ≤ B ≤ cI for some positive constant c. Then,

‖A3/2 −B3/2‖op ≤ 3c
1/2‖A−B‖op. (27)
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Basics of cross-covariance operators in RKHS

The following lemmas are critical to our subsequent developments. The following Lemma is due to
Fukumizu et al. (2007a).

Lemma 19 Suppose Assumption 2 holds and Assumption 8 is satisfied with XS replaced by U ij,S

for all i, j ∈ V, i 6= j and S ⊂ V \ {i, j}. Then,

(a) ‖Σ̂
X
i
X
j − Σ

X
i
X
j‖HS = Op(n

−1/2), ‖Σ̂
U
ij,S

U
ij,S − Σ

U
ij,S

U
ij,S‖HS = Op(n

−1/2),

(b) ‖Σ̂
(X
i
U
ij,S

)(X
j
U
ij,S

)
− Σ

(X
i
U
ij,S

)(X
j
U
ij,S

)
‖HS = Op(n

−1/2),

(c) ‖Σ̂
(X
i
U
ij,S

)U
ij,S − Σ

(X
i
U
ij,S

)U
ij,S‖HS = Op(n

−1/2), ‖Σ̂
U
ij,S

(X
j
U
ij,S

)
− Σ

U
ij,S

(X
j
U
ij,S

)
‖HS =

Op(n
−1/2).

Lemma 20 Suppose Assumption 2 holds and Eκ
U
ij,S (U ij,S, U ij,S) < ∞. Then, for any n−1/2 ≺

δn ≺ 1,

(a) ‖(Σ̂
U
ij,S

U
ij,S + δnI)−1‖op = ‖(Σ̂

Û
ij,S

Û
ij,S + δnI)−1‖op = ‖(Σ

U
ij,S

U
ij,S + δnI)−1‖op =

Op(δ
−1

n ),

(b) ‖(Σ̂
U
ij,S

U
ij,S + δnI)−1Σ1/2

U
ij,S

U
ij,S‖op = Op(δ

−1/2

n ),

(c) ‖(Σ̂
U
ij,S

U
ij,S + δnI)−1Σ

U
ij,S

(X
j
U
ij,S

)
‖op = Op(δ

−1/2

n ),

(d) ‖Σ
(X
i
U
ij,S

)U
ij,S (Σ

U
ij,S

U
ij,S + δnI)−1/2‖op = O(1).

Proof

(a) This is because ‖(Σ̂
U
ij,S

U
ij,S + δnI)−1‖op ≤ ‖(δnI)−1‖ ≤ δ−1

n . This relation also holds if
Σ̂
U
ij,S

U
ij,S + δnI is replaced by Σ̂

Û
ij,S

Û
ij,S + δnI or Σ

U
ij,S

U
ij,S + δnI .

(b) It is equivalent to show ‖Σ1/2

U
ij,S

U
ij,S (Σ̂

U
ij,S

U
ij,S + δnI)−1)‖op = Op(δ

−1/2

n ). By using the fact

that Σ1/2

U
ij,S

U
ij,S is a self-adoint operator in B2HU

ij,S and the Cauchy-Schwarz inequality, for
any f ∈ H

U
ij,S such that ‖f‖ ≤ 1,

‖Σ1/2

U
ij,S

U
ij,S (Σ̂

U
ij,S

U
ij,S + δnI)

−1
f‖2

= 〈(Σ̂
U
ij,S

U
ij,S + δnI)

−1
f,Σ

U
ij,S

U
ij,S (Σ̂

U
ij,S

U
ij,S + δnI)

−1
f〉

≤ ‖(Σ̂
U
ij,S

U
ij,S + δnI)

−1‖op‖ΣU
ij,S

U
ij,S (Σ̂

U
ij,S

U
ij,S + δnI)

−1‖op
≤ ‖(Σ̂

U
ij,S

U
ij,S + δnI)

−1‖op[‖(Σ
U
ij,S

U
ij,S − Σ̂

U
ij,S

U
ij,S )(Σ̂

U
ij,S

U
ij,S + δnI)

−1‖op
+ ‖Σ̂

U
ij,S

U
ij,S (Σ̂

U
ij,S

U
ij,S + δnI)

−1‖op.

By (a), the first term on the right is Op(δ
−1

n ). By Lemma 19 and (a) again, the second term is
Op(n

−1/2δ−1

n ) and the third term is Op(1). Together with the assumption n−1/2 ≺ δn ≺ 1, we
get the desired bound.
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(c) By definition

‖(Σ̂
U
ij,S

U
ij,S + δnI)

−1
Σ
U
ij,S

(X
j
U
ij,S

)
‖op

≤ ‖(Σ̂
U
ij,S

U
ij,S + δnI)

−1
Σ

1/2

U
ij,S

U
ij,S‖op‖RU

ij,S
(X
j
U
ij,S

)
Σ

1/2

(X
j
U
ij,S

)(X
j
U
ij,S

)
‖op,

where the first term on the right is Op(δ
−1/2

n ) by (b) and the second term is O(1).

(d) Similarly, dy definition Σ
(X
i
U
ij,S

)U
ij,S = Σ1/2

(X
i
U
ij,S

)(X
i
U
ij,S

)
R

(X
i
U
ij,S

)U
ij,SΣ1/2

U
ij,S

U
ij,S , one ob-

tains

‖Σ
(X
i
U
ij,S

)U
ij,S (Σ

U
ij,S

U
ij,S + δnI)

−1/2‖op
≤ ‖Σ1/2

(X
i
U
ij,S

)(X
i
U
ij,S

)
R

(X
i
U
ij,S

)U
ij,S‖op‖Σ

1/2

U
ij,S

U
ij,S (Σ

U
ij,S

U
ij,S + δnI)

−1/2‖op,

which has order O(1).

Proof of Theorem 9

First, by the triangle inequality we make the following decomposition

‖Σ̂
(X
i
Û
ij,S

)(X
j
Û
ij,S

)|Ûij,S
− Σ

(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
‖HS

≤ ‖Σ̂
(X
i
Û
ij,S

)(X
j
Û
ij,S

)|Ûij,S
− Σ̂

(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
‖HS

+ ‖Σ̂
(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
− Σ

(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
‖HS.

Next, we derive the convergence rates of each term on the right-hand side.

Lemma 21 Suppose the conditions of Theorem 7 are satisfied such that ‖Û ij,S − U ij,S‖ = Op(bn),
where bn = η−3/2

n ε−1

n n
−1 + η−1

n n−1/2 + ηn + εn ≺ 1. Suppose, furthermore, that Assumptions 9 and
10 hold for the reproducing kernels κ

X
i
U
ij,S , κ

X
j
U
ij,S and κ

U
ij,S . Then,

‖Σ̂
(X
i
Û
ij,S

)(X
j
Û
ij,S

)|Ûij,S
− Σ̂

(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
‖HS = Op(δ

−1

n bn).

Proof By definition and the triangular identity, the norm ‖Σ̂
(X
i
Û
ij,S

)(X
j
Û
ij,S

)|Ûij,S
−Σ̂

(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
‖HS

is decomposed by Θ1,n + Θ2,n, where

Θ1,n =‖Σ̂
(X
i
Û
ij,S

)(X
j
Û
ij,S

)
− Σ̂

(X
i
Û
ij,S

)(X
j
Û
ij,S

)
‖HS

Θ2,n =‖Σ̂
(X
i
U
ij,S

)U
ij,S (Σ̂

U
ij,S

U
ij,S + δnI)

−1
Σ̂
U
ij,S

(X
j
U
ij,S

)

− Σ̂
(X
i
Û
ij,S

)Û
ij,S (Σ̂

Û
ij,S

Û
ij,S + δnI)

−1
Σ̂
Û
ij,S

(X
j
Û
ij,S

)
‖HS.

Next, we derive the convergence rates of Θ1,n and Θ2,n, respectively. First, by Theorem 8, relation
(iii),

Θ1,n = Op(bn). (28)
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Next, we consider Θ2,n, which is upper bounded by Θ21,n + Θ22,n + Θ23,n, where

Θ21,n = ‖(Σ̂
(X
i
Û
ij,S

)Û
ij,S − Σ̂

(X
i
U
ij,S

)U
ij,S )(Σ̂

Û
ij,S

Û
ij,S + δnI)

−1
Σ̂
Û
ij,S

(X
j
Û
ij,S

)
‖HS,

Θ22,n = ‖Σ̂
(X
i
U
ij,S

)U
ij,S [(Σ̂

Û
ij,S

Û
ij,S + δnI)

−1 − (Σ̂
U
ij,S

U
ij,S + δnI)

−1
]Σ

Û
ij,S

(X
j
Û
ij,S

)
‖HS,

Θ23,n = ‖Σ̂
(X
i
U
ij,S

)U
ij,S (Σ̂

U
ij,S

U
ij,S + δnI)

−1
(Σ

Û
ij,S

(X
j
Û
ij,S

)
− Σ̂

U
ij,S

(X
j
U
ij,S

)
)‖HS.

(29)

Next, we derive the convergence rates of Θ21,n, Θ22,n and Θ23,n, respectively.
First, Θ21,n is upper bounded by

‖Σ̂
(X
i
Û
ij,S

)Û
ij,S − Σ̂

(X
i
U
ij,S

)U
ij,S‖HS

×
[
‖(Σ̂

Û
ij,S

Û
ij,S + δnI)

−1
(Σ̂

Û
ij,S

(X
j
Û
ij,S

)
− Σ̂

U
ij,S

(X
j
U
ij,S

)
)‖op

+ ‖(Σ̂
Û
ij,S

Û
ij,S + δnI)

−1
Σ̂
U
ij,S

(X
j
U
ij,S

)
)‖op

]
By Theorem 8, the first norm on the right-hand side is of order Op(bn). By Theorem 8 again and
Lemma 20, relation (a), the second norm is of order Op(δ

−1

n bn). The third term ‖(Σ̂
Û
ij,S

Û
ij,S +

δnI)−1Σ̂
U
ij,S

(X
j
U
ij,S

)
)‖op is further bounded by

‖(Σ̂
Û
ij,S

Û
ij,S + δnI)

−1
(Σ̂

U
ij,S

(X
j
U
ij,S

)
− Σ

U
ij,S

(X
j
U
ij,S

)
)‖op

+ ‖(Σ̂
Û
ij,S

Û
ij,S + δnI)

−1
Σ
U
ij,S

(X
j
U
ij,S

)
‖op,

(30)

in which the first term is of order Op(δnn
−1/2) by Lemma 19 and Lemma 20, relation (c). For the

second term ‖(Σ̂
Û
ij,S

Û
ij,S + δnI)−1Σ

U
ij,S

(X
j
U
ij,S

)
‖op at the right-hand side of (30) we have

‖(Σ̂
Û
ij,S

Û
ij,S + δnI)

−1
Σ
U
ij,S

(X
j
U
ij,S

)
‖op

≤ ‖[(Σ̂
Û
ij,S

Û
ij,S + δnI)

−1 − (Σ̂
U
ij,S

U
ij,S + δnI)

−1
]Σ

U
ij,S

(X
j
U
ij,S

)
‖op

+ ‖(Σ̂
U
ij,S

U
ij,S + δnI)

−1
Σ
U
ij,S

(X
j
U
ij,S

)
‖op

By using the identity A−1 −B−1 = A−1(B −A)B−1, the first term at the right-hand side is

‖(Σ̂
Û
ij,S

Û
ij,S + δnI)

−1
(Σ̂

U
ij,S

Û
ij,S − Σ̂

Û
ij,S

Û
ij,S )(Σ̂

U
ij,S

U
ij,S + δnI)

−1
Σ
U
ij,S

(X
j
U
ij,S

)
‖op

≤ ‖(Σ̂
Û
ij,S

Û
ij,S + δnI)

−1‖‖Σ̂
U
ij,S

Û
ij,S − Σ̂

Û
ij,S

Û
ij,S‖HS‖(Σ̂U

ij,S
U
ij,S + δnI)

−1
Σ
U
ij,S

(X
j
U
ij,S

)
‖op

which is of order Op(δ
−3/2bn) by the Theorem 8 again and Lemma 20, relations (a) and (c). Hence,

‖(Σ̂
Û
ij,S

Û
ij,S + δnI)

−1
Σ
U
ij,S

(X
j
U
ij,S

)
‖op = Op(δ

−3/2
bn) +Op(δ

−1/2
). (31)

Therefore,

Θ21,n ≤ Op(bn)[Op(δ
−1

n bn) +Op(δnn
−1/2

) +Op(δ
−3/2

n bn) +Op(δ
−1/2

n )] = Op(δ
−1/2

n bn) (32)

by the conditions bn ≺ δ3/2n , bn ≺ 1 and δn ≺ 1. For Θ22,n, first note that

Θ22,n ≤ ‖Σ̂(X
i
U
ij,S

)U
ij,S (Σ̂

U
ij,S

U
ij,S + δnI)

−1/2‖op
‖(Σ̂

U
ij,S

U
ij,S + δnI)

1/2
[(Σ̂

Û
ij,S

Û
ij,S + δnI)

−1 − (Σ̂
U
ij,S

U
ij,S + δnI)

−1
](Σ̂

U
ij,S

U
ij,S + δnI)

1/2‖HS

‖(Σ̂
U
ij,S

U
ij,S + δnI)

−1/2
Σ̂
Û
ij,S

(X
j
Û
ij,S

)
‖op.

(33)
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Now, the first norm ‖Σ̂
(X
i
U
ij,S

)U
ij,S (Σ̂

U
ij,S

U
ij,S + δnI)−1/2‖op at the right-hand side of (33) is upper

bounded by

‖(Σ̂
(X
i
U
ij,S

)U
ij,S − Σ

(X
i
U
ij,S

)U
ij,S )(Σ̂

U
ij,S

U
ij,S + δnI)

−1/2‖op
+ ‖Σ

(X
i
U
ij,S

)U
ij,S (Σ̂

U
ij,S

U
ij,S + δnI)

−1/2‖op,
(34)

where the first norm is of order Op(δ
−1/2

n n−1/2) by Lemma 19 and Lemma 20, relation (a). Now, by
the definition Σ

(X
i
U
ij,S

)U
ij,S = Σ1/2

(X
i
U
ij,S

)(X
i
U
ij,S

)
R

(X
i
U
ij,S

)U
ij,SΣ1/2

U
ij,S

U
ij,S , the second term at the

right-hand side of (34) is

‖Σ
(X
i
U
ij,S

)U
ij,S (Σ̂

U
ij,S

U
ij,S + δnI)

−1/2‖op
≤ ‖Σ1/2

(X
i
U
ij,S

)(X
i
U
ij,S

)
R

(X
i
U
ij,S

)U
ij,S‖op‖Σ

1/2

U
ij,S

U
ij,S (Σ̂

U
ij,S

U
ij,S + δnI)

−1/2‖op (35)

where the first norm at the right-hand side is O(1). Now, for the second term at the right-hand side
of (35) we have

‖Σ1/2

U
ij,S

U
ij,S [(Σ̂

U
ij,S

U
ij,S + δnI)

−1/2 − Σ
U
ij,S

U
ij,S + δnI)

−1/2
]‖op

+ ‖Σ1/2

U
ij,S

U
ij,S (Σ

U
ij,S

U
ij,S + δnI)

−1/2‖op,
(36)

where the second term is O(1) since Σ
U
ij,S

U
ij,S ≤ Σ

U
ij,S

U
ij,S + δnI . By Lemma 17 and Lemma

18, for the first term at the right-hand side of (36), we obtain

‖Σ̂−1/2

U
ij,S

U
ij,S [(Σ

U
ij,S

U
ij,S + δI)

3/2 − (Σ̂
U
ij,S

U
ij,S + δI)

3/2
](Σ

U
ij,S

U
ij,S + δnI)

−1‖op
+ ‖(Σ̂

U
ij,S

U
ij,S − Σ

U
ij,S

U
ij,S )(Σ

U
ij,S

U
ij,S + δnI)

−1‖op
≤ 3c

1/2
δ
−3/2

n ‖Σ̂
U
ij,S

U
ij,S − Σ

U
ij,S

U
ij,S‖HS + 3c

1/2
δ
−1

n ‖Σ̂U
ij,S

U
ij,S − Σ

U
ij,S

U
ij,S‖HS

= Op(δ
−3/2

n n
−1/2

) = Op(1),

by condition n−1/2 ≺ δ3/2n . Hence, using this fact and together with (35) we have shown

‖Σ̂
(X
i
U
ij,S

)U
ij,S (Σ̂

U
ij,S

U
ij,S + δnI)

−1/2‖op = Op(1). (37)

Similarly, the third norm ‖(Σ̂
U
ij,S

U
ij,S + δnI)−1/2Σ̂

Û
ij,S

(X
j
Û
ij,S

)
‖op at the right-hand side of (33) is

bounded by

‖(Σ̂
U
ij,S

U
ij,S + δnI)

−1/2
(Σ̂

Û
ij,S

(X
j
Û
ij,S

)
− Σ̂

U
ij,S

(X
j
U
ij,S

)
)‖op

+ ‖(Σ̂
U
ij,S

U
ij,S + δnI)

−1/2
Σ̂
U
ij,S

(X
j
U
ij,S

)
‖op,

(38)

in which the first norm is Op(δ
−1/2

n bn) by Theorem 8 and Lemma 20, relation (a). The second norm
at the right-hand side of (38) is further bounded by

‖(Σ̂
U
ij,S

U
ij,S + δnI)

−1/2
(Σ̂

U
ij,S

(X
j
U
ij,S

)
− Σ

U
ij,S

(X
j
U
ij,S

)
)‖op + ‖(Σ̂

U
ij,S

U
ij,S + δnI)

−1/2
Σ
U
ij,S

(X
j
U
ij,S

)
‖op

which is of order Op(δ
−1/2

n n−1/2) + Op(1) = Op(1), by (37). Combining the results, yields,
‖(Σ̂

U
ij,S

U
ij,S + δnI)−1/2Σ̂

Û
ij,S

(X
j
Û
ij,S

)
‖op = Op(1). Next we derive the convergence rate of the

second norm at the right-hand side of (33). By calculations,

‖(Σ̂
U
ij,S

U
ij,S + δnI)

1/2
[(Σ̂

Û
ij,S

Û
ij,S + δnI)

−1 − (Σ̂
U
ij,S

U
ij,S + δnI)

−1
](Σ̂

U
ij,S

U
ij,S + δnI)

1/2‖op
= ‖(Σ̂

U
ij,S

U
ij,S + δnI)

1/2
(Σ̂

Û
ij,S

Û
ij,S + δnI)

−1
(Σ̂

U
ij,S

U
ij,S + δnI)

1/2 − I‖HS. (39)
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Now, because AA∗ − I and A∗A− I have the same spectrum, the norm on the right of (39) can be
re-written as

‖(Σ̂
Û
ij,S

Û
ij,S + δnI)

−1/2
(Σ̂

U
ij,S

U
ij,S + δnI)(Σ̂

Û
ij,S

Û
ij,S + δnI)

−1/2 − I‖HS

= ‖(Σ̂
Û
ij,S

Û
ij,S + δnI)

−1/2
(Σ̂

U
ij,S

U
ij,S − Σ̂

Û
ij,S

Û
ij,S )(Σ̂

Û
ij,S

Û
ij,S + δnI)

−1/2‖HS,

which by Theorem 8 and Lemma 20, relation (a) is of order Op(δ
−1

n bn).
Hence, Θ22,n ≤ Op(δ

−1

n bn). Regarding, Θ23,n, we can obtain,

Θ23,n ≤ Op(bn)
[
‖(Σ̂

(X
i
U
ij,S

)U
ij,S − Σ

(X
i
U
ij,S

)U
ij,S )(Σ̂

U
ij,S

Û
ij,S + δnI)

−1‖op
+ ‖Σ

(X
i
U
ij,S

)U
ij,S (Σ

Û
ij,S

Û
ij,S + δnI)

−1‖op
]
.

By Theorem 8, Θ23,n is of order Op(bn)[Op(δ
−1

n n−1/2) +Op(δ
−1/2

n )] = Op(bnδ
−1/2

n ) by Lemmas 19,
20 and conditions bn ≺ 1 and n−1/2 ≺ δn ≺ 1.

Hence, by combining the results for Θ21,n, Θ22,n and Θ23,n, we obtain that Θ2,n is of order
Op(δ

−1

n bn). This, together with (28) and the condition bn ≺ 1 lead to the desired result.

Lemma 22 Suppose the conditions of Theorem 7 are satisfied such that ‖Û ij,S − U ij,S‖ = Op(bn),
where bn = η−3/2

n ε−1

n n
−1 + η−1

n n−1/2 + ηn + εn ≺ 1, and the Assumptions 9 and 10 hold for
the reproducing kernels κ

X
i
U
ij,S , κ

X
j
U
ij,S and κ

U
ij,S . Suppose, furthermore, that Assumptions 11

holds, and

n
−1/2 ≺ ηn ≺ 1, n

−1/2 ≺ εn ≺ 1, n
−1/2 ≺ δ3/2n , bn ≺ δ

3/2

n ,

where δn ≺ 1, bn = η−3/2

n ε−1

n n
−1 + η−1

n n−1/2 + ηn ≺ 1. Then,

‖Σ̂
(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
− Σ

(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
‖HS = Op(δ

−1

n n
−1/2

+ δ
1/2

n ). (40)

Proof First, we introduce the intermediate operator

Σ
δn

(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
= Σ

(X
i
U
ij,S

)(X
j
U
ij,S

)
− Σ

(X
i
U
ij,S

)U
ij,S (Σ

U
ij,S

U
ij,S + δnI)

−1
Σ
U
ij,S

(X
j
U
ij,S

)
.

Then, by the triangle inequality

‖Σ̂
(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
− Σ

(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
‖HS

≤ ‖Σ̂
(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
− Σ

δn

(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
‖HS

+ ‖Σδn

(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
− Σ

(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
‖HS

= ∆1,n + ∆2,n.

Next, we derive the convergence rates of ∆1,n and ∆2,n, respectively. By the triangle inequality,

∆1,n ≤ ∆11,n + ∆12,n,

where,

∆11,n =‖Σ̂
(X
i
U
ij,S

)(X
j
U
ij,S

)
− Σ

(X
i
U
ij,S

)(X
i
U
ij,S

)
‖HS,

∆12,n =‖Σ
(X
i
U
ij,S

)U
ij,S (Σ

U
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U
ij,S + δnI)

−1
Σ
U
ij,S

(X
j
U
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)

− Σ̂
(X
i
U
ij,S

)U
ij,S (Σ̂

U
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U
ij,S + δnI)

−1
Σ̂
U
ij,S

(X
j
U
ij,S

)
‖HS.
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By Lemma 19, we immediately obtain ∆11,n = Op(n
−1/2). The second term ∆12,n is upper bounded

by ∆121,n + ∆122,n + ∆123,n, where

∆121,n = ‖Σ̂
(X
i
U
ij,S

)U
ij,S − Σ

(X
i
U
ij,S

)U
ij,S )(Σ̂

U
ij,S

U
ij,S + δnI)

−1
Σ̂
U
ij,S

(X
j
U
ij,S

)
‖HS

∆122,n = ‖Σ
(X
i
U
ij,S

)U
ij,S [(Σ̂

U
ij,S

U
ij,S + δnI)

−1 − (Σ
U
ij,S

U
ij,S + δnI)

−1
]Σ̂

U
ij,S

(X
j
U
ij,S

)
‖HS

∆123,n = ‖Σ
(X
i
U
ij,S

)U
ij,S (Σ

U
ij,S

U
ij,S + δnI)

−1
[Σ̂

U
ij,S

(X
j
U
ij,S

)
− Σ

U
ij,S

(X
j
U
ij,S

)
]‖HS.

We now derive the convergence rates of ∆121,n,∆122,n and ∆123,n, respectively. The term ∆121,n is
upper bounded by

∆121,n ≤ Op(n
−1/2

)[‖(Σ̂
U
ij,S

U
ij,S + δnI)

−1
(Σ̂

U
ij,S

(X
j
U
ij,S

)
− Σ

U
ij,S

(X
j
U
ij,S

)
)‖op

+ ‖(Σ̂
U
ij,S

U
ij,S + δnI)

−1
Σ
U
ij,S

(X
j
U
ij,S

)
‖op].

By Lemma 19 and Lemma 20(a), the norm ‖(Σ̂
U
ij,S

U
ij,S+δnI)−1(Σ̂

U
ij,S

(X
j
U
ij,S

)
−Σ

U
ij,S

(X
j
U
ij,S

)
)‖op

is of orderOp(δ
−1

n n−1/2). By Lemma 20, again, relation (c), the term ‖(Σ̂
U
ij,S

U
ij,S+δnI)−1Σ

U
ij,S

(X
j
U
ij,S

)
‖op

is of order Op(δ
−1/2

n ). Therefore, by the fact that n−1/2 ≺ δn ≺ 1,

∆121,n = Op(δ
−1

n n
−1

) +Op(δ
−1/2

n n
−1/2

) = Op(δ
−1/2

n n
−1/2

). (41)

Regarding the term ∆122,n, we obtain the following decomposition

∆122,n ≤ ‖Σ(X
i
U
ij,S

)U
ij,S (Σ

U
ij,S

U
ij,S + δnI)

−1/2‖op
× ‖(Σ

U
ij,S

U
ij,S + δnI)

1/2
[(Σ̂

U
ij,S

U
ij,S + δnI)

−1 − (Σ
U
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U
ij,S + δnI)

−1
](Σ

U
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U
ij,S + δnI)

1/2‖HS

× ‖(Σ
U
ij,S

U
ij,S + δnI)

−1/2
Σ̂
U
ij,S

(X
j
U
ij,S

)
‖op.

(42)

By Lemma 20, relation (e), the first norm on the right hand side is of order O(1). The third term on
the right is

‖(Σ
U
ij,S

U
ij,S + δnI)

−1/2
Σ̂
U
ij,S

(X
j
U
ij,S

)
‖op ≤ ‖(ΣU

ij,S
U
ij,S + δnI)

−1/2
(Σ̂

U
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(X
j
U
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)
− Σ

U
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(X
j
U
ij,S

)
)‖op

+ ‖(Σ
U
ij,S

U
ij,S + δnI)

−1/2
Σ
U
ij,S

(X
j
U
ij,S

)
‖op

= Op(δ
−1/2

n n
−1/2

) +O(1) = Op(1)

due to the fact that n−1/2 ≺ δn ≺ 1. Using an argument similar to the term Θ2,n, the second norm
on the right hand side of (42) is

‖(Σ̂
U
ij,S

U
ij,S + δnI)

−1/2
(Σ

U
ij,S

U
ij,S + δnI)(Σ̂

U
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U
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−1/2 − I‖HS

≤ ‖(Σ̂
U
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U
ij,S + δnI)

−1/2‖‖Σ
U
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U
ij,S − Σ̂

U
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U
ij,S‖HS‖(Σ̂U

ij,S
U
ij,S + δnI)

−1/2‖

which is of order Op(δ
−1

n n−1/2) by Lemma 19 and Lemma 20, relation (a). Hence, ∆122,n =
Op(δ

−1

n n−1/2). Using similar arguments, we can obtain that the term ∆123,n is Op(1). Thus, com-
bining the results for ∆121,n, ∆122,n and ∆123,n we have that ∆12,n = Op(δ

−1

n n−1/2). As a result,

∆1,n = Op(δ
−1

n n
−1/2

). (43)
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Next, we consider the term ∆2,n. By definition and Assumption 11
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Consequently,
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(44)

The assertion follows by combining the results for ∆1,n in (43) and ∆2,n in (44).

Proof of Theorem 10

For convenience, let C = {(i, j, S) ∈ Q : X i Xj |XS}, where

Q = {(i, j, S) : i, j ∈ V, i 6= j, S ⊆ V \ {i, j}}. (45)

By Assumption 1, for every (i, j, S) ∈ C, which also means (i, j) /∈ ske(G) or (i, j) ∈ ske(G){,
we have ‖Σ

(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
‖HS = 0. By Theorem 9 and the condition δ−1

n bn + δ−1

n n−1/2 +

δ1/2n ≺ ρn ≺ 1, for any (i, j) /∈ ske(G), P(‖Σ̂
(X
i
Û
ij,S

)(X
j
Û
ij,S

)|Ûij,S
‖HS < ρn) → 1 as n →

∞. Thus, by the definition of ŝke(G)(ηn, εn, δn, ρn), P((i, j) /∈ ŝke(G)(ηn, εn, δn, ρn)) → 1 as
n → ∞, which further implies that P(ske(G){ ⊆ ŝke(G)(ηn, εn, δn, ρn))

{) → 1 as n → ∞, or
P(ŝke(G)(ηn, εn, δn, ρn)) ⊆ ske(G))→ 1 as n→∞.

We then show that ske(G) ⊆ ŝke(G)(ηn, εn, δn, ρn) with probability tending to 1. For any
(i, j) ∈ ske(G), we have ‖Σ

(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
‖HS > 2ρn > 0 for all S ⊆ V \ {i, j}. By

Theorem 9 and the condition δ−1

n bn + δ−1

n n−1/2 + δ1/2n ≺ ρn ≺ 1, for any (i, j) ∈ ske(G),
P(‖Σ̂

(X
i
Û
ij,S

)(X
j
Û
ij,S

)|Uij,S
‖HS > ρn)→ 1 as n→∞. Hence, by the definition of ŝke(G)(ηn, εn, δn, ρn),

P((i, j) ∈ ŝke(G)(ηn, εn, δn, ρn))→ 1 as n→∞, which further implies that P(ske(G) ⊆ ŝke(G)(ηn, εn, δn, ρn))→
1 as n → ∞. Combining with the previous result, P(ŝke(G)(ηn, εn, δn, ρn) ⊆ ske(G)) → 1 as
n→∞, we obtain the desired result. 2

Proof of the Theorem 11

As mentioned in Section 2, to estimate the graphical structure of the CPDAG of the true graph,
G, it is sufficient to estimate the correct skeleton and the separation sets, which are determined
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by conditional independence. Hence, by Theorem 10 and the Continuous Mapping Theorem,
P(Ĉij = Cij) → 1 as n → ∞, where Ĉij = {S ⊂ V \ {i, j} : (i, j, S) /∈ ŝke(G)(ηn, εn, δn, ρn))}
and Cij = {S ⊂ V \ {i, j} : (i, j, S) /∈ ske(G))}. In words, the probability of selecting the correct
separation sets S tend to 1 as n → ∞. Hence, the probability of estimating the true CPDAG tends
to 1 as n→∞. 2

Proof of the Theorem 13

We follow same arguments as in the proof of Theorem 24 in Lee et al. (2020). For convenience,
for each P ∈ P , let I(P ) = {(i, j, S) ∈ Q : X i Xj |XS} and Î(P ) = {(i, j, S) ∈ Q :
‖Σ̂
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i
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)(X
j
Û
ij,S

)|Uij,S
‖HS ≤ ρn}, where Q is defined in (45). Let also D = {(i, j, S) ∈ Q :

i and j are d-separated by S in G}. It is sufficient to show that lim supn→∞ supP∈P0 P(Î(P ) 6=
D) = 0. We define two events A1 and A2 as follows: A1 = {‖Σ̂
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Î(P ) 6= D happens when the events A1 and A2 do not hold simultaneously. By the τ -strongly
sufficient faithfulness condition (a), for each P ∈ P0, ‖Σ(X
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(P )‖HS > τ for all (i, j, S) /∈ D, for some τ > 0. Hence,

we have,
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Let Sn represent the event inside the parentheses on the right hand side. Then, for every ε > 0
sufficiently small,
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Û
ij,S
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where the last inequality follows by Boole’s inequality. Taking the supremum over P and the limit
superior, lim supn→∞, yields,

lim sup
n→∞

sup
P∈P

P(Î(P ) 6= D)

≤ lim sup
n→∞

sup
P∈P
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Û
ij,S

)(X
j
Û
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U
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where the last limit on the right hand side is 0 due to condition (b) and the fact that the set Q is
finite. This way, we then only need to show that the first limit on the right hand side is 0. Note
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that the event Sn ∩{‖Σ̂(X
i
Û
ij,S

)(X
j
Û
ij,S

)|Ûij,S
−Σ

(X
i
U
ij,S

)(X
j
U
ij,S

)|Uij,S
(P )‖HS < ε, ∀(i, j, S) ∈ Q}

cannot happen for sufficiently small ε, and hence has probability equal to 0. Therefore, it follows
immediately that

lim sup
n→∞

sup
P∈P

P(Î(P ) 6= D) = 0.

Under the sufficient faithfulness condition 3, the skeleton ske(G) and its estimator ŝke(G)(ηn, εn, δn, ρn)

are determined by I(P ) and Î(P ), respectively, which implies

lim sup
n→∞

sup
P∈P

P(ŝke(G)(ηn, εn, δn, ρn) 6= ske(G)) = 0.

Using a similar argument as with the proof of Theorem 11, we can obtain

lim sup
n→∞

sup
P∈P

P( ̂CPDAG(G)(ηn, εn, δn, ρn) 6= CPDAG(G)) = 0,

as desired.
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