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Abstract
We consider outlier-robust and sparse estimation of linear regression coefficients, when the
covariates and the noises are contaminated by adversarial outliers and noises are sampled
from a heavy-tailed distribution. Our results present sharper error bounds under weaker
assumptions than prior studies that share similar interests with this study. Our analysis
relies on some sharp concentration inequalities resulting from generic chaining.
Keywords: learning theory, robustness, sparsity, tractability, concentration inequality

1. Introduction
This study considers outlier-robust and sparse estimation of linear regression coefficients.
Consider the following sparse linear regression model:

yi = x⊤
i β

∗ + ξi, i = 1, · · · , n, (1)

where β∗ ∈ Rd represents the true coefficient vector with s nonzero elements, {xi}ni=1

denotes a sequence of independent and identically distributed (i.i.d.) random covariate
vectors, and {ξi}ni=1 denotes a sequence of i.i.d. random noises. Throughout the present
paper, we assume s ≥ 1 and d/s ≥ 3 for simplicity. There are many studies on estimation
problems of β∗ (Tibshirani, 1996; Fan and Li, 2001; Zou and Hastie, 2005; Yuan and Lin,
2006; Candes and Tao, 2007; Bickel et al., 2009; Raskutti et al., 2010; Zhang, 2010; Belloni
et al., 2011; Dalalyan and Chen, 2012; Sivakumar et al., 2015; Su and Candes, 2016; Fan
et al., 2017; Derumigny, 2018; Bellec et al., 2018; Lecué and Mendelson, 2018; Fan et al.,
2021). Let ∥v∥2 denote the ℓ2 norm for a vector v. Especially, using the method in Bellec
et al. (2018), with probability at least 1− δ, we can construct an estimator β̂ such that

∥β̂ − β∗∥2 ≲
√
s log(d/s)

n
+

√
log(1/δ)

n
, (2)

where ≲ is an inequality up to an absolute constant factor, when, for simplicity, {xi}ni=1 and
{ξi}ni=1 are the sequences of i.i.d. random covariate vectors sampled from the multivariate
Gaussian distribution with Exi = 0 and Exix⊤

i = I, and random noises sampled from the
Gaussian distribution with Eξi = 0 and Eξ2i = 1, respectively.
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This paper considers the situation where {xi, yi}ni=1 suffers from malicious outliers. We
allow an adversary to inject outliers into (1), yielding

yi = X⊤
i β

∗ + ξi +
√
nθi, i = 1, · · · , n, (3)

where Xi = xi + ϱi for i = 1, · · · , n, and {ϱi}ni=1 and {θi}ni=1 are outliers. Let O be the
index set of outliers. We assume the following.

Assumption 1 Assume that

(i) the adversary can freely choose the index set O;

(ii) {ϱi}i∈O and {θi}i∈O are allowed to be correlated freely with each other and with {xi}ni=1

and {ξi}ni=1;

(iii) ϱi = (0, · · · , 0)⊤ and θi = 0 for i ∈ I = {1, 2, · · · , n} \ O.

We note that, under Assumption 1, {xi}i∈I and {ξi}i∈I are no longer sequences of i.i.d.
random variables because O is freely chosen by an adversary. This type of contamination
by outliers is sometimes called strong contamination, in contrast to Huber contamination
(Diakonikolas and Kane, 2019). Huber contamination is more manageable to tame than
strong contamination because outliers of Huber contamination are not correlated to the
inliers and do not destroy the independence of the inliers. We consider a problem to estimate
β∗ in (3), and construct a computationally tractable estimator having a property similar
to (2).

We briefly review recent developments in robust and computationally tractable estima-
tors. Chen et al. (2018) derived optimal error bounds for the estimation of means and covari-
ance (scatter) matrices in the presence of outliers and proposed estimators, which achieve
the optimal error bounds. However, these estimators are computationally intractable. Sub-
sequently, Lai et al. (2016) and Diakonikolas et al. (2019b) considered tractable estimators
for similar problem settings. After Lai et al. (2016) and Diakonikolas et al. (2019b), many
outlier-robust tractable estimators have been developed: moment estimation (for exam-
ple, Diakonikolas et al. (2017a); Kothari et al. (2018); Depersin and Lecué (2022); Cheng
et al. (2019b,a); Dong et al. (2019); Lugosi and Mendelson (2021); Dalalyan and Minasyan
(2022)), moment estimation with sparsity (for example, Diakonikolas et al. (2019c, 2022b);
Zeng and Shen (2022); Diakonikolas et al. (2022a); Cheng et al. (2022); Prasad et al. (2020)),
linear regression (for example, Balakrishnan et al. (2017); Dalalyan and Thompson (2019);
Diakonikolas et al. (2019d); Chinot (2020); Cherapanamjeri et al. (2020); Lecué and Lerasle
(2020); Chinot et al. (2020); Bakshi and Prasad (2021); Liu et al. (2020); Pensia et al. (2020);
Minsker et al. (2024); Merad and Gaïffas (2023); Diakonikolas et al. (2024)), half-space es-
timation (for example, Diakonikolas et al. (2019a); Montasser et al. (2020); Diakonikolas
et al. (2020, 2021)), Gaussian mixture models (for example, Diakonikolas et al. (2018);
Liu and Moitra (2021)). Their primary interests are deriving sharp error bounds, deriving
information-theoretically optimal bounds, and reducing computational complexity. How-
ever, there are few studies on combining outlier-robust properties with sparsity in linear
regression setting (Nguyen and Tran, 2012; Chen et al., 2013; Balakrishnan et al., 2017; Di-
akonikolas et al., 2019c; Dalalyan and Thompson, 2019; Liu et al., 2020; Chinot, 2020; Gao,
2020; Lecué and Lerasle, 2020; Chinot et al., 2020; Sasai, 2022; Minsker et al., 2024; Merad
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and Gaïffas, 2023; Diakonikolas et al., 2024). Especially, Chen et al. (2013), Balakrishnan
et al. (2017) and Liu et al. (2020) dealt with the estimation problem of β∗ from (3) un-
der the assumption of Gaussian and subGaussian tails of {xi, ξi}ni=1, with computationally
tractable estimators. Our study can be considered as an extension of these prior studies
from two perspectives: sharpening the error bound and relaxing the assumption with im-
proved analysis. Our estimation method builds on the approach proposed in Pensia et al.
(2020). However, since Pensia et al. (2020) focuses on non-sparse settings, we introduce a
version of the Hanson–Wright inequality and a refined analysis of the ℓ1-penalized Huber
loss to incorporate sparsity. Further details are provided in Section 3.2.

The present paper is organized as follows. In Section 2, we present our main results in
rough statements and describe some relationships to previous studies. In Sections 3 and
5, we describe our estimation methods and main results, without proofs. In Section 6, we
describe key propositions, a lemma, and a corollary without proofs. In Section 7, we provide
some proofs of the propositions in Sections 3–6. In Section 8, we provide some numerical
experiments. In the appendices, we provide the proofs that are omitted in Sections 3–7.
In the remainder of this paper, we assume that Assumption 1 holds for outliers, and for
simplicity, 0 < δ ≤ 1/4.

2. Our Results and Relationship to Previous Studies
We state our results in Section 2.1. We compare our results with previous studies in Section
2.2.

2.1 Our Results
Before showing our results, we introduce some definitions. First, we introduce the ψα-
norm, L-subGaussian random variable, affine-transformed coordinate-wise independent L-
subGaussian random vector and L-subGaussian random vector, which are extensions of
subGaussian random variables in high-dimensional settings.

Definition 1 (ψα-norm) For a random variable f , let

∥f∥ψα := inf {η > 0 : E exp(|f/η|α) ≤ 2} <∞.

Definition 2 (L-subGaussian random variable) A random variable x ∈ R with mean
Ex = 0 is said to be an L-subGaussian random variable if x satisfies ∥x∥ψα ≤ L, where L
is a numerical constant such that L ≥ 1.

Definition 3 (Affine-transformed coordinate-wise independent L-subGaussian random vector)
A random vector x ∈ Rd with mean Ex = 0 is said to be an affine-transformed coordinate-
wise independent L-subGaussian random vector if x = Σ

1
2 z, where z = (z1, · · · , zd) is a

random vector whose coordinates are independent L-subGaussian random variable and Σ is
a positive semi-definite matrix.

Definition 4 (L-subGaussian random vector) A random vector x ∈ Rd with mean
Ex = 0 is said to be an L-subGaussian random vector if for any fixed v ∈ Rd,

∥⟨x,v⟩∥ψ2 ≤ L
(
E|⟨x,v⟩|2

) 1
2 , (4)
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where the norm ∥ · ∥ψ2 is defined in Definition 1 and L is a numerical constant such that
L ≥ 1.

We note that an affine-transformed coordinate-wise independent L-subGaussian random
vector is an L-subGaussian random vector. Additionally, we note that, for example, the
multivariate Gaussian random vector with covariance I is an affine-transformed coordinate-
wise independent L-subGaussian random vector with L =

√
8/3. The affine-transformed

coordinate-wise independent L-subGaussian random vector has been used to obtain non-
asymptotic estimation bounds (Bartlett et al., 2020; Tsigler and Bartlett, 2023; Cheng and
Montanari, 2022).

Second, we introduce the restricted eigenvalue condition for Σ (Bühlmann and Van
De Geer, 2011). This allows us to treat covariates with singular covariance, which is typical
of high-dimensional settings. For a vector v ∈ Rd, define v|i as the i-th element of v, and
define the ℓ1 norm of v as ∥v∥1. For a vector v ∈ Rd and set J , define vJ as a vector such
that vJ |i = v|i for i ∈ J and vJ |i = 0 for i /∈ J . For a set J , define J c as the complement
set of J . Additionally, for a vector v, define the number of nonzero elements of v as ∥v∥0.
For a set S, let |S| be the number of elements of S. Let o = |O|.

Definition 5 (Restricted eigenvalue condition for Σ) The covariance matrix Σ is said
to satisfy the restricted eigenvalue condition RE(s, cRE, r) with some positive constants
cRE, r, if ∥Σ 1

2v∥2 ≥ r∥v∥2 for any vector v ∈ Rp and any set J such that |J | ≤ s and
∥vJ c∥1 ≤ cRE∥vJ ∥1.

For simplicity, we redefine r = infv∈Rd, ∥v∥0≤s, ∥vJ c∥1≤cRE∥vJ ∥1
∥Σ

1
2 v∥2

∥v∥2 . Lastly, we introduce
the following two quantities related to the minimum/maximum eigenvalues:

κl = inf
∥v∥0≤s

∥Σ
1
2v∥2
∥v∥2

, κu = sup
∥v∥0≤2s2

∥Σ
1
2v∥2
∥v∥2

.

We note that, from the definition, we see that the minimum eigenvalue of Σ is smaller than
κl. Define ρ = maxi∈{1,··· ,d}

√
Σii and the maximum eigenvalue of Σ as Σmax. In the present

paper, we present four main results. For the first and second results, we make the following
assumption on {xi, ξi}ni=1:

Assumption 2 Assume that

(i) {xi}ni=1 is a sequence of i.i.d. random vectors sampled from an affine-transformed
coordinate-wise independent L-subGaussian random vector with Exi = 0, Ex⊤

i xi = Σ,
ρ ≥ 1 and κl > 0. Assume that Σ satisfies RE(s, cRE, r) with cRE > 1 and r ≤ 1;

(ii) {ξi}ni=1 is a sequence of i.i.d. random variables with Eξ2i ≤ σ2;

(iii) {ξi}ni=1 and {xi}ni=1 are independent.
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Define ≲cRE as an inequality up to an absolute constant factor and cRE. Define

Rlasso =
ρ

r

√
s log(d/s)

n
+

√
log(1/δ)

n
,

Routlier =
κu
κl

√ o

n

√
s

√
log(d/s)

n
+

√
log(1/δ)

n
+
o

n

√
log

n

o

 ,

R′
outlier =

κu
κl

√
o

n

√
s

√
log(d/s)

n
+

√
log(1/δ)

n
+

√
o

n

Σmax

κl
.

Our first result is as follows (for a precise statement, see Theorem 13 in Section 3.3).

Theorem 6 Suppose that Assumption 2 holds, and Σ is known to the algorithm. Then,
with probability at least 1− 4δ, we can construct an estimator β̂ such that

∥Σ
1
2 (β̂ − β∗)∥2 ≲cRE L3σ (Rlasso +Routlier) , (5)

with a computationally tractable method, when Rlasso and Routlier are sufficiently small.

Our second result is as follows (for a precise statement, see Theorem 15 in Section 4).

Theorem 7 Suppose that Assumption 2 holds, and Σ is unknown to the algorithm. Then,
with probability at least 1− 3δ, we can construct an estimator β̂ such that

∥Σ
1
2 (β̂ − β∗)∥2 ≲cRE L3σ

(
Rlasso +R′

outlier

)
, (6)

with a computationally tractable method, when Rlasso and R′
outlier are sufficiently small.

From (5) and (6), we see that the error bounds of our estimators match those of the normal
lasso, up to L and numerical constant factors, when there are no outliers because Rlasso is
equivalent to the upper bound in (2) up to constant factors and Routlier = 0 when there are
no outliers. We see that R′

outlier is larger than Routlier. From the fact that R′
outlier is larger

than Routlier, we see that there is a deterioration in the error bounds, as a trade-off for not
utilizing Σ in the estimation.

Remark 8 Condition (ii) in Assumption 2 is provided to make the results simple, and
condition (ii) can be weakened to a tail probability condition. For details, see Assumption
4.

Next, we state our third and fourth results. In these results, we relax the assumption
on the covariates and we deal with the case where the covariates are L-subGaussian. We
make the following assumption.

Assumption 3 Assume that {xi}ni=1 is a sequence of i.i.d. random vectors sampled from
an L-subGaussian random vector with Exi = 0, Ex⊤

i xi = Σ, ρ ≥ 1 and κl > 0. Assume
that Σ satisfies RE(s, cRE, r) with cRE > 1 and r ≤ 1.

5



Sasai and Fujisawa

Define

R′′
outlier =

√
o

n
×

L+ ρ

κl

√
s

√
log d

n
+ s

√
log(1/δ)

n
+ L

Σmax

κl

 .

Then, our third result is as follows (for a precise statement, see Corollary 17 in Section 5.1).

Theorem 9 Suppose that Assumption 3 and conditions (ii) and (iii) of Assumption 2 hold,
and Σ is unknown to the algorithm. Then, with probability at least 1− 3δ, we can construct
an estimator β̂ such that

∥Σ
1
2 (β̂ − β∗)∥2 ≲cRE L2σ

(
Rlasso +R′′

outlier

)
,

with a computationally tractable method, when Rlasso and R′′
outlier are sufficiently small.

The result above closely resembles the previous one. While the assumption on the covariates
has been relaxed, the error bound is less sharp compared to the previous result, with log(d/s)
becoming log d and log(1/δ) turning into s2 log(1/δ). On the other hand, there is a slight
improvement in the dependence on κu.

As a byproduct of the previous results, we have the fourth result, which deals with the
case where only the outputs are contaminated by outliers. The fourth result is as follows
(for a precise statement, see Corollary 18 in Section 5.2). The error bound in Theorem 13
is much sharper than the previous results because there is no dependence on Σmax, κl and
κu. Additionally, n is not required to be larger than s2.

Theorem 10 Suppose that Assumption 3 and conditions (ii) and (iii) of Assumption 2
hold, and Σ is unknown to the algorithm. Assume that {yi}ni=1 is generated by

yi = x⊤
i β

∗ + ξi +
√
nθi, i = 1, · · · , n. (7)

Then, with probability at least 1− 3δ, we can construct an estimator β̂ such that

∥Σ
1
2 (β̂ − β∗)∥2 ≲cRE L3σ

(
Rlasso +

o

n

√
log

n

o

)
, (8)

with a computationally tractable method, when Rlasso +
o
n

√
log n

o is sufficiently small.

In Theorems 13 and 15 and Corollaries 17 and 18, we explicitly describe the relationship
between the tuning parameters and the error bounds in Theorems 6, 7, 9 and 10 respectively.
Additionally, in Theorems 13 and 15 and Corollaries 17 and 18, we derive error bounds not
only for ∥Σ 1

2 (·)∥2 but also for ∥ · ∥2 and ∥ · ∥1.

2.2 Relationship to Previous Studies

As we mentioned in Section 1, Chen et al. (2013); Balakrishnan et al. (2017); Liu et al. (2020)
dealt with the estimation problem of β∗ from (3) under Assumption 1 with computationally
tractable estimators.
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We note that Lecué and Lerasle (2020); Chinot et al. (2020); Gao (2020) dealt with the
estimation problem of β∗ from (3) under a stronger assumption on outlier than Assumption
1, with computationally intractable estimators that derive sharp error bounds. Diakoniko-
las et al. (2024) derived a sharp error bound with tractable estimator when restrictive
conditions: covariates and noises are Gaussian, ∥β∗∥2 is small and outliers follow Huber’s
contamination, which is a stronger assumption on outliers than Assumption 1. Addition-
ally, we note that Sasai (2022) dealt with a situation where {xi}ni=1 is a sequence of i.i.d.
random vectors sampled from a heavy-tailed distribution, and Merad and Gaïffas (2023)
dealt with more challenging situation weakening the assumptions for covariates than that
of Sasai (2022). Their error bounds are looser than the results of the present paper because
the weak assumptions restrict the techniques available. Therefore, these papers (Lecué and
Lerasle, 2020; Chinot et al., 2020; Gao, 2020; Sasai, 2022; Merad and Gaïffas, 2023) treat
computationally intractable estimators or suppose weaker assumptions than our method,
and hence we do not mention such papers further because the interests of such papers are
different from those of our paper. Therefore, we mainly discuss the results of Chen et al.
(2013); Balakrishnan et al. (2017); Liu et al. (2020) in the remainder of Sections 2.2.1 –
2.2.3. About the case where only the output is contaminated, in other words, we estimate
β∗ from {xi, yi}ni=1, where {yi}ni=1 is generated by (7), we discuss in Section 2.2.4.

2.2.1 Case where Σ is allowed to be used in estimation

The results of Balakrishnan et al. (2017) and part of the results of Liu et al. (2020) use Σ in
their estimation. Balakrishnan et al. (2017) and Liu et al. (2020) considered situations where
the covariate vectors are sampled from the standard multivariate Gaussian distribution
and the noises are sampled from a Gaussian distribution with mean 0 and variance σ2.
In contrast, our method works well for the case where the covariate vectors are sampled
from an affine-transformed coordinate-wise independent L-subGaussian random vector with
covariance which satisfies the restricted eigenvalue condition and the noises are sampled from
a heavy-tailed distribution. Balakrishnan et al. (2017) and Liu et al. (2020) only considered
the case where o/n is a sufficiently small constant. Let o/n = e. The ℓ2-norm error bound
of Balakrishnan et al. (2017) is ≲σ (

√
1 + ∥β∗∥22 on log

2 n
o ) when s2

e2
log d + s2

e2
log(1/δ) ≲ n,

where ≲σ is the inequality up to an absolute constant factor and the standard deviation
of the random noise σ. The ℓ2-norm error bound of Liu et al. (2020) is ≲ σ( on log

n
o ) when(

s2

e2
log(dT ) + s2

e2
log(1/δ)

)
× T ≲ n, with log

(
∥β∗∥2
eσ

)
≲ T . Under the same situation, the

ℓ2-norm error bound of our result becomes ≲ σ on
√
log n

o when s2

e2
log(d/s)+ 1

e2
log(1/δ) ≲ n.

We see that our result does not depend on β∗ and the error bound is sharper than the ones
of Balakrishnan et al. (2017) and Liu et al. (2020). Additionally, our sample complexity is
smaller than that of Balakrishnan et al. (2017) and Liu et al. (2020) because, in our sample
complexity, the term such that s2

e × log(1/δ) does not appear.

We consider the optimality of the error bound in (5). From Theorem D.3 of Cher-
apanamjeri et al. (2020), we see that the error bound cannot avoid a term such that
constant × σ on

√
log n

o even when d = 1. Detailed investigations of the influence of Σ in
high dimensions on information-theoretic limits are a task for future research.
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When there are no outliers (o = 0), our error bound coincides with that of the normal
lasso, up to numerical and L factors. The results in Balakrishnan et al. (2017) and Liu
et al. (2020) do not have this property.

2.2.2 Case where Σ is not allowed to be used in estimation

Chen et al. (2013), and a part of the results of Liu et al. (2020) give error bounds with
tractable methods and do not require Σ for estimation. However, the method in Liu et al.
(2020) assumes a sparse structure of Σ, and the sample complexity depends on not only s2
but also the sparsity of Σ. Chen et al. (2013) proposed some methods, however, the term
in their error bounds containing o depends on log d and s even when s2 log(d/s) ≲ n.

When there are no outliers (o = 0), similarly to the case where Σ is allowed to be used
in estimation, our error bound coincides with that of the normal lasso, up to a numerical
and L factors. The results in Liu et al. (2020) and Chen et al. (2013) do not have this
property.

2.2.3 Remaining problems

Not only our estimator but also the estimators proposed by Balakrishnan et al. (2017) and
Liu et al. (2020) require that n to be proportional to s2, which is not needed to derive (2)
from (1). Similar phenomena can be observed in Wang et al. (2016); Fan et al. (2021); Liu
et al. (2020); Balakrishnan et al. (2017); Diakonikolas et al. (2019c). Some relationships
between computational tractability and similar quadratic dependencies are unraveled (Wang
et al., 2016; Diakonikolas et al., 2019d, 2017b; Brennan and Bresler, 2020; Georgiev and
Hopkins, 2022). We leave the analysis in our situation for future work.

Theorems 6 and 7 do not hold when the covariates are L-subGaussian random vectors.
Instead, the assumption needs to be strengthened to an affine-transformed coordinate-wise
independent L-subGaussian random vector. This is because the Hanson–Wright inequality
(Hanson and Wright, 1971; Wright, 1973; Adamczak, 2015; Hsu et al., 2012; Rudelson and
Vershynin, 2013), which is essential for analyzing our method, does not hold in its ideal
form for L-subGaussian random vectors. For more advanced discussions on this point, see
Spokoiny (2023); Dereziński (2023). Whether an error bound equivalent to ours can be
derived under the assumption that the covariates are L-subGaussian random vectors is left
for future work.

2.2.4 Case where only the output is contaminated

Nguyen and Tran (2012); Dalalyan and Thompson (2019); Chinot (2020); Thompson (2020);
Minsker et al. (2024) considered the case where only the output is contaminated. Chinot
(2020) dealt with ‘weaker’ outliers than ours, which maintain the independence of {xi}ni=1.
Nguyen and Tran (2012); Dalalyan and Thompson (2019) explored the case where the
covariates and noises are a multivariate Gaussian vectors and a Gaussian variables, re-
spectively. Thompson (2020); Minsker et al. (2024) address the case where the covariates
are L-subGaussian random vectors, and the the noises are drawn from an L-subGaussian
distribution or a distribution with heavier tails than L-subGaussian distribution, deriving
sharper error bounds than Nguyen and Tran (2012); Dalalyan and Thompson (2019). Our
error bound (8) is sharper than those of Thompson (2020); Minsker et al. (2024) because
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their error bounds depend on o
n log

n
o . However, the methods in Thompson (2020) and

Minsker et al. (2024) do not require the normalization of the covariates. Additionally, the
methods in Thompson (2020) do not require knowledge about s and o in constructing the
estimator, by utilizing SLOPE techniques (Bellec et al., 2018). Minsker et al. (2024) used
square root lasso techniques (Stucky and Van De Geer, 2017; Derumigny, 2018; Belloni
et al., 2011) in addition to SLOPE, and their estimator does not require knowledge of s, o
and σ. However, our estimator requires knowledge of the approximate values of s, o and
σ. Whether we can achieve tuning-free estimation while maintaining the sharpness of the
results remains a topic for future investigation.

2.3 Another Contribution

Up to this point, we have discussed the contributions of our paper from the perspective
of the sharpness of the error bounds, but the technique we introduce to analyze the ℓ1-
penalized Huber loss may also be of independent interest. These points will be discussed in
Section J.1.

3. Method and the First Result
Assume that x is a random vector drawn from the same distribution as {xi}ni=1. Hereafter,
we often use the following simplified notations to express error orders:

rd,s =

√
log(d/s)

n
, rδ =

√
log(1/δ)

n
, ro =

o

n

√
log

n

o
, r′o =

o

n
log

n

o
.

3.1 Some Properties of L-subGaussian Random Vector

We show some additional properties of an L-subGaussian random vector x. We note that,
from (4), we have

∥⟨x,v⟩∥ψ2 ≤ L
(
E|⟨x,v⟩|2

) 1
2 ≤ L∥Σ

1
2v∥2, (9)

and from (2.14) - (2.16) of Vershynin (2018), for any v ∈ Rd and t ≥ 0, we have

∥v⊤x∥Lp

[
:=
{
E|v⊤x|p

} 1
p

]
≤ cL

√
p∥v⊤x∥ψ2 ≤ cL

√
pL∥Σ

1
2v∥2, (10)

E exp(v⊤x) ≤ exp(c2LL
2∥Σ

1
2v∥22),

E exp

(
(v⊤x)2

c2LL
2∥Σ

1
2v∥22

)
≤ 2, (11)

P
(
|v⊤x| > t

)
≤ 2 exp

(
− t2

c2LL
2∥Σ

1
2v∥22

)
, (12)

where cL is a numerical constant. Define L = L×max{1, cL}. We note that these properties
hold for not only L-subGaussian random vectors but also affine-transformed coordinate-wise
independent L-subGaussian random vectors.
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3.2 Method

To estimate β∗ in (3), we propose OUTLIER-ROBUST-AND-SPARSE-ESTIMATION (Al-
gorithm 1). Algorithm 1 is similar to those used in Pensia et al. (2020) and Sasai (2022).
However, Pensia et al. (2020) considered the non-sparse case, and Sasai (2022) considered
heavy-tailed covariates. Therefore, to consider the sparsity of β∗ or to derive a sharper
error bound than that in Sasai (2022) taking advantage of the L-subGaussian assumption,
our analysis is more involved than that of Pensia et al. (2020) and Sasai (2022). Concretely,
unlike the previous studies, extensions of the Hanson–Wright inequality, which appear later
in Proposition 20 and Corollary 28 proved via generic chaining, play important roles. We
will analyze the ℓ1-penalized Huber loss in step 3 of Algorithm 1. Our analysis of the ℓ1-
penalized Huber loss is similar to those in Alquier et al. (2019) and Lecué and Mendelson
(2018), however, the analyses of Alquier et al. (2019) and Lecué and Mendelson (2018) are
mainly interested in the case Exx⊤ = I, and limited effective for a more general covariance.
We modify their analysis and our analysis is effective for a more general covariance. In
particular, Proposition 21 is important and the modified analysis method is described in
Appendices C and D.

Algorithm 1 OUTLIER-ROBUST-AND-SPARSE-ESTIMATION
Input: {yi,Xi}ni=1, Σ(= Exx⊤) and tuning parameters τcut, ε, r1, r2, λo, λs
Output: β̂

1: {ŵi}ni=1 ←WEIGHT({Xi}ni=1, τcut, ε, r1, r2,Σ)
2: {ŵ′

i}ni=1 ← TRUNCATION({ŵi}ni=1)

3: β̂ ←WEIGHTED-PENALIZED-HUBER-REGRESSION ({yi,Xi}ni=1, {ŵ′
i}ni=1, λo, λs)

Here, we give simple explanations of the output steps. The details are provided in
Sections 3.2.1, 3.2.2, and 3.2.3. The first step produces the weights {ŵi}ni=1 reducing adverse
effects of covariate outliers. The second step is the truncation of the computed weights to
zero or 1/n, say {ŵ′

i}ni=1. The third step performs the ℓ1-penalized Huber regression based
on the weighted errors using the truncated weights {ŵ′

i}ni=1. The ℓ1-penalization addresses
the high-dimensional setting, and the Huber regression weakens the adverse effects of the
response outliers.

3.2.1 WEIGHT

For a matrix M = (mij)1≤i≤d1,1≤j≤d2 ∈ Rd1 × Rd2 , we define

∥M∥1 =
d1∑
i=1

d2∑
j=1

|mij |.

For a symmetric matrix M , we write M ⪰ 0 if M is positive semi-definite. Define Tr(M)
for a square matrix M as the trace of M . Define the following convex set:

Mℓ1,Tr
r1,r2,d

=
{
M ∈ S(d) | ∥M∥1 ≤ r21, Tr(M) ≤ r22, M ⪰ 0

}
,

10
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where S(d) is a set of symmetric matrices in Rd × Rd. For a vector v, we define the ℓ∞
norm of v as ∥v∥∞ and define the probability simplex ∆n−1(ε) with 0 < ε < 1 as follows:

∆n−1(ε) =

{
w ∈ [0, 1]n |

n∑
i=1

wi = 1, ∥w∥∞ ≤
1

n(1− ε)

}
.

The first step of Algorithm 1, WEIGHT, is stated as follows.

Algorithm 2 WEIGHT
Input: data {Xi}ni=1, tuning parameters τcut, ε, r1, r2
Output: weight estimate ŵ = {ŵ1, · · · , ŵn}

Let ŵ be the solution to

min
w∈∆n−1(ε)

max
M∈Mℓ1,Tr

r1,r2,d

n∑
i=1

wi⟨XiX
⊤
i − Σ,M⟩ (13)

if the optimal value of (13) ≤ τcut
return ŵ

else
return fail

Algorithm 2 is a special case of Algorithm 3 of Balakrishnan et al. (2017). Therefore, as
in Algorithm 3 of Balakrishnan et al. (2017), Algorithm 2 can also be computed efficiently.
An intuitive meaning of (13) is given in Section 3.2.4. For details of the value of τcut and
its validity, see Theorem 13 and Proposition 20, respectively.

3.2.2 TRUNCATION

The second step in Algorithm 1 is the discretized truncation of {ŵi}ni=1, say {ŵ′
i}ni=1, as in

Algorithm 3. The discretized truncation makes it easy to analyze the estimator.

Algorithm 3 TRUNCATION
Input: weight vector ŵ = {ŵi}ni=1

Output: truncated weight vector ŵ′ = {ŵ′
i}ni=1

For i = 1 : n
if ŵi ≥ 1

2n
ŵ′
i =

1
n

else
ŵ′
i = 0

return ŵ′

3.2.3 WEIGHTED-PENALIZED-HUBER-REGRESSION

The Huber loss function H(t) is defined as follows:

H(t) =

{
|t| − 1/2 (|t| > 1)

t2/2 (|t| ≤ 1)
,

11
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and let

h(t) =
d

dt
H(t) =

{
sgn(t) (|t| > 1)

t (|t| ≤ 1)
.

We consider the ℓ1-penalized Huber regression with the weighted samples {ŵ′
iyi, ŵ

′
iXi}ni=1

in Algorithm 4. This is the third step in Algorithm 1.

Algorithm 4 WEIGHTED-PENALIZED-HUBER-REGRESSION
Input: data {yi,Xi}ni=1, truncated weight vector ŵ′ = {ŵ′

i}ni=1 and tuning parameters
λo, λs

Output: estimator β̂

β̂ = argmin
β∈Rd

n∑
i=1

λ2oH

(
nŵ′

i

yi −X⊤
i β

λo
√
n

)
+ λs∥β∥1

return β̂

Several studies, such as Nguyen and Tran (2012); She and Owen (2011); Dalalyan and
Thompson (2019); Sun et al. (2020); Chen and Zhou (2020); Chinot (2020); Pensia et al.
(2020); Sasai (2022), have suggested that the Huber loss is effective for linear regression
under heavy-tailed noise or the existence of outliers.

Lastly, we introduce the assumption on {ξi}ni=1:

Assumption 4 (i) {ξi}ni=1 is a sequence of i.i.d. random variables such that

P
(

ξi
λo
√
n
≥ 1

2

)
≤ 1

144L4
; (14)

(ii) Eh
(

ξi
λo

√
n

)
× xi = 0.

Remark 11 For example, when Eξ2i ≤ σ2, from Markov’s inequality, we have

P
(

ξi
λo
√
n
≥ 1

2

)
≤ 4

λ2on
Eξ2i ≤

4σ2

λ2on
.

Therefore, to satisfy (14), it is sufficient to set

24L2σ ≤ λo
√
n. (15)

In this case, Condition (i) in Assumption 4 is weaker than Eξ2i ≤ σ2.

Remark 12 Condition (ii) in Assumption 4 is weaker than the independence between
{ξi}ni=1 and {xi}ni=1.

12
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3.2.4 An intuitive meaning of Algorithm 2

We explain an intuitive meaning of WEIGHT. For the sake of explanation, we introduce
several definitions: For l = 0, 1, 2, we define d-dimensional ℓl-ball of radius a as aBdl = {v ∈
Rd | ∥v∥l ≤ a}, and we also define aBdΣ = {v ∈ Rd | ∥Σ

1
2v∥2 ≤ a}. In our analysis, it

is necessary to derive a high-probability bound for the following quantity: for appropriate
values of r1, r2, rΣ,

sup
v∈r2Bd

2∩r1Bd
1∩rΣBd

Σ

λo
√
n

n

n∑
i=1

⟨Xi,v⟩ × h
(
ξi + θi
λo
√
n

)
. (16)

To give an upper bound of (16), from r1Bd1 ∩ r2Bd2 ∩ rΣBdΣ ⊂ r1Bd1 ∩ r2Bd2, we consider

sup
v∈r2Bd

2∩r1Bd
1

λo
√
n

n

n∑
i=1

⟨Xi,v⟩ × h
(
ξi + θi
λo
√
n

)
(17)

to make the optimization easy. We can express (17) as follows:

sup
v∈r2Bd

2∩r1Bd
1a

1

n

n∑
i=1

h

(
ξi + θi
λo
√
n

)
⟨Xi,v⟩

= sup
v∈r2Bd

2∩r1Bd
1

1

n

(
n∑
i=1

h

(
ξi

λo
√
n

)
⟨xi,v⟩+

∑
i∈O

h

(
ξi + θi
λo
√
n

)
⟨Xi,v⟩+

∑
i∈O

h

(
ξi

λo
√
n

)
⟨xi,v⟩

)
.

(18)

The second term on the right-hand side of the above equation is the most difficult to evaluate
because it includes outliers. Therefore, we aim to find a weight vector w ∈ ∆n−1(ε) that
allows for an appropriate evaluation of the second term. To do this, we make the following
observation: For any v ∈ r1Bd1 ∩ r2Bd2,(∑
i∈O

wih

(
ξi + θi
λo
√
n

)
⟨Xi,v⟩

)2
(a)

≤
∑
i∈O

wih

(
ξi + θi
λo
√
n

)2∑
i∈O

wi(X
⊤
i v)

2

≤ 1

1− ε
o

n

∑
i∈O

wi⟨XiX
⊤
i ,vv

⊤⟩

≤ 1

1− ε

(
o

n

∑
i∈O

wi⟨XiX
⊤
i − Σ,vv⊤⟩+ o

n

∑
i∈O

wi⟨Σ,vv⊤⟩

)
(b)

≤ 1

1− ε

(
o

n

∑
i∈O

wi⟨XiX
⊤
i − Σ,vv⊤⟩+ o2

n2(1− ε)
⟨Σ,vv⊤⟩

)
,

where (a) follows from Hölder’s inequality, and (b) follows from wi ≤ 1/(n(1 − ε)). To
evaluate

∑
i∈O wi⟨XiX

⊤
i − Σ,vv⊤⟩, we see that it is sufficient to evaluate

n∑
i=1

wi⟨XiX
⊤
i − Σ,vv⊤⟩. (19)

13
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Therefore, to make
∑

i∈O wih
(
ξi+θi
λo

√
n

)
⟨Xi,v⟩ sufficiently small, we want to minimize (19)

in w ∈ ∆n−1(ε) for any v ∈ r1Bd1 ∩ r2Bd2, in other words, we want to consider

min
w∈∆n−1(ε)

max
v∈r1Bd

1∩r2Bd
2

n∑
i=1

wi⟨XiX
⊤
i − Σ,vv⊤⟩. (20)

A convex relaxation of (20) is (13), which is an essential part in Algorithm 2. Lastly, we
note that the weight vector w computed by Algorithm 2 is used to weight the left-hand side
of (18). As a result, it affects not only the second term on the right-hand side of (18) but
also the first and third terms. However, Lemma 27 shows that the impact on the first and
third terms is small.

3.2.5 Approaches of the the previous studies

In this section, we explain the approaches of the previous studies Balakrishnan et al. (2017)
and Liu et al. (2020). To estimate β∗ in (3), Balakrishnan et al. (2017) used sparse and
outlier-robust mean estimation on yiXi, directly. Balakrishnan et al. (2017) assumes that
{xi}ni=1 and {ξi}ni=1 are sequences of i.i.d. random vectors sampled from the standard mul-
tivariate Gaussian distribution and random variables sampled from the standard Gaussian,
respectively, and {xi}ni=1 and {ξi}ni=1 are independent. Then, we have

Eyixi = β∗, V(yixi)(yixi)⊤ = (∥β∗∥22 + 1)I + β∗β∗⊤,

where we use Isserlis’ theorem, which is a formula for the multivariate Gaussian distribution.
From Remark 2.2 of Chen et al. (2018), we see that the error bound of any outlier-robust
estimator for the mean vector cannot avoid the effect of the operator norm of the covariance
V(yixi)(yixi)⊤. Consequently, the approach of Balakrishnan et al. (2017) cannot remove
∥β∗∥2 from their error bound. Additionally, we note that Liu et al. (2020) proposed a
gradient based-method that repeatedly updates the estimator of β∗. Define the t-step of
the update of the estimator of β∗ as βt. The gradient for the next update is based on the
result of an outlier-robust estimation of Xi(X

⊤
i β

t − yi). Therefore, for reason similar to
that of Balakrishnan et al. (2017), the sample complexity of Liu et al. (2020) is affected by
∥β∗∥2. On the other hand, our estimator is based on ℓ1-penalized Huber regression, and we
can avoid this problem.

3.3 Result

We state our main theorem. Define

Rd,n,o = ρcr1
√
srd,s + rδ + cr2κu

(√
o

n
(srd,s + rδ) + ro

)
,

and remember that we define L = L × max{1, cL}, where L is defined in (4) and cL is a
numerical constant.
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Theorem 13 Suppose that (i) and (iii) of Assumption 2 and Assumption 4 hold. Suppose
that the parameters λo, λs, ε, τcut, r1, r2, rΣ satisfy

1 ≥ 7co (4 + cs) c
2
max

√
1 + logLL2Rd,n,o, (21)

λs = csc
2
maxLλo

√
n

1

cr1
√
s
Rd,n,o, ε = cε

o

n
, τcut = ccut(Lκu)

2
(
srd,s + rδ + r′o

)
r22,

r1 = cr1
√
srΣ, r2 = cr2rΣ, rΣ = 7 (4 + cs) c

2
maxLλo

√
nRd,n,o, (22)

where co, cs, cε, ccut, cr1 , cr2, and cmax are sufficiently large numerical constants such that
co ≥ 4, cs ≥ 3(cRE + 1)/(cRE − 1), 2 > cε ≥ 1, ccut ≥ c2, cr1 = cnumr1 (1 + cRE)/r, cr2 =
cnumr2 (3+cRE)/κl, min{cnumr1 , cnumr2 } ≥ 2 and cnumr1 /cnumr2 ≤ 1. In Proposition 20 and Definition
26, c2 and cmax are defined, respectively. Suppose that srd,s ≤ 1 and 0 < o/n ≤ 1/(5e) hold.
Then, the optimal solution β̂ satisfies the following:

∥Σ
1
2 (β̂ − β∗)∥2 ≤ rΣ, ∥β̂ − β∗∥2 ≤ r2 and ∥β̂ − β∗∥1 ≤ r1, (23)

with probability at least 1− 4δ.

We note that the conditions (21) and (22) in Theorem 13 imply

λo
√
n ≥ coLrΣ

√
1 + logL.

Remark 14 We consider the results of (23) in detail. Assume that Eξ2i ≤ σ2 and that
the equality in (15) holds. Define CcRE,1, CcRE,2 and CcRE,3 as constants depending on cRE.
Then, we have

∥Σ
1
2 (β̂ − β∗)∥2 ≤ CcRE,1L

3σ(Rlasso +Routlier), (24)

∥β̂ − β∗∥2 ≤ CcRE,2L
3σ

1

κl
(Rlasso +Routlier),

∥β̂ − β∗∥1 ≤ CcRE,3L
3σ

1

r

√
s(Rlasso +Routlier),

and we see that (24) recovers (5).

4. The Second Result: Estimator Without the Covariance

In Theorem 13, we use the covariance of the covariates when we construct an estimator. On
the other hand, especially in practical terms, the use of the covariance would be unfavorable.
When we do not use the covariance in estimation, we need to modify algorithm WEIGHT
as follows:
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Algorithm 5 WEIGHT-WITHOUT-COVARIANCE
Input: data {Xi}ni=1, tuning parameters τcut, ε, r1, r2
Output: weight estimate ŵ = {ŵ1, · · · , ŵn}

Let ŵ be the solution to

min
w∈∆n−1(ε)

max
M∈Mℓ1,Tr

r1,r2,d

n∑
i=1

wi⟨XiX
⊤
i ,M⟩ (25)

if the optimal value of (13) ≤ τcut
return ŵ

else
return fail

In WEIGHT-WITHOUT-COVARIANCE, it is necessary to set the value of τcut larger
than that in WEIGHT. For details, see Corollary 28. Then, Theorem 13 is changed as
follows. Define

R′
d,n,o = ρcr1

√
srd,s + rδ + cr2

√
o

n

√
κ2u (srd,s + rδ) + Σ2

maxr2.

Theorem 15 Suppose that (i) and (iii) of Assumption 2 and Assumption 4 hold. Suppose
that the parameters λo, λs, ε, τcut, r1, r2, rΣ satisfy

1 ≥ 7co (4 + cs) c
′2
max

√
1 + logLL2R′

d,n,o, (26)

λs = csc
2
maxLλo

√
n

1

cr1
√
s
R′
d,n,o, ε = cε

o

n
, τcut = ccut

(
(Lκu)

2 (srd,s + rδ) + Σ2
max

)
r22,

r1 = cr1
√
srΣ, r2 = cr2rΣ, rΣ = 7 (4 + cs) c

′2
maxLλo

√
nR′

d,n,o,

where co, cs, cε, ccut, cr1 , cr2, and c′max are sufficiently large numerical constants such that
co ≥ 4, cs ≥ 3(cRE + 1)/(cRE − 1), 2 > cε ≥ 1, ccut ≥ c7, cr1 = cnumr1 (1 + cRE)/r,
cr2 = cnumr2 (3 + cRE)/κl, min{cnumr1 , cnumr2 } ≥ 2 and cnumr1 /cnumr2 ≤ 1. In Corollary 28 and
Definition 31, c7 and c′max are defined, respectively. Suppose that srd,s ≤ 1, 0 < o/n ≤ 1/2

hold. Then, the optimal solution β̂ satisfies the following:

∥Σ
1
2 (β̂ − β∗)∥2 ≤ rΣ, ∥β̂ − β∗∥2 ≤ r2 and ∥β̂ − β∗∥1 ≤ r1, (27)

with probability at least 1− 3δ.

Remark 16 We consider the results of (27) in detail. Assume that Eξ2i ≤ σ2 and that
the equality in (15) holds. Define CcRE,4, CcRE,5 and CcRE,6 as constants depending on cRE.
Then, we have

∥Σ
1
2 (β̂ − β∗)∥2 ≤ CcRE,4L

3σ(Rlasso +R′
outlier), (28)

∥β̂ − β∗∥2 ≤ CcRE,5L
3σ

1

κl
(Rlasso +R′

outlier),

∥β̂ − β∗∥1 ≤ CcRE,6L
3σ

1

r

√
s(Rlasso +R′

outlier),
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and we see that (28) recovers (6). Investigation of whether it is possible to achieve similar
error bounds using an estimation method without covariance as in the case of with covariance,
and the exploration of the trade-offs in such a scenario, are left as future research tasks.

5. The Third and Fourth Results: L-subGaussian Case
In Section 5, we relax the assumption on the covariates and consider the case where the
covariates are L-subGaussian.

5.1 The Third Result: Estimator Without Covariance

Even for the same situation as in Section 4 except that covariates are sampled from L-
subGaussian random vector, Algorithm 1 substituting WEIGHT-WITHOUT-COVARIANCE
(Algorithm 5) is valid with different parameter values. Define

rd =

√
log d

n
, R′′

d,n,o = Lρcr1
√
srd,s + Lrδ + cr2(L+ ρ)

√
o

n

√
s (rd + rδ) + Σ2

maxr2.

Then, we have the following result (Corollary 17). Corollary 17 is similar to Theorem 15,
with the key differences being that the assumptions regarding the covariates have been
weakened, and that the values of R′

d,n,o and c′max in Theorem 15 have been changed.

Corollary 17 Suppose Assumption 3 and Assumption 4 hold. Suppose that the parameters
λo, λs, ε, τcut, r1, r2, rΣ satisfy

1 ≥ 7co (4 + cs) c
′′2
max

√
1 + logLLR′′

d,n,o, (29)

λs = csc
′′2
maxλo

√
n

1

cr1
√
s
R′′
d,n,o, ε = cε

o

n
, τcut = ccut

(
L2s (rd + rδ) + Σ2

max

)
r22,

r1 = cr1
√
srΣ, r2 = cr2rΣ, rΣ = 7 (4 + cs) c

′′2
maxλo

√
nR′′

d,n,o,

where co, cs, cε, ccut, cr1 , cr2, and c′′max are sufficiently large numerical constants such that
co ≥ 4, cs ≥ 3(cRE + 1)/(cRE − 1), 2 > cε ≥ 1, ccut ≥ c11, cr1 = cnumr1 (1 + cRE)/r,
cr2 = cnumr2 (3 + cRE)/κl, min{cnumr1 , cnumr2 } ≥ 2 and cnumr1 /cnumr2 ≤ 1. In Corollary 47 and
Definition 50 in the appendix, c11 and c′′max are defined, respectively. Suppose that srd,s ≤
1, 0 < o/n ≤ 1/2 hold. Then, the output of Algorithm 1, β̂, substituting WEIGHT-
WITHOUT-COVARIANCE (Algorithm 5) for WEIGHT, satisfies the following:

∥Σ
1
2 (β̂ − β∗)∥2 ≤ rΣ, ∥β̂ − β∗∥2 ≤ r2 and ∥β̂ − β∗∥1 ≤ r1,

with probability at least 1− 3δ.

We note that the proof of Corollary 17 is in Section H.

5.2 The Fourth Result: Case Where Only the Outputs are Contaminated

In this section, we consider the case where only the output is contaminated by outliers and
the covariates are sampled from an L-subGaussian random vector. Namely, we estimate
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β∗ from {yi,xi}ni=1, where {xi}ni=1 are sampled from an L-subGaussian random vector and
{yi}ni=1 is generated by

yi = x⊤
i β

∗ + ξi +
√
nθi, i = 1, · · · , n,

where {θi}ni=1 indicates outliers. In this situation, we use the following algorithm, which
has no pre-processing step to reduce the effect of outlier for the covariates:

Algorithm 6 OUTLIER-ROBUST-AND-SPARSE-ESTIMATION-WHEN-ONLY-THE-
OUTPUT-IS-CONTAMINATED-BY-OUTLIER
Input: data {yi,xi}ni=1, and tuning parameters λo, λs
Output: estimator β̂

β̂ = argmin
β∈Rd

n∑
i=1

λ2oH

(
yi − x⊤

i β

λo
√
n

)
+ λs∥β∥1

return β̂

Define

R′′′
d,n,o = ρcr1

√
srd,s + rδ + ro.

For the output of Algorithm 6, we have the following result. The assumptions of the next
result is much simpler than those in Theorems 13 and 15 and Corollary 17, since no pre-
processing is required to reduce outlier contamination for covariates, leading to a reduced
sample complexity.

Corollary 18 Suppose that (iii) of Assumption 2 and Assumption 4 hold. Suppose that the
parameters λo, λs, r1, r2, rΣ satisfy

1 ≥ 7co (4 + cs) c
′′′2
max

√
1 + logLL2R′′′

d,n,o, (30)

λs = csc
′′′2
maxLλo

√
n

1

cr1
√
s
R′′′
d,n,o,

r1 = cr1
√
srΣ, r2 = cr2rΣ, rΣ = 15 (2 + cs) c

′′′2
maxLλo

√
nR′′′

d,n,o,

where co, cs, cr1 , cr2, and c′′′max are sufficiently large numerical constants such that co ≥ 4,
cs ≥ 2(cRE+1)/(cRE−1), cr1 = cnumr1 (1+cRE)/r, cr2 = cnumr2 (3+cRE)/κl, min{cnumr1 , cnumr2 } ≥
2 and cnumr1 /cnumr2 ≤ 1. In Definition 52 in the appendix, c′′′max is defined. Suppose that
0 < o/n ≤ 1/e holds. Then, the optimal solution β̂ satisfies the following:

∥Σ
1
2 (β̂ − β∗)∥2 ≤ rΣ, ∥β̂ − β∗∥2 ≤ r2 and ∥β̂ − β∗∥1 ≤ r1,

with probability at least 1− 3δ.

The proof of Corollary 18 is in Section I.

Remark 19 Our results involve a considerable number of tuning parameters, and these
tuning parameters require knowledge of the upper bounds of certain unknown quantities. We
explain in Section J.2 that adaptive tuning of these multiple parameters is generally difficult.
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6. Key Techniques
In Section 6, we introduce the key propositions and a lemma for Theorem 13, as well as key
propositions and a corollary for Theorem 15.

6.1 Key Propositions and Lemma for Theorem 13
First, we introduce Proposition 20, which gives the condition on τcut when the covariance
matrix Σ is known. The proof is given in Section 7.

Proposition 20 Suppose (i) of Assumption 2 holds, and r1/r2 ≤
√
s, srd,s and rδ ≤ 1 hold.

Define c1 and c2 as numerical constants. Then, with probability at least 1− δ, we have

max
M∈Mℓ1,Tr

r1,r2,d

n∑
i=1

〈
xix

⊤
i − Σ,M

〉
n

≤ c1(Lκu)2 (srd,s + rδ) r
2
2. (31)

Additionally, assume that ε = cε × (o/n) and o/n ≤ 1/(5e) with 1 ≤ cε < 2 hold. Then, we
have with probability at least 1− 2δ, we have

max
M∈Mℓ1,Tr

r1,r2,d

n∑
i=1

ŵi

〈
XiX

⊤
i − Σ,M

〉
≤ c2(Lκu)2

(
srd,s + rδ + r′o

)
r22, (32)

where {ŵi}ni=1 is a solution of (13).

Therefore, we see that, when c2(Lκu)
2 (srd,srδ + r′o) r

2
2 ≤ τcut, Algorithm 2 succeeds

in returning ŵ under (32). The key techniques of the proof of the proposition above are
Theorem 1.1 of Rudelson and Vershynin (2013), which is one of the variants of the Hanson–
Wright inequality (Hanson and Wright, 1971; Wright, 1973; Adamczak, 2015; Hsu et al.,
2012), and generic chaining for a subexponential random variable (Corollary 5.2 of Dirksen
(2015)). We note that a subexponential random variable is a random variable with a finite
ψ1 norm.

Next, we introduce a deterministic proposition related to Theorem 13. Let

rv,i = ŵ′
in
yi −X⊤

i v

λo
√
n

, Xv,i =
X⊤
i v

λo
√
n
, xv,i =

x⊤
i v

λo
√
n
, ξλo,i =

ξi
λo
√
n
,

and for η ∈ (0, 1),

θ = β̂ − β∗, θη = (β̂ − β∗)η.

The following proposition is proved in a manner similar to the proof of Proposition 9.1 of
Alquier et al. (2019), and the proof is given in Appendices C and D.

Proposition 21 Suppose that, for any θη ∈ r1Bd1 ∩ r2Bd2 ∩ rΣBdΣ,∣∣∣∣∣λo√n
n∑
i=1

ŵ′
ih(rβ∗,i)X

⊤
i θη

∣∣∣∣∣ ≤ ra,1r1 + ra,2r2 + ra,ΣrΣ, (33)

b∥Σ
1
2θη∥22 − rb,2r2 − rb,ΣrΣ − rb,1r1 ≤

n∑
i=1

λo
√
nŵ′

i

(
−h(rβ∗+θη ,i) + h(rβ∗,i)

)
X⊤
i θη, (34)
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where ra,1, ra,2, ra,Σ, rb,1, rb,2, rb,Σ ≥ 0, b > 0 are some numbers. Suppose that Exix⊤
i = Σ

satisfies RE(s, cRE , r), κl > 0, and

λs −
(
ra,1 +

cr2ra,2 + ra,Σ
cr1
√
s

)
> 0,

λs +
(
ra,1 +

cr2ra,2+ra,Σ
cr1

√
s

)
λs −

(
ra,1 +

cr2ra,2+ra,Σ
cr1

√
s

) ≤ cRE, (35)

rΣ ≥
2

b

(
cr1
√
s(ra,1 + rb,1) + cr2(ra,2 + rb,2) + ra,Σ + rb,Σ + cr1

√
sλs
)
, r1 = cr1

√
srΣ, r2 = cr2rΣ

(36)

hold, where cr1 = cnumr1 (1 + cRE)/r, cr2 = cnumr2 (3 + cRE)/κl, min{cnumr1 , cnumr2 } ≥ 2 and
cr1/cr2 ≤ 1. Then, we have the following:

∥β∗ − β̂∥1 ≤ r1, ∥β∗ − β̂∥2 ≤ r2, ∥Σ
1
2 (β∗ − β̂)∥2 ≤ rΣ. (37)

In the remainder of Section 6, we introduce Propositions 22–25 and one lemma. In
Section A, we prove Theorem 13 using the propositions. In the proof of Theorem 13,
we prove that (33) – (36) are satisfied with high probability for appropriate values of
ra,1, ra,2, ra,Σ, rb,1, rb,2, rb,Σ and b under the assumptions in Theorem 13, and we see that
(37) is also satisfied. Then, we have the result (23) in Theorem 13. We note that, for
Proposition 25, similar statements are found, for example, in Sun et al. (2020); Chen and
Zhou (2020), and the proof of Proposition 25 basically follows the same line as those in Sun
et al. (2020); Chen and Zhou (2020). Propositions 23 and 24 are proved by relatively simple
calculations based on the result of Proposition 20. Therefore, the proofs of Propositions
23–25 are given in Appendix F.

Note that we present the statements of Propositions 22 and 25 in a flexible manner,
which can be used not only for the proof of Theorem 13, but also for the proofs of the other
three main theorems.

Proposition 22 Suppose that (i) of Assumption 2 or Assumption 3, and (ii) of Assumption
4 hold. Then, for any v ∈ r1Bd1 ∩ rΣBdΣ, where r1 and rΣ are positive constants such that
rΣ/r1 ≤ 1/

√
s, with probability at least 1− δ, we have∣∣∣∣∣

n∑
i=1

1

n
h(ξλo,i)x

⊤
i v

∣∣∣∣∣ ≤ c3L (ρrd,sr1 + rδrΣ) ,

where c3 denotes a numerical constant.

Proposition 23 Suppose that the assumptions of Proposition 20 hold. Furthermore, sup-
pose that (31) and (32) hold and that Algorithm 2 returns ŵ with τcut = ccut(Lκu)

2 (srd,s + rδ + r′o) r
2
2,

where ccut is a constant such that ccut ≥ c2. For any u ∈ Rn such that ∥u∥∞ ≤ 2 and for
any v ∈ r1Bd1 ∩ r2Bd2, we have∣∣∣∣∣∑

i∈O
ŵ′
iuiX

⊤
i v

∣∣∣∣∣ ≤ c4L√1 + ccut

(
κu

√
o

n

(√
srd,s +

√
rδ
)
+ κuro

)
r2,

where c4 is a numerical constant that depends on c1 and c2.
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Let Im be an index set such that Im ⊂ {1, · · · , n} and |Im| = m.

Proposition 24 Suppose that the assumptions of Proposition 20 hold, and suppose that
(31) holds. Then, for any m ∈ N such that m ≤ (2cε + 1)o, for any u ∈ Rn such that
∥u∥∞ ≤ 2 and for any v ∈ r1Bd1 ∩ r2Bd2, we have the following:∣∣∣∣∣∑

i∈Im

1

n
uix

⊤
i v

∣∣∣∣∣ ≤ c5L
(
κu

√
o

n

(√
srd,s +

√
rδ
)
+ κuro

)
r2,

where c5 is a numerical constant that depends on c1 and cε.

Proposition 25 Suppose that (i) of Assumption 2 or Assumption 3, and Assumption 4
hold. Assume that n is taken to be large so that (21) holds when this proposition is applied
to Theorem 13, (26) holds when applied to Theorem 15, and (29) holds when applied to
Corollary 17, (30) holds when applied to Corollary 18. Then, for any v ∈ r1Bd1 ∩ rΣBdΣ,
where r1 and rΣ are positive constants, with probability at least 1− δ, we have

n∑
i=1

λo√
n
(−h(ξλo,i − xv,i) + h(ξλo,i))x

⊤
i v ≥

∥Σ
1
2v∥22
3

− c6Lλo
√
n
(
ρrd,sr1 +

√
srd,srΣ + rδrΣ

)
,

(38)

where c6 is a numerical constant.

We define cmax, which is a numerical constant used in Theorem 13.

Definition 26 Define

cmax = max
(
1, c3, c4

√
1 + ccut, c5, c6

)
.

Let I< and I≥ be the sets of indices such that wi < 1/(2n) and wi ≥ 1/(2n), respectively.
The following lemma makes the analysis of the ℓ1-penalized Huber loss easy as we noted at
the bottom of Section 3.2.4.

Lemma 27 Suppose that 0 < ε < 1. Then, for any w ∈ ∆n−1(ε), we have |I<| ≤ 2nε.

6.2 Key Propositions and Corollary for Theorem 15

First, we introduce Corollary 28, that gives the condition on τcut when we do not use Σ in
the estimator. The proof is given in Appendix F.

Corollary 28 Suppose that (i) of Assumption 2, r1/r2 ≤
√
s, where r1, r2 > 0, and

srd,s, rδ ≤ 1 hold. Define c′1 and c7 as numerical constants. Then, with probability at
least 1− δ, we have

max
M∈Mℓ1,Tr

r1,r2,d

n∑
i=1

〈
xix

⊤
i ,M

〉
n

≤ c′1L2
(
κ2u (srd,s + rδ) + Σ2

max

)
r22. (39)
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Additionally, assume that ε = cε × (o/n) and o/n ≤ 1/2 with 1 ≤ cε < 2 hold. Then, with
probability at least 1− δ, we have

max
M∈Mℓ1,Tr

r1,r2,d

n∑
i=1

ŵi

〈
XiX

⊤
i ,M

〉
≤ c7L2

(
κ2u (srd,s + rδ) + Σ2

max

)
r22, (40)

where {ŵi}ni=1 is a solution of (25).

Therefore, under (40), when c7
(
(Lκu)

2 (srd,s + rδ) + Σ2
max

)
r22 ≤ τcut, Algorithm 5 succeeds

in returning ŵ. We see that when the covariance is not used in the estimator, it is necessary
to set the value of τcut to a higher magnitude compared to the case when covariance is used.
Using the propositions, in Appendix B, we can prove that (33) – (36) are satisfied with
a high probability for appropriate values of ra,1, ra,2, ra,Σ, rb,1, rb,2, rb,Σ and b under the
assumptions in Theorem 15, and we see that (37) is also satisfied. Then, we can have the
result (27) in Theorem 15. When Σ is not used in the estimator, Propositions 21 and 25
and Lemma 27 are commonly used, and instead of Propositions 23 and 24, Propositions 29
and 30 are used, respectively. In Definition 31, c′max is defined. The proofs of Propositions
29 and 30 are given in Appendix F because Propositions 29 and 30 can be proved by simple
calculations based on the result of Corollary 28.

Proposition 29 Suppose that assumptions of Corollary 28 hold. Furthermore, suppose that
(39) and (40) hold and that Algorithm 25 returns ŵ with τcut = ccut

(
(Lκu)

2 (srd,s + rδ) + Σ2
max

)
r22,

where ccut is a constant such that ccut ≥ c7. Furthermore, suppose that (39) holds and that
Algorithm 5 returns ŵ. For any u ∈ Rn such that ∥u∥∞ ≤ 2 and for any v ∈ r1Bd1 ∩ r2Bd2,
we have the following:∣∣∣∣∣∑

i∈O
ŵ′
iuiX

⊤
i v

∣∣∣∣∣ ≤ c8√ccutL
√
o

n

√
κ2u (srd,s + rδ) + Σ2

maxr2,

where c8 is a numerical constant.

Proposition 30 Suppose that the assumptions of Corollary 28 hold, and suppose that (40)
holds. Then, for any m ∈ N such that m ≤ (2cε + 1)o, for any u ∈ Rn such that ∥u∥∞ ≤ 2
and for any v ∈ r1Bd1 ∩ r2Bd2, we have the following :∣∣∣∣∣∑

i∈Im

1

n
uix

⊤
i v

∣∣∣∣∣ ≤ c9L
√
o

n

√
κ2u (srd,s + rδ) + Σ2

maxr2,

where c9 is a numerical constant that depends on c′1 and cε.

For Theorem 15, the following definition of c′max is used.

Definition 31 Define

c′max = max (1, c3, c6, c8
√
ccut, c9) .
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7. Proofs of Propositions 20 and 22
The value of the numerical constant C be allowed to change from line to line. Before the
proofs of Propositions 20 and 22, we introduce Definition 32, Theorem 33, and Lemma 34.
They play important roles in the proofs of Propositions 20 and 22.

First, we define γα(T, d)-functional, which is used to state Theorem 33:

Definition 32 (γα(T, d)-functional, Section 2 of Dirksen (2015)) Let (T, d) be a semi-
metric space with d(x, z) ≤ d(x, y)+d(y, z) and d(x, y) = d(y, x) for x, y, z ∈ T . A sequence
T = {Tm}m≥0 with subsets of T is said to be admissible if |T0| = 1 and |Tm| ≤ 22

m for all
m ≥ 1. For any α ∈ (0,∞), the γα-functional of (T, d) is defined by

γα(T, d) = inf
T

sup
t∈T

∞∑
m=0

2
m
α inf
s∈Tm

d(t, s),

where infimum is taken over all admissible sequences T = {Tm}m≥0.

Second, we introduce Theorem 33, which is used in the proof of Proposition 20.

Theorem 33 (Corollary 5.2 of Dirksen (2015)) Assume that T consists of n-tuples
t = (t1, · · · , tn). Let {Zti ∈ R}ni=1 as a sequence of independent subexponential random
variable indexed by ti ∈ T , and

Et =
1

n

n∑
i=1

Zti − EZti .

Define

d1(s, t) = max
1≤i≤m

∥Zti − Zsi∥ψ1 , d2(s, t) =

(
1

m

n∑
i=1

∥Zti − Zsi∥2ψ1

) 1
2

.

Assume that, for any q = 2, 3, · · · ,

sup
t∈T

1

n

n∑
i=1

E|Zt1 − EZti |q ≤
q!

2
a2bq−2,

where a and b are positive numbers. Then, for any u ≥ 1, we have

P
(
sup
t∈T
|Et| ≳

γ1(T, d1)

n
+
γ2(T, d1)√

n
+ a

√
u√
n
+ b

u

n

)
≤ e−u.

Lastly, we introduce Lemma 34, which is used in the proof of Proposition 22. This lemma is
used to evaluate γα(T, d)-functional sharply especially when d is ∥Σ 1

2 (·)∥ via the majorizing
measure theorem (Theorem 2.4.1 of Talagrand (2014)). The proof of this lemma is given
in Appendix E.2. Let g = (g1, · · · , gd)⊤ be the d-dimensional standard normal Gaussian
random vector.

Lemma 34 Suppose that the (i) of Assumption 2 or Assumption 3 holds. Then,for positive
constants r1 and rΣ such that rΣ/r1 ≤ 1/

√
s, we have

E sup
v∈r1Bd

1∩rΣBd
Σ

⟨Σ
1
2g,v⟩ ≤ Cρr1

√
log(d/s)rΣ.
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7.1 Preparation for the Proof of Proposition 20

For a matrixM , we define the operator norm and Frobenius norm ofM as ∥M∥op and ∥M∥F,
respectively, and we define the number of nonzero elements of M as ∥M∥0. Additionally,
we define aBd×d1 = {M ∈ Rd×d | ∥M∥1 ≤ a}, aBd×dF = {M ∈ Rd×d | ∥M∥F ≤ a}, and
aBd×d0 = {M ∈ Rd×d | ∥M∥0 ≤ a}.

Lemma 35 Suppose that (i) of Assumptions 2 holds and r2 is a positive constant. For any
fixed M,M ′ ∈ s2Bd×d0 ∩ r22B

d×d
F , we have

E
∣∣∣⟨xx⊤ − Σ,M⟩

∣∣∣p ≤ p!(C(Lκu)2r22)p, (41)

∥⟨xx⊤,M −M ′⟩∥ψ1 ≤ C(Lκu)2∥M −M ′∥F. (42)

Proof In this proof, we define c as some positive numerical constant. From (11), for any
index set J such that |J | ≤ 2s2 and v ∈ S2s2−1 we have

E exp

(
⟨v,x|J⟩2

c2LL
2κ2u

)
≤ 2,

and we have

∥x|J∥ψ2 ≤ cLLκu ≤ Lκu.

For any matrix A and any index set J ⊂ {1, · · · , d}, define A|J,J as the matrix such that all
the elements of the i-th rows and columns are zero for i ∈ Jc. Fix M ∈ s2Bd×d0 ∩ r22B

d×d
F .

For M , let K ⊂ {1, · · · , d} be an index set such that Mij = 0 for i ∈ Kc or j ∈ Kc. We note
that |K| ≤ s2. From Theorem 1.1 of Rudelson and Vershynin (2013) and Exercise 6.3.3 of
Vershynin (2018), for any t > 0, we have

P
(∣∣∣⟨xx⊤ − Σ,M⟩

∣∣∣ > t
)
= P

(∣∣∣⟨x|Kx|⊤K − Σ|K,K ,M⟩
∣∣∣ > t

)
≤ 2 exp

{
−cmin

(
t2

(Lκu)4∥M∥2F
,

t

(Lκu)2∥M∥F

)}
. (43)

From (43), for t ≤ (Lκu)
2∥M∥F, we have

P
(∣∣∣⟨xx⊤ − Σ,M⟩

∣∣∣ > t
)
≤ 2 exp

(
−c t2

(Lκu)4∥M∥2F

)
,

and for t ≥ (Lκu)
2∥M∥F, we have

P
(∣∣∣⟨xx⊤ − Σ,M⟩

∣∣∣ > t
)
≤ 2 exp

(
−c t

(Lκu)2∥M∥F

)
.
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We follow almost the same argument of the proof of Proposition 2.5.2 of Vershynin (2018).
For any 1 ≤ p <∞, we have

E
∣∣∣⟨xx⊤ − Σ,M⟩

∣∣∣p = ∫ ∞

0
P
(∣∣∣⟨xx⊤ − Σ,M⟩

∣∣∣p ≥ u) du
=

∫ ∞

0
P
(∣∣∣⟨xx⊤ − Σ,M⟩

∣∣∣ ≥ t) ptp−1dt

≤
∫ ∞

0
2 exp

(
−c t2

(Lκu)4∥M∥2F

)
ptp−1dt+

∫ ∞

0
2 exp

(
−c t

(Lκu)2∥M∥F

)
ptp−1dt

≤ p
(Lκu)

2p∥M∥pF√
cp

Γ(p/2) + 2p
(Lκu)

2p∥M∥pF
cp

Γ(p)

≤ C
(
Lκu

(
1

c
1
4

+
1√
c

))2p

∥M∥pFp
(
(p/2)p/2 + pp

)
,

and we have(
E⟨xix⊤

i − Σ,M⟩p
) 1

p ≤ C
(
Lκu

(
1

c
1
4

+
1√
c

))2

∥M∥F
(
p(p/2)p/2 + pp+1

) 1
p

≤ C
(
Lκu

(
1

c
1
4

+
1√
c

))2

∥M∥F
(
2pp+1

) 1
p

≤ C
(
Lκu

(
1

c
1
4

+
1√
c

))2

∥M∥Fp ≤ C (Lκu)
2 ∥M∥Fp. (44)

From Stirling’s formula pp ≤ p!ep, we have

max
M∈Mℓ1,Tr

r1,r2,d

1

n

n∑
i=1

E
∣∣∣⟨xix⊤

i − Σ,M⟩
∣∣∣p ≤ Cp!ep(Lκu)2pr2p2 ,

and the proof of (41) is complete.
For any fixed M,M ′ ∈ Mℓ1,Tr

r1,r2,d
, let K ′ ⊂ {1, · · · , d} is the index set such that (M −

M ′)ij = 0 for i ∈ K ′c or j ∈ K ′c. We note that |K ′| ≤ 2× s2. From (44) exchanging M to
M −M ′, and the equivalence between (b) and (c) in Proposition 2.7.1 of Vershynin (2018)
and Definition 2.7.5, we have∥∥∥⟨xx⊤,M −M ′⟩

∥∥∥
ψ1

=
∥∥∥⟨x|K′x|⊤K′ , (M −M ′)|K′,K′⟩

∥∥∥
ψ1

≤ C(Lκu)2∥(M −M ′)|K′,K′∥F

≤ C(Lκu)2∥M −M ′∥F, (45)

and the proof of (42) is complete.

Using the lemma above, we have the key lemma (Lemma 37) to prove Proposition 20.
For a set K, we define conv(K) as its convex hull. Before the statement and the proof of
Lemma 37, we introduce the following lemma, which slightly generalizes Lemma 3.1 of Plan
and Vershynin (2013) and the proof is in Appendix E.
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Lemma 36 Suppose that r1 and r2 are positive constants. We have

r21Bd×d1 ∩ r22Bd×dF ⊂ 2conv

((
r1
r2

)4

Bd×d0 ∩ r22Bd×dF

)
, (46)

r1Bd1 ∩ r2Bd2 ⊂ 2conv

((
r1
r2

)2

Bd0 ∩ r2Bd2

)
. (47)

Then, we introduce Lemma 37.

Lemma 37 Suppose that (i) of Assumptions 2 holds and r1 and r2 are positive constants
such that r1/r2 ≤

√
s. Then, with probability at least 1− δ, we have

max
M∈Mℓ1,Tr

r1,r2,d

∣∣∣∣∣ 1n
n∑
i=1

⟨xix⊤
i − Σ,M⟩

∣∣∣∣∣
≤ C(Lκu)2

(
γ1(s

2Bd×d0 ∩ r22B
d×d
F , ∥ · ∥F)

n
+
γ2(s

2Bd×d0 ∩ r22B
d×d
F , ∥ · ∥F)√

n
+ r2δr

2
2 + rδr

2
2

)
.

Proof First, we have

Mℓ1,Tr
r1,r2,d

⊂ r21Bd×d1 ∩ r22Bd×dF

(a)
⊂ 2conv(s2Bd×d0 ∩ r22Bd×dF ),

where (a) follows from r1/r2 ≤
√
s and Lemma 36, identifying vectors with matrices. Then,

we have

max
M∈Mℓ1,Tr

r1,r2,d

∣∣∣∣∣ 1n
n∑
i=1

⟨xix⊤
i − Σ,M⟩

∣∣∣∣∣
≤ max

M∈r21B
d×d
1 ∩r22B

d×d
F

∣∣∣∣∣ 1n
n∑
i=1

⟨xix⊤
i − Σ,M⟩

∣∣∣∣∣ ≤ max
M∈2conv(s2Bd×d

0 ∩r22B
d×d
F )

∣∣∣∣∣ 1n
n∑
i=1

⟨xix⊤
i − Σ,M⟩

∣∣∣∣∣ .
Identifying vectors with matrices, from the fact that the extreme points of a linear program
are the vertices of the feasible region (or from Lemma D.8 of Oymak (2018)), we have

max
M∈2conv(s2Bd×d

0 ∩r22B
d×d
F )

∣∣∣∣∣ 1n
n∑
i=1

⟨xix⊤
i − Σ,M⟩

∣∣∣∣∣ ≤ max
M∈s2Bd×d

0 ∩r22B
d×d
F

∣∣∣∣∣ 2n
n∑
i=1

⟨xix⊤
i − Σ,M⟩

∣∣∣∣∣ .
Next, note that the upper bound of the first inequality in Lemma 35 is independent of i

and M . Hence, from Theorem 33, with probability at least 1− δ, from the same argument
used to have (45), we have

max
M∈Mℓ1,Tr

r1,r2,d

∣∣∣∣∣ 1n
n∑
i=1

⟨xix⊤
i − Σ,M⟩

∣∣∣∣∣ (48)

≤ C

(
γ1(s

2Bd×d0 ∩ r22B
d×d
F , d1)

n
+
γ2(s

2Bd×d0 ∩ r22B
d×d
F , d2)√

n
+ (Lκu)

2rδr
2
2 + (Lκu)

2r2δr
2
2

)
.
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Since {xi}ni=1 is an i.i.d. sequence, two semi-metrics are the same and then, for any i ∈
{1, · · · , n}, we have

d1(M,M ′) = d2(M,M ′) = ∥⟨xix⊤
i ,M −M ′⟩∥ψ1 ≤ C(Lκu)2∥M −M ′∥F,

where the last inequality follows from (42). We know that γ1(s2Bd×d0 ∩ r22B
d×d
F , d1) and

γ2(s
2Bd×d0 ∩ r22B

d×d
F , d2) is monotone increasing with respect to d1 and d2, and for some

constants c1, c2, we have

γ1(s
2Bd×d0 ∩ r22Bd×dF , c1d1) = c1γ1(s

2Bd×d0 ∩ r22Bd×dF , d1),

γ2(s
2Bd×d0 ∩ r22Bd×dF , c2d2) = c2γ2(s

2Bd×d0 ∩ r22Bd×dF , d2).

Combining (48) with the above properties of the γα-functional, we have

max
M∈Mℓ1,Tr

r1,r2,d

∣∣∣∣∣ 1n
n∑
i=1

⟨xix⊤
i − Σ,M⟩

∣∣∣∣∣
≤ C(Lκu)2

(
γ1(s

2Bd×d0 ∩ r22B
d×d
F , ∥ · ∥F)

n
+
γ2(s

2Bd×d0 ∩ r22B
d×d
F , ∥ · ∥F)√

n
+ r2δr

2
2 + rδr

2
2

)
,

and the proof is complete.

7.2 Proof of Proposition 20
First, we prove (31) in Proposition 20 via Lemma 38, which is necessary to calculate
γ1(s

2Bd×d0 ∩ r22B
d×d
F , ∥ · ∥F) and γ2(s

2Bd×d0 ∩ r22B
d×d
F , ∥ · ∥F), and which is proved in Ap-

pendix E.

Lemma 38 Suppose that r2 is a positive constant. Then, we have

γ1(s
2Bd×d0 ∩ r22Bd×dF , ∥ · ∥F) ≤ Cs2r22 log(d/s)

γ2(s
2Bd×d0 ∩ r22Bd×dF , ∥ · ∥F) ≤ Csr22

√
log(d/s),

First, we prove (31). From Lemmas 37 and 38, we have, with probability at least 1− δ,

max
M∈Mℓ1,Tr

r1,r2,d

∣∣∣∣∣ 1n
n∑
i=1

⟨xix⊤
i − Σ,M⟩

∣∣∣∣∣ ≤ C(Lκu)2
(
s2r22 log(d/s)

n
+
sr22
√

log(d/s)√
n

+ r2δr
2
2 + rδr

2
2

)
(49)

(a)

≤ C(Lκu)
2 (srd,s + rδ) r

2
2, (50)

where (a) follows from srd,s, rδ ≤ 1.
Next, we prove (32). Define

w◦
i =

{
1

n(1−o/n) i ∈ I
0 i ∈ O

. (51)
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From the optimality of {ŵi}ni=1 and the fact that {w◦
i }ni=1 ∈ ∆n−1(ε) and the definition of

Xi, we have

max
M∈Mℓ1,Tr

r1,r2,d

n∑
i=1

ŵi⟨XiX
⊤
i − Σ,M⟩ ≤ max

M∈Mℓ1,Tr
r1,r2,d

n∑
i=1

w◦
i ⟨XiX

⊤
i − Σ,M⟩

= max
M∈Mℓ1,Tr

r1,r2,d

n∑
i=1

w◦
i ⟨xix⊤

i − Σ,M⟩

≤ max
M∈Mℓ1,Tr

r1,r2,d

∣∣∣∣∣
n∑
i=1

w◦
i ⟨xix⊤

i − Σ,M⟩

∣∣∣∣∣ . (52)

From triangular inequality and the fact that o/n ≤ 1/2, we have∣∣∣∣∣
n∑
i=1

w◦
i ⟨xix⊤

i − Σ,M⟩

∣∣∣∣∣ = 1

1− o/n

∣∣∣∣∣
n∑
i=1

⟨xix⊤
i − Σ,M⟩
n

−
∑
i∈O

⟨xix⊤
i − Σ,M⟩
n

∣∣∣∣∣
≤ 2

∣∣∣∣∣
n∑
i=1

⟨xix⊤
i − Σ,M⟩
n

−
∑
i∈O

⟨xix⊤
i − Σ,M⟩
n

∣∣∣∣∣
≤ 2

∣∣∣∣∣
n∑
i=1

⟨xix⊤
i − Σ,M⟩
n

∣∣∣∣∣+ 2

∣∣∣∣∣∑
i∈O

⟨xix⊤
i − Σ,M⟩
n

∣∣∣∣∣ . (53)

From (52) and (53), we have

max
M∈Mℓ1,Tr

r1,r2,d

n∑
i=1

ŵi⟨XiX
⊤
i − Σ,M⟩

≤ 2 max
M∈Mℓ1,Tr

r1,r2,d

(∣∣∣∣∣
n∑
i=1

⟨xix⊤
i − Σ,M⟩
n

∣∣∣∣∣+
∣∣∣∣∣∑
i∈O

⟨xix⊤
i − Σ,M⟩
n

∣∣∣∣∣
)

≤ 2

 max
M∈Mℓ1,Tr

r1,r2,d

∣∣∣∣∣
n∑
i=1

⟨xix⊤
i − Σ,M⟩
n

∣∣∣∣∣+ max
M∈Mℓ1,Tr

r1,r2,d

∣∣∣∣∣∑
i∈O

⟨xix⊤
i − Σ,M⟩
n

∣∣∣∣∣


≤ 2

 max
M∈Mℓ1,Tr

r1,r2,d

∣∣∣∣∣
n∑
i=1

⟨xix⊤
i − Σ,M⟩
n

∣∣∣∣∣+ max
|J |=o

max
M∈Mℓ1,Tr

r1,r2,d

∣∣∣∣∣∑
i∈J

⟨xix⊤
i − Σ,M⟩
n

∣∣∣∣∣
 , (54)

We evaluate the last term of (54) in a manner similar to the proof of Lemma 5 of Dalalyan
and Minasyan (2022). From (49), we have

max
|J |=o

max
M∈Mℓ1,Tr

r1,r2,d

∣∣∣∣∣∑
i∈J

⟨xix⊤
i − Σ,M⟩
o

∣∣∣∣∣ ≥ C(Lκu)2
(
s2

log(d/s)

o
+ s

√
log(d/s)

o
+

√
t

o
+
t

o

)
r22,

(55)
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with probability at most

≤
(
n

o

)
×

P

 max
M∈Mℓ1,Tr

r1,r2,d

∣∣∣∣∣
o∑
i=1

⟨ziz⊤i − Σ,M⟩
o

∣∣∣∣∣ ≥ C(Lκu)2
(
s2

log(d/s)

o
+ s

√
log(d/s)

o
+

√
t

o
+
t

o

)
r22


≤
(
n

o

)
e−t,

where {zi}oi=1 is a sequence of i.i.d. random vectors sampled from the same distribution as
{xi}ni=1. Let t = o log(ne/o) + log(1/δ). We have(

n

o

)
e−t ≤

∏o−1
k=0(n− k)

o!

( o
ne

)o
δ =

o−1∏
k=0

n− k
n

oo

o!eo
δ ≤ δ,

where the last inequality follows from Stirling’s formula oo ≤ o!eo. From (55), with proba-
bility at least 1− δ, we have

max
|J |=o

max
M∈Mℓ1,Tr

r1,r2,d

∣∣∣∣∣∑
i∈J

1

n
⟨xix⊤

i − Σ,M⟩

∣∣∣∣∣
≤ C o

n
(Lκu)

2

(
s2

log(d/s)

o
+ s

√
log(d/s)

o
+

√
o log(ne/o) + log(1/δ)

o
+
o log(ne/o) + log(1/δ)

o

)
r22.

(56)
From e ≤ n/o and rδ ≤ 1, we have

o log(ne/o) + log(1/δ)

n
≤ 2

o

n
log(n/o) +

1

n
log(1/δ) = 2r′o + r2δ ≤ 2r′o + rδ,√

o

n

√
o log(ne/o) + log(1/δ)

n
≤
√
o

n

√
2
o

n
log(n/o) +

√
o

n

√
1

n
log(1/δ) ≤ 2r′o + rδ.

Combining (56) with the above two inequalities, with probability at least 1− δ, we have

max
|J |=o

max
M∈Mℓ1,Tr

r1,r2,d

∣∣∣∣∣∑
i∈J

1

n
⟨xix⊤

i − Σ,M⟩

∣∣∣∣∣ ≤ C(Lκu)2
(
s2

log(d/s)

n
+ s

√
log(d/s)

n

√
o

n
+ 4r′o + 2rδ

)
r22

(a)

≤ C(Lκu)
2

(
2s2

log(d/s)

n
+
o

n
+ 4r′o + 2rδ

)
r22

(b)

≤ C(Lκu)
2

(
s2

log(d/s)

n
+ 5r′o + 2rδ

)
r22, (57)

where (a) follows from Young’s inequality, and (b) follows from 0 < o/n ≤ 1/(5e) and
o/n ≤ r′o. Combining (49), (54) and (57), with probability at least 1− 2δ, we have

max
M∈Mℓ1,Tr

r1,r2,d

n∑
i=1

ŵi⟨XiX
⊤
i − Σ,M⟩ ≤ C(Lκu)2

(
srd,s + rδ + s2

log(d/s)

n
+ 5r′o + 2rδ

)
r22

(a)

≤ C(Lκu)
2
(
srd,s + r′o + rδ

)
r22,
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where (a) follows from srd,s ≤ 1, and the proof is complete.

7.3 Proof of Proposition 22
We will apply Theorem 3.2 of Dirksen (2015). To do this, we need to confirm {h(ξλo,i)⟨xi,v⟩}ni=1

satisfies the ψα condition with α = 2 in Dirksen (2015), which is for any u > 0 and for any
fixed v1,v2 ∈ Rd,

P

(∣∣∣∣∣
n∑
i=1

h(ξλo,i)⟨xi,v1⟩ − h(ξλo,i)⟨xi,v2⟩

∣∣∣∣∣ ≥ ud(v1,v2)

)
≤ 2 exp

(
−u2

)
, (58)

where d(v1,v2) is a distance between v1 and v2. Note that from (ii) of Assumption 4, we
have Eh(ξλo,i)⟨xi,v⟩ = 0. We see that (58) is satisfied with d(v1,v2) =

√
n∥Σ

1
2 (v1 − v2)∥2

because

∥h(ξλo,i)⟨xi,v1⟩ − h(ξλo,i)⟨xi,v2⟩∥Lp
= ∥h(ξλo,i)⟨xi,v1 − v2⟩∥Lp

(a)

≤ ∥⟨xi,v1 − v2⟩∥Lp

(b)

≤ L
√
p∥Σ

1
2 (v1 − v2)∥2,

where (a) follows from −1 ≤ h(·) ≤ 1, and (b) follows from (10), and then, from (12), for
any t > 0 and the i.i.d. assumption on {xi, ξi}ni=1, we have

P

(∣∣∣∣∣
n∑
i=1

h(ξλo,i)⟨xi,v1 − v2⟩

∣∣∣∣∣ > t

)
≲ 2 exp

(
− t2

L2n∥Σ
1
2 (v1 − v2)∥22

)
.

Set t2/(L2n∥Σ
1
2 (v1 − v2)∥22) = u2, we have (58) with d(v1,v2) = L

√
n∥Σ

1
2 (v1 − v2)∥2.

Then, from Theorem 3.2 of Dirksen (2015) with t0 = 0, we have

P

(
sup

v∈r1Bd
1∩rΣBd

Σ

∣∣∣∣∣ 1n
n∑
i=1

h(ξλo,i)⟨xi,v⟩

∣∣∣∣∣ ≳ L
γ2(r1Bd1 ∩ rΣBdΣ, ∥Σ

1
2 (·)∥2)√

n
+ L

u√
n
rΣ

)
≤ exp(−u2).

Lastly from the majorizing measure theorem (Theorem 2.4.1 of Talagrand (2014)) and
Lemma 34, we have

P

(
sup

v∈r1Bd
1∩rΣBd

Σ

∣∣∣∣∣ 1n
n∑
i=1

h(ξλo,i)⟨xi,v⟩

∣∣∣∣∣ ≳ Lρ

√
log(d/s)

n
r1 + L

√
u

n
rΣ

)
≤ exp(−u),

and the proof is complete.

8. Numerical Experiments
In this section, we present numerical experiments about our methods. In all of the experi-
ments, we used CVXPY (Diamond and Boyd, 2016). The data were generated from

yi = ⟨β∗,xi + ϱi⟩+ ξi + θi, i = 1, · · · , 80,
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where {ξi}80i=1 was drawn from Student’s t-distribution with two degrees of freedom, {xi}80i=1

was drawn from 120-dimensional i.i.d. Gaussian, β∗ = (20,−10, 0, · · · , 0) and {ξi,ϱi}80i=1

is a sequence of outliers. We note that due to the high computational cost of WEIGHT
(Algorithm 2) in Algorithm 1, the sample size and dimensionality in the experiments were
restricted. We increased the number of outliers o from 0 to 20 and we conducted 10 ex-
periments for each value. For outliers, we randomly chose a set of indices O ⊂ [1, · · · , 80]
such that |O| = o, and we tried two patterns of outlier values: (θi,ϱi)i∈O = (10000,1)
and (1,10000). For both patterns, we set (θi,ϱi)i∈[1,··· ,80]\O = (0,0). We compared the
estimator from Algorithm 1, the estimator from Algorithm 6, and the estimator from the
standard Lasso. The estimator of the standard Lasso is defined as follows:

β̂ = min
β∈Rd

(
n∑
i=1

(yi − ⟨xi + ϱi,β⟩)2 + λs∥β∥1

)
.

The results are shown in Figure 1 and Figure 2.
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Figure 1: (θi,ϱi)i∈O = (10000,1)
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Figure 2: (θi,ϱi)i∈O = (1,10000)

The horizontal axis represents the number of outliers, and the vertical axis represents
log ∥β∗ − β̂∥2, where β̂ is the estimator of each method. For Algorithm 1, we set

(λo, λs, r1, r2, ε) =

(
1√
n
,

√
log(d/s)

n
+

o

n
√
s

√
log

n

o
, sλs,

√
sλs,

√
log(d/s)

n
,
o

n

)
,

and for simplicity we omitted the ‘if’ part of WEIGHT. For Algorithm 6 and the standard
Lasso, we set

(λo, λs) =

(
1√
n
,

√
log(d/s)

n
+

o

n
√
s

√
log

n

o

)
.

According to Figures 1 and Figure 2, when outliers are present, the standard Lasso does
not seem to perform well. According to Figure 1, the ℓ1-penalized Huber seems to perform
relatively well when the magnitude of outliers in the covariates is small and the number
of outliers is limited. This observation is somewhat in line with the results suggested by
Corollary 18. On the other hand, Figure 2 shows that when the magnitude of outliers in the
covariates is large, Algorithm 1 consistently demonstrates superior performance, regardless
of the number of outliers.
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Appendix A. Proof of Theorem 13

Suppose that the assumptions in Theorem 13 hold. To prove Theorem 13, it is sufficient that
we confirm (33) – (36) in Proposition 21 hold with high probability, as described already,
and then we obtain the result (23) with concrete values of ra,1, ra,2, ra,Σ, rb,1, rb,2, rb,Σ, b.
Obviously, we have r1 = cr1

√
srΣ and r2 = cr2rΣ in (36) from (22). In the following, we

show the remaining. We see that, under the assumptions in Theorem 13, Propositions 20,
22 and 25 hold immediately with probability at least 1− 4δ, and then, Propositions 23 and
24 also hold because (31) and (32) in Proposition 20 hold and Algorithm 2 returns ŵ from
the definition of τcut.

A.1 Confirmation of (33)

From the following lemma, we can confirm (33). The proofs are given in Appendix G.

Lemma 39 Assume that Propositions 20, 22-25 hold. For any θη ∈ r1Bd1 ∩ r2Bd2 ∩ rΣBdΣ,
we have∣∣∣∣∣

n∑
i=1

ŵ′
ih(rβ∗,i)X

⊤
i θη

∣∣∣∣∣ ≤ 3c2maxL

(
ρrd,sr1 + rδrΣ + κu

√
o

n
(srd,s + rδ)r2 + κuror2

)
.

From Lemma 39, we see that (33) holds with

ra,1 = 3c2maxLλo
√
nρrd,s, ra,2 = 3c2maxLλo

√
n

(
κu

√
o

n
(srd,s + rδ) + κuro

)
,

ra,Σ = 3c2maxLλo
√
nrδ. (59)

A.2 Confirmation of (35)

From (59),

(Cs :=)ra,1 +
cr2ra,2 + ra,Σ

cr1
√
s

= 3c2maxLλo
√
n× 1

cr1
√
s
Rd,n,o.

From the definition of λs,

λs
Cs
≥
csc

2
maxLλo

√
n 1
cr1

√
s
Rd,n,o

3c2maxLλo
√
n 1
cr1

√
s
Rd,n,o

=
cs
3
≥ cRE + 1

cRE − 1
> 0.

Hence, we have λs − Cs > 0 and

λs + Cs
λs − Cs

=
1 + Cs

λs

1− Cs
λs

≤
1 + cRE−1

cRE+1

1− cRE−1
cRE+1

= cRE.

Therefore, we see that (35) holds.
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A.3 Confirmation of (34)
From the following lemma, we can confirm (34). The proofs are given in the Appendix G.
Lemma 40 Assume that Propositions 20, 22–25 hold. For any θη ∈ r1Bd1 ∩ r2Bd2 ∩ rΣBdΣ,
we have

n∑
i=1

λo
√
nŵ′

i

(
−h(rβ∗+θη ,i) + h(rβ∗,i)

)
X⊤
i θη

≥ ∥Σ
1
2v∥22
3

− c2maxLλo
√
n

(
ρrd,sr1 + rδrΣ + κu

√
o

n
(srd,s + rδ)r2 + κuror2

)
.

From Lemma 40, we see that (34) holds with

b =
1

3
, rb,1 =

ra,1
3
, rb,2 =

ra,2
3
, rb,Σ =

ra,Σ
3
.

A.4 Confirmation of (36)
As we mentioned at the beginning of Appendix A, r1 = cr1

√
srΣ and r2 = cr2rΣ is clear

from their definitions. We confirm rΣ. We see that
2

b

(
cr1
√
s(ra,1 + rb,1) + cr2(ra,2 + rb,2) + ra,Σ + rb,Σ + cr1

√
sλs
)

(a)

≤ 6c2maxLλo
√
n (4 + cs)Rd,n,o

≤ rΣ,

and the proof is complete.

Appendix B. Proof of Theorem 15
The strategy of this proof is the same as that of Theorem 13. Suppose that the assumptions
in Theorem 15 hold. To prove Theorem 15, it is sufficient that we confirm (33) – (36)
in Proposition 21 hold with high probability, as described already, and then we obtain
the result (27) with concrete values of ra,1, ra,2, ra,Σ, rb,1, rb,2, rb,Σ, b. Obviously, we have
r1 = cr1

√
srΣ and r2 = cr2rΣ in (36) from (22). In the following, we show the remaining.

We see that, under the assumptions in Theorem 15, Corollary 28, Propositions 22 and 25
hold immediately with probability at least 1−3δ, and then, Propositions 29 and 30 also hold
because (39) and (40) in Corollary 28 hold, and Algorithm 5 returns ŵ from the definition
of τcut.

B.1 Confirmation of (33)
From the following lemma, we can confirm (33). The proofs are given by Appendix G.
Lemma 41 Assume that Corollary 28, Propositions 22, 25, 29 and 30 hold. For any
θη ∈ r1Bd1 ∩ r2Bd2 ∩ rΣBdΣ, we have∣∣∣∣∣

n∑
i=1

ŵ′
ih(rβ∗,i)X

⊤
i θη

∣∣∣∣∣ ≤ 3c′2maxL

(
ρrd,sr1 + rδrΣ +

√
o

n

√
κ2u (srd,s + rδ) + Σ2

maxr2

)
.
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From Lemma 39, we see that (33) holds with

ra,1 = 3c′2maxLλo
√
nρrd,s, ra,2 = 3c′2maxLλo

√
n

√
o

n

√
κ2u (srd,s + rδ) + Σ2

max,

ra,Σ = 3c′2maxLλo
√
nrδ. (60)

B.2 Confirmation of (35)
From (60),

(Cs :=)ra,1 +
cr2ra,2 + ra,Σ

cr1
√
s

= 3c′2maxLλo
√
n× 1

cr1
√
s
R′
d,n,o.

From the definition of λs,

λs
Cs
≥
csc

′2
maxLλo

√
n 1
cr1

√
s
R′
d,n,o

3c′2maxLλo
√
n 1
cr1

√
s
R′
d,n,o

=
cs
3
≥ cRE + 1

cRE − 1
> 0.

Hence, we have λs − Cs > 0 and

λs + Cs
λs − Cs

=
1 + Cs

λs

1− Cs
λs

≤
1 + cRE−1

cRE+1

1− cRE−1
cRE+1

= cRE.

Therefore, we see that (35) holds.

B.3 Confirmation of (34)
From the following lemma, we can confirm (34). The proofs are given by Appendix G.
Lemma 42 Assume that Corollary 28, Propositions 22, 25, 29 and 30 hold. For any
θη ∈ r1Bd1 ∩ r2Bd2 ∩ rΣBdΣ, we have

n∑
i=1

λo
√
nŵ′

i

(
−h(rβ∗+θη ,i) + h(rβ∗,i)

)
X⊤
i θη

≥ ∥Σ
1
2v∥22
3

− c′2maxLλo
√
n

(
ρrd,sr1 + rδrΣ +

√
o

n

√
κ2u (srd,s + rδ) + Σ2

maxr2

)
.

From Lemma 42, we see that (34) holds with

b =
1

3
, rb,1 =

ra,1
3
, rb,2 =

ra,2
3
, rb,Σ =

ra,Σ
3
.

B.4 Confirmation of (36)
As we mentioned at the beginning of Appendix B, r1 = cr1

√
srΣ and r2 = cr2rΣ is clear

from their definitions. We confirm rΣ. We see that
2

b

(
cr1
√
s(ra,1 + rb,1) + cr2(ra,2 + rb,2) + ra,Σ + rb,Σ + cr1

√
sλs
)

≤ 6c′2maxLλo
√
n (4 + cs)

(
ρcr1
√
srd,s + rδ + cr2

√
o

n

√
κ2u (srd,s + rδ) + Σ2

max

)
≤ rΣ,
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and the proof is complete.

Appendix C. Preparation of Proof of Proposition 21
We introduce the following four lemmas, which are used in the proof of Proposition 21.

Lemma 43 Suppose that (33), (35), ∥θη∥1 ≤ r1, ∥θη∥2 = r2 and ∥Σ 1
2θη∥2 ≤ rΣ, where

r1 = cr1
√
srΣ and r2 = cr2rΣ hold. Then, for any fixed η ∈ (0, 1), we have

∥θη∥2 ≤
3 + cRE

κl
∥Σ

1
2θη∥2.

Lemma 44 Suppose that (33), (35), ∥θη∥1 = r1, ∥θη∥2 ≤ r2 and ∥Σ 1
2θη∥2 ≤ rΣ, where

r1 = cr1
√
srΣ and r2 = cr2rΣ hold. Then, for any fixed η ∈ (0, 1), we have

∥θη∥1 ≤
1 + cRE

r

√
s∥Σ

1
2θη∥2.

Lemma 45 Suppose that (33) – (34), ∥θη∥1 ≤ r1, ∥θη∥2 ≤ r2 and ∥Σ 1
2θη∥2 = r2, where

r1 = cr1
√
srΣ and r2 = cr2rΣ hold. Then, for any η ∈ (0, 1), we have

∥Σ
1
2θη∥2 ≤

1

b

(
cr1
√
s(ra,1 + rb,1) + cr2(ra,2 + rb,2) + ra,Σ + rb,Σ + cr1

√
sλs
)
.

C.1 Proof of Lemma 43
For a vector v = (v1, · · · , vd), define {v♯1, · · · , v

♯
d} as a non-increasing rearrangement of

{|v1|, · · · , |vd|}, and v♯ ∈ Rd as the vector such that v♯|i = v♯i . For the sets S1 = {1, ..., s}
and S2 = {s+ 1, ..., d}, let v♯1 = v♯S1

and v♯2 = v♯S2
.

In Section C.1.1, we have

∥θη∥2 ≤
√
1 + cRE

κl
∥Σ

1
2θη∥2

assuming ∥θη∥2 ≤ ∥θη∥1/
√
s, and in Section C.1.2, we have

∥θη∥2 ≤ 2∥θ♯1η ∥2 ≤
2

κl
∥Σ

1
2θη∥2

assuming ∥θη∥2 ≥ ∥θη∥1/
√
s. From the above two inequalities, we have

∥θη∥2 ≤
3 + cRE

κl
∥Σ

1
2θη∥2.

C.1.1 Case I

In Section C.1.1, suppose that ∥θη∥2 ≤ ∥θη∥1/
√
s. Let

Q′(η) = λo
√
nŵ′

i

n∑
i=1

(
−h(rβ∗+θη ,i) + h(rβ∗,i)

)
X⊤
i θ.
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From the proof of Lemma F.2. of Fan et al. (2018), we have ηQ′(η) ≤ ηQ′(1) and this
means

n∑
i=1

λo
√
nŵ′

i

(
−h(rβ∗+θη ,i) + h(rβ∗,i)

)
X⊤
i θη ≤

n∑
i=1

λo
√
nŵ′

iη
(
−h(rβ̂,i) + h(rβ∗,i)

)
X⊤
i θ.(61)

Let ∂v be the sub-differential of ∥v∥1. Adding ηλs(∥β̂∥1 −∥β∗∥1) to both sides of (61), we
have

n∑
i=1

λo
√
nŵ′

i

(
−h(rβ∗+θη ,i) + h(rβ∗,i)

)
X⊤
i θη + ηλs(∥β̂∥1 − ∥β∗∥1)

(a)

≤
n∑
i=1

λo
√
nŵ′

iη
(
−h(rβ̂,i) + h(rβ∗,i)

)
X⊤
i θ̂ + ηλs⟨∂β̂,θ⟩

(b)
=

n∑
i=1

λo
√
nŵ′

ih(rβ∗,i)X
⊤
i θη, (62)

where (a) follows from ∥β̂∥1−∥β∗∥1 ≤ ⟨∂β̂,θ⟩, which is the definition of the sub-differential,
and (b) follows from the optimality of β̂.

From the convexity of Huber loss, the first term of the left-hand side of (62) is positive
and we have

0 ≤
n∑
i=1

λo
√
nŵ′

ih(rβ∗,i)X
⊤
i θη + ηλs(∥β∗∥1 − ∥β̂∥1). (63)

From (33), the first term of the right-hand side of (63) is evaluated as

n∑
i=1

λo
√
nŵ′

ih(rβ∗,i)X
⊤
i θη ≤ ra,1r1 + ra,2r2 + ra,ΣrΣ

(a)

≤
(
cr1
cr2

√
sra,1 + ra,2 +

1

cr2
ra,Σ

)
∥θη∥2

(b)

≤ 1√
s

(
cr1
cr2

√
sra,1 + ra,2 +

1

cr2
ra,Σ

)
∥θη∥1, (64)

where (a) follows from r1 = cr1
√
srΣ and r2 = cr2rΣ and (b) follows from the assumption

of this section, ∥θη∥2 ≤ ∥θη∥1/
√
s. From (63), (64) and the assumption ∥θη∥2 ≤ ∥θη∥1/

√
s,

we have

0 ≤
(
ra,2√
s
+
cr1
√
sra,1 + ra,Σ
cr2
√
s

)
∥θη∥1 + ηλs(∥β∗∥1 − ∥β̂∥1).
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Define Ja as the index set of non-zero entries of a, and θη,Ja as a vector such that θη,Ja |i =
θη|i for i ∈ Ja and θη,Ja |i = 0 for i /∈ Ja. Furthermore, we see

0 ≤
(
ra,2√
s
+
cr1
√
sra,1 + ra,Σ
cr2
√
s

)
∥θη∥1 + ηλs(∥β∗∥1 − ∥β̂∥1)

≤
(
ra,2√
s
+
cr1
√
sra,1 + ra,Σ
cr2
√
s

)
(∥θη,Jβ∗∥1 + ∥θη,J c

β∗∥1) + ηλs(∥β∗
Jβ∗ − β̂Jβ∗∥1 − ∥β̂J c

β∗∥1)

=

(
λs +

(
ra,2√
s
+
cr1
√
sra,1 + ra,Σ
cr2
√
s

))
∥θη,Jβ∗∥1 +

(
−λs +

(
ra,2√
s
+
cr1
√
sra,1 + ra,Σ
cr2
√
s

))
∥θη,J c

β∗∥1.

Then, we have

∥θη,J c
β∗∥1 ≤

λs +
(
ra,2√
s
+

cr1
√
sra,1+ra,Σ
cr2

√
s

)
λs −

(
ra,2√
s
+

cr1
√
sra,1+ra,Σ
cr2

√
s

)∥θη,Jβ∗∥1
(a)

≤
λs +

(
ra,1 +

cr2ra,2+ra,Σ
cr1

√
s

)
λs −

(
ra,1 +

cr2ra,2+ra,Σ
cr1

√
s

)∥θη,Jβ∗∥1
(b)

≤ cRE∥θη,Jβ∗∥1,

where (a) follows from the fact that cr2 ≥ cr1 and (b) follows from (35), and from the
definition of ∥θ♯2η ∥1 and ∥θ♯1η ∥1, we have

∥θ♯2η ∥1 ≤ cRE∥θ♯1η ∥1.

Then, from the standard shelling argument, we have

∥θ♯2η ∥22 =
d∑

i=s+1

(θ♯η|i)2 ≤
d∑

i=s+1

∣∣∣θ♯η|i∣∣∣
1

s

s∑
j=1

∣∣∣θ♯η|j∣∣∣
 ≤ 1

s
∥θ♯1η ∥1∥θ♯2η ∥1 ≤

cRE∥θ♯1η ∥21
s

≤ cRE∥θ♯1η ∥22.

and from the definition of κl, we have

κ2l ∥θη∥22 ≤ κ2l
(
∥θ♯1η ∥22 + ∥θ♯2η ∥22

)
≤ κ2l (1 + cRE)∥θ♯1η ∥22 ≤ (1 + cRE)∥Σ

1
2θη∥22

C.1.2 Case II

In Section C.1.2, suppose that ∥θη∥2 ≥ ∥θη∥1/
√
s.

∥θ♯2η ∥22 =
d∑

i=s+1

(θ♯η|i)2 ≤
d∑

i=s+1

∣∣∣θ♯η|i∣∣∣
1

s

s∑
j=1

∣∣∣θ♯η|j∣∣∣
 ≤ 1

s
∥θ♯1η ∥1∥θ♯2η ∥1 ≤ ∥θ♯1η ∥2∥θη∥2.

Then, we have

∥θη∥22 ≤ ∥θ♯1η ∥22 + ∥θ♯2η ∥22 ≤ ∥θ♯1η ∥2∥θη∥2 + ∥θ♯1η ∥2∥θη∥2 ⇒ ∥θη∥2 ≤ 2∥θ♯1η ∥2,

and we have

∥θη∥2 ≤ 2∥θ♯1η ∥2 ≤
2

κl
∥Σ

1
2θ♯1η ∥2 ≤

2

κl
∥Σ

1
2θ∥2.
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C.2 Proof of Lemma 44

From the same argument of the proof of Lemma 43, we have (63). From (33), the first term
of the right-hand side of (63) is evaluated as

n∑
i=1

λo
√
nŵ′

ih(rβ∗,i)X
⊤
i θη ≤ ra,1r1 + ra,2r2 + ra,ΣrΣ

(a)

≤
(
ra,1 +

cr2
cr1
√
s
ra,2 +

1

cr1
√
s
ra,Σ

)
∥θη∥1. (65)

where (a) follows from r1 = cr1
√
srΣ and r2 = cr2rΣ. From (63) and (65), we have

0 ≤
(
ra,1 +

cr2ra,2 + ra,Σ
cr1
√
s

)
∥θη∥1 + ηλs(∥β∗∥1 − ∥β̂∥1).

Furthermore, we see

0 ≤
(
ra,1 +

cr2ra,2 + ra,Σ
cr1
√
s

)
∥θη∥1 + ηλs(∥β∗∥1 − ∥β̂∥1)

≤
(
ra,1 +

cr2ra,2 + ra,Σ
cr1
√
s

)
(∥θη,Jβ∗∥1 + ∥θη,J c

β∗∥1) + ηλs(∥β∗
Jβ∗ − β̂Jβ∗∥1 − ∥β̂J c

β∗∥1)

=

(
λs +

(
ra,1 +

cr2ra,2 + ra,Σ
cr1
√
s

))
∥θη,Jβ∗∥1 +

(
−λs +

(
ra,1 +

cr2ra,2 + ra,Σ
cr1
√
s

))
∥θη,J c

β∗∥1.

Then, we have

∥θη,J c
β∗∥1 ≤

λs +
(
ra,1 +

cr2ra,2+ra,Σ
cr1

√
s

)
λs −

(
ra,1 +

cr2ra,2+ra,Σ
cr1

√
s

)∥θη,Jβ∗∥1
(a)

≤ cRE∥θη,Jβ∗∥1, (66)

where (a) follows from (35), and we have

∥θη∥1 = ∥θη,Jβ∗∥1 + ∥θη,J c
β∗∥1 ≤ (1 + cRE)∥θη,Jβ∗∥1 ≤ (1 + cRE)

√
s∥θη,Jβ∗∥2.

From (66) and the restricted eigenvalue condition, we have

∥θη∥1 ≤ (1 + cRE)
√
s∥θη,Jβ∗∥2 ≤

1 + cRE

r

√
s∥Σ

1
2θη∥2.

C.3 Proof of Lemma 45

From the same argument of the proof of Lemma 43, we have (63). From (63), we have

n∑
i=1

λo
√
nŵ′

i

(
−h(rβ∗+θη ,i) + h(rβ∗,i)

)
X⊤
i θη ≤

n∑
i=1

λo
√
nŵ′

ih(rβ∗,i)X
⊤
i θη + ηλs(∥β∗∥1 − ∥β̂∥1).

(67)

40



Outlier Robust and Sparse Estimation of Linear Regression Coefficients

We evaluate each term of (67). From (34), the left-hand side of (67) is evaluated as

n∑
i=1

λo
√
nŵ′

i

(
−h(rβ∗+θη ,i) + h(rβ∗,i)

)
X⊤
i θη ≥ b∥Σ

1
2θη∥22 − rb,1r1 − rb,2r2 − rb,ΣrΣ

(a)

≥ b∥Σ
1
2θη∥22 −

(
cr1
√
srb,1 − cr2rb,2 − rb,Σ

)
∥Σ

1
2θη∥2,

where (a) follows from r1 = cr1
√
srΣ and r2 = cr2rΣ . From (33), the first term of the

right-hand side of (67) is evaluated as

n∑
i=1

λo
√
nŵ′

ih(rβ∗,i)X
⊤
i θη ≤ ra,1r1 + ra,2r2 + ra,ΣrΣ

(a)

≤
(
cr1
√
sra,1 + cr2ra,2 + ra,Σ

)
∥Σ

1
2θη∥2,

where (a) follows from r1 = cr1
√
srΣ and r2 = cr2rΣ. The second term of the right-hand

side of (67) is evaluated as

ηλs(∥β∗∥1 − ∥β̂∥1) ≤ λs∥θη∥1
(a)

≤ cr1
√
sλs∥Σ

1
2θη∥2,

where (a) follows from r1 = cr1
√
srΣ.

Combining the inequalities above, we have

b∥Σ
1
2θη∥22 ≤

(
cr1
√
s(ra,1 + rb,1) + cr2(ra,2 + rb,2) + ra,Σ + rb,Σ + cr1

√
sλs
)
∥Σ

1
2θη∥2,

and from ∥Σ 1
2θη∥2 ≥ 0, we have

∥Σ
1
2θη∥2 ≤

1

b

(
cr1
√
s(ra,1 + rb,1) + cr2(ra,2 + rb,2) + ra,Σ + rb,Σ + cr1

√
sλs
)
,

and the proof is complete.

Appendix D. Proof of Proposition 21

In Appendix D, we prove Proposition 21.

D.1 Step1

We derive a contradiction if ∥θ∥1 > r1, ∥θ∥2 > r2 and ∥Σ 1
2θ∥2 > rΣ hold. Assume that

∥θ∥1 > r1, ∥θ∥2 > r2 and ∥Σ 1
2θ∥2 > rΣ. Then we can find η1, η2, η

′
2 ∈ (0, 1) such that

∥θη1∥1 = r1, ∥θη2∥2 = r2 and ∥Σ 1
2θη′2∥2 = rΣ hold. Define η3 = min{η1, η2, η′2}. We consider

the case η3 = η′2 in Section D.1.1, the case η3 = η2 in Section D.1.2, and the case η3 = η1
in Section D.1.3.
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D.1.1 Step 1(a)

Assume that η3 = η′2. We see that ∥Σ 1
2θη3∥2 = rΣ, ∥θη3∥1 ≤ r1 and ∥θη3∥2 ≤ r2 hold.

Then, from Lemma 45, we have

∥Σ
1
2θη3∥2 ≤

1

b

(
cr1
√
s(ra,1 + rb,1) + cr2(ra,2 + rb,2) + ra,Σ + rb,Σ + cr1

√
sλs
)
.

The case η3 = η′2 is a contradiction from ∥Σ 1
2θη3∥2 = rΣ and (36).

D.1.2 Step 1(b)

Assume that η3 = η2. We see that ∥Σ 1
2θη3∥2 ≤ rΣ, ∥θη3∥1 ≤ r1 and ∥θη3∥2 = r2 hold.

Then, from Lemma 43, we have

∥θη3∥2 ≤
3 + cRE

κl
∥Σ

1
2θη3∥2 ≤

3 + cRE

κl
rΣ.

The case η3 = η2 is a contradiction from ∥θη3∥2 = r2 and (36).

D.1.3 Step 1(c)

Assume that η3 = η1. We see that ∥Σ 1
2θη3∥2 ≤ rΣ, ∥θη3∥1 = r1 and ∥θη3∥2 ≤ r2 hold.

Then, from Lemma 44, for η = η3, we have

∥θη3∥1 ≤
1 + cRE

r

√
s∥Σ

1
2θη3∥2 ≤

1 + cRE

r

√
srΣ.

The case η3 = η1 is a contradiction from ∥θη3∥1 = r1 and (36).

D.2 Step 2
From the arguments in Section D.1, we have that ∥Σ 1

2θ∥2 ≤ rΣ or ∥θ∥1 ≤ r1 or ∥θ∥2 ≤ r2
holds.

(a) In Section D.2.1, assume that ∥Σ 1
2θ∥2 ≤ rΣ and ∥θ∥1 > r1 and ∥θ∥2 > r2 hold and

then derive a contradiction.

(b) In Section D.2.2, assume that ∥Σ 1
2θ∥2 > rΣ and ∥θ∥1 ≤ r1 and ∥θ∥2 > r2 hold and

then derive a contradiction.

(c) In Section D.2.3, assume that ∥Σ 1
2θ∥2 > rΣ and ∥θ∥1 > r1 and ∥θ∥2 ≤ r2 hold and

then derive a contradiction.

(d) In Section D.2.4, assume that ∥Σ 1
2θ∥2 > rΣ and ∥θ∥1 ≤ r1 and ∥θ∥2 ≤ r2 hold and

then derive a contradiction.

(e) In Section D.2.5, assume that ∥Σ 1
2θ∥2 ≤ rΣ and ∥θ∥1 > r1 and ∥θ∥2 ≤ r2 hold and

then derive a contradiction.

(f) In Section D.2.6, assume that ∥Σ 1
2θ∥2 ≤ rΣ and ∥θ∥1 ≤ r1 and ∥θ∥2 > r2 hold and

then derive a contradiction.
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Finally, we have

∥Σ
1
2 (β̂ − β∗)∥2 ≤ rΣ, ∥β̂ − β∗∥2 ≤ r2, and ∥β̂ − β∗∥1 ≤ r1,

and the proof is complete.

D.2.1 Step 2(a)

Assume that ∥Σ 1
2θ∥2 ≤ rΣ and ∥θ∥1 > r1 and ∥θ∥2 > r2 hold, and then we can find

η4, η
′
4 ∈ (0, 1) such that ∥θη4∥1 = r1 and ∥θη′4∥2 = r2 hold. We note that ∥Σ 1

2θη4∥2 ≤ rΣ

and ∥Σ 1
2θη′4∥2 ≤ rΣ also hold. Then, from the same arguments as in Sections D.1.2 and

D.1.3, we have a contradiction.

D.2.2 Step 2(b)

Assume that ∥Σ 1
2θ∥2 > rΣ and ∥θ∥1 ≤ r1 and ∥θ∥2 > r2 hold, and then we can find

η5, η
′
5 ∈ (0, 1) such that ∥Σ 1

2θη5∥2 = rΣ and ∥θη′5∥2 = r2 hold. We note that ∥θη5∥1 ≤ r1
and ∥θη′5∥1 ≤ r1 also hold. Then, from the same arguments as in Sections D.1.1 and D.1.2,
we have a contradiction.

D.2.3 Step 2(c)

Assume that ∥Σ 1
2θ∥2 > rΣ and ∥θ∥1 > r1 and ∥θ∥2 ≤ r2 hold, and then we can find

η6, η
′
6 ∈ (0, 1) such that ∥θη6∥1 = r1 and ∥Σ 1

2θη′6∥2 = rΣ hold. We note that ∥θη6∥2 ≤ r2
and ∥θη′6∥2 ≤ r2 also hold. Then, from the same arguments as in Sections D.1.1 and D.1.3,
we have a contradiction.

D.2.4 Step 2(d)

Assume that ∥Σ 1
2θ∥2 > rΣ and ∥θ∥1 ≤ r1 and ∥θ∥2 ≤ r2 hold, and then we can find

η7 ∈ (0, 1) such that ∥Σ 1
2θη7∥2 = rΣ holds. We note that ∥θη7∥1 ≤ r1 and ∥θη7∥2 ≤ r2 also

hold. Then, from the same arguments as in Section D.1.1, we have a contradiction.

D.2.5 Step 2(e)

Assume that ∥Σ 1
2θ∥2 ≤ rΣ and ∥θ∥1 > r1 and ∥θ∥2 ≤ r2 hold, and then we can find

η8 ∈ (0, 1) such that ∥θη8∥1 = r1 holds. We note that ∥Σ 1
2θη8∥2 ≤ rΣ and ∥θη8∥2 ≤ r2 also

hold. Then, from the same arguments as in Section D.1.3, we have a contradiction.

D.2.6 Step 2(f)

Assume that ∥Σ 1
2θ∥2 ≤ rΣ and ∥θ∥1 ≤ r1 and ∥θ∥2 > r2 hold, and then we can find

η9 ∈ (0, 1) such that ∥θη9∥2 = r2 holds. We note that ∥Σ 1
2θη9∥2 ≤ rΣ and ∥θη9∥1 ≤ r1 also

hold. Then, from the same arguments as in Section D.1.2, we have a contradiction.

Appendix E. Proofs of Lemmas 27, 34, 36 and 38
In Section E, we prove Lemmas 27, 34, 36 and 38.
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E.1 Proof of Lemma 27
We assume |I<| > 2εn, and then we derive a contradiction. From the constraint about wi,
we have 0 ≤ wi ≤ 1

(1−ε)n for any i ∈ {1, · · · , n} and we have

n∑
i=1

wi =
∑
i∈I<

wi +
∑
i∈I≥

wi

≤ |I< | ×
1

2n
+ (n− |I<|)×

1

(1− ε)n

= 2εn× 1

2n
+ (|I<| − 2εn)× 1 + ε

2n
+ (n− 2εn)× 1

(1− ε)n
+ (2εn− |I<|)×

1

(1− ε)n

= ε+ (n− 2εn)× 1

(1− ε)n
+ (|I<| − 2εn)×

(
1

2n
− 1

(1− ε)n

)
< ε+

n− 2εn

(1− ε)n

= ε+
1− 2ε

1− ε

≤ 1− ε− ε2

1− ε
< 1.

This is a contradiction because
∑n

i=1wi = 1. Then, we have |I<| ≤ 2εn.

E.2 Proofs of Lemmas 34, 36 and 38
In Section E.2, we prove Lemmas 34, 36 and 38.

E.2.1 Proof of Lemma 34

The following argument is essentially identical to a part of the proof of Proposition 9 of
Bellec (2019). We note that

r1Bd1 ∩ rΣBdΣ ⊂ 2r1Bd1 ∩ rΣBdΣ = 2r1

(
1× Bd1 ∩

rΣ
2r1

BdΣ
)
,

and we have

E sup
v∈r1Bd

1∩rΣBd
Σ

⟨Σ
1
2g,v⟩ ≤ E sup

v∈2r1
(
1×Bd

1∩
rΣ
2r1

Bd
Σ

)⟨Σ 1
2g,v⟩.

Let {u1, · · · ,ud} be the columns of Σ 1
2
⊤. Then, we have

E sup
v∈2r1

(
1×Bd

1∩
rΣ
2r1

Bd
Σ

)⟨Σ 1
2g,v⟩ ≤ E sup

v∈2r1
(
conv({±u1,··· ,±ud})∩

rΣ
2r1

Bd
2

)⟨g,v⟩
≤ E sup

v∈2r1ρ
(
conv

(
1
ρ
{±u1,··· ,±ud}

)
∩ rΣ

2r1
Bd
2

)⟨g,v⟩.
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From Proposition 1 of Bellec (2019), we have

E sup
v∈2r1ρ

(
conv

(
1
ρ
{±u1,··· ,±ud}

)
∩ rΣ

2r1
Bd
2

)⟨g,v⟩ ≤ 4ρr1

√√√√log

(
4ed

(
rΣ
2r1

)2
)

(a)

≤ 4ρr1

√
log

(
ed

s

)
(b)

≤ Cρr1
√
log(d/s),

where (a) follows from rΣ/r1 ≤ 1/
√
s, and (b) follows from d/s ≥ 3.

E.2.2 Proof of Lemma 36

First, we prove (47). For any v ∈ r1Bd1 ∩ r2Bd2, we see that

v

r2
∈
{
v ∈ Rd | ∥v∥2 ≤ 1, ∥v∥1 ≤

r1
r2

}
=
r1
r2
Bd1 ∩ Bd2.

From Lemma 3.1 of Plan and Vershynin (2013), we have

r1
r2
Bd1 ∩ Bd2 ⊂ 2conv

((
r1
r2

)2

Bd0 ∩ Bd2

)
,

and

v

r2
∈ 2conv

((
r1
r2

)2

Bd0 ∩ Bd2

)
. (68)

From the definition of convex hull, this means

v

r2
= 2

a∑
i=1

λiai.

for some {λi}ai=1 and {ai}ai=1 such that
∑a

i=1 λi = 1, λi ≥ 0 and ai ∈
(
r1
r2

)2
Bd0 ∩Bd2 for any

i ∈ {1, · · · , a}. We note that

∥r2ai∥0 ≤
(
r1
r2

)2

, ∥r2ai∥2 ≤ r2. (69)

From (68) and (69), we see

v ∈ 2conv

((
r1
r2

)2

Bd0 ∩ r2Bd2

)
.

Then the proof of (47) is complete. Identifying the vectors and the matrices, the proof of
(46) is also complete.
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E.2.3 Proof of Lemma 38

We note that∫ ∞

0

x

ex
dx = 1,

∫ ∞

0

√
x

ex
dx ≤

∫ 1

0

1

ex
dx+

∫ ∞

0

x

ex
dx ≤

[
−1
ex

]∞
0

+ 1 = 2. (70)

First, we evaluate γ1(s2Bd×d0 ∩r22B
d×d
F , ∥·∥F). From a standard entropy bound from chaining

theory Lemma D.17 of Oymak (2018), we have

γ1(s
2Bd×d0 ∩ r22Bd×dF , ∥ · ∥F) ≤ C

∫ r22

0
logN(s2Bd×d0 ∩ r22Bd×dF , ϵ)dϵ,

where N(s2Bd×d0 ∩r22B
d×d
F , ϵ) is the covering number of s2Bd×d0 ∩r22B

d×d
F , that is the minimal

cardinality of an ϵ-net of s2Bd×d0 ∩ r22B
d×d
F . From Lemma 36 and d/s ≥ 3, we have∫ r22

0
logN(s2Bd×d0 ∩ r22Bd×dF , ϵ)dϵ ≤ C

∫ r22

0
s2 log r22

9d2

ϵs2
dϵ

= Cs2
∫ r22

0

(
log(9d2/s2) + log(r22/ϵ)

)
dϵ

= Cs2
(
r22 log(9d

2/s2) + r22

∫ ∞

1

x

ex
dx

)
≤ Cs2

(
r22 log(9d

2/s2) + r22

∫ ∞

0

x

ex
dx

)
(a)
= Cs2

(
r22 log(9d

2/s2) + r22
)

(b)

≤ Cs2r22 log(d/s),

where (a) follows from (70), and (b) follows from 3 ≤ d/s. Consequently, we have
γ1(s

2Bd×d0 ∩ r22Bd×dF , ∥ · ∥F) ≤ Cs2r22 log(d/s).

Second, we evaluate γ2(s
2Bd×d0 ∩ r22B

d×d
F , ∥ · ∥F). From similar argument of the case

γ1(s
2Bd×d0 ∩ r22B

d×d
F , ∥ · ∥F), we have∫ r22

0

√
logN(s2Bd×d0 ∩ r22B

d×d
F , ϵ)dϵ ≤ C

∫ r22

0
s

√
log r22

9d2

ϵs2
dϵ

(a)

≤ C

(
s

∫ r22

0

√
log(d/s) +

∫ r22

1

√
log

r22
ϵ
dϵ

)

≤ C

(
sr22
√
log(d/s) +

∫ r22

1

√
log

r22
ϵ
dϵ

)

≤ C

(
sr22
√
log(d/s) +

∫ r22

0

√
log

r22
ϵ
dϵ

)

= C

(
sr22
√

log(d/s) +

∫ ∞

0

√
x

ex
dx

)
(b)

≤ Csr22
√
log(d/s),
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where (a) follows from triangular inequality, and (b) follows from (70) and d/s ≥ 3.

Appendix F. Proofs of Corollary 28 and Propositions 23, 24, 25, 29 and
30

Define

Mℓ1,ℓ2
r1,r2,d,v

= {M ∈ S(d) : M = vv⊤,v ∈ Rd, ∥v∥1 ≤ r1, ∥v∥2 ≤ r2}.

F.1 Proof of Corollary 28

First, we prove (39). We see that, for any M ∈Mℓ1,Tr
r1,r2,d

,

∣∣∣∣∣ 1n
n∑
i=1

⟨xix⊤
i ,M⟩

∣∣∣∣∣ ≤
∣∣∣∣∣ 1n

n∑
i=1

⟨xix⊤
i − Σ,M⟩

∣∣∣∣∣+ |⟨Σ,M⟩|
≤

∣∣∣∣∣ 1n
n∑
i=1

⟨xix⊤
i − Σ,M⟩

∣∣∣∣∣+Σ2
maxr

2
2, (71)

where we use Hölder’s inequality. From (50) and (71), with probability at least 1 − δ, we
have

max
M∈Mℓ1,Tr

r1,r2,d

∣∣∣∣∣ 1n
n∑
i=1

⟨xix⊤
i ,M⟩

∣∣∣∣∣ ≤ C(Lκu)2 (srd,s + rδ) r
2
2 +Σ2

maxr
2
2.

Next, we prove (40). Remember (51), we have

max
M∈Mℓ1,Tr

r1,r2,d

n∑
i=1

ŵi⟨XiX
⊤
i ,M⟩

(a)

≤ max
M∈Mℓ1,Tr

r1,r2,d

n∑
i=1

w◦
i ⟨XiX

⊤
i ,M⟩

=
1

1− o/n
max

M∈Mℓ1,Tr
r1,r2,d

n∑
i=1

1

n
⟨xix⊤

i ,M⟩, (72)

where (a) follows from the optimality of {ŵi}ni=1 and {w◦
i }ni=1 ∈ ∆n−1(ε). From (39), (72)

and 1/(1− o/n) ≤ 2, with probability at least 1− δ, we have

max
M∈Mℓ1,Tr

r1,r2,d

n∑
i=1

ŵi⟨XiX
⊤
i ,M⟩ ≤ C

(
(Lκu)

2 (srd,s + rδ) + Σ2
max

)
r22,

and from L ≥ 1, the proof is complete.
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F.2 Proof of Proposition 23

We have

max
v∈r1Bd

1∩r2Bd
2

∣∣∣∣∣∑
i∈O

ŵ′
iuiX

⊤
i v

∣∣∣∣∣ (a)≤ max
v∈2conv

((
r1
r2

)2
Bd
0∩r2Bd

2

)
∣∣∣∣∣∑
i∈O

ŵ′
iuiX

⊤
i v

∣∣∣∣∣
≤ max

v∈conv
((

r1
r2

)2
Bd
0∩r2Bd

2

) 2

∣∣∣∣∣∑
i∈O

ŵ′
iuiX

⊤
i v

∣∣∣∣∣
(b)

≤ 2 max
v∈

(
r1
r2

)2
Bd
0∩r2Bd

2

∣∣∣∣∣∑
i∈O

ŵ′
iuiX

⊤
i v

∣∣∣∣∣ ,

where (a) follows from Lemma 36, and (b) follows from Lemma D.8 of Oymak (2018). We
note that, for any v ∈ Rd,

∣∣∣∣∣∑
i∈O

ŵ′
iuiX

⊤
i v

∣∣∣∣∣
2
(a)

≤ 4
o

n

∑
i∈O

ŵ′
i|X⊤

i v|2
(b)

≤ 8
o

n

∑
i∈O

ŵi|X⊤
i v|2, (73)

where (a) follows from Hölder’s inequality and
∑

i∈O u
2
i ≤ 4o, and (b) follows from the fact

that ŵ′
i ≤ 2ŵi for any i ∈ (1, · · · , n). We focus on

∑
i∈O ŵi|X⊤

i v|2.
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First, we have

max
v∈

(
r1
r2

)2
Bd
0∩r2Bd

2

∑
i∈O

ŵi|X⊤
i v|2

= max
v∈

(
r1
r2

)2
Bd
0∩r2Bd

2

∑
i∈O

ŵi⟨XiX
⊤
i ,vv

⊤⟩

≤ max
v∈

(
r1
r2

)2
Bd
0∩r2Bd

2

n∑
i=1

ŵi⟨XiX
⊤
i ,vv

⊤⟩ − max
v∈

(
r1
r2

)2
Bd
0∩r2Bd

2

∑
i∈I

ŵi⟨XiX
⊤
i ,vv

⊤⟩

= max
v∈

(
r1
r2

)2
Bd
0∩r2Bd

2

n∑
i=1

ŵi⟨XiX
⊤
i ,vv

⊤⟩ − max
v∈

(
r1
r2

)2
Bd
0∩r2Bd

2

∑
i∈I

ŵi⟨xix⊤
i ,vv

⊤⟩

= max
v∈

(
r1
r2

)2
Bd
0∩r2Bd

2

n∑
i=1

ŵi⟨XiX
⊤
i − Σ,vv⊤⟩ − max

v∈
(

r1
r2

)2
Bd
0∩r2Bd

2

∑
i∈I

ŵi⟨xix⊤
i − Σ,vv⊤⟩

+ max
v∈

(
r1
r2

)2
Bd
0∩r2Bd

2

∑
i∈O

ŵi⟨Σ,vv⊤⟩

≤ max
v∈conv

((
r1
r2

)2
Bd
0∩r2Bd

2

)
n∑
i=1

ŵi⟨XiX
⊤
i − Σ,vv⊤⟩ − max

v∈conv
((

r1
r2

)2
Bd
0∩r2Bd

2

)∑
i∈I

ŵi⟨xix⊤
i − Σ,vv⊤⟩

+ max
v∈

(
r1
r2

)2
Bd
0∩r2Bd

2

∑
i∈O

ŵi⟨Σ,vv⊤⟩

(a)

≤ max
v∈r1Bd∩r2Bd

2

n∑
i=1

ŵi⟨XiX
⊤
i − Σ,vv⊤⟩ − max

v∈r1Bd∩r2Bd
2

∑
i∈I

ŵi⟨xix⊤
i − Σ,vv⊤⟩+ max

v∈sBd
0∩r2Bd

2

∑
i∈O

ŵi⟨Σ,vv⊤⟩

(b)

≤ max
M∈Mℓ1,Tr

r1,r2,d

n∑
i=1

ŵi⟨XiX
⊤
i − Σ,M⟩ − max

M∈Mℓ1,Tr
r1,r2,d

∑
i∈I

ŵi⟨xix⊤
i − Σ,M⟩+ max

v∈sBd
0∩r2Bd

2

∑
i∈O

ŵi⟨Σ,vv⊤⟩,

(74)

where (a) follows from Lemma 36 and r1/r2 ≤
√
s, and (b) follows from Mℓ1,ℓ2

r1,r2,d,v
⊂Mℓ1,Tr

r1,r2,d

because Tr(M) = Tr(vv⊤) = ∥v∥22 for M ∈ Mℓ1,ℓ2
r1,r2,d,v

. We note that, from 1/(1 − ε) ≤ 2
and matrix Hölder’s inequality,

max
v∈sBd

0∩r2Bd
2

∑
i∈O

ŵi⟨Σ,vv⊤⟩
(a)

≤ 2
o

n
max

v∈sBd
0∩r2Bd

2

∑
i∈O
⟨Σ,vv⊤⟩

(b)

≤ 2κ2ur
′
or

2
2. (75)

where (a) follows from ŵ′
i ≤ 1/(1 − ε) ≤ 2, and (b) follows from o/n ≤ 1/(5e) and the

definition of κu. From (74) and (75), we have∑
i∈O

ŵi|X⊤
i v|2 ≤ max

M∈Mℓ1,Tr
r1,r2,d

n∑
i=1

ŵi⟨XiX
⊤
i − Σ,M⟩+ max

M∈Mℓ1,Tr
r1,r2,d

∣∣∣∣∣∑
i∈I

ŵi⟨xix⊤
i − Σ,M⟩

∣∣∣∣∣+ 2κ2ur
′
or

2
2

≤ τcut + max
M∈Mℓ1,Tr

r1,r2,d

∣∣∣∣∣∑
i∈I

ŵi⟨xix⊤
i − Σ,M⟩

∣∣∣∣∣+ 2κ2ur
′
or

2
2, (76)
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where the last line follows from the assumption of success of Algorithm 2.

Next, we consider the second term of right-hand side of (76). We have 1−o/n
1−ε ≤ 2 because

ε = cε × o
n with 1 ≤ cε < 2 and o/n ≤ 1/(5e)(≤ 1/3), and we have

max
M∈Mℓ1,Tr

r1,r2,d

∣∣∣∣∣∑
i∈I

ŵi⟨xix⊤
i − Σ,M⟩

∣∣∣∣∣ =∑
j∈I

ŵj max
M∈Mℓ1,Tr

r1,r2,d

∣∣∣∣∣∑
i∈I

ŵi∑
j∈I ŵj

⟨xix⊤
i − Σ,M⟩

∣∣∣∣∣
≤ 1− o/n

1− ε
max

M∈Mℓ1,Tr
r1,r2,d

∣∣∣∣∣∑
i∈I

ŵi∑
j∈I ŵj

⟨xix⊤
i − Σ,M⟩

∣∣∣∣∣
≤ 2 max

M∈Mℓ1,Tr
r1,r2,d

∣∣∣∣∣∑
i∈I

ŵi∑
j∈I ŵj

⟨xix⊤
i − Σ,M⟩

∣∣∣∣∣ .

Define the following three sets:

∆I(ε+ o/n) =

{
(w1, . . . , wn) | 0 ≤ wi ≤

1

n{1− (ε+ o/n)}
,
∑
i∈I

wi =
n∑
i=1

wi = 1,

}
,

∆I(3o/n) =

{
(w1, . . . , wn) | 0 ≤ wi ≤

1

n(1− 3o/n)
,
∑
i∈I

wi =

n∑
i=1

wi = 1

}
,

∆n−1(3o/n) =

{
(w1, . . . , wn) | 0 ≤ wi ≤

1

n(1− 3o/n)
,

n∑
i=1

wi = 1

}
.

From
∑

j∈I ŵj ≥ 1− o
n(1−ε) =

1−ε−o/n
1−ε , for any i ∈ I, we have 0 ≤ ŵi∑

j∈I ŵj
≤ 1

n(1−(ε+o/n)) ,
and from ε = cε × o/n with 1 ≤ cε < 2, we have ∆I(ε + o/n) ⊂ ∆I(3o/n) ⊂ ∆n−1(3o/n).
Therefore, we have

max
M∈Mℓ1,Tr

r1,r2,d

∣∣∣∣∣∑
i∈I

ŵi∑
j∈I ŵj

⟨xix⊤
i − Σ,M⟩

∣∣∣∣∣ ≤ max
w∈∆I(ε+o/n)

max
M∈Mℓ1,Tr

r1,r2,d

∣∣∣∣∣∑
i∈I

wi⟨xix⊤
i − Σ,M⟩

∣∣∣∣∣
≤ max

w∈∆n−1(3o/n)
max

M∈Mℓ1,Tr
r1,r2,d

∣∣∣∣∣
n∑
i=1

wi⟨xix⊤
i − Σ,M⟩

∣∣∣∣∣ .
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From Lemma 1 of Dalalyan and Minasyan (2022) and 1/(1 − 3o/n) ≤ 1/(1 − 3/(5e)) ≤ 2,
we have

max
w∈∆n−1(3o/n)

max
M∈Mℓ1,Tr

r1,r2,d

∣∣∣∣∣
n∑
i=1

wi⟨xix⊤
i − Σ,M⟩

∣∣∣∣∣
≤ max

|J |=n−3o
max

M∈Mℓ1,Tr
r1,r2,d

∣∣∣∣∣∑
i∈J

1

n(1− 3o/n)
⟨xix⊤

i − Σ,M⟩

∣∣∣∣∣
≤ 2 max

|J |=n−3o
max

M∈Mℓ1,Tr
r1,r2,d

∣∣∣∣∣∑
i∈J

1

n
⟨xix⊤

i − Σ,M⟩

∣∣∣∣∣
≤ 2

 max
M∈Mℓ1,Tr

r1,r2,d

∣∣∣∣∣
n∑
i=1

⟨xix⊤
i − Σ,M⟩
n

∣∣∣∣∣+ max
M∈Mℓ1,Tr

r1,r2,d

∣∣∣∣∣∑
i∈J

⟨xix⊤
i − Σ,M⟩
n

∣∣∣∣∣
 .

Consequently, from almost the same calculation for (54), we have

max
M∈Mℓ1,Tr

r1,r2,d

∣∣∣∣∣∑
i∈I

ŵi⟨xix⊤
i − Σ,M⟩

∣∣∣∣∣ ≤ CLκ2u (srd,s + rδ + r′o
)
r22. (77)

Lastly, from (73), (76) and (77), we have∣∣∣∣∣∑
i∈O

ŵiuiX
⊤
i v

∣∣∣∣∣ ≤ C
√
o

n

√
τcut + (Lκ)2u (srd,s + rδ + r′o) r

2
2 + κ2ur

′
or

2
2

(a)

≤ CL
√
1 + ccut

√
o

n

√
κ2usrd,sr

2
2 + κ2urδr

2
2 + κ2ur

′
or

2
2

(b)

≤ CL
√
1 + ccutκu

(√
o

n

(√
srd,s +

√
rδ
)
+ ro

)
r2,

where (a) follows from the definition of τcut, and (b) follows from triangular inequality, and
the proof is complete.

F.3 Proof of Proposition 24
From log n

m ≥ 1 and arguments similar to the proof of Proposition 23, we have

∑
i∈Im

uix
⊤
i v ≤ CL

√
m

n

√
κ2u

(
srd,sr

2
2 + rδr

2
2 +

m

n
log

n

m
r22

)
+ κ2u

m

n
r22

(a)

≤ CL

√
(1 + 2cε)o

n
κu

√
srd,sr

2
2 + rδr

2
2 +

(1 + 2cε)o

n
log

n

(1 + 2cε)o
r22

(b)

≤ CL
√
1 + 2cεκu

√
o

n

√
srd,sr

2
2 + rδr

2
2 +

o

n
log

n

o
r22.

where (a) follows from the fact that 0 < x < 1/e, x log(1/x) is increasing, and (b) follows
from log 1

1+2cε
≤ 1 ≤ log n

o . From triangular inequality, the proof is complete.
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F.4 Proof of Proposition 25
First, we introduce Lemma 46, which is used in the proof of Proposition 25.

Lemma 46 Suppose that (i) of Assumption 2 or Assumption 3 holds. Define {ai}ni=1 as a
sequence of i.i.d. Rademacher random variables which are independent of {xi}ni=1. Then,
we have

E sup
v∈r1Bd

1∩rΣBd
Σ

∣∣∣∣∣ 1n
n∑
i=1

aix
⊤
i v

∣∣∣∣∣ ≤ Lρrd,sr1.
Proof Define E∗ as the conditional expectation of {ai}ni=1 given {xi}ni=1. From Exercise
2.2.2 of Talagrand (2014), for any v0 ∈ r1Bd1 ∩ rΣBdΣ, we have

E∗ sup
v∈r1Bd

1∩rΣBd
Σ

∣∣∣∣∣ 1n
n∑
i=1

aix
⊤
i v

∣∣∣∣∣ ≤ 2E∗ sup
v∈r1Bd

1∩rΣBd
Σ

1

n

n∑
i=1

aix
⊤
i v + E

∣∣∣∣∣ 1n
n∑
i=1

aix
⊤
i v0

∣∣∣∣∣ ,
and taking v0 = 0, we have

E∗ sup
v∈r1Bd

1∩rΣBd
Σ

∣∣∣∣∣ 1n
n∑
i=1

aix
⊤
i v

∣∣∣∣∣ ≤ 2E∗ sup
v∈r1Bd

1∩rΣBd
Σ

1

n

n∑
i=1

aix
⊤
i v. (78)

Taking the expectation with respect to {xi}ni=1 on both sides of (78), we have

E sup
v∈r1Bd

1∩rΣBd
Σ

∣∣∣∣∣ 1n
n∑
i=1

aix
⊤
i v

∣∣∣∣∣ ≤ 2E sup
v∈r1Bd

1∩rΣBd
Σ

1

n

n∑
i=1

aix
⊤
i v. (79)

For any i and any v1,v2 ∈ r1Bd1 ∩ rΣBdΣ we have

∥⟨aixi,v1 − v2⟩∥ψ2

(a)

≤ ∥⟨xi,v1 − v2⟩∥ψ2

(b)

≤ L∥⟨xi,v1 − v2⟩∥L2 , (80)

where (a) follows from |ai| = 1 and the definition of ∥ · ∥ψ2 and (b) follows from (9), and
we see that ⟨aixi,v⟩ is a subGaussian random variable. Then, from Proposition 2.6.1 of
Vershynin (2018), we have∥∥∥∥∥

〈
1

n

n∑
i=1

aixi,v1 − v2

〉∥∥∥∥∥
2

ψ2

≤ C
n∑
i=1

∥∥∥〈aixi
n
,v1 − v2

〉∥∥∥2
ψ2

(a)

≤ C
L2

n
∥ ⟨x,v1 − v2⟩ ∥2L2

,(81)

where (a) follows from (80). From the assumption on x, we have

∥ ⟨x,v1 − v2⟩ ∥2L2
= ∥⟨Σ

1
2 ,v1 − v2⟩∥22 = ∥⟨Σ

1
2g,v1 − v2⟩∥2L2

. (82)

From (81) and (82), we have∥∥∥∥∥
〈
1

n

n∑
i=1

aixi,v1 − v2

〉∥∥∥∥∥
ψ2

≤ C L√
n
∥⟨Σ

1
2g,v1 − v2⟩∥L2 .

52



Outlier Robust and Sparse Estimation of Linear Regression Coefficients

Then, from Corollary 8.6.2 of Vershynin (2018), we have

E sup
v∈r1Bd

1∩rΣBd
Σ

〈
1

n

n∑
i=1

aixi,v

〉
≤ C L√

n
E sup

v∈r1Bd
1∩rΣBd

Σ

⟨Σ
1
2g,v⟩.

Then, from Lemma 34 and (79), the proof is complete.

Then, we proceed the proof of Proposition 25. The left-hand side of (38) divided by λ2o
can be expressed as

n∑
i=1

(−h(ξλo,i − xv,i) + h (ξλo,i))xv,i.

From the convexity of Huber loss, for any a, b ∈ R, we have

H(a)−H(b) ≥ h(b)(a− b) and H(b)−H(a) ≥ h(a)(b− a),

and we have

0 ≤ (h(a)− h(b)) (a− b). (83)

Let IEi be the indicator function of the event

Ei := (|ξλo,i| ≤ 1/2) ∩ (|xv,i| ≤ 1/2).

From (83), we have
n∑
i=1

(−h(ξλo,i − xv,i) + h (ξλo,i))xv,i ≥
n∑
i=1

(−h(ξλo,i − xv,i) + h (ξλo,i))xv,iIEi =

n∑
i=1

x2v,iIEi .

Define the functions

φ(x) =


x2 if |x| ≤ 1/4

(x− 1/2)2 if 1/4 ≤ x ≤ 1/2

(x+ 1/2)2 if − 1/2 ≤ x ≤ −1/4
0 if |x| > 1/2

and ψ(x) = I(|x|≤1/2),

where I(|x|≤1/2) is the indicator function of the event |x| ≤ 1/2. Let fi(v) = φ(xv,i)ψ(ξλo,i)
and we have

n∑
i=1

x2v,iIEi

(a)

≥
n∑
i=1

φ(xv,i)ψ(ξλo,i) =

n∑
i=1

fi(v), (84)

where (a) follows from φ(v) ≤ v2 for |v| ≤ 1/2. We note that

fi(v) ≤ φ(xv,i) ≤ min
(
x2v,i, 1

)
. (85)
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To bound
∑n

i=1 fi(v) from below, we have

inf
v∈r1Bd

1∩rΣBd
Σ

n∑
i=1

fi(v) ≥ inf
v∈r1Bd

1∩rΣBd
Σ

E
n∑
i=1

f(v)− sup
v∈r1Bd

1∩rΣBd
Σ

∣∣∣ n∑
i=1

fi(v)− E
n∑
i=1

fi(v)
∣∣∣

Define the supremum of a random process indexed by r1Bd1 ∩ rΣBdΣ:

∆ := sup
v∈r1Bd

1∩rΣBd
Σ

∣∣∣∣∣
n∑
i=1

fi(v)− E
n∑
i=1

fi(v)

∣∣∣∣∣ . (86)

Define

I|xv,i|≥1/2 and I|ξλo,i|≥1/2

as the indicator functions of the events |xv,i| ≥ 1/2 and |ξλo,i| ≥ 1/2, respectively. From
IEi = 1− I|xv,i|≥1/2 − I|ξλo,i|>1/2 and (84), we have

n∑
i=1

x2v,iIEi ≥ E
n∑
i=1

fi(v) ≥
n∑
i=1

Ex2v,i −
n∑
i=1

Ex2v,iI|xv,i|≥1/2 −
n∑
i=1

Ex2v,iI|ξλo,i|≥1/2

≥ ∥Σ
1
2v∥22
λ2o

−
n∑
i=1

Ex2v,iI|xv,i|≥1/2 −
n∑
i=1

Ex2v,iI|ξλo,i|≥1/2. (87)

We note that, from (10)

E(x⊤
i v)

4 ≤ 16L4∥Σ
1
2v∥42. (88)

We evaluate the right-hand side of (87) at each term. First, for any v ∈ r1Bd1 ∩ rΣBdΣ, we
have

n∑
i=1

Ex2v,iI|xv,i|≥1/2

(a)

≤
n∑
i=1

√
Ex4v,i

√
EI|xv,i|≥1/2

(b)
=

n∑
i=1

√
Ex4v,i

√
P (|xv,i| ≥ 1/2)

(c)

≤
n∑
i=1

√
Ex4v,i

√√√√2 exp

(
− λ2on

c2LL
2∥Σ

1
2v∥22

)

(d)

≤ 4

λ2o
L2∥Σ

1
2v∥22

√√√√2 exp

(
− λ2on

L2∥Σ
1
2v∥22

)
(e)

≤ 1

3λ2o
∥Σ

1
2v∥22, (89)

where (a) follows from Hölder’s inequality, (b) follows from the relation between indicator
function and expectation, (c) follows from (12), (d) follows from (88) and the definition of
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L, and (e) follows from the assumption on n. Second, for any v ∈ r1Bd1 ∩ rΣBdΣ, we have

n∑
i=1

Ex2v,iI|ξλo,i|≥1/2

(a)

≤
n∑
i=1

√
Ex4v,i

√
EI|ξλo,i|≥1/2

(b)
=

n∑
i=1

√
Ex4v,i

√
P(|ξλo,i| ≥ 1/2)

=
1

λ2o

√
E(v⊤xi)4

√
P(|ξλo,i| ≥ 1/2)

(c)

≤ 4L2

λ2o

√
P(|ξλo,i| ≥ 1/2)∥Σ

1
2v∥22

(d)

≤ 1

3λ2o
∥Σ

1
2v∥22, (90)

where (a) follows from Hölder’s inequality, (b) follows from relation between indicator func-
tion and expectation, and (c) follows from (88), and (d) follows from (14). Consequently,
from (89) and (90) we have

∥Σ
1
2v∥22
3λ2o

−∆ ≤
n∑
i=1

(−h(ξλo,i − xv,i) + h (ξλo,i))xv,i. (91)

Next, we evaluate the stochastic term ∆ defined in (86). From (85) and Theorem 3 of
Massart (2000), with probability at least 1− δ, we have

∆ ≤ 2E∆+ σf
√
8 log(1/δ) + 18 log(1/δ), (92)

where

σ2f = sup
v∈r1Bd

1∩rΣBd
Σ

n∑
i=1

E(fi(v)− Efi(v))2.

From (85) and (88), we have

E(fi(v)− Efi(v))2 ≤ Ef2i (v) ≤ Efi(v) ≤ Ex2v,i ≤
L2∥Σ

1
2v∥22

λ2on
.

Combining this and (92), with probability at least 1− δ, we have

∆ ≤ 2E∆+
L

λo

√
8 log(1/δ)∥Σ

1
2v∥2 + 18 log(1/δ). (93)

From symmetrization inequality (Theorem 11.4 of Boucheron et al. (2013)), we have
E∆ ≤ 2E supv∈r1Bd

1∩rΣBd
Σ
|Gv| ≤ 2E supv∈r1Bd

1∩rΣBd
Σ
|Gv|, where

Gv :=

n∑
i=1

aiφ(xv,i)ψ(ξλo,i),
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and {ai}ni=1 is a sequence of i.i.d. Rademacher random variables which are independent of
{xi, ξi}ni=1. We denote E∗ as a conditional expectation of {ai}ni=1 given {xi, ξi}ni=1. Since φ
is 1-Lipschitz and φ(0) = 0, from contraction principle (Theorem 11.5 of Boucheron et al.
(2013)), we have

E∗ sup
v∈r1Bd

1∩rΣBd
Σ

∣∣∣∣∣
n∑
i=1

aiφ(xv,i)ψ(ξλo,i)

∣∣∣∣∣ ≤ 1

2λo
√
n
E∗ sup

v∈r1Bd
1∩rΣBd

Σ

∣∣∣∣∣
n∑
i=1

aix
⊤
i v

∣∣∣∣∣ .
and from the basic property of the expectation, we have

E sup
v∈r1Bd

1∩rΣBd
Σ

∣∣∣∣∣
n∑
i=1

aiφ(xv,i)ψ(ξλo,i)

∣∣∣∣∣ ≤ 1

2λo
√
n
E sup

v∈r1Bd
1∩rΣBd

Σ

∣∣∣∣∣
n∑
i=1

aix
⊤
i v

∣∣∣∣∣ .
From Lemma 46, we have

λ2oE∆ ≤ λ2oE sup
v∈r1Bd

1∩rΣBd
Σ

∣∣∣∣∣
n∑
i=1

aiφ(xv,i)ψ(ξλo,i)

∣∣∣∣∣ ≤ CLλo√nρr1rd,s. (94)

From (93) and (94), we have

λ2o∆ ≤ CLλo
√
nρrd,sr1 + CLλo

√
log(1/δ)rΣ + Cλ2onr

2
δ

(a)

≤ CLλo
√
n(ρrd,sr1 + rδrΣ), (95)

where (a) follows from λo
√
nrδ ≤ rΣ and L ≥ 1. From (91) and (95), we have

inf
v∈r1Bd

1∩rΣBd
Σ

λ2o

n∑
i=1

(−h(ξλo,i − xv,i) + h (ξλo,i))xv,i ≥
∥Σ

1
2v∥22
3

− CLλo
√
n(ρrd,sr1 + rδrΣ),

and the proof is complete.

F.5 Proof of Proposition 29

We note that ∣∣∣∣∣∑
i∈O

ŵ′
iuiX

⊤
i v

∣∣∣∣∣
2
(a)

≤ 4
o

n

n∑
i∈O

ŵ′
i|X⊤

i v|2
(b)

≤ 8
o

n

n∑
i=1

ŵi|X⊤
i v|2,

where (a) follows from Hölder’s inequality and
∑

i∈O u
2
i ≤ 4o, and (b) follows from the

fact that ŵ′
i ≤ 2ŵi for any i ∈ (1, · · · , n). We focus on

∑n
i=1 ŵi|X⊤

i v|2. First, for any
v ∈ r1Bd1 ∩ r2Bd2, we have

n∑
i=1

ŵi|X⊤
i v|2

(a)

≤ max
M∈Mℓ1,Tr

r1,r2,d

n∑
i=1

ŵi⟨XiX
⊤
i ,M⟩

(b)

≤ τcut,
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where (a) follows from the fact that Mℓ1,ℓ2
r1,r2,d,v

⊂Mℓ1,Tr
r1,r2,d

and (b) follows from the succeeding
condition of Algorithm 5.

Combining the arguments above, we have∑
i∈O

ŵiX
⊤
i v ≤ CL

√
ccut

√
o

n

√
κ2u (srd,s + rδ) + Σ2

maxr2,

where we use the definition of τcut and the proof is complete.

F.6 Proof of Proposition 30
We note that, from Hölder’s inequality, we have∣∣∣∣∣∑

i∈Im

uix
⊤
i v

n

∣∣∣∣∣
2
(a)

≤
∑
i∈Im

1

n
u2i

n∑
i=1

1

n
|x⊤
i v|2

(b)

≤ 4
m

n

n∑
i=1

1

n
|x⊤
i v|2,

where (a) follows from Hölder’s inequality, and (b) follows from the fact that ∥u∥22 ≤ 4m.
From the fact that Mℓ1,ℓ2

r1,r2,d,v
⊂Mℓ1,Tr

r1,r2,d
, we have

n∑
i=1

(x⊤
i v)

2

n
≤ sup

M∈Mℓ1,Tr
r1,r2,d

n∑
i=1

⟨xix⊤
i ,M⟩
n

.

From Corollary 28 and triangular inequality, we have∑
i∈Im

uix
⊤
i v ≤

√
c′1
m

n

√
(Lκu)2 (srd,s + rδ) + Σ2

maxr2

(a)

≤ CL

√
o

n

√
κ2u (srd,s + rδ) + Σ2

maxr2,

where (a) follows from m ≤ (2cε + 1)o and L ≥ 1, and the proof is complete.

Appendix G. Proof of Lemmas 39, 40, 41 and 42
Proof [Proof of Lemma 39] From the triangular inequality, we have∣∣∣∣∣
n∑
i=1

ŵ′
ih(rβ∗,i)X

⊤
i θη

∣∣∣∣∣ ≤
∣∣∣∣∣∑
i∈I

ŵ′
ih(rβ∗,i)X

⊤
i θη

∣∣∣∣∣+
∣∣∣∣∣∑
i∈O

ŵ′
ih(rβ∗,i)X

⊤
i θη

∣∣∣∣∣
=

∣∣∣∣∣∑
i∈I

ŵ′
ih(ξλo,i)x

⊤
i θη

∣∣∣∣∣+
∣∣∣∣∣∑
i∈O

ŵ′
ih(rβ∗,i)X

⊤
i θη

∣∣∣∣∣
=

∣∣∣∣∣∣
n∑
i=1

1

n
h(ξλo,i)x

⊤
i θη −

∑
i∈O∪(I∩I<)

1

n
h(ξλo,i)x

⊤
i θη

∣∣∣∣∣∣+
∣∣∣∣∣∑
i∈O

ŵ′
ih(rβ∗,i)X

⊤
i θη

∣∣∣∣∣
≤

∣∣∣∣∣
n∑
i=1

1

n
h(ξλo,i)x

⊤
i θη

∣∣∣∣∣+
∣∣∣∣∣∑
i∈O

ŵ′
ih(ξλo,i)X

⊤
i θη

∣∣∣∣∣+
∣∣∣∣∣∣

∑
i∈O∪(I∩I<)

1

n
h(rβ∗,i)x

⊤
i θη

∣∣∣∣∣∣ .
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We note that |h(·)| ≤ 1 and from Lemma 27, |O ∪ (I ∩ I<) | ≤ (1 + 2cε)o. Therefore, from
Propositions 22 - 24, we have

∣∣∣∣∣
n∑
i=1

1

n
h(ξλo,i)x

⊤
i θη

∣∣∣∣∣ ≤ c3L (ρrd,sr1 + rδrΣ)∣∣∣∣∣∑
i∈O

1

n
h(ξλo,i)x

⊤
i θη

∣∣∣∣∣ ≤ c4L√1 + ccut

(
κu

√
o

n

(√
srd,s +

√
rδ
)
r2 + κuror2

)
∣∣∣∣∣∣

∑
i∈O∪(I∩I<)

1

n
h(rβ∗,i)x

⊤
i θη

∣∣∣∣∣∣ ≤ c5L
(
κu

√
o

n

(√
srd,s +

√
rδ
)
r2 + κuror2

)
,

and we see that

∣∣∣∣∣
n∑
i=1

ŵ′
ih(rβ∗,i)X

⊤
i θη

∣∣∣∣∣ ≤ 3c2maxL

(
ρrd,sr1 + rδrΣ + κu

√
o

n

(√
srd,s +

√
rδ
)
r2 + κuror2

)
.

Proof [Proof of Lemma 40] We have

n∑
i=1

λo
√
nŵ′

i

(
−h(rβ∗+θη ,i) + h(rβ∗,i)

)
X⊤
i θη

=
∑
i∈I

λo
√
nŵ′

i

(
−h(rβ∗+θη ,i) + h(rβ∗,i)

)
X⊤
i θη +

∑
i∈O

λo
√
nŵ′

i

(
−h(rβ∗+θη ,i) + h(rβ∗,i)

)
X⊤
i θη

=
∑
i∈I

λo
√
nŵ′

i

(
−h(ξλo,i − xθη ,i) + h(ξλo,i)

)
x⊤
i θη +

∑
i∈O

λo
√
nŵ′

i

(
−h(rβ∗+θη ,i) + h(rβ∗,i)

)
X⊤
i θη

=

 n∑
i=1

−
∑

i∈O∪(I∩I<)

 λo√
n

(
−h(ξλo,i − xθη ,i) + h(ξλo,i)

)
x⊤
i θη

+
∑
i∈O

λo
√
nŵ′

i

(
−h(rβ∗+θη ,i) + h(rβ∗,i)

)
X⊤
i θη

≥
n∑
i=1

λo√
n

(
−h(ξλo,i − xθη ,i) + h(ξλo,i)

)
x⊤
i θη −

∣∣∣∣∣∣
∑

i∈O∪(I∩I<)

λo√
n

(
−h(ξλo,i − xθη ,i) + h(ξλo,i)

)
x⊤
i θη

∣∣∣∣∣∣
−

∣∣∣∣∣∑
i∈O

λo
√
nŵ′

i

(
−h(rβ∗+θη ,i) + h(rβ∗,i)

)
X⊤
i θη

∣∣∣∣∣ .
58



Outlier Robust and Sparse Estimation of Linear Regression Coefficients

We note that |h(·)| ≤ 1 and from Lemma 27, |O∪(I ∩ I<) | ≤ (1+2cε)o. From Propositions
25, Propositions 23 and 24, we have

n∑
i=1

λo√
n

(
−h(ξλo,i − xθη ,i) + h(ξλo,i)

)
x⊤
i θη ≥

∥Σ
1
2v∥22
3

r22 − cmaxLλo
√
n (ρrd,sr1 + rδrΣ)∣∣∣∣∣∑

i∈O
λo
√
nŵ′

i

(
−h(rβ∗+θη ,i) + h(rβ∗,i)

)
X⊤
i θη

∣∣∣∣∣ ≤ c2maxLλo
√
n

(
κu

√
o

n

(√
srd,s +

√
rδ
)
r2 + κuror2

)
∣∣∣∣∣∣

∑
i∈O∪(I∩I<)

λo√
n

(
−h(ξλo,i − xθη ,i) + h(ξλo,i)

)
x⊤
i θη

∣∣∣∣∣∣ ≤ c2maxLλo
√
n

(
κu

√
o

n

(√
srd,s +

√
rδ
)
r2 + κuror2

)
.

Combining the arguments above, we see that

n∑
i=1

λo
√
nŵ′

i

(
−h(rβ∗+θη ,i) + h(rβ∗,i)

)
X⊤
i θη

≥ ∥Σ
1
2v∥22
3

− c2maxLλo
√
n

(
ρrd,sr1 + rδrΣ + κu

√
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√
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)
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)
,

and the proof is complete.

Proof [Proof of Lemma 41] From the triangular inequality, we have

∣∣∣∣∣
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ŵ′
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i θη
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We note that |h(·)| ≤ 1 and from Lemma 27, |O ∪ (I ∩ I<) | ≤ (1 + 2c′ε)o. Therefore, from
Propositions 22, 29 and 30, we have

∣∣∣∣∣
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1

n
h(ξλo,i)x

⊤
i θη
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1
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i θη
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√
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and we see that
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.

Proof [Proof of Lemma 42] We have
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nŵ′

i

(
−h(rβ∗+θη ,i) + h(rβ∗,i)

)
X⊤
i θη

=
∑
i∈I

λo
√
nŵ′
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We note that |h(·)| ≤ 1 and from Lemma 27, |O ∪ (I ∩ I<) | ≤ (1 + 2cε)o. Therefore, from
Proposition 25, we have

n∑
i=1

λo√
n
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)
x⊤
i θη ≥
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κ2u (srd,s + rδ) + κ2ur2,∣∣∣∣∣∣

∑
i∈O∪(I∩I<)

λo√
n

(
−h(ξλo,i − xθη ,i) + h(ξλo,i)

)
x⊤
i θη

∣∣∣∣∣∣ ≤ c8√ccutL
√
o

n

√
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Combining the arguments above, we see that

n∑
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nŵ′

i

(
−h(rβ∗+θη ,i) + h(rβ∗,i)

)
X⊤
i θη

≥ ∥Σ
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√
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√
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κ2u (srd,s + rδ) + κ2ur2

)
,

and the proof is complete.

Appendix H. Proof of Corollary 17
The proof of Corollary 17 is almost the same as the one of Theorem 15. The difference lies
in using Corollary 47 instead of Corollary 28. The proof of Corollary 47 is in Section H.1.

Corollary 47 Suppose that Assumption 3, and rd, rδ ≤ 1, 0 < r1, r2, r1/r2 ≤
√
s hold.

Define c10 and c11 as numerical constants. Then, with probability at least 1− δ, we have

max
M∈Mℓ1,Tr

r1,r2,d

n∑
i=1

〈
xix

⊤
i ,M

〉
n

≤ c10(L2 + ρ2)
(
s (rd,s + rδ) + Σ2

max

)
r22. (96)

Additionally, assume that ε = cε × (o/n), where 1 ≤ cε < 2 and (0 <)o/n ≤ 1/2 hold, then,
with probability at least 1− δ, we have

max
M∈Mℓ1,Tr

r1,r2,d

n∑
i=1

ŵi

〈
XiX

⊤
i ,M

〉
≤ c11(L2 + ρ2)

(
s (rd,s + rδ) + Σ2

max

)
r22, (97)

where {ŵ}ni=1 is a solution of (25).

As a result, Propositions 29 and 30 used in the proof of Theorem 15 will be replaced
Corollaries 48 and 49, respectively.
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Corollary 48 Suppose that the assumptions in Corollary 47 hold. Set

τcut = ccut
(
L2
(
s (rd,s + rδ) + Σ2

max

)
r22
)
,

where ccut ≥ c11, and suppose that (97) holds and that Algorithm 5 returns ŵ. For any
u ∈ Rn such that ∥u∥∞ ≤ 2 and for any v ∈ r1Bd1 ∩ r2Bd2, we have the following:∣∣∣∣∣∑

i∈O
ŵ′
iuiX

⊤
i v

∣∣∣∣∣ ≤ c12√ccut(L+ ρ)

√
o

n

√
s (rd + rδ) + Σ2

maxr2,

where c12 is a numerical constant.

Corollary 49 Suppose that the assumptions in Corollary 47 hold. Then, for any m ∈ N
such that m ≤ (2cε + 1)o, where cε is some numerical constant such that 1 ≤ cε < 2, for
any u ∈ Rn such that ∥u∥∞ ≤ 2 and for any v ∈ r1Bd1 ∩ r2Bd2, we have the following:∣∣∣∣∣∑

i∈Im

1

n
uix

⊤
i v

∣∣∣∣∣ ≤ c13(L+ ρ)

√
o

n

√
s (rd + rδ) + Σ2

maxr2,

where c13 is a numerical constant that depends on c10 and cε.

Lastly, we define c′′max.

Definition 50 Define

c′′max = max (1, c3, c6, c12
√
ccut, c13) .

The steps to derive Corollaries 48 and 49 from Corollary 47 are almost the same as those
used to derive Propositions 29 and 30 from Corollary 28. Therefore, the proofs of Corollaries
48 and 49 are omitted. Additionally, since the proof of Theorem 17 is almost identical to
that of Theorem 15, the proof of Theorem 17 is also omitted.

H.1 Proof of Proposition 47
First, we prove (96). This proof is based on a simple union bound. First, we have

max
M∈Mℓ1,Tr

r1,r2,d

n∑
i=1

〈
xix

⊤
i ,M

〉
n

≤ max
M∈Mℓ1,Tr

r1,r2,d

∣∣∣∣∣
〈

n∑
i=1

xix
⊤
i

n
− Σ,M

〉∣∣∣∣∣+ max
M∈Mℓ1,Tr

r1,r2,d

|⟨Σ,M⟩|

(a)

≤

∥∥∥∥∥
n∑
i=1

xix
⊤
i

n
− Σ

∥∥∥∥∥
∞

r21 +Σ2
maxr

2
2,

where (a) follows from Hölder’s inequality. We note that the (k, l)-element of xix
⊤
i is

xi|k × xi|l and its mean is Σk,l. Then, we have

∥xi|k × xi|l − Σk,l∥ψ1 ≲ ∥xi|k × xi|l∥ψ1 + ρ2
(a)

≤ C∥xi|k∥ψ2∥xi|l∥ψ2 + ρ2
(b)

≤ C(L2 + ρ2),
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where (a) (b) follows from (9). Then, from Theorem 2.8.1 of Vershynin (2018), we have

P

(∣∣∣∣∣ 1n
n∑
i=1

xi|k × xi|l − Σk,l

∣∣∣∣∣ ≤ C(L2 + ρ2)

(√
log(1/t)

n
+

log(1/t)

n

))
≥ 1− t.

Let t = δ2/d2 and from union bound, we have

P

(∥∥∥∥∥
n∑
i=1

xix
⊤
i

n
− Σ

∥∥∥∥∥
∞

≤ C(L2 + ρ2)

(√
log(d/δ)

n
+

log(d/δ)

n

))
≥ 1− δ2.

From the fact that 0 < δ < 1, r21/r22 ≤ s and log(d/δ)/n ≤ 1, we complete the proof of
(96). The proof of (97) is almost the same to the one of (40). Therefore, the proof of (97)
is omitted.

Appendix I. Proof of Corollary 18
For the proof of Corollary 18, the following Proposition 51 plays an important role, whose
proof is in Section 56:

Proposition 51 Suppose that Assumption 3 holds. Furthermore, suppose that (31) holds.
Then, for any u ∈ Rn such that ∥u∥∞ ≤ 2 and for any v ∈ r1Bd1 ∩ rΣBdΣ, we have the
following: ∣∣∣∣∣∑

i∈O

1

n
uix

⊤
i v

∣∣∣∣∣ ≤ c14L (ρrd,sr1 + (rδ + ro)rΣ) ,

where c14 is a numerical constant.

Additionally, we define c′′′max.

Definition 52 Define

c′′′max = max (1, c3, c6, c14) .

Then we proceed to the proof of Corollary 18. The proof is similar to those of Theorems
13 and 15. To prove Corollary 18, it is sufficient to confirm Proposition 6.2 with {X}ni=1 =
{x}ni=1 and {ŵ′

i}ni=1 = {1/n}ni=1, in other words, we will confirm (98), (99), (100) and (101)
in the following Proposition 53 under the assumptions in Corollary 18.

Proposition 53 Suppose that, for any θη ∈ r1Bd1 ∩ r2Bd2 ∩ rΣBdΣ,∣∣∣∣∣λo√n 1n
n∑
i=1

h(rβ∗,i)x
⊤
i θη

∣∣∣∣∣ ≤ ra,1r1 + ra,2r2 + ra,ΣrΣ, (98)

b∥Σ
1
2θη∥22 − rb,2r2 − rb,ΣrΣ − rb,1r1 ≤

1

n

n∑
i=1

λo
√
n
(
−h(rβ∗+θη ,i) + h(rβ∗,i)

)
x⊤
i θη, (99)
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where ra,1, ra,2, ra,Σ, rb,1, rb,2, rb,Σ ≥ 0, b > 0 are some numbers. Suppose that Exix⊤
i = Σ

satisfies RE(s, cRE , r), κl > 0, and

λs −
(
ra,1 +

cr2ra,2 + ra,Σ
cr1
√
s

)
> 0,

λs +
(
ra,1 +

cr2ra,2+ra,Σ
cr1

√
s

)
λs −

(
ra,1 +

cr2ra,2+ra,Σ
cr1

√
s

) ≤ cRE, (100)

rΣ ≥
2

b

(
cr1
√
s(ra,1 + rb,1) + cr2(ra,2 + rb,2) + ra,Σ + rb,Σ + cr1

√
sλs
)
, r1 = cr1

√
srΣ, r2 = cr2rΣ

(101)

hold, where cr1 = cnumr1 (1 + cRE)/r, cr2 = cnumr2 (3 + cRE)/κl, min{cnumr1 , cnumr2 } ≥ 2 and
cr1/cr2 ≤ 1. Then, we have the following:

∥β∗ − β̂∥1 ≤ r1, ∥β∗ − β̂∥2 ≤ r2, ∥Σ
1
2 (β∗ − β̂)∥2 ≤ rΣ.

I.1 Confirmation of (33)

From the following lemma, we can confirm (33). The proof is given in Appendix G.

Lemma 54 Assume that Propositions 20 and 51 hold. For any θη ∈ r1Bd1 ∩ r2Bd2 ∩ rΣBdΣ,
we have ∣∣∣∣∣ 1n

n∑
i=1

h(rβ∗,i)x
⊤
i θη

∣∣∣∣∣ ≤ 2c′′′2maxL (ρrd,sr1 + (rδ + ro)rΣ) .

From Lemma 54, we see that (33) holds with

ra,1 = 2c′′′2maxλo
√
nLρrd,s, ra,2 = 0, ra,Σ = 2c′′′2maxλo

√
nL(rδ + ro). (102)

I.2 Confirmation of (35)

From (102),

(Cs :=)ra,1 +
cr2ra,2 + ra,Σ

cr1
√
s

= 2c′′′2maxLλo
√
n× 1

cr1
√
s
R′′′
d,n,o.

From the definition of λs,

λs
Cs
≥
csc

′′′2
maxLλo

√
n 1
cr1

√
s
R′′′
d,n,o

2c′′′2maxLλo
√
n 1
cr1

√
s
R′′′
d,n,o

=
cs
2
≥ cRE + 1

cRE − 1
> 0.

Hence, we have λs − Cs > 0 and

λs + Cs
λs − Cs

=
1 + Cs

λs

1− Cs
λs

≤
1 + cRE−1

cRE+1

1− cRE−1
cRE+1

= cRE.

Therefore, we see that (35) holds.
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I.3 Confirmation of (34)
From the following lemma, we can confirm (34). The proof is given in Appendix I.6.

Lemma 55 Assume that Propositions 25 and 51 hold. For any θη ∈ r1Bd1 ∩ r2Bd2 ∩ rΣBdΣ,
we have

1

n

n∑
i=1

λo
√
n
(
−h(rβ∗+θη ,i) + h(rβ∗,i)

)
x⊤
i θη ≥

∥Σ
1
2v∥22
3

− 3c′′′maxλo
√
nL (ρrd,sr1 + (rδ + ro)rΣ) .

From Lemma 55, we see that (34) holds with

b =
1

3
, rb,1 =

3

2
ra,1, rb,2 = 0, rb,Σ =

3

2
ra,Σ.

I.4 Confirmation of (36)
As we mentioned at the beginning of Appendix A, r1 = cr1

√
srΣ and r2 = cr2rΣ is clear

from their definitions. We confirm rΣ. We see that
2

b

(
cr1
√
s(ra,1 + rb,1) + cr2(ra,2 + rb,2) + ra,Σ + rb,Σ + cr1

√
sλs
)

≤ 15c′′′2maxLλo
√
n (2 + cs)R

′′′
d,n,o ≤ rΣ,

and the proof is complete.

I.5 Proof of Proposition 51
Before proving Proposition 51, we prove the following proposition:

Proposition 56 Suppose that Assumption 3 holds. Then, with probability at least 1 − t,
we have

sup
v∈r1Bd

1∩rΣBd
Σ

∣∣∣∣∣
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(x⊤
i v)
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t

n
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)
.

(103)

Proof This proof heavily relies on Theorem 5.5 of Dirksen (2015). To apply the theorem,
we note that, from (9), we have the following four inequalities:

max
i=1,··· ,n

∥x⊤
i (v − v′)∥ψ2 ≤ L∥Σ

1
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1
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Then, from the inequalities above, applying Theorem 5.5 of Dirksen (2015), with probability
at least 1− t, we have

sup
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,

where (a) from the majorizing measure theorem (Theorem 2.4.1. of Talagrand (2014)), and
(b) follows from Lemma 34.
Then, we proceed to the proof of Proposition 51. We start from a simple algebra:
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rΣ, (104)

where (a) follows from Hölder’s inequality and ∥u∥∞ ≤ 2, and (b) follows from triangu-
lar inequality. Then, we focus on evaluating supv∈r1Bd
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∑
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2, in a
manner similar to the proof of (32). From (103), we have
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(105)

with probability at most
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)]

≤
(
n

o

)
e−t,

where {zi}oi=1 is a sequence of i.i.d. random vectors sampled from the same distribution as
{xi}ni=1. Let t = o log(ne/o)+ log(1/δ). From Stirling’s formula, we have

(
n
o

)
e−t ≤ δ. From
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(105), with probability at least 1− δ, we have
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, (106)

where (a) follows from e ≤ n/o and rδ ≤ 1, and (b) follows from Young’s inequality and
again, e ≤ n/o. From (104) and (106), with probability at least 1− δ, we have
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where (a) follows from Young’s inequality and e ≤ n/o and L ≥ 1.

I.6 Proof of Lemmas 54 and 55
Proof [Proof of Lemma 54] From the triangular inequality, we have∣∣∣∣∣ 1n

n∑
i=1
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We note that |h(·)| ≤ 1. From Propositions 22 and 56, we have∣∣∣∣∣
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and we see that ∣∣∣∣∣ 1n
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⊤
i θη
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Proof [Proof of Lemma 55] We have
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We note that |h(·)| ≤ 1 From Propositions 25 and 56, we have
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Combining the arguments above, we see that

1

n

n∑
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λo
√
n
(
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)
x⊤
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and the proof is complete.

Appendix J. Discussion
In this section, we discuss the technical contributions of our paper, as mentioned in Section
2.3, as well as the adaptive setting of the tuning parameters, as mentioned in Remark 19.

J.1 About the Analysis of the ℓ1-Penalized Huber Loss
There are two primary approaches known for analyzing the ℓ1-penalized Huber loss. The
first approach is a direct analysis, where the estimator β̂ for β∗ is defined as

β̂ = argmin
β∈Rd

n∑
i=1

λ2oH

(
yi −X⊤

i β

λo
√
n

)
+ λs∥β∥1.

The second approach involves analyzing the following optimization problem, which provides
the same solution for β̂ as the one above

(β̂, ô) = argmin
β∈Rd,θ∈Rn

1

2n

n∑
i=1

(yi − ⟨Xi,β −
√
no⟩)2 + λo∥o∥1 + λs∥β∥1. (107)
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For the equivalence of these two optimization problems, refer to She and Owen (2011).
In prior work, several studies have applied the ℓ1-penalized Huber loss in situations

where outliers are present. These include Nguyen and Tran (2012); Dalalyan and Thompson
(2019); Thompson (2020); Minsker et al. (2024), all of which adopt the latter approach.
These papers address cases where only the output is contaminated by outliers. However,
it is challenging to extend this approach to situations where outliers also affect the input
because the approach requires evaluating the following quantity:

sup
v∈Rd

1

n

n∑
i=1

⟨xi + ϱi,v⟩ × (ξi + θi). (108)

In the case where ϱi = 0 for all i = 1, · · · , n, that is, when only the output is contaminated
by outliers, this can be effectively evaluated by leveraging the fact that {xi}ni=1 satisfies
a variant of Chevet’s inequality (Proposition 4 of Dalalyan and Thompson (2019)) and
combining this with the penalization on θ in the optimization problem (107). However, when
the input is contaminated, the variant of Chevet’s inequality is not applicable effectively,
making the evaluation much more difficult.

Therefore, in this paper, we adopt the former approach. The former approach is also
employed in papers such as Pensia et al. (2020). Although Pensia et al. (2020) deals with the
case where outliers are present in both the input and output, it does not use an ℓ1 penalty
since β∗ is not sparse. Notably, the analysis of the Huber loss using the former approach is
also adopted in papers such as Sun et al. (2020) and Chen and Zhou (2020). These papers
prove an error bound for ∥β∗ − β̂∥2 by assuming that any large value of ∥β∗ − β̂∥2 would
lead to a contradiction. In this approach, the quantity corresponding to (108) in the latter
approach changes as follows. With a appropriately set to a positive number:

sup
v∈aBd

2

λo
√
n

n

n∑
i=1

⟨xi + ϱi,v⟩ × h
(
ξi + θi
λo
√
n

)
.

There are two advantages to this approach: the first is the restriction on the range of v,
and the second is that ξi+θi is bounded by the derivative of the Huber loss h(·). In Pensia
et al. (2020), when analyzing the above quantity, the fact that −1 ≤ h(·) ≤ 1 is used to
leverage existing algorithms for outlier-robust mean estimation.

However, this approach is insufficient for our purposes because, to fully exploit sparsity,
v needs to be constrained not only in terms of its ℓ2 norm, v ∈ aBd2 but also in terms of
its ℓ1 norm. The technique of proceeding under the assumption that both the ℓ1 and ℓ2
norms are small has been developed in works such as Lugosi and Mendelson (2019); Alquier
et al. (2019); Lecué and Lerasle (2020). However, these papers consider only the case where
the covariance matrix is the identity and do not address cases where the covariance matrix
has a general form. If we forcibly apply this method to our setting, the final predictive
error bound (∥Σ 1

2 (β̂ − β∗)∥2) would involve the inverse of the smallest eigenvalue of the
covariance matrix. In contrast, for standard Lasso, the predictive error typically depends
on the inverse of the restricted eigenvalue (Definition 5), which is generally a larger value
than the smallest eigenvalue. Given the recent interest in predictive error in the context
of overparameterization (for example, Bartlett et al. (2020); Tsigler and Bartlett (2023);
Cheng and Montanari (2022)), we believe that it is important to produce predictive error
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bounds. To this end, we have modified the methods from previous research and developed
an approach that allows us to control v not only with respect to the ℓ1 and ℓ2 norms but
also the predictive norm. As a result, we have obtained results consistent with those of
standard Lasso without outliers. Specifically, we analyze the following expression, where
a, b, c are appropriately chosen positive constants:

sup
v∈aBd

2∩bBd
1∩cBd

Σ

λo
√
n

n

n∑
i=1

⟨xi + ϱi,v⟩ × h
(
ξi + θi
λo
√
n

)
.

This is discussed in Proposition 21. While Proposition 21 is specialized for the ℓ1-penalized
Huber loss, we believe that with techniques from works such as Pan and Zhou (2021);
Chinot et al. (2020), this approach can be extended to other loss functions.

J.2 About Adaptive Tuning of the Tuning Parameter

In this section, we discuss the adaptive setting of the tuning parameter in Corollary 18. For
simplicity, we assume that Eξ2i ≤ σ2 holds and (15) is satisfied. Under these assumptions,
the result of Theorem 18 is given as follows: When (30) holds and we set

24L2σ ≤ λo
√
n, csc

′′′2
maxLλo

√
n

1

cr1
√
s

(
ρcr1
√
srd,s + rδ + ro

)
≤ λs,

then, we have

∥Σ
1
2 (β̂ − β∗)∥2 ≤ 15 (2 + cs) c

′′′2
maxLλo

√
nR′′′

d,n,o

=
15 (2 + cs)

cs
cr1
√
s× λs. (109)

The tuning parameters λo and λs contain many unknown quantities, first, let us assume
that only o/n is unknown. We set λo

√
n = 24L2σ, cs = 3(cRE + 1)/(cRE − 1), and cnumr1 =

cnumr2 = 2. Here, the conditions for λs and the error bound of (109) are organized as follows:

(F (o/n) :=)csc
′′′2
maxLλo

√
n

1

cr1
√
s

(
ρcr1
√
srd,s + rδ + ro

)
≤ λs,

∥Σ
1
2 (β̂ − β∗)∥2 ≤

15 (2 + cs)

cs
cr1
√
s× λs := G(o/n).

Here, note that both F (·) and G(·) are monotonic increasing functions of o/n. In other
words, if o/n can be overestimated, the setting for λs will be successful; however, if the
estimate is too lenient, the error bound will become considerably loose. In this case, Lepskii’s
method Lepskii (1992); Lepski and Spokoiny (1997) can be used to adaptively tune λs. To
do this, we consider applying Lemma 3 from Jain et al. (2022) here. Define a > 1 and

εmax = max

{
1/e, argmax

o/n
(1 ≥ 7co (4 + cs) c

′′′2
max

√
1 + logLL2R′′′

d,n,o)

}
.
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Let K ∈ N be a positive integer and we construct an increasing sequence {a1, · · · , aK+1},
where ai = εmax/a

K+1−i for i = 1, · · · ,K + 1. For ai, i ∈ {1, · · · ,K + 1}, define β̂ai as an
estimator with tuning parameter

λs = F (ai).

We then define an adaptive estimator, β̂ada, as β̂akada , where for all kada ≤ k, the following
condition holds:

∥Σ
1
2 (β̂akada − β̂ak)∥2 ≤ G(akada) +G(ak). (110)

We will explain that β̂ada serves as a good estimator of β∗, following the proof of Lemma
3 in Jain et al. (2022).

Consider an index ko/n ∈ 1, . . . , l such that ako/n ≤ o/n ≤ ako/n+1. For any k ≥ ko/n+1,
it follows with probability at least 1− 3Kδ that

∥Σ1/2(β̂ak − β∗)∥2 ≤ G(ak).

Applying the triangle inequality, we have

∥Σ1/2(β̂ak − β̂ako/n+1
)∥2 ≤ ∥Σ1/2(β̂ak − β∗)∥2 + ∥Σ1/2(β̂ako/n+1

− β∗)∥2 ≤ G(ak) +G(ako/n+1),

where the last inequality holds with probability at least 1−3Kδ. Therefore, by the definition
of β̂ada, we conclude that kada ≤ ko/n + 1 with probability at least 1 − 3Kδ. Again, from
the triangle inequality, we have

∥Σ
1
2 (β̂ada − β∗)∥2 ≤ ∥Σ

1
2 (β̂ada − β̂ako/n−1

)∥2 + ∥Σ
1
2 (β̂ako/n−1

− β∗)∥2
(a)

≤ G(akada) +G(ako/n−1) +G(ako/n−1)

(b)

≤ 3G(ako/n−1), (111)

where (a) follows from (110) and kada ≤ ko/n + 1, and (b) follows from kada ≤ ko/n + 1 and
the fact that G(·) is an increasing function. We note that when K is sufficiently large and
a(> 1) is sufficiently small, the error bound in (111) converges to the one in the case where
o/n is known, except for the need to take δ to be sufficiently small.

However, when there are multiple unknown parameters, this approach does not work
well. Here, we consider the case where not only o/n but also σ is unknown. Let the
true value of o/n be 0.2, and the sequence of candidates for exploration be [0.1, 0.2, 0.3].
Let the true value of σ be 3, and the sequence of candidates for exploration be [1, 2, 3, 4].
We set β∗ = (1, 0 · · · , 0). For simplicity, we assume that n is sufficiently large, such that
ρcr1
√
srd,s + rδ + ro ≤ 1.1ro. Re-define F (·, ·) and G(·, ·) as

F (σ, o/n) := csc
′′′2
maxLλo

√
n

1.1

cr1
√
s
ro,

G(σ, o/n) :=
15 (2 + cs)

cs
cr1
√
s× F (σ, o/n),
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where λo
√
n = 24L2σ. Additionally, we assume that the product of the constant in G(·, ·)

and
√
log(n/o)(≤

√
log(10/3)) is less than or equal to 1.5/1.1. In other words, we can

define G(a, b) = 1.5ab for a ∈ {1, 2, 3, 4} and b ∈ {0.1, 0.2, 0.3}. The estimator where a = i
and b = j will be denoted as β̂i,j .

Here, suppose that the estimate of β∗ is (1.9, 0, · · · , 0) for all combinations of (σ, o/n)
among the candidates. In this case, we note that the estimation is successful for (σ, o/n) =
(3, 0.2), (3, 0.3), (4, 0.2), (4, 0.3), while it fails for all other combinations. However, for a
failed combinations (i, j) = (2, 0.1), since |β̂2,0.1 − β̂3,0.2| = 0 < G(2, 0.1) + G(3, 0.2),
we must conclude that the estimate (1.9, 0, · · · , 0) for (σ, o/n) = (1, 0.1) is valid, similar
to the case where only o/n is unknown. While it is expected that the estimate satisfies
|β̂1,0.1 − β∗| ≤ 3 × G(1, 0.1), it is clear that this inequality does not hold. In other words,
in this case, depending on how we set the sequence of candidate parameters, this constant
factor can be arbitrarily worse. This phenomenon contrasts with the case where only o/n is
unknown, where the quantity corresponding to G(1, 0.1) was bounded by three times that
amount. For a more general discussion on this point, refer to Jain et al. (2022). Of course,
even in more complex settings such as Theorems 13 and 15 and Corollary 17, Lepskii’s
method may fail when multiple parameters are unknown.
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