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Abstract

We consider outlier-robust and sparse estimation of linear regression coefficients, when the
covariates and the noises are contaminated by adversarial outliers and noises are sampled
from a heavy-tailed distribution. Our results present sharper error bounds under weaker
assumptions than prior studies that share similar interests with this study. Our analysis
relies on some sharp concentration inequalities resulting from generic chaining.
Keywords: learning theory, robustness, sparsity, tractability, concentration inequality

1. Introduction

This study considers outlier-robust and sparse estimation of linear regression coefficients.
Consider the following sparse linear regression model:

yl:Xz—rB*+£la Z:1>7n7 (1)

where 8* € R? represents the true coefficient vector with s nonzero elements, {xiti,
denotes a sequence of independent and identically distributed (i.i.d.) random covariate
vectors, and {&;};"; denotes a sequence of i.i.d. random noises. Throughout the present
paper, we assume s > 1 and d/s > 3 for simplicity. There are many studies on estimation
problems of 3* (Tibshirani, 1996; Fan and Li, 2001; Zou and Hastie, 2005; Yuan and Lin,
2006; Candes and Tao, 2007; Bickel et al., 2009; Raskutti et al., 2010; Zhang, 2010; Belloni
et al., 2011; Dalalyan and Chen, 2012; Sivakumar et al., 2015; Su and Candes, 2016; Fan
et al., 2017; Derumigny, 2018; Bellec et al., 2018; Lecué and Mendelson, 2018; Fan et al.,
2021). Let ||v||2 denote the ¢2 norm for a vector v. Especially, using the method in Bellec
et al. (2018), with probability at least 1 — §, we can construct an estimator ,@ such that
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where < is an inequality up to an absolute constant factor, when, for simplicity, {x;} ; and
{& 7, are the sequences of i.i.d. random covariate vectors sampled from the multivariate
Gaussian distribution with Ex; = 0 and Exixj = I, and random noises sampled from the
Gaussian distribution with E& = 0 and ng = 1, respectively.
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This paper considers the situation where {x;,y;};; suffers from malicious outliers. We
allow an adversary to inject outliers into (1), yielding

where X; = x; + g; for i = 1,--- ,n, and {g;}}' ; and {6;}}_, are outliers. Let O be the
index set of outliers. We assume the following.

Assumption 1 Assume that
(i) the adversary can freely choose the index set O;

(11) {oi}ico and {0;}ico are allowed to be correlated freely with each other and with {x;}}_,

(iii) @i = (0,---,0)" and 0; =0 fori € T ={1,2,--- ,n}\ O.

We note that, under Assumption 1, {x;}iez and {&;};c7 are no longer sequences of i.i.d.
random variables because O is freely chosen by an adversary. This type of contamination
by outliers is sometimes called strong contamination, in contrast to Huber contamination
(Diakonikolas and Kane, 2019). Huber contamination is more manageable to tame than
strong contamination because outliers of Huber contamination are not correlated to the
inliers and do not destroy the independence of the inliers. We consider a problem to estimate
B* in (3), and construct a computationally tractable estimator having a property similar
to (2).

We briefly review recent developments in robust and computationally tractable estima-
tors. Chen et al. (2018) derived optimal error bounds for the estimation of means and covari-
ance (scatter) matrices in the presence of outliers and proposed estimators, which achieve
the optimal error bounds. However, these estimators are computationally intractable. Sub-
sequently, Lai et al. (2016) and Diakonikolas et al. (2019b) considered tractable estimators
for similar problem settings. After Lai et al. (2016) and Diakonikolas et al. (2019b), many
outlier-robust tractable estimators have been developed: moment estimation (for exam-
ple, Diakonikolas et al. (2017a); Kothari et al. (2018); Depersin and Lecué (2022); Cheng
et al. (2019b,a); Dong et al. (2019); Lugosi and Mendelson (2021); Dalalyan and Minasyan
(2022)), moment estimation with sparsity (for example, Diakonikolas et al. (2019c¢, 2022b);
Zeng and Shen (2022); Diakonikolas et al. (2022a); Cheng et al. (2022); Prasad et al. (2020)),
linear regression (for example, Balakrishnan et al. (2017); Dalalyan and Thompson (2019);
Diakonikolas et al. (2019d); Chinot (2020); Cherapanamieri et al. (2020); Lecué and Lerasle
(2020); Chinot et al. (2020); Bakshi and Prasad (2021); Liu et al. (2020); Pensia et al. (2020);
Minsker et al. (2024); Merad and Gaiffas (2023); Diakonikolas et al. (2024)), half-space es-
timation (for example, Diakonikolas et al. (2019a); Montasser et al. (2020); Diakonikolas
et al. (2020, 2021)), Gaussian mixture models (for example, Diakonikolas et al. (2018);
Liu and Moitra (2021)). Their primary interests are deriving sharp error bounds, deriving
information-theoretically optimal bounds, and reducing computational complexity. How-
ever, there are few studies on combining outlier-robust properties with sparsity in linear
regression setting (Nguyen and Tran, 2012; Chen et al., 2013; Balakrishnan et al., 2017; Di-
akonikolas et al., 2019¢; Dalalyan and Thompson, 2019; Liu et al., 2020; Chinot, 2020; Gao,
2020; Lecué and Lerasle, 2020; Chinot et al., 2020; Sasai, 2022; Minsker et al., 2024; Merad
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and Gaiffas, 2023; Diakonikolas et al., 2024). Especially, Chen et al. (2013), Balakrishnan
et al. (2017) and Liu et al. (2020) dealt with the estimation problem of 8* from (3) un-
der the assumption of Gaussian and subGaussian tails of {x;, &} ;, with computationally
tractable estimators. Our study can be considered as an extension of these prior studies
from two perspectives: sharpening the error bound and relaxing the assumption with im-
proved analysis. Our estimation method builds on the approach proposed in Pensia et al.
(2020). However, since Pensia et al. (2020) focuses on non-sparse settings, we introduce a
version of the Hanson—Wright inequality and a refined analysis of the ¢1-penalized Huber
loss to incorporate sparsity. Further details are provided in Section 3.2.

The present paper is organized as follows. In Section 2, we present our main results in
rough statements and describe some relationships to previous studies. In Sections 3 and
5, we describe our estimation methods and main results, without proofs. In Section 6, we
describe key propositions, a lemma, and a corollary without proofs. In Section 7, we provide
some proofs of the propositions in Sections 3-6. In Section 8, we provide some numerical
experiments. In the appendices, we provide the proofs that are omitted in Sections 3-7.
In the remainder of this paper, we assume that Assumption 1 holds for outliers, and for
simplicity, 0 < 6 < 1/4.

2. Our Results and Relationship to Previous Studies

We state our results in Section 2.1. We compare our results with previous studies in Section
2.2.

2.1 Our Results

Before showing our results, we introduce some definitions. First, we introduce the t)-
norm, £-subGaussian random variable, affine-transformed coordinate-wise independent £-
subGaussian random vector and £-subGaussian random vector, which are extensions of
subGaussian random variables in high-dimensional settings.

Definition 1 (¢o-norm) For a random variable f, let

[fllge :=inf{n >0 : Eexp(|f/n|*) <2} < oc.

Definition 2 (£-subGaussian random variable) A random variable x € R with mean
Ex = 0 is said to be an £-subGaussian random variable if x satisfies ||x|ly, < £, where £
is a numerical constant such that £ > 1.

Definition 3 (Affine-transformed coordinate-wise independent £-subGaussian random vector)
A random vector x € R% with mean Ex = 0 is said to be an affine-transformed coordinate-

wise independent L£-subGaussian random vector if x = E%z, where z = (z1,-++ ,2q4) 1S a

random vector whose coordinates are independent £-subGaussian random variable and X is

a positive semi-definite matrix.

Definition 4 (£-subGaussian random vector) A random vector x € R? with mean
Ex = 0 is said to be an £-subGaussian random vector if for any fived v € RY,

6, Vs < £ (El(x, V)2 (4)
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where the norm || - ||y, is defined in Definition 1 and £ is a numerical constant such that
£>1.

We note that an affine-transformed coordinate-wise independent £-subGaussian random
vector is an £-subGaussian random vector. Additionally, we note that, for example, the
multivariate Gaussian random vector with covariance [ is an affine-transformed coordinate-
wise independent £-subGaussian random vector with £ = \/8/73 The affine-transformed
coordinate-wise independent £-subGaussian random vector has been used to obtain non-
asymptotic estimation bounds (Bartlett et al., 2020; Tsigler and Bartlett, 2023; Cheng and
Montanari, 2022).

Second, we introduce the restricted eigenvalue condition for 3 (Biihlmann and Van
De Geer, 2011). This allows us to treat covariates with singular covariance, which is typical
of high-dimensional settings. For a vector v € R%, define v|; as the i-th element of v, and
define the ¢1 norm of v as ||v||;. For a vector v € R? and set 7, define v s as a vector such
that vz|; = v|; fori € J and vy|; = 0 for i ¢ J. For a set 7, define J¢ as the complement
set of J. Additionally, for a vector v, define the number of nonzero elements of v as ||v||o.
For a set S, let |S| be the number of elements of S. Let o = |O].

Definition 5 (Restricted eigenvalue condition for ) The covariance matriz Y is said
to satisfy the restricted eigenvalue condition RE(s,crg,t) with some positive constants
CRE,t, if ”Z%VHQ > t||v||2 for any vector v € RP and any set J such that |J| < s and
[vaellr < crellvall

1
22 vl i
Ivelli<crellvzlh V2 ° Lastly, we introduce

the following two quantities related to the minimum/maximum eigenvalues:

For simplicity, we redefine v = infycpa |y, <s,

1 1
_ 122 v]2 _ 1222
Rl = , Ky= sup .
Ivilo<s  [Iv]l2 Ivio<as? IVl

We note that, from the definition, we see that the minimum eigenvalue of ¥ is smaller than

k1. Define p = max;e(1,... d) V i and the maximum eigenvalue of ¥ as ¥,,.x. In the present

paper, we present four main results. For the first and second results, we make the following

assumption on {x;, &} ;:

Assumption 2 Assume that

(i) {xi};—, is a sequence of i.i.d. random wvectors sampled from an affine-transformed

coordinate-wise independent L£-subGaussian random vector with Ex; = 0, ExiTxi =3,
p>1 and k; > 0. Assume that ¥ satisfies RE(s, crg,t) with cgg > 1 and vt < 1;

(i) {& Y, is a sequence of i.i.d. random variables with EE? < o?;

(iii) {&}iy and {x;};—, are independent.
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Define <

Secrp @ an inequality up to an absolute constant factor and crg. Define

p\/slog(d/S) L \/10g(1/5)

Rlasso = -
n n

T
1 log(1
Routrior = 0 \f\/s\/ og(d/s) Jr\/og( /9) + 2 g
K n n n n 0
:)utlier = Hu\/?\/s\/lOg(d/S) + \/log(l/(s) + \/gzmax.
Klyn n n n K]

Our first result is as follows (for a precise statement, see Theorem 13 in Section 3.3).

9

Theorem 6 Suppose that Assumption £ holds, and ¥ is known to the algorithm. Then,
with probability at least 1 — 49, we can construct an estimator 3 such that

l A
||22 (,8 - ﬁ*)HQ S,CRE 230' (Rlasso + Routlier) 5 (5)
with a computationally tractable method, when R)sso and Routlier are sufficiently small.
Our second result is as follows (for a precise statement, see Theorem 15 in Section 4).

Theorem 7 Suppose that Assumption £ holds, and ¥ is unknown to the algorithm. Then,
with probability at least 1 — 30, we can construct an estimator 3 such that

1238 812 Sene £ (Riasso + Rougicr) ©)

/

with a computationally tractable method, when Riasso and R o,

are sufficiently small.

From (5) and (6), we see that the error bounds of our estimators match those of the normal
lasso, up to £ and numerical constant factors, when there are no outliers because Rjass0 is
equivalent to the upper bound in (2) up to constant factors and Roytlier = 0 when there are
no outliers. We see that R/ .. —is larger than Roytlier- From the fact that R] ... is larger
than Rgutlier, We see that there is a deterioration in the error bounds, as a trade-off for not

utilizing ¥ in the estimation.

Remark 8 Condition (ii) in Assumption 2 is provided to make the results simple, and
condition (ii) can be weakened to a tail probability condition. For details, see Assumption

/.

Next, we state our third and fourth results. In these results, we relax the assumption
on the covariates and we deal with the case where the covariates are £-subGaussian. We
make the following assumption.

Assumption 3 Assume that {x;};—, is a sequence of i.i.d. random vectors sampled from
an L£-subGaussian random vector with Ex; = 0, Exisz- =%, p>1and kK > 0. Assume
that ¥ satisfies RE(s, crp, t) with cgg > 1 and ¢ < 1.
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Define

1 log(1 Yimax
gutlier: \/;X 2—i_p\/s\/ Ogd+5\/ Og( /5) +£
K1 n

n n K1

Then, our third result is as follows (for a precise statement, see Corollary 17 in Section 5.1).

Theorem 9 Suppose that Assumption & and conditions (ii) and (iii) of Assumption £ hold,
and X is unknown to the algorithm. Then, with probability at least 1 — 39, we can construct
an estimator 3 such that

Ly *
132(8 —8%)|2 Sere Lo (Rlasso + gutlier) )

/!

outlier 47€ sufficiently small.

with a computationally tractable method, when Ri,so and

The result above closely resembles the previous one. While the assumption on the covariates
has been relaxed, the error bound is less sharp compared to the previous result, with log(d/s)
becoming logd and log(1/d) turning into s?log(1/8). On the other hand, there is a slight
improvement in the dependence on k.

As a byproduct of the previous results, we have the fourth result, which deals with the
case where only the outputs are contaminated by outliers. The fourth result is as follows
(for a precise statement, see Corollary 18 in Section 5.2). The error bound in Theorem 13
is much sharper than the previous results because there is no dependence on Y.y, k1 and
ku. Additionally, n is not required to be larger than s2.

1)

Theorem 10 Suppose that Assumption & and conditions (ii) and (iii) of Assumption £
hold, and ¥ is unknown to the algorithm. Assume that {y;}I", is generated by

Then, with probability at least 1 — 3, we can construct an estimator B such that

1,4 « 0 n
556 = 87l e €0 (Fra + 210z "), 0

with a computationally tractable method, when Riasso + %‘ /log% is sufficiently small.

In Theorems 13 and 15 and Corollaries 17 and 18, we explicitly describe the relationship
between the tuning parameters and the error bounds in Theorems 6, 7, 9 and 10 respectively.
Additionally, in Theorems 13 and 15 and Corollaries 17 and 18, we derive error bounds not
only for ||E%()||2 but also for || - ||2 and || - [|1.

2.2 Relationship to Previous Studies

As we mentioned in Section 1, Chen et al. (2013); Balakrishnan et al. (2017); Liu et al. (2020)
dealt with the estimation problem of 3* from (3) under Assumption 1 with computationally
tractable estimators.
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We note that Lecué and Lerasle (2020); Chinot et al. (2020); Gao (2020) dealt with the
estimation problem of 8* from (3) under a stronger assumption on outlier than Assumption
1, with computationally intractable estimators that derive sharp error bounds. Diakoniko-
las et al. (2024) derived a sharp error bound with tractable estimator when restrictive
conditions: covariates and noises are Gaussian, ||3*||2 is small and outliers follow Huber’s
contamination, which is a stronger assumption on outliers than Assumption 1. Addition-
ally, we note that Sasai (2022) dealt with a situation where {x;}!" , is a sequence of i.i.d.
random vectors sampled from a heavy-tailed distribution, and Merad and Gaiffas (2023)
dealt with more challenging situation weakening the assumptions for covariates than that
of Sasai (2022). Their error bounds are looser than the results of the present paper because
the weak assumptions restrict the techniques available. Therefore, these papers (Lecué and
Lerasle, 2020; Chinot et al., 2020; Gao, 2020; Sasai, 2022; Merad and Gaiffas, 2023) treat
computationally intractable estimators or suppose weaker assumptions than our method,
and hence we do not mention such papers further because the interests of such papers are
different from those of our paper. Therefore, we mainly discuss the results of Chen et al.
(2013); Balakrishnan et al. (2017); Liu et al. (2020) in the remainder of Sections 2.2.1 —
2.2.3. About the case where only the output is contaminated, in other words, we estimate
B* from {x;,y;}~,, where {y;}I' ; is generated by (7), we discuss in Section 2.2.4.

2.2.1 CASE WHERE X IS ALLOWED TO BE USED IN ESTIMATION

The results of Balakrishnan et al. (2017) and part of the results of Liu et al. (2020) use ¥ in
their estimation. Balakrishnan et al. (2017) and Liu et al. (2020) considered situations where
the covariate vectors are sampled from the standard multivariate Gaussian distribution
and the noises are sampled from a Gaussian distribution with mean 0 and variance 2.
In contrast, our method works well for the case where the covariate vectors are sampled
from an affine-transformed coordinate-wise independent £-subGaussian random vector with
covariance which satisfies the restricted eigenvalue condition and the noises are sampled from
a heavy-tailed distribution. Balakrishnan et al. (2017) and Liu et al. (2020) only considered
the case where o/n is a sufficiently small constant. Let o/n = e. The lo- norm error bound
of Balakrishnan et al. (2017) is <, (v/1+ [|8*]|22 log® 2) when ‘: logd + % 5 log(1/8) < n,
where <, is the inequality up to an absolute constant factor and the standard deviation
of the random noise o. The fo-norm error bound of Liu et al. (2020) is < o(2log %) when

(‘:—z log(dT") + ‘:—s log(1/6)> x T < n, with log (”ﬁ ”2) < T. Under the same situation, the

{2-norm error bound of our result becomes < o2 /log 2 when ‘:—j log(d/s)+ e% log(1/0) < n.
We see that our result does not depend on 8* and the error bound is sharper than the ones
of Balakrishnan et al. (2017) and Liu et al. (2020). Additionally, our sample complexity is
smaller than that of Balakrishnan et al. (2017) and Liu et al. (2020) because, in our sample
complexity, the term such that % x log(1/d) does not appear.

We consider the optimality of the error bound in (5). From Theorem D.3 of Cher-
apanamjeri et al. (2020), we see that the error bound cannot avoid a term such that
constant x o24/log 2 even when d = 1. Detailed investigations of the influence of ¥ in
high dimensions on information-theoretic limits are a task for future research.
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When there are no outliers (o = 0), our error bound coincides with that of the normal
lasso, up to numerical and £ factors. The results in Balakrishnan et al. (2017) and Liu
et al. (2020) do not have this property.

2.2.2 CASE WHERE Y IS NOT ALLOWED TO BE USED IN ESTIMATION

Chen et al. (2013), and a part of the results of Liu et al. (2020) give error bounds with
tractable methods and do not require X for estimation. However, the method in Liu et al.
(2020) assumes a sparse structure of 3, and the sample complexity depends on not only s2
but also the sparsity of ¥. Chen et al. (2013) proposed some methods, however, the term
in their error bounds containing o depends on logd and s even when s?log(d/s) < n.
When there are no outliers (o = 0), similarly to the case where ¥ is allowed to be used
in estimation, our error bound coincides with that of the normal lasso, up to a numerical
and £ factors. The results in Liu et al. (2020) and Chen et al. (2013) do not have this

property.

2.2.3 REMAINING PROBLEMS

Not only our estimator but also the estimators proposed by Balakrishnan et al. (2017) and
Liu et al. (2020) require that n to be proportional to s2, which is not needed to derive (2)
from (1). Similar phenomena can be observed in Wang et al. (2016); Fan et al. (2021); Liu
et al. (2020); Balakrishnan et al. (2017); Diakonikolas et al. (2019c). Some relationships
between computational tractability and similar quadratic dependencies are unraveled (Wang
et al., 2016; Diakonikolas et al., 2019d, 2017b; Brennan and Bresler, 2020; Georgiev and
Hopkins, 2022). We leave the analysis in our situation for future work.

Theorems 6 and 7 do not hold when the covariates are £-subGaussian random vectors.
Instead, the assumption needs to be strengthened to an affine-transformed coordinate-wise
independent £-subGaussian random vector. This is because the Hanson—Wright inequality
(Hanson and Wright, 1971; Wright, 1973; Adamczak, 2015; Hsu et al., 2012; Rudelson and
Vershynin, 2013), which is essential for analyzing our method, does not hold in its ideal
form for £-subGaussian random vectors. For more advanced discussions on this point, see
Spokoiny (2023); Dereziniski (2023). Whether an error bound equivalent to ours can be
derived under the assumption that the covariates are £-subGaussian random vectors is left
for future work.

2.2.4 CASE WHERE ONLY THE OUTPUT IS CONTAMINATED

Nguyen and Tran (2012); Dalalyan and Thompson (2019); Chinot (2020); Thompson (2020);
Minsker et al. (2024) considered the case where only the output is contaminated. Chinot
(2020) dealt with ‘weaker’ outliers than ours, which maintain the independence of {x;}! ;.
Nguyen and Tran (2012); Dalalyan and Thompson (2019) explored the case where the
covariates and noises are a multivariate Gaussian vectors and a Gaussian variables, re-
spectively. Thompson (2020); Minsker et al. (2024) address the case where the covariates
are £-subGaussian random vectors, and the the noises are drawn from an £-subGaussian
distribution or a distribution with heavier tails than £-subGaussian distribution, deriving
sharper error bounds than Nguyen and Tran (2012); Dalalyan and Thompson (2019). Our
error bound (8) is sharper than those of Thompson (2020); Minsker et al. (2024) because
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their error bounds depend on 2log%. However, the methods in Thompson (2020) and
Minsker et al. (2024) do not require the normalization of the covariates. Additionally, the
methods in Thompson (2020) do not require knowledge about s and o in constructing the
estimator, by utilizing SLOPE techniques (Bellec et al., 2018). Minsker et al. (2024) used
square root lasso techniques (Stucky and Van De Geer, 2017; Derumigny, 2018; Belloni
et al., 2011) in addition to SLOPE, and their estimator does not require knowledge of s, 0
and o. However, our estimator requires knowledge of the approximate values of s,0 and
0. Whether we can achieve tuning-free estimation while maintaining the sharpness of the
results remains a topic for future investigation.

2.3 Another Contribution

Up to this point, we have discussed the contributions of our paper from the perspective
of the sharpness of the error bounds, but the technique we introduce to analyze the f;-
penalized Huber loss may also be of independent interest. These points will be discussed in
Section J.1.

3. Method and the First Result

Assume that x is a random vector drawn from the same distribution as {x;}} ;. Hereafter,
we often use the following simplified notations to express error orders:

log(d log(1
Td,s = oBA/S) = [BE0) 2\ Jlog =, ="Zlog .
n n n o n o

3.1 Some Properties of £-subGaussian Random Vector

We show some additional properties of an £-subGaussian random vector x. We note that,
from (4), we have

=

1%, V)l < £ (Bl v)P)? < gl|Bav]),, 9)

and from (2.14) - (2.16) of Vershynin (2018), for any v € R? and t > 0, we have

1
D 1
VT xlz, | = {Ev T3P} | < cavBilv i, < covBeiSivi (10)

Eexp(v'x) < exp(ci£?||S2v][2),

E exp <(VTX)2> <2, (11)

1
YL

P (]vTX| > t) < 2exp <—tz> , (12)

1
caLx2v]3

where cg is a numerical constant. Define L = £ xmax{1, ce}. We note that these properties
hold for not only £-subGaussian random vectors but also affine-transformed coordinate-wise
independent £-subGaussian random vectors.
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3.2 Method

To estimate 8* in (3), we propose OUTLIER-ROBUST-AND-SPARSE-ESTIMATION (Al-
gorithm 1). Algorithm 1 is similar to those used in Pensia et al. (2020) and Sasai (2022).
However, Pensia et al. (2020) considered the non-sparse case, and Sasai (2022) considered
heavy-tailed covariates. Therefore, to consider the sparsity of B* or to derive a sharper
error bound than that in Sasai (2022) taking advantage of the £-subGaussian assumption,
our analysis is more involved than that of Pensia et al. (2020) and Sasai (2022). Concretely,
unlike the previous studies, extensions of the Hanson—Wright inequality, which appear later
in Proposition 20 and Corollary 28 proved via generic chaining, play important roles. We
will analyze the ¢1-penalized Huber loss in step 3 of Algorithm 1. Our analysis of the ¢;-
penalized Huber loss is similar to those in Alquier et al. (2019) and Lecué and Mendelson
(2018), however, the analyses of Alquier et al. (2019) and Lecué and Mendelson (2018) are
mainly interested in the case Exx ' = I, and limited effective for a more general covariance.
We modify their analysis and our analysis is effective for a more general covariance. In
particular, Proposition 21 is important and the modified analysis method is described in
Appendices C and D.

Algorithm 1 OUTLIER-ROBUST-AND-SPARSE-ESTIMATION
Input: {y;, X;}" ,, (= Exx ') and tuning parameters Teus, €, 71, 72, Aoy As
Output: B
1: {ﬁ)i}?zl < VVEIGHT({}(i}?‘:17 Teuts €571, 72, E)
2: {w]}"_, <~ TRUNCATION({w;}}" ;)
3: B + WEIGHTED-PENALIZED-HUBER-REGRESSION ({y;, X;}"_ 1, {@}™_1, Ao» As)

Here, we give simple explanations of the output steps. The details are provided in
Sections 3.2.1, 3.2.2, and 3.2.3. The first step produces the weights {w;}?" ; reducing adverse
effects of covariate outliers. The second step is the truncation of the computed weights to
zero or 1/n, say {w}}" ;. The third step performs the ¢;-penalized Huber regression based
on the weighted errors using the truncated weights {w;}? ;. The ¢;-penalization addresses
the high-dimensional setting, and the Huber regression weakens the adverse effects of the
response outliers.

3.2.1 WEIGHT
For a matrix M = (m4j)1<i<d, 1<j<ds € R% x R% we define
di dy
M= magl.

i=1 j=1

For a symmetric matrix M, we write M > 0 if M is positive semi-definite. Define Tr(M)
for a square matrix M as the trace of M. Define the following convex set:

M = {M € S(d) | | M|l < i, Te(M) <03, M = 0},

T1,72,d

10
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where S(d) is a set of symmetric matrices in R? x R?. For a vector v, we define the £,
norm of v as ||v||« and define the probability simplex A"~!(¢) with 0 < ¢ < 1 as follows:

A" (e) = {w € 0,1 | iwi =1, |wle < n(ll_g)}

i=1
The first step of Algorithm 1, WEIGHT, is stated as follows.

Algorithm 2 WEIGHT
Input: data {X;}!" ,, tuning parameters 7eyt, €, 71, 2
Output: weight estimate w = {wq, -+ , W, }

Let w be the solution to

n
min max wi(X; X =2 M 13
WEA"_I(f)Meimel’Trd;_l (XX ) (13)
71,72, ==

if the optimal value of (13) < 7cyut
return w

else
return fail

Algorithm 2 is a special case of Algorithm 3 of Balakrishnan et al. (2017). Therefore, as
in Algorithm 3 of Balakrishnan et al. (2017), Algorithm 2 can also be computed efficiently.
An intuitive meaning of (13) is given in Section 3.2.4. For details of the value of 7.y and
its validity, see Theorem 13 and Proposition 20, respectively.

3.2.2 TRUNCATION

The second step in Algorithm 1 is the discretized truncation of {w;};-,, say {w/}!" , as in

Algorithm 3. The discretized truncation makes it easy to analyze the estimator.

Algorithm 3 TRUNCATION

Input: weight vector w = {w;}I" ;

Output: truncated weight vector w' = {w;}? ;
Fori=1:n

seon s 1
if w; ,2 o
else
~l
w; =0
~/
return w

3.2.3 WEIGHTED-PENALIZED-HUBER-REGRESSION
The Huber loss function H(t) is defined as follows:

H(t) = {|t| ~1/2 (11> 1)

t2/2 (<1

11
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and let

ht) = Lr = {:gn“) E:j: g B .

We consider the ¢i-penalized Huber regression with the weighted samples {w]y;, w,X;}!"
in Algorithm 4. This is the third step in Algorithm 1.

Algorithm 4 WEIGHTED-PENALIZED-HUBER-REGRESSION

Input: data {y;, X;};_,, truncated weight vector w' = {w}}" ; and tuning parameters
Aos As

Output: estimator ,é

R _ T
8= argminZ)\gH <nu§;yz>\ fﬁ> + Asl1Bllx

return B

Several studies, such as Nguyen and Tran (2012); She and Owen (2011); Dalalyan and
Thompson (2019): Sun et al. (2020); Chen and Zhou (2020); Chinot (2020); Pensia et al.
(2020); Sasai (2022), have suggested that the Huber loss is effective for linear regression
under heavy-tailed noise or the existence of outliers.

Lastly, we introduce the assumption on {&;}7 ;:

Assumption 4 (i) {1, is a sequence of i.i.d. random variables such that

& 1 1
P > )< 14
(Ao\/ﬁ = 2) = 144L7 (14)

(ii) Eh (Aff/a) % x; = 0.
Remark 11 For example, when Eff < 02, from Markov’s inequality, we have
p G .1 4 Ee? < 402

Ao/t — 2) 7 /\2 YT A2n

Therefore, to satisfy (14), it is sufficient to set

24L%0 < M\ov/n. (15)
In this case, Condition (i) in Assumption 4 is weaker than ng < o2,

Remark 12 Condition (ii) in Assumption 4 is weaker than the independence between

{6y and {x;} .

12
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3.2.4 AN INTUITIVE MEANING OF ALGORITHM 2

We explain an intuitive meaning of WEIGHT. For the sake of explanation, we introduce
several definitions: For [ = 0,1, 2, we define d-dimensional ¢;-ball of radius a as aBld ={ve

R? | ||v]l; < a}, and we also define aB¢, = {v € R? | ||E%v||2 < a}. In our analysis, it
is necessary to derive a high-probability bound for the following quantity: for appropriate

values of rq,ro, 1y,

A n 10,

sup ov/n Z(Xi,v> X h <éz + Z) . (16)
VerzﬁgﬂrlB‘fﬂ’r‘gBdE n i=1 AO\/H

To give an upper bound of (16), from rle N rQIB%g N TEE% C rle N 7"21835!, we consider
A n 10,
sup oﬁZ<Xi,v> X h <§l + Z) (17)
VGrngﬂrle n i=1 )\0\/5
to make the optimization easy. We can express (17) as follows:

sup 1zn:h<&+9i) (Xi,v)

VET‘Q]BgﬂTl]Btlia n i=1 )\0\/77“

C (Z(H 9o (8 o e o (5

d an
veraB¢NriBY €O €O

> Xl,v>> .

(18)

The second term on the right-hand side of the above equation is the most difficult to evaluate
because it includes outliers. Therefore, we aim to find a weight vector w € A" !(g) that
allows for an appropriate evaluation of the second term. To do this, we make the following
observation: For any v € r1B{ NryBY,

(Z h<§;?><xi,v>> Exun(S2) >

€O €O

1 o
gl_gﬁz:w,(XX vv')
€O
1 o T T 0 T
— (2:101<X1XZ - X, vv >+72wi<2,vv >>
< niGO niEO
(b 1 T 0’ T
( zez(;wz iX] =%, vv >+m<EaVV> :

where (a) follows from Hoélder’s inequality, and (b) follows from w; < 1/(n(1 —¢)). To
evaluate ) . wi(X; X — X, vvT), we see that it is sufficient to evaluate

> wiX X =, vv ), (19)
=1

13
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Therefore, to make )., w;h (f\i:/%) (X, v) sufficiently small, we want to minimize (19)

in w € A" L(¢) for any v € B¢ N reBY, in other words, we want to consider

min max Z wi (XX =2, vv'). (20)

wEAN— 1(5 VGTﬂB ﬂT‘QIBQ i—1

A convex relaxation of (20) is (13), which is an essential part in Algorithm 2. Lastly, we
note that the weight vector w computed by Algorithm 2 is used to weight the left-hand side
of (18). As a result, it affects not only the second term on the right-hand side of (18) but
also the first and third terms. However, Lemma 27 shows that the impact on the first and
third terms is small.

3.2.5 APPROACHES OF THE THE PREVIOUS STUDIES

In this section, we explain the approaches of the previous studies Balakrishnan et al. (2017)
and Liu et al. (2020). To estimate B* in (3), Balakrishnan et al. (2017) used sparse and
outlier-robust mean estimation on y;X;, directly. Balakrishnan et al. (2017) assumes that
{xi}"; and {&}}_, are sequences of i.i.d. random vectors sampled from the standard mul-
tivariate Gaussian distribution and random variables sampled from the standard Gaussian,
respectively, and {x;}"; and {{;}_, are independent. Then, we have

Eyix; = 8%, V(yixi)(yixi)" = (|8*]3+ 1)1+ 86T,

where we use Isserlis’ theorem, which is a formula for the multivariate Gaussian distribution.
From Remark 2.2 of Chen et al. (2018), we see that the error bound of any outlier-robust
estimator for the mean vector cannot avoid the effect of the operator norm of the covariance
V(yixi)(yix;) . Consequently, the approach of Balakrishnan et al. (2017) cannot remove
|B*]|2 from their error bound. Additionally, we note that Liu et al. (2020) proposed a
gradient based-method that repeatedly updates the estimator of 8*. Define the ¢-step of
the update of the estimator of 3* as 3!. The gradient for the next update is based on the
result of an outlier-robust estimation of X;(X; 3" — v;). Therefore, for reason similar to
that of Balakrishnan et al. (2017), the sample complexity of Liu et al. (2020) is affected by
|B*]|2. On the other hand, our estimator is based on ¢;-penalized Huber regression, and we
can avoid this problem.

3.3 Result

We state our main theorem. Define

Q

Rd,n,o = PCry \/grd,s +rs5 + CryKu ( E(Srd,s + 7’5) + T0> y

and remember that we define L = £ x max{1,ce}, where £ is defined in (4) and cg¢ is a
numerical constant.

14
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Theorem 13 Suppose that (i) and (iii) of Assumption £ and Assumption 4 hold. Suppose
that the parameters Ao, As, €, Teut, 1,72, Ty Satisfy

1>7c¢c, (44 cs) ?nax 1+ log LLQRdmp, (21)
o
As = s IANN——=Rinos €= Ce—, Tent = Cout(Lbn)? (s7as + 75 +17) 3,
e "
T = Cpry \/E’I“E, T2 =CrpTy, Ty = 7 (4 + CS) CIQHaXL)‘O\/ﬁRdﬂ%O’ (22)

where co, Cs, Ce, Ceut, Crys Cry, GNA Cmax are sufficiently large numerical constants such that
Co >4, ¢ 2 3(cre +1)/(cre — 1), 2 > ¢cc 2 1, ceut > €2, ¢y = ™ (1 + crE)/T, Cry =
cr™(34+cre) /K1, min{c™, i} > 2 and cnum/cnum < 1. In Proposition 20 and Definition
2€, ca and cmax are defined, respectively. Suppose that srqs <1 and 0 < o/n < 1/(5e) hold.
Then, the optimal solution ﬁ satisfies the following:

1. A A
122(8 =82 <rs, [B8-08%2<ryand|B—pB"1<r, (23)

with probability at least 1 — 49.

We note that the conditions (21) and (22) in Theorem 13 imply

AoVt > coLrsi/1 + log L.

Remark 14 We consider the results of (23) in detail. Assume that EE? < o? and that
the equality in (15) holds. Define C. Cepp,2 and Cepp 3 as constants depending on crg.
Then, we have

RE,1»

1 A
”Zi(ﬁ - 16*)”2 < CCRE,1£3U(RlaSSO + Routlier) (24)
||L3 B ||2 < CCRE 22 U (Rlasso + Routher)

||B B ||1 cRE,3£3U; \/E(Rlasso + Routlier)v
and we see that (24) recovers (5).

4. The Second Result: Estimator Without the Covariance

In Theorem 13, we use the covariance of the covariates when we construct an estimator. On
the other hand, especially in practical terms, the use of the covariance would be unfavorable.
When we do not use the covariance in estimation, we need to modify algorithm WEIGHT
as follows:

15
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Algorithm 5 WEIGHT-WITHOUT-COVARIANCE
Input: data {X;}”_,, tuning parameters 7cut, €, 71, 72
Output: weight estimate w = {wy, -+ , W, }

Let w be the solution to

mln1 max sz (XX, M) (25)
wea E) Memri ro,d =1

if the optimal value of (13) < 7eyt
return w

else
return fail

In WEIGHT-WITHOUT-COVARIANCE, it is necessary to set the value of 7cy larger
than that in WEIGHT. For details, see Corollary 28. Then, Theorem 13 is changed as
follows. Define

’ o
Rd,n,o = PCry \/grd,s +7rs+Cry \/; 5121 (Srd,s + 7’5) + E?}naxr2

Theorem 15 Suppose that (i) and (iii) of Assumption £ and Assumption 4 hold. Suppose
that the parameters Ao, As, €, Teut, 1, T2, T's, Satisfy

1> 7c, (4 + cs) flax«/l + log LLQRQM,O, (26)
0
)‘s = maxL)\ \f Rdn 01y € = Ce—, Tcut = Ccut ((Lﬂu)2 (STd,s + TJ) + Efnax) 27
mf n
= Cr \/57’2, Ty =CpTy, Tn =T (4 + CS) CglaxL/\O\/ﬁRii,n,ov
WhETE Cpy Csy Coy Couty Crys Cryy aNA Chpo are sufficiently large numerical constants such that
Co =2 4 Cs 2 3(CRE + 1)/(CRE - ]-); 2 > Ce =2 17 Ceut = €7, Cry = C?Fm(l + CRE)/t,
Cry = Cpi™(3 + CRE)/m, min{c"™, ¢} > 2 and /e < 1. In Corollary 28 and

Deﬁmtwn 31, c7 and ¢, are defined, respectively. Suppose that srqs <1, 0 <o/n <1/2
hold. Then, the optimal solution B satisfies the following:

1.4 * 2 * 2 *
[32(8—8")2<rs, |B—08%2<r2 and [|B - B"||1 <71, (27)
with probability at least 1 — 30.

Remark 16 We consider the results of (27) in detail. Assume that E€2 < o? and that
the equality in (15) holds. Define Cegp 4, Copy,s and Cepp 6 as constants depending on crg.
Then, we have

1 A
HZﬁ (:6 - :3*)”2 < CCRE74£30(R13550 + Rgutlier)v (28)
||5 B ||2 CRE,52 U (RlaSSO + Routher)

HB B < Cepp 6L U;\/E(Rlasso + Rgutlier)?

16
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and we see that (28) recovers (6). Investigation of whether it is possible to achieve similar
error bounds using an estimation method without covariance as in the case of with covariance,
and the exploration of the trade-offs in such a scenario, are left as future research tasks.

5. The Third and Fourth Results: £-subGaussian Case
In Section 5, we relax the assumption on the covariates and consider the case where the
covariates are £-subGaussian.

5.1 The Third Result: Estimator Without Covariance

Even for the same situation as in Section 4 except that covariates are sampled from £-
subGaussian random vector, Algorithm 1 substituting WEIGHT-WITHOUT-COVARIANCE
(Algorithm 5) is valid with different parameter values. Define

logd

rq =
n

, Ran—chrl\frds—i—Lrg—i—cmL+p \/>\/s (rg +1s) + 22,72

Then, we have the following result (Corollary 17). Corollary 17 is similar to Theorem 15,
with the key differences being that the assumptions regarding the covariates have been
weakened, and that the values of Rd no and Crax in Theorem 15 have been changed.

Corollary 17 Suppose Assumption & and Assumption 4 hold. Suppose that the parameters
)\07 )\57 &, Teut, 11,72, TS SCLt’l:Sfy

1> 7c, (4 + cs) ifaxw/l +log LLR},, ,, (29)
0
As = €sC g?axA \/> dn 0 €= Ce—, Teut = Ceut (L25 (Td + 7“6) + E?nax) 27
7"1\[ n
Tl - CT‘1 \/§T27 T2 = CT‘QTEu TE = 7 (4 + CS) ﬁ]za)()\ fRdno7
WhETE Cpy Csy Cey Couty Crys Cryy ANA Conay are sufficiently large numerical constants such that
Co >4, cs > 3(crg +1)/(cre — 1), 2 > cc > 1, ceut > c11, ¢y = (1 + crE)/T,
Cry = C™(3 + crE)/K1, min{c™, “um} > 2 and cnum/cnum < 1. In Corollary 47 and
Deﬁmtwn 50 in the appendiz, c11 and .. are defined, respectively. Suppose that srqs <

1, 0 < o/n < 1/2 hold. Then, the output of Algorithm 1, B, substituting WEIGHT-
WITHOUT-COVARIANCE (Algorithm §) for WEIGHT, satisfies the following:

1y * % * 2 *
122(8 =8 )2 <rs, IB—B2<r2 and ||B—B87|l1 <,
with probability at least 1 — 30.

We note that the proof of Corollary 17 is in Section H.

5.2 The Fourth Result: Case Where Only the Outputs are Contaminated

In this section, we consider the case where only the output is contaminated by outliers and
the covariates are sampled from an £-subGaussian random vector. Namely, we estimate

17
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B* from {y;, x;}i;, where {x;}}"; are sampled from an £-subGaussian random vector and
{yi}-, is generated by

yi=x B +&+Vnbi, i=1,--,n,

where {0;}?_; indicates outliers. In this situation, we use the following algorithm, which
has no pre-processing step to reduce the effect of outlier for the covariates:

Algorithm 6 OUTLIER-ROBUST-AND-SPARSE-ESTIMATION-WHEN-ONLY-THE-
OUTPUT-IS-CONTAMINATED-BY-OUTLIER
Input: data {y;,x;}; ;, and tuning parameters Ao, As

Output: estimator 3

~ , T
B = agmin> it (L2221,

return B

Define

"
Rd,n,o = PCry \/grd,s + 15+ 7o.

For the output of Algorithm 6, we have the following result. The assumptions of the next
result is much simpler than those in Theorems 13 and 15 and Corollary 17, since no pre-
processing is required to reduce outlier contamination for covariates, leading to a reduced
sample complexity.

Corollary 18 Suppose that (iii) of Assumption 2 and Assumption 4 hold. Suppose that the
parameters Ao, As, 71,72, Ty satisfy

1> 7c, (4+ cy) ﬁ{ﬁx 1+log LL°RY,, ,. (30)
>\s = CsC ggxl)\ \/> ’”

dn,o?
T1\[
"2 /"
1= Cp \/ETZ, T2 = CpyTy, Tn = 15 (2 + Cs) maxL)‘ fRd n,00

where Co, Csy Cry s Cryy and chr . are sufficiently large numerical constants such that ¢, > 4,

cs > 2(crg+1)/(cre—1), ¢y = "™ (1+CcRE) /T, ¢y = ™ (3+crE) /K1, min{c™, g™} >
2 and ™ /™ < 1. In Definition 5% in the appendiz, ¢, is defined. Suppose that

max

0 <o/n <1/e holds. Then, the optimal solution B satisfies the following:
Y * 2 * 2 *
1228 =B%)l2<rg, [B=B2<r2and |B—B"|l1 <1,
with probability at least 1 — 36.
The proof of Corollary 18 is in Section I.

Remark 19 Our results involve a considerable number of tuning parameters, and these
tuning parameters require knowledge of the upper bounds of certain unknown quantities. We
explain in Section J.2 that adaptive tuning of these multiple parameters is generally difficult.
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6. Key Techniques

In Section 6, we introduce the key propositions and a lemma for Theorem 13, as well as key
propositions and a corollary for Theorem 15.

6.1 Key Propositions and Lemma for Theorem 13

First, we introduce Proposition 20, which gives the condition on 7.y when the covariance
matrix ¥ is known. The proof is given in Section 7.

Proposition 20 Suppose (i) of Assumption £ holds, and r1/ry < \/s,srqs and rs < 1 hold.
Define c¢1 and co as numerical constants. Then, with probability at least 1 — §, we have

" {xix! -, M
max Z (X%, - ) < c1(Lky)? (sTas +76) 75 (31)

T1,72,d i=1

Additionally, assume that € = c. X (o/n) and o/n < 1/(5e) with 1 < ¢, < 2 hold. Then, we
have with probability at least 1 — 2§, we have

n
max Yy <XZ-X,-T -y, M> < co(Lkn)? (s7as + 16 + 1) 73, (32)

£q,Tr
Memrl ,79,d =1

where {w; }1, is a solution of (13).

Therefore, we see that, when co(Lky)? (srasrs +15) 73 < Teu, Algorithm 2 succeeds
in returning w under (32). The key techniques of the proof of the proposition above are
Theorem 1.1 of Rudelson and Vershynin (2013), which is one of the variants of the Hanson—
Wright inequality (Hanson and Wright, 1971; Wright, 1973; Adamczak, 2015; Hsu et al.,
2012), and generic chaining for a subexponential random variable (Corollary 5.2 of Dirksen
(2015)). We note that a subexponential random variable is a random variable with a finite
11 norm.

Next, we introduce a deterministic proposition related to Theorem 13. Let

T T
X, v X v &

)\O\/’TZ7 mV,’L' - )\o\/ﬁ’ é.)\o,i - T\/ﬁv

T
~r Yi — Xi \4
Tyvi = W;n

K3 )\o\/ﬁ )

Xv,i =

and for n € (0,1),
0=8-5" 0,=(B-p".

The following proposition is proved in a manner similar to the proof of Proposition 9.1 of
Alquier et al. (2019), and the proof is given in Appendices C and D.

Proposition 21 Suppose that, for any 6, € rB¢ N rng N TgBdE,

n
)\O\/ﬁz Wh(rge )X, Oy| < ra1m1 + Taar2 + TaxTs, (33)
i=1
L n
bl|S26,15 — roara — resry — THaT1 < Z AoV (=h(rger0,:) + h(rp:)) X{ 6y, (34)
i=1
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where 141,742, 70,5, Tb,1, 70,2, Tb,x > 0, b > 0 are some numbers. Suppose that ExixiT =X
satisfies RE(s, crp, t), k1 > 0, and

)\ + <r 1 + Cr2ra,2+ra,2>
CryT r s a, .
As — <ra,1 + M) >0, — ;ﬁ - < cre, (35)
) A G
2
ry 2 g (Cr1 \/g(ra,l + Tb,l) + Cpy (Ta,2 + 'rb,Q) + 7o,y + o5 + Cry \/g)\s) y T =20Cny \/ETE, T2 = CryTs
(36)

hold, where c,, = c"™(1 + crg)/t, ¢, = (3 + crE)/k1, min{c,™, ™} > 2 and

¢ry/Cry < 1. Then, we have the following:

18 =Bl <, 18 —Bllz<rs [IZ7(8" — B2 < s (37)

In the remainder of Section 6, we introduce Propositions 22—-25 and one lemma. In
Section A, we prove Theorem 13 using the propositions. In the proof of Theorem 13,
we prove that (33) — (36) are satisfied with high probability for appropriate values of
Ta1sTa,2>Ta, 5 Tb1, 76,2, Tpy and b under the assumptions in Theorem 13, and we see that
(37) is also satisfied. Then, we have the result (23) in Theorem 13. We note that, for
Proposition 25, similar statements are found, for example, in Sun et al. (2020); Chen and
Zhou (2020), and the proof of Proposition 25 basically follows the same line as those in Sun
et al. (2020); Chen and Zhou (2020). Propositions 23 and 24 are proved by relatively simple
calculations based on the result of Proposition 20. Therefore, the proofs of Propositions
23—25 are given in Appendix F.

Note that we present the statements of Propositions 22 and 25 in a flexible manner,
which can be used not only for the proof of Theorem 13, but also for the proofs of the other
three main theorems.

Proposition 22 Suppose that (i) of Assumption £ or Assumption &, and (ii) of Assumption
4 hold. Then, for any v € rﬂB%‘f N TzB%, where r1 and ry, are positive constants such that
re/r1 < 1//s, with probability at least 1 — &, we have

< 3L (prasri+rsrs),

"1
ZhEy )%
Z n (6/\07 )x; v

=1

where c3 denotes a numerical constant.

Proposition 23 Suppose that the assumptions of Proposition 20" hold. Furthermore, sup-

pose that (31) and (32) hold and that Algorithm £ returns W with Teut, = Ceut(Ltin)? (sTas + 16 +15) 73,
where ceuy, s a constant such that coyy > co. For any u € R™ such that ||ul|ec < 2 and for

any v € r1BY N rBY, we have

€0

< eq L1+ ceut (Hu\/7 (\/ 8Td,s + \/775) + "‘fu7“0> T2,

Slo

where ¢4 s a numerical constant that depends on c¢; and cs.
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Let I,, be an index set such that I,,, C {1,--- ,n} and |I,,| = m.

Proposition 24 Suppose that the assumptions of Proposition 20 hold, and suppose that
(31) holds. Then, for any m € N such that m < (2¢. + 1)o, for any u € R™ such that
|ullee <2 and for any v € riB{ NroBY, we have the following:

1
E —ux] v
n

1€1m

o
< esL </<cu\/; (\/5Tas +/1s) + /iuT0> o,

where cs is a numerical constant that depends on c1 and c..

Proposition 25 Suppose that (i) of Assumption 2 or Assumption &, and Assumption 4
hold. Assume that n is taken to be large so that (21) holds when this proposition is applied
to Theorem 15, (26) holds when applied to Theorem 15, and (29) holds when applied to
Corollary 1%, (30) holds when applied to Corollary 18. Then, for any v € B¢ N rg]BdE,
where r1 and ry are positive constants, with probability at least 1 — §, we have

n 1
Ao Yav||?
> Jn (=h(Exni — Tvi) + h(Er,0)) %] v > =2l c6LAoN/T (pra,sr1 + VsTasrs + 157s) |
=1
(38)

where cg 1s a numerical constant.

We define ¢pax, which is a numerical constant used in Theorem 13.

Definition 26 Define

Cmax = INax (17 C3,C4V 1 + Ccut C57CG) .

Let I and I> be the sets of indices such that w; < 1/(2n) and w; > 1/(2n), respectively.
The following lemma makes the analysis of the #1-penalized Huber loss easy as we noted at
the bottom of Section 3.2.4.

Lemma 27 Suppose that 0 < & < 1. Then, for any w € A" 1(e), we have |I-| < 2ne.

6.2 Key Propositions and Corollary for Theorem 15

First, we introduce Corollary 28, that gives the condition on 7.yt when we do not use ¥ in
the estimator. The proof is given in Appendix F.

Corollary 28 Suppose that (i) of Assumption 2, ri/ro < /s, where r1,r9 > 0, and
srqs,ms < 1 hold. Define ¢| and ¢y as numerical constants. Then, with probability at
least 1 — &, we have

" ({xix, M
max > <;> < AL (kg (s7a,s +75) + Tonax) 75+ (39)

Memr1:r2,d i=1
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Additionally, assume that € = c. X (o/n) and o/n < 1/2 with 1 < ¢, < 2 hold. Then, with
probability at least 1 — §, we have

n
max >y (X X[, M ) < erL? (2 (575 + 75) + Sh) 13, (40)
Memf{f;,d i=1

where {w; }1, is a solution of (25).

Therefore, under (40), when ¢7 ((Lku)? (sta,s + 76) + S2iax) 75 < Teut, Algorithm 5 succeeds
in returning w. We see that when the covariance is not used in the estimator, it is necessary
to set the value of 7.yt to a higher magnitude compared to the case when covariance is used.
Using the propositions, in Appendix B, we can prove that (33) — (36) are satisfied with
a high probability for appropriate values of r,.1,7¢2,74,5,75,1,7p,2,7p,x and b under the
assumptions in Theorem 15, and we see that (37) is also satisfied. Then, we can have the
result (27) in Theorem 15. When ¥ is not used in the estimator, Propositions 21 and 25
and Lemma 27 are commonly used, and instead of Propositions 23 and 24, Propositions 29
and 30 are used, respectively. In Definition 31, ¢ .. is defined. The proofs of Propositions
29 and 30 are given in Appendix F because Propositions 29 and 30 can be proved by simple
calculations based on the result of Corollary 28.

Proposition 29 Suppose that assumptions of Corollary 28 hold. Furthermore, suppose that

(39) and (40) hold and that Algorithm 28 returns W with Teut = Ceut ((L/-iu)2 (srqs +175) + E?nax) 73,
where ceyt 15 a constant such that coy > c7. Furthermore, suppose that (39) holds and that
Algorithm £ returns w. For any u € R™ such that ||u]|ec < 2 and for any v € riBY N ryBY,

we have the following:

€0

0
< csw/ccutL\/;\/nﬁ (sras +1s5) + X2 kT2,

where cg 1s a numerical constant.

Proposition 30 Suppose that the assumptions of Corollary 2& hold, and suppose that (40)
holds. Then, for any m € N such that m < (2¢c. + 1)o, for any u € R™ such that ||uf|e < 2
and for any v € 1B{ NryBY, we have the following :

1 0
Z EuixiTv < CgL\/;\/Ha (sras +1s) + X2 kT2,

i€l
where ¢y is a numerical constant that depends on ¢} and c.

/

max 1S used.

For Theorem 15, the following definition of ¢

Definition 31 Define
’
Chax = Max (17 €3, C6, C8+/Ccut 09) .
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7. Proofs of Propositions 20 and 22

The value of the numerical constant C' be allowed to change from line to line. Before the
proofs of Propositions 20 and 22, we introduce Definition 32, Theorem 33, and Lemma 34.
They play important roles in the proofs of Propositions 20 and 22.

First, we define v, (7T, d)-functional, which is used to state Theorem 33:

Definition 32 (v,(7, d)-functional, Section 2 of Dirksen (2015)) Let (T, d) be a semi-
metric space with d(x, z) < d(x,y)+d(y, z) and d(z,y) = d(y,z) for z,y,z € T. A sequence
T = {Tn}m>0 with subsets of T is said to be admissible if |To| = 1 and |Tp,| < 22" for all
m > 1. For any a € (0,00), the vo-functional of (T, d) is defined by

Yo (T, mfsupZZa inf d(t,s),

where infimum is taken over all admissible sequences T = {Tyn}m>0-
Second, we introduce Theorem 33, which is used in the proof of Proposition 20.

Theorem 33 (Corollary 5.2 of Dirksen (2015)) Assume that T consists of n-tuples
t = (t1,--,tn). Let {Z;, € R}, as a sequence of independent subexponential random
variable indezed by t; € T, and

1 n
E; = HZ;Z“ —EZ,.

Define

[NIES

1 & 5
d1(87t) = 11%123;;1 HZti - ZsiHiﬁla d2(87t) = (m Z; Hth' - ZSinl)
1=

Assume that, for any g =2,3,---,

sup E|Z;, —EZ q< qu2
teTnZ [ ul 2

where a and b are positive numbers. Then, for any u > 1, we have

P (sup By 2 ndy) |, 22T d) vu + bu> <e "
n

teT ~ n - Vn " a\/ﬁ
Lastly, we introduce Lemma 34, which is used in the proof of Proposition 22. This lemma is
used to evaluate 4 (7T, d)-functional sharply especially when d is HE% ()| via the majorizing
measure theorem (Theorem 2.4.1 of Talagrand (2014)). The proof of this lemma is given
in Appendix E.2. Let g = (g1,---,94) be the d-dimensional standard normal Gaussian
random vector.

Lemma 34 Suppose that the (i) of Assumption £ or Assumption & holds. Then,for positive
constants r1 and ry, such that rs/r1 < 1/4/s, we have

E  sup (S2g,v) < Cpriy/log(d/s)rs
veriBénrsBY
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7.1 Preparation for the Proof of Proposition 20

For a matrix M, we define the operator norm and Frobenius norm of M as | M ||op and || M|,
respectively, and we define the number of nonzero elements of M as ||M]||p. Additionally,
we define aB{*? = {M € R>? | | M|y < a}, aB&*? = {M € R>? | |M||p < a}, and
aBy*? = {M € R>? | | M||p < a}.

Lemma 35 Suppose that (i) of Assumptions £ holds and 1o is a positive constant. For any
fired M, M’ € s*BE** N r3BL*Y, we have

E (XxT - X, M) ? < p!(C(LHu)ZT‘%)p, (41)
[(xx", M — M")|ly, < C(Lku)*|M — M'|p. (42)

Proof In this proof, we define ¢ as some positive numerical constant. From (11), for any
index set J such that |J| < 2s? and v € $2°~1 we have

2
E exp (<VX\J>> <9,

and we have
HX|JH¢2 < CS'SK/u < Lliu.

For any matrix A and any index set J C {1,--- ,d}, define A|; s as the matrix such that all
the elements of the i-th rows and columns are zero for i € J¢. Fix M € s?B3*¢ N r3BL?.
For M, let K C {1,--- ,d} be an index set such that M;; = 0 for i € K¢ or j € K¢. We note
that |K| < s2. From Theorem 1.1 of Rudelson and Vershynin (2013) and Exercise 6.3.3 of
Vershynin (2018), for any ¢ > 0, we have

P <(<XXT - z,M>] > t) —P (‘<X|Kxg( - E]K7K,M>‘ > t)

< 2o {-omin (o ey ) - 09

From (43), for t < (Lky)?||M ||, we have

2
P ‘(XXT—E,M>‘>15 < 2exp <—c>,
( ) (T T

and for t > (Lky)?||M g, we have

P(‘(XXT —E,M}’ > t) < 2exp (—cM) .
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We follow almost the same argument of the proof of Proposition 2.5.2 of Vershynin (2018).
For any 1 < p < oo, we have

E <XXT—Z,M}‘p:/OOOIP’<‘<XXT—E,M>‘p2u> du
:/OO]ID<’<XXT—E,M>‘ 21&) ptP~Lat
0

< 2 exp (—c) pt?~ dt +/ 2 exp <—c> ptP~ dt
/0 (L) | M 0 (Lia)? || M]|p

o pLT Iy L (P
<0 (mm (5 ) Iin (020 ),
and we have
(o]~ m0r)” <0 (o (2 2)) e (/22 4

SC@%(E+1>YMMMMMﬁ
sc@m(1+1>fwﬂw§0@%WWMp (44)

From Stirling’s formula p? < pleP, we have

max ZE‘ XX, — % M>‘ < CpleP (Liy)#raP,
Memfi ;[; d n i=1

and the proof of (41) is complete.

For any fixed M, M’ € szgf;d, let K" C {1,---,d} is the index set such that (M —
M');; =0for i€ K" or j € K. We note that |K’| <2 x s%. From (44) exchanging M to
M — M’, and the equivalence between (b) and (c) in Proposition 2.7.1 of Vershynin (2018)
and Definition 2.7.5, we have

H<XXT,M - M) < O(Lka)*|[(M — M") i1 s ||

!
= (x| x| per, (M — M NG
" H< ‘K v ( )|K,K> "

1

< C(Lka)?|M = M'|lp,  (45)

and the proof of (42) is complete. [ |

Using the lemma above, we have the key lemma (Lemma 37) to prove Proposition 20.
For a set K, we define conv(K) as its convex hull. Before the statement and the proof of
Lemma 37, we introduce the following lemma, which slightly generalizes Lemma 3.1 of Plan
and Vershynin (2013) and the proof is in Appendix E.
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Lemma 36 Suppose that r1 and ro are positive constants. We have

4
riB N rEBE? C 2conv (<2> BE*I N r%B%Xd> : (46)
o\ 2
r1B{ N roBY C 2conv <<1> BN TgIB%l) . (47)
T2

Then, we introduce Lemma 37.

Lemma 37 Suppose that (i) of Assumptions £ holds and r1 and ro are positive constants
such that r1/re < \/s. Then, with probability at least 1 — &, we have

n

1 Z(xix;r - X, M)

n
=1

max

£1,Tr
Aleﬂande

< C(Lky)? (71(

sZBY Nr3BE || - ) N Y2 (s*BE N r3BE || - |I)

2.2 2
—+ r5r5 + rsr .
n \/ﬁ 072 62)

Proof First, we have
0, Tr omdxd ~ . 2mdxd Y Amdxd ~ . 2mdxd
M, a C By NraBE C 2conv(s™By ™ N ryBR" ),

where (a) follows from 71 /72 < /s and Lemma 36, identifying vectors with matrices. Then,
we have

ii(xixj — Z,M>'

max
Aiemﬁiﬁ;@ i=1
1 — 1<
< max — Z(xixj - ¥, M)| < max = (xx| - X, M)‘ .
MGT%BfXdﬂrngXd n i1 MGQconv(s2Bngﬁr§E§Xd) n 1

Identifying vectors with matrices, from the fact that the extreme points of a linear program
are the vertices of the feasible region (or from Lemma D.8 of Oymak (2018)), we have

n

1
- Z(XiXiT — X, M)
i=1

< max
Mes2BE*nr3Bixd

max
M€2conv(5218%g>< dﬁr%lﬁ%gx )

2
n

n
(xix, — E,M>‘ .
i=1

Next, note that the upper bound of the first inequality in Lemma 35 is independent of i
and M. Hence, from Theorem 33, with probability at least 1 — §, from the same argument
used to have (45), we have

n

1
max |~ Z<XZ’XZT - X, M) (48)
Memri:r;d n =1

n VD

2mdxd 2mdxd 2mdxd 2mdxd
s°By " NrsBL Y d 5By NrsBLY, d
<C (71( 0 2B d1) + 125" By 2By ", da) + (Lkey)?rsr? + (Lmu)%grg) .
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Since {x;}"; is an i.i.d. sequence, two semi-metrics are the same and then, for any i €
{1,--- ,n}, we have

di(M, M') = do(M, M') = |[(xix; , M — M) ||y, < C(Liu)?||M — M||p.,

where the last inequality follows from (42). We know that ~;(s?B2*? N r%BdFXd,dl) and
'yg(SQIB%ng N T%BdFXd,dg) is monotone increasing with respect to d; and ds, and for some
constants ¢y, ¢co, we have

Wl(SQBng N T%B%Xd, Cldl) = Cl’}/l(SQBng N T%B%Xd, dl),

’YQ(SQBng N T%B%\Xd, ngg) = CQ’)/Q(SZ]Bng N T%B%Xd, dg).

Combining (48) with the above properties of the 7,-functional, we have

1< -
max — x;x, — X, M

Meimﬁi’,g,d n;< o 7 >|
2mdxd 2mdxd 2mdxd 2mdxd
By NrsBL Y || - By NrsBL Y, || -

S (m N 3BE - llp) |, 12(s”BS f | HF>+T§T§+W§),
n n
and the proof is complete. |

7.2 Proof of Proposition 20

First, we prove (31) in Proposition 20 via Lemma 38, which is necessary to calculate
Y1 (2B N B | - [[p) and Yo (s?BE* N r3BEY || - ||p), and which is proved in Ap-
pendix E.

Lemma 38 Suppose that ro is a positive constant. Then, we have
71 (s* By Nr3BEe? || - |r) < Cs*rilog(d/s)
2 ("B N 3BE || - |v) < Csriy/log(d/s),

First, we prove (31). From Lemmas 37 and 38, we have, with probability at least 1 — 0,

1 n
max |— Z(xix;r - X, M)
MEQ.RZLTY n i=1

s2r3log(d/s) N sr3+/log(d/s)
n vn

< C(Lky)? ( + r2r3 4 rar%)

T1,72,d
(49)
(a) 9 5
< CO(Lky)* (sras +1s5) 13, (50)
where (a) follows from srqs,rs < 1.
Next, we prove (32). Define
1

el
wp = § =/ =S (51)

0 ieO
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From the optimality of {u;}" ; and the fact that {w$}" ; € A" 1(¢) and the definition of
X,;, we have

n n
max Y (XX -, M) < max Y wl(XX[] -5, M)
Mem ™ Mem ™

T1,72, 71,72

= max wa(xix;r -3, M)

£1,Tr
Mem'rll r9,d =1
< max E wy (X;x; — ,M}' . (52)
r
Memri r9,d =1

From triangular inequality and the fact that o/n < 1/2; we have

- 1
Zw:<xixi—z,M>| S .
=1

i (x;x;] — %, M) —Z (x;ix; — %, M)
pot n n

€O

i <XZ'XZT - X, M) —Z <xixiT —E,M>'

=1 €O

9 Z (Xz‘x;r

€O

<2

M|

. (53)

—E,M)‘

From (52) and (53), we have

max Y w(X;X] — %, M)

MemirT

T1,79,d =1
n T T
xix, — X, M xix, — X, M
co max <§:<12 ,>‘+§:<11 M)
£1,Tr n n
Memv‘ll ro,d =1 €O
-
(xix;, — 3, M x;x, — 2, M
<2 max : > +  max Z—< i , M)
,Tr ,Tr n
Memri,r%d i=1 Memri,va,d €O
XX, —u, M x;x, — X, M
<2 max ZMHMX max Zg (54)
n = ,Tr n
Megﬁrl ro,d =1 “7‘ OMemri,Tg,d €T

We evaluate the last term of (54) in a manner similar to the proof of Lemma 5 of Dalalyan
and Minasyan (2022). From (49), we have

ZC@%V(QMQW@+SJmmMﬂ+VG+t>ﬁ
(

55)

max max

J|=o0 £, Tr
71 Memﬁyrz,d

(x;x; — ¥, M)
2T

eJ
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with probability at most

<o)

° Aziz] — 2, M log(d log(d t ot
P max § M > C(L/{u)2 52 og( /S) 1 Og( /8) +4/2 4t 2
Memii’z‘;d ’Lil (0] 0] 0] 0] (0]

n
< < >e‘t,
0]

where {z;}?_; is a sequence of i.i.d. random vectors sampled from the same distribution as
{xi}" ;. Let t = olog(ne/o) +log(1/d). We have

o—1 o—1
n\ _;  Ili—o(n—k) s o\e n—=k o°
< bR — = <
<0>e - o! (ne) d kl;[D n 0!606 =

where the last inequality follows from Stirling’s formula 0 < ole®. From (55), with proba-
bility at least 1 — §, we have

Z%(xixj — E,M>'

eJ

< C%(Lny)? ( log(d/s) , wogw/s) . wog(ne/w +log(1/d) , olog(ne/o) + 1og(1/5>) 2

max max
|J|—0 Meimel ,Tr

T1,79,d

n 0 0 0 0
(56)
From e < n/o and rs < 1, we have
olog(ne/o) +10g(1/6)

log(n/o) log(1/5 ) =2r) + 12 <21 + s,

\/>\/ologne/0 + log(1/6) [W \/>\/?1/5<2r +75.

Combining (56) with the above two inequalities, with probability at least 1 — d, we have

Z %<X¢XZ — %, M)| < C(L#y)? (8210g(5/8) + S\/rg(j/s)\/z—i- 4ry, + 27‘5) r

ieJ
(a) log(d
< C(Lky)? ( 20g(/8)+0+4rg+27};> 5
n

n

max max

=0 £1,Tr
|~7| Me{)ﬁrlyrz,d

(b) 1
< C(Lky)? <82 og(;l/s) +5r) + 27“5) 5, (57)

where (a) follows from Young’s inequality, and (b) follows from 0 < o/n < 1/(5e) and
o/n < rl. Combining (49), (54) and (57), with probability at least 1 — 28, we have

max Zﬁh(XzXZT — %, M) < C(Lky)? <3Td,s Yrs+ SQM
n

£1,Tr
Memrl ,ro,d =1

+ 57“fJ + 27“5) r%

(a)
< C(Lliu) (srd,s +7 + 7"5) r%,
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where (a) follows from srq s < 1, and the proof is complete.

7.3 Proof of Proposition 22
We will apply Theorem 3.2 of Dirksen (2015). To do this, we need to confirm {h(&y, ;) (xi, V) }iey

satisfies the 1, condition with a = 2 in Dirksen (2015), which is for any u > 0 and for any
fixed vi, vy € RY,

]P) (
i=1

D h(€xgi) (Xir v1) = B(Ex, ) (x4, V2)

> ud(vl,v2)> < 2exp (—uZ) , (58)

where d(v1,vs) is a distance between v; and vy. Note that from (ii) of Assumption 4, we
have Eh(&y, i) (xi, v) = 0. We see that (58) is satisfied with d(vi,v2) = \/ﬁ||E%(v1 —va)l2
because

[1(€xo.0) (%6 Vi) = h(Ex,.i) (Xis va)ll ) = [[P(€x, i) (i vi = V)l
(a)
< {xi, vi = vo)|lz,

(b) 1
< Lyp|3z(vi — va)l2,

where (a) follows from —1 < h(:) < 1, and (b) follows from (10), and then, from (12), for
any t > 0 and the i.i.d. assumption on {x;,&;} ;, we have

12
IP’( >t>§2exp<— - )
L>n||22 (vi = v2)|3

Set t2/(L2nHE%(V1 — v2)||3) = u?, we have (58) with d(vq,v2) = Lf”ih(vl — va)l2.
Then, from Theorem 3.2 of Dlrksen (2015) with tp = 0, we have

P sup E h§,\0 (xi, v
vEr‘ﬂBfﬂrzB

n

D hl(€x,i)(xi, Vi — Vva)

1=1

o 2Bl N 7sBL 52 ()]2)
vn

L\;%rg> < exp(—u?).

Lastly from the majorizing measure theorem (Theorem 2.4.1 of Talagrand (2014)) and

Lemma 34, we have
log(d
Lp\| ———"—= og( / i ) < exp(—u),

-3 (e i)

P sup —
ver Bé¢nrsBE, n i=1

and the proof is complete.

8. Numerical Experiments

In this section, we present numerical experiments about our methods. In all of the experi-
ments, we used CVXPY (Diamond and Boyd, 2016). The data were generated from

:<ﬂ*7xl+gz>+§z+9u izl?"'7807
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where {£;}39, was drawn from Student’s ¢t-distribution with two degrees of freedom, {x;}$%,
was drawn from 120-dimensional ii.d. Gaussian, 8* = (20,-10,0,---,0) and {&;, 0:}5°,
is a sequence of outliers. We note that due to the high computational cost of WEIGHT
(Algorithm 2) in Algorithm 1, the sample size and dimensionality in the experiments were
restricted. We increased the number of outliers o from 0 to 20 and we conducted 10 ex-
periments for each value. For outliers, we randomly chose a set of indices O C [1,--- ,80]
such that |O| = o, and we tried two patterns of outlier values: (6;, 0;)ico = (10000, 1)
and (1,10000). For both patterns, we set (6;, @i)ie1,.. sopo = (0,0). We compared the
estimator from Algorithm 1, the estimator from Algorithm 6, and the estimator from the
standard Lasso. The estimator of the standard Lasso is defined as follows:

B = min (Z(yi — (xi+ 01, B)> + Asnﬁnl) .

d
BER® \i=H

The results are shown in Figure 1 and Figure 2.

-geiesaﬁiiygiiﬁgjég%
« 6
o
|-
| -
O] o
o~
o4 HEE Proposed o
g B /,-penalized Huber - =
c B Lasso !
5 2
| -
©
o
o

ETT L fg;#‘”i“

01234567 8 91011121314151617181920
number of outliers

Figure 1: (0;, 0;)ico = (10000, 1)
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Figure 2: (0;, 0;)ico = (1,10000)

The horizontal axis represents the number of outliers, and the vertical axis represents
log ||B* — B2, where 3 is the estimator of each method. For Algorithm 1, we set

1 log(d/s) 0 n [log(d/s) o
)\07)\87 ) ) = I 1 ) )‘57 >\Sa N )
( r172,€) (ﬁ n ny/s Bo° Vs n n

and for simplicity we omitted the ‘if’ part of WEIGHT. For Algorithm 6 and the standard

Lasso, we set
1 Jlog(d/s) 0 W
0y 7\S — ) 1 — .
(A0, s) <\/ﬁ n * ny/s %5

According to Figures 1 and Figure 2, when outliers are present, the standard Lasso does
not seem to perform well. According to Figure 1, the £i-penalized Huber seems to perform
relatively well when the magnitude of outliers in the covariates is small and the number
of outliers is limited. This observation is somewhat in line with the results suggested by
Corollary 18. On the other hand, Figure 2 shows that when the magnitude of outliers in the
covariates is large, Algorithm 1 consistently demonstrates superior performance, regardless
of the number of outliers.
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Appendix A. Proof of Theorem 13

Suppose that the assumptions in Theorem 13 hold. To prove Theorem 13, it is sufficient that
we confirm (33) — (36) in Proposition 21 hold with high probability, as described already,
and then we obtain the result (23) with concrete values of 741,742,745, 751,752, b5, b.
Obviously, we have r; = ¢, /srs and 72 = ¢p,ry in (36) from (22). In the following, we
show the remaining. We see that, under the assumptions in Theorem 13, Propositions 20,
22 and 25 hold immediately with probability at least 1 — 44, and then, Propositions 23 and
24 also hold because (31) and (32) in Proposition 20 hold and Algorithm 2 returns @ from
the definition of 7¢yt.

A.1 Confirmation of (33)

From the following lemma, we can confirm (33). The proofs are given in Appendix G.

Lemma 39 Assume that Propositions 20, 22-2¢ hold. For any 0, € rl]B‘lj N 7”2183% N ’I“EB%,

we have
0
x| Prasri 4+ sy + Ky 5(37}[78 + 75)r2 + Kurora | -

> ih(rge ) X[ 0| < 3¢}

=1

From Lemma 39, we see that (33) holds with

lo
Ta1 = 3CilaxL>\o\/ﬁP7"d,s, Ta2 = 3c?naXL)\O\/ﬁ <K,u E(Srd,s +7rs) + HUT0> )

Tas = 32 LAoV/NTs. (59)

A.2 Confirmation of (35)
From (59),

CryTa,2 + ra,E

Cri /s

1

= 3¢ LA
cmax 0\/ﬁx Crl\/g

(Cs ZZ)Ta,l + Rd,n,o-

From the definition of Ag,

2 1
ﬁ - CsCmaXLAo\/ﬁde,n,o _ Ci S CRE + 1 S 0
Cs o 3cl%1axLA0\/ﬁﬁRd,n7o 3 CRE — 1 .
Hence, we have Ay — Cs > 0 and
Cs -1
As+C 143 1+$E+1_CRE
_ - Cs — -1 :
G TG T

Therefore, we see that (35) holds.
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A.3 Confirmation of (34)
From the following lemma, we can confirm (34). The proofs are given in the Appendix G.

Lemma 40 Assume that Propositions 20, 22-2& hold. For any 6, € B¢ N reBY N TgBdE,
we have

> Aov/nii; (<h(rge1a,:) + hlra-,)) X 6,
=1

1
L IEhvi3

- 3
From Lemma 40, we see that (34) holds with

2 o
CmaxLAo\/ﬁ (prd,srl + 7sTS + Ky E(Srd’s +75)re + KuTOT2> .

1 Ta,1 Ta,2 Ta,>

b=, 1= Tho = — Thy =
3’ ' 3 ’ 3 ’

A.4 Confirmation of (36)

As we mentioned at the beginning of Appendix A, r1 = ¢,,/srs and 19 = ¢,y is clear
from their definitions. We confirm ry.. We see that

2
7 (Cﬁ \/g(ra,l + rb,l) + Cry (T‘ag + rb,2) +Te,x +Th5 + Cry \/g)‘S)

b
(a)
< 62 LAovn (44 ¢5) Rino

< s,

and the proof is complete.

Appendix B. Proof of Theorem 15

The strategy of this proof is the same as that of Theorem 13. Suppose that the assumptions
in Theorem 15 hold. To prove Theorem 15, it is sufficient that we confirm (33) — (36)
in Proposition 21 hold with high probability, as described already, and then we obtain
the result (27) with concrete values of 741,742,745, 701,752, 7b,5,b. Obviously, we have
1 = ¢y \/Srs and 19 = ¢p,ry in (36) from (22). In the following, we show the remaining.
We see that, under the assumptions in Theorem 15, Corollary 28, Propositions 22 and 25
hold immediately with probability at least 1—34§, and then, Propositions 29 and 30 also hold
because (39) and (40) in Corollary 28 hold, and Algorithm 5 returns @ from the definition
of Tecut -

B.1 Confirmation of (33)

From the following lemma, we can confirm (33). The proofs are given by Appendix G.

Lemma 41 Assume that Corollary 2&, Propositions 22, 25, 29 and 30 hold. For any
0, € 1B NroyBY N raBL, we have

> wih(rpe )X 6,
i=1

0
< 3cflaXL <prd73r1 + rsrs + \/;\//i% (sras+1s) + E?naxm) .
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From Lemma 39, we see that (33) holds with

Ta1 = 3cmaXL)\ Vnpras, Te2 = BCmaXL)\ \f\/i\//f2 (sras +7s) + X2 v
Tas 3¢ L\\/nrs. (60)

B.2 Confirmation of (35)
From (60),

CraTa2 T Ta® + 7ra,x — 3¢ 2

Cs =
( s )Ta,1+ Crl\/g Cmax

L ,v/n x o
fmf R

From the definition of Ag,

As max

Cs

dno

s>CRE+1

C
—= > 0.
3_CRE—1

max dno

Hence, we have Ay — Cs > 0 and
s +Cs 1+ C: 1+ el

As crRE+1 _
NGy 1-C S _aw 1 W
s s As crE+1

Therefore, we see that (35) holds.

B.3 Confirmation of (34)

From the following lemma, we can confirm (34). The proofs are given by Appendix G.

Lemma 42 Assume that Corollary 2&, Propositions 22, 25, 29 and 30 hold. For any
0, € 1B NroyBY N raBL, we have

D AoVt (<h(rgeia,4) + h(rg-) X 6,
i=1

1
Yav|3 /O
Z || 3 ||2 maxL)\ f (prd Srl + T5TE + \/K’Q (Srds + T(S) + E?nax > :

From Lemma 42, we see that (34) holds with

1 Ta,l Tq

b= ga Tp,1 = 3 y  Th2 =

<
e
™

: ) yy =

B.4 Confirmation of (36)

As we mentioned at the beginning of Appendix B, 1 = ¢,,+/sry and 1y = ¢,,ry is clear
from their definitions. We confirm ry.. We see that

2
7 (crV/s(raq 4+ 1o1) + Cry(Ta2 +1b2) + Tax + Tox + ¢ V/SAs)

maxL)‘o\/> (4 +c) <,OCT1 frd s T rs+Cry \/7\//12 Srd s +75) + Z31211ax>

< rs,
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and the proof is complete.

Appendix C. Preparation of Proof of Proposition 21

We introduce the following four lemmas, which are used in the proof of Proposition 21.

Lemma 43 Suppose that (33), (35), |0y]1 < 71, ||@yll2 = 72 and HE%OWHQ
r1 = /STy and 19 = ¢pyry, hold. Then, for any fized n € (0,1), we have

IN

rs,

3+ CcrE
10n]]2 <

1326, 5.

Lemma 44 Suppose that (33), (35), ||0y][1 = 71, ||@yll2 < 72 and HE%Han
r1 = /STy and Ty = ¢pyryy hold. Then, for any fixed n € (0,1), we have

IN

rs,

1+ cre 1
10,1 < 25230, o

Lemma 45 Suppose that (33) — (34), ||0,]1 < r1, [|0y]2 < 72 and ||E%0n|\2 =19,
r1 = ¢ \/STs and ro = cpyrsy hold. Then, for any n € (0,1), we have

1 1
12262 <

b (Crl \/E(Ta,l + Tb,l) + ¢py (TCL,Q + Tb,2) + Ta, % + Tp,x + ¢y \/gAs) .

C.1 Proof of Lemma 43

where

where

where

For a vector v = (v1,---,vq), define {v%, . Ug} as a non—increasing rearrangement of

{Jvi],--- ,|va|}, and v¥ € Rd as the vector such that v¥|; = v . For the sets S1 = {1, ..
and Sy = {s+1,....d}, let v¥ = vSl and vf? = vﬁsz.
In Section C.1.1, we have

18y]l2 < 126,12

v1+ crg
Kl
assuming [|@,|l2 < ||6,l1/v/s, and in Section C.1.2, we have
1 25t
160 1l2 < 2[167'll2 < =326y
assuming [|@,|l2 > ||6,]|1/y/s. From the above two inequalities, we have

3+ crE
16yl <

IS26 nll2-

C.1.1 Case I
In Section C.1.1, suppose that ||0;]]2 < ||0,]/1/+/s. Let

Q'(n) = Aov/nd}; Y (—h(rge+,:) + h(rg-:)) X/ 6.
=1
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From the proof of Lemma F.2. of Fan et al. (2018), we have nQ’(n) < nQ’(1) and this
means

> AoV (=h(rger,:) + h(rge:)) X 0y <> Aov/miin (—h(rm) + h(rﬁ*,i)) X/ 661)
i=1 i=1

Let Ov be the sub-differential of ||v||;. Adding nAs(||8]l1 — [|8*]1) to both sides of (61), we
have

Y AoV} (~h(rgeto,,i) + h(rge i) X{ 6y +nAs (1Bl — 18711
1

(@) &

< > doviiin (<hirg,) + h(rg-) ) X{ 0+ ), (98, 6)
=1

O™ Aovmilh(rg. )X 6, (62)
=1

where (a) follows from || 3| —|8*||1 < ((?B, 0), which is the definition of the sub-differential,
and (b) follows from the optimality of 3.

From the convexity of Huber loss, the first term of the left-hand side of (62) is positive
and we have

n

0= > Aovmiih(rg: )X 0y +nAs([18" 1 = 1Bll)- (63)
i=1

From (33), the first term of the right-hand side of (63) is evaluated as

n
N T
> Xovmibih(rge )X, 0y < 1011 + ra2r2 + Tty
=1

(@) /¢ 1
< (rl\/gra,l + 7ra2 + Cra,E) HOUHQ

Cry )

QL (en o gt 16, (64)
— —\/ ST’ T —7T
~ \/g Cry a,l a,2 c a, nll1l,

T2

where (a) follows from 71 = ¢, /srs and ro = ¢, 75 and (b) follows from the assumption
of this section, ||@]|2 < [|0,]l1/+/s. From (63), (64) and the assumption |0,z < [|6,]1//s,
we have

0 < (m,z N CriV/STal + Tax

N ) 184l + s (1687 15— 1811
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Define J, as the index set of non-zero entries of a, and 6, 7, as a vector such that 6, 7,|; =
0,|; for i € J, and 6,, 7,|; = 0 for i ¢ Jo. Furthermore, we see

Ta2 Cn\/gra 1+ 7ax * 3
0< . ’ ’ 0 )\s -
- <\/§ L >” ol A = 181

Ta2 Cry \/g'ra 1+ 7ex * 5
< ) ) ) 0 . 0 c )\ _ .
< (o2 4 VLTS (10, 1y 4 1605.10) + 1185, — B, )

Ta,2 CTl\/gral"i'TaE Ta,2 CTl\/ngLl Ta,5
— (A 2 4 AT ) 10, o+ =+ (22 L2020 ) 16y, I
( S + ( \/g CTQ\/E )> H 777\7‘3 ”1 ( S ( \/g CT2\/§ H n,jﬁ* Hl

1= (18,

Then, we have

a r a,1+7a, roTa,2+7a,
Ao+ (Do 4 e ten ) (@ As + (o + S2ez) (b)
16,75, 11 < rer ooty 10Tl < orrestrasy 10075l < crell0y.75- 11,
)\3_<\/E+T> s_<’l“a,1+%7\/§)

where (a) follows from the fact that ¢, > ¢, and (b) follows from (35), and from the
definition of [|@5°]|; and [|65']1, we have

162211 < crel|65' 1.

Then, from the standard shelling argument, we have

212 - 2 : 1$ L on 2 CRE”G%IH% 12
16213 = > (@310 < S [6ski| | < D63l ) < CleE ez < T < 0.
j=1

1=s+1 1=s+1 J=

and from the definition of x;, we have
1
R210,13 < w7 (162113 + 1022113) < w71+ crm) 1051113 < (1 + ere) 36,3

C.1.2 Case II
In Section C.1.2, suppose that ||0;|]2 > 0,[/1/v/s.

d d
10213 = > (@32 < > |6
+

i=s+1 1=s+1

1 1
=T [6E] | < <162 162 < 1165 16,
j=1

Then, we have
16,115 < 1165115 + 1022115 < 1165 121104112 + 105 12116y 12 = 116y l2 < 2]|6%" 12,
and we have

1 2,1
10,]]2 < 2(|65H |2 < —||S26% 2 < ;l||220||2-

2
K1
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C.2 Proof of Lemma 44

From the same argument of the proof of Lemma 43, we have (63). From (33), the first term
of the right-hand side of (63) is evaluated as

n
. T
Z AoV nwih(rg- i)X; Oy < 1171 + Ta2r2 + T xTy
i1

(@) c 1
< (r, T2, o ) 16,11 65
< (rar+ 2t ) 16 ()

where (a) follows from 71 = ¢, \/sry, and r9 = ¢,,7x. From (63) and (65), we have

CryTa,2 + Tax * A
0< + —————=)10y|l1 + A - .
< (ot 21202 o (18 - 1811)

Furthermore, we see

CroTa,2 + Ta, %
CrV/S
CraTa2 +Ta s
<[r —_— = 0, 7..
= < a,l + Cm\/g > (H "7:\7,3

CraTa,2 + Ta,2 CraTa,2 + Ta,2

- )\S a 0 * _)\S a 0 5 :
(Aot (o 22222 Yo gt (= (o + 222202 Y o

Then, we have

0 < ( i ) 104011 + mrs(18711s — 1811)

1+ 185,75 11) + 2As (187, = Bag- Il = 1B75.1h)

T a + a
Ao (raq + etz ) (@
165,75, 11 < crrreasras\ 1OnTa- I = crell0y.75. 11, (66)
s (Ta,l * er Vs )

where (a) follows from (35), and we have
10y]1 = 110y, 75. 11 + 165,75, 1 < (1 + crE)|10y.75. 11 < (1 + crRE)VS]05,74. [|2-

From (66) and the restricted eigenvalue condition, we have

1+ crE
t

1
18yl11 < (1 + cre)Vs(10y,75. 12 < V5[ 526, |2

C.3 Proof of Lemma 45

From the same argument of the proof of Lemma 43, we have (63). From (63), we have

D AoV (~h(rpese,q) + hrp-) X{ 0y < Y Nov/niwih(rpe )X 0y + nAs(18 11 — 18l11).
i=1 i=1
(67)
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We evaluate each term of (67). From (34), the left-hand side of (67) is evaluated as
n 1

Z )\o\/ﬁﬁ)g (_h(Tﬁ*-i-On,z’) + h(’l”lg*7i)) XiTOn > bHZ§077”§ — T 171 — Th2T2 — Tp 2Ty
i=1

(@) 1 1
> b|220,]5 = (er Vb1 = CraTia — ro5) 526,12,

where (a) follows from r; = ¢, v/sry and r9 = ¢p,ry . From (33), the first term of the
right-hand side of (67) is evaluated as

n
. T
Z AoVnwih(rg i)X; 0y < 1171 + Tq2r2 + T xry
i=1

(a) 1
< (Cm \/grtz,1 t CraTa2 + T%E) HEEHWHQ’

where (a) follows from 71 = ¢,v/srs and 12 = ¢,rs. The second term of the right-hand
side of (67) is evaluated as

" ~ (a) 1
nAs (1871 = [18l1) < AsllOylly < erVsAs[220,l2,

where (a) follows from r1 = ¢, \/srs.
Combining the inequalities above, we have

1 1
bHEQOnH% < (Cﬁ \/g(ra,l + 7ﬁb,l) + Crz(ra,2 + Tb,2) + 7rex + py + Crl\/g)\s) ||E2077||2,

and from ”E%OnHQ > 0, we have

1 1
[X20,]2 < 3 (eriV/s8(raq +161) + Cry(ra2 + 16,2) + Tax + o5 + G V/SAs)

and the proof is complete.

Appendix D. Proof of Proposition 21

In Appendix D, we prove Proposition 21.

D.1 Stepl

We derive a contradiction if ||8]|; > 71, ||0]]2 > 72 and ||Z%0||2 > ry hold. Assume that
10lli > 71, |@]]2 > 72 and HE%OHQ > ry. Then we can find 71, 172,75 € (0,1) such that
100, |l1 =71, ||@n.]|2 = 72 and ||Z%0n/2\|2 = ry hold. Define n3 = min{n;, n2,75}. We consider
the case n3 = nj in Section D.1.1, the case n3 = 72 in Section D.1.2, and the case n3 = m
in Section D.1.3.
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D.1.1 STEP 1(A)
Assume that n3 = nj. We see that ”2%0773“2 =1y, [|Opll1 < 71 and [|0;,]]2 < r2 hold.
Then, from Lemma 45, we have
1 1
”220773H2 S g (crl \/g(ra,l + Tb,l) + Crq (TQ,Q + rb,2) + ra,E + Tb,E + Crq \/gAs) .

The case 73 = 1} is a contradiction from HZ%H% l2 = rs and (36).

D.1.2 StEP 1(B)

Assume that 73 = 7. We see that [|$26,,]la < 75, |8y,]1 < r1 and [|6,,]]2 = 72 hold,
Then, from Lemma 43, we have

34 crE
K1

1
[6ns]2 < 1226, ]l2 <

3+ crE
.
K

The case 13 = 12 is a contradiction from ||0,,||2 = r2 and (36).

D.1.3 STEP 1(C)

Assume that n3 = . We see that ||Z%0,73H2 < ry, [|@y]lt = 1 and [|@,,]]2 < 72 hold.
Then, from Lemma 44, for n = n3, we have

1+

CRE 1 1+ crE
105111 < V5[ 220,,]l2 < - Vsrs.

T

The case 13 = 11 is a contradiction from ||0,,||1 = r1 and (36).

D.2 Step 2

From the arguments in Section D.1, we have that ||Z%0H2 <ryor |01 <ror |02 <o
holds.

(a) In Section D.2.1, assume that HE%OHQ < ry and [|@]|; > r1 and ||@||2 > 72 hold and
then derive a contradiction.

(b) In Section D.2.2, assume that HzéeHz > ry and [|@]]; < rp and [|@]]2 > r2 hold and
then derive a contradiction.

(c) In Section D.2.3, assume that HZ%GHQ > ry and [|@]]; > 71 and [|@]]2 < r3 hold and
then derive a contradiction.

(d) In Section D.2.4, assume that HE%GHQ > ry and [|0]1
then derive a contradiction.

IN

r1 and ||0]|2 < 72 hold and

(e) In Section D.2.5, assume that HE%BH2 <r
then derive a contradiction.

and ||@||; > r; and ||@|]2 < r2 hold and

I\l

IA

(f) In Section D.2.6, assume that HE%GHQ < ry and |01
then derive a contradiction.

r1 and ||@]|2 > 72 hold and
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Finally, we have

1,4 * 2 * 2 *
[22(8 =82 <rs, |B—B2 <r2 and [|B—B%[1 <,

and the proof is complete.

D.2.1 STEP 2(A)

Assume that HE%OHQ < ry and ||0]1 > r1 and [|@]]2 > r2 hold, and then we can find
1y € (0,1) such that [, )1 = 71 and |6, [l2 = r2 hold. We note that [|S26,,]|2 < rs

and HE%O%HQ < ry also hold. Then, from the same arguments as in Sections D.1.2 and
D.1.3, we have a contradiction.

D.2.2 STEP 2(B)

Assume that HZ%GH2 > ry and ||0]|; < r1 and [|@]]2 > r2 hold, and then we can find
N5, 15 € (0,1) such that HZ%GUSHQ = ry and |6, [l = r2 hold. We note that [|6y[l; <
and [|6,;[[1 < ry also hold. Then, from the same arguments as in Sections D.1.1 and D.1.2,

we have a contradiction.

D.2.3 STEP 2(C)

Assume that ”E%GHQ > ry and ||@||; > 7 and ||@]]2 < 72 hold, and then we can find
6,76 € (0,1) such that ||@,,||1 = 1 and ||E%0né|\2 = 7y, hold. We note that [|0,,]|2 < ro
and H077é||2 < ry also hold. Then, from the same arguments as in Sections D.1.1 and D.1.3,
we have a contradiction.

D.2.4 STEP 2(D)

n7 € (0,1) such that "2%0777”2 = ry, holds. We note that ||0,, |1 < r; and ||@,,[2 < 72 also
hold. Then, from the same arguments as in Section D.1.1, we have a contradiction.

Assume that HE%GHQ > ry and ||0]1 < r1 and [|8]|2 < 7o hold, and then we can find

D.2.5 STEP 2(E)

Assume that HE%GHQ < ry and ||0]1 > r1 and [|@]]2 < r2 hold, and then we can find

ng € (0,1) such that ||@,.][1 = 1 holds. We note that HE%H%HQ <7y and [|@]l2 < 72 also
hold. Then, from the same arguments as in Section D.1.3, we have a contradiction.

D.2.6 STEP 2(F)

Assume that HZ%GHQ < ry and ||0]|1 < r1 and [|@]]2 > r2 hold, and then we can find

ny € (0,1) such that ||@,,||2 = 2 holds. We note that HE%HWHQ <y and ||@y,][1 < 71 also
hold. Then, from the same arguments as in Section D.1.2, we have a contradiction.

Appendix E. Proofs of Lemmas 27, 34, 36 and 38

In Section E, we prove Lemmas 27, 34, 36 and 38.
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E.1 Proof of Lemma 27

We assume |I-| > 2en, and then we derive a contradiction. From the constraint about wj,
1

we have 0 < w; < o for any i € {1,--- ,n} and we have

n
E w; = E w; + E wj
i=1 i€l i€l>

1

1
< || x — I L
<Ll > g+ (0= D X o

1 1
:2€nx?+(|l<|—2en)x +€+(n—2an)><
n

:5+(n—2sn)x(11€)n+(\l<—25n)x (21n_(15)n>
n — 2en

(I1—¢)n

1—2¢

1—¢

1—eg—¢g?

< e+

=e+

1—¢
< 1.

This is a contradiction because Y ;" ; w; = 1. Then, we have |I.| < 2en.

E.2 Proofs of Lemmas 34, 36 and 38

In Section E.2, we prove Lemmas 34, 36 and 38.

E.2.1 Proor oF LEMMA 34

The following argument is essentially identical to a part of the proof of Proposition 9 of
Bellec (2019). We note that

B NreBY C 2rBY NrgBY = 21y (1 x B N ;iwg) ,

and we have

E sup (E%g,v> <E sup <Z%g,v>.
veriBénrsBE, vEr] (1 xB¢N ;f‘; IBdE)
Let {uy,--- ,uq} be the columns of AN Then, we have
E sup (B7g,v) <E sup (g, v)
vE2ry <1 XB?H%B%) ve2ry (Conv({iul,m ,iu@ﬂﬂ%lﬂ%%)
<E sup (V).

T

v627°1p<conv<%{:|:u1,~~~ ,:I:mﬂ)ﬂ%l&%)
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From Proposition 1 of Bellec (2019), we have

2
E sup (g,v) <4pry,|log <4ed (272) )
v€27“1p(c0nv<%{:tu1,--- ,:l:uﬁ»)ﬁ%lﬂ%%) "
(a) d
< 4pri4/log <€>
s

(b)
< Cpriy/log(d/s),

where (a) follows from 7y /r; < 1/4/s, and (b) follows from d/s > 3.

E.2.2 PROOF OF LEMMA 36

First, we prove (47). For any v € r1B{ N B, we see that

v

— € {v eR[[Iv2 <1, [v]i < ”} = B¢ N BY.
T2 T2 T2

From Lemma 3.1 of Plan and Vershynin (2013), we have

2
1B B ¢ 2conv ((”) B mBgl) :
2

T [

2
Y € 2conv ((”) B¢ N ]B%S) . (68)
T2 T2

From the definition of convex hull, this means

v a
T2 5
=1

and

2
for some {\;}¢_, and {a;}?_; such that Y ;A\, =1,\; >0anda; € (%) Bg ﬂIB%g for any
i€ {l,---,a}. We note that

1

2
Irsaillo < <2> sl < 7. (69)

2
v € 2conv (<r1> BS ﬂrﬂ%%l) .
T2

Then the proof of (47) is complete. Identifying the vectors and the matrices, the proof of
(46) is also complete.

From (68) and (69), we see
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E.2.3 PROOF OF LEMMA 38

We note that

[e’s) 0 1 [e’s) o0
1 —1
/ %dfﬁ =1, / Lfdw < | —dx +/ L < [} +1=2. (70)
0 € 0o € o € o €F er 0

First, we evaluate ’yl(SQIB%ngﬂrngXd, |-|7). From a standard entropy bound from chaining
theory Lemma D.17 of Oymak (2018), we have

N (s*BE N r3BE | - [Ip) < € / log N(s*B{™ 3B, €)de,
0

where N (s2BE*?Nr3BL Y, ¢) is the covering number of s?BE*?N7ZBE*? that is the minimal
cardinality of an e-net of 52B3Xd N T%BdFXd. From Lemma 36 and d/s > 3, we have

r2 r2 2
/ i log N (s?B3*? N r3BL*, €)de < C/ C g2 log r%%de
0 0 €S
r3
= ng/ (log(9d2/sg) + log(r%/e)) de
s% (72 log(9d? /%) + 7‘2/ idx)
1 €

< Cs? <r210g (9d%/s?) +r2/ idaz)
0 €

@ Cs® (r2 log(9d2/s )+r§)
)

[e=]

©
< Cs*r3log(d/s),
where (a) follows from (70), and (b) follows from 3 < d/s. Consequently, we have
71 (s’By*? N 3B, || - [p) < Cs?r3 log(d/s).

Second, we evaluate vo(s?B2*? N r%IBS%le, | - |lp). From similar argument of the case
Y1 (2B N r3BL* || - ||p), we have

2 2
T T d?
/0 : \/log N(s2BE*? N 3B, e)de < C/O : sy/logr%i?de
( r2 r2 r2
C s/ log(d/s) +/ log —2de
0 1 €
r% 2
[T
<C (sr% log(d/s) +/ log 2de>
1 €
r% 2
r
<C (sr% log(d/s) +/ log 2de>
0 €

=C <sr§ log(d/s) + /Ooo *fm)

() 5
< Csriy/log(d/s),

INg
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where (a) follows from triangular inequality, and (b) follows from (70) and d/s > 3.
Appendix F. Proofs of Corollary 28 and Propositions 23, 24, 25, 29 and
30

Define

M2 UM eSd): M=vv ,veR: |[v|i <r, vz < o).

T1 ,7‘2,d7V

F.1 Proof of Corollary 28

First, we prove (39). We see that, for any M € o'

r1,r2,d?

1 <& 1 <
it LMY < x -2 M Y. M
”;—1< ix; , M)| < n;l(xxz M) |+ [(E, M)
1 g T 2
< |= X =S MY+ 3 1
< n;l(xxz )|+ Cinax” (71)

where we use Holder’s inequality. From (50) and (71), with probability at least 1 — J, we
have

n

1
max |— Z(xixj, M)| < C(Lky)? (sras +15) 15 + X273,
Mefmfllf;d i

Next, we prove (40). Remember (51), we have

(a)
max szXX M) < max Zw (XX, M)

£1,Tr £1,Tr
Memrl,rg d i1=1 Memrl r9,d =1

n

1 1,
~(xix], M), 72
max Zn<xxl ) (72)

1—0n £1,Tr
/ Memr'rdll

where (a) follows from the optimality of {w;}* ; and {w{}?™, € A" 1(g). From (39), (72)
and 1/(1 — o/n) < 2, with probability at least 1 — 4, we have

maX Z’U)Z X XT < C ((Llﬂ:u)Q (Srd,s + 7'5) + E12113,)() 2

Memrl T9,d =1

and from L > 1, the proof is complete.
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F.2 Proof of Proposition 23

We have

a

< max g WX v
2

V€2conv((%) ]Bgﬂrg]Bg) €O

max 2 g wuZ

2
vEconv((%) Bgﬂrgﬁg) €O

—~
Na

g Wi X, v

€O

max
verlB ﬂrzBQ

IN

(b)
<2 max

- 2
ve <%) ]BgﬂrglEg

€O

where (a) follows from Lemma 36, and (b) follows from Lemma D.8 of Oymak (2018). We
note that, for any v € R?,

(a) ®)
< 4%Zwi|xjv|2 < S%Zwi|xjv|2, (73)
€O €O

2
E w; ulX;-rv

€O

where (a) follows from Holder’s inequality and ;. u7 < 4o, and (b) follows from the fact
that @] < 2w for any i € (1,--- ,n). We focus on Y, 0| X, v|?.
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First, we have
max E | X, v |2
VE(%) Bgﬂmﬁg <o)
= max E (XX, vv )
VE(%) Bgﬂrgﬁg <o)

n

< max Z Wi (XX, vv ) — max waxixj,vvﬁ
vE(Z%) BdnTQ]B2 i=1 v€<%) ]Egﬂ'rng €T
n
= max Z Wi (XX, vv ) — max Zuﬁi(xixj,va
vE(%) BmeQ]Bz i=1 v€<%) Egﬂrglﬂ%g €T
n
= max Z Wi (XX, =B, vv ) — max waxixj —,vv')
vE(%) Bme2B2 i=1 VE(:;) Bdﬂr2182 i€
+ max Z Wi (S, vv )
VE(%) Bgﬂrngg o)
< max Z wi (X —N,vv) — max Z Wi (x;x; — X, vv)

2
VECOHV((%) IBSdﬂrgIBSd) =1 VECOHV((%) Bgﬂrzﬁg) €L
N T
+ max Wi (3, vv ')
vE(%) Bgﬂrzﬁg €@

(a)
< max sz XX, -8, vw')—  max sz (xix; —¥,vv')+ max Z Wi (2, vv )

vErleﬂrgBd VErleﬂrgBd % ier vesBd nTQBQ ico
(b)
<  max Zwl X, =X, M) — max Zwl (xix; —X, M)+ max Zwi@,va,
Meimfi o i1 2 o €1 vesBynraBy oo
(74)

where (a) follows from Lemma 36 and r1 /5 < /s, and (b) follows from 9’22 < ot Tr

r1,72,d,v r1,72,d

because Tr(M) = Tr(vv') = ||v|% for M € 9“2 We note that, from 1/(1 —¢) < 2

r1,72,d,v
and matrix Holder’s inequality,
(@ o (0)
max Wi (X, vv') < 2= max (2, vv') < 26202, (75)
vesBY ﬂrgIB2 ico n vEsBdﬂrgBQ ico

where (a) follows from @} < 1/(1 —¢) < 2, and (b) follows from o/n < 1/(5e) and the
definition of k,. From (74) and (75), we have

3w X v[? < e § 0 (XX — %, M)+ e, > i(xix] — %, M)| + 26505
1,4r 1,4r
icO M, rod i=1 Metirg.a i€

< Teut + max Zwl x;x; — 2, M) +2/~$ rr2, (76)
Meg’nrl ro,d | 1€L
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where the last line follows from the assumption of success of Algorithm 2.

Next, we consider the second term of right-hand side of (76). We have % < 2 because
€=c.x 2with1 <c. <2ando/n <1/(5¢)(<1/3), and we have

max > ai(xix] — E,M>' = max > E — E,M>|
1,Tr
Memrl,TQ,d 1€T JET Memrl 7"2 d i€l ]EI
1—-o/n w;
— ¢ 0, Tr —
Memri,r%d €L JGI J
'Li)'
<2 max 5 - <xix;r—Z,M>|.
01, Tr . w,;
Mémrll,TQ,d €T JEI J

Define the following three sets:

I — . N —
A (e—l—o/n)—{(wl,...,wn)|0<wl< i €+0/n sz ;wl—l, },

€L

1 n
R T
(i = 5oy 2T 2 }

A" (30/n) = {(wl,...,wn) |0 <w; < n(1—130/n)’ ;wi = 1},

IN

AT (30/n) = {(wl,...,wn) |0 < w

X - 1
From Y .oz ; > 1 — i = i_g/” for any i € Z, we have 0 < dez & S nd=Geto/m))

and from € = ¢, x o/n with 1 < ¢. < 2, we have AZ(e + o/n) C AI(Bo/n) C A" 1(30/n).
Therefore, we have

iny
max E Zilbr:@xT -X, M) < max max E wi(xix; — 3, M)‘
,Tr ,Tr
Meimrll,m,d 1€l ]GI weAt(e+o/n) Memri ro,d |1€L
< max max g w; (XX S, M)|.
weA”~1(30/n) Meimr o i1
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From Lemma 1 of Dalalyan and Minasyan (2022) and 1/(1 — 30/n) < 1/(1 —3/(5¢)) < 2,
we have

n
Zwi<XiXI — E,M>‘

max max
An— 21, Tr
we (30/n) Memriﬂg,d =1
1 T
<  max max E W(xixi - X, M)
=n—3 JTr n(l —30/n
|‘7‘ " OMES‘nri,TQ,d eJ
LT
<2 max max E —(x;x; — X, M)
—n-3 T n
|j| " OMemri,rQ,d ieJ
n T T
Xx, — 2, M XX, — X, M
<2 max §—<Z’ 7>—i— max E—<ZI M)
£y, Tr n 2 n
Meimri”’d i=1 Meimri”’d iedJ

Consequently, from almost the same calculation for (54), we have

max sz (x;x; — %, M)| < OLK2 (srqs +75 + 1)) 73. (77)
Memri’,r%d i€l

Lastly, from (73), (76) and (77), we have

E ﬁ}zuzX:V

€0

o
< C\/;\/Tcut + (LK)2 (sras + s + 1) 13 + K2rir3

(a)

< OLV1+ ceus \F\/ﬂﬁsm,sr% + K3TsTs + KRTOTS
n

(b) 0

< CLVT+ ceuhin | 4/~ (\/3Tds +\/Ts) + 70 | T2,

where (a) follows from the definition of 7.y, and (b) follows from triangular inequality, and
the proof is complete.

F.3 Proof of Proposition 24

From log ;> > 1 and arguments similar to the proof of Proposition 23, we have

m m n m
5 v < €[ (maard v+ P ) 4 i

(a) [(1+2¢c)o (14 2c¢)o n
< CLy — . = FKu\[STd,sT3 + 1575 + - = log a +2@E)0T3

(b)
< CLmnu\/?\/srd,srg +rerd + 2 log ﬁrg_
n n 0

where (a) follows from the fact that 0 < = < 1/e, xlog(1/x) is increasing, and (b) follows
from log ﬁ <1< log?. From triangular inequality, the proof is complete.
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F.4 Proof of Proposition 25

First, we introduce Lemma 46, which is used in the proof of Proposition 25.

Lemma 46 Suppose that (i) of Assumption £ or Assumption & holds. Define {a;} | as a
sequence of i.i.d. Rademacher random variables which are independent of {x;}?_,. Then,
we have

Eazxv

=1

E sup < Lprgsri.

VEr] Bdﬁrng

Proof Define E* as the conditional expectation of {a;}!" ; given {x;}! ;. From Exercise
2.2.2 of Talagrand (2014), for any vo € r1B¢ N rg]B%dE, we have

n
1 T
— E aixX; v

n <
=1

E* sup
vETﬂB‘llﬂrE]BdE

)

< 2E* sup Z azx v+E|[—
verleﬂrgIB n

n
E aiXZ—-rVO
i:l

and taking vg = 0, we have

1 < 1<
E* sup — Z a;ix; v| < 2E* sup — Z a;ix; v. (78)

vErlB‘liﬁrgIBdE n i=1 verl]B‘liﬂrng‘é n i=1

Taking the expectation with respect to {x;}_; on both sides of (78), we have

1 n
E  sup - Z aix; v| <2E  sup Z aix; v. (79)

VETﬂB%CllﬂTE]BdE n i=1 vGrﬂBdﬁrgIEB

For any ¢ and any vq,vy € rllB%‘li N T‘EB% we have

(a) ()
[{aixi, vi = va)lly, < (ki vi = va)lly, < Ll[{xi;vi = va)llL,, (80)
where (a) follows from |a;| = 1 and the definition of || - ||y, and (b) follows from (9), and

we see that (a;x;,v) is a subGaussian random variable. Then, from Proposition 2.6.1 of
Vershynin (2018), we have

’ " aix 2 (o) @2
H< > —VQ> <O () e v vl o1
2 =1 ’
where (a) follows from (80). From the assumption on x, we have
1 1
I Ge,vi = va) 17, = 1(52,vi = va) |5 = (528, vi = va) L, (82)

From (81) and (82), we have

1 n
'|<za¢xi,vl —vQ>
n <
1=1

= IS e v~ v
2
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Then, from Corollary 8.6.2 of Vershynin (2018), we have

1 n
E sup <n Z a;X;, V> < C\fﬁE sup (E%g, V).
i=1

vemeﬁrg]}BdE v€rleﬂr2B%

Then, from Lemma 34 and (79), the proof is complete. [ |

Then, we proceed the proof of Proposition 25. The left-hand side of (38) divided by A2
can be expressed as

n

D (=h(€ni = Tvi) + B (En,0)) Tvie

i=1
From the convexity of Huber loss, for any a,b € R, we have
H(a) — H(b) > h(b)(a —b) and H(b) — H(a) > h(a)(b— a),
and we have
0 < (h(a) = h(b)) (a = ). (83)
Let 1g, be the indicator function of the event
Ei = (I6x,al < 1/2) N (Jzvil <1/2).

From (83), we have

n

Z ( (5)\0,1 Ty 1) +h (5)\0, ) Ty, = Z g)\o,z wv,i) +h (5)\0,1')) xv,iIEq; = Z $3711E1
=1

i=1 i=1

Define the functions

2 if 2] < 1/4
r—1/2)% if1/4<x<1/2
r+1/2)? if —1/2<2<-1/4
if |z] > 1/2

8

—~

p(z) = and (z) = I(\a:|§1/2),

o

where I(|;<1/2) is the indicator function of the event |z| < 1/2. Let fi(v) = w(zv,i)¥(Er, i)
and we have

& (a) &
Z m%,iIEi > Z QO(xv,i 5)\(,, Z fl (84)
i=1 i=1

where (a) follows from ¢(v) < v? for |v| < 1/2. We note that

fi(v) < p(xy,;) < min (1:3,’,;, 1) . (85)
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To bound )" | fi(v) from below, we have

n

inf ] Zfi(v) > inf EZf(v) - sup
i=1

verlB‘fﬂTZEE i1 v€r1B‘fﬂrzB% ver1 BénrsBE

(V) =B fiv)
1 =1

=
Define the supremum of a random process indexed by rllB%‘f N TZIB%%:

n

A= sup Zfl(v) — EZfZ(V) .
i=1

VGTﬂB‘fﬂT’EB‘iX] i=1

(86)

Define

Loy i>172 and Lig, 1>1/2

as the indicator functions of the events |z, ;| > 1/2 and [, ;| > 1/2, respectively. From
Ig, =1 =14, =172 = Lje,, . />1/2 and (84), we have

n n n n n
Y atde 2EY fi(v) > ) Eal;— Y Eal I, m10— ) Balle, s
=1 =1

i=1 i=1 i=1
1
> sz\;‘% - iEx%,iIm,ﬂx/Q - iExa,iﬁgo,ix/? (87)
i= -
We note that, from (10)
E(x] v)! < 16L4||Zzv |2 (88)

We evaluate the right-hand side of (87) at each term. First, for any v € mB¢ NrsBE, we
have

n (a) n
> Bl Joygz2 < ) \/Exil/,i VELey 2172
=1 =1
© §~ JEd /P loval = 1/2)
=1

(0 & A2n
< \Exd | 2exp | -————2—
; v ( c%£2\|z%vu%>

=1
(d) 4 A2
< SLIEVIB, 2exp | - 20—
o L2||Z2vf3
() 1 1
= 3?”22"\’%7 (89)

where (a) follows from Hoélder’s inequality, (b) follows from the relation between indicator
function and expectation, (c) follows from (12), (d) follows from (88) and the definition of
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L, and (e) follows from the assumption on n. Second, for any v € r1B¢ N TEIB%%, we have

n ) ((l) n 1
> Eal L, 212 < ) \/ Exv,i\/ Ellg,, :[>1/2
i=1 =1

D3 Bk Rl > 1/2)
i=1

- %\/E(VTXZ')‘*\/P(\@\O,J >1/2)

() 412 .
= 2 \/P(|€A0,i| >1/2)||22v]3

@ 1
= 32

122 v]]3, (90)

where (a) follows from Hoélder’s inequality, (b) follows from relation between indicator func-
tion and expectation, and (c) follows from (88), and (d) follows from (14). Consequently,
from (89) and (90) we have

1223

3\2 -A

IN

D (=h(€ni = Tvi) + B (E0,0)) Tvsie (91)
i=1

Next, we evaluate the stochastic term A defined in (86). From (85) and Theorem 3 of
Massart (2000), with probability at least 1 — J, we have

A < 2EA + o+/3log(1/5) + 18log(1/5), (92)

where

n

of= sup Y E(fi(v) —Efi(v))>.

veriBinrsBE —1

From (85) and (88), we have
E(fi(v) — Efi(v))? <Ef(v) <Efi(v) < Eaj, < LQ'EnVH%

Combining this and (92), with probability at least 1 — §, we have

L
A < 2EA + )\—\/810g(1/5)HZ‘%V||2 + 181og(1/0). (93)

From symmetrization inequality (Theorem 11.4 of Boucheron et al. (2013)), we have
EA < 2Esupy e, pan B Gy < 2Esupy e, pirryBe Gy|, where

Gv = Z az‘ﬁﬂ(mv,i)l/}(fko,i),
=1
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and {a;}!" ; is a sequence of i.i.d. Rademacher random variables which are independent of
{x;,&}" ;. We denote E* as a conditional expectation of {a;};; given {x;,&}; ;. Since ¢
is 1-Lipschitz and ¢(0) = 0, from contraction principle (Theorem 11.5 of Boucheron et al.
(2013)), we have

n
* 1 *
B s Y el i(n)| < g B s |3 andv].
verl]BﬁlﬂrgIB‘é i=1 0\/ﬁ VErﬂB‘fﬂrzBdZ i=1
and from the basic property of the expectation, we have
n 1 n
E  sup Zaiw(xv,z‘)l/}(f,\o,i) <X E  sup aix; v|.
VETlB‘fﬂTzB% i=1 0\/ﬁ VETlﬂfﬂ’rz]BdE i=1
From Lemma 46, we have
n
NEA<SNE  sup Y aip(wy)(én,)| < CLAVPITY s (94)
VETlBlliﬁTE]BdE i=1
From (93) and (94), we have
A2A < CLAoV/nprasr + CLAo\/10g(1/8)rs + CA\2nr}
(a)
< CLXAoVn(prasr + rsrs), (95)

where (a) follows from A,v/nrs < ry and L > 1. From (91) and (95), we have

n

inf A2 Z (=h(€rpsi — Tvyi) + R (Ex,i)) Tvii >

maB‘fﬂrEIB% )

1
Yav|2
7” l2 — CLAoVn(prasr + rsrs),
and the proof is complete.

F.5 Proof of Proposition 29
We note that

0 0= T2 D 0N T 12
< 4E2wi|XZ~ v|® < SEZU)AXZ- v,
i€0 i=1

€O

where (a) follows from Holder’s inequality and Y ;. u? < 4o, and (b) follows from the
fact that @) < 2i; for any i € (1,---,n). We focus on > I, @;|X,/v|%. First, for any
v € rBY NroBY, we have

" (@) " (b)
@l X[ v < max Y @(X X[, M) < e,
=1

£1,Tr
Mem'r'l ,ro,d =1
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where (a) follows from the fact that fmfifﬂz dv smf}’ rp.a @1d (b) follows from the succeeding
condition of Algorithm 5.
Combining the arguments above, we have

Z’szTV < CL\/@\/>\/52 Srd st T(S) + Emax

€O

where we use the definition of 7.t and the proof is complete.

F.6 Proof of Proposition 30

We note that, from Holder’s inequality, we have

Z UZ'XZTV
n

1€1m

n

- 22 v < a7 z LyTop,

’LEIm

CL

where (a) follows from Holder’s inequality, and (b) follows from the fact that |[u||3 < 4m.
From the fact that M2 < opfe ™

r1,r2,d,v rira,d WE have

n o T2 n T

X,V x;x; , M

§ : ( 1 ) S sup 2 < 1<% >
n n

i—1 Meml T =1

From Corollary 28 and triangular inequality, we have

ZUZX v < \/07\/ Lﬁu 3Tds+r5>+21211ax

i€l
(a) 0
< CL ﬁ\/ﬁﬁ (srd,s + Té + E12nax

where (a) follows from m < (2¢. + 1)o and L > 1, and the proof is complete.

Appendix G. Proof of Lemmas 39, 40, 41 and 42

Proof [Proof of Lemma 39] From the triangular inequality, we have

Z (rge )X 0y < | dih(rg- )X 0, + Y bjh(ra- )X, 6,
=1 €L €0
= D iih(En, )% Op| + | Y wih(ra- )X 6y
i€ €O
_|s ! A 1 NocT o AxT
= Z nh(on,z)Xz‘ 0, — Z nh(fz\o,z)xi 0| + Zwih(rﬁ*ﬂ)xi 6
i=1 i€eOU(INl<) €O
| - 1 -
< - . . — ¥ .
< Znh(@mz)xz 0|+ | > Wih(6r,)X] 6, > ~h(rpge i)x] 6y .
i=1 i€O zeou(ZmI<)
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We note that |h(-)| <1 and from Lemma 27, [OU (ZNI.)| < (1 + 2¢z)o. Therefore, from
Propositions 22 - 24, we have

1
> Eh(gko,i)xjen < 3L (prasr1 +rsrs)

o
n
€O

1
Z Eh(f)\o,i)x;‘ran < g L1 + ceut ("Qu\/> (\/ STd,s + \/77(5) ro + Ku'ror2>

3/

1
Z Eh(rﬁ*,i)xjen <esL <mu\/7 (,/smS + \/E) 9 + HuTOTg) ,

1€OU(ZNI<)

and we see that

| < BCfnaXL (prdﬁn + rsrs + Ky

By

(\/STas +/Ts) 12 + Huror2> -

Proof [Proof of Lemma 40] We have

> AoV} (~h(rg-ta,q) + h(rp-:)) X/ 6,
=1

= Z )\O\/ﬁﬁ); (—h(T@*+gn7i) -+ h(T’ﬂ*,i)) XZTHW —+ Z )\O\/EUAJ; (—h(r,@*_,_gmi) -+ h(Tﬂ*,i)) X,jen

iez i€
= XV (=h(€x,i — T0,4) + h(€x,0)) X] Oy + > Ao/ (—h(rgeya,.:) + h(rge)) X, 6
ieT i€

Z Z \)}Oﬁ (=h(ér,i — za,.i) + h(Ex,0)) X{ Oy

1=1 ZEOU Zﬂ[<

+ Z Ao\/ﬁwi —h(rg-ye,.i) + h(”ﬁ*,i)) Xz'Tan
1€

> Z f h(€xi — 0,4) + MEr,i)) X{ Oy — | D

i€eOU(ZNI<)

=12 AoV (~h(rpse,.) + hirg) X[ 6,

€0

( h(Ex,,i — T6,) + h(€xr,0)) x| 6y
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We note that |h(-)| < 1 and from Lemma 27, |OU(Z N I.)| < (1+2¢:)o. From Propositions
25, Propositions 23 and 24, we have

\'%
Z \F g)\o,z - SUon,z') + h(g)\o,i)) Xz—‘ren > 3 ’I"% - CmaxL)\o\/ﬁ(prd,srl + 7“67"2)

Z Ao/ (—h(rg-16,,:) + h(rg-;)) X, 0, < 2 LAovn (Iiu\/g (\/STas +\/Ts) 12 + /iuT’OT2>

€0

Z f ( h(€x,,i — T0,,i) + h(é,\mi)) X:On < c?naXL)\o\/ﬁ <’{“\/g (,/srdﬁ + \/E) ro + /@urom) .

i€EOU(ZNI<)

Combining the arguments above, we see that

> vy (—h(rgeie,.:) + h(rg-:)) X, 0y
=1

1
Yavl? 0
> [=2vl3 3 Iz . L/n (prdy’l +rsrs + Iiu\/; (\/STas +/Ts) 12 + IiuTOT‘Q) ,
and the proof is complete. |

Proof [Proof of Lemma 41] From the triangular inequality, we have

<D dih(rg- )X 0y + | jh(ra- )X, 6,

=1 1€L €0
= D @ih(En, )X Oy| + D dih(rg- )X 6,
i€z i€O
_ 5! AT Lo xT M hrae VXT
= Zﬁh(@\o,z)xz‘ 0, — Z nh(fz\o,z)xi 0| + Zwih(r,@*ﬂ)xi 6
i=1 i€EOU(INI<) €O

IN

|
Z ;h({,\mi)xj% +
=1

1
> Zh(rg;)x, 0, .
n (Tﬁ})Xz n

1€OU(ZNI<)

D @6, ) X] 0y| +

€O
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We note that |h(-)] < 1 and from Lemma 27, |OU (ZNI.)| < (14 2¢.)o. Therefore, from
Propositions 22, 29 and 30, we have

1
Z Eh(ﬁ,\o,i)xiTOn < csL (prd,srl +rs1%),

1 0
> )% 0| < cs\/@:\/; VA2 (s + o) + r2ra,

1€O

1 0
Z ah(rg*7i)xjt9n < CgL\/;\//ig (sras +rs) + Kira,

1€OU(INI<)

and we see that

0]

Proof [Proof of Lemma 42] We have

> AoV} (~h(rg-ta,q) + h(rp-:)) X/ 6,
=1

= Z )\O\/ﬁﬁ); (—h(T@*+gn7i) -+ h(T’ﬂ*,i)) XZTHW —+ Z )\O\/EUAJ; (—h(r,@*_,_gmi) -+ h(Tﬂ*,i)) X,jen

iez i€
= XV (=h(€x,i — T0,4) + h(€x,0)) X] Oy + > Ao/ (—h(rgeya,.:) + h(rge)) X, 6
ieT i€

Z Z \)}Oﬁ (=h(ér,i — za,.i) + h(Ex,0)) X{ Oy

1=1 ZEOU Zﬂ[<

+ Z Ao\/ﬁwi —h(rg-ye,.i) + h(”ﬁ*,i)) Xz'Tan
1€

> Z f h(€xi — 0,4) + MEr,i)) X{ Oy — | D

i€eOU(ZNI<)

=12 AoV (~h(rpse,.) + hirg) X[ 6,

€0

( h(Ex,,i — T6,) + h(€xr,0)) x| 6y
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We note that |h(-)| <1 and from Lemma 27, [OU(ZNI.)| < (1 + 2¢c)o. Therefore, from
Proposition 25, we have

1
Yav|3
Z \/» f)\o, ro,.,i ) + h(f)\o, )) Ten > H "27”% - cmaxL)\o\/rﬁ(prd,srl + ré"”E)

> AoV} (—h(rgeto,q) + h(ra:)) X 0y < CS‘FML\/E\/K% (sTa,s + 76) + K272,

€O

o
> f E (=h(én,i — T0,0) + h(Ex,0)) X{ 6y < CS\/CcutL\/;\/H% (sra,s +15) + K3r2,.

IGOU IOI<

Combining the arguments above, we see that

Z )\O\/ﬁwg (— (7“[3*+9m )+ h(rg~ )) XTHU

i=1
1
Yavl?
> =2 vl 3 lz 2. L \,\/n <prd sT1 + TsTy + \/7\/%2 (sras +15) + /<a27"2>
and the proof is complete. |

Appendix H. Proof of Corollary 17

The proof of Corollary 17 is almost the same as the one of Theorem 15. The difference lies
in using Corollary 47 instead of Corollary 28. The proof of Corollary 47 is in Section H.1.

Corollary 47 Suppose that Assumption &, and rq,rs < 1,0 < 71,79, r1/r2 < /s hold.
Define c19 and c11 as numerical constants. Then, with probability at least 1 — 9, we have

n s M
max Y <Xxn> < c10(L2 + p?) (5 (ras + 16) + S200) 72. (96)

Additionally, assume that e = c. x (o/n), where 1 < c¢. <2 and (0 <)o/n < 1/2 hold, then,
with probability at least 1 — §, we have

n
max > (XX M) < en(L?+0%) (s (ra +75) + i) 15, (97)
Mem b *

T1,79,d =1

where {w}?_, is a solution of (25).

As a result, Propositions 29 and 30 used in the proof of Theorem 15 will be replaced
Corollaries 48 and 49, respectively.
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Corollary 48 Suppose that the assumptions in Corollary 47 hold. Set

Teut = Ceut (L? (8 (Tas +76) + Eoax) 73) »

where ceyt > c11, and suppose that (97) holds and that Algorithm & returns w. For any

u € R" such that ||uls < 2 and for any v € rBY N raBY, we have the following:

1€O

o
< ci12 V Ceut (L + P)\/;\/S (Td + T(S) + E?naxT%

where c19 18 a numerical constant.

Corollary 49 Suppose that the assumptions in Corollary 47 hold. Then, for any m € N
such that m < (2¢c. + 1)o, where c. is some numerical constant such that 1 < ¢, < 2, for
any u € R"™ such that ||ul|oc < 2 and for any v € rB¢ NroBY, we have the following:

1
E *uiX;rV
n

1€1m

[0}
< ei3(L + P)\/;\/S (ra +75) + X2 472,

where c13 is a numerical constant that depends on ci1g9 and c..

!
max-*

Lastly, we define ¢

Definition 50 Define

"
Crax — Max (1a C3, Cg, C124/Ccut, 013) .

The steps to derive Corollaries 48 and 49 from Corollary 47 are almost the same as those
used to derive Propositions 29 and 30 from Corollary 28. Therefore, the proofs of Corollaries
48 and 49 are omitted. Additionally, since the proof of Theorem 17 is almost identical to
that of Theorem 15, the proof of Theorem 17 is also omitted.

H.1 Proof of Proposition 47

First, we prove (96). This proof is based on a simple union bound. First, we have

- X‘)C—r
max g < max E =L B M )|+ max (E, M)|
1,11 n 1,4T n “1, 1T
Mem’rl,v‘g,d =1 Memrl,'rQ,d =1 Memrl,rg,d
(@) [ <N x;x,
7 2 2 2
< § nl - X 1 + Emaxr27
i=1 00

T

where (a) follows from Hoélder’s inequality. We note that the (k,[)-element of x;x; is

Xi|k % X;; and its mean is ¥ ;. Then, we have

(a) (b)
%15 % Xilt = Shalloy S I1%ilk % Xilillyy + 0 < Clxilillgs [xilillg, + p* < CL? + p?),
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where (a) (b) follows from (9). Then, from Theorem 2.8.1 of Vershynin (2018), we have
log(1/t)  log(1/t
P( SC(LZ+p2)< og(/)gg(/)))zl_t
n

n
Let t = §2/d? and from union bound, we have

()

n T
XXy
n

=1

1 n
— E Xilk X X1 — gy
n

=1

- C(L2+p2)< log(d/d) 1og<d/5>>> )

n n

o0

From the fact that 0 < 6 < 1, r3/r3 < s and log(d/§)/n < 1, we complete the proof of
(96). The proof of (97) is almost the same to the one of (40). Therefore, the proof of (97)
is omitted.

Appendix I. Proof of Corollary 18

For the proof of Corollary 18, the following Proposition 51 plays an important role, whose
proof is in Section 56:

Proposition 51 Suppose that Assumption & holds. Furthermore, suppose that (31) holds.
Then, for any u € R™ such that ||ul|e < 2 and for any v € rBY NreBE, we have the
following:

1
Z Euixjv < ciaL (prasri + (rs + 1o)rs),

€O

where c14 18 a numerical constant.

Additionally, we define ¢/

max*

Definition 52 Define

"

cmax

= Imax (1, C3,Cgq, 014> .

Then we proceed to the proof of Corollary 18 The proof is similar to those of Theorems
13 and 15. To prove Corollary 18, it is sufficient to confirm Proposition 6.2 with {X}" , =
{x}?_, and {w}}1, = {1/n},, in other words, we will confirm (98), (99), (100) and (101)

in the following Proposition 53 under the assumptions in Corollary 18.

Proposition 53 Suppose that, for any 6, € TllB%‘f N TQIB%g N rgBdE,

1 n
/\o\/ﬁﬁ Z h(rgs )X} Oy| < o171 + Ta2r2 + Ta xS, (98)
=1
; IR
b||S26,15 — roars — e srs — THaT1 < I D AoV (=h(raeto,.) + h(rpe)) %/ 6, (99)
=1
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where 141,742, 70,5, Tb,1, 70,2, Tb,x > 0, b > 0 are some numbers. Suppose that ExixiT =X
satisfies RE(s, crp, t), k1 > 0, and

Crg ra,2+"a,5 )

As + (Ta,l +
A — (ra,l + W) >0, VL < o, (100)
Crl\/g )\s _ (Ta,l 4 o Cl:,l\/ga,E)
2
27 (crVs(raq 4 1o1) + Cry(Taz +162) + Tax + Tox + ¢ V/SAs) . T1=CrV/5Ts, T2 = Croryy
(101)
hold, where c,, = ¢ (1 + crg)/t, ¢y, = ™ (3 + crE)/k1, min{c™, ci™} > 2 and

¢r/Cry < 1. Then, we have the following:
* 2 * 2 L% 2
18 =Bl <7r1, [IB"=Bll2 <7, [|E2(8" = B2 < s

I.1 Confirmation of (33)
From the following lemma, we can confirm (33). The proof is given in Appendix G.
Lemma 54 Assume that Propositions 20 and 51 hold. For any 0, € 7’1183(11 N 7'218351 N ryBY ,

we have

< 26%3}( (prd,srl + (T(S + T.O)TE) .

Zhrﬁ*-x 0,

From Lemma 54, we see that (33) holds with

Ta,1 = QClrﬁzX)\o\/ﬁLprd,& Ta2 = 0, Ta,x = ﬁgx)‘ IL(T5 + 740) (102)

1.2 Confirmation of (35)
From (102),

CroTa,2 T Ta,% 12 R"
Cs :=)r —=—= = =22 LA,v/n X
( s ) a,l + Crl\/g Crmax \/> C,«l\/ dno

From the definition of Ag,

2
A - g{axL/\f g’no_cs>cRE—i—1>0
C B QC%E%XL)‘I d,n,0 2 _CRE_l
Hence, we have Ay — Cs > 0 and
1+§ 14 @
As + Cs . As cret+l _
As —Cs  1—C = 1 _ce-l - ORE
§ $ As cre+1

Therefore, we see that (35) holds.
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1.3 Confirmation of (34)

From the following lemma, we can confirm (34). The proof is given in Appendix L.6.

Lemma 55 Assume that Propositions 25 and 51 hold. For any 6, € rﬂB%‘il N TQIB%g N TzBdE,
we have

1 Yav
L A (0,0 + bl 0) 78y = LZME _gr s o+ (1 o)
From Lemma 55, we see that (34) holds with
b= L = =0 =
3 Tp,1 = 27"@’1, Tv2 = VU, Tpx = 2ra,2-

1.4 Confirmation of (36)

As we mentioned at the beginning of Appendix A, r; = ¢, v/sry and ro = ¢,,ry is clear
from their definitions. We confirm ry».. We see that

2
5 (Cr1 \/g(ra,l + 74b,1) + Crq (Ta 2+ rb,2) + ra,Z + 7’b,E + Cry \/g)\s)

< 15¢02 LAy/n (2 + ¢5) Ry, , < 75,

and the proof is complete.

1.5 Proof of Proposition 51

Before proving Proposition 51, we prove the following proposition:

Proposition 56 Suppose that Assumption & holds. Then, with probability at least 1 —t,

we have
1 |
§0L2<2Ogd/8 ”ogd/srzrle\/»r +r2>.
(103)

Proof This proof heavily relies on Theorem 5.5 of Dirksen (2015). To apply the theorem,
we note that, from (9), we have the following four inequalities:

n T\2
sup Z X v)” E(x, v)?
verlB‘ferIde =1 n

1
max [|x] (v = v')lly, < LIB2(v = v')]l2,

Z_ 7

sup max HX Vg < sup L||E%v||2 < Lry,
verleﬁrgIBd = vGTlIEB OTEIB%
1 1/2
sup Z I V”wg s (LYav]E) < 12,
V€T1B‘liﬁ7‘2153d VGTlIBdOTEBd
sup max %, vH < sup HEivH% < L*%.
vEmIB%dﬁrgIBd =1, n VETﬂBdﬂTzB%
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Then, from the inequalities above, applying Theorem 5.5 of Dirksen (2015), with probability
at least 1 — t, we have

n

LS 5 v)? — E(x] v)?

sup
vEnIBCllﬂrgB% n i=1
2 d d i d d 1
B¢ NryBE, |22 (- rB¢ NreBE, (|22 (- t t
<o ('m(l {07oBE D50l |, (B nrsBL [SHO) T%+T%)
n vn n n
1 \2 1
() ) <Supv€T1B‘fﬁrzBdE<V722g>) supvehBiimmB%(v,Zz@ t, t,
— CL + rs + —rs + —7T%
n vn n n

®)
<cr? < 2Logld/s) d/s +py| 2 log S \frz + 7"2)

where (a) from the majorizing measure theorem (Theorem 2.4.1. of Talagrand (2014)), and
(b) follows from Lemma 34. [ |

Then, we proceed to the proof of Proposition 51. We start from a simple algebra:

1 (a) |40 4o

sup —uix; v| < sup Z x ;FV)Q) + —E(XIV)Q
veriBénrsBL |ico ver BénrsBd n
(b 40 0

sup 4/ — Z ((x]v)? —E(x/v)?) +2=ry, (104)
veanmrgBd n

where (a) follows from Holder’s inequality and ||ul|s < 2, and (b) follows from triangu-

Gl V) —E(x/v)? in a

lar inequality. Then, we focus on evaluating SUDPy ¢y Bdryry Bl Yico
manner similar to the proof of (32). From (103), we have

(105)

(x; v)?

L m vy

max sup
J|=o0 d
|T1= ver B QTE]BE

ieJ
with probability at most

<o)

P [ sup

verlB‘fﬁrgE%

B ]y

>CL2( 210g d/s Vlog d/s Tle-F\/»TE—F rz)]

eJ

where {z;}¢_; is a sequence of i.i.d. random vectors sampled from the same distribution as
{x;} ;. Let t = olog(ne/o) +log(1/8). From Stirling’s formula, we have (7)e™" < 4. From
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(105), with probability at least 1 — d, we have

-
max sup (x; V) — E(x; v)?

|T]=0 vEmIB?‘iﬂrg]BE

eJ

<% ( olog(d/s) d/s /log d/s \/olog + log(1/9) e olog =& +log(1/5)T%>
n 0
(@) /
2 or2 ( »log(d/s) d/s \/“ log d/s (log 1/6) 42 log n) r%)
n "o

(0) 1 log(1

n

where (a) follows from e < n/o and rs < 1, and (b) follows from Young’s inequality and
again, e < n/o. From (104) and (106), with probability at least 1 — §, we have

(\/W \/W @Tz)

where (a) follows from Young’s inequality and e < n/o and L > 1.

sup
verlB‘fﬂrgB%

—ulx v
ieJ

1.6 Proof of Lemmas 54 and 55
Proof [Proof of Lemma 54] From the triangular inequality, we have

n

1 1 1
- > h(rgei)x; 6, < - > h(rpei)x] 6, + - > h(rp-i)x] 0y
=1 i€l €O
sz h(Ex,.i Zh@o,xe
’LEO

We note that |h(-)| < 1. From Propositions 22 and 56, we have

< 3L (prasri+rsry),

"1
Zhiéy )%, 0
Z n (6)\07 )Xl n

=1

1 T
E - Vx| 0
nh(g)\oﬂ/)xl n

€O

< c14L (prasri + (rs +1o)rs)

and we see that

1 n
=N " h(rg %] 6,
n & (Tg,)xl

< QCﬁng (prasri+ (rs +ro)rs) .
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Proof [Proof of Lemma 55] We have

1 n

- > AoV (=h(rg-se,:) + h(rg-:)) x{ 6,
i=1

1 1
= > AoV (—h(rgeto,:) + h(rge:)) x| 6, + - D AoV (—h(rg-y6,:) + hirg:)) x 0,

€T €O

> Z 2 (e = 0,.) + hl,)) %] 0, =2 %Z)\o\/ﬁ(—h(rﬁ*Jrgmi) T h(re)) %) 6,

€O

We note that |h(-)| <1 From Propositions 25 and 56, we have

1
Yavl|2
Z \f (Expi — T0,4) + h(€x,4)) X; 0y > ”3H2 75 = Coax LAV (prasm1 + 7575)

<. L (prasri+ (rs +1o)ry) .

LS o, (~h(rge 0,:) + hlrge ) <] 6,

€O

Combining the arguments above, we see that

1< Sov
- Z)\o\/ﬁ (=h(rg-+g,) + h(rg: ;) x; 6, > ” 3 IZ2vi3 _ 3cmax L (prasri + (15 +1o)rs),

and the proof is complete. |

Appendix J. Discussion
In this section, we discuss the technical contributions of our paper, as mentioned in Section
2.3, as well as the adaptive setting of the tuning parameters, as mentioned in Remark 19.

J.1 About the Analysis of the /;-Penalized Huber Loss

There are two primary approaches known for analyzing the ¢;-penalized Huber loss. The
first approach is a direct analysis, where the estimator 8 for 8* is defined as

5 w i — X/
B = argman)\gH (y/\\/ﬁ,@) + Xsl|Blh-

The second approach involves analyzing the following optimization problem, which provides
the same solution for 3 as the one above

n

(8,6) = argmin — 3 (5i — (Xi, 8= V0D + Mofloll + A8l (107)

BER,GcRn <1
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For the equivalence of these two optimization problems, refer to She and Owen (2011).

In prior work, several studies have applied the f;-penalized Huber loss in situations
where outliers are present. These include Nguyen and Tran (2012); Dalalyan and Thompson
(2019); Thompson (2020); Minsker et al. (2024), all of which adopt the latter approach.
These papers address cases where only the output is contaminated by outliers. However,
it is challenging to extend this approach to situations where outliers also affect the input
because the approach requires evaluating the following quantity:

n

1

sup - Z<Xi + 0i,v) X (& + 6;). (108)
VGRd n i=1
In the case where g; =0 for all ¢ = 1,--- | n, that is, when only the output is contaminated

by outliers, this can be effectively evaluated by leveraging the fact that {x;}" , satisfies

a variant of Chevet’s inequality (Proposition 4 of Dalalyan and Thompson (2019)) and
combining this with the penalization on 6 in the optimization problem (107). However, when
the input is contaminated, the variant of Chevet’s inequality is not applicable effectively,
making the evaluation much more difficult.

Therefore, in this paper, we adopt the former approach. The former approach is also
employed in papers such as Pensia et al. (2020). Although Pensia et al. (2020) deals with the
case where outliers are present in both the input and output, it does not use an ¢; penalty
since B* is not sparse. Notably, the analysis of the Huber loss using the former approach is
also adopted in papers such as Sun et al. (2020) and Chen and Zhou (2020). These papers
prove an error bound for ||3* — B||2 by assuming that any large value of [|3* — 3|2 would
lead to a contradiction. In this approach, the quantity corresponding to (108) in the latter
approach changes as follows. With a appropriately set to a positive number:

Ao\/ﬁ = gz + 01
sup (xi + 0i, V) xh( )
VEOL]Bg n ZZ; Ao\/ﬁ

There are two advantages to this approach: the first is the restriction on the range of v,
and the second is that &; + 6, is bounded by the derivative of the Huber loss A(-). In Pensia
et al. (2020), when analyzing the above quantity, the fact that —1 < h(-) < 1 is used to
leverage existing algorithms for outlier-robust mean estimation.

However, this approach is insufficient for our purposes because, to fully exploit sparsity,
v needs to be constrained not only in terms of its /o norm, v € aIB%g but also in terms of
its £1 norm. The technique of proceeding under the assumption that both the ¢; and ¢
norms are small has been developed in works such as Lugosi and Mendelson (2019); Alquier
et al. (2019); Lecué and Lerasle (2020). However, these papers consider only the case where
the covariance matrix is the identity and do not address cases where the covariance matrix
has a general form. If we forcibly apply this method to our setting, the final predictive

error bound (HZ%(B — B%)||2) would involve the inverse of the smallest eigenvalue of the
covariance matrix. In contrast, for standard Lasso, the predictive error typically depends
on the inverse of the restricted eigenvalue (Definition 5), which is generally a larger value
than the smallest eigenvalue. Given the recent interest in predictive error in the context
of overparameterization (for example, Bartlett et al. (2020); Tsigler and Bartlett (2023);
Cheng and Montanari (2022)), we believe that it is important to produce predictive error
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bounds. To this end, we have modified the methods from previous research and developed
an approach that allows us to control v not only with respect to the /; and £ norms but
also the predictive norm. As a result, we have obtained results consistent with those of
standard Lasso without outliers. Specifically, we analyze the following expression, where
a,b, c are appropriately chosen positive constants:

Mo - i+0i
sup fZ(Xi—l-Qi,V)Xh(g + >
i=1

vEaBNbBINCBE, Aov/10

This is discussed in Proposition 21. While Proposition 21 is specialized for the ¢;-penalized
Huber loss, we believe that with techniques from works such as Pan and Zhou (2021);
Chinot et al. (2020), this approach can be extended to other loss functions.

J.2 About Adaptive Tuning of the Tuning Parameter

In this section, we discuss the adaptive setting of the tuning parameter in Corollary 18. For
simplicity, we assume that E¢? < o2 holds and (15) is satisfied. Under these assumptions,
the result of Theorem 18 is given as follows: When (30) holds and we set

24L%0 < Aov/n, ¢ L\ f

max

\[ (Pcrl \/gTd,s +rs+ To) < As,
Cry

then, we have

1 A
122(8 — B)ll2 < 15(2+ ¢5) chiax LAV Ry,
15 (2
_1B@He) s, (109)

Cs

The tuning parameters A\, and \s; contain many unknown quantities, first, let us assume
that only o/n is unknown. We set A\o\/n = 24L?0, ¢s = 3(cgr + 1)/(cre — 1), and 2™ =

cpy™ = 2. Here, the conditions for As and the error bound of (109) are organized as follows:

(F(O/n) = ) gﬁxl)‘ Vin——r-= (pcm \/grd,s + 75+ To) < Ass

15 (2+cs)c

S

mf

I25(8 - 8)l> < n V3 % s = Glo/n).

Here, note that both F(-) and G(-) are monotonic increasing functions of o/n. In other
words, if o/n can be overestimated, the setting for Ag will be successful; however, if the
estimate is too lenient, the error bound will become considerably loose. In this case, Lepskii’s
method Lepskii (1992); Lepski and Spokoiny (1997) can be used to adaptively tune As. To
do this, we consider applying Lemma 3 from Jain et al. (2022) here. Define a > 1 and

Emax = Max {1/6 argmax (1 > 7c, (4 + c5) cnz /1 + log L2R:1Hno } :

o/n
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Let K € N be a positive integer and we construct an increasing sequence {ai, - ,ax 41},
where a; = epay /a1 for i =1,--- K + 1. For a;, i € {1,--- , K + 1}, define 3,, as an
estimator with tuning parameter

)\5 = F(a,)

We then define an adaptive estimator, Bada, as Bak,d, , where for all kg, < k, the following
condition holds:

122 (Ba,,, — Bay)ll2 < Glak,y,) + Glar). (110)

We will explain that ,éada serves as a good estimator of 3*, following the proof of Lemma
3 in Jain et al. (2022).

Consider an index k,, € 1,..., [ such that Ak, < o/n < ak,,+1- For any k> kypm+1,
it follows with probability at least 1 — 3KJ that

=12 (Bay, = B2 < Glar).
Applying the triangle inequality, we have

1528y, = Bar, , 1)l S IEY2(Bay = B2+ 152 (Bay, 11 = BY)l2 < Glar) + Glag, ,41),

where the last inequality holds with probability at least 1—3K4. Therefore, by the definition
of Bada, we conclude that kaqa < k,/, + 1 with probability at least 1 — 3K¢. Again, from
the triangle inequality, we have

13 (Baca = B%)l2 < 122 (Baaa — Bus, 2 + 152 Bu, -, = B2
(a)
< G(ak ada )+G(ak/ —1) +G(ako/n )

(®)

< 3G(ay, (111)

o/n— )

the fact that G(-) is an increasing function. We note that when K is sufficiently large and
a(> 1) is sufficiently small, the error bound in (111) converges to the one in the case where
o/n is known, except for the need to take 0 to be sufficiently small.

However, when there are multiple unknown parameters, this approach does not work
well. Here, we consider the case where not only o/n but also o is unknown. Let the
true value of o/n be 0.2, and the sequence of candidates for exploration be [0.1,0.2,0.3].
Let the true value of o be 3, and the sequence of candidates for exploration be [1,2,3,4].
We set B8* = (1,0---,0). For simplicity, we assume that n is sufficiently large, such that
pCri\/8ras + 15 + 1o < 1.11r,. Re-define F(-,-) and G(~, -) as

where (a) follows from (110) and kaqa < ko, + 1, and (b) follows from kaga < K,/ + 1 and

F(o,0/n) := ;;gxmof . \[
Glo,0fn) = w(%js@crlﬁxF(avo/n)v
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where \o\/n = 24L%c. Additionally, we assume that the product of the constant in G(-,-)
and +/log(n/0)(< /log(10/3)) is less than or equal to 1.5/1.1. In other words, we can
define G(a,b) = 1.5ab for a € {1,2,3,4} and b € {0.1,0.2,0.3}. The estimator where a = i
and b = j will be denoted as B”

Here, suppose that the estimate of 8* is (1.9,0,---,0) for all combinations of (o, 0/n)
among the candidates. In this case, we note that the estimation is successful for (o,0/n) =
(3,0.2),(3,0.3),(4,0.2), (4,0.3), while it fails for all other combinations. However, for a
failed combinations (i,7) = (2,0.1), since |Bo01 — B302] = 0 < G(2,0.1) + G(3,0.2),
we must conclude that the estimate (1.9,0,---,0) for (¢,0/n) = (1,0.1) is valid, similar
to the case where only o/n is unknown. While it is expected that the estimate satisfies
|B1.01 — B*| <3 x G(1,0.1), it is clear that this inequality does not hold. In other words,
in this case, depending on how we set the sequence of candidate parameters, this constant
factor can be arbitrarily worse. This phenomenon contrasts with the case where only o/n is
unknown, where the quantity corresponding to G(1,0.1) was bounded by three times that
amount. For a more general discussion on this point, refer to Jain et al. (2022). Of course,
even in more complex settings such as Theorems 13 and 15 and Corollary 17, Lepskii’s
method may fail when multiple parameters are unknown.
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