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Abstract

Domain adaptation (DA) is a statistical learning problem that arises when the distribution
of the source data used to train a model differs from that of the target data used to evaluate
the model. While many DA algorithms have demonstrated considerable empirical success,
blindly applying these algorithms can often lead to worse performance on new datasets.
To address this, it is crucial to clarify the assumptions under which a DA algorithm has
good target performance. In this work, we focus on the assumption of the presence of
conditionally invariant components (CICs), which are relevant for prediction and remain
conditionally invariant across the source and target data. We demonstrate that CICs,
which can be estimated through conditional invariant penalty (CIP), play three prominent
roles in providing target risk guarantees in DA. First, we propose a new algorithm based
on CICs, importance-weighted conditional invariant penalty (IW-CIP), which has target
risk guarantees beyond simple settings such as covariate shift and label shift. Second, we
show that CICs help identify large discrepancies between source and target risks of other
DA algorithms. Finally, we demonstrate that incorporating CICs into the domain invariant
projection (DIP) algorithm can address its failure scenario caused by label-flipping features.
We support our new algorithms and theoretical findings via numerical experiments on
synthetic data, MNIST, CelebA, Camelyonl7, and DomainNet datasets.

*. Equal contribution

(©2025 Keru Wu, Yuansi Chen, Wooseok Ha, and Bin Yu.

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided

at http://jmlr.org/papers/v26/23-1234.html.


https://creativecommons.org/licenses/by/4.0/
http://jmlr.org/papers/v26/23-1234.html

Wu, CHEN, HA, AND YU

Keywords: Domain adaptation, Distribution shifts, Conditionally invariant components,
Domain invariant projection, Anticausal learning

1. Introduction

The classical statistical learning problem assumes that the data used for training and those
used for testing are drawn from the same data distribution. While this assumption is
often valid, distribution shifts are prevalent in real-world data problems. Distribution shifts
happen when the distribution of training (or source) data differs from that of test (or
target) data (Koh et al. 2021). For example, when a machine learning model is trained on
labeled source data from a few hospitals and then deployed in a new hospital, often there
are distributional shifts because the data collection and pre-processing in different hospitals
can be different (Veta et al., 2016; Komura and Ishikaway, 2018} Zech et al., 2018]). The
statistical learning problem that tackles distributional shifts with labeled source data and
unlabeled target data is called a domain adaptation (DA) problem. A solution to DA is
desired especially in situations where obtaining labeled data from target domain is difficult
and expensive while unlabeled data is easily available. In this case, without collecting new
labeled target data, one may attempt to pre-train the model on related large labeled datasets
such as ImageNet (Deng et al 2009) and adapt the model onto the unlabeled target data
such as CT scan images (Cadrin-Chénevert, 2022)). However, due to distributional shifts
between the large labeled datasets and the target dataset, performance improvement is
not always guaranteed (He et al., [2019). Without careful consideration, the presence of
distributional shifts can result in a decrease in performance of many classical statistical
learning algorithms.

While DA is an important learning problem, a generic cure is hopeless if there is no useful
relation between the source and target data that can aid in prediction. In particular, the
DA problem is ill-posed in general because for any given algorithm and source data, there
will always be some arbitrarily chosen target data such that the algorithm trained on the
source data will not perform well. Establishing reasonable assumptions relating the source
and target data is critical, and depending on these assumptions, many ways to formulate a
DA problem exist.

One common way to formulate a DA problem is to assume that the conditional distribution
of label given the covariate, Y | X, remains the same in both source and target data. When
Y | X is invariant, it is implied that the covariate distribution changes. This formulation
is known as covariate shift (Shimodaira, [2000; Quinonero-Candela et al., [2008). Successful
approaches to tackle the covariate shift assumption include estimating the likelihood ratio
between source and target covariates to correct for this shift (Shimodairal 2000; [Sugiyama
et al., 2007; Sugiyama and Kawanabe, 2012). A related but different way of relating the
source and target distributions is to assume that the conditional distribution of covariates,
given the label, X | Y, is invariant. In this case, the marginal distributions of the label
can differ. For this reason, this formulation is named label shift (Lipton et al. [2018]).
DA solutions typically involve correcting the likelihood ratio of labels using the conditional
invariance of X | Y (Azizzadenesheli et al.,[2019; Tachet des Combes et al.,2020; |Garg et al.,
2020)). Although covariate shift and label shift assumptions have been widely studied and
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successfully applied in some cases (Sugiyama et al.,[2007; [Wu et al.,|2021)), their applicability
is often limited in more practical scenarios.

Moving beyond the scope of covariate shift and label shift, another popular way of formu-
lating DA is to assume the presence of invariant feature mappings (i.e., transformations of
covariates X). Then the DA problem is reduced to identifying features that are important
for the underlying task and are invariant across the source and target domains. Domain
Invariant Projection (DIP) (Baktashmotlagh et al., 2013) was proposed as an attempt to
identify these invariant features through projecting the source and target covariates into
a common subspace. Subsequent works (Ganin et al. 2016; Tzeng et al., 2017; [Hoffman
et al., 2018b) have advanced the common subspace approach by incorporating neural net-
work implementation, demonstrating empirical success across many datasets. Despite its
empirical success, however, recent work by |[Johansson et al.| (2019); Zhao et al.| (2019) re-
vealed that DIP may have a target risk much larger than its source risk, caused by the
so-called label-flipping issue. Specifically, in the absence of target labels, in general there
is no guarantee that DIP will find the true invariant representations. If DIP fails to do
S0, its target performance may deviate significantly from its source performance. What is
worse is that currently there are no practical ways to check whether DIP has found the true
invariant features, which presents a challenge for its practical use.

In this work, we make the assumption on the existence of conditionally invariant components
(CICs) (Gong et al. 2016; Heinze-Deml and Meinshausen, 2021)—feature representations
which are useful for prediction and whose distribution is invariant conditioned on the la-
bels across source and target domains (see Definition [2| for the formal definition of CICs).
With access to multiple source domain data that are related to the target domain, it be-
comes practically plausible to estimate CICs. In this setting, the existence of CICs can
be well-justified because any features that are invariant, conditioned on the labels across
these heterogeneous source domains, are likely to remain conditionally invariant in the tar-
get domain. The idea that takes advantage of the heterogeneity in multiple datasets has
its origins in causality, robust statistics (Peters et al., 2016} Biithlmann) 2020) as well as
stability-driven statistical analysis in the PCS framework (Yu and Kumbier, [2020). More-
over, in anticausal learning scenarios (Scholkopf et al., [2012)) or when datasets are generated
through structural causal models (Pearl, |2009; Chen and Buihlmann, [2021)), CICs naturally
emerge when unperturbed covariates are descendents of the labels.

Under the assumption on the existence of CICs, Conditional Invariant Penalty (CIP) is a
widely used algorithm to identify CICs (Gong et al., |2016; [Heinze-Deml and Meinshausen),
2021)), through enforcing the invariance of conditional feature distributions across multiple
source domains. CIP is shown to achieve good target performance under several theoretical
settings (Heinze-Deml and Meinshausen) 2021; |Chen and Biithlmann, 2021) and empiri-
cally (Li et al., [2018alb; Jiang et al.. [2020]).

Despite the rapid development on CIP to identify CICs, the understanding of DA algorithms
based on CICs beyond simple structural equation models is still limited, and their ability
to handle DA problems involving both covariate and label shifts is unclear in the previous
literature. Additionally, while the generalized label shift has been proposed in [Tachet des
Combes et al.| (2020)), it is not known how to reliably identify CICs via their proposed algo-
rithms. Note that in the DA setting, target labels are unavailable, making it impossible to
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estimate target performance through validation or cross-validation. Therefore, it is crucial
to rigorously quantify target risk guarantees of DA algorithms under assumptions made.

Additionally, while DA algorithms based on CICs exhibit target performance compara-
ble to that on the source data, often they are not the top performers (Heinze-Deml and
Meinshausen), 2021; |Chen and Bithlmann, 2021). This is mainly due to the fact that these
algorithms only use source data, and the requirement for CICs to maintain invariance across
multiple source domains may discard many features useful for target prediction. In contrast,
DIP leverages a single source data and target covariates, which can lead to better target
performance when successful, making it a preferred choice for many practitioners. However,
in some cases, DIP can perform significantly worse than the Empirical Risk Minimization
(ERM) (Wu et al.l 2019; Zhao et al. 2019; Chen and Buhlmann| [2021)). Given the potential
advantanges and risks of DIP, it is natural to ask whether there is a way to detect potential
failure of DIP algorithms and improve their target performance with theoretical guarantees.

1.1 Our contributions

In this work, we show that learning CICs enables significant progress in overcoming the
aforementioned challenges in DA with theoretical guarantees. Specifically, under the as-
sumption on the existence of CICs and the availability of multiple source datasets, we
highlight three prominent roles that CICs can play in enhancing DA algorithms.

First, we show that CICs can enable label shift correction in the presence of both covari-
ate and label distribution shifts. Based on this, we introduce the importance-weighted
conditional invariant penalty (IW-CIP) algorithm and analyze its theoretical performance.
Under structural equation models, we show that CICs can be correctly identified via both
CIP and IW-CIP using labeled data from multiple source domains. Consequently, it is only
the finite-sample error gap that accounts for the difference between the target risk of the
IW-CIP classifier and that of the optimal conditionally invariant classifier.

Second, we demonstrate how CICs can be used to provide target risk lower bounds for
other DA algorithms without requiring access to target labels. Provided that CICs are
accurately identified, this lower bound allows for assessing the target performance of any
other DA algorithms, including DIP. Consequently, this approach makes it possible to detect
algorithm failures using only source data and unlabeled target data.

Lastly, we introduce JointDIP, a new DA algorithm that extends the domain invariant
projection (DIP) by incorporating CICs. Under structural equation models, we prove that
JointDIP reduces the possibility of label-flipping and enhances the target prediction perfor-
mance of CICs-based algorithms. Therefore, this algorithm addresses both the conservative
nature of CIP and the potential risks associated with DIP. Our findings are supported by
numerical experiments on synthetic and real datasets, including MNIST, CelebA, Came-
lyon17, and DomainNet.

The rest of the paper is organized as follows. Section [2| provides the necessary technical
background and formally sets up the domain adaptation problem, along with a comprehen-
sive review of related work in literature than in the introduction. In Section [3] we present
the first role of CICs by introducing the IW-CIP algorithm and establish finite-sample tar-
get risk bounds to characterize its target risk performance (cf. Theorem . Section
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describes the other two roles of CICs in DA, demonstrating how they can be used to de-
tect the failure of other DA algorithms (cf. Theorem , and introducing the JointDIP
algorithm to address the label-flipping issues of DIP (cf. Theorem [I5]). In Section [5 we
complement our theoretical arguments with extensive numerical experiments on synthetic
and real datasets, emphasizing the importance of learning CICs as an essential part of do-
main adaptation pipeline. Finally, we conclude in Section [6] with potential directions for
future work.

2. Background and problem setup

In this section, we begin by defining the domain adaptation problem and introducing the
concept of conditionally invariant components (CICs). We then outline two baseline DA
algorithms: the conditional invariant penalty (CIP) algorithm, which finds conditionally
invariant representation across multiple source domains, and the domain invariant projec-
tion (DIP) algorithm, which works with a single source domain and takes advantage of
additional unlabeled target data. Subsequently, we review related work to better position
our contributions within the existing body of literature.

2.1 Domain adaptation problem setup

We consider the domain adaptation problem with M (M > 1) labeled source environ-
ments and one unlabeled target environment. By an environment or a domain, we mean
a dataset D with i.i.d. samples drawn from a common distribution P. Specifically, for
m € {1,..., M}, in the m-th source environment, we observe n(™) iid. samples

m m m)yyn(m)
D = {(x™, v ™)Ly,

drawn from the m-th source data distribution (™). Independently of the source data, there
are n(® i.i.d. samples
T Dy n®
DO = {7 v,

drawn from the target distribution P(®). We denote general random variables drawn from
P and P& as (X, V) and (X, Y3), respectively. In the domain adaptation
setting, all the source data are observed, while only the target covariates Dg) ={X ,g) Zfl)
are observed in the target domain. For simplicity, throughout the paper, we assume that

each covariate lies in a p-dimensional Euclidean space RP, and the labels belong to the set

Y ={1,...,L} where L represents the total number of classes.
To measure the performance of a DA algorithm, we define the target population risk of a
classifier h : RP — {1,..., L}, mapping covariates to labels, via the 0-1 loss as

RER) =E [Lyxo) @] =P {A(X®) £ Y@} (1)

Consequently, 1 — R(T)(h) is the target population classification accuracy. Similarly, we
define the m-th source population risk as

RO (h) =B (1, (xm ey | = PLRX) 2 YO} (2)
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The main goal of the domain adaptation problem is to use source and unlabeled target data
to estimate a classifier h : RP — {1,..., L}, from a set of functions called the hypothesis
class H, such that the target population risk is small. To quantify this discrepancy, we
compare the target population risk with the oracle target population risk R(T)(horacle) that
we may aspire to achieve, where

Noracle = arg min RO (h). (3)
heH

Without specifying any relationship between the source distribution ™) and the target
distribution P, there is no hope that the target population risk of a classifier learned
from the source and unlabeled target data is close to the oracle target population risk.
Throughout the paper, we focus on DA problems where conditionally invariant components
(CICs) across all source and target environments are present and they are correlated with
the labels. The existence of CICs was first assumed in |Gong et al.| (2016) and |Heinze-
Deml and Meinshausen| (2021)). Under assumptions of arbitrary large interventions and
infinite data, Heinze-Deml and Meinshausen (2021)) established that their classifier built on
CICs achieves distributional robustness. In this paper, instead of discussing distributional
robustness of a classifier, we construct classifiers that have target population risks close to
the oracle target risk. Before that, we introduce CICs and the best possible classifier built
upon CICs.

Definition 2 (Conditionally invariant components (CICs) Gong et al. (2016));
Heinze-Deml and Meinshausen (2021))) Suppose that there exist M source distributions
{PU)} comenr and a target distribution P on RP x {1,2,...,L}. We say that a function
¢ : RP — RY is a conditionally invariant feature mapping, if
(m) _p®

P¢>(X)IY=y = P¢(X)\Y:yv Vme{l,...,.M}, ye{l,...,L}. (4)
The corresponding feature representation ¢(X) is called a conditionally invariant component
(CIC) if it has a single dimension (@ = 1), and CICs if it is multidimensional (¢ > 1). When
¢ maps RP to {1,2,..., L} and satisfies Eq. , we refer to it as a conditionally invariant
classifier.

We will use the term “CICs across source distributions” instead if the feature representations
is conditionally invariant on all P(™ but not necessarily on P®). With this definition,
our assumption on the “existence of CICs” can be stated as: there exists a conditionally
invariant mapping ¢ such that ¢(X) is CIC(s) across M source distributions {P™}1 <<
and a target distribution P®). In Definition [2, constant representations can be viewed as
a trivial case of CICs. However, only CICs that are useful for prediction are beneficial for
DA problems. Thus, our assumption on the existence of CICs refers to the existence of
CICs useful for prediction. The best possible classifier built upon such CICs is the following
optimal classifier.

Definition 3 (Optimal conditionally invariant classifier) Let ® and G are classes of
functions where each function ¢ € ® maps RP to RY, and each function g € G maps R4
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to {1,2,...,L}. Under the assumption on the existence of CICs, we define the optimal
conditionally invariant classifier h* as

W =g" o,
g".¢" = argmin. R (go ) 5
g€G,ped ( )
. m 5
subject to P;()gm/:y = P(;(;{)‘Y:y, Vvme{l,...,.M}, ye{l,...,L}.

The conditionally invariant classifier above is optimal in the sense that it minimizes the
target population risk while the learned representation is conditionally invariant across
P (1 < m < M) and P®). When evaluating the target performance of a CICs-based
classifier h = g o ¢, instead of directly comparing it with hgpacle, We consider comparing it
with A* first, and then relating h* to horacle.- Intuitively, the target risk difference between
h* and hgpacle Will not be significant when the dimension of CICs is sufficiently large (c.f.
Proposition . In this case, to build a CICs-based classifier with a guaranteed target risk
bound compared to hgracle, it suffices to find a classifier which achieves a low target risk
compared to h*.

Another widely-used class of DA algorithms known as domain invariant projection (DIP)
(cf. Section seeks to find a feature mapping ¢ which matches the source and target
marginal distribution of ¢(X). Although it has been shown to be successful in some practical
scenarios (Ganin et al., 2016; Mao et al., [2017; Hoffman et al., 2018b; |Peng et al., |2019), in
general there is no guarantee for the low target risk. Both |Johansson et al.[(2019) and |Zhao
et al. (2019) provide simple examples where DIP can even perform worse than a random
guess, as if features learned by DIP “flip” the labels. We formulate the rationale behind
their examples by defining label-flipping features as follows.

Definition 4 (Label-flipping feature) Without loss of generality, consider the first
source distribution P and the target distribution PE on RP x {1,2,...,L}. We say that
a function f : RP — R is a label-flipping feature mapping, if there exists y € {1,2,...,L}
such thatl

p (FXD) 1y, ) o (FE®) 1ye_,) <0, (6)

where p(-,-) denotes the correlation between random variables. The corresponding feature
f(X) is called a label-flipping feature.

If the label-flipping features exist between a source distribution and the target distribution,
they can be inadvertently learned by DIP as part of its learning algorithm for domain
invariant representation. This can lead to degraded prediction performance on the target
domain, as the sign of the correlation between these features and the labels changes under
source and target distributions. We refer to it as the label-flipping issue of DIP.

Next we define an anticausal data generation model that serves as a concrete working
example for validating our assumptions and establishing new results. While not all of our

1. When Y is binary, the definition is equivalent to p (f(X“)), Y<1>) p (f(Xm), Ym) <o.

7
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theoretical results depend on this model, it nevertheless aids in illustrating how our methods
work.

Definition 5 (General anticausal model) We say that the data generation model is
a general anticausal model, if the source and target distributions are specified as follows.
Under the m-th source distribution P(™), source covariates and label are generated by

y(m) o Categorical (pg ),Pg ), .. ap(Lm)> )
X(m) _ f(m)(Y(m)) + 6(m)7 6(m) 1L Y(m),

where pém) € (0, 1),Zy 11)@(/ m) - =1, and f : Y = {1,...,L} — R? is a deterministic
function defining the mechanism between the m-th source covariates X ™) and label Y (™).
Under the target distribution P™, target covariates and label are generated independently
of the source data by

Y®) ~ Categorical (pg ),pf), e ,pf)) )

Y = FOY D) 1D (D |y,

where pgz) e (0, 1),Zy 1p§?) 1, and f& Y = {1,...,L} — RP is a deterministic

function defining the mechanism between the target covariates X and label Y®). The
noise terms €™ ¢ € RP, are generated i.i.d. from a zero-mean distribution P,.

Under the general anticausal model, conditioned on the labels, the mechanism functions
f (m) f ., m =1,..., M, determine the difference between the source and target conditional
distributions X | Y because the noise terms share the same distribution P.. This generative
model generalizes various perturbations that can occur in an anticausal model (Pearl, 2009).
For example, label shift might occur if the marginal distributions of Y differ. Covariate shift,
conditioned on the labels, can occur when the deterministic functions (™), f(¥) vary. We
present an explicit example under this model, including the presence of both CICs and
label-flipping features in Appendix [A]

Notation To distinguish subscripts from coordinates, we represent the j-th coordinate
of a constant vector x as z[;, and similarly, for a random vector X, we use X|;. Next,
we introduce several notations for the empirical equivalents of population quantities. For
the m-th source and target datasets D) DO m =1,..., M, we use P and PO to
denote the empirical data distributions, respectively. We define the m-th source and target

empirical risk of a classifier h € H as

n(m)

R (h) = Ey yypom [Tnpey] = Z L, (xmyeyoms - and
o

RE(h) =E xy)pe [Lnopr] = 3) Z L x )y -
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For any mapping ¢ defined on RP, we use Pé?)%) and &n)z)'Y:y to denote the m-th source

marginal distribution of ¢(X) and the m-th source conditional distribution of ¢(X) given
its label Y = y. Similarly, we use 73(;2() and Pq(ﬁg()lY:y to denote the target marginal
distribution of ¢(X) and the target conditional distribution of ¢(X) given its label YV =

~

g{\.(‘I)The corresponding empirical quantities are denoted by 73(;7(”)2), Pd(f(n)g)‘yzy, 73;:8(), and
P

B(X) |V =y respectively.
Letting P be a distribution on R? and G be a function class where each function g € G
maps R? to R, we recall the Rademacher complexity as

: (7)

where o’s are random variables drawn independently from the Rademacher distribution,
ie, P{oy =1} =P{ox = —1} = 1/2. Additionally, for any two distributions P and Q on
R? and a class of classifiers G where each function g € G maps R? to ) = {1,2,--- , L}, we
define the G-divergence between these two distributions as

Dg (Pv Q) = ?ellg) y:rlr,l%.).(.,[/ ‘EZNP [1g(Z):y] - EZNQ [1g(Z)=y] ‘ . (8)

Note that the G-divergence defined in Eq. can be seen as an extension of the H-divergence
introduced in Ben-David et al.| (2010) to multiclass classification. It is also an instantiation
of the Integral Probability Metrics (Miller, [1997)) with a specific choice of function class.

2.2 Two baseline DA algorithms

With the background of domain adaptation in place, we now proceed to introduce two
DA algorithms in this subsection. The first algorithm is the conditional invariant penalty
(CIP) that finds conditionally invariant representation across multiple source domains. The
second algorithm is domain invariant projection (DIP), which works with a single source
domain but also requires target covariates. These two DA algorithms serve as baselines for
evaluating the methods we introduce in the subsequent sections.

2.2.1 CONDITIONAL INVARIANT PENALTY (CIP)

The conditional invariant penalty (CIP) algorithm uses the multiple labeled source envi-
ronments to learn a feature representation that is conditionally invariant across all source
domains (Gong et al., 2016; Heinze-Deml and Meinshausen, 2021). More precisely, the CIP
algorithm is a two-stage algorithm which minimizes the average source risk across domains
while enforcing the first-stage features to be conditionally invariant.

Population CIP (Gong et al., 2016; Heinze-Deml and Meinshausen, 2021)): The
population CIP classifier is formulated as a constrained optimization problem with a match-
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ing penalty on the conditional:

hctp = gcrp © ¢cip,

M
1
garp, parp = argmin - — » R (go ¢
1P, fCIp = 8Ig Inin MZ (god) 9)

subject to D (P(T)NY’P(T ))|Y) =0forallm#m'e€{1,..., M},

where R(™(-) is the m-th population source risk, and D (-,-) is a distributional distance
between two distributions such as the maximum mean discrepancy (MMD) Gretton et al.
(2012) or generative adversarial networks (GAN) based distance (Ganin et al., 2016). The
optimization is over the set of all two-stage functions where the first stage function belongs
to ® and the second stage to G. The constraint on the conditional ¢(X) | Y enforces CIP to
use CICs across all P(™) (1 < m < M) to build the final classifier. Here the hope is that if
feature mappings are conditionally invariant across the heterogeneous source distributions
P they are likely to be also conditionally invariant under the target distribution P(.
As a result, a classifier built on these features would generalize to the target distribution.

While CIP was originally introduced in the context of domain adaptation (Gong et al., [2016)
and distributional robustness (Heinze-Deml and Meinshausenl, 2021)), it is closely related to
the problem of domain generalization, or out-of-distribution (OOD) generalization (Ben-Tal
et al} 2009). The main distinction between domain generalization and domain adaptation
is the absence of any unlabeled target data during the training phase in domain generaliza-
tion |Wang et al. (2022)). Since CIP does not require unlabeled target data for training, it
has been effectively applied to domain generalization, demonstrating significant empirical
success (Li et al., [2018a,bt Jiang et al., 2020)). In this paper, we use the terms “domain
generalizaton” and “domain adaptation” interchangeably since our focus is on evaluating
and comparing the prediction performance of models on new target domains.

Finite-sample CIP: In finite-sample case, instead of putting a strict constraint in the
optimization, CIP adds the conditional invariant penalty on the empirical distributions,
using a pre-specified parameter Acrp > 0 to control the strength of regularization as follows:

hcrp = gerp © ¢crp,

M
—~ A ~(m/
~ _ o Rm)( cIP (m’)
gcip, pcip = i%glelg i Z (go o)+ 2 21 ; & ( (X)|Y y’P¢(X)|Y=y> :
’ y=1 m#m’

(10)

While CIP makes use of CICs across multiple source distributions to construct the classifier,
it does not exploit the target covariates that are also available in our DA setting. Indeed,
CIP has often been employed as a method for domain generalization, where the goal is to
generalize to the target domain without access to unlabeled target data. Because CIP finds
invariant features through multiple source domains without considering target covariates
during training, the learned features may be overly conservative for generalizing to the
target domain. Later, we show how these CICs can be used to improve target prediction
performace in our DA setting. Next, we introduce another class of DA algorithm which
takes advantage of target covariates.

10
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2.2.2 DOMAIN INVARIANT PROJECTION (DIP)

In contrast to CIP which utilizes multiple source data, domain invariant projection
(DIP) (Baktashmotlagh et all 2013; Ganin et al., 2016) uses labeled data from a single
source as well as unlabeled data from the target domain to seek a common representation
that is discriminative about the source labels. The idea of finding a common representation
is realized via matching feature representations across source and target domains. Without
loss of generality, we formulate DIP using the first source distribution P(!), but in principle
it can be formulated with any source distribution P,

Population DIP (Baktashmotlagh et al., 2013; Ganin et al., 2016): We define
the population DIP as a minimizer of the source risk under the constraint of marginal
distribution matching in feature representations:

hprp = gpip © ¢pIP,

gorp, ¢prp = argmin. RV (g o ) (11)
g€G,0c®
subject to © (77&1(),775)2()) =0,

where D (-,-) is a distributional distance between two distributions as in Eq. @ The
constraint ensures that the source marginal distribution in the feature representation space
is well aligned with the target marginal distribution. While our formulation only utilizes the
single source, DIP also has a multi-source pooled version (Peng et al.,|2019)) where marginal
distributions in the representation space are matched across all P (1 < m < M) and

PE),

Finite-sample DIP: In the finite sample setting, the hard constraint used in population
DIP is relaxed to take a regularization form, and therefore

hprp = gpip © ¢prp,

gorp, & in R 5(1) 5T (12)
gow, opip = argmin- R (g0 ¢) + Apie - D (P, Pyrxy ) »
PP G oce (92¢) + Aor ( $(X) ¢><X)>

where Aprp > 0 is a regularization parameter that balances between the source risk and
the matching penalty across the empirical source and target marginal distributions for the
feature representation.

While DIP makes use of the target covariates to learn domain-invariant representations, in
general it does not have target risk guarantees. In particular, the matching penalty can force
DIP to learn label-flipping features (see Definition |4)) because unlike CIP, it aligns features
in the marginal representation space. DIP leverages information about target covariates
to learn invariant features, but this comes at the cost of potential label-flipping issue (c.f.
see Figure |1| and Theorem . Furthermore, DIP can fail when the marginal distribution
of Y is perturbed under an anticausal data generation model. For example, (Chen and
Buhlmann| (2021)) demonstrates that DIP can be perform worse than CIP in the presence
of label shift.
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2.3 Related work

As a subfield of transfer learning, domain adaptation (DA), also known as transductive
transfer learning (Redko et al., [2020)), aims to develop effective algorithms when distribution
shifts exist across training data (source domains) and test data (target domain). In DA,
it is usually assumed that we have access to some unlabeled target data, and we aim to
build a model specifically for the target domain. Another related terminology domain
generalization (DG), or out-of-distribution (OOD) generalization (Ben-Tal et al. 2009),
instead assumes that unlabeled target data is unobtainable, and seeks a model to generalize
appropriately for all possible test domains. In this paper, we do not distinguish these two
terms particularly, and simply consider the DA setting, i.e., we have access to an unlabeled
target dataset, and our goal is to find a classifier that performs well on the target domain.

Domain adaptation with common feature representations One line of work in DA
focuses on relating source and target domains by learning a common feature representation
across the domains. [Pan et al.| (2008, [2010) first proposed to find transferable components
across domains in a reproducing kernel Hilbert space, such that data distributions in dif-
ferent domains are close. Similar designs of creating intermediate representations across
domains were investigated in (Gopalan et al., [2011; |Gong et al [2012)), and later the for-
mal idea of matching probability distributions and extracting invariant information was
introduced in (Baktashmotlagh et al., [2013]). They named their approach domain invariant
projection (DIP), which projects data to a low-dimensional latent space where source and
target covariates distributions are matched. This DIP type of approach was then widely
employed in research on neural networks for DA (Sun and Saenkol|, |2016} |(Ganin et al.| |2016}
Hoffman et al.,|2018b)). Specifically, |Ganin et al. (2016]) introduced the Domain-Adversarial
Neural Network (DANN), which leverages Generative Adversarial Network (GAN) based
distributional distances and neural networks to learn feature representations. |[Sun and
Saenko (2016) proposed CORAL, a method that aligns the first and second moments of last
layer activations in neural networks, whereas|Courty et al.| (2016)) proposed to match source
and target domains via regularized optimal transport. Since then, subsequent research has
emerged that applies different neural-network-based distances (Long et al., 2017; |Courty
et al., 2017; Long et al.| [2018; [Hoffman et al., 2018b; Peng et al., 2019). While these studies
have effectively demonstrated the empirical success of their methodologies across various
image and text datasets, there is still a lack of understanding about the specific conditions
under which these methods can achieve good target performance.

From a theoretical point of view, the rationale for DIP has been rigorously established
by |Ben-David et al. (2006, 2010), where they prove a target risk bound via Vapnik-
Chervonenkis (VC) theory. Further studies have analyzed the source and target risk differ-
ence using different divergence measures (Mansour et al., [2009; |Cortes et al., 2010} |Cortes
and Mohri, 2011}, 2014; Hoffman et al., 2018a); see the survey by Redko et al.| (2020) for
a complete review. In all these works, the target risk bound typically includes three com-
ponents: the source risk of the classifier, a divergence term measuring invariance of the
representation, and an optimal joint error term. Then DIP objective can be viewed as
minimizing the sum of the first two terms in order to achieve a low target risk. However,
Johansson et al.| (2019); Zhao et al.| (2019) argued that DIP can completely fail in cer-
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tain scenarios because the joint error term is not observable and cannot be controlled by
DIP. For instance, there can be label-flipping features that achieve perfect source accuracy
and invariance of representation, but result in poor performance on the target domain.
Addressing how to avoid such cases in DIP has not been adequately explored.

DA methods under conditional invariance and label shift The second class of
DA methods arises from exploring invariance solely from multiple labeled source domains,
without using target covariates. One such category of invariance is known as conditional
invariance, which aims to discover feature representations ¢(X) that are invariant con-
ditional on the label Y across source distributions. It was first introduced in |Gong et al.
(2016)), where the authors proposed to find conditional transferable components after proper
location-scale transformations. Later Heinze-Deml and Meinshausen (2021) applied a re-
lated approach by classifying features into ”core” ones, which are conditionally invariant
across domains, and ”style” ones, whose distribution may shift significantly. They sought to
construct a classifier built upon only the core features by imposing the conditional invariant
penalty (CIP).|Chen and Bithlmann (2021)) further developed a theoretical framework under
structural equation models to analyze the effect of CIP when the data generation process
is anticausal. The emergence of conditionally invariant features, or CICs, is a natural con-
sequence under anticausal data generation where the covariates, which are descendants of
the labels, remain unperturbed. Consequently, most tasks tackled by DA methods utilizing
conditional invariance typically involve anticausal problems.

It is also worth noting that under conditional invariance, it is convenient to study the label
shift problem, where the marginal distributions of the label Y are shifted across domains.
This shift in label distribution is common in many scenarios, for example, the distribution of
ArXiv paper categories can be influenced by changes in research topic trends over time (Wu
et al., [2021)). [Lipton et al.| (2018]) first proposed the label shift correction algorithm, which
estimates the amount of label shift by using the conditional invariance of the covariates
and the moment matching equation. To ensure numerically stability, several variants of
the algorithms have been further introduced. For instance, Azizzadenesheli et al. (2019)
formulated an fs-norm regularized least squares optimization problem, while [Tachet des
Combes et al.| (2020]) considered a constrained least squares problem and the generalized
label shift assumption. |Garg et al| (2020) introduced a maximum likelihood estimation
approach and provided a unified view of previous label shift correction algorithms. More
recently, |(Chen et al.| (2022) has considered a distributional shift named Sparse Joint Shift
(SJS), which allows for both labels and a few covariates to shift, however, the generalized
label shift considered in [Tachet des Combes et al.|(2020) and this paper permits distribution
shifts of more general latent feature representations.

Other DA methods Besides conditional invariance, other types of invariance have also
attracted increasing attention. For example, Arjovsky et al| (2019) came up with the
Invariant Risk Minimization (IRM) method to identify causal features via enforcing the
invariance of label Y given the features ¢(X). The idea is that the optimal linear predictor
on top of these features ¢(X) will remain the same across all source domains—this is
in contrast to the assumption on CICs where there exist conditionally invariant features
conditioned on the labels Y. Following IRM, analogous invariance has been explored. For
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example, (Krueger et al., 2021; Xie et al., |2020) proposed V-REx, which maintains risk
invariance by reducing the variance of risks across source domains. Meanwhile, (Koyama and
Yamaguchil, 2020; [Shi et al., 2022)) maximized the gradient inner product between different
domains to leverage invariant gradient direction, with the latter referring to their method
as Fish. While these approaches were initially motivated to identify invariant features in
causal data models, they have also been applied to anticausal problems. However, as pointed
out by Rosenfeld et al. (2021); Kamath et al.| (2021)), IRM may fail to capture the correct
invariance, especially when the model is non-linear.

Counterfactual invariance is another type of invariance introduced in (Veitch et al., [2021;
Jiang and Veitch| 2022)), where the aim is to seek representations that are counterfactually
invariant to a spurious factor of variation. (Wang and Veitchl 2022) show that the for-
mulation of learning counterfactual invariant representations is closely related to different
formulations of invariant representation learning algorithms, depending on the underlying
causal structure of the data. Aside from the robustness achieved by enforcing specific in-
variance, a more general framework is distributionally robust optimization (DRO) (Ben-Tal
et al. 2013; [Duchi et al) 2021). DRO aims to minimize the worst-case loss over an uncer-
tainty set of distributions, such as a ball around the training distribution. However, this
approach may result in models that are overly conservative. GroupDRO (Hu et al., |2018;
Oren et al. 2019)) intends to address this issue by defining the uncertainty set as mixtures
of source distributions (or groups). Furthermore, (Sagawa et al., [2020|) improve the worst-
group performance of groupDRO using an online algorithm to update group weights. It
should be noted that related study of invariance and robustness has also appeared in works
from a causal inference point of view (Peters et al.,|2016; Meinshausen, 2018} [Rothenh&ausler
et al., [2021; Magliacane et al., [2018).

Other DA algorithms have also been introduced based on different assumptions relating
source and target data, which do not fall into the above classes of methods relying on in-
variance. For instance, self training, which originated from the semi-supervised learning
literature (Chapelle et al., 2009), recursively adapts a classifier to fit pseudolabels predicted
by a previous model using unlabeled data in a new domain (Amini and Gallinari, [2003).
Theoretical properties of self training has been studied recently in (Kumar et al., 2020; Wei
et al.l 2021). Data augmentation serves as another beneficial way of obtaining better per-
formance (Simard et al., 1998; |Zhang et al., 2018} |Yao et al., 2022), especially when possible
perturbations across domains are well understood. In addition, a different perspective of
DA stems from meta-learning (Thrun and Pratt], [2012; Finn et al 2017). This “learning-
to-learn” approach aims to distill knowledge of multiple learning episodes to improve future
learning performance.

3. Importance-weighted CIP with target risk guarantees

In the previous section, we introduced two baseline DA algorithms, namely CIP and DIP.
However, it is crucial to acknowledge the limitations of these algorithms, as they rely on
specific assumptions that may not hold in more complex DA scenarios. For instance, while
CIP identifies CICs to build the classifier, its ability to generalize to the target domain
is limited when the marginal label distributions shift across source and target. DIP faces
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similar limitations and is also subject to the additional uncertainty of learning label-flipping
features.

In this section, we present the first role of CICs in addressing situations where neither co-
variate shift nor label shift assumptions hold, and we introduce the importance-weighted
conditional invariant penalty (IW-CIP) algorithm. The intuition behind label shift correc-
tion with CICs is as follows. It is known that one can correct for label distribution shift if
the conditional X | Y is invariant and only the label Y distribution changes across source
and target (Lipton et al., 2018)). However, the assumption on invariance of X | Y can be
too rigid. Here we assume the existence of datasets from multiple source domains and a
conditionally invariant feature mapping @iy such that ¢y, (X) | Y remains invariant across
source and target distributions. By identifying a conditionally invariant ¢, (X) via CIP,
we can apply the label shift correction algorithm to correct the label shift. Once the label
shift is corrected, the joint distribution of (¢in (X),Y’) becomes invariant under source and
target distributions, allowing us to control the target risk of any algorithms built upon the
source (¢iny(X),Y). IW-CIP is an extension of CIP by incorporating a label shift correction
step before building the classifier based on CICs.

The rest of the section is structured as follows. In Section we offer a review on label
shift correction and its application in our context. Then, we introduce our new algorithm,
IW-CIP, in Section In Section we establish target risk guarantees for TW-CIP.

3.1 Importance weights estimation

When the m-th source distribution and the target distribution share the same conditional
X | Y but have different label distributions, the main idea of label shift correction in Lipton
et al. (2018) lies in that the true importance weights vector wm e Ri, defined as

(m) _ P{Y(T =}
Yo T

P{Y(m =}
can be estimated by exploiting the invariance of the conditional X | Y. In our setting, while
the source and target distribution does not share the same conditional X | Y, according to
our assumption, we have a feature mapping ¢i,, whose corresponding feature representation
is a CIC by Definition [2] i.e., ¢iny(X) | Y is invariant under source and target distributions.

Then by treating ¢iny(X) as the new features, we can still correct for the label shifts.

(13)

More precisely, for ) = {1,..., L}, we have the following distribution matching equation
between the m-th source domain and the target domain: for any g € G mapping to ), and
for any i,5 € ),

P {g 0 Piny(XF)) = Z}

[
M=

P{go@nv(X(T)) =i|y® :j}P{Y@) :j}

.
Il
—

P{g0dum(X™) =i | Y™ = j}P{y® = j}

<
I
—

[ 1=
M= 1=

P {g o ¢inv(X(m)) =1, Y(m) - J} w[(m)’ (14)

.
Il
=

15



Wu, CHEN, HA, AND YU

where step (*) follows from the invariance of @iy (X) | Y. In the matrix-vector form, we
can write

Hgotim = Cogp, 0™, (15)
where uy, denotes the predicted probability of A under the target covariate distribution, and
C}(Lm) is the confusion matrix on the P(™ given by

™) =P {h(X(m)) =i, Y™ = j} . (16)

It is then sufficient to solve the linear system to obtain w(™). In practice, with finite-
sample source data, we use hctp = gorp © ¢crp in place of g o ¢iny. To obtain the estimated

m

importance weights @™, we replace Mo and C’2 with their empirical estimates. In our

CIP
multiple source environments scenario, we write w = (w(l),w@), o wM )) e REXM and

w = (@(1),@(2), ... ,@(M)) € REXM t5 denote the true and estimated importance weights
for all source distributions, respectively.

3.2 Our proposed IW-CIP algorithm

When the target label distribution remains unchanged, the population CIP in Eq. @D is
capable of generalizing to target data because of the invariance of the joint distribution
(¢cip(X),Y). However, although CIP ensures invariance in the conditional distribution
¢crp(X) | Y, the joint distribution (¢crp(X),Y) may not be invariant when label shift is
present. Indeed, CIP may perform poorly on the target data if the target label distribution
substantially deviates from the source label distribution (see experiments on synthetic data
and rotated MNIST in Section . To address such distributional shift, we propose the
IW-CIP algorithm, which combines importance weighting for label shift correction with
CIP.

We define the m-th weighted source risk for a hypothesis h € H and a weight vector
w(™) e R as follows:

ROV (b w(™)) = B ng({n)} Ly (x| -

In particular, if w(m™ = (™) e, W[(;.T) = m
to see that R (h; w(™)) = R(®)(h) as long as the conditional distributions h(X) | Y =y
are invariant across P(™ and P(%). Hence, with an appropriate choice of the weight vector
w(™) | the weighted source risk can serve as a proxy for the target risk. We are ready to
introduce the importance-weighted CIP (IW-CIP) algorithm.

for all j = 1,..., L, then it is easy

Population IW-CIP: The population IW-CIP is obtained in three steps.

Step 1: Obtain a conditionally invariant feature mapping ¢crp and the corresponding CIP
classifier hcorp via the CIP algorithm in Eq. @D

Step 2: Use hctp in place of g o ¢iy in Eq. to obtain importance weights w™),
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Step 3: Compute a function g € G as well as a new conditionally invariant feature mapping
¢ € ® to minimize the importance-weighted source risks as follows.

htw-ctp = grw-cip © ¢1w-cIp,

M
1

giw-cip, drw-cip = argmin — > R (g o ¢; w™ 17

geGoce M z_: ( ) (17)

subject to  ® 77( ™ P ) =0, vm #m’ €{l M}

! s(X)Y> Ty ) =Y oo My

IW-CIP enforces the same constraint on the data representation ¢ as in Eq. @D However,
unlike CIP, the objective of IW-CIP is the importance-weighted source risk, which can serve
as a proxy for the target risk under the label distribution shifts. Therefore, IW-CIP can
generalize better on the target environment in the presence of label shifts.

Our formulation of IW-CIP in Eq. involves retraining the feature mapping ¢rw.crp, in-
stead of using ¢crp obtained in Step 1, despite that both feature mappings are conditionally
invariant. From a theoretical perspective, retraining ¢ enables a more simplified derivation
of the generalization bound for IW-CIP where we compare the objective of the retrained
classifier with that of the optimal conditionally invariant classifier (c.f. see Eq. in the
proof of Theorem . Empirically, we observe that retraining often leads to better empir-
ical performance, providing both theoretical and practical advantages of our formulation.

Finite-sample IW-CIP: The finite-sample IW-CIP is obtained from the population IW-
CIP after replacing all the population quantities by the corresponding empirical estimates
and turning constraints into a penalty form. We first solve finite-sample CIP from Eq. ,
then estimate importance weights and solve

hiw-cip = grw-cIp © Prw-cIp,

M
. 1 N
Giw-cip, drw.cip = argmin — Y R™ (g o ¢; &™) (18)
g€G,0cd M Z
)\IW CIP Z Z D (P(m Bm’) )
e 2 Xlv=y Pox)v=y) -

where @(™) is an estimate of w(™, obtained by solving ﬁﬁcm = 6{”) @™, Here ﬁﬁcm and
CIP

éém) are empirical estimates of [P {ECIP(X(T)) - z} and P {BCIP(X(m)) — g y(m) = j},
CIP
respectively. For any ¢ € ®, we define a shorthand for the empirical conditional invariant

penalty used in the finite-sample IW-CIP by

~ Py o
Ao = g\gp;m; @( ¢(X)|Y y’P;(X)HY:y)' (19)

The multi-step procedure of IW-CIP raises a natural question of whether we can iterate the
estimation of CIP and reweighting multiple times, similar to the EM algorithm (Dempster
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et al.l [1977). However, without target labels, it is unclear whether this IW-CIP can be
improved via reiteration. The primary purpose of IW-CIP is to maintain the same level
of conditional invariance as CIP while adjusting the classifier to accommodate target label
shifts. At the end of Section [3.3.1] we explain why this approach based on iteration does
not work theoretically.

3.3 Target risk upper bounds of IW-CIP

In this subsection, we state our main theorems on the target risk upper bounds for ITW-
CIP. In a nutshell, the target risk bound can be decomposed into multiple terms involving
the source risk or the optimal target risk, error in importance weights estimation, and the
deviation from conditional invariance of the finite-sample CIP or IW-CIP feature mapping.
Consequently, when the importance weights are accurately estimated and the identified
features are near conditional invariance, IW-CIP achieves high target accuracy.

To simplify the theoretical analysis that follows, our finite-sample results are stated by
considering the case where the whole source dataset is split into three parts of equal size.
That is, the ¢-th (¢ = 1,2, 3) source dataset Dy = {Dél),DéQ), ... ,DEM)} is denoted by

m m m)yyn(m)
Dé : :{(Xlg,k)vyf(,k)) r=1 forme{l,...,M}. (20)

The number of samples for each source dataset is given by n(™. When it is clear which
dataset we are referring to, we simply omit the dataset subscript £ in covariates and labels
by writing X ,S,m), Yk(m). In our finite-sample theory, the first D is used for solving the finite-
sample CIP, the second D, is used for estimating importance weights and correcting the
label shift, and the last D3 is used for solving the finite-sample IW-CIP. We do not apply a
similar split to the unlabeled target dataset, because it is only used “once” for estimating

the importance weights through solving the linear system Eq. (15]).

Given importance weights w(™ € RL (1 < m < M) for each source distribution, we
write w = (W(l), o, wM )) € REXM and introduce the following shorthand for the average
weighted source risk across M environments,

R (h; wm).

M:

R(h

m:

Before we introduce our main theorems, we define a key quantity called deviation from
conditional invariance of a feature mapping, which measures how conditionally invariant it
is across source and target distributions.

Definition 6 (Deviation from Conditional Invariance) Recall the G-divergence given
n Fq. . For any feature mapping ¢ : RP — RY, we define its deviation from conditional
muariance as

_ (%) (m)
gy = maxM Dg (77 B(X)|Y = y,P¢(X)|y:y) . (21)

y=1,...,.L
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The deviation from conditional invariance is defined via the maximal G-divergence between
any pair of conditionals ¢(X) | Y = y in the source and target environments. When the
feature representation is exactly conditionally invariant, this quantity attains its minimum
value of zero. Our first theorem bounds the difference between target population risk and
the average source population risk of a classifier, where w(™, m = 1,..., M, are the true
importance weights introduced in Eq. .

Theorem 6.A For any classifier h = g o ¢ where g € G, ¢ € ® and any estimated impor-
tance weights © = (0, ..., @M)€ REXM | the following target risk bound holds:

M
RO (h) < R(h; @) Z [ = @)+ wg,.

The proof of this theorem is given in Appendix We observe that IW-CIP is designed
to minimize the upper bounds in Theorem Specifically, it is expected that for the case
of IW-CIP, the estimated importance weights are close to the true importance weights and
¢ is close to the conditionally invariant feature mapping. Then the average weighted source
risk can closely approximate the target risk, and Theorem [6.4] allows us to establish an
upper bound for the target risk of IW-CIP via the average weighted source risk.

To provide more specific risk guarantees for the finite-sample IW-CIP, we establish the
following bound on the target risk of the finite-sample IW-CIP via the target risk of the
optimal conditionally invariant classifier h*, as defined in Definition Here, IAXd, denotes
the empirical IW-CIP penalty given in Eq. and w(™)’s are the true importance weights

given in Eq. .

Theorem 6.B Let w0 = (0V),..., @M) € REXM be the estimated importance weights.
Then, for any ¢ € (0,1), with probability at least 1 — ¢, the following target risk bound holds
for the finite-sample IW—CIPE

M
~ ~ 2
(%) (%) (1,% (m) _ g(m)
R (hiw-crp) < RE(RY) + Age + 7 E_:l Hw H ¥ Gwor T

wherd|
2 log(M/(S)]

: ) safe
v maxM [4mn(7n)’7}(m) (H ) + 2 [lw

m=1,...,

and H™ = {f(:c,y) = W Ly(p(a))y 9 € G € ‘I’}-

The proof proceeds by decomposing the target risk of IW-CIP into multiple components
and bounding each term individually, which is given in Appendix [B:2] According to Theo-
rem the target risk of hIW crp is bounded by that of the optimal conditionally invariant

2. The probability is with respect to the randomness of source samples (X,im),Yk("O) HdpOm) iy Ds
1<m<M1<Ek< n(m>); see Eq. .
3. The sample complexity term ~ depends on 6, G, ®, w™ n™ and P form=1,..., M.

19



Wu, CHEN, HA, AND YU

target classifier h* with additional error terms: the empirical IW-CIP penalty of ¢*, the
importance weight estimation error, the deviation from conditional invariance of ¢rw.crp,
and the sample complexity term ~. The empirical IW-CIP penalty term K¢* measures
the conditional invariance of ¢*(X) across empirical source environments. Because ¢* is a
conditionally invariant feature mapping, this term is expected to decrease in large sample
scenarios. Similarly, the sample complexity term ~y, which is based on Rademacher com-
plexity, also diminishes as the sample size n(™) increases in the source environments. In
this case, the theorem shows that accurate estimation of importance weights and minimal
deviation from conditional invariance of feature representations of IW-CIP can guarantee
IW-CIP to achieve a target risk similar to that of h*.

Theorem [6.B] provides the target risk bound of the finite sample IW-CIP in the most generic
settings. In the following subsections, we demonstrate how the remaining terms can be
controlled with additional assumptions. Specifically, in Section [3.3.1] we establish refined
bounds for the empirical IW-CIP penalty by constraining the choice of IW-CIP penalty
(see Proposition . Then we bound the weight estimation error using the deviation from
conditional invariance of $CIP (see Proposition . In Section under the general
anticausal model 5] we bound the deviation from conditional invariance of feature mappings
via a form of conditional invariant penalty (see Proposition @, and bound the target risk
of h* relative to the oracle classifier hopacle (see Proposition .

3.3.1 UPPER BOUNDS ON THE EMPIRICAL IW-CIP PENALTY AND WEIGHT ESTIMATION
ERROR

To refine the target risk upper bounds established in Theorem we present two proposi-
tions. The first proposition shows that the empirical IW-CIP penalty diminishes to zero as
the source sample size grows to infinity. The second proposition shows that the weight es-
timation error can be controlled through the deviation from conditional invariance V—this
result is intuitive because Eq. for weight estimation relies on the conditional invariance
of CICs. Recalling that ¢* is the feature mapping for the optimal conditionally invariant
target classifier given in Definition [3| we present the following proposition regarding the
empirical IW-CIP penalty term Xd,* in Eq. .

Proposition 7 Assume that the G-divergence in Eq. 1s used as the distributional dis-
tance in the empirical IW-CIP penalty. Then for any § € (0,1), with probability at least
1 =46, the following bound holds, E|

R log (2LM/9)
Apr <2\wecrp |2 max R m )t T opm |
¢* S 2ZAIW-CIP me{l,..).fM} n(m)’Pé*()X)‘Y:y (gy ) m:1,27?-(-7M In(m)
yy'€{l,....L}

where Gy = {f(z) = 14—y, 9 € G }.

This proposition is proved in Appendix The bound on K¢* is given by the sum of a
Rademacher complexity term and a finite-sample error term, both of which diminish to zero

4. The probability is with respect to the randomness of source samples (X,Em>,Yk(m>) R plm) Ds

1<m<M1<Ek Sn(m)); see Eq. ,
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as the sample size grows to infinity—this result is expected given that ¢* is conditionally in-
variant across the population source distributions. While calculating the exact G-divergence
may be challenging in practice, this result offers a vanishing bound without additional as-
sumptions on the underlying data generation model or on the class of feature mappings
®. A more practical and simpler choice of the distributional distance is the squared mean
distance, which penalizes the squared difference of conditional means of ¢(X) | Y between
source distributions. In this case, a refined bound of /AX¢* can be obtained with additional
assumptions about the data generation model and the class of feature mappings ®. For
more details on the calculation of this bound, see Appendix [B.4]

Next, we show that when the true importance weights w(™ in Eq. are estimated
using the finite-sample CIP, the weight estimation error can be upper bounded via the
deviation from conditional invariance of the feature mapping $c1p learned through CIP.
Let @™ denote the estimated importance weight obtained by solving the linear system in
Eq. , where the population quantitites are replaced by their empirical estimates and
the finite-sample CIP is used. Then the following proposition provides the upper bound on
the estimation error Hw(m) — @™ H2

m)

Proposition 8 Assume that the confusion matriz in the m-th source distribution C}%

CIP
given in Fq. ., is invertible with conditional number k,,. Then, for any § € (0,1), with
probability at least 1 — &, the error of importance weights estimation is bounded bgﬂ

[ = g < 2, <ﬁpg¢cm+wlog<4L/é>+ \/3log<4L/6 o H>

27’L(T) n(
as long as (™ > 12x2, log(4L/6).

The proof of this proposition is given in Appendix Proposition [§] reveals that the
finite-sample estimation error of importance weights is determined by the condition num-
ber of the confusion matrix of /ﬁcﬂa, the deviation from conditional invariance of $CIP, and
sample error terms decaying roughly on the order of 1/v n(mA) or 1/vn(®). The condition
number k,, reflects the performance of the CIP classifier—if hcip achieves perfect classifi-
cation accuracy on the m-th source distribution, the condition number &, takes the value
of 1/miny—yo P {Y(m) = y}; however, if hcrp performs poorly on the m-th source dis-
tribution, the condition number x,, can be large, which can lead to inaccurate estimation of
importance weights. The bound also introduces additional deviation from invariance term

Vg 5oy Similar to We o that appeared in Theorem

Proposition [§ also 1mphes why iterating the two-step procedure of IW-CIP may not be
beneficial. The estimation error of importance weights depends on the condition number

m)

and the deviation from conditional invariance \Ifg 3o . If we obtain

IW-CIP in the first 1terat10n and use it to update the importance weights, then it is uncertain
whether we would see further gains in both k,, and \If G.der . For Kk, the accuracy of IW-CIP
would be lower than that of CIP on the “source” domaln which can lead to a deterioration

K of the matrix Cf(L

d

5. The probability is with respect to the randomness of (X,gm), Y,fm)) b pOm) and (X<T> Y(s)) R p®

in Da; see Eq. .
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in Kn,; for \I/g e’ it is not feasible to assume that IW-CIP improves conditional invariance
compared to CIP, given that both are subject to the same penalty during training.

3.3.2 DEVIATION FROM CONDITIONAL INVARIANCE AND TARCET RISK BOUND ON THE
OPTIMAL CONDITIONALLY INVARIANT CLASSIFIER

With Proposition [7] and now established, it remains to control the deviation from condi-
tional invariance for both ¢crp and ¢rw.crp and the target risk of the optimal condition-
ally invariant target classifier h* in Theorem In this subsection, we quantify both of
these terms under additional assumptions about the data generation model. By quantify-
ing these terms, we gain a comprehensive understanding of the upper bounds presented in
Theorem [6.Bl

To facilitate our analysis, we focus on the general anticausal model as defined in Defini-
tion 5| and introduce the following assumption regarding the type of perturbations on the
mechanism functions.

Assumption 1 Suppose that source and target data are generated under the general anti-
causal model in Definition @ Assume that £, f5) are perturbed linearly as follows. For
each y € {1,..., L}, there exist an orthogonal matriz P, € RPXdy () < dy < p, and vectors

vém),vgz) eER%, m=1,..., M with vél) =0, such that
FM(y) = Y (y) + Pyvém), forallme{1,2,... .M}, and

P ) = rOy) + P >

In addition, the noise terms follow a normal distribution ™ e(® R P.=N(0,%).

Note that the perturbation matrix P, is dependent only on the label y, and remains fixed
across source and target data generation processes, whereas the vectors vzsm),v?(f) € R%
are allowed to vary with both the source index m and the labels y. The assumption states
that, conditional on the labels, the perturbation in each environment lies within the low-
dimensional space spanned by the columns of P,. Consequently, for a classifier to generalize
to the target data, it is important that the classifier only utilizes the covariates that remain

invariant, i.e., those which are orthogonal to the columns of P,.

Before we state our result, we introduce several population terms related to a feature map-
ping ¢. Let Ag)m) (y) denote the difference of expected mean of ¢(X) conditional on Y =y

between the first and the m-th source distributions, and let Zésm) (y) denote the conditional
covariance matrix of ¢ under the m-th source distribution, i.e.,

AL (y) =B [o(X) [ Y0 =] —E [o(xD) | YD = y] , and

- (23)
20" (y) = Var [¢(X<m>) ‘ ym = y} .
Assuming that Z‘ém) (y) is invertible, we further define
1 U T
Mo(y) = 57— 2. A0 0) =07 A0" ). (24)
m=2
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II4(y) evaluates the differences of conditional means in the direction of the eigenvector of
the covariance matrix. With these notions in hand, we can now establish the following
deterministic bound for ¥g 4.

Proposition 9 Suppose that source and target data are generated under Assumption[1 Let
O = {¢p(x) = Ax + b, A € RT*P b € R} be the linear class of feature mappings from RP to
RY (q < p), and let G be any hypothesis class mapping R? to Y. If for eachy € {1,2,..., L},
there exists ¢y > 0 such that for allm € {1,2,--- , M},

M
(o =) (o =) = 32 o, 29

m=2

then for any ¢ € ® such that ALAT is non-singular, its deviation from conditional invari-

ance satisfies

\I%xﬁ < 2y max {Cyﬂd)(y)}.

=12,...,

The proof of this proposition is given in Appendix The proof proceeds by connecting
the G-divergence with the total variation distance and applying Pinsker’s inequality and
data processing inequality. Proposition [9] shows that under the general anticausal model
with a specific form of linear perturbations, the deviation from conditional invariance ¥g 4
is governed by ¢, and Il4(y). The term ¢, captures perturbations in the underlying target
data generation model, which are beyond our control. Therefore, to obtain good condition-
ally invariant representations, it is important to make the term Il4(y) small. Because I14(y)
measures the discrepancy in conditional means across source distributions, under Assump-
tion [I] the squared mean distance can be utilized as a penalty in both CIP and IW-CIP.

Concretely, in Proposition [0} we consider a setting where ¢ = 1, i.e., A is a row vector, and
assume that the covariance matrix of the noise terms is X = 021p for some o2 > 0, in the
SCM under Assumption (1l Then each term in II4(y) corresponds to

[ w|[ /01412 = (A8 w)” /(02 1413).

If we assume ||Al|, = 1, a reasonable assumption given that the scale of classifier g € G can
be adjusted accordingly, then Iy (y) is the squared difference in conditional means between
source environments, which is precisely what CIP penalizes when it uses mean distance. In
cases where the CIP algorithm uses a different distributional distance, such as the MMD,
I14(y) will implicitly decreases as the differences in conditional distributions between source
environments reduce.

Condition is necessary for the validity of Proposition @ In practice, verifying the
correctness of this condition may be challenging. However, we can show that the condition
is satisfied with high probability when the perturbations follow a Gaussian distribution and a
sufficient number of source distributions are present. Specifically, in Lemma[I7], we establish
that approximately M = O (maxy{d,}) many source domains are required to ensure the
validity of condition with high probability (See Appendix for more details on the
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precise statement of Lemma and its proof). This indicates that the number of source
domains needs to be at least linear with respect to the dimension of perturbations.

Applying Proposition and [9 to Theorem we know that IW-CIP has a guaranteed
target risk compared to the optimal conditionally invariant classifier h*. The last goal of
this subsection is to connect h* with the oracle target classifier hoacle defined in Eq. .
Again, we consider the general anticausal model under Assumption [I, but in a simpler
binary classification setting given as follows.

Assumption 2 Suppose that source and target data are generated under Assumption
with binary l(ibels Y ={1,2} and pgg) = pgz) = 1/2. Assume that ¥ = ¢%1,, P, = P, =
(]Id,OdX(p,d)) ,and fO(1) = —f(2) = §-ol, for some & > 0, where di = dy = d.
Assume further that the source perturbations {Uém)}lgfgllgmgM span the whole space of

R? and the target perturbations follow ’USI), vgz) i N(0,72% - 021y) for some T > 0.

The assumption illustrates a specific binary classification problem in domain adaptation,
where only the first d coordinates of the covariates are perturbed, with the remaining p — d
coordinates remaining invariant conditioned on the label. It also assumes that we have
observed a sufficient number of perturbations in source domains, which span the entire
space of the first d dimensions, while perturbations in the target domains are allowed to
vary according to a normal distribution. Under this data generation model, we prove that
the risk of h* is close to that of hgracle When the dimension of CICs is substantial.

Proposition 10 Consider the domain adaptation problem under Assumption [ Let the
hypothesis class of classifiers H be Go®, where G = {g: R — {1,2},g(x) = 1-13<0+2- 1550}
consists of one fived function, and ® = {¢ : RP — R, ¢(z) = BT 2+Bo, |Bll, = 1,8 € RP, By €
R} consists of linear feature mappings. There exists a constant c¢r > 0 such that for any
5 € (0,1), the risk difference between horacle and h* is bounded by

2(p—d
RO () = RO (horacte) < ce.r (ﬂ +/log (1 /5)) exp (-5(778)) : (26)
with probability at least 1 — 5E|

The proof of this proposition is given in Appendix[B.8 As the dimension of covariates p goes
to infinity, we can see that the risk difference between h* and hgracle cOnverges to zero at an
exponential rate, provided that the dimension of perturbations d is smaller than ap for some
constant a < 1. This result shares similarities with those obtained in a regression setting
in (Chen and Buhlmann, 2021, Corollary 6), where the authors demonstrate a polynomial
decay rate for the risk difference.

Remark 11 We have established Propositions [7, [8, [9 to control terms appeared in
Theorem [6:B. These propositions respectively bound the empirical IW-CIP penalty
term, error of importance weights estimation, the deviation from conditional invariance,

6. The probability is with respect to the randomness of target perturbations vig), véi) o N(0, 7202]Id).
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and the risk of the optimal conditionally invariant classifier. As a result, Theorem[06.B now
guarantees that finite-sample IW-CIP has a target risk close to that of the oracle classifier

horacle .

4. Enhancing DA with CICs: risk detection and improved DIP

While the previous section demonstrates that IW-CIP achieves target predictive perfor-
mance close to that of the optimal conditionally invariant classifier, classifiers based on
CICs can often be conservative, and their performance may not always be optimal. This
conservativeness arises because finding invariant features from multiple source domains re-
quires discarding some features that could be useful for target prediction. This can be seen
in Proposition [10| where if the dimension of perturbations d is large, and thus M = O (d)
is large, there is a gap between the oracle target risk and the risk of conditionally optimal
invariant classifier. Practitioners may seek alternative DA algorithms, such as DIP, which
directly find invariant features between a single (or a few) source domains and the target
domain. However, in the absence of target labels, these algorithms can fail completely with-
out any indication of failure. Furthermore, it is crucial to improve these algorithms when
only unlabeled target data is available.

In this section, we present two additional roles of CICs to effectively address these chal-
lenges. First, we investigate how CICs can be used to detect large target risks for other
DA algorithms (second role). Second, we examine how CICs enhance the reliability of DIP
by addressing its label-flipping issue (third role). The empirical study for the second role is
presented in Section and Section while the third rold is demonstrated through-
out Section 5] For the purpose of this section, we assume the absence of label shift, meaning
that the label distributions are invariant across both the source and target domains. If la-
bel shift is present, the procedure outlined in Section [3| can be employed to correct it by
applying CIP and adjusting for the importance weights.

In practice, assessing the success or failure of a DA algorithm is challenging due to the
unavailability of target labels. While some research has been devoted in establishing target
risk guarantees of DIP in the limited settings, it is still considered a “risky” algorithm.
DIP seeks invariant feature representations across source and target domains, enforcing
only the marginal distribution of these feature representations to be invariant across these
domains. However, having the marginal distribution be invariant is not sufficient to ensure
conditional invariance. Consequently, DIP may only learn representations that maintain
marginal invariance across source and target domains but fail to be conditionally invariant
given the labels. Because DIP merely minimizes the source risk, those representations may
entirely flip the prediction of labels when applied to the target data (Wu et al., [2019; Zhao
et al.,|2019; |Wu et al., 2020); see Figure[l| (a)(b) for the illustrative examples. Furthermore,
without target labels, it is difficult to detect this potential label flipping of DIP.

The label-flipping issue in DIP raises concerns about its reliability when applied blindly
without additional validation. In the absence of target labels, previous works often rely
on assumptions about the data generation process in order for DIP-type of algorithms to
achieve low target risk, e.g. linear structural equation models (Chen and Bithlmann, [2021]).
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DIP Source JointDIP Source
Target Xy Xy Target
Xz X7z ¢
"""""""" y=2 Y=2 v=2, | | Y=2
Y=2 Y=2 Y=2 Y=2 L P :
€ . & .
"""""""" Xy L Xy X
Y=1 Y=1 =1 =1
_______________ Y=1 =1
¢'inV(X)
(a) (b) (d)

Figure 1: A binary classification example illustrating the difference between DIP and Joint-
DIP. (a) DIP correctly matches the source and target covariates by projecting onto
the feature X, which can generalize to the target distribution. (b) DIP matches
the source and target covariates by projecting onto the label-flipping feature X1y,
which cannot generalize to the target distribution. (c) JointDIP finds the cor-
rect feature Xpp) by jointly matching the covariates with a conditional invariant
component (CIC) ¢iny(X). (d) JointDIP discards the label-flipping feature X[
because the joint distribution of (X[}, ¢iny(X)) cannot be matched across source
and target distributions.

In this paper, given the availability of multiple source domains, we propose the use of CICs
to enhance the reliability of DIP algorithms.

Suppose that we have obtained the conditionally invariant feature mapping ¢i.y, and the
classifier hiyy built upon CICs denoted by

hinv = Jinv © ¢inv- (27)

As seen in the previous sections, both ¢y and hi,, can be approximately obtained by
solving CIP—in this case, while finite-sample feature mapping g/Z)\CIP may not be perfectly
conditionally invariant, we expect that they exhibit a small deviation from conditional
invariance under the appropriate assumptions, as implied by Proposition @]E] Therefore, we
assume the exact conditional invariance of ¢y, for simplicity throughout this section. By
leveraging ¢iny and hi,y, we demonstrate that CICs can guide other DA algorithms in two
significant ways:

1. Large risk detection: when the classifier hi,, built on CICs has low target risk, it can
be used to lower-bound the risk of other DA algorithms, even in the absence of target
labels. This enables the identification of label-filpping issues in algorithms like DIP.

2. Joint matching: we propose the JointDIP algorithm which uses CICs ¢iny(X) to
learn invariant features between source and target covariates. JointDIP, as a new DA

7. Because labeled data is available for multiple source domains, one can verify the conditional invariance
of finite-sample CIP by comparing the conditional distributions across these source distributions. If one
is willing to assume that CICs exist across source and target, then conditional invariance also holds for
the target domain.
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algorithm, enhances the reliability of DIP by addressing the label-flipping issue often
encountered in DIP when the CICs are generic enough.

For the remainder of the section, when a single source is considered, we assume without
loss of generality that the first source domain is used.

4.1 Detect failed DA algorithms using CICs

We present the second role of CICs in DA, specifically, in detecting whether another DA
classifier has large target risk. Given the conditionally invarinat classifier hin, as defined in
Eq. , we prove the following theorem which controls the difference in source and target
risks for any classifier.

Theorem 12 Let hiyyy be a conditionally invariant classifier and assume that there is no
label shift between source and target distributions. For any classifier h, its risk difference in
source and target is controlled as follows, |§|

[RO ) = ROm)] = [P {(XD) £ i (XD } = P LR(XD) 2 i (X D) }] |
< 2RW (). (28)

This result is proved in Appendix It shows that a large discrepancy between source
and target risks of any classifier h can be detected by examining the source risk of hiy,, and
the alignments between the predictions of h and hiy, across source and target, which are
always available. While Theorem [12]is stated in terms of the first source domain, the result
is applicable to any source domain and extends to multiple source domains via averaging.
In practice, we may take hcrp as a proxy for hiny and choose the source domain which
gives the tightest bound—specifically, the one that exhibits small discrepancy in prediction
alignments between h and hi,, across source and target domains, and that shows high
accuracy for CIP or IW-CIP algorithms.

By rearranging terms, an empirical version of Eq. can be derived to establish a lower
bound for the target risk

RO (h) > R () — 2RW (hep)
n(® n

+ (29)

G % LX) e (x®) T @ ; L (X D) e (X

This lower bound on the target risk can be directly translated to an upper bound on
accuracy, which can serve as a certificate to detect the failure of any DA classifier A. In Sec-
tion and Section [5.2.2] we demonstrate this with numerical examples using CIP to
detect the failure of DIP, where we test on both synthetic data and the MNIST dataset.

8. In practice, it is difficult to find hiny that is conditionally invariant across source and target distributions,
for instance, if we approximate it via CIP, i.e., hiny = hcrp. In this case, the upper bound has an
additional term LWg 4, ; see the proof for a generalized version of the theorem.
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We observe that the accuracy upper bound derived from Eq. to detect the failures of
DIP becomes more accurate when CIP has a higher predictive accuracy on the source do-
main. If CIP does not perform well across the entire input space, by restricting to a subset
of the space where CIP performs well (e.g. region far from decision boundary of a CIP
classifier), we can obtain similar results which we will discuss in the subsequent subsection.

4.1.1 DETECT LARGE TARGET RISK BY RESTRICTING TO A SUBSET

While Theorem provides a method for identifying when DA algorithms fail, the effec-
tiveness of this approach may decrease if the invariant classifier hiyy, such as CIP, performs
poorly in the source domain. In this case, it becomes difficult to detect the failure of DA
algorithms across the entire region. However, if a subset of the region can be found where
hinv achieves higher accuracy, we can still establish a more precise lower bound on the
performance of DA algorithms within this restricted subset.

In particular, the result of Theorem [12|can be extended in a straightforward manner to the
case where we condition on the event X(1) € A for any subset A C X. We write RS)(h) to
denote the source risk conditioned on A, i.e.,

RU(h) =P {h(X<1>) £y ‘ xW ¢ A} ,

and similarly for the target risk Rf)(h). Analogous to Theorem we can obtain the

following bound on the risk difference conditioned on set A.

Corollary 13 Let hiny be a conditionally invariant classifier and assume that there is no
label shift between source and target distributions. For any classifier h and any subset
A C X, we have

R (h) - Rfi)(h)) < 9RW (hiny)

+ [P {A(XD) # i (XD) } =P {R(XD) # i (X} (30)

where for a random vector X, we write
PA{h(X) # hiny(X)} := P{A(X) # hinv(X) | X € A}.

From Eq. , we can obtain a target risk lower bound for h, conditioned on set A, analgous
to Eq. . If one can identify a region A C X where the classifier hj,, has near perfect
source accuracy, due to its conditional invariance, the output of hi,, can serve as a good
proxy of the unobserved target labels. One example of such a choice is to choose A as the
region where hi,y gives a high predicted probability. Indeed, our experiments in Section[5.1.2
and Section [5.2.2] compare the tightness of the bounds across the entire space and on
a subset A where hi,, exhibits a high predicted probability. We find that Corollary
provides a more accurate estimation of the target risk because hiy, has higher accuracy
when constrained to A. It is important to note that while this approach does not provide
insights on performance outside A, it indicates that if certain DA algorithms fail within
this subset, they may not be reliable to use overall. Conversely, if they perform well in
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A, further investigation into these algorithms guided by domain knowledge is justified to
evaluate their applicability to the broader region.

Corollary shows that a desired property for h to have a low target risk is to align its
output with the output of hiny on A. We formalize this idea which is a direct consequence

of Corollary

Corollary 14 Let hiny be a conditionally invariant classifier and assume that there is no
label shift between source and target distributions. Suppose that h € H satisfies

h(z) = hiny(x) for all x € A. (31)
Then the target risk of h on A is bounded by
R (h) < 3RY) (hiny)-

In particular, if hiny has a near perfect accuracy on A under the source distribution, i.e.,

RY (hiny) < C for a small C >0, then RY) (h) < 3C.

Corollary [14] guarantees the low target population risk of the classifier on the region where
the invariant classifier hiy,, is confident about its prediction and can serve as a good proxy
for the target labels Y. This does not necessarily imply that the representation learned via
Eq. can generalize to target data outside the region A. Nevertheless, if domain experts
all recognize the importance of the region A, Eq. becomes a natural requirement for
assessing the quality of any DA classifier.

4.2 JointDIP by matching DIP features jointly with CICs

In this subsection, we demonstrate the third role of CICs in enhancing DIP. According to
Theorem if the predictions of A and hi,, align well across source and target, the target
risk of h won’t be too far from its source risk. It turns out that we can enforce this alignment
by incorporating the CICs into the DIP matching penalty. This leads to our new algorithm,
joint domain invariant projection (JointDIP).

Population JointDIP The population JointDIP minimizes the source risk while match-
ing the joint distributions of ¢ and ¢y, in the representation space across source and targetﬂ

hi-prp = gj-pIP © ¢5i-DIP,

gi-p1ps ¢iprp = argmin. R (g o ¢) (32)
9g€G,pcd
. (1) (%) _
subject to D (Pw,%v)(xw7’(<z>,¢>mv>(X>) =0

Unlike DIP which only matches the marginal distribution of ¢(X), JointDIP takes advantage
of CICs to extract invariant feature representations. Intuitively, if ¢iny is highly correlated
with the labels Y, it can effectively serve as a surrogate for the unobserved target Y.

9. (&, ¢inv)(X) denotes the vector concatenated by ¢(X) and Ginv(X).
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Thus, matching the joint distribution of feature representations (¢(X), pinv(X)) closely
approximates matching the joint distribution of (¢(X),Y’). This helps ensure that ¢ does
not inadvertently learn features that flip the labels. Note that if label shift is present, it
is not hard to extend the current formulation to an importance-weighted JointDIP (IW-
JointDIP) by applying CIP to correct label shift prior to applying JointDIP.

Finite-sample JointDIP The finite sample formulation of JointDIP enforces the joint
invariance of the representations via a regularization term,
hi-p1p = Gi-DIP © ¢5-DIP,
gioip, iprp = argmin. RM (g0 ¢) + Apip - D (73((;@ 00 Plos )(X)) ’ .
9EG,pEP o o
where Ajprp > 0 is a regularization parameter that controls the strength of the joint match-
ing penalty.
To illustrate the advantage of JointDIP over the ordinary DIP, consider a binary classifica-
tion example under the general anticausal model Definition [5| where the data is generated
as in Figure [1| (a)(b), similar to the example in |Johansson et al. (2019). Suppose that
¢ = {¢1(z) = zp), P2(z) = 7} and G = {ga(2) = 1.50 + 1,a € R}. Since DIP only
matches the marginal distributions in the representation space, it could choose either ¢,
or ¢9 as the feature mappings to perfectly match the marginal distributions of the fea-
tures and achieve zero loss under the source distribution. However, choosing ¢; leads to
zero accuracy under the target distribution, as ¢1(X) = X[ is the label-flipping feature.
Only ¢2(X) = X is the conditionally invariant feature that can generalize to the target
distribution. Now if we have access to CICs through the conditionally invariant feature
mapping @iy, and we match these jointly with DIP, we would only get the correct feature
$2(X) = X[g], as illustrated in Figure [1| (c)(d). JointDIP would never select ¢1(X) = Xy
because the joint distribution of (X[}, ¢iny(X)) is different between the source and target
distributions.

4.2.1 THEORETICAL COMPARISON OF CIP, DIP, AND JOINTDIP UNDER GENERAL
ANTICAUSAL MODEL

To quantitatively compare the target risk of DA classifiers, we focus on data generated from
the general anticausal model defined in Definition [} Additionally, we introduce Assump-
tion [3] where marginal distribution of Y is uniform under source and target distributions,
as follows.

Assumption 3 Suppose that data is generated according to the general anticausal model
defined in Definition[5. Further, assume that the label distribution is uniform under source
and target distributions, i.e.,¥Ym € {1,2,..., M} and Vy € {1,2,...,L}, we have pz(,,m) =
=1/

py  =1/L.

With the above assumptions on the data generation process in place, the following theorem
compares the target risk of population CIP, DIP, and JointDIP.
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Theorem 15 Suppose that source and target data are generated under Assumption[3. Let
¢ = {p(x) = Az + b, A € RI*P b € R} be the class of linear feature mapping from RP to
R?, which is used in the optimization of population DIP and population JointDIP (32]).
Assume that both algorithms match feature distributions exactly, i.e.,

p)

éDIP

_ p® (1) _ p®
(x) — P¢DIP(X) and P(¢’j-D1P,¢)inv)(X) o P(¢j-D1P,¢inv)(X)'

Then the following statements hold:

(a) There exist distributions PW PO such that the feature mapping of population DIP,
¢pip, flips the labels after matching the marginal distributions in the representation
space, 1.e.,

(1) _p®

for some permutation ™ #£ I over Y.

(b) Suppose ¢iny : RP — R” is a linear conditionally invariant feature mapping such that
E [quv(X(l)) ’ Y = Z] £E [gbmv(X(l)) ’ y® :j} C VitjeY.  (35)

Then the feature mapping of population JointDIP, ¢i.prp, s conditionally invariant
across PV and PO, If additionally v < gq, then the target risk of JointDIP is no
greater than that of the optimal classifier built on ¢?nv = ((bmv, Oq_r), i.e.,

inv

R (hipip) < miél R®(go¢l),
ge

and when ¢y = ¢*, we have R(‘I)(hj_mp) < R(T)(h*).

(c) Suppose @iy : RP — R" is a conditionally invariant feature mapping such that the
matriz

Coine (@) = : : ' : e RAXL, (36)
my~Ha) my~H(a) - mpi(a)

is full rank for some vector a € R, where mg(a) =E [(aTQSinv(X(l)))e ‘ Yy = j}.
Then the feature mapping of population JointDIP, ¢i.prp, s conditionally invariant

across PV and PO,

The proof of this result is given in Appendix The proofs for Theorem [15(a) and Theo-
rem (b) rely on the matching property of the two mixing distributions, whereas the proof
for Theorem (c) analyzes distribution matching in the space of characteristic functions.
Theorem (a) shows that while DIP uses the additional target covariates information, the
corresponding representations can fail to satisfy conditional invariance across source and
target distributions; and in fact, if the features correspond to the label-flipping features, as
illustrated in Figure [1} it can potentially hurt the target prediction performance.
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By contrast, Theorem (b) shows that when ¢i,, is a linear conditionally invariant feature
mapping, the features obtained by JointDIP are conditionally invariant across P and
PE) | therefore avoiding the label-flipping issue of DIP. The condition requires that
conditional means of ¢;,, are different for any pair of labels ¢ and j. This condition is a
reasonable expectation for any ¢;,, exhibiting a good prediction performance as otherwise
there is no way for classifiers built on ¢y, to distinguish between labels ¢ and j. See Ap-
pendix for an example of the general anticausal model that satisfies the condition ([35]).
Additionally, Theorem [15{(b) assures that JointDIP cannot be worse than the optimal clas-
sifier built upon ¢i,,. This result is expected because CICs tend to be conservative. For
instance, CICs identified via CIP are forced to be conditionally invariant across M many
source distributions (and ideally the target distribution), which can potentially eliminate
features that are useful for predicting target labels. JointDIP addresses this issue by seeking
conditional invariant representations across a single source and target domains to construct
a more effective classifier than one solely based on CICs.

Finally, for any conditionally invariant feature mapping ¢i,, which may not necessarily be
linear, Theorem [15c) guarantees that the features obtained by JointDIP are conditionally
invariant across P() and P, as long as the matrix Cg,,, (a) given in Eq. is full rank.
The matrix Cy,  (a) is full rank if the CICs under different labels are in a generic position.
Comparing with the condition in the linear case, this condition may be more difficult
to verify generally as it requires computation of higher order moments. We provide concrete
examples in Appendix where this condition is satisfied. In practice, we can either use
$CIP as ¢iny, or refer to domain experts for suggestions on reasonable CICs.

5. Numerical experiments

In this section, we investigate the target performance of our proposed DA algorithms and
compare them with existing methodsF_U] In particular, we demonstrate through our ex-
periments the effectiveness of the importance-weights correction in the presence of both
covariate and label distribution shifts, the capability of detecting DIP’s failure using es-
timated CICs, and the superior performance of JointDIP over DIP when label-flipping
features are present. We consider DA classification tasks across five datasets: synthetic
data generated from linear Structural Causal Models (SCMs), the MNIST data (LeCun,
1998)) under rotation intervention, the CelebA data (Liu et al., [2015) under color inter-
vention, the Camelyonl7 data from WILDS (Koh et al.l 2021} Sagawa et al., 2021), and
the DomainNet data (Peng et al., 2019)) transformed into a binary classification problem.
Except for the Camelyonl7 and DomainNet data, the domain shifts in other datasets are
synthetically created.

We conduct a thorough comparative analysis where our methods are benchmarked against
various DA algorithms. In addition to DIP, CIP, IW-CIP, and JointDIP which have been in-
troduced in previous sections, we additionally explore several variants of these algorithms,
including IW-DIP and IW-JointDIP. IW-DIP is the algorithm that applies CIP for im-
portance weighting to correct label shift prior to DIP, while IW-JointDIP applies this
importance weighting step before JointDIP. Moreover, for ERM, DIP, and JointDIP, we

10. All code to reproduce experiments is available at https://github.com/KeruWu/Roles_CICs.
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consider both their single-source versions (e.g. DIP) and their multi-source versions (e.g.
DIP-Pool). Contrary to the approach in Section where source datasets are split for
theoretical analysis, our empirical findings indicate superior performance when using the
entire dataset, and thus we do not apply such splits in our experiments. In terms of distri-
butional distances, both squared mean distance and Maximum Mean Discrepancy (MMD)
are considered. Lastly, we compare these methods with existing well-known DA algorithms
such as Invariant Risk Minimization (IRM) (Arjovsky et al., 2019), V-REx (Krueger et al.,
2021)), and groupDRO (Sagawa et al., 2020)). A detailed description of each DA algorithm,
models architectures, and the training setup are presented in Appendix

Certain DA algorithms, such as DIP or IW-DIP, rely on a single source domain to learn
invariant feature representations and construct the final classifiers (see Appendix@. In this
work, we do not focus on how to choose the best single source domain for these algorithms,
but instead simply select the last source domain. By design, this single source domain is
usually similar to the target domain in terms of the considered covariate shifts, such as mean
shift (linear SCMs), rotation angle (MNIST), and color balance (CelebA). However, this
domain may have label-flipping features compared to the target domain. We deliberately
design these settings to demonstrate that, under such settings, DIP might induce label
flipping, while JointDIP avoids this issue.

5.1 Linear structural causal models (SCMs)

We perform experiments on synthetic datasets generated according to linear SCMs under
the general anticausal model defined in Definition [5| We first compare the performance of
various DA methods, and then show how to use CICs to detect the failure of DIP without
access to target labels.

5.1.1 LINEAR SCMS UNDER DIFFERENT INTERVENTIONS

We consider three different types of domain shifts: mean shift, label shift, and a shift to
introduce label-flipping features. In all SCMs, we introduce the mean shift across domains.
Depending on the presence or absence of label shift and the shift that introduces label-
flipping features, we obtain four combinations and their corresponding SCMs. We use
M' = M + 1 to denote the total number of source and target domains. The last source
domain (the M-th domain) is always set as the single source domain for DA algorithms which
utilize only one source domain (e.g. DIP). The last domain (the M’-th domain) serves as
the target domain, and we generate 1000 samples per domain. Instead of specifying each
fm () and f3(-) in Deﬁnition we provide explicit representations of the data generation
model for each SCM. For simplicity, we only present the data generation model for source
data, and the target data generation model can be obtained by replacing the superscript
(m) with (%).

e SCM I: mean shift exists; no CICs; no label shift; no label-flipping features; M’ = 4
and p = 10. The data generation model is

Y™ ~ Bernoulli(0.5),
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XM =0.2Y - 119+ 0.25 - N(0,I10) + A™,

where 119 € R0 denotes a vector consisting of ones and I;g € R'9%!0 denotes the
identity matrix. For all source domains, the mean shift AM) 1 <m< M,is generated
by 0.2 - N'(0,119), while the target domain suffers a large intervention A ~ 2.
sign (N(0,110)). Note that we do not introduce any CICs in SCM I. This allows us to
examine the most extreme case of mean shift where all coordinates of X are perturbed.
However, in the following three SCMs (SCM II, 111, and IV), we ensure the presence
of CICs and expect that certain DA algorithms can exploit these CICs.

SCM II: mean shift exists; CICs exist; label shift exists; no label-flipping features;
M’ =12 and p = 9. The data generation model is

Y (™)  Bernoulli (p(m) ),

X[(lrz%)} = O.Q(Y(m) —0.5) -1 +0.25- N(0,1¢) + A(m),

Xy =02y —0.5) 13+ 0.25 - N(0, Tg),
where the label distribution p(™) = 0.5, for 1 < m < M, is balanced in source domains
but perturbed in target domain with p(® = 0.1. The mean shift only exists in the first
six coordinates of X, where A™), 1 < m < M is generated by N (0,I) in the source
domains, while the target domain suffers a large intervention A® ~ 2-sign (NV(0,1)).
The last three coordinates of X remain unperturbed, and they serve as CICs.

SCM III: mean shift exists; CICs exist; no label shift; label-flipping features exist;
M’ =12 and p = 18. The data generation model is

Y (™) ~ Bernoulli(0.5),

X[(f‘ﬁ)] = 0.3(Y(m) —0.5) -1+ 0.4- N(0,Ig) + A(m),

m) 03005 —Y ™). 16+0.1-N(0,I), m is odd,
71201 0.3(Y (™ — 0.5) - 15 + 0.1 - N(0,Ig), m is even,

Xy = 0.3(Y™ —0.5) - 16+ 0.4 (0, Tg),

The first six coordinates of X suffer mean shift, with A, 1 < m < M and A® ~
N(0,1;) across all domains. In particular, we make the last source domain and target
domain share similar mean shift interventions: A = g + a1 and A1 = g +
ag, where ag ~ 0.8 - N(0,15) and aj,az ~ 0.6 - N(0,Ig). This setting potentially
enables DIP-based methods to better rely on the last source domain because of the
similarity of Xj;.¢) between this domain and the target domain. However, the 7 to
12" coordinates of X are label-flipping features according to Definition 4} in the first
six domains X[7.19) has positive correlation with Y, while the correlation is negative in
the remaining six domains, including the target domain. There are no interventions
on the last six coordinates of X, and they serve as CICs.

SCM IV: mean shift exists; CICs exist; label shift exists; label-flipping features exist,
M’ =12 and p = 18. The data generation model of X | Y is the same as SCM III,
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SCM I SCM 11
Mean shift Y Y
CICs N Y
Label shift N Y
Label flip N N
DA Algorithm | src_acc tar_acc src_acc tar_acc
Tar 70.6+13.8 89.0+0.7 | 69.4£3.9  92.9£1.0
ERM 89.6+1.0 56.1+12.0 | 87.5£1.0  57.4433.3
ERM-Pool 88.3+2.3 54.4+10.2 | 78.5+1.3 58.6+29.3
DIP 88.3+1.0  87.6+1.5 | 84.543.1  62.0+2.9
DIP-Pool 86.7+2.8  86.4+2.2 | 75.8£0.7 60.1+3.1
CIP 87.4+3.3  55.9£12.0 | 75.2£0.7  75.7+6.5
IW-ERM 54.8+11.6 52.4£10.4 | 59.3£9.6  54.1+37.7
IW-CIP 53.749.9  54.0£11.8 | 50.3£0.7  90.4+0.8
IW-DIP 56.24+12.8 54.3+11.7 | 71.1£10.8 92.14+2.7
JointDIP 87.1+1.3  86.8+1.9 | 82.8+2.7  70.64+6.2
IW-JointDIP | 68.4£19.1 68.0+£19.4 | 51.7+£3.9  90.0+1.3
IRM 87.6+2.2  56.7£10.4 | 70.9£2.5  71.9£17.9
V-REx 87.3+2.5  55.6+£11.5 | 77.9+1.2  62.9425.7
groupDRO 88.3+2.3 54.4£10.0 | 77.8%+1.1 64.2+25.7

Table 1: Source and target accuracy in SCM I and SCM II. For each setting of SCMs,
DA algorithms are run on 10 different datasets, each generated using 10 different
random seeds. Tar represents the oracle method where the model is trained on
the labeled target data. The top four methods are highlighted in bold. The best
method (excluding Tar) is colored in red.

but we additionally perturb the marginal distribution of Y across source and target
distributions. Specifically, the label distribution ¥ (™) ~ Bernoulli(0.5) is balanced in
source domains but perturbed in target domain with Y *) ~ Bernoulli(0.3).

We use a linear model in all SCM experiments to predict the labels; see Appendix
for details. Table [I] and [2] compare the target performance of different DA algorithms. In
SCM I where only mean shift exists and no CICs exist, DIP gives the best performance,
with JointDIP showing comparable accuracy. ERM and other DA algorithms which aim to
find invariance across all source domains (e.g. CIP, IRM, V-REx) fail to generalize to the
target domain due to the lack of CICs and the substantial mean shift in the target domain.
In SCM II where mean shift exists and label shift is added as another intervention, IW-DIP
achieves the highest accuracy. Both IW-CIP and IW-JointDIP also achieve over 90% correct
predictions. However, IW-ERM which directly applies importance weighting without using
CICs completely fails, indicating that identifying conditionally invariant features before
applying label correction is necessary in this scenario.

In SCM III where label-flipping features exists, we observe that DIP results in an accuracy
lower than a random guess. On the contrary, JointDIP achieves the highest accuracy. To
gain a deeper understanding of the classifiers obtained by each algorithm, in Figure [2| we
illustrate the L' norm of the coefficients of three categories of coordinates: mean-shifted
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SCM III SCM IV
Mean shift Y Y
CICs Y Y
Label shift N Y
Label flip Y Y
DA Algorithm | src_acc tar_acc src_acc tar_acc
Tar 70.1£2.9  97.94+0.4 | 69.8+3.0 96.9+0.7
ERM 97.9+£0.3  58.9£5.0 | 98.0£0.3 58.7£10.7
ERM-Pool 83.3+0.8  75.3£7.7 | 83.3£0.7 78.946.8
DIP 93.54+3.4  34.5+14.9 | 94.4+£2.7 35.3+14.6
DIP-Pool 84.1+£0.5  82.0£1.1 | 84.4+0.5 82.34+3.8
CIP 82.2+0.4  81.8+1.3 | 82.2+0.4 82.1+1.2
IW-ERM 80.3£9.1  75.1£89 | 77.2£9.0 79.24+4.8
IW-CIP 82.5+0.4 81.24+4.1 81.0+£0.9 83.8+2.2
IW-DIP 88.4+13.0 37.2+14.9 | 83.7£8.6 64.24+7.3
JointDIP 88.8+1.3  85.4+2.1 | 88.6£1.9 82.841.9
IW-JointDIP 87.8+1.5  82.9+8.1 | 84.1+3.4 85.1£3.7
IRM 80.1£1.8  80.2£1.8 | 84.2+£0.6 83.7%3.3
V-REx 83.8+0.8  80.4+7.6 | 84.3£0.6 83.843.7
groupDRO 84.0+0.7 81.3£7.4 83.9+0.6 84.3+3.2

Table 2: Source and target accuracy in SCM III and SCM IV. For each setting of SCMs,
DA algorithms are run on 10 different datasets, each generated using 10 different
random seeds. Tar represents the oracle method where the model is trained on
the labeled target data. The top four methods are highlighted in bold. The best
method (excluding Tar) is colored in red.

Xi1:6]» label-flipping X(7.12], and CICs X(33.15). Three key observations can be made from
the figure: First, DIP shows large coefficients on the label-flipping features X|7.19], providing
insight for its suboptimal performance. Second, DA methods that seek invariant features
across all source domains, such as CIP, IRM, V-REx, show small coefficients on both the
mean-shifted features and label-flipping features, but large coefficients on the CICs. This
result aligns with their fundamental objective of identifying invariant representations across
source domains. Lastly, JointDIP demonstrates small coefficients on label-flipping features,
but relatively larger coefficients on mean-shifted coordinates, confirming that JointDIP
effectively discards label-flipping features X(7.19], retains the invariant features X[;3.1g) iden-
tified by CIP while exploiting the useful mean-shifted features X(;.q).

Lastly in SCM IV where mean shift, label shift, and label flipping features exist simultane-
ously, we find that IW-JointDIP outperforms other methods in the target accuracy. This
can be attributed to its three-step approach—first finding CICs, then correcting label shift
via CICs, and finally aligning potential features via JointDIP—which effectively addresses
the combination of these three shifts.

Overall, our experiments across various SCM settings reveal that while traditional DA meth-
ods like CIP and DIP may struggle with certain types of shifts, JointDIP excels in handling
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Figure 2: L' norm of coefficients in SCM III. Coefficients are grouped into three categories,
depending on how corresponding coordinates are perturbed. Contrary to DIP,
JointDIP does not have large coefficients on label-flipping features, demonstrating
that JointDIP can avoid label-flipping issue observed in DIP.

label-flipping features, and importance-weighted variants of the DA methods perform well
in scenarios with label shift.

5.1.2 DETECTING FAILURE OF DIP IN LINEAR SCMs

Previously in Section we discussed the second role of CICs to detect the failure of
DA algorithms without requiring access to target labels. To demonstrate this second role
in practice, here we apply Theorem [12| and Corollary [13| to DIP and JointDIP within the
context of SCM III. We take the finite-sample CIP as ¢iny, and compare the accuracy upper
bound derived from Theorem [I2] against the actual accuracy of DIP and JointDIP as shown
in Figure 3| (a)(b). We vary the DIP penalty parameter in DIP and the JointDIP penalty
parameter in JointDIP (both represented by A). The CIP penalty parameter utilized in
CIP and JointDIP is set to the optimal value found via hyperparameter search. The figure
illustrates that while the accuracy upper bound from Theorem is valid, it exceeds the
true accuracy by a wide margin, which is undesirableﬂ Consequently, it is difficult to
directly apply Theorem [I2]to test the failure of DIP in SCM III.

We then turn to apply Corollary [13]to compare the accuracy upper bound with the actual
accuracy of DIP within region A, where we define A as the region such that the CIP
predicted probability exceeds a threshold ¢,. This threshold ¢, is defined as the a x 100-th

11. This issue might result from the relatively low accuracy of CIP (around 80%) in SCM IIL. In our
subsequent experiments with MNIST, such issue does not appear because CIP has much higher accuracy
(over 90%). See Figure 3| (c)(d) for the comparison.
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(a): SCM3, DIP (b): SCM3, JointDIP (c): MNIST3, DIP (d): MNIST3, JointDIP
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Figure 3: SCM III and MNIST III: target accuracy upper bound obtained via Theorem

vs. actual target accuracy. For SCM III, the accuracy of CIP is low, resulting
in an upper bound that does not provide a tight estimation of the true target
accuracy for both DIP and JointDIP. Conversely, in MNIST III, CIP achieves
high accuracy and the accuracy upper bound precisely reflects the true target
accuracy. The red line indicates y = .
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Figure 4: DIP in SCM III: target accuracy upper bound obtained via Corollary VS.

actual target accuracy in region A. We define region A as A = Q, = {X €
X | CIP predicted probability > q,}, where g, is the threshold such that (1 —
a) x 100% of target covariates have a CIP predicted probability greater than ¢q.
The larger « is, the more confident CIP is about the prediction on the covariate
samples in (). The red line indicates y = x.

percentile of CIP predicted probability for the target covariates, i.e., (1 — a) x 100% of
target covariates have a CIP predicted probability greater than ¢,. As shown in Figure
by increasing «, we observe that our upper bound becomes increasingly precise within
region A. For example, DIP with certain values of A yields an upper bound lower than
0.5, suggesting that DIP flips the label. Although a low accuracy within region A does
not necessarily translate to low accuracy across the entire target domain, in practice we
can refer to domain experts and ask them whether such suboptimal performance of DIP
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Figure 5: Sample images from MNIST III. In this dataset, two different types of inter-
ventions have been applied: a rotation shift and the inclusion of label-flipping
features. For rotation shift, each image in the m-th domain is rotated clockwise
by (m x 15—30)°. As for the label-flipping features, a white bar of 6 x 16 pixels is
added in the bottom-left corner of the images. The correlation between the label
and the white bar patch changes across the domains, with positive correlation
in the 15,3, and 5" domains, and negative correlation in the 274, 4" and 6"
(target) domains.

within region A is reasonable or not, allowing us to avoid the need to acquire and validate
all target labels.

5.2 MNIST under rotation intervention

In this section, we consider binary classification of the MNIST dataset (LeCun,|1998) under
rotation interventions, where digits 0-4 are categorized as label 0 and digits 5-9 are cate-
gorized as label 1. Similar to our experiments in SCMs, we first evaluate the prediction
performance of various DA methods, then discuss how to detect potential failure of DIP
without requiring access to target labels.

5.2.1 RoTATED MNIST UNDER DIFFERENT INTERVENTIONS

We create five source domains and one target domain (the 6'" domain). The 5" domain is

fixed as the single source domain for DA algorithms that rely on only one source domain.
Each source domain consists of 20% of the images from the MNIST training set, and the
target domain includes all images from the MNIST test set. We introduce three different
types of interventions as follows:

e Rotation shift: Each image in the m-th domain is rotated clockwise by (m x 15—30)°.
e Label shift: In the target domain, we remove 50% of the images labeled as 0.

e Label-flipping features: In the 15, 3", and 5*® domains, 90% of the images with label
1 and 10% of the images with label 0 are patched by a white bar of 6 x 16 pixels in
the bottom-left corner. This creates a correlation of 0.8 between the label and the
patch. Conversely, in the 274, 4t and 6*" domains, we add this white bar to 90% of
the images with label 0 and 10% of the images with label 1. This creates a correlation
of —0.8 between the label and the patch.
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MNIST I MNIST II
Rotation shift Y Y
Label shift N Y
Label flip N N
DA Algorithm | src_acc tar_acc src_acc tar_acc
Tar 71.24£0.9  100.0+0.0 | 69.3£1.5 99.74+0.3
ERM 99.94£0.1  96.9£0.4 99.9£0.2 96.9+0.5
ERM-Pool 99.5+0.4  94.6%0.8 99.5+0.3 94.6£1.3
DIP 100.0+£0.1 97.5+0.3 99.94+0.2 96.7+0.5
DIP-Pool 99.6+0.2  95.7+0.4 99.6+0.2 94.6+1.5
CIP 99.6+0.3  94.9£0.9 99.6+0.3 94.94+2.1
IW-ERM 99.4+0.4  94.84+0.8 99.44+0.2 94.840.5
IW-CIP 99.7£0.2  94.8+0.8 99.24+0.4 94.9+1.2
IW-DIP 99.9+0.3 97.3+0.4 99.840.2 97.4+0.2
JointDIP 99.94+0.1  97.3+0.3 99.94+0.2 96.940.6
IW-JointDIP 99.6+0.6  97.2+0.5 99.5+0.2 96.5+1.3
IRM 99.5+0.5  94.3£14 99.6+0.1 94.3+1.4
V-REx 99.44+0.2  94.6+0.8 99.6+0.1 94.5+0.9
groupDRO 99.6+0.3  94.9+1.1 99.5+0.3 95.1+1.2

Table 3: Source and target accuracy in rotated MNIST I and II. For each setting of the
rotated MNIST, DA algorithms are run on 10 different datasets, each generated
using 10 different random seeds. Tar represents the oracle method where the
model is trained on the labeled target data. The top four methods are highlighted
in bold. The best method (excluding Tar) is colored in red.

Similar to the settings of SCMs, we consider four DA problems under different combinations
of these interventions. The rotation shift intervention is applied to all MNIST experiments,
and four different cases are constructed based on whether the label shift or label-flipping
features exist: MNIST I includes rotation shift, but does not have label shift and label-
flipping features; MNIST II includes rotation shift and label shift, but does not have label-
flipping features; MNIST III includes rotation shift and label-flipping features, but does not
have label shift; and MNIST IV includes all three interventions—rotation shift, label shift,
and the presence of label-flipping feature. Image samples under MNIST III are displayed
in Figure [5] for illustration.

We train a Convolutional Neural Network (CNN) model similar to LeNet5 (LeCun et al.,
1998) for all MNIST experiments; see Appendix for more details. Tables [3| and
summarize the performance of various DA methods on MNIST. Similar to our findings in
linear SCM experiments, we conclude that DIP effectively addresses rotation shift in the
absence of label-flipping features (MNIST I), while label correction addresses label shift
(MNIST II and IV), and JointDIP mitigates the issue of learning label-flipping features for
DIP (MNIST III and IV). Consequently, DA methods which incorporate steps specifically
designed to address each shift have the best performance or are among the top-performing
methods.
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MNIST III MNIST IV
Rotation shift Y Y
Label shift N Y
Label flip Y Y
DA Algorithm | src_acc tar_acc src_acc tar_acc
Tar 67.4+1.1  100.0+0.1 | 66.2+1.9  99.9+0.1
ERM 100.0+£0.1  87.8£1.9 100.0£0.1 86.8£1.8
ERM-Pool 99.4+0.5  88.7£2.0 99.6+0.2  89.1£2.5
DIP 100.0+£0.0 91.0£1.9 100.0£0.0 90.1+£1.6
DIP-Pool 99.44+0.5 92.8+1.2 99.4+0.4  91.2+2.1
CIP 99.4+0.4  89.1+1.7 99.1£0.9  90.0+£1.3
IW-ERM 99.4£0.5  88.0£1.7 98.8£0.8  88.3£3.3
IW-CIP 99.6+£0.2  89.8+1.7 99.4+0.4  90.1+£1.0
IW-DIP 100.0+£0.0 92.6+1.1 100.0+£0.0 90.9+£1.5
JointDIP 99.9£0.2 93.5+1.2 99.7£0.2 91.5+1.1
IW-JointDIP 99.9£0.2 93.1+1.1 99.6+0.5  93.4+0.9
IRM 99.3£0.7  88.4%£1.9 99.1£0.3  89.3£1.4
V-REx 99.1£0.3  89.5+1.4 99.4+0.6  89.8+1.3
groupDRO 99.0£0.2  90.7+1.1 99.0£0.2  90.8+1.9

Table 4: Source and target accuracy in rotated MNIST III and IV. For each setting of the
rotated MNIST, DA algorithms are run on 10 different datasets, each generated
using 10 different random seeds. Tar represents the oracle method where the
model is trained on the labeled target data. The top four methods are highlighted
in bold. The best method (excluding Tar) is colored in red.

5.2.2 DETECTING FAILURE OF DIP IN ROTATED MNIST

Analogous to Section we apply Theorem [12] and Corollary [13]to MNIST III to detect
potential failures of DIP, demonstrating the second role of CICs. Figure 3| (c)(d) illustrate
that the theoretical upper bound on target accuracy obtained via Theorem matches
closely with the actual target accuracy, and that large values of A such as 10 and 100 may
lead DIP to learn label-flipping features, while no such issues appear in JointDIP. Figure [6]
presents the result of applying Corollary with different choices of region A = @, for
a € {0,0.25,0.5,0.75}. Similar to our findings in Figure |4, we observe that as CIP becomes
more confident in region A (i.e., as « grows), the upper bound becomes more accurate.
In Figure [7] we visualize images from the target domain sampled within the region Q.
for different values of a. As « increases, the handwritten digits become more clear and
distinguishable. In practice where we suspect label flipping by DIP but cannot access or
afford to obtain many target labels, we can investigate target samples where CIP and DIP
disagree in the region @, with a large value of «, and refer to domain experts to evaluate
whether these distinguishable images should be correctly classified by DIP. If DIP fails to do
so, our procedure based on Corollary [[3|can serve as a diagnostic tool to accurately estimate
DIP’s target performance and evaluate its validity in region A, especially when Theorem
provides an uninformative upper bound.
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Figure 6: DIP in MNIST III: target accuracy upper bound obtained via Corollary Vs.
actual target accuracy in region A. We define region A as A = Q, = {X €
X | CIP predicted probability > ¢,}, where g, is the threshold such that (1 —
a) x 100% of target covariates have a CIP predicted probability greater than g¢,.
The larger « is, the more confident CIP is about the prediction on the covariate
samples in (). The red line indicates y = =x.
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Figure 7: Sample images from MNIST III target domain within region @, where
CIP disagrees with DIP. The images are shown for varying o €
{0,0.25,0.5,0.75,0.9,0.95}. As « increases, the selected handwritten digits be-
come more distinguishable.

5.3 CelebA under color shift

The CelebA dataset introduced by (Liu et al., [2015)) is a large-scale face image dataset with
multiple face attributes. It includes over 200K celebrity images, each annotated with 40
binary attributes such as Gender, Eyeglasses, and Smiling. In our experiments, we take
Smiling as the label and create six different settings for DA problems. The first three
CelebA settings are designed to study the color shift together with label-flipping features,
similar to the approach taken with SCM III and MNIST III. The remaining three CelebA
settings are developed to examine color shift in conjunction with label shift, similar to the
approach taken with SCM II and MNIST II. For each setting, we construct three source
domains and one target domain, each consisting of 20K images randomly sampled from
CelebA. The last source domain is used as the single source domain for DA algorithms that
rely on a single source domain. To predict the labels, we utilize a CNN model architectures
across all problem settings (see Appendix for more details).

42



PROMINENT ROLES OF CICs IN DA

Source domain 1 Source domain 2 Source domain 3

"1?_-

Target domain

Figure 8: Sample images from CelebA III. In this dataset, we synthetically create a feature
Color_Balance, which takes 1 for a full-color image and 0 for a black-and-white
image. We also consider the original attribute Mouth_Slightly_Open, which takes
1 if the mouth in the image is slightly open, and 0 otherwise. The correlations
between these two features and the label Smiling are varied across domains, as
shown in Table [

5.3.1 COLOR SHIFT WITH LABEL-FLIPPING FEATURES

The settings of CelebA I, CelebA II, and CelebA III are presented in Table In these
settings, we manipulate two features, Color_Balance and Mouth_Slightly_Open, to gen-
erate distribution shift across domains. The Color_Balance feature is a synthetic at-
tribute, which takes a value of 1 for a full-color image and 0 for a black-and-white image.
The Mouth_Slightly_Open feature is an original binary attribute annotated in the CelebA
dataset, with the value 1 if the mouth in the image is slightly open, and 0 otherwise. We vary
these two features so that they are conditionally independent given the label Smiling, and
their correlations with this label match the values shown in Table [5| In all three settings,
we align the Color_Balance feature of the last source domain and the target domain most
closely, while making the correlation between Smiling and Mouth_Slightly_Open reversed.
As a result, the Color_Balance feature can somewhat generalize to the target domain for
label prediction, whereas the Mouth_Slightly _Open feature serves as a label-flipping feature
between the last source domain and the target domain as defined in Definition |4} Figure
illustrates image examples from each domain in CelebA III. An ideal DA algorithm that
utilizes the last source domain should be able to partially make use of the Color_Balance
feature, but should avoid the Mouth_Slightly_Open feature to predict the labels.

Given that there is no label shift in these settings, we evaluate DA methods without
the importance-weighted label shift correction (IW) step, and present the results in Ta-
ble [f] We observe that in CelebA I, where the correlations between Smiling and both the
Color_Balance and Mouth_Slightly_Open features vary significantly across domains, Joint-
DIP achieves the best performance. In CelebA II and CelebA III where we reduce the
variation in correlations between Smiling and one of the features, JointDIP continues to
demonstrate comparable accuracy. GroupDRO also shows a good performance, likely due
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p(Smiling, Color_Balance) p(Smiling, Mouth_Slightly_Open)
Domain CelebA T CelebA II CelebA IIT | CelebA I CelebA II  CelebA III
Source Domain 1 -0.8 -0.8 0.2 -0.9 -0.5 -0.9
Source Domain 2 -0.6 -0.6 0.4 0.9 0.5 0.9
Source Domain 3 0.6 0.6 0.6 0.9 0.5 0.9
Target Domain 0.8 0.8 0.8 -0.9 -0.5 -0.9

Table 5: Settings of CelebA I, II, III under color shift with label-flipping features. Smil-
ing is the label attribute for prediction. We vary the Color_Balance and
the Mouth_Slightly_Open features across domains. The correlation between
Color_Balance and Smiling remains relatively stable between the last source do-
main and the target domain, while Mouth_Slightly_Open serves as the label-
flipping feature.

CelebA 1 CelebA 11 CelebA III

DA Algorithm | src_acc tar_acc src_acc tar_acc src_acce tar_acc

ERM 97.0+£0.2 77.7+1.2 | 94.44+0.4 90.34+0.9 | 97.0+0.2 77.74+1.2
ERM-Pool 93.3+£0.3 77.24+1.4 | 92.8+0.4 83.6x1.0 | 93.1£0.2 89.6+0.4
DIP 96.24+0.4 82.0+2.2 | 93.1+0.3 90.6+1.0 | 96.2+0.4 82.04+2.2
DIP-Pool 92.3+0.5 80.4+1.3 | 90.9+0.4 85.5+0.6 | 91.6+0.3 90.4+0.4
CIp 89.1+£0.3 76.6+1.4 | 92.7+0.6 83.7+1.4 | 93.0£0.4 89.7+0.7
JointDIP 93.0+0.8 87.3+0.6 | 93.1£0.3 90.4+1.2 | 91.4+£1.1 88.7%£1.0
IRM 90.5+0.7 76.3+£3.2 | 92.6+£0.5 83.6%£1.4 | 90.3+0.9 88.84+1.3
V-REx 86.94+1.2 83.3+1.2 | 81.8+0.2 85.1+£0.7 | 91.840.3 91.1+0.8
groupDRO 91.7+1.0 84.3+1.0 | 91.5+0.5 86.4+1.5 | 92.4+0.4 91.6+0.5

Table 6: Source and target accuracy in CelebA I, II, ITT with color shift and label-flipping
features. For each setting of the CelebA, DA algorithms are run on 10 different
datasets, each generated using 10 different random seeds. The top four methods
are highlighted in bold. The best method is colored in red.

to the substantial shift across domains. Overall, the results show that JointDIP maintains
strong and robust performance in the presence of label-flipping features.

5.3.2 COLOR SHIFT WITH LABEL SHIFT

The settings of CelebA IV, CelebA V, and CelebA VI are shown in Table[7] In these settings,
we manipulate the Color_Balance feature and additionally introduce interventions on the
distribution of Smiling to create label shift between the source and target domains. Specif-
ically, the correlation between Smiling and the Color_Balance feature remains consistent
with Table [5] but we no longer vary the Mouth_Slightly_Open feature, thereby eliminating
label-flipping features between the source and target domains. Instead, we change the la-
bel distribution across domains: the distribution of Smiling is balanced (50% each) in all
three source domains, but becomes unbalanced (either 75% and 25%, or 25% and 75%)
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p(Smiling, Color_Balance) P(Smiling = 1)
Domain CelebA IV CelebA V  CelebA VI | CelebA IV CelebA V  CelebA VI
Src Domain 1 -0.8 -0.8 0.2 0.5 0.5 0.5
Src Domain 2 -0.6 -0.6 0.4 0.5 0.5 0.5
Src Domain 3 0.6 0.6 0.6 0.5 0.5 0.5
Tar Domain 0.8 0.8 0.8 0.75 0.25 0.75

Table 7: Settings of CelebA IV, V, VI under color shift and label shift. Smiling is the
label attribute for prediction. We vary the Color_Balance feature and the Smil-
ing label distribution across domains. The correlation between Smiling and the
Color_Balance feature remains consistent with Table Bl The distribution of Smil-

ing is balanced (50% each) in all three source domains, but becomes unbalanced
(either 75% and 25%, or 25% and 75%) in the target domain.

CelebA IV CelebA V CelebA VI

DA Algorithm | src_acc tar_acc src_acc tar_acc src_acce tar_acc

ERM 94.440.6 94.1+£0.5 | 94.4+0.6 93.94+0.9 | 94.5+0.6 94.24+0.5
ERM-Pool 93.6+0.2 88.7+0.9 | 93.6£0.2 89.6£0.9 | 93.840.3 93.14+0.5
DIP 94.44+0.4 93.5+1.2 | 94.44+0.5 94.4+0.9 | 94.4+04 93.44+1.2
DIP-Pool 93.7+0.6 88.0+0.6 | 93.6£0.5 89.5£1.2 | 93.7+0.5 92.940.9
CIP 93.4+0.4 88.3+1.0 | 93.4+0.4 89.7+1.1 | 93.6%£0.2 93.3+0.5
IW-ERM 92.24+0.9 90.1+£1.0 | 93.24+0.4 90.94+0.8 | 92.1£0.7 94.4+0.2
IW-CIP 91.840.9 90.3+0.5 | 92.7+1.1 90.6+1.1 91.7+1.3 94.3+0.5
IW-DIP 93.0+£0.7 94.8+0.3 | 93.54+0.8 95.1+0.5 | 92.4+1.4 94.7+0.4
IRM 93.8+0.3 88.7+0.9 | 93.5£0.4 89.6+£0.9 | 93.7+0.2 93.14+0.6
V-REx 92.54+0.2 89.5+0.9 | 92.64+0.3 90.24+1.2 | 93.8%0.2 93.440.6
groupDRO 93.3+0.3  90.0+0.8 | 93.3£0.3 91.14+1.0 | 93.7+0.3 93.040.6

Table 8: Source and target accuracy in CelebA IV, V, VI under color shift and label shift.
For each setting of the CelebA, DA algorithms are run on 10 different datasets, each
generated using 10 different random seeds. The top four methods are highlighted
in bold. The best method is colored in red.

in the target domain. We evaluate various DA methods, including those that incorporate
the importance-weighted label shift correction (IW) step, as shown in Table |8) Given the
absence of label-flipping features in these settings, we do not evaluate JointDIP. We ob-
serve that IW-DIP outperforms all other methods. Note that ERM also achieves a high
accuracy and outperforms ERM-Pool, indicating that training on all source domains may
not be beneficial when substantial distribution shifts, in particular the label shift, exist
across domains. Overall, our experimental results highlight the importance of the label
shift correction (IW) step in the presence of substantial label shift.
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5.4 Camelyonl7 from WILDS

In this subsection, we conduct numerical experiments on Camelyonl7 to demonstrate the
effectiveness of JointDIP on the real data. The Camelyonl7 image dataset is one of the
WILDS benchmarks (Koh et al., [2021; Sagawa et al., [2021) for domain adaptation, which
comprises whole-slide images (WSIs) of breast cancer metastases in lymph node sections
from five hospitals. The task involves predicting whether a 96 x 96 image patch extracted
from a WSI contains any tumor pixels within its central 32 x 32 area. The labels are
obtained through manual pixel-level annotations of each WSI. Among the five different
hospitals (domains) from which the WSIs are collected, the first three hospitals are treated as
source domains (with 302.4K patches) and the remaining two are used as validation domain
(with 34.9K patches) and target domain (with 85K patches), respectively. In addition to
these labeled examples, WILDS also provides additional unlabeled WSIs from the same
five hospitals and patches extracted from them, including 600K unlabeled patches from the
target domain. See (Koh et all 2021} Sagawa et al., |2021) for a detailed description of the
Camelyonl7 dataset.

Although the 600K unlabeled target patches are collected from the same hospital as the
85K labeled target patches, there is no overlap in the WSIs where these patches are ex-
tracted from (Sagawa et al., |2021). Furthermore, the label distribution of unlabeled target
patches is heavily skewed towards negative, while labeled target patches are sampled in a
class-balanced manner (Sagawa et al., 2021)). Consequently, this could create distribution
shifts between the “unlabeled target data” and the “labeled target data” in the Came-
lyonl7 dataset. In particular, this can lead DA algorithms, which utilize target covariate
information (e.g. DIP or its variants), to identify different latent features depending on
the source of target image patches used by these algorithms. In the WILDS leaderboard,
methods that leverage data from the target domain utilize these 600K unlabeled patches,
rather than treating the 85K labeled target patches as if they were unlabeled. However, if a
distribution shift exists between the “unlabeled target data” and the “labeled target data”,
there is no guarantee that our proposed DA algorithms will improve target performance.
Therefore, our experiments examine two approaches to utilize target data for DA methods:
(1) using the 600K unlabeled target patches, and (2) leveraging the 85K labeled target
patches without label access.

We use the standard DenseNet-121 model architecture (Huang et al. [2017) and follow
the training protocol described in |Koh et al. (2021); Sagawa et al.| (2021). CIP, DIP-
Pool, and JointDIP-Pool are implemented, where CIP only uses labeled source data, and
DIP-Pool and JointDIP-Pool leverage target covariates (image patches) from the target
domain. We find that the pooled versions of DIP and JointDIP increase reliability of
the models by utilizing more samples from multiple source domains, compared to their
single source versions. Therefore, we choose to implement the pooled version of DIP and
JointDIP in our experiments. Similarly, DANN (Ganin et al| 2016) and CORAL (Sun
and Saenko|, [2016)), which were initially developed for the single source version, have been
extended in (Sagawa et al., |2021) to take advantage of multiple source domains. Following
the standard submission guidelines in WILDS (Koh et al., [2021; |Sagawa et al., |2021]),
we do not use any data augmentation in CIP, but allow DIP-Pool and JointDIP-Pool to
utilize the same color augmentation as described in Koh et al.| (2021)); [Sagawa et al.| (2021)).
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DA Algorithm Target covariates val accuracy  test accuracyld
IRM* 86.2+1.4 64.2+8.1
groupDRO* 85.5+2.2 68.4+7.3
ERM-Pool* - 84.9+3.1 70.3+6.4
CIP 87.0£1.2 71.1+£12.5
Fish* 83.94+1.2 74.7+7.1
DANN* 86.9+2.2 68.4+9.2
]?)83}_{3012)1 600K unlabeled target patches g?gigg gzgigg
JointDIP-Pool 91.5+0.6 82.7+5.2
DIP-Pool 85K labeled target patches 91.0£0.5 88.7£5.7
JointDIP-Pool (target labels are not used) 91.740.6 91.943.1

Table 9: Accuracy of DA algorithms on Camelyon17 dataset. The first five DA methods—
IRM, GroupDRO, ERM-Pool, CIP, and Fish—only use labeled data from multiple
source domains, whereas DANN, CORAL, DIP-Pool, and JointDIP-Pool addition-
ally use target image patches from the target domain, but they do not have access
to the target labels. The algorithms are run over 10 trials. Results for algorithms
marked with * are obtained from the WILDS benchmark.

Hyperparameters are chosen via a grid search based on the validation accuracy, where we
allow a larger range of grids compared to previous experiments (see Appendixfor further
details).

The results are presented in Table [9] where we compare CIP with other DA algorithms that
enforce different invariance across all source domains, such as IRM (Arjovsky et al., [2019))
and Fish (Shi et al., [2022); and we also compare DIP-Pool and JointDIP-Pool with other
domain-invariant algorithms using different distributional distances, like DANN (Ganin
et al., 2016) and CORAL (Sun and Saenko, 2016). We observe that CIP has a similar
performance compared to ERM-Pool, albeit with a slightly larger variance in test accuracy.
When covariates of 600K unlabeled target patches are utilized in the DIP matching penalty,
DIP-Pool results in an accuracy exceeding 80%. Remarkably, JointDIP-Pool further im-
proves this accuracy by 1.5% while substantially reducing the variance at the same time.
In scenarios where covariates of 85K labeled target patches are used in the DIP matching
penalty, the accuracy of both methods increases significantly, with JointDIP-Pool improving
DIP-Pool by over 3%. This result indicates that jointly matching the covariates with CICs
between source and target can help DIP-based algorithms to identify the appropriate fea-
tures to match across domains. In addition, when comparing the accuracy of two different
approaches of using target covariates in the DIP matching penalty, our results demonstrate
that distribution shifts exist between the unlabeled and labeled target data in Camelyon17,
and leveraging the true target covariates from the 85K labeled target patches proves more
effective than using the target covariates from the 600K unlabeled target patches.

12. The test accuracy is evaluated on 85K labeled target image patches.
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5.5 DomainNet with binary classification

In this subsection, we conduct numerical experiments on the DomainNet dataset. The Do-
mainNet dataset, introduced by (Peng et al., [2019)), is a large-scale, multi-domain dataset
which contains approximately 600k images collected from 6 different domains: Clipart (il-
lustrative images, such as cartoons), Infograph (infographics containing both graphical and
textual information), Painting (artistic depictions in the form of paintings), Quickdraw
(simple, hand-drawn images from the Quick Draw game dataset), Real (photographic, real-
world images), and Sketch (hand-drawn sketches). Each image is labeled with one of 345
object categories, which are further grouped into 24 divisions (see Tables 10, 11, and 12 of
Peng et al.|[(2019)). In our experiment, to make it easy to interpret the target performance,
we transformed the original multi-class prediction problem into a binary classification task.
Specifically, for each domain, we selected images with categories corresponding to the “Fur-
niture” and “Mammal” groups, consisting of 35 and 25 categories, respectively, and labeled
them as 0 and 1. Merging these categories makes the classification problem simpler and
increases the number of images available for each label, so that target performance variation
due to small sample size can be reduced. To ensure equal label proportions within each
domain, we randomly sub-sampled images to achieve a balanced dataset with 50% labeled
as 0 and 50% labeled as 1. This eliminates label shift across all domains and the only source
of distribution shift arises from variations in visual styles, contexts, and object representa-
tions in the images. As a result, each domain contains 6,844, 6,952, 9,522, 25,000, 30,780,
and 10,212 images, respectively. Each domain is used as a target domain in turn, with the
remaining domains serving as source domains. This setup results in 6 different cases for
evaluating the performance of DA methods.

Our DA algorithms are built on top of a ResNet-101 model architecture (He et al.| 2016)),
pre-trained on the ImageNet dataset. Since there is no label shift in this task, we implement
DA methods without importance weight estimation-based label shift correction. Similar to
our approach in Section we find that the pooled versions of DIP and JointDIP provide
more reliable results by leveraging more samples from multiple source domains compared
to their single-source versions. Therefore, we implement CIP, DIP-Pool, and JointDIP-
Pool using MMD as the distributional distance, along with other DA methods such as
IRM, V-REx, and groupDRO. Hyperparameters are chosen via a grid search, as detailed

in Appendix

The results are presented in Table Overall, we observe that JointDIP-Pool consistently
achieves the best or comparable performance to the top method across all 6 target do-
main settings. For certain target domains such as Painting and Quickdraw, it significantly
outperforms all other DA methods. This suggests that JointDIP-Pool is more effective at
learning invariant features across source and target domains, enabling it to handle diverse
visual characteristics when classifying “Furniture” and “Mammal.” DIP-Pool also achieves
high accuracy, with notably better target performance compared to other DA methods when
Infograph is used as the target domain. However, it exhibits high standard deviation in
this setting, potentially indicating that DIP-Pool may have learned label-flipping features
during some trials. This aligns with observations in Peng et al. (2019), where generalization
to Infograph was found to be more challenging, resulting in lower accuracies compared to
other settings. V-REx also performs well in certain cases, likely due to its conservative ap-
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Clipart Infograph  Painting  Quickdraw Real Sketch
DA Algorithm tar_acc tar_acc tar_acc tar_acc tar_acc tar_acc
ERM-Pool 89.9+0.7 64.7£1.8 81.1+1.3 69.6+4.2 90.4+2.8 87.3+0.5
DIP-Pool 89.7+£0.7 75.94£9.6 80.4+2.4 71.1+4.5 90.9£1.2 87.41+0.6
CIP 88.9+1.7 64.9+1.0 79.5+1.3 70.5+2.7 91.0+£1.0 86.7+1.2
JointDIP-Pool | 90.0+0.9 66.0£1.6 86.5+5.2 74.1+2.5 91.8+0.9 87.2+0.9
IRM 90.0+0.8 64.1+24 81.0+1.7 69.0+4.9 91.8£1.0 87.2+0.7
V-REx 90.0+£0.5 65.7+1.3 79.8£2.3 69.9+4.0 91.5+0.5 86.8£0.9
groupDRO 86.8+0.4  64.2+2.2  77.9+£0.8 68.0£6.1  91.6+£0.9 84.1+0.8

Table 10: Target accuracies in DomainNet for predicting the labels “Furniture” and “Mam-
mal.” Each column corresponds to a specific target domain: Clipart, Infograph,
Painting, Quickdraw, Real, and Sketch, where the remaining domains are used
as source domains. The algorithms are run over 10 trials with different random
seeds. The top four methods are highlighted in bold. The best method is colored
in red.

proach by minimizing worst-case performance in the presence of substantial domain shifts.
Finally, for challenging target domains such as Infograph and Quickdraw, where average
target accuracies are generally lower, DIP-Pool, CIP, JointDIP-Pool, and V-REx demon-
strate consistently strong performance, highlighting that these methods can better transfer
knowledge between source and target domains in these difficult scenarios.

6. Discussion

In this paper, we highlight three prominent roles of CICs in DA. First, we propose the
IW-CIP algorithm based on CICs, which can solve DA problems beyond simple covariate
shift and label shift with theoretical guarantees. Specifically, we establish an explicit target
risk bound for IW-CIP and further provide fine-grained analysis for each term in the bound.
Second, we demonstrate the advantage of using CICs to measure the performance of other
DA algorithms. For example, a conditionally invariant classifier built upon CICs can be
applied as an approximate proxy for target labels to refute DA algorithms with poor target
performance. Finally, to solve the label-flipping issue of DIP, we introduce the JointDIP
algorithm which jointly matches the distribution of DIP features and CICs. Both our
theoretical results and numerical experiments support the benefits of using CICs in DA.

While CICs across multiple source domains can be beneficial in DA, in practice it may not
always be advantageous to use all available source domains for identifying CICs. Partic-
ularly, if not all source domains are related to the target domain, or if there aren’t any
features invariant across all source domains, it would be more efficient to select a subset
of source domains for learning CICs. However, choosing the source domains that are re-
lated to the target domain or share common features is difficult without access to target
labels. In such settings, one feasible approach is to learn invariant features across possible
combinations of source domains and refer to domain experts to investigate those features,

49



Wu, CHEN, HA, AND YU

which would help determine the selection of source domains. We leave the development of
a framework for best source domain selection for future research.

There are other promising directions to pursue following our work. While we provide bounds
in Section to detect failure of DA algorithms, these bounds may not be tight and
potentially can be improved based on other structural assumptions on the data generation
model. Moreover, although in this paper we mainly focus on combing CICs with other DA
algorithms, it is possible that other forms of invariance can also be applied to improve DA
algorithms. For instance, can we use features obtained by IRM (Arjovsky et al., [2019), V-
REx (Krueger et al., |2021)), or other domain generalization algorithms to aid and enhance
existing DA methods such as DIP with target risk guarantees? Finally, this paper mainly
considers the unsupervised domain adaptation scenario where target labels are unavailable,
however, datasets such as Camelyonl7 from WILDS (Koh et al., 2021) may have a small
portion of target labels available. Developing DA algorithms with target risk guarantees in
such settings is therefore of practical interest.
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Appendix A. Illustrative examples of general anticausal model

In this section, we provide several examples for the general anticausal model and demon-
strate how the conditions in Theorem [15[b) and Theorem [15{(c) are satisfied under these
models.

A.1 Example with CICs and label-flipping features

We present an example of the general anticausal model, as defined in Definition [5, which
incorporates both CICs and label-flipping features.

Example 1 Let Y € Y = {1,2} be a binary random variable and balanced in both

domains, i.e., pgm) = pgm) = p?) = pg ) =1 /2. Let X € R3 be a three-dimensional
covariate vector with mechanism function f (1 and f%) as given by

—1 1
oM = -1], 1@ ={1);
-1 1
—1 1
fPm=o ) =2,
1 -1

and where the noise terms ¢ and €® are drawn from a Gaussian distribution P, =
N(0,I3). Examining each coordinate, we can see that the first coordinate X (1] maintains
its conditional invariance across source and target, and thus 1t is a CIC The second coor-

dinate Xy is perturbed, but the correlations p(X [(21}) y () Y(T v/2/2 remian
unchanged. The third coordinate X3 is also perturbed and by f)eﬁm‘mon ' it is a label-
flipping feature, as p(X [(3]) Yy = (X[(;j, %)) =v2/2.

A.2 Demonstration of condition in Theorem [15|(b)

The condition in Theorem [15[b) requires that for the linear conditionally invariant
feature mapping ¢iny, CICs must have different conditional means for different labels. In
other words, the first-moment of the CICs should suffice to distinguish between labels. We
show that under the anticausal model given in the example above, this condition is indeed
satisfied.

Example 1 Cont. In Example 1, one possible linear conditionally invariant feature map-
ping is ¢iny () = z[y], 1.e., it projects to the first coordinate of the covariates. Simple algebra
shows that

E [oun(XD) | Y0 = 1] = —1, and B [ (X D) | YO =2 =1],
which confirms the condition .
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A.3 Demonstration of condition in Theorem (c)

While the condition for linear ¢iyy is relatively straightforward, verifying the full-rank
condition of matrix Cy, (a) for general ¢iny in Theorem [15[c) can be more challenging due
to the computation of higher-moments. Here we provide several examples where a nonlinear
conditionally invariant feature mapping ¢;,, meets the full rank condition.

Example 1 Cont. Consider the general anticausal model introduced in Example 1 (L =
2) and let

gbikn z)=2F, k=0,1,2,..., and

: o(z) = zpy) (37)
Py () = exp(ap))-

Since X[y is a CIC, we know that ¢ (X)) and ¢ (X[1)) are also CICs. Take a = 1 in the

definition of the matrix Cy, (a). From the standard calculation of moments for Gaussian

random variables, we have

SIS

1 1 1 1
C a) = , Cpe (a)=1| _ 3 |.
o4 (%) (va(o,l) (=D Epenion [(u+ 1>k]> o4 (0 (e 63>
We conclude that Cy (a) is full rank if and only if & is odd, and Cye (a) is a full rank
matrix. Therefore, 2% (z) = $[21k]:+1(k‘ =0,1,2,...) and ¢f () = exp(z(y)) satisfy the full

inv inv
rank condition.

Example 2 Consider the general anticausal model from Assumption [3| where Y € Y =
{1,2,3} with L = 3. Let X € R? be a two-dimensional covariate vector with mechanism
functions fM) and f®) defined as follows:

=) = (). o= (3):
1w = (1), o= (5). o= (2.

That is, the first coordinate X[y is a CIC, while the second coordinate X[ is perturbed.
Assume that the noise distribution P, = N(0,15) follows a Gaussian distribution. Consider
the feature mappings d)?nv and ¢, from Eq. as the conditionally invariant feature
mappings, and take a = 1. Basic algebra shows that

Cg2 (@) = | Eunvion) [(w+ 1] Euonony [(w+2)°] Eyopron [(u+3)?]
Eunon [+ D] Buonion [(0+2)"] Euonon [(u+3)*]
11 1

{2 5 10],
10 43 138
and
1 1 1

Cpe (@) = | Euunon) [ Euonvion (€] Euonion) [e77]

Eunvion [ ] Buanion [*C2] Bunon [e20F7)]
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1 1 1

Nl

)

S Njut
co Wi

=

ez ez e
et e e
both of which are full-rank, and therefore satisfying the full rank condition in Theorem [15c)

Example 3 Consider the general anticausal model from Assumption [3| with arbitrary
number of classes L > 2. Let

e e
ay ay
(m) (9

where e; € RL denotes the zero vector with only the i-th element being 1, and ay™, ay
RP~L (p > L) are arbitrary vectors. That is, the first L covariates are CICs while the last
p — L coordinates can be arbitrarily perturbed. Let
-
k k k
iknv(X) (X[l} X[Q} X[L]) , k=1,2,....
For a fixed vector a € R”, verifying Cd)k (a) is full rank can be technical depending on the

distribution P.. Instead, we show an illustrative explanation rather than a rigorous proof.
First, let’s consider P, = do(+), the Dirac distribution centered at 0. Then we can compute

1 1 e 1
ap a9
Con =L o
L—-1 L—1 L—-1
- 9 L)

which is a Vandermonde matrix and is full rank as long as we take aj; # af;),i # j. Next
we consider a case where P, is a distribution concentrated around 0 (e.g. a Gaussian
distribution with very small variance). In this case, the matrix will be slightly perturbed
but is still full rank by the continuity of high-order moments and matrix determinants.

Appendix B. Proof of Section (3| and additional results on IW-CIP

In this section we prove our main theorems and propositions given in Section 3| as well as
additional results given in Proposition [16|and Lemmal[I7] Proposition[16|provides the finite-
sample bound for the IW-CIP penalty when it is defined by the squared mean distance,
and Lemma proves the number of required source domains to validate the conditions
in Proposition [9] when the perturbations are randomly generated.

B.1 Proof of Theorem [6.A]

Let w = (w®, ..., w®™) where w(™ is the true importance weight for the m-th source
domain. Writing p, = PP {Y(T) = y}, for any classifier h = g o ¢, we have

RO (h) — R(h;w)
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Il
Sk
WE

(B [theeoneve] =B [l - Lugroeron )

3
[

§H~
M=
M=

(P{n(x®) 2y | v® =y} P {a(X) £y | Y =y},

3
I
-
<
I
s

§|H
WE
M=

(P{h(X(m)) —y ’ y(m) — y} _ P{h(Xm) —y ) v — y}) Py,

3
Il
I

Y

(m) _ P{Y®=y} -
where the second step applies Wy, = RIaE and the law of total expectation. By

definition of Dg (-,-), it is then upper bounded by

REO(h) ~ R(hsw)| < - ii @ (PLCow—r Potow—) LY = v}

M 1 L
21, D (Petoi=y Paitw=y) 22 37 22 B{Y® =}

<
yil,--.,L m=1 y:1
_ (%) (m)
= ax, Do (P¢<X>|Y=y’7’¢<x>|‘/ y>
y=1,....L
= Vg4, (38)

where we use 25:1 P {Y(S) = y} =1and Z%:l 1/M =1 in the second step. Furthermore,
we can bound

ROV w™) = ROV @) | = [ (w0 = 0y ) - Lucximyavon ]|

< ™ = @)l

It follows that

IR (h;w) — R(h; @)| <

S
E

‘Rm)(h; w™Y) — RO (p; @(m))‘

3
1§

™ — @™ . (39)

|-
E

<

3
I

The result now follows from combining Eq. and Eq. .

B.2 Proof of Theorem [6.Bl
Denote the empirical average source risk across M environments by

~

R(h; wm™) RO (s wm).

M:

m:
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Then we can write

R (hrw-cip) — RE (1*)

~
_~ = ~

= R (hrw-crp) — R(hrw-crp; w) + R(hrw-crp; w) — R(hrw-crp; w) +
(A1) (El)

+ R(hw-cip; w) — R(hiw-cip; @) + R(hiw-cip; @) — R(h*; @) + R(W*; @) — R(h*; w)
(C1) (D) (C2)

~ ~ A~

o~

+ R(h*;w) — R(W*;w) + R(h*;w) — RO (h*).

(B2) (A2)

Term A; and As From Eq. in the proof of Theorem we have

~

Ay = RO (hrw.crp) — R(hiw-cip; w) < Y6 diw-cre’ (40)
Ay = R(*;w) — RO (1) = 0.

The second equation follows from the definition of h* = ¢* o ¢*, i.e., ¢* is a conditionally
invariant feature mapping and satisfies Ug 4« = 0.

Term B; and By For any h = g o ¢, we have ‘U)[(;n,()m)]].h(x(m))#y(m)’ < Hw(m)Hoo. Then

the generalization bound based on Rademacher complexity (see e.g. (Wainwright| 2019,
Theorem 4.10)) shows that, for the m-th source domain, the bound

sup RO (; w) = RO (0| < 2R, iy (0™, G, 8))

h=go¢
geg,ped

2log(M/9)

g e

I

holds with probability at least 1 —d/M. Using the union bound over each m € {1,..., M},
we obtain that with probability at least 1 — 9,

M
B+ 1Bl <2 sup o S [ROD sy — ROV ()
h m=1

gegf]gglb
o, [ (0.0) ]I

Term C7 and Cy For the m-th source domain, let us define

n
m) _
g‘] - ; lyk(nL):‘jlh(XlgnL))7£Yk('m) .
Then H?(m)h < n and so for any h = g o ¢,

5 (m o (m 5 (m . ~(m _ 1 - (m) ~(m)
R (1) = R (1 0| = | (w[y,g’"’]_w[y,jm’} L) v
k=1
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1 L m ~(m m
- ﬁz@’fj )_w[(ﬂ))z(j :

j=1
< i -], < o )
n o0 1 00
It follows that
1 & ~
Gl +1Cal <2 sup 3[R (hyw™) — RO (s )|
h=goa, —
geg,gqﬁg@ m=1
g M
il (m) _ 5(m)
N e
Term D By definition of EIW_CIP from Eq. , we know that
R(hrw-cip; @) + Ay < R(W*5@) + Ay,
and so rearranging terms,
D = R(hiw-cip; W) — R(F*5@) < Ags — A$1w-01p < Ay (43)

The theorem then follows from combining Eq. , , , and .

B.3 Proof of Proposition [7]

For a family of functions G mapping Z to [0, 1] and a distribution P on Z, let 73n denote the
empirical distribution of n i.i.d. samples (Z1, Za, ..., Z,) from P. The standard Rademacher
complexity theory (see e.g. (Wainwright) 2019, Theorem 4.10)) states that for any 6 > 0,
with probability at least 1 — §, we have

ngMMW%@Mmth@+bﬁW

By definition of G-divergence, with probability 1 — § we have

Dg (P.Pn) = Sup max Bz [Lyz1=y] ~Ezop, [Lon=]|

=, gx sup [Brep [oz=y] — Ezop, Loz

log(2L/6
< max (29%,73 (Gy) + Og(%/)> ; (44)

where G, = {lg(x):y,g S g}. Then we can bound

S (m) S(m)
Dg <7)¢*<X>\Y:y’ 7’¢*<X>|Y:y>
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(i)
(m) (m) (m) (m')
< Dg (73¢>*(X>|Y v Por () v = y> +Dg (7’¢*(X)|Y v Por(X)y= y>
(m") S(m)
+Dg (P¢*<X>|Y v Por (x)|v= y)

(3) (m) (m) () ()
Dg (7’¢*(X>|Y » Por ()l = y) +Dg (7’¢*<X)|Y » Por )y = y) (45)

where in step (i) we apply triangular inequality, and in step (ii) we use the fact that ¢* is
a conditionally invariant feature mapping across source domains to cancel the middle term.
Applying union bound, we get

—~ ATW_ m
Ao = %PZ > Dg( oy =p Poooy= y)

y= lm;ém
@) 2)\Iw CIP ~(m)
S TIm ZZDQ( XY=y Por(x)ly= y>

y=1m=1
. M M
(Z) A\ 1w-cIp ' max R g / 2)\1W CIP Z log(2LM/6)
- LM y:l 1 y/=1,2,...,L n(m) P¢T()X)|Y y ' Qn(m
log(2LM/6)

< 21w 2 fR m ' — | >
< Pwwere | 2 max | R pon () Lm0 AT

y=1,2,....L

y/:1727 "7L

with probability at least 1 — . Here step (¢) uses Eq. (45) and step (i7) uses Eq. (44)). This
completes the proof of the proposition.

B.4 Another bound on K¢* under mean squared distance

In Proposition |7| we established a finite-sample bound for /A\¢* when G-divergence is used.
If the IW-CIP penalty is defined by the squared mean distance instead, we provide another
explicit bound for K¢* that converges to zero as sample size goes to infinity. To show this,
we require additional assumptions on the data generation model and the class of feature
mappings .

Proposition 16 Suppose that source and target data are generated under Assumption [1]
Let & = {¢(z) = Az + b, A € RT*P b € R?} be the linear class of feature mappings from RP
to RY (¢ < p), and let the squared mean distance be the distributional distance in IW-CIP
penalty Eq. (19). Suppose ¢ € ® is a conditionally invariant feature mapping such that

AXAT is non-singular. For any § > 0 satisfying min,, n(m)pg(,m) > 2log(2M L/J), we have

~ 12 \rw_crp - )\max(AZAT) . (p +8 10g(2ML/5))

Ao = in nmp™ _2100(2ML/5 (46)
minn(Mpy 0g(2ML/0)
y=1.2....
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with probability at least 1—5@ Specifically, the statement holds for the optimal conditionally
invariant mapping ¢* (see Eq. )

Proof The exact from of IW-CIP penalty under squared mean distance is

2
)\Iw CIP Z Z (/')\
:_ ¢ (y) ’
y=1 m#m’ 2
where
— 1 n(m)
(m)\ _ (m)
Yk(m):y

is the empirical mean of ¢(X) on the m-th source domain. Since ¢ is conditionally invariant,
from Eq. we know that for any y € {1,2,..., L} and for any m # m/,
APyvz(/m) = APyvl(/m/).
) _ v (3
— Y,

In the finite-sample case, when Yk(m =y, we can write

p(x™y=Ax™ +b=A (f(l)(y) + Pl + e,(gm)) +b,

HX ) =axD yp=4 (f(l)(y) L Pu® 4 6;&)) b,

and
i () — 1™ (y Z p(x ™) Z $(X
y
k(m) Yk(m)—y
Lo R
_ (m) _ (m’)
=4 ) > ) >oa | (47)
Y k=1 Yy k:ll
Yk(m>:y Yk(m )y
e§m) o)

Y

(m) . (m)

where ny " is the number of samples with label y in the m-th domain. Since ny ~ follows a
multinomial distribution, we conclude from binomial (multinomial) tail probability bound

e.g. (Chung and Lul [2006, Theorem 3.2)) that for all t(m) >0
(e.g. ( g , , :

2
n(m)pz(/m)tl(/m)

P {n =m0~ 1)} > 1 e [ "

13. The probability is with respect to the randomness of (X,gm),Yk(m)) RS P(m), m = 1,...,M,k

1,...,n™); see Eq. .
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When nz(, ™ = k> 0is fixed, we have Aey ~ N(0, A AT), and therefore the standard
concentration bound for Gaussian variables (e.g. (Wainwright, 2019, Example 2.11)) implies
that for all ¢ > 0,

P{HAegm)Hz < %/\max (AZAT) p(1+1)

( ) k’} >1— efpmin{t,tQ}/S.

2
Next we combine two bounds above into a single bound for HAeg,m) H2 Given any tggm) >0
and t > 0, we have

T .
p{lacp], < 2 bBS) 200

n(m)
B (m)||2 _ Amasx (ASAT) -p(1+1)
- kZ:O ]P’{HAey H2 < n(m)pém)(l B tém))

(m)

X (m)|[2 ~ Amax (ABAT) -p(1+18) | ) } (m) _
Zk:n(m)pézm;(ltém))P{HAey H = n(m)pl(/m)(l—tg(,m)) Y k P{ny k;}
2 T {4 p0 | -4

k:n<m)p§m) (17t§m))

nlm)

Z (1 - e_pmin{t’t2}/8) P {ném) = k:}

k:n<m)p<ym)(17t(ym))
(1 - e—Pmin{t,tQ}/g) <1 B _n(m)p(m (m) /2>

(m) y(m)> /2

v

Y

>1— e—pmin{t,t?}/8 _ —nl™p,

Take ty \/210g 2ML/6)/(n(m)p(m)) and t = 8log(2ML/§)/p + /8log(2M L/5)/p.
Then with probablhty at least 1 — 0/M L, we have

Amas (AZAT) (p + 8log(2ML/5) + /Splog(2ML /5))

() ||
HAey H2 = n(m)pg(/m) _ \/n(m)pgm) -2log (2M L))

3Amax (ASAT) (p+ 8log(2M L/9))
nm)pl™ _ 21og(2ML/5)

where we apply the inequality vab < (a+b)/2 for a,b > 0 in the last step. Applying union
bound, we get

2

—ug(y)

i A
R tmerst 3 L

y=1 m#m’

2
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ey 5 fa -

y=1m#m/
< ”L”L?PZ 3 (faeol+ e

2
<A4A\w.crp © max HAez(Jm)H

)

~ 12\w-cp - Amax(AzAT) (p+8log(2ML/9))
B min ~ n(™p ( ) —2log(2ML/9)

m=1,2,....M
y=1,2,....L
with probability at least 1 — §, proving the result. |

B.5 Proof of Proposition

We have that for any ¢ € {1,2,..., L},

B {hcw(X9) =i} = il@{ﬁmp(xm) —i|y® =l p{y®=;}

7j=1

|
.Mh

(IP’ {ﬁCIP(X(m)) — ‘ y(m) — j} + 5@1]‘) .p{y(’f) — j}’

<
Il
—

where ;5 = P {hop(X(¥) = i ‘ v® = jt = P{how(xW) =i ‘ y® = j}. Waiting the
above equation in matrix form, we have

Fhew = O?(LZI)Pw(m) + AM(‘I)’ (48)
where A is a matrix with J; ; being its (4, j)-th element, and 13 denotes the target label
distribution. Comparing with the linear system in Eq. , Eq. has an additional
term on the right-hand side because the finite-sample CIP hcrp does not guarantee exact

conditional invariance. Since the importance weight @™ is obtained by solving the finite-
sample version

- _ Alm) ~(m)
'U/hCIP - CECIPw ’ (49)
combining Eq. and Eq. , we have
MECIP o 'UlﬁCIP
(A1)
(50)

—m) [ (m) _ ~(m) (m) _ Alm) \ ~(m) 0
ChCIP (w v ) + (ChCIP ChCIP)Jw +é\li/'
A3)

(A2) (
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Now we bound (A;), (A2), and (As) separately. For bouding (A1) and (Az), we closely
follow the proof of Theorem 3 in [Lipton et al.| (2018)).

Term (A;) By Hoeffding’s inequality, we have

n(®

1 T) 2
P{Al > =P |5 D15 g —E L] | > ¢ < 2exp { -2},
k=1

for all ¢ > 0. Therefore, for any ¢t; > 0, we have

P{”Alnz > tl} < P{HZ € {1, ,L} , |A1,i

L
tq
< E P{|A17i| >}
i=1 VL

2 ()42
§2L-exp{— n tl}.

i)

L

Term (A2) Note that

Lo
(m) _ Alm) T [ T }
N - Y7 Y € Fm)\€s(m) — ]E €r m)\Ey (m

Chmp Chcm n(m) ; hore (X{™) v (™) o (X)) Cy (m) | 5

where e; denotes the zero vector with only the i-th element being 1. Let

_ _ T o . T
Zk = ehCIP(XI(cm))e?k(m) E [ehCIP(X(m))eY(m)} )

Then it is straightforward to see that

E[Z;] = 0;
1 Zkll2 < 2;
max {|E [Zc Z) ||, |E [Z) Zk]ll2} < 1.

By the matrix Bernstein inequality (see e.g. (Tropp, 2015, Theorem 6.1.1)), we have

(m) 42
P{|lA >tot < 2Lex - 2
{H 2”2* 2}7 € p{ 1 2752/3},

for all t5 > 0.

Term (A3) By definition of Dg (-,-) and ¥ e €aCh element of Aj satisfies

L
| A3 < Z |6 41 'P{Y(T) Zj}
=1
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L
(%) (m) Iy ~
= ZDQ (P$CIP(X)|Y:j’P$CIP(X)|Y:j> P {Y(T) a ]} = \Ijgzd’CIP'

Hence we have

14s]]2 = G.¢cip’

L
> JAsP < VLV, 5
=1

Applying these bounds to Eq. and using the assumption that C’%m) has condition

CIP
number £ (™) (i.e., the smallest eigenvalue > 1/ x(™) because 1 is an eigenvalue of the matrix),

we get

[ =@, < o (14t [+ VEvg 5, )

w(m)H2> +VLYg )’

< Km (tl + to <Hw(m) - fu\(m)HQ + G.éctp

with probability at least 1 — 2L exp (—2n®t2/L) — 2L exp (—3n™t2/(6 + 4t,)). Finally,
let t; = \/L1log(4L/5)/2n™® and ty = \/3log(4L/8)/n(™). Using the assumption n(™ >
12x2,1og(4L/6), we get

i - 8, 20 (B, R ],

g7¢CIP zn(‘z) n

with probability at least 1 — §. Combining the results then proves the proposition.

B.6 Proof of Proposition 9]

Using assumption , for any positive semidefinite matrix S € R%*%  we have
(o =) "5 (4 o) = trace ((U;@ o) shst (v - v<m>)>

y Y
= trace <S§ (v(i) — v(m)) (U(T) — v(m))T Sé>

M—-1 Y
¢ m) T o (m
= Mil v?(J ) Své ). (51)
m=2

Inequality above uses the fact that trace(A) < trace(B) for positive semi-definite matrix
A, B satisfying A < B. Given that €™ (%) i N(0,%), for any y € {1,2,...,L} and
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m € {1,2,..., M} we have
XY | Y0 =y N (A (FD ) + Py + b, 44T,

o) 0 <y (400 ) enasar).

Note that vz(ll) = 0 by Assumption |1} so we can further simplify terms in Eq. as
Al (y) = AP, (v§m> —~ v§}>) = AP and =0V (y) = ASAT
With results above in hand, we can derive

2 (%) (m)
Dg (7’¢(X)|Y=y’7’¢<X>|Y y)

<sup max
geg y¥'=12,...L

L

<supz

y'=1

—le,upTV2 73( ) o
e ( 9(p(X)) Y=y

E, »@® Z)y=y' ] —E, _oom 1y(z)=y
ZoPS v —y [ 9(2) y] 2P iy — y[ 9(2) y]

(T) ]-Z:’_IE (m) Ay,
ZPS ey y[ 9(Z) y] 2P iy y[ 9(Z) y]

(m)
7’9<¢(X>>|Y:y>

0
(%) (m)
= 2p L (PSacony = Petocony—)

(i)
(@) (m)
= 2KL (7’¢(X>|Y v Po(x)y= y)

(i) ( AP, (U§T> _v§m>)) (AEAT)A (APy (Uf) - ”z(/m)»

v % i (APyv§m>)T (AEAT>_1 (Apyv§m>>

m=

Y 2¢, T (y): (53)

Here step (i) applies Pinsker’s inequality and step (ii) applies data processing inequality.
Step (iii) applies the KL divergence formula between two Gaussians, i.e.,

by

Step (iv) uses Eq. (51]) with S = PTAT(AZAT) LAP, and the last step (vi) follows from
definition . Now the proposition follows by applylng Eq. ( . to the definition of Wg 4

in Eq. .

Y
KL (A (s, £1), A (pn, 2) = <1og | 2’) P T (S5) + Gt — ) TS5 (a2 — o).

B.7 Number of source domains needed for controlling the deviation from
conditional invariance

To validate condition in Proposition |§|, we prove the following lemma which states that
when the perturbations are generated randomly, the required number of source domains is
approximately linear in the dimension of perturbations.
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Lemma 17 Under Assumption[l], further assume that perturbations are generated accord-
ing to vg(,m),vf) N N(0, 7'2]Idy). For any 6 € (0,1), if the number of source domains M
satisfies

2
M>1+r (mz?x\/dj,—i— \/210g(2L/5)>

for some constant r > 1, then with probability at least 1 — 5JE| condition holds with
Cy = (M +log M) for some constant ¢, > 0.

Proof We verify that when v(m) ,vf) R N(0, T, ]Id ), condition holds with high

probability. Sincet M > maxy—12 . r{dy}+1, Theorem 6 1 and Example 2.11 inWainwright
(2019)) show that given y € {1,2,..., L}, for any to € (0,1),¢1,...,tp > 0 we have

d 2
(m) (m 2 o Y = (M-1)t5/2
P{ m1n< M_1 E Uy )ZTy <1 to 7‘(_1>}21 € 0,

2 .
]P{HU?(F) - U?(Jl)H2 < Tdey (1+ tl)} >1—e b mm{tl,tf}/g’

and

m 2 —d, min 2
IP’{HUZST) — )H2 < 2ry2dy(1+tm)} >1— e bmin{tmti}/8 vy e 1o MY,

Take to = /37— log % 2L and t,, = 2 log(QML) +./2 log( L) for all y such that d, >

0. Applying union bound, the followmg bound holds for all y € {1,2,...,L} and m €
{1,2,..., M} with probability greater than 1 — 4:

s (449 = o) (o = o) ) = (o9 - o)

27 (dy +8log(2ML/5) + /8d, 10g(2ML/5))

< 377 (dy + 8log(2M L/5))

M
= 1-/2(log 2L/6)) —/dy,/(M 1) M-17=

M

3r 2M L
d, + 81 min 2
| ( +80g( 5 >> ( _1mz::22; )
1 M
(m) (m
<C7'(M+IOgM) Amin (M—lmz2 )
where we apply the lower bound on M in the last two steps. |

14. The probability is with respect to the randomness of perturbations v(m), éfz) R N(0, Tgl[dy).
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B.8 Proof of Proposition

Let finy(1), finv(2) € RP~% denote the vector of the last p—d coordinates of f(1(1), f(1)(2) e
R? respectively, which are conditionally invariant across source and target. We first prove
that the target risks of horacle and h* are given by

R =, (790190 ).

p1 0

(54)
ROW) =1 (i) = fine @)z )

where r o ( ) is a continuous decreasing function in x. The risk of the oracle classifier

can be derlved as follows. For simplicity we write ,u( ) = = f®(1) and ,u = f((2). For
any ¢(z) = Bz + B with ||B]|, = 1, we know that

XY =1~ N (m?) + o,0?)
SXO) | YO =20 N (87157 + o, 0%)
Then the target risk of h = g o ¢ can be computed by
RO() = E [1,,(xco) v |
=P {h(Xm) —2|v® = 1} P {Y@) - 1}
+P {h(X(T)) —1 ‘ Y® = 2} P {Ym - 2}
=P{o(x®)>0|vy®=1lp{y® -1}

+IP>{¢(X<T>) <0 ‘ Y® = 2}1@{ 2
1 T 1
T L e )
1 @ BT ui + Bo (%) Bl + By
_2<1—p1 -erf<w>+(1— )-erf<2202>>, 55)

where erf (z) = 2 fox €7t2dt/ /7 is the Gauss error function. The optimization problem of
horacle in Eq. becomes

T, T,,(%)
Borcale ﬁO,orcale =argmin — Pg) -erf w + (1 — (I)) -erf w ,
B:Bo 202 202
st Il =1

Setting the gradient of the objective function with respect to 5y to 0, we get

o pt” T ©)
’BOZBT(MSS)_ugz))IOgl_pg) 75 (7 + 157,
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Plugging the expression of fy into Eq. and using the method of Lagrange multipliers,
we arrive at

7,5 7,5
0 <—p§r£) - erf (ﬁ A +ﬁ°> + (1= p{Y) - erf (ﬁ et +’80> + (18113 — 1)) =0

o8 202 V202
(%) 2
@2 Bl +6)?
= 2)\8=p; ﬁexp ( 557
(%)
Vo?/2log o
N At e G R
9 20_2(M1 M2 )7(/6T(H5{I)_M§T)))2(Nl — Hg )
(%) 2
1Dy, ® 2 BTy +Bo)?
(1—p1)py ﬁexp< 202

Vo2/2lo
| s 0 — ) - i
2V 202

e
l—p(lg)

7
(BT (ufY = u§D))?

That is, § and u&i) — Mgz) are in the same direction. Using ||3||, = 1, we get
® _ @

Boracde = M1~ — Mg
oracle (T)_ (T) b
Hq Ho 9
- 571
Bo,oracle = o g P Hul P

lo
T T
[ =05,

Plugging the above equations into Eq. , after some algebra we get the oracle target risk
as

19 2Hu§$) —uf)HQ |

RO (horacte) = o), ([18? =16?|) =700, (|72 = 192 ).

Py
where
(%)
1 (%) z a pi
=—(1- f 1
Tpgn,a(?ﬁ) 2( pyer <2\/§0_ + V2 Ogl_pgz)
@ (57)
(T) z o by
—(1-— erf — lo .
o) <2\@’ V2z gl—pg)>>
Next, turning to h*, note that span{v%z),vﬁg), ... ,ng),v?),vgg), .. .,ng)} = R<, and so

the constraint of conditional invariance in Eq. requires that the first d coordinates of 5*
are zero, i.e., ¢* only uses the last p — d invariant coordinates. Following exactly the same
proof as above, we have

REOW) = 1w (i) = i)z )-
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Now we verify that NG U(.CL’) is a decreasing function in x, by calculating its gradient.
1 >

drp<1':>7a (x)
dz

1 PO\
__ 1 ® exp | — T o
v 22 Vae P _p1>

1 o (%)
X — log Pi
230 N B P
® \?2
1 (%) x o j2
——(1- — - |
7r( py’)exp (2\50 Jor 0g 17p§z)
(%)
1 o j
X + 1
(2\/§U V22 ©8 1— pgs)>

©q (D) 2 @ \?2
— ATk ) (1 2101 ) exp | — <x ) (-2 log | < 0.
2no 2v/20 V2r 1— pgf)

This intermediate result implies that the risk difference between h* and hgracle Originates
from the norm differences between f(¥)(1) — f((2) and finy(1) — finy(2) only, where the
second term is equivalent to the last p — d dimensions of the first term which corresponds
to CICs in the general anticausal model. Intuitively, when the dimension of CICs is close
to p, the discrepancy between the norms of f(¥(1) — f(2) and finy (1) — finy(2) becomes
insignificant, and the disparity in the target risks of h* and hgacle tends to be negligible.
In particular, we establish the explicit bound for this disparity as follows:

When p(z) = 1/2, the explicit formula for r el ,(z) given in Eq.(57) shows that (e S@) =
1

(1 —erf (z/(2v20))) /2. Since v?) - vgi) ~ ./\/(0, 272021,), the standard Gaussian concen-
tration bound shows that

8 1 8 1
H —v2 H < 27202d<1+ d10g5+d10g6> >1-4.

By using the target risks given in Eq. , we can calculate
R(S) (h‘*) - R(E) (horacle)

:1eﬁ\vmuw¢m@w2_wﬁcmmm—ﬁm®m>
2 2v/20 2V20

i 1FD() = FD @), + Hv§ — o} H f<||finv(1) _ finv(2)|\2>
<5 e or 220
T
(é) 1 erf _ UZ H —erf ({p—d)
2 2[(7 2v/2
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1 &P+ 74/3d + 241og(1/9) &/p—d
§2<erf< ) )—erf <2\/§>>

) £(v/p— Vp—d) + 7/3d + 2410g(1/0) . (_fQ(p — d)>
< Jor pl——%—

:\/%(\/]3+ij+T 3d+2410g<(15>>exp<_€2(12—d)>

< \/1877 (&/&Jr T\/3d+ 24 log <<15>> exp (-52@8—‘”)

< e (Vi + Vg5 exp (-2

8

with probability at least 1 —¢§. Here, in step (i), we use the fact that fin,(1) and finy(2) are
the last p — d invariant coordinates of f(1)(1) and f()(2) respectively; and in step (ii) we
use the inequality fab e dt < e*“Q(b —a) for 0 < a < b. This completes the proof of the

proposition.
Appendix C. Proof of Section

In this section we prove our theorems given in Section

C.1 Proof of Theorem [12]

We prove the following generalized version of the theorem, which does not require that ¢y,
is exactly conditionally invariant. That is, for any hiny = ginv © @inv Where gy € G and
Oinv € P, for any other classifier h we have

[R®(0) = ROW)] — [P {A(XD) £ hin (X)) = B {A(XD) £ hin(x D) L ]|
< 2RW (hjy) + LUg 4, .

If this inequality holds, when ¢;,y is a conditionally invariant feature mapping across source
and target domains, we get Wg 4, = 0 and arrive at the original Theorem

Proof Define 6;j = P{hin(X®) =5 | Y® =i} — P{hj(XD) =5 | YU =4}, then
|0ij| < Wg p,,, . Because there is no label shift, for any ¢, € {1,2,..., L} we have

inv *

PLY® =i i (X)) = 7} = P{¥ D = i, hin (X V) = j} = 55 - P{¥® =i}

As a result, we get
P {h(X(E)) =J hiHV(X(T)) - ‘7} -F {h(X(l)) =7, hinv(X(l)) - ‘7}

ZL:[ P{R(X®) = | YO =i, i (XO) =} P{Y® = i, i (X)) = j |

=1
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_ ]p{h(X(l)) =j ‘ y() — i7hinv(X(1)) :j} -P{Y(l) = ijhinv(X(l)) - ]}]

L
i=

=y <[P{h<X(T)> = \ Y =i b (X)) = j}

1

~P{R(x D) =5 | YO = i, i (X)) = y}] P{Y D =i, by (X)) =}

0 P{Y® =i} P{RX®) = | YO =i b (X)) = 9}) (58)

Similarly we can calculate

P {h(X@)) =, Y® = j} —P {h(X(1>) =5, v = j}

3 P{Y® =} P {X®) = j | YO = j hin(X9) = i} > (59)

Subtracting Eq. from Eq. , we obtain
[P {RX D) = b (X D) = | =P { (X D) = j, i (XD) = 5 ]
_ {P {h(Xm) — i Y® = j} _pP {h(x<1>) — i y®M = ]H
=[P{h(X“)> = | YO £ b (XD) = 5}

=P LR D) =5 | YO £ b (XD) :j}_ . B;

- [p{hoc@) =5 [ Y = hin(XD) £ 5}

=P {n(X ) = | YO = b (XD) 2 j}_ B
+§; {@j P{YE =il P ®) = | YO =i i (X9) = j}
55 Py ® = L B n(x®) = ] YO = hin (X)) = z}] (60)
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where we write
=P{y® £ j i (X0) =i}, By =P{YD = j by (XD) £ 5}

Now it follows that

[P {R(XD) £ hiny (XD)} = P{R(XD) £ i (X }] = (RO () - RO (1)) '

(Z)QR(U B +ZZ|‘5U| P{ s)_l}

lel

RO (1 +ZZ\DQ¢W {Y(T):i}

=1 j=1
= 2RW (hiny) + LG 4,

where in step (i) we sum over j € Y = {1,2,..., L} using Eq. (60), and in step (ii) we use
Sk By =30 By = RW(hiny). Step (iii) applies |0;;] < Tg g, - ]

C.2 Proof of Theorem [15l

For notation simplicity, for any ¢ € ®, we omit the bias term and write ¢(z) = Az. All
proof below holds after adding the bias term. And we use u1,...,u;, and u1,...,ur to
denote f((1),..., fO(L) and fO(1),..., f(L), respectively.

Part (a) By Assumption [3| for any A € @, the distributions of AX™ and AX® are
given by the mixture distributions of the form

L L
51))( Z ae(Auy), ,(4)% Z ae(Auy),
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where PAe(idenotes the distribution of Ae with mean shifted by a fixed vector u. Apply-

ing Lemma |18, the constraint in DIP, 771(41))( = 731(4%)(, implies that we can find a permutation
mon {1,2,..., L} such that

A’LL]' = Aﬂw(]) for all j € Y. (61)

Hence any representations learned by DIP should meet the constraint given in Eq.
for some permutation w. Moreover, letting dim (Span{u1 — Ur(1), > UL — ﬂW(L)}) = k,
Lemma shows that any matrix A satisfying Eq. has the row space orthogonal to
span{u — Upr(1),- -, UL — Ur(r)} and rank(A4) < p — k.

Now consider all the pairs of (Ar, ) that meets and the row space of A, is the
orthogonal complement to span{ui —x(1), - -, UL —Ux(r)}. By definition of DIP in Eq. ,
we obtain ¢prp = A,,, where

Te =  argmin min RW(go A,).
{m is permutation} 9€G,Ar

We can clearly find examples where 7, # I, for instance, as shown in Figure [Il This occurs
as long as the label-flipping features offer lower source risk than the conditionally invariant
features while it cannot generalize to the target domain. In this case, the conditional

distributions of ¢prp(X (1)) and ¢prp(X (T)), given the labels, are aligned after the target
labels are permuted by .

Part (b) Next, we consider JointDIP defined in Eq. . If ¢y is a linear mapping,
say ¢inv(z) = Bz for some matrix B € R™P, then writing C = (AT, BT)T to denote the
concatenation of A and B, we have

(1) 1 _
P(¢j—DIP7¢inv) cX — Z PC€ Cu]

(T @ 1 _
P(¢j—DIPv¢inv)(X) =~ Fox T Z ZPCe(Cu]).
j=1

Under the JointDIP matching penalty, by Lemma [I8 we similarly have
Cuj = Cugj for all j, (62)

for some permutation 7. If # # I, Eq. suggests that Buj = B = Buj for some
j" # j, which contradicts the condition . Therefore, we must have 7 = I (note that it
is a valid solution because ¢iyy is a CIC), which shows that ¢iprp is always conditionally
invariant across source and target domains.

Moreover, given that there is no label shift and ¢;.prp is conditionally invariant across pL)
and P, we have R(¥(go ¢i-DIP) = RW(go ¢i.prp) for all g € G. Then the optimiza-
tion objective of population JointDIP becomes equivalent to minimizing R (g © ¢ipIP)-
Since ¢9 = (¢iny, 04—r) is a feasible solution to the JointDIP constraint we conclude that
JointDIP is at least as good as the optimal classifier built upon ¢?

mv’

’R(S)(hj_DIP) < mln'R (g o dh).
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Part (c) In JointDIP, the joint distributions of AX € R? and ¢in,(X) € R" are matched
across the source and target domains. Let

T(X)= < @ii?(X) > € RIT",

The characteristic function of T(X ) under the source distribution is then:

C(l) (t) _ C(l) (t17t2) - |:eitTT(X(1)):|

E [eitTT(x(D) ‘ y(@®) — j}

<
Il
—

I
SIS

E [eitjAX@)JritJdnnv(X“)) ‘ y@® — j}

I
SIS

<
Il
-

eitirAuj E |:eit1rAe(1)+it;¢inV(X(1>) ‘ Y(l) = ]]7

I
SIS

<
I
—

:ij (t1,t2)

where the second step uses the tower property, and the last step follows from the gen-
eral anticausal model, where conditional on Y(!) = 7, X @ = uj + ¢(™) under the source
distribution. Similarly, we can compute the characteristic function of T' under the target
distribution:

@) = D (1, t9)

G AT [eitIAe“)Ht;%v(X“)) ‘ v j}

I
=

<
Il
R

eitIA% . bj (tl, tg).

Il
=
.Mh

J=1
Here the last equality holds because €(®) and Ginv (X ) share the same conditional distri-
butions under the target distribution as M and Ginv (X ) under the source distribution.

The JointDIP matching penalty enforces ¢(M)(t) = ¢(®)(t) for all ¢, or

~

L
ZeitlTA“jbj(thh) = Z eitlTAajbj(tl,tz) for all t; € R, t5 € R".
—1

If we take partial derivaties of both sides with respect to t1,

8b t , T
ZAU ezt Au]b tl,tg 7’+Z it] Au,; atl 2)
1

7j=1

L
b, (t1,t
A, eitl A“Jb (t1,12) Z—I—ZeZtTA“ atl 2).
1
j=1
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Setting t1 = 0, it follows that

ZAUJ 0 t2 ZAU] O tQ
or equivalently,
L T 1 L T 1
Y Au; E [eth Biny (X D) ’ vy — j} =3 Ay -E [e% Biny (X D) ‘ vy — j} , (63)
j=1 j=1

For any vector a € R", let t5 = ka for kK € R. In Eq. , take derivative with respect to k
up to L — 1 times and set £ = 0, then we get

;Auj ‘K [(aTéinv(X(l)))“ ’ y :j} _ ;A% E [(aTQSinV(X(l)))u ‘ ) :j] |

foru =0,1,...,L — 1, where we use the fact that ¢, is a conditionally invariant feature
mapping. Writing the above linear system in a matrix form, we have
1 1 1 (Auy — Atiy) "
1 1 1 ST
my(a) my(a) -+ my(a) (Aug — Aug)
1, ? g _ =0, Vee{1,2,...,L},
mi~ 1(@) myHa) - miT 1(a) (Aup, — Aug)"
=Coiny (@)

where mé(a) =E [(GT¢inv(X(1)))l

we get Au; = Au; for all j € {1,...,L}, ie,

Yy = j] By assumption that Cg, (a) is full rank,

(1) _ p®
P¢j-D1P(X)|Y:y - P(bj-DIP(X)\Y:y’ vy e{l,2,..., L},

proving the result.

Lemma 18 Consider the mizture distributions Py, Py given by

E w; P u] ) and Py = g w; P uj
7j=1

where w;,w; are the mizing weights such that Zj w; = Z]- w; = 1 and wj,w; > 0, and
uj, uj € RP are the fized vectors for the j-th components, and P(u;), P(u;) denote the distri-
bution P location shifted by uj,u; respectively. If Py = P>, then there exists a permutation
m such that u; = Ug; for all j.

Proof Let v = Ele wjdy; and v = Ele @jdaj be the mixing distributions of P; and P

respectively. Let X ~ P; and X ~ Py. Then we can write X = U + Z and X =U + 7
where

U ~v,Z ~ P independent of U;

U ~ v, Z~P independent of U.
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The characteristic functions of X and X can be expressed as

ox(t) = put)ez(t), @xt)=poxt)ezt).

Since px(t) = px(t) and @z(t) = @z(t), it follows that oy (t) = @g(t), or equivalently
v="U.
Next let S = {uy,...,ur} and S = {u1,...,ur} to denote the support sets of v and v. We
can easily extend Lemma 2 in Wu and Yang] (2020)) to the high-dimensional setting to show
that

du(S,8) < L-Wi(v,7) =0,

where d (S, S) is the Hausdorff distance between S and S, defined as

dg (S, S) = max { sup inf ||z — Z||y, sup inf ||z — &)1 ¢,
eSS Feg €S

and where W; denotes the 1-Wasserstein distance. By definition of dg (S, g), this proves

that we can find a permutation 7 such that u; = u,; for all j, thus proving the lemma. H

Lemma 19 Suppose that {ui,...,ur} and {uy,...,ur} C RP are collections of vectors
such that

dim (span{u; — u1,...,ur —ur}) =k < p.
Then for any A € RT*P satisfying Auj = Auj for all j =1,..., L, we have rank(A) < p—k.
The equality is achieved if and only if the rows of A span span{uy — w1, ..., ur, — ur}*.

Proof This lemma is a simple consequence of linear algebra. By the condition of the lemma,
A(uj —uj;) =0 for all j =1,...,L. This implies that the row space of A is orthogonal to
the subspace spanned by {u; — uy,...,ur —ur}, ie.,

row(A) L span{u; —uy,...,ur —ur}.
In particular, dim(row(A4)) < p — k, with equality achieved if and only if row(A) is

the orthogonal complement of span{u; — u1,...,ur — ur}. By the rank theorem,
rank(A) = dim(row(A4)) < p — k, proving the lemma. [ ]
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DA method |@(™ Estimation|Minimization Objective
Tar - R®(g0¢)
ERM - RMW(go ¢)
Mo
ERM-Pool - L > RM(gog)
m=1
DIP - R (g0 6) + o - D (Pl Piix))
M
5 (m 50m) 59
DIP-Pool - ) {R™(g0 )+ 2o - D (B2, Pk ) |
LM (m L ~ ()
crp - Mmz::1R Ngo )+ 755 - ; ; ( ¢>(X|Y = Pox)v= v)
M
IW-ERM ERM-Pool | > R0™(go¢;a(™)
m=1
1L 45 S 5(m) 5(
IW-CIP CIP B 2 ROV (gogrd™) + i 5 e (S vy Py
m= y=1
IW-DIP CIP R (g0 ¢: M) + App - D (P” P )
9 prp 2 (X)) " B(X)
. i 5(1) , a 5()
JomtDIP R (g °®) + Ao - D (Pw Sorp)(X)’ (¢,¢c1p><X>)
i _ _ L (m (m) /\(‘I)A
JointDIP-Pool M s {R (g90)+Aore - (Pw dorp)(X)’ P(¢,¢cm)<X>)}
e ) 5(%)
TW-JontDIP cIp R(g06:00) + Xinte D (P 1) 1y 500 o)
IRM - & Z { )(g o)+ Airm - va\w LoR™ (w - g0 ¢) }
V-REx - 1S ROV(g0.6) + Ay - Var (7%<m> (900))
m=1
groupDRO - SUPSM g Zm 1 qm ™) (g o @)
Table 11: DA algorithms used in numerical experiments.
Appendix D. Experiment details

This section provides details on various DA algorithms, training procedures, network ar-
chitectures, and hyperparameter selection strategies that we employed in our numerical
experiments (Section [j]).

D.1 DA algorithms in numerical experiments

Table [11] provides a summary of the algorithms that we used in our numerical experiments.
Both mean distance and maximum mean discrepancy (MMD) were used in DIP and CIP,
but for JointDIP, we only considered MMD distance, because joint matching with mean
distance is essentially the same as the original DIP. In addition to the DA algorithms
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Task Epochs Optimizer Batch Size NN Architecture  Feature Layer D (-, -]
SCM 50 Adam(lr=1e-2) 100 Linear Model Last layer ~ mean
Linear(10, 10) or
Linear(10, 10)
ReLU
Linear(10, 2)
Conv2d(1,20,5,1)
ReLU
MaxPool2d(2)
Conv2d(20, 50, 5,1)
MNIST 20 Adam(lr=1e-3) 256 ReLU Last layer ~ MMD
MaxPool2d(2)
Linear(800, 500)
ReLU
Linear(500, 2)
Conv2d(3, 16,5, 1)
ReLU
MaxPool2d(2)
Conv2d(16,32,5,1,1)
ReLU
MaxPool2d(2)
Conv2d(32, 64,5, 1)
ReLU
MaxPool2d(2)
Linear(960, 256)
ReLU
Linear(256, 2)

SCM _binaryl™®] 50 Adam(lr=1e-2) 100 Last layer ~ mean

CelebA 10 Adam(lr=1e-3) 64 Last layer ~ MMD

SGD(Ir=1e-3,

Camelyonl7 5  weight_decay=0.01, 32 Dens.eNet—121 Flattened MMD
(pretrained=False) CNN output

momentum=0.9)

DomainNet | 10  Adam(lr=1e-3) 16 ResNet-101 Last layer ~ MMD
(pretrained=True)

Table 12: Training details of each classification task.

introduced in this work, we also include IRM (Arjovsky et all 2019), V-REx (Krueger
et al., |2021), and groupDRO (Sagawa et al., 2020) in our experiments.

D.2 Training details and network architectures

Except for Camelyon17 and DomainNet, the datasets we used in Section [5] are either gener-
ated or perturbed synthetically. To avoid any potential bias that can result from repeatedly
running DA algorithms on a single, fixed synthetic dataset, for each classification task, we
use 10 different seeds to construct 10 different datasets, and each DA algorithm is run once
per seed.

15. This column only applies to CIP and DIP. We always use MMD distance when implementing JointDIP.
16. This setting is used for the additional experiments in Appendix
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Algorithm Hyperparameter Grid Search Space
DIP (mean / MMD, Pool) Abip 10{—2,—1,0,1,2}
CIP (mean / MMD) Sip 10{-2-1.0,1,2}
Py 101-2-10.1.2
IW-DIP (mean / MMD, Pool) 91012
Arw-DIp 10{-2-1.0.1,2}
Aoip 101-2-10.1.2
TW-CIP (mean / MMD) o Lo{-2-1012)
JointDIP (Pool) Crp 10121012
oint 00 " _o_
AJointDIP 10§ z 1212
: Acrp 10t==— 54
IW-JointDIP
AJointDIP 101-2-1.0,1,2}
IRM )‘ikfk{M 10{-1.0,1,2,3,4}
iterations annealing*** 0, 10, 100, 1000, 3000
N 10(-L.0.123.1}
V-REx iterations annealing®™* 0, 10, 100, 1000, 3000
groupDRO eta 10{-2-10,1F

Table 13: Hyperparameter search space. In the experiments on Camelyonl7, the search
space of hyperparameters marked with * is defined by 10{-3-2-10.12} " 1y the
experiment on DomainNet, the search space of hyperparameters marked with *
is defined by 10{-2-1L0.1.2.3} " 5 hyperparameters marked with ** by 10{-1.0.1}
and for hyperparameters marked with *** by {0, 10,100}.

Table [12| shows details on the training parameters and model architectures used in all the
experiments in Section |5l For multi-stage DA algorithms such as JointDIP (where CIP is
run before solving JointDIP optimization problem), the number of epochs is the same in
each training stage. As for the feature layer used for CIP and DIP matching penalty, we
utilize the last layer of the neural network in experiments on SCM, MNIST, CelebA, and
DomainNet; for experiments on Camelyonl7, we use the flattened output from CNN in
DenseNet-121 following the practice in |Koh et al.| (2021)).

D.3 Hyperparameter selection

In our experiments on SCM, MNIST, and CelebA, instead of searching for different hy-
perparameters for each seed, which would be time-consuming, we choose the same hyper-
parameters across all seeds. In Appendix we compare between two hyperparameter
selection strategies, i.e., using different hyperparameters versus using the same hyperpa-
rameters across seeds on SCMs, and find that these two strategies yield similar results.

In order to select hyperparameters which allow for the highest average accuracy, we use a
simple grid search. Three different ways of hyperparameter selection are presented in |Gul-
rajani and Lopez-Paz| (2021)): training-domain validation set, leave-one-out cross validation,
and test-domain validation set (oracle). The training-domain validation set approach is not
suitable for us as it assumes the target domain is very similar to the training domains,
which does not apply to our case. The leave-one-out cross validation approach is cum-
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SCM 1 SCM 11

Mean shift Y Y

CICs N Y

Label shift N Y
Label-flip N N
Hyperparam Different ~ Same Different ~ Same
DIP-mean 88.2+1.9 87.6+1.5 | 73.3£10.7 62.0+2.9
DIP-MMD 86.2+2.2  86.6+2.2 | 72.0+£16.2 59.94+3.3

DIP-Pool-mean | 86.2£2.8  86.4+2.2 70.8+£10.1 60.14+3.1
DIP-Pool-MMD | 86.2£1.9  85.5+3.1 74.2+13.5 61.3+9.3
CIP-mean 56.6+11.8 55.9+12.0 | 79.3£6.4  75.7£6.5
CIP-MMD 63.2+14.1 60.4+14.8 | 84.1£9.6  73.5£7.0
IW-CIP-mean 54.1£11.8 54.0£11.8 | 90.8£1.4  90.440.8
IW-CIP-MMD 64.4+12.7 56.8413.6 | 89.5+4.3  90.4+£0.8
IW-DIP-mean 54.3+11.7 54.3+11.7 | 92.7+£2.1 92.1+2.7
IW-DIP-MMD 75.2+16.2 68.0£19.4 | 91.5+£2.9  90.1+1.1

JointDIP 85.8+2.2  86.8+1.9 77.7£12.5 70.6+6.2
IW-JointDIP 72.7£17.3 68.0+£19.4 | 91.3+2.8  90.0£1.3
IRM 66.1+£12.1 56.7£10.4 | 86.7£5.4  71.9+17.9
V-REx 63.0+£13.1 55.6x11.5 | 72.7£26.3 62.9£25.7
groupDRO 54.4+10.0 54.4+10.0 | 65.2£26.6 64.2£25.7

Table 14: Target accuracy in linear SCM I and II under different hyperparameter tuning
strategies.

bersome and would also suffer if the validation domain is significantly different from the
target domain. The test-domain validation set approach has often been adopted in several
domain adaptation papers (Ganin et all 2016; Arjovsky et al., [2019; Krueger et al., [2021))
when an appropriate validation set is unavailable. However, this approach contradicts the
domain adaptation principle where most target labels should be unavailable. Therefore, we
restrict access to just 10% of labeled samples from the target domain in each seed, and check
the accuracy of these labeled samples only at the final checkpoint during hyperparameter
selection.

Note that Camelyonl7 provides a validation set. Hence, we adhere to the standard submis-
sion guidelines from WILDS for this dataset, selecting hyperparameters based on accuracy
scores on the validation set Koh et al.| (2021); [Sagawa et al.| (2021).

D.4 Different hyperparameter vs. same hyperparameter across all seeds

We carry out a comparison of two strategies for selecting hyperparameters on SCMs: (1)
using the same hyperparameter across all seeds, and (2) using different hyperparameters
for different seeds. See Table [14] and Table We observe that in most cases, the second
approach tends to give a better performance. However, this difference typically doesn’t
affect the order of the top-performing algorithms; the best performing algorithm tends to
remain the same regardless of the hyperparameter selection strategies. For the sake of
simplicity and time efficiency, we therefore adopt the first approach in our final results.
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SCM 111 SCM 1V

Mean shift Y Y

CICs Y Y

Label shift N Y

Label-flip Y Y
Hyperparam Different ~ Same Different ~ Same
DIP-mean 36.3+11.8 34.5+14.9 | 35.6+£14.0 35.3+14.6
DIP-MMD T7T7.5+79  63.3+£31.7 | 74.0+4.2  60.2430.1

DIP-Pool-mean | 81.9£1.8  82.0+1.1 81.9£3.8  82.3£3.8
DIP-Pool-MMD | 82.5+1.4  83.3£0.8 82.2+4.1 82.5+3.8
CIP-mean 82.2+1.5  81.8+1.3 83.2+1.8  82.1+1.2
CIP-MMD 81.7+£2.7  81.7£2.6 83.6+2.8  82.7£1.6
IW-CIP-mean 80.3+4.2  81.2+4.1 83.1+£2.3  83.8+2.2
IW-CIP-MMD 80.9£3.5  80.5%6.3 84.1+1.9  83.5+2.8
IW-DIP-mean 37.6+£12.9 37.2+14.9 | 66.6£5.2  64.2+£7.3
IW-DIP-MMD 70.9£13.8 65.1+£23.6 | 81.5+2.1 80.1+2.6

JointDIP 85.3+2.8 85.4+2.1 | 81.6+£3.9  82.8+£1.9
IW-JointDIP 82.9+3.3  82.948.1 85.4+1.9 85.1+3.7
IRM 82.0+1.9  80.2+1.8 84.0£2.2  83.7£3.3
V-REx 80.8£7.6  80.4+£7.6 84.0+4.0  83.84+3.7
groupDRO 82.5+6.7  81.3+7.4 | 84.7+£3.8  84.3+3.2

Table 15: Target accuracy in linear SCM III and IV under different hyperparameter tuning
strategies.

Appendix E. Additional experiments

In this section, we provide additional experiments on SCMs and MNIST to investigate the
effect of the number of source domains on the generalization performance of CIP and its
variants. Additionally, we compare the performance of our algorithms with simple heuristic
alternatives through numerical experiments on MNIST and CelebA.

E.1 Effect of number of source domains in linear SCMs

To show that a sufficient number of source domains is necessary for finding CICs, we conduct
experiments on linear SCMs to compare the results of utilizing fewer versus more source

o~

domains. Table |16/ reports the risk difference ﬁ(T)(h) — R(h;w) between the source and
target domains for four different CIP-based methods. We observe that the risk difference
tends to be closer to 0 for larger values of M in SCM II, III, and IV, whereas smaller
values of M lead to a larger risk difference. This finding suggests that CIP and IW-CIP
may underperform when the number of source domains M is small, because they can only
find feature representations that are conditionally invariant across the source domains, but
with limited domains, it becomes challenging to obtain feature representations that are
conditionally invariant across both source and target domains. Note that in SCM I, the
number of domains does not make a significant difference, because CICs do not exist in

SCM L.
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SCM I SCM 1II (x1072)
DA Algorithm M =2 M=3 M =2 M =11
CIP-mean 1.7£2.0 21£14 | 11.3£579 —-0.14+0.9
CIP-MMD 1.7£1.9 1.3+£1.1 —59+£7.6 3.6+£9.6

IW-CIP-mean 1.9+2.2 20+£0.8 | 89.0£120.0 —-0.6=+10.9
IW-CIP-MMD 20£23 1.7+1.0 41.7 £ 60.0 —4.7+9.0

SCM III (x1072) SCM IV (x1072)
DA Algorithm M =2 M =11 M =2 M =11
CIP-mean 2224263 1.3+£3.6 14.2 +£25.3 0.1+£0.9
CIP-MMD 6.2+7.1 21+£5.2 2.0+£4.7 0.3+21

IW-CIP-mean | 41.1+£50.1 2.6+6.9 25.6 +£29.9 5.1+6.7
IW-CIP-MMD | 30.2+31.6 6.6+16.8 | 11.44+20.8 5.3 £9.6

Table 16: Risk difference R(®)(h) — R(h;@) between source and target in linear SCMs.
These differences are evaluated under varying number of source domains M.

The minimum number of source domains necessary for finding CICs depends on the types
of interventions and the hypothesis class in use. Proposition [9] and Lemma show that
the number of source domains needs to be greater than the dimension of the perturbations,
which is the case for linear SCMs above. In this context, we also consider another SCM
under binary interventions, as described below. The purpose is to demonstrate that the
required number of source domains that enables successful finding of CICs via CIP can vary
when the hypothesis class changes.

e SCM binary: The data generation model is

Y ™) = Bernoulli(0.5),

X {5 =02V —0.5) - 15+ 0.4 N(0,I5),

Xy =02(Y ™ —0.5) - 15 + 0.4 N (0,T5) + A™),
where A(™ is randomly sampled from {a € R® | a; € {~1,1}} (1 < m < M) without
replacement in source domains, and the target domain suffers larger intervention with
A®) =(2,2,2,2,2)7.

We use two different models in this experiment: a linear model and a two-layer neural
network. For the linear model, as shown in Proposition [9] and Lemma the number
of source domains should be at least on the order of the dimension of intervention plus
one, that is, M > 6. We vary the number of source domains M from 2 to 7 and evaluate
the performance of CIP-mean and CIP-MMD in Table [17] (there is no label shift between
source and target domains). We find that when M > 6 the target accuracy and risk are
close to those in the source domains. We also observe that using more source domains
than the theoretically required minimum number of source domains can further improve
performance in practice.
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CIP-mean
#source domains src_acc tar_acc risk_diff
M=2 85.1+1.5 50.6+1.6 1.8+ 1.0
M=3 84.74+26 5434+79 91+6.3x107"
M =4 82.4+23 623+11.2 4.1+5.1x10"!
M=5 81.9+20 63.4+122 29+43x107!
M =6 80.6+1.5 7224108 7.7+132x1072
M=7 80.0£0.5 786+16 6.7+99x1073
CIP-MMD
#source domains src_ace tar_acc risk_diff
M =2 84.5+1.0 51.7+34 24+14
M=3 83.1+1.7 58.4+99 1.3+1.2
M=4 81.9+15 6794+11.5 52+7.0x 107!
M = 81.74+15 69.8+11.4 3.84+56x107!
M =6 81.34+0.9 73.04+87 25+4.7x107!
M=7 81.14+0.7 739450 1.14+1.1x107¢

domains varies from M =2 to M = 7.

Table 17: Performance of CIP under a linear model on SCM-binary. The number of source

CIP-mean
#src domains src_acc tar_acc risk_diff
M=2 8.3+ 1.7 508+£1.7 2.8+ 1.8
M=4 84.1+13 555+87 93+7.0x10"!
M=28 82.5+14 638+121 3.1+42x107!
M =16 80.8+0.3 764+43 27+£23x1072
M =32 80.54+04 784412 1.64+1.1x1072
CIP-MMD
#src domains src_ace tar_acc risk_diff
M =2 86.5+1.9 50.6+1.6 2.7+1.1
M =4 85.2+1.3 53.5+84 2.1+1.0
M =28 83.3+1.4 59.7+11.3 95+72x 107!
M =16 81.14+0.5 721474 1.54+1.8x107!
M = 32 80.6+0.3 787+12 26+1.6x1072

Table 18: Performance of CIP under a two-layer neural network on SCM-binary. The num-
ber of source domains varies from M = 2! to M = 2°.

For the two-layer neural network, we vary M from 2! to 2°. In Table we observe that
when M = 32, the target accuracy and target risk are close to the source accuracy and
source risk. This suggests that if the hypothesis class is nonlinear and complex, CIP may
need more domains to accurately identify CICs. In this case, M = 2° = 32 source domains
covering all possible binary interventions are required.
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MNIST I (x1072) MNIST II (x107%)
DA Algorithm M =3 M =5 M =3 M =5
CIP-mean 43.4+£89 160+19 [ 31.5+34 17.1+5.1
CIP-MMD 60.1+4.1 179449 | 65.3+13.6 15.643.2

IW-CIP-mean | 582+7.5 157+1.4 | 333+£49 11.5+20
IW-CIP-MMD | 629+5.6 20.3+6.9 | 62.5+13.3 14.1+2.2

MNIST TIT (x10~4) MNIST IV (x10~%)

DA Algorithm | M =3 M=5 M=3 M=5
CIP-mean 450+9.6 268+38 | 444+87 33.7+L57
CIP-MMD A75+6.8 352441 | 50.1+10.6 36.0+6.3

IW-CIP-mean | 40.3+£5.5 275+4.4 | 435£6.5 27.6+29
IW-CIP-MMD | 42.7£5.9 36.3+£43 | 46.5£5.6 353+£59

~

Table 19: Risk difference R(¥(h) — R(h; @) between source and target in MNIST experi-
ments. These differences are evaluated under varying number of source domains
M.

E.2 Effect of number of source domains in MNIST

Next we compare the performance of CIP-based methods on MNIST with varying number
of source domains (M = 3 versus M = 5). For M = 3, we use the middle three domains
with rotation angles of —15°,0°, and 15° from Section for M = 5, we use all source
domains mentioned in our experiments from Section [5.2] Table [19)shows the risk difference
between source and target domains for four different CIP-based methods. Similar to our
findings in the SCM experiments, the results demonstrate that using a higher number of
source domains helps in identifying CICs and reducing the risk difference between source
and target.

E.3 Comparison with other heuristic baselines

We introduced JointDIP, a method specifically designed to address the label-flipping issue
observed with DIP when label-flipping features exist between source and target domains.
Our theoretical results support this claim by showing that, under certain conditions, Joint-
DIP avoids learning label-flipping features and achieves strong generalization to the target
domain, where DIP may still struggle. The advantage of JointDIP is further confirmed
through numerical experiments conducted in Section

One may wonder if there are simpler alternatives to designing DA algorithms that prevent
label-flipping issues while being easier to implement than JointDIP, which incorporates
CIP features into the matching penalty. To explore this, we consider the following two
alternative methods.

e CIP-FT-DIP: This method first implements CIP to learn CICs and the correspond-
ing classifier based on CICs. The learned features and classifier are then used as an
initialization for DIP, followed by fine-tuning using the DIP objective.
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e CIP-Sum-DIP: This method combines the CIP and DIP matching penalties into
a single objective by optimizing their sum. By doing so, it learns features that si-
multaneously satisfy the marginal invariance of covariates between source and target
domains and the conditional distributional invariance across multiple source domains.
Unlike CIP-FT-DIP, this approach integrates both objectives into one optimization
problem instead of a two-step algorithm.

At first glance, both CIP-FT-DIP and CIP-Sum-DIP might appear capable of addressing
label-flipping issues in the presence of label-flipping features. However, the following simple
example illustrates that these algorithms can still learn label-flipping features. Consider a
scenario where the source and target data are generated according to the following SCMs:

Y ~Rad({-1,+1}), (Y@ ~Rad({-1,+1}), Y® ~ Rad({-1,+1}),
1) _ (1) (1) (2) _ v (2 (2) ) _ v (@ (®

Xy =Y +ey), Xy =Y +ey, Xy =Y+

Xy =107 + ), X5 =10v®@ 4246l ) X5 =-10v® + ¢,
1) _ vy ) 4 e (2) _ o9y (2 )+ 2 @ _v(@® (%)

X =Y 4 ey Xy = 2V 4 ¢, Xy =Y+

where Rad({—1,+1}) denotes the Rademacher distribution defined on {—1,+1} with equal
probability, and €M), e ¢ ~ AN(0,13). In this example, X is a CIC that CIP can
correctly identify. X[ represents a label-flipping feature between the first source and target
domains, while X3 is a feature that helps prediction between the first source and the target
domain. Here the first source domain is used for DIP.

Assume that we use the feature selector as the feature mapping. For CIP-FT-DIP, if we
initialize with CIP by selecting feature X|;) and then fine-tune with the DIP objective,
X1g), which satisfies the DIP penalty for marginal invariance and is more predictive of Y’
compared to X[; and X[3j, will quickly be learned during fine-tuning. As a result, CIP-
FT-DIP ends up learning X[, despite being initialized with Xj;), thereby inheriting the
label-flipping issue of DIP. For CIP-Sum-DIP, enforcing features to simultaneously satisfy
both CIP and DIP penalties restricts the selection to X[;j, leading to results similar to CIP.
However, this approach ignores the potential benefits of incorporating Xz}, limiting its
effectiveness in improving target performance. In contrast, JointDIP, when applied to the
first source and target domains, can learn both X[;) and X3}, allowing to avoid the label-
flipping issue associated with X[g while leveraging X3 to enhance target performance. As
a result, JointDIP outperforms both CIP-FT-DIP and CIP-Sum-DIP in this scenario.

We further conduct experiments on MNIST and CelebA to numerically compare the two
methods, CIP-FT-DIP and CIP-Sum-DIP, against other DA methods such as DIP, CIP, and
JointDIP. For CIP-FT-DIP, we first run CIP to learn the weights, which are then used to
initialize the architecture before fine-tuning with the DIP objective. For CIP-Sum-DIP, the
DIP objective is modified by adding the CIP matching penalty, combining the two objec-
tives into a single optimization process. The training details, including architectures, batch
sizes, and other settings, follow the same configurations as in our main experiments (see Ap-
pendix . For hyperparameter selection of Acip and Aprp, we vary over {0.01,0.1,1} for
both parameters and select the best-performing one using the protocol described in Ap-

pendix
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MNIST I | MNIST IT | MNIST III | MNIST IV

Rotation shift Y Y Y Y

Label shift N Y N Y
Label-flipping features | N N Y Y

DA Algorithm tar_acc tar_acc tar_acc tar_acc
DIP* 97.5£0.3 | 96.7+£0.5 | 91.0£1.9 90.1£1.6
CIP* 94.9£0.9 | 94.9+2.1 89.1£1.7 90.0£1.3
JointDIP* 97.3+£0.3 | 96.9£0.6 | 93.5+1.2 91.5£1.1
CIP-FT-DIP 95.1£1.4 | 92.6%0.8 91.0+1.4 89.3+1.5
CIP-Sum-DIP 91.6+0.9 | 89.3+1.6 | 80.843.1 79.5+3.2

Table 20: Target accuracy on rotated MNIST for CIP-FT-DIP and CIP-Sum-DIP. For com-
parison with other DA algorithms, we include results from Table [3| Table
marked with *. The algorithms are run on 10 different datasets, each generated
using 10 different random seeds.

The results on MNIST are presented in Table In this experiment, MNIST II and IV
involve label shift interventions, and we do not implement the importance-weighting based
label shift correction (IW) step for CIP-FT-DIP and CIP-Sum-DIP. To ensure a fair com-
parison, we also exclude IW-DIP, IW-CIP, and IW-JointDIP. We observe that CIP-FT-DIP
performs comparably to CIP across various settings but shows slightly worse performance
than DIP. In cases where label-flipping features are present, such as in MNIST III and IV,
the performance drops compared to settings without label-flipping features. This behavior
is similar to that of DIP, indicating that CIP-FT-DIP is not as effective as DIP in pre-
venting the learning of label-flipping features. CIP-Sum-DIP exhibits similar behaviors but
performs significantly worse overall compared to other DA methods. A potential expla-
nation is that the CIP and DIP matching penalties may have interactions that make the
method more sensitive to the choice of hyperparameter settings. As a result, CIP-Sum-DIP
likely requires more careful hyperparameter tuning than other DA methods that rely on a
single matching penalty.

The results on CelebA are presented in Table In this setting, there is no label shift,
but the features are manipulated such that the Color_Balance feature maintains a sta-
ble correlation with the label between the last source and target domains, while the
Mouth_Slightly_Open feature serves as a label-flipping feature. CIP-FT-DIP and CIP-Sum-
DIP show comparable or slightly worse performance than DIP and CIP on CelebA I and
CelebA TII. Interestingly, both methods outperform all other DA methods on CelebA IIT by
a significant margin. On CelebA III, the correlation between the Mouth_Slightly_Open fea-
ture and the label is high, allowing DIP to rely on this feature for predictions, which leads
to poor prediction performance. JointDIP demonstrates higher accuracy, highlighting its
reliability compared to DIP. Moreover, the performance of CIP-FT-DIP and CIP-Sum-DIP
in this setting indicates that combining CIP with DIP can further enhance the reliability
of algorithms in mitigating the influence of label-flipping features in this example.
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CelebA I | CelebA II | CelebA III

DA Algorithm | tar_acc tar_acc tar_acc

DIP* 82.0+2.2 | 90.6£1.0 82.0£2.2
CIp* 76.6£1.4 | 83.7+1.4 89.7£0.7
JointDIP* 87.3+0.6 | 90.4+1.2 88.7£1.0

CIP-FT-DIP 81.5+£2.8 | 79.7+2.6 92.3+0.4
CIP-Sum-DIP | 77.6+2.1 | 79.5£1.8 92.9+0.3

Table 21: Target accuracy on CelebA I, II, TII for CIP-FT-DIP and CIP-Sum-DIP. For
comparison with other DA algorithms, we include results from Table [6] marked
with *. For each setting of the CelebA, DA algorithms are run on 10 different
datasets, each generated using 10 different random seeds.
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