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Abstract

We study the causal effect with a functional treatment variable, where practical applications
often arise in neuroscience, biomedical sciences, etc. Previous research concerning the effect
of a functional variable on an outcome is typically restricted to exploring correlation rather
than causality. The generalized propensity score, which is often used to calibrate the
selection bias, is not directly applicable to a functional treatment variable due to a lack of
definition of probability density function for functional data. We propose three estimators
for the average dose-response functional based on the functional linear model, namely, the
functional stabilized weight estimator, the outcome regression estimator and the doubly
robust estimator, each of which has its own merits. We study their theoretical properties,
which are corroborated through extensive numerical experiments. A real data application
on electroencephalography data and disease severity demonstrates the practical value of
our methods.

Keywords: Causality, Double Robustness, Functional Data, Functional Linear Model,
Treatment Effect

1. Introduction

In observational studies, a fundamental question is to investigate the causal effect of a
treatment variable on an outcome. Much of the literature on estimating causal effects from
observational data focus on a binary treatment variable (i.e., treatment versus control); see
e.g., Rosenbaum and Rubin (1983); Hirano et al. (2003); Imai and Ratkovic (2014); Chan
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et al. (2016); Athey et al. (2018); Ding et al. (2019); Tan (2020); Guo et al. (2021); Lin et al.
(2023). Recently, there is a growing interest in studying more complex treatment variables,
e.g., categorical (Schulte et al., 2014; Lopez and Gutman, 2017a,b; Chen et al., 2018; Li
and Li, 2019; Luckett et al., 2019) or continuous treatment variables (Hirano and Imbens,
2004; Moodie et al., 2014; Galvao and Wang, 2015; Laber and Zhao, 2015; Kennedy et al.,
2017; Fong et al., 2018; Kennedy, 2019; Ai et al., 2021; Bonvini and Kennedy, 2022).

Our interest is in estimating the average dose-response functional (ADRF) of a functional
treatment variable. Functional data are collected repeatedly over a continuous domain, and
are fundamentally different from scalar variables due to their infinite dimensionality (Wang
et al., 2016). We focus on the causal relationship between a functional treatment variable
and a scalar outcome variable in cross-sectional studies, where the treatment variable is
real-valued over a continuous domain (e.g., space or frequency, rather than time) and the
outcome variable does not vary with respect to that continuous domain. In particular, our
work is motivated by an electroencephalography (EEG) dataset (Ciarleglio et al., 2022),
which was collected via a standard headcap with multiple scalp electrodes. The main
purpose there is to assess the EEG data as a potential moderator of treatment effect in
a clinical trial. Here, we investigate possible causation between the EEG data and the
severity of major depressive disorder. A random subsample of 20 frontal asymmetric curves,
measuring the difference between the intensities of the human neuronal activities from
two electrodes (right and left) placed on the scalp, is shown in Figure 1. For additional
applications, see Morris (2015). As an illustration, we may be interested in the causal
relationship between spectrometric data and fat content of certain types of food (Ferraty
and Vieu, 2006) and the causal effect of body shape represented by the circumference
over a given range on human visceral adipose tissue (Zhang et al., 2021). These problems
are distinct from sequential decision problems in which multiple treatments are assigned
longitudinally (Robins, 2000; Robins et al., 2000; Moodie and Stephens, 2012; Zhao et al.,
2015; Kennedy, 2019). In addition, functional data have been used as one of the covariates
in estimating optimal treatment regimes (McKeague and Qian, 2014; Ciarleglio et al., 2015,
2016, 2018; Laber and Staicu, 2018; Li and Kosorok, 2023; Park et al., 2023).

To identify the causal effect in an observational study, certain assumptions are required.
In addition to standard assumptions such as no interference, consistency and positivity,
a routinely used condition for identification is the unconfoundedness assumption (Rosen-
baum and Rubin, 1983), i.e., the set of potential outcomes is conditionally independent of
the treatment given the observed confounders. For a continuous scalar treatment, under
the unconfoundedness assumption, the generalized propensity score or the stabilized weight
(Hirano and Imbens, 2004; Imai and van Dyk, 2004; Galvao and Wang, 2015; Kennedy
et al., 2017; Ai et al., 2021; Bonvini and Kennedy, 2022) has been widely used to calibrate
the selection bias via estimating equations. It relies upon the (conditional) density of the
treatment variable. However, the probability density function of functional data generally
does not exist (Delaigle and Hall, 2010). Therefore, in our context, neither the generalized
propensity score nor the stabilized weight are well defined, and thus traditional methods
are not directly applicable. To circumvent this issue, Zhang et al. (2021) proposed to ap-
proximate the functional treatment variable based on functional principal component (PC)
analysis. They then defined a stabilized weight function by the (conditional) probability
density of the PC scores to adjust for the selection bias. However, as the number of PCs
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Figure 1: A random subsample of 20 frontal asymmetric curves Z(-) on a given frequency
domain from the EEG dataset.

approaches infinity, this stabilized weight becomes ill-defined, and the consistency of their
estimator is not guaranteed.

Under the unconfoundedness assumption in the context of a functional treatment vari-
able, we propose three new estimation approaches to the ADRF: a functional stabilized
weight (FSW) method, a partially linear outcome regression (OR) method, and a doubly
robust (DR) approach combining the first two. The first method assumes a functional linear
model for the ADRF and incorporates a new FSW. Our FSW is well-defined and guarantees
the identification of the ADRF for any functional treatment variable. We propose a novel,
consistent, nonparametric FSW estimator and estimate the ADRF using functional linear
regression with a weighted outcome. The OR method assumes a more restrictive additive
model that considers confounding variables. It quantifies the ADRF by the expectation of
the parametric model with respect only to the confounding variables, which is computed
through a backfitting algorithm. Our DR estimator is consistent if either of the first two
estimators is consistent. If the partially linear model is correctly specified, the DR estimator
converges at the same fast rate as the OR estimator. Our double robustness is different from
those in the literature on a continuous scalar treatment variable (see e.g., Kennedy et al.,
2017; Bonvini and Kennedy, 2022), where the estimator is consistent if one of two models
for the conditional outcome and the generalized propensity score is correctly specified. In
our case, the functional linear model for the ADRF is required for the consistency of all
three estimators, while the FSW, serving the role of the generalized propensity score, is
estimated nonparametrically.

More recently, Wang et al. (2023) proposed a so-called weight-modified kernel ridge
regression (WMKRR) estimator for the ADRF. They assumed that the ADRF lies in a
functional reproducing kernel Hilbert space (RKHS) and utilized the kernel ridge regression
to estimate the ADRF. Their method also requires an estimation of the FSW. To this end,
they proposed to minimize a novel uniform balancing error derived from their estimation of
the ADRF. Although the kernel ridge regression is more flexible than the functional linear
model that is used in our methods, it still faces the risk of model misspecification since the
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model depends on the choice of the kernel. We will compare our methods with those from
Zhang et al. (2021) and Wang et al. (2023) in simulation experiments.

The rest of the paper is organized as follows. We introduce the basic setup for the
identification of ADRF in Section 2, followed by the development of our three estimators in
Section 3. We investigate the convergence rates of the estimators in Section 4. The selection
of tuning parameters is discussed in Section 5. Simulation experiments and the real data
analysis are presented in Sections 6 and 7, respectively. We conclude in Section 8. Proofs
and additional technical details are provided in the Appendix.

2. Identification of the Average Dose-Response Functional

We consider a functional treatment variable such that the observed treatment variable,
denoted by Z = Z(-) : T — R, is a smooth real-valued random function defined on a
compact interval 7, with E{fg— Z%(t)dt} < co. Let Y*(z) be the potential outcome given
the treatment Z = z for z € L*(T), the Hilbert space of squared integrable functions on 7.
Let X = (X4,..., Xp)T € R? be the p-dimensional observable confounding covariates that
are related to both Y*(z) and Z.

For each individual, we only observe a confounding vector X, a random treatment Z and
the corresponding outcome Y = Y*(Z) € R. We further assume that the functional variable
Z is fully observed. Essentially, our methodology can be applied when Z is only sparsely
observed as long as the trajectory of Z can be well reconstructed, while the development
of asymptotic properties in such cases would be much more challenging (Zhang and Wang,
2016; Zhou et al., 2023).

We are interested in estimating the average dose-response functional (ADRF), E{Y*(2)},
for any z € L?(T). Because we never observe Y*(z) simultaneously for all z € L2(T), to
identify E{Y™*(z)} from the observed data, we impose the following identification assump-
tions.

Assumption 1

(i) Unconfoundedness: Given X, Z is independent of Y*(z) for all z € L?(T), i.e.,
Y*(2) eereen L Z | X.

(ii) No interference: There is no interference among the units, i.e., each individual’s out-
come depends only on their own treatment.

(iii) Consistency: Y =Y*(z) a.s. if Z = z.
(iv) Positivity: The conditional density fy|z satisfies fx|z(X[Z) > 0 a.s.

Assumption 1 is a natural extension of the classical identification assumption in the
literature on the scalar treatment effect to the context of a functional treatment variable.
In particular, we focus on cross-sectional studies where the interval 7 does not represent a
time interval and there is no dynamic confounding effect. To circumvent the problem of the
nonexistent probability density function of functional data, the positivity condition (iv) is
imposed on fy|7 instead of fz7x.
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Under Assumption 1, the ADRF can be identified from the observable variables (X, Y, Z)
in the three ways as follows. First, it is easy to verify

B{Y*(2)} = E[E(Y*(2)|X}] = E[E(Y*(2)|X, Z = 2}] = ELE(Y|X, Z = 2)}. (1)
Second, we can further write
E{Y"(2)} = E{E(Y|X, Z = 2)}

= EY|X =2,7Z =2)fx(x)dx

RP
_ cw g AX@) o da
- RPE(Y]X_ 7 = )fX‘Z(x’z)fX\Z( |2)d
= E{no(Z,X)Y|Z = 2}, (2)

where m0(Z, X) = fx(X)/fxz(X|Z) is called the functional stabilized weight (FSW). If
Z is a scalar random variable, we have fx(X)/fx|z(X|Z) = fz(Z)/fz)x(Z]X), where the
right-hand side is the classical stabilized weight.

Third, let Ex denote the expectation with respect to X. Noting that

E[EX{E(Y|X,2)}|Z = z] = E{E(Y|X, Z = 2)},
E{E(Y|X,Z)m0(X,Z)|Z = 2} = E{Ym(X, 2)|Z = 2},

together with (1) and (2), we can also identify E{Y*(z)} as
E{Y*(2)} = E{Y — E(Y|X, Z)}mo(X, Z) + Ex{E(Y|X, 2)}|Z = 7], 3)

because the second and third terms above cancel out.

Based on the three identification strategies in (1), (2), and (3) respectively, we develop
three estimators of E{Y*(z)}. Each estimator is based on different model assumptions and
has its own merits.

3. Models and Estimation Methods

For all three methods, we adopt a functional linear model on the ADRF,
B{Y*(:)} = a+ / b(#)2(t) dt | (4)
T

where a is a scalar intercept, and b € L%(T) is a slope function. The functional linear
model is widely used in scalar-on-function regression, whereas the model here is assumed
for the potential outcome Y*(z). Essentially, model (4) can be replaced by any other
nonlinear regression models (e.g., Miiller and Yao, 2008; Li et al., 2010; Wang et al., 2023)
without affecting our main idea. We choose to use the functional linear model mainly
due to its simplicity and interpretability. The slope function b = b(-) is a quantity of
primary interest convenient for the causal inference because it measures the intensity of the
functional treatment effect. For example, to compute the average treatment effect (ATE)
between z1, 22 € L*(T), E{Y*(z1) —Y*(22)}, it suffices to compute [ b(t){z1(t) — z(t)} dt.
Additionally, the slope function provides useful causal information (e.g., a positive /negative
causal relationship), even if the model is misspecified.
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3.1 Functional Stabilized Weight Estimator

We construct our functional stabilized weight (FSW) estimator of the ADRF based on
equation (2) and model (4). In this construction, we propose a nonparametric estimator
for the FSW. In particular, equation (2) suggests that we can estimate E{Y*(z)} in (4)
using the classical functional linear regression technique (e.g., Hall and Horowitz, 2007).
Here, the response variable Y is replaced by 7(Z, X)Y, provided an estimator of mg, 7.
To facilitate the development, suppose that an estimator 7 of 7 is available for the time
being. Let G(t,s) = Cov{Z(t),Z(s)} be the covariance function of Z. Its eigenvalues
A1 > A2 > -+ > 0 and the corresponding orthonormal eigenfunctions {¢; j=p are defined
as follows,

/ G(t,8)6;(s) ds = Ny (¢) , for all £ € T, (5)
;

where {¢;}52,, also called the PC basis, is a complete basis of L3(T). According to the
Karhunen—Loéve expansion, we have

Z(t) = pz(t) + ) &d;(t) (6)
j=1

where pz(t) = B{Z(1)} and & = [AZ(6) — puz(0)}o5(0) dt.

With a slight abuse of notation, let G : L?>(T) — L?(T) denote a linear operator
such that (G o )(t) = [-G(t, s)i(s)ds, for a function ¢ € L*(T). If we let pyr =
E{mo(Z,X)Y} = a+ [;b(t)uz(t)dt, by combining (2), (4) and (6), we can write

Bl{mo(Z, X)Y|Z = 2} — iyx = /T BOL=(E) — s ()} dt

It follows that (G ob)(t) = e(t), where e(t) = E[{no(Z, X)Y — py=}{Z(t) — nuz(t)}]. Noting
that {¢;}72, is an orthonormal complete basis of L3(T), we can write b(t) = D51 biod;(t)
and e(t) = 3272, e;$;(t), and combining them with (5), we obtain that, for all j,

€(t)gf)j(t) dt = / (G ] b)(t)gﬁj(t) dt = bj)\j .

T

b = /T b(t)¢;(t) dt, and e; :/

-
The above arguments suggest we can estimate b(t) by /(;st(t) = 23:13FSW,j$j(t)a

where ¢ is a truncation parameter and bpsw ; = )\j_l’e\FSWJ is an estimator of b;. The

Aj’s and ¢;’s are the eigenvalues and eigenfunctions of the empirical covariance function

G(5,) = 11 {Z:(5) — fiz(5) HZi(t) — Pz (£)} m, vespectively, where fiz(t) = S, Zi(t)/n
is the empirical estimator of uz(t). Moreover, by the definition of e(t), we can estimate it
by

EFSW

(t) = i Yim(Zi, Xa) — by« H{Zi(t) — liz(t)}
i=1

n

with fy. = >, Yiw(Z;, X;)/n, and take epsw ; = fT é\psw(t)(?ﬁj (t) dt as an estimator of
e;j. Finally, the estimator of the intercept a is given by arsw = ly,x — fT brsw ()17 (t) dt.

6
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It remains to estimate the FSW, mo(Z, X) = fx(X)/fx|z(X|Z). A naive approach
would first estimate the densities fx and fx|z and then take the ratio. However, this may
lead to unstable estimates because an estimator of the denominator fy| is difficult to derive
and may be too close to zero. Also, approximating Z by its PC scores would not alleviate
the challenge but pose additional difficulty in theoretical justification. To circumvent these
problems, we treat my as a whole and develop a robust nonparametric estimator. We can
find the conditional moments that identify my(z, ) for every fixed z,

E{mo(z, X)v(X)|Z = z} = Mv(x)f)qz(fvlﬁdﬂﬁ = E{v(X)}, (7)

RP fX\Z(x’Z)
which holds for any integrable function v(X).
Proposition 1 For any fized z € L*(T),
E{r(z, X)v(X)|Z = z} = E{v(X)},
holds for all integrable functions v(X) if and only if n(z, X) = mo(z, X) a.s.

The proof is given in Appendix A. This result indicates that g is fully characterized by (7),
and thus we can use it to define our estimator. Since (7) is defined for a fixed z, we need

to estimate 7 at all sample points Z;, where (X;,Y;, Z;), for i = 1,...,n, are i.i.d. copies
of (X,Y,2).
We consider the leave-one-out index set S_; = {j : j # 4,5 = 1,...,n} to estimate m

at each Z;. Specifically, for a given sample point z = Z;, the right-hand side of (7) can
be estimated by its empirical version Zjes_j v(X;)/(n —1). We propose to estimate the

left-hand side of (7) by the Nadaraya—Watson estimator for a functional covariate (Ferraty
and Vieu, 2006),

Yies . m0(Zi, Xj)v(X;) K{d(Z;, Z;)/ h} .
J >jes., K{d(Z;, Zi)/h} T h_1 > (X)),

JES_;

where d(-,-) denotes a semi-metric in L*(T), h > 0 is a bandwidth and K is a kernel
function quantifying the proximity of Z; and Z;. Commonly used choices for d include the
L? norm and the projection metric d(z1, z0) = [[7{I1(z1) — I1(22)}? dt]'/?, where II denotes
a projection operation to a subspace of L?(T).

As it is not possible to solve (7) for an infinite number of v’s from a given finite sample, we
use a growing number of basis functions to approximate any suitable function v. Specifically,
let v(X) = (v1(X),... ,vk(X))T be a set of known basis functions, which may serve as
a finite-dimensional sieve approximation to the original function space of all integrable
functions. We define our estimator of my(Z;, X;), for j € S_;, as the solution to the k
equations,

> jes., ™(Zi, X;)ve(X;)K{d(Z;, Zi) /h} 1
J Zjes—z‘ K{d(Zjv Zi)/h} - n—1 Z Vk(Xj) ) (8)

JES

which asymptotically identifies mg as & — oo and h — 0. However, in practice, a finite
number k of equations in (8) cannot identify a unique solution. Indeed, for any strictly
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increasing and concave function p, replacing 7(Z;, X;) by p’ {7’7\}1 vi(X;)} would satisfy (8).
Here, p/(+) is the first derivative of p(-), and 7z, is a k-dimensional vector that maximizes
the strictly concave function Hpy z,, defined as

; . TI/ Xj Kde,Zi h
Hpp,z;(n) = Zjesgj;‘]}i{dz}zﬁ{zf)/h} )/ }_UT{nil > l/k(Xj)}- (9)

JES

This can be verified by noting that the gradient VHpy 7z (z,) = 0 corresponds to (8)
with 7(Z;, X;) replaced by Pl{?)—zr,in(Xj)}- Therefore, for a given strictly increasing and
concave function p together with 7, defined above, we define our estimator of TF()(ZZ, X;) as
e (Zi, Xj) = p {nZ vi(X;)}. This also induces the estimator 7,(Z;, X;) = p {nz vp(X5)}
with X; replaced by X;.

Our estimator 7, has a generalized empirical likelihood interpretation for a variety of
choices for p. Specifically, we show in Appendix B that the estimator defined by (9) is
the dual solution to minimizing some distance measure between the FSW and 1 locally for
each Z;, subject to the constraint (8) (i.e., the constraint (12) in Appendix B). That is, our
estimator 7y is the desired weight closest to the baseline uniform weight 1 locally in a small
neighbourhood of each Z;, subject to the finite sample version of the moment restriction in
Proposition 1. The uniform weight can be considered as a baseline. This is because, when
Z and Y*(z) are unconditionally independent for all z € L?(T) (i.e., a randomized trial
without confoundedness), the functional stabilized weights should be uniformly equal to 1.
Different choices of p correspond to different distance measures (see Appendix B for other
examples). We suggest to choose p(v) = —exp(—v — 1) which guarantees a positive weight
estimator 7h(Z;, X;).

3.2 Outcome Regression Estimator and Doubly Robust Estimator

To estimate the ADRF based on the outcome regression (OR) identification method in (1),
an estimator of E(Y|X, Z) is required. Thus, based on the functional linear model in (4),
we further assume a partially linear additive model,

Y = a+/Tb(t)Z(t) dt + g(X;0) + e, (10)

where a and b(-) are the same as those in (4), g(+;#) is a known function with an unknown
parameter § € RP and e is an error variable with F(e|Z, X) = 0 and F(¢?|Z, X) < oo uni-
formly for all Z and X. Note that X and Z are generally dependent. We mainly investigate
the linear function g(X;6) = 07 X, where X may involve some transformations, e.g., the
log-transformation, polynomials, and exponential of some elements of X. Without loss of
generality, we assume that E(6" X) = 0; otherwise the non-zero mean can be absorbed
into a. Model (10) may be extended to include interactions between Z and X. However,
research on functional models involving interactions between functional and multivariate
continuous variables is scarce, even in the literature on non-causal functional regression.
Such extension is beyond the scope of this paper and deserves future research.

Recalling E{Y*(z)} = E{E(Y|X,Z = 2)} from (1), it is clear that (10) implies (4),
and thus model (10) imposes a stronger structure than model (4). Specifically, the linear
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part 87X can be replaced by any nonparametric function of X whose mean is zero, which
still implies model (4). However, model (10) gives a simpler estimator of E{Y*(z)} with
a faster convergence rate and a better interpretability of the effects of the treatment and
confounding variables on the outcome.

The OR estimators aog, boR and 90R can be obtained by adapting the backfitting
algorithm (Buja et al., 1989). In the first step, we set 6 to be zero and apply the same
method as in Section 3.1 to regress Y on Z, which gives the initial estimators of a and
b in (10). Specifically, we estimate b(t) initially by /b\im(t) = Z?:1€ini,j</lgj(t) with /b\ini’j =

Xj_lé}ni’j, where X ’s and ggj’s are the same as those in Section 3.1, while €;,i(¢) = Z? 1Y —

Ay ){Zi(t) — fiz(t)}/n with iy = 7, Yi/n. We then define énij = [, €milt )o;(t) dt
Finally, the initial estimator a,; of a is given by iy — fT ini ()17 (t) dt.
In the second step, we use the traditional least square method to regress the residual
— Wipi — fT ini ( t)dt on X;, for i = 1,...,n. Specifically, we estimate 6 by é\ml =
(”T”) 1Z2TY pes, Where Z is an n X p matrix Wlth the (i, j)-th entry being Xj;;, the j-th
element of X;, and

~ T
Yres = {Yi _aini _/ bml( )Zl( )d -aYn _aini _/ bini(t)Zn(t) dt}
T T

Subsequently, we can repeat the first step with Y; replaced by Y; — @;iXi to update the
estimators of @i; and byn;. This procedure is iterated until the outcome regression (OR)
estimators of a, b and 6, denoted by aor, bor and Oog, are stabilized. More specifically,

let ag)R,Bg{,L and 58%{ denote respectively the estimators of a,b and 6 at the ¢-th iteration.

We set our final estlmators as Aor = agg ),bo = E(tﬂ) and é\oR = Ag;;l) if {\agg” —
(t) t+1) t+1) () t

G2+ IS — B2, + 157 — NI V2 /1SR + BRI, + 100 12,117 < 0.05
or t reaches 100 (a prespecfied maximum number of 1terat10ns) Here, || - ||z2 and || - [|re

denote the L2 norm in L?(7) and the Euclidean norm in RP, respectively.

The OR estimation is easy to implement but requires strong parametric assumptions,
while the FSW estimator requires fewer modelling assumptions but is subject to a slow
convergence rate. Thus, it is desirable to develop an estimator that possesses more attractive
properties by combining these two. Note that (3) satisfies the so-called doubly robust (DR)
property: for two generic functions E(Y|X, Z) and 7(X, Z), it holds that

E{Y*(2)} = E[{Y — E(Y|X, 2)}%(X, Z) + Ex{E(Y|X, 2)}|Z = 7], (11)

if either E(Y|X,Z) = E(Y|X,Z) or #(X,Z) = (X, Z) but not necessarily both are
satisfied; see Appendix C for the derivation.
Under model (4), (11) equals a + [, b(t)z(t)dt. To estimate a and b, it suffices to
conduct the functional linear regression as in Sectlon 3.1 to regress an estimator of {Y —
E(Y|X,Z)}n(X,Z) + EX{E(Y|X Z)} on Z. Spec1ﬁcally7 we estimate E(Y|X,Z) by the
OR estimator, E(Y|X, Z) = dor + fTbOR Z(t )dt + HORX and 7r0(X 7) by th(X 7).
We define the DR estimator of b as ?)\DR(t) = Ej:l bDRJ ¢]( ), where bDR,] = )\j €pRr,; with

€pR,j = [7 DR t)@(t) dt. The expression of epg(t) is

Z[{Y B(YIX0, Z) Vo Xin Z2) Z{EY\ 20} — fivor | {Z:(t) — iz (1)}
=1
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where
n

N 1 -~ - 1~ 5
AYDR = — Z} |:{Yi — BE(Y|Xy, Z;) Yone(Xi, Zi) + - z;{E(Y|Xj, Zi)}} :
i= j=

The DR estimator of a is defined as apr = jiy.pr — fTBDRﬁZ(t) dt.

Provided that model (4) is correctly specified, according to the DR property (11), the
DR estimator Epr{Y*(z)} = dpr + J7-bor(t)2(t) dt is consistent if either E(Y|X,Z) or
Fne(X, Z) is consistent. The consistency of E(Y|X,Z) mainly depends on the correct
specification of the partially linear model (10), while the consistency of 7,(X, Z), as a
nonparametric estimator, relies on less restrictive (but more technical) assumptions.

4. Asymptotic Properties

We investigate the asymptotic convergence rates of the proposed three estimators, while
assuming that Z is fully observed. Under the main model is E{Y™*(2)} = a + [-b(t)2(t) dt
in (4), although the estimators of a are based on those of b, they are essentially empirical
means, which can achieve the n~/2 convergence rate (Shin, 2009). Thus, our primary focus
is to derive the convergence rates of our estimators of b, which, depending on the smoothness
of Z and b, are slower than those in the finite-dimensional settings.

Let X C R? denote the support of X and Z C L?(T) the support of Z. To derive the
convergence rate of EFSW, we first provide the uniform convergence rate of the estimator
Thi of the FSW mg over X' and Z, which requires the following conditions.

Condition A

(A1) The set X is compact. For all z € Z and x € X, mo(z,z) is strictly bounded away
from zero and infinity.

(A2) Forall z € Z, 30, € R¥ and a constant o > 0 such that SUP(; p)ezx X P o (2, )} —
nl v (x)] = O(k~®), where p/(=1 is the inverse function of .

(A3) The eigenvalues of E{v.(X)v(X)"|Z = 2} are bounded away from zero and in-
finity uniformly in & and z. There exists a sequence of constants ((k) satisfying

supgex [k ()] < C(K).
(A4) There exists a continuously differentiable function p(h) > 0, for A > 0, such that for

all z € Z, P{d(Z, z) < h}/u(h) is strictly bounded away from zero and infinity. There
exists ho > 0 such that supye g ) w'(h) is bounded.

(A5) The kernel K : R — R* is bounded, Lipschitz and supported on [0, 1] with K (1) > 0.

(A6) For g sy (X) = p (T (X Yo, (X) and vy (X)ony (X) with by, b = 1, b, there
exists A > 0 such that for all m > 2, |E[gk, ko2, (X)|Z = 21] — Elgky ko2 (X)|Z =
20]|/d* (21, 22) and E[|gp, ky,2, (X)|™|Z = z1] are uniformly bounded over k, 21 and 2.

(A7) Let vz(€) be the Kolmogorov e-entropy of Z, i.e., 1z (e) = log{N.(Z)}, where N.(Z)
is the minimal number of open balls in L?(T) of radius € (with the semi-metric d)
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covering Z. It satisfies > 2 | exp[—(d — 1)¢pz{(logn)/n}] < oo for some § > 1, and
(logn)2/{nu(h)} < ¥wz{(ogn)/n} < nu(h)/logn for n large enough.

Condition (A1) requires that X is compactly supported, which can be relaxed by re-
stricting the tail behaviour of the distribution of X at the cost of more tedious technical
arguments. The boundedness of 7y in Condition (Al) (or some equivalent condition) is
also commonly required in the literature (Kennedy et al., 2017; Ai et al., 2021; D’Amour
et al., 2021). This condition can be relaxed if other smoothness assumptions are made
on the potential outcome distribution (Ma and Wang, 2020). Condition (A2) essentially
assumes that the convergence rate of the sieve approximation 7. vy () for o/ {m(z,z)}
is polynomial. This can be satisfied, for example, with o = 400 if X is discrete, and with
a = s/r if X has r continuous components and vy, is a power series, where s is the degree
of smoothness of p/~D{my(z,-)} with respect to the continuous components in X for all
z € L*(T) (Chen, 2007). Further, Condition (A3) ensures that the sieve approximation
conditional on a functional variable is not degenerate. Similar conditions are routinely as-
sumed in the literature of sieve approximation (Newey, 1997). Conditions (A4) to (A6)
are standard in functional nonparametric regression (Ferraty and Vieu, 2006; Ferraty et al.,
2010). In particular, the function p(h) in Condition (A4), also referred to as the small ball
probability, has been studied extensively in the literature (Li and Shao, 2001; Ferraty and
Vieu, 2006); Condition (A5) requires that K is compactly supported, which is not satisfied
for the Gaussian kernel but convenient for technical arguments; the variable g, r, .(X)
in Condition (A6) serves as the role of the response variable in the traditional regression
setting. Condition (A7) is less standard: it regularizes the support Z by controlling its
Kolmogorov entropy, which is used to establish the uniform convergence rate on Z. This
condition is satisfied, for example, if Z is a compact set, d(-,-) is a projection metric and
(logn)? = O{nu(h)}; see Ferraty et al. (2010) for other examples.

Theorem 1 Under Conditions (A1) to (A7), assuming that k — oo and h — 0 as n — oo,
we have

sup  |The(z, ) — mo(z,2)| = 0(((;@ [k—a M 4 \/wz{(logn)/n}kD

(zx)eZXX n:u(h)

holds almost surely.

Theorem 1 provides the sup-norm convergence rate of 7, over the support of X
and Z. The proof is given in Appendix D. The term ((k)(k~* + h*Vk) and the term
C(k)\/Yz{(ogn)/n}k/{nu(h)} can be viewed as the convergence rates of the bias and
standard deviation, respectively. R

To provide the convergence rate of bpsyw, we recall that E{mo(Z, X)Y|Z = z} = a +
J7b(t)z(t) dt under model (4). Let ex = mo(Z, X)Y —a — [ b(t)Z(t)dt be the residual
variable. Let v > 1 and 8 > 7/2+ 1 be two constants and the ¢;’s be some generic positive
constants.

Condition B

(B1) The variable €, has a finite fourth moment, i.e., E(€2) < co.

11
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(B2) The functional variable Z has a finite fourth moment, i.e., [ E{Z*(t)} dt < co. The
PC score ¢; defined in (6) satisfies E (5;1) < cl)\?, and the eigenvalue \; defined in (5)

satisfies \j — \jy1 > ¢y 1j777! for all j > 1.
(B3) The coefficient b; satisfies |b;| < c3577, for all j > 1.

Condition (B1) makes a mild restriction on the moment of €,. Condition (B2) imposes
regularity conditions on the random process Z, which requires that the differences of the
adjacent eigenvalues do not decay too fast. Condition (B3) assumes an upper bound for
the decay rate of b;, the coefficients of b projected on {¢; 521. The latter two conditions
are adopted from Hall and Horowitz (2007) for technical purposes.

Theorem 2 Under Conditions (A1) to (A7), (B1) to (B3) and model (4), assuming that
k — oo and h — 0 as n — oo and choosing the truncation parameter q =< /O +28) e
have

/ {brsw(t) - b(t)}? dt = O, < [k"%‘ + B2k + wZ{(lof(Z;/ nih CQ(k)nﬁHVW?@)).
T n

The proof of Theorem 2 is given in Appendix E. The convergence rate of fT{/I;FSW(t) -
b(t)}? dt in Theorem 2 can be quite slow mainly because of the small ball probability function
p(h). In the case of Gaussian process endowed with a metric, p(h) has an exponential
decay rate of h (Li and Shao, 2001), which leads to a non-infinitesimal rate of [ {brsw(t) —
b(t)}? dt. However, u(h) can be much larger by choosing a proper semi-metric d (Ferraty and
Vieu, 2006; Ling and Vieu, 2018), so that the final convergence rate of [{brsw (t) —b(t)}2dt
reaches a polynomial decay of n. Another way to improve the convergence rate is to impose
additional structure assumptions. For example, if we assume that the slope function b can
be fully characterized by a finite number of PC basis functions, or the random process Z
essentially lies on a finite dimensional (not necessarily Euclidean) space (Lin and Yao, 2021),
then the truncation parameter ¢ does not need to tend to infinity and the convergence rate
of [{brsw(t) — b(t)}*dt can be much faster. Without such assumptions, estimating b in
an infinite dimensional space with a nonparametric estimator of 7y leads to a cumbersome
convergence rate. R

The OR estimator bog relies on functional principal component analysis and the par-
tially linear model (10). Additional conditions are needed to derive the convergence rate of

bor.-

Condition C

(C1) The covariate X has finite fourth moment, i.e., E(||X|*) < co. For m =1,...,p and
3 =1, | Cov{Xom, [ Z(t)¢;(t) dt}| < caj™ 7P,

(C2) Let gm(t) = 352, Cov{Xm, [ Z(1)¢;(t) dt}¢;(t)/A; and Uim = Xim — E(Xm) —
J7 9mO{Zi(t)—pz(t)} dt. Form =1,...,p, E(ui,,|Z1) < oo, and E(u{ up) is positive
definite with uy = (uqq, ... ,ulp)T.

Conditions (C1) and (C2) are adopted from Shin (2009), which make mild assumptions
on covariate X to ensure y/n-consistency of the estimated coefficient Oog.

12
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Theorem 3 Under Conditions (B2), (B3), (C1), (C2) and model (10), choosing the trun-
cation parameter q < nl/(7+25), we have

/T{EOR(t) —b(t)}2 dt = Op(n(*25+1)/(7+25)) '

Because EOR is theoretically equivalent to the least square estimator proposed by Shin
(2009) provided that the estimators of each component in the additive model are unique (Buja
et al., 1989), the theorem above is a direct result from Theorem 3.2 in Shin (2009) and thus
its proof is omitted. The convergence rate of bogr is the same as that of the estimated
slope function in the traditional functional linear regression (Hall and Horowitz, 2007), i.e
such rate remains unchanged despite of the additional estimation of #. Compared with
Theorem 2, the convergence rate here O,(n(~28+0/0+20)) = O,(n~1) - O,(nOFD/(0+20))
is much faster. Specifically, the part of the convergence rate Op(CQ(k) [kf%‘ + W2k +
Yz{(logn)/n}k/{nu(h)}]), which is the convergence rate of SUP(z z)ezxx [Thi(2, ) —mo(2, r)|?,
is replaced by a faster one, Op(n_l), because the nonparametric estimator 7y is not used.

According to the discussion at the end of Section 3.2, under model (4) and the assump-
tions of Theorem 1, bDR is consistent. If assumptions of Theorem 2 hold, it has the same
convergence rate as bFSW If the stronger model assumption (10) holds, then bDR enjoys
the same convergence rate as bOR, provided that Condition C is satisfied. This differs from
classical doubly robust estimators, whose consistency relies on correctly specifying one of
the two parametric models.

5. Selection of Tuning Parameters

For the FSW estimator, our methodology requires a kernel function K with a metric d, basis
functions v, and tuning parameters h, & and ¢q. Using a compactly supported kernel, K
would make the denominator of the first term in (9) too small for some Z; and destabilize the
maximization of Hpy 7, in (9). Therefore, we suggest using the Gaussian kernel, K(u) =
exp(—u?), with the semi-metric d being the L? norm. To develop a general estimation
strategy for 7wy, we standardize the X;’s and use a unified set of choices for 1. Letting
Xm'm = (mini{Xﬂ}?:l, ce ,mini{Xip}?zl)T, )(maX = (maxi{Xﬂ}?:l, ey maxi{Xip}?zl)T,
we transform the X;’s as follows,

2(Xz - Xmin)

Xi st —
’ Xmax - Xmin

-1,
so that they have support on [—1,1]. Let Xj;« be the j-th component of X and P, be
the ¢-th standard Legendre polynomial on [—1,1]. If k is given, we define v1(X;) = 1 and

Up(t—1)4j4+1(Xi) = Pe(Xijst), fori =1,...,n, i =1,...,pand £ = 1,...,(k—1)/p. We
restrict the range of k such that (k — 1)/p is a positive integer, and orthonormalize the
resulting matrix {vg(X1),..., (X)) .

One may select h,k and ¢ jointly by an L-fold cross-validation (CV), but this may
be computationally intensive. We suggest a two-stage CV procedure as follows. In the
first stage, we select the truncation parameter ¢ using the OR estimator. Specifically, we
randomly split the dataset into L parts, Si,...,Sr. Let S_y denote the remaining sample

13
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with §; excluded. We define the CV loss as

CVPR(q ZZ[ —a_ EOR—Zb, ZOR{/d’j fz(t dt~|—€”} 0 gORX] ,

l=11i€eSy

where a_y oR, 3j7_47OR and é\_AOR are obtained by applying the method in Section 3.2 to
S_s. We choose the truncation parameter as goy = argminge }CV%R(q), where qgg
is the number of principal components that can explain at least 99% of the variance of Z.

Noting that the rate requirements for ¢ in Theorem 1 and Theorem 2 are the same, we
thus use the same gcv in the FSW estimator. It remains to select A and k in the second
stage. We consider

CVESW(n, k)

L qov 2
:ZZ |:Y7Thk; —o(Z;, Xi) —a_grsw — Zb, eFSW{/ &)z (t )dt+§”}] ;
7=1

(=14€S,

where 57]- = JAHZi(t) - ﬁZ(t)}qAﬁj(t) dt is the estimated PC score, a_g psw, Zj7_g7FSW and
Thk,—¢ are obtained by applying the method in Section 3.1 to S_y. We choose the one from
a candidate set of {h, k} such that CV(h, k) is minimized.

As for the DR estimator, we still need to select the truncation parameter q. This can
be achieved by minimizing the CV loss,

CVDR(g ZZ[{Y B (Y| Xi, Z0)Yine—e(Xi, Z3) + ,S,Z{E o(Y1X;, Z0)}

{=11i€S, JESe
a_ R . 2
— a_g,DR — Z b ',—Z,DR{ / ?; (t)pz(t) dt + §ij }] )
— T
j=1

where |{-}| denotes the number of elements in the set {-}, a_;pr, E,E(Y\Xi,Zi), Thie,—¢
and b; _¢pr are obtained by applying the methods in Section 3.2 to S_j.

6. Simulation Study

In addition to the methods of functional stabilized weight (FSW), outcome regression (OR)
and double robustness (DR) developed in Section 3, we also consider the method using
the nonparametric principal component weight (PCW) proposed by Zhang et al. (2021),
which assumes the same functional linear model for the ADRF; the weight-modified kernel
ridge regression (WMKRR), a nonlinear method proposed by Wang et al. (2023); as well
as the direct functional linear regression (FLR) and kernel ridge regression (KRR) of Y
on Z. The FLR and KRR are expected to be biased if there are confounding effects. We
select the tuning parameters h, k and ¢ following the procedure in Section 5, and choose
the number of PCs used in estimating the PCW so as to explain 95% of the variance of
Z following Zhang et al. (2021). For a fair comparison, we use the truncation parameter
gcv in Section 5 for estimating b in all methods that utilize the functional linear model.
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Table 1: Mean (standard deviation) of the empirical mean squared error (MSE) of the
ADRF with the best values highlighted in boldface.

n = 200 6) (ii) (iii) (iv) V) (vi)
FSW  1.14 (0.66) 2.15 (1.36) 8.40 (3.60) 9.69 (10.08) 7.94 (12.86) 180.24 (42.74)
OR 111 (0.68)  6.96 (3.42)  6.85 (9.77)  11.55 (14.11)  29.52 (11.79)  192.79 (58.15)
DR 1.08 (0.66) 7.56 (3.65) 6.65 (9.56) 11.34 (14.36) 29.27 (12.12)  186.10 (52.82)
PCW 268 (1.90) 1298 (2.93) 13.10 (7.74)  16.13 (8.31)  16.17 (9.72)  186.84 (46.58)
FLR 493 (1.63) 978 (229) 21.53 (7.90)  22.98 (7.72)  37.98 (14.08)  205.45 (61.24)

WMKRR 830 (3.23)  22.67 (4.72) 25.07 (10.54) 2557 (10.67) 34.71 (14.18) 133.79 (40.30)
KRR 641 (1.83) 11.84(242) 2594 (6.59)  27.63 (6.60)  79.56 (21.87) 343.84 (158.34)

n = 500 6 (i) (iii) (iv) ) (vi)
FSW 050 (0.34) 1.36 (0.95) 5.82 (4.27) 4.57 (2.98) 3.60 (14.88) 173.47 (28.29
OR 042 (0.33)  6.42 (2.58) 161 (2.52)  5.66 (2.53)  25.33 (6.13)  169.20 (41.27
DR 0.38 (0.31) 6.86 (2.74) 1.52 (2.45) 5.64 (2.41)  25.39 (6.55)  166.22 (36.65
PCW  1.68 (1.08) 12.16 (1.85) 842 (3.54)  11.50 (3.05)  12.09 (7.21)  169.64 (34.34
FLR 4.31 (1.05)  9.00 (1.51) 17.74 (3.95) 18.83 (3.60)  33.14 (8.37)  174.16 (46.45)

WMKRR ~ 6.62 (2.37)  19.62 (3.52) 23.89 (9.77) 24.80 (10.01) 35.26 (11.86) 125.12 (32.51)
KRR 5.4 (1.06) 11.10 (1.54) 25.06 (4.22) 26.38 (4.33)  79.08 (14.62)  302.76 (79.42)

NIPE SN

The code to reproduce the simulation results for our methods and the FLR is available at
https://github.com/ruoxut/FunctionalTreatment.

We consider the sample sizes n = 200 and 500, and generate data for models (i) to
(v) as follows. For i = 1,...,n, we generate the functional treatment Z;(t), for ¢t € [0, 1],
by Zz(t) = Z?:l Aijgbj(t), where Ail = 4U,L'1, AZ‘Q = 2\/§U12, Aig = QﬂUig, Az’4 = 2Ui4,
Ais = Uis, Aig = Usg/ V2 with the Uij’s being the independent standard normal variables,
Bam—1(t) = v/2sin(2mmt) and ¢o,, (1) = V2 cos(2mnt) for m = 1,2, 3. For the slope function
b, we define b(t) = 2¢1(t) + ¢2(t) + ¢3(t) /2 + ¢4(t)/2. The Z;’s and b are the same as those
in Zhang et al. (2021). We consider five models for the covariate X; and the outcome
variable Y;:

(i) Xi =Un + e and Yi = 1+ [ b(t) Zi(t) dt + 2X; + €,
(i) X; = Ui +0.25¢;1 and Y; = 14 [ b(t) Z(t) dt + 5sin(X;) + €2,

(iii) X, = (Xila X; )T = {(Ui1+1)2+6i1, U»L‘Q}T and Y; = 1+f01 b(t)Zi(t) dt+2X;1+2X0+
€i2,

(iv) X; = (Xi, Xi2)" = {(Un + 1)+ €1,Upn} " and V; = 1 + fol b(t)Zi(t) dt + 2X; +
2 cos(X;1) + 5.5s8in(Xj0) + €9,

(v) Xi = (Xit, Xia) " = {(Uin+1)*eir, Ui} T and ¥ = 14 [ b(5) Zi(t) dt+-{ f b(t) Zi(t) i} /25+
2X;1 + 5.5sin(Xi2) + €2,

where ¢;1 ~ N(0,1) and €;3 ~ N(0,25) are generated independently. In addition, we also
consider a nonlinear model from Wang et al. (2023),

(Vi) X, = (Uﬂl, Uio1, Uiz, Ui41)T, Y, = 10{Ui21U2-211 + Ui241 Sin(2U131)} + 0.514?1 +4 Sin(Al'l),
Zl(t) = Z?:l Aijﬁsin(Qjﬂ't), fort e [0, 1], where A;1 = 4Uj11+Uj10, Ajp = 2\/§Ui21+
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Usaa, Ais = 2v/2U;31 4+ Usza, Ais = 2Ua1 + Usao, with the Uiji’s being the independent
standard normal variables.

The PC scores A;; of Z;(t) affect covariate X; linearly in models (i) and (ii) and nonlin-
early in models (iii) and (iv), and covariate X; affects the outcome variable Y; linearly
in models (i) and (iii) and nonlinearly in models (ii) and (iv). The functional linear
model (4) for the ADRF is correctly specified for models (i) to (iv), while the partially
linear model (10) is only correctly specified for models (i) and (iii). Under models (v) and
(vi), the functional linear model (4) for the ADRF is misspecified. Due to the confounding
effect of X, the FLR and KRR ignoring X are expected to be biased. For each com-
bination of model and sample size, we replicate 200 simulations and evaluate the results
by the empirical mean squared error (MSE) of the ADRF following Wang et al. (2023),
MSE = Z?ZI[E{Y*(ZZ)} — E{Y*(Z)}]?/n, where E(-) denotes a generic estimator of the
ADREF.

Table 1 summarizes the mean and the standard deviation of the MSEs for all configu-
rations. Our proposed estimators FSW, OR and DR outperform the other methods under
models (i)—(iv). In particular, our three estimators are close to each other and are better
than the others under models (i) and (iii), where covariate X affects the outcome variable Y’
linearly. Under models (ii) and (iv) where the partially linear model (10) is misspecified, the
FSW performs the best, followed by the OR and DR, and it is worth noting that the latter
two still perform better than the other methods. Under model (v) where the functional
linear model is misspecified, the FSW remarkably performs the best, followed by the PCW,
while the FLR and WMKRR perform similarly. Under model (v), the FSW is expected to
be biased. The performance of PCW is better than FLR but inferior to our methods under
models (i)—(iv). The WMRKK performs the best under model (vi), but its performance is
not satisfactory under models (i)—(v).

To give visualization of representative estimated slope functions, we show the quartile
curves of the samples corresponding to the first, second and third quartile values of 200
MSEs for model (i) in Figure 2. It can be seen that the estimated curves using the FSW,
OR and DR are close to the truth when n = 500, while the PCW is more variable and
the FLR is more biased. Figure 3 corresponds to the results under model (iv), i.e., a more
challenging model structure. The differences among the estimators are more significant:
FSW performs the best, followed by the DR, OR and PCW, while the FLR is more biased
than the others.

We also conduct a small-scale running time comparison of our estimator FSW and
the WMKRR proposed by Wang et al. (2023). Both estimators contain the same weight
function 7y estimated by different nonparametric methods. We compare the running time
of computing the two estimators of my, including selection of the tuning parameters. The
experiments were carried out on a PC with an i7-12700 CPU and 16 GB RAM. As an
illustration, model (i) is used as the data generation model with n = 100,500 and 1000. We
repeat the experiments 10 times. The values of averaged running time in seconds are 6.19
(n = 100), 37.28 (n = 500) and 236.88 (n = 1000) for the FSW, while the corresponding
values for the WMKRR are 36.27, 204.77 and 440.67. We see that, for the given model,
computing the estimator of mg using the FSW is much faster than that using the WMKRR.
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Figure 2: True curve (—), first (— — —), second (—-—) and third (- - -) quartile estimated
slope functions under model (i) with n = 200 and 500 for all methods.

7. Real Data Analysis

We illustrate the estimation of the ADRF using the five methods, FSW, OR, DR, PCW
and FLR, on the electroencephalography (EEG) dataset from Ciarleglio et al. (2022). The
EEG is a relatively low-cost tool to measure human neuronal activities. The measurements
are taken from multiple electrodes placed on the scalps of subjects, and they are then pro-
cessed and transformed to produce current source density curves on the frequency domain,
which can provide information on the intensity of neuronal activities. In particular, the
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Figure 3: True curve (—), first (— — —), second (—-—) and third (- - -) quartile estimated
slope functions under model (iv) with n = 200 and 500 for all methods.

frontal asymmetry curves, considered potential biomarkers for major depressive disorder,
are treated as the functional treatment variable Z(t), for ¢ € [4,31.75] Hz. The outcome
variable Y is defined as log(Y + 1), where Y is the quick inventory of depressive symp-
tomatology (QIDS) score measuring the severity of depressive symptomatology. A larger
value of Y indicates a more severe depressive disorder. We investigate the causal effect of
neuronal activities represented by the frontal asymmetry curves on the severity of major
depressive disorder. Potential confounding covariates X = (X1, Xo, X3)T include age X7,
sex X2 (1 for female and 0 for male) and Edinburgh Handedness Inventory score X3 (rang-
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Figure 4: Left: the estimated slope functions using FSW (—), OR (- -), DR (- - -), PCW
(--+) and FLR (o); middle: the frontal asymmetry curves corresponding to the smallest (o),
median (+) and largest (x) average values over 4 to 15 Hz; right: the estimated E{Y*(Z)}
of the three selected curves with marks corresponding to the middle panel.

ing from —100 to 100 corresponding to completely left to right handedness). Individuals
with missing Z (29.6% of the total sample) are removed, which results in a sample of size 85
males and 151 females. The means (standard deviations) of Y, X; and X3 are 2.73 (0.72),
35.97 (13.07) and 72.69 (48.76), respectively. For comparison of the estimated ADRF using
different methods, the confounding variables X are centralized.

We use the number of PCs explaining 95% of the variance of Z (equal to 11 for this
dataset) in estimating the PCW. We choose the truncation parameter ¢ by gcy to estimate
the slope function b for all methods and choose h and k used in FSW by minimizing CVESW
as in Section 5. As a result, gov = 2 is used, which can explain about 80% of the variance
of Z.

The left panel of Figure 4 shows the estimated slope functions. All the estimated slope
functions have the same increasing trend over frequencies, while they have a negative effect
on the outcome variable for low frequencies. In other words, subjects with higher frontal
asymmetry values on the low-frequency domain tend to be healthier. This is consistent
with the observations in Ciarleglio et al. (2022), where it was found a negative association
between the frontal asymmetry curves and the major depressive disorder status using their
functional regression model. More specifically, in the left panel of Figure 4, the estimated
slope function of FSW is the steepest and shows the largest effect in the low-frequency
domain. In contrast, the estimated slope function of FLR has the overall smallest absolute
values; the other three curves are quite close to each other.

To visualize the above negative effect in the estimated slope function, we compute the
estimated ADRF E{Y*(z)} of three curves, which correspond to the smallest, median and
largest average frontal asymmetry values over low frequencies 4 to 15 Hz. The middle
panel of Figure 4 exhibits the selected curves and the right panel shows the corresponding
estimated E{Y*(2)} using all methods, which are around 2.9, 2.8 and 2.3 for the three
curves, respectively.
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8. Discussion

In the case of a functional treatment variable, we propose three estimators of the ADRF,
namely, the FSW, OR and DR estimators, based on the functional linear model for the
ADRF. The consistency of the FSW estimator relies on the functional linear model of
E{Y*(z)} by developing a nonparametric estimator of the weight; while the OR estimator
requires a more restrictive linear model for Y regressed on (Z, X). The DR estimator is
consistent if either of the first two estimators is consistent.

It is of interest to construct the confidence band for the slope function to better quantify
the ADRF or ATE, which, however, is difficult even in the simpler context of functional
linear regression. As shown in Cardot et al. (2007), it is impossible for an estimator of
the slope function to converge in distribution to a nondegenerate random element under
the norm topology. For the OR estimator, it is possible to adapt the method proposed by
Imaizumi and Kato (2019) to our context to construct an approximate confidence band.
For the other two estimators, the construction of the confidence band is challenging due
to the less restrictive modelling assumption and the nonparametric estimator of the FSW,
which warrants further investigation.
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Appendix A. Proof of Proposition 1

Proof The ‘if’ part follows from (7), and thus we show the ‘only if’ part below. Suppose
E{r(z, X)v(X)|Z = z} = E{v(X)},
for all integrable functions v. Since E{v(X)} = E{mo(z, X)v(X)|Z = z} for all integrable
functions v, we have
E[{n(z,X) —mo(z, X)}v(X)|Z = 2}] =0.
Taking v(X) = exp(ia' X) for all a € RP, we have
E[{n(2,X) — mo(z, X)} exp(ia' X)|Z = 2}] = 0,
According to the uniqueness of the Fourier transformation, we conclude that w(z,:) =

mo(z,-) a.s.
|

Appendix B. Generalized empirical likelihood interpretation of 7y,

To gain more insight on the function p, we investigate the generalized empirical likelihood
interpretation of our estimator. We show that the estimator defined by (9) is the dual
solution to the following local generalized empirical likelihood maximization problem. For
each Z;, 1 =1,...,n,
-_  2jes., Pin(Zi, X;)YKAd(Z;, Zi) [0}
{(n(Z:.X))}jes_, Yjes., K{d(Z;,Z;)/h} ’
» >jes . ™(Zi, Xj)vi(X5)KA{d(Z;, Zi) | h} 1 S (X))
. = k i)
Y jes., KAd(Z;, Zi)[h} n—1 !

JES—i

(12)

where D(w) is a distance measure between w and 1 for w € R. The function D(v) is
continuously differentiable satisfying D(1) = 0 and p(—u) = D{D' "V (u)} —u - D'V (w),
where D=1 is the inverse function of D', the first derivative of D. Different choices of
p correspond to different distance measures. For example, if we take p(v) = —exp(—v —
1), then D(v) = —wvlog(v) is the information entropy and the weights correspond to the
exponential tilting (Imbens et al., 1998). Other choices include p(v) = log(v) + 1 with
D(v) = —log(v), the empirical likelihood (Owen, 1988), and p(v) = —(1 — v)?/2 with
D(v) = (1—v)?/2, yielding the implied weights of the continuous updating of the generalized
method of moments (Hansen et al., 1996).

Following Tseng and Bertsekas (1991), we show that the dual problem of (12) is to
maximize Hpy 7z, in (9). For each i =1,....n, welet iy = > .5  vk(X;)/(n— 1), Kjj =
K{d(ZjﬂZi)/h}/[ZjeS,i K{d(ZJ,ZZ)/h}], T = W(Zi,Xj) and Wij = Kl‘jﬂ'ij, fOI‘j € S_i.
Moreover, let D;;j(v) = D(v/Kyj), Vi, = (V’f(Xj))jes_i € RF*(n=1) 4 = (wij);res,iv and
F(wl) = ZjES_i Dl](wl])KU Then, (12) can be written as
min F(w;), s.t. Vyw; = v . (13)

Wy
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We define the conjugate convex function of F as
F*(U) = sup Z {ijij — KijDij(wij)}
Y jes-i
= sup > Ky{umy — D(my)}
{mij}ies_; jes ,
= Z Kij{ujmi; — D(mi;)},
JES

where the 7' y ’

s satisfy
uj = D/(W;"j) = m = Dl(fl)(u]—), j=1,...,n,
by taking the first order condition. It follows that
Fr(u) = — Z Kijp(—u;) (14)

JES

where p(—u) = D{D'(—l)(u)} —y- D’(—l)(u)‘
Following Tseng and Bertsekas (1991) and using (14), we conclude that the dual problem
of (12) is

T
* — Vk X
max{—F*(n' Vi) + n' 7} = max Z [Kijp{—nTl/k(Xj)} 1SS ( ])]
neRk neRk jes. n—1
Tue(X;
= max [szp{nTVk(XJ)} — 7H(J):| — max Hhk,Zi (77) .
neRF jes. n—1 neRF

Appendix C. Proof of Double Robustness in (11)

Recall from Section 2 that E{Y*(2)} = E{Yno(X, Z2)|Z = 2} = E{E(Y|X,Z = z)}. First
assuming that E(Y|X,Z) = E(Y|X, Z), then we have

E{Y — E(Y|X, 2)}%(X, Z) + Ex{E(Y|X, Z)}|Z = 7]
—E{Y —BE(Y|X,2}%(X,Z2)|Z = 2| + E{E(Y|X, Z = 2)}
=E{Y"(2)},

where the second equality follows from the law of total expectation.
Assuming that 7(X, Z) = mo(X, Z) = fx(X)/fx|z(X|Z), we have

E{Y — E(Y|X, 2)}%(X, Z) + Ex{E(Y|X, 2)}|Z = 7]
= E{Ym(X,2)|Z = 2} — E{E(Y|X, Z)no(X, Z)|Z = 2} + Ex{E(Y|X, Z)}|Z = 7]

= E{Y*(2)} — /E(Y|X = 2,7 = 2)fx(z)dz + /me = 2,7 = 2)fx(z)dx
= E{Y*(2)}.

Therefore, the doubly robust property is proved.
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Appendix D. Proof of Theorem 1
Proof Recall from Section 3.1 that
Tn(Zi, Xi) = o/ {ii g, ve(X0)}

where 7)z, is a k-dimensional vector maximizing the strictly concave function Hyy, 7z, defined
by

4 T (X VZYK{d(Z;, Z:) /b
HWi(n):Ejes,ip{n (XG)YEAd(Z), Zi)/hy T{ 1 3 Vk(Xj)}‘

> jes , K{d(Z;, Zi)/h} -1 JES_;
For a fixed z € L?(T), we have

T2, X;) = p' {71, ve(X5) 1},

where 7), is a k-dimensional vector maximizing Hpy, , defined by

Z i€S_; p{nTVk<Xj)}K{d(Zj7 Z)/h} 1
s s KWz, T{ 2 ”k‘Xj)}'

Hyp.(n) =

Here, S_; is independent of Z; for i =1,... n.
Let Hj,. .(n) be the theoretical counterpart of Hyy .(n),

. _ Elp{n"vi(X)}K{d(Z,z)/h}]
Hine () = = B (R (2, 2 ))

—n" E{ui(X)},

n: = argmax;, cpy Hpy (1) and 7y, (2, 2) = o' {n: Tup(z)}).
Note that
sup [Tk (2, x) — mo(2, 7))
(z,x)EZXX
< sup  [Twk(z, @) — m(z )[4+ sup (2, @) — mo(z, @)
(z,x)€EZXX (z,x)€EZXX

To prove Theorem 1, it suffices to prove the convergence rates for the two terms on the
right-hand side of the above inequality. Lemmas 2 and 3 provide such results. Lemma 1 is
needed to prove Lemmas 2 and 3.

|

Lemma 1 Let

D oies.; Gk ko, ( X)) K{d(Z), 2)/h}
(n — 1)E[K{d(Z;,2)/h}] ’

é\14317162 (Z) =

where gi, k,.» 15 defined in (A6), and

Yjes_, K{d(Z;,z)/h}

flz) = (n— V)E[K{d(Z;,2)/h}]
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Under Conditions (A4) to (A7), we have

suplf(z) — 1] = oa.c.{ W{(l"g”)/n}}

2€Z nu(h)

;P(Znelgf(z) < ;) <00,

Sug|E{€k1,k2(Z)} - E[gkhkz,z(X)’Z = Z” = O(h)\) y Vki, ko € {17 ceey k}v
FAS

sup|’e\k17k2(z) — E{/e\kl,;w(z)}] = Oa.c. }, Vkl, kQ € {1, e k},

z€EZ

{ vz{(logn)/n}
nyi(h)

hold uniformly over k.

Proof

Note that for all ki,ko = 1,...,k, gk, ko~ is & scalar function, and Condition (A6) is
assumed uniformly over k. Therefore, Lemmas 8 to 11 in Ferraty et al. (2010) can be used
to derive the lemma above. Also, note the O, .. denotes the almost complete convergence,
which implies the almost sure convergence and convergence in probability. |

Lemma 2 Under Conditions (A1) to (A6), we have

sup |mr(z,x) — mo(z,x)| = O{C(k) (k™ + h)‘\/%)}
(z,x)€EZXX

Proof We first prove that

sup [mo(z, ) — p'{n] v(2)}| = O(k™), (16)
(zx)eZxX

where 7, is given in Condition (A2).
Recall that p is a strictly increasing and concave function, so p'(-1) is strictly decreasing.
Thus, we have

P (e) < it T m(z,2)} < sup T mo(z, @)} < (),
(z,2)EZXX (z,x)EZXX

for some positive constants ci, ¢z, because my(z, ) is bounded away from zero and infinity
by Condition (A1). According to Condition (A2), there exists a constant C; > 0 such that

sup |/ ] mo(z,2)} — 0l v(x)] < CLET.
(z,x)EZxX

Thus, we have, Vz € Z and Vz € X,

nlvi(z) € [N mo(z, )} — Crk™, o {mo (2, 2) } + C1k ™
C [0V (c2) = Crk™, o (1) + Cik
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and
P {nl vi(@) + Crk™} — p'{n] vi(x)}
<mo(z,x) — p'{n] vi(x)}
<o) vi(x) — Crk™} — p'{n) vi(2)} . (18)
By the mean value theorem, for k large enough, there exist
&1(z2) € (il ve(@), nl v (@) + Crk™) C [0 (ca) = C1k™*, "D (er) + 20167 C Ty,
&(z,2) € (] vil(x) — Crk™* 0t vi(2)) € [0V (e2) — 2C16~, o'V (er) + C1k™] C Ty,
such that
P {nl vi(x) + Crk™} — p'{n) ve(2)} = p"{& (2, 2)}C1k™® > inf p"(u)C1k™,
u€el

p'{nl ve(z) — C1k™} — p'{n) vk (2)} = —p"{&(z,2)}C1k™* < sup {—p"(u)}Crk™,

(19)

where
Iy = [ (e2) = 1,0 V() + 1.

Note that max{—inf,cr, p"(u),sup,cp, {—p"(u)}} is a positive and finite constant, because
I'; is compact and p” is continuous and strictly negative. Thus, the claim (16) is proved
using (18) and (19).

Next, we compute a bound for sup.cz [|[VHj; ,(n:)[. We have

sup IV Hpy, . (n:)l

Blp'{n vi(X) v (X)K{d(Z, 2) /h}]

- B ()

s E[K{d(Z,2)/h}]
Ty v z

+sup |E ([ {n] vi(X)} = mo(z, X)|we(X)|Z = 2) |

k
<\ > sw
k=1 z€EZ

+ sup o' {n)wi(@)} — mo(z, @) = OWVER + k%), (20)
(zx)€ZXX

Blp'{n] ve(X)}ow (X)K{d(Z, 2) /h}] ’

E[K{d(Z,2)/h}]

— Elp'{n] vi(X) }op (X)|Z = 2]

where Lemma 1 and equation (16) are used for the last inequality.
For all z € Z and for some constant Co > 0 (to be chosen later), define the set

Az ={neR":[ln—n.| < Colk™™ + h*VE)} .
By Condition (A3), we have Vn € A,

sup n" k() = nlvi(@)] < [ln = n.| sup i (@) < Colk™ + PVE)( (k)
xe re
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so that Vo € X and for sufficiently large k, by (17),

0" vi()
€V (e2) = k™ = Co(k™ + BAVE)((R), 9D (e1) + Crk™ + Co(k™* + WVER)C(R)] C Ty
(21)

Based on (20), there exists a Cy > 0 that is independent of z such that sup,cz [|VH, _(n.)] <
Cy(k=* + h’/k). For any n € A, ie. ||n —n.|| = Co(k~* + h*VE), by the mean value

theorem we have
Hﬁkm(ﬁ) - H;z(k,z 772)
T * 1 T2 r7* —
=(n—n2) VHy, . n:) + 5(77 —n.) V Hhk,z(nz)(ﬁ —12)
<|ln = n:AIVHp .(n:)|l

1 Elp"{n] vi(X)}K{d(Z, 2) [ h}vp(X)ve(X) ]
+7(77_772)T E[K{d(Z,2)/h}] (n —n2)

2
(n— nz)T[E{Vk(X)Vk(X)T’Z =z} + O(hA)kak] (n—n2)

< lln = eIV Hi, (02| —
* a1 )\min+0 hAk
< fln = e { IV H ) - PPAmin OO,

<l =1 {C1 (k™ + W VE) = ar{Aumin + (1)} Ca (k™ + 1*VE) /2}

(
(

ay
2

where Jix is the kxk matrix of ones, 7, lies between n and 1, on A, a1 = inf,ep, {—p" (u)} >
0 uniformly in z € Z, Apin = inf,cz A\, min With A, min the smallest eigenvalue of E{vy(X)vy (X)T\Z =
z}, and we used O(h k) = o(1), Lemma 1 and Condition (A3). Therefore, we choose

2Cy
@1 Amin ’

Cy >

so that Hyy, (n) < Hpy (n.), for n € OA,. Since Hp;  is continuous, there is a local
maximum of Hj, . in the interior of A,. On the other hand, Hj, , is a strictly concave
function with the unique maximum at n}. Therefore, we conclude that n} € A9, i.e. ||n} —
n.|| < Co(k~* 4+ h*VE). Note that Cy is independent of z so that

sup It = n2l| < Co(k™ + b MWE) . (22)
ze

Recalling (21) and using (22) and Condition (A3), for large enough k, we have

sup |p'{n i (@)} — o' {n] vi(2)}

(z2)EZXX
= sup (€ (=, 2)}In: vi(z) — ) vi(@)]
(z,x)eZxX
< @y 8up 7% — n-ll sup k()] < a2Ca(k™ + PAVE)((K) (23)
z€ S
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where £*(z,2) € Ty lies between 7} ' vg(2) and 7, vj(z) and az = sup,er, |p”(u)|. Finally,
using (16) and (23), we conclude that

sup  |mri(z,x) — mo(z, )

(z2)EZXX
< swpmp(z2) = o't w(@)} 4+ sup |0 {n) ve(2)} — mo(z, )|
(z,x)€EZXX (zx)eZxX

= O{C(k) (k™ + V).

Lemma 3 Under Conditions (A1) to (A7), we have

o vz{(logn)/n}k
L [Fes) = wi(e) o{«k)\/ i) }

Proof The key step is to provide the convergence rate of sup,cz ||, — nZ||, for which we
need to provide the convergence rate of sup,cz [|VHp . (n3)||. For all z € Z, we write

Yjes, KAd(Z;, 2) [ hvi(X5)w(X;5) T
Yjes, K{d(Z;, 2)/h}
BIK{d(Z,2)/hyvi(X)ve(X) ] L (= DEK{d(Z, 2)/h}]

S, =

E[K{d(Z, z)/h}] > jes., K{d(Zj,2)/h}
y [Zjes KAd(Z5, 2) /e (X5)ve(X5) T BIK{d(Z, 2) /Ry ve(X)vi(X)T]
(n —1)E[K{d(Z, z)/h}] E[K{d(Z,z)/h}]

. (1 _ (n = 1E[K{d(Z, Z)/h}]> BIK{d(Z,2)/hyvi(X)ve(X) ]
2 jes_, K{d(Z;;2)/h} E[K{d(Z,2)/h}]
_ BIK{d(Z,2)/Mve(X)vi(X)T] | (n — 1) E[K{d(Z,2)/h}] ¥ A s
E[K{d(Z,2)/h}] 2jes_ K{d(Zj, 2)/h} a
BIE{d(Z, 2)/hyvi(X)v(X) ]
E[K{d(Z,2)/h}]

- AQ,Z X

(24)
It follows from Lemma 1 that

o) fezttogmymy 6 fus{(ogn)/n)
i‘éﬁ“‘““”“‘o{ nalh) }J’”’f d sup Aa.s 0{ nu(h) }

Using Lemma 1 again, we have

(n — V)E[K{d(Z, )/h}]
o s K(d(Zoo)/h}
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and for any fixed k and all z € Z

B[E{d(Z, 2)/h}vi(X)ve(X) ]

E[K{d(Z, 2)/h}] = Bl (X)m(X) 112 = 2],

as n — oo, whose eigenvalues are bounded away from zero and infinity uniformly in k& and

z by Condition (A3).
Combing the results above, we deduce that for all z € Z,

o E[E{d(Z,2)/ WX (X)T] b2{(log n)/n}
= T BR (d(Z.2) ) *O{ npa(h) }J’“’“' (25)

By Conditions (A3) and (A5), for h sufficiently small, there exist two positive constants
s1 and s9 that are independent of z such that

EIK{d(Z, 2)/h}ue(X)vi(X)T]
0<s1 < )\min< E[K{d(Z, z)/h}]k )

BL (d(Z,2) /v (X)m(X) T
< Amax( E[K{d(Z7 Z)/h}]

>§52<oo, (26)

where Apin(A) and Apax(A) denote the minimum and maximum eigenvalues of A, respec-
tively. Consider the event set for all z € Z,

Ea(z) = {m ) Baln - m2)

z 14 1% T S
> (g =) (PSR Y= n oz

Using (25) and (26), we deduce that for h sufficiently small,

P(&n(2)) =1. (27)

On the other hand, noting that by defition of 7},

Blp'{n:"ve(X)}K{d(Z, 2) / h}vi (X))

E[K{d(Z, 2)/h}] = Bt X}
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we have

sup ||V Hp (117 |

ZEZ
| ges, AT (XY AA(Z,2) R (X)) 1 |
= ilelg Zjes_i K{d(Z;,z)/h} n—1 jezs:i ve(X5)
- P T (X)) K {d(Z), 2) Wi (X)
S lElln -1 & E[K{d(Z,=)/h}]
Bl {n: vk (X)}K{d(Z, 2) [P }v (X , 1 ,
ez s |+ e % i
+ || Sz PO XY EAd(Z, 2) B j><zjes_ K{d(Z;,2)/h} >H
e > ies, K{d(Z;,2)/h} (n — ) E[K{d(Z, 2)/h}]

of fizllemnimi) O<\/?> cof feetlosnimil _of [ozilozmimiy
ny(h) n ny(h) ny(h)

where Lemma 1 is used for the second equality. This means that there exists a constant

C3 > 0 that is independent of z such that

wg{(logn)/n}k.

nyi(h) (28)

sup |VHpg,-(n7)|| < Cs \/

z2EZ

For some Cy > 0 (to be chosen later), define the set

A= {17 eRF: In—ni| < 0403\/%{(71105(2;/71%} |

For all n € lA\Z, x € X, and for sufficiently large n and k, by Condition (A3), (17) and (22),
we have

Vz{(logn)/n}tk
nu(h)

I vi (@) = nx T ve(@)ll < lln =0z lve ()] < 0403\/ ¢(k)

= ' vg(x)

c [néTVk(:v) - 0403\/ velosm)/mik ) Ty (e) + 0403\/ Yz{llogn)/n}k C(k:)}

nu(h) nu(h)

< [# e — e - ol +1VE) - i \/ ve (e

Yz{(logn)/n}tk
oI )
cTy= [ D) = 1,0V (er) +1]. (29)

C(k),

PV (e1) + CLE™ + Co (k™ + WMVE) + C4Cs \/
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By the mean value theorem, for any 1 € dA., we have, based on the fact that P(&u(2)) =
1 from (27),

Hpp,2 (1) — Hpp,2(02)

= (0= ) "V Hugoo () + = (7 — 0%) V2 g2 (1) (7 — 177)

2
< lln = 21V Hae (21| = 5 (0 = )T S = )

a z 1% 14 T S
R R M e e L (s

* *k a * *
<l = 21V H - (r2) | — 20— nzf(slkak = o ) 12
* * a *
< I =2 (19 H o)1 = §lly =21 ) (30)

where 7j € A, lies between 1 and n*, a = infuer, {—p”(u)} > 0 and the third inequality
follows from (26). Therefore, we choose

4

C4 > —

a31
so that Hpp.(n) < Hpk(n.), for n € 87\2. On the other hand, we know that 7, is
the unique maximum point of Hp .(n). It follows that 7, € AZ(e), ie. |7, —ni] <
C14Cs/tz{(logn)/n}k/nu(h). Noting that Cy and C3 are independent of 2z, we conclude

that
sup 7 ] = 0{\/ peifoemy/nit (31)

Finally, we are able to prove the convergence rate for sup(, ,yczxx [The(z, ¥) =75, (2, )|
By the mean value theorem, we have

Tni (2, @) — whi (2, 2) = p' {0 vi(2)} = p' {0t (@)} = " (] i (@)} (0 — %) ")
where 77, lies between 7, and 7}. From (29) and (31), we have

sup |p" {7, vi(2)} = O(1). (32)

(z,x)eZxX

It follows that by combining (31), (32) and Condition (A3),

sup |%hk(zax) _W;k(za$)|
(z,x)€EZXX

1 k
< sup ‘p”{ﬁzTVk(a?)}’ sup |7, — nz | sup ||vg(z)]| = O{Q(k)\/¢2{( ogn)/n} } _
(2,7)€ZXX 2€Z zeX nu(h)
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Appendix E. Proof of Theorem 2

To aid the proof of Theorem 2, we need the following lemma.

Lemma 4 Let £ = E4(n) = {)\g/2 > |G — G|lo}, where |M|o = [ [ M2(s,t)dsdt for a
symmetric bivariate function M. Under Conditions (B1) to (B3), we have

P(&) — 1,
as n — oQ.

Proof This follows from Section 5.1 of Hall and Horowitz (2007). |

We give the formal proof of Theorem 2.
Proof From (5.2) of Hall and Horowitz (2007), we know that sup, |A; — ;| < [|G — G|o,
where || - ||o is defined in Lemma 4. Let £ = {\;/2 > |G — Gllo}. We conclude that

A <A< g)\ (33)

N | =

for j =1,...,q, provided that the event & holds. We see from Lemma 4 that P(&;) — 1
as n — oo. Therefore, since our result is probabilistic, we can argue under the assumption
that the event &, holds.

Recall that /b\FSW = Z?‘:l ?)\std‘g/b\j, where /BFSW,j = /):j_lé\psw,j. Write ZFSWJ B] +

AN (Sj1 4 S + Sjs), where by = ATt [e(t)¢;(t) dt, Sp :AfT{é\st(t) e(t)}o;(t) dt,

Sip = Jr e({B5(1) — d5(0} dt and Sjs = [ {Ersw(t) — e()}{9,(1) — b;(1)} dt. Using (33)
and the fact that Sj3 < |lersw — el?||¢; — ¢;]1?, we have

%+ %)

Il
—

q o~ -
> (brsw; —
j=1

VAN
. i)
-

/\;Q(Sfl + 5% + S33)

<
Il
-

IN

q
12) NS 4 Sh) +12) AP Ersw — el®lld; — ¢il? (34)

=1

-

<
I
—

Also, we have

/T{qu;bjﬁgj(t)b(t)rdtSQ/ [zq: {6i(t) — 6;(t) } dt 42 Z b2

Jj=q+1

§2q2b§||$j—¢jll2+2 > b (35)

j=1 J=q+1
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Using (34) and (35), we have
/ {brsw () — b(t)}2 dt
-
q q q 2
= /T { > brsw. () — Y bidi(t) + > bio 2%@ )+ Y bidy(t) — b(t)} dt
; ~

Jj=1 Jj=1 j=1
q - . q . . 2
<3 (brswy — b)) +3> (b — b))’ + 3/7 { > bigs(t) - b(t)} dt
j=1 j=1 j=1
q
<36) A(SH+S +362 Sllersw — ell® + ab?) |65 — 651> + 6 Z b;
J=1 J=q+1
+ 0p(n~ O/ (r+28)y (36)

where Z?zl(l;j —b;)? = 0,(n~F=1/(F28)) is used for the last inequality. This can be
proved following the same argument of proving (5.11) in Hall and Horowitz (2007) with the
response Variable Y replaced by Ymy(Z, X). Also, using ¢ < nt/(+28) and Condition (B3),
we have 372 ] = fqoo t=28 dt = O(n=(28=1/0+28)) From Condition (B2), we know that
there exists a constant C7 > 1 such that A\; > Clj_V. From (5.21) and (5.22) of Hall and
Horowitz (2007), we know that H&ﬁ\] qﬁjHQ = Op(j°>n~'). Finally, using (5.30) and (5.31)

of Hall and Horowitz (2007), we have Z; 1A 5]2 = 0,(n~(F=1/(+28)) " Combining these

results with (36), we deduce that there exists a constant Cy > 0 such that

q
[r {brsw (t) — b()}2 dt < Co Y A %(SH + [[ersw — el|*52n 1) + Op(n~ =D/ 1H26))

(37)

It remains to provide the convergence rates of 5321 and |ersw — €.
Recall that

ersw(t) = % > AFn(Zi, Xo)Yi = fiv H{Zi(t) — (D)}
i=1

where ﬂyﬂr = Z?:l %hk(Zqu)Yz/n Let
_ 1 _ -
e(t) = - Z {m0(Zi, X:)Ys — py,x }{ Zi(t) — 1a(t)}
i=1
where fiy. = > m0(Zi, X;)Yi/n. Also, recall from the Karhunen-Loéve expansion that
Zi(t) = p(t) + 3252, &ij#;(t), where the PC scores §;; satisfy E(&;;) = 0, E( fj) = )\; and
E(&i;&ij) = 0 for j # j'.
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Defining € = >0 | ¢;/n and & = Y1 | &;/n, we can write

S = [ {ersw(t) =20 +2t0) — ()} 0 e

S 2 X) ~ YimoZ0 X,) — v + ) | 420 = awyo ) an
=1
+ = Z{Yﬂo Z;, Xi) uyﬂ}/{Z 1(t)}o;(t) dt — E[{Ymo(Z, X) = py,}¢;]

= Z Yil@n(Zi, Xi) — m0(Zi, Xi) HEij — &)
=1

+ % Z |:/ b(t){Zi(t) — ﬁ(t)} dt + € — €:| (fm — 5_]) — E[{Yﬂ'o(Z,X) — #Y,W}gj]
i=1 L/T
= Ajl + Ajg + Ajg + Aj4 R (38)

where

Aj1 = %ZYi{%hk(Zini) —7m0(Zi, Xi) (& — &)

i=1

TS < [z - ele; [wozoal).

=1

Z{f’mfz — E(&jei)}

A= /T (Oat) dt — Eje.

We next provide the convergence rates for the Aji’s sequentially.
First note that E(; — &)* = (n — I)E(ﬁf)/n = O(\;) by Condition (B2). It follows
that

36— 6 = 0y (39)
=1

Using the Cauchy-Schwarz inequality, we have

13 1/2 1 B 1/2
|Aj1] < sup  [Thi(z,2) — mo(z, @ <n ZYf) (n Z(fzy —fj)2>

(z,x)€ZXX i—1

=0 [C(k){/c‘a + Mk + \/W{(;Of(g/n}k H - Op(1) - Op(A

-0, [Al/ % (k){k‘a + MV + \/ wZ{(;Of(Z;/ nik H , (40)

1/2
i)
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based on Theorem 1 and (39).
For Ajo, we have

var(Aj;) < iE{g% /sz(t)Zf(t) dt} < %{E(éﬁ)}m {E{ [rb4(t)z4(t) dtH v 0(?;) :

where the last equality follows from Condition (B2). Similarly, we have

var(Ajs) < %E(€J2-62) < % E(ﬁ?)E(e‘l) _ O(ij) ’

where the last equality follows from Conditions (B2) and (C1). It follows that

te=0, (%), an=o0,(yf) a

Note that 1 — p and € — E(e) a.s. as n — oo by the law of large numbers, and p and
E(e) are bounded. It follows that [ b(t)fi(t) dt and € are bounded for large n. Thus, there
exists a constant C3 > 0 such that for n sufficiently large,

_ - i
43 < i = 0, JE@)} = 0,/ (42)
Combing (38), (39), (41) and (42), we conclude that
2 2 —2a 2\ Yz{(logn)/n}tk
e , . 4
55 OP[AJC (k:){k‘ + h*k + np(h) (43)
As for ||epsw — e]|?, we have
[ersw — e]|* < 2l[érsw — €l|* +2[[€ — el|*,

where

lersw(t) —e(t)]

= %Z Yi{@hi(Zi, Xi) — mo(Zi, Xo) HZi(t) — ﬁ(t)}‘
i=1

n

1 1/2 1 1/2
< sup |muk(z,x) — 7oz, x < Yf) [ Zi(t) — u(t 2} .
LR TR 9t R E SO RCH
It follows by using Theorem 1 and the fact that Y7 | [{Zi(t)—7i(t)}* dt/n — [;var{Z(t)}dt =
O(1) as n — oo that

R _ B logn)/n}tk

¢ —62:O[§2k‘{k‘ 2y 2y, 4 P2l .

fersw — 2 = 0, 2(#) e

Also, the standard result on the convergence rate of the empirical mean estimator gives
|€ — e|> = Op(n~1). Therefore, we conclude that

~ el = 2 —2a 2\ Yz{(logn)/n}tk
[eesw — el = 0, |y { k-2 4 2ty P2ACOEMIEL) (44)

The proof is completed by combining (37), (43) and (44).
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