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Abstract

The traditional multi-armed bandit (MAB) model for recommendation systems assumes the
user stays in the system for the entire learning horizon. In new online education platforms
such as ALEKS or new video recommendation systems such as TikTok, the amount of time
a user spends on the app depends on how engaging the recommended contents are. Users
may temporarily leave the system if the recommended items cannot engage the users. To
understand the exploration, exploitation, and engagement in these systems, we propose
a new model, called MAB-A where “A” stands for abandonment and the abandonment
probability depends on the current recommended item and the user’s past experience
(called state). We propose two algorithms, ULCB and KL-ULCB, both of which do more
exploration (being optimistic) when the user likes the previous recommended item and
less exploration (being pessimistic) when the user does not. We prove that both ULCB
and KL-ULCB achieve logarithmic regret, O(log K), where K is the number of visits (or
episodes). Furthermore, the regret bound under KL-ULCB is asymptotically sharp. We
also extend the proposed algorithms to the general-state setting. Simulation results show
that the proposed algorithms have significantly lower regret than the traditional UCB and
KL-UCB, and Q-learning-based algorithms.!
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1. Introduction

Recommendation algorithms have become increasingly important in many online platforms
such as online education, TikTok, YouTube Shorts, advertising platforms, etc. The system
interacts with the users to learn their preferences and recommends personalized contents

*. The work was done when Xin Liu was a postdoctoral research fellow at the University of Michigan.
1. A two-page extended abstract of this paper has appeared at the Allerton Conference in 2022.

(©2024 Zixian Yang, Xin Liu, and Lei Ying.

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided
at http://jmlr.org/papers/v25/22-1251 .html.


https://creativecommons.org/licenses/by/4.0/
http://jmlr.org/papers/v25/22-1251.html

YANG, Liu, AND YING

Recommendation @ @ @ .~ 1800 o
] —o-ucs | e
F O
/—\ 21500 | o\ Cuce o
. < 1200 [|—2—o0urs: KL-ULCB e
2 o0t
L © e
Leave the system dh 2 600 vV
depending on the v b;; 300 |
user’s experience < 0 | | |
D&J Like: Reward 1 100 101 102 103 104
I@ Dislike: Reward 0 K episodes (log scale)
(a) A new recommendation system. (b) Total regret over K episodes.

Figure 1: A new recommendation system and comparison among algorithms.

(learning subjects, videos, songs, products etc.) to each user. These recommendation
systems can be modeled as a classic problem called multi-armed bandit (MAB) (Lattimore
and Szepesvéari, 2020). Each arm in MAB corresponds to a specific type of item in the
recommendation system. The recommendation of an item of the ¢th type is regarded as a
pull of arm a;. Taking recommending short videos as an example, each arm a; represents a
class of similar videos (e.g. videos from the same dancer, not a single video). For simplicity,
we assume the reward is 1 if the user likes the recommended item and is 0 otherwise. In this
case, it is reasonable to assume that the mean reward of each arm is fixed, which means that
the user’s preference in different types of items remains unchanged. In a traditional MAB
problem, the learner can continue to play the arms with the goal of maximizing the average
reward, which either assumes a single user stays in the system for a long period of time or
assumes the learner is recommending a single item to each user with a large number of users.
While this traditional MAB formulation models recommendation systems such as online
advertising well, there are new recommendation systems that are significantly different from
these traditional models. In these new recommendation systems, such as TikTok or ALEKS,
the learner continuously recommends videos/contents to a user, and the user, other than like
or dislike the item, may abandon the system if the recommended items cannot engage the
user, and come back later. For example, a user watches TikTok or YouTube Shorts for some
period of time, where the duration depends on how interesting/engaging the videos, then
leaves the systems, and comes back later, as shown in Figure 1(a).

This makes the problem different from traditional MAB because the objective now is to
maximize the total reward per episode (visit) instead of the average reward per pull. Therefore,
in addition to finding the most rewarding arm, the learner also needs to continue to engage
the user to maximize the number of plays of each episode. Because of the abandonment, the
exploration needs to be carefully designed so that the learner should explore (recommend
new types of items) when the user is less likely to abandon the system. In other words,
we need to consider an exploration-exploitation-engagement tradeoff in this problem. As
we can see from Figure 1(b), a well-designed algorithm can significantly outperform the
traditional MAB algorithms such as upper confidence bound (UCB) (Auer et al., 2002) and
Kullback-Leibler UCB (KL-UCB) (Garivier and Cappé¢, 2011).

We study this new MAB problem with abandonment, denoted by MAB-A. Consider a
recommendation system where the system recommends one item at a time to the user. For
example, for mobile phone users, since the screen is small, the system such as a mobile app can
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only recommend one item at a time instead of recommending multiple items simultaneously.
The user may or may not like the item, and they may abandon the system with a certain
probability (called abandonment probability in this paper) based on current and previous
experience. The objective is to maximize the total reward per episode, where an episode
ends when the user abandons (leaves) the system temporarily.

For traditional MAB problems, classic index policy algorithms such as UCB and KL-
UCB work well and KL-UCB achieves the instance-dependent lower bound for traditional
MAB with Bernoulli rewards (Garivier and Cappé, 2011; Lai and Robbins, 1985). However,
these traditional algorithms are not suitable for the new MAB-A problem, since they do not
consider the abandonment and do not use the state information (the user’s experience). Hence,
they may not be optimal. We propose to use a state-dependent exploration-exploitation
mechanism, which does more exploration (being optimistic) when the user is less likely to
abandon the system and less exploration (being pessimistic) when the user is more likely to
abandon the system. Our algorithms are based on both an upper confidence bound and a
lower confidence bound. Our main contributions are as follows:

e Baseline: First, we characterize the baseline by showing that a genie-aided optimal policy
for MAB-A problem is always pulling the optimal arm (Lemma 1).

e Sharp bounds: We propose two algorithms based on upper and lower confidence bounds,
named as Upper and Lower Confidence Bounds (ULCB) and Kullback-Leibler Upper
and Lower Confidence Bounds (KL-ULCB) algorithms. We prove that both algorithms
achieve O(log K) regret bound (Theorem 2 and Theorem 4). We further establish an
asymptotic lower bound for MAB-A problem and show that KL-ULCB attains the bound
(Theorem 6), so the regret under KL-ULCB is asymptotically sharp.

¢ Extension to a general-state model: We extend the proposed algorithms to MAB-A
problems with a general continuous state space. In particular, we propose four algo-
rithms, DISC-ULCB, DISC-KL-ULCB, CONT-ULCB, and CONT-KL-ULCB. We establish
O(log K') upper bounds for DISC-ULCB and DISC-KL-ULCB (Theorem 11) and show
that the bound for DISC-KL-ULCB is nearly sharp for large n, where n is the number of
discretized bins in the algorithm.

e Numerical evaluation: Simulation results in Section 5 and Appendix D confirm our
theoretical results and show that our algorithms have significantly lower regret than the
traditional UCB and KL-UCB algorithms, and have order-wise lower regret than generic
reinforcement learning (RL) algorithms like Q-learning.

e Technical novelty: In MAB-A, the episode length follows different distributions under
different policies, so the regret analysis based on step-by-step coupling, like in the traditional
MAB analysis, does not work. We overcome this difficulty by exploiting the performance
difference lemma (Kakade and Langford, 2002; Yang et al., 2021) to couple the rewards
by the sum of gap functions along the sample path that follows our algorithm. On the
other hand, MAB-A can be regarded as a special class of Markov decision process (MDP)
problems with a terminal state, and is mostly related to the stochastic shortest path (SSP)
problem (Bertsekas and Tsitsiklis, 1991). MAB-A, however, is a stochastic longest path
problem so the existing algorithms and analysis for SSP do not apply. We take advantage
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of the special properties of bandits and abandonment to establish a sharp O(log K') regret
bound, while most regret bounds on SSP are O(vVK).

1.1 Related Work

We are not aware of any work in the literature with the same setting as the MAB-A problem,
but there are a few related works. Schmit and Johari (2018) study a setting with abandonment,
where the mean reward is an increasing function of the action. The abandonment occurs
when the action is larger than the user’s threshold, and thus the algorithms should consider
the trade-off between getting high rewards and avoiding losing users. In contrast, in our
MAB-A setting, the reward is unknown and a higher reward makes the user less likely to
abandon the system. The concept of abandonment also appears in the sequential choice
bandit problem (Cao and Sun, 2019) and the departing bandit problem (Ben-Porat et al.,
2022). However, the abandonment probabilities in their models do not depend on the past
experience of the user. Another work by Wu et al. (2018) studies the exploration-exploitation
tradeoff in an opportunistic bandit setting, where the regret of pulling a suboptimal arm
varies under different environmental conditions. Our proposed algorithms and proof ideas
are partly inspired by the exploration-exploitation intuition in their work (Wu et al., 2018).
However, the key difference between the opportunistic bandit setting and our MAB-A setting
is that there is no abandonment in the opportunistic bandit setting. Also, the state in the
MAB-A setting depends on previous rewards while the load (state) in the opportunistic bandit
setting does not. The above differences lead to different algorithms and theoretical results.
There are two other works studying user retention, (Sabbeh, 2018) and (Cai et al., 2023).
Sabbeh (2018) compared different machine learning techniques to predict the probability
that a customer will stay with his service provider or switch to another one. Cai et al. (2023)
proposed a novel reinforcement learning algorithm, which can significantly improve user
retention. However, there is no theoretical performance guarantee in these works.

Note that the MAB-A problem can be modeled as a special case of stochastic shortest
path (SSP) problems (Bertsekas and Tsitsiklis, 1991) with non-positive costs. RL algorithms
like Q-learning (Watkins, 1989) and Q-learning with UCB (Yang et al., 2021) might be
used for the MAB-A problem but these general algorithms do not make use of the special
structures in MAB-A and therefore are too complex and not regret optimal, which is verified
in the simulation results in Section 5. Other algorithms (Cohen et al., 2021; Chen et al., 2021;
Vial et al., 2021; Tarbouriech et al., 2021) are designed for SSP problems with non-negative
costs, which are fundamentally different from MAB-A since MAB-A tries to maximize the
episode length but SSP problems with non-negative costs may not. Hence, these algorithms
cannot be applied to the MAB-A problem. Besides, only O(v/K) instead of O(log K) regret
bounds are proved in these papers.

2. Model and Preliminaries

The MAB-A problem is defined as follows. Let M (M > 2) be the number of arms and denote
the set of arms by {ai,ag, - ,ap}. Assume that the rewards of pulling the arms are i.i.d.
Bernoulli random variables with unknown mean p(a;), ¢ € {1,2,..., M}. Consider K episodes
in total, where each episode represents a single visit of a user and an episode ends when the
user abandons the system temporarily. The process of the k' episode goes as follows. At
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step h = 1, an initial state Sj 1 € {0,1} is sampled from an arbitrary distribution. At step
h = 2,3, ..., the state is defined by S = Ry -1, where Ry ;1 is the reward obtained at
the previous step h — 1. Then an arm Ay j € {a1, ...,an} is pulled and a Bernoulli random
reward Ry, p, € {0,1} is obtained with mean p(Ay ). Given (Skp, Ry n), abandonment occurs
with probability ¢(Skp, Rin). If the abandonment occurs, the terminal state g is reached,
i.e., Sk n+1 = g, which terminates the current episode k. Otherwise, the process goes to the
next step.

Therefore, the process of one episode is an MDP with state space § = {0, 1, g}, action
space A = {ay,...,ap}, and Bernoulli random rewards. The transition graph and details
can be found in Appendix A. The state can be interpreted as the experience of the user. At
the first step (h = 1) in each episode, the initial state Sy ; can be interpreted as the user’s
first impression and is observed by the learner. Note that given Ay p, the reward Ry is
independent of Sy ;. We write Ry j,(Ag,) when necessary in order to explicitly show the
dependency between Ry and Ay . We will consider a general-state model in Section 4,
where the state depends on the rewards received in all previous steps of the current episode.
We remark that we first consider the current model, for which we can establish sharp bounds.
However, the intuition and exploration strategy obtained from the current model will be
applied to the general-state model and nearly sharp bounds can be established based on
discretization. We point out that these two models, the simple model and the general-state
model cannot capture all the characteristics of real-world systems and hence cannot be
directly applied to complex real-world applications, but we discovered that the idea of doing
exploration when the user is less likely to abandon the system can help reduce the regret.
This intuition could possibly be helpful in the design of low regret algorithms for more
complex models such as contextual bandits and be applied in practice when we know when
the user is less likely to abandon the system.

We make the following assumption on the problem.

Assumption 1 Assume q(i,j) = q(¢',5") ifi+j5 <i'+5', ¢(0,0) > 0, ¢(0,1) <1, ¢(1,1) < 1,
and 0 < p(anr) < plap—1) < ... < plaz) < plar) < 1.

The assumption on ¢(-,-) implies the abandonment probability becomes larger when the
user’s experience becomes worse. It also means that the user will continue engaging with the
platform when they receive high rewards in hopes that the experience will re-occur (Petrillo,
2021). The assumptions ¢(0,0) > 0 and p(a;) < 1 Vi ensure that all policies are proper.
That is, all policies lead to the terminal state g with probability one, regardless of the initial
state (Bertsekas and Tsitsiklis, 1991). Without loss of generality, we let p(ans) < plap—1) <
.. < p(az) < p(ay). The assumptions p(aps) > 0, ¢(0,1) < 1, and ¢(1,1) < 1 ensure that
there is always a positive proportion of time during which the process is in state 1.

To understand the exploration-exploitation-engagement trade-off of MAB-A defined
above, we next define the baseline, i.e. the reward under a genie-aided (model-based) optimal
policy, which knows the model perfectly. The result is summarized in Lemma 1, which states
that the optimal policy is always pulling arm a1. The proof can be found in Appendix B.1.

Lemma 1 Let Assumption 1 hold. The genie-aided optimal policy * is always pulling arm
ai.
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Let 7: S x ® — A denote a deterministic policy such that Ay, = 7(Skn, ¢x.n), where
¢k n € © is the historical samples till step h of episode k (not including the current step), i.e.,

Ok = (S1,1. A1, Rty o Skt A s Rie s ooy Skeoh—1, Ak i1, Rih—1)-

Let IT := {m : § x ® — A} denote the set of all such policies. Let Ix(7,s,¢) denote the
number of steps taken to reach the terminal state g given the current state s and the historical
samples ¢ € ® under the policy 7 € II in episode k. Mathematically, let D be a random set
such that D(m,s,¢) == {i: Skh+i = g,Skﬁ = 5a¢k,h = gD,Ak’}H_j = W(Sk7h+j,(f)k7h+j),Vj =
0,1,...,i — 1}, where Sy, ¢pn, Arp (for all h) are random variables under the process
controlled by the policy m. Then

min D(7, s, ), if D(7,s,p) # O;

Ik(ﬂ',s,@) = {OO, if D(W,Svsﬁ) =J.

Similarly, let I(7*, s) denote the number of steps taken to reach the terminal state g given
the current state s under 7* in episode k, i.e.,

Lo, 5) = min D*(s), if D*(s) # ;
R S it D*(s) = &,

where D*(S) = {Z : Sk,h+i =4, Sk,h =S, Ak:,h-i—j = al,Vj = O, 1, ...,i - 1}, in which Skﬁ, A]%h
(for all h) are random variables under the process controlled by the policy 7*.2
The objective is to find a policy 7 € II to minimize the expected regret (over K episodes)

defined by

K Ip(7*,Sk1) K Ix(m,Sk,1,08,1)
E[Reg (K)]=E| > > Rpa(ar) | -E| D] D Run(m(Skns den)) |- (1)
k=1  h=1 k=1 h=1

3. Main Results and the Proof Roadmap

In this section, we first present two algorithms for the MAB-A problem. One is ULCB,
which uses an upper or lower confidence bound depending on the state for exploration and
exploitation. The other one is KL-ULCB algorithm, which uses KL divergence for the
confidence bounds.

3.1 Algorithms

We propose the ULCB algorithm, which is an index policy like UCB algorithm but the
difference is that ULCB uses state-dependent indices, as shown in Algorithm 1. Firstly, the
ULCB algorithm plays each arm once by Round-Robin. After that, at step h of episode k, if
the state S, = 0, we let

R o

2. We slightly abuse the notation, not including the policy in the notation Sk n, Ak,n-
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Algorithm 1 ULCB Algorithm
1: Initialize: Ni(a) < 0, fi1(a) < O for alla € A, t < 1, ¢y, c1, c.
2: for episode k =1, ..., K do
3: h — 1, Si1 < initial state of episode k, S 1 € {0,1}

4: while Sk,h # g do

5: if there exists Arm a’ such that N;(a’) = 0 then

6: play Arm Ay = a' and observe Ry // play each arm once
7: else

8: if Skﬁ = 0 then

9: Let 19 (a) = fir(a) + co W for all a e A // indices for state 0
10: Take the action Ay p, € argmax, jif (a) and observe Ry j,

11: else

12: Let fif (a) = fit(a) + c1 % for all a e A // indices for state 1
13: Take the action Ay j, € argmax, jif (a) and observe Ry,

14: end if

15: end if

16: if abandonment occurs then S ;41 =g

17: else Sk,h+1 = Rk,h

18: end if

19: Define (St, At, S;/, Rt) = (Sk,ha Ak,h; Sk,h+17 Rk,h)

20: /* update N¢i1(a) and fig41(a) */

21: Update: Niy1(Ar) = Ne(A¢) + 1 and Nepq(a) = Ni(a) Va # Ay
22: Update: fig11(A¢) = %W and fir1(a) = fie(a) Va # A
23: t—t+1,h—h+1

24: end while

25: end for

for all a € A, where ¢ and ¢ are constants, ¢ is the time step counting from the first episode,
Ni(a) = 22;11 1{As = a} denotes the number of times arm a has been pulled before time
step ¢, and fi(a) = (22;11 1{As = a}Rs> /N¢i(a) denotes the average of rewards of pulling
arm a before time step ¢. Note that we also denote the state, the action, and the reward at
time step ¢ by Si, A¢, and Ry, respectively. Then we take an action Ay, j, € argmax, iy (a). If
the state Sy, = 1, we let

fita) = pula) + \/ oaLt eosl) ®)
for all a € A, where ¢; is a constant. Then we take an action Ay, € argmax, fi; (a). The
algorithm then updates Syi1, Ny+1(a), and fi;41(a). The process goes to the next step or
the next episode depending on whether the abandonment occurs or not.

In fact, the indices jif(a) and fi} (a) are the (upper or lower) confidence bounds of the
expected reward of arm a. Note that ¢y and ¢; in (2) and (3) are not necessarily positive.
Our theoretical results actually indicate that we should use positive coefficient in state 1 and
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negative coefficient in state 0, which means optimism (upper confidence bound) in state 1
and pessimism (lower confidence bound) in state 0. This leads to more exploration in state 1
than in state 0.

We also propose the KL-ULCB algorithm, which replaces the indices i?(a) and i} (a)
in (2) and (3) with

i (@) = min {p : Kl(fi(a),p) Ni(a) < cologt + clog(logt)} (4)
fit (a) =max {p : Kl(ji¢(a), p) Ni(a) < c1logt + clog(logt)} (5)

where kl(p1, p2) is the KL divergence between two Bernoulli random variables with parameters
p1 and py. KL-ULCB is similar to ULCB except that KL-ULCB uses KL divergence for the
confidence bound instead of directly adding the bonus term. This idea is borrowed from
KL-UCB (Garivier and Cappé, 2011). Note that ¢y and ¢; in (4) and (5) are positive. The
“min” in (4) and “max” in (5) imply pessimism in state 0 and optimism in state 1.

3.2 Main Results

We next present three theorems, including the regret upper bound on ULCB (Theorem 2),
the regret upper bound on KL-ULCB (Theorem 4), and a regret lower bound (Theorem
6) that matches the upper bound of KL-ULCB. We also present the proof idea and roadmap
in the next subsection and present the results for the general-state setting in Section 4.

Let V*(s) and Q*(s, a) denote the optimal value function and optimal Q-function defined
by

Ik‘(ﬂ-*75)

V* (8) =K Z Rk,h(al)
h=1

Sk,l =S5, (6)

I (7*,Sk,2)+1

Q*(s,a) :==u(a) + E Z Ry p(ar)

h=2

Sk1 =841 =a], (7)

for s # g, and V*(g) == Q*(g,a) := 0, for any a € A.

Theorem 2 (Upper bound for ULCB) Let Assumption 1 hold. Suppose for any a # az,
VH0) = Q%(0,a) = V(1) = Q*(1,a). (8)

Then under ULCB algorithm with ¢co = —1, ¢; = 1 and ¢ = 4, we have

- B[Reg, (K)] _ VAL~ Q*(La)
S g K = 2 2lar) - (@)

The condition (8) means that a suboptimal pull induces more regret (loss) in state 0 than
in state 1. This motivates us to do more exploration in state 1 and to be conservative
in state 0, i.e., ¢ > ¢g. With ¢; = 1 and ¢y = —1, Theorem 2 provides an asymptotic
. . . . V*(1)-Q*(1,a:) :
logarithmic upper bound with an instance-dependent constant ;;_, (e (a2 We will

show later in Section 3.3.1 that the constant term in the upper bound for the traditional
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UCB algorithm (cog = ¢; = 1) could be >, W, which is greater than the

one obtained by the ULCB algorithm. In fact, V*(1) — Q*(1,a;) could be significantly

smaller than V*(0) — Q*(0,a;) in some cases. Consider a simple example ¢(0,0) = 1
and ¢(0,1) = ¢(1,0) = ¢(1,1) = 0. Then we have V*(1) — Q*(1,a;) = %_(Zl(‘)“) and

V*(0) —Q*(0,a;) = %, and thus the upper bound obtained by ULCB algorithm will
be significantly better especially when pu(aq) is close to 1.

Condition (8) is in terms of the value function and Q-function, which may not be
straightforward to verify. Lemma 3 provides a sufficient condition for (8) in terms of ¢(3, j).

See Appendix B.2 for the proof.
Lemma 3 Let Assumption 1 hold. Assume q(1,0) # ¢(0,0) and

q(07 1) _Q(lal) : 1 _Q(Ovl) 1 —q(0,0)
20,0 —q(1.0) mm{l oL 1) 1o q<1,0>} ' )

Then for any a # a1, we have
V*(0) = Q*(0,a) = V*(1) — Q%(1,a).

One example of the condition (9) is that the difference between ¢(0,1) and ¢(1, 1) is small
but the difference between ¢(0,0) and ¢(1,0) is relatively large. This means that when the
user obtains a reward 1, they are more likely to forget their previous reward compared with
obtaining a reward 0 when they make the abandonment decision. Hence, intuitively, we
should be more conservative in state 0 so that we are more likely to obtain a reward 1 in
order to encourage the user to stay in the system. That is the intuition of using optimistic
estimate in state 1 and pessimistic estimate in state 0 in the ULCB algorithm.

We show in (29) in Appendix B.2 that at least one of the two cases, condition (8) or
V*(0) — Q*(0,a) < V*(1) — Q*(1, a) for all a, holds. When the condition (8) does not hold
and hence a suboptimal pull induces more regret in state 1 than in state 0, the learner needs
to be optimistic in state 0 and pessimistic in state 1. Modified ULCB and KL-ULCB can
guarantee the same regret bounds (see Theorems 19, 20, and 21 in Appendix E).

Theorem 4 (Upper bound for KL-ULCB) Let all the assumptions in Theorem 2 hold.
Then using the KL-ULCB algorithm with cg = ¢1 = 1, and ¢ = 4, we have

E[Reg,(K)] _ 2 V(D) - @ (L)
S g K < 2 Rl plan) 1o

Theorem 4 gives a regret upper bound for KL-ULCB. Compared with the result in Theorem 2,
the bound in Theorem 4 is better since kl(u(a;), u(a1)) = 2(u(a1) — p(a;))? by Pinsker’s
inequality. This bound is also better than the one obtained by KL-UCB, }, 1 %,
which will be illustrated later in Section 3.3.1.

In order to analyze instance-dependent lower bound for MAB-A, similar to the MAB
literature (Lai and Robbins, 1985; Lattimore and Szepesvéari, 2020), we define the set of all
consistent policies by I¢ops:
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Definition 5 A policy w € 11 is consistent, i.e., w € Ueons, if for any p(aq), ..., u(arr), q(0,0),
Q(()) ]-); Q(].,O), Q(]-a 1)} and any o > 07 thHOOE[Regﬂ'(K)]/Ka =0.

Theorem 6 gives an asymptotic lower bound among policies in Il.ons for the MAB-A problem.

Theorem 6 (Lower bound) Let all the assumptions in Theorem 2 hold. For any 7 € Ileopns
and any p(aq),....,mu(anr), q(0,0), ¢(0,1), q(1,0), q(1,1) satisfying the assumptions, we have

E[Reg:(K)] 5 V(1) = Q"(L; )
K—o0 log K /#1 Kl(p(a;), p(ar))

(1)

By Theorem 4 and Theorem 6, the regret upper bound obtained by the KL-ULCB algorithm
attains the lower bound asymptotically.

Intuitively, the regret upper bound of ULCB (or KL-ULCB) is better than that of UCB (or
KL-UCB) because UCB (or KL-UCB) will explore in state 0 where the risk of abandonment
is higher and hence the instantaneous regret of a wrong decision in state 0 is higher than
that in state 1.

3.3 Proof Roadmap

In this section, we present the proof roadmap of Theorems 2, 4, and 6. Before that, we first
illustrate the main intuition behind the proofs.

The first challenge in the proofs is how to couple the rewards from two policies, i.e., the
two terms in the regret definition (1). Note that we cannot subtract the rewards step by step
like the traditional proof for MAB, since the episode lengths Iy, for the two different policies
are two different random variables. We use the performance difference lemma (Kakade and
Langford, 2002; Yang et al., 2021) in the RL literature to couple the rewards by the sum
of gap functions (V*(s) — Q*(s,a)) along the sample path that follows the policy of the
algorithm. The gap function represents the regret induced by pulling a suboptimal arm a in
state s assuming all the future actions follow the optimal policy. Then we can deal with the
regret step by step and further decompose the regret of each step into state 1 and state 0.

In the proof for the upper bound for ULCB (Theorem 2), we managed to bound the regret
induced in state 0 by a constant. First, since there is always a positive proportion of time
during which the process is in state 1 and optimistic estimates are used in state 1, we can
show that the number of optimal pulls in state 1 scales linearly with ¢ with high probability
(Lemma 7). The intuition is that optimistic estimates encourage exploration, which induces
only logarithmic number of suboptimal pulls. Hence, the confidence intervals around the
optimal arm a; should be tight enough. In state 0, it can be proved that under the pessimistic
estimation, the estimate of a suboptimal arm jiY(a) is less than the true mean y(a) with high
probability. Since u(a) < p(ar), ji¥(a) will also be less than i (a1) with high probability by
the tightness of i?(a1) (a result from the analysis in state 1). Hence, a; will be pulled with
high probability in state 0, which implies a constant upper bound of suboptimal pulls in state
0 (Lemma 8). Then it remains to bound the number of suboptimal pulls in state 1, which
can be bounded using the techniques in (Garivier and Cappé, 2011) and an upper bound of
episode length (Lemma 9). The proof for the upper bound for KL-ULCB (Theorem 4) is
similar to that for ULCB. The difference is that we use concentration inequalities for the KL
divergence.

10
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For the lower bound (Theorem 6), we first bound the regret below by the number of
suboptimal pulls multiplied by the gap function in state 1 since the gap function in state 1
is smaller than that in state 0. Then it remains to bound the number of suboptimal pulls
below. The idea is similar to the proof of the instance-dependent lower bound for the MAB
problem (Lai and Robbins, 1985), but the difference is that the horizon (total number of
pulls) in MAB-A is not a constant but a random variable. Our idea is to use a simple lower
bound, i.e., the horizon is greater than the number of episodes.

Our upper bound matches the lower bound thanks to the regret decomposition, the
constant regret in state 0, and the sharpness of the bound in state 1 using KL divergence.
Next, we will present the regret decomposition and the proof for Theorem 2 in more details.
See Appendix B.7 and B.8 for the proofs of Theorem 4 and Theorem 6, respectively.

3.3.1 REGRET DECOMPOSITION

Our results and the proofs start from the regret decomposition.
We first define value function and Q function to facilitate the analysis. Define

Ik(ﬂ',S#P

)
VT(s,0) =B | > Ren(m(Skpn drn))|Ski = s 0k1 =0 |, (12)
h=1

It (m,Sk,2,0Pk,2)+1

Q" (s, p,a) ==p(a) + E > R (7(Sk,h, D))
h=2

Ski = 58,¢0p1 =@, A1 =al,

for any s # g, and V™ (g, ) = Q™ (g,p,a) := 0, for any ¢ € ®, a € A, and 7 € II.
By the definitions of V* in (6) and V7™ in (12), the expected regret defined in (1) is

K

E[Reg, (K)] = 3 [E [V*(Se)] — E[VF (S, m,m]. (13)
k=1

By the performance difference formula in the RL literature, we can decompose the regret
into the summation of the gaps between value function and @Q function in different states
shown as (14).

T(K,m) M
E[Reg, (K)] = E[ DTS = 0,4y = a;} [V*(0) — Q*(0,a:)]
t=1 =2
+]].{St =1A; = CLi} [V*(l) — Q*(l,al)] R (14)

where Sy and Ay are the state and action at time step ¢ following the policy 7, and T'(K, 7) =
Zszl It (m, Sk 1, ¢x,1) is the number of pulls over K episodes under policy m. The proof
details for (14) can be found in Appendix B.3. From the regret decomposition (14), the
terms V*(0) — Q*(0,a;) and V*(1) — Q*(1,a;) can be interpreted as the regrets induced by
pulling a suboptimal arm a; in state 0 and 1, respectively. Thus, the key idea of obtaining a
lower regret is first determining which of the two terms is smaller and then putting more
exploration in that state.

11
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Suppose that we use traditional UCB or KL-UCB algorithm. Both use the same explo-
ration strategy for state 1 and state 0. Thus, from (14), we obtain an upper bound

,T) M
E[Reg,(K)] <E | > Y 1{A = a;} | [V*(0) — Q*(0,a:)]
= 1=2

where the constant term V*(0) — Q*(0, a;) is worse than V*(1) — @*(1,a;) in Theorem 2
and Theorem 4. Therefore, the use of state-dependent exploration-exploitation mechanism
in our algorithms can help us obtain better upper bounds by reducing the expected number
of suboptimal pulls in state 0.

3.3.2 PROOF OF THEOREM 2

The proof mainly includes three steps, which correspond to the following three lemmas as we
explained in Section 3.3.

Lemma 7 Let all the assumptions in Theorem 2 hold. Consider the ULCB algorithm with
co=—1,c1 =1, andc=4. Let pin = p(aps) min {1 — ¢(0,1),1 —¢q(1,1)}. Letn € (0, pmin)
and v € (0, u(ar) — u(az)) be two constants. There exists a constant T1 such that for any
t =11,

P (Nt(al) < (Puiin —g)(t - 1))

M-—1 c3 Pt -1)
SoZexp (220t — 1) —12) | eyt — 1) [log (ca(t — 1)) “Xp( 2 > |

where ca, c3, and Ty are constants depending only on pmin, 1, M, 7, p(ar), and p(as).

Lemma 7 shows that when t is large enough, the number of optimal pulls scales linearly
with ¢ with high probability. The key idea of the proof of Lemma 7 is that when N¢(aq) is
small, a; will be pulled with high probability. Lemma 7 looks similar to Lemma 2 in the
work of Wu et al. (2018) but we have a tighter bound which requires more effort in the proof.
We need to use a “peeling trick” (Garivier and Cappé, 2011) instead of directly using the
union bound to prove a tighter bound. The proof of this result is based on the optimistic
exploration in state 1. See Appendix B.4 for a complete proof. Lemma 7 is essential since
we will show that the confidence bound around the optimal arm is tight enough for large ¢
based on this result. Then we can bound the regret induced by pulling suboptimal arms in
state 0 by a constant using pessimistic estimate (lower confidence bound), which is shown by
Lemma 8:

Lemma 8 Let all the assumptions in Theorem 2 hold. Consider the ULCB algorithm with
co=—1,c1 =1, and c = 4. The regret induced in state 0 is bounded by

T(K,m) M

E Z Z]l{St—O Ay = a;} [V*(0) — Q*(0,a5)] C4Z V*(0) — Q*(0,a;)], (15)

where ¢4 is a constant which depends only on M, u(ay), p(az), pmin, 1, and 7.

12
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The proof idea of Lemma 8 is as follows. We first show that p(a;) > i(a;) with high
probability. And based on Lemma 7 we can show that ji{(a1) and u(a;) are close enough for
large t. Hence, for large ¢, we have il (a1) ~ p(a1) = pu(a;) = i@?(a;) with high probability,
which implies that a; will be pulled in state 0 with high probability. Hence P(S; = 0, 4; = a;)
is small enough so that we can bound (15). See Appendix B.5 for a complete proof.

We then bound the regret induced in state 1 by a term of order log K shown by Lemma 9:

Lemma 9 Let all the assumptions in Theorem 2 hold. Consider the ULCB algorithm with
co=—1,c1 =1, and ¢ = 4. For any € > 0, the regret induced in state 1 is bounded by

T(K,w) M

El > DS =14 =a} [V*(1) — Q*(1,a)]
t=1 1i=2

D (1+e V(1) —Q*(1,ai)]

<
23 (ular) — (i)

log K + o(log K).

In the proof of Lemma 9, we first use techniques from Garivier and Cappé (2011) since ULCB
uses upper confidence bound in state 1, and then we bound the term E[log(T' (K, m))] to get
a bound of order log K. See Appendix B.6 for a complete proof.

Combining (14) with Lemma 8 and Lemma 9, Theorem 2 is proved.

4. Extension to a General-State Setting

In this section, we extend our results to the general-state setting. We first present an MAB-A
model with continuous state space, and then verify that the optimal policy is still always
pulling the optimal arm. Next, we propose two types of algorithms and analyze the regret.
We obtain the same form of regret lower bound for the general-state setting. We also obtain
regret upper bounds for DISC-ULCB and DISC-KL-ULCB algorithms.

4.1 Model and the Optimal Policy

Define the continuous state space by S = [0,1] U {g}. Define the state Sy at step h of
episode k as an exponential moving average of previous rewards in episode k, i.e.,

Sk = (1—=0)Skn-1+0Rpn1

for any £ > 1 and h > 2, where 6 € (0, 1) is a constant forgetting factor, which means how
much the user forgets their previous experience. Sy € [0, 1] is sampled from an arbitrary
distribution. The abandonment probability at step h of episode k is a function of the next
state Sy p+1, denoted by q(Sk p+1)-

Assumption 2 Assume that 0 < q(s1) < q(s2) if s1 = s for any s1,s2 € [0,1], and
0 < plan) < plan—1) < ... < plaz) < p(ar).

The assumptions on ¢(-) is reasonable since the abandonment probability becomes larger
when the user’s experience becomes worse. The positivity assumption on ¢ ensures that all
policies are proper. We let 0 < u(apr) < plap—1) < ... < plaz) < p(ar) as in Assumption 1.

Define the genie-aided (model-based) optimal policy 7* the same way as in the original
setting. Then we have Lemma 10. The proof can be found in Appendix C.2.

13
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Lemma 10 Let Assumption 2 hold. Then the genie-aided optimal policy 7* is always pulling
arm aj.

4.2 Algorithms and Regret Analysis

We propose DISC-ULCB and DISC-KL-ULCB algorithms, which first discretize the state
space [0, 1] into n bins, [0, %), [%, %),...,[”771, 1], and then use the ULCB or KL-ULCB
algorithm, where we view any state in [”;1, 1] as state 1 and any state in the other bins as
state 0.

We next analyze the regret of these two algorithms. Following the same way as the regret

decomposition in (14), we have

T(K,m)

BRes, (1] 8| 3, 30 % 1 {sce [ ) V(50 - @'i0n)

t=1 i=2m

1 {st c [”; L 1} A= } [V*(8) — Q* (S 1)

for any integer n > 2, where V*(S;) — Q*(St, a;) can be interpreted as the regret induced by
pulling arm a; in state S;. We consider the case where V*(s1)—Q*(s1,a) < V*(s2)—Q*(s2, a)
for any a € A, s1, 9 € [0, 1], 51 = s9. This case means that the regret induced by pulling a
suboptimal arm increases as the state decreases. Some examples can be found in Appendix C.3.
In this case, we can obtain an upper bound

and a lower bound
T(K,) M
E[Reg,(K)] ZE | > Y 1{A; = a;} | [V*(1) — Q*(L,a:)]. (17)
t=1 =2

From (17) we can obtain the same regret lower bound as Theorem 6 by following the same
proof. For the upper bounds for DISC-ULCB and DISC-KL-ULCB algorithms, we have the
following theorem.

Theorem 11 Let Assumption 2 hold. Let n = 2 denote the number of bins for DISC-ULCB
or DISC-KL-ULCB algorithms. Suppose q(s) <1 Vs e [2=1 1] and

V*(s1) — Q*(s1,a) < V¥(s2) — Q%(s2,0a) (18)

14



EXPLORATION, EXPLOITATION, ENGAGEMENT IN MAB-A

for any a € A,s1,s2 € [0,1],81 = sa. Then using DISC-ULCB algorithm with ¢g = —1,
c1 =1, and c = 4, we have

71 % -1 .
limsup E[ egw ( Q ( n ’al)'

19

**M
»
,\
l‘j

Using DISC-KL-ULCB algorithm with co = ¢1 = 1, and ¢ = 4, we have

E[Reg, (K)] _ g V(") Q7 (% )
T ek 5 A ) v

Theorem 11 shows that we have O(log K) upper bounds for DISC-ULCB and DISC-KL-
ULCB. The proof is by (16) and the same method as the proofs of Theorem 2 and Theorem 4,
and therefore is omitted. For DISC-KL-ULCB, the asymptotic upper bound is nearly tight
for large n. However, if n is large, there is a very small fraction of time when the state of
the system is in [”T_l, 1]. Tt results in a very slow exploration since most of the exploration
happens in ["T_l, 1]. Hence, the regret might be large initially despite the fact that the
asymptotic regret upper bound is near optimal. To overcome this, we propose a second type

of algorithms, CONT-ULCB and CONT-KL-ULCB. For CONT-ULCB, we use indices fi{(a)
as follows

logt + clog(logt)

fi (a) = fula) + (25 1>\/ s 21)

Similarly, CONT-KL-ULCB uses KL divergence in the indices. fif(a) changes gradually from
lower confidence bound to upper confidence bound when s changes from 0 to 1, which means
that the algorithm changes from exploitation to exploration continuously, which therefore
leads to more exploration at the beginning compared to DISC-ULCB and DISC-KL-ULCB.

More details, proofs, and simulation results about this extension can be found in Appendix

C.

5. Simulation Results

In this section, we present simulation results for the performance of the proposed algorithms.
In the simulation, we assume S 1 = 1 for simplicity. This is to say that the user assumes a
class of items are good if the user has not yet seen the items. Let M = 2, p(aq) = 0.9, and
wu(az) = 0.8. Note that for all the algorithms in the simulation, we do not include the loglog
terms (i.e., ¢ = 0) in the indices which are also omitted in (Garivier and Cappé¢, 2011). We
simulated 2 x 10 episodes with 107 independent runs. We set ¢; = 1, ¢g = —1 for ULCB
and ¢; = ¢g = 1 for KL-ULCB. We also compare our algorithms with Q-learning (Watkins,
1989) with e-greedy, Q-learning with UCB (Yang et al., 2021), and UCBVI (Azar et al.,
2017). For Q-learning with e-greedy, at each step, we select a random action with probability
€ and select a greedy action according to the Q table with probability 1 — e. At each step,
we update the Q table based on the update formula in (Watkins, 1989) with the discount
factor v = 1. For Q-learning with UCB, at each step, we select a greedy action according to
the estimated Q table. At each step, we update the Q table with an additional bonus term
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Figure 2: Simulation results: For (a) and (b), ¢(0,0) =1, ¢(1,1) = ¢(1,0) = ¢(0,1) = 0. For
(c) and (d), ¢(0,0) = 0.8, ¢(1,0) = g(0,1) = 0.2, q(1,1) = 0.1.
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as in (Yang et al., 2021) with the parameter H replaced with the mean episode length of
the best policy. For UCBVI, at the beginning of each episode, we first calculate the sample
average of the rewards and that of the abandonment probabilities. Then we update the Q
table using value iteration as in (Azar et al., 2017) based on the Bellman equation with
an additional bonus term. This is a natural model-based RL algorithm for this problem.
For Figure 2(a), the 95% confidence bounds are at most +8.73. For Figure 2(c), the 95%
confidence bounds are at most +0.63.

In terms of average cumulative regret, Figure 2(a) and 2(c) show that ULCB outperforms
traditional UCB and that KL-ULCB outperforms traditional KL-UCB. The key reason is
that ULCB (or KL-ULCB) chooses to explore when the user is less likely to abandon the
system, which reduce the risk of abandonment compared to UCB (or KL-UCB). Moreover,
our algorithms have order-wise lower regret than Q-learning (Watkins, 1989) with e-greedy,
Q-learning with UCB (Yang et al., 2021), and UCBVI (Azar et al., 2017). The reason is
that these Q-learning based (model-free or model-based) algorithms have no known regret
guarantee for this type of problem, i.e., stochastic longest path problem. It is significantly
different from the finite-horizon episodic MDP or discounted MDP problems, where there is
either a finite horizon in each episode or a discount factor. From Figure 2(a) and 2(c) we can
see that these three algorithms induce a very large regret at the beginning of the learning
process, which may be due to severe error propagation during the update of Q values.

Note that the asymptotic upper bound (UB) and lower bound (LB) in Figure 2(a) and 2(c)
only consider the log K term in the regret and ignore the other lower order terms, so only
the slopes matter. Figure 2(b) and 2(d) plot the average cumulative regret over K episodes
divided by log K. It can be seen that the curves go towards the asymptotic regret upper
bound (UB) and the asymptotic lower bound (LB). These results confirm our theoretical
results.

See Appendix D for simulation parameters and additional simulation results. Simulations
for the general-state setting can be found in Appendix C.5.

6. Conclusion

We studied a new MAB problem with abandonment. The proposed ULCB and KL-ULCB
achieve O(log K) regret, and KL-ULCB is asymptotically sharp. We also extended our algo-
rithms to the general-state setting. Simulation results show that our algorithms outperform
UCB, KL-UCB, and Q-learning-based algorithms and confirm our theoretical results about
the state-dependent exploration-exploitation mechanism.
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Appendix A. State Transition of the MDP in Section 2

The transition graph of the MDP defined in Section 2 is shown in Figure 3 with state space
S ={0,1, g}, action space A = {ay,...,aps}, and Bernoulli random rewards.

The transition probabilities P(s’|s,a) while pulling arm a are shown in Table 1. The
model can also be extended to the case where users never abandon the system at the first
step by defining one more state in which the abandonment probability is 0.

P(0[0,a;) = (1 — u(a))(1 - q(0,0))

R P(110,a) = u(a)(1 - q(0.1)) PalL ) = ua)(l - a(tD)
0 )

Ra;) = 1 R(a) =1

P(0|1,a) = (1 - u(a))(1 - q(1,0)
R(a;)) =0

P(gl0,a;) = (1 — pu(a;))q(0,0) + p(a;)q(0,1)

Pgl1,a) = (1 - p(a))q(1,0) + uladq(1,1)
R(a;)~Bernoulli(u(a;))

R(a;)~Bernoulli(u(a;))

P(glg,a) =1
R(a;)) =0

Figure 3: Transition graph for action a;, i € {1,2, ..., M}.

Appendix B. Missing Proofs
B.1 Proof of Lemma 1: Optimal Policy

If the model is known, this problem can be viewed as a SSP problem (Bertsekas and Tsitsiklis,
1991). Since p(a;) < p(ar) < 1,Vi = 2,..., M and ¢(0,0) > 0, all policies are proper. Hence,
by the results of Bertsekas and Tsitsiklis (1991), there exists a stationary optimal policy.

Therefore, it is enough to consider only stationary policies for 7*. Define for any state s € S
and a € A,

V*(s) = Epx | D Rin(Arn) | Ska = 5|, (22)
h=1
P(SI|S7CL) - NiXt state s’ -
0| (I—p(a))(—q(0,0) | pla)(1—g(0,1)) | (1—p(a))g(0,0)+ p(a)q(0,1)
Current state s | 1 | (1—p(a))(1—¢(1,0)) | p(a)(L—q(1,1)) | (1 —p(a))g(1,0) + p(a)g(1,1)
g 0 0 1

Table 1: Transition probabilities P(s'|s, a)
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where Ay, j, follows the policy 7*, and

w(a) + Erx [ 200 Rin(Arp) | k1 = s, Ak =a], s#g

23
0. o= g (23)

Q*(Sv a) = {

where Ay, h = 2 follows the policy 7*. Note that V*(s) and Q*(s,a) do not depend on
k since the statistics of the MDPs remain the same among episodes and these MDPs are
independent. For s # g, we have the Bellman equation as follows

V*(s) = max Q*(s,a)

Q*(s,a) =p(a) + E | E

o0
Z Ry n(Ak.p) |Sk,2] | Sk =5, Ak = a]
h=2

=p(a) + E[V*(Sk2)|Sk1 = s, Ak = al . (24)
Thus, we have
Q*(s,a) =p(a) + P(0|s,a)V*(0) + P(1]s,a)V*(1)
=p(a) + (1 — p(a)) (1 —q(s,0))V*(0) + p(a)(1 — q(s,1))V*(1)

for any s € {0,1} and a € A. Then we have
@*(1.0) ~ Q*(0.) =[ (1 = H(a)(1 ~ (LYY (O) + pla)1 a1 1)V(D)|

—[u—um»a—qmm»v%m+umx1—«mnﬂ“aﬂ

26
Since by definition we know V*(s) > 0 for any s € {0, 1}, and we know ¢(0,0) — ¢(1,0) >0
and ¢(0,1) — ¢(1,1) = 0, from the result of (26), we have Q*(1,a) — Q*(0,a) = 0 for any
a € {ay,...,apr}. Therefore, we have
V*(1) —V*0) = mng*(l,a) - mng*((),a) = mng*(l, a) — Q*(0,a")
>Q*(1¢ a/) - Q*(Oa a,) = Oa

where o’ := argmax, @*(0,a). Then by (25), for any i = 2, ..., M, we have

Q*(s,a1) — Q*(s,a;) = (uar) — p(ai)) + (u(as) — p(a1))(1 — q(s,0))V*(0)

+ (uar) — pla))(1 —q(s, 1))V*(1)

=(p(ar) — p(ai)) + (u(ar) — p(ai)) [(1 —q(s,1))V*(1) — (1 —q(s, 0))V*(0)]7 (27)
where
(1 —q(s,1))V*(1) — (1 — q(s,0))V*(0) = 0 (28)

due to the fact that V*(1) > V*(0) = 0 and ¢(s,0) > ¢(s,1) for any s € {0,1}. Therefore,
by (27), (28), and pu(a1) = wp(a;),Vi = 2,..., M, we have Q*(s,a1) = Q*(s,a;) for any
i=2,..,M and s € {0,1}. Therefore, always pulling Arm a; is an optimal policy.
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B.2 Proof of Lemma 3

Lemma 3 can be proved by obtaining a lower bound for the ratio V*(0)/V*(1). For
1€{2,3,..., M}, we have

[VF(0) = Q%(0,a:)] = [V*(1) — Q*(1, a)]
=[Q7(0,a1) = Q%(0,a5)] — [Q*(1, a1) — Q@ (1, 0i)]
= [plar) = plai) | [1 + (1 = q(0,1))V*(1) = (1 = ¢(0,0))V*(0)]
= [plar) = p(as)] [1 + (1 = (1, D))V*(1) — (1 = ¢(1,0))V*(0)]
= [1(a1) = p(ai)] [(g(0,0) = ¢(1,0)V*(0) = (¢(0,1) — g(1, 1))V*(1)], (29)

where the first and second equalities follow from (24) and Lemma 1. Since p(a;) > 0, we
have V*(1) > 0. Then by the Bellman equation (24) and Lemma 1, we have

VA(0) _ plar) + plar) (1 = g0, 1)) V*(1) + (1 — p(ar))(1 — g(0,0))V*(0)
VE1)  par) + plan) (1= (1, D) V*(1) + (1 = plan)(1 — ¢(1,0))V*(0)
~plar) + (EEER Aan) (1 - g(1, D))V + = 3(383 (1 = p(ar))(1 = q(1,0))V*(0)
- u(ar) + plan) (1= (1, D) V*(1) + (1 = p(a1))(1 — ¢(1,0))V*(0)
>mm{1 109 280 uan) + )1 —q<1,1>>v*< )+ (1= p(ar))(1 = g(1,0)V*(0)]
- u(a ) p(an) (1 = (L D))V*(1) + (1 = p(an)) (1 — ¢(1,0)V*(0)
i {1 a0, q(0,0)
=i | T T ) (30)
where the inequality is due to the fact that min { i:gg?ﬁ;, }:Zé?zgg} < 1. It follows from (9)

* —_ . . .
and (30) that “;*8 > ggg:ég_gg:ég, which implies

Hence, it follows from (29) that V*(0) — @*(0,a;) = V*(1) — Q*(1, a;).

We also provide closed-form expressions of the value functions V*(1),V*(0) and the
Q-functions Q*(1,a), @*(0,a) here. From Lemma 1, we know that the optimal policy is
always pulling arm ap, so V*(1) = Q*(1,a1) and V*(0) = Q*(0,a1). Hence, from the
Bellman equation (25), we have the following set of linear equations in terms of V*(1) and
V*(0)

V(1) =p(ar) + (1 = plar)) (1 = q(1,0)V*(0) + par)(1 — q(1,1))V*(1)
V*(0) =p(ar) + (1 - p(an)) (1 — q(0,0))V*(0) + u(ar)(1 — g(0, )V*(1).

Solving this set of linear equations, we can obtain

V*(l) ::U’(al)[l +¢(0,0) — (a1)q(0,0) + p(a1)q(1,0) — q(1,0)]

denom
o [ p(an) (1 — q(L V() — pla)
VO s @ ey
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where
denom =¢(0,0) + p(a1)[—2¢(0,0) + ¢(1,0) + ¢(0,1) + ¢(1,1)g(0,0) — ¢(1,0)q(0,1)]
+ pu(a1)*[(0,0) + (1, 1) = q(1,0) = ¢(0,1) = ¢(1,1)q(0,0) + ¢(1,0)q(0, 1)].
Substituting the above results of V*(1) and V*(0) into (25), we can obtain the expressions
for Q*(1,a) and Q*(0,a).

B.3 Proof of the Regret Decomposition (14)

From the definition of V* and Q* in (6) and (7) and by Lemma 1, we have the following
Bellman equation

V*(s) =mng*(s,a) =Q%(s,a1)
Q*(s,a) =p(a) + E[V*(Sk2)|Sk1 = s, A1 = a] (31)
for s # g. Similarly, we have the Bellman equation for V™ and Q™ as follows
V7(s,0) =Q7(s,0,7(s,¢))

I (7,Sk,2,0k,2)+1

Ry n (7 (Sk.hy Okn)) |Sk 2, ¢k,2}
h—2

Sk1 =8 ¢k1 =@, Ap1 = a]

Q" (5, 9, a) =p(a) + EH

=p(a) + E[V™(Sk2, 0r2)| Sk1 =5, k1 = ¢, Ar1 = al (32)

for s # g.
From (13), the regret induced in episode k is E [V*(S.1)] —E[V™(Sk.1, ¢k,1)], which can
be decomposed as follows

=
<

*
n

[V*(Sk,1)] = E[VT(Sk1, ok,1)]
=E [V*(Sk1) — Q" (Sk1, Ak1)] + E[Q* (Sk1, Ak) — VT (Sk1, k1))
=E [V*(Sk1) — Q" (Sk,1, Ak1)] + E[Q* (Sk1, Ak1) — Q" (Sk,1, dk1s Ak 1)]
=E [V*(Sk1) — Q" (Sk,1, Ak,1)]
+ E[E[V*(Sk2)|Sk,1, Ak,1] — E[V™(Sk2, Ok,2)|Sk,1, Ok1s Ak,1]]
=E [V*(Sk1) — Q*(Sk.1, Ar1)] + E[V*(Sk2) — V™ (Sk2, dr2)] = ...

— Z E[V*(Skn) — Q" (Sk.n, Akn)],

where Sy n, ¢r.p, and Ay, are the states, historical samples, and actions following the policy
m, respectively. The second equality is due to the fact that Ay, = 7(Skn, ¢x.pn), the third
equality follows from the Bellman equations (31) and (32), and the fourth equality is by the
tower law. The limit in the result is well-defined since V*(Sy ) — Q*(Skn, Akn) = 0. In
fact, this regret decomposition borrows from (Yang et al., 2021), and it can also be viewed
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as the performance difference formula (Kakade and Langford, 2002) in the RL literature.
Then the regret can be further decomposed into the summation of the gaps between value
function and Q function in different states shown as follows

0
E[Reg, (K Z Z E[V*(Skn) — Q" (Skhs Ak,n)]

K o
=E [ > > V*(Ska) — Q*(Sk,h,Am)]

Lk=1h=1
[ K Ik(7m.Sk1,0k,1) ;
=E | 2] V*(Skn) = Q@ (St Akn) | =E | Y V*(Sy) — Q*(Sh, Ar)
=1 e
T(K,m) M
= DII{S =0, Ay = a;} [V*(0) — Q*(0, a;)]
t=1 =2

+ ]l{St = 1,At = ai} [V*(l) — Q*(l,ai)]],

where the second equality is by monotone convergence theorem, the third equality is by
the definition of Iy(m, Sk1,¢r1), T(K,7) = Zle Ii(m, Sk.1, k1) is the number of pulls
over K episodes following the policy m, and the last equality follows from the fact that
V*(s) — Q*(s,a1) = 0 for any s.

B.4 Proof of Lemma 7
Choose a T such that for any t > 17,

(Pmin — 1) (¢t — 1) logt + 4log (logt)
2(M — 1) > 2, and %% S < (u(ay) — p(az)) — .

Let N}(a) be the number of times arm a € A was pulled in state 1 before time step t. Then

P <Nt(a1) < (Pmin = m)(t 1)) < p <Nt1(a1) < (Pmin —m)(t 1))

2 2

=1

t—1
<p (N () < Lo =D S 46, 2 1) > (s — )t~ 1>>

t—1
+P (2 1S; = 1} < (pin — 1)t~ 1)) (3)

i=1

where the first inequality follows from the fact that N}!(a) < Ny¢(a). Next we will show that
PN 1{S; = 1} < (Pmin — 1) (t — 1)) is small. Let Fo := {&, Q} be the minimum o-algebra,
and F; := o(S5, A1, ..., Si, A;) be the o-algebra generated by the random variables up to time
1. Since for any a € A,

P(Si = 1/Si1 = 0, ;1 = a) p(a)(1 — g(0,1))
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P (S, = 1Si1 = 1 Ai_1 = a) >p(a)(1 — g(1,1))
we have
E[1{S; = 1}|Fi—1] = p(ap) min {1 — ¢(0,1),1 — ¢(1,1)} = pmin > 0.

Hence we have

P <2 H{SZ = 1} < (Pmin — U)(t - 1)) =P (Z Pmin — 2 ]l{SZ = 1} = n(t — 1))

<P <tZ:1 (E []I{Sz = 1}‘./_';'_1] — H{Sz = 1}) > n(t — 1)) . (34)

Let A; :=E[1{S; = 1}|Fi—1] — 1{S; = 1}. Note that A; is measurable with respect to F;,
E[A;|Fi—1] = 0, and |A;| < 1. Hence, by Azuma-Hoeffding inequality (Van Handel, 2016),
we have

t—1
P (2 (E[1{S; = 1}|Fi ] - 1{S; = 1}) > n(t - 1>> < exp (—”(t;”) )
=1

Therefore, from (33), (34) and (35), it follows that
min — t—1
o (o < =)

2

t—1
<P <Nt1(a1) - P =)t 1) N 1S = 1} > (punin — 1)t — 1>> + exp <472<t—1> >

2 =1 2
M o _ 204
p (Z N (o) > = 1>> 4 exp (_n ¢ 1>>
. _ 204 _
<P (Ntl(aj) - (pIm;(an(i) 1)) + exp (_77@21)> , (36)

where the second inequality is due to the fact that Zf\il N} (a;) = Zf;% 1{S; = 1} and in

the last inequality j € argmax;e(s sy N{(a;). Consider the event {N}(a;) > %}

Let 7 <t be the time step when a; is pulled in state 1 for the [%1—&1 time. Then
we have

T > [(pmin_n)(t_l)“ +(M—1) > (pmin_n)(t_l) + (M—l) (37)

2(M —1) 2(M —1)
N;t (aj) _ [(pmgl(]_\fnz@l)_ 1)—‘ 1> (pnn;(_Mni(tl)_ 1) _ 1’ (38)

where the first inequality is due to the fact that the ULCB algorithm pulls the other (M — 1)

arms at the beginning. Let L; = % + (M —1). Then we have

(pmin - 77) (t — 1)
P (e > P )
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<P (Tt > Ly, N (a;) = [(pm;&nz(tl)— 1)} 1S =14, = aj)
<P (ﬂit (aj) = fir,(a1), 7 = Ly, N}, (a5) = [(pmgl(xfz(i; 1)] B 1)
<P (ﬂit (aj) = fit,(a1), 7 > Ly, Ny, (aj) > [(pmi;(]&ﬁi(i)— 1)} - 1)
B (40 > A ) o) > o) 7> L No) > [ DD )
+ P (g, (a1) < plar), 7 = Ly) (30)

where the first inequality follows from (37), (38), and the definition of 7, the second inequality
follows from S;, = 1, A;, = a;, and Line 13 of Algorithm 1, the third inequality is due to
the fact that N, (a;) = N} (a;), and the last inequality is by law of total probability.

By Lemma 12 (which is presented after this proof) and ¢; = 1,¢ = 4, for any t = T}, we
can bound the second term in (39) as follows

elog Lilog(t — 2) + 4elog(log L) log(t — 2) + e

P (fir, (a1) < p(a1), 7 = Lt) <

Lt(log Lt)4
<elog(t—2)+4log(t—2)—|—e< (4+e)log(t—1)+e
= Li(log Lt)3 " Pmin—n) (=1 win—n) (=1 \ 3
t(log Lt) (o i=1) [log ((p o)l ))]

c3
ca(t — 1) [log (ca(t — 1))]*

where the second inequality is obtained by dividing the numerator and the denominator
by log L;, the third inequality is by the definition of L;, and the last inequality is obtained
by dividing the numerator and the denominator by log (c2(t — 1)), where ¢g == % and

cg = 1%)?2 log o+ For the first term in (39), we have

(40)

log 2°

P <'a’71't(aj) = ﬂ}'t(al)7ﬂ71't(al) = N(al),Tt = Lt,NTt(aj) > [(pmin — n)(t - 1)} . 1>

2(M — 1)

<P (i (a) > o) Nofay) > | Lo DO, (1)

Consider the event {zil (a;) = p(a1), Ny, (a;) = [%] — 1}. Then we have

_ log 7+ + 4 log (log 7¢)
1
K, (CL] lu’Tt a] + \/ 2N‘I’t a]

= play) + = iag)) = plag) + (u(ar) = plaz)),

which implies

fir, (aj) — p(a;) =(ular) — plag)) — \/logﬁ ;]él?jj()logn)
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logt + 4log (logt)

min — t—1
(o DD

=(u(ar) — p(az)) —

= 9

where the second inequality is by 7 < ¢t and Ny, (a;) > [%] — 1, and the last

inequality is by ¢ = T} and the definition of 77. Hence we have

P (ﬁ; (a3) > par), Ny, (az) > {(p mi;(;fz(i)_ 1)} - 1)

p (un (aj) — p(az) = 7, Ny, (aj) = [(pmg&nﬁ(i)— 1)} - 1)

N

<§:P i ()_ ( ,)> N()> (pmin_n)(t—l) 1
= Hr i) = pAGi) = 7, N (i) = 2(M — 1)
M t—1 1
<2 2 P <n > Rlai) — pla;) = 7)
I [ e
v 2 M—-1
<(M -1 Conn?) < | N
( ) (P an)un (2] 272 exp (272c2(t — 1) — 49?) (42)
n=| @ap oD

In the derivation above, the second inequality is by the union bound over all possible j. The
third inequality is by the union bound over all possible number of pulls of arm a;, where
{Rs(a;)}?_, are n ii.d. Bernoulli rewards of pulling arm a;. The fourth inequality uses
Hoeftding inequality, and the last inequality is by integration.

From (36), (39), (40), (41), and (42), it follows that for any ¢ > T7,

(Pmin — 7)(t — 1))

P (Nt(al) < 5

M —1 c3 Pt —1)
<2v2 exp (27%c2(t — 1) — 49?) i ca(t — 1) [log (ca(t — 1))]? e ( 2 ) '

Lemma 12 Let all the assumptions in Lemma 7 hold. Consider the ULCB algorithm. Let
L; = % + (M —1), g, :== c2log Ly + cc? log(log Ly). Then for any t > Ty,

P (jir,(a1) < pla1), 7 = L) < e[z, log(t — 2)] exp(—4L,) (43)

Proof This lemma can be proved by a minor modification of the proof of Theorem 10
in the work of Garivier and Cappé (2011). The main difference is that 7; is a random
variable with a lower bound L;. We present the whole proof for completeness. We first define
several notations and construct a martingale. Let n be any time step. Let {X;}!' ; be the
i.i.d. Bernoulli rewards generated by pulling arm a;. Let {F/} be an increasing sequence of
o-algebra such that

f(l) = 0'(51, A1), ./T"', = 0'(51, A1, Xl, ceny Si, Ai, Xi, Si+1, Ai+1), ) = 1.

7
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Note that X; is independent of F/_; and X; is measurable with respect to F/. By the
definition of 7,,, the event {7, — 1 > i} = {7, < i}° is measurable with respect to F,_; for
any ¢ € {1,...,n — 2}. Let

n—2 n—2
n = Z EiXiv Un = Z €, n = 27
i=1 =1

where ¢; := 1{A4; = a1,i < 7,, — 1}, which is measurable with respect to F;_;. Hence, V}, and
Upn+1 are measurable with respect to ) _,. For any XA € R, let ¢(\) := log E [exp(AX1)]. For
any n > 0, define W by

Wy = exp (A\Varz — Uns20(N)) . (44)

For any n > 1, we have

E [exp (AM(Vas2 = Var1)) [Fr1] = E [exp (Aen Xn) |51 ] = E [(exp (AX5)) " |74 ]
= (E [exp (AXn) [ Fp_1])" = exp (en 1og E [exp(AX,,)|F_4])
=€exp (Engb(A)) = exXp ((Un+2 - Un+1) ¢()‘)) ) (45)

where the third equality is due to the fact that €, € {0,1} and ¢, is measurable with respect
to F)_1, and the fifth equality is due to the fact that X, is independent of F, ;. Hence,
by (45) and the fact that V,,,1 and U, .2 are measurable with respect to .7-" _q we have

E [eXp (AVit2 = Uny20(N)) ’ 1] = exp (AVit1 — Uns16(N))

E [Wm]ﬂ’l_l] = W) ,, which implies that W, is a martingale with respect to the

filtration {F},}. Hence we have for any n,
E [WQ] —E [WOA] ~1. (46)

Next we will use this conclusion to bound P (il (a1) < p(a1), 7 = L;). Note that
Ny (a1) = U; and fir,(a1) = V;/U; by definition. By Line 12 of Algorithm 1, il (a1)
can also be written as

/ﬁt (a1) = max {p :2Uy (p — [LTt(al))Q < C% log 74 + cc% log(log Tt)} . (47)

Since t = T, we have Ly > M + 1 > 3 by the definition of L;. Hence, by the definition of
0r,, we have dr, > 0. If §r, <1, then

P (i (ar) < plar), > L) <1< exp (1 —07,) [0y, log(t — 2)]

for t > T1. Then we only need to consider the case where d7, > 1. We use the same “peeling
trick” as in the work of Garivier and Cappé (2011): we divide {1,2,...,t — 2} of possible
values for Uy into slices {t,—1 + 1,...,tp—1} of geometrically increasing size, and treat the
slices individually. Let f; := 5-— Let to := 0 and for n e N, t,, :== | (1 + 3¢)"|. Let D; be
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the first integer such that tp, >t — 2. Hence, D; = [hl;g((lt;;))} Define E,, == {t,—1 < Uy <

tn} N {@t,(a1) < p(ar), 7 = L¢}. Then by union bound, we have

Dy Dy
P (fi},(a1) < p(ar), 7 > Ly) = P (U E) < Y P(E,). (48)
n=1 n=1
Note that
{iir,(a1) < plar), 7 = Le}
c {/jn(al) < play), 2Us(u(ar) — fir,(a1))? > clog 7t + ccilog(log ), ¢ = Lt}
= {laTz (al) < M(a1)¢ 2Ut(M(a1) — fry (al))Q > 6Lt} (49)

by (47), 7w = L., and the definition of d7,. Let m; be the smallest integer such that

é
thfrl < 2u(ar)?. If Uy < my and i, (a1) < p(a1), then

20U (u(ar) — i, (a1))® < 2my(p(ar) = firy(a1))? < 2myp(ar)® < dp,,

which implies that

{U: < my, fir,(a1) < plar), 2Us(p(ar) — fir,(a1))* > 1, } = &. (50)
Therefore, it follows from (49) and (50) that
{Ut mg, MTt (a’l) < /“L(al Lt} @

Hence, E, = & for all n such that ¢, < m;. For n such that t, > my, let ¢, 1 =
max{t,_1,m;}. Then we have

E, E{fn,1 <U; < tn} N {[L}_t(al) < ,u(al),Tt = Lt}
g{fn—l <U < tN} N {ﬂTt(al) < N(a1)>2Ut(/~L(a1) - /jL'rt(CLl))2 > 6Lt}’ (51)

where the second relation follows from (49). Define z; such that 0 < 2z < p(a;) and
2(u(ar) — z)?* = (1+5 g . Note that if E,, occurs, then the definition of z; is valid since
or, - or, - or,

~

A+B)" U  mi+1

< 2p(ar)?,

where the first inequality follows from Uy < t,, < (1 + ()", the second inequality follows
from U; > my + 1, and the third inequality is by the definition of m;. For U; > t,,_1, we have

En 0 AU > tho1} S En 0 {Us > tyo1} € By 0 {Uy > [(1+ 8"}

B0 {01 (04 A & B {alon) =20 = > G 69

where the first relation is by definition of #,,_1, the second relation is by the definition of
tn_1, and the last relation uses the definition of z;. For U; < t,, we have

Ey,n{Us <ty} CE, n{Us < |(1+8)" |} S En n {Up < (1+ B)"}
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CE, U < (1+ B)") 0 {201 (u(ar) — finy(a1))? > 61,)

=B 0 {2n(ar) = ) > > e = 2utan) - [ 69

where the first relation is by the definition of ¢, the third relation follows from (51), and the
last relation uses the definition of z;. Hence, from (51) (52), and (53), it follows that

E, {[LTt (al) < M(a1)72(:u(a1) = Hry (al))Q > 2(!“(@1) o Zt)2 > (1—;5[/575)%}

= {na0) < 20 2utan) = 2 > P (54)

Define \; := log (z¢(1 — p(a1))) —log (u(a1)(1 — z¢)) < 0. By Lemma 9 in the work of Garivier
and Cappé (2011), we have

¢(Ar) < log (1 — p(ar) + p(ar) exp(Mr)) - (53)
Then it follows from (54) and (55) that

B, Q{Awm ~ B0 = Az — log (1 — u(ar) + p(ar) exp(Ae))

or,
2(u(ar) — z)? = (1+ﬁt)Ut}

- {Atﬂn (a1) = 6(Ae) = K21, plar)), 2(plar) — 2)? ‘&}

(1 + ,Bt)Ut
c {Atnﬁwn 60) = 2plar) — 2% 2ar) — ) > <1+5ﬂ>U}
= {Mimtan) = 00) > 2 (56)

where the second relation is by the definition of A\; and kl(-,-), and the third relation

uses Pinsker’s inequality such that 2(u(a1) — 2¢)® < kl(z, (a1)). By the relation that
fir, (a1) = V; /Uy, the definition of W) in (44), and (56), we have

At 5Lt o At 5Lt
b= {log (W) 2 5 +ﬁt)} - {W” = o <<1 +5t>>}'

By Markov’s inequality, we have

E|W
P(En><n»(w3:2>exp( 0L )><[t2]:exp(_ oL, >

(1+5) exp ((1%))

where the equality follows from (46). Hence, from (48), it follows that

Dy
P (i (o) < plar) 7> L) < Y P(E) < Drexo (—25). 60

n=1
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Recall that 3; = . Then
log(t — 2) W log (t—
Dy = = [6r, log(t — 2 58
where the last inequality follows from the fact that log % % for any x > 1. From (57)

and (58), it follows that

P (it (a1) < plar), 7 = Ly) <[d1, log(t — 2)] exp (‘(1%}%))

=e [0, log(t — 2)] exp(—dp,).

|
B.5 Proof of Lemma 8
By monotone convergence theorem and linearity of expectation, we have
T(K T M
B33 3 HS =0 =) [V70) - <o,ai>]]
=E | >, 1{t < T(K,m)} Z 1{S; = 0, Ay = a;} [V*(0) — Q*(O,ai)]]
Oo_t:I ZLQ
-ME [1{ T, )} Y 1S, = 0.4 = i} [V*(0) - @*(0,%)]]
=1 i=
too y 2
<)E [Z 1{S, = 0, A, = a;} [V*(0) — Q*(0, ai)]]
=1 =
tOO N 2
=2, 2, [V¥(0) — Q*(0,a)] E[1{S; = 0, A = ai}]
t=1i=2
o M
= Z [V*(0) — Q*(0,a;) | P (S = 0, Ay = ;)
t;/[l =2 .
= [V¥(0) = Q*(0,a) 2 (Sy = 0,4 = a;), (59)

~
Il
N}

where P (S; = 0, A; = a;) can be bounded by
P(S; =04 =a;) <P (S’t =0,A; = a;, u(a;) = [Lg(ai)) +P (,u(ai) < g?(ai)) .
Note that by definition of i (a;) we know

. _ logt + 4log(logt . _
u?(ai)=ut(ai)—\/ & 2Nt(ag§ S = min {p : 2(fis(a;) — p)*Ni(a;) < logt + 4log(logt)} .

(60)
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Hence, by Theorem 10 in the work of Garivier and Cappé (2011), we have
e[[logt + 4log(logt)] log ] N

P i i) i)) < < 61
(:U’(a ) < (a’ )) t(lOgt)4 t(logt)2 ( )
for any t > T1. Hence, we have
6e
P (S = 0,4 = a;) <P (8 = 0,4 = as, plai) > fig (ai)) + -5
(St =0,4; = a;) (S =0, 4; = as, p(ai) = fif (a ))+t(logt)2
for any t > T7. Similarly, we have
]P)(St = 07At = ai)
- - - Ge
<P (Sp = 0, Ay = ag, iy (ar) = plar), plai) = fig (i) + P (i (a1) < p(ar)) + Hllog )2
- - 12e
P (S = 0,4; = ai, iy (ar) = plar), plai) = g (ai)) + (log 1)? (62)

for any t > Ty. Note that fif (a1) = ji¥(a1) + 2 % by definition. Hence, we have

P (S =0,4; = ai, it (a1) = p(ar), plai) = i) (a:))

-p (st ~ ai, e + 2\/ OBLL OB > ) e > ﬂ?<ai>>
_p (5; = a;, ji0(a1) + 2\/1°gt ;jtl(‘;glglog D5 w(as) + (ular) - ulas)),

p(ai) = ,u?(%))

P (St = 0,4, = ag, i (a1) + 2\/ tog! ;;tl(j‘f()log” > 0(as) + (n(ar) u(am)

<P (St =0,4; = a;, i(ar) = 1Y (a;) + (u(a1) — plag)) — 2\/10gt ;@l(c;gf)logt)) '

Then by Lemma 7, for any t > T}, we have

P (S =0, 4 = a;, fuy (a1) = p(ar), pla;) = fig(a;))

. . logt + 4log(logt
<P (St = 0,4y = a, () > (a0) + (ar) — pla)) - 2\/ e

Ni(ay) > (Pmin —g)(t —~ 1)) P (Nt(al) < (Pmin —;7)(75 - 1))

logt + 4log(logt)
(pmin - 77) (t - 1)

<P (St = O,At = ai,,&?(al) > [L?(a,) + (u(al) — u(az)) — 2\/
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N M—-1 N c3 te < n*(t—1) >
X
272 exp (292%c2(t — 1) = 492)  cp(t — 1) (log (ca(t — 1)) P

Define T3 such that T, > T3 and for any ¢t > T5, p(a1) — pu(ag) = 2 W Then for

any t = Th, we have

P (Se =0, A¢ = ai, fif (1) > p(ar), p(ai) > i (ai))
<P (St =0,4; = ai,ﬂ?(a ) > ﬂ?( ))
M—1 cs _nt=1)
T2 exp (220l — 1) —470) | ot — 1) (log (calt — 1)) P < 2 >
M-1 cs =1
S H e @Parlt — 1) 7)ot~ 1) (og (@i~ 17 TP (757) @

where the last inequality follows from P (S; = 0, 4; = a;, 4 (a1) > fif (a;)) = 0 by the ULCB
algorithm. Therefore, it follows from (62) and (63) that

= & M -1 C3
]P)(StZO,AtZCLi)< 4
t;% t§%2wemw%ﬂ@@f1>~4w> ca(t — 1) (log (ca(t — 1)))?
2
n*(t—1) 12e
e ( 2 * t(logt)?
- (M — 1) exp(472 — 272co (T — 2)) N 3
= 4’}/462 Co log[02 (Tz — 2)]
2 n*(Ty — 2) 12¢
— - . 64
TP < 2 T log(Ts —1) (64)

Hence, from (59), it follows that

T(K,m) M

E Z ZM&—O&—%HW<) Q*(0,a;)]

M
Z *(0,a;)]

where the last inequality follows from (64) and

0 M
To+ 3 P(S; =04 = >] < D [VH0) — Q*(0,a)].
=2

t=Ts

— 2 _ 942 _ 2 _
=Ty + (M — 1) exp(4y* — 297co(Th — 2)) N c3 + 2 exp n (T, — 2)
4~4cy caloglea(To — 2)]  n? 2
N 12e
10g(T2 — 1) ’

B.6 Proof of Lemma 9
By monotone convergence theorem and linearity of expectation, we have

T(K,m) M

E{ > D 1S =14 =a}[V*(1) - Q*(1,a;)]

t=1 =2
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M
Lt < T(K,m)} Y 1{S; = 1, Ay = a;} [V*(1) — Q*(l,ai)]]

1=2

Il
&=
| —
18

-
Il
—

E

M=

N 1S, = 1, Ay = ai, t < T(K,m)} [V*(1) — Q*(l,ai)]]

i=2t=1

M =)
= Z [V*(1) —Q*(1,a;) ] E [Z 1{S; =1, 4 = a;,t <T(K, 77)}]
i=2 t=1
M o
< Z [V*1) —Q*(1,a,)] <M +E [ Z 1{S; =1, 4 = a;,t < T(K, w)}]) . (65)
i=2 t=M+1
Let € > 0. Let B(t) := m [logt + 4log(logt)]. Then we have
E i 1{S; = 1,At:ai,t<T(K,7r)}]
=M +1
—E |B(T(K,m)+ > 1{S; =14 = a;t < T(K,m),N}(a;) > B(T(K,w))}]
i t=M+1
<E | B(T(K,m)) + i 1{S; =1, A = a;,t < T(K,n), Ni(a;) = B(T(K, n))}]
i t=M+1
<E | B(T(K,m)) + i 1{S; = 1, Ay = a;, Ni(a;) = B(t)}
i t=M+1
=E[B(T(K,m)]+ >, P(Si =14 =a;,N(a;) > B(t)), (66)
t=M+1

where the first inequality is due to the fact that Ny(a;) = N} (a;), the second inequality is
due to the fact that B(t) is increasing in ¢, and the last equality is by monotone convergence
theorem. For the second term, we have

P(St = l,At = ai,Nt(ai) = B(t))

8

t=M+1
Qa0 ee]
< ) P(i(a) <pla) + Y, P(S=1,A4 = a;, Nia;) = B(t), jif (a1) = p(ar))
t=M+1 t=M+1

gé

e}
+ Y P (S =1, 4 = ai, Ni(ai) = B(t), ji} (a1) = p(ar))
t=M+1

<

[

2
t=M+1 log t)

o0
+ >0 P(Si=1,A = ai, Ny(ai) = B(t), fif (as) = it (a1) > p(an))

8

~

logt )2

t=M+1 t=M+1
6e & -
< + > P(A = ai, Ni(a;) = B(t), fiy (i) = p(ar)) , (67)
log M t=M+1
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where the second inequality is by Theorem 10 in the work of Garivier and Cappé (2011),
similar to (61) in the proof of Lemma 8. The third inequality holds since the ULCB algorithm
pulls arm a; in state 1 if and only if fif (a;) = fif (a1) when ¢t > M + 1. Consider that the
event {A; = a;, Ny(a;) = B(t), iif (a;) = pu(a1)} holds. Then we have

plos) < it @) = () + ¢ RRLL OB < (a4 M) oy

where the last inequality is by Ny(a;) = B(t) and the definition of B(t). Define r¢(a;) €
(u(a;), pu(aq)) such that
ay) — a;
+ €
Then it follows from (68) and (69) that p(a1) < fig(a;) + p(ar) — re(a;), which implies that
ft(a;) = re(a;). Hence, the second term in (67) can be bounded by

P (Ay = ai, Ni(a;) = B(t),if (a5) = p(an)) < > P(A = ai, fis(as) > re(as))
t=M+1

~

[l
18 %Ms %MS

[y

P (Ar = ai, (i) — plai) = re(ai) — p(ai))

o~
—

~
[y

= Z P (At = ai, Ne(a;) = n, % Z Rg(ai) — plai) = re(as) ,u(aﬁ)
t=M+1n=1 s=1

<> )P (At = a;, Ni(a;) = n, % D Ro(as) — p(as) = re(a;) ,u(aﬁ)
n=1t=n+1 s=1

< 2 P % Z Rs(ai) - M(az> = Te(az) - N(az)) ) (70)
n=1 s=1

where the second equality is by law of total probability, where {Rs(a;)}”_; are i.i.d. Bernoulli
rewards of pulling arm a;, and the last inequality is due to the fact that {A; = a;, N¢(a;) =
n}g2 .1 are mutually exclusive and the countable additivity of probability measure. Then
by Hoeffding inequality and (70), we have

P (Ar = ai, Ny(a;) > B(t), fiy (i) > p(ar))
t=M+1
OOex —2n, (re(a;) — p(a;))? !
< 25 exp (=20 re(a) = (e)’) < S (™)

Therefore, from (65), (66), (67), and (71), it follows that
T(K,w) M

El > Y 1S =14 =a}[V*(1) - Q*(1,a;)]

t=1 =2
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u * * ) 6e 1
<D0 - Q") |+ BB + o+ ot u(ai))Q] )
where
1+e€
E[B(T(K,7))] =E {2 oty afayye Do (K. ) + 4 log(log T(K,ﬂ))]}
<30 (all) +; o [logE [T(K, )] + 4log (log E[T(K, w)])}
1+e

<2(M(a1) (@) [log cs K + 4log (log(C5K))], (73)

where the first inequality is by Jensen’s inequality, and the second inequality is by Lemma 13
(which is presented after this proof). Then it follows from (72) and (73) that

T(K,x) M
E Z Z 1{S; =1, 4 = a;} [V*(1) — Q*(1,ai)]

i=2
1+e€ " s
<Z 5 (V¥(1) — Q*(1,a;)) log K + o(log K). (74)
24 2((ar) — pu(a)
Lemma 13 Let Assumption 1 hold. Then for any policy w € II, we have
K
= > E[Ii(m, Sk1, 6r1)] ZE I (7%, Sk1)] < e K.
k=1

Proof Define a genie-aided (model-based) policy 7}, that maximizes the expected number of
steps in one episode, i.e., for any s € {0, 1}, 7, := argmax,E [I(r,s)], where 7 is taken over
all policies and I (7, s) is the number of steps in one episode given initial state s. We omit
the subscript k in I(m, s) since the distribution does not depend on the episode number k.
Then we have

E[I(7},1)|Ag1 = a] =1 + pa(1 — q(1,1)E [I(7, 1)] + (1 — pa)(1 — ¢(1,0))E[I(x, 0

E [I(ﬂ-;v O)|Ak,1 = a] =1+ Ma(l - Q(Ov 1))E [I(ﬂ{k’ 1)] + (1 - ,UJa)(l - Q(Ov 0))E [I(ﬂ{k’ 0

Then
E [I(r}, 1)| A1 = a] = E[I(7},0)[ Ay, = a]
=11a(g(0,1) = q(1, 1)E[I(m}, )] + (1 = pa)((0,0) — q(1,0))E [1(r, 0)] = 0,
where the inequality follows from Assumption 1. Hence, we have
E[I(n},1)] = E[I(x},0)] = maXE [1(7}, 1)|Agy = a] — méa,xE [1(, 0)| A1 = a]
=m3XE [1(7}, 1)|Agy = a] — IE[ (7%, 0)[ A1 = d']
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>E [I(’]T:ka 1)‘Ak,1 = a/] —E [I(W;, O)’Ak,l = a,] =0, (77)
where a' := argmax, E [I(n},0)|Ax1 = a]. Hence, from (75) and (76), we have
E [I(TI‘;, 1)|A1€’1 = al] —E [I(?T:k, 1)|Ak71 = CLZ']

—(ftay — fa;) [(1 —q(1,1)E[I(x},1)] = (1 —q(1,0))E [I(%, 0)]] >0,

where the inequality follows from (77) and Assumption 1. Similarly,
E [I(TI‘;, 0)|A1€’1 = al] —E [I(?T:k, 0)|Ak71 = CLZ‘]

—(tay — Jta,) [(1 —q(0,1)E[I(7},1)] — (1 — q(0,0))E [I (%, 0)]] > 0.

Therefore, the policy 7, is always pulling a4, i.e., 7, = 7*, which implies that

K K K
E[T(K,m)] = Z E [I1(m, Sk,1, dr,1)] < Z E [I(7*, Sk1)] < Z E[I(7*1)] < s K.
k=1 k=1 1

B.7 Proof of Theorem 4: Upper Bound for KL-ULCB

The proof idea is similar to that of Theorem 2. The proof is based on the regret decomposition
in (14). We will first show that the number of optimal pulls scales linearly with ¢ with
high probability. Then, we will bound the expected regrets induced in state 0 and state 1
respectively. We first prove a lemma similar to Lemma 7 as follows.

Lemma 14 Let all the assumptions in Theorem 4 hold. Consider the KL-ULCB algorithm
withcy = ¢1 =1, and ¢ = 4. Let pyin = p(aps) min {1 — ¢(0,1),1 —q(1,1)}. Letn € (0, pmin)
be a constant. Let v' > 0 be a constant and r € (pu(az), p(ar)) such that Kl(r., p(ar)) =

%W. Define T3 such that for any t > Tj,

(pmin - 77) (t — 1)

logt + 4log (logt) _ Kl(p(az), pu(as))
2(M —1) '

( min — )(t_l) = /
s z(MnA) —1 1+

> 2, and

Then for any t = T3

p (Nt(al) < (Poin =)= 1)) <P<Nt1(a1) < (Poin =)t = 1)> - (772@_1)>

2 2 2
M—-1 C3

(g, ) e (4 1, o)) [P0 —2])  ealt— ) Dom ot~ D)

+

4+e
log 2

log = +

where cg = 2=l qnd c3 =

= 2(M-1)

2 e
o Toga 7€ constants.
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Proof Let ¢t > T3. Using the same argument as in the proof of Lemma 7, we have

P <Nt(a1) < (Pmin —m)(t 1)) < p <Nt1(a1) < (Pmin — 1) (t 1))

2 2

<P <g;(aj) > p(ar), Ny, (a;) = [(pmgl(&nz(i)_ ﬂ - 1>

-1 n*(t —1)
B (i () < plar). 7 > L) +exp () (79)
where N}!(a) denotes the number of times arm a € A was pulled in state 1 before time step
t, J € argmax;c(y  ar) N} (a;), 7+ < t denotes the time step when a; is pulled in state 1 for

the [%]—th time, and L; = % + (M —1). The second term in (78),

P (fit,(a1) < p(ar), 7 = L¢), can be bounded by
P (il (a1) < pu(ar), 7 > L4) < e[61, log(t — 2)] exp(—0x,), (79)

where dz, = log L; + 4log(log L;). The proof of (79) is omitted since it can be proved the
same way as Lemma 12 by just replacing the Euclidean distance in the proof of Lemma 12
with KL divergence. Hence, we have

P (fik (a1) < plar), 7 > Ly) < “ (80)

ea(t—1) [log (ea(t — 1))

where ¢y = 2mn=l and ¢5 = 2+ log 2 + < Consider that the event

— 2(M-1) ~ log2 co " log2:
{0 ). N ) > | Lo O |

holds. Define k1t (z,y) := kl(z,y)1{z < y}. Then we have

_ _ _ log 1 + 4log (log7¢) _ logt + 4log (logt)
+ . + . 1 ) —
kl (/’LTt (aj )7 /L(al)) <kl (MTt (CL] )7 Moy (aj )) - NTt (aj) < (pm;&&n)(lt)fl) 1

Klu(az), plar))
144

)

where the last inequality is by ¢ > T3 and the definition of T5. Hence, for the first term
in (78), we have

(301 e ) » [ D] )
Klju(a)sulan)) s [(pmin —n)(t - 1)} _ 1>

<P (" i 05). ) <

1++ 2(M —1)
A Kl(u(az) p(an) o (o [Gan—m)(E=1]
< 3P (40 i o)) < S ) 5 | (o 0] )
M t—1 n
<Y r (kﬁ (; > Rs<ai>,u<a1)> < M fﬁ"ﬁm») | (81)
=2 n:[(pmé?];[n_)gfl)w_l s=1 v
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where the second inequality is by the union bound over all possible j, and the last inequality is
by the union bound over all possible number of pulls of arm a;, where {Rs(a;)}?_; are n i.i.d.
Bernoulli rewards of pulling arm a;. Consider that the event {kI" (£ 3" | Ry(a;), u(a1)) <

%f@”)} holds. By the definition of ., we have k1" (1 3" | Ry(a;), p(ar)) < kl(r., p(ar)),

which implies that £ > | Ry(a;) > r.. Hence, we have

1 n
(n Z az az ) >kl (T'y/a M(al)) > ki (T’ylv N(G’Q)) (82)
since p(a;) < p(az) <7y < 23" | Ry(a;). Hence, from (81) and (82), it follows that

P (i (0) > nlan). N fay) = | Lo =D )

M t—1 1 n 1 n
<> > | P <k1 (n E;Rs(ai),u(ai)) > Kl (ry, p(02))  — Z sla;) > p m))
1 5=

1=2 (Pmin—m)(t—1)
”:[ 2(M—1) -

t—1

<(M - 1) 2 exp (=nkl (ry/, p(a2)))

ne| Gt |y

M—-1

< Y
0 e 0. [~

(83)

where the second inequality uses the concentration inequality for KL divergence (Mardia
et al., 2020), and the last inequality is by integration. From (78), (80), and (83), Lemma 14
is proved. |

Lemma 14 shows that when ¢ is large enough, the number of optimal pulls scales linearly
with ¢ with high probability. This plays an important role in the proof of Lemma 15, which
bounds the expected regret induced by pulling suboptimal arms in state 0 by a constant.

Lemma 15 Let all the assumptions in Theorem 4 hold. Consider the KL-ULCB algorithm
with co = c1 = 1, and ¢ = 4. The regret induced in state O can be bounded by

T(K,m) M

M
El > 1S = 0,4 = a;} [V*(0) - Q*(0,a:)] Z Q*(0,a)],
t=1 =2 =2

where cg; are constants which depend only on M, u(a1), p(az), p(ai), Pmin, 1, and '

Proof Using the same argument as in the proof of Lemma 8, we have
T(K,w) M

E| > > 1{S =04 =a;}[V*(0) — Q*(0,a;)]

t=1 1=2
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M 0
< 2 [V*(O) - Q*<0,CL1)] Z P (St = 07 At = ai) ) (84)
=2 t=1

where P (S; = 0, A; = a;) can be bounded by
P (S = 0,4 = a;) <P (8 = 0,4 = ag, plai) = fig (a:)) + P (p(a;) < fig (ai))

6e
<P (S;=0,A; = a;, ula;) = i) a;)) + —=
( t t mlai) = fu ( )) t(logt)2

for any t > T3, where the inequality is by Theorem 10 in the work of Garivier and Cappé
(2011). Note that S; = 0, A; = a; implies that i (a;) > fi(a1) by the KL-ULCB algorithm.
Hence, for any t > T3, we have

N N N 6e
P(Sy =0, A = a;) <P (pu(a;) > i (ai), fif (a;) = fi (ar)) + F(log )
A 00 6e
<P (p(ai) = i (ar)) + Tlog1)?
<P (1(e) > (). Niar) > Lo =AY 4 p () < L= 1)
be
* t (logt)?
_ (Pmin — ) (t = 1) 6e n?(t—1)
<P (u(ai) > fif (a1), Ne(a1) > 2 > ’ t (logt)? e (_2>
n M—-1 I C3
KL (1, p(a2)) exp (KL (ryr, p(a2)) [ Lo — 2} eat = 1) [log (ea(t = D)

(85)

where the last inequality uses Lemma 14. Consider that the event {u(a;) = i?(a1), Ny(a1) >
%LW} holds. Define kI™ (z,y) := kl(x,y)1{x > y}. Hence, we have

logt + 4log(logt) - logt + 4log(logt)

Ni(az) h W

K17 (fie(a1), p(ai)) < Kl(fie(ar), i (a1)) <

Define T} such that Ty > T3 and for any t > Ty, loéfnff,l%gftlf%)t) < Kl ((ﬂ)v’f (@2)) Then for any
Gumin = =1

t = Ty, we have

kl(p(ar), plaz)) _ Kl(p(ar), plai)

kl_ i 7 < X
(:U’t(al)vﬂ(a )) 1+ 'Y/ 1+ ,7/

Define 1/, (a;) € (u(a;), u(a1)) such that kl(r’, (a;), p(as;)) = %W Then we have

k™ (ﬂt(al)a :U’(az)) < kl(rfly’(ai)a M(a’i))7

which implies that fi;(a1) < r/,(a;). Therefore, we have
K(e(ar), p(an)) > K0, (a1), )
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since fir(a1) < rl,(a;) < p(ar). Hence, the first term in (85) can be bounded by

P </‘(ai) > fif (a1), Ne(ay) > (Pmin _g)(t - 1))

<P (R(m(an), ) = WG () o), NiGon) > P2 DO ) < ) )

t—1 n n
< Z P (kl (1 Z Rs(aq), u(a1)> >kl (ri/(ai), (ar)) l Z s(ar) < u(al))
= | P " ‘n e
t—1
< Y e (ol (), p@)

e trmin=e0)]
1
<k1 (r;/(ai), u(a1)> exp (k] <T;,(ai),,u(a1)> [M _ 1]) ’ (86)

where the second inequality is by the union bound over all possible number of pulls of arm a4,
where {Rs(a1)}?_, are n i.i.d. Bernoulli rewards of pulling arm a;, the third inequality uses
the concentration inequality for KL divergence (Mardia et al., 2020), and the last inequality
is by integration. Then by combining (85) and (86), we have

o0

DIP (S =0,4; = a,)
=T,
& 1 6e
< +
t;4 kl (7"/7/((11‘), u(a1)> exp (kl <r’7,(ai), u(a1)> [%m}ﬁ — 1]) t (log t)Q
7 (t—1) M—1
+exp | — +
P < 2 ) kl (7"7/, ,u(ag)) exp (kl (T’Y/’ u(ag)) [% — 2])
3
co(t — 1) [log (ea(t — 1))]?
< 2 N 6e N 2 N 2(M —1)?2
(e = 1) [0 (7)) | BT i (s p(2)) | i — )
3
* C2 IOg[CQ (T4 — 2)] ’ (87)
Combining (84) and (87), we have
T(K,m) M
E Z Z 1{S; = 0, A; = a;} [V*(0) — Q*(0,a;)]
M M
<) [VH0) — Q*(0,a:)] | Ty + Z (S =0,Ay=a;)| <D [V *(0, )] co 4,

1=2 t=Ty 1=2
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2 TR 2(M —132 4 c3 ‘
(Prain—"n) |:kl (7‘;, (ai),,u(zn))] log(Ty—1) n [kl('r’,y/ ,,u(az))] (Pmin—"n) c2 log[ea (Ty—2)]
|

where cg; =

Next, we will bound the expected regret induced by pulling suboptimal arms in state 1.
Lemma 16 shows the result.

Lemma 16 Let all the assumptions in Theorem 4 hold. Consider the KL-ULCB algorithm
with cg = c1 =1, and ¢ = 4. For any € > 0, the regret induced in state 1 can be bounded by

T(K,m

) M
E| > D LS =14 =a}[V(1)-Q*(La)]
t=1 =2

1+e€ (1) — 0*1.a Mo oo

Proof This proof is similar to the proof of Lemma 9. Using the same argument as in the
proof of Lemma 9, we have

i=2
/ be - ! ~1
M +E[B(T(K,r))] + + Z P (At = a;, N¢(a;) = B'(t), fi; (a;) = ,u(al)) ,
log M
t=M+1
(89)
where B'(t) = m [logt + 4log(logt)]. Consider that the event {A; = a;, N¢(a;) =

B'(t), i} (a;) = u(a1)} holds. Then we have

KI* (g (), p(ar)) <kl (fig(as), fif (a;)) < logt +]\2(lzf)(logt)

logt +4log(logt)  kl(u(a;), p(ar))

B'(t) 1+e€ ’

S

where k1" (z,y) := kl(x,y)1{z < y}. Define r’(a;) € {u(a;), u(a1)} such that kl(r’(a;), u(ay))

_ Kl(u(an) @)

T . Then we have

kI (fie(a:), plar)) < Kl(re(ai), p(ar)),

which implies that p(a;) < r.(a;) < fir(a;). Hence we have

kl(fue(ai), p(ai) = Kl(re(ai), plaq))-
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Therefore, we have

P (A = ai, Ne(ai) > B'(t), iy (ai) = p(ar))

~+

N
RgE %Mé& %Méﬁ

[y

P (Ar = ai, Kl(7ir(aq), p(as)) = Kl(rg(aq), p(ai)))

1

&~
—

~
|

P (At = a;, Ni(a;) = n,kl (11 Rs(ai),,u(ai)) > ki (Té(ai),,u(ai))>

1

1
P (At = a;, Ni(a;) = n,kl (
. n

( Z ) >kl (ré(aﬁ,u(aﬁ))

exp (=Kl (ri(a), p(a))) < ¢

l
g
+
-
3

I

N
18
18

3
Il
it
~
Il
3

+

3
Il
—_

)

M 8

/—\
~

—_

)
M 8

(@), @)’ (%0)

3
I
—_

where the first equality is by law of total probability, where {Rs(a;)}7_; are i.i.d. Bernoulli
rewards of pulling arm a;. The third inequality is due to the fact that {A; = a;, Ni(a;) =
n}g2 .1 are mutually exclusive and the countable additivity of probability measure. The
fourth inequality uses the concentration inequality for KL divergence (Mardia et al., 2020),
and the last inequality is by integration. It then follows from (89) and (90) that

T(K,w) M
El D> DS =14 =a} [V*(1) — Q*(1,a)]
t=1 1i=2

M
< 2 [V*(1) — Q*(1,a:)] (M +E[B(T(K,m))] + 10261\4 1 (T"(ail)aﬂ(ai))> o

E[B/(T(K,7))] <E [kl( (ii;ft(al))

1+e€
gkl(,u(ai),,u(al)) {logE [T(K,n)] +4log (logE [T (K, 71-)])]

1+e

<
kl(p(ai), plar))

where the first inequality is by Jensen’s inequality, and the second inequality is by Lemma 13.
It then follows from (91) and (92) that

[log T'(K, ) + 4log(log T(K, W))]}

[log cs K + 4log (log(%K))] , (92)

{St =LA =ai} [V(1) = Q*(1, a:)]

||M§

o'y
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<Zlkl( 1'” (V*(1) — Q*(1,a;)) log K + o(log K).

|
By the regret decomposition result (14), Lemma 15, and Lemma 16, we have
. E[Reg, ( 1 + €
lim su T V(1) - Q*(1,a:)),
i.e., Theorem 4 is proved.
B.8 Proof of Theorem 6: Lower Bound
From the regret decomposition (14), given any consistent policy 7 € Il¢opns, we have
T(K,m) M
Bires. ()] = 2| 3, D5 = 0.4 = 0 (V7(0) = Q°(0,0)
+ ﬂ{St =14 = ai} (V*(l) — Q*(l,ai))}
T(K,m) M
>E Z 2 1Ay = ai} (V1) - Q% (L ay)
M T(K,x
Z Z LA = ai} | (VF(1) = Q*(1,a)) (93)

where the first inequality uses the conclusion of Lemma 3, V*(0) — Q*(0,a;) = V*(1) —
Q*(1,a;). We have to bound the term E [Zt 1 Kom) 1{A; = az}] = E [Ny x)+1(ai)]. Let

€ (0,1). Consider a different system i, i € {2,..., M}, where the only difference is that the
mean value of the reward of pulling arm a; is p/(a;) € (u(aq), 1) such that

kl(p(ai), ' (a)) < (1 + e)kl(u(as), plar)). (94)

Define event C; as follows

1—e¢ - €
Ci = {NT(KJ)H(W;) < K(ju(ar), 17 (a0) log K, KNy e i) S (1-— 2)1ogK},

where for any n,

Z og A0 + (L~ lac) 1~
; s( i) + (1= p/(a:) (1 — Rs(as))’
where {Rs(a;)}?_, are i.i.d. Bernoulli rewards of pulling arm a; in the original system. It can

be easily verified that E[kl,] = nkl(u(a;), 1/ (a;)). We first show that the change of measure
identity (96) holds.

(95)
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Lemma 17 Given a policy w € 11 and total number of episodes K, we have

P (Ci) = E |1, exp (~Klny v | (96)

where P’ is the probability measure in system i, and | is based on probability measure in the
original system.

Proof For any outcome (sample path) w € C;, let X (w) denotes the value of the random
variable X on the sample path w. Then we have

w

P ({w}) H]P’ (Sk1 = Ska(w H (Akn = Ag,p(W)|Sk,n (W), drn(w), )

k=1 h=1
P(Rgn = Rin(w)|Agn(w)) (1 — g (Skn(w), Ben(w)))
P (Ak, 1 (w) = Ak, 1 () (@) Sk, 1) (W), Pk, 1, () (@), )
P (Ry, 1, (w) = B 1 (0) (@) [ Ak 11 0) (@) @ (Sk, 1 () (@) B 1 () (@) -

Let k(s) and h(s) denote the episode number and time step when a; was pulled for the s-th
time, respectively. Hence, we have

Nr(k,m)+1(ai)(w)

1 (a;
P ({w}) =P ({w}) H []l {Rk(s)(w),h(s)(W) (w) = 1} N((a))
s=1 !
1 — p/(ai)
+ 1 {Ri(s)(w) h(s)(w) (W) = O} 1— p(ay)
It then follows that
Nr(r,my+1(a:)(w) #/(a.)
= Y P (w) = D P({w}) 1 [1 {Bis) (@) n(s) ) (@) = 1} (a.l)
weC; weC; s=1 p
1 — p'(ai)
+ L {R(s)(w),h(s)(w) (@) = 0} T ulay)
Nr(x,my+1(ai) ' !
B _ oy M(as) _ oy Lo #(a)
=E | 1¢, ;1:[1 1 {Rk(s),h(s) =1} 1(a;) +1 {Rk(s),h(s) = 0} 1— p(ay)
=K [HCZ' €xp <_k1NT(K,7r)+1(ai)>] ’
where the last equality is by the definition of kl,, in (95). u

By Lemma 17 and EINT(K me(a) S (1 - §)log K in the definition of C;, we have

P (Ci) = E |1, exp (—Klny o) | = P(C) K-075).

It follows that

B(C) <k (C)) < KI-HP (NT(K,F)H(%) < 1-¢

S Wa(an), (@) K>
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—(1-5)p a) > ) — 1—e¢ o
’ @NT(K’“’“( )2 D e, o) gK)

e 1—e€
gK(l_i)P/ (Z NT(Kﬂ-)Jrl(aj) > K — 10gK>
GAi kl(u(az)a /‘Ll(a’l))

E' [Z#i NT(K,W)+1(aj):|

1—¢ ’
K — i@ wiay 08 K

<k (1-%)

(97)

where the second inequality is by the definition of C;, the first equality is due to the fact
that >,; Nr(x m+1(a;) = T(K, ), the third inequality is due to the fact that T(K,m) > K,
and the last inequality is by Markov’s inequality, where E is based on probability measure
in system ¢. Since 7 € Ilcons, by the definition of consistent policies in Definition 5, we have

E'[Reg, (K)] = o (K?) (98)

for any a > 0. Similar to (93), for system i, we can obtain

T(K,m)
E'[Reg,(K)| =) B | Y, {4 =a;}| (V*(1) - Q*(1,a5))
j#i t=1
= min (V/*(l) - Ql*(la aj)) E' [Z NT(K,Tr)+1<aj)] ) (99)
7 j#i

where V'* and @Q"* are the optimal value function and optimal Q function for system ¢,
respectively. Since p'(a;) > p(a;) for any j # 4, similar to the original system, it can be
verified that min;,; (V*(1) — Q™(1, a;)) > 0. Hence, from (99), we have

] E'[Reg, (K] o (K"

E [Z NT(K,W)-H(CU) <minj¢¢ (V’*(l) _ Q’*(l,aj))

J#i
for any o > 0, where the equality is by (98). It then follows from (97) that
o(K%)

1—e
K — @iy 08 K

for any o > 0. Let o = . Then we have

o(Ki
P(C;) < K(1-%) g_e ) = 0<K’i). (100)
~ K(p(a) w0/ (ar) 08

Note that by definition of C; and the law of total probability, we have

1—¢
(1(ai), ' (aq))

P (NT(K,W)-&-l(ai) S 4 log K>
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1—c¢
kl(p(ai), i/ (as))
<P (C;) +P (klNﬂKﬁ)H(ai) — Npgiemy+1 (@)Kl (p(as), i/ (i) > 3 “log K,
1—c¢
Neen+1(99) < e, wia) 8 K)

1—e
M(ata) w7 108 K

<P (C;) + Z P (Eln —nkl(p(a;), 1 (a;)) > %log K)
n=1

€
=P (Ci) +P (NT(K,ﬂ')Jrl(ai) < log K, klNT e > (1= 5) log K)

WGen 7y e K
<P (C;) + Z exp | —
n=1

2n ‘log s

1-— €2(log K)?
* My e e | - - )> e °
plai), i (ai 1—c (ai
2 e e 108 K ’bg e — log =)
(1—¢€)log K

2k (p(az),u (az)) ’
1(ag) 1—p(ay) |2
w (a;) 1—p/(a;)

(101)

2(1—e)

log —log

kl(p(ai), ' (ai)) K

where the second inequality is by union bound over all possible values of Ny (k r)4+1(a;), and
the third inequality is by Hoeffding’s inequality. It follows from (100) and (101) that

1—e¢
lim P (N ) < log K ) =0,
Jm P (Va0 < gy s K ) =0
which implies that
lim P (N (a;) > LI (102)
k5 \ T T M e, i (a)) 00 ) T

By Markov’s inequality, we have

E [Npg,m+1(ai)]

1ogK> < - ok
K(u(a:) /(@) 08

P <NT(K,7T)+1(ai) > (

Therefore, we have

€ 1—¢
as). () logK> K (a(ar), 1 (a2))

log K.
(103)

E [Nrg,m+1(ai)] = P <NT(K,TF)+1(ai) > (

Hence, it follows from (93) and (103) that

E[Reg, (K Z E [Npg,m+1(ai) | (V1) = Q*(1, aq))
=2
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Pl Next state s’
(s'ls;a) T=0)z T—0z+0 g
Srate « |2 |0 @D o 702)] | a1 — (1 — 0 = O] | 01— ilaatl1 =) il = =0
g

Table 2: Transition probabilities P(s'|s, a)

\Y
Mk

S
Il
N

1—¢€)log K 1—¢€)logK
P<NT(K,W)+l(ai)>k( )Log ) ( ) Log

kl(p(aq), ' (ai))

(1—¢€)log K ) (1—¢€)log K
Wp(ai), ' (ai)) ) (1 + €)kl(p(ai), plar))

(V1) = @*(1,a:))

\%
.Ms

Il
o

P (NT(K,w)H(az‘) . (V*(1) - Q*(1,a)),

(104)

)

where the last inequality follows from (94). From (102) and (104), we have

E[Reg, (K)] - Z 1—e¢

lim inf = Pt (1 + E)kl(u(ai),u(al))

K—w log K

(V1) = Q" (1,a:)) -

Appendix C. Extension to the General-State Setting

In this section, we present the details of the state transition, the details of the proofs, and
the simulation results in the general-state setting.

C.1 State Transition

The transition probabilities P(s|s,a) while pulling arm a are shown in Table 2, where
x € [0,1].

C.2 Proof of Lemma 10

If the model is known, this problem can be viewed as a SSP problem (Bertsekas and Tsitsiklis,
1991). Since ¢(s) > 0 for any s € [0, 1], all policies are proper. Hence, by the results
of Bertsekas and Tsitsiklis (1991), there exists a stationary optimal policy. Therefore, it is
enough to consider only stationary policies for 7*. Define the optimal value function V* and
optimal Q function Q* the same way as (22) and (23). Then for s # g and a € A, we have
the Bellman equation as follows

V*(s) = max Q*(s,a)

Q*(s,a) =p(a) + (1 — p(a)) [1 — q((1 = 0)s)] V*((1 = 0)s)
+u(a)[1—q((1—0)s+0)] V(1 —0)s +0).

Hence, for any s1, s2 € [0, 1] such that s; > s3 and any a € A, we have
Q*(s1,a) — Q" (s2, )
~(1 = )] 1= a1 = )51 V¥ (1 = 6)sr) = [1 =~ ({1~ D))l V(1 ~ )0}
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+ ,u(a){[l —q((1=0)s1 + )] V*((1—0)s1) +0)

—[1—q((1=0)s2+0)]V*((1 —0)s2 + 0)}

2(1 = p(a)) [1 = q((1 = 0)s)] [VF((1 = 0)s1) = V*((1 = 0)s2)]

+p(a) [1—q((1 = 0)s1 + ) [VF((1 = 0)s1 +0) = V(1 = 0)s2 + 0)],

where the inequality is by Assumption 2. Therefore, we have

V*(s1) — V*(s2) = mng*(sl, a) — méiXQ*(SQ, a) = méixQ*(sl,a) — Q*(sg,d")
>Q*(s1,d’) — Q*(s2,d’)
2(1—p(a)) [1 = q((1 = 0)s)] [VF((1 = 0)s1) = V*((1 - 0)s2)]

+p(a) [1—q((L=0)s1 + )] [V*((A —0)s1 +0) = V*((1 = 0)s2 +0)], (105)

where a' = argmax, Q*(s2,a). Note that 1 — ¢(s) < 1 for any s € [0, 1] by Assumption 2.
Hence, by iteratively applying (105), we can obtain V*(s;) — V*(s2) = 0, which means that
V*(s) is non-decreasing in s. Hence, for any s € [0, 1] and any i € {2, ..., M}, we have

Q* (s, 1) — Q*(s,a1)
~(ular) — u(as)) + (uar) — u(ai)){[l (L= 0)s + O)VF((L— 0)s + 0)

S G N] ET N
where the inequality is by Assumption 2 and the monotonicity of V*. Therefore, the
genie-aided optimal policy is always pulling Arm a;.

C.3 Some Examples of the Abandonment Probability Functions

We present some examples of the abandonment probability functions ¢(-) that satisfy V*(s1)—
Q*(s1,a) < V*(s2) — Q*(s2,a) for any a € A, s1,s2 € [0,1],s1 = s0.
For any a € A, s1,s2 € [0, 1], 51 = s2, we have

[V*(s1) — Q*(s1,a)] — [V*(s2) — Q" (s2,0a)]
=[Q*(s1,a1) — Q*(s1,a)] — [Q*(s2,a1) — Q" (52,0)]

=(p(a1) — M(a)){[l —q((1=0)s1 + O)]V((1 = 0)s1 4+ 0) — [1 —q((1 — 0)s)]V*((1 — 0)s1)

L= g((1 = B)so 4+ OVH((L - B)sy +6) + [1— g((1 — 6)s2)]V*((1 9)82)},
(107)

where the first quality is by Lemma 10, and the second equality is by (106). From (107),
we know that the sign of [V*(s1) — Q*(s1,a)] — [V*(s2) — Q*(s2,a)] depends only on the
abandonment probability function ¢(-) and V*(-). By Lemma 10, the Bellman equation of
V*(s) is as follows

VEi(s) =p(ar) + (1 = p(ar)) [1 = ¢((1 = 0)s)] V*((1 - 0)s)
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+p(a1) [1=q((1 = 0)s + O)] VF((1 = 6)s +0)

Therefore, if we know the abandonment function ¢(-) and u(a;), we can numerically calculate
V*(-) and then determine the sign of [V*(s1) — Q*(s1,a)] — [V*(s2) — Q*(s2,a)] by (106).
For example, let pu(a1) = 0.9, § = 0.5, and

_ log(cgs +1)
log(ce + 1)’

q(s) =1 (108)

where c¢g is a constant. Figure 4 shows the abandonment probability functions (108) for
c¢ = b, cg = 50, and ¢g = 1000. We numerically check that for ¢g = 5, ¢g = 50, and
ce = 1000,

[VZ(s1) = Q" (s1,0)] < [V*(s2) — Q% (s2,0)]

for any a € A, s1,s2 € [0, 1], 51 = s2. We conjecture that (109) holds for any cg = 5.

(109)

C.4 Details of CONT-ULCB and CONT-KL-ULCB Algorithms

The CONT-ULCB algorithm is shown in Algorithm 2. The CONT-KL-ULCB algorithm
replaces [Lfk "(a) in Algorithm 2 with KL divergence, i.e., for all a € A,

Skh <

756k () = ] B {p: Kl(ie(a), p)Ne(a) < (1 —25,n)logt + clog(logt)},
< Sk,h >

' max {p : kl(fi(a), p)Ni(a) < (2S5 — 1) logt + clog(log )},

[N e

C.5 Simulation Results for the General-State Setting

Consider the MAB-A problem of the general-state setting. Let the abandonment probability
function ¢(-) be

_ log(cgs +1)

als) = log(ce + 1)

0.8
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(a) c6 =5
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Figure 4: Examples of abandonment probability functions.
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Algorithm 2 CONT-ULCB Algorithm
1: Initialize: Ni(a) < 0, fi1(a) < O for alla € A, t < 1, ¢y, c1, c.
2: for episode k =1, ..., K do
3: h <1, Sk < initial state of episode k, Sy 1 € [0, 1]

4: while Sk,h # g do

5: if there exists Arm a’ such that N;(a’) = 0 then

6: play Arm Ay, = a’ and observe Ry p,

7 else

8: Let [Lfk"h (a) = fig(a) + (2Skn — 1) W for all a € A
9: Take the action Ay, ) € argmax, [Lfk’h(a) and observe Ry p,.

10: end if

11: if abandonment occurs then Sy ;41 =g

12: else Sk,h-ﬁ-l = (1 — 9)5}67}1 + HRk,h

13: end if

14: Define (St, Ay, Sé, Rt) = (Skﬁ, Ak,ha Sk,’,h-{-l) Rk,h)

15: Update: Nt+1(At) = Nt(At) + 1 and Nt+1(a) = Nt(a) Ya # A
16: Update: fiz41(A;) = %W and fizy1(a) = fr(a) Ya # Ay
17: t—t+1,h—h+1

18: end while

19: end for

for any s € [0, 1], where cg is a constant. Let the forgetting factor # = 0.5 in the simulation.
We present the simulation results for our proposed DISC-ULCB, CONT-ULCB, DISC-KL-
ULCB, and CONT-KL-ULCB algorithms. Let n = 4 for the discretization of DISC-ULCB
and DISC-KL-ULCB. We simulated 2 x 10* episodes with 107 independent runs. Simulation
results are shown in Figure 5, Figure 6, and Figure 7 for different sets of arms and different
abandonment probabilities (different cg).

Remark 18 For Figure 5(a), the 95% confidence bounds are at most +4.43. For Figure 6(a),
the 95% confidence bounds are at most £3.11. For Figure 7(a), the 95% confidence bounds
are at most £0.12.

From Figure 5(a), Figure 6(a), and Figure 7(a), we can see in all the three different settings
that both DISC-ULCB and CONT-ULCB algorithms outperform the traditional UCB in
terms of average cumulative regret, and that both DISC-KL-ULCB and CONT-KL-ULCB
algorithms outperform the traditional KL-UCB. Moreover, CONT-ULCB and CONT-KL-
ULCB perform slightly better than DISC-ULCB and DISC-KL-ULCB, respecively. These
figures also show that the slopes of DISC-ULCB and DISC-KL-ULCB converges to the slopes
of their corresponding upper bounds. Also, in Figure 5(b), Figure 6(b), and Figure 7(b) where
the Y-axis is the average cumulative regret divided by log K, the curves of DISC-ULCB and
DISC-KL-ULCB go towards their corresponding asymptotic upper bounds, which confirms
our theoretical results.
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Figure 5: Simulation results for the general-state setting, M = 2, u(a;) = 0.9, u(az) = 0.8,
cg = 1000.
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Figure 6: Simulation results for the general-state setting, M = 2, u(a;) = 0.9, pu(az) = 0.8,
Ce = 100.
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Figure 7: Simulation results for the general-state setting, M = 2, u(a;1) = 0.2, u(az) = 0.1,
cg = 1000.

Appendix D. Simulation Parameters and Additional Simulations

In the simulation of Q-learning with e-greedy, we set € = 0.1. The learning rate is set to be
m, where N (s, a) is the number of times the state-action pair (s, a) has been visited. For
Q-learning with UCB, we set the episode length parameter H to be the maximum expected
episode length in MAB-A, which is the expected episode length under the policy of always
pulling the optimal arm a1. The number of episodes K is set to be 1000. The constant ¢ in
the bonus term is set to be 4. For UCBVI, we also set the episode length parameter H to
be the expected episode length under the best policy and the number of episodes K is set

to be 1000. The probability parameter ¢ is set to be 0.001. The bonus term is modified to
b(s,a) = TH log(5SAH K /%), | oy sy Where N(a) s the mumber of pulls of

arm a and Ny(s,r) is the number of visits of state-reward pair (s,r). This is natural because
N(a), Ny(s,1), and N,(s,0) reflect the uncertainty of the estimates of the mean rewards and
the abandonment probabilities.

We did additional simulations for different sets of arms and different abandonment
probabilities, as shown in Figure 8 and Figure 9. The other settings are the same as those in
Section 5. The same conclusion holds, i.e., our proposed ULCB and KL-ULCB outperform
the traditional UCB and KL-UCB, respectively, our algorithms have order-wise lower regret
than Q-learning with e-greedy, Q-learning with UCB, and UCBVI, and the simulation results
are also consistent with our theoretical results.

In order to further understand the exploration and the exploitation in MAB-A problem,
we run ULCB algorithms with different ¢y and ¢;, which are the state-dependent exploration-
exploitation coefficients in the indices for state 0 and state 1, respectively. Larger coefficient
means more exploration. The results are shown in Figure 10. In Figure 10(a), ¢o is fixed,
and as ¢ increases, the cumulative regret decreases. In Figure 10(b), ¢; is fixed, and as ¢
increases, the cumulative regret increases. These changes of regret are consistent with our
theoretical results which suggest more exploration in state 1.
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Figure 8: Simulation results, M = 2, u(a1) = 0.2, p(a2) = 0.1, ¢(0,0) = 1, ¢(1,0) =
q(0,1) = ¢(1,1) = 0.
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Figure 9: Simulation results, M = 3, u(a1) = 0.9, p(az) = 0.8, u(az) = 0.5, ¢(0,0) = 1,
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Figure 10: ULCB: different coefficients ¢g and ¢1, ¢(0,0) =1, ¢(1,1) = ¢(1,0) = ¢(0,1) = 0.

Appendix E. Results for the Opposite Case—(8) Does Not Hold

Note that you can see in (29) in Appendix B.2 that the inequality V*(1) — @*(1,a) =
V*(0) — Q*(0,a) or V*(1) — Q*(1,a) < V*(0) — Q*(0,a) does not depend on a. Hence, at
least one of the two cases holds. In this section, we consider the case where V*(1)—Q*(1,a) >
V*(0)—Q*(0,a), i.e., condition (8) does not hold. One example is that ¢(0,0) = 0.6, ¢(1,0) =
q(0,1) = 0.5,¢(1,1) = 0.1. With modified algorithms, we have results similar to our main
results.

E.1 Upper Bound for Modified ULCB

Theorem 19 Let Assumption 1 hold. Suppose V*(1) —Q*(1,a) = V*(0) — Q*(0,a) for any
a # ay. Then using Algorithm 1 with cg =1, ¢c; = —1, and ¢ = 4, we have

E[R. K V*(0) — Q*(0,a;
sy EREEO] _ 52 V2(0) = Q*(0.0)

Koo logK 1 2plar) — plai))
Note that in Theorem 2 we use ¢g = —1 and ¢; = 1 while in Theorem 19 we use the opposite,
i.e., cg =1 and ¢; = —1. The proof is symmetric to that of Theorem 2 and hence is omitted.

E.2 Upper Bound for Modified KL-ULCB

For the case where V*(1) — Q*(1,a) = V*(0) — Q*(0,a), we use a modified KL-ULCB
algorithm, which replaces the indices ji{ (a) and fi} (a) in (4) and (5) with

9 (a) =max {p : kl(fit(a), p) N(a) < cologt + clog(logt)}

fi (@) = min {p : Kl(fir(a), p) Ni(a) < c1logt + clog(logt)} .
Theorem 20 Let all the assumptions in Theorem 19 hold. Then using the above modified
KL-ULCB algorithm with co = ¢1 = 1 and ¢ = 4, we have
, E[Reg, (K] *(0) — Q*(0,a:)
limsup ——2—= < : 110

log K l; kl(p(ai), p(ar)) (110)

K—w

53



YANG, Liu, AND YING

The proof is symmetric to that of Theorem 4 and hence is omitted.

E.3 Lower Bound for the Opposite Case

Theorem 21 Let all the assumptions in Theorem 19 hold. Let m be a consistent policy,
i-e., T € Togns. Then for any p(ar), .., p(arr), 4(0,0), (0, 1), q(1,0), (1, 1) satisfying the
assumptions, we have

.. .E[Reg,( *(0) (0 a;)
lim inf ——cer 2] 3) 111
fraaes logK 2 1K (pe(ar), po(ar)) (111)

The proof is symmetric to that of Theorem 6 and hence is omitted. From Theorem 20 and
Theorem 21, the upper bound obtained by the modified KL-ULCB algorithm matches the
lower bound asymptotically for the case where V*(1) — Q*(1,a) = V*(0) — Q*(0,a) for any
a#aj.
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