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Abstract
Laplace-type results characterize the limit of sequence of measures (πε)ε>0 with density
w.r.t. the Lebesgue measure (dπε/dλ)(x) ∝ exp[−U(x)/ε] when the temperature ε > 0
converges to 0. If a limiting distribution π0 exists, it concentrates on the minimizers of the
potential U . Classical results require the invertibility of the Hessian of U in order to estab-
lish such asymptotics. In this work, we study the particular case of norm-like potentials
U and establish quantitative bounds between πε and π0 w.r.t. the Wasserstein distance
of order 1 under an invertibility condition of a generalized Jacobian. One key element of
our proof is the use of geometric measure theory tools such as the coarea formula. We ap-
ply our results to the study of maximum entropy models (microcanonical/macrocanonical
distributions) and to the convergence of the iterates of the Stochastic Gradient Langevin
Dynamics (SGLD) algorithm at low temperatures for non-convex minimization.
Keywords: Laplace methods, Geometric measure theory, Stochastic Approximation,
Entropy models

1. Introduction

Asymptotic expansions of integrals are ubiquitous in probability theory with applications
in simulated annealing (Gelfand and Mitter, 1993; Pelletier, 1998), Bayesian inference
(Haughton, 1988; Tierney and Kadane, 1986; Rue et al., 2009), statistical physics (Ellis
and Rosen, 1982) or chaos expansion (Korshunov et al., 2015). In this paper, we are inter-
ested in families of Gibbs probability measures πε given by the density w.r.t. the Lebesgue
measure (dπε/dλ)(x) ∝ exp[−∥F (x)∥k/ε], for any x ∈ Rd, where k ∈ N and F : Rd → Rp

is some function with F (0) = 0. In particular, we derive non asymptotic bounds between
(πε)ε>0 and π0 when ε→ 0.

Taking a step back, one way to deal with integrals of the form
∫
Rd exp[−U(x)/ε]dx where

U : Rd → R+ is to rely on Laplace-type techniques, see Bleistein and Handelsman (1975);
Olver (1997); De Bruijn (1981); Evgrafov (2020); Erdélyi (1956); Fedoryuk (1989); Bender
and Orszag (2013); Wong (2001) for instance. Assuming that U admits a unique minimizer
U(0) = 0 and under additional regularity conditions, it can be shown that if the Hessian of U
evaluated at 0 is invertible then

∫
Rd exp[−U(x)/ε]dx ∼ CUε

d/2, with explicit constant CU >
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0 (series expansions are also available under similar conditions). This result on asymptotic
integrals can be immediately used to prove the convergence of probability measures with
density w.r.t. the Lebesgue measure (dπε/dλ)(x) ∝ exp[−U(x)/ε], see Hwang (1980) for
instance. However the invertibility of the Hessian is a restricting condition which is not
satisfied in the setting of this paper where U(x) = ∥F (x)∥k in the case p ≤ d.

When the Hessian ∇2U(0) is not invertible, the asymptotic integral expansion becomes
degenerate and is more difficult to analyze. However, several approaches have been proposed
in order to tackle this issue. For instance in Rytova and Yarovaya (2016) a multidimensional
version of the Watson lemma is established under restrictive conditions on the potential
U near its singularities. Another approach consists in integrating over the manifold of
minimizers and apply local change of variables Korshunov et al. (2015), see also Barbe
(2003); Breitung (2006). In particular, Korshunov et al. (2015) derives an asymptotic
integral expansion similar to the one obtained in the non-degenerate case, under some
invertibility condition of the minors of the Hessian. Similarly, Hwang (1980) uses the
tubular neighborhood theorem to obtain that πε converges to a limiting measure under
the assumption that the minimizers of U can be partitioned into a collection of manifolds.
Closer to the method introduced in the present paper, Combet (2006); Arnold et al. (2012)
propose to use the so-called Gelfand-Leray forms to tackle the non-degeneracy problem. By
integrating over the level sets it can be shown that∫

V φ(x) exp[−U(x)/ε]dx =
∫+∞

0 exp[−t/ε](
∫

U−1(t)∩V φ(x)ωU (x))dt , (1)

where V is an open set, φ ∈ C∞(Rd,R) a test function and ωU the so-called Gelfand-
Leray form associated with U . Then by establishing regularity properties for the functional
t 7→

∫
U−1(t) φ(x)ωU (x) one can recover asymptotic integral expansion in the case where U

is analytic, see Combet (2006); Arnold et al. (2012). This theory does not rely on any
invertibility condition on the Hessian of U but the exponents appearing in the asymptotic
expansion are usually not available in closed form in general since their derivation relies on
resolution of singularities (Hironaka, 1964).

In this paper, we consider a different approach which also does not rely on invertibility
conditions on the Hessian of U at singularity points but allows us to derive quantitative
expansions. To do so, we restrict the set of functions U : Rd → R+ to the set of norm-like
functions, i.e. U is norm-like if there exists F : Rd → Rp and k ∈ N such that for any
x ∈ Rd, U(x) = ∥F (x)∥k (however our results can be extended to general potentials U under
classical invertibility conditions on the Hessian of U). Instead of invertibility conditions of
the Hessian of U we require invertibility conditions on the generalized Jacobian of F to
be defined below. The setting of norm-like potentials is of particular interest in machine
learning as it arises in many applications such as Variational AutoEncoders (VAEs) or
macrocanonical/microcanonical distributions, as we will discuss. Our approach relies on
tools from the geometric measure theory and in particular the coarea formula, see Ambrosio
et al. (2000) for instance. Indeed, using this formula we are able to establish a similar result
as (1) where the Gelfand-Leray form is replaced by a twisted Hausdorff measure ν. By
establishing the Lipschitz regularity of the mapping t 7→

∫
U−1(t)∩V φ(x)dν(x) we are able to

provide quantitative bounds for the integral expansion. This expansion is the key to our
main result which establishes quantitative bounds w.r.t. the Wasserstein distance of order
1 between πε and a limit probability measure π0 for ε > 0 small enough. Concurrently to
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this work, Bras and Pagès (2021) establish similar quantitative results in the case where
the Hessian of U is invertible.

One of our main motivation for this study is the application of Laplace-type results to
maximum entropy distributions. In particular, using our quantitative bounds, we are able
to provide a link between two possible maximum entropy distributions commonly used in
statistical physics and image processing (Bruna and Mallat, 2018; De Bortoli et al., 2021).
Given a reference measure µ and constraints F : Rd → Rp it is possible to define the
microcanonical distribution, which corresponds to the probability measure πmic with the
minimum Kullback-Leibler divergence w.r.t. µ and such that πmic is supported on the set
{x ∈ Rd : F (x) = 0}. Similarly, one can define the macrocanonical distribution with
level ε > 0 denoted πε

mac such that πε
mac minimizes the Kullback-Leibler divergence w.r.t.

µ and satisfies the integrability condition
∫
Rd ∥F (x)∥2dπε

mac(x) = ε. Using results from
information geometry (Csiszár, 1975) and under mild regularity conditions, πε

mac can be
written as a Gibbs measure and its limiting behavior when ε → 0 can be investigated in
the context of asymptotic expansions of integrals. In this work, we show that the limit of
the macrocanonical distributions when ε → 0 is a twisted microcanonical distribution and
propose an algorithm to asymptotically recover the original microcanonical distribution.
Another motivation for the study of the limiting behavior of distributions with norm-like
potentials comes from the study of the posterior of the latent variables in VAE. In particular,
we show that under assumptions on the decoding neural network, the posterior distribution
of a VAE concentrates with explicit rates.

Finally, we also consider the non-asymptotic study of Stochastic Gradient Langevin
Dynamics (SGLD) (Welling and Teh, 2011), a popular algorithm used to approximate the
minimizers of non-convex functions in a machine learning setting. Given a potential (or pop-
ulation risk) U : Rd → R+ which can be written for any x ∈ Rd as U(x) =

∫
Z u(x, z)dµ(z),

we assume that we have access to an empirical version of this risk for any n ∈ N and
z1:n = {zi}ni=1 ∈ Zn given by Un(x, z1:n) = (1/n)∑n

i=1 u(x, zi) as well as an unbiased esti-
mator of its gradient denoted g. Conditionally to the samples z1:n, SGLD corresponds to the
recursion associated with an unadjusted Langevin dynamics (Roberts and Tweedie, 1996;
Durmus and Moulines, 2017; Dalalyan, 2017) with target Un(·, z1:n)/ε for a small value of
ε > 0 and where the gradient of Un(·, z1:n) is replaced by its unbiased estimator g. Since
the invariant measure of the underlying Langevin diffusion is given by πε with density w.r.t.
the Lebesgue measure (dπε/dλ)(x) ∝ exp[−Un(x, z1:n)/ε] we obtain that for small values of
the parameter ε > 0, the samples (Xk)k∈N are approximately concentrated around the min-
imizers of Un(·, z1:n). In existing works on SGLD (Raginsky et al., 2017; Chau and Rasonyi,
2019; Gao et al., 2018; Erdogdu et al., 2018; Nguyen et al., 2019; Xu et al., 2017) all quan-
titative theoretical guarantees are obtained w.r.t. the sequence of (E[U(Xk)])k∈N. On the
contrary, we characterize the limiting distribution of SGLD and establish non-asymptotic
quantitative bounds between SGLD and this limit. Finally, we show that the support of the
limiting distribution is included into (but not necessarily equal to) the set of minimizers of
U when n is large. This last result relies on the notion of thermodynamic barrier which we
introduce in the context of integral expansion. To our knowledge this is the first time that
the importance of such a barrier to derive parametric Laplace-type results is highlighted
(as opposed to the kinetic barrier which is a well-known quantity in simulated annealing
(Hajek, 1988)).
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To summarize, our main contributions are three-fold:

(i) We establish quantitative bounds between πε and π0 under the assumption that the
potential U is norm-like and additional regularity conditions. In particular we provide an
upper-bound between πε and π0 w.r.t. the Wasserstein distance of order 1. We emphasize
that our results also hold under the more classical invertibility condition on the Hessian of
U . We show a first application of our results with a study of the concentration of posteriors
in VAEs.

(ii) We apply our results to show that under mild conditions the limit of a natural class
of macrocanonical distributions is not the original microcanonical distribution. However,
we prove that a twisted sequence of macrocanonical distributions converges to the micro-
canonical distribution. This observation allows us to construct a Langevin-based algorithm
in order to sample from this distribution. We illustrate our method in low-dimensional
settings.

(iii) Finally, we apply our theory to study the behavior of the iterates of SGLD in the
context of non-convex optimization. In particular, we characterize the limiting distribution
of SGLD at low temperature and show that it concentrates on the minimizers of the popu-
lation loss for a large number of samples using the notion of thermodynamic barrier. Note
that in this study, we no longer assume that U is norm-like but instead rely on invertibility
conditions on the Hessian of U .

The rest of the paper is organized as follows. In Section 2 we present our main re-
sults, i.e. quantitative bounds between πε and the limiting distribution π0. In Section 3,
we present our two main applications: the links between the macrocanonical and micro-
canonical maximum entropy distributions in Section 3.1, and a study of the convergence of
SGLD for non-convex minimization in Section 3.2. The proofs of our results are gathered
in Section 4.

Notation

Let d ∈ N⋆. We denote {ei}di=1 the canonical basis of Rd. Let ⟨·, ·⟩ be the Euclidean scalar
product over Rd, and ∥·∥ be the corresponding norm. We denote B(x, r) the ball with center
x ∈ Rd and radius r > 0 w.r.t. the norm ∥ · ∥. Similarly, we denote B∞(x, r) the ball with
center x ∈ Rd and radius r > 0 w.r.t. the norm ∥ · ∥∞ given for any x = (x1, . . . , xd) ∈ Rd

by ∥x∥∞ = supi∈{1,...,d} |xi|.
Let A ⊂ Rd, we denote diam(A) = supx,y∈A ∥x− y∥ its diameter and Ac its complemen-

tary set. Let B(Rd) denote the Borel σ-field of Rd. Let U be an open set of Rd, n ∈ N⋆

and let Cn(U,Rp) be the set of the n-differentiable Rp-valued functions defined over U. If
p = 1 we simply denote Cn(U). Let f ∈ C1(U), we denote by ∇f its gradient. Furthermore,
if f ∈ C2(U) we denote ∇2f its Hessian and ∆f its Laplacian. By convention we denote
∇0f = f . We also denote C(U,Rp) the set of continuous functions defined over U. Let
f : A→ Rp with p ∈ N⋆ and A ⊂ Rd. The function f is said to be L-Lipschitz with L ≥ 0 if
for any x, y ∈ A, ∥f(x)− f(y)∥ ≤ L ∥x− y∥. Let F : Rd → Rp such that F is differentiable
at x ∈ Rd and denote DF (x) = (∂jFi(x))i∈{1,...,p},j∈{1,...,d} the Jacobian matrix of F which
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is a p× d matrix. We define the generalized Jacobian JF : Rd → R+ given for any x ∈ Rd

by

JF (x) =
{

det(DF (x)DF (x)⊤)1/2 , if d ≥ p,
det(DF (x)⊤DF (x))1/2 , if d ≤ p.

Finally, if F ∈ Cℓ(Rd,Rp) with ℓ ∈ N, we define DjF for any j ∈ {1, . . . , ℓ}, recursively
by Dj+1F = D(DjF ). Note that for any j ∈ {0, . . . , ℓ}, DjF can be represented as a
p× d× · · · × d tensor (where d appears j times) with symmetric last j coordinates. Hence,
we can define Dj+1F⊤ the tensor where the first and last dimension have been exchanged,
which is a d× . . . d× p tensor. If p = 1 then, we write ∇jF = DjF for any j ∈ {1, . . . , ℓ}.

Let (X,X ) be a measurable space. We denote by F(X) the set of the X/B(R)-measurable
real functions over X. Let M(X ) be the set of finite signed measures over X and let
µ ∈M(X ). For f ∈ F(X) a µ-integrable function we denote

µ[f ] =
∫

X f(x)dµ(x) ,

the integral of f w.r.t. to µ when it is well-defined. We also define P(X,X ) the set of
probability measures over X and when there is no ambiguity on the sigma-field we simply
denote it by P(X). We denote by λ the Lebesgue measure on Rd. Let (X,X ) and (Y,Y)
be two measurable spaces. A Markov kernel K is a mapping K : X × Y → [0, 1] such that
for any x ∈ X, K(x, ·) ∈P(Y,Y) and for any A ∈ Y, K(·,A) is measurable.

Let µ, ν ∈ P(X,X ). A probability measure ζ ∈ P(X × X,X ⊗ X ) is said to be a
transference plan between µ and ν if for any A ∈ X , ζ(A×X ) = µ(A) and ζ(X ×A) = ν(A).
We denote by T(µ, ν) the set of all transference plans between µ and ν. We define the
Wasserstein metric/distance of order ℓ ≥ 1 Wℓ(µ, ν) between µ and ν by

Wℓ(µ, ν)ℓ = infζ∈T(µ,ν)
∫

X2 ∥x− y∥ℓdζ(x, y) .

We denote Hr the Hausdorff measure of order r > 0, given for any A ⊂ Rd by Hr(A) =
limδ→0Hr,δ(A), where for any δ > 0 we have

Hr,δ(A) = inf{(αr/2r)∑i∈N diam(Ui)r : A ⊂ ∪i∈NUi , diam(Ui) ≤ δ} ,

where αr = πr/2/Γ( r
2 + 1) with Γ the usual Gamma function. Basic facts on the Hausdorff

measure are gathered in Appendix C. Finally, we denote by Poly(k,A) the set of polynomials
of k ∈ N variables with coefficients in A ⊂ R.

2. Limit theorems

In this section, we state our main theorem and draw links with previous approximation
results for probability integrals. Let k ∈ N, ε̄ > 0, F : Rd → Rp with d, p ∈ N⋆ such that
for any ε ∈ (0, ε̄),

∫
Rd exp[−∥F (x)∥k /ε]dx < +∞. For any ε ∈ (0, ε̄), we define πε ∈P(Rd)

such that for any A ∈ B(Rd)

πε(A) =
∫

A exp[−∥F (x)∥k /ε]dx
/∫

Rd exp[−∥F (x)∥k /ε]dx . (2)

Our goal is to study the behavior of πε when ε → 0. In particular, we identify a limit
π0 ∈ P(Rd) and derive non-asymptotic convergence bounds. For any A ∈ B(Rd) we let
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(when it is well-defined)

π0(A) =
∫

F −1(0)∩A JF (x)−1dHd−min(d,p)(x)
/∫

F −1(0) JF (x)−1dHd−min(d,p)(x) .

In what follows we consider the following assumption on F which implies that πε is well-
defined for any ε ≥ 0.

H1 F ∈ C∞(Rd,Rp) and F (0) = 0. For any x ∈ F−1(0), JF (x) ̸= 0. There exist m,α > 0
and R ≥ 0 such that for any x ∈ Rd with ∥x∥ ≥ R, ∥F (x)∥ ≥ m ∥x∥α.

A few remarks are in order. First, the assumption F (0) = 0 is only technical and can
be replaced by F−1(0) ̸= ∅. Similarly, the smoothness assumption F ∈ C∞(Rd,Rp) allows
us to avoid some technicalities in the proofs but can be relaxed. Second, we assume that
x 7→ ∥F (x)∥ grows at least polynomially when ∥x∥ → +∞. This condition can also be
relaxed to handle sub-polynomial growth at infinity. However, changing the rate of growth
might affect the quantitative convergence properties of (πε)ε>0 towards π0. A study of sub-
polynomial growth is left for future work. Finally the assumption that for any x ∈ F−1(0),
JF (x) ̸= 0 is necessary in order to define π0.

Theorem 1 Assume H1. Then for any ε ≥ 0, πε is well-defined. Let U ⊂ Rd be open,
bounded and such that F−1(0) ⊂ U. Let φ ∈ C(Rd,R) and Cφ ≥ 0 such that for any x ∈ Rd

|φ(x)| ≤ Cφ exp[Cφ ∥x∥αk] , (3)

with α > 0 defined in H1 and k ∈ N⋆ in (2). Then limε→0 |πε[φ]− π0[φ]| = 0. In addition,
if φ is M1,φ-Lipschitz on U with M1,φ ≥ 0, then there exist A ∈ C(R+,R+), ε̄ ∈ C(R+,R+)
such that for any ε ∈ (0, ε̄(Cφ)) we have

|πε[φ]− π0[φ]| ≤ A(Cφ)(1 +M0,φ +M1,φ)ε1/k ,

with M0,φ = sup{|φ(x)| : x ∈ U}, A, ε̄ functions that do not depend on φ, A is non-
decreasing and ε̄ is non-increasing.

Proof We provide a sketch of the proof. The whole proof is postponed to Section 4.1.
We first start by showing that we can restrict our study to versions of πε and π0 with
truncated support. This is done by studying the decay of πε(Kc) where K is some compact
set. Then our study differs depending on if d ≥ p or d ≤ p. If d ≥ p then we use tools from
geometric measure theory, and in particular the coarea formula in combination with the Lip-
schitz property of applications of the form t 7→

∫
F −1(t) Φ(x)dHd−p(x) for regular mappings

Φ. More precisely, we apply the coarea formula with the mapping F . Doing so, we have∫
U exp[−∥F (x)∥k/ε]φ(x)dx =

∫
V exp[−∥t∥k/ε]

∫
F −1(t) φ(x)JF (x)−1dHd−p(x)dt, where U,V

are two open sets. Hence, controlling the regularity of t 7→
∫

F −1(t) φ(x)JF (x)−1dHd−p(x)
is the key to control the convergence rate. In the case d ≤ p we adapt arguments from
Morse theory and Laplace theory to derive quantitative bounds on |πε[φ]− π0[φ]|. These
analyses are first conducted with smooth test functions φ ∈ C1(Rd,R) and then we relax
this hypothesis using smoothing arguments.

We highlight a few key points from this theorem and draw links with the existing
literature.
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(a) Our result is related to the Laplace-type convergence results of Wong (2001); Korshunov
et al. (2015); Barbe (2003); Breitung (2006); Bleistein and Handelsman (1975); Olver (1997);
De Bruijn (1981); Evgrafov (2020); Erdélyi (1956); Fedoryuk (1989); Bender and Orszag
(2013). In these works, the authors study integrals of the form

∫
Rd φ(x) exp[−U(x)/ε]dx

in the limiting case where ε → 0 under regularity assumptions on U and φ, and the non-
degeneracy condition that for any x ∈ arg minRd U , ∇2U(x) is invertible. We say that
U : Rd → R+ is norm-like with exponent 2 if there exist p ∈ N⋆ and F : Rd → Rp such
that U(x) = ∥F (x)∥2. In this case, and under additional regularity assumptions, we have
for any x ∈ Rd

∇2U(x) = 2D2F (x)⊤F (x) + 2DF (x)⊤DF (x) .
In particular for any x ∈ F−1(0), ∇2U(x) is invertible if and only if JF (x) ̸= 0 which is
precisely the non-degeneracy condition imposed in H1 (note that this directly implies that
d ≤ p). For any U ∈ C3(Rd,R+) with Lipschitz third order derivatives, there exist p ∈ N⋆

and F ∈ C1(Rd,Rp) with Lipschitz derivatives such that for any x ∈ Rd, U(x) = ∥F (x)∥2,
see Bony et al. (2006); Fefferman and Phong (1978). Hence, our restriction to functions
U : Rd → R+ of the form U = ∥F∥k for some F : Rd → Rp with p, k ∈ N⋆ is not too
constraining under additional regularity assumptions.

(b) We emphasize that our results can be extended to a general potential U ∈ C∞(Rd,R+)
if the Hessian of U is invertible on the set U−1(0), thus recovering the usual setting of
Laplace-type convergence results.

(c) As highlighted previously, we aim at providing quantitative bounds for |πε[φ]− π0[φ]|.
In the case where d ≤ p we adapt classical arguments from Morse and Laplace theory.
Our main contribution is the use of geometric measure theory to cover the case d ≥ p
which cannot be treated with classical Laplace arguments. The case d ≥ p is of particular
interest in machine learning applications requiring to sample from distributions of the form
(dπ/dλ)(x) ∝ exp[−∥F (x)∥2], where F : Rd → Rp is an encoder neural network with d ≥ p.
In Section 3.1 we investigate this situation in details in the case of generative modeling with
macrocanonical and microcanonical distributions.

(d) We notice that choosing k > 1 hinders the convergence towards π0[φ]. The intuition
behind this result is that for large values of k ∈ N it is harder to distinguish global minimizers
from their neighborhood (for example in the case where F (x) = x and d = p = 1, we have
that ∥F (0.1)∥1 = 0.1 whereas ∥F (0.1)∥3 = 10−3).

(e) Finally, in Raginsky et al. (2017) we have that πε[U ] − minRd U ≤ Cε under mild
assumptions. In the case where U = ∥F∥2 our results suggest that πε[U ]−minRd U ≤ Cε1/2

which appears to be suboptimal. However, our result is more general as it is valid for every
locally Lipschitz function. In order to recover the rate O(ε) one must modify the proof
of Theorem 1 to leverage the fact that ∇U(x) = 0 for any x ∈ Rd which is a minimizer
of U . More precisely, under the assumptions of Theorem 1 and if φ ∈ C∞(Rd,R) with
∇ℓφ(x) = 0 for any ℓ ∈ {0, . . . , p} with p ∈ N and x ∈ Rd which is a minimizer of U , we get
that |πε[φ]− π0[φ]| ≤ Cφε

(1+p)/2.

As a by-product of Theorem 1 we obtain the following corollary which establishes quan-
titative bounds for the Wasserstein distance of order 1 between πε and π0.
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Corollary 2 Assume H1. Then for any ε ≥ 0, πε is well-defined. In addition, there exist
A1 ≥ 0 and ε̄ > 0 such that for any ε ∈ [0, ε̄) we have

W1(πε, π0) ≤ A1ε
1/k ,

where we recall that k ∈ N⋆ is defined in (2).

Proof Denote Lip = {φ : Rd → R : |φ(x)− φ(y)| ≤ ∥x− y∥ , for any x, y ∈ Rd}.
In addition, denote Lip0 = {φ : Rd → R : |φ(x)− φ(y)| ≤ ∥x− y∥ , for any x, y ∈
Rd, φ(0) = 0}. First, using (Villani, 2009, Theorem 5.10) we have for any ε > 0.

W1(πε, π0) = sup{πε[φ]− π0[φ] : φ ∈ Lip} = sup{|πε[φ]− π0[φ]| : φ ∈ Lip0} . (4)

Let r = αk and βr = ⌈1/r⌉. For any φ ∈ Lip0 and x ∈ Rd with ∥x∥ ≥ 1 we have

βr exp[βr ∥x∥αk] ≥ ββr
r /(βr!) ∥x∥rβr ≥ ∥x∥ ≥ |φ(x)| .

Similarly, if ∥x∥ ≤ 1 we have that |φ(x)| ≤ 1 ≤ βr exp[βr ∥x∥]. Hence for any x ∈ Rd,
|φ(x)| ≤ βr exp[βr ∥x∥]. For any φ ∈ Lip0 we have M1,φ = 1. In addition, the set F−1(0) is
compact since lim∥x∥→+∞ ∥F (x)∥ = +∞ and F ∈ C(Rd,Rp). Therefore there exists R > 0
such that F−1(0) ⊂ B(0, R). In particular, note that U = B(0, R) is open and bounded. We
have that for any φ ∈ Lip0 and x ∈ U

|φ(x)| ≤ ∥x∥ ≤ R .

Therefore we get that M0,φ = R. Combining these results with Theorem 1 we have for any
φ ∈ Lip0 and ε ∈ [0, ε̄(⌈1/r⌉))

|πε[φ]− π0[φ]| ≤ A(Cφ)(1 +M0,φ +M1,φ)ε1/k ≤ 2A(⌈1/r⌉)(1 +R)ε1/k .

We conclude the proof upon combining this result and (4).

Concurrently to our work, Bras and Pagès (2021) establish similar quantitative bounds
w.r.t. the Wasserstein distance of order 1 without the norm-like assumption on the potential
U but assuming that the Hessian of U is invertible on arg min{U(x) : x ∈ Rd}, see
(Bras and Pagès, 2021, Lemma 4.6). To do so, the authors derive estimates of the form
W1(πε1 , πε2) ≤ C|ε1/2

2 − ε1/2
1 | with C ≥ 0 for ε1, ε2 > 0 using a coupling lemma and results

from Morse theory. The final bound is obtained by letting ε2 → 0 in the previous inequality
and the fact that limε→0 πε = π0 weakly. Theorem 2 extends these bounds to the case
where the Hessian of U is no longer invertible under a norm-like condition on the potential.

Also, note that Hwang (1980) establishes that limε→0 πε = π0 weakly without any
norm-like assumption on U under the condition that C⋆ = arg min{U(x) : x ∈ Rd}
can be partitioned into a collection of manifolds and that for any x ∈ C⋆, the Hessian of
U along the normal plan to the manifold associated with x is invertible (we denote by
∇2

NU(x) this quantity). In Theorem 23, we show that if U = ∥F∥2 then we have that
det(∇2

NU(x)) = JF (x)2 for any x ∈ F−1(0). Hence, the invertibility condition can be
written as: for any x ∈ F−1(0), JF (x) ̸= 0 similarly to H 1 and the limiting measure
identified by Hwang (1980) is exactly π0.
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The next result is an extension of Theorem 1 where, given k ∈ N⋆, Ψ : Rd → R+, πε is
replaced by πΨ

ε defined for any A ∈ B(Rd) by

πΨ
ε (A) =

∫
A Ψ(x) exp[−∥F (x)∥k /ε]dx

/∫
Rd Ψ(x) exp[−∥F (x)∥k /ε]dx . (5)

Similarly, for any A ∈ B(Rd) we let (when it is well-defined)

πΨ
0 (A) =

∫
F −1(0)∩A Ψ(x)JF (x)−1dHd−min(d,p)(x)

/∫
F −1(0) Ψ(x)JF (x)−1dHd−min(d,p)(x) .

(6)
We consider the following assumption on Ψ which ensures that πΨ

ε is well-defined for ε ≥ 0
when combined with H1.

H2 Ψ ∈ C(Rd,R+), there exists CΨ such that for any x ∈ Rd, Ψ(x) ≤ CΨ exp[CΨ ∥x∥αk]
and Ψ(x) > 0 for any x ∈ F−1(0).

Note that in H2, α > 0 is given in H1 and k ∈ N⋆ is given in (2). Under this assumption,
we derive the following quantitative bounds.

Theorem 3 Assume H1 and H2. Then for any ε ≥ 0, πΨ
ε is well-defined. Let U ⊂ Rd be

open, bounded and such that F−1(0) ⊂ U. Let φ ∈ C(Rd,R) and Cφ ≥ 0 such that for any
x ∈ Rd

|φ(x)| ≤ Cφ exp[Cφ ∥x∥αk] , (7)

with α > 0 defined in H1 and k ∈ N⋆ in (2). Then limε→0
∣∣∣πΨ

ε [φ]− πΨ
0 [φ]

∣∣∣ = 0. In addition,
if φ and Ψ are respectively M1,φ-Lipschitz and M1,Ψ-Lipschitz on U with M1,φ,M1,Ψ ≥ 0,
then there exist A ∈ C(R+,R+), ε̄ ∈ C(R+,R⋆

+) such that for any ε ∈ (0, ε̄(Cφ)) we have

|πΨ
ε [φ]− πΨ

0 [φ]| ≤ A(Cφ)(1 +M0,φ +M1,φ)ε1/k ,

with M0,φ = sup{|φ(x)| : x ∈ U}, A, ε̄ functions that do not depend on φ, A non-decreasing
and ε̄ non-increasing.

Proof The proof is postponed to Section 4.1.

The same remarks formulated after Theorem 1 hold for this extension. In particular the
norm-like assumption on U can be omitted and replaced by a classical invertibility condition
on the Hessian at U−1(0). Note that Theorem 1 is a direct consequence of Theorem 3 upon
letting Ψ = 1. Reciprocally, we do not have that Theorem 3 is a consequence of Theorem 1
upon replacing φ by φΨ. Indeed, it must be noted that, contrary to φ, Ψ also appears
in the normalizing constant of πΨ

ε . An important consequence of Theorem 3 is the case
where for any x ∈ Rd, Ψ(x) = JF (x). Indeed, doing so we obtain that πΨ

0 is the uniform
distribution on F−1(0), i.e. the maximum entropy distribution with support F−1(0). We
discuss this special case in Section 3.1. Similarly to Theorem 2 we can also establish the
following corollary.
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Corollary 4 Assume H1 and H2. Then for any ε ≥ 0, πΨ
ε is well-defined. In addition,

assume that Ψ is Lipschitz continuous. Then there exist A2 ≥ 0 and ε̄ > 0 such that for
any ε ∈ (0, ε̄) we have

W1(πΨ
ε , π

Ψ
0 ) ≤ A2ε

1/k ,

where we recall that k ∈ N⋆ is defined in (2).

Proof The proof is similar to the one of Theorem 2.

We conclude this section with a first application of our results to the study of the
concentration of the posterior of a Variational AutoEncoder (VAE). Let p, d ∈ N with d > p.
Assume we have access to a dataset x1:n = {xi}ni=1 ∈ (Rd)n with n ∈ N such that {xi}ni=1 are
i.i.d. samples from µ ∈P(Rd) a target data distribution. We consider a generative model
to approximately sample from µ defined as follows: let η be an easy-to-sample distribution
in Rp with density pη and for any z ∈ Z, let pθ(·|z) = N (mθ(z), ε Id /2) with ε > 0 and
mθ : Rp → Rd given by a neural network 1 with parameters θ ∈ Θ. The generative model
is trained by maximizing an Evidence Lower Bound (ELBO) which requires introducing an
encoding probability distribution. Assuming that the generative model is trained we obtain
a set of parameters θ⋆ ∈ Θ and the generative model is then given for any x ∈ Rd by

pθ⋆(x) =
∫
Rp pη(z)pθ⋆(x|z)dz .

For encoding purposes, we are also interested in the posterior distribution given for any
x ∈ Rd, z ∈ Rp by pθ⋆(z|x) = pη(z)pθ⋆(x|z)/pθ⋆(x). Note that for any x ∈ Rd and
A ∈ B(Rp) we have∫

A pθ⋆(z|x)dz =
∫

A pη(z) exp[−∥x−mθ(z)∥2/ε]dz/
∫
Rp pη(z) exp[−∥x−mθ(z)∥2/ε]dz .

In particular, we have that for any x ∈ Rd the distribution πx,ε with density pθ⋆(·|x) is of
the form (5) with Ψ← pη and Fx(z) = x−mθ(z). Under H1 and H2, we define πx,0 such
that for any A ∈ B(Rp)

πx,0(A) =
∫

m−1
θ

(x)∩A pη(z)JFx(z)−1dH0(z)
/∫

m−1
θ

(x) pη(z)JFx(z)−1dH0(z) .

Assuming that pη is Lipschitz, we can apply Theorem 4 and there exist A2,x ≥ 0 and ε̄x > 0
such that for any ε ∈ (0, ε̄x) we have

W1(πx,ε, πx,0) ≤ A2,xε
1/2 .

This result provides quantitative convergence bounds for the posterior distribution pθ⋆(·|x)
towards a limiting distribution πx,0. Note that πx,0 will assign more mass on the points
where (a) the prior distribution p is high ; (b) the generalized Jacobian is small, i.e. the
mapping mθ⋆ does not fluctuate too much around z ∈ m−1

θ⋆ (x).

1. Note that in practice the covariance matrix is also parameterized by a neural network but for simplicity
we keep it fixed.
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3. Applications

In this section, we present two applications of our results. First, we draw links between two
different maximum entropy distributions in Section 3.1. Then, we study the convergence of
SGLD for non-convex minimization in Section 3.2.

3.1 Maximum entropy distributions

3.1.1 Maximum entropy distributions

Let X ⊂ Rd be a compact space with int(X) ̸= ∅ and G : X→ Rp measurable. The maximum
entropy distribution with constraint G is denoted πEnt and is given by

πEnt = arg max{H(π) : π ∈Pλ(X), π[∥G∥] < +∞, π[G] = 0} , (8)

where Pλ(X) is the set of probability measures on X which admit a density w.r.t. the
Lebesgue measure, π[G] =

∫
X G(x)dπ(x) and H(π) = −

∫
X log(dπ/dλ)(x)dπ(x) for any

π ∈ Pλ(X), where λ is the Lebesgue measure on Rd. Note that H(π) is well-defined (but
can be infinite) since X is compact and in this case KL(π|µ) = −H(π) + log(λ(X)), where
µ is the uniform measure on X and we recall that λ is the Lebesgue measure.

Such maximum entropy distributions naturally arise in many areas such as statistical
physics (Jaynes, 1957; Bruna and Mallat, 2018), econometrics (Golan, 2008), generative
modeling (Portilla and Simoncelli, 2000; Lu et al., 2016; De Bortoli et al., 2021), rein-
forcement learning (Ziebart et al., 2008) or image processing (Geman and Geman, 1984;
Desolneux and Leclaire, 2017). In texture synthesis applications such as Lu et al. (2016);
De Bortoli et al. (2021), the feature mapping G is given by a pretrained neural network as
in Gatys et al. (2015). In what follows, we introduce two extensions of (8). More precisely,
we use the analogy between the maximization of the entropy and the minimization of an
appropriate Kullback-Leibler divergence to extend (8) on non-compact spaces, following
De Bortoli et al. (2021).

Macrocanonical distributions Given µ ∈P(Rd) and G : Rd → Rp measurable, we say
that π⋆ ∈P(Rd) is a macrocanonical distribution (Bruna and Mallat, 2018) with reference
measure µ and constraint G if it satisfies

π⋆ ∈ arg min{KL(π|µ) : π ∈P(Rd), π[∥G∥] < +∞, π[G] = 0} .

Using results from information geometry (Csiszár, 1975) any macrocanonical distribution
can be written as an exponential distribution under mild assumptions.

Proposition 5 ((De Bortoli et al., 2021)) Assume that G ∈ C(Rd,Rp) and that there
exist α,β, η > 0 with β > α such that

sup{∥G(x)∥(1 + ∥x∥α)−1 : x ∈ Rd} < +∞ ,
∫
Rd exp[η∥x∥β]dµ(x) < +∞ .

In addition, assume that for any θ ∈ Rp with ∥θ∥ = 1, we have µ({x ∈ Rd : ⟨θ,G(x)⟩ <
0}) > 0. Then there exists a unique macrocanonical distribution with constraint G and
reference measure µ denoted π⋆. In addition, there exists θ⋆ ∈ Rp such that for any x ∈ Rd

(dπ⋆/dµ)(x) = exp[−⟨θ⋆, G(x)⟩ − L(θ⋆)] , L(θ⋆) = log
∫
Rd exp[−⟨θ⋆, G(x)⟩]dµ(x) .
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We refer to De Bortoli et al. (2021) for a relaxation of these conditions and a detailed
study of the macrocanonical distribution. Theorem 5 ensures that macrocanonical distri-
butions can be written as Gibbs measures. We emphasize that these distributions satisfy
a constraint in expectation. An alternative way to define maximum entropy distributions
under constraints is to ensure almost sure equality. This tighter constraint yields new
maximum entropy distributions called microcanonical distributions.

Microcanonical distributions A microcanonical distribution π⋆ ∈ P(Rd) with refer-
ence measure µ and constraint G can be defined as

π⋆ ∈ arg min{KL(π|µ) : π ∈P(Rd), π[∥G∥] = 0} . (9)

We emphasize that imposing (9) is equivalent to impose that π⋆ has minimum Kullback-
Leibler divergence w.r.t. µ among all distributions which satisfy G = 0 almost surely. Note
that if there exists a microcanonical distribution π⋆ with KL(π⋆|µ) < +∞ then µ(A) > 0
where A = {x ∈ Rd : G(x) = 0} and in this case π⋆ = µ(· ∩ A)/µ(A). In what follows,
we will say that π⋆ is the uniform microcanonical distribution with constraint G if G−1(0)
is compact with Hd−min(d,p)(G−1(0)) < +∞ and π⋆ is the uniform distribution on G−1(0),
i.e. for any A ∈ B(Rd), we have

π⋆(A) =
∫

G−1(0)∩A dHd−min(d,p)(x)/Hd−min(d,p)(G−1(0)) . (10)

Note that contrary to macrocanonical distributions which admit a representation as
a Gibbs measure, see Theorem 5, the microcanonical distributions are concentrated on
the set G−1(0). In the next section, we draw links between these two maximum entropy
distributions.

3.1.2 From macrocanonical to microcanonical

In order to draw links between macrocanonical and microcanonical distributions we consider
a specific sequence of macrocanonical distributions associated with the constraint of the
form Gε = ∥F∥2 − ε for ε > 0, and where F : Rd → Rp. Let µ ∈ P(Rd) be a reference
probability measure. Under the conditions of Theorem 5, we define a family of measures
{ρε}ε>0 such that for any ε > 0, ρε is the macrocanonical distribution associated with Gε

and µ. More precisely, for any ε > 0, there exists θε ∈ R such that for any x ∈ Rd

(dρε/dµ)(x) = exp[−θε∥F (x)∥2 − Lε] , Lε = log
∫
Rd exp[−θε∥F (x)∥2]dµ(x) .

Our goal is to study the behavior of the family {ρε}ε>0 when ε→ 0. In particular, we show
that there exists a reference measure µ such that the limit π0 = limε→0 ρε exists where π0
is the uniform microcanonical distribution (10). We start with the following proposition
which ensures that limε→0 θε = +∞ with linear rate.

Proposition 6 Let µ ∈ P(Rd) and F : Rd → Rp. Assume that the conditions of Theo-
rem 5 with Gε = ∥F∥2−ε for any ε > 0 are satisfied and let ρε be the macrocanonical distri-
bution with constraint Gε and reference measure µ. Assume that there exists Ψ : Rd → R+
such that µ admits a density w.r.t. the Lebesgue measure given by Ψ. In addition, assume
that H1 and H2 hold. Then, we have that θε ∼ε→0 p/(2ε).

12



On quantitative Laplace-type convergence results

Proof We provide a sketch of the proof. The whole proof is postponed to Section 4.2. In
the case where d ≥ p we use tools from geometric measure theory to derive an equivalent of∫
Rd Ψ(x)∥F (x)∥2 exp[−∥F (x)∥2/ε]dx when ε → 0 akin to Theorem 12. In the case d ≤ p,

using Morse lemma and classical Laplace analysis we show a similar result. We conclude
upon combining these results and that ρε[∥F∥2] = ε.

Note that the equivalence in Theorem 6 does not depend on the reference measure µ.
In Section 4.2, we prove an extension of Theorem 6, see Theorem 18. In particular we show
that Gε = ∥F∥2−ε can be replaced by Gε = ∥F∥k−ε with k ∈ N⋆ under similar conditions.
In particular, we get that for any k ∈ N⋆, θε ∼ε→0 Ck/ε with Ck explicit if k = 2. Finally
note that under the same conditions as Theorem 6, we have that πΨ

ε [∥F∥2] ∼ε→0 p/(2ε),
where we recall that for any ε > 0 and A ∈ B(Rd)

πΨ
ε (A) =

∫
A Ψ(x) exp[−∥F (x)∥2/ε]dx/

∫
Rd Ψ(x) exp[−∥F (x)∥2/ε]dx .

This comes from the facts that ρε = πΨ
θε

and ρε[∥F∥2] = ε.
The following proposition establishes quantitative bounds w.r.t. the Wasserstein of

order 1 between {ρε}ε>0 and a limiting measure. We obtain this result upon combining
Theorem 6 and Theorem 2.

Proposition 7 Assume the same conditions as Theorem 6. Then there exist ε̄ > 0 and
A3 ≥ 0 such that for any ε ∈ (0, ε̄] we have

W1(ρε, π
Ψ
0 ) ≤ A3ε

1/2 ,

where πΨ
0 is given in (6).

Theorem 7 establishes quantitative bounds between the family of macrocanonical dis-
tributions {ρε}ε>0 and a limiting distribution πΨ

0 . Note that this limiting distribution is
not the uniform microcanonical distribution π⋆ defined in (10) in general, even though it is
supported on the set F−1(0). However, it is possible to sample from this π⋆ by choosing µ
such that for any x ∈ F−1(0), Ψ(x) = (dµ/dλ)(x) = JF (x).

3.1.3 Some simple experiments

Methodology In this experimental section we consider two simple examples of functions
F : Rd → Rp with d = 1 or 2 and p = 1. We consider the associated distributions {πε}ε>0
and {πΨ

ε }ε>0 and their limit as ε goes to 0, showing in particular that for Ψ = JF , it
converges to the uniform microcanonical distribution that is the uniform distribution on
F−1(0). We also check experimentally the scaling relation of Proposition 6.

Zeros of a polynomial In this first example, let P : R → R be a polynomial. We are
interested in the zeros of P , and, more precisely in sampling in a uniform way on the set
of the zeros of P . Using the notations of the previous sections, we set F = P . For ε > 0,
let us define the two distributions, with respective densities with respect to the Lebesgue
measure on R given for any x ∈ R by

(dπε/dλ)(x) = exp[−F (x)2/ε]/
∫
R exp[−F (x̃)2/ε]dx̃ ,

(dπΨ
ε /dλ)(x) = JF (x) exp[−F (x)2/ε]/

∫
R JF (x̃) exp[−F (x̃)2/ε]dx̃ ,

13



De Bortoli and Desolneux

where for any x ∈ R, Ψ(x) = JF (x) = |P ′(x)|.
In Figure 1, we display the polynomial P where for any x ∈ R, P (x) = x(x − 0.5)(x −

1.7)(x − 2.5). We also check numerically the scaling relation of Proposition 6. Then, in
Figure 2, we illustrate the different behaviors of πε and πΨ

ε when ε is small (ε = 10−3 in
our experiments). We also present the histograms obtained using of N = 104 independent
samples of πε and of πΨ

ε . These samples were simply obtained by the numerical CDF
inversion method. The stars indicate the target limit distributions (that is the uniform
distribution on the zeros of P for the limit of πΨ

ε ).

Figure 1: Left: graph of the polynomial x 7→ P (x), that has 4 zeros. Right: verifying the
scaling relation of Theorem 6 by plotting ε 7→ 2πε[P 2], which is equivalent to ε
as ε goes to 0.

Two-dimensional ellipse In this second example, we consider the function F : R2 → R
given for any x = (x1, x2) ∈ R2 by F (x) = a1x2

1 + a2x2
2 − 1 with a1, a2 > 0. For ε > 0, we

define πε and πΨ
ε whose densities w.r.t. the Lebesgue measure are given for any x ∈ R2 by

(dπε/dλ)(x) = exp[−∥F (x)∥2/ε]/
∫
R2 exp[−∥F (x̃)∥2/ε]dx̃ ,

(dπΨ
ε /dλ)(x) = JF (x) exp[−∥F (x)∥2/ε]/

∫
R2 JF (x̃) exp[−∥F (x̃)∥2/ε]dx̃ .

To sample from πε and πΨ
ε , we use two Markov chains given by the Unadjusted Langevin

Algorithm (Roberts and Tweedie, 1996; Durmus and Moulines, 2017; Dalalyan, 2017), given
respectively by X0, Y0 ∈ R2 and the recursions

Xn+1 = Xn − γ(∇∥F∥2(Xn)/ε) +
√

2γZn+1 ,

Yn+1 = Yn − γ(∇∥F∥2(Yn)/ε−∇ log JF (Yn)) +
√

2γZn+1 ,

where γ > 0 is a stepsize and {Zn}n∈N is a family of independent Gaussian random variables
with zero mean and identity covariance matrix. For any x ∈ R2 we have

JF (x) = 2(a2
1x

2
1 + a2

2x
2
2)1/2 , ∇∥F∥2(x) = 2F (x)∇F (x) = 4(a1x2

1 + a2x2
2 − 1)

(
a1x1
a2x2

)
,

∇ log JF (x) = (a2
1x

2
1 + a2

2x
2
2)−1

(
a2

1x1
a2

2x2

)
.
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Figure 2: Distributions πε and πΨ
ε (first line), and histogram of their samples from them

(second line). This experiment shows that the limit distribution of πΨ
ε as ε goes

to 0 is the uniform microcanonical distribution given by the uniform distribution
on the zeros of P .

The set F−1(0) is an ellipse, of cartesian equation a1x2
1 + a2x2

2 = 1 and has a polar
parametrization given for any θ ∈ [0, 2π) by

r(θ) = (a2 + (a1 − a2) cos2 θ)1/2 .

This is not an arc-length parametrization, and the infinitesimal length of the curve element
between θ and θ + dθ is given by ℓ(θ)dθ where for any θ ∈ (0, 2π] we have

ℓ(θ) = (r(θ)2 + r′(θ)2)1/2 = (a2
2 + (a2

1 − a2
2) cos2 θ)1/2(a2 + (a1 − a2) cos2 θ)−3/2 .

In Figure 3, we set a1 = 1, a2 = 4, ε = 10−3, γ = 10−5, N = 9 × 107 iterations in the
Markov chains, and histograms with bins of size 0.05π. In Figure 3, we compare two different
histograms: the ones of the angle values (θ) for the points of the chain Xn (diamonds), of the
chain Yn (stars), and the two distributions with density θ 7→ ℓ(θ)/

∫ π
−π ℓ(θ)dθ (black curve)

and θ 7→ ℓ(θ)JF (θ)−1/
∫ π

−π ℓ(θ)JF (θ)−1dθ (red curve). Note that θ 7→ ℓ(θ)/
∫ π

−π ℓ(θ)dθ
corresponds to the Hausdorff measure on the ellipse pushed by the polar parametrisation
θ 7→ r(θ), i.e. the uniform microcanonical distribution pushed by θ 7→ r(θ). We observe
that the Markov chain corrected with the generalized Jacobian indeed achieves the uniform
microcanonical distribution on the set F−1(0). Finally, we also check experimentally in
Figure 4 the scaling relation of Proposition 6.
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Figure 3: Left: histogram of angles of the samples (Xn)n∈N and (Yn)n∈N, showing that πΨ
ε

is close to the uniform distribution on the ellipse for small values of ε > 0. Right:
the trajectory of the first 106 samples of Yn (with a burnin of 103 iterates).

Figure 4: Checking the scaling relation of Proposition 6.
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3.2 Non-convex minimization

3.2.1 Non-convex setting and related work

In this section, we consider the following minimization problem:

find x⋆ ∈ arg min{U(x) : x ∈ Rd} ,

with U ∈ C1(Rd,R) and arg min{U(x) : x ∈ Rd} ̸= ∅. Here, we do not assume that U
is convex. Hence, classical first-order optimization schemes such as gradient descent might
get trapped in saddle points. Adding isotropic Gaussian noise to this dynamics circumvents
this issue, see Brandière and Duflo (1996); Pelletier (1998) for instance. The algorithm is
then given by the following recursion: X0 ∈ Rd and for any k ∈ N

Xk+1 = Xk − γk∇U(Xk) + Zk+1 , (11)

where (Zk)k∈N is a sequence of independent Gaussian random variables with zero mean and
covariance matrix σ2

k Id, with (γk)k∈N ∈ (R+)N a sequence of stepsizes and (σk)k∈N ∈ (R+)N.
If σ2

k = γ2
k for any k ∈ N, ∑k∈N γk = +∞ and ∑k∈N γ

2
k < +∞ then the algorithm is in

the weakly disturbed regime and under additional assumptions on U one can show that
(Xk)k∈N converges almost surely to a local minimizer of U , see Pelletier (1998) for instance.
However, (U(Xk)k∈N)k∈N does not necessarily converge to the global minimum of U . The
intuition behind this behavior is that the variance of the noise decreases too quickly for the
sequence to explore efficiently the landscape of U .

In order to perform global optimization, one can consider simulated annealing algorithms
where σ2

k = γkTk for any k ∈ N, with (Tk)k∈N ∈ (R+)N a sequence of temperatures which
slowly decrease. These algorithms were introduced in the context of discrete optimization in
Kirkpatrick (1984) and have been thoroughly investigated in Gidas (1985) (discrete state-
space), Gelfand and Mitter (1991, 1993) (discrete-time algorithm), Geman and Hwang
(1986); Chiang et al. (1987); Holley et al. (1989) (diffusion), Pelletier (1998) (CLT type
results), Romeijn and Smith (1994) (constrained optimization), Yang (2000) (non Gaussian
noise) and Andrieu et al. (2001) (control of the sequence in total variation) for instance.
In Hajek (1988, 1985) a sufficient and necessary condition is given on the rate of decrease
of (Tk)k∈N so that U(Xk)k∈N converges towards the minimum of U , more precisely the
condition reads ∑k∈N exp[−b⋆/Tk] = +∞, where b⋆ > 0 is a parameter which depends
only on U called the kinetic barrier (or depth in Hajek (1988, 1985)). One of the main
limiting factor of simulated annealing is the slow rate of convergence of (Tk)k∈N towards
0, which is often set as Tk = C/ log(k + 1) for any k ∈ N and for some constant C ≥ 0.
Note that recently the convergence of modifications of the simulated annealing algorithms
under faster cooling rates have been investigated in discrete spaces by either changing the
Markov chain transitions (Choi, 2019) or the energy landscape (Choi, 2020), see also Catoni
(1998). Finally, we emphasize that most of the results regarding the convergence of (11) can
be extended to the case where ∇U is replaced by an unbiased estimator under additional
conditions.

With the advent of neural networks, numerous schemes exploiting the annealing struc-
ture have been proposed to minimize the non-convex losses which arise in deep learning ap-
plications, see Ye et al. (2017) for instance. Drawing connections with unadjusted Langevin
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algorithms, and in particular Stochastic Gradient Langevin Dynamics (SGLD) (Welling
and Teh, 2011), Raginsky et al. (2017); Zhang et al. (2017) replace ∇U by an unbiased
estimator and let γk = γ > 0, σ2

k = 2γε for any k ∈ N with ε > 0 in (11). Under curvature
and regularity assumptions on the potential U , the authors derive quantitative bounds on
(E[U(Xk)−minRd U ])k∈N. Since then several accelerations have been proposed in the liter-
ature (Chau and Rasonyi, 2019; Gao et al., 2018; Erdogdu et al., 2018; Nguyen et al., 2019;
Zhang et al., 2019; Xu et al., 2017).

In the next section, we improve the results of Raginsky et al. (2017) by providing upper
bounds w.r.t. the first order Wasserstein distance between the distribution of (Xk)k∈N given
by SGLD and an explicit limiting distribution. Our results complete the ones of Raginsky
et al. (2017) which deal with the behavior of (E[U(Xk)−minRd U ])k∈N. To the best of our
knowledge, this is the first result establishing quantitative bounds on the distance between
the iterates of SGLD and a limiting measure concentrated on the minimizers of the target
potential U .

3.2.2 Quantitative convergence for SGLD

Setting and notation In this section we start by recalling the setting considered in Ra-
ginsky et al. (2017). We assume that there exist a topological space (Z,B(Z)), a probability
measure µ ∈P(Z,B(Z)) and u : Rd×Z→ R+ such that for any z ∈ Z, u(·, z) ∈ C1(Rd,R+),
and define for any x ∈ Rd

U(x) =
∫

Z u(x, z)dµ(z) . (12)
We also denote by U⋆ the global minimum of U . We do not have access to µ and U
directly but instead consider an empirical version of the target. Let n ∈ N. We define
Un : Rd × Zn → R+ given for any z1:n = {zi}ni=1 ∈ Zn and x ∈ Rd by

Un(x, z1:n) = (1/n)∑n
i=1 u(x, zi) .

Let (Y,Y) be a measurable space, R : Zn×Y → [0, 1] a Markov kernel and g : Rd×Y → Rd

such that for any x ∈ Rd and z1:n ∈ Zn we have

∇xUn(x, z1:n) =
∫

Y g(x, y)R(z1:n,dy) . (13)

Let Z be a random variable on Zn with distribution µ⊗n. Let {Yk}k∈N be a family of
independent random variables on Y such that conditionally to Z we have for any k ∈ N
that Yk has distribution δZR. Finally, let ε > 0. We consider the Stochastic Gradient
Langevin Dynamics (SGLD) sequence (Xk)k∈N given by the following recursion: X0 ∈ Rd

and for any k ∈ N
Xk+1 = Xk − γg(Xk, Yk) +

√
2γεGk+1 , (14)

where (Gk)k∈N is a sequence of independent Gaussian random variables with zero mean
and identity covariance matrix and γ > 0 is a stepsize. We also assume that {Yk}k∈N and
{Gk}k∈N are independent. For any k ∈ N, we denote by Qk : Zn × B(Rd) → [0, 1], the
Markov kernel such that for any random variable Z on Zn with distribution µ⊗n, we have
that Xk has distribution δZQk conditionally to Z. Finally, we also define for any ε > 0 the
Markov kernel Sε : Zn×B(Rd)→ [0, 1] associated with the Gibbs measure with temperature
ε such that for any A ∈ B(Rd) and z1:n ∈ Zn

δz1:nSε(A) =
∫

A exp[−Un(x, z1:n)/ε]dx
/∫

Rd exp[−Un(x, z1:n)/ε]dx . (15)
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Notation Source Target Description
µ · Z Data distribution, see (12).

R Zn Y Markov kernel defining the stochastic gradient
conditionally to the data, see (13).

Qk Zn Rd Markov kernel associated with SGLD at step k
conditionally to the data, see (14).

Sε Zn Rd Gibbs measure with temperature ε > 0
(conditional to the data) defined by (15).

S0 Zn Rd Limiting measure at temperature zero
(conditional to the data) defined by (16).

Table 1: Summary of Markov kernels and probability measures used in this section.

Similarly at temperature 0, we define the Markov kernel S0 : Zn×B(Rd)→ [0, 1] such that
for any A ∈ B(Rd) and z1:n ∈ Zn

δz1:nS0(A)=
∫

C(z1:n)∩A det(∇2
xUn(x, z1:n))−1/2dH0(x) (16)

/
∫

C(z1:n) det(∇2
xUn(x, z1:n))−1/2dH0(x) ,

with C(z1:n) = arg min{Un(x, z1:n) : x ∈ Rd}. We summarize the different probability
measures and Markov kernels used in this section in Table 1.

Assumptions We first consider the following assumption, which is similar to the one of
Raginsky et al. (2017).

H3 (n) For any z ∈ Z, u(·, z) ∈ C∞(Rd,R) and the following hold:

(a) There exist A,B ≥ 0 such that for any z ∈ Z, |u(0, z)| ≤ A and ∥∇xu(0, z)∥ ≤ B.

(b) There exists M ≥ 0 such that for any x1, x2 ∈ Rd, z ∈ Z, ∥∇k
xu(x1, z) −∇k

xu(x2, z)∥ ≤
M∥x1 − x2∥ for any k ∈ {1, 2, 3}.

(c) There exist m > 0, c ≥ 0 such that for any x ∈ Rd, z ∈ Z, ⟨∇xu(x, z), x⟩ ≥ m∥x∥2 − c.

(d) There exists κ ≥ 0 such that for any x ∈ Rd and z1:n ∈ Zn we have∫
Zn

∫
Y ∥∇xUn(x, z1:n)− g(x, y)∥2R(z1:n,dy)dµ⊗n(z1:n) ≤ κ(1 + ∥x∥2) .

Similar to Raginsky et al. (2017) we define, for any ε > 0 the uniform spectral gap

λ⋆(ε) = infz1:n∈Zn, h∈C1(Rd)∩L2(δz1:n Sε){δz1:nSε[∥∇h∥2]/δz1:nSε[|h|2] : h ̸= 0, δz1:nSε[h] = 0} ,

and note that under H3(n), λ⋆(ε) > 0. We emphasize that H3(n) is satisfied in the case
of a quadratic loss with a predictor given by a smooth and bounded neural network with
bounded derivatives up to order 4 and a quadratic regularization. More precisely, we can
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consider u(x, z) = ∥f(x, z1)− z2∥2 +α∥x∥2 with f ∈ C∞(Rd×Z1,Z2) and Z = Z1×Z2 with
f and its derivatives bounded up to order 4 and α > 0. In this setting f can be seen as a
predictor of z2 given z1 and x the parameters of f . Finally, we also consider the following
assumption which ensures that the limiting measures we consider are well-defined.

H4 (n) u ∈ C(Rd × Z,R) and the following hold:

(a) Z is compact.

(b) For any β > 0,
∫

Zn σ⋆
β(z1:n)dµ⊗n(z1:n) < +∞, where

σ⋆
β(z1:n) = ∑

x∈C(z1:n) det(∇2
xU(x, z1:n))−β . (17)

Note that H4 is satisfied if the number of minimizers is bounded w.r.t. z ∈ Z and if for any
z1:n ∈ Zn, x⋆ ∈ C(z1:n), ∇2

xU(x⋆, z1:n) ⪰ η Id with η > 0. Note that this condition is a slight
strengthening of the condition that for any z1:n ∈ Zn, x⋆ ∈ C(z1:n), ∇2

xU(x⋆, z1:n) ≻ 0. In
particular, we impose that the landscape of U(·, z) is not too flat around the minimizers.
We also introduce the thermodynamic barrier c⋆ : Zn → R such that for any z1:n ∈ Zn,
c⋆(z1:n) = +∞ if Un(·, z1:n) does not admit a local minimizer which is not a global minimizer
and

c⋆(z1:n) = inf{Un(x, z1:n) : x local min. of Un(·, z) but not global min.} − U⋆
n(z1:n) ,

with U⋆
n(z1:n) = inf{Un(x, z1:n) : x ∈ Rd}. We refer to Section 3.2.3 for a discussion on

the thermodynamic barrier and its importance in non-convex optimization.

Main results We are now ready to state our main results. First, under H3(n) and H
4(n), we derive quantitative bounds for the sequence (Xk)k∈N.

Proposition 8 Let n ∈ N. Assume H3(n) and H4(n). Then there exist C ≥ 0, ε̄, γ̄,β > 0
and k0 ∈ N such that for any ε ∈ (0, ε̄], γ ∈ (0, γ̄] and k ∈ N with k ≥ k0 we have

W1(µ⊗nQk, µ
⊗nS0) ≤ C(1/ε+ d)2(κ1/4 log(1/γ) + γ)/(λ⋆(ε)ε) (18)

+C(1 +Dn)(ε1/2 + ε−d/2 ∫
Z1:n exp[−c⋆(z1:n)/ε]dµ⊗n(z1:n)) ,

with Dn =
∫

Zn σ⋆
β(z1:n)dµ⊗n(z1:n) < +∞.

Proof We provide a sketch of the proof. The whole proof is postponed to Section 4.3.1.
First, we assess the convergence of (µ⊗nQk)k∈N by splitting the error in two parts. A first
part is bounded using the geometric ergodicity of SGLD as in Raginsky et al. (2017) and
controls the distance between µ⊗nQk and µ⊗nSε. Then, using a parametric version of The-
orem 1, see Theorem 33, we bound the distance between µ⊗nSε and µ⊗nS0.

A few remarks are in order:

(a) The condition that
∫

Zn σ⋆
1(z1:n)dµ⊗n(z1:n) < +∞ is necessary to ensure that µ⊗nS0 is

well-defined. In Theorem 8 we assume the condition that
∫

Zn σ⋆
β(z1:n)dµ⊗n(z1:n) < +∞

for any β > 0. In fact the condition could be relaxed to
∫

Zn σ⋆
β(z1:n)dµ⊗n(z1:n) < +∞ for
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any β ∈ (0,γ] with γ > 0 an explicit constant. Obtaining such a result requires to derive
explicit bounds in the quantitative Morse lemma (Le Loi and Phien, 2014, Theorem 3.2),
see also Theorem 31. We leave this analysis to future works. Note also that this condition
can be satisfied upon regularizing the function u and assuming that the number of global
minimizers is bounded. Indeed, if we replace u(x, z) by u(x, z)+(α/2)∥x∥2 (with α > 0 some
regularization parameter) then we get that for any β > 0,

∫
Zn σ⋆

β(z1:n)dµ⊗n(z1:n) ≤ N0α−βd

where N0 is an upper-bound on the number of global minimizers.

(b) The upper-bound in (18) also depends on the thermodynamic barrier. This constant
quantifies how close the local minima which are not global minima are to the global minima
and is crucial to establish quantitative parametric Laplace-type results. We illustrate this
situation in Section 3.2.3 with a simple example.

(c) Theorem 8 ensures that for a given precision level r > 0, there exist ε, γ > 0 small enough
and k ∈ N large enough such that W1(µ⊗nQk, µ

⊗nS0) ≤ r. However, note that µ⊗nS0 is
not concentrated on the minimizers of U . This highlights the fact that the minimization of
the empirical risk does not guarantee that the population risk is small.

In order to verify that the population risk is small in expectation w.r.t. the target
measure µ⊗nS0 we use stability tools to establish the following proposition.

Proposition 9 Assume that H3(n) and H4(n) hold uniformly w.r.t. n ∈ N. Assume that

lim
ε→0

sup{ε−d/2 ∫
Z1:n exp[−c⋆(z1:n)/ε]dµ⊗n(z1:n) : n ∈ N} = 0 ,

Then
lim

n→+∞
{µ⊗nS0[U ]− U⋆} = 0 .

In addition, assume that there exist C0, α, ε̄ > 0 such that for any ε ∈ (0, ε̄]

ε−d/2 ∫
Z1:n exp[−c⋆(z1:n)/ε]dµ⊗n(z1:n) ≤ C0εα , (19)

Then for any η ∈ (0, 1), there exist Cη ≥ 0 and n0 ∈ N such that for any n ≥ n0 we have

µ⊗nS0[U ]− U⋆ ≤ Cη/ log(n)sη ,

with s = min(1/4, α/2) and where we recall that U⋆ is the global minimum of U .

Proof The proof is postponed to Section 4.3.2.

Note that Theorem 9 implies that the sequence (µ⊗nS0[U ])n∈N is tight since under H
3(n) we have that there exist R ≥ 0 and α > 0 such that for any x ∈ Rd with ∥x∥ ≥ R
U(x) ≥ m∥x∥α. Furthermore, Theorem 9 implies that each limiting point of the sequence
(µ⊗nS0[U ])n∈N is concentrated on the minimizers of U when n→ +∞, i.e. when the number
of training points {zi}ni=1 grows to infinity. However, we do not necessarily have that
(µ⊗nS0[U ])n∈N converges towards π0 given for any A ∈ B(Rd) by

π0(A) =
∫

A∩C det(∇2U(x))−1/2dH0(x)/
∫

C det(∇2U(x))−1/2dH0(x) ,
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Figure 5: Left: the function x 7→ u(x, 0) with u given in (20). Right: the function x 7→
u(x, 0.5). The global minimizers are given by the dotted red lines.

where C = arg min{U(x) : x ∈ Rd}. Theorem 9 depends crucially on the thermodynamic
barrier. In particular (19) allows us to derive quantitative stability results. The thermody-
namic barrier and the associated conditions are discussed in Section 3.2.3.

In what follows, we describe a counter-example for which (µ⊗nS0)n∈N does not converge
weakly towards π0. Let X = R, Z = [−1/2, 1/2] and u : X×Z→ R such that for any x ∈ R
and z ∈ [−1/2, 1/2] we have

u(x, z) =


(x+ π)4/(1 + (x+ π)2) + cos(3x) + zx , if x < −π ,
cos(3x) + zx , if −π ≤ x ≤ π ,
(x− π)4/(1 + (x− π)2) + cos(3x) + zx , if x > π .

(20)

We also let µ to be the uniform measure on [−1/2, 1/2]. We obtain that for any n ∈ N,
z1:n ∈ Zn and x ∈ X

U(x) = u(x, 0) , Un(x, z1:n) = u(x, (1/n)∑n
k=1 z

k) .

Note that for any z ̸= 0, x 7→ u(x, z) admits a unique global minimizer, see the proof
of Theorem 10, whereas if z = 0, x 7→ u(x, z) admits four global minimizers {x⋆

i }4i=1 =
{−π,−π/3,π/3,π}, see Figure 5 for an illustration. In the next proposition, we show that
limn→+∞ µ⊗nS0[U ] = U⋆ but that (µ⊗nS0)n∈N does not converge weakly towards π0.

Proposition 10 Let u be given by (20) and µ be the uniform measure on [−1/2, 1/2].
Then, we have that for any n ∈ N

limn→+∞ µ⊗nS0 = (δ−π + δπ)/2 and µ⊗nS0[U ]− U⋆ ≤ (π/(6
√

3))n−1/2 .

Proof The proof is postponed to Section 4.3.3.

In particular, we have that (µ⊗nS0)n∈N converges towards a limiting probability measure
supported on the set of minimizers of U .
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3.2.3 The importance of the thermodynamic barrier

To conclude this section, we investigate the role of the thermodynamic barrier in order
to establish quantitative parametric Laplace-type results. This quantity should not be
confused with the concept of kinetic barrier which has been investigated in the context of
simulated annealing, see Hajek (1988, 1985) for instance. We refer to Wang et al. (2016) for
an introduction to the concept of thermodynamic barrier and kinetic barrier in the context
of chemistry, see also Figure 6 for an illustration.

In a general setting, we consider a function f : X×Z→ R where X and Z are topological
spaces and f(·, z) admits a global minimizer for any z ∈ Z. Let z ∈ Z, if f(·, z) admits a
local minimizer which is not a global minimizer we recall that the thermodynamic barrier
c⋆(z) is given by

c⋆(z) = inf{f(x, z) : x is a local minimizer of f(·, z) but not a global minimizer} − f⋆(z) ,

with f⋆(z) = inf{f(x, z) : x ∈ X}. The thermodynamic barrier quantifies how close the
values of the local minima are to the global ones. Let X = Rd and for any ε > 0, z ∈ Z and
A ∈ B(Rd), define

δzSε(A) =
∫

A exp[−f(x, z)/ε]dx/
∫
Rd exp[−f(x, z)/ε]dx ,

δzS0(A) =
∫

A∩C(z) det(∇2
xf(x, z))−1/2dH0(x)/

∫
C(z) det(∇2

xf(x, z))−1/2dH0(x),

with C(z) = arg min{f(x, z) : x ∈ Rd}. In Theorem 33 we show (under assumptions on f)
that for any z ∈ Z and for any φ ∈ C(Rd,R) which satisfies the conditions of Theorem 33
there exist A,β ≥ 0 and ε̄ > 0 such that for any ε ∈ (0, ε̄)

|δzSε[φ]− δzS0[φ]| ≤ A(1 + σ⋆
β(z)){ε1/2 + ε−d/2 exp[−c⋆(z)/ε]} , (21)

with A,β that do not depend on z. The dependency of the right-hand side w.r.t. σ⋆
β(z)

comes from the fact that δzS0 is well-defined if and only if ∇2
xf(x, z) is invertible at the

global minimizers of f(·, z).
We now investigate the dependency w.r.t. the thermodynamic barrier c⋆. We are going

to build a simple example for which the thermodynamic barrier plays a crucial role. In
particular, we will show that the dependency of the form exp[−c⋆(z)/ε] is tight in (21).
Let k ∈ N, X = {0, 1}, Z = R and f : X × Z → R such that for any x ∈ X and z ∈ Z,
f(x, z) = xz2k+1. For any ε > 0 and z ∈ R we define δzSε by

δzSε = (δ0 exp[−f(0, z)/ε] + δ1 exp[−f(1, z)/ε])/(1 + exp[−f(1, z)/ε])
= δ0sigm(z2k+1/ε) + δ1sigm(−z2k+1/ε) ,

where sigm : R→ R is the sigmoid function given for any t ∈ R by sigm(t) = (1+exp[−t])−1.
When z > 0 the minimum of f(·, z) is 0 and is attained at x = 0. When z = 0, we have
f = 0 (and the minimum is therefore attained at x = 0 and x = 1). When z < 0 the
minimum of f(·, z) is −z2k+1 and is attained at x = 1. Therefore we have that δzS0 = δ0
if z > 0, δzS0 = δ1 if z < 0 and δzS0 = (δ0 + δ1)/2 if z = 0. Using that the Wasserstein
distance of order 1 between two Bernoulli distributions with parameter p1 and p2 is given
by |p1 − p2| we get that for any z ∈ Z and ε > 0

W1(δzSε, δzS0) = sigm(− |z|2k+1 /ε) .
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Hence, for a fixed value of z ∈ Z, we get that W1(δzSε, δzS0) is of order O(exp[− |z|2k+1 /ε]).
In particular, we get that for any z ∈ Z, lim supε→0 W1(δzSε, δzS0)/ε is bounded. In
what follows, we show that lim infε→0 W1(µSε, µS0)/ε = +∞, for some probability measure
µ ∈P(R).

Let χ : X→ R with χ(0) = 1 and χ(1) = 0. First, note that for any z > 0 we have

δzSε[χ]− δzS0[χ] = sigm(−z2k+1/ε) .

Hence, using that c⋆(z) = |z|2k+1 for any z ∈ R and that sigm(−t) ≥ exp[−2t] for any t > 0
we have for any z > 0,

δzSε[χ]− δzS0[χ] ≥ exp[−2z2k+1/ε] ≥ exp[−2c⋆(z)/ε] . (22)

Let µ ∈P(R+) such that µ({0}) = 0. Using (22) and that χ is 1-Lipschitz, we have

W1(µSε, µS0) ≥
∫+∞

0 exp[−2c⋆(z)/ε]dµ(z) .

Assume that µ is the uniform distribution on [0, 1]. Then, we have for any ε ∈ (0, 1)

W1(µSε, µS0) ≥
∫ 1

0 exp[−2z2k+1/ε]dx ≥ 2−1/(2k+1)(
∫ 1

0 exp[−z2k+1]dz)ε1/(2k+1) .

This shows that the order of W1(µSε, µS0) is at most O(ε1/(2k+1)). This is in stark contrast
with the order identified for W1(δzSε, δzS0).

This latter observation highlights the crucial role of the thermodynamic barrier when
establishing uniform Laplace-type results w.r.t. some parameter z ∈ Z. Note that we
recover that W1(µSε, µS0) is of order at least O(ε) if µ is supported on [z0,+∞) with
z0 > 0. Similar conclusions hold if we show that c⋆(z) ≥ c0 for any z ∈ R with c0 > 0.
Hence, (assuming that c⋆ is continuous) the discrepancy between the order of W1(µSε, µS0)
and the one of W1(δzSε, δzS0) might arise if: (a) At least one of the local minima (which is
not a global minimum) converges towards a global minimum when z → z⋆ for some value of
z⋆ ∈ Z, (b) z⋆ belongs to the support of µ. If these two conditions are fulfilled then a more
careful study of

∫
Z exp[−c⋆(z)/ε]dµ(z) is needed in order to obtain quantitative bounds.

4. Proofs

In this section, we gather the proofs of the previous sections. In Section 4.1 we prove
Theorem 3. Then, in Section 4.2 we provide the proofs of the results of Section 3.1. Finally,
the proofs of the results of Section 3.2 are given in Section 4.3.

4.1 Proof of Theorem 3

In this section, we prove Theorem 3. We recall that Theorem 1 is a straightforward conse-
quence of Theorem 3 upon letting Ψ = 1. We let k ∈ N⋆, F : Rd → Rp and Ψ : Rd → R+.
For any φ : Rd → R+ and ε > 0 we define

Iε(φ) = C−1
ε

∫
Rd φ(x)Ψ(x) exp[−∥F (x)∥k /ε]dx , Jε = Iε(1) , (23)

Cε =
∫
Rd exp[−∥x∥k /ε]dx = εd/k

∫
Rd exp[−∥x∥k]dx = εd/kC1 .
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Figure 6: Difference between the thermodynamic barrier (blue) and the kinetic barrier
(red).

In addition, we define

I0(φ) =
∫

F −1(0) φ(x)Ψ(x)JF (x)−1dHd−d̂(x) , J0 = I0(1) , (24)

where d̂ = min(d, p) and we recall that for any x ∈ Rd, JF (x) = det(DF (x)DF (x)⊤)1/2 if
d ≥ p and JF (x) = det(DF (x)⊤DF (x))1/2 otherwise. If φ : Rd → R and Iε(|φ|) < +∞
for some ε ≥ 0 we define Iε(φ) similarly as in (23) and (24). Note that for any ε ≥ 0 and
φ : Rd → Rp such that it is defined we have πε[φ] = Iε(φ)/Jε.

The rest of this section is organized as follows. In Section 4.1.1, we prove our main
result , i.e. a quantitative Laplace-type result in the case d ≥ p using the coarea formula.
In Section 4.1.2, we prove similar results in the case d ≤ p using Laplace’s method and
Morse theory. Finally, we conclude with the proof of Theorem 3 in Section 4.1.3. Additional
technical results are postponed to Appendix A.

4.1.1 The case d ≥ p

In what follows, we assume that d ≥ p and for any φ : Rd → R+, t ∈ Rp we define Lt(φ)
by

Lt(φ) =
∫

F −1(t) φ(x)Ψ(x)JF (x)−1dHd−p(x) . (25)

Note that L0(φ) = I0(φ). Let φ : Rd → R. Then, if Lt(|φ|) < +∞, we define Lt(φ)
similarly to (25). The following proposition establishes that t 7→ Lt(φ) is Lipschitz under
mild regularity conditions. We emphasize that this proposition is no longer true if d ≤ p.
Indeed, let us consider the following counterexample. Let F : R→ R2 given for any x ∈ R
by F (x) = ((1− x2)/(1 + x2), x(1− x2)/(1 + x2)). The set F (R) defines a right strophoid.
Then, for any t ̸= 0 we have H0(F−1(t)) = 1 or 0, but H0(F−1(0)) = 2 and therefore
Lt(JF/Ψ) = 1 or 0 near t = 0 but L0(JF/Ψ) = 2 with Ψ = 1. Hence t 7→ Lt(JF/Ψ) is not
even continuous.

Proposition 11 Assume H 1, H 2 and that d ≥ p. Let U ⊂ Rd be open and such that
F−1(0) ⊂ U, and let φ ∈ C(Ū,R). Then limt→0 Lt(φ) = L0(φ). In addition, assume that
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Ψ, φ ∈ C1(Ū,R). Then there exist B0 ≥ 0 and η > 0 such that for any t ∈ B̄(0, η),

|Lt(φ)− L0(φ)| ≤ B0(1 +M0,φ +M1,φ)(1 +M0,Ψ +M1,Ψ) ∥t∥ ,

with for any i ∈ {0, 1} and f ∈ C1(Rd,R), Mi,f = sup{∥∇if(x)∥ : x ∈ F−1(B̄(0, η))}, B0
and η do not depend on φ and Ψ, and F−1(B̄(0, η)) ⊂ U.

Proof First, we show that there exists an explicit diffeomorphism between F−1(t) and
F−1(0) for ∥t∥ small enough. Then we use the coarea formula to express Lt as an integral
over F−1(0) and use the dominated convergence theorem to conclude the first part of the
proof. For the second part of the proof we differentiate the diffeomorphism w.r.t. the
parameter t and provide explicit bounds for the derivative.

(a) The set F−1(0) is compact since lim∥x∥→+∞ ∥F (x)∥ = +∞. First, there exists η0 > 0
such that F−1(B̄∞(0, η0)) ⊂ U. Indeed, since F−1(0) is compact, there exists ε0 > 0 such
that F−1(0) + B̄∞(0, ε0) ⊂ U. We now show that for any ε > 0, there exists ηε > 0 such
that F−1(B̄∞(0, ηε)) ⊂ F−1(0) + B̄∞(0, ε). If this is false, we let ε > 0 such that for any
η > 0, F−1(B̄∞(0, η)) ̸⊂ F−1(0) + B̄∞(0, ε). Hence there exists a sequence (xk)k∈N ∈ (Rd)N
such that ∥F (xk)∥∞ ≤ 1/(k + 1) and d(xk, F

−1(0)) ≥ ε. But, up to taking a subsequence,
there exists x⋆ ∈ F−1(B̄∞(0, 1)) such that limk→+∞ xk = x⋆. Then, we have F (x⋆) = 0
and d(x⋆, F−1(0)) > ε, which is absurd. Hence for any ε > 0, there exists ηε > 0 such that
F−1(B̄∞(0, ηε)) ⊂ F−1(0) + B̄∞(0, ε). We let η0 = ηε0 .

Second, there exists η1 > 0 such that for any x ∈ F−1(B̄∞(0, η1)), JF (x) > 0. Indeed,
if this is not the case then there exists (xk)k∈N with limk→+∞ F (xk) = 0 and JF (xk) = 0.
Since F−1(B̄∞(0, 1)) is compact there exists x⋆ such that, up to taking a subsequence,
limk→+∞ xk = x⋆. Then F (x⋆) = 0 and JF (x⋆) = 0, which is absurd. We define K0 =
F−1(B̄∞(0, η1)) and K1 = F−1(B̄∞(0, η)) with η = min(η1/2, η0). Note that K1 ⊂ U and
K1 ⊂ int(K0).

In what follows for any x ∈ Rd we define G(x) = DF (x)DF (x)⊤. Note that for any
x ∈ Rd, det(G(x))1/2 = JF (x) since d ≥ p. We also have that for any x ∈ K0, G(x) is
invertible since JF (x) > 0. In addition, we have that for any i, j ∈ {1, . . . , p} and x ∈ Rd

Gi,j(x) = ⟨∇Fi(x),∇Fj(x)⟩ .

We define {fi}pi=1 such that for any i ∈ {1, . . . , p}, fi : Rd → Rd is given for any x ∈ K0 by

fi(x) = ∑p
k=1 hi,k(x)∇Fk(x) , (26)

with {hi,j(x)}1≤i,j≤p = G(x)−1. For any x ∈ K0 and i, j ∈ {1, . . . , p} we have

⟨fi(x),∇Fj(x)⟩ = ∑p
k=1 hi,k(x)⟨∇Fk(x),∇Fj(x)⟩ = δi(j) ,

where δi is the Dirac mass at i. In what follows, we let {gi}pi=1 such that for any i ∈
{1, . . . , p}, gi : Rd → Rd and gi ∈ C1(Rd,Rd) such that gi(x) = fi(x) for any x ∈ K1,
and gi(x) = 0 for x ∈ int(K0)c, such functions exist using Whitney extension theorem for
instance, see Whitney (1934). In what follows, we fix t = (t1, . . . , tp) ∈ B̄∞(0, η). For any
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i ∈ {1, . . . , p} let Φi : R×Rd → Rd given by Φi(0, x) = x for any x ∈ Rd and for any s ∈ R
and x ∈ Rd

∂sΦi(s, x) = −gi(Φi(s, x)) . (27)

For any i ∈ {1, . . . , p}, Φi is well-defined using Theorem 36. Therefore, we have for any
i ∈ {1, . . . , p} and s ∈ R, x ∈ Rd such that Φi(s, x) ∈ K1

∂sF (Φi(s, x)) = −(⟨gi(Φi(s, x)),∇F1(Φi(s, x))⟩, . . . , ⟨gi(Φi(s, x)),∇Fp(Φi(s, x))⟩) = −ei ,

where we recall that {ei}pi=1 is the canonical basis of Rp. We define Φ̄t : Rd → Rd

such that for any x ∈ Rd, Φ̄t(x) = x(p) with x(0) = x and for any i ∈ {0, . . . , p − 1},
x(i+1) = Φi+1(ti+1, x(i)). Note that Φ̄t ∈ C1(Rd,R) and is a diffeomorphism, see Theorem 36.
Using (27) we have that Φ̄t(F−1(t)) = F−1(0). In addition, F−1(t) is Hd−p countably
rectifiable using Theorem 40. Using this result and the coarea formula, see Theorem 41, we
have

Lt(φ) =
∫

F −1(0) φ(Φ̄−1
t (x))Ψ(Φ̄−1

t (x))JF (Φ̄−1
t (x))−1|det(DΦ̄−1

t (x))|dHd−p(x) .

Since F−1(0)×B∞(0, η) is compact and (t, x) 7→ Φ̄−1
t (x) and (t, x) 7→ DΦ̄−1

t (x) are continu-
ous with for any x ∈ Rd, Φ̄−1

0 (x) = x and DΦ̄−1
0 (x) = Id, we get that limt→0 Lt(φ) = L0(φ)

using the dominated convergence theorem.

(b) For the second part of the proof we control the derivative of t 7→ χ(t, x) where for any
x ∈ Rd and t ∈ Rp we have

χ(t, x) = φ(Φ̄−1
t (x))Ψ(Φ̄−1

t )JF (Φ̄−1
t (x))−1| det(DΦ̄−1

t (x))| . (28)

Using Theorem 27, there exists P ∈ Poly(4,R+) such that for x ∈ F−1(0) and t ∈ B∞(0, η)
we have

∥∂tχ(t, x)∥ ≤ (1 +M0,φ +M1,φ)(1 +M0,Ψ +M1,Ψ)
× P (M1,F ,M2,F ,M3,F , 1/m1,F ) exp[P (M1,F ,M2,F ,M3,F , 1/m1,F )] ,

with P that does not depend on φ and Ψ. Hence we have that for any t ∈ B∞(0, η)

|Lt(φ)− L0(φ)| ≤
∫

F −1(0) |χ(t, x)− χ(0, x)| dHd−p(x)
≤ (1 +M0,φ +M1,φ)(1 +M0,Ψ +M1,Ψ)P (M1,F ,M2,F ,M3,F , 1/m1,F )

exp[P (M1,F ,M2,F ,M3,F , 1/m1,F )]Hd−p(F−1(0)) ∥t∥ ,

which concludes the proof since Hd−p(F−1(0)) < +∞ by Theorem 40.

The smoothness of F can be relaxed to C3(Rd,Rp) (at least). From our analysis, F ∈
C2(Rd,Rp) (or at least F ∈ C1(Rd,Rp) with Lipschitz derivative) seems to be necessary to
obtain quantitative results.
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Proposition 12 Assume H1, H2 and that d ≥ p. Let U ⊂ Rd open and bounded such that
F−1(0) ⊂ U and φ ∈ C(Ū,R). Then there exists η > 0 such that limε→0 I in

ε (φ) = I0(φ),
where for any ε > 0, I in

ε (φ) = Iε(φ1F −1(B(0,η))). In addition, assume that φ,Ψ ∈ C1(Ū,R),
then there exists A2 ≥ 0 such that for any ε > 0∣∣I in

ε (φ)− I0(φ)
∣∣ ≤ A2(1 +M0,φ +M1,φ)(1 +M0,Ψ +M1,Ψ)ε1/k ,

with for any i ∈ {0, 1} and f ∈ C1(Rd,R), Mi,f = sup{∥∇if(x)∥ : x ∈ F−1(B̄(0, η))}, A2
and η do not depend on φ and Ψ, and F−1(B̄(0, η)) ⊂ U.

Proof First, note that I0(φ) = L0(φ), see (24) and (25). In what follows, we let η > 0 be
given by Theorem 11 and define I in

0 (φ) = C−1
ε

∫
B(0,η) exp[−∥t∥k /ε]L0(φ)dt. We have

|I0(φ)− I in
0 (φ)| = |I0(φ)|C−1

ε

∫
B(0,η)c exp[−∥t∥k /ε]dt ≤ 2d/k |I0(φ)| exp[−ηk/(2ε)] . (29)

Using the coarea formula, see Theorem 41, we have for any ε > 0,

I in
ε (φ) = C−1

ε

∫
F −1(B(0,η)) Ψ(x)φ(x) exp[−∥F (x)∥k /ε]dx = C−1

ε

∫
B(0,η) exp[−∥t∥k /ε]Lt(φ)dt .

Therefore, using this result and the change of variable t 7→ ε1/kt we have

|I in
ε (φ)− I in

0 (φ)|≤ C−1
ε

∫
B(0,η) exp[−∥t∥k /ε]|Lt(φ)− L0(φ)|dt

≤ C−1
1
∫

B(0,η/ε1/k) exp[−∥t∥k]|Ltε1/k(φ)− L0(φ)|dt . (30)

Hence, we get that limε→0 |I in
ε (φ)− I in

0 (φ)| = 0 using the dominated convergence theorem
and that limε→0 |Ltε1/k(φ)− L0(φ)| = 0 according to Theorem 11. This concludes the first
part of the proof upon combining this result and (29). In addition, assume that φ ∈ C1(Ū,R)
then using the second part of Theorem 11 and (30) we have∣∣∣I in

ε (φ)− I in
0 (φ)

∣∣∣ ≤ B0C
−1
1
∫
Rp ∥t∥ exp[−∥t∥k]dt(1 +M0,φ +M1,φ)(1 +M0,Ψ +M1,Ψ)ε1/k ,

which concludes the proof upon combining this result and (29).

4.1.2 The case d ≤ p

We now turn to the case d ≤ p. The proof of this result is more classical and does not rely
on geometric measure theory. Instead we build on the Morse theory approach for Laplace
approximation, see Wong (2001) for example. The following proposition is a quantitative
extension of (Wong, 2001, Theorem 3, p.495).

Proposition 13 Assume H1, H2 and that d ≤ p. Let U ⊂ Rd open and bounded such that
F−1(0) ⊂ U and φ ∈ C(Ū,R). Then limε→0 |I in

ε (φ) − I0(φ)| = 0, with I in
ε (φ) = Iε(φ1V)

and V open such that F−1(0) ⊂ V ⊂ U. In addition, assume that φ,Ψ ∈ C1(Ū,R). Then
there exists B1 ≥ 0 such that for any ε > 0 we have

|I in
ε (φ)− I0(φ)| ≤ B1(1 +M0,φ +M1,φ)(1 +M0,Ψ +M1,Ψ)ε1/k ,

with B1 that does not depend on φ and Ψ, and for any i ∈ {0, 1} and f ∈ C1(Ū,R),
Mi,f = sup{∥∇if(x)∥ : x ∈ U}.
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Proof Let {xℓ
0}Nℓ=1 and {Wℓ}Nℓ=1 be given by Theorem 26 such that F−1(0) = ∪N

ℓ=1{xℓ
0}

and dF (x) is injective for any ℓ ∈ {1, . . . , N} and x ∈ Wℓ. In addition, for any ℓ,m ∈
{1, . . . , N}, Wℓ ∩Wm = ∅. Let ℓ ∈ {1, . . . , N} and U : Rd → R+ such that for any x ∈ Rd,
U(x) = ∥F (x)∥2. Since F ∈ C∞(Rd,Rp) we have that U ∈ C∞(Rd,R). We divide the rest
of the proof into two parts.
(a) First, we have that ∇2U(xℓ

0) = 2DF (xℓ
0)⊤DF (xℓ

0) which is invertible since JF (xℓ
0) > 0.

Therefore, we can apply Morse’s lemma (Nirenberg, 2001, Theorem 3.1.1) and there exists
a diffeormorphism Φℓ ∈ C1(Ω̄ℓ, W̄ℓ) with 0 ∈ Ωℓ, xℓ

0 ∈ Wℓ and Ωℓ ⊂ Rd open such that for
any x ∈ Ωℓ, U(Φℓ(x)) = ∥x∥2, Φℓ(0) = xℓ

0 and DΦℓ(0) = (DF (xℓ
0)⊤DF (xℓ

0))−1/2. Note that
det(DΦℓ(0)) = JF (xℓ

0)−1.
Let rℓ > 0 such that B̄(0, rℓ) ⊂ Ωℓ. We have

1−
∫

Ωℓ/ε1/k exp[−∥x∥k]dx/C1 ≤
∫
Rd exp[−∥x∥k /2]dx exp[−rk

ℓ /(2ε)]/C1 . (31)

In what follows, we no longer consider ℓ ∈ {1, . . . , N} to be fixed. Let V = ∪N
ℓ=1Φℓ(Ωℓ) and

I in
0,ε(φ) = ∑N

ℓ=1
∫

Ωℓ/ε1/k exp[−∥x∥k]dxφ(xℓ
0)Ψ(xℓ

0)JF (xℓ
0)−1/C1. We recall that we have

I0(φ) = ∑N
ℓ=1 φ(xℓ

0)Ψ(xℓ
0)JF (xℓ

0)−1 .

Combining this result and (31) we get∣∣∣I in
0,ε(φ)− I0(φ)

∣∣∣ ≤ NM ∫
Rd exp[−∥x∥k /2]dx exp[−rk

min/(2ε)]/C1 , (32)

where rmin = min{rℓ : ℓ ∈ {1, . . . , N}} and M = max{|φ(xℓ
0)|Ψ(xℓ

0)JF (xℓ
0)−1 : ℓ ∈

{1, . . . , N}}. Using for any ℓ ∈ {1, . . . , N} the change of variable x 7→ Φℓ(x) and x 7→ ε1/kx
we have∣∣∣I in

0,ε(φ)− I in
ε (φ)

∣∣∣≤∑N
ℓ=1

∫
Ωℓ/ε1/k |φ(Φℓ(ε1/kx))Ψ(Φℓ(ε1/kx)) det(DΦℓ(ε1/kx))

− φ(xℓ
0)Ψ(xℓ

0)JF (xℓ
0)−1| exp[−∥x∥k]dx/C1 , (33)

For any ℓ ∈ {1, . . . , N}, let χℓ : Ωℓ → R given for any x ∈ Ωℓ by

χℓ(x) = φ(Φℓ(x))Ψ(Φℓ(x)) det(DΦℓ(x)) .

We conclude the first part of the proof using (32), the dominated convergence theorem in
(33) and that for any ℓ ∈ {1, . . . , N}, χ ∈ C(Ωℓ,R).

(b) For the second part of the proof, since φ,Ψ ∈ C1(Ū,R) and for any ℓ ∈ {1, . . . , N},
Φℓ ∈ C2(Ω̄ℓ, W̄ℓ) since F ∈ C∞(Rd,Rp) using (Nirenberg, 2001, Theorem 3.1.1), we have
that for any ℓ ∈ {1, . . . , N}, χℓ ∈ C1(Ω̄ℓ,R) and there exists B′

1 ≥ 0 (which do not depend
on φ and Ψ) such that for any ℓ ∈ {1, . . . , N} and x ∈ Ωℓ we have

∥Dχℓ(x)∥ ≤ B′
1(1 +M0,φ +M1,φ)(1 +M0,Ψ +M1,Ψ) .

Using this result and (33) we get that

|I in
0,ε(φ)− I in

ε (φ)| ≤ NB′
1(1 +M0,φ +M1,φ)ε1/k

∫
Rd ∥x∥ exp[−∥x∥k]dx/C1 .

Combining this result and (32) concludes the proof.
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4.1.3 Proof of Theorem 3

We start by proving the results of Theorem 3 in a smooth setting, then we deduce the
general case using a smoothing lemma.

Proposition 14 Assume H1 and H2. Let U ⊂ Rd open and bounded such that F−1(0) ⊂ U
and φ ∈ C(Ū,R) which satisfies (7). Then, limε→0

∣∣∣πΨ
ε [φ]− πΨ

0 [φ]
∣∣∣ = 0. In addition,

assume that φ,Ψ ∈ C1(Ū,R). Then there exists A ∈ C(R3
+,R+) such that for any ε ∈

(0, mk/(4{Cφ + CΨ + CφCΨ + 1}))∣∣∣πΨ
ε [φ]− πΨ

0 [φ]
∣∣∣ ≤ A(Cφ, CΨ,m0,Ψ)(1 +M0,φ +M1,φ)(1 +M0,Ψ +M1,Ψ)ε1/k ,

with for any i ∈ {0, 1} and f ∈ C1(Rd,R), Mi,f = sup{∥∇if(x)∥ : x ∈ U}, m0,Ψ =
inf{Ψ(x) : x ∈ F−1(0)} and A function that does not depend on φ and Ψ. Finally, A is
non-decreasing w.r.t. its first two variables and non-increasing w.r.t. its last variable.

Proof Let ε̄ = mk/(4 + 4Cφ,Ψ), with Cφ,Ψ = (CΨ + 1)(Cφ + 1) and note that we have

ε̄ < min(mk/(1 + Cφ,Ψ), mk/(1 + Cφ,1)) . (34)

For any ε ∈ (0, ε̄) we have∣∣∣πΨ
ε [φ]− πΨ

0 [φ]
∣∣∣ ≤ |Iε(φ)/Jε − I0(φ)/J0| (35)

≤ J −1
ε |Iε(φ)− I0(φ)|+ I0(φ)/(J0Jε) |Iε(1)− I0(1)| .

Let η > 0 be given by Theorem 11 and let V = F−1(B(0, η)) if d ≥ p, and V given by
Theorem 13 otherwise. Note that F−1(0) ⊂ V. For any ε ∈ (0, ε̄) we define Iout

ε (φ) =
Iε(φ1Vc) and I in

ε (φ) = Iε(φ1V). We divide the rest of the proof into two parts. First, we
control Iout

ε (φ) using the technical bounds of Theorem 25. Then, we control |I in
ε (φ)−I0(φ)|

using either Theorem 12 if d ≥ p or Theorem 13 if d ≤ p. We conclude upon combining
these results.

(a) Using (34) and Theorem 25 we get that for any ε ∈ (0, ε̄) we have

Iout
ε (φ) ≤ A1(Cφ,Ψ)ε−d/k exp[−β1/ε] , Iout

ε (1) ≤ A1(C1,Ψ)ε−d/k exp[−β1/ε] , (36)

with β1 > 0 and A1 ∈ C(R+,R+) that do not depend on φ and Ψ, and are non-decreasing.

(b) Using either Theorem 12 if d ≥ p or Theorem 13 if d ≤ p we have that for any ε ∈ (0, ε̄)∣∣∣I in
ε (φ)− I0(φ)

∣∣∣ ≤ A2(1 +M0,φ +M1,φ)(1 +M0,Ψ +M1,Ψ)ε1/k , (37)∣∣∣I in
ε (1)− I0(1)

∣∣∣ ≤ 2A2(1 +M0,Ψ +M1,Ψ)ε1/k ,

with for any i ∈ {0, 1} and f ∈ C1(Rd,R), Mi,f = sup{∥∇if(x)∥ : x ∈ U}, and A2 that
does not depend on φ and Ψ.
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Combining (36) and (37) we get that for any ε ∈ (0, ε̄)

|Iε(φ)− I0(φ)| ≤ A2(1 +M0,φ +M1,φ)(1 +M0,Ψ +M1,Ψ)ε1/k +A1(Cφ,Ψ)ε−d/k exp[−β1/ε] ,
|Iε(1)− I0(1)| ≤ 2A2(1 +M0,Ψ +M1,Ψ)ε1/k +A1(C1,Ψ)ε−d/k exp[−β1/ε] .

Since for any ε > 0, ε−d/k exp[−β/ε] ≤ ((d+1)/(kβ))1/k+d/kε1/k (this inequality comes from
first multiplying by ε−1/k on both sides, and then taking the value of ε that achieves the
maximum of the left-hand term), there exists Ã ∈ C(R2

+,R+) such that for any ε ∈ (0, ε̄)
we have

|Iε(φ)− I0(φ)| ≤ Ã(Cφ, CΨ)(1 +M0,φ +M1,φ)(1 +M0,Ψ +M1,Ψ)ε1/k , (38)
|Iε(1)− I0(1)| ≤ 2Ã(1, CΨ)(1 +M0,Ψ +M1,Ψ)ε1/k ,

with Ã that does not depend on Ψ and φ, and Ã non-decreasing w.r.t. to each of its variables.
Using Theorem 24, there exists A0 ∈ C(R+,R⋆

+) such that for any ε ∈ [0, ε̄], Jε ≥ A0(m0,Ψ)
with m0,Ψ = inf{Ψ(x) : x ∈ F−1(0)}, and A0 that does not depend on Ψ and is non-
increasing. Finally, note that I0(φ) ≤ sup{JF (x)−1 : x ∈ F−1(0)}M0,φM0,ΨHd−p(F−1(0))
with Hd−p(F−1(0)) < +∞ by Theorem 40. Combining these results, (35) and (38) con-
cludes the proof.

Using this proposition along with a smoothing lemma, see Theorem 28, we conclude the
proof of Theorem 3.
Proof [Proof of Theorem 3] We begin by introducing the families {φδ : δ ∈

(
0, δ̄
)
}

and {Ψδ : δ ∈
(
0, δ̄
)
} which are smooth approximations of φ and Ψ respectively. Since

F−1(0) is compact and Uc is closed there exists r > 0 such that F−1(0) + B(0, r) ⊂ U.
Let U0 = F−1(0) + B(0, r/2) and note that F−1(0) ⊂ U0 and U0 + B(0, r/2) ⊂ U. Let
{φδ : δ ∈

(
0, δ̄
)
} and {Ψδ : δ ∈

(
0, δ̄
)
} with δ̄ > 0 given by Theorem 28, V ← U

and U ← U0. Then using the dominated convergence theorem and the fact that F−1(0) is
compact we have that limδ→0 π

Ψδ

0 [φδ] = πΨ
0 [φ]. Similarly, using the dominated convergence

theorem we get that there exists ε̄0 ∈ C(R+,R+) such that for any ε ∈ (0, ε̄0(Cφ)) we have
limδ→0 π

Ψδ

ε [φδ] = πΨ
ε [φ]. We conclude upon using Theorem 14 and Theorem 28.

4.2 Proofs of Section 3.1

In this section, we prove Theorem 6. Similarly to the proof of Theorem 3 we divide the
proof into two parts depending on whether d ≥ p in Section 4.2.1 or d ≤ p in Section 4.2.2.
Our main result, which is a generalization of Theorem 6 is presented in Section 4.2.3. We
define Iε and I0 as in (23) and (24).

4.2.1 The case d ≥ p

Our first result corresponds to an adaptation of Theorem 12 to the case where φ = ∥F∥k.
Indeed, in this case we have that I0(φ) = 0 and we can tighten our previous results.
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Proposition 15 Assume H 1, H 2 and that d ≥ p. Then there exists η > 0 such that
limε→0 I in

ε (∥F∥k)/ε = CkI0(1), where for any ε > 0, I in
ε (φ) = Iε(φ1F −1(B(0,η))) for any

φ ∈ C(Ū,R) and
Ck =

∫
Rp ∥t∥k exp[−∥t∥k]dt

/∫
Rp exp[−∥t∥k]dt .

Proof Let η > 0 be given by Theorem 11 with φ = 1. We recall that for any ε > 0 we
have that

I in
ε (∥F∥k) =

∫
F −1(B(0,η)) ∥F (x)∥kΨ(x) exp[−∥F (x)∥k/ε]dx/Cε .

Using the coarea formula, see Theorem 41, we have for any ε > 0,

I in
ε (∥F∥k)/ε =

∫
B(0,η)(∥t∥

k /ε) exp[−∥t∥k /ε]Lt(1)dt/Cε ,

where Lt(1) is defined in (25) for any t ∈ B(0, η). Using the change of variable t 7→ ε1/kt
we have for any ε > 0

I in
ε (∥F∥k)/ε =

∫
B(0,η/ε1/k) ∥t∥

k exp[−∥t∥k]Ltε1/k(1)dt/C1 .

For any ε > 0 let gε : Rp → R such that for any t ∈ Rp, gε(t) = Ltε1/k(1)1B(0,η/ε1/k)(t).
Note that for any t ∈ Rd and ε > 0, |gε(t)| ≤ supB̄(0,η) |Lt(1)|. In addition, we have that for
any t ∈ Rd, limε→0 gε(t) = L0(1) using Theorem 11. Therefore, we get that

limε→0 I in
ε (∥F∥k)/ε = L0(1)

∫
Rp ∥t∥k exp[−∥t∥k]dt/C1 .

We conclude the proof upon noting that I0(1) = L0(1) and that Ck =
∫
Rp ∥t∥k exp[−∥t∥k]dt/C1.

4.2.2 The case d ≤ p

We now adapt Theorem 13 to the case where φ = ∥F∥k.

Proposition 16 Assume H1, H2 and d ≤ p. Let U ⊂ Rd open and bounded such that
F−1(0) ⊂ U. Then limε→0 I in

ε (∥F∥k)/ε = CkI0(1), where for any ε > 0, I in
ε (φ) = Iε(φ1V)

for any φ ∈ C(Ū,R), with V open such that F−1(0) ⊂ V ⊂ U, and

Ck =
∫
Rp ∥t∥k exp[−∥t∥k]dt

/∫
Rp exp[−∥t∥k]dt .

Proof Let {xℓ
0}Nℓ=1, {Wℓ}Nℓ=1, {Φℓ}Nℓ=1 and {Ωℓ}Nℓ=1 be given as in the proof of Theorem 13.

Let V = ∪N
ℓ=1Φℓ(Ωℓ). Using for any ℓ ∈ {1, . . . , N} the change of variable x 7→ Φℓ(x) and

x 7→ ε1/kx we have

I in
ε (∥F∥k)/ε = ∑N

ℓ=1
∫

Ωℓ/ε1/k ∥x∥k exp[−∥x∥k]Ψ(Φℓ(ε1/kx)) det(DΦℓ(ε1/kx))dx/C1 .

For any ℓ ∈ {1, . . . , N} and ε > 0, let gℓ,ε : Rp → R such that for any ℓ ∈ {1, . . . , N}, ε > 0
and x ∈ Rp we have

gℓ,ε(x) = Ψ(Φℓ(ε1/kx)) det(DΦℓ(ε1/kx))1Ωℓ/ε1/k(x) .
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Note that for any ℓ ∈ {1, . . . , N}, ε > 0 and x ∈ Rp we have

|gℓ,ε(x)| ≤ sup{|Ψ(Φℓ(x))| |det(DΦℓ(x))| : ℓ ∈ {1, . . . , N}, x ∈ Ωℓ} .

In addition, we have that for any ℓ ∈ {1, . . . , N} and x ∈ Rp, limε→0 gℓ,ε(x) = Ψ(xℓ
0)JF (xℓ

0)−1.
We conclude upon using the dominated convergence theorem.

4.2.3 Main result

Proposition 17 Assume H 1 and H 2. Let U ⊂ Rd be open, bounded and such that
F−1(0) ⊂ U. Then limε→0 πΨ

ε (∥F∥k)/ε = Ck, where

Ck =
∫
Rp ∥t∥k exp[−∥t∥k]dt

/∫
Rp exp[−∥t∥k]dt .

Proof Let η > 0 be given by Theorem 11 with φ = 1 and let V = F−1(B(0, η)) if d ≥ p. If
d ≤ p, let V be given by Theorem 16. We have that F−1(0) ⊂ V. For any ε ∈ (0, ε̄) we define
Iout

ε (∥F∥k) = Iε(∥F∥k1Vc) and I in
ε (∥F∥k) = Iε(∥F∥k1V). Using Theorem 25, we have that

limε→0 Iout
ε (∥F∥k)/ε = 0. Hence, using Theorem 15 if d ≥ p and Theorem 16 if d ≤ p,

we get that limε→0 Iε(∥F∥k)/ε = CkI0(1). Similarly, using Theorem 25 and Theorem 12
we have that limε→0 Iε(1) = I0(1), which concludes the proof upon remarking that for any
ε > 0, πΨ

ε (∥F∥k) = Iε(∥F∥k)/Iε(1).

We are now ready to prove a generalization of Theorem 6.

Proposition 18 Let µ ∈ P(Rd), F : Rd → Rp and k ∈ N⋆. Assume that the conditions
of Theorem 5 with Gε = ∥F∥k − ε for any ε > 0 are satisfied and for any ε > 0, let ρε the
macrocanonical distribution with constraint Gε and reference measure µ. Assume that there
exists Ψ : Rd → R+ such that µ admits a density w.r.t. the Lebesgue measure given by Ψ.
In addition, assume that H1 and H2 hold. Then, we have that θε ∼ε→0 Ck/ε, where

Ck =
∫
Rp ∥t∥k exp[−∥t∥k]dt

/∫
Rp exp[−∥t∥k]dt .

Proof Recall that using Theorem 5 we have that for any ε > 0 and A ∈ B(Rd)

ρε(A) =
∫

A Ψ(x) exp[−θε∥F (x)∥k]dx
/∫

Rd Ψ(x) exp[−θε∥F (x)∥k]dx .

Hence, using Theorem 17 we have that limε→0 ρε(∥F∥k)θε = Ck. Since ρε[Gε] = 0 we have
also have that ρε[∥F∥k] = ε, which concludes the proof.

Note that Theorem 6 is obtained upon noting that C2 = p/2.

4.3 Proofs of Section 3.2

In Section 4.3.1, we establish Theorem 8. In Section 4.3.2 we use stability results from
Raginsky et al. (2017); Bousquet and Elisseeff (2002) to obtain Theorem 9. Finally, we prove
Theorem 10 in Section 4.3.3. Additional technical results are postponed to Appendix B.
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4.3.1 Proof of Theorem 8

In this section, we prove Theorem 8 which is an application of a parametric version of the
results presented in Section 4.1.2. We refer to Appendix B for a detailed presentation of
these results. We will apply them in the context of the non-convex minimization setting
presented in Section 3.2 which we recall here.

We aim at minimizing U : Rd → R. We assume that there exist a topological space
(Z,B(Z)), a probability measure µ ∈ P(Z,Z) and u : Rd × Z → R+ such that for any
x ∈ Rd

U(x) =
∫

Z u(x, z)dµ(z) .

For any n ∈ N we define Un : Rd×Zn → R such that for any x ∈ Rd and z1:n = {zi}ni=1 ∈ Zn

Un(x, z1:n) = (1/n)∑n
i=1 u(x, zi) .

For all ε > 0, when it is well-defined we denote by Sε : Zn × B(Rd) → [0, 1] the Markov
kernel such that for any z1:n ∈ Zn and A ∈ B(Rd) we have

δz1:nSε(A) =
∫

A exp[−Un(x, z1:n)/ε]dx
/∫

Rd exp[−Un(x, z1:n)/ε]dx .

Similarly, when it is well-defined, we denote by S0 : Zn×B(Rd)→ [0, 1] the Markov kernel
such that for any z1:n ∈ Zn and A ∈ B(Rd) we have

δz1:nS0(A) =
∫

A∩Cn(z1:n) det(∇2
xUn(x, z1:n))−1dH0(x)

/∫
Cn(z1:n) det(∇2

xUn(x, z1:n))−1dH0(x) ,

where Cn(z1:n) = arg minUn(·, z1:n). We recall that for any β > 0, σ⋆
β is defined in (17).

We begin with the following proposition.

Proposition 19 Let n ∈ N and assume H3(n) and H4(n). Then there exist C ≥ 0 and
β, ε̄ > 0 such that for any ε ∈ (0, ε̄)∫

Zn W1(δz1:nSε, δz1:nS0)dµ⊗n(z1:n)
≤ C(1 +Dn)(ε1/2 + ε−d/2 ∫

Z1:n exp[−c⋆(z1:n)/ε]dµ⊗n(z1:n)) ,

with Dn =
∫

Zn σ⋆
β(z1:n)dµ⊗n(z1:n) < +∞ and C, ε̄,β that do not depend on n.

Proof The proof of this result is a direct application of Theorem 33 which is a parametric
version of Theorem 3. In order to apply Theorem 33, we check that H 5 is satisfied for
Z ← Zn and u ← Un. We first check that there exists m0,α0 > 0 and R0 such that for any
x ∈ Rd with ∥x∥ ≥ R0 and z1:n ∈ Zn, Un(x, z1:n) ≥ m0 ∥x∥α0 . We have that for any x ∈ Rd

and z ∈ Z

u(x, z) = u(0, z) +
∫ 1

0 ⟨∇xu(tx, z), x⟩dt ≥ −A− c + (m/2)∥x∥2 .

Hence, for any x ∈ Rd with ∥x∥ ≥ 2((A + c)/m)1/2 we have that for any z1:n ∈ Zn,
Un(x, z1:n) ≥ (m/4)∥x∥2. Let z1:n ∈ Z, we show that the number of minimizers of Un(·, z1:n)
is bounded. Since x ∈ Rd with ∥x∥ ≥ 2((A+ c)/m)1/2 we have that Un(x, z1:n) ≥ (m/4)∥x∥2
and |Un(0, z1:n)| ≤ A, there exists K compact such that arg min{Un(x, z1:n) : x ∈ Rd} ⊂ K
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(see the remark following H 5). Assume that the number of minimizers is not bounded.
In this case, there exists (xk)k∈N ∈ arg min{Un(x, z1:n) : x ∈ Rd}N such that for any
k, ℓ ∈ N, xk ̸= xℓ. Up to extraction we can assume that there exists x⋆ ∈ Rd such that
limk→+∞ xk = x⋆. Note that x⋆ ∈ arg min{Un(x, z1:n) : x ∈ Rd} by continuity. In
particular, det(∇2

xUn(x⋆, z1:n)) > 0 and there exists r > 0 such that for any x ∈ B̄(0, r),
x ∈ arg min{Un(x, z1:n) : x ∈ Rd} implies that x = x⋆. Hence, there exists k0 ∈ N such
that for any k ∈ N with k ≥ k0, xk = x⋆ which is absurd. Hence, combining this result, H
3(n) and H4(n), we can apply Theorem 33 which states that for any φ : Rd → R M1,φ-
Lipschitz function with M1,φ, Cφ ≥ 0 such that for any x ∈ Rd, |φ(x)| ≤ Cφ exp[Cφ ∥x∥α]
then, there exist B2 ∈ C(R+,R+) and β > 0 such that

|δz1:nSε[φ]− δz1:nS0[φ]| (39)
≤ B2(Cφ)(1 +M0,φ +M1,φ)(1 + σ⋆

β(z1:n)){ε1/2 + ε−d/2 exp[−c⋆(z1:n)/ε]} ,

with M0,φ = sup{|φ(x)| : x ∈ K}, K, B2 and β that do not depend on z, and B2
non-decreasing. The rest of the proof is similar to the one of Theorem 2 upon replacing
Theorem 1 by (39).

The proof of Theorem 8 is then a direct application of (Raginsky et al., 2017, Proposition
3.3), (Raginsky et al., 2017, Equation (3.3)) and Theorem 19.

4.3.2 Proof of Theorem 9

In this section, we prove Theorem 9. We start by recalling a proposition from (Raginsky
et al., 2017, Proposition 3.5) about the uniform stability of the exponential measure with
potential Un, see Bousquet and Elisseeff (2002) for a definition of the uniform stability.

Lemma 20 Assume that H3(n) holds uniformly w.r.t. n. Then for any n ∈ N, ε > 0,
z1:n

0 , z1:n
1 ∈ Zn which only differs along one index, we have

|δz1:n
0

Sεu(·, z)− δz1:n
1

Sεu(·, z)| ≤ 4(M2(c + dε)/m +B2)cLS(ε)/(nε) ,

where cLS(ε) ≥ 0 is such that for any z1:n ∈ Zn, δz1:nSε satisfies the logarithmic Sobolev
inequality with constant cLS(ε), see (Raginsky et al., 2017, Proposition 3.2).

For completeness, we recall that a probability measure ν ∈P(Rd) is said to satisfy the
logarithmic Sobolev inequality with constant cLS if for any π ∈P(Rd) with positive density
w.r.t. ν given by g ∈ C1(Rd,R) we have

KL (π|ν) ≤ 2cLS
∫
Rd ∥∇ log(g(x))∥2dπ(x) .

We can relate the constant appearing in the logarithmic Sobolev inequality with the uniform
spectral gap given for any ε > 0 by

λ⋆(ε) = infz1:n∈Zn, h∈C1(Rd)∩L2(δz1:n Sε){δz1:nSε[∥∇h∥2]/δz1:nSε[|h|2] : h ̸= 0, δz1:nSε[h] = 0} .

More precisely, we have the following proposition (see (Raginsky et al., 2017, Proposition
3.2, Appendix B), see also Bakry et al. (2008)).
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Proposition 21 Assume that H3(n) holds uniformly w.r.t. n. Then, there exist A0, A1, ε̄ >
0 such that for any ε ∈ (0, ε̄]

cLS(ε) ≤ A0(1 + (λ⋆(ε)ε)−1) .

In addition, λ⋆(ε) ≥ (1/A1) exp[−A1/ε].

Therefore, there exists A ≥ 0 such that for any ε ∈ (0, ε̄]

cLS(ε) ≤ (A/ε) exp[A/ε] . (40)

We are now ready to show that the limiting measures are stable.

Proposition 22 Assume that H3(n) and H4(n) hold uniformly w.r.t. n ∈ N. Assume
that

limε→0 sup{ε−d/2 ∫
Zn exp[−c⋆(z1:n)/ε]dµ⊗n(z1:n) : n ∈ N} = 0 . (41)

Then for any δ > 0, there exists n0 ∈ N such that for any z ∈ Z, n ∈ N with n ≥ n0 and
j ∈ {1, . . . , n}, we have∫

Zn+1 |δz1:n
0

S0u(·, z)− δz1:n
1

S0u(·, z)|dµ⊗n(z1:n
0 )dµ(z1,j) ≤ δ , (42)

where for any z1:n
0 ∈ Zn we let z1:n

1 ∈ Zn with z0,i = z1,i for any i ∈ {1, . . . , N} such that
i ̸= j. In addition, assume that there exist C0, α, ε̄0 > 0 such that for any n ∈ N and
ε ∈ (0, ε̄0]

ε−d/2 ∫
Zn exp[−c⋆(z1:n)/ε]dµ⊗n(z1:n) ≤ C0εα , (43)

Then there exists n0 ∈ N such that for any η ∈ (0, 1), there exists C ≥ 0 such that for any
z ∈ Z, n ∈ N with n ≥ n0 and j ∈ {1, . . . , n}, we have∫

Zn+1 |δz1:n
0

S0u(·, z)− δz1:n
1

S0u(·, z)|dµ⊗n(z1:n
0 )dµ(z1,j) ≤ C/ log(n)sη , (44)

where s = min(α/2, 1/4) and for any z1:n
0 ∈ Zn we let z1:n

1 ∈ Zn with z0,i = z1,i for any
i ∈ {1, . . . , N} such that i ̸= j.

Proof Let δ > 0, η ∈ (0, 1). Using the triangle inequality we have for any ε > 0, n ∈ N
and z1:n

0 , z1:n
1 , z ∈ Zn where there exists j ∈ {1, . . . , n} such that for any i ∈ {1, . . . , n},

i ̸= j, z0,i = z1,i

|δz1:n
0

S0u(·, z)− δz1:n
1

S0u(·, z)| ≤ |δz1:n
0

S0u(·, z)− δz1:n
0

Sεu(·, z)| (45)
+ |δz1:n

0
Sεu(·, z)− δz1:n

1
Sεu(·, z)|+ |δz1:n

1
Sεu(·, z)− δz1:n

1
S0u(·, z)| .

Using (Raginsky et al., 2017, Lemma 3.5) and Theorem 34, there exists C0 ≥ 0 such that for
any i ∈ {0, 1}, n ∈ N, z1:n

0 , z1:n
1 , z ∈ Zn where there exists j ∈ {1, . . . , n} such that for any

i ∈ {1, . . . , n}, i ̸= j, z0,i = z1,i and ε ∈ (0, ε̄1] (where ε̄1 is given by ε̄1 ← ε̄ in Theorem 19)
we have

|δz1:n
i

S0u(·, z)− δz1:n
i

Sεu(·, z)| ≤ C0W2(δz1:n
i

S0, δz1:n
i

Sε) .
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Using this result, Theorem 34 and Theorem 35, there exists C1 ≥ 0 such that for any
i ∈ {0, 1}, n ∈ N, z1:n

0 , z1:n
1 , z ∈ Zn where there exists j ∈ {1, . . . , n} such that for any

i ∈ {1, . . . , n}, i ̸= j, z0,i = z1,i and ε ∈ (0, ε̄1] (where ε̄1 is given by ε̄1 ← ε̄ in Theorem 19)
we have

|δz1:n
i

S0u(·, z)− δz1:n
i

Sεu(·, z)| ≤ C1Wη/2
1 (δz1:n

i
S0, δz1:n

i
Sε) . (46)

We divide the rest of the proof into two parts. First, we start with our qualitative result by
showing that (42) holds under (41). Then, we turn to our quantitative bounds by showing
that (44) holds under (43)

(a) Using Theorem 19 and (41) we have that for any i ∈ {0, 1}

limε→0 sup{
∫

Zn W1(δz1:n
i

S0, δz1:n
i

Sε)dµ⊗n(z1:n
i ) : n ∈ N} = 0 .

Combining this result, (46) and that t 7→ tη/2 is concave, we get that for any i ∈ {0, 1}

limε→0 sup{
∫

Zn |δz1:n
i

S0u(·, z)− δz1:n
i

Sεu(·, z)|dµ⊗n(z1:n
i ) : n ∈ N} = 0 . (47)

In addition, using Theorem 20 we have for any n ∈ N and ε > 0∫
Zn+1 |δz1:n

0
Sεu(·, z)− δz1:n

1
Sεu(·, z)|dµ⊗(z1:n

0 )dµ(z1,j) ≤ 4(M2(c + dε)/m +B2)cLS(ε)/(nε) ,

Combining this result, (45) and (47) we get that there exists ε > 0 such that∫
Zn+1 |δz1:n

0
S0u(·, z)− δz1:n

1
S0u(·, z)|dµ⊗(z1:n

0 )dµ(z1,j)
≤ 4(M2(c + dε̄)/m +B2)cLS(ε)/(nε)

+ 2 sup{
∫

Zn |δz1:nS0u(·, z)− δz1:nSεu(·, z)|dµ⊗n(z1:n) : n ∈ N}
≤ 4(M2(c + dε̄)/m +B2)cLS(ε)/(nε) + δ/2 .

Hence, there exists n0 ∈ N such that for any n ∈ N with n ≥ n0, 4(M2(c + dε̄)/m +
B2)cLS(ε)/(nε) ≤ δ/2, which concludes the first part of the proof.

(b) Let n ∈ N with n ≥ n0 and (2/A) log(n0)−1 < ε̄ = min(ε̄0, ε̄1, ε̄2) (where ε̄1 is given
by ε̄1 ← ε̄ in Theorem 19 and A, ε̄2 are given by ε̄2 ← ε̄ in Theorem 21 and (40)). In
addition, using Theorem 19, there exists C2 ≥ 0 (that does not depend on n) such that for
any i ∈ {0, 1} and ε ∈ (0, ε̄]∫

Zn W1(δz1:n
i

S0, δz1:n
i

Sε)dµ⊗n(z1:n
i ) ≤ C2 max(ε1/2, εα) .

Combining this result, (46) and the fact that t 7→ tη/2 is concave, we get that there exists
C3 ≥ 0 (that does not depend on n) such that for any i ∈ {0, 1} and ε ∈ (0, ε̄]∫

Zn |δz1:n
i

S0u(·, z)− δz1:n
i

Sεu(·, z)|dµ⊗n(z1:n
i ) ≤ C3 max(εη/4, εαη/2) , (48)

In addition, using Theorem 20 we have for any ε ∈ (0, ε̄]∫
Zn+1 |δz1:n

0
Sεu(·, z)− δz1:n

1
Sεu(·, z)|dµ⊗(z1:n

0 )dµ(z1,j) ≤ 4(M2(c + dε)/m +B2)cLS(ε)/(nε) .
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Combining this result, (45) and (48) we get∫
Zn+1 |δz1:n

0
S0u(·, z)− δz1:n

1
S0u(·, z)|dµ⊗(z1:n

0 )dµ(z1,j)
≤ 4(M2(c + dε̄)/m +B2)cLS(ε)/(nε) + 2C3ε

sη

≤ 4A(M2(c + dε̄)/m +B2) exp[A/ε]/(nε2) + 2C3ε
sη ,

with s = min(α/2, 1/4). We conclude the proof upon letting ε = (2/A) log(n)−1.

The stability of the limiting measures allows us to establish Theorem 9 which provides
quantitative bounds on µ⊗nS0[U ]− U⋆ for large values of n ∈ N. Indeed, once Theorem 22
is established the proof of Theorem 9 is classical and follows the lines of (Raginsky et al.,
2017, Section 3.7).
Proof Let n ∈ N and n ≥ n0 with n0 given by Theorem 9. Using the definition of U and S0
we have µ⊗nS0[U ] =

∫
Zn

∫
Zn

∫
Rd Un(x, z̃1:n)S0(z1:n,dx)dµ⊗n(z1:n)dµ⊗n(z̃1:n). For any z1:n ∈

Zn we define U⋆
n(z1:n) = inf{Un(x, z1:n) : x ∈ Rd}. Using that U⋆ ≥

∫
Zn U⋆

n(z1:n)dµ⊗n(z1:n)
and that δz1:nS0 is concentrated on argmin{Un(x, z1:n) : x ∈ Rd} we have

µ⊗nS0[U ]− U⋆ ≤ µ⊗nS0[U ]−
∫

Zn U⋆
n(z1:n)dµ⊗n(z1:n)

≤ µ⊗nS0[U ]−
∫

Zn

∫
Rd Un(x, z1:n)S0(z1:n,dx)dµ⊗n(z1:n)

≤
∫

Zn

∫
Zn

∫
Rd Un(x, z̃1:n)S0(z1:n,dx)dµ⊗n(z1:n)dµ⊗n(z̃1:n)

−
∫

Zn

∫
Rd Un(x, z1:n)S0(z1:n,dx)dµ⊗n(z1:n)

≤ (1/n)∑n
i=1

∫
Z
∫

Zn

∫
Rd{u(x, z̃i)− u(x, zi)}S0(z1:n,dx)dµ⊗n(z1:n)dµ(z̃i)

≤ (1/n)∑n
i=1

∫
Z
∫

Zn{
∫
Rd u(x, zi)S0(z1:n, dx)−

∫
Rd u(x, zi)S0(z̃1:n

i ,dx)}}dµ⊗n(z1:n)dµ(z̃i) ,

where for any i ∈ {1, . . . , n}, we have that for any j ∈ {1, . . . , n}, z̃i,j = zi and z̃i,i = z̃i. We
conclude using Theorem 9.

4.3.3 Proof of Theorem 10

We recall that u is given in (20). We divide the proof into two parts.

(a) First, we prove that limn→+∞ µ⊗nS0[φ] = (φ(−π) + φ(π))/2. Let n ∈ N. Assume that
z < 0. Then the minimum of x 7→ u(x, z) is attained on [π,+∞). Denote ū : R× [−1/2, 0)
such that for any x ∈ R and z ∈ [−1/2, 0), ū(x, z) = h(x) + xz + πz + 1 − cos(3x) with
h(x) = x4/(1 + x2). Note that for any x ≥ 0 and z ∈ [−1/2, 0), ū(x, z) = u(x + π, z).
There exists a ∈ [0,π/3] such that for any x ≥ 0, h′(x)− 1 ≤ 0 if x ≤ a and h′(x)− 1 > 0
otherwise. Hence, we get that for any x ∈ R with x ≥ π/3 and z ∈ [−1/2, 0)

ū(x, z)− ū(0, z) = ū(x, z)− πz ≥ h(π/3)− π/6 > 0 .

Therefore, for any z ∈ [−1/2, 0), the global minimum of x 7→ u(x, z) is attained on (π, 4π/3).
We have that for any x ∈ [π/6,π/3] and z ∈ [−1/2, 0)

∂1ū(x, z) ≥ h′(x)− 1/2 + 3(2− (6/π)x) > 0 .
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In addition, we have that for any z ∈ [−1/2, 0), ∂1ū(0, z) = −z. Hence, there exists
x̄(z) ∈ [0,π/6] such that ∂1ū(x̄(z), z) = 0. In addition we have that for any z ∈ [−1/2, 0),
x 7→ ∂1ū(x, z) is increasing on [0,π/6]. Therefore, for any z ∈ [−1/2, 0) there exists a unique
minimizer of x 7→ u(x, z) on [π, 5π/6] given by x⋆(z) = π+ x̄(z). The same conclusion holds
with x⋆(z) ∈ [−5π/6,−π] if z ∈ (0, 1/2]. We have that limz→0 sup{∥u(x, z) − u(x, 0)∥ :
x ∈ [−5π/6, 5π/6]} = 0. Therefore we have that every limit point of {x⋆(z)}z<0 when
z → 0 is a global minimizer of u(·, 0). But recall that {x⋆(z)}z<0 ⊂ [π, 5π/6]. Therefore,
every limit point of {x⋆(z)}z<0 is equal to π and we have that limz→0,z>0 x⋆(z) = π. For
any n ∈ N, denote by gn the density of T#µ

⊗n where T : Zn → Z is given by T (z1:n) =
(1/n)∑n

i=1 zi. For any r, ε > 0 there exists n0 ∈ N such that for any n ∈ N with n ≥ n0,∫
B(0,r)c gn(z)dz ≤ ε. Let φ ∈ C(R,R) bounded and ε > 0. Let r > 0 such that for any
z ∈ [0, r], |φ(x⋆(z))− φ(−π)| ≤ ε and for any z ∈ [−r, 0], |φ(x⋆(z))− φ(π)| ≤ ε. Using this
result, we have for any n ∈ N with n ≥ n0

|µ⊗nS0[φ]− (φ(−π) + φ(π))/2|
≤
∫+∞

0 |φ(x⋆(z))− φ(−π)|gn(z)dz +
∫ 0

−∞ |φ(x⋆(z))− φ(π)|gn(z)dz
≤ (1 + 2∥φ∥∞)ε .

Therefore, we get that limn→+∞ µ⊗nS0[φ] = (φ(−π) + φ(π))/2, which concludes the first
part of the proof.

(b) Second, we prove that for any n ∈ N, µ⊗nS0[U ] − U⋆ ≤ (π/(6
√

3))n−1/2. Note that
for any n ∈ N and z1:n ∈ [−1/2, 1/2]n, with ∑n

i=1 zi ̸= 0, δz1:nS0[U ] = U(x⋆(z̄1:n)) with
x⋆(z̄1:n) ∈ [−5π/6, 5π/6]. We also have that for any x ∈ R and z1, z2 ∈ [−1/2, 1/2],
|u(x, z1)− u(x, z2)| ≤ |x||z1 − z2|. In particular, we have that for any z1:n ∈ [−1/2, 1/2]n
and x ∈ [−π/3,π/3]

|U(x)− Un(x, z1:n)| ≤ (π/3)|(1/n)∑n
i=1 zi| .

Hence, using this result and that U⋆ = U(π/3) = 0, we have that for any z1:n ∈ [−1/2, 1/2]

Un(x⋆(z̄1:n), z1:n) ≤ Un(π/3, z1:n) ≤ U⋆ + (π/3)|(1/n)∑n
i=1 zi| .

Combining this result and that
∫
R z

2dµ(z) = 1/12 we have µ⊗nS0[U ]−U⋆ ≤ (π/(6
√

3))n−1/2,
which concludes the proof.
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Organization of the appendix

In this supplementary material we derive technical lemmas and additional results. In par-
ticular, we gather the technical lemmas of Section 2 in Appendix A and the ones of Sec-
tion 4.3.1 in Appendix B. In Appendix C, we recall basic results from differential geometry
and geometric measure theory.

Appendix A. Technical results for Section 2

In this section, we derive some technical lemmas used in Section 4.1 in order to prove
Theorem 3 and other results from Section 2. We recall that for any φ : Rd → R+ and
ε > 0, when this is well-defined, we set

Iε(φ) = C−1
ε

∫
Rd φ(x)Ψ(x) exp[−∥F (x)∥k /ε]dx , Jε = Iε(1) ,

Cε =
∫
Rd exp[−∥x∥k /ε]dx = εd/k

∫
Rd exp[−∥x∥k]dx = εd/kC1 .

In addition, we define

I0(φ) =
∫

F −1(0) φ(x)Ψ(x)JF (x)−1dHd−d̂(x) , J0 = I0(1) ,

with d̂ = min(d, p).
In Appendix A.1 we establish a link between a Hessian computed on the normal bundle

of a manifold and the generalized Jacobian. In Appendix A.2 we derive technical truncation
bounds for the proof of Theorem 3. Explicit controls of some derivative are presented in
Appendix A.3 in order to derive Theorem 11. Finally, we present a smoothing lemma in
Appendix A.4 which is key to weaken the regularity assumptions of Theorem 14.

A.1 From normal Hessian to generalized Jacobian

Let f ∈ C2(Rd) and M a manifold in Rd. For any x ∈ M we define ∇2
⊥f(x) to be the

projection of the Hessian on the orthogonal of the tangent space of M at x, see Hwang
(1980).

Lemma 23 Let U : Rd → R and F ∈ C∞(Rd,Rp) such that for any x ∈ Rd, U(x) =
∥F (x)∥2. In addition, assume that F−1(0) ̸= ∅ and that for any x ∈ F−1(0), JF (x) > 0.
Then, arg min{U(x) : x ∈ Rd} is a smooth manifold and for any x ∈ F−1(0) we have that
det(∇2

⊥U(x)) = JF (x)2.

Proof First, we have that arg min{U(x) : x ∈ Rd} = F−1(0). Hence, arg min{U(x) : x ∈
Rd} is a smooth manifold since F ∈ C∞(Rd,Rp). Let x ∈ F−1(0). We have that ∇2U(x) =
DF (x)⊤DF (x). Note that DF (x)⊤ = (∇F1(x), . . . ,∇Fp(x)) is a basis of ker(DF (x))⊥,
where we recall that ker(DF (x)) is the tangent space to F−1(0) at x. Denote by O(x) =
(f1(x), . . . , fp(x)) the orthonormal basis of ker(DF (x))⊥ obtained from DF (x)⊤ using the
Gram-Schmidt process. There exists a triangular p × p matrix T (x) such that O(x) =
DF (x)⊤T (x). We also have

Id = O(x)⊤O(x) = T (x)⊤DF (x)DF (x)⊤T (x) .
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Hence, we get that det(T (x)) = JF (x)−1. We also have that

det(∇2
⊥U(x)) = det(O(x)⊤∇2U(x)O(x))

= det(T (x)⊤DF (x)DF (x)⊤DF (x)DF (x)⊤T (x)) = JF (x)2 ,

which concludes the proof.

A.2 Truncation and lower bounds

Lemma 24 Assume H1 and H2. Then, for any ε̄ ≥ 0 there exists A0 ≥ 0 such that for
any ε ∈ [0, ε̄], Jε ≥ A0m0,Ψ with m0,Ψ = inf{Ψ(x) : x ∈ F−1(0)} and A0 that does not
depend on Ψ.

Proof Since F (0) = 0 and F ∈ C1(Rd,Rp), there exists M ≥ 0 such that for any x ∈
B̄(0, 1), ∥F (x)∥ ≤ M ∥x∥. Note that F−1(0) is compact since lim∥x∥→+∞ ∥F (x)∥ = +∞
and F ∈ C(Rd,Rp). Hence, since for any x ∈ F−1(0), Ψ(x) > 0 and Ψ ∈ C(Rd,R+) there
exists η ∈ (0, 1) such that for any x ∈ B(0, η) ∪ F−1(0), Ψ(x) ≥ m0,Ψ/2. Using this result
we have for any ε > 0

Jε = ε−d/kC−1
1
∫
Rd Ψ(x) exp[−∥F (x)∥k /ε]dx

≥ ε−d/k(m0,Ψ/2)C−1
1
∫

B(0,η) exp[−Mk ∥x∥k /ε]dx

≥ C−1
1 (m0,Ψ/2)M−d

∫
B̄(0,Mη/ε̄1/k) exp[−∥x∥k]dx .

Using that F−1(0) is compact, there exists M ≥ 0 such that for any x ∈ F−1(0), JF (x) ≤ M.
Therefore, we get that

J0 =
∫

F −1(0) Ψ(x)JF (x)−1dHd−d̂(x) ≥ m0,ΨM−1Hd−d̂(F−1(0)) .

Since Hd−d̂(F−1(0)) < +∞ using Theorem 40 in the case where d ≥ p and the fact that
H0(F−1(0)) < +∞ if d ≤ p (see the first part of the proof of Theorem 26), we have that
for any ε ∈ [0, ε̄]

Jε ≥ A0m0,Ψ , A0 = min(A1
0, A

2
0) ,

A1
0 = (1/2)C−1

1 M−d
∫

B̄(0,Mη/ε̄1/k) exp[−∥x∥k]dx , A2
0 = M−1Hd−d̂(F−1(0)) ,

which concludes the proof.

Lemma 25 Assume H1 and H2. Let φ : Rd → R and Cφ ≥ 0 such that for any x ∈ Rd

|φ(x)| ≤ Cφ exp[Cφ∥x∥αk] . (49)

Then, for any ε̄ ∈ (0, mk/(1 + Cφ,Ψ)) and V ⊂ Rd open and bounded such that F−1(0) ⊂ V
there exist β1 > 0 and A1 ∈ C(R+,R+) such that for any ε ∈ (0, ε̄)

Iout
ε (φ) ≤ A1(Cφ,Ψ)ε−d/k exp[−β1/ε] ,

with Iout
ε (φ) = Iε(φ1Vc), Cφ,Ψ = Cφ +CΨ +CφCΨ and A1, β1 functions that do not depend

on φ and Ψ. Finally, A1 is non-decreasing.
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Proof First using H2 and (49) there exists Cφ,Ψ such that for any x ∈ Rd

|φ(x)|Ψ(x) ≤ Cφ,Ψ exp[Cφ,Ψ ∥x∥] , Cφ,Ψ = Cφ + CΨ + CφCΨ .

Since V is bounded there exists R′ ≥ R (where R is given in H1) such that V ⊂ B̄(0, R′).
Note that for any ε > 0, we have

Iout
ε (φ) = I1

ε (φ) + I2
ε (φ) ,

I1
ε (φ) = Iε(φ1B̄(0,R′)c) , I2

ε (φ) = Iε(φ1Vc∩B̄(0,R′)) .

Let ε ∈ (0, ε̄), we divide the rest of the proof into two parts. First, we bound I1
ε (φ) and

then I2
ε (φ).

(a) Let u = (mk/ε−Cφ,Ψ)1/αk (which makes sense, since ε < mk/(Cφ,Ψ + 1)). Since R′ ≥ R
we have using (7) and that u ≥ 1

I1
ε (φ) = C−1

1 ε−d/k
∫

B̄(0,R′)c φ(x)Ψ(x) exp[−∥F (x)∥k /ε]dx

≤ C−1
1 Cφ,Ψε

−d/k
∫

B̄(0,R′)c exp[−(mk/ε− Cφ,Ψ) ∥x∥αk]dx

≤ C−1
1 Cφ,Ψε

−d/k
∫

B̄(0,R′u)c exp[−∥x∥αk]dx .

Let Cα =
∫
Rd exp[−∥x∥αk]dx. Using that u = (mk/ε− Cφ,Ψ)1/αk, we have

I1
ε (φ)≤ C−1

1 Cφ,Ψε
−d/k

∫
B̄(0,R′u)c exp[−∥x∥αk]dx

≤ C−1
1 Cφ,Ψε

−d/k
∫
Rd exp[∥x∥αk /2] exp[−∥x∥αk]dx exp[−(R′u)αk/2]

≤ 2d/αkCαC
−1
1 Cφ,Ψ exp[(R′)αkCφ,Ψ/2]ε−d/k exp[−(R′)αkmk/(2ε)] ≤ A1

1ε
−d/k exp[−β1

1/ε] ,
(50)

with
A1

1 = 2d/αkCαC
−1
1 Cφ,Ψ exp[(R′)αkCφ,Ψ/2] , β1

1 = (R′)αkmk/2 .

(b) Second, note that K = Vc∩B̄(0, R′) is bounded and closed, i.e. K is compact. Note that
for any x ∈ K, ∥F (x)∥ > 0, hence there exists m > 0 such that for any x ∈ K, ∥F (x)∥ ≥ m.
In addition, we have that for any x ∈ K,

|φ(x)|Ψ(x) ≤ Cφ,Ψ exp[Cφ,Ψ ∥x∥αk] ≤ Cφ exp[Cφ,Ψ(R′)αk] .

Therefore, we have

I2
ε (φ) ≤ C−1

1 Cφ,Ψε
−d/k exp[Cφ,Ψ(R′)αk] exp[−mk/ε]λ(K) ,

where we recall that λ(K) is the Lebesgue measure of K. Since K ⊂ B̄(0, R′) we have

I2
ε (φ) ≤ πd/2(R′)dΓ−1(d/2+1)C−1

1 Cφ,Ψ exp[(R′)αk]ε−d/k exp[−mk/ε] ≤ A2
1ε

−d/k exp[−β2
1/ε] ,
(51)

where Γ : (0,+∞)→ R+ is given for any s ∈ (0,+∞) by Γ(s) =
∫+∞

0 ts−1 exp[−t]dt and

A2
1 = πd/2(R′)dΓ−1(d/2 + 1)C−1

1 Cφ,Ψ exp[Cφ,Ψ(R′)αk] , β2
1 = mk .
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We conclude the proof upon combining (50), (51), letting β1 = min(β1
1 , β

2
1) and A1 =

A1
1 +A2

1.

Lemma 26 Assume H1 and that d ≤ p. Then there exist N ∈ N, {xk
0}Nk=1 ∈ (Rd)N and

Wk ⊂ Rd open such that for any k ∈ {1, . . . , N}, xk
0 ∈ Wk, F : W̄k → F (W̄k) is a bi-

Lipschitz homeomorphism, for any x ∈ Wk, dF (x) is injective and for any j ∈ {1, . . . , N},
W̄k ∩ W̄j = ∅. In addition, F−1(0) = ∪N

k=1{xk
0}.

Proof Since, for any x ∈ F−1(0), JF (x) > 0 and d ≤ p there exists rx > 0 such that
for any y ∈ B̄(x, rx), F (y) = F (x) implies that y = x. Since lim∥x∥→+∞ ∥F (x)∥ = +∞
we have that F−1(0) is compact. Assume that H0(F−1(0)) = +∞. Then, there exists
(xk)k∈N such that for any k ∈ N, F (xk) = 0 and for any j ∈ {0, . . . , k − 1}, xj ̸= xk.
Up to taking a subsequence, there exists x⋆ ∈ F−1(0) such that limk→+∞ xk = x⋆ and
for any k ∈ N, xk ̸= x⋆. Hence, there exists k ∈ N such that xk ∈ B̄(0, rx⋆) which is
absurd. Hence H0(F−1(0)) < +∞. In what follows, we let N = H0(F−1(0)) and denote
{xk

0}Nk=1 ∈ (Rd)N such that F−1(0) = {xk
0}Nk=1. There exists {r′

k}Nk=1 ∈ (R+)N such that
for any k, j ∈ {1, . . . , N}, B̄(xk

0, r
′
k) ∩ B̄(xj

0, r
′
j) = ∅. For any k ∈ {1, . . . , N}, we let

Vk = B(xk
0,min(r′

k, rxk
0
/2)). Let k ∈ {1, . . . , N}. By construction, F : V̄k → F (V̄k)

is bijective and continuous. Since V̄k is compact, we have that F : V̄k → F (V̄k) is a
homeomorphism. Since for any k ∈ {1, . . . , N}, JF (xk

0) > 0, there exists m > 0 such that
for any k ∈ {1, . . . , N} and v ∈ Rd, v⊤H(xk

0, x
k
0)v ≥ m∥v∥2 with H(x, y) = DF (x)⊤DF (y)

for any x, y ∈ Rd. For any k ∈ {1, . . . , N}, there exists Wk ⊂ Vk such that for any x, y ∈Wk

we have ∥H(x, y)−H(xk
0, x

k
0)∥2 ≤ m/2. Therefore we have for any x, y ∈Wk

∥F (x)− F (y)∥2 =
∫ 1

0
∫ 1

0 ⟨DF (x+ t(y − x))(y − x),DF (x+ s(y − x))(y − x)⟩dtds
=
∫ 1

0
∫ 1

0 (y − x)⊤H(xs, xt)(y − x)dtds
= (y − x)⊤H(xk

0, x
k
0)(y − x) +

∫ 1
0
∫ 1

0 (y − x)⊤(H(xt, xs)−H(xk
0, x

k
0))(y − x)dtds

≥ (m/2) ∥y − x∥2 ,

where xt = x+ t(y − x), which concludes the proof.

A.3 Quantitative control of the derivative

Lemma 27 Under the same assumptions as Theorem 11, there exist η > 0 and P ∈
Poly(4,R+) such that for x ∈ F−1(0) and t ∈ B∞(0, η) we have

∥Dtχ(t, x)∥ ≤ (1 +M0,φ +M1,φ)(1 +M0,Ψ +M1,Ψ)
× P (M1,F ,M2,F ,M3,F , 1/m1,F ) exp[P (M1,F ,M2,F ,M3,F , 1/m1,F )] ,

where we recall that χ is defined in (28) and for any ℓ ∈ N, i ∈ {0, . . . , ℓ} and f ∈ Cℓ(Rd,Rp),
Mi,f = sup{∥Dif(x)∥ : x ∈ F−1(B∞(0, η))}.
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Proof In this proof, for any f : Rm0 → Rm1 with m0,m1 ∈ N differentiable, we denote
df its differential. Recall that Φ̄t : Rd → Rd is defined such that for any x ∈ Rd,
Φ̄t(x) = x(p) with x(0) = x and for any i ∈ {0, . . . , p − 1}, x(i+1) = Φi+1(ti+1, x(i)), with
Φi+1 given by (27). The compact sets K0 and K1 are defined in the proof of Theorem 11.
Since for any x ∈ F−1(0), | det(DΦ̄−1

t (x))| > 0, we assume without loss of generality that
det(DΦ̄−1

t (x)) > 0. For ease of notation we denote φΨ = φ×Ψ. We have

M0,φΨ = M0,φM0,Ψ , M1,φΨ = M0,φM1,Ψ +M1,φM0,Ψ .

In addition, we have for any x ∈ Rd and t ∈ K0

χ(t, x) = φΨ(Φ̄−1
t (x))JF (Φ̄−1

t (x))−1 det(DΦ̄−1
t (x)) . (52)

We now control the first derivative of χ. We divide the rest of the proof in three steps.

(a) We start by providing upper bounds for x 7→ hi,j(x), x 7→ Dhi,j(x) and x 7→ D2hi,j(x)
for any i, j ∈ {1, . . . , p} where we recall that for any x ∈ K1 we have

{hi,j(x)}1≤i,j≤p = G(x)−1 = Adj(G(x))/ det(G(x)) = Adj(G(x))/JF (x)2 ,

where Adj(G(x)) is the adjugate of G(x) = {⟨∇Fi(x),∇Fj(x)⟩}1≤i,j≤p, where for any x ∈ K1
and i, j ∈ {1, . . . , p}

Adj(G(x)) = {(−1)i+j det(Gi,j(x))}1≤i,j≤p ,

where for any i, j ∈ {1, . . . , p}, det(Gi,j(x)) is the (i, j) minor of G(x). Hence, using the
Cauchy-Schwarz inequality there exists D0 ≥ 0 such that for any x ∈ K1 and i, j ∈ {1, . . . , p}

|hi,j(x)| ≤ D0M
2p−2
1,F /m2

1,F , (53)

where we define

M1,F = sup{∥∇Fi(x)∥ : x ∈ K1, i ∈ {1, . . . , p}} , m1,F = inf{JF (x) : x ∈ K1} .

Recall that m1,F > 0 since K1 is compact and for any x ∈ K1, JF (x) > 0. We have that for
any x ∈ K1, u ∈ Rd and i, j ∈ {1, . . . , p}

dhi,j(x)(u) = e⊤
i dG(x)−1(u)ej = −e⊤

i G(x)−1dG(x)(u)G(x)−1ej . (54)

In addition, we have for any x, u ∈ Rd and i, j ∈ {1, . . . , p}

dGi,j(x)(u) = d2Fi(x)(∇Fj(x), u) + d2Fj(x)(∇Fi(x), u) . (55)

Combining this result and (54) we get that there exists C1 ≥ 0 such that for any x ∈ K1
and i, j ∈ {1, . . . , p}

∥Dhi,j(x)∥ ≤ C1M
4p−3
1,F M2,F /m

4
1,F , (56)

where M2,F = sup{∥∇2Fi(x)∥ : x ∈ K1, i ∈ {1, . . . , p}}. Hence using (26), (53) and (56),
there exist C2, C3 ≥ 0 such that for any x ∈ K1 and i ∈ {1, . . . , p}

∥gi(x)∥ ≤ C2M
2p−1
1,F /m2

1,F , ∥Dgi(x)∥ ≤ C3M2,F /m
2
1,F {M

4p−2
1,F /m2

1,F +M2p−2
1,F } . (57)
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Similarly, for any x ∈ K1, u, v ∈ Rd and i, j ∈ {1, . . . , p} we have

d2hi,j(x)(u, v) = e⊤
i d2G(x)−1(u, v)ej

= e⊤
i

{
G(x)−1dG(x)(u)G(x)−1dG(x)(v)G(x)−1

+G(x)−1dG(x)(v)G(x)−1dG(x)(u)G(x)−1

−G(x)−1d2G(x)(u, v)G(x)−1
}
ej .

We also have for any x, u, v ∈ Rd and i, j ∈ {1, . . . , p}

d2Gi,j(x) = d3Fi(x)(∇Fj(x), u, v) + d3Fj(x)(∇Fi(x), u, v)
+ d2Fi(x)(d2Fj(x)(v), u) + d2Fj(x)(d2Fi(x)(v), u) .

Hence there exist P3 ∈ Poly(4,R+) such that for any x ∈ K1 we have

∥D2hi,j(x)∥ ≤ P3(M1,F ,M2,F ,M3,F , 1/m1,F ) , (58)

where M3,F = sup{∥∇3Fi(x)∥ : x ∈ K1, i ∈ {1, . . . , p}}. Next, note that for any i ∈
{1, . . . , p}, we can choose gi such that gi ∈ C2(Rd,Rd) (and therefore Φi ∈ C3,2(R×Rd,Rd)
by Theorem 36). Combining this result, (57) and (58), there exist P1 ∈ Poly(2,R+),
P2 ∈ Poly(3,R+) and P3 ∈ Poly(4,R+) such that for any x ∈ K1 and i ∈ {1, . . . , p}

∥gi(x)∥ ≤ P1(M1,F , 1/m1,F ) , ∥Dgi(x)∥ ≤ P2(M1,F ,M2,F , 1/m1,F ) , (59)
∥D2gi(x)∥ ≤ P3(M1,F ,M2,F ,M3,F , 1/m1,F ) .

(b) For any x ∈ K1, i ∈ {1, . . . , p} and ti ∈ R such that Φi(ti, x) ∈ K1 we have |ti| ≤ 2η,
since Fi(Φi(ti, x)) = Fi(x) − ti. Hence combining this result, the fact that for any x ∈ Rd,
Φi(0, x) = x, (27) and (57), for any x ∈ K1, i ∈ {1, . . . , p} and ti ∈ R such that Φi(ti, x) ∈ K1
we have

∥Φi(ti, x)∥ ≤ ∥x∥+
∫ ti

0 ∥DtΦi(s, x)∥ ds ≤ ∥x∥+ 2ηC2M
2p−1
1,F /m2

1,F .

Therefore, there exists C4 ≥ 0 such that for any x ∈ K1, i ∈ {1, . . . , p} and ti ∈ R such that
Φi(ti, x) ∈ K1 we have

∥Φi(ti, x)∥ ≤ C4(1 +M2p−1
1,F /m2

1,F ) , ∥DtΦi(ti, x)∥ ≤ C2M
2p−1
1,F /m2

1,F . (60)

Similarly, for any x ∈ K1, i ∈ {1, . . . , p} and ti ∈ R such that Φi(ti, x) ∈ K1 we have

∥DxΦi(ti, x)∥≤ ∥Id∥+
∫ ti

0 ∥Dt,xΦi(s, x)∥ ∥DxΦi(s, x)∥ ds
≤ ∥Id∥+

∫ ti
0 ∥Dgi(Φi(ti, x))∥ ∥DxΦi(s, x)∥ ds

≤ ∥Id∥+ C3(M2,F /m
2
1,F ){M4p−2

1,F /m2
1,F +M2p−2

1,F }
∫ ti

0 ∥DxΦi(ti, x)∥ ds .

Hence, using Grönwall’s lemma, for any x ∈ K1, i ∈ {1, . . . , p} and ti ∈ R such that
Φi(ti, x) ∈ K1 we have

∥DxΦi(ti, x)∥ ≤ ∥Id∥ exp[2ηC3(M2,F /m
2
1,F ){M4p−2

1,F /m2
1,F +M2p−2

1,F }] .
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Therefore, there exists C5 ≥ 0 such that for any x ∈ K1, i ∈ {1, . . . , p} and ti ∈ R with
Φi(ti, x) ∈ K1 we have

∥DxΦi(ti, x)∥ ≤ C5 exp[C5(M2,F /m
2
1,F ){M4p−2

1,F /m2
1,F +M2p−2

1,F }] . (61)

Using this result, (27) and (59), there exists C6 ≥ 0 such that for any x ∈ K1, i ∈ {1, . . . , p}
and ti ∈ R with Φi(ti, x) ∈ K1 we have

∥Dt,xΦi(ti, x)∥ ≤ C6 exp[C6(M2,F /m
2
1,F ){M4p−2

1,F /m2
1,F +M2p−2

1,F }] . (62)

Hence combining (60), (61) and (62), there exist P4 ∈ Poly(2,R+) and P5 ∈ Poly(3,R+)
such that for any x ∈ K1, i ∈ {1, . . . , p}, ti ∈ R with Φi(ti, x) ∈ K1 we have

∥DtΦi(ti, x)∥+ ∥Φi(ti, x)∥ ≤ P4(M1,F , 1/m1,F ) , (63)
∥DxΦi(ti, x)∥+ ∥Dt,xΦi(ti, x)∥ ≤ P5(M1,F ,M2,F , 1/m1,F ) exp[P5(M1,F ,M2,F , 1/m1,F )] .

In addition, using (27) we have for any i ∈ {1, . . . , p}, s ∈ R, x ∈ Rd

DtD2
xΦi(s, x) = Dgi(Φi(s, x))D2

xΦi(s, x) + D2gi(Φi(s, x))DxΦi(s, x) .

Therefore, using (59) and (63), we have for any x ∈ K1, i ∈ {1, . . . , p} and ti ∈ R such that
Φi(ti, x) ∈ K1

∥D2
xΦi(ti, x)∥ ≤

∫ ti
0 {∥Dgi(Φi(s, x))∥∥D2

xΦi(s, x)∥+ ∥D2gi(Φi(s, x))∥∥DxΦi(s, x)∥}ds
≤ 2ηP3(M1,F ,M2,F ,M3,F , 1/m1,F )P5(M1,F ,M2,F , 1/m1,F ) exp[P5(M1,F ,M2,F , 1/m1,F )]

+P2(M1,F ,M2,F , 1/m1,F )
∫ ti

0 ∥D2
xΦi(s, x)∥ds .

Hence, using Grönwall’s lemma, there exists P6 ∈ Poly(4,R+) such that for any x ∈ K1,
i ∈ {1, . . . , p} and ti ∈ R such that Φi(ti, x) ∈ K1 we have

∥D2
xΦi(ti, x)∥ ≤ P6(M1,F ,M2,F ,M3,F , 1/m1,F ) exp[P6(M1,F ,M2,F ,M3,F , 1/m1,F )] .

Hence, combining this result and (63), we have for any x ∈ K1, i ∈ {1, . . . , p} and ti ∈ R
such that Φi(ti, x) ∈ K1

∥DtΦi(ti, x)∥+ ∥Φi(ti, x)∥ ≤ P4(M1,F , 1/m1,F ) ,
∥DxΦi(ti, x)∥+ ∥Dt,xΦi(ti, x)∥ ≤ P5(M1,F ,M2,F , 1/m1,F ) exp[P5(M1,F ,M2,F , 1/m1,F )] ,
∥D2

xΦi(ti, x)∥ ≤ P6(M1,F ,M2,F ,M3,F , 1/m1,F ) exp[P6(M1,F ,M2,F ,M3,F , 1/m1,F )] . (64)

(c) In what follows, we fix t ∈ B∞(0, η) and use (64) to provide uniform bounds for DtΦ̄−1
t ,

DtDΦ̄−1
t and DΦ̄−1

t on F−1(0). We introduce {Φ̄−1
i,t }

p
i=1 such that for any x ∈ F−1(0) and

i ∈ {1, . . . , p}
Φ̄−1

t,i (x) = Φi(−ti, Φ̄−1
t,i+1(x)) , Φ̄−1

t,p+1(x) = x .

Note that Φ̄−1
t = Φ̄−1

t,1 . Let j ∈ {1, . . . , p}. For any i ∈ {1, . . . , p} we distinguish three cases:

(i) i > j, then for any x ∈ F−1(0), Dtj Φ̄−1
t,i (x) = 0.
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(ii) i = j, then for any x ∈ F−1(0), Dtj Φ̄−1
t,i (x) = −DtΦj(−tj , Φ̄−1

t,j+1(x)).

(iii) i < j, then for any x ∈ F−1(0), Dtj Φ̄−1
t,i (x) = DxΦi(−ti, Φ̄−1

t,i+1(x))Dtj Φ̄−1
t,i+1(x).

Combining these results, (64) and the fact that Φ̄−1
t = Φ̄−1

t,1 we get that there exists P̄7 ∈
Poly(3,R+) such that for any x ∈ F−1(0), and j ∈ {1, . . . , p} we have

∥Dtj Φ̄−1
t (x)∥ ≤ P̄7(M1,F ,M2,F , 1/m1,F ) exp[P̄7(M1,F ,M2,F , 1/m1,F )] .

Hence, there exists P7 ∈ Poly(3,R+) such that for any x ∈ F−1(0) we have

∥DtΦ̄−1
t (x)∥ ≤ P7(M1,F ,M2,F , 1/m1,F ) exp[P7(M1,F ,M2,F , 1/m1,F )] . (65)

Next, note that for any x ∈ F−1(0), t ∈ B∞(0, η) and i ∈ {1, . . . , p} we have

DΦ̄−1
t,i (x) = DxΦi(−ti, Φ̄−1

t,i+1(x))DΦ̄−1
t,i+1(x) , DΦ̄−1

t,p+1(x) = Id .

Combining this result and (64), there exists P8 ∈ Poly(3,R+) such that for any x ∈ F−1(0)
and i ∈ {1, . . . , p}

∥DΦ̄−1
t,i (x)∥ ≤ P8(M1,F ,M2,F , 1/m1,F ) exp[P8(M1,F ,M2,F , 1/m1,F )] . (66)

In particular, since Φ̄t = Φ̄t,1 we have for any x ∈ F−1(0)

∥DΦ̄−1
t (x)∥ ≤ P8(M1,F ,M2,F , 1/m1,F ) exp[P8(M1,F ,M2,F , 1/m1,F )] . (67)

Finally, we give a uniform upper-bound on DtDΦ̄−1
t . Let j ∈ {1, . . . , p}. For any i ∈

{1, . . . , p} we distinguish three cases:

(i) i > j, then for any x ∈ F−1(0), Dtj DΦ̄−1
t,i (x) = 0.

(ii) i = j, then for any x ∈ F−1(0), Dtj DΦ̄−1
t,i (x) = −Dt,xΦj(−tj , Φ̄−1

t,j+1(x))DΦ̄−1
t,j+1(x).

(iii) i < j, then for any x ∈ F−1(0), we have

Dtj DΦ̄−1
t,i (x) = DxΦi(−ti, Φ̄−1

t,i+1(x))Dtj DΦ̄−1
t,i+1(x)

+ D2
xΦi(−ti, Φ̄−1

t,i+1(x))(DΦ̄−1
t,i+1(x),Dtj DΦ̄−1

t,i+1(x)) .

Using (64) and (66), there exists P9 ∈ Poly(4,R+) such that for any x ∈ F−1(0) we have

∥DtDΦ̄−1
t (x)∥ ≤ P9(M1,F ,M2,F ,M3,F , 1/m1,F ) exp[P9(M1,F ,M2,F ,M3,F , 1/m1,F )] . (68)

Therefore, summarizing (65), (67) and (68), there exist P7, P8 ∈ Poly(R+, 3) and P9 ∈
Poly(4,R+) such that for any x ∈ F−1(0) and t ∈ B∞(0, η) we have

∥DtΦ̄−1
t (x)∥ ≤ P7(M1,F ,M2,F , 1/m1,F ) exp[P7(M1,F ,M2,F , 1/m1,F )] , (69)

∥DΦ̄−1
t (x)∥ ≤ P8(M1,F ,M2,F , 1/m1,F ) exp[P8(M1,F ,M2,F , 1/m1,F )] ,

∥DtDΦ̄−1
t (x)∥ ≤ P9(M1,F ,M2,F ,M3,F , 1/m1,F ) exp[P9(M1,F ,M2,F ,M3,F , 1/m1,F )] .
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(d) Next, we use (69) to conclude the proof by providing uniform upper-bounds on the
differential χ on F−1(0) w.r.t. t, where χ given in (52). For any x ∈ F−1(0) and t ∈ B∞(0, η)
we have

Dtχ(t, x) = DtφΨ(Φ̄−1
t (x))JF (Φ̄−1

t (t))−1 det(G(Φ̄−1
t (x))) (70)

+ φΨ(Φ̄−1
t (x))DtJF (Φ̄−1

t (t))−1 det(G(Φ̄−1
t (x)))

+ φΨ(Φ̄−1
t (x))JF (Φ̄−1

t (t))−1Dt det(G(Φ̄−1
t (x))) .

First, for any x ∈ F−1(0) and t ∈ B∞(0, η) we have

|φΨ(Φ̄−1
t (x))| ≤M0,φΨ , JF (Φ̄−1

t (x))−1 ≤ 1/m1,F . (71)

In addition, using (69), there exists P10 ∈ Poly(3,R+) such that for any x ∈ K1 and
t ∈ B∞(0, η)

|det(DΦ̄−1
t (x))| ≤ P10(M1,F ,M2,F , 1/m1,F ) exp[P10(M1,F ,M2,F , 1/m1,F )] . (72)

For any x ∈ F−1(0) and t ∈ B∞(0, η) we have

DtφΨ(Φ̄−1
t (x)) = DφΨ(Φ̄−1

t (x))DtΦ̄−1
t (x) .

Combining this result and (69), there exists P11 ∈ Poly(3,R+) such that for any x ∈ F−1(0)
and t ∈ B∞(0, η) we have

∥Dtφ(Φ̄−1
t (x))∥ ≤M1,φΨP11(,M1,F ,M2,F , 1/m1,F ) exp[P11(,M1,F ,M2,F , 1/m1,F )] . (73)

For any x ∈ F−1(0), t ∈ B∞(0, η) we have

DtJF (Φ̄−1
t (x))−1 = Dt det(G(Φ̄−1

t (x)))1/2 = JF (Φ̄−1
t (x))−1Dt det(G(Φ̄−1

t (x))−1) . (74)

In addition, for any x ∈ F−1(0), t ∈ B∞(0, η) and h ∈ Rp we have

Dt det(G(Φ̄−1
t (x)))(h) = Tr(Adj(G(Φ̄−1

t (x)))DG(Φ̄−1
t (x))(DtΦ̄−1

t (x)(h))) .

Using this result, (74), (55) and (69), there exists P12 ∈ Poly(3,R+) such that for any
x ∈ F−1(0), t ∈ B∞(0, η) we have

∥DtJF (Φ̄−1
t (x))−1∥ ≤ P12(M1,F ,M2,F , 1/m1,F ) exp[P12(M1,F ,M2,F , 1/m1,F )] . (75)

Finally, for any x ∈ F−1(0), t ∈ B∞(0, η) and h ∈ Rp we have

Dt det(DΦ̄−1
t (x)) = Tr(Adj(DΦ̄−1

t (x))DtDΦ̄−1
t (x)(h)) .

Hence, using (69), there exists P13 ∈ Poly(4,R+) such that for any x ∈ F−1(0) and t ∈
B∞(0, η) we have

∥Dt det(DΦ̄−1
t (x))∥ ≤ P13(M1,F ,M2,F ,M3,F , 1/m1,F ) (76)

× exp[P13(M1,F ,M2,F ,M3,F , 1/m1,F )] .

We conclude the proof upon combining (70), (71), (72), (73), (75) and (76).
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A.4 Regularity results

In the following section we prove a smoothing lemma which is key to extend Theorem 14
to the case where Ψ and φ are no longer in C1(Ū,R) but are Lipschitz continuous.

Lemma 28 Let U be open bounded, r > 0, V = U+B(0, r) and φ ∈ C(Rd,R) which satisfies
(7) and is Lipschitz on V, i.e. there exists M1,φ ≥ 0 such that for any x, y ∈ V we have

|φ(x)− φ(y)| ≤M1,φ ∥x− y∥ .

In addition, let M0,φ = sup{|φ(x)| : x ∈ V}. Then there exist δ̄ > 0 and {φδ : δ ∈ (0, δ̄)}
such that the following hold:

(a) For any x ∈ U, limδ→0 φ
δ(x) = φ(x).

(b) For any δ ∈ (0, δ̄), φδ ∈ C1(Rd,R) and there exists Lδ ≥ 0 such that for any x, y ∈ U,∣∣∣φδ(x)− φδ(y)
∣∣∣ ≤ Lδ ∥x− y∥ .

Let L0 = sup{Lδ : δ ∈ (0, δ̄)} < +∞ and we have L0 ≤ C1(1 +M0,φ +M1,φ)(1 + Cφ), with
C1 ≥ 0 that does not depend on φ.

(c) For any δ ∈ (0, δ̄) there exists Mδ ≥ 0 such that for any x ∈ U, |φδ(x)| ≤ Mδ and
M0 = sup{Mδ : δ ∈ (0, δ̄)} < +∞. In addition, M0 ≤ C2(1 + M0,φ)(1 + Cφ) with C2 ≥ 0
that does not depend on φ.

(d) For any δ ∈ (0, δ̄) there exists Dδ ≥ 0 such that for any x ∈ Rd we have

|φδ(x)| ≤ Dδ exp[Dδ ∥x∥αk] ,

and Dδ ≤ C3(1 + Cφ) exp[C3Cφ] with C3 that does not depend on φ.

(e) Assume H1, that F−1(0) ⊂ U and that there exists m0,φ > 0 such that for any x ∈
F−1(0), φ(x) ≥ m0,φ. Then there exists δ̄⋆ > 0 such that for any δ ∈ (0, δ̄⋆) and x ∈ F−1(0),
φδ(x) ≥ m0,φ/2. In addition if φ ≥ 0 then for any δ > 0, φδ ≥ 0.

In addition, δ̄ = f1(Cφ) and δ̄⋆ = f2(M0,φ,M1,φ, 1/m0,φ, Cφ) with f1 ∈ C(R+,R+) and
f2 ∈ C(R4

+,R+) and are non-decreasing w.r.t. to each of their variables. Finally, there
exists C4 ≥ 0 such that

lim sup
δ→0

Mδ ≤ C4M0,φ , lim sup
δ→0

Lδ ≤ C4M1,φ , lim sup
δ→0

Dδ ≤ C4Cφ ,

with C4 that does not depend on φ.

Proof Since U is bounded there exists R ≥ 0 such that U ⊂ B̄(0, R). Let p ∈ N⋆ such that
2p > αk and for any δ > 0 define kδ : Rd → R+ such that for any x ∈ Rd we have

kδ(x) = exp[−∥x∥2p /δ]/
∫
Rd exp[−∥x̃∥2p /δ]dx̃ .
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Let C1 =
∫
Rd exp[−∥x̃∥2p]dx̃ and we have for any x ∈ Rd, kδ(x) = C−1

1 δ−d/2p exp[−∥x∥2p /δ].
Note that since 2p > αk and using (7) we have that for any x ∈ Rd

∫
Rd |φ(x− y)|kδ(y)dy <

+∞. For any δ > 0 we define φδ such that for any x ∈ Rd

φδ(x) =
∫
Rd φ(x− y)kδ(y)dy . (77)

We divide the rest of the proof into five parts.

(a) We have that for any x ∈ Rd, limδ→0 φ
δ(x) = φ(x), since φ ∈ C(Rd,R) and {kδ : δ > 0}

is a mollifier. This concludes the proof of Theorem 28-(a).

(b) Using that 2p > αk and (7) we have that for any β ∈ N,
∫
Rd ∥y∥β |φ(x−y)|kδ(y) < +∞.

Hence, φδ ∈ C∞(Rd,R). Let x ∈ U. Using that
∫
Rd y∥y∥2p−1kδ(y)dy = 0, we have that for

any δ > 0

∥∇φδ(x)∥ = (2p/δ)∥
∫
Rd φ(x− y)y∥y∥2p−2kδ(y)dy∥

= (2p/δ)
∫
Rd |φ(x− y)− φ(x)|∥y∥2p−1kδ(y)dy

≤ (2pM1,φ/δ)
∫
Rd ∥y∥2pkδ(y)dy + (2p/δ)

∫
B̄(0,r/2)c |φ(x− y)− φ(x)|∥y∥2p−1kδ(y)dy

≤ (2pM1,φ/C1)
∫
Rd ∥y∥2p exp[−∥y∥2p]dy

+(2p/δ)
∫

B̄(0,r/2)c |φ(x− y)− φ(x)|∥y∥2p−1kδ(y)dy . (78)

We now bound the second term. Let ᾱk = ⌈αk⌉. Using (7), we have for any and x ∈ U and
y ∈ Rd

|φ(x− y)− φ(x)| ≤ (1 +M0,φ)Cφ exp[Cφ ∥x− y∥αk]
≤ (1 +M0,φ)Cφ exp[3ᾱk−1Cφ(1 + ∥x∥ᾱk + ∥y∥ᾱk)]
≤ (1 +M0,φ)Cφ exp[3ᾱk−1Cφ(1 +Rᾱk)] exp[3ᾱk−1Cφ∥y∥ᾱk ] .

Therefore we get that for any x ∈ U and y ∈ B̄(0, r/2)c

|φ(x− y)− φ(x)| ∥y∥2p−1

≤ (1 +M0,φ)Cφ exp[3ᾱk−1Cφ(1 +Rᾱk)] exp[(3ᾱk(r/2)ᾱk−2pCφ + 1) ∥y∥2p] .

Therefore there exists Ca ≥ 0 such that for any x ∈ U and y ∈ Rd we have

|φ(x− y)− φ(x)| ∥y∥2p−1 ≤ Ca(1 +M0,φ)Cφ exp[Ca(1 + Cφ) ∥y∥2p] ,

with Ca ≥ 0 that does not depend on φ. Using this result, we have for any x ∈ U and
δ ∈ (0, 1/(2Ca(1 + Cφ)))

(2p/δ)
∫

B̄(0,r/2)c |φ(x− y)− φ(x)| ∥y∥2p−1 kδ(y)dy

≤ 2pCa(1 +M0,φ)Cφδ
−d/2p−1C−1

1
∫

B̄(0,r/2)c exp[(Ca(1 + Cφ)− 1/δ) ∥y∥2p]dy

≤ 21+d(1+2p)/2ppCa(1 +M0,φ)Cφ/(δC1)
∫

B̄(0,r/(21+2pδ)1/2p)c exp[−∥y∥2p]dy .

We have for any δ ∈ (0, 1/(2Ca(1 + Cφ)))∫
B̄(0,r/(21+2pδ)1/2p)c exp[−∥y∥2p]dy/C1 ≤ exp[−r2p/(22+2pδ)]

∫
Rd exp[−∥y∥2p /2]dy/C1 .
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Therefore, there exists Cb ≥ 0 (that does not depend on φ) such that for any x ∈ U and
δ ∈ (0, 1/(2Ca(1 + Cφ))) we have

(2p/δ)
∫

B̄(0,r/2)c |φ(x− y)− φ(x)| ∥y∥2p−1 kδ(y)dy ≤ Cb(1 +M0,φ)Cφδ
−1 exp[−r2p/(22+2pδ)] .

(79)
Combining this bound and (78), we get that for any δ ∈ (0, 1/(2Ca(1 + Cφ))) there exists
Lδ ≥ 0 such that for any x ∈ U, ∥∇φδ(x)∥ ≤ Lδ. Let L0 = sup{Lδ : δ ∈ (0, δ̄)} < +∞ and
using, (78), (79) and that for any t ≥ 0, t exp[−r2pt/22+2p] ≤ 22+2p/(er2p) we have

L0 ≤ (2pM1,φ/C1)
∫
Rd ∥y∥2p exp[−∥y∥2p]dy + 22+2pCb(1 +M0,φ)Cφ/(er2p) .

This concludes the proof of Theorem 28-(b).

(c) For any x ∈ U and δ ∈ (1/(2Ca(1 + Cφ))) we have

|φ(x)|≤
∫

B̄(0,r/2) |φ(y − x)|kδ(y)dy +
∫

B̄(0,r/2)c |φ(y − x)|kδ(y)dy (80)
≤M0,φ +

∫
B̄(0,r/2)c |φ(y − x)|kδ(y)dy .

Similarly to (79), there exists c ≥ 0 (that does not depend on φ) such that for x ∈ U and
δ ∈ (1/(2Ca(1 + Cφ)))∫

B̄(0,r/2)c |φ(y − x)|kδ(y)dy ≤ (Cφ/c) exp[−c/δ] .

Combining this result and (80) for any δ ∈ (0, 1/(2Ca(1 + Cφ))) there exists Mδ > 0 such
that for any x ∈ U, |φδ(x)| ≤Mδ. Let M0 = sup{Mδ : δ ∈ (0, δ̄)} < +∞. We have that

M0 ≤M0,φ + (Cφ/c) exp[−c(1 + Cφ)] ,

which concludes the proof of Theorem 28-(c).

(d) Using that for any a, b ≥ 0 and p ≥ 0, (a + b)p ≤ 2min(p−1,0)(ap + bp) we have that for
any x ∈ Rd and δ > 0

|φδ(x)| ≤ Cφ
∫
Rd exp[Cφβα,k(∥x∥αk + ∥y∥αk)]kδ(y)dy ,

where βα,k = 2min(αk−1,0). Hence, using this result we have for any δ ∈ (0, 1/(2βα,kCφ))

|φδ(x)|≤ Cφ/(C1δd/2p) exp[Cφβα,k ∥x∥αk]
∫
Rd exp[(Cφβα,k − 1/δ) ∥y∥2p]dy

≤ Cφ/(C1δd/2p) exp[Cφβα,k ∥x∥αk]
∫
Rd exp[−∥y∥2p /(2δ)]dy

≤ 2d/2pCφ exp[Cφβα,k ∥x∥αk] .

Therefore, for any δ ∈ (0, 1/(2βα,kCφ)) there exists Dδ ≥ 0 such that for any x ∈ Rd,
φ(x) ≤ Dδ exp[Dδ ∥x∥αk]. In addition, there exists Cd ≥ 0 (that does not depend on φ)
such that Dδ ≤ Cd(1 + Cφ) exp[CdCφ], which concludes the proof of Theorem 28-(d).

(e) If φ ≥ 0 then for any δ > 0, φδ ≥ 0 using (77). For any x ∈ U we have

φδ(x) = φ(x) +
∫
Rd(φ(y − x)− φ(x))kδ(y)dy ≥ m0,φ −

∫
Rd |φ(y − x)− φ(x)| kδ(y) . (81)
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For any x ∈ U we have∫
Rd |φ(y − x)− φ(x)| kδ(y) ≤M1,φδ

1/k +
∫

B̄(0,r/2)c |φ(y − x)− φ(x)|kδ(y)dy .

Similarly to (79), there exists Cd ≥ 0 that does not depend on φ and such that for any
x ∈ U ∫

B̄(0,r/2)c |φ(y − x)− φ(x)|kδ(y)dy ≤ Cd(1 +M0,φ)Cφ exp[−1/(Cdδ)] .

Let δ̄1 = (m0,φ/(4M1,φ))k and δ̄2 = C−1
d (log(4CdCφ(1 + M0,φ)) − min(0, log(m0,φ)))−1.

Then for any δ ∈ (0,min(δ̄1, δ̄2)) we have that for any x ∈ U∫
Rd |φ(y − x)− φ(x)| kδ(y) ≤ m0,φ/2 ,

which concludes the proof of Theorem 28-(e) upon combining this result with (81).

Appendix B. Technical results for Section 4.3.1

In this section, we derive a quantitative parametric theory for Laplace-type expansion in
Appendix B.1 and Appendix B.2. We start by deriving technical bounds in Appendix B.1.
Our main result, Theorem 33, is presented in Appendix B.2 along with a quantitative Morse
lemma. Finally, in Appendix B.3 we derive some moments bounds.

Let u : Rd × Z→ R with Z a metric space. We consider the following assumption.

H5 u ∈ C(Rd × Z,R), for any z ∈ Z, u(·, z) ∈ C2(Rd,R) and the following hold:

(a) Z is compact.

(b) There exists A ≥ 0 such that for any z ∈ Z, |u(0, z)| ≤ A.

(c) There exists M ≥ 0 such that for any x1, x2 ∈ Rd and z ∈ Z, ∥∇k
xu(x1, z)−∇k

xu(x2, z)∥ ≤
M∥x1 − x2∥.

(d) There exists m,α > 0 and R ≥ 0 such that for any x ∈ Rd with ∥x∥ ≥ R, u(x, z) ≥
m∥x∥α.

(e) For any z ∈ Z the number of global minimizers is bounded.

There exists RA ≥ 0 such that for any x ∈ Rd with ∥x∥ ≥ RA and z ∈ Z, |u(x, z)| ≥
A ≥ |u(0, z)|. Hence, for any z ∈ Z, arg min{u(x, z) : x ∈ Rd} ⊂ C = B̄(0, RA).

We denote u⋆ : Z → R such that for any z ∈ Z, u⋆(z) = min{u(x, z) : x ∈ Rd}. We
have that u⋆ ∈ C(Z,R). Indeed we have that u is uniformly continuous on Z×C. Hence, for
any ε > 0 there exists δ > 0 such that for any (z0, x0), (z0, x0) ∈ Z×C with d(z0, z1)+∥x0−
x1∥ ≤ δ, |u(x0, z0) − u(x1, z1)| ≤ ε. Let z0 ∈ Z and x⋆

0 ∈ arg min{u(x, z0) : x ∈ Rd} ⊂ C.
Let ε > 0, z ∈ Z such that d(z, z0) ≤ δ and x⋆ ∈ arg min{u(x, z0) : x ∈ Rd} ⊂ C then

u⋆(z) ≤ u(x⋆, z) ≤ u(x⋆
0, z) ≤ u(x⋆

0, z) ≤ u(x⋆
0, z0) ≤ u⋆(z0) .

52



On quantitative Laplace-type convergence results

Similarly we have u⋆(z0) ≤ u⋆(z) + ε which concludes the proof. For any φ : Rd → R+ and
ε > 0 we define

Iε(φ, z) = C−1
ε

∫
Rd φ(x) exp[−(u(x, z)− u⋆(z))/ε]dx , Jε(z) = Iε(1, z) , (82)

Cε =
∫
Rd exp[−∥x∥2 /ε]dx = (πε)d/2 .

In addition, we define

I0(φ, z) =
∫

arg min u(·,z) φ(x) det(∇2
xu(x, z))−1/2dH0(x) , J0(z) = I0(1, z) , (83)

where det(∇2
xu(x, z))−1/2 = +∞ if ∇2

xu(x, z) is not invertible. If φ : Rd → R and Iε(|φ|) <
+∞ for some ε ≥ 0 we define Iε(φ) similarly as in (82), (83). For any ε ≥ 0 and φ : Rd → Rp

such that it is defined we let δzSε[φ] = Iε(φ, z)/Jε(z). We emphasize that these definitions
are the parametric counterparts to the ones introduced in Section 4.1.

In what follows, we define σ : Rd × Z → [0,+∞] such that for any z ∈ Z and x ∈ Rd

σ(x, z) is the inverse of the minimum eigenvalue of ∇2
xu(x, z). In addition, for any β > 0,

we define σ⋆
β : Z→ [0,+∞] such that for any z ∈ Z, σ⋆

β(z) =
∫

arg min u(·,z) σ(x, z)βdH0(x).

B.1 Parametric lower and truncation bounds

Lemma 29 Assume H5. Then, for any ε̄ ≥ 0 there exists A0 > 0 such that for any z ∈ Z
and ε ∈ [0, ε̄] we have Jε(z) ≥ A0.

Proof Let z ∈ Z and ε > 0. Let x⋆(z) be a global minimizer of x 7→ u(x, z) which exists
since arg min{u(x, z) : x ∈ Rd} ≠ ∅. Using the change of variable x 7→ x+ x⋆(z) we have

Jε(z) = C−1
ε

∫
Rd exp[−(u(x, z)− u⋆(z))/ε]dx = C−1

ε

∫
Rd exp[−(u(x⋆(z) + x, z)− u⋆(z))/ε]dx .

(84)
For any x ∈ Rd we have

u(x⋆(z) + x, z)− u⋆(z) =
∫ 1

0 ⟨∇xu(x⋆(z) + tx, z)−∇xu(x⋆(z), z), x⟩dt ≤ M∥x∥2/2 .

Combining this result and (84) we get Jε(z) ≥
∫
Rd exp[−(M/2)∥x∥2/ε]dx/Cε ≥ (2/M)d/2.

In addition, we have that for any x ∈ Rd, J0(z) =
∫

arg min u(·,z) det(∇2
xu(x, z))−1/2dH0(x).

Note that if σ⋆
1(z) = +∞, then there exists x̃(z) ∈ arg min{u(x, z) : x ∈ Rd} such

that σ(x̃(z), z) = +∞ and therefore J0(z) = +∞. We have that for any x ∈ Rd,
det(∇2

xu(x, z)) ≤ Md and therefore, J0(z) ≥ NM−d/2. We conclude upon letting A0 =
min(N, 2d/2)/Md/2.

Lemma 30 Assume H5. Let φ : Rd → R and Cφ ≥ 0 such that for any x ∈ Rd

|φ(x)| ≤ Cφ exp[Cφ ∥x∥α] . (85)

Let ε̄ ∈ (0, m/(1 + Cφ)) and z ∈ Z. Assume that there exists V(z) ⊂ Rd open and bounded
such that

arg min{u(x, z) : x ∈ Rd} ⊂ V(z) ⊂ arg min{u(x, z) : x ∈ Rd}+ B̄(0, 1) .
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Then, there exist β1 > 0 and A1 ∈ C(R+,R+) such that for any ε ∈ (0, ε̄)

Iout
ε (φ, z) ≤ A1(Cφ)ε−d/2{exp[−m(z)/ε] + exp[−β1/ε]} ,

with m(z) = inf{u(x, z) : x ∈ Rd\V(z)}−u⋆(z), Iout
ε (φ, z) = Iε(φ1V(z)c , z) and A1, β1 that

do not depend on φ and z, with A1 non-decreasing.

Proof First, we have using the remark following H5

V(z) ⊂ C + B̄(0, 1) .

Since C + B̄(0, 1) is compact, there exists R′ ≥ 0 (that does not depend on z) such that
R′ ≥ R (where R is given in H5) and V(z) ⊂ B̄(0, R′). Note that for any ε > 0, we have

Iout
ε (φ, z) = I1

ε (φ, z) + I2
ε (φ, z) ,

I1
ε (φ, z) = Iε(φ1B̄(0,R′)c , z) , I2

ε (φ, z) = Iε(φ1Vc∩B̄(0,R′), z) .

Let ε ∈ (0, ε̄). The rest of the proof is similar to the one of Theorem 25 but is given
for completeness. We divide the proof into two parts. First, we bound I1

ε (φ, z) and then
I2

ε (φ, z).

(a) Let w = (m/ε−Cφ)1/α (which makes sense, since ε < m/(Cφ + 1)). Since R′ ≥ R, using
(85) and the fact that u ≥ 1, we have

I1
ε (φ, z)= C−1

1 ε−d/2 ∫
B̄(0,R′)c φ(x) exp[−(u(x, z)− u⋆(z))/ε]dx

≤ C−1
1 Cφε

−d/2 exp[ū⋆]
∫

B̄(0,R′)c exp[−(m/ε− Cφ) ∥x∥α]dx
≤ C−1

1 Cφ exp[ū⋆]ε−d/2 ∫
B̄(0,R′w)c exp[−∥x∥α]dx ,

where ū⋆ = sup{u⋆(z) : z ∈ Z}. Let Cα =
∫
Rd exp[−∥x∥α]dx. Using that w = (m/ε −

Cφ)1/α, we have

I1
ε (φ, z) ≤ C−1

1 Cφ exp[ū⋆]ε−d/2 ∫
B̄(0,R′w)c exp[−∥x∥α]dx

≤ C−1
1 Cφ exp[ū⋆]ε−d/2 ∫

Rd exp[−∥x∥α /2]dx exp[−(R′u)α/2]
≤ 2d/αCαC

−1
1 Cφ exp[ū⋆] exp[(R′)αCφ/2]ε−d/2 exp[−(R′)αm/(2ε)]

≤ A1
1ε

−d/2 exp[−β1
1/ε] , (86)

with
A1

1 = 2d/αCαC
−1
1 Cφ exp[ū⋆] exp[(R′)αCφ/2] , β1

1 = (R′)αm/2 .

(b) Second, let K(z) = Vc(z)∩ B̄(0, R′). Note that for any x ∈ K(z), u(x, z)−u⋆(z) ≥ m(z).
Hence, we have

I2
ε (φ, z) ≤ C−1

1 Cφε
−d/2 exp[Cφ(R′)α] exp[−m(z)/ε]λ(K(z)) ,

where we recall that λ(K(z)) is the Lebesgue measure of K(z). Since K(z) ⊂ B̄(0, R′) we
have

I2
ε (φ, z) ≤ πd/2(R′)dΓ−1(d/2 + 1)C−1

1 Cφ exp[(R′)α]ε−d/2 exp[−m(z)/ε]
≤ A2

1ε
−d/2 exp[−m(z)/ε] , (87)
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where Γ : (0,+∞)→ R+ is given for any s ∈ (0,+∞) by Γ(s) =
∫+∞

0 ts−1 exp[−t]dt and

A2
1 = πd/2(R′)dΓ−1(d/2 + 1)C−1

1 Cφ exp[Cφ(R′)α] .

We conclude the proof upon combining (86), (87) and letting β1 = β1
1 and A1 = A1

1 + A2
1.

B.2 Quantitative Morse lemma and parametric Laplace-type results

We begin by recalling a quantitative version of the Morse lemma, see (Le Loi and Phien,
2014, Theorem 4.2).

Proposition 31 Let U ⊂ Rd be open with x0 ∈ U and f ∈ Ck(U,R) with k ∈ N and
k ≥ 3. Assume that ∇f(x0) = 0 and let K ≥ 0 such that K ≥ maxj∈{1,...,k} sup{∥Djf(x)∥ :
x ∈ U} < +∞. Let σ be the minimal eigenvalue of ∇2f(x0) and assume that σ > 0. Let
σ0 = min(σ, 1). Then, there exist c0 > 0, δ = c0σ4

0 and Φ : B(0, δ)→ Φ(B(0, δ)) such that
the following hold:

(a) Φ ∈ Ck−1(B(0, δ),Φ(B(0, δ))) is a diffeomorphism.

(b) For any x ∈ B(0, δ), f(Φ(x)) = f(x0) + ∥x∥2.

(c) There exist c1,β > 0 such that maxj∈{1,...,k−1} sup{∥DjΦ(x)∥ : x ∈ B(0, δ)} ≤ c1σ
−β
0 .

In addition, c0, c1 and β depend only on k, d and K.

Note that in (Le Loi and Phien, 2014, Theorem 4.2), the constant c1σ
−β
0 is replaced

by M(K,σ0, k) where M : R3
+ → R+. However, a close examination of the proof reveals

that the dependency of M(K,σ0, k) with respect to σ−1
0 is of order σ−β

0 for some β > 0
which can be made explicit. Using Theorem 31 we derive the following parametric version
of Theorem 13.

This proposition relies on the notion of thermodynamic barrier associated with u which
we define as follows. Assume that arg min{u(x, z) : x ∈ Rd} ≠ ∅ for any z ∈ Z. For any z ∈
Z we introduce A(z) such that A(z) = ∅ if there are no other minimizers than the global min-
imizers and A(z) = {u(x, z) : x is a local minimizer of u(·, z) but not a global minimizer}
otherwise. Then we define c⋆ : Z→ R such that for any z ∈ Z we have

c⋆(z) = inf A(z)− inf{u(x, z) : x ∈ Rd} ,

with the convention that inf ∅ = +∞. In words, the thermodynamic barrier constant
quantifies how close the value of the local minimizers are from the global ones. We refer to
Section 3.2.3 for a discussion on the importance of thermodynamic barrier when establishing
parametric Laplace-type expansions.

Proposition 32 Assume H5. Let φ ∈ C(Rd,R) and z ∈ Z, and assume that σ⋆
1(z) < +∞.

There exists V(z) open such that

arg min{u(x, z) : x ∈ Rd} ⊂ V(z) ⊂ arg min{u(x, z) : x ∈ Rd}+ B̄(0, 1) .
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We have that limε→0 |I in
ε (φ, z)− I0(φ, z)| = 0, with I in

ε (φ, z) = Iε(φ1V(z), z). Assume that
φ ∈ C1(Rd,R). Then there exist B1 ≥ 0 and β > 0 such that for any ε > 0 we have

|I in
ε (φ, z)− I0(φ, z)| ≤ B1σ

⋆
β(z)(1 +M0,φ(z) +M1,φ(z))ε1/2 , (88)

with B1 that does not depend on φ and z, and for any i ∈ {0, 1}, Mi,φ(z) = sup{∥∇iφ(x)∥ :
x ∈ V(z)}. In addition, there exist c1,γ > 0 (that do not depend on z) such that m(z) ≥
min(c1/σ⋆

γ(z), c⋆(z)), with m(z) = inf{u(x, z) : x ∈ Rd\V(z)} − u⋆(z).

Proof Let {xk
⋆(z)}Mk=1 = arg min{u(x, z) : x ∈ Rd}. Using H5 {xk

⋆(z)}Mk=1 ⊂ C with C
compact. We define Kglobal ≥ 0 such that

Kglobal = sup{∥∇j
xu(x, z)∥ : x ∈ K, z ∈ Z, j ∈ {1, 2, 3}} ,

with K = C + B̄(0, 1), where C is defined in the remark following H5. Let i ∈ {1, . . . ,M}.
Using that σ⋆

1(z) < +∞ and Theorem 31 with K ← Kglobal and k = 3, there exist Φz
i ∈

C2(B(0, δi(z)),Φz
i (B(0, δi(z)))) which is a diffeomorphism, with Φz

i (0) = xi
⋆(z), δi(z) =

c0 min(σ4(xi
⋆(z), z), 1) and for any x ∈ B(0, δi(z)) we have u(Φz

i (x), z) = u⋆ + ∥x∥2.
We let δ0(z) = min{δi(z) : i ∈ {1, . . . ,M}}. Using Theorem 31, there exist c′

0 ≥ 0 and
α > 0 that do not depend on z such that for any ℓ ∈ {1, . . . ,M} and x ∈ B(0, δ0(z)),
∥dΦz

ℓ (x)∥ ≤ c′
0σ

⋆
α(z). Let δ(z) = min(δ0(z), 1/(c′

0σ
⋆
α(z))). We have that for any ℓ ∈

{1, . . . , N}, Φℓ(B(0, δ(z))) ⊂ B(xℓ
⋆(z), c′

0σ
⋆
α(z)δ(z)) ⊂ arg min{u(x, z) : x ∈ Rd} + B̄(0, 1).

We let V(z) = ∪M
i=1Φℓ(B(0, δ(z))).

We now show that for any i, j ∈ {1, . . . ,M}, Φz
i (B(0, δ(z))) ∩ Φz

j (B(0, δ(z))) = ∅. Let
i, j ∈ {1, . . . ,M} and for ease of notation let Wℓ = Φz

ℓ (B(0, δ(z))) for any ℓ ∈ {1, . . . ,M}.
Assume that Wi∩Wj ̸= ∅. Then, since Wi and Wj are connected, W = Wi∪Wj is connected
as well. In addition, note that Φz

i (0) /∈ Wj and Φz
j (0) /∈ Wi. There exists γ ∈ C([0, 1] ,W)

such that γ(0) = Φz
i (0) and γ(1) = Φz

j (0). Denote t⋆ = inf{t ∈ [0, 1] : γ(t) ∈ Wj}. We
have that γ(t⋆) ∈ W̄j\Wj . Hence u(γ(t⋆), z) = δ(z)2 + u⋆(z). But γ(t⋆) ∈Wi and therefore
u(γ(t⋆), z) < δ(z)2 + u⋆(z). This is absurd hence for any i, j ∈ {1, . . . ,M}, Wi ∩Wj = ∅.

Let ε > 0 and I in
0,ε be given by

I in
0,ε(φ, z) = ∑M

ℓ=1
∫

B(0,δ(z)/ε1/2) exp[−∥x∥2]dxφ(xℓ
⋆(z)) det(∇2

xu(xℓ
⋆(z), z))−1/2/C1 . (89)

Recall that I0(φ, z) = ∑M
ℓ=1 φ(xℓ

⋆(z)) det(∇2
xu(xℓ

⋆(z), z))−1/2. Therefore, we have∣∣∣I0(φ, z)− I in
0,ε(φ, z)

∣∣∣ ≤ σ⋆
1/2M0,φ exp[−δ(z)2/(2ε)]

∫
Rd exp[−∥x∥2/2]dx/C1 (90)

≤ 2d/2σ⋆
1/2M0,φ exp[−δ(z)2/(2ε)] .

Finally, using (89), that for any ℓ ∈ {1, . . . ,M} and x ∈ B(0, δ(z)), u(Φz
ℓ (x), z) = u⋆(z) +

∥x∥2, that for any ℓ ∈ {1, . . . ,M}, det(dΦz
ℓ (0)) = det(∇2

xu(xℓ
⋆(z), z))−1/2 and Φz

ℓ (0) = xℓ
⋆(z),

we have

|I in
0,ε(φ, z)− I in

ε (φ, z)|= ∑M
ℓ=1

∫
B(0,δ(z)/ε1/2)

∣∣∣φ(Φz
ℓ (0)) det(dΦz

ℓ (0)) (91)

−φ(Φz
ℓ (ε1/2x)) det(dΦz

ℓ (ε1/2x))
∣∣∣ exp[−∥x∥2]dx/C1 ,
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which concludes the first part of the proof upon combining this result and the dominated
convergence theorem. Next assume that φ ∈ C1(Rd,R) and for any ℓ ∈ {1, . . . ,M}, let
χz

ℓ : B(0, δ(z))→ R given for any x ∈ B(0, δ(z)) by

χz
ℓ (x) = φ(Φz

ℓ (x)) det(dΦz
ℓ (x))

We have that for any ℓ ∈ {1, . . . ,M}, χz
ℓ ∈ C1(B(0, δ)). Therefore, we have that for any

ℓ ∈ {1, . . . ,M} and x ∈ B(0, δ(z)) and h ∈ Rd

dχℓ(x)(h) = dφ(Φz
ℓ (x))dΦz

ℓ (x)(h) det(dΦz
ℓ (x)) + φ(Φz

ℓ (x)) Tr(Adj(dΦz
ℓ (x))d2Φz

ℓ (x)(h)) .

Therefore, using Theorem 31 we have that there exist C ≥ 0 and β > 0 such that for any
ℓ ∈ {1, . . . ,M} and x ∈ B(0, δ(z)), ∥dχz

ℓ (x)∥ ≤ C(1 +M0,φ +M1,φ)σ⋆
β(z). Using this result

in (91) we get that∣∣∣I in
0,ε(φ, z)− I in

ε (φ, z)
∣∣∣ ≤ Cσ⋆

β(z)ε1/2(1 +M0,φ +M1,φ)
∫
Rd ∥x∥ exp[−∥x∥2]dx/C1 ,

which concludes the proof of (88) upon combining this result, (90), and the fact that
exp[−t] ≤ 1/t for any t > 0.

Next, we show that there exist c1,β > 0 such that m(z) ≥ c1 min(1/σ⋆
β(z), c⋆(z)) with

c1,β > 0 that do not depend on z. Since lim∥x∥→+∞ u(x, z) = +∞, there exists x̃(z) which
minimizes x 7→ u(x, z) on E = Rd\V(z). We distinguish two cases. If x̃(z) ∈ int(E) then
x̃(z) is a local minimizer of x 7→ u(x, z). Hence m(z) ≥ c⋆(z). If x̃(z) ∈ E\int(E) then
x̃(z) ∈ V̄(z)\V(z) and we have that m(z) ≥ δ(z)2, which concludes the proof.

Finally using Theorem 29, Theorem 30 and Theorem 32 we establish our main result.

Proposition 33 Assume H5. Let φ : Rd → R be a M1,φ-Lipschitz function, M1,φ, Cφ ≥ 0
and z ∈ Z. Assume that σ⋆

1(z) < +∞ and that for any x ∈ Rd, |φ(x)| ≤ Cφ exp[Cφ ∥x∥α].
Then, there exist B2 ∈ C(R+,R+) and β > 0 such that

|δzSε[φ]− δzS0[φ]| ≤ B2(Cφ)(1 +M0,φ +M1,φ)(1 + σ⋆
β(z)){ε1/2 + ε−d/2 exp[−c⋆(z)/ε]} ,

with M0,φ = sup{|φ(x)| : x ∈ K}, K, B2 and β that do not depend on z, and B2 non-
decreasing.

Proof In this proof we assume that φ ∈ C1(Rd,R). The extension to Lipschitz function is
similar to the proof of Theorem 3, see Section 4.1.3, i.e. we use the smoothing Theorem 28.
Let ε̄ ∈ (0, m/(1 + Cφ)). First, let V(z) be given by Theorem 32 and set K such that
K = C + B̄(0, 1), with C given in the remark following H5. Note that V(z) ⊂ K. Applying
Theorem 29 there exists A0 ≥ 0 such that for any ε ∈ [0, ε̄],

Jε(z) ≥ A0 . (92)

In addition, using Theorem 30 we have that there exist β1 > 0 and A1 ∈ C(R+,R+) such
that for any ε ∈ (0, ε̄) we have

Iout
ε (φ, z) ≤ A1(Cφ)ε−d/2{exp[−m(z)/ε] + exp[−β1/ε]} . (93)
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Using Theorem 32 there exist c1,γ > 0 such that m(z) ≥ min(c1/σ⋆
γ(z), c⋆(z)) (with c1,γ >

0 that do not depend on z). Hence, combining this result, (93) and the fact that there
exists c3 such that for any t > 0, exp[−1/t] ≤ c3t(d+1)/2, we get

Iout
ε (φ, z) ≤ A1(Cφ)ε−d/2{exp[−c⋆(z)/ε] + (σ⋆

β(z))(d+1)/2ε(d+1)/2/c3 + exp[−β1/ε]} .

Therefore, there exist β′ > 0 and A2 ∈ C(R+,R+) (non-increasing) such that for any
ε ∈ (0, ε̄) we have

Iout
ε (φ, z) ≤ A2(Cφ){(1 + σ⋆

β′(z))ε1/2 + ε−d/2 exp[−c⋆(z)/ε]} . (94)

In addition, using Theorem 32, there exist B1 ≥ 0 and β′′ > 0 such that for any ε > 0 we
have

|I in
ε (φ, z)− I0(φ, z)| ≤ B1σ

⋆
β′′(z)(1 +M0,φ(z) +M1,φ(z))ε1/2 , (95)

Note that Mi,φ(z) ≤ Mi,φ for i ∈ {0, 1}. Hence, combining (94) and (95), there exist
A3 ∈ C(R+,R+) (non-increasing) and β0 > 0 such that for any ε ∈ (0, ε̄) we have

|Iε(φ, z)− I0(φ, z)| ≤ A3(Cφ)(1 +M0,φ +M1,φ){(1 + σ⋆
β0(z))ε1/2 + ε−d/2 exp[−c⋆(z)/ε]} ,

Similar results hold if φ is replaced by 1 and we get that there exist A4 ≥ 0, β1 > 0 such
that for any ε ∈ (0, ε̄) we have

|Iε(φ, z)− I0(φ, z)| ≤ A3(Cφ)(1 +M0,φ +M1,φ){(1 + σ⋆
β1(z))ε1/2 + ε−d/2 exp[−c⋆(z)/ε]} ,

|Jε(z)− J0(z)| ≤ A4{(1 + σ⋆
β1(z))ε1/2 + ε−d/2 exp[−c⋆(z)/ε]} . (96)

In addition, we have that

|δzSε(φ)− δzS0(φ)| ≤ (Iε(φ, z)− I0(φ, z))/Jε(z) + I0(φ, z)(J0(z)− Jε(z))/(J0(z)Jε(z)) .
(97)

Finally, we have that I0(φ, z) ≤ M0,φσ
⋆
1(z). Combining this result (92), (96) and (97)

concludes the proof.

B.3 Control of the moments

In order to derive the uniform stability of the limiting measure, we first need to control the
moments of δz1:nSε uniformly in w.r.t. ε, z and n. Let z1:n ∈ Zn and ε > 0. We consider
the Langevin diffusion (Xε

t (z1:n))t≥0 given by the following Stochastic Differential Equation
(SDE): Xε

0(z1:n) ∈ Rd and

dXε
t (z1:n) = −∇xUn(Xε

t (z1:n), z1:n)dt+
√

2εdBt ,

where (Bt)t≥0 is a d-dimensional Brownian motion with filtration (Ft)t≥0. We recall that
for any n ∈ N, z1:n ∈ Zn and x ∈ Rd we have Un(x, z1:n) = (1/n)∑n

i=1 u(x, zi). Therefore,
under H3(n) we have that (Xε

t (z1:n))t≥0 is well-defined and admits δz1:nSε as an invariant
measure, see Roberts and Tweedie (1996) for instance.
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Lemma 34 Let n ∈ N and assume H 3(n) and H 4(n). Let z1:n ∈ Zn and assume that
σ⋆

1(z1:n) < +∞. Then there exist ε̄ > 0 such that for any k ∈ N there exists Ck ≥ 0 such
that for any ε ∈ [0, ε̄) ∫

Rd ∥x∥2k Sε(z1:n, dx) ≤ Ck ,

with Ck and ε̄ that do not depend on n ∈ N and z1:n ∈ Zn.

Proof Let ε > 0. First, since x 7→ ∇xUn(x, z1:n) is Lipschitz continuous we have that
(Xt(z1:n)ε)t≥0 is well-defined and is a continuous semi-martingale using (Ikeda and Watan-
abe, 2014, Theorem 2.3, Theorem 2.4 , Chapter 4) such that for any t ≥ 0

Xε
t (z1:n) = Xε

0(z1:n)−
∫ t

0 ∇xUn(Xε
s(z1:n), z1:n)ds+

√
2εBt .

Let m0 > 0. Using Itô’s formula, see (Ikeda and Watanabe, 2014, Theorem 5.1) we have
that for any t ≥ 0 and k ∈ N with k ≥ 2

∥Xε
t (z1:n)∥2k exp[m0t]

= Xε
0(z1:n) + 2k

∫ t
0⟨Xε

s(z1:n),∇xUn(Xε
s(z1:n), z1:n)⟩∥Xε

s(z1:n)∥2(k−1) exp[m0s]ds
+m0

∫ t
0 ∥Xε

s(z1:n)∥2k exp[m0s]ds+ 4εk(2k − 1)
∫ t

0 ∥Xε
s(z1:n)∥2(k−1) exp[m0s]ds+ Mε

t (z1:n) ,

with (Mε
t (z1:n))t≥0 a Ft-martingale such that Mε

0(z1:n) = 0. First, using Fubini-Tonelli
theorem, we have that for any t ≥ 0 and k ∈ N

E[∥Xε
t (z1:n)∥2k] exp[m0t] ≤ Xε

0(z1:n) + |2km− m0|
∫ t

0 E[∥Xε
s(z1:n)∥2k] exp[m0s]ds

+(4εk(2k − 1) + 2kc)(1 +
∫ t

0 E[∥Xε
s(z1:n)∥2k] exp[m0s]ds) .

Using Grönwall’s lemma we have that for any t ≥ 0 and k ∈ N, E[∥Xε
t (z1:n)∥2k] < +∞.

Hence, using this result, the Fubini theorem and H3(n), we have that for any t ≥ 0 and
k ∈ N

E[∥Xε
t (z1:n)∥2k] exp[m0t] ≤ Xε

0(z1:n)− (2km− m0)
∫ t

0 E[∥Xε
s(z1:n)∥2k] exp[m0s]ds

+(4εk(2k − 1) + 2kc)
∫ t

0 E[∥Xε
s(z1:n)∥2(k−1)] exp[m0s]ds .

Combining this result and the fact that for any t, a, b > 0 and k ∈ N, at2(k−1) ≤ bt2k +
ak/bk−1, we have for any t ≥ 0 and k ∈ N

E[∥Xε
t (z1:n)∥2k] exp[m0t]≤ Xε

0(z1:n)− (km− m0)
∫ t

0 E[∥Xε
s(z1:n)∥2k] exp[m0s]ds (98)

+ (4εk(2k − 1) + 2kc)k/((km)k−1m0) exp[m0t] .

Therefore, for any k ∈ N, there exists Ck ≥ 0 such that for any t ≥ 0, E[∥Xε
t (z1:n)∥2k] ≤ Ck

upon letting m0 = km in (98) with Ck that does not depend on ε and z1:n. Therefore, using
that the sequence of distributions associated with (Xε

t (z1:n))t≥0 weakly converges towards
δz1:nSε, see Roberts and Tweedie (1996) for instance, and the monotone convergence the-
orem we get that

∫
Rd ∥x∥2k Sε(z1:n,dx) ≤ Ck. We conclude upon using Theorem 33 in the

case where ε = 0.

Finally, we will make use of the following lemma.
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Lemma 35 Let µ, ν ∈ P(Rd) such that for any k ∈ N there exists Ck ≥ 0 such that∫
Rd ∥x∥2kdµ(x) +

∫
Rd ∥x∥2kdν(x) ≤ Ck. Then, for any k ∈ N we have that

W2(µ, ν) ≤
√

2CkW1(µ, ν)(k−1)/(2k−1) .

Proof Let k ∈ N and (X,Y ) be the optimal coupling between µ and ν w.r.t. the Wasserstein
distance of order one. Let Z = X − Y . Using Hölder’s inequality we have

E[∥Z∥2] ≤ E[∥Z∥2k]1/(2k−1)E[∥Z∥](2k−2)/(2k−1) ≤ E[∥Z∥2k]1/(2k−1)W1(µ, ν)(2k−2)/(2k−1) .

We conclude upon combining this result and the fact that E[∥Z∥2k]1/(2k−1) ≤ 2Ck.

Appendix C. Basics on flows and geometric measure theory

In this section, we recall basic facts from geometric measure theory. We refer to Federer
(1969); Morgan (2016); Ambrosio et al. (2000) for a complete exposition of geometric mea-
sure theory concepts. We begin with a proposition establishing the existence of flows. Then,
we prove useful facts on rectifiable sets. Finally, we state area and coarea formulas which
are central to our analysis.

Lemma 36 Let k ∈ N⋆ and X ∈ Ck(Rd,Rd). Assume that X is compactly supported.
Then, there exists a unique mapping Φ ∈ Ck+1,k(R × Rd,Rd) such that for any x ∈ Rd,
Φ(0, x) = x and ∂sΦ(s,Rd) = X(Φ(s,Rd)). In addition, for any s ∈ R, x 7→ Φ(s, x) is a
diffeomorphism.

Proof The first part of the proposition is an application of (Lang, 2002, Theorem 2.5,
Theorem 2.6). The second part is an application of (Milnor, 1963, Lemma 2.4).

Note that the previous lemma can be extended to smooth manifolds.

Definition 37 (Ambrosio et al., 2000, Definition 2.57) Let E ⊂ Rd and k ∈ N with k ≤ d.
E is countably Hk-rectifiable if there exists (ψi)i∈N such that for any i ∈ N, ψi : Rk → Rd

is Lipschitz continuous and
Hk

(
E\ ∪i∈N ψi(Rk)

)
= 0 .

In what follows, we provide an easy criterion to verify if a given level set is a countably
Hk-rectifiable set. We start by recalling the following proposition.

Proposition 38 (Lang, 2007, Theorem 10.5) Let k ∈ N with k ≤ d and F : Rd → Rk

be Lipschitz continuous. Then for λ-almost every y ∈ Rk, F−1({y}) is countably Hd−k-
rectifiable.

The following lemma ensures the stability of countably Hk-rectifiable sets through dif-
feomorphisms.
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Lemma 39 Let k ∈ N with k ≤ d, E ⊂ Rd be a compact countably Hk-rectifiable set and
Φ ∈ C1(Rd,Rd) be a diffeomorphism. Then Φ(E) is countably Hk-rectifiable.

Proof Since E ⊂ Rd is countably Hk-rectifiable there exists (ψi)i∈N such that for any i ∈ N,
ψi : Rk → Rd is Lipschitz continuous and

Hk
(
E\ ∪i∈N ψi(Rk)

)
= 0 .

Let y ∈ Φ(E)\ ∪i∈N (Φ ◦ ψi)(Rk). Then there exists x ∈ E such that y = Φ(x) and for any
i ∈ N and yi ∈ ψi(Rk), Φ(x) ̸= Φ(yi), i.e. x ̸= yi. Therefore Φ(E)\ ∪i∈N (Φ ◦ ψi)(Rk) ⊂
Φ(E\∪i∈Nψi(Rk)). Φ is Lipschitz-continuous on E with constant LE ≥ 0 and therefore using
(Ambrosio et al., 2000, Proposition 2.49 (iv)) we get

0 ≤ Hk
(
Φ(E)\ ∪i∈N (Φ ◦ ψi)(Rk))

)
≤ Lk

EHk
(
E\ ∪i∈N ψi(Rk)

)
≤ 0 ,

which concludes the proof.

Finally, we show that if a function is regular enough then its level-sets are countably
Hk-rectifiable.

Lemma 40 Let F ∈ C1(Rd,Rp) with d ≥ p and A ⊂ Rp compact such that F−1(A) is
compact and 0 ∈ int(A). In addition, assume that for any x ∈ F−1({0}), |JF (x)| > 0.
Then, there exists η > 0 such that for any t ∈ B̄∞(0, η), F−1(t) is countably Hd−p-rectifiable
and Hd−p(F−1(t)) < +∞.

Proof In this proof, we show that the level sets F−1(t) and F−1(s) are diffeomorphic for
t, s ∈ B̄(0, η). Then, we conclude upon combining Theorem 38 and Theorem 39. First, note
that F−1(0) is compact since it is closed in F−1(A) which is compact. There exists η0 > 0
such that for any x ∈ F−1(B̄∞(0, η0)), |JF (x)| > 0. Indeed, if this is not the case then
there exists (xk)k∈N with limk→+∞ F (xk) = 0 and |JF (xk)| = 0. Since 0 ∈ int(A) there
exists η′ > 0 such that F−1(B̄(0, η′)) is compact and therefore there exists x⋆ such that,
up to taking a subsequence, limk→+∞ xk = x⋆. Then F (x⋆) = 0 and JF (x⋆) = 0, which is
absurd. We define K0 = F−1(B̄∞(0, η0)) and K1 = F−1(B̄∞(0, η)) with η = min(η0/2, η′).
Note that K1 ⊂ int(K0).

Let G(x) = DF (x)DF (x)⊤. Note that for any x ∈ K0, G(x) is invertible. We define
{fi}pi=1 such that for any i ∈ {1, . . . , p}, fi : Rd → Rd with for any x ∈ K0

fi(x) = ∑p
k=1 hi,k(x)∇Fk(x) ,

with {hi,j(x)}1≤i,j≤p = G−1(x). In addition, we assume that fi(x) = 0 for any x /∈ K1. For
any x ∈ K1 and i, j ∈ {1, . . . , p} we have

⟨fi(x),∇Fj(x)⟩ = ∑p
k=1 hi,k(x)⟨∇Fk(x),∇Fj(x)⟩ = δi(j) .

In what follows, we let {gi}pi=1 such that for any i ∈ {1, . . . , p}, gi : Rd → Rd and
gi ∈ C1(Rd,Rd) such that for any x ∈ K1, gi(x) = fi(x) and for any x /∈ int(K1), gi(x) = 0,
such functions exist using Whitney extension theorem for instance, see Whitney (1934). In
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what follows, we fix t = (t0, . . . , tp) ∈ B̄∞(0, η). For any i ∈ {1, . . . , p} let Φi : R×Rd → Rd

given by Φi(0, ·) = Id and for any s ∈ R and x ∈ Rd

∂sΦi(s, x) = −gi(Φi(s, x)) .

For any i ∈ {1, . . . , p}, Φi is well-defined using Theorem 36. Therefore, we have for any
i ∈ {1, . . . , p} and s ∈ R, x ∈ Rd such that Φ(s, x) ∈ K1

∂sF (Φi(s, x)) = −(⟨gi(Φi(s, x)),∇F1(Φi(s, x))⟩, . . . , ⟨gi(Φi(s, x)),∇Fp(Φi(s, x))⟩) = −ei ,

where we recall that {ei}pi=1 is the canonical basis of Rp. We define Φ̄t : Rd → Rd such
that for any x ∈ Rd, Φ̄t(x) = x(p) with x(0) = x and for any i ∈ {0, . . . , p − 1}, x(i+1) =
Φi+1(ti+1, x(i)). Note that Φ̄t ∈ C1(Rd,R) is a diffeomorphism using Theorem 36. Using
Theorem 38, there exists t0 ∈ B̄∞(0, η,) such that F−1(t0) is countably Hd−p rectifiable. Let
s ∈ B̄∞(0, η). Using Theorem 39 and that Φ̄−s ◦ Φ̄t0 is a diffeomorphism between F−1(t0)
and F−1(s) we get that F−1(s) is countably Hd−p rectifiable, which concludes the first part
of the proof.

For the second part of the proof, we let R ≥ 0 such that F−1(A) ⊂ B̄(0, R). Since
B̄(0, R) is Hd-rectifiable we obtain using the coarea formula Theorem 41∫

B̄(0,R) |JF (x)|dx =
∫
Rp Hd−p(B̄(0, R) ∩ F−1(t))dt ≥

∫
B̄∞(0,η)Hd−p(F−1(t))dt .

Therefore, there exists t0 ∈ B̄∞(0, η) such that Hd−p(F−1(t0)) < +∞. Let Ψ = Φ̄−t ◦ Φ̄t0

and L ≥ 0 such that for any x ∈ F−1(t0) we have ∥dΨ(x)∥ ≤ L. Then, using (Ambrosio
et al., 2000, Proposition 2.49 (iv)) we have

Hd−p(F−1(t)) = Hd−p(Ψ(F−1(t0))) ≤ Ld−pHd−p(F−1(t0)) < +∞ ,

which concludes the proof.

We conclude this section with the area and coarea formulae.

Theorem 41 Let F : C1(Rd,Rp) be Lipschitz continuous, k ∈ N with k ≤ d and E ⊂ Rd be
a countably Hk-rectifiable set. Let φ : Rd → R measurable such that∫

E |φ(x)| JF (x)dHk(x) < +∞ ,

or assume that φ : Rd → [0,+∞). Then, the following hold:

• (Area formula) If d ≤ p then

∫
E φ(x)JF (x)dHk(x) =

∫
Rp

(∫
E∩F −1(y) φ(x)dH0(x)

)
dHk(y) .

• (Coarea formula) If k ≥ p then

∫
E φ(x)JF (x)dHk(x) =

∫
Rp

(∫
E∩F −1(y) φ(x)dHk−p(x)

)
dHp(y) .
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Proof These results follow from (Ambrosio et al., 2000, Theorem 2.91, Theorem 2.93)
combined with (Ambrosio et al., 2000, Exercise 2.12).

In particular, note that if F ∈ C1(Rd,Rd) is a Lipschitz diffeomorphism we have using
Theorem 41 that for any φ : Rd → R measurable such that∫

E |φ(x)| |JΦ(x)| dHk(x) < +∞ ,

the following change of variable formula with respect to Hk holds∫
E φ(x)JF (x)dHk(x) =

∫
Rd

(∫
E∩F −1(y) φ(x)dH0(x)

)
dHk(y) =

∫
F (E) φ(F−1(y))dHk(y) .

(99)
Note that in order for (99) to hold, E needs to be countably Hk-rectifiable.
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