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Abstract

Laplace-type results characterize the limit of sequence of measures (7).~ with density
w.r.t. the Lebesgue measure (dm./d\)(x) x exp[—U(x)/e] when the temperature e > 0
converges to 0. If a limiting distribution 7 exists, it concentrates on the minimizers of the
potential U. Classical results require the invertibility of the Hessian of U in order to estab-
lish such asymptotics. In this work, we study the particular case of norm-like potentials
U and establish quantitative bounds between 7. and my w.r.t. the Wasserstein distance
of order 1 under an invertibility condition of a generalized Jacobian. One key element of
our proof is the use of geometric measure theory tools such as the coarea formula. We ap-
ply our results to the study of maximum entropy models (microcanonical/macrocanonical
distributions) and to the convergence of the iterates of the Stochastic Gradient Langevin
Dynamics (SGLD) algorithm at low temperatures for non-convex minimization.
Keywords: Laplace methods, Geometric measure theory, Stochastic Approximation,
Entropy models

1. Introduction

Asymptotic expansions of integrals are ubiquitous in probability theory with applications
in simulated annealing (Gelfand and Mitter, 1993; Pelletier, 1998), Bayesian inference
(Haughton, 1988; Tierney and Kadane, 1986; Rue et al., 2009), statistical physics (Ellis
and Rosen, 1982) or chaos expansion (Korshunov et al., 2015). In this paper, we are inter-
ested in families of Gibbs probability measures 7. given by the density w.r.t. the Lebesgue
measure (dm./d\)(x) oc exp[—|| F(x)||¥/e], for any x € R?, where k € N and F': RY — RP
is some function with F(0) = 0. In particular, we derive non asymptotic bounds between
(7e)e>0 and m9 when € — 0.

Taking a step back, one way to deal with integrals of the form [pq exp[—U(z)/e]dz where
U: R? - Ry is to rely on Laplace-type techniques, see Bleistein and Handelsman (1975);
Olver (1997); De Bruijn (1981); Evgrafov (2020); Erdélyi (1956); Fedoryuk (1989); Bender
and Orszag (2013); Wong (2001) for instance. Assuming that U admits a unique minimizer
U(0) = 0 and under additional regularity conditions, it can be shown that if the Hessian of U
evaluated at 0 is invertible then [gpq exp[—U (x)/e]dx ~ Crre?/?, with explicit constant Cy >
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0 (series expansions are also available under similar conditions). This result on asymptotic
integrals can be immediately used to prove the convergence of probability measures with
density w.r.t. the Lebesgue measure (dm./d\)(z) x exp[—U(x)/e], see Hwang (1980) for
instance. However the invertibility of the Hessian is a restricting condition which is not
satisfied in the setting of this paper where U(z) = ||[F(z)||* in the case p < d.

When the Hessian V2U(0) is not invertible, the asymptotic integral expansion becomes
degenerate and is more difficult to analyze. However, several approaches have been proposed
in order to tackle this issue. For instance in Rytova and Yarovaya (2016) a multidimensional
version of the Watson lemma is established under restrictive conditions on the potential
U near its singularities. Another approach consists in integrating over the manifold of
minimizers and apply local change of variables Korshunov et al. (2015), see also Barbe
(2003); Breitung (2006). In particular, Korshunov et al. (2015) derives an asymptotic
integral expansion similar to the one obtained in the non-degenerate case, under some
invertibility condition of the minors of the Hessian. Similarly, Hwang (1980) uses the
tubular neighborhood theorem to obtain that m. converges to a limiting measure under
the assumption that the minimizers of U can be partitioned into a collection of manifolds.
Closer to the method introduced in the present paper, Combet (2006); Arnold et al. (2012)
propose to use the so-called Gelfand-Leray forms to tackle the non-degeneracy problem. By
integrating over the level sets it can be shown that

Jy (@) expl—U () /eldz = J7° expl—t/2)(fyy-1 oy #(@)wu(@))dt | (1)

where V is an open set, ¢ € C®(R% R) a test function and wy the so-called Gelfand-
Leray form associated with U. Then by establishing regularity properties for the functional
t— fU—l(t) o(z)wy(z) one can recover asymptotic integral expansion in the case where U
is analytic, see Combet (2006); Arnold et al. (2012). This theory does not rely on any
invertibility condition on the Hessian of U but the exponents appearing in the asymptotic
expansion are usually not available in closed form in general since their derivation relies on
resolution of singularities (Hironaka, 1964).

In this paper, we consider a different approach which also does not rely on invertibility
conditions on the Hessian of U at singularity points but allows us to derive quantitative
expansions. To do so, we restrict the set of functions U : R? — R, to the set of norm-like
functions, i.e. U is norm-like if there exists F' : RY — RP and k € N such that for any
r € RY U(x) = ||F(x)||* (however our results can be extended to general potentials U under
classical invertibility conditions on the Hessian of U). Instead of invertibility conditions of
the Hessian of U we require invertibility conditions on the generalized Jacobian of F' to
be defined below. The setting of norm-like potentials is of particular interest in machine
learning as it arises in many applications such as Variational AutoEncoders (VAEs) or
macrocanonical /microcanonical distributions, as we will discuss. Our approach relies on
tools from the geometric measure theory and in particular the coarea formula, see Ambrosio
et al. (2000) for instance. Indeed, using this formula we are able to establish a similar result
as (1) where the Gelfand-Leray form is replaced by a twisted Hausdorff measure v. By
establishing the Lipschitz regularity of the mapping ¢ fU*l(t)mV o(z)dv(x) we are able to
provide quantitative bounds for the integral expansion. This expansion is the key to our
main result which establishes quantitative bounds w.r.t. the Wasserstein distance of order
1 between 7. and a limit probability measure 7y for € > 0 small enough. Concurrently to
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this work, Bras and Pages (2021) establish similar quantitative results in the case where
the Hessian of U is invertible.

One of our main motivation for this study is the application of Laplace-type results to
maximum entropy distributions. In particular, using our quantitative bounds, we are able
to provide a link between two possible maximum entropy distributions commonly used in
statistical physics and image processing (Bruna and Mallat, 2018; De Bortoli et al., 2021).
Given a reference measure p and constraints F' : R? — RP it is possible to define the
microcanonical distribution, which corresponds to the probability measure my;. with the
minimum Kullback-Leibler divergence w.r.t. g and such that my;. is supported on the set
{r € RY : F(x) = 0}. Similarly, one can define the macrocanonical distribution with
level ¢ > 0 denoted 7, such that 7 ,. minimizes the Kullback-Leibler divergence w.r.t.
p and satisfies the integrability condition [pa ||F(z)|*dns,,.(z) = e. Using results from
information geometry (Csiszar, 1975) and under mild regularity conditions, % ,. can be
written as a Gibbs measure and its limiting behavior when ¢ — 0 can be investigated in
the context of asymptotic expansions of integrals. In this work, we show that the limit of
the macrocanonical distributions when € — 0 is a twisted microcanonical distribution and
propose an algorithm to asymptotically recover the original microcanonical distribution.
Another motivation for the study of the limiting behavior of distributions with norm-like
potentials comes from the study of the posterior of the latent variables in VAE. In particular,
we show that under assumptions on the decoding neural network, the posterior distribution

of a VAE concentrates with explicit rates.

Finally, we also consider the non-asymptotic study of Stochastic Gradient Langevin
Dynamics (SGLD) (Welling and Teh, 2011), a popular algorithm used to approximate the
minimizers of non-convex functions in a machine learning setting. Given a potential (or pop-
ulation risk) U : R — Ry which can be written for any € R? as U(z) = [, u(z, 2)dp(z),
we assume that we have access to an empirical version of this risk for any n € N and
2 = {2}, € Z™ given by U, (x, 2t™) = (1/n) X1, u(x, ;) as well as an unbiased esti-
mator of its gradient denoted g. Conditionally to the samples 2", SGLD corresponds to the
recursion associated with an unadjusted Langevin dynamics (Roberts and Tweedie, 1996;
Durmus and Moulines, 2017; Dalalyan, 2017) with target U, (-, 21") /e for a small value of
e > 0 and where the gradient of U, (-, z!™) is replaced by its unbiased estimator g. Since
the invariant measure of the underlying Langevin diffusion is given by 7. with density w.r.t.
the Lebesgue measure (dm./d\)(x) o< exp[—Uy(x, 21™) /] we obtain that for small values of
the parameter ¢ > 0, the samples (X )ren are approximately concentrated around the min-
imizers of U, (-, 2. In existing works on SGLD (Raginsky et al., 2017; Chau and Rasonyi,
2019; Gao et al., 2018; Erdogdu et al., 2018; Nguyen et al., 2019; Xu et al., 2017) all quan-
titative theoretical guarantees are obtained w.r.t. the sequence of (E[U(Xk)])ken. On the
contrary, we characterize the limiting distribution of SGLD and establish non-asymptotic
quantitative bounds between SGLD and this limit. Finally, we show that the support of the
limiting distribution is included into (but not necessarily equal to) the set of minimizers of
U when n is large. This last result relies on the notion of thermodynamic barrier which we
introduce in the context of integral expansion. To our knowledge this is the first time that
the importance of such a barrier to derive parametric Laplace-type results is highlighted
(as opposed to the kinetic barrier which is a well-known quantity in simulated annealing
(Hajek, 1988)).
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To summarize, our main contributions are three-fold:

(i) We establish quantitative bounds between 7. and 7y under the assumption that the
potential U is norm-like and additional regularity conditions. In particular we provide an
upper-bound between 7. and my w.r.t. the Wasserstein distance of order 1. We emphasize
that our results also hold under the more classical invertibility condition on the Hessian of

U. We show a first application of our results with a study of the concentration of posteriors
in VAEs.

(ii) We apply our results to show that under mild conditions the limit of a natural class
of macrocanonical distributions is not the original microcanonical distribution. However,
we prove that a twisted sequence of macrocanonical distributions converges to the micro-
canonical distribution. This observation allows us to construct a Langevin-based algorithm
in order to sample from this distribution. We illustrate our method in low-dimensional
settings.

(iii) Finally, we apply our theory to study the behavior of the iterates of SGLD in the
context of non-convex optimization. In particular, we characterize the limiting distribution
of SGLD at low temperature and show that it concentrates on the minimizers of the popu-
lation loss for a large number of samples using the notion of thermodynamic barrier. Note
that in this study, we no longer assume that U is norm-like but instead rely on invertibility
conditions on the Hessian of U.

The rest of the paper is organized as follows. In Section 2 we present our main re-
sults, i.e. quantitative bounds between 7. and the limiting distribution 7. In Section 3,
we present our two main applications: the links between the macrocanonical and micro-
canonical maximum entropy distributions in Section 3.1, and a study of the convergence of
SGLD for non-convex minimization in Section 3.2. The proofs of our results are gathered
in Section 4.

Notation

Let d € N*. We denote {e;}¢_; the canonical basis of R%. Let (-,-) be the Euclidean scalar
product over R%, and ||-|| be the corresponding norm. We denote B(z, r) the ball with center
r € R? and radius 7 > 0 w.r.t. the norm | - ||. Similarly, we denote Boo(z,7) the ball with
center x € R? and radius 7 > 0 w.r.t. the norm || - ||oo given for any = = (21,...,24) € R?
by e = SUpicr,.. g il

Let A C RY, we denote diam(A) = sup, ,ea ||z — y|| its diameter and A® its complemen-
tary set. Let B(RY) denote the Borel o-field of R?. Let U be an open set of R, n € N*
and let C™(U,RP) be the set of the n-differentiable RP-valued functions defined over U. If
p = 1 we simply denote C*(U). Let f € C'(U), we denote by V£ its gradient. Furthermore,
if f € C?(U) we denote V2f its Hessian and Af its Laplacian. By convention we denote
VOf = f. We also denote C(U,RP) the set of continuous functions defined over U. Let
f:A— RP with p e N* and A € R%. The function f is said to be L-Lipschitz with L > 0 if
for any x,y € A, ||f(z) — f(y)|| <L|jz — y||. Let F: R? — RP such that F is differentiable
at 2 € R? and denote DF(z) = (0 Fi(7))icq1,...py jef1,....ay the Jacobian matrix of F' which
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is a p x d matrix. We define the generalized Jacobian JF : R? — R, given for any 2 € R?
by

det(DF(z)DF(x)T)Y/? | if d > p,
JF(z) = T 1/2 :
det(DF(z) DF(x))'/*, if d < p.

Finally, if F € C/(R%,RP) with £ € N, we define D/F for any j € {1,...,¢}, recursively
by D’*'F = D(D/F). Note that for any j € {0,...,¢}, D/F can be represented as a
pxdx---xdtensor (where d appears j times) with symmetric last j coordinates. Hence,
we can define DJT'F'T the tensor where the first and last dimension have been exchanged,
which is a d x ...d x p tensor. If p = 1 then, we write V/F = DJ/F for any j € {1,...,/}.

Let (X, X) be a measurable space. We denote by F(X) the set of the X' /B(R)-measurable
real functions over X. Let M(X) be the set of finite signed measures over X' and let
w e M(X). For f € F(X) a u-integrable function we denote

plfl = Jx f(@)dp(z) ,

the integral of f w.r.t. to u when it is well-defined. We also define Z(X,X) the set of
probability measures over X and when there is no ambiguity on the sigma-field we simply
denote it by £(X). We denote by A the Lebesgue measure on R%. Let (X, X) and (Y,))
be two measurable spaces. A Markov kernel K is a mapping K : X x ) — [0, 1] such that
for any z € X, K(z,-) € Z(Y,Y) and for any A € ), K(-,A) is measurable.

Let p,v € 2(X,X). A probability measure ( € Z(X x X,X ® X) is said to be a
transference plan between p and v if for any A € X, ((Ax X) = p(A) and (X x A) = v(A).
We denote by T(u,v) the set of all transference plans between p and v. We define the
Wasserstein metric/distance of order ¢ > 1 Wy(u, v) between p and v by

WK(:“’? V)é = infCGT(u,V) fX2 ||.ZU - y||£dC(:E,y) .

We denote H" the Hausdorff measure of order r > 0, given for any A C R? by H"(A) =
lims_,o H"°(A), where for any § > 0 we have

’Hr"s(A) = inf{(a/2") Y ey diam(U;)" © A C UjenU; , diam(U;) <6},

where ;. = 7"/?/ ['(5 + 1) with I' the usual Gamma function. Basic facts on the Hausdorff
measure are gathered in Appendix C. Finally, we denote by Poly(k, A) the set of polynomials
of k € N variables with coefficients in A C R.

2. Limit theorems

In this section, we state our main theorem and draw links with previous approximation
results for probability integrals. Let k € N, £ > 0, F : R? — R? with d,p € N* such that
for any € € (0,€), [ga exp[— |F(x)||" /e]ldz < 4+o0c. For any ¢ € (0,8), we define 7, € 2(R?)
such that for any A € B(RY)

me(A) = [ exp[— | F(2)]" /E]dw/fRd oxpl— | F(x)||* /e]de . (2)

Our goal is to study the behavior of m. when ¢ — 0. In particular, we identify a limit
70 € P(RY) and derive non-asymptotic convergence bounds. For any A € B(R?) we let
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(when it is well-defined)
70(A) = [r-10)na JF (z)~ - min(dr) (x)/fFfl(o) JF (z) "t min@r) (g)

In what follows we consider the following assumption on F' which implies that 7. is well-
defined for any € > 0.

H1 F € C®°(R%RP) and F(0) =0. For any x € F~1(0), JF(x) # 0. There exist m, ot > 0
and R > 0 such that for any x € R® with ||z|| > R, ||F(z)| > m|z| .

A few remarks are in order. First, the assumption F'(0) = 0 is only technical and can
be replaced by F~1(0) # (). Similarly, the smoothness assumption F' € C®(R¢, RP) allows
us to avoid some technicalities in the proofs but can be relaxed. Second, we assume that
x — ||F(z)] grows at least polynomially when ||z| — +o00. This condition can also be
relaxed to handle sub-polynomial growth at infinity. However, changing the rate of growth
might affect the quantitative convergence properties of (7¢)e>0 towards my. A study of sub-
polynomial growth is left for future work. Finally the assumption that for any = € F~1(0),
JF(x) # 0 is necessary in order to define 7.

Theorem 1 Assume H1. Then for any ¢ > 0, 7. is well-defined. Let U C R? be open,
bounded and such that F~(0) C U. Let ¢ € C(R%,R) and C, > 0 such that for any x € RY

()| < Cpexp[Cy 2| **] 3)

with o« > 0 defined in H1 and k € N* in (2). Then lim._,q |7:[p] — mo[p]| = 0. In addition,
if @ is My ,-Lipschitz on U with My , > 0, then there exist A € C(Ry,Ry),e € C(R4,Ry)
such that for any € € (0,£(C,)) we have

T[] — mole]| < A(Csa)(l + Mo, + Ml,ap)el/k )

with My, = sup{|p(z)| : = € U}, A& functions that do not depend on p, A is non-
decreasing and € is non-increasing.

Proof We provide a sketch of the proof. The whole proof is postponed to Section 4.1.
We first start by showing that we can restrict our study to versions of 7. and my with
truncated support. This is done by studying the decay of m.(K®) where K is some compact
set. Then our study differs depending on if d > p or d < p. If d > p then we use tools from
geometric measure theory, and in particular the coarea formula in combination with the Lip-
schitz property of applications of the form ¢ +— [ F-1(1) ®(x)dH4P(z) for regular mappings
®. More precisely, we apply the coarea formula with the mapping F'. Doing so, we have
Juexp[=[|F(@)[[*/e]p(x)de = [y exp[~[[t]* /€] [p-1 ) (@) IF ()" dH P (2)dt, where U,V
are two open sets. Hence, controlling the regularity of ¢ — [p_1 () JF (x) " tdHIP(x)
is the key to control the convergence rate. In the case d < p we adapt arguments from
Morse theory and Laplace theory to derive quantitative bounds on |m.[p] — mo[¢]|. These
analyses are first conducted with smooth test functions ¢ € C'(R% R) and then we relax
this hypothesis using smoothing arguments. |

We highlight a few key points from this theorem and draw links with the existing
literature.
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(a) Our result is related to the Laplace-type convergence results of Wong (2001); Korshunov
et al. (2015); Barbe (2003); Breitung (2006); Bleistein and Handelsman (1975); Olver (1997);
De Bruijn (1981); Evgrafov (2020); Erdélyi (1956); Fedoryuk (1989); Bender and Orszag
(2013). In these works, the authors study integrals of the form [p4 ¢(z)exp[—U(z)/e]ldx
in the limiting case where ¢ — 0 under regularity assumptions on U and ¢, and the non-
degeneracy condition that for any = € argmings U, V2U(z) is invertible. We say that
U: RY - R, is norm-like with exponent 2 if there exist p € N* and F : RY — RP such
that U(z) = ||[F(z)||>. In this case, and under additional regularity assumptions, we have
for any = € RY
V2U(z) = 2D*F(z) " F(z) + 2DF(z) "DF () .

In particular for any z € F~1(0), V2U(x) is invertible if and only if JF(z) # 0 which is
precisely the non-degeneracy condition imposed in H1 (note that this directly implies that
d < p). For any U € C3(R%,R,) with Lipschitz third order derivatives, there exist p € N*
and F € C1(R?% RP) with Lipschitz derivatives such that for any = € R%, U(z) = ||F(x)||%,
see Bony et al. (2006); Fefferman and Phong (1978). Hence, our restriction to functions
U: R = Ry of the form U = ||F||* for some F : R* — RP with p,k € N* is not too
constraining under additional regularity assumptions.

(b) We emphasize that our results can be extended to a general potential U € C>°(R% R,)
if the Hessian of U is invertible on the set U~1(0), thus recovering the usual setting of
Laplace-type convergence results.

(c) As highlighted previously, we aim at providing quantitative bounds for |m.[p]| — mo[¢]|.
In the case where d < p we adapt classical arguments from Morse and Laplace theory.
Our main contribution is the use of geometric measure theory to cover the case d > p
which cannot be treated with classical Laplace arguments. The case d > p is of particular
interest in machine learning applications requiring to sample from distributions of the form
(dm/d\)(z) o exp|[— ||F(z)||?], where F : R? — R is an encoder neural network with d > p.
In Section 3.1 we investigate this situation in details in the case of generative modeling with
macrocanonical and microcanonical distributions.

(d) We notice that choosing k£ > 1 hinders the convergence towards mo[¢]. The intuition
behind this result is that for large values of k € N it is harder to distinguish global minimizers
from their neighborhood (for example in the case where F'(x) = x and d = p = 1, we have
that ||F(0.1)||' = 0.1 whereas || F(0.1)||3 = 1073).

(e) Finally, in Raginsky et al. (2017) we have that 7. [U] — minga U < Ce under mild
assumptions. In the case where U = || F||? our results suggest that 7. [U] —mings U < Cel/?
which appears to be suboptimal. However, our result is more general as it is valid for every
locally Lipschitz function. In order to recover the rate O(e) one must modify the proof
of Theorem 1 to leverage the fact that VU (x) = 0 for any x € R? which is a minimizer
of U. More precisely, under the assumptions of Theorem 1 and if ¢ € C*®(R% R) with
Vép(x) = 0 for any £ € {0,...,p} with p € N and x € R? which is a minimizer of U, we get
that |r.[¢] — moli]| < Cpe1H9)/2,

As a by-product of Theorem 1 we obtain the following corollary which establishes quan-
titative bounds for the Wasserstein distance of order 1 between 7. and mg.
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Corollary 2 Assume H1. Then for any € > 0, w. is well-defined. In addition, there exist
A1 >0 and € > 0 such that for any € € [0,€) we have

Wi (me,mo) < Age'/*
where we recall that k € N* is defined in (2).

Proof Denote Lip = {p : R - R : |p(z) —o(y)| < ||z —y| , for any z,y € RI}.
In addition, denote Lipy = {¢ : R? = R : |p(z) —p(y)| < ||z —y| , for any x,y €
RY, ©(0) = 0}. First, using (Villani, 2009, Theorem 5.10) we have for any ¢ > 0.

Wi (e, m0) = sup{m:[p] — molp] : ¢ € Lip} = sup{[n:[¢] —molp]| : ¢ € Lipg} .  (4)
Let r = ok and B, = [1/r]. For any ¢ € Lip, and x € R? with ||z|| > 1 we have

BrexplBy l|™] = 87 /(B:) [l = Nall = lo(x)] -

Similarly, if ||z|| < 1 we have that |p(z)] < 1 < B.exp|B, ||z]]]. Hence for any x € R?
lo(z)] < Brexp[By ||z||]. For any ¢ € Lip, we have M , = 1. In addition, the set F~1(0) is
compact since lim; |4 [|[F(7)[| = +00 and F' € C(R?,RP). Therefore there exists R > 0
such that F~1(0) C B(0, R). In particular, note that U = B(0, R) is open and bounded. We
have that for any ¢ € Lip, and z € U

()] < [lzfl < R .

Therefore we get that My, = R. Combining these results with Theorem 1 we have for any
¢ € Lipg and € € [0,&([1/7]))

Imeli] = molpll < A(Co)(L+ Moy + My p)et/t < 24(T1/r])(1 + R)eV/™

We conclude the proof upon combining this result and (4). |

Concurrently to our work, Bras and Pages (2021) establish similar quantitative bounds
w.r.t. the Wasserstein distance of order 1 without the norm-like assumption on the potential
U but assuming that the Hessian of U is invertible on argmin{U(z) : 2 € R?}, see
(Bras and Pages, 2021, Lemma 4.6). To do so, the authors derive estimates of the form
Wi (7, mey) < C’|€§/2 - 51/2\ with C > 0 for €1,e2 > 0 using a coupling lemma and results
from Morse theory. The final bound is obtained by letting eo — 0 in the previous inequality
and the fact that lim._,om. = my weakly. Theorem 2 extends these bounds to the case
where the Hessian of U is no longer invertible under a norm-like condition on the potential.

Also, note that Hwang (1980) establishes that lim._,o7m. = w9 weakly without any
norm-like assumption on U under the condition that C* = argmin{U(z) : 2z € R%}
can be partitioned into a collection of manifolds and that for any x € C*, the Hessian of
U along the normal plan to the manifold associated with z is invertible (we denote by
VZU(x) this quantity). In Theorem 23, we show that if U = | F||?> then we have that
det(VZU(z)) = JF(z)? for any * € F~1(0). Hence, the invertibility condition can be
written as: for any x € F~1(0), JF(z) # 0 similarly to H1 and the limiting measure
identified by Hwang (1980) is exactly m.
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The next result is an extension of Theorem 1 where, given k € N*, ¥ : RY — R, 7, is
replaced by 7Y defined for any A € B(R?) by

RA) = fy (@) expl [F@)I* Jelda | frs V@) expl— [F@)* fedda . (5)
Similarly, for any A € B(R?) we let (when it is well-defined)

T (A) = fos oyon W (@)IF () 1AHA 0D (@) ] [ o () I () dH ) ()
(6)
We consider the following assumption on ¥ which ensures that 7721’ is well-defined for € > 0
when combined with H1.

H2 U e C(RYRy), there exists Cy such that for any x € RY, U(x) < Cyexp[Cy ||2[|**]
and ¥(x) > 0 for any x € F~1(0).

Note that in H2, o > 0 is given in H1 and k& € N* is given in (2). Under this assumption,
we derive the following quantitative bounds.

Theorem 3 Assume H1 and H2. Then for any e > 0, n¥ is well-defined. Let U C RY be
open, bounded and such that F~(0) C U. Let ¢ € C(R%,R) and Cy, > 0 such that for any
r € RY

()| < Cpexp[Cy 2| ™*] (7)

with « > 0 defined in H1 and k € N* in (2). Then lim._,q
if ¢ and ¥ are respectively My ,-Lipschitz and M g-Lipschitz on U with M ,, Mg > 0,
then there exist A € C(Ry,Ry), € € C(Ry,R%) such that for any e € (0,6(C,)) we have

72 p] — 7y [gp]’ = 0. In addition,

|7r§' [¢] — 77(\JII [¢]] < A(Cw)(l + Mo, + M17<p)51/k )

with Moy, = sup{|p(x)| : © € U}, A, & functions that do not depend on p, A non-decreasing
and € non-increasing.

Proof The proof is postponed to Section 4.1. [ ]

The same remarks formulated after Theorem 1 hold for this extension. In particular the
norm-like assumption on U can be omitted and replaced by a classical invertibility condition
on the Hessian at U~1(0). Note that Theorem 1 is a direct consequence of Theorem 3 upon
letting ¥ = 1. Reciprocally, we do not have that Theorem 3 is a consequence of Theorem 1
upon replacing ¢ by ¢W. Indeed, it must be noted that, contrary to ¢, ¥ also appears
in the normalizing constant of 7¥. An important consequence of Theorem 3 is the case
where for any x € RY, ¥(x) = JF(z). Indeed, doing so we obtain that 7y is the uniform
distribution on F~1(0), i.e. the maximum entropy distribution with support F~1(0). We
discuss this special case in Section 3.1. Similarly to Theorem 2 we can also establish the
following corollary.
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Corollary 4 Assume H1 and H2. Then for any ¢ > 0, ¥ is well-defined. In addition,
assume that U is Lipschitz continuous. Then there exist As > 0 and € > 0 such that for
any € € (0,€) we have

Wl(ﬂg,ﬂ'ap) < A281/k y

where we recall that k € N* is defined in (2).

Proof The proof is similar to the one of Theorem 2. |

We conclude this section with a first application of our results to the study of the
concentration of the posterior of a Variational AutoEncoder (VAE). Let p,d € N with d > p.
Assume we have access to a dataset 1., = {x;}1-, € (RY)" with n € N such that {z;}?, are
i.i.d. samples from pu € Z(R%) a target data distribution. We consider a generative model
to approximately sample from p defined as follows: let n be an easy-to-sample distribution
in RP with density p, and for any z € Z, let pg(-|z) = N (mp(z),e1d /2) with € > 0 and
mg : RP — R? given by a neural network ! with parameters § € ©. The generative model
is trained by maximizing an Evidence Lower Bound (ELBO) which requires introducing an
encoding probability distribution. Assuming that the generative model is trained we obtain
a set of parameters 0* € © and the generative model is then given for any = € R% by

Po+ (%) = Jpo Py (2)po- (2[2)dz .

For encoding purposes, we are also interested in the posterior distribution given for any
z € RY z € RP by pg«(2|x) = py(2)pe-(x|2)/pe(z). Note that for any z € R? and
A € B(RP) we have

Japo(zl)dz = [5 py(2) exp[—|lz — mg(2)[1?/e]dz/ o Py() expl—lz — mo(2)]?/e]dz .

In particular, we have that for any € RY the distribution 7, . with density pg«(-|x) is of
the form (5) with ¥ < p, and F,(2) = x — mg(z). Under H1 and H2, we define 7, such
that for any A € B(RP)

T20(A) = fru1 0yna Pr(2)IFu(2) HdHO(2) / S ey Po(2)TFe(2) 71 AHO(2)

Assuming that p, is Lipschitz, we can apply Theorem 4 and there exist Ay, > 0 and £; > 0
such that for any € € (0,£,) we have

W1(7r17,577r:v,0) < A2,151/2 .

This result provides quantitative convergence bounds for the posterior distribution pg«(+|z)
towards a limiting distribution 7, . Note that m, o will assign more mass on the points
where (a) the prior distribution p is high ; (b) the generalized Jacobian is small, i.e. the
mapping mg« does not fluctuate too much around z € m;} (z).

1. Note that in practice the covariance matrix is also parameterized by a neural network but for simplicity
we keep it fixed.

10
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3. Applications

In this section, we present two applications of our results. First, we draw links between two
different maximum entropy distributions in Section 3.1. Then, we study the convergence of
SGLD for non-convex minimization in Section 3.2.

3.1 Maximum entropy distributions
3.1.1 MAXIMUM ENTROPY DISTRIBUTIONS

Let X C R be a compact space with int(X) # @ and G : X — RP measurable. The maximum
entropy distribution with constraint G is denoted 7gy and is given by

TEnt = argmax{H (7) : m € Z\(X), 7[|G||]] < +o0, 7[G] =0}, (8)

where ) (X) is the set of probability measures on X which admit a density w.r.t. the
Lebesgue measure, 7[G] = [x G(z)dn(z) and H(7) = — [y log(dm/d\)(z)dn(x) for any
7 € P\(X), where X is the Lebesgue measure on R?. Note that H(7) is well-defined (but
can be infinite) since X is compact and in this case KL(7|u) = —H (7) + log(A(X)), where
1 is the uniform measure on X and we recall that A is the Lebesgue measure.

Such maximum entropy distributions naturally arise in many areas such as statistical
physics (Jaynes, 1957; Bruna and Mallat, 2018), econometrics (Golan, 2008), generative
modeling (Portilla and Simoncelli, 2000; Lu et al., 2016; De Bortoli et al., 2021), rein-
forcement learning (Ziebart et al., 2008) or image processing (Geman and Geman, 1984;
Desolneux and Leclaire, 2017). In texture synthesis applications such as Lu et al. (2016);
De Bortoli et al. (2021), the feature mapping G is given by a pretrained neural network as
in Gatys et al. (2015). In what follows, we introduce two extensions of (8). More precisely,
we use the analogy between the maximization of the entropy and the minimization of an
appropriate Kullback-Leibler divergence to extend (8) on non-compact spaces, following
De Bortoli et al. (2021).

Macrocanonical distributions Given € Z(R%) and G : R? — RP measurable, we say
that 7 € 2(R?) is a macrocanonical distribution (Bruna and Mallat, 2018) with reference
measure g and constraint G if it satisfies

7 € argmin{KL(r|p) : 7 € ZRY), n[|G||] < +oo, 7[G] =0} .

Using results from information geometry (Csiszdr, 1975) any macrocanonical distribution
can be written as an exponential distribution under mild assumptions.

Proposition 5 ((De Bortoli et al., 2021)) Assume that G € C(RY,RP) and that there
exist o, p,n > 0 with B > o such that

sup{[[G(@)|(1 + [|2]|*)™! + z € RT} <400, fpaexp[nlla]|Pldu(z) < +oo.

In addition, assume that for any 6 € RP with ||0| = 1, we have u({x € R : (0,G(z)) <
0}) > 0. Then there exists a unique macrocanonical distribution with constraint G and
reference measure . denoted 7. In addition, there exists 8% € RP such that for any = € RY

(dm*/dp)(x) = exp[—(0*, G(x)) — L(0*)],  L(0*) = log [ga exp[— (0", G(x))]dp(z) .

11
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We refer to De Bortoli et al. (2021) for a relaxation of these conditions and a detailed
study of the macrocanonical distribution. Theorem 5 ensures that macrocanonical distri-
butions can be written as Gibbs measures. We emphasize that these distributions satisfy
a constraint in expectation. An alternative way to define maximum entropy distributions
under constraints is to ensure almost sure equality. This tighter constraint yields new
maximum entropy distributions called microcanonical distributions.

Microcanonical distributions A microcanonical distribution 7 € 2(R%) with refer-
ence measure i and constraint GG can be defined as

7% € argmin{KL(n|u) : 7 € ZRY), n[|G|]] =0} . (9)

We emphasize that imposing (9) is equivalent to impose that 7* has minimum Kullback-
Leibler divergence w.r.t. p among all distributions which satisfy G = 0 almost surely. Note
that if there exists a microcanonical distribution 7* with KL(7*|u) < 400 then p(A) > 0
where A = {z € R? : G(z) = 0} and in this case 7 = u(- N A)/u(A). In what follows,
we will say that 7* is the uniform microcanonical distribution with constraint G if G~1(0)
is compact with H4™n(4P) (G=1(0)) < 400 and 7* is the uniform distribution on G~1(0),
i.e. for any A € B(R?), we have

T (A) = Jg-1(0)na AHTRER) () /4= minldD) (G1(0)) . (10)

Note that contrary to macrocanonical distributions which admit a representation as
a Gibbs measure, see Theorem 5, the microcanonical distributions are concentrated on
the set G71(0). In the next section, we draw links between these two maximum entropy
distributions.

3.1.2 FROM MACROCANONICAL TO MICROCANONICAL

In order to draw links between macrocanonical and microcanonical distributions we consider
a specific sequence of macrocanonical distributions associated with the constraint of the
form G, = ||F||> — € for ¢ > 0, and where F : R? — RP. Let u € Z2(R?) be a reference
probability measure. Under the conditions of Theorem 5, we define a family of measures
{pe}e>0 such that for any € > 0, p. is the macrocanonical distribution associated with G.
and . More precisely, for any € > 0, there exists 6, € R such that for any 2 € R?

(dpe/dp)(z) = exp[—0c[| ()| = Le] ,  Le = log [pa exp[—0c || F'(x)|*|dp(x) -

Our goal is to study the behavior of the family {p:}s>0 when ¢ — 0. In particular, we show
that there exists a reference measure p such that the limit mp = lim._,q p. exists where mg
is the uniform microcanonical distribution (10). We start with the following proposition
which ensures that lim._,g 0. = +oo with linear rate.

Proposition 6 Let y € Z(R?) and F: RY — RP. Assume that the conditions of Theo-
rem 5 with G. = || F||? —¢ for any e > 0 are satisfied and let p. be the macrocanonical distri-
bution with constraint G. and reference measure p. Assume that there exists U : R? — R,

such that p admits a density w.r.t. the Lebesgue measure given by V. In addition, assume
that H1 and H2 hold. Then, we have that 0. ~._0 p/(2¢).

12
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Proof We provide a sketch of the proof. The whole proof is postponed to Section 4.2. In
the case where d > p we use tools from geometric measure theory to derive an equivalent of
Jga ¥ (2)||F(z)|? exp[—|| F(x)||?/e]dz when ¢ — 0 akin to Theorem 12. In the case d < p,
using Morse lemma and classical Laplace analysis we show a similar result. We conclude
upon combining these results and that p.[||F||?] = e. [ |

Note that the equivalence in Theorem 6 does not depend on the reference measure .
In Section 4.2, we prove an extension of Theorem 6, see Theorem 18. In particular we show
that G. = ||F'||?> — ¢ can be replaced by G = || F||¥ —¢ with k € N* under similar conditions.
In particular, we get that for any k € N*, 0. ~._,o Cx/e with Ci explicit if £ = 2. Finally
note that under the same conditions as Theorem 6, we have that 72 [||F||?] ~c0 p/(2¢),
where we recall that for any £ > 0 and A € B(R?)

= Ja () exp[—||F(x)|[* /e]dz/ [pa U (z) exp[—[|F(z)|* /e]dz

This comes from the facts that p. = 7796 and p.[||F|? ] =

The following proposition establishes quantitative bounds w.r.t. the Wasserstein of
order 1 between {p.}e~o and a limiting measure. We obtain this result upon combining
Theorem 6 and Theorem 2.

Proposition 7 Assume the same conditions as Theorem 6. Then there exist £ > 0 and
As > 0 such that for any ¢ € (0,&] we have

Wi (p€77r0) < Age 12
where my is given in (6).

Theorem 7 establishes quantitative bounds between the family of macrocanonical dis-
tributions {pe}e~0 and a limiting distribution 7y . Note that this limiting distribution is
not the uniform microcanonical distribution 7* defined in (10) in general, even though it is
supported on the set F~1(0). However, it is possible to sample from this 7* by choosing u
such that for any z € F~1(0), ¥(z) = (du/d\)(z) = JF(z).

3.1.3 SOME SIMPLE EXPERIMENTS

Methodology In this experimental section we consider two simple examples of functions
F:R?* 5 RP with d =1 or 2 and p = 1. We consider the associated distributions {me}es0
and {7Y}.~0 and their limit as ¢ goes to 0, showing in particular that for ¥ = JF, it
converges to the uniform microcanonical distribution that is the uniform distribution on
F~1(0). We also check experimentally the scaling relation of Proposition 6.

Zeros of a polynomial In this first example, let P : R — R be a polynomial. We are
interested in the zeros of P, and, more precisely in sampling in a uniform way on the set
of the zeros of P. Using the notations of the previous sections, we set F' = P. For ¢ > 0,
let us define the two distributions, with respective densities with respect to the Lebesgue
measure on R given for any x € R by

(dre/dN) (x) = exp[—F(2)?/e]/ [ exp[—F(7)?/e]d ,
(A /dN)(z) = JF (x) exp[—F(x)*/e]/ Jp JF (&) exp[—F(2)?/e]dz ,

13
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where for any = € R, ¥U(z) = JF(z) = |P/(x)|.

In Figure 1, we display the polynomial P where for any x € R, P(x) = z(x — 0.5)(x —
1.7)(z — 2.5). We also check numerically the scaling relation of Proposition 6. Then, in
Figure 2, we illustrate the different behaviors of 7. and 7Y when ¢ is small (¢ = 1073 in
our experiments). We also present the histograms obtained using of N = 10* independent
samples of 7. and of 773’ . These samples were simply obtained by the numerical CDF
inversion method. The stars indicate the target limit distributions (that is the uniform
distribution on the zeros of P for the limit of 7Y).

polynomial function F=P

Checking the scaling

0.012

0.006

0.004 »”

0.002 o

2 | . . L L . o le* L 1 I . 1
05 0 05 1 15 2 25 3 35 0 0001 0002 0003 0004 0005 0006 0007 0008 0009 001

X parameter ¢

Figure 1: Left: graph of the polynomial x — P(x), that has 4 zeros. Right: verifying the
scaling relation of Theorem 6 by plotting & + 27.[P?], which is equivalent to ¢
as € goes to 0.

Two-dimensional ellipse In this second example, we consider the function F' : R? — R
given for any x = (z1,72) € R? by F(z) = a12? + asx3 — 1 with aj,az > 0. For € > 0, we
define m. and 7721’ whose densities w.r.t. the Lebesgue measure are given for any = € R? by
(dme/dX)(z) = exp[~||F(2)[*/€]/ g2 exp[~||F(2)?/e]dz
(drf’ /dN)(x) = TF(z) exp[~||F(2)[* /€]/ fg2 IF (%) exp[~|| F(2)|]*/e]dz .

To sample from 7. and 7, we use two Markov chains given by the Unadjusted Langevin

Algorithm (Roberts and Tweedie, 1996; Durmus and Moulines, 2017; Dalalyan, 2017), given
respectively by Xo, Yy € R? and the recursions

Xnt1 = Xo = Y(VIFI}(X0)/2) + 2y Znt1

Yop1 = Yo —2(VIFIP(Ya)/e = Vg JF(Yn)) + /27 Zns1

where v > 0 is a stepsize and {Z, },en is a family of independent Gaussian random variables
with zero mean and identity covariance matrix. For any = € R? we have

JF(z) = 2(a22? + a2a2)Y/2 | V|| F|*(z) = 2F (2)VF(z) = 4(a12? + azz3 — 1) ( Z;i; ) :
Q/QZL'Q

2
Viog JF(z) = (a?x? + a3x2)~! < a%xl ) .

14
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Distribution r_ Distribution wj’

Histogram of samples from ™, Histogram of samples from n:I'

4000 4000
2.5 3 3.

Figure 2: Distributions 7. and 7Y (first line), and histogram of their samples from them
(second line). This experiment shows that the limit distribution of 7 as € goes
to 0 is the uniform microcanonical distribution given by the uniform distribution
on the zeros of P.
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The set F~1(0) is an ellipse, of cartesian equation a12? + asz3 = 1 and has a polar
parametrization given for any 6 € [0, 27) by

7(0) = (as + (a1 — ag) cos? )'/2

This is not an arc-length parametrization, and the infinitesimal length of the curve element
between 6 and 6 + df is given by ¢(0)df where for any 6 € (0,27 we have

00) = (r(0)% + 7 (0)*)/2 = (a2 + (a? — a2) cos? 0)2(ay + (a1 — ag) cos® 0)™3/2 .

In Figure 3, we set a1 = 1, as = 4, ¢ = 1073, v = 1075, N = 9 x 107 iterations in the
Markov chains, and histograms with bins of size 0.057t. In Figure 3, we compare two different
histograms: the ones of the angle values (6) for the points of the chain X, (diamonds), of the
chain Y, (stars), and the two distributions with density § — £(0)/ |™_£(8)d6 (black curve)
and 0 — L(0)JF(0)~1/ [T £(0)JF(0)71dd (red curve). Note that 8 — £(0)/ ™ £(0)d0
corresponds to the Hausdorff measure on the ellipse pushed by the polar parametrisation
0 — r(0), i.e. the uniform microcanonical distribution pushed by 6 +— r(6). We observe
that the Markov chain corrected with the generalized Jacobian indeed achieves the uniform
microcanonical distribution on the set F~1(0). Finally, we also check experimentally in
Figure 4 the scaling relation of Proposition 6.
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Angular distribution Iterates of the Langevin dynamics, and the ellipse
0.08 T T T ! ! !

o Histogram of samples from T
* Histogram of samples from nf'

Arclength on the ellipse
0.06 - | Angular law of samples from ™ q

0.4

g

-02

04

Figure 3: Left: histogram of angles of the samples (X,,)nen and (Y, )nen, showing that wY
is close to the uniform distribution on the ellipse for small values of ¢ > 0. Right:
the trajectory of the first 10° samples of Y;, (with a burnin of 10? iterates).

Checking the scaling
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Figure 4: Checking the scaling relation of Proposition 6.
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3.2 Non-convex minimization
3.2.1 NON-CONVEX SETTING AND RELATED WORK

In this section, we consider the following minimization problem:
find 2* € argmin{U(z) : = € R},

with U € CHR% R) and argmin{U(z) : = € R?} # (. Here, we do not assume that U
is convex. Hence, classical first-order optimization schemes such as gradient descent might
get trapped in saddle points. Adding isotropic Gaussian noise to this dynamics circumvents
this issue, see Brandiere and Duflo (1996); Pelletier (1998) for instance. The algorithm is
then given by the following recursion: Xy € R? and for any k € N

X1 =X — VU (Xi) + Ziy1 (11)

where (Zi)ren is a sequence of independent Gaussian random variables with zero mean and
covariance matrix o2 Id, with (v)ren € (R4 )N a sequence of stepsizes and (o )ken € (Ry)N.
If O'z = 7,3 for any k € N, Y pcnyv = +00 and ),y 7,% < +00 then the algorithm is in
the weakly disturbed regime and under additional assumptions on U one can show that
(Xk)ren converges almost surely to a local minimizer of U, see Pelletier (1998) for instance.
However, (U(Xk)ren)ken does not necessarily converge to the global minimum of U. The
intuition behind this behavior is that the variance of the noise decreases too quickly for the
sequence to explore efficiently the landscape of U.

In order to perform global optimization, one can consider simulated annealing algorithms
where a,% = Ty for any k € N, with (T )ren € (R)YN a sequence of temperatures which
slowly decrease. These algorithms were introduced in the context of discrete optimization in
Kirkpatrick (1984) and have been thoroughly investigated in Gidas (1985) (discrete state-
space), Gelfand and Mitter (1991, 1993) (discrete-time algorithm), Geman and Hwang
(1986); Chiang et al. (1987); Holley et al. (1989) (diffusion), Pelletier (1998) (CLT type
results), Romeijn and Smith (1994) (constrained optimization), Yang (2000) (non Gaussian
noise) and Andrieu et al. (2001) (control of the sequence in total variation) for instance.
In Hajek (1988, 1985) a sufficient and necessary condition is given on the rate of decrease
of (Tx)ken so that U(Xp)reny converges towards the minimum of U, more precisely the
condition reads Y ,cyexp[—b*/T}] = +oo, where b* > 0 is a parameter which depends
only on U called the kinetic barrier (or depth in Hajek (1988, 1985)). One of the main
limiting factor of simulated annealing is the slow rate of convergence of (T)ren towards
0, which is often set as T, = C/log(k + 1) for any k € N and for some constant C' > 0.
Note that recently the convergence of modifications of the simulated annealing algorithms
under faster cooling rates have been investigated in discrete spaces by either changing the
Markov chain transitions (Choi, 2019) or the energy landscape (Choi, 2020), see also Catoni
(1998). Finally, we emphasize that most of the results regarding the convergence of (11) can
be extended to the case where VU is replaced by an unbiased estimator under additional
conditions.

With the advent of neural networks, numerous schemes exploiting the annealing struc-
ture have been proposed to minimize the non-convex losses which arise in deep learning ap-
plications, see Ye et al. (2017) for instance. Drawing connections with unadjusted Langevin
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algorithms, and in particular Stochastic Gradient Langevin Dynamics (SGLD) (Welling
and Teh, 2011), Raginsky et al. (2017); Zhang et al. (2017) replace VU by an unbiased
estimator and let v =y > 0, 07 = 2ve for any k € N with € > 0 in (11). Under curvature
and regularity assumptions on the potential U, the authors derive quantitative bounds on
(E[U(X%) — minga U])ken. Since then several accelerations have been proposed in the liter-
ature (Chau and Rasonyi, 2019; Gao et al., 2018; Erdogdu et al., 2018; Nguyen et al., 2019;
Zhang et al., 2019; Xu et al., 2017).

In the next section, we improve the results of Raginsky et al. (2017) by providing upper
bounds w.r.t. the first order Wasserstein distance between the distribution of (Xj)xen given
by SGLD and an explicit limiting distribution. Our results complete the ones of Raginsky
et al. (2017) which deal with the behavior of (E[U(X}) — minga U])ken. To the best of our
knowledge, this is the first result establishing quantitative bounds on the distance between
the iterates of SGLD and a limiting measure concentrated on the minimizers of the target
potential U.

3.2.2 QUANTITATIVE CONVERGENCE FOR SGLD

Setting and notation In this section we start by recalling the setting considered in Ra-
ginsky et al. (2017). We assume that there exist a topological space (Z, B(Z)), a probability
measure € P(Z,B(Z)) and u : R¥xZ — R, such that for any z € Z, u(-, z) € C}(R% R,),
and define for any z € R?

= Jyu(z, 2)dp(z) . (12)

We also denote by U* the global minimum of U. We do not have access to p and U
directly but instead consider an empirical version of the target. Let n € N. We define
Un: RYx Z" — Ry given for any 2! = {#}, € Z" and = € R by

Un(as,zlzn) =(1/n) >0 ulz, 2) .

Let (Y,)) be a measurable space, R : Z" xY — [0, 1] a Markov kernel and g : R xY — R?
such that for any z € R? and 21" € Z" we have

VoUn(x,2'") = [y gz, y)R(z'™, dy) . (13)

Let Z be a random variable on Z" with distribution p®". Let {Yj}ren be a family of
independent random variables on Y such that conditionally to Z we have for any k£ € N
that Y, has distribution 6zR. Finally, let ¢ > 0. We consider the Stochastic Gradient
Langevin Dynamics (SGLD) sequence (Xj)ren given by the following recursion: Xy € R?
and for any k € N

Xj1 = Xp — 79( X5, Ya) + V272Gt (14)
where (Gg)ren is a sequence of independent Gaussian random variables with zero mean
and identity covariance matrix and v > 0 is a stepsize. We also assume that {Y%}ren and
{Gi}ren are independent. For any k € N, we denote by Qi : Z" x B(R?) — [0,1], the
Markov kernel such that for any random variable Z on Z" with distribution u®", we have
that X} has distribution 67Qy conditionally to Z. Finally, we also define for any € > 0 the
Markov kernel S : Z" x B(R%) — [0, 1] associated with the Gibbs measure with temperature
e such that for any A € B(R?) and 25" € Z7

5.108:(A) = [ expl~Un (e, 1) fe]dz/ fou exp[~Un(x, 2) /el dz . (15)
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Notation ‘ Source ‘ Target Description ‘

I : yA Data distribution, see (12).

R 7n vy Markov kernel defining the stochastic gradient

conditionally to the data, see (13).

Q 7n Rd Markov kernel associated with SGLD at step k
k conditionally to the data, see (14).

g 7n Rd Gibbs measure with temperature € > 0
¢ (conditional to the data) defined by (15).

g 7n Rd Limiting measure at temperature zero
0 (conditional to the data) defined by (16).

Table 1: Summary of Markov kernels and probability measures used in this section.
Similarly at temperature 0, we define the Markov kernel Sg : Z" x B(R?) — [0, 1] such that
for any A € B(RY) and z'" ¢ Z"

8.1 S0(A)= Je(zrmyna det(VaUn (2, 21)) 71/ 2dHO () (16)
/ Je(ormy det(V2U (2, 217)) 720 ()

with C(z'") = argmin{U,(z, 25") : 2 € R?}. We summarize the different probability
measures and Markov kernels used in this section in Table 1.

Assumptions We first consider the following assumption, which is similar to the one of
Raginsky et al. (2017).

H3 (n) For any z € Z, u(-, 2) € C®(R%,R) and the following hold:
(a) There exist A, B > 0 such that for any z € Z, |u(0,2)| < A and ||V,u(0, 2)|| < B.

(b) There exists M > 0 such that for any x1,20 € R, 2 € Z, ||VEu(21, 2) — VEu(ze,2)| <
M|z — x| for any k € {1,2,3}.

(¢c) There existm > 0, ¢ > 0 such that for any v € R, z € Z, (Vu(z,2),z) > nlz||? - c.

(d) There exists k > 0 such that for any x € R and 2™ € Z" we have
Jzn N IV2Un(2, 257) = g(, y)IIPR(z"", dy)dp® (217) < w(1+ [|z]?) -
Similar to Raginsky et al. (2017) we define, for any € > 0 the uniform spectral gap
A (e) = Inf inezn, hect ®@ONL2(s 1 8:) 1021 Sel[[VAIP] /80 Se[|BP] © B # 0, 8.1:mSc[h] = 0},

and note that under H3(n), A*(¢) > 0. We emphasize that H3(n) is satisfied in the case
of a quadratic loss with a predictor given by a smooth and bounded neural network with
bounded derivatives up to order 4 and a quadratic regularization. More precisely, we can
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consider u(z, z) = ||f(x, 21) — 22||? + |z ||? with f € C°(R? x Z;,Z5) and Z = Z; x Z3 with
f and its derivatives bounded up to order 4 and a > 0. In this setting f can be seen as a
predictor of z5 given z; and x the parameters of f. Finally, we also consider the following
assumption which ensures that the limiting measures we consider are well-defined.

H4 (n) u € C(R? x Z,R) and the following hold:
(a) Z is compact.

b) For any B >0, [, o5(z¥)du®"(25") < 400, where
zn 0B H

O'E(Zlm) = Y zeC(z1m) det(V2U (z, 2'm)) 7B . (17)

Note that H4 is satisfied if the number of minimizers is bounded w.r.t. z € Z and if for any
Zin e zn, o € C(2Ym), V2U (2*, 25") = n1d with n > 0. Note that this condition is a slight
strengthening of the condition that for any zt™ € Z", o* € C(z!"), V2U(2*,21") = 0. In
particular, we impose that the landscape of U(+, z) is not too flat around the minimizers.
We also introduce the thermodynamic barrier ¢* : Z" — R such that for any 2! € 7",
c*(21") = 400 if Uy (-, 21'") does not admit a local minimizer which is not a global minimizer
and

(') = inf{U,(z, 25™) :  local min. of U, (-, z) but not global min.} — UX(z¥") ,

with U*(2'™) = inf{U,(z,2"") : 2 € R?}. We refer to Section 3.2.3 for a discussion on
the thermodynamic barrier and its importance in non-convex optimization.

Main results We are now ready to state our main results. First, under H3(n) and H

4(n), we derive quantitative bounds for the sequence (X )ken.

Proposition 8 Letn € N. Assume H3(n) and H4(n). Then there exist C > 0, £,7, > 0
and ko € N such that for any € € (0,£], v € (0,7] and k € N with k > ko we have

Wi (1" Qu, p2"S0) < C(1/e + d)* (5 log(1/7) +7)/(A*(e)e) (18)
+C(1 4 Dp) (Y2 + 72 [, exp[—c*(2"™) Je]du® (217))

with Dn — on O—E(len)du@m(zlzn) < +00.

Proof We provide a sketch of the proof. The whole proof is postponed to Section 4.3.1.
First, we assess the convergence of (u®"Qy)ren by splitting the error in two parts. A first
part is bounded using the geometric ergodicity of SGLD as in Raginsky et al. (2017) and
controls the distance between u®"Qy and u®"S.. Then, using a parametric version of The-
orem 1, see Theorem 33, we bound the distance between p®"S. and pu®"Sy. |

A few remarks are in order:

(a) The condition that [, 07(z'™)du®"(21"™) < 400 is necessary to ensure that p®"Sy is
well-defined. In Theorem 8 we assume the condition that [, Uf*s(zlin)du‘@"(zl:”) < 400
for any $ > 0. In fact the condition could be relaxed to [, Gg(zlm)du‘@”(zl:”) < +oo for
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any 3 € (0,v] with v > 0 an explicit constant. Obtaining such a result requires to derive
explicit bounds in the quantitative Morse lemma (Le Loi and Phien, 2014, Theorem 3.2),
see also Theorem 31. We leave this analysis to future works. Note also that this condition
can be satisfied upon regularizing the function u and assuming that the number of global
minimizers is bounded. Indeed, if we replace u(z, z) by u(x, 2)+(a/2)||z|? (with a > 0 some
regularization parameter) then we get that for any g > 0, [7. 0j (1) dp®n(21m) < Noa~PBd
where Ny is an upper-bound on the number of global minimizers.

(b) The upper-bound in (18) also depends on the thermodynamic barrier. This constant
quantifies how close the local minima which are not global minima are to the global minima
and is crucial to establish quantitative parametric Laplace-type results. We illustrate this
situation in Section 3.2.3 with a simple example.

(¢) Theorem 8 ensures that for a given precision level r > 0, there exist £,y > 0 small enough
and k € N large enough such that Wy (u®"Qy, u®"Sy) < r. However, note that u®"Sy is
not concentrated on the minimizers of U. This highlights the fact that the minimization of
the empirical risk does not guarantee that the population risk is small.

In order to verify that the population risk is small in expectation w.r.t. the target
measure u®"Sy we use stability tools to establish the following proposition.

Proposition 9 Assume that H3(n) and H4(n) hold uniformly w.r.t. n € N. Assume that
liH(l) sup{e=¥? [,1., exp[—c*(2'") /e]du®(2'™) : n €N} =0,
e—
Then
. XN o *1
Jm {p7"So[U] - U} = 0.
In addition, assume that there exist Cy,a,& > 0 such that for any € € (0, ]
e~ U2 [, exp[—c* (217 Je]du® (217) < Coe® (19)
Then for any n € (0,1), there exist Cpy > 0 and ng € N such that for any n > ng we have
WESolU] — U* < G/ Tog(n)*"
with s = min(1/4, «/2) and where we recall that U* is the global minimum of U.
Proof The proof is postponed to Section 4.3.2. |
Note that Theorem 9 implies that the sequence (u®"So[U])nen is tight since under H
3(n) we have that there exist R > 0 and « > 0 such that for any = € R? with ||z|| > R
U(z) > m||z||*. Furthermore, Theorem 9 implies that each limiting point of the sequence
(u®"So[U])nen is concentrated on the minimizers of U when n — +00, i.e. when the number

of training points {z;}I' ; grows to infinity. However, we do not necessarily have that
(u®"So[U])nen converges towards 7y given for any A € B(R?) by

70(A) = [ det(V2U ()Y 2AHO (@) / f det(V2U (2)) 24K (x)
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Figure 5: Left: the function z +— wu(z,0) with u given in (20). Right: the function = —
u(x,0.5). The global minimizers are given by the dotted red lines.

where C = argmin{U(x) : = € R?}. Theorem 9 depends crucially on the thermodynamic
barrier. In particular (19) allows us to derive quantitative stability results. The thermody-
namic barrier and the associated conditions are discussed in Section 3.2.3.

In what follows, we describe a counter-example for which (u®"Sg),en does not converge
weakly towards mp. Let X =R, Z =[-1/2,1/2] and u: X x Z — R such that for any z € R
and z € [—1/2,1/2] we have

(z+m)*/(1+ (x +m)?) +cos(3z) + 2z, ifx < —m,
u(z, z) = cos(3x) + zx , if m<x<m, (20)
(z—m*/(1+ (x —m)?) +cos(3z) + 2z, ifx>m.

We also let p to be the uniform measure on [—1/2,1/2]. We obtain that for any n € N,
21" € 7" and z € X

Uz) = u(x,0),  Up(z,2"") = ulz, (1/n) Tiy 25 .
Note that for any z # 0, z — wu(z,z) admits a unique global minimizer, see the proof
of Theorem 10, whereas if z = 0, 2 — u(z,z) admits four global minimizers {x}}* | =

{—m, —m/3,7/3, 1}, see Figure 5 for an illustration. In the next proposition, we show that
limy,—s oo #®"Sp[U] = U* but that (u®"Sp)nen does not converge weakly towards .

Proposition 10 Let u be given by (20) and u be the uniform measure on [—1/2,1/2].
Then, we have that for any n € N

limy, s 00 u®*So = (6_n +02)/2 and pu®"So[U] — U* < (1/(6v/3))n~1/2.

Proof The proof is postponed to Section 4.3.3. |

In particular, we have that (u®"Sg),en converges towards a limiting probability measure
supported on the set of minimizers of U.
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3.2.3 THE IMPORTANCE OF THE THERMODYNAMIC BARRIER

To conclude this section, we investigate the role of the thermodynamic barrier in order
to establish quantitative parametric Laplace-type results. This quantity should not be
confused with the concept of kinetic barrier which has been investigated in the context of
simulated annealing, see Hajek (1988, 1985) for instance. We refer to Wang et al. (2016) for
an introduction to the concept of thermodynamic barrier and kinetic barrier in the context
of chemistry, see also Figure 6 for an illustration.

In a general setting, we consider a function f : XxZ — R where X and Z are topological
spaces and f(-,z) admits a global minimizer for any z € Z. Let z € Z, if f(-,z) admits a
local minimizer which is not a global minimizer we recall that the thermodynamic barrier
c*(z) is given by

(z) =inf{f(z,2) : = is a local minimizer of f(-,z) but not a global minimizer} — f*(z) ,

with f*(z) = inf{f(z,2) : x € X}. The thermodynamic barrier quantifies how close the
values of the local minima are to the global ones. Let X = R% and for any € > 0, z € Z and
A € B(R?), define

8:5:(A) = Jaexp[—f(x,2)/e]ldx/ [ga exp[—f(x, z)/e]dx
8:50(A) = Janc(z) det(Vaf(z, 2))V2dH (2)/ fe(oy det(Vif (2, 2)) 1/ 2dHO (@),

with C(z) = argmin{f(x,z) : © € R?}. In Theorem 33 we show (under assumptions on f)
that for any z € Z and for any ¢ € C(R?% R) which satisfies the conditions of Theorem 33
there exist A, 3 > 0 and & > 0 such that for any ¢ € (0, ¢)

16:5:[10] — 8:S0l¢ll < A(L + o (2)){e"/? + e~ exp[—c*(2) 2]} (21)

with A, 3 that do not depend on z. The dependency of the right-hand side w.r.t. aE(z)
comes from the fact that 5,Sg is well-defined if and only if V2 f(x, z) is invertible at the
global minimizers of f(-,z).

We now investigate the dependency w.r.t. the thermodynamic barrier c*. We are going
to build a simple example for which the thermodynamic barrier plays a crucial role. In
particular, we will show that the dependency of the form exp[—c*(z)/¢] is tight in (21).
Let k € Ny X = {0,1}, Z=R and f: X x Z — R such that for any z € X and z € Z,
f(z,2) = z2%**1. For any £ > 0 and z € R we define 5,5, by

5.8c = (8o exp[—f(0,z)/e] + 81 exp[—f(1, 2)/e]) /(1 + exp[—f(1, 2) /€])
= dosigm(22F+1 /&) + 5ysigm(—2z2F 1 /e) |

where sigm : R — R is the sigmoid function given for any ¢ € R by sigm(t) = (14-exp[—t]) .

When z > 0 the minimum of f(-,z) is 0 and is attained at x = 0. When z = 0, we have
f = 0 (and the minimum is therefore attained at z = 0 and x = 1). When z < 0 the
minimum of f(-,2) is —22**1 and is attained at 2 = 1. Therefore we have that §.Sy = 89
if 2 >0, 0,50 =01 if 2 <0 and 6,59 = (80 + 61)/2 if z = 0. Using that the Wasserstein
distance of order 1 between two Bernoulli distributions with parameter p; and po is given
by |p1 — p2| we get that for any z € Z and € > 0

W1 (8.S:,8-S0) = sigm(— |2[***! /e) .
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Hence, for a fized value of z € Z, we get that W1 (5,S., 5.S0) is of order O(exp[— |z|***! /¢]).
In particular, we get that for any z € Z, limsup,_,o W1(8.5¢,0.50)/¢ is bounded. In
what follows, we show that lim inf._,o W1 (uS., uSp)/e = +0o0, for some probability measure
uwe ZR).

Let x : X — R with x(0) =1 and x(1) = 0. First, note that for any z > 0 we have

5.S:[x] — 8.So[x] = sigm(—z2*1/e) .

Hence, using that ¢*(z) = |z|***! for any z € R and that sigm(—t) > exp[—2t] for any ¢ > 0
we have for any z > 0,

8:S:[x] — 8:So[x] > exp[~22""" /] > exp[—-2¢*(2) /e] . (22)
Let p € Z(Ry) such that u({0}) = 0. Using (22) and that x is 1-Lipschitz, we have

Wi(uSe, pSo) > fo*° exp[—2¢*(2) /e]du(z) -

Assume that p is the uniform distribution on [0, 1]. Then, we have for any ¢ € (0, 1)
W (S, 1So) > fol exp[—222¢+1 /e]dz > 271/(2k+1)(f01 exp|— 221 dz)el/(2h+1)

This shows that the order of Wi (uS., uSp) is at most O(sl/(2k+1)). This is in stark contrast
with the order identified for W1(5,S., 5,S0).

This latter observation highlights the crucial role of the thermodynamic barrier when
establishing uniform Laplace-type results w.r.t. some parameter z € Z. Note that we
recover that Wi (uSe, uSp) is of order at least O(e) if u is supported on [zp, +00) with
29 > 0. Similar conclusions hold if we show that ¢*(z) > ¢y for any z € R with ¢y > 0.
Hence, (assuming that ¢* is continuous) the discrepancy between the order of W1 (uSe, 1Sp)
and the one of W1 (5.S.,5,So) might arise if: (a) At least one of the local minima (which is
not a global minimum) converges towards a global minimum when z — z* for some value of
z* € Z, (b) z* belongs to the support of p. If these two conditions are fulfilled then a more
careful study of [, exp[—c*(z)/e]du(z) is needed in order to obtain quantitative bounds.

4. Proofs

In this section, we gather the proofs of the previous sections. In Section 4.1 we prove
Theorem 3. Then, in Section 4.2 we provide the proofs of the results of Section 3.1. Finally,
the proofs of the results of Section 3.2 are given in Section 4.3.

4.1 Proof of Theorem 3

In this section, we prove Theorem 3. We recall that Theorem 1 is a straightforward conse-
quence of Theorem 3 upon letting ¥ = 1. Welet k € N*, F: RY 5 RP and ¥ : R? — R,
For any ¢ : RY — R, and € > 0 we define

T.(p) = O fpa 0(2)¥(x) exp|— |F(z)||* Jeldz , T = T.(1), (23)
C: = Jgaexp[—[[z|* /e)dae = eV [paexp[—||z]]de = eV*Cy .
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y
v 1 1 o

Figure 6: Difference between the thermodynamic barrier (blue) and the kinetic barrier
(red).

In addition, we define
To() = [p1(0) ¢(@) ¥ (2)JF (@)1 dHUz) . To =To(1), (24)

where d = min(d, p) and we recall that for any # € R%, JF(z) = det(DF(z)DF(z)")Y/2 if
d > p and JF(z) = det(DF(z) "DF(z))"/? otherwise. If ¢ : RY — R and I.(Jp|) < 400
for some € > 0 we define Z.(y) similarly as in (23) and (24). Note that for any ¢ > 0 and
@ : R? — RP such that it is defined we have 7.[¢] = Z.(¢)/J-.

The rest of this section is organized as follows. In Section 4.1.1, we prove our main
result , 7.e. a quantitative Laplace-type result in the case d > p using the coarea formula.
In Section 4.1.2, we prove similar results in the case d < p using Laplace’s method and
Morse theory. Finally, we conclude with the proof of Theorem 3 in Section 4.1.3. Additional
technical results are postponed to Appendix A.

4.1.1 THE CASE d > p

In what follows, we assume that d > p and for any ¢ : R? — R, t € R? we define L;(¢)
by
L) = [p-1() p(2) ¥ (2)JF (2) 1 dH"P(2) . (25)

Note that Lo(p) = Zo(p). Let ¢ : R? — R. Then, if £i(|p|) < +oo, we define L;(¢)
similarly to (25). The following proposition establishes that ¢ — L£;(p) is Lipschitz under
mild regularity conditions. We emphasize that this proposition is no longer true if d < p.
Indeed, let us consider the following counterexample. Let F: R — R? given for any « € R
by F(x) = ((1 — 22)/(1 4+ 2?),2(1 — 2%)/(1 + 22)). The set F(R) defines a right strophoid.
Then, for any t # 0 we have HO(F~1(t)) = 1 or 0, but H°(F~1(0)) = 2 and therefore
Li(JF/W)=1or 0near t =0 but Lo(JF/V) =2 with ¥ = 1. Hence t — L,(JF/¥) is not
even continuous.

Proposition 11 Assume H1, H2 and that d > p. Let U C R? be open and such that
F~Y0) c U, and let o € C(U,R). Then limy_,0 L:(0) = Lo(p). In addition, assume that
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U, € CY(U,R). Then there exist By > 0 and n > 0 such that for any t € B(0,7),
1L(p) = Lo(p)| < Bo(1 4+ Mo,y + Mip)(1 + Mow + Miw) [It]

with for any i € {0,1} and f € CY(RR), My = sup{||Vif(2)| : = € F~Y(B(0,n))}, Bo
and 1 do not depend on ¢ and ¥, and F~*(B(0,n)) C U.

Proof First, we show that there exists an explicit diffeomorphism between F~!(¢) and
F~1(0) for ||t|| small enough. Then we use the coarea formula to express £; as an integral
over F~1(0) and use the dominated convergence theorem to conclude the first part of the
proof. For the second part of the proof we differentiate the diffeomorphism w.r.t. the
parameter t and provide explicit bounds for the derivative.

(a) The set F~1(0) is compact since limj,|_ o0 HF( )|| = +o0o. First, there exists g > 0
such that F~ ( Boo(0,70)) C U. Indeed, since F~1(0) is compact, there exists g > 0 such
that F~1(0) + (0,60) C U. We now show that for any ¢ > 0, there exists n. > 0 such
that F~! (B (0,m:)) C F (O) + Boo(0,€). If this is false, we let ¢ > 0 such that for any
n >0, F71(Buo(0,1)) ¢ F71(0) + Bso(0,¢). Hence there exists a sequence (z3)gen € (RN
such that || F(zx)|lec < 1/(k+ 1) and d(zx, F~1(0)) > . But, up to taking a subsequence,
there exists 2* € F~1(By(0,1)) such that limg_, o 7, = 2*. Then, we have F(z*) = 0
and d(z*, F~1(0)) > ¢, which is absurd. Hence for any ¢ > 0, there exists 1. > 0 such that
Fﬁl(P’oo(O?ne)) - Fﬁl(o) + Boo(oa€>' We let 7o = 1e,.

Second, there exists 7; > 0 such that for any 2 € F~'(Boo(0,71)), JF(x) > 0. Indeed,
if this is not the case then there exists (xg)ren with limg_, 4 F'(xr) = 0 and JF(zx) = 0.
Since F~1(Bu(0,1)) is compact there exists z* such that, up to taking a subsequence,
limg_y 400z = *. Then F(z*) = 0 and JF(z*) = 0, which is absurd. We define Ky =
F~1(Boo(0,m)) and K; = F~1(B,(0,n)) with 7 = min(n;/2,70). Note that K; ¢ U and
K1 C int(Kp).

In what follows for any z € R? we define G(z) = DF(x)DF(z)". Note that for any
z € R, det(G(z))'/? = JF(x) since d > p. We also have that for any z € Ko, G(z) is
invertible since JF(x) > 0. In addition, we have that for any 4,5 € {1,...,p} and z € R?

Gij(x) = (VFi(x), VFj(x)) .
We define {f;}}_; such that for any i € {1,...,p}, fi: R? — R? is given for any x € K by
fi(x) = 342 hig(2)VEFi(2) | (26)
with {h; j(7)}1<ij<p = G(x)7. For any = € Ko and 4,5 € {1,...,p} we have
(fi(x), VFj(z)) = 3k hip(2)(VEi(x), VE;(2)) = 8i(j) ,
where §; is the Dirac mass at i. In what follows, we let {g;}}_; such that for any i €
{1,...,p}, gi - RY = R% and g; € CY(RY R?) such that g;(z) = fi(x) for any = € Ky,

and g;(z) = 0 for x € int(Ko)®, such functions exist using Whitney extension theorem for
instance, see Whitney (1934). In what follows, we fix t = (t1,...,tp) € Boo(0,7). For any
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ic{l,...,p}let & : RxR?— R given by ®;(0,r) = x for any z € R? and for any s € R
and z € R?
0sPi(s,x) = —gi(Pi(s,x)) . (27)

For any i € {1,...,p}, ®; is well-defined using Theorem 36. Therefore, we have for any
i€{l,...,p} and s € R, x € R? such that ®;(s,z) € Ky

85F(¢i(8a l’)) = _(<gi(q)i(37x))v VFl(cI)i(svx)»: SR} <gi<q)i(8>x))7 VFP((I)Z'(S’ .%'))>) = —€,

where we recall that {e;}}_, is the canonical basis of RP. We define ®; : R? — R

such that for any z € R% ®;(z) = =@ with () = z and for any i € {0,...,p — 1},
20D = @, 41 (t;11,29). Note that ®; € C'(R?,R) and is a diffeomorphism, see Theorem 36.
Using (27) we have that ®;(F~1(t)) = F~1(0). In addition, F~1(t) is H%P countably
rectifiable using Theorem 40. Using this result and the coarea formula, see Theorem 41, we
have

Li() = [p-1(0) (@1 (@) V(@ (2))IF (D () 7! det(DR; ' (x)) [dH P () -

Since F71(0) x Boo(0,7) is compact and (,z) @, (z) and (t,z) — D®; (z) are continu-
ous with for any = € R?, @51 (z) = 2 and D®; ' (x) = Id, we get that lim; o Ls(¢) = Lo()
using the dominated convergence theorem.

(b) For the second part of the proof we control the derivative of t — x(¢,x) where for any
r € R? and t € R? we have

X(t,x) = (7 (2)) (D )IF (B (2)) | det(D®; (2)))] - (28)

Using Theorem 27, there exists P € Poly(4,R,) such that for x € F~1(0) and t € Bo(0,7)
we have

[0ex (8, 2)[| < (1 + Mo + Mie)(1+ Mow + Mi,w)
X P(My,p, Ma g, M3 p,1/m ) exp[P(My g, Ma g, M3 ,1/mq p)] ,

with P that does not depend on ¢ and ¥. Hence we have that for any t € B (0,7)

1L4() = Lo(9)] < [r-1(9) X[t 2) = x(0,2)[ dH P (z)
< (14 Moy + M) (1 + Mow + My w)P(My g, M2 p, M3 p,1/m1 F)
exp[P(My,p, Ma,p, My p, 1/ma,p)|HEP(F~H0) [[¢]]
which concludes the proof since H4~P(F~1(0)) < 400 by Theorem 40.
|
The smoothness of F' can be relaxed to C3(R? RP) (at least). From our analysis, ' €

C?(R?, RP) (or at least F' € C!(R? RP) with Lipschitz derivative) seems to be necessary to
obtain quantitative results.
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Proposition 12 Assume H1, H2 and that d > p. Let U C R? open and bounded such that
F~1(0) c U and ¢ € C(U,R). Then there exists n > 0 such that lim._oZ™(p) = To(p),
where for any & > 0, I (¢) = (o1 p-1(B(0.))- In addition, assume that ¢, ¥ € C'(U,R),
then there exists Ay > 0 such that for any e > 0

170 () — To(p)| < Aa(1+ Moy + M) (1+ Moy + My w)e'/*
with for any i € {0,1} and f € CY(RL,R), M,y = sup{||Vif(z)| : = € F71(B(0,n))}, Az

and 1 do not depend on ¢ and ¥, and F~*(B(0,n)) C U.

Proof First, note that Zy(¢) = Lo(p), see (24) and (25). In what follows, we let n > 0 be
given by Theorem 11 and define Z*(¢) = C-! JB(0.) €xpP[— 1" /€] Lo(p)dt. We have
IZo() = ()] = |Zo(2)| C= fiyo e expl— 11| /e]dt < 29/% Ty ()] exp[—n"/(2¢)] . (29)

Using the coarea formula, see Theorem 41, we have for any € > 0,
i — k — k

T(0) = O fpos oy ¥ (@)e(@) expl— [ F @) f2lde = C fiyo. expl— [1IF /e]Lo()dt

Therefore, using this result and the change of variable ¢ — /¥t we have

IZ2(p) = T8 ()< C= fio . expl= 181" /€] Le(e) = Lo()ldt
< O7! Jngonyer/ey exp= [E1M1Lcan () = Lo()ldt - (30)

Hence, we get that lim. o [Z(¢) — Zi*(p)| = 0 using the dominated convergence theorem
and that lim._, [£,.1/x(¢) — Lo(¢)| = 0 according to Theorem 11. This concludes the first
part of the proof upon combining this result and (29). In addition, assume that ¢ € C'(U,R)
then using the second part of Theorem 11 and (30) we have

T () — Ién(cp)’ < BoCy " J IItll exp[— [|#]|*]dt(1 + Mo,y + Mig)(1 + Mow + Miw)e'/*

which concludes the proof upon combining this result and (29). |

4.1.2 THE CASE d < p

We now turn to the case d < p. The proof of this result is more classical and does not rely
on geometric measure theory. Instead we build on the Morse theory approach for Laplace
approximation, see Wong (2001) for example. The following proposition is a quantitative
extension of (Wong, 2001, Theorem 3, p.495).

Proposition 13 Assume H1, H2 and that d < p. Let U C R? open and bounded such that
F~1(0) c U and ¢ € C(U,R). Then lim._,|ZI"(¢) — Zo(p)| = 0, with T*(p) = T.(¢ly)
and V open such that F~'(0) € V C U. In addition, assume that ¢, ¥ € C'(U,R). Then
there exists B1 > 0 such that for any € > 0 we have

IZ2(p) — Zo(p)| < Bi(1+ My, + My ,)(1+ Moy + M17\I,)51/k ’
with By that dpes not depend on ¢ and ¥, and for any i € {0,1} and f € Cl(U,R),
M; p =sup{||V'f(z)|| : = € U}.
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Proof Let {z{}}Y, and {W/})¥, be given by Theorem 26 such that F~1(0) = UY  {zf}
and dF'(z) is injective for any ¢ € {1,...,N} and x € W,. In addition, for any ¢{,m €
{1,...,N}, W,NnW,, =0. Let £ € {1,...,N} and U : R = R, such that for any = € R?,
U(x) = ||F(z)|]?. Since F € C*(R? RP) we have that U € C°(R%,R). We divide the rest
of the proof into two parts.

(a) First, we have that V2U (x§) = 2DF (2§) "DF () which is invertible since JF(x§) > 0.
Therefore, we can apply Morse’s lemma (Nirenberg, 2001, Theorem 3.1.1) and there exists
a diffeormorphism &, € Cl(Qg,Wg) with 0 € Qy, :cf) e Wy and Q; C R open such that for
any x € Qp, U(®y(z)) = ||z]|?, @2(0) = x5 and DBy (0) = (DF (z5) "DF(z§))~"/2. Note that
det(D®,(0)) = JF(x§)~".

Let r, > 0 such that B(0,7,) C Q,. We have
1= Jo, e exp[—[[|*]dz/Cy < fpaexp[— ||a|* /2]dz exp[—rf/(2¢)]/C1 . (31)

In what follows, we no longer consider £ € {1,..., N} to be fixed. Let V = U ®4(Q) and
n(p) = POy o, je1/n expl— ||| ¥]dap(x8) U (28)JF (z5) 1 /C1. We recall that we have

To(p) = ity (@) U () JF (af) " .
Combining this result and (31) we get

Ii(¢) —10(90)‘ < NM [gaexp[—||z]* /2)dz exp[—rfiy, /(22)]/C1 (32)

where 7 = min{r, : £ € {1,...,N}} and M = max{|p(x§)|¥(z§)JF(z5)~" = ¢ ¢
{1,...,N}}. Using for any £ € {1,..., N} the change of variable 2 — ®(z) and x  e'/*z
we have

0 () — I2(¢) ‘ < Y0 Joy jere [o(@e(eF2)) U (@0 (e1/Fa)) det (DB (e )

— () (x0)IF (x6) " exp|— ||z *]dz/C1 (33)
For any £ € {1,...,N}, let xs: Q; — R given for any x € {y by
xe() = @(Pe(2))V(Pp(2)) det(DPy(z)) -

We conclude the first part of the proof using (32), the dominated convergence theorem in
(33) and that for any ¢ € {1,..., N}, x € C(Q,R).

(b) For the second part of the proof, since ¢, ¥ € C'(U,R) and for any ¢ € {1,...,N},
®y € C2(Qy, W) since F € C°(R% RP) using (Nirenberg, 2001, Theorem 3.1.1), we have
that for any £ € {1,..., N}, x¢ € C(Q, R) and there exists B} > 0 (which do not depend
on ¢ and V) such that for any ¢ € {1,..., N} and = € y we have

IDxe(@)]] < By (1 + Mo, + M) (1 + Mow + Mw) -
Using this result and (33) we get that
T8 (p) = I()| < NBi(L + Mo + Mip)e'/* o |l expl ||z|*]dz/Cr .
Combining this result and (32) concludes the proof.
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4.1.3 PROOF OF THEOREM 3

We start by proving the results of Theorem 3 in a smooth setting, then we deduce the
general case using a smoothing lemma.

Proposition 14 Assume H1 and H2. Let U C R? open and bounded such that F~1(0) C U
and ¢ € C(U,R) which satisfies (7). Then, lim._ |7¥[¢] —71(‘)1’[4,0]’ = 0. In addition,
assume that o, ¥ € CY(U,R). Then there exists A € C(R3,Ry) such that for any ¢ €
(0,m*/(4{Cp + Cu + CpCu +1}))

7 (] = 7 [9]] < A(Cp, Cuymo,w) (1 + Mo + Myp) (1 + Mo + Myg)e'/
with for any i € {0,1} and f € CYRLR), M;; = sup{|Vif(2)]| : = € U}, moy =

inf{W(x) : € F71(0)} and A function that does not depend on o and V. Finally, A is
non-decreasing w.r.t. its first two variables and non-increasing w.r.t. its last variable.

Proof Let & =n*/(4+4C,y), with C, ¢ = (Cy + 1)(Cy + 1) and note that we have
£ < min(m*/(1+ Cpy),uf /(14 C,L1)) . (34)

For any € € (0,&) we have

(6] = 7 [9]] < |Z-(9)/ T — Tol)/ Rl (35)
T (9) = To()| + To(9)/ (o) [7-(1) = To(1) -

Let > 0 be given by Theorem 11 and let V = F~1(B(0,7)) if d > p, and V given by
Theorem 13 otherwise. Note that F~1(0) C V. For any £ € (0,2) we define Z2%(p) =
T.(plye) and Z(p) = Z.(¢ly). We divide the rest of the proof into two parts. First, we
control Z2% (i) using the technical bounds of Theorem 25. Then, we control |Z*(¢) —Zo(¢)|
using either Theorem 12 if d > p or Theorem 13 if d < p. We conclude upon combining
these results.

(a) Using (34) and Theorem 25 we get that for any ¢ € (0, ) we have
I(p) < Ai(Cow)e™Fexpl—pr/e],  TI(1) < Ai(Cr)e Y exp[-pi/e],  (36)

with 51 > 0 and A; € C(Ry,R;) that do not depend on ¢ and ¥, and are non-decreasing.

(b) Using either Theorem 12 if d > p or Theorem 13 if d < p we have that for any ¢ € (0, €)

T(p) = To()| < Ao(1+ Mo + M) (1 + Moy + My g)e'/* (37)

(1) = To(1)| < 245(1 + Mo,y + Mig)e'/

with for any i € {0,1} and f € CY(R%,R), M; 5 = sup{||Vif(x)|| : = € U}, and Ay that
does not depend on ¢ and W.
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Combining (36) and (37) we get that for any ¢ € (0, &)

IZ(p) — To(p)| < Ao(1+ Mo + My ,)(1 + Moy + My g)e* + A1 (Cpw)e™* exp[—51 /e] ,
|Z-(1) — Zp(1)] < 2A42(1 + Myw + ML\I/)El/k + A1(C1,\1/)€ exp[ B1/e] .

Since for any & > 0, e~ %% exp[—5/e] < ((d+1)/(kB)) Y/ +d/kl/F (this inequality comes from
first multiplying by & 1/ on both sides, and then taking the value of ¢ that achieves the
maximum of the left-hand term), there exists A € C(R%, Ry ) such that for any ¢ € (0,¢)
we have

IZ-() — To(p)| < A(C,, Cy)(1 + Moy + My o) (1 + Moy + My y)e/* (38)
IZ-(1) — Zo(1)| < 24(1, Cy) (1 + Moy + My w)e/*

with A that does not depend on ¥ and ¢, and A non-decreasing w.r.t. to each of its variables.
Using Theorem 24, there exists A9 € C(Ry,R% ) such that for any ¢ € [0,¢], J: > Ao(mo,v)
with mo g = inf{¥(z) : = € F71(0)}, and Ay that does not depend on ¥ and is non-
increasing. Finally, note that Zo(¢) < sup{JF(2)~! : € F~1(0)}Mo Mo wHIP(F~1(0))
with H?P(F~1(0)) < +oco by Theorem 40. Combining these results, (35) and (38) con-

cludes the proof. |

Using this proposition along with a smoothing lemma, see Theorem 28, we conclude the
proof of Theorem 3.
Proof [Proof of Theorem 3] We begin by introducing the families {¢® : & € (0,5)}

and {¥0 : § ¢ (0,5)} which are smooth approximations of ¢ and ¥ respectively. Since
F~1(0) is compact and U is closed there exists » > 0 such that F~1(0) + B(0,r) C U.
Let Uy = F~(0) + B(0,7/2) and note that F~1(0) € Uy and Ug + B(0,7/2) C U. Let
{0 : 6 ¢ (0, 5)} and {¥0 : § € (0,5)} with § > 0 given by Theorem 28, V + U
and U < Ug. Then using the dominated convergence theorem and the fact that F~1(0) is
compact we have that lims_, 7y ’ (] = ¥ []. Similarly, using the dominated convergence
theorem we get that there exists &y € C(Ry, Ry ) such that for any ¢ € (0,£0(Cy,)) we have
limg_o 7Y’ [¢°] = 7¥[p]. We conclude upon using Theorem 14 and Theorem 28.

|

4.2 Proofs of Section 3.1

In this section, we prove Theorem 6. Similarly to the proof of Theorem 3 we divide the
proof into two parts depending on whether d > p in Section 4.2.1 or d < p in Section 4.2.2.
Our main result, which is a generalization of Theorem 6 is presented in Section 4.2.3. We
define Z, and Zj as in (23) and (24).

4.2.1 THE CASE d > p

Our first result corresponds to an adaptation of Theorem 12 to the case where o = ||F||*.
Indeed, in this case we have that Zp(¢) = 0 and we can tighten our previous results.
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Proposition 15 Assume H1, H2 and that d > p. Then there exists n > 0 such that
limaﬁo_Ién(HFHk)/a = CrZo(1), where for any e > 0, I (p) = L(pLlp-1(B(0,y))) for any
¢ € C(U,R) and

Cic = Jo I1* expl—[1¢1¥1dt / iy exp[— e[/ 10t .

Proof Let n > 0 be given by Theorem 11 with ¢ = 1. We recall that for any ¢ > 0 we
have that
TE(IFN*) = [p-1 (o) I1F@)I1F€(2) expl—||F()]*/e]dz/C .

Using the coarea formula, see Theorem 41, we have for any € > 0,
TR(IFI%) /e = Joo,mIEI* /2) expl— 1t /] £o(1)dt/Cx

where £;(1) is defined in (25) for any t € B(0,7). Using the change of variable ¢ s ¢!/t
we have for any ¢ > 0

T(IE)*) /e = figoperre I expl= 18171 Larm (1)dE/Cr .

For any € > 0 let g- : RP — R such that for any t € RF, g=(t) = Ly/x(1)Lg(g ) e1/m)(8)-
Note that for any ¢t € R? and & > 0, |g-(t)] < SUpg g, |£¢(1)]- In addition, we have that for
any t € R?, lim. 0 g-(t) = Lo(1) using Theorem 11. Therefore, we get that

lime o Z (| F(1¥) /e = Lo(1) fro I1t1" expl— [1¢]"]dt/Cn .

We conclude the proof upon noting that Zy(1) = Lo(1) and that C, = [z, [£)|" exp[— ||£]|*¥1dt/Cy.
|

4.2.2 THE CASEd <p

We now adapt Theorem 13 to the case where ¢ = || F||*.

Proposition 16 Assume H1, H2 and d < p. Let U C R? open and bounded such that
F~1(0) C U. Then lim._,o Z™(||F||*) /e = CkZo(1), where for any e > 0, I (p) = L(ply)
for any ¢ € C(U,R), with V open such that F~1(0) C V C U, and

Ck = Jo IItIIkeXp[—HtHk]dt/pr exp[—|[¢[[*]dt .

Proof Let {z{}¥ |, {W,},, {®,}), and {Q/}}Y, be given as in the proof of Theorem 13.
Let V = UN_ ®4(Q). Using for any £ € {1,..., N} the change of variable z — ®(z) and
x + e'/Fx we have

T(IF(F) /e = S0 Jo, e ]l expl= (2] )% (@e(e! ) det(DPe (e *) ) dar/Cy

Forany £ € {1,...,N} and ¢ > 0, let g7 : R? — R such that for any £ € {1,...,N}, >0
and x € RP we have

grc(x) = U(Pe(e'/F)) det(DPe(e! /) Lg, jersi () -
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Note that for any £ € {1,..., N}, e > 0 and x € R? we have
|90, ()] < sup{|¥(Pe(x))||det(DPy(x))| : £€{1,...,N}, x€Q}.

In addition, we have that forany £ € {1,..., N} and x € RP, lim._,0 grc(z) = ¥(2§)JF (xf)~*
We conclude upon using the dominated convergence theorem. |

4.2.3 MAIN RESULT

Proposition 17 Assume H1 and H2. Let U C R? be open, bounded and such that
F~Y0) c U. Then lim._o 7Y (|F||*)/e = C, where

Ch = Jgo IItII’“eXP[—HtHk]dt/pr exp|—||¢][*]dt

Proof Let > 0 be given by Theorem 11 with ¢ = 1 and let V = F~1(B(0,7)) if d > p. If
d < p, let V be given by Theorem 16. We have that F~1(0) C V. For any ¢ € (0, ) we define
IO (|| F|I*) = Z.(|| F||* 1ye) and Z(||F||*) = Z.(|| F||*1y). Using Theorem 25, we have that
lime o Z2" (|| F'||¥) /e = 0. Hence, using Theorem 15 if d > p and Theorem 16 if d < p,
we get that lim. 0 Z. (|| F||¥)/e = CrZo(1). Similarly, using Theorem 25 and Theorem 12
we have that lim._,0Z.(1) = Zy(1), which concludes the proof upon remarking that for any
e >0, 7Y (|FI) = Z.(|F})/Z(1). .

We are now ready to prove a generalization of Theorem 6.

Proposition 18 Let € Z2(R?), F: RY — RP and k € N*. Assume that the conditions
of Theorem 5 with G. = ||F||F — ¢ for any € > 0 are satisfied and for any ¢ > 0, let p. the
macrocanonical distribution with constraint G. and reference measure . Assume that there
exists U : RY — R such that p admits a density w.r.t. the Lebesque measure given by V.
In addition, assume that H1 and H2 hold. Then, we have that 0. ~._ Cx/e, where

Ci = fio 111" expl—[[¢]/F]at / f expl—I¢]"]dt
Proof Recall that using Theorem 5 we have that for any € > 0 and A € B(R?)
= o U(@) exp[~0. ]| F(2)[F]dz / faa ¥ (@) exp[—0: | F(2) ] dz

Hence, using Theorem 17 we have that lim_0 pe(||F||*)0s = Cy. Since p-[G:] = 0 we have
also have that p.[||F||*] = &, which concludes the proof. [ |

Note that Theorem 6 is obtained upon noting that Co = p/2.

4.3 Proofs of Section 3.2

In Section 4.3.1, we establish Theorem 8. In Section 4.3.2 we use stability results from
Raginsky et al. (2017); Bousquet and Elisseeff (2002) to obtain Theorem 9. Finally, we prove
Theorem 10 in Section 4.3.3. Additional technical results are postponed to Appendix B.
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4.3.1 PROOF OF THEOREM 8

In this section, we prove Theorem 8 which is an application of a parametric version of the
results presented in Section 4.1.2. We refer to Appendix B for a detailed presentation of
these results. We will apply them in the context of the non-convex minimization setting
presented in Section 3.2 which we recall here.

We aim at minimizing U : R? — R. We assume that there exist a topological space
(Z,B(2)), a probability measure u € P(Z,2) and v : R? x Z — R, such that for any
x € RY

= [Fu(z, z)du(z) .
For any n € N we define U, : R x Z" — R such that for any = € R? and 2" = {z,}1, € Z"

Un(z,25") = (1/n) X0 u(z, %) -

For all € > 0, when it is well-defined we denote by S. : Z" x B(R%) — [0, 1] the Markov
kernel such that for any 2z € Z" and A € B(R?) we have

8,1:08c(A) = [p exp[=Un(, 2")/e]dx/ [pa exp[—Un(x, 2"") [e]dx
Similarly, when it is well-defined, we denote by Sg : Z" x B(R?) — [0, 1] the Markov kernel
such that for any 2! € Z" and A € B(R?) we have

5,1050(A) = [anc, (z1im) det(ViUn(x,zl:”))*ldHO(x)/fcn(zlm) det(V2U,(z, 21™)) ~1dH ()

where C,(2%") = argmin U, (-, 21'"). We recall that for any f > 0, op is defined in (17).
We begin with the following proposition.

Proposition 19 Let n € N and assume H3(n) and H4(n). Then there exist C > 0 and
B, > 0 such that for any € € (0,&)

fzn W1(6Z11n85, 6zl:nso)d,u®n(21:n)
< C(1+ Dp)(e"? + Y2 [ exp[—c*(z1™) fe]du®" (21M)) |

with Dy, = [7n op (zEM)dpu®n(25") < 400 and C, &, B that do not depend on n.

Proof The proof of this result is a direct application of Theorem 33 which is a parametric
version of Theorem 3. In order to apply Theorem 33, we check that H5 is satisfied for
Z <+ 7" and u < U,. We first check that there exists mg, g > 0 and Ry such that for any
r € R? with ||z|| > Ry and 25" € Z7, U, (z, 2"") > mg ||z||*°. We have that for any 2 € R?
and z € Z

u(z, z) = u(0, 2) + [y (Veu(te, z),z)dt > —A — ¢ + (m/2)]|z]? .

Hence, for any z € R? with ||z|| > 2((A + c¢)/m)'/? we have that for any 2! € Z",
Un(x, ') > (m/4)||z]|?. Let 25" € Z, we show that the number of minimizers of U, (-, 21"?)
is bounded. Since x € R? with ||z|| > 2((A+ ¢)/m)'/? we have that U, (x, 25") > (m/4)]||z]?
and Uy, (0, 25™)| < A, there exists K compact such that arg min{U, (z, 2'") : = € R?} Cc K
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(see the remark following H5). Assume that the number of minimizers is not bounded.
In this case, there exists (zp)reny € argmin{U,(z,2"") : = € R4} such that for any
k.t € N, 2, # x,. Up to extraction we can assume that there exists z* € R¢ such that
limp s oo v = 2*. Note that 2* € argmin{U,(z,2'™) : z € R?} by continuity. In
particular, det(V2U,(z*,2'™)) > 0 and there exists r > 0 such that for any = € B(0,r),
r € argmin{U,(z,z'™) : = € R?} implies that x = z*. Hence, there exists ko € N such
that for any k € N with k > kg, 3 = =* which is absurd. Hence, combining this result, H
3(n) and H4(n), we can apply Theorem 33 which states that for any ¢ : R? — R M -
Lipschitz function with M o, Cy, > 0 such that for any = € R%, [p(z)| < C,exp[Cy, ||z[|*]
then, there exist By € C(Ry,Ry) and 3 > 0 such that

‘6,21:"86[90] - 6211"80[90” (39)
< Ba(Cy)(1 + Mo + M) (1 + 0 (z5"){e!/? + e exp[—c*(z"") fe]}

with Mo, = sup{|p(z)] : = € K}, K, By and  that do not depend on z, and Bs
non-decreasing. The rest of the proof is similar to the one of Theorem 2 upon replacing
Theorem 1 by (39). |

The proof of Theorem 8 is then a direct application of (Raginsky et al., 2017, Proposition
3.3), (Raginsky et al., 2017, Equation (3.3)) and Theorem 19.
4.3.2 PROOF OF THEOREM 9

In this section, we prove Theorem 9. We start by recalling a proposition from (Raginsky
et al., 2017, Proposition 3.5) about the uniform stability of the exponential measure with
potential U, see Bousquet and Elisseeff (2002) for a definition of the uniform stability.

Lemma 20 Assume that H3(n) holds uniformly w.r.t. n. Then for any n € N, ¢ > 0,

2 2 e 2% which only differs along one index, we have

[0, 1:nSeu(; 2) = 8 1mSeu(-, 2)| < 4(M%(c + de)/m + B?)cis(e)/(ne) ,

where cyg(e) > 0 is such that for any z¥™ € Z™, §,1:xS. satisfies the logarithmic Sobolev
inequality with constant crs(e), see (Raginsky et al., 2017, Proposition 3.2).

For completeness, we recall that a probability measure v € & (]Rd) is said to satisfy the
logarithmic Sobolev inequality with constant cpg if for any 7 € Z2(R%) with positive density
w.r.t. v given by g € C'(R? R) we have

KL (m|v) < 2c1s [pa [|V log(g(2)) [ *dm(x) .

We can relate the constant appearing in the logarithmic Sobolev inequality with the uniform
spectral gap given for any € > 0 by

)\*(5) — i.‘ﬂle:nezn7 hECI(Rd)mLQ(ézL"SE){621:1185I:thHQ]/ézl:n85[|h|2] . h # O, 621171,88[}1/} — 0} .

More precisely, we have the following proposition (see (Raginsky et al., 2017, Proposition
3.2, Appendix B), see also Bakry et al. (2008)).
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Proposition 21 Assume that H3(n) holds uniformly w.r.t. n. Then, there exist Ag, A1,€ >
0 such that for any e € (0, €]

crs(e) < Ag(1+ (M (e)e)™h) .
In addition, X\*(¢) > (1/A1) exp[— A1 /e].
Therefore, there exists A > 0 such that for any € € (0, £]
cs(e) < (A/e)exp[A/e] . (40)
We are now ready to show that the limiting measures are stable.

Proposition 22 Assume that H3(n) and H4(n) hold uniformly w.r.t. n € N. Assume
that
lim. o sup{e=%? [,, exp[—c*(z1") /e]du®"(2'™) : n € N} =0. (41)

Then for any § > 0, there exists ng € N such that for any z € Z, n € N with n > ng and
j€eA{l,...,n}, we have
Jymir 1830 S0t 2) = 8.1 Sou(-, 2) [ du® (25 dp(z1,) < 3, (42)

where for any 25" € Z™ we let 25" € Z™ with 20; = 21, for any i € {1,..., N} such that
i # j. In addition, assume that there exist Co,a, €9 > 0 such that for any n € N and
€ c (0, 50]

e=/2 [, exp[—c*(217) fe]du®n(s5m) < Coe® | (43)

Then there exists ng € N such that for any n € (0,1), there exists C > 0 such that for any
z€Z,neNwithn>ng and j € {1,...,n}, we have

Sz 18,2 S0u(:, 2) — 810 Sou(, 2)|du®m(24™)dp(z1,5) < C/ log(n)®" (44)

where s = min(«/2,1/4) and for any 2§™ € Z"™ we let 2™ € Z"™ with z; = z1,; for any
i€{l,...,N} such thati # j.

Proof Letd > 0,7n € (0,1). Using the triangle inequality we have for any ¢ > 0, n € N
and 2}, 2{" 2 € Z™ where there exists j € {1,...,n} such that for any i € {1,...,n},
i FJ, 205 = 21,

‘62%:7180”(', Z) - 52%:n80u(', Z)| S ‘526:718021(', Z) - 6Z(1J:nS€u(', Z)’ (45)

+ |6ZénS€u(, 2’) - 62,%:718511/('7 Z)’ + |63%n85u(, ,Z) - 62,%7180“(, Z)‘ .

Using (Raginsky et al., 2017, Lemma 3.5) and Theorem 34, there exists Cp > 0 such that for
any i € {0,1}, n € N, 2§™, 2{™, 2 € Z™ where there exists j € {1,...,n} such that for any
ie{l,....,n}, 1 #j, 20, = 21, and € € (0,&;] (where &; is given by &; < ¢ in Theorem 19)

we have
‘521;n80u(-, Z) - 62_1:n85u(', Z)| S COWZ(ézlnSO’ 6Z_1:nSE) .
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Using this result, Theorem 34 and Theorem 35, there exists C1 > 0 such that for any
i €{0,1}, n € N, 2™, 2{™, 2 € Z" where there exists j € {1,...,n} such that for any
ie{l,....,n}, i #7j, 20, = 21, and € € (0,&1] (where £; is given by &; < € in Theorem 19)
we have

1810 Sou(-, 2) — 8 1mSeu(-, 2)| < CrW2(5,1:S0, 5.152) . (46)

We divide the rest of the proof into two parts. First, we start with our qualitative result by
showing that (42) holds under (41). Then, we turn to our quantitative bounds by showing
that (44) holds under (43)

(a) Using Theorem 19 and (41) we have that for any i € {0,1}
lime 0 sup{ 7n Wl(ézgmso, 6Z3:nSE)du®”(zil:") :meN}=0.
Combining this result, (46) and that ¢ — 12 is concave, we get that for any i € {0,1}
lim. 0 Sup{ fyo 8,100 Sou(-, 2) — 81nScu(-, 2)|dp (257) : me N} =0.  (47)
In addition, using Theorem 20 we have for any n € N and € > 0
Jomir 1830t 2) = 8100 Seu(-, 2)|dp® (2™ dp(z1,5) < 40 (c + de) fm+ B2)eus () (ne)
Combining this result, (45) and (47) we get that there exists € > 0 such that

Jzne1 18 1mSou(-, 2) = 8.1:mSou(-, 2)|dp® (2™ )dp(21,5)
< 4(M?(c + d2) /m + B*)cis(e)/ (ne)
+ 2sup{ f7n [8,1:Sou(+, 2) — 8 1:mScu(s, 2)[du®m (z1™) © n € N}
< 4(M*(c + d&)/m + B*)crs(e)/(ne) +6/2 .

Hence, there exists ng € N such that for any n € N with n > ng, 4(M*(c + d&)/m +
B?)c1s(e)/(ne) < §/2, which concludes the first part of the proof.

(b) Let n € N with n > ng and (2/4)log(ng) ™! < & = min(&y,&1,&2) (where ] is given
by €1 < € in Theorem 19 and A, & are given by &2 < £ in Theorem 21 and (40)). In

addition, using Theorem 19, there exists Cy > 0 (that does not depend on n) such that for
any i € {0,1} and ¢ € (0,£]

Jon W1(8,1:nS0, 8,1:0 S ) du®" (21) < Comax(e'/?,e%) .

Combining this result, (46) and the fact that ¢ — t7/2 is concave, we get that there exists
C3 > 0 (that does not depend on n) such that for any i € {0,1} and ¢ € (0, £]

J7n 18,20 S0u(-, 2) — 8,1 Seu(-, 2)|dp®m(21) < C3 max(e"/4,£2/2) | (48)
In addition, using Theorem 20 we have for any € € (0, €]

Jzrin [8.3m8eu(c, 2) = 8 pmSeu(-, 2)|du® (25 dp(z1,5) < 40 (c + de) /m + B?)ers(e)/(ne) -
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Combining this result, (45) and (48) we get

s 18- Sou(-,2) = 8. Sou-, 2] (4 da(z1 )
< 4(M*(c + d&)/m + B*)crs(e)/(ne) 4 2C3e®"
< 4AM?(c + d&)/m 4+ B?) exp[A/e]/(ne?) + 2C3e°" ,

with s = min(a/2,1/4). We conclude the proof upon letting e = (2/A4)log(n) .

The stability of the limiting measures allows us to establish Theorem 9 which provides

quantitative bounds on u®"Sy[U] — U* for large values of n € N. Indeed, once Theorem 22
is established the proof of Theorem 9 is classical and follows the lines of (Raginsky et al.,
2017, Section 3.7).
Proof Let n € N and n > ng with ng given by Theorem 9. Using the definition of U and Sy
we have ®"So[U] = [7n [7n Jga Un(z, 25™)So (217, dz)dp®™ (21™)du®m (1), For any 2! €
Z" we define U} (2'™") = inf{U,,(z, 21") : x € R%}. Using that U* > [,, Ux(z1")dp®"(21m)
and that 8,1:.Sg is concentrated on argmin{U, (z, 2'"") : = € R4} we have

p"So[U] = U™ < p®"So[U] — [z Up (217 du® (1)
< 1EmS0[U] = Jyo fra Un,27)S0 217, da)du®n (1)
< Jzn Jzo Jra Un(@, 287)So (217, dz)dp®™ (217)dp®" (217)
— J7u Jga Un(, 25™)So (217, da)dpu®m(217)
< (1/n) 301 J7 Jzn Jpatu(z, ) — u(z, 2:)}So (27, dz)du®™ (217)dp(Z;)
< (1) S fy o U 0, 2)S0(21, ) — fa (e, 5)S0 (2™, ) A (2 ") (1)

where for any i € {1,...,n}, we have that for any j € {1,...,n}, Z;; = z; and Z;; = Z;. We
conclude using Theorem 9.
4.3.3 PrROOF OF THEOREM 10

We recall that v is given in (20). We divide the proof into two parts.

(a) First, we prove that lim, . #®"Sol¢] = (¢(—7) + p(n))/2. Let n € N. Assume that
z < 0. Then the minimum of z — u(z, z) is attained on [, +00). Denote u : R x [—1/2,0)
such that for any z € R and z € [-1/2,0), u(z,2) = h(z) + xz + mz + 1 — cos(3z) with
h(z) = 2*/(1 + 2?). Note that for any * > 0 and 2 € [-1/2,0), u(z,2) = u(z + m, 2).
There exists a € [0,71/3] such that for any z > 0, /() =1 <0 if 2 < aand W (z) —1 >0
otherwise. Hence, we get that for any x € R with z > 7t/3 and z € [-1/2,0)

u(x, z) —u(0,2) = u(x,z) —mz > h(n/3) — /6 > 0.

Therefore, for any z € [—1/2,0), the global minimum of « — u(x, 2) is attained on (7, 47t/3).
We have that for any = € [nr/6,71/3] and z € [-1/2,0)

ovii(z,z) > W(z) — 1/2+3(2 — (6/m)z) > 0.
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In addition, we have that for any z € [—1/2,0), 01u(0,z) = —z. Hence, there exists
z(z) € [0,7/6] such that 01u(z(z),2) = 0. In addition we have that for any z € [-1/2,0),
x +— O1u(x, z) is increasing on [0, 7t/6]. Therefore, for any z € [—1/2,0) there exists a unique
minimizer of  — u(x, z) on [, 57t/6] given by 2*(z) = m+Z(z). The same conclusion holds
with 2*(z) € [-bm/6, —m] if z € (0,1/2]. We have that lim,_,osup{||u(z, z) — u(x,0)] :
x € [-5m/6,5m/6]} = 0. Therefore we have that every limit point of {z*(2)}.<o when
z — 0 is a global minimizer of u(-,0). But recall that {z*(2)}.<o C [, 57t/6]. Therefore,
every limit point of {z*(2)}.<o is equal to 7t and we have that lim,_,o ,~02*(2) = 7. For
any n € N, denote by g, the density of Ty u®" where T : Z" — Z is given by T(2'") =
(1/n) Y1, zi. For any r,e > 0 there exists ng € N such that for any n € N with n > no,
Jr)e gn(2)dz < €. Let ¢ € C(R,R) bounded and € > 0. Let r > 0 such that for any
z € [0,7], |p(x*(2)) — p(—m)| < e and for any z € [—,0], |o(x*(z)) — ¢(m)| < e. Using this
result, we have for any n € N with n > ng

12"So[e] = (p(=70) + (7)) /2|
< Jo™ le(a*(2) = o(=m)lgn(2)dz + [2 o lp(2*(2)) = p(m)|gn(2)d=
< (T4 2felloo)e -

Therefore, we get that lim,, .0 u®"Solp] = (¢(—7) + ¢(m))/2, which concludes the first
part of the proof.

(b) Second, we prove that for any n € N, u®"Sy[U] — U* < (7/(6v/3))n~"'/2. Note that
for any n € N and %" € [~1/2,1/2]", with 31", 2z; # 0, 8,1:.So[U] = U(z*(z'")) with
r*(z5") € [-5m/6,5m/6]. We also have that for any 2 € R and z1,20 € [~1/2,1/2],
|u(z, 21) — u(x, 22)| < |z||21 — 22|. In particular, we have that for any 2! € [-1/2,1/2]"
and z € [—m/3,7/3]

U (@) = Un(z, 25")] < (/3)[(1/n) Zity 2l -
Hence, using this result and that U* = U(7/3) = 0, we have that for any 2! € [-1/2,1/2]
Un(2*(257), 217) < Un(m/3,257) < U* + (/3)|(1/n) Sity 2l -

Combining this result and that [ 22du(2) = 1/12 we have u®"So[U]-U* < (11/(6v/3))n"1/2,
which concludes the proof.
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Organization of the appendix

In this supplementary material we derive technical lemmas and additional results. In par-
ticular, we gather the technical lemmas of Section 2 in Appendix A and the ones of Sec-
tion 4.3.1 in Appendix B. In Appendix C, we recall basic results from differential geometry
and geometric measure theory.

Appendix A. Technical results for Section 2

In this section, we derive some technical lemmas used in Section 4.1 in order to prove
Theorem 3 and other results from Section 2. We recall that for any ¢ : R? — R, and
€ > 0, when this is well-defined, we set

() = O Joa p(@)¥(x) exp[— | F(2) | /elde, T =Z.(1)
Ce = faaexp[— |l2]* /e]da = e¥* o expl— [lz]*]dz = e¥/*Cy .

In addition, we define
Io(9) = [r-1(0) P(@) ¥ (@)IF (@)1 AH @), Jo = To(1)

with d = min(d, p).

In Appendix A.1 we establish a link between a Hessian computed on the normal bundle
of a manifold and the generalized Jacobian. In Appendix A.2 we derive technical truncation
bounds for the proof of Theorem 3. Explicit controls of some derivative are presented in
Appendix A.3 in order to derive Theorem 11. Finally, we present a smoothing lemma in
Appendix A.4 which is key to weaken the regularity assumptions of Theorem 14.

A.1 From normal Hessian to generalized Jacobian

Let f € C?(R%) and M a manifold in R%. For any x € M we define V2 f(x) to be the
projection of the Hessian on the orthogonal of the tangent space of M at z, see Hwang
(1980).

Lemma 23 Let U : R? —» R and F € C®(R% RP) such that for any x € RY, U(z) =
|F(z)||>. In addition, assume that F~1(0) # 0 and that for any x € F~(0), JF(z) > 0.
Then, argmin{U(z) : = € R} is a smooth manifold and for any x € F~(0) we have that
det(V32 U(x)) = JF(z)?.

Proof First, we have that argmin{U(z) : = € R} = F~1(0). Hence, argmin{U(z) : = €
R} is a smooth manifold since F' € C®°(R? RP). Let z € F~1(0). We have that V2U(z) =
DF(x)"DF(z). Note that DF(z)" = (VFi(x),...,VF,(x)) is a basis of ker(DF(z))*,
where we recall that ker(DF(z)) is the tangent space to F~1(0) at x. Denote by O(z) =
(fi(z),..., fp(z)) the orthonormal basis of ker(DF(z))* obtained from DF(z)" using the
Gram-Schmidt process. There exists a triangular p X p matrix T'(z) such that O(z) =
DF(z)"T(x). We also have

Id = O(x)"O(z) = T(z) "DF(z)DF (z) " T(x) .
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Hence, we get that det(T(z)) = JF(z)~!. We also have that

det(V3 U(z)) = det(O(z) VU (2)O(z))
= det(T(z) "DF(z)DF(z) 'DF (2)DF(z) "T(z)) = JF(x)?
which concludes the proof. |

A.2 Truncation and lower bounds

Lemma 24 Assume H1 and H2. Then, for any € > 0 there exists Ag > 0 such that for
any € € [0,&], J- > Aomow with moy = inf{¥(z) : = € F71(0)} and Ay that does not
depend on V.

Proof Since F(0) = 0 and F € C!(R? RP), there exists M > 0 such that for any = €
B(0,1), ||[F(x)|] < M |z|. Note that F~'(0) is compact since lim 35400 [ F'(2)|| = +00
and F € C(RY,RP). Hence, since for any = € F~(0), ¥(z) > 0 and ¥ € C(R% R, ) there
exists n € (0,1) such that for any = € B(0,7) U F~1(0), ¥(z) > mg .y /2. Using this result
we have for any € > 0

Je = e MHOT [ou U(2) expl— || F(2)|" /e)da
> e (mo,w /201 oo expl-M* [lz]" /e]dz
= Cl_l(mo,\ll/2)M_d fE(O,Mn/él/k) exp[— H»’vllk]dx

Using that F~1(0) is compact, there exists M > 0 such that for any x € F~1(0), JF(z) <M
Therefore, we get that

Jo = Jp1(0) V(@) IF (2) T dH @) > mo gt~ HIF(0)) .

Since %d_‘z(F_ (0)) < 400 using Theorem 40 in the case where d > p and the fact that
HO(F~1(0)) < 400 if d < p (see the first part of the proof of Theorem 26), we have that
for any € € [0, €]

J: = Aomo,w Ao = min(Ag, A7),
AL = (1/2)CT M~ [y expl— o]Flda . AZ = M-13d=d(F=1(0)) ,
which concludes the proof. |

Lemma 25 Assume H1 and H2. Let ¢ : R? - R and Cyp > 0 such that for any x € R?
|o(2)] < Cp explCo|z[|*] . (49)

Then, for any & € (0,m*/(1+ Cypw)) and V C R? open and bounded such that F~(0) C V
there exist B1 > 0 and A; € C(Ry,Ry) such that for any ¢ € (0,¢)

I (p) < Ai(Cpw)e™F exp[—pr/e]

with I2"* (@) = Ze(plve), Cpw = Cyp+ Cy + C,Cy and Ay, 1 functions that do not depend
on @ and V. Finally, Ay is non-decreasing.
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Proof First using H2 and (49) there exists Cy, ¢ such that for any z € R?
p(2)[ ¥ (z) < CpwexplCoullzll],  Cpw=Cp+ Co+ Cply .

Since V is bounded there exists R’ > R (where R is given in H1) such that V C B(0, R').
Note that for any € > 0, we have

2" (@) = T (p) + T2(¢)
Ial(@) = IE(WHB(O,R/)«:) ) 152(@) = Is(‘Pﬂme(o,R/)) :

Let £ € (0,&), we divide the rest of the proof into two parts. First, we bound Z(¢) and
then Z2(¢p).

(a) Let u = (m*/e — Cpp)"/** (which makes sense, since ¢ < m*/(C, ¢ +1)). Since R’ > R
we have using (7) and that u > 1

T (@) = Oy '™ [0, mye p(@) ¥ () expl— | F(2)]|* /e]dz
< Oy Cowe™* [ e exp[— (/e — Cyu) [l **]da
<Oy CppeWH S50, Ry €xP[— (|**]da
Let Cy = Jpa exp|— ||z]|**]dz. Using that u = (n* /e — C,5)'/*k we have
TH(P)< C7 e ¥ [ pye exvl— 2| *da

< Cr'Cpe™ fpa expl||z]|** /2) expl— |l]|**]dz exp[—(R'u)** /2]

< 249k 0,07 Oy exp[(R) ¥ Cy g /2le ™Yk exp[—(R')*uk / (2¢)] < Ale™¥* exp[—p1 /],
(50)

with
AL = 2% OO C g expl(R) Cog /2], B = (R)™ub /2.

(b) Second, note that K = V*NB(0, R) is bounded and closed, i.e. K is compact. Note that
for any x € K, ||F(x)|| > 0, hence there exists m > 0 such that for any x € K, ||F(x)|| > m.
In addition, we have that for any x € K,

lp()| U(x) < Cp exp[Coyu [l2]|*] < Cp exp[Cyu (R') ] .
Therefore, we have
T2(p) < Oy 'Cpwe™ P  exp|Cy w (R)*] exp-m"* [ A(K)
where we recall that A\(K) is the Lebesgue measure of K. Since K C B(0, R') we have
T2(p) < n2(R)T7H(d/241)C1 ' Cpw expl(R) e F exp[—m"/e] < Afe™"/* exp| -5 /e] |
(51)
where T': (0, +00) — Ry is given for any s € (0, +00) by T'(s) = [;7>° t*~! exp[—t]dt and

A} = nP(R)THd/2+ )07 Cpw exp[cw,m’)“’f] . pr=mk.
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We conclude the proof upon combining (50), (51), letting 81 = min(3{,3?) and A; =
Al + A3 u

Lemma 26 Assume H1 and that d < p. Then there exist N € N, {zE}V | € (RN and
Wi, € R? open such that for any k € {1,...,N}, af € Wy, F : Wy — F(Wy) is a bi-
Lipschitz homeomorphism, for any x € Wy, dF (x) is injective and for any j € {1,..., N},
Wi "W, = 0. In addition, F~1(0) = UN_, {z§}.

Proof Since, for any x € F~(0), JF(z) > 0 and d < p there exists r, > 0 such that
for any y € B(z,r,), F(y) = F(z) implies that y = x. Since limyz_ o0 [|F(2)]| = +o0
we have that F~!(0) is compact. Assume that H°(F~1(0)) = +oo. Then, there exists
(zk)ken such that for any k € N, F(z;) = 0 and for any j € {0,...,k — 1}, x; # xy.
Up to taking a subsequence, there exists * € F~1(0) such that limj_, . 7 = z* and
for any k € N, x;, # 2*. Hence, there exists k& € N such that x, € B(0,r,+) which is
absurd. Hence H°(F~1(0)) < +oco. In what follows, we let N = H°(F~1(0)) and denote
{aB}Y | € (RYN such that F~1(0) = {zf},. There exists {r}}_, € (R4)" such that
for any k,j € {1,...,N}, B(zk,r,) N B(xé,r}) = (. For any k € {1,...,N}, we let
Vi = B(mlg,min(r;{:,rzg/Z)). Let £ € {1,...,N}. By construction, F : Vi — F(V})
is bijective and continuous. Since Vy, is compact, we have that F' : Vi, —» F (\7k) is a
homeomorphism. Since for any k € {1,..., N}, JF(xlg) > 0, there exists m > 0 such that
for any k € {1,...,N} and v € RY, v T H(xf, z)v > m|v||> with H(z,y) = DF(2) 'DF(y)
for any z,y € R%. For any k € {1,..., N}, there exists W}, C V}, such that for any z,y € W
we have ||H (z,y) — H(xf, zk)||2 < m/2. Therefore we have for any z,y € W;,

|F(2) = F)I* = Jy Jo (DF (@ + t(y = 2))(y — 2), DF (& + s(y — 2))(y — x))dtds
= Jo Jo (v — 2) T H(w,, ) (y — x)deds

= (y—2) T H (b, 2§)(y — 2) + Jy Jo(y — )T (H (20, 25) — H(af, 2§))(y — w)dtds
> (m/2) |ly — x|

where x; = x + t(y — x), which concludes the proof. [ ]

A.3 Quantitative control of the derivative

Lemma 27 Under the same assumptions as Theorem 11, there exist n > 0 and P €
Poly(4,R,) such that for x € F~1(0) and t € Bx(0,7m) we have

[Dex(t, 2)[| < (1+ Moy + M) (1 + Mow + M w)
X P(My,p, M2 p, M3 p,1/mi ) exp|P(My g, Mo g, M3 ,1/mi )],

where we recall that x is defined in (28) and for any £ € N, i € {0,..., ¢} and f € C*(R?, RP),
M; ;= sup{||[D’ f(z)| = = € F~'(Boo(0,7))}.
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Proof In this proof, for any f: R™ — R™ with mg,m; € N differentiable, we denote
df its differential. Recall that ®; : R? — R? is defined such that for any =z € RY,
®y(z) = 2P with (O = 2 and for any i € {0,...,p — 1}, 20D = &, (ti11,2?), with
®,41 given by (27). The compact sets Ko and K; are defined in the proof of Theorem 11.
Since for any z € F~1(0), |det(D®; *(z))| > 0, we assume without loss of generality that
det(D®; ! (x)) > 0. For ease of notation we denote oy = ¢ x ¥. We have

Mo,y = Mo, Mo, , M oy = Mo My g + My Moy w .
In addition, we have for any € R% and t € Kq
X(t,x) = pu (P (2))IF (D7 ()" det(DD; () - (52)
We now control the first derivative of y. We divide the rest of the proof in three steps.

(a) We start by providing upper bounds for z + h; j(z), z + Dh; j(z) and x + D?h; j(z)
for any 4,5 € {1,...,p} where we recall that for any x € K; we have

{hij(2)}1<ijzp = Gz) ™" = Adj(G(2))/ det(G () = Adj(G(2))/IF (2)* ,

where Adj(G(x)) is the adjugate of G(x) = {(VFi(x), VF}(x))}1<i j<p, where for any z € Ky
and i, € {1,...,p}

Adj(G(z)) = {(=1)" det(G™ () }1<ij<p -

where for any i,j € {1,...,p}, det(G*(x)) is the (i,) minor of G(x). Hence, using the
Cauchy-Schwarz inequality there exists Dy > 0 such that for any x € Ky and i, € {1,...,p}

i j(@)] < DoM2 fmi (53)
where we define
My p=sup{||VFi(z)|| : €Ky, ie{l,...,p}}, mip=inf{JF(z): 2 € Ki}.

Recall that m; p > 0 since K; is compact and for any = € Ky, JF(z) > 0. We have that for
any z € Ky, u € R% and 4,5 € {1,...,p}

dh; j(x)(u) = e;rdG(x)_l(u)ej = —BZTG(JJ)_IdG(l')(’LL)G({L‘)_IGJ' . (54)
In addition, we have for any x,u € R? and i,j € {1,...,p}
dGij(z)(u) = A Fi(2)(VFj(w), u) + & F () (VF(x), u) - (55)

Combining this result and (54) we get that there exists C; > 0 such that for any = € K;
and i, € {1,...,p}
IDhij (@)l < CLMY T Mo, /md (56)

where M p = sup{||V?Fi(z)|| : =z € K1, i € {1,...,p}}. Hence using (26), (53) and (56),
there exist Cy, C3 > 0 such that for any z € K; and i € {1,...,p}

2p—1 4p—2 2p—2
lgi(@)| < CoaMyT5 " /mi g |Dgi()l| < CsMa,p/mi p{ M~ /mi g+ M7} (57)
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Similarly, for any = € Ky, u,v € R and 4,5 € {1,...,p} we have
thi,j(a:)(u,v) = e-TdQG( )~ 1(u,v)e]

{ ()71 dG (@) (u)G(2) 7 G (2) (v)G(x) ™
+G(2) ' dG(2)(0)G(2) " dG (@) (u) G () !

~G(2) T %G (@) (u, v)G(2) e

We also have for any x,u,v € R and i,j € {1,...,p}

(
)

d°Gi (@) = EFy(2)(VFj(2), u,v) + & Fj(2)(VFi(x), u,v)
+ B (@)(&2F(2)(v), 1) + €2F,(x) (2F (@) (), u)
Hence there exist P; € Poly(4, R, ) such that for any x € K; we have
ID?hi ()| < P3(My,p, Mo, M3 p,1/m1 F) (58)

where Ms p = sup{||V3Fi(z)| : = € Ky, i € {1,...,p}}. Next, note that for any i €
{1,...,p}, we can choose g; such that g; € C?(R? R?) (and therefore ®; € C32(R x R¢ R?)
by Theorem 36). Combining this result, (57) and (58), there exist P; € Poly(2,R.),
P, € Poly(3,Ry) and P3 € Poly(4,Ry) such that for any « € K; and i € {1,...,p}

gi(@)]| < Pi(Myp,1/miF), [Dgi(x)|| < Po(My,p, M2 p,1/m1F) , (59)
|D2g;(x)|| < Ps(Mi g, Mo, M3 g, 1/my ) .

(b) For any = € Ky, i € {1,. ..,p} and t; € R such that ®;(¢;,z) € K; we have |t;| < 217,
since F;(®;(t;,z)) = F;(z) — t;. Hence combining this result, the fact that for any = € RY,
®,(0,x) =z, (27) and (57), fi any x € Ki,ie{l,...,p} and t; € R such that ®;(¢;,z) € K1
we have

19i(ti, 2)| < [l + Jg* IDe®i(s, z)ll ds < ||zl + 2nCaMT " fm? o

Therefore, there exists Cy > 0 such that for any = € Ky, i € {1,...,p} and ¢; € R such that
®;(t;, ) € K1 we have

|93t 2)[| < Ca(l+ M /mi ) o |De®i(ts, o) < CoMyR i (60)
Similarly, for any = € Ky, ¢ € {1,...,p} and ¢; € R such that ®;(¢;,x) € K; we have

D5 ®i(ti, ) 1< 1]l + f" [IDr,ePi(s, )| [|D2Pi(s, 2)|| ds
< |1d]| + fy7 IDgi(®i(ti, 2))|| |Do®i(s, )| ds
4p—2 224 (s
< [Idf + C3(M2,F/miF){M1,€P mi g+ M } o7 D2 ®i(ti, )| ds .

Hence, using Gronwall’s lemma, for any = € Ky, i € {1,...,p} and ¢; € R such that
®,(t;,x) € K1 we have

Do ®;(t:, )| < |[1d]| exp[2nCs (Mo, p/m3 p){ M5 % /mi g + M5
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Therefore, there exists C5 > 0 such that for any x € Ky, ¢ € {1,...,p} and ¢; € R with
@i(ti,l‘) € K{ we have

ID2®i(ts, 2)|| < Cs exp[Cs (Mo /mi p){M5: " /mi o+ MY (61)

Using this result, (27) and (59), there exists Cg > 0 such that for any = € Ky, 7 € {1,...,p}
and t; € R with ®;(¢;, ) € K1 we have

Do ®;(t:, 2)|| < Cs exp|Co(Ma g /m3 p){ My 2 /mi p + M52} (62)

Hence combining (60), (61) and (62), there exist Py € Poly(2,R;) and P5 € Poly(3,Ry)
such that for any x € Ky, i € {1,...,p}, t; € R with ®;(¢;,2) € K; we have

D@ (ts, )| + [|P4(ts, )| < Pa(My,r,1/maF), (63)
D2 ®i(ts, z)|| + || Dy o®i(ts, x)|| < Ps(My,p, Ma g, 1/my ) exp[Ps(My g, My p,1/myr)] .

In addition, using (27) we have for any i € {1,...,p}, s € R, z € R?
D;D2®;(s, z) = Dg;(®;(s, 2))D2®;(s, z) + D?g;(®i(s, ) D ®;i(s, ) .

Therefore, using (59) and (63), we have for any x € K1, 7 € {1,...,p} and ¢; € R such that
(I’Z'(ti,l') S K1
ID2®;(ts, )|l < Jo' {IIDgi(Pi(s, )| [DF (s, 2)[| + [IDgi(®i(s, ) [|[Da®i(s, ) }ds
< 2nP3(My,p, Mo p, M3 p,1/my p)Ps(Mip, Mo r,1/mi F)exp[Ps(Mir, Mo p,1/m F)]
+Po (M, Mo, 1/ma r) fo' [ID3®i(s, 2)[|ds .

Hence, using Gronwall’s lemma, there exists Ps € Poly(4,Ry) such that for any =z € Ky,
i€ {l,...,p} and t; € R such that ®;(¢;,z) € K; we have

ID2®;(t;, 2)|| < Ps(My p, Mo g, M3 g, 1/my ) exp[Ps(My g, Mo g, M3, 1/m1 £)] .

Hence, combining this result and (63), we have for any x € Ky, i € {1,...,p} and t; € R
such that ®,(¢;,z) € Ky
[De®;(ti, z)|| + [ ®s(ti, 2)|| < Pa(My g, 1/mar),
|Da®;(ts, ) || + [|Dea®i(ts, x)|| < Ps(Mi,p, M2 p,1/mi p)exp|Ps(Mi,r, Mo r,1/m1F)],
ID2®;(t;, x)|| < Ps(Mi p, Mo, M3 g, 1/mi ) exp[Ps(Mi p, Mo p, M3 p, 1/mq p)] . (64)

(¢) In what follows, we fix t € Bo(0,7) and use (64) to provide uniform bounds for D;®; !,
D;D®; ! and D®; ! on F~1(0). We introduce {@Ztl}le such that for any z € F~1(0) and
ie{l,...,p} ) ) )

Bpl(0) = Bt B L (2) s Bipa(e) =w

Note that ®; 1 = i);ll Let j € {1,...,p}. Forany i € {1,...,p} we distinguish three cases:

(i) i > j, then for any z € F~1(0), Dtj@;il(a;) =0.
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1, @} () = —Dy®;(—t;, <i>tjj1+1(x)).
(iii) i < 4, then for any € F~1(0) Dy, é;} () = Dy ®;(—t;, i);hl(a:))Dt(i);}Jrl(x)

J

.o . . 71
(ii) @ = j, then for any x € F~"(0), Dy,

Combining these results, (64) and the fact that ®; ! = i); ! we get that there exists P; €
Poly(3,R,) such that for any z € F~!(0), and j € {1,...,p} we have

||Dt].<i>;1(1:)|| < ]57(M1,F,M2,F, 1/my ) exp[P7(MLF,M27F, 1/my F)] .
Hence, there exists P; € Poly(3, Ry ) such that for any x € F~1(0) we have
D@, ! (2)|| < Pr(My p, Mo, 1/my p) exp[Pr(My g, Mo g, 1/my r)] - (65)
Next, note that for any z € F~1(0), t € Boo(0,7) and i € {1,...,p} we have
D®, ! (x) = Da®i(—ts, B; 4 (2))DD L (2) D®, )\ (z) =1d .

Combining this result and (64), there exists Py € Poly(3, R, ) such that for any x € F~1(0)
and i € {1,...,p}

HD‘E_ZI(JU)H < BR(Myp, My p,1/my ) exp[Ps(My,r, Mo p,1/m1F)] . (66)
In particular, since &, = i)t,l we have for any z € F~1(0)
D@y ()| < Ps(My,p, Mo, 1/my r) exp Py (M g, Ma g, 1/ma )] - (67)

Finally, we give a uniform upper-bound on D;D®;!. Let j € {1,...,p}. For any i €
{1,...,p} we distinguish three cases:

(i) i > j, then for any x € F~1(0), Dtiji);il(az) = 0.
(ii) i = j, then for any x € F~1(0), Dt].Di);il(x) = =Dy ®;(—t5, CT)ZJ.IH(Q:))D@;;H(.%).

(iii) i < j, then for any x € F~1(0), we have

Dy, D®; ! (x) = Dy ®i(—t;, ®; ) (x))Dy, DR, (z)

J
+ Di‘bi(_tia ‘I);ilJrl(IE))(D‘I);ilJrl(f)a Dtqu);ilJrl(‘r)) .
Using (64) and (66), there exists Py € Poly(4,R,) such that for any z € F~1(0) we have
IDDP; ()| < Po(Myp, Ma,r, Mar, 1/miF) exp|Py(Myr, Ma,p, Ms.r, 1/mir)] . (68)

Therefore, summarizing (65), (67) and (68), there exist Pr, Py € Poly(R4,3) and Py €
Poly(4,R,) such that for any z € F~1(0) and ¢ € B (0,7) we have

|D:®;  (2)|| < Pr(My p, Mo p,1/my r) exp[Pr(My g, My g, 1/my r)], (69)
|ID®; ()| < Ps(Myp, Mo, 1/my ) exp[Ps(Mi g, Mo, 1/ma r)]
|D:D®; ()| < Po(My , Mo, M3 g, 1/my r) exp|Po(My g, My g, M3 p, 1/my )] .
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(d) Next, we use (69) to conclude the proof by providing uniform upper-bounds on the
differential x on F~1(0) w.r.t. ¢, where x given in (52). For any z € F~1(0) and t € By (0, 7)
we have

Dex(t, ) = Dypw (@7 (2))IF (@ (1))~ det(G(@; (2))) (70)
+u(; () D F (27 (1) 7 det(G(D ' (2)))
+u(®; ' (2)JF (27 (1) ™' Dy det(G(D ' (2))) -
First, for any € F~1(0) and ¢ € Bs(0,7) we have
o (@7 (@) < Moy,  JF(®7(2) ™ < 1/map (71)

In addition, using (69), there exists Pjgp € Poly(3,R;) such that for any € K; and
t € Beo(0,7)

|det(D®; ! (2))| < Pio(Mi,r, M, 1/m1 r) exp[Pio( My, Mo g, 1/m1 F)] - (72)
For any z € F~1(0) and t € B (0,7) we have
Doy (®; ' (2)) = Dog(®; ' (2))De®; ' (2) .

Combining this result and (69), there exists Pi; € Poly(3, R ) such that for any x € F~1(0)
and t € Boo(0,7) we have

IDep(®; (@) < Mipy Pri(s Mip, Mo g, 1/mi p) exp[Pu(, My g, My, 1/mar)] . (73)
For any x € F~1(0), t € Bo(0,7) we have
D JF(®; 1 (2))7! = Dy det(G(®; H(2)))/? = JF(®;  (2)) ' Dy det(G(D; 1 (x))71) . (74)
In addition, for any = € F~1(0), t € Bso(0,7) and h € RP we have
Dy det(G(®; ' (2))) (k) = Tr(Adj(G(®; " (2)))DG(P; ' () (D ®; () (h))) -

Using this result, (74), (55) and (69), there exists P32 € Poly(3,Ry) such that for any
r € F71(0), t € Boo(0,n) we have

IDJE(@; ()| < Pia(Myp, Ma,p, 1/my p) exp[Pia(My,p, Mo g, 1/mi r)] . (75)
Finally, for any z € F~1(0), t € Bso(0,7) and h € R? we have
D; det(D®; ' () = Tr(Adj(D®; " (x))D:DP; () () -

Hence, using (69), there exists Pj3 € Poly(4,RR,) such that for any x € F~1(0) and t €
Boo(0,m) we have

ID¢ det(D®; ! (2))|| < Pis(My,p, Mg, Ms g, 1/my p) (76)
x exp[Pi3(My g, My p, M3 p,1/mi )] .

We conclude the proof upon combining (70), (71), (72), (73), (75) and (76). [ |
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A.4 Regularity results

In the following section we prove a smoothing lemma which is key to extend Theorem 14
to the case where ¥ and ¢ are no longer in C*(U,R) but are Lipschitz continuous.

Lemma 28 Let U be open bounded, r > 0,V = U+B(0,7) and ¢ € C(R? R) which satisfies
(7) and is Lipschitz on V, i.e. there exists My, > 0 such that for any x,y € V we have

lp(z) — ()| < Mg |lz —y| -

In addition, let Mo, = sup{|¢(z)| : @ € V}. Then there exist 6 > 0 and {¢° : § € (0,6)}
such that the following hold:

(a) For any x € U, lims_,g 906($) = ().

(b) For any 6 € (0,6), ¢° € C1(R%,R) and there exists Ls > 0 such that for any x,y € U,
¢° (@) - ¢’ ()| <Lslle -yl -

Let Lo = sup{Ls : 0 € (0,0)} < +oo and we have Ly < C1(1+ My, + M ,)(1 + Cy), with
C1 > 0 that does not depend on .

(¢c) For any § € (0,9) there exists Ms > 0 such that for any x € U, |0 (2)| < Ms and
My = sup{M; : 0 € (0,9)} < 4o0. In addition, My < Ca(1 + My,)(1 4+ Cp) with Ca > 0
that does not depend on .

(d) For any 6 € (0,0) there exists Ds > 0 such that for any x € R? we have
|¢°(x)| < Dsexp|Ds | *] ,
and Ds < C3(1 + Cy,) exp[C3C,] with Cs that does not depend on .

(¢) Assume H1, that F~1(0) C U and that there exists mo, > 0 such that for any x €
F=10), ¢(x) > mo. Then there exists 6* > 0 such that for any § € (0,6*) and x € F~1(0),
() > mo /2. In addition if ¢ >0 then for any § > 0, ¢° > 0.

In addition, § = f1(Cy) and 6* = fo( Mo, M1 4, 1/mo .y, Cp) with f1 € C(Ry,Ry) and
f2 € C(RL,R}) and are non-decreasing w.r.t. to each of their variables. Finally, there
exists Cy > 0 such that

limsup Ms < C4My,, , limsupLs < CyMi,, limsup Ds < CyC,

6—0 6—0 6—0

with Cy that does not depend on .

Proof Since U is bounded there exists R > 0 such that U C B(0, R). Let p € N* such that
2p > ak and for any § > 0 define k; : R? — R such that for any z € R? we have

ks(@) = exp[— ||z /0]/ Jpa exp[— | Z|[*F /6]dZ .
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Let Oy = [pa exp|— || *]d# and we have for any & € R%, ks(x) = C; 16~ 4? exp|— ||z||* /4].
Note that since 2p > ok and using (7) we have that for any x € R? [pa [p(z — y)|ks(y)dy <
+00. For any § > 0 we define ¢ such that for any = € R?

P (@) = fpa ol —y)ks(y)dy - (77)
We divide the rest of the proof into five parts.

(a) We have that for any z € R?, lims_,o % (z) = ¢(z), since o € C(R?,R) and {ks : § > 0}
is a mollifier. This concludes the proof of Theorem 28-(a).

(b) Using that 2p > ok and (7) we have that for any B € N, fga |yl|® [o(z—y)|ks(y) < +o0.
Hence, ¢° € C*®°(R%, R). Let € U. Using that [pay|ly||** ks(y)dy = 0, we have that for
any 0 > 0

IV (@) = (2p/)I| Jra p(z — v)yllylI*P~2ks(y)dy||

= (2p/9) Jpa lo(z — y) — o(@)[lylI*P~ ks (y)dy

< (2pM14/0) Jpa |9lPP ks (y)dy + (2/0) [(0,42)c 0(2 = y) — o (@)[[|yl[*P~ ks (y)dy

< (2pMio/Ch) Jpe Iyl exp[—|ly[|*]dy

+(20/6) [50. /2 l(& =) — o(@)| [yl ks(y)dy - (78)

We now bound the second term. Let & = [ak]. Using (7), we have for any and = € U and
y € R?
< (14 Mop)Cyp exp[Cy = y|*]
< (1 + Moyp)Cy exp[3¥ 1 Cyp (1 + [ + [lyl|™*)]
< (1+ Mo,)Cy eXPB&k_le(l + R&k)] exp[35"€_1C¢HyH5"“] :

lp(x —y) — ¢(x)]

Therefore we get that for any = € U and y € B(0,7/2)°
lp(@ = y) — ()| Iyl
< (14 Mo,p)Cy exp[3% " Cp(1 4 R™)] exp[ (3% (r/2)™ 2 C,y + 1) [y *] -
Therefore there exists C, > 0 such that for any z € U and y € R? we have
oz —y) = (@) Iyl < Ca(1+ Mop)CyexplCa(l + Cp) Iyl ™1,

with C, > 0 that does not depend on ¢. Using this result, we have for any x € U and
6 €(0,1/(2Ca(1+ Cy)))

(20/) [5(0,0/2)c l9(x = v) = (@) Iyl ks(y)dy
< 2pCa(1+ M) Cod P~ 01 [0, 2y ex0l(Call + Cp) = 1/6) |yl ]dy
< A2 (14 Mop)Co/ (5C) J (0,0 p 120571720y XD = yl[*F]dy -

We have for any 6 € (0,1/(2C,(1+ C,)))

50 (212081720 €xp[— ||y #]dy /Cr < exp[—r? /(22F296)] [ya exp[— ||y[|** /2]dy/Ch -
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Therefore, there exists C, > 0 (that does not depend on ¢) such that for any z € U and
5 €(0,1/(2C,(1 +C,))) we have

(20/) [3(0.0/2)¢ [9(x = v) = (@) lyl*P ™" ks(y)dy < Cy(1 + Mo,,)Cpd~t exp[—r2? /(22725)] .

(79)
Combining this bound and (78), we get that for any ¢ € (0,1/(2C,(1 + Cy))) there exists
Ls > 0 such that for any z € U, ||[V¢®(z)|| < Ls. Let Lo = sup{Ls : § € (0,0)} < +oo and
using, (78), (79) and that for any ¢ > 0, t exp[—r?Pt/22T2P] < 2272 /(er?P) we have

Lo < (2pMip/C1) fa 9127 expl—ly2]dy + 22+ Cy(1 + Mo, )C,p (1)
This concludes the proof of Theorem 28-(b).
(c) For any x € U and 6 € (1/(2C,(1 4 Cy))) we have
(@)= [5(0,r/2) le(y — ) ks(¥)dy + [0, /2)c [y — 2)[ks (y)dy (80)
< Mo, + [50,)2) 19y — @) ks (y)dy -

Similarly to (79), there exists ¢ > 0 (that does not depend on ¢) such that for z € U and
de (1/(2C,(1+Cy)))

fB(o,r/Q)c lp(y — 2)|ks(y)dy < (Cy/c) exp[—c/d] .

Combining this result and (80) for any ¢ € (0,1/(2C,(1 + Cy))) there exists Ms > 0 such

that for any = € U, |¢°(x)| < Ms. Let My = sup{Ms : § € (0,0)} < 4+o00. We have that
Moy < Mo,y + (Cw/c) exp[—c(1 + Ccp)] )
which concludes the proof of Theorem 28-(c).

(d) Using that for any a,b > 0 and p > 0, (a + b)? < 2™(@P=10)(gP 1 pP) we have that for
any ¢ € R and § > 0

|0 ()] < Cp fra exp[ClpBai(|2[|1* + [[y]|**)] ks (y)dy ,
where By = gmin(ek—1.0) " Hence, using this result we have for any & € (0, 1/(2Bu,1Cy))
| ()| < Cp/(C16%2P) exp[CipBas 2] °*] fipa exDl(CopBac — 1/6) |ly[|*]dly

< Cp/(C18%2P) exp|Clp B [|2]|™*] fipa exp— [[yl*? /(20)]dy
< 2d/2pcgo eXp[Cwﬂa,k Hchxk] .

Therefore, for any 6 € (0,1/(2844C,)) there exists Ds > 0 such that for any » € R,
¢(z) < Dsexp[Dys||z]|**]. In addition, there exists Cy > 0 (that does not depend on )
such that Ds < Cy(1 4 Cy,) exp[CyC,,], which concludes the proof of Theorem 28-(d).

(e) If ¢ > 0 then for any 6 > 0, p® > 0 using (77). For any = € U we have
P (2) = () + faa(ply — ) — o())ks(y)dy = mo — fpalply — ) — () ks(y) . (81)
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For any = € U we have

Jra lo(y — ) = o(@)| ks(y) < M1 o6 + [50,20 loly — 2) — (@) ks (y)dy -

Similarly to (79), there exists Cy > 0 that does not depend on ¢ and such that for any
zelU

Jatom e |9 — ) — (@) lks(y)dy < Call + Mo,)Cy expl—1/(Cad)] -
Let 81 = (mo/(4Mip))F and & = C;'(log(4CaCy(1 + Mo)) — min(0,log(mo,,))) .
Then for any § € (0, min(d1,d2)) we have that for any x € U

Jra lo(y —x) — ()| ks(y) < mop/2,

which concludes the proof of Theorem 28-(e) upon combining this result with (81).

Appendix B. Technical results for Section 4.3.1

In this section, we derive a quantitative parametric theory for Laplace-type expansion in
Appendix B.1 and Appendix B.2. We start by deriving technical bounds in Appendix B.1.
Our main result, Theorem 33, is presented in Appendix B.2 along with a quantitative Morse
lemma. Finally, in Appendix B.3 we derive some moments bounds.

Let u: R x Z — R with Z a metric space. We consider the following assumption.

H5 v c C(RY x Z,R), for any z € Z, u(-,z) € C*(R4,R) and the following hold:
(a) Z is compact.
(b) There exists A > 0 such that for any z € Z, |u(0, z)| < A.

(c) There exists M > 0 such that for any x1, 29 € R? and z € Z, || VEu(x1, 2) — VEu (2, 2)|| <
M”£E‘1 - :EQH

(d) There exists m,x > 0 and R > 0 such that for any x € R? with ||z|| > R, u(z,2) >
.

(e) For any z € Z the number of global minimizers is bounded.

There exists R4 > 0 such that for any z € R? with ||z|| > R4 and 2z € Z, |u(x, 2)| >
A > |u(0, 2)|. Hence, for any z € Z, argmin{u(z,z) : = € R’} ¢ C=B(0,R,).

We denote u* : Z — R such that for any z € Z, v*(z) = min{u(z,2) : = € RY}. We
have that v* € C(Z,R). Indeed we have that u is uniformly continuous on Z x C. Hence, for
any € > 0 there exists § > 0 such that for any (2o, zo), (20, 20) € Z x C with d(z9, z1) +||zo —
x1| <6, |u(wo, 20) — u(w1,21)| < e. Let 29 € Z and zff € argmin{u(z,2) : = € R?} c C.
Let € > 0, z € Z such that d(z, 29) < 6 and 2* € argmin{u(z, z9) : x € R} C C then

u*(z) <wu(z*, z) <wu(zh, z) < ulzg,z) < ulzg, z0) < u(2o) -

52



ON QUANTITATIVE LAPLACE-TYPE CONVERGENCE RESULTS

Similarly we have u*(zg) < u*(z) + ¢ which concludes the proof. For any ¢ : R? — R, and
€ > 0 we define

Ie(p,2) = C* Jpa () exp[—(u(z, 2) —u*(2))/e]dw,  Te(z) =Ze(1,2),  (82)
Ce = Jpaexpl— |lz]|* /e]dz = (me)¥/?.

In addition, we define
IU(@? Z) - fargminu(-,z) (,0(1‘) det(v%‘u(x7 Z))il/zd,Ho(x) ) \-70(2) = 10(17 Z) ) (83)

where det(V2u(z, 2)) 1?2 = 400 if V2u(z, 2) is not invertible. If ¢ : R? — R and I.(|¢|) <
400 for some £ > 0 we define Z. () similarly as in (82), (83). For any € > 0 and ¢ : RY — RP
such that it is defined we let 6,S:[¢] = Z- (¢, 2)/J=(z). We emphasize that these definitions
are the parametric counterparts to the ones introduced in Section 4.1.

In what follows, we define o : R? x Z — [0, +-0c] such that for any z € Z and = € R?
o(zr, z) is the inverse of the minimum eigenvalue of V2u(x,z). In addition, for any B > 0,
we define o : Z — [0, +o0] such that for any z € Z, oj(2) = [, )J(x, 2)BdHO(z).

rg min u(-,z

B.1 Parametric lower and truncation bounds

Lemma 29 Assume H5. Then, for any € > 0 there exists Ag > 0 such that for any z € Z
and € € [0,&] we have J:(z) > Aop.

Proof Let z € Z and € > 0. Let 2*(2) be a global minimizer of x — u(x, z) which exists
since arg min{u(z, z) : = € R?} # (). Using the change of variable z — 2 + 2*(2) we have

Je(2) = CZ1 [ga exp[—(u(, 2) — u*(2))/e]dz = CZ" [ga exp[—(u(a*(2) + =, 2) — U*(Z))/<€]d)fc :
84
For any x € R? we have

u(z*(z) + x,2) —u*(z) = f01<qu(:c*(z) +tx, 2) — Veu(z*(2), 2), z)dt < M||z|?/2 .

Combining this result and (84) we get Ju(2) > [pa exp[—M/2)|z||?/e]dz/Ce > (2/M)%/2.
In addition, we have that for any z € RY, Jy(z) = Jarg minu(-,2) det(V2u(z, 2)) "/ 2dHO (x).
Note that if o3(z) = 400, then there exists #(z) € argmin{u(z,z) : z € RY} such
that o(#(z),2z) = +oo and therefore Jy(z) = +oo. We have that for any = € RY,
det(V2u(z,z)) < M% and therefore, Jo(z) > NM~%2. We conclude upon letting Ay =

min (N, 24/2) /M2, [ |

Lemma 30 Assume H5. Let ¢ : RY — R and Cyp > 0 such that for any x € R?
|o(2)] < Cp exp[Cy ||2]|°] - (85)

Let £ € (0,m/(1+ Cy)) and z € Z. Assume that there exists V(z) C R? open and bounded
such that

argmin{u(z, z) : = € RY} € V(2) C argmin{u(z,2) : = € R} +B(0,1).
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Then, there exist 51 > 0 and A; € C(R4,Ry) such that for any € € (0,¢)
I (¢, 2) < Ai(Cy)e™*{expl-m(2)/e] + exp[—pi /e]} |
with m(z) = inf{u(z,2) : © € RAV(2)} —u*(2), I°"(p, 2) = T (¢ly(z)e, 2) and Ay, By that

do not depend on ¢ and z, with A1 non-decreasing.

Proof First, we have using the remark following H5
V(z) c C+B(0,1).

Since C + B(0,1) is compact, there exists R’ > 0 (that does not depend on z) such that
R’ > R (where R is given in H5) and V(z) C B(0, R’). Note that for any € > 0, we have

2" (p,2) = T2, 2) + L2(, 2)
I;(<p7 Z) = IE(QOHB(QR/)W Z) ) IaQ((pa Z) = I&(‘PRVCQB(QRl)y Z) .

Let € € (0,€). The rest of the proof is similar to the one of Theorem 25 but is given
for completeness. We divide the proof into two parts. First, we bound Z. (i, z) and then

T2(p, 2)-
(a) Let w = (m/e — C,)"/* (which makes sense, since ¢ < m/(C,, +1)). Since R’ > R, using
(85) and the fact that « > 1, we have
L2 (p,2)= C1 e [50 pye 9(@) expl—(u(z, z) — u*(2))/e]de
< 7112 explii®] fgo. e expl—(m/z — C,) ] da
< C71Cy explale 2 g e expl— [l7]%)dz .
where ©* = sup{u*(z) : z € Z}. Let Cy = [paexp[— ||z||*]dz. Using that w = (m/e —
Cp)V/*, we have
TH(p,2) < O71Cpexplitle? [ muye exvl— 2] e
< Oy ' Cp explar]e™/? [ga exp[— ||| /2]dz exp[—(R'u)*/2]
< 29/%CoCr ' Oy explu*] exp|(R)*Cy /2]e ™2 exp[—(R') “m/(2¢)]
< Afe= 2 exp[—pi /], (36)
with
AL = 250, CTLC, expla] expl(R)*Cof2], BL = (R)*m/2.
(b) Second, let K(z) = V¢(2)NB(0, R'). Note that for any = € K(z2), u(z, 2) —u*(2) > m(z).
Hence, we have
T2(p,2) < C7CLe™ Y2 exp|Cy(R') ] exp[—m(2)/e]A(K(2))

where we recall that A\(K(z)) is the Lebesgue measure of K(z). Since K(z) C B(0, R') we
have

T2(p,2) < m?(R)T 1 (d/2 + 1)Cy ' C, exp(R')¥]e =% exp[—mi(2) /e]
< Afe= % expl-m(z)/e] , (87)
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where T': (0, +00) — Ry is given for any s € (0, +00) by I'(s) = [, t*~! exp[—t]dt and
A2 = m2(RNATY(d/2 + 1)C7 1 Cp explCL (RN

We conclude the proof upon combining (86), (87) and letting $; = 31 and A; = A} + A2
|

B.2 Quantitative Morse lemma and parametric Laplace-type results

We begin by recalling a quantitative version of the Morse lemma, see (Le Loi and Phien,
2014, Theorem 4.2).

Proposition 31 Let U C R? be open with zog € U and f € CF(U,R) with k € N and
k > 3. Assume that V f(z0) = 0 and let K > 0 such that K > maxjeqy, gy sup{[|[D7 f(z)]| :
r € U} < 4+o0. Let o be the minimal eigenvalue of V2 f(xo) and assume that o > 0. Let
oo = min(c, 1). Then, there exist co > 0, § = coog and ® : B(0,8) — ®(B(0,4)) such that
the following hold:

(a) ® € CF=1(B(0,6), ®(B(0,6))) is a diffeomorphism.

(b) For any x € B(0,9), f(®(x)) = f(zo) + [l].

(¢) There exist c1,p > 0 such that maxjeqy 1y sup{[|[D/®(z)|| : = € B(0,8)} < 61066.
In addition, cg,c1 and B depend only on k, d and K.

Note that in (Le Loi and Phien, 2014, Theorem 4.2), the constant cio, P s replaced
by M (K, oo, k) where M : Ri — Ry. However, a close examination of the proof reveals
that the dependency of M (K, oy, k) with respect to o, Lis of order oy B for some >0
which can be made explicit. Using Theorem 31 we derive the following parametric version
of Theorem 13.

This proposition relies on the notion of thermodynamic barrier associated with v which
we define as follows. Assume that arg min{u(x,z) : x € R?} # ) for any z € Z. For any z €
Z we introduce A(z) such that A(z) = () if there are no other minimizers than the global min-
imizers and A(z) = {u(z,2) : x is a local minimizer of u(-, z) but not a global minimizer}
otherwise. Then we define ¢* : Z — R such that for any z € Z we have

¢*(z) = inf A(z) — inf{u(z,2) : = € RY},

with the convention that inf() = 4oco. In words, the thermodynamic barrier constant
quantifies how close the value of the local minimizers are from the global ones. We refer to
Section 3.2.3 for a discussion on the importance of thermodynamic barrier when establishing
parametric Laplace-type expansions.

Proposition 32 Assume H5. Let p € C(R%, R) and z € Z, and assume that o5(z) < +oc.
There exists V(z) open such that

argmin{u(z, z) : = € RY} € V(2) C argmin{u(z,2) : = € RY} +B(0,1) .
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We have that lim. 0 | I (¢, 2) — Zo(, 2)| = 0, with I (p, z) = Z(¢ly(s), 2). Assume that
¢ € CHRY R). Then there exist By > 0 and B > 0 such that for any € > 0 we have

1T (g, 2) — To(, 2)| < Bro(2)(1 + Moo(2) + Mig(2))eV? (88)

with By that does not depend on ¢ and z, and for any i € {0,1}, M; ,(z) = sup{||Vip(z)|| :
x € V(z)}. In addition, there exist c1,y > 0 (that do not depend on z) such that m(z) >
min(c1/0%(2),¢*(2)), with m(z) = inf{u(z,z) : v € RAV(2)} — u*(2).

Proof Let {2¥(2)}M | = argmin{u(z,2) : = € R%}. Using H5 {2¥(2)}M | c C with C
compact. We define Kgjoha1 > 0 such that

Kglobal = sup{HVZ;u(:U,z)H cxeK, zeZ, je{1,2,3}},

with K = C 4+ B(0, 1), where C is defined in the remark following H5. Let i € {1,..., M}.
Using that o7(z) < 400 and Theorem 31 with K < Kgiopa and k = 3, there exist ®; €
C2(B(0,6;(2)), ®3(B(0,0,(2)))) which is a diffeomorphism, with ®7(0) = 2%(2), 6;(z) =
comin(o?(z(z),2),1) and for any x € B(0,8;(2)) we have u(®?(x), z) = u* + ||=|%.

We let do(z) = min{d;(z) : i € {1,...,M}}. Using Theorem 31, there exist ¢;, > 0 and
o > 0 that do not depend on z such that for any ¢ € {1,...,M} and = € B(0,dy(2)),
[d®7(z)|| < choi(z). Let 6(z) = min(dg(z),1/(cpox(z))). We have that for any ¢ €
{1,..., N}, ®(B(0,5(2))) C B(2(2), chor(2)d(2)) C argmin{u(x,z) : = € R} +B(0,1).
We let V(z) = UM, ®,(B(0,6(2))).

We now show that for any i,5 € {1,..., M}, ®7(B(0,d(2))) N ®*(B(0,0(2))) = 0. Let
i, € {1,..., M} and for ease of notation let W, = ®7(B(0,9(z))) for any ¢ € {1,...,M}.
Assume that W;NW; # (). Then, since W; and W; are connected, W = W; UW; is connected
as well. In addition, note that ®7(0) ¢ W; and ®3(0) ¢ W;. There exists v € C([0, 1], W)
such that v(0) = ®7(0) and (1) = ®3(0). Denote t* = inf{t € [0,1] : ~(t) € W;}. We
have that v(t*) € W;\W,. Hence u(y(t*), z) = §(2)% +u*(z). But v(t*) € W; and therefore
u(y(t*), 2) < 6(2)? + w*(z). This is absurd hence for any i,j € {1,..., M}, W; "W, = 0.

Let € > 0 and I(ifs be given by

8 (:2) = XiL1 f,502)7e1/2) expl= l12])dao (2 () det(Vau(al(2), 2)) 72 /C1 . (89)
Recall that Zo(p, 2) = .M, o(2f(2)) det(V2u(zt(2), 2))~'/2. Therefore, we have
1Zo(¢, 2) = T (¢, 2)| < 07 )Mo, exp[—8(2)%/(29)] fra expl~[|2[2/2}dz/C1 (90)
< 2d/201‘/2M07@ exp[—6(2)%/(2¢)] .
Finally, using (89), that for any £ € {1,...,M} and x € B

(
|z||%, that for any £ € {1,..., M}, det(d®}(0)) = det(V2u(zt

we have

’I(l)r,ls(()pv z) - Iicn(@’ Z)’: Zéj\il fB(O,&(z)/al/Q)
(@ (c1/22) det (A3 (=1 22))| expl— [lal|Plda /1 .

0,d(2)), u(®f(z),2) = u*(z) +
(2),2)) 7"/ and 7(0) = a{(),

(®7(0)) det(d®7(0)) (91)
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which concludes the first part of the proof upon combining this result and the dominated
convergence theorem. Next assume that ¢ € C1(R% R) and for any ¢ € {1,..., M}, let
X7 : B(0,6(2)) = R given for any x € B(0,0(2)) by

Xi (%) = (®7(x)) det(d®7 (z))
We have that for any ¢ € {1,...,M}, x; € C}(B(0,0)). Therefore, we have that for any
¢e{l,...,M} and x € B(0,d(z)) and h € R?
dxe(x)(h) = dp(PF (2))dPF () (k) det(d®f (z)) + (®7 (x)) Tr(Adj(d®F (x))d*®F () () -

Therefore, using Theorem 31 we have that there exist C' > 0 and 3 > 0 such that for any
te{l,...,M} and z € B(0,0(2)), [[dxj(2)| < C(1+ Mo, + Mip)op(2). Using this result
in (91) we get that

0, 2) = I(e, Z)‘ < Cop(2)e! (1 + Mo + Mip) fpa lll expl— [l *1dz/C1

which concludes the proof of (88) upon combining this result, (90), and the fact that
exp|[—t] < 1/t for any ¢ > 0.

Next, we show that there exist c1, 3 > 0 such that m(z) > c1 min(1/0%(2), c*(2)) with
c1, 3 > 0 that do not depend on z. Since limg|—o0 u(Z, 2) = 400, there exists #(z) which
minimizes z +— u(x,z) on E = R¥\V(z). We distinguish two cases. If Z(z) € int(E) then
Z(z) is a local minimizer of x — wu(x,z). Hence m(z) > ¢*(z). If #(z) € E\int(E) then
#(2) € V(2)\V(2) and we have that m(z) > §(2)?, which concludes the proof. [ |

Finally using Theorem 29, Theorem 30 and Theorem 32 we establish our main result.

Proposition 33 Assume H5. Let ¢ : R — R be a M ,-Lipschitz function, My ,,Cp > 0
and z € Z. Assume that 07(z) < +oo and that for any x € R%, |p(z)| < C,exp[C, [|z]|*].
Then, there exist By € C(Ry,Ry) and f > 0 such that

1825 [12] = 8:80[p]| < Ba(Cp) (1 + Mo + Mip)(1+ o (2)){e!/? + e~ expl—c*(2) /e]}

with My, = sup{|e(z)| : = € K}, K, By and B that do not depend on z, and By non-
decreasing.

Proof In this proof we assume that ¢ € C'(R? R). The extension to Lipschitz function is
similar to the proof of Theorem 3, see Section 4.1.3, i.e. we use the smoothing Theorem 28.
Let € € (0,m/(1+C,)). First, let V(z) be given by Theorem 32 and set K such that

K = C+ B(0,1), with C given in the remark following H5. Note that V(z) C K. Applying
Theorem 29 there exists Ag > 0 such that for any € € [0, €],

je(z) > Ao . (92)

In addition, using Theorem 30 we have that there exist f; > 0 and A; € C(Ry,Ry) such
that for any € € (0, &) we have

T2 (0, 2) < AL(Cp)e™*{exp[—m(2)/e] + expl—fu/e]} - (93)
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Using Theorem 32 there exist ¢1,y > 0 such that m(z) > min(c1/03(2), ¢*(2)) (with 1,y >
0 that do not depend on z). Hence, combining this result, (93) and the fact that there
exists ¢ such that for any t > 0, exp[—1/t] < e3t(@D/2 we get

T2 (0, 2) < AL(Cp)e™ P {exp[—c*(2) /e] + (o (2)) T2l TV e 1 expl—pu el } -

Therefore, there exist B’ > 0 and Ay € C(Ry,R;) (non-increasing) such that for any
€ (0,¢) we have

I2"(p,2) < As(Co){(1+ o (2))e!? + &= exp[—c*(2) /e]} - (94)

In addition, using Theorem 32, there exist B; > 0 and B” > 0 such that for any £ > 0 we
have

Z2(6,2) = Tolp, )| < Brogo(2)(1+ Mog(2) + M ()2, (95)

Note that M; ,(z) < M;, for i € {0,1}. Hence, combining (94) and (95), there exist
As € C(R4,Ry) (non-increasing) and o > 0 such that for any ¢ € (0,¢) we have

I Z(0.2) = To(0,2)| < A3(Cp) (1 + Mo + My p){(1+ 0, (2)e"/? + =¥ exp[—c*(2) e}

Similar results hold if ¢ is replaced by 1 and we get that there exist A4 > 0, 1 > 0 such
that for any € € (0,&) we have

1Ze (. 2) = To(p, 2)| < A3(Cp) (1 + Mo + Mip){(1 + 0f, (2))e'/? + ™2 expl—c*(2) /e]}
|Te(2) = To(2)] < A (1 + 05, (2))e"/? + = expl—c*(2) fe]} - (96)

In addition, we have that

18:5:(0) = 8250()| < (Ze(, 2) — Lo, 2))/ Te(2) + Zo(, 2)(To(2) — Te(2))/ (To(2) Te (Z()) )

97

Finally, we have that Zo(y, 2) < Mo ,07(2). Combining this result (92), (96) and (97)
concludes the proof.

|

B.3 Control of the moments

In order to derive the uniform stability of the limiting measure, we first need to control the
moments of §,1.,S. uniformly in w.r.t. €, z and n. Let 2/'* € Z" and € > 0. We consider
the Langevin diffusion (X§(21™));>0 given by the following Stochastic Differential Equation
(SDE): X§(2'") € R? and

dX5(21) = =V, U, (XE (21, 25 dt + v/2edBy
where (B¢)¢>0 is a d-dimensional Brownian motion with filtration (F%)¢>0. We recall that
for any n € N, 2" € Z" and 2 € R? we have U, (x, 25") = (1/n) ", u(x, z;). Therefore,

under H3(n) we have that (X$(21")):>0 is well-defined and admits &,1:.S. as an invariant
measure, see Roberts and Tweedie (1996) for instance.
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Lemma 34 Let n € N and assume H3(n) and H4(n). Let z''™ € Z™ and assume that
ot (2Y") < +o00. Then there exist € > 0 such that for any k € N there exists Cj, > 0 such
that for any € € [0, )

i el 8. (21, dw) <

with Cy, and & that do not depend on n € N and z''" € Z™.
Proof Let ¢ > 0. First, since # — V,U,(x,2'™) is Lipschitz continuous we have that

(X¢(21)%)4>0 is well-defined and is a continuous semi-martingale using (Ikeda and Watan-
abe, 2014, Theorem 2.3, Theorem 2.4 , Chapter 4) such that for any ¢t > 0

XE(21) = X§(21") — [§ VoUn(XE(257), 217)ds + v/2eB, .

Let my > 0. Using It6’s formula, see (Ikeda and Watanabe, 2014, Theorem 5.1) we have
that for any ¢t > 0 and k € N with £ > 2
15 (=5 [1** explmot]
= X5(1") + 2k [o(X5(217), VLU (XE(217), 25)) [ XE (=) [[PFY explmos]ds
+mo fo |1 X5(21") 1% explmos]ds + 4ek(2k — 1) [g [IX5(z") 121 explmos]ds + M5 (2'")

with (M5 (21));>0 a Fi-martingale such that Mg(21") = 0. First, using Fubini-Tonelli
theorem, we have that for any ¢ > 0 and k € N

E[| X5 (2"™)]|**] expmot] < X§(2"") + [2km —mo| [y E[||X5("")[[**] explmos]ds

+(4ek(2k — 1) + 2kc)(1 + fg E[||X(21)[|?*] exp[mos]ds) .

Using Grénwall’s lemma we have that for any ¢t > 0 and k € N, E[||X5(2'")||?*] < +oo.
Hence, using this result, the Fubini theorem and H3(n), we have that for any ¢ > 0 and
keN

X5 (1) 2] explmot] < X5(:1) — (2hkm — mo) f¢ E[JIX5(25%) %] explmos]ds

+(4ek(2k — 1) + 2kc) [LE[|XE(21™))|2*=1D)] explmgs]ds .

Combining this result and the fact that for any ¢,a,b > 0 and k € N, at2—1) < p2k 4
a® /bF=1, we have for any t > 0 and k € N

E[|X5 (") "] explmot] < X§5(="") — (km —mo) Jy E[||X5(2"")[[**] explmos]ds  (98)

+ (4ek(2k — 1) + 2kc)* /((km)*'mg) exp[mgt] .

Therefore, for any k € N, there exists Cy > 0 such that for any ¢ > 0, E[||X5(2'")||?*] < Cy,
upon letting mp = km in (98) with Cj, that does not depend on € and z'™. Therefore, using
that the sequence of distributions associated with (X§(z1));>o weakly converges towards
5,1 Se, see Roberts and Tweedie (1996) for instance, and the monotone convergence the-

orem we get that [ga ||z[** Sc(2"™,dz) < Cy. We conclude upon using Theorem 33 in the
case where € = 0. [ |

Finally, we will make use of the following lemma.
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Lemma 35 Let p,v € P (RY) such that for any k € N there exists C, > 0 such that
Jra 1z]|2*dp(z) + fga |z]|?*dv(x) < Ck. Then, for any k € N we have that

W (p,v) < V20, W (p, v) =D/ k=1)

Proof Let k € Nand (X,Y") be the optimal coupling between p and v w.r.t. the Wasserstein
distance of order one. Let Z = X — Y. Using Hélder’s inequality we have

E[|Z]%] < E[|| 2|/ Cr=DE[|| 2] k-2 GE1 < B||Z||P]H D Wy (1, 1) @E2/ GEL

We conclude upon combining this result and the fact that E[||Z||2¥]Y/ (k1) < 20, [ |

Appendix C. Basics on flows and geometric measure theory

In this section, we recall basic facts from geometric measure theory. We refer to Federer
(1969); Morgan (2016); Ambrosio et al. (2000) for a complete exposition of geometric mea-
sure theory concepts. We begin with a proposition establishing the existence of flows. Then,
we prove useful facts on rectifiable sets. Finally, we state area and coarea formulas which
are central to our analysis.

Lemma 36 Let k € N* and X € CF(RY,RY). Assume that X is compactly supported.
Then, there exists a unique mapping ® € CFTLF(R x RY R?) such that for any x € R,
®(0,2) = z and 0:®(s,R?) = X (®(s,R%)). In addition, for any s € R, x +— ®(s,2) is a
diffeomorphism.

Proof The first part of the proposition is an application of (Lang, 2002, Theorem 2.5,
Theorem 2.6). The second part is an application of (Milnor, 1963, Lemma 2.4). |

Note that the previous lemma can be extended to smooth manifolds.

Definition 37 (Ambrosio et al., 2000, Definition 2.57) Let E C RY and k € N with k < d.
E is countably H*-rectifiable if there exists (1;)ien such that for any i € N, ¢; : RF — RY
1s Lipschitz continuous and

H* (E\ Uien %(Rk)) =0.

In what follows, we provide an easy criterion to verify if a given level set is a countably
HE-rectifiable set. We start by recalling the following proposition.

Proposition 38 (Lang, 2007, Theorem 10.5) Let k € N with k < d and F : R? — RF
be Lipschitz continuous. Then for A-almost every y € R¥, F~1({y}) is countably He*-
rectifiable.

The following lemma ensures the stability of countably H*-rectifiable sets through dif-
feomorphisms.
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Lemma 39 Let k € N with k < d, E C R? be a compact countably H*-rectifiable set and
® € CY(RY,RY) be a diffeomorphism. Then ®(E) is countably H*-rectifiable.

Proof Since E C R? is countably H*-rectifiable there exists (¢;);en such that for any i € N,
; © RF — RY is Lipschitz continuous and

H* (E\ Usen wi(R’“)) =0.

Let y € ®(E)\ Ujen (® 0 1) (RF). Then there exists x € E such that y = ®(x) and for any
i € Nand y; € 9i(RF), ®(z) # ®(y;), i.e. * # y;. Therefore ®(E)\ Ujen (@ o ¥;)(RF) C
®(E\ Ujen s (R¥)). @ is Lipschitz-continuous on E with constant Lg > 0 and therefore using
(Ambrosio et al., 2000, Proposition 2.49 (iv)) we get

0.< A (D(E)\ Uien (P 0 )(RY))) < LEH® (E\ Usen v3(R")) <0,

which concludes the proof. |

Finally, we show that if a function is regular enough then its level-sets are countably
HF-rectifiable.

Lemma 40 Let F ¢ CY(RYRP) with d > p and A C RP compact such that F~1(A) is
compact and 0 € int(A). In addition, assume that for any x € F~1({0}), |[JF(z)| > 0.
Then, there exists n > 0 such that for anyt € Boo(0,1), F~(t) is countably HP-rectifiable
and HEP(F~1(t)) < +oo.

Proof In this proof, we show that the level sets F~1(¢) and F~1(s) are diffeomorphic for
t,s € B(0,n). Then, we conclude upon combining Theorem 38 and Theorem 39. First, note
that F~1(0) is compact since it is closed in F~!(A) which is compact. There exists 79 > 0
such that for any € F~1(Bs(0,7m0)), |[JF(x)] > 0. Indeed, if this is not the case then
there exists (zx)ren with limg_ 1o F(zx) = 0 and |JF(xg)] = 0. Since 0 € int(A) there
exists 7/ > 0 such that F~1(B(0,7')) is compact and therefore there exists z* such that,
up to taking a subsequence, limy_,  x = x*. Then F(2*) = 0 and JF(z*) = 0, which is
absurd. We define Ko = F~1(Bs(0,70)) and K; = F~1(B4(0,7)) with n = min(ny/2,7).
Note that K; C int(Kp).

Let G(z) = DF(x)DF(x)". Note that for any z € Ko, G(z) is invertible. We define
{fi}?_, such that for any i € {1,...,p}, fi : RY — R? with for any = € Ko

filx) = 301 hip(x)VEL(2)

with {h; j(7)}1<ij<p = G (z). In addition, we assume that f;(x) = 0 for any = ¢ K. For
any z € Ky and i,7 € {1,...,p} we have

(fi(x), VEj(x)) = Y01 hix(2)(VEFy (), VE;(x)) = 8(j) -

In what follows, we let {g;}}_, such that for any i € {1,...,p}, gi : R? — R? and
gi € CHR?, RY) such that for any = € Ky, g;(x) = f;(z) and for any z ¢ int(Ky), g;(z) = 0,
such functions exist using Whitney extension theorem for instance, see Whitney (1934). In
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what follows, we fix t = (to, . ..,t,) € Boo(0,7). Forany i € {1,...,p} let ®; : RxR? — R4
given by ®;(0,-) = Id and for any s € R and = € R?

0s®i(s,x) = —gi(Pi(s,x)) .

For any i € {1,...,p}, ®; is well-defined using Theorem 36. Therefore, we have for any
i€{l,...,p} and s € R, z € R? such that ®(s,z) € Ky

OsF(@i(s, 2)) = —({9i(Pi(s, 7)), VEL(@i(s,2))), - - {9i(Pi(s, ), VER(Ri(s, 2)))) = —ei ,

where we recall that {el}p | is the canonical basis of RP. We define ®; : R? — R? such
that for any 2 € R%, ®;(z) = 2P with 2(0) = z and for any i € {0,...,p — 1}, z(+1) =
i1 (tigr, D). Note that ®; € C1(R4,R) is a dlffeomorphlsm using Theorem 36. Using
Theorem 38, there exists tg € Boo(0,7,) such that F~1(g) is countably H4 P rectifiable. Let
5 € Boo ( n). Using Theorem 39 and that ®_4 o @y, is a diffeomorphism between F~!(tg)
and F~1(s) we get that F~!(s) is countably H4 P rectifiable, which concludes the first part
of the proof.

For the second part of the proof, we let R > 0 such that F~'(A) c B(0,R). Since
B(0, R) is H%rectifiable we obtain using the coarea formula Theorem 41

Jo0.m) T (@)ldz = Jo, HP(B(0, R) N F=(t))dt > [5_ (g, HOP(F 1 (2))dt .
Therefore, there exists tg € Boo(0,7) such that H4P(F~1(ty)) < 4+00. Let ¥ = &_; 0 &y,
and L > 0 such that for any # € F~!(¢y) we have |[d¥(z)|| < L. Then, using (Ambrosio
et al., 2000, Proposition 2.49 (iv)) we have

HIP(FH(t)) = HIP(U(F ™ (t))) < LTPHIP(F (o)) < +oo,

which concludes the proof. |

We conclude this section with the area and coarea formulae.

Theorem 41 Let F': Cl(Rd,RP) be Lipschitz continuous, k € N with k < d and E C R? be
a countably H*-rectifiable set. Let ¢ : R? — R measurable such that

Je lo(@)| JF (x)dHE (z) < +o0
or assume that ¢ : R? — [0, +00). Then, the following hold:

(Area formula) If d < p then
Je @) IF (@) dH (@) = Ja (Jenr-1(y) 2(@)AHO(2)) dHE(y)
(Coarea formula) If k > p then
Je @) IF(@)dH" (@) = fep (Jenp-10) @) AH P (@)) dHP(y) -
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Proof These results follow from (Ambrosio et al., 2000, Theorem 2.91, Theorem 2.93)
combined with (Ambrosio et al., 2000, Exercise 2.12). [ |

In particular, note that if F' € C'(R? R?) is a Lipschitz diffeomorphism we have using
Theorem 41 that for any ¢ : RY — R measurable such that

Jele(@)|[J@(2)| dH* () < +o0

the following change of variable formula with respect to H* holds

Je () JF (z)dH* (z) = Jra (fEanl(y) @(x)dﬂo(x)) dH*(y) = fF(E) P(F~ 1 (y)dH (y) .
(99)
Note that in order for (99) to hold, E needs to be countably #*-rectifiable.
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