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Abstract

Neural networks with random weights appear in a variety of machine learning applica-
tions, most prominently as the initialization of many deep learning algorithms and as a
computationally cheap alternative to fully learned neural networks. In the present article,
we enhance the theoretical understanding of random neural networks by addressing the
following data separation problem: under what conditions can a random neural network
make two classes X−,X+ ⊂ Rd (with positive distance) linearly separable? We show that
a sufficiently large two-layer ReLU-network with standard Gaussian weights and uniformly
distributed biases can solve this problem with high probability. Crucially, the number of
required neurons is explicitly linked to geometric properties of the underlying sets X−,X+

and their mutual arrangement. This instance-specific viewpoint allows us to overcome the
usual curse of dimensionality (exponential width of the layers) in non-pathological situa-
tions where the data carries low-complexity structure. We quantify the relevant structure
of the data in terms of a novel notion of mutual complexity (based on a localized version
of Gaussian mean width), which leads to sound and informative separation guarantees.
We connect our result with related lines of work on approximation, memorization, and
generalization.

Keywords: Random neural networks, classification, hyperplane separation, high-dimensional
geometry, Gaussian mean width

1. Introduction

Despite the unprecedented success of neural networks (NNs) in countless applications (Le-
Cun et al., 2015; Schmidhuber, 2015; Goodfellow et al., 2016), a rigorous understanding of
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Figure 1: Illustration of Problem 1. Can a random NN F : Rd → Rn̂ “disentangle” the
two sets X−,X+ ⊂ Rd such that they become linearly separable in the feature
space Rn̂ with a positive margin µ? Except for being δ-separated and bounded,
X− and X+ may have an arbitrary decision boundary, possibly with multiple
connected components.

their operating principles is still in its infancy. The present work is devoted to a mathemat-
ical study of random NNs, i.e., feedforward NNs whose weight parameters are drawn from a
generic probability distribution. Random NNs play an important role in machine learning
in at least three different ways. First, it is standard to initialize the training of a (deep)
NN by random weights and it is well known that this initialization is a key contributor to
the exceptional performance of NNs (He et al., 2015; Goodfellow et al., 2016; Arpit and
Bengio, 2019). Second, it has been empirically observed that architecture search can be
effectively carried out with random NNs, in the sense that the hierarchy in performance of
fully trained architectures closely matches the hierarchy of the architectures with random
weights (Saxe et al., 2011). Finally, random NNs have been extensively investigated as a
cheap computational alternative to fully trained NNs: it has been demonstrated empiri-
cally that pre-processing with a random NN and applying a simple classification method
already gives surprisingly good results (Huang et al., 2006; Rahimi and Recht, 2008; Zhang
et al., 2017). For these reasons, it is of substantial interest to gain a deeper theoretical
understanding of the properties of random NNs.

In this work, we shed new light on the capabilities of random NNs as a pre-processor
by addressing the following fundamental problem on class separability:

Problem 1 Consider two bounded, possibly infinite sets X−,X+ ⊂ Rd that are δ-separated,
i.e.,

‖x+ − x−‖2 ≥ δ for all x+ ∈ X+ and x− ∈ X−.

Let F : Rd → Rn̂ represent a (multi-layer) feedforward NN with random weights, where the
architecture of F may depend on X− and X+.

Under what conditions does F make the classes X− and X+ linearly separable
with high probability? Is there a lower bound for the induced separation margin?
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Formally, we will identify conditions that ensure the existence (with high probability) of a
hyperplane H[u, τ ] := {z ∈ Rn̂ | 〈u, z〉 + τ = 0} with ‖u‖2 = 1 and τ ∈ R that separates
F (X−) and F (X+) with a certain margin µ > 0, i.e.,

〈u, F (x−)〉+ τ ≤ −µ for all x− ∈ X−,
〈u, F (x+)〉+ τ ≥ +µ for all x+ ∈ X+. (1)

Problem 1 thus states a purely geometric question on the separation capacity of random
NNs, see Figure 1 for an illustration. However, it is useful to bear in mind that the ability
to render two “intertwined” sets linearly separable also has immediate consequences for
associated learning tasks. To see this, let (x, y) be drawn from an arbitrary data distribution
on Rd × {±1} satisfying

P(x ∈ X+ | y = +1) = 1 = P(x ∈ X− | y = −1),

i.e., the binary label Y is consistent with the classes X− and X+. Conditioned on the high-
probability event of Problem 1, the transformed pair (F (x), y) then fulfills a hard-margin
condition:

P
(
y · (〈u, F (x)〉+ τ) ≥ µ

)
= 1, (2)

where H[u, τ ] denotes the separating hyperplane in (1). Given i.i.d. training samples of
(x, y), this enables us to learn the unknown output parameters (u, τ) by standard clas-
sification methods, such as support vector machines (SVMs) (Steinwart and Christmann,
2008). In particular, one can achieve provable control over the generalization error in terms
of the margin size µ, e.g., see Shalev-Shwartz and Ben-David (2014, Thm. 15.4). Of similar
relevance is the width n̂ of the output-layer of F , as it determines the ambient dimension of
the feature space and therefore the computational complexity of the classification method.
For these reasons, we seek to solve Problem 1 with reasonable bounds for both µ and n̂.

In principle, the aforementioned idea of using random NNs as a pre-processing step
for well-understood (linear) classifiers is not new (Huang et al., 2006; Rahimi and Recht,
2008; Zhang et al., 2017). But despite conceptual overlaps, the analytical approach of the
present article is different from most existing works, see also Section 1.5 for a short literature
overview. Although Problem 1 includes a large family of classification tasks — namely all
pairs of δ-separated sets — we are primarily interested in an instance-specific analysis:
our main results quantify the dependence of the key parameters µ and n̂ as functions of
the underlying classes X− and X+ and their “interaction”. The resulting instance-specific
bounds allow us to avoid pessimistic (worst-case) bounds caused by pathological pairs of
sets. In our analysis, we make no explicit assumptions about the data in Problem 1, such
as a handcrafted generative model or sampling from a generic distribution. Instead, we
will introduce complexity measures that quantify the geometric complexities of X− and X+

as well as their mutual entanglement. This perspective appears more natural to us in the
context of data-driven methods.

Let us now specify the class of random NNs for which we will explore Problem 1.
Throughout, the function F : Rd → Rn̂ will be composed of (hidden) layers of the following
form.
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Definition 1 We call Φ : Rnin → Rnout a random ReLU-layer with maximal bias λ ≥ 0 if

Φ(x) =
√

2
nout
· ReLU(Wx+ b), x ∈ Rnin , (3)

where the weight matrix W ∈ Rnout×nin has standard Gaussian entries, the bias vector b is
uniformly distributed on [−λ, λ]nout, independently of W , and the element-wise activation
function is the rectified linear unit (ReLU), i.e., ReLU(s) := max{0, s} for s ∈ R.

It will turn out that already two random ReLU-layers are sufficient for our solution to
Problem 1, although in principle deeper architectures are also possible. We consider the
ReLU mainly because of its popularity, but our analysis can be adapted for other common
activation functions, e.g., the thresholding activation. Let us note that the random weights
and normalization in Definition 1 do not exactly correspond to a standard initialization in
deep learning. The closest is the popular He initialization (He et al., 2015), which would be
obtained by replacing nout by nin and taking b = 0 in (3). Our non-standard choice of the
bias is due to a hyperplane tessellation argument used in the proof of our main result. The
proof sketch in Section 1.4 will provide an intuitive explanation for this choice; in particular,
see Figure 3(b).

Instead of directly formulating our main result, Theorem 10, we will first present several
readily accessible special cases of increasing generality. Afterwards, we will highlight our
proof strategy in Section 1.4.

1.1 A Gentle Start: Finite Sets and Memorization

Our first result below gives an answer to Problem 1 in the situation of finite point sets.
In the following, Bd2 := {x ∈ Rd | ‖x‖2 ≤ 1} denotes the Euclidean unit ball; see also
Section 1.6 for a summary of common notation used in this article.

Theorem 2 (Finite sets) There exist absolute constants c, C > 0 such that the following
holds.

Let X−,X+ ⊂ Bd2 be δ-separated sets with N+ := |X+| < ∞ and N− := |X−| < ∞.
Suppose that λ &

√
log(eλ/δ). Let Φ : Rd → Rn and Φ̂ : Rn → Rn̂ be two (independent)

random ReLU-layers with maximal biases λ, λ̂ ≥ 0, respectively, such that

n &
(
λ
δ

)8 · log(2N−N+/η) (4)

and

λ̂ &
(
λ
δ

)4 ·
(
α+ λ

)
, n̂ & λ̂

λ · θ · log(N−/η), (5)

where α =
√

logN+ and

θ = exp
(
C ·
(
α2 + λ2

)
· λ6 · δ−8 · log(λ/δ)

)
. (6)

Then, given the two-layer random NN F : Rd → Rn̂, x 7→ Φ̂(Φ(x)), with probability at least
1− η, the sets F (X−), F (X+) ⊂ λ̂Bn̂2 are linearly separable with margin cλ2/(λ̂θ).
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In this result, the best choices for λ and λ̂ are the minimal settings that satisfy the stated
bounds. The governing condition in Theorem 2 (and in all following results, Theorems 3,
4, and 10 below) is condition (5) on the width n̂ of the second layer. It features the term θ
that scales exponentially in terms of the logarithm of the number of points, so that n̂ scales

as N
poly(λ,1/δ)
+ , in contrast to the logarithmic scaling of n in (4). To gauge whether this

condition is necessary, let us connect Theorem 2 to the memorization capacity of random
NNs. The ability of memorizing large data sets (including their noisy components) is a
well-known phenomenon in deep learning research and considered as an important piece of
the still unsolved generalization puzzle (Zhang et al., 2017, 2021). Theorem 2 applies to any
(δ-separated) completely unstructured data set — imagine a point cloud with arbitrary bi-
nary labels. Remarkably, one can therefore memorize the labels of any such (finite) set with
high probability by efficiently computing a separating hyperplane of F (X−) and F (X+),
e.g., using a hard-margin SVM.1

Although this shows that random NNs can be powerful memorizers in practice, existing
results in the literature indicate that perfect memorization is already possible when the
number of neurons scales linearly in (N− + N+) up to logarithmic factors, e.g., see Yun
et al. (2019); Vershynin (2020); Bresler and Nagaraj (2020). Hence, we expect that the
dependence on δ and λ within the exponential term θ in (5) may be improved.

1.2 Separation of Euclidean Balls

Although Theorem 2 provides a margin bound, its actual size was not relevant to the
network’s memorization capacity. The situation is different for infinite classes, on which
we will focus from now on. Problem 1 is then connected to a binary classification task
through the hard-margin condition (2), and the margin size determines the generalization
performance (Shalev-Shwartz and Ben-David, 2014, Thm. 15.4). Our next result may be
seen as a natural extension of Theorem 2, replacing discrete data points by a finite collection
of Euclidean balls; see Figure 2 for an illustration of this model.

Theorem 3 (Euclidean balls) There exist absolute constants c, C > 0 such that the fol-
lowing holds.

Let X−,X+ ⊂ Bd2 be δ-separated sets that can be written as the union of finitely many
Euclidean balls of radius r ≥ 0, i.e.,

X− =
⋃
l∈[N−] Bd2(c−l , r), X+ =

⋃
j∈[N+] Bd2(c+j , r).

Suppose that λ &
√

log(eλ/δ) and r . δ2/λ. We assume that Φ : Rd → Rn and Φ̂ : Rn → Rn̂

are two (independent) random ReLU-layers with maximal biases λ, λ̂ ≥ 0, respectively, such
that

n & (1 + λ6δ−8r2) · d+
(
λ
δ

)8 · log(2N−N+/η) (7)

and (5) holds with α = r
√
d+

√
logN+ and θ as in (6). Then, given the two-layer random

NN F : Rd → Rn̂, x 7→ Φ̂(Φ(x)), with probability at least 1− η, the sets F (X−), F (X+) ⊂
λ̂Bn̂2 are linearly separable with margin cλ2/(λ̂θ).
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Figure 2: Illustration of the Euclidean-ball model in Theorem 3. The sets
X−,X+ ⊂ Bd2 consist of Euclidean balls of radius r, where the center points
are denoted by c−l and c+j , respectively. Note that the δ-separation only concerns
balls of different classes, while arbitrary intersections are allowed within each
class.

It is worth noting that in the limit case r = 0, the above statement is essentially consistent
with Theorem 2. On the other hand, Theorem 3 reveals the price of dealing with full-
dimensional sets instead of points: the bound on the output dimension n̂ scales exponentially
in terms of r2d. Thus, to avoid the curse of dimensionality, the radius needs to satisfy
r . 1/

√
d. Under this assumption, Theorem 3 certifies that random NNs can efficiently

separate (unstructured) collections of Euclidean balls.

1.3 Towards a General Separation Guarantee

So far, we have only considered specific examples of data sets. Our next theorem concerns
Problem 1 for arbitrary δ-separated classes. For a formal statement, we need to introduce
two important geometric parameters. The covering number of a bounded subset X ⊂ Rd
at scale r > 0 is given by

N (X , r) := min
{
N ∈ N | ∃c1, . . . , cN ∈ Rd : X ⊂ ⋃j∈[N ] Bd2(cj , r)

}
, (8)

i.e., the smallest number of Euclidean balls of radius r required to cover X . Moreover, the
(Gaussian) mean width of X is defined as

w(X ) := Eg

[
sup
x∈X
〈g,x〉

]
,

where g ∼ N(0, Id) denotes a standard Gaussian random vector. Both N (X , r) and w(X )
are natural complexity measures, which are well-established in high-dimensional geometry,

1. This observation is especially interesting when no obvious learning rule is available. On the other hand,
if the data carries more structure (e.g., X− and X+ are already linearly separable), there certainly exist
more effective approaches than randomized transforms.
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statistics, and signal processing, e.g., see Giannopoulos and Milman (2004); Chandrasekaran
et al. (2012); Talagrand (2014); Vershynin (2018).

Theorem 4 (General sets) There exist absolute constants c, C > 0 such that the follow-
ing holds.

Let X−,X+ ⊂ Bd2 be δ-separated sets and suppose that λ &
√

log(eλ/δ). Moreover,
let N− := N (X−, cδ2/λ) and N+ := N (X+, cδ2/λ). We assume that Φ : Rd → Rn and
Φ̂ : Rn → Rn̂ are two (independent) random ReLU-layers with maximal biases λ, λ̂ ≥ 0,
respectively, such that2

n & w2(cone(X− −X−) ∩ Sd−1) + w2(cone(X+ −X+) ∩ Sd−1),

n &
(
λ
δ

)8 ·
(
λ−2

(
w2(X−) + w2(X+)

)
+ log(2N−N+/η)

)
(9)

and (5) holds with α = w(X−) +w(X+) and θ as in (6). Then, given the two-layer random
NN F : Rd → Rn̂, x 7→ Φ̂(Φ(x)), with probability at least 1− η, the sets F (X−), F (X+) ⊂
λ̂Bn̂2 are linearly separable with margin cλ2/(λ̂θ).

Compared to Theorem 3, the above guarantee yields a much stronger statement due to the
use of the mean width as a complexity measure. To see this, let X+ ⊂ ⋃j∈[N+] Bd2(c+j , r)

be any covering of X+ at scale r = cλ−1δ2 and consider the following upper bound (see
Lemma 29):

w(X+) . w+ +
√

logN+, (10)

where w+ = maxj∈[N+]w(X+∩Bd2(c+j , r)). An analogous bound holds for X−. While using

the worst-case estimate w+ . r
√
d would lead to a similar bottleneck as in Theorem 3,

the localized mean width parameter w+ can be substantially smaller for structured data
sets. Typical examples are data residing on a low-dimensional manifold or contained in the
convex hull of finitely many points, see Remark 5 below for some concrete examples. On
the other hand, the covering number N+ reflects the global size of X+ in (10).

For these reasons, Theorem 4 takes an important step towards a general solution to
Problem 1, which meets our overall goal of instance-specific bounds for the separation
margin and layer widths. Having said this, the geometric parameters in this result only
capture the individual complexities of X− and X+, but remain silent about their mutual
arrangement. For instance, one would expect that two sets become easier to separate if
their “centers of mass” are farther apart, even though the minimal distance δ is small; see
Figure 5 in Section 2 for an illustration. In such scenarios, a non-uniform covering strategy
for X− and X+ is preferable, in the sense that data points far away from the decision
boundary should be covered by fewer but larger balls. The most general outcome of this
work, Theorem 10, makes this intuition precise by employing a novel notion of mutual
complexity (see Definition 8 and 9). We refer to Section 2 for an in-depth discussion and
further refinements due to Theorem 10. Finally, we emphasize that all previously presented
results follow from Theorem 10 as special cases, see Section 6 for detailed proofs.

We close this part with a few examples of concrete bounds on the mean width to highlight
its usefulness as a complexity measure:

2. Note that the first line in (9) is always satisfied if n & d, since we have that w2(Sd−1) � d. See also
Section 1.6 for a precise definition of cone(·).
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Remark 5 (Controlling the mean width) (1) Worst-case bound. Since X−,X+ ⊂ Bd2,
the mean width parameter in Theorem 4 satisfies the trivial bound

α = w(X−) + w(X+) . w(Bd2) �
√
d.

Thus, an exponential width of the second layer in terms of d allows us to solve Problem 1
for arbitrary δ-separated sets, regardless of their specific shape.

(2) Low-dimensional subspaces. As highlighted above, already much smaller networks can
achieve separation if the underlying classes carry more structure. A typical example of low-
complexity structure is a situation where X− and X+ reside in a union of low-dimensional
subspaces, say X−,X+ ⊂ ⋃j∈[N ] Lj ∩ Bd2 with dimLj � d. Then,

α = w(X−) + w(X+) . max
j∈[N ]

√
dimLj +

√
logN �

√
d,

assuming that N is not exponentially large (see Lemma 29).

(3) Point clouds and their convex hulls. Another important example of a low-complexity set
is the convex hull of finitely many points. Indeed, assuming X−,X+ ⊂ conv(x1, . . . ,xN ) ⊂ Bd2,
the mean width only scales logarithmically in N :

α = w(X−) + w(X+) ≤ 2 · w(conv(x1, . . . ,xN )) = 2 · w({x1, . . . ,xN}) .
√

logN,

where we have used a basic bound on the mean width (e.g., see Vershynin, 2015, Ex. 1.3.8)
and its invariance under taking the convex hull. Note that this bound particularly extends
the situation of finitely many data points from Theorem 2 to infinite data sets.

1.4 Proof Strategy

To keep our exposition as simple as possible, we will describe our proof strategy in the
prototypical situation of Euclidean balls from Theorem 3, see also Figure 2. Recall that
C− := {c−1 , . . . , c−N−} and C+ := {c+1 , . . . , c+N+} denote the center points of X− and X+,

respectively. For convenience, we also set X−l := Bd2(c−l , r) and X+
j := Bd2(c+j , r) so that

X− =
⋃
l∈[N−]X−l and X+ =

⋃
j∈[N+]X+

j .
Our data separation approach consists of a two-step procedure, which essentially corre-

sponds to the composition of the random layers Φ : Rd → Rn and Φ̂ : Rn → Rn̂. Although
Φ and Φ̂ both follow exactly the same random design (see Definition 1), we will see that
their purposes are different: while the first one already establishes a desirable geometrical
configuration under mild conditions, a major challenge is to show that one can actually
take advantage of it by applying a second (wider) random layer. The central finding of
our geometric analysis of Problem 1 is a subtle interplay between the separation capacity
of random NNs and their stability properties. In particular, we demonstrate that the lin-
earization of complicated data is possible on a global scale, without too much disturbing its
local geometry, e.g., Euclidean point distances.

To understand the effect of the first layer Φ, it is useful to take a coordinate-wise
perspective:

[Φ(x)]i =
√

2
n ReLU(〈wi,x〉+ bi), i = 1, . . . , n, x ∈ Rd,

8
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(b)(a)

Figure 3: Random hyperplanes in the input domain. (a) Each coordinate of the first
layer Φ : Rd → Rn can be associated with a random hyperplane H[wi, bi], where
wi ∼ N(0, Id) and bi is uniformly distributed on [−λ, λ]. Already a relatively few
of such hyperplanes are enough to separate every pair of center points (c−l , c

+
j ) ∈

C− × C+ at least once. For this, a sufficiently large bias parameter (λ & 1) is
vital, as it ensures a uniform tessellation of the input domain Bd2; otherwise, the
probability of separating points close to the boundary of Bd2 would become too
low. Subfigure (b) illustrates what could go wrong for λ = 0: if the center points
reside on a ray starting at the origin, a separation by hyperplanes without offsets
becomes impossible.

where wi ∈ Rd is the i-th row of the weight matrix W ∈ Rn×d and bi ∈ [−λ, λ] the
corresponding bias. Thus, [Φ(x)]i indicates on which side of the (unnormalized) random
hyperplane H[wi, bi] a given point x ∈ Rd lies. Our first major proof step (elaborated
in Theorem 26) shows that as long as λ & 1, the following holds with high probability:
for every pair of center points (c−l , c

+
j ) ∈ C− × C+, there are coordinates Il,j ⊂ [n] with

|Il,j | & δλ−1n such that H[wi, bi] separates c−l from c+j for all i ∈ Il,j , in fact

[Φ(c−l )]i = 0 and [Φ(c+j )]i & δ√
n
, (11)

see Figure 3 for an illustration. The key insight to show (11) is that the probability of a
single random hyperplane separating a fixed pair of δ-separated points is of order Ω(δλ−1),
see Theorem 18. Combining this with a Chernoff bound over all hyperplanes associated with
Φ then leads to a high-probability event of the above type. A remarkable fact about this
argument is that the required layer width n is very moderate, scaling only logarithmically
with the number of center points (see (7)).

A crucial part of (11) is that the corresponding coordinates in Φ(c−l ) are actually van-
ishing, due to the non-linear activation. Based on this, we can explicitly construct a
(normalized) hyperplane H[ul, τl] for each l ∈ [N−] that separates Φ(c−l ) and Φ(C+) with
margin µ̃ � δ2λ−1 (see Theorem 26). The resulting arrangement of the transformed sets
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Figure 4: The geometric effect of the first random ReLU-layer. For each l ∈ [N−],
the sets Φ(c−l ) and Φ(C+) are linearly separable, or equivalently, it holds that
Φ(C−)∩conv(Φ(C+)) = ∅, where conv(·) is the convex hull operator. One can pic-
ture conv(Φ(C+)) as a big “planet” which is orbited by small “satellites” namely
the transformed center points in Φ(C−). For symmetry reasons, an analogous
statement holds with high probability if the roles of C− and C+ are interchanged.

Φ(C−) and Φ(C+) resembles a big “planet” which is orbited by small “satellites” and is
illustrated in Figure 4.3

To conclude with the first layer, we need to ensure that the simplification achieved by Φ
does not only apply to the center points but to the entire data set. Indeed, leveraging
the geometry-preserving properties of random ReLU-layers (i.e., Φ preserves `2-distances
between nearby points; see Theorem 19), it follows that Φ(X−l ) and Φ(X+) are also linearly
separable for every l ∈ [N−] (still with margin µ̃ � δ2λ−1, see Theorem 27). Hence, the
geometric picture of Figure 4 remains true when replacing C− and C+ by X− and X+,
respectively.4 As for (11), this reasoning requires the bias b to be large enough (i.e.,
λ &

√
log(λ/δ)) and exploits that it is uniformly distributed.

Let us now turn to the second layer Φ̂ : Rn → Rn̂, which builds directly on the geometric
situation after applying Φ. It is again helpful to treat each coordinate individually:

[Φ̂(x)]i =
√

2
n̂ ReLU(〈ŵi,x〉+ b̂i), i = 1, . . . , n̂, x ∈ Rn,

3. Note that such a geometric arrangement would not be achievable without some kind of non-linearity
in Φ. For example, imagine a series of points on a straight line where the class label ±1 alternates with
each point. This arrangement cannot be transformed into the situation in Figure 4 by an affine map,
which maps lines to lines.

4. Using such distance preservation properties of Φ is very different from a direct approach, according to
which a random hyperplane H[wi, bi] would separate pairs of balls (X−l ,X

+
j ). In fact, the latter event is

much less likely than the separation of single points by a random hyperplane (this will become clear with
Theorem 6 below). Instead, distance preservation is an integral property of the random layer, which
exploits information from all coordinates of Φ.
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where ŵi ∼ N(0, In) and b̂i is uniformly distributed on [−λ̂, λ̂]. Our main goal is to show
that for every l ∈ [N−] there exist sufficiently many coordinates i ∈ [n̂] such that

[Φ̂(Φ(X−l ))]i ≥ t√
n̂

and [Φ̂(Φ(X+))]i = 0, (12)

where t > 0 depends on the complexity of X− and X+; note that the vanishing coordinates
are associated with data from X+ instead of X−. Our basic strategy to establish (12) is
similar to (11), but there is a major difference: we now have to deal with the probability that
a random hyperplane separates the sets X̂−l := Φ(X−l ) and X̂+ := Φ(X+). The outcome
of the first layer implies the existence of a separator, e.g., H[ul, τl] (see also Figure 4), but
this does not mean that it is likely to be found by a single random draw.5 Certainly, the
probability of successful separation may not only depend on the distance between X̂−l and

X̂+, but also on their complexity and mutual arrangement. The following result makes
this concern precise and forms a key component of our analysis; its proof can be found
in Section 3.1. The notion of (ε, γ)-linear separability used below is formally introduced
in Definition 12; for now, it is useful to think of a refinement of linear separability that
captures how much a separating hyperplane for two sets can be perturbed, such that it is
still separates the sets.

Theorem 6 There exists an absolute constant C > 0 such that the following holds.
For ε ∈ [0, 1], γ > 0, and R ≥ 1, let X−,X+ ⊂ RBd2 be two (ε, γ)-linearly separable

sets6 and put µ := (1 − ε)γ. Let g ∼ N(0, Id) be a standard Gaussian vector and let τ
be uniformly distributed on [−λ, λ] for some λ > 0. For any t & w(X+ − X−) + R with
λ & Rtµ−1, the hyperplane H[g, τ ] t-separates X− from X+ with probability at least

t
λ · exp

(
−C · t2µ−2 · log(4(1− ε)−1)

)
. (13)

While the factor t/λ may become small due to the condition λ & Rtµ−1, the dominating
term in (13) is the exponential one. In fact, the central element of Theorem 6 is the mean
width w(X+ −X−), which dictates the severity of the exponential decay in (13).

An appropriate combination of Theorem 6 with a Chernoff bound will allow us to derive
a statement of the form (12). With this at hand, it is then relatively straightforward to
show that F (X−) = Φ̂(Φ(X−)) and F (X+) = Φ̂(Φ(X+)) are indeed linearly separable
(see Corollary 25). Noteworthy is that the resulting margin and the number of required
neurons n̂ both inherit the exponential scaling from (13), which is reflected in all presented
separation guarantees. This observation particularly explains why the mean width appears
as a natural measure of complexity for the data sets.

To the best of our knowledge, Theorem 6 is a new result and could be of independent
interest: it concerns the fundamental question of when pairs of sets are likely to be separated
by a random hyperplane and when not. Perhaps not very surprisingly, the probability of
success might scale poorly in the worst case, which is an inevitable consequence of the
concentration of measure phenomenon. But for highly structured (low-dimensional) sets,
the situation can be much more benign; finite point sets as considered in our analysis of the
first layer are a good example.

5. To be clear about this point, H[ul, τl] does explicitly depend on the unknown sets X− and X+. Hence,
in contrast to random hyperplanes, it cannot be used for practical purposes offhand.

6. Note that the notation for X− and X+ is generic here. In the proof of our main result, we will apply
Theorem 6 with X− := X̂+ and X+ := X̂−l .
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Remark 7 Using the definition of (ε, γ)-linear separability (see Definition 12), one can
show that w(X+−X−) . R

√
εd holds in the setup of Theorem 6. This general upper bound

indicates that in the worst case, the probability of separation may decrease exponentially
with the ambient dimension d (unless ε . 1

d).

1.5 Related Literature

The two-step separation procedure underlying our proofs (see Section 1.4) is inspired by
a construction of An et al. (2015). Their main result verifies that any two disjoint sets
X+,X− ⊂ Rd can be made linearly separable by a deterministic two-layer NN. However,
An et al. (2015) show a pure existence statement and their method is not feasible from an
algorithmic perspective, since the selected weight parameters explicitly depend on the sets
to be separated; furthermore, no informative bounds for the number of required neurons
are provided. By using random weights and suitable notions of complexity (namely mutual
covering), we are able to derive much more practical separation guarantees, which eliminate
the aforementioned shortcomings. This achievement entails novel mathematical ingredients,
most notably the separation capacity of random hyperplanes (see Theorem 6) and uniform
distance preservation by random ReLU-layers (see Theorem 19).

Below we will survey some works from the rich literature on random NNs that have
notable conceptual similarities to our work. We are not aware of a comparable result that
addresses the separation capacity of random NNs.

Approximation theory. A very active line of research investigates to what extent ran-
dom NNs are universal approximators (e.g., see Andoni et al., 2014; Sun et al., 2018; Yehudai
and Shamir, 2019; Needell et al., 2020; Hsu et al., 2021 and the references therein). Specif-
ically, one considers a class of real-valued functions on a domain in Rd (e.g., continuous
or Lipschitz functions), an approximation metric (typically the L2- or L∞-norm), and a
shallow NN consisting of a ReLU-layer with random weights followed by a linear layer with
arbitrary weights (that may depend on the function to be approximated). The aforemen-
tioned works quantify which size of the random layer guarantees that the NN can reach a
pre-specified approximation error for every function in the given class. These results feature
an exponential bottleneck, in the sense that the width of the random layer needs to scale
exponentially in terms of the data dimension d to ensure accurate approximation (see also
Needell et al. (2020) for a refinement if the domain is a lower-dimensional smooth manifold).

In principle, one could try to approach Problem 1 by applying such an approximation
result to a function f : Rd → R that takes values +1 and −1 on X+ and X−, respectively.
However, existing approximation guarantees cannot certify a zero approximation error on
the two sets. In addition, even if an existing result would apply, it would lead to a more
pessimistic statement that involves a random ReLU-layer whose width scales exponentially
in terms of d, rather than the more refined, instance-specific complexity measures considered
here.

Learning with random features. The concept of random features was introduced by
Rahimi and Recht (2007) as a cheap computational alternative to kernel methods. The idea
is to construct a random feature map such that inner products between random data features
approximate kernel evaluations of the original data, provided that the feature dimension
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is high enough. A prime example are random Fourier features, which are designed to
approximate the Gaussian kernel (Rahimi and Recht, 2007). Instead of a computationally
expensive kernel method (e.g., kernel SVM), one can use a linear method (e.g., SVM) on the
random features. A previous line of research has analyzed the generalization error of such
methods, thereby quantifying the feature dimension that guarantees a performance on par
with the associated kernel method (e.g., see Rahimi and Recht, 2008; Rudi and Rosasco,
2017; Bach, 2017; Sun et al., 2018; Li et al., 2021 and Liu et al., 2020 for a survey). Several
of these results particularly apply when the feature map is a random ReLU-layer. Although
these works indicate that the data is transformed in a beneficial way for learning, they do
not have a direct connection to Problem 1. Perhaps the closest connection can be found in
Cao and Gu, 2019b, where it is shown that if the random ReLU feature function class from
Rahimi and Recht, 2008 can separate a finite set of data on the sphere, then a sufficiently
wide random ReLU layer (without bias) can make the same data linearly separable with
high probability, see Cao and Gu, 2019b, Asm. 4.10 and Lem. B.2. It is, however, unclear
how to extend this statement to infinite datasets and how this separability assumption
relates to the Euclidean separability assumption in Problem 1.

Neural tangent kernels and mean field regime. An intriguing finding of deep learning
theory is that training randomly initialized NNs via gradient descent in the infinite-width
limit is equivalent to kernel gradient descent with a specific type of kernel, called the neural
tangent kernel (NTK); see Jacot et al., 2018. The behaviour in the infinite-width limit
has partially motivated a line of work on the analysis of (stochastic) gradient descent for
training NNs in the overparametrized regime, starting from a random initialization, e.g.,
see Arora et al., 2019; Oymak and Soltanolkotabi, 2019; Li and Liang, 2018; Du et al.,
2019; Allen-Zhu et al., 2019; Zou and Gu, 2019; Cao and Gu, 2019a and the references
therein. These works have roughly shown that (S)GD can achieve an arbitrarily small
training (and sometimes even generalization) error if the NN is wide enough and, moreover,
the (S)GD iterates remain close to the initialization. The required width of the NN is
implicitly or explicitly linked to the NTK. Most closely connected to our work are Nitanda
et al., 2019; Ji and Telgarsky, 2020; Chen et al., 2019, which explicitly link the required
width to the separation capacity of the infinite-width NTK-feature map at initialization.
As part of the analysis it is shown that if the training data satisfies a separability condition
in the reproducing kernel Hilbert space induced by the infinite-width NTK, then the NTK-
feature map associated with the finite-width random NN at initialization makes the training
data linearly separable with high probability, e.g., see Ji and Telgarsky, 2020, Asm. 2.1,
Lem. 2.3 & Sec. 5. These results bear resemblance with Problem 1, but there are several
important differences. While we are primarily interested in the separation of infinite data
sets, these works focus on finite-sample scenarios. It is not clear how the latter could be
extended accordingly. Moreover, note that the NTK-feature map associated with a finite-
width random NN is not a random NN itself.7 Therefore, the aforementioned results do not
address Problem 1 as such and the bounds on the network width needed to achieve linear
separability are not directly comparable to ours.

7. If Fθ : Rd → R is a NN with (randomly initialized) weights θ, then the associated NTK-feature map is

x 7→ ∂Fθ(x)
∂θ

.
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Let us mention for completeness that the connection with the NTK arises due to our
choice of scaling in the ReLU layers. A different scaling leads to the mean field regime
(Mei et al., 2018). The key insight of Mei et al., 2018 is that in the infinite-width limit,
the gradient flow is captured by a specific non-linear partial differential equation (PDE).
Due to non-asymptotic bounds on the accuracy of this measure-valued PDE model, new
convergence results for (S)GD can be derived. The connection between the kernel and mean
field regimes is explained in detail in Mei et al., 2019, Sec. 4 and App. H.

Random embeddings. A key component of our analysis is the capability of random
ReLU-layers to preserve Euclidean distances with high probability (see Theorem 19). This
finding is related to results on non-linear random embeddings, which play a major role in
the field of quantized compressed sensing (e.g., see Jacques et al., 2013; Plan and Vershynin,
2014; Oymak and Recht, 2015; Cambareri et al., 2017; Dirksen and Mendelson, 2021; Dirk-
sen, 2019; Xu and Jacques, 2020; Dirksen et al., 2022a,b). In particular, our choice of the
bias vector (see Definition 1) is inspired by dithering, a technique that has already proven
useful in various signal reconstruction problems (Jacques and Cambareri, 2017; Dirksen and
Mendelson, 2018, 2021; Xu and Jacques, 2020; Jung et al., 2021). A remarkable new (and
somewhat counterintuitive) insight of the present work is that for appropriate non-linearities
like the ReLU-activation, desirable distance preservation properties and data separation can
be achieved simultaneously.

Theorem 19 is new in its own right and improves on a previous result by Giryes et al.
(2016), see also Giryes et al. (2020). It is also closely related to a work of Arpit and Bengio
(2019), who have investigated the capability of a random ReLU-layer as in Definition 1 (but
with bias b = 0) to preserve Euclidean norms.

Rare eclipse problem. Finally, we point out an interesting connection between the
separation capacity of random hyperplanes (see Theorem 6) and the rare eclipse problem
studied by Bandeira et al. (2017); Cambareri et al. (2017). In both cases, the goal is to use
a random transform T : Rd → Rk to map two linearly separable sets X+,X− ⊂ Rd into a
lower dimensional space Rk such that the following holds with a certain probability p:

T (X+) ∩ T (X−) = ∅. (14)

More specifically, the rare eclipse problem asks how small k can become such that (14)
holds with probability at least p = 1 − η, where η > 0 is fixed but can be arbitrarily
small. Using Gordon’s Escape Through a Mesh Theorem (Gordon, 1988), Bandeira et al.
(2017) have shown that if X+ and X− are disjoint, closed, and convex sets, then k &
w2(cone(X+ − X−) ∩ Sd−1) + log(η−1) ensures (14) with probability at least 1 − η, where
T ∈ Rk×d is a standard Gaussian random matrix.

In contrast, Theorem 6 considers a map of the form T (x) = 〈g,x〉 + τ , where g is a
standard Gaussian random vector and τ ∈ [−λ, λ] uniformly distributed for λ > 0 large
enough. If X+,X− ⊂ RBd2 are (ε, γ)-linearly separable (with some minimal distance),
then (14) holds with probability at least Rλ−1 exp(−Cw2(X+ − X−)), where C > 0 only
depends on ε, γ, and R. Hence, Theorem 6 guarantees disjoint sets even for a single
coordinate (k = 1), however at the expense of a worse probability of success. Remarkably,
the Gaussian mean width and the difference set X+ − X− play a key role both in the rare
eclipse problem and Theorem 6.
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1.6 Overview and Notation

The rest of the article is organized as follows: In Section 2, we present our main result,
Theorem 10, based on the notion of mutual complexity (see Definition 8 and 9). The
next two sections are then devoted to our main mathematical tools, namely separation by
random hyperplanes (Section 3) and distance preservation (Section 4). Finally, the proof
of Theorem 10 is given in Section 5, followed by a derivation of its variants (Theorem 2, 3,
and 4) in Section 6.

Before proceeding, let us fix some standard notations and conventions that are commonly
used in this paper. The letters c and C denote absolute (positive) constants, whose values
may change from line to line. We speak of an absolute constant if its value does not depend
on any other involved parameter. If an inequality holds up to an absolute constant C, we
usually write A . B instead of A ≤ C ·B. The notation A � B is a shortcut for A . B . A.

For d ∈ N, we set [d] := {1, . . . , d}. The cardinality of an index set I ⊂ [d] is de-
noted by |I|. Vectors and matrices are denoted by lower- and uppercase boldface letters,
respectively. The i-th entry of a vector z ∈ Rd is denoted by [z]i, or simply by zi if there
is no danger of confusion. We write Id ∈ Rd×d and 0 ∈ Rd for the identity matrix and
the zero vector in Rd, respectively. For 1 ≤ q ≤ ∞, we denote the `q-norm on Rd by
‖ · ‖q and the associated closed unit ball by Bdq . The Euclidean unit sphere is given by

Sd−1 := {z ∈ Rd | ‖z‖2 = 1}, and we also set Sd−1+ := Sd−1 ∩ [0,∞)d.
Let X ,X ′ ⊂ Rd and z ∈ Rd. The linear cone generated by X is denoted by cone(X ) :=

{vz̃ | z̃ ∈ X , v ≥ 0}. The Minkowski difference between X and X ′ is defined by X − X ′ :=
{z1 − z2 | z1 ∈ X , z2 ∈ X ′}, and we use the shortcut X − z := X − {z}. The distance
between z and X is dist(z,X ) := inf z̃∈X ‖z− z̃‖2. Moreover, the diameter and radius of X
are denoted by diam(X ) := supz1,z2∈X ‖z1− z2‖2 and rad(X ) := supz̃∈X ‖z̃‖2, respectively.

The Lq-norm of a real-valued random variable g is given by ‖g‖Lq := (E[|g|q])1/q. We
call g sub-Gaussian if ‖g‖ψ2

:= inf
{
v > 0 | E[exp(|g|2/v2)] ≤ 2

}
<∞; see Vershynin (2018,

Chap. 2 & 3) for more details on sub-Gaussian random variables and their properties.
Finally, we write g ∼ N(0, Id) if g is a standard Gaussian random vector in Rd.

The ceiling and floor function of z ∈ R are denoted by dze and bzc, respectively.

2. Main Separation Result and Mutual Complexity

This section presents our most general solution to Problem 1, containing all guarantees
from the introduction (Theorem 2, 3, and 4) as special cases. To formulate the main
result, Theorem 10, we require two important definitions formalizing the idea of mutual
complexity between two sets. The first one can be seen as a refinement of the uniform
covering introduced in (8):

Definition 8 (Mutual covering) Let X+,X− ⊂ Rd and λ > 0.
We call C+ := {c+1 , . . . , c+N+} ⊂ Rd and C− := {c−1 , . . . , c−N−} ⊂ Rd a λ-mutual covering

for X+ and X− if there exist r+1 , . . . , r
+
N+ ≥ 0 and r−1 , . . . , r

−
N− ≥ 0 such that

(i) the sets X+
j := X+∩Bd2(c+j , r

+
j ) for j ∈ [N+], and X−l := X−∩Bd2(c−l , r

−
l ) for l ∈ [N−],

cover X+ and X−, respectively;

(ii) r+j ≤ λ−1 dist2(c+j , C−) for all j ∈ [N+], and r−l ≤ λ−1 dist2(c−l , C+) for all l ∈ [N−].
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Figure 5: Mutual covering. This figure illustrates the geometric idea underlying Defini-
tion 8: those parts of X− and X+ further away from the decision boundary may
be covered by larger, and therefore fewer, Euclidean balls.

Furthermore, the sets X+
1 , . . . ,X+

N+ ⊂ X+ and X−1 , . . . ,X−N− ⊂ X− are referred to as the
components of the covering.

Although the notion of λ-mutual covering involves some technicalities, it is conceptually
simple: We allow X− and X+ to be covered by Euclidean balls of any radius, as long as the
balls corresponding to different classes do not get too close in the sense of condition (ii). This
constraint is also consistent with the setting of Theorem 4, which is obtained by choosing
r+j = r−l = cδ2/λ. However, Definition 8 is much more flexible and accounts for the mutual

arrangement of the classes. For example, those parts of X− that are far away from the
decision boundary may be covered by a few large balls, while smaller radii are only needed
for data closer to X+; see Figure 5 for an illustration. In general, this strategy leads to
more efficient coverings and motivates the following geometric complexity parameters:

Definition 9 (Mutual complexity) Let X+,X− ⊂ Rd and δ, λ > 0.
We say that X+ and X− have (R, δ, λ)-mutual complexity (N+, N−, w+, w−) if there

exists a λ-mutual covering C+ = {c+1 , . . . , c+N+} and C− = {c−1 , . . . , c−N−} for X+ and X−
such that

(i) max
j∈[N+]

w(X+
j ) ≤ w+ and max

l∈[N−]
w(X−l ) ≤ w−;

(ii) C+, C− ⊂ RBd2 are δ-separated.

It is useful to keep in mind that the covering numbers N+ and N− reflect the global size
of X+ and X−, respectively, while w+ and w− should be viewed as local complexity measures
(cf. (10)). In contrast, the parameters (R, δ, λ) are not instance-specific and concern the
general problem setting.

We are now ready to state the main result of this work:

Theorem 10 (Main result) There exist absolute constants c, C,C ′ > 0 such that the
following holds.
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For R ≥ 1, let X−,X+ ⊂ RBd2 be δ-separated and let λ ≥ eδ be such that λ & R
√

log(λ/δ).
Furthermore, let X+ and X− have (R, δ, C ′λ)-mutual complexity (N+, N−, w+, w−). We
assume that Φ : Rd → Rn and Φ̂ : Rn → Rn̂ are two (independent) random ReLU-layers
with maximal biases λ, λ̂ ≥ 0, respectively, such that

n & w2(cone(X− −X−) ∩ Sd−1) + w2(cone(X+ −X+) ∩ Sd−1),

n &
(
λ
δ

)8 ·
(
λ−2

(
w− + w+

)2
+ log(2N−N+/η)

)
(15)

and

λ̂ &
(
λ
δ

)4 ·
(
w− + w(X+) + λ

)
,

n̂ &
(

λ̂
w−+w(X+)+λ

)
· exp

(
C ·
(
w− + w(X+) + λ

)2 · λ6 · δ−8 · log(λ/δ)
)
· log(N−/η).

(16)

Then, given the two-layer random NN F : Rd → Rn̂, x 7→ Φ̂(Φ(x)), with probability at least
1− η, the sets F (X−), F (X+) ⊂ λ̂Bn̂2 are linearly separable with margin

c · (w−+w(X+)+λ)2

λ̂
· exp

(
− C ·

(
w− + w(X+) + λ

)2 · λ6 · δ−8 · log(λ/δ)
)
. (17)

Despite a strong resemblance to Theorem 4, the above result entails several important
improvements. First, the exponential terms in (16) and (17) only depend on the localized
mean width w−, but not the covering number N−. Hence, the global size of X− does not
have any (negative) impact here. The situation is different for X+, whose complexity is still
captured by w(X+). In fact, the following adaption of (10) clarifies the role of N+:

w(X+) . w+ +R
√

logN+. (18)

The aforementioned asymmetry in Theorem 10 becomes especially useful when the set X+

is relatively “small” compared to X−. A prototypical example in this regard is a low-
complexity set (= X+), say a small Euclidean ball, which is surrounded by a hypersphere
(= X−); see Figure 6 for an illustration.

Another distinctive feature of Theorem 10 is the usage of mutual complexity. To under-
stand its merits over the uniform covering considered in Theorem 4, it is worth revisiting
the scenario of Figure 5: while the largest portion of the two classes is away from the
(δ-separated) decision boundary, only a few “outliers” are close to it. Thus, a uniform
covering would preset a very small radius (at the order O(λ−1δ2)), which is appropriate
for the outlier part but inefficient for the remaining bulk; this would lead to unnecessarily
large covering numbers and thereby to poor complexity bounds (cf. (18)). In contrast, our
mutual covering strategy is flexible enough to handle such data configurations. Therefore,
Theorem 10 indeed presents an instance-specific solution to Problem 1, including a variant
of outlier robustness.

Remark 11 (Possible extensions) For the sake of clarity, we have omitted some possible
variations and generalizations of Theorem 10, which are however relatively straightforward
to implement:
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Figure 6: An example of “asymmetric complexity” in the context of Theorem 10.
The set X− corresponds to a thin hypersphere (say Sd−1) around the origin,
surrounding a small concentric ball X+ = rBd2. If r . 1/

√
d, then w− and

w(X+) are of constant order. Crucially, the covering number N−, which scales
exponentially in d, has no detrimental effect on the condition (16).

(1) Symmetry. As discussed above, the asymmetric way of measuring complexity in The-
orem 10 can be advantageous in certain situations. On the other hand, it is obvious that
the roles of X− and X+ are interchangeable. Hence, Theorem 10 could be “symmetrized”
in this respect by a simple union bound argument.

(2) Non-linear activation. The considered random network design is tailored to the ReLU-
activation (see Definition 1). Nevertheless, our proof strategy is applicable to other func-
tions as well, e.g., the thresholding activation. This might involve a slight adaption of
Definition 8(ii) and lead to a different scaling of δ and λ in Theorem 10, but the qualitative
statement remains valid.

(3) Multiclass classification. While we have focused on binary labels for the sake of simplic-
ity, our main results can readily be extended to categorical data using a simple one-vs-rest
strategy. Assume we are given data from K different classes, say X 1,X 2, . . . ,XK ⊂ Rd.
Then, for any l ∈ [K], Theorem 10 implies that a sufficiently large random NN separates
X+ := X l and X− :=

⋃
k∈[K]\{l}X k with high probability. Taking the union bound over

these K events, we conclude that with high probability a single, large random NN F makes
each individual set F (X 1), . . . , F (XK) linearly separable from the remaining ones. Analo-
gously to the binary case, this separation property allows us to train a standard one-vs-rest
SVM classifier on the transformed data sets.

3. Separation by Random Hyperplanes

The goal of this section is to prove Theorem 6, which is our main result on the separation
of two sets by a random hyperplane. Before outlining the main steps of our proof, let us
define the relevant notions of separability.
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Definition 12 Let X+,X− ⊂ Rd.

(a) Let v ∈ Rd\{0}, τ ∈ R and t ≥ 0. A hyperplane H[v, τ ] t-separates X− from X+ if

〈v,x−〉+ τ ≤ −t for all x− ∈ X−,

〈v,x+〉+ τ > +t for all x+ ∈ X+.

If t = 0, we simply say that H[v, τ ] separates X− from X+.

(b) Let ε ∈ [0, 1] and γ > 0. We say that X+ and X− are (ε, γ)-linearly separable if X+

and X− are γ-separated (see Problem 1) and there exists u ∈ Sd−1 such that

〈u,x+ − x−〉 ≥ (1− ε)‖x+ − x−‖2 for all x+ ∈ X+ and x− ∈ X−.

Recall from (1) that X+ and X− are called linearly separable with margin t if they
are t-separated by a hyperplane H[v, τ ] with ‖v‖2 = 1. In comparison, (ε, γ)-linearly
separability is a strictly stronger condition (see also Proposition 13(iii) below). Intuitively, it
captures how much a separating hyperplane can be perturbed, such that it still separates the
sets X+ and X−; geometrically, the parameter ε controls the narrowness of cone(X+−X−).

Proof sketch for Theorem 6. By a rescaling argument, we can assume that R = 1. For
a k ∈ N specified below, we represent the standard Gaussian vector g ∈ Rd by g = GTv′,
where G ∈ Rk×d is a standard Gaussian matrix, v′ ∈ Sk−1 is uniformly distributed, and
G,v′ are independent. We then observe that, for any ρ ≥ 0, the hyperplane H[g, τ ]
ρ-separates X− from X+ if and only if the hyperplane H[

√
kv′, τ ] ρ-separates 1√

k
GX−

from 1√
k
GX+. Therefore, one can prove Theorem 6 by first showing that for k large enough,

the sets 1√
k
GX− and 1√

k
GX+ are again linearly separable with constant probability and sec-

ond, showing that conditioned on this event the hyperplane H[
√
kv′, τ ] ρ-separates 1√

k
GX−

and 1√
k
GX+ with probability p, where ρ and p are specified in Theorem 6. Specifically, the

main technical steps are:

1. to show that if
k & γ−2(1− ε)−2(w2(X+ −X−) + 1),

then the linear transformation 1√
k
Gmaps the (ε, γ)-linearly separable sets X− and X+

to (1+ε2 , γ2 )-linearly separable sets 1√
k
GX− and 1√

k
GX+ with probability at least 1

2 .

2. to derive a general separation result for two (ε, γ)-linearly separable sets by a ran-
dom hyperplane H[v, τ ], where v is uniformly distributed on Euclidean sphere (see
Theorem 14 and Corollary 15).

Let us now give the proof in full detail. We start with a simple proposition that relates
our notions of separability.

Proposition 13 Let X+,X− ⊂ Rd. The following relationships hold:

(i) If X+ and X− are linearly separable with margin µ, then they are 2µ-separated.
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(ii) If a hyperplane H[u, τ ] t-separates X− from X+, then X+ and X− are linearly sepa-
rable with margin t/‖u‖2.

(iii) If X+ and X− are (ε, γ)-linearly separable, then they are linearly separable with margin
(1−ε)γ

2 .

(iv) If X+ and X− are linearly separable with margin µ and diam(X+ − X−) ≤ R, then
they are (R−2µR , 2µ)-linearly separable.

Proof To show (i), observe that by assumption there exist u ∈ Sd−1 and τ ∈ R such that

〈u,x−〉+ τ ≤ −µ for all x− ∈ X−,
〈u,x+〉+ τ ≥ +µ for all x+ ∈ X+.

It follows that 〈u,x+ − x−〉 ≥ 2µ for all x+ ∈ X+,x− ∈ X−. By the Cauchy-Schwarz
inequality, 〈u,x+ − x−〉 ≤ ‖x+ − x−‖2, which shows the claim. For (ii), it suffices to note
that if H[u, τ ] t-separates X− from X+, then H[ u

‖u‖2 ,
τ
‖u‖2 ] t

‖u‖2 -separates X− from X+.

Let us next show (iii). If X+ and X− are (ε, γ)-linearly separable, then there exists u ∈ Sd−1
such that

〈u,x+ − x−〉 ≥ (1− ε)γ for all x+ ∈ X+ and x− ∈ X−.

Set τ = − (1−ε)γ
2 + infx−∈X−〈u,−x−〉. Fix x′ ∈ X+. Since

inf
x−∈X−

〈u,−x−〉 = −〈u,x′〉+ inf
x−∈X−

〈u,x′ − x−〉 ≥ −〈u,x′〉+ (1− ε)γ,

we see that τ ∈ R. Further, for any x− ∈ X−,

〈u,x−〉+ τ = 〈u,x−〉 − (1−ε)γ
2 + inf

x−∈X−
〈u,−x−〉

= 〈u,x−〉 − sup
x−∈X−

〈u,x−〉 − (1−ε)γ
2 ≤ − (1−ε)γ

2

and for any x+ ∈ X+,

〈u,x+〉+ τ = 〈u,x+〉 − (1−ε)γ
2 + inf

x−∈X−
〈u,−x−〉

= inf
x−∈X−

〈u,x+ − x−〉 − (1−ε)γ
2 ≥ (1−ε)γ

2 .

Since ‖u‖2 = 1, it follows that the hyperplane H[u, τ ] linearly separates X− and X+ with

margin (1−ε)γ
2 . Finally, let us show (iv). By (i) we know that X+ and X− are 2µ-separated.

Let u ∈ Sd−1 and τ ∈ R be such that

〈u,x−〉+ τ ≤ −µ for all x− ∈ X−,
〈u,x+〉+ τ ≥ +µ for all x+ ∈ X+.

It follows that 〈u,x+ − x−〉 ≥ 2µ for all x+ ∈ X+,x− ∈ X−. Since diam(X+ − X−) ≤ R,
we also have 2µ ≥ 2µ

R ‖x+ − x−‖2 for all x+ ∈ X+,x− ∈ X−. Together this yields

〈u,x+ − x−〉 ≥
(
1− R−2µ

R

)
‖x+ − x−‖2 for all x+ ∈ X+ and x− ∈ X−. �
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The next result gives a lower bound for the probability that a random hyperplane H[v, τ ]
separates two (ε, γ)-linearly separable sets X+,X− ⊂ RBd2, where τ ∈ [−λ, λ] is uniformly
distributed for λ ≥ R and v is uniformly distributed on Sd−1. As detailed in our above proof
sketch, this result (more precisely, Corollary 15) forms a crucial ingredient of our proof of
Theorem 6.

Theorem 14 There exist absolute constants c, C > 0 such that the following holds.
For ε ∈ [0, 1] and γ > 0, consider (ε, γ)-linearly separable sets X+,X− ⊂ RBd2. Let

v ∈ Sd−1 and τ ∈ [−λ, λ] be both uniformly distributed. If λ ≥ R, then with probability at
least

cγλ(1− ε)(√ε+ 1√
d
) exp(−Cεd log(2(1− ε)−1)),

the hyperplane H[v, τ ] t-separates X− from X+ with t = cγ(1− ε)(√ε+ 1√
d
).

Corollary 15 There exist absolute constants c, C > 0 such that the following holds.
For ε ∈ [0, 1] and γ > 0, consider (ε, γ)-linearly separable sets X+,X− ⊂ RBd2. Let

ν > 0. Let v ∈ Sd−1 and τ ∈ [−λ, λ] be both uniformly distributed. If λ ≥ νR, then with
probability at least

cνγλ (1− ε)(√ε+ 1√
d
) exp(−Cεd log(2(1− ε)−1)),

the hyperplane H[νv, τ ] t-separates X− from X+ with t = cγ(1− ε)(√ε+ 1√
d
)ν.

Proof For t ≥ 0 the hyperplane H[νv, τ ] tν-separates X− from X+ if and only if
the hyperplane H[v, 1ν τ ] t-separates X− from X+. The random variable τ ′ := 1

ν τ is

uniformly distributed on [−λ′, λ′] for λ′ = λ
ν . The result follows from Theorem 14 for

t = cγ(1− ε)(√ε+ 1√
d
).

For the proof of Theorem 14, we need the following standard result (e.g., see Boucheron
et al., 2013, Sec. 7.2), which precisely describes the surface measure of a spherical cap.

Lemma 16 Let v ∈ Sd−1 be uniformly distributed. Let δ ∈ (0, 1] and d ≥ 2δ−2. For any
u ∈ Sd−1, we have that

1
6δ
√
d
(1− δ2)

d−1
2 ≤ P (〈v,u〉 ≥ δ) ≤ 1

2δ
√
d
(1− δ2)

d−1
2 .

If additionally δ ≤ 1√
2
, then

P (〈v,u〉 ≥ δ) ≥ 1
2 exp(−2δ2d).

Proof [Theorem 14] For θ ≥ 0 define the event8

Av(θ) :=
{

inf
x+∈X+,x−∈X−

〈v,x+ − x−〉 ≥ θ
}
.

8. Formally, all events should be understood in the ordinary sense of probability theory, i.e., measurable
subsets of some appropriate sample space. Note that the underlying probability space is not explicitly
mentioned here. Our analysis does not require any treatment of measure theoretic issues, and we simply
assume that the probability space is rich enough to model all random quantities and processes that we
are interested in.
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For any s ≥ 0, we have that

P(H[v, τ ] s-separates X− from X+)

≥ P({H[v, τ ] s-separates X− from X+} ∩ Av(θ))

= p1(s, θ) · p2(θ),

where

p1(s, θ) := P(H[v, τ ] s-separates X− from X+ | Av(θ)) and p2(θ) := P(Av(θ)).

Next, we bound both factors p1(s, θ) and p2(θ) from below.

Lower bound for p1(s, θ). Let us show that if λ ≥ R, then for s ≤ θ
2 ,

P(H[v, τ ] s-separates X− from X+ | Av(θ)) ≥ θ−2s
2λ .

If λ ≥ R, then a := supx−∈X−〈v,x−〉 ∈ [−λ, λ] and b := infx+∈X+〈v,x+〉 ∈ [−λ, λ].
Further, on the event Av(θ) it holds b− a ≥ θ. Let s ≤ θ

2 . If −τ ∈ [a+ s, b− s], then

〈v,x−〉+ τ ≤ −s for all x− ∈ X−,
〈v,x+〉+ τ ≥ +s for all x+ ∈ X+.

Since Pτ (−τ ∈ [a+ s, b− s]) ≥ θ−2s
2λ , this shows

Pτ (H[v, τ ] s-separates X− from X+ | Av(θ)) ≥ θ−2s
2λ .

For s = θ
4 we obtain

P(H[v, τ ] θ4 -separates X− from X+) ≥ θ
4λ · p2(θ). (19)

Lower bound for p2(θ). Set X := cone(X+ −X−) ∩ Sd−1 and for δ ∈ [0, 1] define

αε(δ) := max{δ −
√

2ε, 1− ε−
√

2
√

1− δ}.

Since X+ and X− are (ε, γ)-linearly separable there exists u ∈ Sd−1 such that

〈u, z〉 ≥ 1− ε for all z ∈ X . (20)

Let us show that for any δ ∈ [0, 1] with αε(δ) ≥ 0,

{〈v,u〉 ≥ δ} ⊂ Av(αε(δ)γ). (21)

First observe that for any δ ∈ [0, 1],

{〈v,u〉 ≥ δ} ⊂
{

inf
z∈X
〈v, z〉 ≥ αε(δ)

}
. (22)

Indeed, by (20), ‖z − u‖2 ≤
√

2ε for every z ∈ X . Since v ∈ Sd−1 it follows

〈v, z〉 ≥ 〈v,u〉 − ‖z − u‖2 ≥ 〈v,u〉 −
√

2ε ≥ δ −
√

2ε for all z ∈ X , (23)
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if 〈v,u〉 ≥ δ. Moreover, 〈v,u〉 ≥ δ ⇔ ‖v − u‖2 ≤
√

2
√

1− δ. Therefore, if 〈v,u〉 ≥ δ then
for every z ∈ X ,

〈v, z〉 ≥ 〈u, z〉 − ‖v − u‖2 ≥ 1− ε−
√

2
√

1− δ. (24)

Inequalities (23) and (24) imply (22). If infz∈X 〈v, z〉 ≥ αε(δ) and αε(δ) ≥ 0, the following
holds for every x+ ∈ X+,x− ∈ X−:

〈v,x+ − x−〉 ≥ αε(δ)‖x+ − x−‖2 ≥ αε(δ)γ,

where for the second inequality we used that αε(δ) ≥ 0 and that X+ and X− are γ-separated.
In combination with (22) this shows (21). From (21) it follows that for every δ ∈ [0, 1] with
αε(δ) ≥ 0 and every θ ≤ αε(δ)γ,

p2(θ) ≥ P(〈v,u〉 ≥ δ). (25)

In order to bound the probability on the right hand side from below, we distinguish the
cases ε ≤ 1

32 and ε > 1
32 .

Case ε ≤ 1
32

. If δ ∈ [0, 1] satisfies δ ≥
√

8ε, then δ −
√

2ε ≥ δ
2 , which implies αε(δ) ≥

δ
2 ≥ 0. Therefore, by (25) the following holds: For all δ ∈ [

√
8ε, 1],

p2(
δ
2γ) ≥ P(〈v,u〉 ≥ δ).

By Lemma 16 we obtain that for all δ ∈ (
√

8ε, 1√
2
] with d ≥ 2δ−2,

p2(
δ
2γ) ≥ 1

2 exp(−2δ2d).

Applying (19) for θ = δ
2γ, we obtain that for all δ ∈ (

√
8ε, 1√

2
] with d ≥ 2δ−2,

P(H[v, τ ] δγ8 -separates X− from X+) ≥ δγ
8λ · 12 exp(−2δ2d).

The choice δ =
√

8ε+
√

2
d , which satisfies δ ∈ (

√
8ε, 1√

2
] and d ≥ 2δ−2, yields

P(H[v, τ ] γ8 (
√

8ε+
√

2
d)-separates X− from X+) ≥ cγλ(

√
ε+ 1√

d
) · exp(−Cεd)

for absolute constants c, C > 0. The result in the case ε ≤ 1
32 follows by observing that

1− ε ∼ 1.

Case ε > 1
32

. Set δ′ = 1− 1
4(1− ε)2. Then δ′ ∈ [0, 1] and αε(δ

′) ≥ 1− ε−
√

2
√

1− δ′ =
(1− 1√

2
)(1−ε) ≥ 1

4(1−ε) ≥ 0. Therefore, by (25) in combination with Lemma 16 we obtain

p2(
1
4(1− ε)γ) ≥ 1

6δ′
√
d
(1− δ′2)

d−1
2 .

Observe that

1
6δ′
√
d
(1− δ′2)

d−1
2 ≥ 1

6
√
d

exp(−d log((1− δ′2)−1))
≥ 1

6
√
d

exp(−d log((1− δ′)−1))
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= 1
6
√
d

exp(−2d log(2(1− ε)−1))
≥ exp(−3d log(2(1− ε)−1)).

Applying (19) for θ = 1
4(1− ε)γ, we obtain

P(H[v, τ ] (1−ε)γ
16 -separates X− from X+) ≥ (1−ε)γ

16λ · exp(−3d log(2(1− ε)−1)).

The result in the case ε > 1
32 follows by observing that

√
ε + 1√

d
∼ 1 and ε ∼ 1. This

completes the proof.

3.1 Proof of Theorem 6

For the proof of Theorem 6, we need one final ingredient, namely Lemma 17 below. It gives
a sufficient condition under which a set contained in a spherical cone is again contained
in a spherical cone after a linear transformation. Using this lemma, we will show that
a Gaussian matrix with enough rows maps (ε, γ)-linear separable sets to (1+ε2 , γ2 )-linearly
separable sets with constant probability (see step 1 of the proof sketch at the beginning of
Section 3).

Lemma 17 Let u ∈ Sd−1, t ∈ [0, 1], and X ⊂ RBd2 satisfy

〈u,x〉 ≥ t‖x‖2 for all x ∈ X .

For κ ∈ (0, 12 ], α, β ∈ [0, R] and A ∈ Rk×d assume that the following holds:

(i) (1− κ)‖u‖22 ≤ ‖Au‖22 ≤ (1 + κ)‖u‖22,

(ii) ‖u− x‖2 − α ≤ ‖Au−Ax‖2 ≤ ‖u− x‖2 + α for all x ∈ X ,

(iii) ‖x‖2 − β ≤ ‖Ax‖2 ≤ ‖x‖2 + β for all x ∈ X .

Then, we have that AX ⊂ 2RBk2 and

〈 Au
‖Au‖2 ,Ax〉 ≥

t√
1+κ
‖Ax‖2 − κ√

2
−
√

2(32R+ t)β − 3√
2
(1 +R)α for all x ∈ X . (26)

Proof For any x ∈ X ,

∣∣‖Ax‖22 − ‖x‖22
∣∣ =

∣∣‖Ax‖2 − ‖x‖2
∣∣ ·
∣∣‖Ax‖2 + ‖x‖2

∣∣ ≤ β(2‖x‖2 + β) ≤ 3Rβ.

Analogously, ∣∣‖Au−Ax‖22 − ‖u− x‖22
∣∣ ≤ 3(1 +R)α.

Therefore,

〈Au,Ax〉 = 1
2‖Au‖22 + 1

2‖Ax‖22 − 1
2‖A(u− x)‖22

≥ 1
2(1− κ)‖u‖22 + 1

2‖x‖22 − 3
2Rβ − 1

2‖u− x‖22 − 3
2(1 +R)α

= 〈u,x〉 − κ
2‖u‖22 − 3

2Rβ − 3
2(1 +R)α
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≥ t‖x‖2 − κ
2 − 3

2Rβ − 3
2(1 +R)α

≥ t‖Ax‖2 − κ
2 − (32R+ t)β − 3

2(1 +R)α.

Using 1√
2
≤ ‖Au‖2 ≤

√
1 + κ, we obtain (26).

We are now ready to prove our main result on the separation of two sets by a random
hyperplane:

Proof [Theorem 6] First note that it suffices to prove the result for R = 1. Indeed, the
general result then follows by a rescaling argument.

Let k ∈ N. Let v′ ∈ Sk−1 be uniformly distributed, G ∈ Rk×d a standard Gaussian
matrix and τ ∈ [−λ, λ] be uniformly distributed. Let all random variables be independent.
We define the random vector g := GTv′ ∈ Rd and observe that it is standard Gaussian.
Indeed, one may write v′ = Qe1 where Q ∈ Rk×k is a uniform random orthogonal matrix
and e1 the first unit vector in Rk. Due to the rotational invariance of standard Gaussian
matrices, we have thatGTQ ∼ GT , and therefore, g = GTv′ = GTQe1 ∼ GTe1 ∼ N(0, Id).

Set A = 1√
k
G. For ε′ ∈ [0, 1], and γ′ ≥ 0, we define the event

Aε′,γ′ := {AX+,AX− ⊂ 5Bk2 are (ε′, γ′)-linearly separable}.

Using that g = AT
√
kv′, we obtain for any ρ ≥ 0,

P(H[g, τ ] ρ-separates X− from X+) (27)

= P(H[
√
kv′, τ ] ρ-separates AX− from AX+)

≥ P({H[
√
kv′, τ ] ρ-separates AX− from AX+} ∩ Aε′,γ′)

= P(H[
√
kv′, τ ] ρ-separates AX− from AX+ | Aε′,γ′) · P(Aε′,γ′).

Since X+ and X− are (ε, γ)-linearly separable, there exists a vector u ∈ Sd−1 such that

〈u,x+ − x−〉 ≥ (1− ε)‖x+ − x−‖2 for all x+ ∈ X+,x− ∈ X−.

For κ ∈ (0, 12 ], α ∈ [0, 2], β ∈ [0, γ2 ] define the event Bκ,α,β where:

1. (1− κ)‖u‖22 ≤ ‖Au‖22 ≤ (1 + κ)‖u‖22,

2. For all x+ ∈ X+,x− ∈ X−,

‖u− (x+ − x−)‖2 − α ≤ ‖Au−A(x+ − x−)‖2 ≤ ‖u− (x+ − x−)‖2 + α,

3. For all x+ ∈ X+,x− ∈ X−,

‖x+ − x−‖2 − β ≤ ‖A(x+ − x−)‖2 ≤ ‖x+ − x−‖2 + β,

4. There exists x− ∈ X− such that ‖Ax−‖22 ≤ (1 + κ)‖x−‖22,

5. There exists x+ ∈ X+ such that ‖Ax+‖22 ≤ (1 + κ)‖x+‖22.
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On the event Bκ,α,β we clearly have AX−,AX+ ⊂ 5Bk2 and ‖Ax+ − Ax−‖2 ≥ γ
2 for all

x+ ∈ X+, x− ∈ X−. Further, by applying Lemma 17 for X = X+ − X− ⊂ 2Bd2 and
t = 1− ε, we obtain that on the event Bκ,α,β,

〈 Au
‖Au‖2 ,A(x+−x−)〉 ≥

√
2
3(1− ε)‖A(x+−x−)‖2− κ√

2
−
√

2(3 + (1− ε))β− 3√
2
(1 + 2)α

for all x+ ∈ X+,x− ∈ X−. For κ . γ(1− ε) and α, β . γ(1− ε), we obtain

〈 Au
‖Au‖2 ,A(x+ − x−)〉 ≥ 1

2(1− ε)‖A(x+ − x−)‖2 for all x+ ∈ X+,x− ∈ X−.

Hence, if κ . γ(1 − ε) and α, β . γ(1 − ε), then Bκ,α,β ⊂ Aε′,γ′ for ε′ = 1+ε
2 and γ′ = γ

2 .

For this choice of ε′ and γ′, Corollary 15 implies that if λ ≥ 5
√
k, then

Pv′,τ (H[
√
kv′, τ ] cγ(1− ε)

√
k-separates AX− from AX+ | Aε′,γ′)

≥ cγ(1−ε)λ

√
k exp(−Ck log(4(1− ε)−1)).

Therefore, applying (27) with ρ = cγ(1 − ε)
√
k and ε′ = 1+ε

2 , γ′ = γ
2 , we obtain that if

λ ≥ 5
√
k, then

P(H[g, τ ] cγ(1− ε)
√
k-separates X− from X+) (28)

≥ cγ(1−ε)λ

√
k exp(−Ck log(4(1− ε)−1)) · P(Aε′,γ′)

≥ cγ(1−ε)λ

√
k exp(−Ck log(4(1− ε)−1)) · P(Bκ,α,β),

where the second inequality holds for κ . γ(1− ε) and α, β . γ(1− ε).
Let T ⊂ Rd be a set. By matrix deviation inequality for Gaussian matrices (e.g.,

see Vershynin, 2018, Sec. 9.1), if

k & θ−2(w2(T ) + log(2/η) rad2(T )),

then with probability at least 1− η,

sup
x∈T

∣∣‖Ax‖2 − ‖x‖2
∣∣ ≤ θ.

Hence, a union bound implies that if

k & κ−2 log(2/η), k & (α−2 + β−2)(w2(X+ −X−) + log(2/η)),

then Bκ,α,β occurs with probability at least 1− η. In particular, if

k & γ−2(1− ε)−2(w2(X+ −X−) + 1),

then Bκ,α,β with κ ∼ γ(1 − ε) and α, β ∼ γ(1 − ε) occurs with probability at least 1
2 .

Combining this result with (28), we obtain that if

k & γ−2(1− ε)−2(w2(X+ −X−) + 1), λ ≥ 5
√
k,

then

P(H[g, τ ] cγ(1− ε)
√
k-separates X− from X+) ≥ cγ(1−ε)2λ

√
k exp(−Ck log(4(1− ε)−1)).

Let µ := γ(1− ε). Setting k = µ−2t2 completes the proof.
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3.2 Separation of Two Points

The following result concerns the separation of two arbitrary points by a random hyperplane,
and does not follow directly from Theorem 6. It can be shown in a more elementary way,
leading to a stronger statement.

Theorem 18 There exist absolute constants c, C > 0 such that the following holds.

Let x−,x+ ∈ RBd2. Let g ∈ Rd denote a standard Gaussian random vector and let
τ ∈ [−λ, λ] be uniformly distributed. If λ ≥ CR, then with probability at least c‖x+−x−‖2/λ,
the hyperplane H[g, τ ] ‖x+ − x−‖2-separates x− from x+.

Proof Since x+−x−
‖x+−x−‖2 ∈ Sd−1, the random variable 〈g, x+−x−

‖x+−x−‖2 〉 is standard Gaussian.

Therefore,

P(〈g,x+ − x−〉 ≥ 4‖x+ − x−‖2) ≥ c
for an absolute constant c > 0. Further, we have the inequalities

P(〈g,x+〉 ≤ λ) ≥ 1− exp(−λ2/2‖x+‖22) ≥ 1− exp(−λ2/2R2)

and

P(〈g,x−〉 ≥ −λ) ≥ 1− exp(−λ2/2R2).

Define the event

A := {〈g,x+ − x−〉 ≥ 4‖x+ − x−‖2} ∩ {〈g,x+〉 ≤ λ} ∩ {〈g,x−〉 ≥ −λ}.

By the above, P(A) ≥ c − 2 exp(−λ2/2R2). Therefore, if λ ≥ CR for C > 0 an absolute
constant that is chosen large enough, then P(A) ≥ c

2 . Let us show that

Pτ (H[g, τ ] ‖x+ − x−‖2-separates x− from x+ | A) ≥ ‖x+−x−‖2
λ .

Indeed, on the event A it holds 〈g,x+〉, 〈g,x−〉 ∈ [−λ, λ] and 〈g,x+−x−〉 ≥ 4‖x+−x−‖2.
In particular, the interval I := [〈g,x−〉 + ‖x+ − x−‖2, 〈g,x+〉 − ‖x+ − x−‖2] belongs to
[−λ, λ] with |I| ≥ 2‖x+−x−‖2. If −τ ∈ I, then H[g, τ ] ‖x+−x−‖2-separates x− from x+.
Therefore,

Pτ (H[g, τ ] ‖x+ − x−‖2-separates x− from x+ | A) ≥ Pτ (−τ ∈ I | A) = |I|
2λ ≥

‖x+−x−‖2
λ .

The result now follows from

P(H[g, τ ] ‖x+ − x−‖2-separates x− from x+)

≥ P({H[g, τ ] ‖x+ − x−‖2-separates x− from x+} ∩ A)

= P(H[g, τ ] ‖x+ − x−‖2-separates x− from x+ | A) · P(A)

≥ ‖x+−x−‖2
λ · c2 .
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4. Distance Preservation

The following theorem describes how the Euclidean geometry of two sets X−,X+ is trans-
formed by applying a random ReLU-layer. It shows that with high probability, Euclidean
distances are approximately preserved provided that both the layer is wide and the bias
parameter λ is large enough.

Theorem 19 There exist absolute constants C,C ′, c > 0 such that the following holds.

Let X−,X+ ⊂ RBd2 and let Φ : Rd → Rn be a random ReLU-layer with maximal bias
λ ≥ 0. If λ ≥ CR

√
log(λ2/ε) for 0 < ε ≤ λ2/e, and

n ≥ C ′ε−2λ2
(
w2(X+) + w2(X−) + u2λ2

)
, (29)

then with probability at least 1− 2 exp(−cu2), the following three events occur:

(i) For all x+ ∈ X+,x− ∈ X−, we have

∣∣∣‖Φ(x+)− Φ(x−)‖22 − ‖x+ − x−‖22
(

1−
√

2
π
‖x+−x−‖2

3λ

)∣∣∣ ≤ ε. (30)

(ii) For all x ∈ X− ∪ X+, we have

∣∣∣‖Φ(x)‖22 −
(
‖x‖22 + λ2

3

)∣∣∣ ≤ ε. (31)

(iii) For all x+ ∈ X+,x− ∈ X−, we have

∣∣∣〈Φ(x+),Φ(x−)〉 −
(
〈x+,x−〉+ λ2

3 +
√

2
π
1
6
‖x+−x−‖32

λ

)∣∣∣ ≤ ε. (32)

The following two results are straightforward corollaries of (31) and (30) in Theorem 19,
respectively.

Corollary 20 There exist absolute constants C,C ′ > 0 such that the following holds.

Let X ⊂ RBd2 and let Φ : Rd → Rn be a random ReLU-layer with maximal bias λ ≥ 0.
For any η ∈ (0, 1), if λ ≥ CR and

n ≥ C ′
(
λ−2w2(X ) + log(e/η)

)
,

then Φ(X ) ⊂ λBn2 with probability at least 1− η.

Corollary 21 There exist absolute constants C,C ′ > 0 such that the following holds.

Let X−,X+ ⊂ RBd2 be δ-separated sets and let Φ : Rd → Rn be a random ReLU-layer
with maximal bias λ ≥ 0. For any η ∈ (0, 1), if λ ≥ CR

√
log(λ/δ), λ/δ ≥ e, and

n ≥ C ′δ−4λ2
(
w2(X+) + w2(X−) + log(e/η)λ2

)
,

then Φ(X−) and Φ(X+) are δ
2 -separated with probability at least 1− η.
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Let us outline the main steps of the proof of Theorem 19. Note that it suffices to show
(32). Indeed, (31) trivially follows from (32). Further, (30) follows from (32) and (31) by
polarization. To show (32), we proceed in two steps:

1. Compute the expected value of 〈Φ(x+),Φ(x−)〉 for two arbitrary points x+,x− ∈ RBd2
(see Proposition 22).

2. Show uniform concentration of 〈Φ(x+),Φ(x−)〉 around its expected value using a con-
centration result for empirical product processes due to Mendelson (2016, Thm. 1.13).

Proposition 22 There exists an absolute constant C > 0 such that the following holds.
Let Φ : Rd → Rn be a random ReLU-layer with maximal bias λ ≥ 0. If λ ≥ CR

√
log(λ2/ε)

and λ2/ε ≥ e, then for any x+,x− ∈ RBd2, we have that

∣∣∣E[〈Φ(x+),Φ(x−)〉]−
(
〈x+,x−〉+ λ2

3 +
√

2
π
1
6
‖x+−x−‖32

λ

)∣∣∣ ≤ ε.

To prove Proposition 22, we will make use of the following lemma:

Lemma 23 Let τ ∈ [−λ, λ] be uniformly distributed. For a, b ∈ [−λ, λ],

E[ReLU(a+ τ) ReLU(b+ τ)] = ab
2 + (min{a,b})2 max{a,b}

4λ − (min{a,b})3
12λ + (a+ b)λ4 + λ2

6 .

Proof We may assume that a ≤ b. Then

E[ReLU(a+ τ) ReLU(b+ τ)] = E[(a+ τ)1τ≥−a(b+ τ)1τ≥−b]

= E[(a+ τ)(b+ τ)1τ≥−a]

= 1
2λ

∫ λ

−a
(ab+ (a+ b)s+ s2)ds

= 1
2λ

(
ab(λ+ a) + (a+ b)(λ

2

2 − a2

2 ) + λ3

3 + a3

3

)

= ab
2 + a2b

4λ − a3

12λ + (a+ b)λ4 + λ2

6

= ab
2 + (min{a,b})2 max{a,b}

4λ − (min{a,b})3
12λ + (a+ b)λ4 + λ2

6 .

Proof [Proposition 22] Clearly, we have that

E[〈Φ(x+),Φ(x−)〉] = 2 · E[ReLU(〈g,x+〉+ τ) ReLU(〈g,x−〉+ τ)],

where g denotes a standard Gaussian vector and τ ∈ [−λ, λ] is an independent and uniformly
distributed random variable. Let us begin by showing that

E
[
〈g,x+〉〈g,x−〉

2 + (min{〈g,x+〉,〈g,x−〉})2 max{〈g,x+〉,〈g,x−〉}
4λ − (min{〈g,x+〉,〈g,x−〉})3

12λ

+ λ(〈g,x+〉+〈g,x−〉)
4 + λ2

6

]

= 1
2

(
〈x+,x−〉+ λ2

3 +
√

2
π
1
6
‖x+−x−‖32

λ

)
. (33)
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Since E[〈g,x+〉〈g,x−〉] = 〈x+,x−〉 for any vectors x+,x− ∈ Rd and we have E[〈g,x+〉] =
E[〈g,x−〉] = 0, this amounts to showing that

E
[
3(min{〈g,x+〉, 〈g,x−〉})2 max{〈g,x+〉, 〈g,x−〉} − (min{〈g,x+〉, 〈g,x−〉})3

]

=
√

2
π‖x+ − x−‖32. (34)

Since g is symmetric, it follows that

E
[
(min{〈g,x+〉, 〈g,x−〉})2 max{〈g,x+〉, 〈g,x−〉}

]

= −E
[
(max{〈g,x+〉, 〈g,x−〉})2 min{〈g,x+〉, 〈g,x−〉}

]

and
E
[
(min{〈g,x+〉, 〈g,x−〉})3

]
= −E

[
(max{〈g,x+〉, 〈g,x−〉})3

]
.

Therefore,

E
[
3(min{〈g,x+〉, 〈g,x−〉})2 max{〈g,x+〉, 〈g,x−〉} − (min{〈g,x+〉, 〈g,x−〉})3

]

= 1
2 ·
(

3E
[
(min{〈g,x+〉, 〈g,x−〉})2 max{〈g,x+〉, 〈g,x−〉}

]

− 3E
[
(max{〈g,x+〉, 〈g,x−〉})2 min{〈g,x+〉, 〈g,x−〉}

]

− E
[
(min{〈g,x+〉, 〈g,x−〉})3

]
+ E

[
(max{〈g,x+〉, 〈g,x−〉})3

])

= 1
2 · E

[
(max{〈g,x+〉, 〈g,x−〉} −min{〈g,x+〉, 〈g,x−〉})3

]

= 1
2 · E

[
|〈g,x+ − x−〉|3

]
.

Using that g is rotation invariant and E[|g|3] = 2
√

2
π for g ∼ N(0, 1), we arrive at (34).

Define the event
A =

{
max{|〈g,x+〉|, |〈g,x−〉|} ≤ λ

}
.

Since ‖〈g,x+〉‖ψ2 , ‖〈g,x−〉‖ψ2 . R, we have

P(AC) ≤ P(|〈g,x+〉| > λ) + P(|〈g,x−〉| > λ) ≤ 4 exp(−cλ2/R2)

for some absolute constant c > 0. By using the Cauchy-Schwarz inequality twice, we obtain

E[|ReLU(〈g,x+〉+ τ) ReLU(〈g,x−〉+ τ)| · 1AC ]

≤
(
E
[
(ReLU(〈g,x+〉+ τ))2(ReLU(〈g,x−〉+ τ))2

])1/2 · P(AC)1/2

≤ ‖ReLU(〈g,x+〉+ τ)‖L4 · ‖ReLU(〈g,x−〉+ τ)‖L4 · 2 exp(−cλ2/2R2)

. λ2 exp(−cλ2/2R2) ≤ ε,
where the last inequality follows if λ ≥ CR

√
log(λ2/ε) for C > 0 an absolute constant that

is chosen large enough and λ2/ε ≥ e. Therefore,
∣∣∣E[〈Φ(x+),Φ(x−)〉]−

(
〈x+,x−〉+ λ2

3 +
√

2
π
1
6
‖x+−x−‖32

λ

)∣∣∣

=
∣∣∣2E[ReLU(〈g,x+〉+ τ) ReLU(〈g,x−〉+ τ)]−

(
〈x+,x−〉+ λ2

3 +
√

2
π
1
6
‖x+−x−‖32

λ

)∣∣∣

≤
∣∣∣2E[ReLU(〈g,x+〉+ τ) ReLU(〈g,x−〉+ τ) · 1A]−

(
〈x+,x−〉+ λ2

3 +
√

2
π
1
6
‖x+−x−‖32

λ

)∣∣∣
+ 2ε. (35)
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Using Lemma 23 and the independence of g and τ we obtain

E[ReLU(〈g,x+〉+ τ) ReLU(〈g,x−〉+ τ) · 1A]

= Eg[1AEτ [ReLU(〈g,x+〉+ τ) ReLU(〈g,x−〉+ τ)]]

= Eg

[
1A

( 〈g,x+〉〈g,x−〉
2 + (min{〈g,x+〉,〈g,x−〉})2 max{〈g,x+〉,〈g,x−〉}

4λ − (min{〈g,x+〉,〈g,x−〉})3
12λ

)]

+ Eg

[
1A

(
(〈g,x+〉+ 〈g,x−〉)λ4 + λ2

6

)]
.

In combination with (33) and the Cauchy-Schwarz inequality this yields
∣∣∣E[ReLU(〈g,x+〉+ τ) ReLU(〈g,x−〉+ τ) · 1A]− 1

2

(
〈x+,x−〉+ λ2

3 +
√

2
π
1
6
‖x+−x−‖32

λ

)∣∣∣

≤ E
[∣∣ 〈g,x+〉〈g,x−〉

2 + (min{〈g,x+〉,〈g,x−〉})2 max{〈g,x+〉,〈g,x−〉}
4λ − (min{〈g,x+〉,〈g,x−〉})3

12λ

+ (〈g,x+〉+ 〈g,x−〉)λ4 + λ2

6

∣∣ · 1AC

]

.
(
‖〈g,x+〉‖L4 · ‖〈g,x−〉‖L4 + 1

λ

(
‖〈g,x+〉‖3L6 + ‖〈g,x−〉‖3L6

)

+ λ
(
‖〈g,x+〉‖L2 + ‖〈g,x−〉‖L2

)
+ λ2

)
· P(AC)1/2

. λ2 · exp(−cλ2/2R2) ≤ ε,
where the last two inequalities follow by using ‖〈g,x+〉‖ψ2 , ‖〈g,x−〉‖ψ2 . R and λ ≥
CR
√

log(λ2/ε) for C > 0 an absolute constant that is chosen large enough and λ2/ε ≥ e.
Together with (35) this implies

∣∣∣E[〈Φ(x+),Φ(x−)〉]−
(
〈x+,x−〉+ λ2

3 +
√

2
π
1
6
‖x+−x−‖32

λ

)∣∣∣ ≤ 4ε.

By rescaling ε, we obtain the result.

Proof [Theorem 19] Let us start by showing (32). Let g ∈ Rd be a standard Gaussian
random vector and τ ∈ [−λ, λ] be uniformly distributed. Since the ReLU is 1-Lipschitz, it
follows that

‖ReLU(〈g,x+〉+ τ)− ReLU(〈g,x−〉+ τ)‖ψ2 . ‖〈g,x+ − x−〉‖ψ2 . ‖x+ − x−‖2
and

‖ReLU(〈g,x〉+ τ)‖ψ2 . ‖x‖2 + λ ≤ 2λ

for all x+,x− ∈ Rd and x ∈ RBd2. Hence, the stochastic processes
{

ReLU(〈g,x+〉+ τ)
}
x+∈X+

,
{

ReLU(〈g,x−〉+ τ)
}
x−∈X−

are sub-Gaussian with respect to the Euclidean metric and their radii in sub-Gaussian norm
are bounded by λ. By a concentration result for empirical product processes where each
process is sub-Gaussian (Mendelson, 2016, Thm. 1.13), we have

1
n

∣∣∣
n∑

i=1

ReLU(〈wi,x
+〉+ bi) ReLU(〈wi,x

−〉+ bi)

− E[ReLU(〈wi,x
+〉+ bi) ReLU(〈wi,x

−〉+ bi)]
∣∣∣

≤ C ·
(

(w(X+) + uλ)(w(X−) + uλ)

n
+
λ(w(X+) + w(X−)) + uλ2√

n

)
(36)
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uniformly for all x+ ∈ X+,x− ∈ X− with probability at least 1 − 2 exp(−cu2). The con-
dition on n given by (29) now implies that the right hand side of (36) is bounded by ε. In
combination with Proposition 22 this shows (32) by using the triangle inequality. Analo-
gously, we can show that (31) holds. Finally, by polarization, (32) and (31) imply (30).

5. Proof of the Main Result (Theorem 10)

The following lemma and especially its Corollary 25 are crucial ingredients for the proof of
Theorem 10. In short, they make the following geometric statement precise: Let X+,X− ∈ Rd
be two sets and Φ : Rd → Rn a deterministic ReLU-layer. If for every x+ ∈ X+ there exists
at least one “neuron” that separates X− from x+, then the transformed sets Φ(X−) and
Φ(X+) are linearly separable.

Lemma 24 Let X+,X− ⊂ Rd. For W = [w1, . . . ,wn]T ∈ Rn×d and b = (b1, . . . , bn) ∈ Rn,
define the associated (deterministic) ReLU-layer Φ : Rd → Rn by

Φ(x) :=
√

2
n · ReLU(Wx+ b), x ∈ Rd.

Set
I :=

{
i ∈ [n] | 〈wi,x

−〉+ bi ≤ 0 for all x− ∈ X−
}

and for x+ ∈ X+, define Ix+(0) ⊂ [n] to be the set of all indices i ∈ [n] such that H[wi, bi]
separates X− from x+. Assume that minx+∈X+ |Ix+(0)| ≥ 1. Then |I| ≥ 1 and the hyper-
plane H[u, 0] given by the vector u ∈ Sn−1+ with

ui =





1√
|I|
, i ∈ I,

0, otherwise,

separates Φ(X−) from Φ(X+). More precisely,

〈u,Φ(x−)〉 ≤ 0 for all x− ∈ X−,

〈u,Φ(x+)〉 ≥ 1
n

∑

i∈Ix+ (0)

|〈wi,x
+〉+ bi| for all x+ ∈ X+.

Proof Since Ix+(0) ⊂ I for every x+ ∈ X+ and minx+∈X+ |Ix+(0)| ≥ 1, it follows |I| ≥ 1.
Further, for any x− ∈ X−, we have that

〈u,Φ(x−)〉 =
∑

i∈I

1√
|I|
·
√

2
n ReLU(〈wi,x

−〉+ bi︸ ︷︷ ︸
≤0

) = 0.

On the other hand, for any x+ ∈ X+, we have that

〈u,Φ(x+)〉 ≥
∑

i∈Ix+ (0)

1√
|I|
·
√

2
n ReLU(〈wi,x

+〉+ bi) ≥ 1
n

∑

i∈Ix+ (0)

|〈wi,x
+〉+ bi|.
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Corollary 25 Let X+,X− ⊂ Rd and t ≥ 0. For W = [w1, . . . ,wn]T ∈ Rn×d and b =
(b1, . . . , bn) ∈ Rn, define the associated (deterministic) ReLU-layer Φ : Rd → Rn by

Φ(x) :=
√

2
n · ReLU(Wx+ b), x ∈ Rd.

For x+ ∈ X+, define Ix+(t) ⊂ [n] to be the set of all indices i ∈ [n] such that H[wi, bi]
t-separates X− from x+. Assume that minx+∈X+ |Ix+(t)| ≥ n′ for some n′ ≥ 1. Then
Φ(X−) and Φ(X+) are linearly separable with margin tn′

2n .

Proof Set
I :=

{
i ∈ [n] | 〈wi,x

−〉+ bi ≤ 0 for all x− ∈ X−
}
.

By Lemma 24, we have |I| ≥ 1 and the hyperplane H[u, 0] given by the vector u ∈ Sn−1+

with

ui =





1√
|I|
, i ∈ I,

0, otherwise,

satisfies

〈u,Φ(x−)〉 ≤ 0 for all x− ∈ X−,

〈u,Φ(x+)〉 ≥ 1
n

∑

i∈Ix+ (0)

|〈wi,x
+〉+ bi| for all x+ ∈ X+,

where Ix+(0) is the set of all indices i ∈ [n] such that H[wi, bi] separates X− from x+.
Clearly, Ix+(t) ⊂ Ix+(0), which implies for any x+ ∈ X+ that

〈u,Φ(x+)〉 ≥ 1
n

∑

i∈Ix+ (t)

|〈wi,x
+〉+ bi| > tn′

n .

It follows that the hyperplane H[u,− tn′

2n ] separates Φ(X−) and Φ(X+) with margin tn′

2n .

In line with our proof sketch in Section 1.4, the following two results describe the effect
of the first random ReLU-layer Φ in the setup of Theorem 10.

Theorem 26 There exists an absolute constant c > 0 such that the following holds.
Let X−,X+ ⊂ RBd2 be δ-separated sets with N− := |X−|, N+ := |X+|. Let Φ : Rd → Rn

be a random ReLU-layer with maximal bias λ ≥ 0. Suppose that λ & R and

n & δ−1λ · log(2N−N+/η). (37)

Then with probability at least 1 − η, the following event occurs: for every x− ∈ X− there
exists a vector ux− ∈ Sn−1+ such that the hyperplane H[ux− , 0] linearly separates Φ(x−)
from Φ(X+). The vector ux− is given by ux− = ‖u′x−‖

−1
2 u

′
x− for

(u′x−)i =

{
1, (Φ(x−))i = 0,

0, otherwise,
(38)
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and satisfies

〈ux− ,Φ(x−)〉 ≤ 0,

〈ux− ,Φ(x+)〉 ≥ c‖x+ − x−‖22 · λ−1 for all x+ ∈ X+.

Proof Let W = [w1, . . . ,wn]T ∈ Rn×d and b = (b1, . . . , bn) ∈ Rn be the weight matrix
and bias vector of Φ, respectively. For x− ∈ X−, x+ ∈ X+ define Ix−,x+ ⊂ [n] to be the
set of all indices i ∈ [n] where H[wi, bi] separates x− from x+ and define the events

Bix−,x+ :=
{
H[wi, bi] ‖x+ − x−‖2-separates x− from x+}.

For n′(x−,x+) ∈ {1, . . . , n} a number that is specified later, set

Bx−,x+,n′(x−,x+) :=
{ n∑

i=1

1Bi
x−,x+

≥ n′(x−,x+)
}
,

Bx− :=
⋂

x+∈X+

Bx−,x+,n′(x−,x+), B :=
⋂

x−∈X−
Bx− .

On the event B, the following holds for every x− ∈ X−: For all x+ ∈ X+ there exist
at least n′(x−,x+) ≥ 1 hyperplanes H[wi, bi] which ‖x+ − x−‖2-separate x− from x+.
By Lemma 24, this implies that the following holds on the event B: For every x− ∈ X−
there exists ux− ∈ Sn−1+ such that the hyperplane H[ux− , 0] linearly separates Φ(x−)
from Φ(X+). More precisely,

〈ux− ,Φ(x−)〉 ≤ 0,

〈ux− ,Φ(x+)〉 ≥ 1
n

∑

i∈Ix−,x+

|〈wi,x
+〉+ bi| ≥ n′(x−,x+)

n ‖x+ − x−‖2 for all x+ ∈ X+.

Further, Lemma 24 shows that ux− = ‖u′x−‖
−1
2 u

′
x− for u′x− with

(u′x−)i =

{
1, 〈wi,x

−〉+ bi ≤ 0,

0, otherwise.

Since 〈wi,x
−〉 + bi ≤ 0 is equivalent to (Φ(x−))i = 0, this shows that ux− is given as

described in (38). By the union bound, we obtain

P(BC) ≤
∑

x−∈X−,x+∈X+

P(BCx−,x+,n′(x−,x+)).

Let i ∈ [n]. Theorem 18 implies that if λ & R, then P(Bix−,x+) ≥ c1λ
−1‖x+ − x−‖2 for

some absolute constant c1 > 0. Therefore, the Chernoff bound implies that

P
( n∑

i=1

1Bi
x−,x+

≥ c1
2 λ
−1‖x+ − x−‖2 · n

)
≥ 1− exp(−c′λ−1‖x+ − x−‖2 · n).

Setting n′(x−,x+) = b c12 λ−1‖x+ − x−‖2 · nc, we obtain

P(BCx−,x+,n′(x−,x+)) ≤ exp(−c′λ−1‖x+ − x−‖2 · n) ≤ exp(−c′λ−1δn).
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Hence,

P(BC) ≤
∑

x−∈X−,x+∈X+

exp(−c′λ−1δn) ≤ η,

where the last inequality follows from

n & δ−1λ ·
(

logN− + logN+ + log(η−1)
)
.

Finally, observe that (37) implies that n′(x−,x+) = b c12 λ−1‖x+ − x−‖2 · nc ≥ 1 for all
x− ∈ X−, x+ ∈ X+.

Theorem 27 There exist absolute constants c, c′ > 0 such that the following holds.

Let X−,X+ ⊂ RBd2 be δ-separated sets. Let λ > 0 satisfy λ & R
√

log(λ/δ) and λ/δ ≥ e.
Let C+ = {c+1 , . . . , c+N+} ⊂ RBd2 and C− = {c−1 , . . . , c−N−} ⊂ RBd2 be δ-separated and
form a λ/c′-mutual covering for X+ and X− with components X+

1 , . . . ,X+
N+ ⊂ X+ and

X−1 , . . . ,X−N− ⊂ X−.

Let Φ : Rd → Rn be a random ReLU-layer with maximal bias λ ≥ 0, such that

n & λ−2 ·
(
w2(X−) + w2(X+)

)
+ (λδ )8 · log(2N−N+/η),

n & λ6 ·
(

max
l∈[N−]

{
dist−8(c−l , C+) · w2(X−l )

}
+ max
j∈[N+]

{
dist−8(c+j , C−) · w2(X+

j )
})
. (39)

Then with probability at least 1− η, the following two events occur:

1. Φ(X−),Φ(X+) ⊂ λBn2 ;

2. For every l ∈ [N−] there exists a vector uc−l
∈ Sn−1+ such that

〈uc−l
,Φ(x−)〉 − 4c′λ−1 dist2(c−l , C+) ≤ −2c′λ−1 dist2(c−l , C+) for all x− ∈ X−l ,

〈uc−l
,Φ(x+)〉 − 4c′λ−1 dist2(c−l , C+) ≥ 2cλ−1‖c−l − x+‖22 for all x+ ∈ X+.

Further, ‖c−l − x+‖2 ≥ 1
2 dist(c−l , C+) for every x+ ∈ X+, which implies that the

hyperplane

H[uc−l
,−4c′λ−1 dist2(c−l , C+)]

linearly separates Φ(X−l ) from Φ(X+) with margin min{2c′, c2}λ−1 dist2(c−l , C+).

Proof Since C+ = {c+1 , . . . , c+N+} and C− = {c−1 , . . . , c−N−} form a λ/c′-mutual covering
for X+ and X−, there exist r+1 , . . . , r

+
N+ ≥ 0 and r−1 , . . . , r

−
N− ≥ 0 such that

1. the sets X+
j := X+∩Bd2(c+j , r

+
j ) for j ∈ [N+], and X−l := X−∩Bd2(c−l , r

−
l ) for l ∈ [N−],

cover X+ and X−, respectively;

2. r+j ≤ c′λ−1 dist2(c+j , C−) for j ∈ [N+], and r−l ≤ c′λ−1 dist2(c−l , C+) for l ∈ [N−].
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By Corollary 20, if

λ & R, n & λ−2
(
w2(X−) + w2(X+)

)
+ log(e/η),

then Φ(X−),Φ(X+) ⊂ λBn2 with probability at least 1− η. Define A to be the event where
for every l ∈ [N−] there exists a vector uc−l

∈ Sn−1+ such that

〈uc−l
,Φ(c−l )〉 ≤ 0,

〈uc−l
,Φ(c+j )〉 ≥ cλ−1‖c+j − c−l ‖22 for all j ∈ [N+].

Applying Theorem 26 to C+ and C−, the condition (39) implies P(A) ≥ 1− η. Define B to
be the event where the following holds:

(i) For all l ∈ [N−]:

sup
x−∈X−l

∣∣∣‖Φ(x−)−Φ(c−l )‖22−‖x−−c−l ‖22
(

1−
√

2
π

‖x−−c−l ‖2
3λ

)∣∣∣ ≤
(
c′λ−1 dist2(c−l , C+)

)2
,

(ii) For all j ∈ [N+]:

sup
x+∈X+

j

∣∣∣‖Φ(x+)−Φ(c+j )‖22−‖x+−c+j ‖22
(

1−
√

2
π

‖x+−c+j ‖2
3λ

)∣∣∣ ≤
(
c′λ−1 dist2(c+j , C−)

)2
.

By Theorem 19 and a union bound, the condition (39) implies P(B) ≥ 1− η.

Let us show that on the event A ∩ B the second event from Theorem 27 holds. Let
l ∈ [N−]. For any x− ∈ X−l , we have that

〈uc−l
,Φ(x−)〉 = 〈uc−l

,Φ(c−l )〉+ 〈uc−l
,Φ(x−)− Φ(c−l )〉

≤ ‖Φ(x−)− Φ(c−l )‖2
≤ ‖x− − c−l ‖2 + c′λ−1 dist2(c−l , C+)

≤ r−l + c′λ−1 dist2(c−l , C+)

≤ 2c′λ−1 dist2(c−l , C+). (40)

Let x+ ∈ X+. Then there exists j ∈ [N+] such that x+ ∈ X+
j . It holds

〈uc−l
,Φ(x+)〉 = 〈uc−l

,Φ(c+j )〉+ 〈uc−l
,Φ(x+)− Φ(c+j )〉

≥ c‖c+j − c−l ‖22λ−1 − ‖Φ(x+)− Φ(c+j )‖2
≥ c‖c+j − c−l ‖22λ−1 − ‖x+ − c+j ‖2 − c′λ−1 dist2(c+j , C−)

≥ c‖c+j − c−l ‖22λ−1 − 2c′λ−1 dist2(c+j , C−)

≥ c‖c+j − c−l ‖22λ−1 − 2c′λ−1‖c+j − c−l ‖22
≥ c

2‖c+j − c−l ‖22λ−1,
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where the last inequality follows if c′ ≤ c
4 . If λ & R and c′ ≤ 1, then

‖x+ − c−l ‖2 ≤ ‖x+ − c+j ‖2 + ‖c+j − c−l ‖2
≤ c′λ−1 dist2(c+j , C−) + ‖c+j − c−l ‖2
≤ 2‖c+j − c−l ‖2.

Therefore, for any x+ ∈ X+, we obtain

〈uc−l
,Φ(x+)〉 ≥ c

8‖x+ − c−l ‖22λ−1. (41)

Subtracting 4c′λ−1 dist2(c−l , C+) in (40) and (41), we obtain that for all x− ∈ X−l that

〈uc−l
,Φ(x−)〉 − 4c′λ−1 dist2(c−l , C+) ≤ −2c′λ−1 dist2(c−l , C+)

and for all x+ ∈ X+ that

〈uc−l
,Φ(x+)〉 − 4c′λ−1 dist2(c−l , C+) ≥ c

8‖x+ − c−l ‖22λ−1 − 4c′λ−1 dist2(c−l , C+).

If λ & R and c′ ≤ 1, then for any x+ ∈ X+
j ,

‖c+j − c−l ‖2 ≤ ‖c+j − x+‖2 + ‖x+ − c−l ‖2
≤ c′λ−1 dist2(c+j , C−) + ‖x+ − c−l ‖2
≤ 1

2‖c+j − c−l ‖2 + ‖x+ − c−l ‖2,

which implies ‖c+j − c−l ‖2 ≤ 2‖x+ − c−l ‖2. In particular, ‖x+ − c−l ‖2 ≥ 1
2 dist(c−l , C+) for

all x+ ∈ X+. Furthermore,

4c′λ−1 dist2(c−l , C+) ≤ 4c′λ−1‖c−l − c+j ‖22 ≤ 16c′λ−1‖x+ − c−l ‖22

for any x+ ∈ X+
j . Hence, for every x+ ∈ X+, we conclude that

〈uc−l
,Φ(x+)〉 − 4c′λ−1 dist2(c−l , C+) ≥ c

8‖x+ − c−l ‖22λ−1 − 16c′λ−1‖x+ − c−l ‖22
≥ c

16λ
−1‖x+ − c−l ‖22,

where the last inequality follows if c′ ≤ c
256 .

The final ingredient for the proof of Theorem 10 is the following lemma. It provides a
sufficient condition under which we have that w(Φ(X )) . w(X ) with high probability for
X ⊂ Rd and Φ : Rd → Rn a random ReLU-layer.

Lemma 28 Let X ⊂ Rd and Φ : Rd → Rn be a random ReLU-layer with standard Gaussian
weight matrix W ∈ Rn×d and maximal bias λ ≥ 0. Then, we have that w(Φ(X )) ≤
w(
√

2
nWX ), and furthermore, the following holds:

(i) If n & log(2/η), then w( 1√
n
WX ) . w(X )+

√
n diam(X ) with probability at least 1−η.
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(ii) If n & w2(cone(X − X ) ∩ Sd−1) + log(2/η), then with probability at least 1− η,

sup
x6=x′∈X

‖ 1√
n
W ( x−x′

‖x−x′‖2 )‖2 ≤ 2.

On this event w( 1√
n
WX ′) ≤ 2w(X ′) and therefore w(Φ(X ′)) ≤ 23/2w(X ′) for every

X ′ ⊂ X .

Proof Let us write Φ(x) = ReLU(T (x)) for

T (x) :=
√

2
nWx+

√
2
nb,

where W ∈ Rn×d is a standard Gaussian random matrix and b is uniformly distributed on
[−λ, λ]n. Since the ReLU is 1-Lipschitz, the Gaussian version of Talagrand’s contraction
principle (see, e.g., Vershynin, 2018, Ex. 7.2.13) implies that w(Φ(X )) ≤ w(T (X )). Let
g ∈ Rn denote a standard Gaussian vector. Since Eg〈g,x〉 = 0 for every vector x, it follows
that

w(T (X )) = Eg

[
sup
x∈X
〈g,
√

2
nWx+

√
2
nb〉
]

= Eg

[
sup
x∈X
〈g,
√

2
nWx〉

]
.

Therefore, w(Φ(X )) ≤ w(
√

2
nWX ). Since w(S) ≤

√
n
2 diam(S) for any S ⊂ Rn, it follows

w( 1√
n
WX ) ≤ 1

2 diam(WX ). By Gaussian projection (e.g., see Vershynin, 2018, Sec. 7.7),

there exists an absolute constant C > 0 such that

diam(WX ) ≤ C · (w(X ) +
√
n diam(X ))

with probability at least 1− 2 exp(−n). Define

‖ 1√
n
W ‖X := sup

x6=x′∈X
‖ 1√

n
W ( x−x′

‖x−x′‖2 )‖2.

Let X ′ ⊂ X . Then ‖ 1√
n
Wx − 1√

n
Wx′‖2 ≤ ‖ 1√

n
W ‖X ‖x − x′‖2 for all x,x′ ∈ X ′, which

implies w( 1√
n
WX ′) ≤ ‖ 1√

n
W ‖Xw(X ′) by the Sudakov-Fernique inequality. By a Gaussian

deviation inequality (e.g., see Vershynin, 2018, Sec. 9.1), if

n & w2(cone(X − X ) ∩ Sd−1) + log(2/η),

then ‖ 1√
n
W ‖X ≤ 2 with probability at least 1− η.

We are now ready to prove the main result of this work:
Proof [Theorem 10] Let W = [w1, . . . ,wn]T ∈ Rn×d and b = (b1, . . . , bn) ∈ [−λ, λ]n be
the Gaussian weight matrix and bias vector of the random ReLU-layer Φ, and let Ŵ =
[ŵ1, . . . , ŵn̂]T ∈ Rn̂×n and b̂ = (b̂1, . . . , b̂n̂) ∈ [−λ̂, λ̂]n̂ be the Gaussian weight matrix and
bias vector of the random ReLU-layer Φ̂. Since X+ and X− have (R, δ, C ′λ)-mutual com-
plexity (N+, N−, w+, w−), there exists a C ′λ-mutual covering C+ = {c+1 , . . . , c+N+} ⊂ Rd

and C− = {c−1 , . . . , c−N−} ⊂ Rd for X+ and X− such that
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(i) max
j∈[N+]

w(X+
j ) ≤ w+ and max

l∈[N−]
w(X−l ) ≤ w−;

(ii) C+, C− ⊂ RBd2 are δ-separated.

Here, X+
1 , . . . ,X+

N+ ⊂ X+ and X−1 , . . . ,X−N− ⊂ X− are the components of the covering. Let
C ′ := 1

c′ , where c′ > 0 is the absolute constant from Theorem 27. According to Theorem 27,
the condition (15) implies that with probability at least 1− η, the following event A occurs:

1. Φ(X−),Φ(X+) ⊂ λBn2 ;

2. For every l ∈ [N−], there exists a vector uc−l
∈ Sn−1+ such that the hyperplane

H[uc−l
,−4c′λ−1 dist2(c−l , C+)]

linearly separates Φ(X−l ) from Φ(X+) with margin min{2c′, c2}λ−1 dist2(c−l , C+).

Here, c > 0 is the absolute constant from Theorem 27. By Proposition 13 (iv), and on the
event A, the sets Φ(X−l ) and Φ(X+) are contained in λBn2 for every l ∈ [N−] and they are
(εl, γl)-linearly separable with

εl = 1−min{2c′, c2}λ−2 dist2(c−l , C+), γl = min{4c′, c}λ−1 dist2(c−l , C+).

For l ∈ [N−], tl & w(Φ(X−l )− Φ(X+)) + λ, and i ∈ [n̂], we define the event

Bil(tl) := {H[ŵi, b̂i] tl-separates Φ(X+) from Φ(X−l )}.

Set µl = γl(1− εl). By Theorem 6, if λ̂ & λtlµ
−1
l , then P(Bil(tl) | A) ≥ pl for

pl = tl
λ̂

exp(−Ct2l µ−2l log(4(1− εl)−1)).

Define A′ to be the event where

sup
x6=x′∈X−

‖ 1√
n
W ( x−x′

‖x−x′‖2 )‖2 ≤ 2, sup
x6=x′∈X+

‖ 1√
n
W ( x−x′

‖x−x′‖2 )‖2 ≤ 2.

By Lemma 28 and the union bound, condition (15) implies P(A′) ≥ 1−η. Further, Lemma 28
shows that on the event A′, we have that

w(Φ(X−l )− Φ(X+)) = w(Φ(X−l )) + w(Φ(X+)) ≤ 23/2(w(X−l ) + w(X+))

for every l ∈ [N−]. Using that µl & λ−3δ4 and 1 − εl & λ−2δ2 for every l ∈ [N−], we
obtain that for every i ∈ [n̂], l ∈ [N−], and t � w− + w(X+) + λ, if λ̂ & λ4δ−4t, then
P(Bil(t) | A ∩ A′) ≥ p(t) for

p(t) = t
λ̂

exp(−Ct2λ6δ−8 log(λ/δ)).

Define the events

Bl(t) :=
{ n̂∑

i=1

1Bi
l(t)
≥ p(t)

2 n̂
}
, Bt :=

⋂

l∈[N−]

Bl(t).

39



Dirksen, Genzel, Jacques, and Stollenwerk

By Chernoff’s inequality, there exists an absolute constant c > 0 such that for all l ∈ [N−],
it holds that

P(Bl(t) | A ∩ A′) ≥ 1− exp(−c · p(t)n̂).

On the event Bt, for every l ∈ [N−] at least p(t)
2 n̂ out of the n̂ hyperplanes H[ŵi, b̂i]

t-separate Φ(X+) from Φ(X−l ). Using that Φ(X−) =
⋃
l∈[N−] Φ(X−l ), Corollary 25 implies

that F (X+) and F (X−) are linearly separable with margin

tp(t)
4 � (w−+w(X+)+λ)2

λ̂
· exp(−C(w− + w(X+) + λ)2λ6δ−8 log(λ/δ)).

Define B′ to be the event where F (X−), F (X+) ⊂ λ̂Bn̂2 . On the event Bt∩B′, the conclusion
of Theorem 10 holds. Now, we observe that

P(Bt ∩ B′) ≥ P(Bt ∩ B′ ∩ A ∩ A′)

= P(Bt ∩ B′ | A ∩ A′) · P(A ∩ A′)

≥ (1− P(BCt | A ∩ A′)− P((B′)C | A ∩ A′)) · (1− P(AC)− P((A′)C))

≥ (1− P(BCt | A ∩ A′)− P((B′)C | A ∩ A′)) · (1− 2η).

The union bound implies

P(BCt | A ∩ A′) ≤
∑

l∈[N−]

P((Bl(t))
C | A ∩ A′) ≤ exp(log(N−)− cp(t)n̂) ≤ η,

where the last inequality follows from

n̂ & (p(t))−1 log(N−/η).

On the event A∩A′ it holds Φ(X−),Φ(X+) ⊂ λBn2 and w(Φ(X−)) ≤ 23/2w(X−), w(Φ(X+)) ≤
23/2w(X+). Consequently, by Corollary 20, if λ̂ & λ and

n̂ & (λ̂)−2
(
w2(X+) + w2(X−)

)
+ log(e/η), (42)

then P((B′)C | A ∩ A′) ≤ η. By Lemma 29,

w(X−) = w(
⋃

l∈[N−]

X−l ) ≤ w− + CR
√

logN−

for C > 0 an absolute constant. Therefore, condition (16) implies λ̂ & λ and (42). In total,
we have P(Bt ∩ B′) ≥ (1− 2η)2 ≥ 1− 4η. This completes the proof.

6. Proofs of Special-Case Results

To apply our main result, Theorem 10, to various special cases, the following lemma will
prove very useful. Although the inequalities stated therein are well-known (e.g., see Jacques
and Cambareri, 2017, Lem. 10 for the first inequality), we give a proof for the sake of
completeness.
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Lemma 29 There exists an absolute constant C > 0 such that the following holds.
Let Xj ⊂ RBd2 for j ∈ [N ]. Then

w(
⋃

j∈[N ]

Xj) ≤ max
j∈[N ]

w(Xj) + C ·R
√

logN. (43)

If all sets Xj additionally satisfy diam(Xj) ≤ r for some r > 0, then

w(
⋃

j∈[N ]

Xj) . r
√
d+R

√
logN. (44)

Furthermore, if all sets Xj are finite with diam(Xj) ≤ rj, then

w(
⋃

j∈[N ]

Xj) . max
j∈[N ]

(rj

√
log|Xj |) +R

√
logN. (45)

Proof Let us start by showing (43). Let g ∈ Rd denote a standard Gaussian random vector
and for j ∈ [N ] pick any cj ∈ Xj . Then rad(Xj − cj) ≤ 2R. Set Xj := supx∈Xj

〈g,x− cj〉.
Then

w(
⋃

j∈[N ]

Xj) = E max
j∈[N ]

(Xj + 〈g, cj〉) ≤ max
j∈[N ]

EXj + E max
j∈[N ]

(Xj − EXj) + E max
j∈[N ]
〈g, cj〉.

Clearly, EXj = w(Xj). By Gaussian Lipschitz concentration (e.g., see Foucart and Rauhut,
2013, Thm. 8.34), we conclude that Xj − EXj is a sub-Gaussian random variable with
‖Xj−EXj‖ψ2 . rad(Xj−cj) ≤ 2R. Further, the random variables 〈g, cj〉 are sub-Gaussian
with ‖〈g, cj〉‖ψ2 . ‖cj‖2 ≤ R. Inequality (43) now follows by applying the maximal in-
equality for sub-Gaussian random variables (e.g., see Boucheron et al., 2013, Thm. 2.5).
Inequalities (44) and (45) immediately follow from (43) by using the standard estimates
w(Bd2) .

√
d and w(X ) .

√
log(|X |) for any finite X ⊂ Bd2.

6.1 Proof of Theorem 2

Define C+ := X+ and C− := X−. Then C+, C− ⊂ Bd2 are δ-separated. We may write C+ =
{c+1 , . . . , c+N+} and C− = {c−1 , . . . , c−N−}. Clearly, the sets X+

j := X+∩Bd2(c+j , 0) = {c+j } for

j ∈ [N+] and X−l := X− ∩ Bd2(c−l , 0) = {c−l } for l ∈ [N−] cover X+ and X−, respectively.
Let C ′ > 0 denote the absolute constant from Theorem 10. Then

0 ≤ 1
C′λ dist2(c+j , C−), 0 ≤ 1

C′λ dist2(c−l , C+)

for all j ∈ [N+] and l ∈ [N−]. Therefore, C+ and C− form a C ′λ-mutual covering for X+

and X−. Moreover, X+ and X− have (1, δ, C ′λ)-mutual complexity (N+, N−, w+, w−) with
w+ = w− = 0. Since w(X+) .

√
logN+ and

w2(cone(X− −X−) ∩ Sd−1) + w2(cone(X+ −X+) ∩ Sd−1) . logN− + logN+,

the result follows from Theorem 10. �
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6.2 Proof of Theorem 3

Let r ≤ 1
C′λδ

2, where C ′ > 0 denotes the absolute constant from Theorem 10. Set C+ :=
{c+1 , . . . , c+N+} and C− := {c−1 , . . . , c−N−}. Then, C+, C− ⊂ Bd2 are δ-separated and the sets

X+
j := X+ ∩ Bd2(c+j , r) for j ∈ [N+], and X−l := X− ∩ Bd2(c−l , r) for l ∈ [N−], cover X+

and X−, respectively. Furthermore, the δ-separability and the assumption r . δ2/λ imply
that

r ≤ 1
C′λ dist2(c+j , C−), r ≤ 1

C′λ dist2(c−l , C+)

for all j ∈ [N+], l ∈ [N−]. This shows that C+ and C− form a C ′λ-mutual covering for
X+ and X−. Therefore, X+ and X− have (1, δ, C ′λ)-mutual complexity (N+, N−, w+, w−)
with w+ = maxj∈[N+]w(X+

j ) and w− = maxl∈[N−]w(X−l ). By Lemma 29,

w(X+) = w(
⋃

j∈[N+]

Bd2(c+j , r)) . r
√
d+

√
logN+,

and for any l ∈ [N−],
w(X−l ) = w(X− ∩ Bd2(c−l , r)) . r

√
d,

which yields w− . r
√
d. Analogously, it follows that w+ . r

√
d. The result now follows

from Theorem 10 by observing that

w2(cone(X− −X−) ∩ Sd−1) + w2(cone(X+ −X+) ∩ Sd−1) . d.

�

6.3 Proof of Theorem 4

For an absolute constant c > 0 that is specified later, let C+ = {c+1 , . . . , c+N+} ⊂ X+

and C− = {c−1 , . . . , c−N−} ⊂ X− be minimal cδ2/λ-coverings of X+ and X−, respectively.
Then N+ = N (X+, cδ2/λ) and N− = N (X−, cδ2/λ). Since X+ and X− are δ-separated,
it follows that C+ and C− are δ-separated as well. By definition of covering, the sets
X+
j := X+ ∩Bd2(c+j , cδ

2/λ) for j ∈ [N+], and X−l := X− ∩Bd2(c−l , cδ
2/λ) for l ∈ [N−], cover

X+ and X−, respectively. Further, since C+ and C− are δ-separated, we have that

cδ2/λ ≤ cλ−1 dist2(c+j , C−), cδ2/λ ≤ cλ−1 dist2(c−l , C+)

for all j ∈ [N+], l ∈ [N−]. This shows that C+ and C− form a λ
c -mutual covering for X+

and X−. Therefore, X+ and X− have (1, δ, λc )-mutual complexity (N+, N−, w+, w−) with
N+ = N (X+, cδ2/λ), N− = N (X−, cδ2/λ), w+ = w(X+) and w− = w(X−). Choos-
ing c = 1

C′ , where C ′ is the absolute constant from Theorem 10, the result follows from
Theorem 10. �
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