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This paper studies how well generative adversarial networks (GANs) learn probability dis-
tributions from finite samples. Our main results establish the convergence rates of GANs
under a collection of integral probability metrics defined through Hélder classes, including
the Wasserstein distance as a special case. We also show that GANs are able to adaptively
learn data distributions with low-dimensional structures or have Holder densities, when
the network architectures are chosen properly. In particular, for distributions concentrated
around a low-dimensional set, we show that the learning rates of GANs do not depend
on the high ambient dimension, but on the lower intrinsic dimension. Our analysis is
based on a new oracle inequality decomposing the estimation error into the generator and
discriminator approximation error and the statistical error, which may be of independent
interest.
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1. Introduction

Generative adversarial networks (GANs, Goodfellow et al. (2014); Li et al. (2015); Dziugaite
et al. (2015); Arjovsky et al. (2017)) have attracted much attention in machine learning and
artificial intelligence communities in the past few years. As a powerful unsupervised method
for learning and sampling from complex data distributions, GANs have achieved remarkable
successes in many machine learning tasks such as image synthesis, medical imaging and
natural language generation (Radford et al., 2016; Reed et al., 2016; Zhu et al., 2017; Karras
et al., 2018; Yi et al., 2019; Bowman et al., 2016). However, theoretical explanations for
their empirical success are not well established. Many problems on the theory and training
dynamics of GANs are largely unsolved (Arora et al., 2017; Liang, 2021; Singh et al., 2018).

Different from classical density estimation methods, GANs implicitly learn the data dis-
tribution by training a generator and a discriminator against each other. More specifically,
to estimate a target distribution p, one chooses an easy-to-sample source distribution v (for
example, uniform or Gaussian distribution) and find the generator by solving the following
minimax optimization problem, at the population level,

gneig r}lea}_{ Epnplf(x)] — E.nu[f(9(2))],

where both the generator class G and the discriminator class F are often parameterized
by neural networks in general. The inner maximization problem can be viewed as that of
calculating the Integral Probability Metric (IPM, see Miiller (1997)) between the target u
and the generated distribution g4v with respect to the discriminator class F:

dx(u, Q#V) ‘= sup Eu[f] - EQ#V[f] = sup ExNM[f(‘T)] —E.w[f(g9(2))],
fer fer

where guv is the push-forward distribution under g. When only a set of random sam-
ples {X;}? , that are independent and identically distributed (i.i.d.) as p are available in
practice, we estimate the expectations by the empirical averages and solve the empirical
optimization problem

, : ~ : 1
gy, = argmin dr(fy,, g4v) = argmin sup —
9€g geg  feF M T

f(Xz) - EZNV[f(g(Z)>]’ (1)

where fi, = 2 S°" | dy, is the empirical distribution.

n

One of the fundamental questions in GANs is their generalization capacity: how well
can GANSs learn a target distribution from finite samples? Recently, much effort has been
devoted to answering this question in different aspects. For example, Arora et al. (2017)
showed that GANs do not generalize in standard metrics with any polynomial number of
examples and provided generalization bounds for neural net distance. Zhang et al. (2018)
gave a detailed analysis of neural net distance and extended the results of Arora et al.
(2017). Liang (2021) and Singh et al. (2018) analyzed the adversarial framework from a
nonparametric density estimation point of view. Chen et al. (2020) studied the convergence
properties of GANs when both the target densities and the evaluation class are Holder

classes.
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While impressive progress has been made on the theoretical understanding of GANs,
there are still some shortcomings in the existing results. For instance, the source and the
target distributions are often assumed to have the same ambient dimension in the current
theory, while, in practice, GANs are usually trained using a source distribution with ambient
dimension much smaller than that of the target distribution. Indeed, an important strength
of GANs is their ability to model latent structures of complex high-dimensional distributions
using a low-dimensional source distribution. Another issue needs to be addressed is that the
generalization bounds often suffer from the curse of dimensionality. In practical applications,
the data distributions are of high dimensionality, which makes the convergence rates in
theory extremely slow. However, high-dimensional data, such as images, texts and natural
languages, often have latent low-dimensional structures, which reduces the complexity of
the problem. It is desirable to take into account such structures in the analysis.

1.1 Contributions

In this paper, we provide an error analysis of GANs and establish their convergence rates
in various settings. We show that, if the generator and discriminator network architectures
are properly chosen, GANs are able to learn any distributions with bounded support. To be
concrete, let 11 be a probability distribution on [0, 1]d and g be a solution of the optimization
problem (1), then (g;;)4v is an estimate of p. Informally, our main result shows that the
GAN estimator has the convergence rate

Eldys (11, (9) )] = O(n ™4 v =2 logn),

where the expectation is with respect to the random samples. The performance of the
estimator is evaluated by the IPM dy,s with respect to some Holder class HP of smoothness
index f > 0. These metrics cover a wide range of popular metrics used in the literature,
including the Wasserstein distance. In our theory, the ambient dimension of the source
distribution v is allowed to be different from the ambient dimension of the target distribution
. In particular, it can be much smaller than that of the target distribution, which is the
case in practice. Moreover, the convergence rates we derived match the minimax optimal
rates of nonparametric density estimation under adversarial losses (Liang, 2021; Singh et al.,
2018).

We also adapt our error analysis to three cases: (1) the target distribution concentrates
around a low-dimensional set, (2) the target distribution has a density function, and (3) the
target distribution has an unbounded support. In particular, we prove that if the target u is
supported on a set with dimension d*, then the GAN estimator g;; has a faster convergence
rate:

Eldys (1. (9)40)] = O((n™ /%" v n=1/2) log m).

This implies that the convergence rates of GANs do not depend on nominal high dimen-
sionality of data, but on the lower intrinsic dimension. Our results show that GANs can
automatically adapt to the support of the data and overcome the curse of dimensionality.
Our work also makes significant technical contributions to the error analysis of GANs and
neural network approximation theory, which may be of independent interest. For example,
we develop a new oracle inequality for GAN estimators, which decomposes the estimation
error into generator and discriminator approximation error and statistical error. To bound
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the discriminator approximation error, we establish explicit error bounds on approximating
Hoélder functions by neural networks, with an explicit upper bound on the Lipschitz constant
of the constructed neural network functions. To the best of our knowledge, this is the first
approximation result that also controls the regularity of the neural network functions.

1.2 Preliminaries and Notation

Let us first introduce several definitions and notations. The set of positive integers is
denoted by N = {1,2,...}. We also denote Ny := NU {0} for convenience. Let A and B be
two quantities. The maximum and minimum of A and B are denoted by AV B and AA B
respectively. We use the asymptotic notation A 3 B and B = A to denote the statement
that A < CB for some constant C' > 0. We denote A < B when A 3 B and A 7 B. Let v
be a measure on R¥ and ¢ : R¥ — R? be a measurable mapping. The push-forward measure
g4V of a measurable set A is defined as ggv(A) = v(g~(A)).

The ReLU function is denoted by o(x) := x vV 0. A neural network function ¢ : RNo —
RNL+1 is a function that can be parameterized by a ReLU neural network in the following
form

¢(x) = To(o(Tpa1(---o(To(x)) - -)));

where the activation function o is applied component-wisely and T (x) := A;z+10b; is an affine
transformation with A; € RM+1XNe and b, € RN+t for [ = 0,...,L. The numbers W =
max{Ny,...,Np} and L are called the width and the depth of neural network, respectively.
When the input and output dimensions are clear from contexts, we denote by NN (W, L)
the set of functions that can be represented by neural networks with width at most W and
depth at most L.

To measure the complexity of neural networks from a learning theory perspective, we
use the following notion of combinatorial dimension for a real-valued function class.

Definition 1 (Pseudo-dimension) Let H be a class of real-valued functions defined on
Q. The pseudo-dimension of H, denoted by Pdim (H), is the largest integer N for which
there exist points z1,...,zxy €  and constants c1,...,cy € R such that

[{sgn (h(x1) —¢1),..., sgn (h(zy) —en) : h € H}| =2V,

Next, let us introduce the notion of regularity for a function. For a multi-index o =
(a1, ...,a4) € Nd, the monomial on @ = (z1,...,24) is denoted by z® := z{*--- 2%, the
a-derivative of a function h is denoted by 9*h := llellhp /95" - . -0xy® with [laf|; = Zgzl o
as the usual 1-norm for vectors. We use the convention that 0%h := h if ||a||; = 0.

Definition 2 (Lipschitz functions) Let X C R% and h: X — R, the Lipschitz constant
of h is denoted by

Liph:= sup M) =ROI
T, yeX ,x#y ||.7,' - yHQ

We denote Lip (X, K) as the set of all functions h : X — R with Liph < K. For any
B >0, we denote Lip (X, K, B) := {h € Lip(X, K) : ||h||p~x) < B}.
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Definition 3 (Holder classes) For 8 > 0 with 8 = s+ r, where s € Ny and r € (0, 1],
and d € N, we denote the Holder class H?(R?) as

H’B(Rd) =<{h:RY 5 R, max [|0%)|s <1, max sup [0%h(x) = 8rh(x)| <15p.
ladli<s lalhi=s 2ty [lz—yll3

For any subset X C R?, we denote H?(X) := {h: X — R, h € H}(RY)}.

It should be noticed that for 5 = s + 1, we do not assume that h € C*T!. Instead,
we only require that h € C* and its derivatives of order s are Lipschitz continuous with
respect to the metric || - [[2. Note that, if 5 < 1, then |h(x) — h(y)| < ||z — y||§, it g >1,
then |h(z) — h(y)| < Vd||z — y|]2. In particular, with the above definitions, H'([0,1]%) =
Lip ([0,1]¢,1,1). We will use the covering number to measure the complexity of a Hélder
class.

Definition 4 (Covering number) Let p be a pseudo-metric on M and S C M. For any
e >0,aset A C M is called an e-covering of S if for any x € S there exists y € A such that
p(x,y) < e. The e-covering number of S, denoted by N (e, S, p), is the minimum cardinality
of any e-covering of S.

Finally, the composition of two functions f : R? — R and ¢ : R¥ — R? is denoted by
fog(x) = f(g(z)). Weuse FoG:={fog:feF, gec G} todenote the composition of
two function classes. A function class F is called symmetric if f € F implies —f € F.

1.3 Outline

The rest of the paper is organized as follows. Section 2 presents our main result on the error
analysis of GANs, where we assume that the target distribution has a compact support. In
section 3, we extend the result to three different cases: (1) the target distribution is low-
dimensional; (2) the target has a Holder density; (3) the target has unbounded support.
Section 4 discusses related theoretical results of deep neural networks and GANs. Finally,
Section 5 gives the proofs of technical lemmas, including error decomposition and bounds
on the approximation error and statistical error.

2. Error Analysis of GANs

Let i be an unknown target probability distribution on R, and let v be a known and easy-to-
sample distribution on R¥ such as uniform or Gaussian distribution. Suppose we have n i.i.d.
samples {X;} ; from p and m iid. samples {Z;}"; from v. Denote the corresponding
empirical distributions by fi, = 1 3" | §x, and v, = = 31", 6, respectively. We consider
the following two optimization problems

. - : 1<
argmin dz (fin, g4v) = argmin sup < — Z f(X5)=E,[fog],, (2)
9€g geg  feF "D
1O 1 «
axgmin dr (i, g4 7) = argminsup 4 3" (X0~ =3 F0(Z) b, @)
9€g S geg  feF |1 ; Yoom ]Ez:l '
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where the generator class G is parameterized by a ReLU neural network NN (W7, L1) with
width at most W and depth at most L;, and the discriminator class F is parameterized
by another ReLU neural network NN (Wa, Ly).

2.1 Convergence Rates of GAN Estimators

We study the convergence rates of the GAN estimators g, and g;, ,, that solve the opti-
mization problems (2) and (3) with optimization error €,,; > 0. In other words,

i € {0.€ G dr(ingpr) < il dr(ns6p0) + eon | (@
G € {9 0 dr(@n 040 < 08 dr(ins64m) + o . )

The performance is evaluated by the IPM between the target ¢ and the learned distribution
v = (g5) 4V or ¥ = (g;, )4V With respect to some function class H:

du(p,7y) = sup Epnph(2)] = Eynry [R(y)]-

By specifying H differently, one can obtain a list of commonly-used metrics:

e when # = Lip (R%, 1) is the 1-Lipschitz function class, then dy = W is the Wasser-
stein distance, which is used in the Wasserstein GAN (Arjovsky et al., 2017);

e when % = Lip (R? B, B) is the bounded Lipschitz function class, then dy is the
Dudley metric, which metricizes weak convergence (Dudley, 2018);

e when H is the set of continuous function, then dy is the total variation distance;

e when H is a Sobolev function class with certain regularity, dy is used in Sobolev GAN
(Mroueh et al., 2018);

e when # is the unit ball of some reproducing kernel Hilbert space, then dy is the
maximum mean discrepancy (Gretton et al., 2012; Dziugaite et al., 2015; Li et al.,
2015).

Here, we consider the case when H is a Holder class H®(R?), which covers a wide range of
applications. For simplicity, we first consider the case when p is supported on the compact
set [0,1]¢ and extend it to different situations in the next section. The main result is
summarized in the following theorem.

Theorem 5 Suppose the target p is supported on [0, 1]d, the source distribution v is ab-
solutely continuous on R and the evaluation class is H = HP(R?). Then, there exist a

generator G = {g € NN (W1, L1) : g(R) C [0,1]%} with
W12L1 j n,
and a discriminator F = NN (Wy, Ly) N Lip (R?, K, 1) with

WaLy 3n'?log’n, K3 (W222)2+U(4ﬁ74)/dzz2zg7
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where V[N/Q = Wy/logy Wa and Ly = Lo/ logy Lo, such that the GAN estimator (4) satisfies
Eldy (. (95)40)] = €opt 307"V n=1210g P n,

where ¢(B,d) =1 if 28 = d, and ¢(B,d) = 0 otherwise.
If furthermore m = n?t28/410g% n, then the GAN estimator (5) satisfies

Elds (1, (G5, m) )] — €opt 3174V 012 10g"F D
Before proceeding, we make several remarks on the theorem.

Remark 6 If 3 = 1, then %!([0,1]¢) = Lip ([0, 1]¢,1,1) and dy;1 is the Dudley distance (the
Wasserstein distance Wy on [0, 1]¢ is IPM with the class Lip ([0, 1]%,1) or Lip ([0, 1]¢,1,/d),
and it satisfies Wi (u,y) < Vddy(i1,7)). In this case, the required Lipschitz constant of
the discriminator network is reduced to K 3 ng%ZLg If we choose the depth Ls to be a
constant, then the Lipschitz constant can be chosen to have the order of K =3 Wg =< nlog?n.

Remark 7 For simplicity, we assume that the source distribution v is on R. This is not
a restriction, because any absolutely continuous distribution on R¥ can be projected to an
absolutely continuous distribution on R by linear mapping. Hence, the same result holds
for any absolutely continuous source distribution on R¥. The requirement on the generator
that g(R) C [0,1]¢ is easy to satisfy by adding an additional clipping layer to the output
and using the fact that

min{max{z, —1},1} =o(x+1) —o(z—1) -1, zeR.

Remark 8 The Lipschitz condition on the discriminator might be difficult to satisfy in
practice. It is done by weight clipping in the original Wasserstein GAN (Arjovsky et al.,
2017). In the follow-up works (Gulrajani et al., 2017; Kodali et al., 2017; Petzka et al.,
2018; Wei et al., 2018; Thanh-Tung et al., 2019), several regularization methods have been
applied to Wasserstein GANs. It would be interesting to develop similar error analysis for
regularized GAN estimators, and we leave this as future work.

2.2 Error Decomposition

Our proof of Theorem 5 is based on a new error decomposition and estimation of approxima-
tion error and statistical error sketched below. The proofs of technical lemmas are deferred
to Section 5.

We first introduce a new oracle inequality, which decomposes the estimation error into
the generator approximation error, the discriminator approximation error and the statistical
€ITor.

Lemma 9 Assume F is symmetric, 1 and guv are supported on Q C R? for allg € G. Let
9y, and gy, ., be the GAN estimators (4) and (5) respectively. Then, for any function class
H defined on €,

d’H(,U/, (g:z)#u) < €opt + 25(7_[7 ]:a Q) + ;Iélg d]:(ﬂna g#]/) + df(“) ﬁn) A d'H(//J) :an)v
dﬂ(ﬂv (g;kz,m)#y) < €opt + 28(7—[7 F, Q) + ;22 dr(fin, g#y) + dr(u, ﬁn) A day (1, [in)

+ 2drog(V, Um),



Huang, Jiao, L1, Liu, WANG AND YANG

where E(H,F,Q) is the approzimation error of H from F on Q:

E(H,F,Q) :=sup inf ||h — 0o ()
( ) he?I-)LfE]:H Fllzee ()

Next, we bound each error term separately. We will show that the generator approxima-
tion error infycg dr(fin, g»v) = 0 as long as the size of the generator network G is sufficiently
large. The discriminator approximation error £(H, F, ) can be bounded by constructing
neural networks to approximate functions in H. The remaining statistical error terms can
be controlled using the empirical process theory.

2.2.1 BOUNDING GENERATOR APPROXIMATION ERROR

Observe that the empirical distribution i, is supported on at most n points. To bound
the generator approximation error infgcg dr(fin, g4v), we need to estimate the distance
between the generated distribution {g4v : g € G} and the set of all discrete distribution
supported on at most n points:

n n
P(n) := {7 = Zpi(smi : sz‘ =1,p; > 0,z; € Rd} :
=1 i=1

Yang et al. (2022) showed that their Wasserstein distance vanishes when the generator class
is sufficiently large.

Lemma 10 Suppose that W > 7d+1, L > 2 and G = NN (W, L). Let v be an absolutely
continuous probability distribution on R. If n < W_T‘HLW%_IJ Léj + 2, then for any
v € P(n) and any € > 0, there exists g € G such that

Wi(7, guv) <e.

If the support of v is contained in some convexr set C, then g can be chosen to satisfy
g(R) CC.

Since [i,, is supported on [0,1]%, if we choose the generator G = {g € NN (Wy, L1) :
g(R) C [0,1]%} that satisfies the condition in the Lemma 10, which means we can choose
WZ2Ly 2 n, then for any F C Lip ([0, 1]¢, K), we have

inf dr(fin, gxv) < K inf Wi (fin, ggv) = 0.
9€9 9€g
This shows that the generator approximation error vanishes.

2.2.2 BOUNDING DISCRIMINATOR APPROXIMATION ERROR

To bound &(H, F, [0, 1]%), we construct a neural network to approximate any given function
in #4([0,1]%). Our construction is based on the idea in Daubechies et al. (2021); Shen et al.
(2020) and Lu et al. (2021). More importantly, we give an upper bound on the Lipschitz
constant of the neural network function that achieves small approximation error.
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Lemma 11 Assume h € H5([0,1]%) with f = s+r, s € Ng and r € (0,1]. For any W > 6,
L > 2, there exists ¢ € NN (49(s + 1)23%d* 1 W [logy W1, 15(s + 1)2L[log, L] + 2d) such
that ||¢|lso < 1, Lip¢ < (s + 1)d*T/2L(W L) #5-9/4(1260W2L22L° + 1957%) and

16— Rl oo ro,1j) < 6(s +1)dH2VE (W L) =7

This lemma implies that, for any h € H?([0,1]¢), there exists a neural network ¢ with
width < Wlogy, W and depth =< Llog, L such that ¢ € Lip (R? K, 1) with Lipschitz con-
stant K < (WL)2HoM48-49/d[oL” and ||¢ — Bl Lo o174y 2 (WL)=28/4, Hence, if we choose
Wy < W10g2 W and Ly < Llog, L, then

W = Wy/logy Wo = Wa, L= Ly/logy Ly = Lo,
and ¢ € NN (Wa, Le) N Lip (RY, K, 1) with
K= (WL)2+U(45_4)/dL2L2 N (W2E2)2+U(4ﬂ_4)/diﬂzg.
This shows that, for the discriminator F = NN (Wa, Ly) N Lip (R4, K, 1),
EH®, F,[0,1]%) 3 (WaLa/(logy Walog, Lo)) /.

2.2.3 BOUNDING STATISTICAL ERROR

For any function class F, the statistical error E[d #(u, fin)] can be bounded by the Rademacher
complexity of F, by using the standard symmetrization technique. We can further bound
the Rademacher complexity by the covering number of F. The result is summarized in the
following lemma.

Lemma 12 Assume supscr || flloo < B, then we have the following entropy integral bound

B/2
Bldr (. fin)] < 8, _inf <5+ = [ fleeN e T T uoo>d),

" 0<6<B/2
where we denote F|, = {(f(X1),...,f(Xn)) : f € F} for any i.i.d. samples X1.,, =
{Xi} from p and J\/Ze Fix,, y |+ lc) is the e-covering number of Fix,. S R™ with respect
to the || - || distance. '

For the Holder class H = H?(R9), for any i.i.d. samples X1, = {X;}", from p, which
is supported on [0, 1], we have

log N(e, Hjy, - lloo) < log N (e, HP([0,1]%), || - [loo) 3 €7,

where the last inequality is from the entropy bound in Kolmogorov and Tikhomirov (1961)
(see also Lemma 17). Thus, if we denote n = d/(2/3), then

0<6<1/2

1/2
Eldy(p, fin)] X inf <5+n1/2 / e"de).
4

9
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When n < 1, one has

-~ = : o1 -1/2/om—1  sl—n < ,—1/2
E[dw,un)]No<ggf1/2(5+<1 R CORE ) NP

When 1 =1, one has

E i) =< inf —1/2(_10g2 — 1 < n~1/2]
[dﬂ(u,u)]~0<}sgl/2(5+n (—log 0g5))Nn ogn,

where we take § = n~Y/2 in the last step. When n > 1, one has

SN < )25 _on—1y) < 1/ (2n) _ ,—B/d
Bl in)] 5 inf (54 (= )7 20— 27h) 2 nhl,

where we take § = n~1/(27) Combining these cases together, we have
Eldy (s, fin)] 307" v n= 2 10g P p, (6)
where ¢(f8,d) =1 if 25 = d, and ¢(f,d) = 0 otherwise.

2.3 Proof of Theorem 5

For the GAN estimator g, by Lemma 9, we have the error decomposition
d"H(/'Lv (g;;)#z/) < €opt T 26(7_[7]:7 [07 1]d) + ;Ielg d]-‘(//,t\n, g#y) + d?‘l(:ua //ZTL) (7)

We choose the generator class G with W12L1 = n that satisfies the condition in Lemma 10.
Then

inf dr(tip, guv) = 0,
prere F(Hin, gv)
since F C Lip ([0,1]%, K). By Lemma 11, for our choice of the discriminator class F,

E(M,F,[0,1]%) 3 (WaLsa/(logy Walogy L2))*/* 3 0=/,

1/2

where we can choose WaLo =< n'/2log?n so that the last inequality holds. By Lemma 12,

Edw (11, fin)] 2 0 P4 v =2 10geB:d) gy,
In summary, by (7), we have
E[d’H(Ma (g;;)#]/)] — €opt ;5 n_ﬁ/d \Vi n_1/2 1Ogc(67d) n.

For the estimator g, ,,, we only need to estimate the extra term E[drog(v,Vm)] by
Lemma 9. We can bound this statistical error by the entropy integral in Lemma 12, and
further bound it by the pseudo-dimension Pdim (F o G) of the network F o G (see corollary
35):

Pdim (F o G)logm
- :

Eldrog(v,Vm)] 3 \/

10
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It was shown in Bartlett et al. (2019) that the pseudo-dimension of a ReLU neural network
satisfies the bound Pdim (MVN(W,L)) 2 ULlogU, where U < W?2L is the number of
parameters. Hence,

(W12L1 + W22L2>(L1 + LQ) 10g(W12L1 + W22L2) logm
m

it 9] 5 |/

Since we have chosen Wy Ly = nl/? log?n and W12L1 =< n, we have

(n + nlog*n)(n 4+ nl/21log? n) log nlog m

Eldrog(v,Vm)] 3 \/

2 5
<. n log nlogm.
~ m

Hence, if m = n?t28/410g% n, then E[dr.g(v, Um)] X n~P/% and, by Lemma 9,

m

Eds (tt, (g5 ) 220)] — €opt T P4y 0712 10gBod)

which completes the proof.
We make three remarks on the proof and the technical lemmas.

Remark 13 Our error decomposition for GANs in Lemma 9 is different from the classical
bias-variance decomposition for regression in the sense that the statistical error dz(u, fin) A
dy (i, i) < dy(p, fin) depends on the evaluation class H. The proof of Theorem 5 essen-
tially shows that we can choose the generator class and the discriminator class sufficiently
large to reduce the approximation error so that the learning rate of GAN estimator is not
slower than that of the empirical distribution.

Remark 14 We give explicit estimate of the Lipschitz constant of the discriminator in
Lemma 11, because it is essential in bounding the generator approximation error in our
analysis. Alternatively, one can also bound the parameters in the discriminator network and
then estimate the Lipschitz constant. For example, by using the construction in Yarotsky
(2017), one can bound the weights as O(e~®) for some a > 0, where € is the approximation
error. Then convergence rates can be obtained for the discriminator network with bounded
weights (the bound depends on the sample size n).

Remark 15 The bound on the expectation E[dy(u, (g;)xv)] can be turned into a high
probability bound by using concentration inequalities (Boucheron et al., 2013; Shalev-
Shwartz and Ben-David, 2014; Mohri et al., 2018). For example, by McDiarmid’s inequality,
one can shows that, for all ¢ > 0,

P (dp (11, fin) = Eldp (1, 1in)] + ) < exp(—nt?/2), (8)

because for any {X;}" ; and {X/}? ;| that satisfies X] = X; except for ¢ = j, we have

sup (E“[h] — Tllz h(XZ»)> — sup (Eu[h] — Tllz h(X{))

1
< sup — ‘h(Xj) — h(X’-)‘ <
heH heH

heH T /

2
n

11
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Since other error terms in inequality (7) can be bounded independent of the random samples,
it holds with probability at least 1 — § that

2log(1/0)  —pya, ,—1/2 loge(:d) 1.

d’H(/-La (g:l)#y) — €opt — n

where we choose exp(—nt?/2) = § in inequality (8).

3. Extensions of the Main Theorem

In this section, we extend the main theorem to the following cases: (1) the target distribution
concentrates around a low-dimensional set, (2) the target distribution has a density function
and, (3) the target distribution has an unbounded support.

3.1 Learning Low-dimensional Distributions

The convergence rates in Theorem 5 suffer from the curse of dimensionality. In practice,
the ambient dimension is usually large, which makes the convergence very slow. However,
in many applications, high-dimensional complex data such as images, texts and natural
languages, tend to be supported on approximate lower-dimensional manifolds. To take
into account this fact, we assume that the target distribution p has a low-dimensional
structure. We introduce the Minkowski dimension (or box-counting dimension) to determine
the dimensionality of a set.

Definition 16 (Minkowski dimension) The upper and the lower Minkowski dimensions
of a set A C R? are defined respectively as

- 1 .
dll’nM(A) = hmsup OgN(e, A7 H ||2)
e—0 —loge
i i inp 08N A | - [l2)
dim,,(A) := hggglf Thoge ‘

If dimy;(A) = dim,,(A) = dimys(A), then dimps(A) is called the Minkowski dimension of
the set A.

The Minkowski dimension measures how the covering number of A decays when the
radius of covering balls converges to zero. When A is a manifold, its Minkowski dimension is
the same as the dimension of the manifold. Since the Minkowski dimension only depends on
the metric, it can also be used to measure the dimensionality of highly non-regular set, such
as fractals (Falconer, 2004). For function classes defined on a set with a small Minkowski
dimension, it is intuitive to expect that the covering number only depends on the intrinsic
Minkowski dimension, rather than the ambient dimension. Kolmogorov and Tikhomirov
(1961) gave a comprehensive study on such problems. We will need the following useful
lemma in our analysis.

Lemma 17 (Kolmogorov and Tikhomirov (1961)) If X C R? is a compact set with
dimys (X) = d*, then

log N (e, HP(X), || - [|oc) 3 €/ log(1/e).

12
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If, in addition, X is connected, then

log (e, HO(X), || - o) S /7.

~

For regression, Nakada and Imaizumi (2020) showed that deep neural networks can adapt
to the low-dimensional structure of data, and the convergence rates do not depend on the
nominal high dimensionality of data, but on its lower intrinsic dimension. We will show
that similar results hold for GANs by analyzing the learning rates of a target distribution
that concentrates on a low-dimensional set.

Assumption 18 The target X ~ p has the form X = X + &, where X and & are indepen-
dent, X ~ Ji is supported on some compact set X C [0,1]¢ with dim;(X) = d*, and ¢ has
zero mean E[¢] = 0 and bounded variance V = E[||¢||3] < occ.

The next theorem shows that the convergence rates of the GAN estimators only depend
on the intrinsic dimension d*, when the network architectures are properly chosen.

Theorem 19 Suppose the target p satisfies assumption 18, the source distribution v is
absolutely continuous on R and the evaluation class is H = HP(R?). Then, there erist a
generator G = {g € NN (W1, L1) : g(R) C [0,1]%} with

WL 3n,
and a discriminator F = NN (Ws, Ly) N Lip (R, K, 1) with
Wolo 3 nd/(2d7) log?n, K = (WQZ2)2+0(45*4>/6@22E3,
where V[N/Q = Wy/logy Wa and Ly = Lo/ logy Lo, such that the GAN estimator (4) satisfies
Eldz (1; (g9n)#v)] — €opt — 2V/dy P/ 3 (n_ﬁ/d* \Y n_1/2) log n.
If furthermore

nlH(d+28)/d" 14 d* > d/2,

then the GAN estimator (5) satisfies

o {n(g‘”‘m)/@d*) log®n  d* <d/2,
m ~Y

E[d (15 (G m)#V)] — €opt — 2V v (PAD/2 =3 (n_ﬁ/d* V n_1/2) log n.

Proof For any i.i.d. observations Xi., = {X;}!" ; from p, where X; = X; +&; with X; ~ 1,
we denote fi, = = > | 6y, and g, = 2 377 | d%.. As in the proof of Theorem 5, by Lemma
25, we have
Eldy (1 (9p) )] < dy(p, 11) + Eldn (1, (97,) 7))
< dy(p, ) + 26 CH, [0, 1) + Eldgy (7 in)] + eopts

d/(2d*)

and there exists a discriminator F with WLy < n log2 n such that

EH, F,[0,1]%) 2 (WaLy/(logy Wa logy Lg))~28/4 < n=8/d",

13
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For the term dy/(u, i), we can bound it as

dy (1) = ZlelgEg[E)}[h()? +&) = (X)) < VdE[|€I5M) < Vay rnr2, 9)

where we use the Lipschitz inequality |h(X + &) — h(X)| < \f||§||§/\1 for the second in-
equality, and Jensen’s inequality for the last inequality.
For the statistical error, we have

]EXI:n [dH(ﬁ7 ﬁn)} S E}’ZI:,,LdH(ﬁ? ﬁn) + Efl:nE)?lde(/jn7 ﬁn)

Using Lipschitz continuity of h, we have

= o, = =
Ee,. . Ez dyu(fy, fn) =K, ,Eg sup D Z h(Xi + &) — h(X;)

he
< VdEg,,, ZII&IIW (10)

< Vav A /2.
To estimate Eg dy (£, //in) recall that we have denoted ’H|~ = {(h(X1),..., h(X,)) :
h € H} € R™. Since p is supported on X with dimp,(X) = T by Assumptlon 18, the
covering number of | with respect to the distance || - [|c on R™ can be bounded by the

covering number of H with respect to the L>(X) distance. Hence,
log A(e. My |- 1) < log N (e HA(X). | - [e) = /7 log(1/e),

by Lemma 17. Therefore, by Lemma 12,
. 3 1/2
Eflmd'H(Mnu’n) < 8E)~(1 n 0<1511f1/2 0+ \/E/J \/logN(€7H|)?1m7 H ’ HOO)de

1/2
< inf 5 —1/2/ —d*/(26) 160(1/€)d
N0<1521/2< +n : € og(1/e)de

/2
X inf <5+ n=1/2 log(l/d)/ e d /(2’8)d6> .
é

0<6<1/2

A calculation similar to the inequality (6) gives

Eg, du(fi, i) 3 (0774 vn=12)logn.

Therefore,
Ex,.,[dy (£, Bn)] — Vay P/ 3 (n_ﬂ/d* V n_l/z) log n.

In summary, we obtain the desired bound

Elds (1, () 41)] — €opt — 2V/dVEN/2 2 (n =B/ n=1/2) Jog .

14
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For the estimator gy, ,,,, we use the pseudo-dimension to bound E[dr.g(v, Ui )]. Since we
have chosen WolLo =X nd/(2d") log?n and W12L1 < n,

(leLl + W22L2)(L1 + L2) log(Wle + W22L2) logm
m

Bldr(:9] 5 |/

- \/(n + nd/?" log? n)(n 4+ n?/(24") 1og? n) log nlog m
~ m

- \/nd/d* (n + nd/(24) log? n) log® n log m
~Y m .

By our choice of m, we always have E[drog(v, )] < n~ /4" logn. The result then follows
from Lemma 9. |

Remark 20 In the proof, we actually show that the same convergence rate holds for ji:
Eldw (5, (95)4v)] — €opt — VAV EN/2 < (n=B/d" vy n=1/2) Jog n. Note that the constant v/d
is due to the Lipschitz constant of the evaluation class #?. When 8 = 1, we have a better
Lipschitz inequality |h(X +&)—h(X)| < ||€]|2 in inequalities (9) and (10). As a consequence,
one can check that, for the Dudley metric,

E[dyr (1, (95) 1)) = €opt — 2V2 3 (074 v in™1/2) logm,

This bound is useful only when the variance term V1/2 is negligible, i.e. the data distribution
is really low-dimensional. One can regard the variance as a “measure” of how well the low-
dimension assumption is fulfilled. It is numerically confirmed that several well-known real
data have small intrinsic dimensions, while their nominal dimensions are very large (Nakada
and Imaizumi, 2020).

3.2 Learning Distributions with Densities

When the target distribution g has a density function p, € H*([0,1]9), it was proved in
Liang (2021); Singh et al. (2018) that the minimax convergence rates of nonparametric
density estimation satisfy

inf sup Ed%ﬂ([o,ud)(ﬂa [in) = n (B Cotd) /g =1/2,

Hn pueH([0,1]%)

where the infimum is taken over all estimator 7z, with density p;, € H([0, 1]%) based on
n iid. samples {X;}7; of p. Ignoring the logarithmic factor, Theorem 5 gives the same
convergence rate with a = 0, which reveals the optimality of the result (since we do not
assume the target has density in Theorem 5).

Under a priori that p, € H* for some o > 0, it is not possible for the GAN estimators
(4) and (5) to learn the regularity of the target, because the empirical distribution i, do
not inherit the regularity. However, we can use certain regularized empirical distribution

15
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1y, as the plug-in for GANs and consider the estimators

g;kz € {g €g: d]:(ﬁn,g#l/) < érelg d]:(/jmd)#l/) + 6Opt} ) (11)
g:z,m € {g €g: df(ﬁnag#ﬁm) < qlsrelg d]:(ﬂna QZ)#I//\m) + €opt} . (12)

By choosing the regularized distribution fi,,, the generator G and the discriminator F prop-
erly, we show that g;, and g;, ,,, can achieve faster convergence rates than the GAN estimators
(4) and (5), which use the empirical distribution ji,, as the plug-in. The result can be seen
as a complement to the nonparametric results in (Liang, 2021, Theorem 3).

Theorem 21 Suppose the target u has a density function p, € H*([0,1]?) for some a > 0,
the source distribution v is absolutely continuous on R and the evaluation class is H =
HP(R?Y). Then, there exist a regularized empirical distribution [, with density Ph, €
H([0,1]9), a generator G = {g € NN (W1, L1) : g(R) C [0,1]¢} with

a+pB d+B+o(28—-2)
W2Ly S n2atd 8 %

and a discriminator F = NN (Wa, Ly) N Lip (RY, K, 1) with

atB d a+B d+o(28-2)
Wy/logy Wy I n2atd2s,  Ly=1, K 3 (Wy/logy Wy)2to@=4/d < paaza™ 5

such that the GAN estimator (11) satisfies

E[da (1, (G5) )] — €opt S m~ @A Cotd) vy =172,

20428 (d4F1a(26-2) g q) o , , ,
If furthermore m - n 2a+d B log® n, then the GAN estimator (12) satisfies

Eldy (11, (G ) V)] — €opt S~ @FO Gty =172,

Proof Liang (2021) and Singh et al. (2018) showed the existence of regularized empirical
distribution i, with density pg, € H*([0,1]?) that satisfies
Edy(,u, ﬁn) < n—(a-i—ﬂ)/@a—&-d) V n—1/2‘

Similar to Lemma 9, we can decompose the error as (see Lemma 25)
du (1, (G) V) < €opt + 2E(H, F, [0,1]7) + inf dr(Fn, g4v) + du (i, fin)-

By Lemma 11, we can choose a discriminator F that satisfies the condition in the theorem
such that the discriminator approximation error can be bounded by

E(H, F,[0,1]%) 3 (WaLy/(log Wy log Ly)) 2%/¢ 5 (o F)/Gatd),
For the generator approximation error, since F C Lip ([0, 1]¢, K),

inf dr(fin, < K inf Wi (fin, .
inf F(fin, gpv) < inf 1(Kn, gv)

16
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It was shown in Yang et al. (2022) that (see also Corollary 27)
inf W (in, gv) 3 (WEL1) ™%,
g€

: : 5 atp dtfto(28-2)
Hence, there exists a generator G with W{L; < n2a+d B such that

ing A7 (Jin, guv) I K(WELy) Y4 5 p=(a+8)/Qatd),
g€
In summary, we have

Edyy (1, (g5) ) — €opy < (@A Gactd) =172,

For the estimator gy, ,,, we only need to further bound dzo.g(v, m) due to Lemma 25.
By corollary 35, we can bound it using the pseudo-dimension of F o G:

(WELy + W2Ls)(Ly + L) log(WZLy + W2Ls)logm

Bldreg( )] < |/

m
\/ otf d+fto(26-2) atf d atf d+fto(26-2)

- (n2&+d B + n2a+d B 10g n)n2&+d B lognlogm

~

at+B d+B+0(28-2) ; [lognlogm
< n2a+d B d &
~ m

20428 (d+B+0(28-2)
Since m = n 2etd ( B D 1062 n, we have Eldrog(v, vm)] 3 n~(@+8)/2atd) which

completes the proof. [ |

m

As we noted in Remark 13, the proof essentially shows that the convergence rates of g,
and gy, ,,, are not worse than the convergence rate of Edy (i, fin) if we choose the network
architectures properly.

3.3 Learning Distributions with Unbounded Supports

So far, we have assumed that the target distribution has a compact support. In this section,
we show how to generalize the results to target distributions with unbounded supports. For
simplicity, we only consider the case when the target @ is sub-exponential in the sense that

n({z € R zfloo > logt}) 3777, (13)

for some a > 0. The basic idea is to truncate the target distribution and apply the error
analysis to the truncated distribution.

Theorem 22 Suppose the target p satisfies condition (13), the source distribution v is
absolutely continuous on R and the evaluation class is H = HP(R?). Then, there erist a
generator G = {g € NN (W1, L1) : g(R) C [-Ba"'logn, Ba~'logn]?} with

WZLy 3n

17



Huang, Jiao, L1, Liu, WANG AND YANG

and a discriminator F = NN (Wa, Ly) N Lip (R, K, 1) with
WalLy 3 nl/2 log2+d/2 n, K2I (ng2)2+”(45_4)/d522£(QBa_l log n)ﬂ_l,
where Wy = Wy /logy Wy and Ly = Lo/ logy Lo, such that the GAN estimator (4) satisfies
Ed (11, (97) 1)) — €opt 31777V ™2 1og" D,

where ¢(B,d) =1 if 28 = d, and c¢(B,d) = 0 otherwise.
If furthermore m = n2t28/d10g5 4 n then the GAN estimator (5) satisfies

E[dH (:u’? (Q:L,m)#y)] — €opt :5 niﬁ/d V nil/Z logc(ﬁ’d) n.

Proof Without loss of generality, we assume a = 1 in (13). Denote A,, = [~ logn, logn]?,
then 1 — u(A,) X nA/% by (13). We define an operator 7, : P(R?) — P(A,) on the set
P(R?) of all probability distributions on R? by

Toy =, + (1= v(An))do, 7€ PRY,

where |4, is the restriction to A, and dy is the point measure on the zero vector. Since
any function h € H is bounded ||h|lc < 1, we have

day(p, Tnpt) = sup /Rd h(z)du(z) — /Rd h(z)dTnp(x)

— sup / h(@)dp(x) — (1 — p(An))h(0)
heH JRNA,
<2(1 - p(An)) 2P,

As a consequence, by the triangle inequality,

da (1, (93) ) — da(Tams, (1) v) < dag(p, Tope) S,

Since Tpp and gyv are supported on A, for all g € G, by Lemma 25,
day(Tnp, (gn)#v) < €opt +2E(H, F, An) + inf dF (Iin, gv) + dp(Tnpts fin)-

For the discriminator approximation error, we need to approximate any function h €
HP(A,,). We can consider the function h € HA([0,1]¢) defined by

h(z) = Bh(ﬁ logn(2z — 1)).

(281logn)

By Lemma 11, there exists ¢ € NN (W, Ly — 1) N Lip (R, K/(281logn)?~,1) such that
[h = &l Loe(j0,110) T (WaL2/(log W2 log Ly))~28/4, Define

d0() := (28108 )" (g5 +5)
¢(x) = min{max{do(x), ~1},1} = o(go() +1) = o(¢o(x) = 1) ~ 1,
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then ¢ € NN (Wa, Ly) N Lip (R%, K, 1) and
1h = @llL=(a,) 3 (WaLa/(log Walog Ly)) =2/ 1og” n.
This shows that, if we choose WyLy =< nl/? 10g2+d/ Zn,
E(M,F,An) 3 (WaLa/(log Wa log L)) 2/ ?logP n 3 n=7/".
For the generator approximation error,

inf d]—'(ﬁm Q#V) < d]—'(ﬁna %ﬁn) + inf d}'(ﬁlﬁmg#’/)-
9€9 =Y

By Lemma 10, we can choose a generator G with W2L; =< n such that the last term vanishes.
Since ||f|loo <1 for any f € F, we have

Ed7(fin, Tfin) < E[2/i(R?\ Ay)] = 2E

1< _
n ) 1{Xi¢An}] = 2u(R\ A,) 3n= 0.
=1

For the statistical error, by Lemma 12,
By (Trpts fin) < dag(Taft 12) + Bday (1, fin) 3 =4 v n= 12 1og?Pd) g,
In summary, we have shown that
E[da (1, (93)40)] — €opt 317"V n=H210g? P p,

The error bound for gy, ,,, can be estimated in a similar way. By Lemma 25, we only need
to further bound E[dr.g(v, V)], which can be done as in the proof of Theorem 5. [ |

Remark 23 When 3 = 1, #! = Lip (R% 1,1), the metric dy;1 is the Dudley metric. For
the Wasserstein distance W, we let A, = [2a~!logn, 2a~!logn]¢, then

Wi, Tupt) = sup /R o 1) = O)d(2) < /R o Ielladic)

Lip h<1

< VAR e = VA [ 1 X ol xga,) > Ot

2a 1 logn [e's)
= / n=2/qt + / 27 at/d gt
0 2a=1logn

<n"?ogn.

If we choose the generator G = {g € NN (W1, L) : g(R) C A,} and the discriminator
F = NN Wy, Ly) N Lip (R?, K, 2a~'v/dlog n) satisfying the conditions in Theorem 22 with
(8 =1, one can show that

EW1 (1, (95) 40)] — €opt S0~V 0712 10ge 0 gy,

where the same convergence rate holds for EW (u, j1,) by Fournier and Guillin (2015).
When m is chosen properly, the same rate holds for the estimator gy, ,,.
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4. Discussion and Related Works

It is well-known that one-hidden-layer neural networks can approximate any continuous
function on a compact set (Cybenko, 1989; Hornik, 1991; Pinkus, 1999). Recent break-
throughs of deep learning have motivated many studies on the approximation capacity of
deep neural networks (Yarotsky, 2017, 2018; Yarotsky and Zhevnerchuk, 2020; Shen et al.,
2019, 2020; Lu et al., 2021; Petersen and Voigtlaender, 2018). These works quantify the
approximation error of deep ReLLU networks in terms of the number of parameters or neu-
rons. Our result on bounding discriminator approximation error uses ideas similar to those
in these papers. An important feature of Lemma 11 is that it gives an explicit bound on
the Lipschitz constant required for approximating Holder functions, which is new in the
literature.

In contrast to the vast amount of studies on function approximation by neural networks,
there are only a few papers estimating the generator approximation error (Lee et al., 2017;
Bailey and Telgarsky, 2018; Perekrestenko et al., 2020; Lu and Lu, 2020; Chen et al., 2020;
Yang et al., 2022). The existing studies often assume that the source distribution and
the target distribution have the same ambient dimension (Lu and Lu, 2020; Chen et al.,
2020) or the distributions have some special form (Lee et al., 2017; Bailey and Telgarsky,
2018; Perekrestenko et al., 2020). However, these assumptions are not satisfied in practical
applications. Our analysis of generator approximation is based on Yang et al. (2022), which
has the minimal requirement on the source and the target distributions.

The generalization errors of GANs have been studied in several recent works. Arora et al.
(2017) showed that, in general, GANs do not generalize under the Wasserstein distance and
the Jensen-Shannon divergence with any polynomial number of samples. Alternatively,
they estimated the generalization bound under the “neural net distance”, which is the IPM
with respect to the discriminator network. Zhang et al. (2018) improved the generalization
bound in Arora et al. (2017) by explicitly quantifying the complexity of the discriminator
network. However, these generalization theories make the assumption that the generator can
approximate the data distribution well under the neural net distance, while the construction
of such generator network is unknown. Also, the neural net distance is too weak that it
can be small when two distributions are not very close (Arora et al., 2017, corollary 3.2).
In contrast, our results explicitly state the network architectures and provide convergence
rates of GANs under the Wasserstein distance.

Similar to our results, Bai et al. (2019) showed that GANs are able to learn distributions
in Wasserstein distance, if the discriminator class has strong distinguishing power against
the generator class. But their theory requires each layer of the neural network generator
to be invertible, and hence the width of the generator has to be the same with the input
dimension, which is not the usual practice in applications. In contrast, we do not make
any invertibility assumptions, and allow the discriminator and the generator networks to be
wide. The work of Chen et al. (2020) is the most related to ours. They studied statistical
properties of GANs and established convergence rate (’)(n_ﬁ/ (26+d) 1pg2 n) for distributions
with Holder densities, when the evaluation class is another Holder class HP. Their estima-
tion on generator approximation is based on the optimal transport theory, which requires
that the input and the output dimensions of the generator to be the same. In this paper,
we study the same problem as Chen et al. (2020) and improve the convergence rate to
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O(n=PB/4v n=1/21ogn) for general probability distributions without any restrictions on the
input and the output dimensions of the generator. Furthermore, our results circumvent
the curse of dimensionality if the data distribution has a low-dimensional structure, and
establish the convergence rate O((n=%/?" v n=1/2)log n) when the distribution concentrates
around a set with Minkowski dimension d*. The recent work of Schreuder et al. (2021)
also consider learning low-dimensional distributions by GANs. However, in their setting,
the data distribution is generated from some smooth function and their GAN estimators
are defined by directly minimizing Holder IPMs, rather than using a discriminator network.
Hence, our results are more general and practical.

There is another line of work (Liang, 2021; Singh et al., 2018; Uppal et al., 2019) con-
cerning the non-parametric density estimation under IPMs. For example, Liang (2021)
and Singh et al. (2018) established the minimax optimal rate O(n~(@+#)/(atd) \ p=1/2) for
learning a Sobolev class with smoothness index a > 0, when the evaluation class is another
Sobolev class with smoothness 5. Uppal et al. (2019) generalized the minimax rate to Besov
IPMs, where both the target density and the evaluation classes are Besov classes. Our main
result matches this optimal rate with o = 0 without any assumption on the regularity of
the data distribution. Theorem 21 shows that GAN is able to achieve the optimal rate by
using a suitable regularized empirical distribution.

As we noted in Remark 8, the Lipschitz constraint on the discriminator network may
be difficult to satisfy in practical applications. Several regularization techniques (Gulrajani
et al., 2017; Kodali et al., 2017; Petzka et al., 2018; Wei et al., 2018; Thanh-Tung et al.,
2019) have been applied to GANs and shown to have good empirical performance. It is
interesting to see how these regularization techniques affect the convergence rates of GANs.
We leave this problem for the future studies.

Finally, we note that there is an optimization error term in our results of convergence
rates. So, in order to estimate the full error of GANs used in practice, one also need to
estimate the optimization error, which is still a very difficult problem at present. Fortu-
nately, our error analysis is independent of the optimization, so it is possible to combine it
with other analysis of optimization. In our main theorems, we give bounds on the network
size so that GANs can achieve the optimal convergence rates of learning distributions. In
practice, as the network size and sample size get larger, the training becomes more difficult
and hence the optimization error may become larger. So there is a trade-off between the
optimization error and the bounds derived in this paper. This trade-off can provide some
guide on the choice of network size in practice.

5. Proofs of Technical Lemmas

This section provides the proofs of technical lemmas used in the error analysis of GANs.
We will first give a general error decomposition of the estimation error in Subsection 5.1,
and then bound the generator approximation error in Subsection 5.2, the discriminator
approximation error in Subsection 5.3 and the statistical error in Subsection 5.4.

5.1 Error Decomposition

In this subsection, we prove the error decomposition Lemma 9. Before the proof, we intro-
duce the following useful lemma, which states that for any two probability distributions, the
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difference in IPMs with respect to two distinct evaluation classes will not exceed two times
the approximation error between the two evaluation classes. Recall that, for any  C R?
and function classes F and H defined on €2, we denote

E(H,F,Q) :=sup inf ||h — o (Q)-
( ) he?I-)LfefH Fllzee ()

Lemma 24 For any probability distributions v and ~ supported on Q C R,
dy(p,y) < dx(p, ) +28(H, F, Q).
Proof For any € > 0, there exists he € H such that
dy(p, ) = Zgg{Eu[h] —E,[h]} <Eulhe] — Eqylhe] + €.
Choose f. € F such that [|he — fellpoo () < infrer[[he — fllzeo (@) + €, then

d'H(M?’Y) SEu[he - fe] - E'y[he - fe] + Eu[fe] - E’Y[f€] +€
<2k — fEHLOO(Q) +Eu[f] —Ey[f] +e
S2}2§ [he = fllzoo(o) + 2€ + dr(p,v) + €

<2E(H, F, Q) + dr(p,v) + 3¢,

where we use the assumption that p and + are supported on € in the second inequality,
and use the definition of IPM dr in the third inequality. Letting e — 0, we get the desired
result. |

The next lemma gives an error decomposition of GAN estimators associated with an
estimator fi,, of the target distribution p. Lemma 9 is a special case of this lemma with
Iin = [y being the empirical distribution. In the proof, we use two properties of IPM: the
triangle inequality dr(u,y) < dr(u,7) + dr(7,7) and, if F is symmetric, then dr(u,v) =
dr (7, p). These properties can be proved easily using the definition.

Lemma 25 Assume F is symmetric, |1 and gxv are supported on §2 C R? for all g € G.
For any probability distribution pi, supported on Q, let g, and gy, ,, be the associated GAN
estimators defined by

9n € {g € G 1 dr(fin, gpv) < ;Ielgd}'(/jna¢#y) + 6Opt} )

Tom © {9 € 0 do(fing0) < 08 dr(ins049) + o}
Then, for any function class H defined on €,
11, @) ) < ot + 26 (L F. )+ 108 dr(in, 9460) + (1 i) Al )
i (s (G m) V) < €opt + 2E(H, 7, 0) + Ik dp(fin, g3v) + dF (4, fin) N dye (o fim)

+ 2dFog (1, D).
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Proof By lemma 24 and the triangle inequality, for any g € G,

Alternatively, we can apply the triangle inequality first and then use lemma 24:

dH(,lL,Q#V) < dH(,U'vﬁn) + dH(ﬁ?hg#V)
< dy(p, fin) + dF(fin, guv) + 26(H, F, Q).

Combining these two bounds, we have
Letting g = g;, and observing that dz(fin, (95;)#v) < infgeg dr(fin, g4v) + €opt, We get the

bound for dy (i, (g;,) V).
For gy, ., we only need to bound dz(fin, (g;, ,,)#v)- By the triangle inequality,

dF (fin, (Gn,m)#V) < dF(fn; (Gnm)#Vm) + dF (G m) #Vms (Gn.m) V)
By the definition of IPM, the last term can be bounded as
dF ((Gn,m)#Vm> (Gn.m)#V) < dFog(Vm, v).

By the definition of gy, ,,, and the triangle inequality, we have, for any g € G,

Az (fins (G m) #Vm) — €opt < dF(fin, 9#Vm) < dF(fin, g5v) + dF(gpv; g4Vm)
< d]:(/jna g#y) + d]-‘og(l/, ﬁm)

Taking infimum over all g € G, we have

A (s (G ) ) < o + 108 (7, 40) + o (v i)

Therefore,
d]-'(ﬁn: (g;kz,m)#y) < €opt + ;Ielé dF(fin, g#V) + 2d Fog (V, Unm)-
Combining this with the inequality (14), we get the bound for dy; (i, (g, ) #V)- [ |

5.2 Bounding Generator Approximation Error

For completeness, we sketch the proof of Lemma 10, whose detailed proof can be found in
Yang et al. (2022). The proof is essentially based on the fact that ReLLU neural networks
can express any piece-wise linear functions. The following lemma is a quantified description
of this fact.
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Lemma 26 (Yang et al. (2022), Lemma 3.1) Suppose that W > 7d + 1, L > 2 and
N<(W-—-d- l)nggflj |L]. Forany zg < z1 <+ < 2y < zn41, let S(zo, ..., 2n41) be
the set of all continuous piece-wise linear functions g : R — R which have breakpoints only
at z;, 0 < i < N+1, and are constant on (—oo, 29) and (z2x11,00). Then 8%z, ..., zn41) C

NN(W,L).

This lemma essentially says that N < W2L/d is sufficient for S%(zg,...,2n41) C
NN (W, L). One can also show that it is also a necessary condition. To see this, we denote
the number of parameters in NN(W, L) by n(W,L) < W?2L, and consider the function
F : RMWL)  RANH2) defined by F(0) := (fo(20),- .., fo(zn+1)), where fy € NN (W, L)
denote the neural network function parameterized by § € R™W.L)  Since F is a piece-
wise multivariate polynomial of 0, it is Lipschitz continuous on any compact sets, hence
it does not increase the Hausdorff dimension (Evans and Garzepy, 2018, Theorem 2.8). If
S zo,...,2nv+1) € NN(W, L), then F is surjective, which implies d(N + 2) < n(W, L).
Thus, N S n(W,L)/d 2 W2L/d is necessary for S%(zg,...,2n+1) S NN(W,L).

Now, we sketch the proof of Lemma 10. For any v € P(n), we can assume y = » ;" | p;dy,
with Y7 pi =1, p; > 0 and z; € R?. For any absolutely continuous probability measure
v on R, we can choose 2n — 2 points

23/2 < 22 < 25/2 <0 <K Zn—1/2 < Zn

such that v((zi, zi11/2)) = pi for 1 < i < n, where we set 21 = —co and 2,4,/ = oo for
convenient. Then, we can construct a continuous piece-wise linear function g such that
g(z) = x; for z € (2, 2,41/2) and g is linear on (2,412, zi1+1). For such a function g, gyv is
supported on a union of line segments that pass through all z;, and gxv({z;}) =~ p; for all
1<i<n. Sinceg € Sd(23/2, 29,...,2n) With 2n—2 < (W—d—l)LWEg_IJ L%J breakpoints,
Lemma 26 tells us that g € NN (W, L). Using this construction, one can show that for any
given € > 0, there exists g € NN (W, L) such that

Wi (7, guv) < e

Furthermore, in our construction, g(R) = U""{'g([2;, zi+1]) is a union of line segments with
endpoints z; and ;1. Hence, g(R) must be contained in the convex hull of {z; : 1 <7 < n}.
Thus, if the support of 7 is in a convex set C, g can be chosen to satisfy g(R) C C.

Using Lemma 10, we can also bound the generator approximation error of a distribution
with bounded support.

Corollary 27 Let v be an absolutely continuous probability distribution on R. Assume that
W is a probability distribution on [0, 1]d. Then, for any W > 7d+ 1 and L > 2, for the
generator G = {g € NN (W, L) : g(R) C [0,1]%}, one has

inf Wi (p, gpv) < Cd(W2L)71/d,
geg
where Cy is a constant depending only on d.

Proof Given any k € N, we denote Ay, := {(i1,...,iq)/k : i; € N,i; < k,j =1,2,...,d},
whose cardinality is k%. It is easy to see that there exists a partition [0,1]¢ = Uz e, Qu;

24



ERROR ANALYSIS OF GANS

such that for any x; € Aj, and = € Q,, ||z — 2ill2 < V/d/k. We consider the discrete
distribution

Yo=Y 1(Qu;)dn-

J)iEAk

Then,

Wil = s [ i) — 3 Qi

Lip h<1

— s Y /Q ()~ b))

Lip h<1 Ti€AL

IN

For any W > 7d+1 and L > 2, we choose the largest k € N such that k¢ < W= | Wod=l | Ly
2, then by triangle inequality and Lemma 10,

=S

inf Wi (1 gv) < Wi, ) + InE Wi (e, g40) < 5= < Ca(W2L)~ 11,
g g

for some constant Cj depending only on d. |

5.3 Bounding Discriminator Approximation Error

This subsection considers the discriminator approximation error. Our goal is to construct
a neural network to approximate a function h € H?([0,1]?) with 3 = s+ > 1, s € Ny and
r € (0,1]. The main idea is to approximate the Taylor expansion of h. By Petersen and
Voigtlaender (2018, Lemma A.8), for any z,zo € [0,1]%,

0%h(zo)
hw) = 30 T )] < e — ol
lalli<s
The approximation of the Taylor expansion can be divided into three parts:

e Partition [0, 1]¢ into small cubes UsQy, and construct a network 1 that approximately
maps each 2 € Qg to a fixed point 2y € Qg. Hence, ¢ approximately discretize [0, 1]%.

e For any «, construct a network ¢, that approximates the Taylor coefficient z € Qg —
0%h(g). Once [0,1] is discretized, this approximation is reduced to a data fitting
problem.

e Construct a network P,(z) to approximate the monomial x®. In particular, we can
construct a network ¢« that approximates the product function.
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Then our construction of neural network can be written in the form
Pa ()
o) = 3 o (P Pute - via)).
llerll1<s

We collect the required preliminary results in next two subsections and give a proof of
Lemma 11 in Subsection 5.3.3.
5.3.1 DATA FITTING

Given any N + 2 samples {(z;,4;) € R*:i =0,1,...,N +1} with xg <21 < --- < 2y <
TN+1, there exists a unique piece-wise linear function ¢ that satisfies the following three
condition

1. ¢(x;) =y; fori=0,1,...,N + 1.
2. ¢ is linear on each interval [x;, z;+1],71=0,1,..., N
3. ¢(z) =yo for x € (—o0,0) and ¢(z) = yn41 for x € (xy41,00).
We say ¢ is the linear interpolation of the given samples. Note that for any =z € R,

Yi+l1 — Yi

min  y; < ¢(z) < max y;, and Lip¢ < max
Tit1 — T4

0<i<N+1 T 0<i<N+1 0<i<N

The next lemma estimates the required size of network to interpolate the given samples.
Note that this lemma is a special case of Lemma 26, which is from Yang et al. (2022, Lemma
3.1) and Daubechies et al. (2021, lemma 3.4).

Lemma 28 For any W > 6, L € N and any samples {(z;,y;) € R : i =0,1,...,N + 1}
with xg < x1 < -+- < N < Tn4+1, where N < |W/6|W L, the linear interpolation of these
samples ¢ € NN (W +2,2L).

As an application of Lemma 28, we show how to use a ReLU neural network to approx-
imately discretize the input space [0, 1]%.

Proposition 29 For any integers W > 6, L > 2, d > 1 and 0 < § < ?%K with K =
| (WL)?4|, there exists a one-dimensional ReLU network ¢ € NN (4W + 3,4L) such that

¢(x) € [0,1] for all z € R, Lip¢p < K22L52 and

¢(x>:%7 foe[%v%_é1{]4;<K_1}},k:0,1,7K—1

Proof The proof is divided into two cases: d = 1 and d > 2.
Case 1: d = 1. We have K = W?2L? and denote M = WZ2L. Then we consider the
sample set

{(,m):m=0,1,..., M —1}Uu{(=2 —6m):m=0,1,...,.M -2} U{(1,M — 1)}.
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Its cardinality is 2M = 2W?2L < [4W/6|(4W)L+ 2. By Lemma 28, the linear interpolation
of these samples ¢1 € NN (4W + 2,2L). In particular, ¢1(x) € [0, M — 1] for all z € R,
Lip¢1 =1/6 and

o1(x) =m, ifze [%,%‘H _6'1{m<M—1}] ,m=0,1,...,M — 1.
Next, we consider the sample set
{(z,0) :1=0,1,...,L -1} U {5 -60):1=0,1,...,L =2} U{(&. L - 1)}
Its cardinality is 2L. By Lemma 28, the linear interpolation of these samples ¢o € NN (8,2L).
In particular, ¢o(z) € [0,L — 1] for all z € R, Lip¢py = 1/ and for m = 0,1,..., M — 1,
[=0,1,...,L — 1, we have
$2 (v — o1(2) =2 (v — ) =1, ifwe [BEH il 5.1, vy -
Define ¢(z) := 1;¢1(z) + 51702 (o(z) — 37¢1(2)) € [0,1]. Then, it is easy to see that
¢ € NN(4W +3,4L). For each z € [£, EEL — 6. 14 4y] with k € {0,1,..., K — 1} =

{0,1,..., M L—1}, there exists a unique representation k = mL+1 form € {0,1,...,M—1},
1e€{0,1,...,L — 1}, and we have

$(z) = Lé1(2) + 1irdo (0(z) — Lo (x)) = Bl — &

Observing that the Lipschitz constant of the function z — o(z) — ¢1(z) is 155, the

. . . 11 111 2L
Lipschitz constant of ¢ is at most 575 + 57575 < 7zs2-

Case 2: d > 2. We consider the sample set
{(F %) k=01 K13 U{("F =6, %) : k=0,1,.... K — 13 U{(L, 5z)}.

Its cardinality is 2K < 2W?2/?L2/d < |4W/6|(4W)L + 2. By Lemma 28, the linear interpo-
lation of these samples ¢ € NN (4W + 2,2L). In particular, ¢(z) € [0,1] for all x € R,

¢(1’):%, ifxe[k’%_é.l{k<K71}]7k:0717"'7K_17

=

and the Lipschitz constant of ¢ is % < K22L52' |

Lemma 28 shows that a network NN (W, L) can exactly fit N < W2L samples. We are
going to show that it can approximately fit N =< (W/logy W)2(L/log, L)? samples. The
construction is based on the bit extraction technique (Bartlett et al., 1998, 2019). The
following lemma shows how to extract a specific bit using ReLLU neural networks. For
convenient, we denote the binary representation as

L
BinO.x12o...2p := Zxﬂ*j € [0,1],
j=1

where z; € {0,1} for all j =1,2,..., L.
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Lemma 30 For any L € N, there exists ¢ € NN (8,2L) such that ¢(x,1) = x; for x =
Bin0.z1z2...2 with ; € {0,1} and | = 1,2,..., L. Furthermore, |¢p(x,l) — ¢(2',l')| <
228 |z — 2! | + LIl = U'| for any x,2',1,1' € R.

Proof For any z = Bin0.z122 ... 21, we define §; := Bin0O.zjz;11... 2 forj =1,2,... L.
Then & =z and &1 = 2§ —z; = 0(20(&;) —x;) for j =1,2,...,L — 1. Let

0 r<1/2-27F
T(x) == o2z — 2171 41) — o(2Fz — 2871 = { linear 1/2—-27"L <2 < 1/2,
1 x>1/2.

It is easy to check that x; = T'(¢;).
Denote §; = 1if j =0 and §; = 0 if j # 0 is an integer. Observing that
§j=0(j+1)+o(j—1)—20()),
and t1ty = o(t; + to — 1) for any t1,t2 € {0,1}, we have

L

L
x = Z(Sl_jl‘j = Za(a(l—j—i—l)—l—a(l—j— 1) =20(l—j)+z;—1). (15)
j=1 Jj=1

If we denote the partial sum s;; = Z?Zl olc(l—i+1)+o(l—1—1)—=20(l — 1) +x; — 1),
then z; = s; 1.
For any ti,to,t3 € R, we define a function v (t1,t2,t3) = (y1,%2,%3) € R? by
y1 :=o(20(t1) — T(t1)),
yo:=o(ta) + o(o(ts) +o(ts —2) —20(ts — 1) + T(t1) — 1),
ys := max{ts —1,—L} =o(t3 — 1+ L) — L.
Then, it is easy to check that ) € NAN(8,2). Using the expressions (15) we have derived
for x;, one has

¢(€j7sl,j—17l _j+ 1) = ({j-}—lasl,jal _j)v la] = ]-7 7L7

where s;9 := 0 and {41 := 0. Hence, by composing 1 L times, we can construct a
network ¢ =1 o--- 01 € NN(8,2L) such that ¢(z,l) = o---o0t(z,0,l) = s; 1, = x; for
l=1,2,..., L, where we drop the first and the third outputs of ¢ in the last layer.

It remains to estimate the Lipschitz constant. For any ti,%9,t3,],t5,t5 € R, suppose

(y1,y2,y3) = P(t1, 2, t3) and (y1, y5, y5) = (11, th, t5). Then |y1—yi| < 25t~ lys—y3| <
ts — t5] and |ya — vh| < |ta — th| + 2L|ty — ¢4 | + |t3 — t4]. Therefore, by induction,

[p(a,1) — p(a', )| < (25 +22E + 2%0 o 2P o — 2|+ L|L - V|
<228 2|+ LjL -1,
for any z,2',1,1I' € R. [ |

Using the bit extraction technique, the next lemma shows a network NN (W, L) can
exactly fit N < W2L? binary samples.
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Lemma 31 Given any W > 6, L > 2 and any 0; € {0,1} for i = 0,1,... , W2L? — 1,
there erxists ¢ € NN (8W + 4,4L) such that ¢(i) = 0; for i = 0,1,...,W?L? — 1 and
Lipg < 2-2L° + 12,

Proof Denote M = W?2L, then, for each i = 0,1,...,W?L? — 1, there exists a unique
representation ¢ = mL + 1 with m =0,1,...,.M —1and [ =0,1,...,L — 1. So we define
b, = 0;, where i = mL + 1. We further set y,, := Bin0.b,, 0bm.1...bm -1 € [0,1] and
ym = 1. By Lemma 30, there exists ¢ € NN(8,2L) such that ¢ (ym, + 1) = by, for any
m=0,1,....M—1,and [ =0,1,..., L — 1.

We consider the sample set

{(mL,ym) :m=0,1,... MyU{(mL —1,ym—1) - m=1,...,M}.

Its cardinality is 2M + 1 = 2W?L + 1 < [4W/6](4W)L + 2. By Lemma 28, the linear
interpolation of these samples ¢; € NN (4W + 2,2L). In particular, Lip¢; < 1 and
¢1(2) = Ym, when i =mL + 1, form=0,1,..., M —1,and [ =0,1,...,L — 1.

Similarly, for the sample set

{(mL,0):m=0,1,.... M}u{(mL—-1,L—-1):m=1,...,M},

the linear interpolation of these samples ¢o € NN (4W+2,2L). In particular, Lip ¢ = L—1
and ¢9(i) =1, when it = mL + 1, for m=0,1,...,.M —1,and [ =0,1,..., L — 1.
We define ¢(z) := ¥(¢1(x), ¢2(z) + 1), then ¢ € NN (8W + 4,4L) and

¢(i) = (P1(i), @2(i) + 1) = P(ym, L+ 1) = by = 0
fori=mL+1[withm=0,1,..., M —1,and [ =0,1,...,L — 1. By Lemma 30, we have
[6(x) — ¢(a")| < 2271 (2) — ¢ (2')| + Llga(x) — ga(a')| < (2-27" + L?)|z — 2|
for any z, 2’ € R. [ |
As an application of Lemma 31, we show that a network NN (W, L) can approximately
fit N < (W/logy W)?(L/logy L)? samples.

Proposition 32 For any W >6, L >2, s € N and any & € [0,1] fori=0,1,...,W2L? —
1, there exists ¢ € NN (8s(2W + 1)[logy(2W)] + 2,4L[logy(2L)] + 1) such that Lip ¢ <
4.2 4212 |p(i) = &| < (WL)™2 fori=0,1,...,W2L2—1 and ¢(t) € [0,1] for all t € R.

Proof Denote J = [2slog,(WL)]|. For each & € [0,1], there exist b; 1,bi2,...,b; 5 € {0,1}
such that
|£,L — Bin O.bi71bi’2 e bz'“]‘ S 2_'].

By Lemma 31, there exist ¢1, do, . .., ¢ € NN (8W +4,4L) such that Lip ¢; < 225" 4 L2
and ¢;(i) = b;; for i =0,1,...,W2L? — 1 and j = 1,2,...,.J. We define
~ J .
G(t) =D 279¢;(t), teR.
j=1
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Then, for i =0,1,...,W2L? — 1,

J
16(i) — &l = > 277bi; — &| = [Bin0.bs1bip ... biy — &| <277 < (WL)™.

J=1

Since J < 14 2slogy(WL) < 2(1 + slogy W)(1 4 logy L) < 2slogy(2W)logy(2L), ¢ can be
implemented to be a network with width 8s(2W +1)[log,(2W)]+2 and depth 4L[logs(2L)],
where we use two neurons in each hidden layer to remember the input and intermediate
summation. Furthermore, for any ¢,t’ € R,

J
6(t) — ()| <Y 27 Lipgjlt — /| < (428" + 202t — ¥/,
j=1

Finally, we define
¢(t) := min{max{g(t),0}, 1} = o (4(t)) — o(e(t) — 1) € [0,1].

Then ¢ € NN (8s5(2W + 1)[log(2W)],4L[log(2L)] + 1), Lip¢ < Lip ¢ and ¢(i) = ¢(i) for
i=0,1,..., W2L? —1. [ ]

5.3.2 APPROXIMATION OF POLYNOMIALS

The approximation of polynomials by ReLLU neural networks is well-known (Yarotsky, 2017;
Luet al., 2021). The next lemma gives an estimate of the approximation error of the product
function.

Lemma 33 For any W,L € N, there exists ¢ € NNOW + 1,L) such that for any
:E,ZL‘/,y,y/ € [_17 1]}

vy — p(x,y)| < 6WE,
lp(x,y) — (', y)| < Tlw — 2’| + Ty — 3|

Proof We follow the construction in Lu et al. (2021). We first construct a neural network
t that approximates the function f(z) = 22 on [0,1]. Denote

Ty(z) = 2z, xz €[0,1/2],
N Yo — ), ze(1)2,1],

and T;(x) := T;—1(T1(x)) for x € [0,1] and i = 2,3, - --. We note that T; can be implemented

by a one-hidden-layer ReLU network with width 2¢. Let f : [0,1] — [0, 1] be the piece-wise

. N2 A
linear function such that fi.(g) = (J ) for j = 0,1,...,2F and f; is linear on []2%1, ]

2F
_1\2 2
% — 22 = h2, we have

for j =1,2,...,2%. Then, using the fact (
2% — fu(z)| < 27200 w e [0,1),k € N.
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Furthermore, fy_1(x) — fx(z) = ( ) and z — f1(z) = Tlix) Hence,

fil@) =z — (@ = fi(z)) = D _(fi- fi@) =2 =Y =5 w01 keN.

i=2 =1

Given W € N, there exists a unique n € N such that (n —1)2"" ! +1 < W < n2". For
any L € N, it was showed in Lu et al. (2021, Lemma 5.1) that f,;, can be implemented by
a network ¢ with width 3W and depth L. Hence,

22 — (x)| < |2? = fop(z)] < 27200040 — 972l g < WwLya z e 0,1],

where we use W < n2" < 22" in the last inequality.
Using the fact that

2\ 2 (a2 2
zy=2((%9)"- (3"~ (9)°). wyeRr,
we can approximate the function f(z,y) = zy by
do(z,y) =2 (v (%) —v (3) v (3))-
Then, ¢g € NN (9W, L) and for z,y € [0,1],
€T 2 X
2y — b0l y)| < 2| (55L)° — v (552)| +2
Furthermore, for any z,z’,y,y’ € [0, 1],
’(ﬁo(.%’,:l/) - (bO(x/vy/)’
<2 fnL (Lgy) - fnL (x’;y
‘,E/_"_ /
- ‘+2
§3\w — 2| +3ly =y,
where we use |fr(t) — far(t)] < 2|t — '] for ¢, € [0,1] and |f,1(t) — frnr ()| < |t — 1| for
t,t' €10,1/2].
For any z,y € [-1,1], set z9 = (z +1)/2 € [0,1] and yo = (y + 1)/2 € [0,1], then
xy = 4xoyo — x — y — 1. Using this fact, we define the target function by
o(z,y) = dpo(F 157) —o(a +y +2) + 1.
Then, ¢ € NN(9W + 1, L) and for z,y € [—1,1],

lwy — ¢z, y)| < 4[ZH U — go(B5E, ) < 6w,

(3)°-v(3)

E4 z
2 2 2

Furthermore, for any z,2’,y,y € [—1,1],

(2, y) — ¢, y')] <4lpo(ZEL, LEL) — go(Z5L, LN 4 o +y — 2’ — ¢/
<7z — 2’|+ Ty —y|,

which completes the proof. |

By applying the approximation of the product function, we can approximate any mono-
mials by neural networks.
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Corollary 34 Let P(z) = 2% = {252 - 29 for a = (a1, a2,...,aq) € NI with ||alj; =
k> 2. For any W,L € N, there exists ¢ € NN(OW +k —1,(k — 1)(L + 1)) such that for
any x,y € [-1,1]%, ¢(z) € [-1,1] and

|6(x) — P(z)| < 6(k — Y)W F,

|6(z) = d(y)| < T Hlallsllz =yl
Proof For any x = (v1,22,...,7q) € R? let z = (21,22,...,2;) € R¥ be the vector such
that z; = x; if Z{:—ll aq<i<Yi jogforj=1,2,...,d Then P(x) =% = 2122 2z, and

there exists a linear map ¢g : R? — R* such that ¢o(z) = 2.
Let 1 € NN(9W + 1, L) be the neural network in Lemma 33. We define

o, y) = minfmax{vr (z,9), ~1}, 1} = o(1 (2, ) + 1) — o () — 1) — 1 € [-1,1],

then 1y € NN(9W + 1,L + 1) and v, also satisfies the inequalities in Lemma 33. For
i=3,4,...,k, we define ¥; : [-1,1]" — [~1, 1] inductively by

Yi(21, .0, 2) = Pa(Vim1 (21, -, Zim1), 2i).

Since z; = o(z; + 1) — 1 for z; € [—1,1], it is easy to see that v; can be implemented by a
network with width 9W + i — 1 and depth (i — 1)(L + 1) by induction. Furthermore,

‘wi(«zl, cee ,Zi) — 21 Z1|
<o (Yio1(21y .y 2ic1)s 2i) — Vic1(215 -y zic) 2] + [ic1(21, -y 2ii1)2i — 21+ 2
<6W L+ [i1(21,. e 2im1) — 2100 2]

<o < (1= 2)6W T+ (a2, 22) — 2129
<(i—1)6WL.
And for any z = (21, 22,...,2k),2 = (2], 2},...,2,) € [-1,1]%,

[Vi(z1s - 2i) — iz, ooy 2)| < Thbica(z1, - zic1) — Yim1 (21, - - zio )| + Tz — 2]
i
< ST (a1, 2) — a(Eh, )+ > T 2 — 2
=3

< 7i_l||z — ||

We define the target function as ¢(x) := ¥y (¢o(x)), then ¢ € NN(OW + &k — 1, (k —
1)(L 4 1)). And for z,y € [~1,1]%, denote z = ¢o(z) and 2’ = ¢o(y), we have

[6(x) — P(2)| = [¢(2) — 2122 - 2 < 6(k = YW,
[6(x) = o)l = [Yn(2) — ()] < T2 = 2l < T Halleclle —

So we finish the proof. [ ]
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5.3.3 ProOOF OoF LEMMA 11

Now, we can bound the discriminator approximation error. We recall Lemma 11 in the
following and give a proof.

Lemma 11 Assume h € HP([0,1]%) with f = s+, s € Ny and r € (0,1]. For any W > 6,
L > 2, there exists ¢ € NN(49(s + 1)23%d* T W [logy W1, 15(s + 1)2L[logy L] + 2d) such
that ||¢|lso < 1, Lip¢ < (s + 1)d*T/2L(W L) #6-9/4(1260W2L22L° + 1957%) and

16 — Rl oo 0,170y < 6(s + 1)2dEHVE (W L)/ =5,

Proof We divide the proof into four steps as follows.
Step 1: Discretization.

Let K = [(WL)¥?] and § = 57hor < 5. For each 6 = (61,02,...,04) € {0,1,..., K —
1}¢, we define

Qy := {l‘ = (r1,22,...,0q) 1 T; € [%, elfgl —0- 1{0i<K—1}:| = 1,2,...,d}.
By Proposition 29, there exists 11 € NN (4W + 3,4L) such that
Pi(t) =5, ifte g5 -6 lger—n] . k=01,... . K -1,
and Lipt; < 2LK~2672. We define
V(x) = (W1(x1), ... h1(zq)), x=(x1,...,2q4) € RL
Then, ¢ € NN (d(4W + 3),4L) and ¢(z) = £ for z € Qp.
Step 2: Approximation of Taylor coefficients.

Since # € {0,1,..., K — 1}% is one-to-one correspondence to ig := Z;-lzl HjKj_l €
{0,1,..., K% — 1}, we define

d
do(x) = (K, K%, ..., K% - ¢(z) = > thi(x;)K7 xeR,
7j=1
then g € NN (d(4W + 3),4L) and
d .
dolx) = 0;KI =iy ifzeQp 0€{0,1,...,.K—1}"
j=1
For any z, 2’ € R?, we have
d .
[o(z)—vo(a)| <Y K |y (25)—h ()| < VAK Lip gy [lz—a'|l2 < 2VALEK" 2672 |z —a/||.

Jj=1

For any o € N¢ satisfying ||a|1 < s and each i = ig € {0,1,..., K% — 1}, we denote
i == (0°h(0/K) + 1)/2 € [0,1]. Since K¢ < WZ2L2, by Proposition 32, there exists
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Qo € NN (8(s+1)(2W + 1)[logy(2W)] + 2,4L[logy(2L)] + 1) such that Lip g, < 425 +
2L2 < 525 and |pa(i) — Eus] < (WL)"26HD for all i € {0,1,..., K4 — 1}. We define
¢a(x) = 290a(¢0(x)) -1le [_17 1]) S R
Then ¢, can be implemented by a network with width 8d(s+1)(2W + 1)[logy(2W)] +2 <
40d(s + 1)W logy W and depth 4L + 4L[logy(2L)| + 1 < 13L[logy L]. And we have
Lip ¢ < 2Lip o Lip vy < 20VdLEK 4257227 (16)

and for any 0 € {0,1,..., K — 1}%, if 2 € Qy,

|6 () — O*W(O/K)| = 2|pa(is) — Easyl < 2(W L)~ (17)

Step 3: Approximation of A on Uee{o 1 K—1}d Qy.
Let o(t) = min{max{t,0},1} = o(t) —o(t — 1) for t € R. We extend its definition to R?
coordinate-wisely, so ¢ : RY — [0,1]? and ¢(x) =  for any x € [0, 1]%.
By Lemma 33, there exists ¢x € NN (9W +1,2(s+1)L) such that for any ¢y, to,t3,t4 €
[_17 1]7
[t1ts — (b1, t2)| < 6W2CHDE, (18)
[P (t1,t2) — Dx (ts,ta)| < Tty — t3] + Tt2 — tal. (19)
By corollary 34, for any a € N& with 2 < |la|; < s, there exists P, € NN (9W +5—1, (s —
1)(2(s + 1)L + 1)) such that for any z,y € [~1,1]¢, Py(x) € [~1,1] and
|Po(a) — 2| < 6(s — 1)W 20+ DL (20)
|Pa(@) = Paly)] < 7°7's|le -yl (21)
When ||a||; =1, it is easy to implemented P, (z) = % by a neural network with Lipschitz
constant at most one. Hence, the inequalities (20) and (21) hold for 1 < |ja||; < s.
For any x € Qg, 0 € {0,1,..., K —1}%, we can approximate h(z) by a Taylor expansion.

Thanks to Petersen and Voigtlaender (2018, Lemma A.8), we have the following error
estimation for x € )y,

O*h(§) of < 8/ g
o) =h(f) = Y, — - )| < dlle— 15 <R (22)

1<]lafl1<s

Motivated by this, we define

dola) = do,(@) + D b (282

Palpla) = ¥(@)))

1<]lafli<s
do(x) := o(do(z) + 1) — o (do(w) — 1) — 1 € [-1,1],
where we denote 04 = (0, ...,0) € Nd. Observe that the number of terms in the summation

can be bounded by

> 1=zs: > 1§idj§(s+1)d8.

aeNd,|lall1<s 3=0 aeNg,||al1=j J=0
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Recall that ¢ € NN (2d,1), » € NN (d(4W + 3),4L), P, € NN (OW + s —1,2(s> — 1)L +
s—1), ¢ € NN(40d(s + 1)W [logy W1,13L[logy L]) and ¢x € NN (9W + 1,2(s + 1)L).
Hence, by our construction, ¢y can be implemented by a neural network with width 49(s +
1)2d* 1 W log, W] and depth 15(s + 1)2L[log, L].
For any 1 < [lafi < s and z,y € R% since ¢a(2), da(y), p(z) — ¥(2), p(y) — ¥(y) €
[—1,1], by inequalities (16), (19) and (21), we have
6 (2282, Pu(p(@) = (@) = 6 (222, Palp(y) - () )|
<T¢a(z) = da(y)l + T|Pulp(z) — (2)) — Pale(y) — ¥ (y))]
<STLip ¢allz — ylla + s7°[l0(x) — @)l + 574 (x) — ¥ (y)
<140VALK® 267225 ||z — ylo + sT5Vd||z — yll2 + 2sTVALK 25 2||z — y|2
<VALE2PVD=2(1260 K925 4+ 1957%) ||z — y| 2.
One can check that the bound also holds for ||a||; = 0 and s = 0. Hence,
Lipgo < Lipgo < Y VALEK*PD=2(1260K %25 +1957°)
lefli<s

< (s+ D)@ 2LWL)TW-9/4(1260W 21225 4 1957%).

We can estimate the error |h(z) — ¢o(x)| as follows. For any = € Qg, we have p(x) = =
and ¥ (x) = %. Hence, by the triangle inequality and inequality (22),
[h(x) = do(2)| < [h(z) — do()|
9*h(%) z
<) = do, @+ D | @ = )7 o (2 Pale = )| +

1<]lel1<s

2582 B

> Eatd PR (WL P

alli<s

Using the inequality |tite — ¢« (t3,t4)] < |t1te — tata| + |tste — tats| + |t3ta — dx(t3,t4)| <
‘tl — t3| + |t2 — If4’ + |t3t4 — O« (tg, t4)| for any t1,%2,1t3,t4 € [—1, 1] and the inequalities (17),
(18) and (20), we have for 1 < HaH1 <s,

710008 —oa(ol + = £ = Poe )
+ %T(!)Pa( 2) = 0 (22, Pae - £))]
<QAWL)~26+D) 4 6(s — 1)W—2(+DL 4 gy —2(s+1)L
<(6s + 2)(WL)~2+D),

ial

It is easy to check that the bound is also true for ||a||; = 0 and s = 0. Therefore,

|h(z) — ¢o(z)] < Z (6s + 2)(WL)—2(3+1) 4 g5tB/? L(WL)2/dJ -3

ladi<s
< (54 1)d*(6s + 2)(WL)26+D) 4 gs+8/2| (W L)) 8
< (654 3)(s + 1)d* P2 (WL)?/| =5

=: &,
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for any x € Upeqor,.... k134 Qo-
Step 4: Approximation of A on [0,1]%.

Next, we construct a neural network ¢ that uniformly approximates h on [0,1]%. To
present the construction, we denote mid (¢, t9,t3) as the function that returns the middle
value of three inputs t1,t2,t3 € R. It is easy to check that

max{tl,tg} = %(O‘(tl + tz) — O‘(—tl — t2) + O‘(tl — tz) + O‘(tQ — tl))

Thus, max{t1, ta, t3} = max{max{ty,t2},0(t3) —o(—t3)} can be implemented by a network
with width 6 and depth 2. Similar construction holds for min{t;,¢2,¢3}. Since

mid (tl,tg,t3) = O’(tl + tQ + t3) - O’(—tl - tg - tg) - max{tl,tg,tg} — min{tl,tg,tg},

it is easy to see mid (-, -, ) € NN (14,2).
Recall that ¢g € NN (49(s + 1)2d* W [log, W1,15(s + 1)2L[log, L]). Let {e;}&; be
the standard basis in R%. We inductively define

gbz(sc) := mid ((;51‘_1(1' — (56,‘), ¢i_1(x), ¢i_1($ + 561)) S [—1, 1}, 1=1,2,...,d.

Then ¢g € NN (49(s + 1)23¢d* T W log, W1, 15(s + 1)2L[log, L] + 2d). For any x,2’ € R?,
the functions ¢;_1(- — de;), ¢i—1(-) and ¢;—1(- + de;) are piece-wise linear on the segment
that connecting  and 2’. Hence, the Lipschitz constant of these functions on the segment
is the maximum absolute value of the slopes of linear parts. Since the middle function does
not increase the maximum absolute value of the slopes, it does not increase the Lipschitz
constant, which shows that Lip ¢4 < Lip ¢yg.

Denote Q(K,J) := kK;Ol[ﬁ, k—;l — 6+ I{p<x—13] and define, for i = 0,1,...,d,

Ei = {(l’l,[ﬂg, s ,l'd) € [07 1]d F &y € Q(K? 5)7.] > Z}?

|pi(z) — h(z)| < E4i6°MN, Vee Ei=0,1,...,d.

We prove the assertion by induction. By construction, it is true for ¢ = 0. Assume the
assertion is true for some i, we will prove that it is also holds for i + 1. For any = € E;1,
at least two of © — de;11,  and x + de;11 are in E;. Therefore, by assumption and the
inequality |h(z) — h(z £ de;q1)| < 8%, at least two of the following inequalities hold

|6i(@ = beigr) — h(x)] < |¢i(x — deirr) — h(z = eipr)| + 67 < E + (i + 1)67,
|6i(w) = h(x)| < € + 6",
|pi(z + deir1) — h(x)| < |pi(z 4 deiy1) — h(x + deiq)| + 6PN < €+ (i 4 1)0°M,
In other words, at least two of ¢;(x — de;r1), ¢i(x) and ¢;(x + de;11) are in the interval

[h(z) — € — (i + D)6 h(z) + € + (i + 1)6°]. Hence, their middle value ¢;1(z) =
mid (¢i(z — deit1), pi(x), ¢pi(x + de;y1)) must be in the same interval, which means

|pis1(z) — h(z)| < € + (i + 1)0°M
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So the assertion is true for 7 + 1.

Recall that
5N < 1 )'BM_ K7 B >1,
BV BK)F B<d,

and K = [(WL)¥?|. Since E; = [0,1]%, let ¢ := ¢4, we have

16 = hllLoo(jo,ya) < €+ s
< (65 4 3)(s + a2 |(WL)4) 8 - a|(WL)*¢) ¢
< 6(s + 1)2dEHBIVE (W L)) =8

which completes the proof. |

5.4 Bounding Statistical Error

The technique for bounding the statistical error is rather standard (Anthony and Bartlett,
2009; Shalev-Shwartz and Ben-David, 2014; Mohri et al., 2018). We first show that the
statistical error E[dr(p, [in,)] of a function class F can be bounded by the Rademacher com-
plexity, and then bound the Rademacher complexity by Dudley’s entropy integral (Dudley,
1967). We restate Lemma 12 here for convenience.

Lemma 12 Assume supscr || flloo < B, then we have the following entropy integral bound

N ) 3 B/2
Eldr (s, fin)] < 8Ex,, inf <5+\/ﬁ /5 wogN(e?lem?u'Hoo)de),

0<6<B/2
where we denote F|, = {(f(X1),..., f(Xn)) : [ € F} for any iid. samples X1 =
{Xi}y from p and ./\/'?6 Flx, M lloo) is the e-covering number of Fiy, = © R™ with respect
to the || - |0 distance. '

Proof Recall that we have n i.i.d. samples Xy, := {X;}", from p and ji, = %Z?:l 0x,-
We introduce a ghost data set X1, = {X/}" , drawn i.i.d. from g, then

;up E:ch,u - Z f ]

EXl:n [df(/l, ﬁn)] EXln

=Ex,., supEX/ ZfX’ ——Zf ]
1 & ,
<Ex,,.xi, i ;(f(Xi) - f(Xi))] -

Let & = {& 1}, be a sequence of i.i.d. Rademacher variables independent of Xi., and X7 .,.
Then, by symmetrization, we can bound Ey,  [dr(u, [in)] by the Rademacher complexity
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of F:

n

Ex,., [dr(p: fin)] < Ex,,, x1 [SUP = Z(f(Xz() - f(Xi))]

n
fer iz

IE*Xl n,X 1 € !?ug_n Zz;fl f(XZ))]
S Exp,xi e [;up Z& )+ o Z =& f(X; ]
= 2By, []Sflelgn ;fif(Xi)] ,

where the last equality is due to the fact that X; and X have the same distribution and
the fact that & and —&; have the same distribution.
For any A C R™, we denote the Rademacher complexity of A by

Then, if we denote Fj, = {(f(X1),...,f(XN)) : f € F} for any fixed Xi.,, = {X;}1,
we have shown '
EXl:n [d]'-(:u7 ﬁn)] S 2EX1:n [R(‘F.'X:ln)]

We define a distance of two vectors z,y € R™ by

1< YR
da(w,y) == (n > (@i _yi)2> = %H?C = Yll2-

=1

The corresponding e-covering number of the set F|, ~ C R" is denoted by N (e, Fix.. 1 ,d2).
By chaining technique (see Shalev-Shwartz and Ben-David (2014, Lemma 27. 4)), one can
show that for any integer K > 0,

R(Fy, )< 254 58 22 \/log./\/ (27%B, F, .d>)
Vi by

Now, for any § € (0, B/2), there exists an integer K such that 27%2B < § < 27 5-1pB.
Therefore, we have

<o Kp4 2 \/logj\/'(e,]ﬂxlm,dg)de.

EXl:n [d]:(/,[/,ﬁn)] S 2EX1:"7‘R(.F'|X1:TL)

B/2
<9Ey, inf 45+/ \/log/\/ € Fiy, da)de | .

0<d<B/2
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Since da(2,y) < ||& — yl|oo, we have N'(e, F . d2) S N(e,F|y | [loc), Which completes
the proof. ' ' [ |

When the function class F has a finite pseudo-dimension, we can further bound the
covering number by the pseudo-dimension of F.

Corollary 35 Assume supser ||fllo < B and the pseudo-dimension of F is Pdim (F) <
o0, then

Pdim (F)logn

Eld (1, in)] < OB\/ =

for some universal constant C > 0.

Proof If n > Pdim (F), we have the following bound from Anthony and Bartlett (2009,
Theorem 12.2),

2¢Bn ) Pdim (F)

/\/'(6,]:|le, H ’ ||OO) < <ePdlm(}“)

If n < Pdim (F), since 7|, € {o € R": [|z[|c < B} can be covered by at most [2B7n

balls with radius € in || - ||o distance, we always have N(e,]ﬂxr M) < 2277 In any
cases,

. 2eBn
log./\/'(e,]ﬂxlm, | [loo) < Pdim (F)log .

€

As a consequence,

im Bf2
Eldr(p, iin)] < inf <85 + 244/ Pdn(}—) ; \/log(ZeBn/e)de>

T 0<6<B/2
Pdi log(2eB
< inf <85+123\/ dim (F) log(2e n/(S))
0<6<B/2 n
< CB\/ Pdim () logn
n
for some universal constant C' > 0. i
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