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Abstract

A statistical model or a learning machine is called regular if the map taking a parameter to a prob-
ability distribution is one-to-one and if its Fisher information matrix is always positive definite. If
otherwise, it is called singular. In regular statistical models, the Bayes free energy, which is defined
by the minus logarithm of Bayes marginal likelihood, can be asymptotically approximated by the
Schwarz Bayes information criterion (BIC), whereas in singular models such approximation does
not hold.

Recently, it was proved that the Bayes free energy of a singular model is asymptotically given
by a generalized formula using a birational invariant, the real log canonical threshold (RLCT),
instead of half the number of parameters in BIC. Theoretical values of RLCTs in several statistical
models are now being discovered based on algebraic geometrical methodology. However, it has
been difficult to estimate the Bayes free energy using only training samples, because an RLCT
depends on an unknown true distribution.

In the present paper, we define a widely applicable Bayesian information criterion (WBIC)
by the average log likelihood function over the posterior distribution with the inverse temperature
1/logn, where n is the number of training samples. We mathematically prove that WBIC has
the same asymptotic expansion as the Bayes free energy, even if a statistical model is singular
for or unrealizable by a statistical model. Since WBIC can be numerically calculated without any
information about a true distribution, it is a generalized version of BIC onto singular statistical
models.

Keywords: Bayes marginal likelihood, widely applicable Bayes information criterion

1. Introduction

A statistical model or a learning machine is called regular if the map taking a parameter to a prob-
ability distribution is one-to-one and if its Fisher information matrix is always positive definite. If
otherwise, it is called singular. Many statistical models and learning machines are not regular but
singular, for example, artificial neural networks, normal mixtures, binomial mixtures, reduced rank
regressions, Bayesian networks, and hidden Markov models. In general, if a statistical model con-
tains hierarchical layers, hidden variables, or grammatical rules, then it is singular. In other words,
if a statistical model is devised so that it extracts hidden structure from a random phenomenon, then
it naturally becomes singular. If a statistical model is singular, then the likelihood function cannot
be approximated by any normal distribution, resulting that neither AIC, BIC, nor MDL can be used
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in statistical model evaluation. Hence constructing singular learning theory is an important issue in
both statistics and learning theory.

A statistical model or a learning machine is represented by a probability density function p(x|w)
of x € RV for a given parameter w € W C R¢, where W is a set of all parameters. A prior probability
density function is denoted by @(w) on W. Assume that training samples X;,X>, ..., X, are indepen-
dently subject to a probability density function g(x), which is called a true distribution. The log loss
function or the minus log likelihood function is defined by

1 n
L,(w) = —;Zlogp(X,-]w). (1)
i=1
Also the Bayes free energy ¥ is defined by
F =—log / [T p(Xilw)o(w)dw. (2)
i=1

This value ¥ can be understood as the minus logarithm of marginal likelihood of a model and a
prior, hence it plays an important role in statistical model evaluation. In fact, a model or a prior is
often optimized by maximization of the Bayes marginal likelihood (Good, 1965), which is equiva-
lent to minimization of the Bayes free energy.

If a statistical model is regular, then the posterior distribution can be asymptotically approxi-
mated by a normal distribution, resulting that

T:nLn(vT/)JrglognJrOp(l), 3)

where W is the maximum likelihood estimator, d is the dimension of the parameter space, and » is
the number of training samples. The right hand side of Equation (3) is the well-known Schwarz
Bayesian information criterion (BIC) (Schwarz, 1978).

If a statistical model is singular, then the posterior distribution is different from any normal
distribution, hence the Bayes free energy cannot be approximated by BIC in general. Recently, it
was proved that, even if a statistical model is singular,

F =nL,(wo) +Alogn+ O,(loglogn),

where wy is the parameter that minimizes the Kullback-Leibler distance from a true distribution to
a statistical model, and A > 0 is a rational number called the real log canonical threshold (RLCT)
(Watanabe, 1999, 2001a, 2009, 2010a) .

The birational invariant RLCT, which was firstly found by a research of singular Schwartz dis-
tribution (Gelfand and Shilov, 1964), plays an important role in algebraic geometry and algebraic
analysis (Bernstein, 1972; Sato and Shintani, 1974; Kashiwara, 1976; Varchenko, 1976; Kollér,
1997; Saito, 2007). In algebraic geometry, it represents a relative property of singularities of a pair
of algebraic varieties. In statistical learning theory, it shows the asymptotic behaviors of the Bayes
free energy and the generalization loss, which are determined by a pair of an optimal parameter set
and a parameter set W.

If a triple of a true distribution, a statistical model, and a prior distribution is fixed, then there
is an algebraic geometrical procedure which enables us to find an RLCT (Hironaka, 1964). In
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fact, RLCTs for several statistical models and learning machines are being discovered. For exam-
ple, RLCTs have been studied in artificial neural networks (Watanabe, 2001b; Aoyagi and Nagata,
2012), normal mixtures (Yamazaki and Watanabe, 2003), reduced rank regressions (Aoyagi and
Watanabe, 2005), Bayes networks with hidden variables (Rusakov and Geiger, 2005; Zwiernik,
2010, 2011), binomial mixtures, Boltzmann machines (Yamazaki and Watanabe, 2005), and hidden
Markov models. To study singular statistical models, new algebraic geometrical theory is con-
structed (Watanabe, 2009; Drton et al., 2009; Lin, 2011; Kiraly et al., 2012).

Based on such researches, the theoretical behavior of the Bayes free energy is clarified. These
results are very important because they indicate the quantitative difference of singular models from
regular ones. However, in general, an RLCT depends on an unknown true distribution. In practical
applications, we do not know a true distribution, hence we cannot directly apply the theoretical
results to statistical model evaluation.

In the present paper, in order to estimate the Bayes free energy without any information about
a true distribution, we propose a widely applicable Bayesian information criterion (WBIC) by the
following definition:

1

WBIC = EB [nL,(w)], B= Togn’

4

where Evﬁv[ | shows the expectation value over the posterior distribution on W that is defined by, for
an arbitrary integrable function G(w),

[ 600 TTp0iw® 9w
E[G(w)] = = . 5)

JTTp(im) oty

In this definition, B > 0 is called the inverse temperature. Then the main purpose of this paper is to
show

F = WBIC+0,(+/logn).

To establish mathematical support of WBIC, we prove three theorems. Firstly, in Theorem 3 we
show that there exists a unique inverse temperature * which satisfies

F = BB [nL,(w)].

The optimal inverse temperature 3* is a random variable which satisfies the convergence in proba-
bility, B*logn — 1 as n — . Secondly, in Theorem 4 we prove that, even if a statistical model is
singular,

WBIC = nL,(wo) +Alogn+ 0,(+/logn).

In other words, WBIC has the same asymptotic behavior as the Bayes free energy even if a statistical
model is singular. And lastly, in Theorem 5 we prove that, if a statistical model is regular, then

d
WBIC = nL,(#) + 3 logn+ 0, (1),

which shows WBIC coincides with BIC in regular statistical models. Moreover, it is expected that
a computational cost in numerical calculation of WBIC is far smaller than that of the Bayes free
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Variable Name Equation Number
F Bayes free energy Equation (2)
G Generalization loss Equation (29)
WBIC WBIC Equation (4)
WAIC WAIC Equation (30)
E?V[ ] posterior average Equation (5)
B* optimal inverse temperature Equation (18)
L(w) log loss function Equation (6)
L,(w) empirical loss Equation (1)
K(w) Average log likelihood ratio Equation (7)
K,(w) empirical log likelihood ratio Equation (8)
A real log canonical threshold Equation (15)
m multiplicity Equation (16)
O(K(w),9(w)) parity of model Equation (17)

(M, g(u),a(x,u),b(u)) resolution quartet Theorem 1

Table 1: Variable, Name, and Equation Number

energy. These results show that WBIC is a generalized version of BIC onto singular statistical
models and that RLCTs can be estimated even if a true distribution is unknown.

This paper consists of eight sections. In Section 2, we summarize several notations. In Section 3,
singular learning theory and the standard representation theorem are introduced. The main theorems
and corollaries of this paper are explained in Section 4, which are mathematically proved in Section
5. As the purpose of the present paper is to prove the mathematical support of WBIC, Sections 4
and 5 are the main sections. In section 6, a method how to use WBIC in statistical model evaluation
is illustrated using an experimental result. In section 7 and 8, we discuss and conclude the present
paper.

2. Statistical Models and Notations

In this section, we summarize several notations. Table 1 shows variables, names, and equation
numbers in this paper. The average log loss function L(w) and the entropy of the true distribution S
are respectively defined by

Liw) = = [ atlogp(xwdr, ©®)
S = —/q(x)logq(x)dx.

Then L(w) = S+ D(q||pw). where D(q||py,) is the Kullback-Leibler distance defined by

D(qllpw) = /q(x)log p((])(;’cv)v)dx.

Then D(g||pw) > 0, hence L(w) > S. Moreover, L(w) = S if and only if p(x|w) = g(x).
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In this paper, we assume that there exists a parameter wy in the interior of W which minimizes
L(w),
L(wg) = min L(w
(o) = minZ(w),

where the interior of a set S is the defined by the largest open set that is contained in S. Note that such
wo is not unique in general, because the map w +— p(x|w) is not one-to-one in general in singular
statistical models. We also assume that, for an arbitrary w that satisfies L(w) = L(wy), p(x|w) is
the same probability density function. Let po(x) be such a unique probability density function. In
general, the set

Wo = {w e W:p(x|w) = po(x) }

is not a set of single element but an analytic set or an algebraic set with singularities. Let us define
a log density ratio function,
po(x)

plxw)’

f(x,w) = log

which is equivalent to
p(x|w) = po(x) exp(—f(x,w)).
Two functions K (w) and K, (w) are respectively defined by

Kw) = [qlstemwpds, ™
Kalw) = Y 0w, ®

i=1

Then it immediately follows that

L(w) = L(wo)+K(w),
L,(w) = Ly(wo)+Ku(w).
The expectation value over all sets of training samples X, X2, ..., X, is denoted by E[ |. For example,
E[L,(w)] = L(w) and E[K, (w)] = K(w). The problem of statistical learning is characterized by the

log density ratio function f(x,w). In fact,

ER[nLa(w)] = nLu(wo) +Ef [nK,(w)], 9

K, —npk, d
Bk )] J7a0%)exp(BE ()0 ()

Jexp(=nBK,(w))o(w)dw

The main purpose of the present paper is to prove

F = nL,(wo) +EB [nK, (w)] + 0, (/logn)

(10)

for B =1/logn.

Definition.

(1) If g(x) = po(x), then g(x) is said to be realizable by p(x|w). If otherwise, it is said to be
unrealizable.

(2) If the set Wy consists of a single element wq and if the Hessian matrix

0L

Ji.(W) - aw,-awj W)

1D
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at w = wy is strictly positive definite, then g(x) is said to be regular for p(x|w). If otherwise, it is
said to be singular for p(x|w).

Note that the matrix J(w) is equal to the Hessian matrix of K(w) and that J(wy) is equal to
the Fisher information matrix if the true distribution is realizable by a statistical model. Also note
that, if ¢(x) is realizable by p(x|w), then K(w) is Kullback-Leibler divergence of g(x) and p(x|w).
However, if g(x) is not realizable by p(x|w), then it is not.

3. Singular Learning Theory

In this section we summarize singular learning theory. In the present paper, we assume the following
conditions.

Fundamental Conditions.

(1) The set of parameters W is a compact set in R¢ whose interior is not the empty set. Its boundary
is defined by several analytic functions 7, (w), T (w), ..., Tk (w), in other words,

W ={weR%m;(w)>0,m(w) >0,...,m(w) >0}

(2) The prior distribution satisfies @(w) = @;(w)@2(w), where @ (w) > 0 is an analytic function and
¢@2(w) > 0 is a C*-class function.
(3) Lets > 6 and

2@ = (sl = ([ 1rrgeoa)” <on)

be a Banach space. There exists an open set W' O W such that the map W’ 3 w — f(x,w) is an
L*(g)-valued analytic function.
(4) The set W is defined by

We={weW; K(w) <e}.

It is assumed that there exist constants €, ¢ > 0 such that
(Yw e We) Ex[f(X,w)] > cEx[f(X,w)?]. (12)
Remark. (1) These conditions allow that the set of optimal parameters
Wo={weW; p(x|w)=pxlwy)} ={weW; K(w)=0}

may contain singularities, and that the Hessian matrix J(w) at w € W is not positive definite. There-
fore K(w) can not be approximated by any quadratic form in general.

(2) The condition Equation (12) is satisfied if a true distribution is realizable by or regular for a
statistical model (Watanabe, 2010a). If a true distribution is unrealizable by and singular for a sta-
tistical model, there is an example which does not satisfy this condition. In the present paper, we
study the case when Equation (12) is satisfied.

Lemma 1 Assume Fundamental Conditions (1)-(4). Let

_ Bo

~ logn’

B
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where By > 0 is a constant and let 0 < r < 1/2. Then, as n — o,
| exp(—nBE,(w)@(w)dw = o, (exp(—vin), (13
K(w)>1/n"
Lo 00 XPLABR 0410 ) e = 0 (xp( ). (14)

The proof of Lemma 1 is given in Section 5.

Let € > 0 be a sufficiently small constant. Lemma 1 shows that integrals outside of the region W;
do not affect the expectation value E?V [nK,(w)] asymptotically, because in the following theorems,
we prove that integral in the region W; have larger orders than the integral outside of W;. To study
integrals in the region W, we need algebraic geometrical method, because the set {w;K(w) = 0}
contains singularities in general. There are quite many kinds of singularities, however, the following
theorem makes any singularities be a same standard form.

Theorem 1 (Standard Representation) Assume Fundamental Conditions (1)-(4). Let € > 0 be a
sufficiently small constant. Then there exists an quartet (M ,g(u),a(x,u),b(u)), where

(1) M is a d-dimensional real analytic manifold,

(2) g is a proper analytic function g : M — W/, where W/ is the set that is defined by the largest
open set contained in W and g : {u € M;K(g(u)) #0} — {w € W/;K(w) # 0} is a bijective map,
(3) a(x,u) is an L*(q)-valued analytic function,

(4) and b(u) is an infinitely many times differentiable function which satisfies b(u) > 0,

such that the following equations are satisfied in each local coordinate of M :

K(g(u) = u™,
flx.g(w) = ua(x,u),
o(w)dw = @(g(u))|g (u)|du = b(u)|u"|du,

where k = (ky,ka,...,kq) and h = (hy,ha,...,hg) are multi-indices made of nonnegative integers. At
least one of kj is not equal to zero.

Remark. (1) In this theorem, for u = (u1,uz,---,uy) € R, notations u* and |u"| respectively
represent
2
Wk = u?kl ugkz .. 'udkd7
TR T PR ¥
W' =y g

The singularity # = 0 in ?** = 0 is said to be normal crossing. Theorem 1 shows that any singularities
can be made normal crossing by using an analytic function w = g(u).

(2) A map w = g(u) is said to be proper if, for an arbitrary compact set C, g~!(C) is also compact.
(3) The proof of Theorem 1 is given in Theorem 6.1 of a book (Watanabe, 2009, 2010a). In order to
prove this theorem, we need the Hironaka resolution of singularities (Hironaka, 1964; Atiyah, 1970)
that is the fundamental theorem in algebraic geometry. The function w = g(u) is often referred to
as a resolution map.

(4) In this theorem, a quartet (k,h,a(x,u),b(u)) depends on a local coordinate in general. For a
given function K(w), there is an algebraic recursive algorithm which enables us to find a resolution
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map w = g(u). However, even for a fixed K(w), a resolution map is not unique, resulting that a
quartet (M, g(u),a(x,u),b(u)) is not unique.
Definition. (Real Log Canonical Threshold) Let { Uy; o € 4} be a system of local coordinates of a
manifold M,

M= U

oacA
The real log canonical threshold (RLCT) is defined by

4 hi+1
A = minmi ( J ) 15
aea i\ 2k ) =

where we define 1/k; = oo if k; = 0. The multiplicity m is defined by

L hi+1 }’ (16)

m= max#{];
acAa

%
where #S shows the number of elements of a set S.

The concept of RLCT is well known in algebraic geometry and statistical learning theory. In
the following definition we introduce a parity of a statistical model.
Definition. (Parity of Statistical Model) The support of @(g(u)) is defined by

supp @(g(u)) = {u € M ; g(u) € We, 9(g(u)) >0},

where S shows the closure of a set S. A local coordinate U, is said to be an essential local coordinate
if both equations

d rhi+1
o= ().

m = #{j;(hj+1)/(2k;) =L},

hold in its local coordinate. The set of all essential local coordinates is denoted by { Uy; 0t € 4*}.
If, for an arbitrary essential local coordinate, there exist both d > 0 and a natural number j in the set
{j; (hj+1)/(2k;) = A} such that

(1) k; is an odd number,

(2){(0,0,..,0,u;,0,0,..,0) ; |u;| < 8} C supp ¢(g(u)),

then we define Q(K(g(u)),9(g(u))) = 1. If otherwise, Q(K(g(u)),9(g(u))) = 0. If there exists a
resolution map w = g(u) such that Q(K(g(u)),9(g(u))) = 1, then we define

O(K(w), o(w)) = 1. (17)

If otherwise Q(K(w),@(w)) = 0. If Q(K(w),@(w)) = 1, then the parity of a statistical model is said
to be odd, otherwise even.

It was proved in Theorem 2.4 of a book (Watanabe, 2009) that, for a given set (g, p,®), A and m
are independent of a choice of a resolution map. Such a value is called a birational invariant. The
RLCT is a birational invariant.

Lemma 2 If a true distribution q(x) is realizable by a statistical model p(x|w), then the value
O(K(g(u)),o(g(u))) is independent of a choice of a resolution map w = g(u).
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Proof of this lemma is shown in Section 5. Lemma 2 indicates that, if a true distribution is real-
izable by a statistical model, then Q(K(g(u)),®(g(u))) is a birational invariant. The present paper
proposes a conjecture that Q(K(g(u)),®(g(u))) is a birational invariant in general. By Lemma 2,
this conjecture is proved if we can show the proposition that, for an arbitrary nonnegative analytic
function K(w), there exist g(x) and p(x|w) such that K(w) is the Kullback-Leibler distance from

q(x) to p(x|w).
Example. Let w = (a,b,c) € R? and
K(w) = (ab+c)* +a°b*,

which is the Kullback-Leibler distance of a neural network model in Example 1.6 of a book (Watan-
abe, 2009), where a true distribution is realizable by a statistical model. The prior @(w) is defined
by some nonzero function on a sufficiently large compact set. In a singular statistical model, com-
pactness of the prior is necessary in general, because, if the parameter set is not compact, then it is
not easy to mathematically treat the integration on the neighborhood among the infinite point.
Let a system of local coordinates be
Ui = {(ai,bic;) €R} (i=1,2,3,4).
A resolution map g: Uy U WU UsU Us — R3 in each local coordinate is defined by

a=acy, b=b, c=cy,
a=ajp, b:b2C2, C:az(l—bz)CQ,
a=asz, b=bs, c=asb3(b3c3—1),
a=ay, b=bscy, c=asbscs(cs—1).
This map g is made of recursive blowing-ups whose centers are smooth manifolds, hence it is one-
to-one as amap g : {u;K(g(u)) >0} — {w;K(w) > 0}. Then
K(a,b,c) = A{(aby+1)?+d?b} = a35(1+b3c3)
= b33+ 1) =ajbici(1+b7).
Therefore integration over W can be calculated using integration over the manifold. The Jacobian
determinant |g'(u)| is
8" = lei| =laxcy]
= |a3b3| = |asbycs|.
In other words, in each local coordinate,
(k17k27k3) - (07071)7(17071)7(1727())7(17172)7
(h17h27h3) = (0a071)7(170a1)7(17270)7(27272)

Therefore

hi+1 hy+1 h2+1>_ 3 333
( 2k1 ) 2k2 ’ 2k2 _( ) 71)7(17071)7(1747 )7(2)274)

The smallest value among them is 3 /4 which is equal to A and the multiplicty is m = 1. The essential
local coordinates are U3 and Uy. In Uz and Uy, the sets {u; ; (hj+1)/(2k;) =3/4} are respectively
{u} and {u3}, where 2k; = 4 in both cases. Consequently, both k; are even, thus the parity is given

by Q(K(w).9(w)) = 0.
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Lemma 3 Assume that the Fundamental Conditions (1)-(4) are satisfied and that a true distribution
q(x) is regular for a statistical model p(x|w). If wg is contained in the interior of W and if (wg) >0,
then

and
Q(K(w),0(w)) =1.

Proof of this lemma is shown in Section 5.

Theorem 2 Assume that the Fundamental Conditions (1)-(4) are satisfied. Then the following
holds.
F =nL,(wo) +Alogn — (m—1)loglogn+R,,

where \ is a real log canonical threshold, m is its multiplicity, and {R,} is a sequence of random
variables which converges to a random variable in law, when n — o,

Theorem 2 was proved in the previous papers. In the case when g(x) is realizable by and singular
for p(x|w), the expectation value of ¥ is given by algebraic analysis (Watanabe, 2001a). The
asymptotic behavior of ¥ as a random variable was shown in a book (Watanabe, 2009). These
results were generalized (Watanabe, 2010a) for the case that g(x) is unrealizable.

Remark. In practical applications, we do not know the true distribution, hence A and m are un-
known. Therefore, we can not directly apply Theorem 2 to such cases. The main purpose of the
present paper is to make a new method how to estimate ¥ even if the true distribution is unknown.

4. Main Results

In this section, we introduce the main results of the present paper.

Theorem 3 (Unique Existence of the Optimal Parameter) Assume that L,(w) is not a constant
function of w. Then the followings hold.

(1) The value ES, [nL,(w)] is a decreasing function of P.

(2) There exists a unique B* (0 < B* < 1) which satisfies

F =EP [nL,(w)]. (18)

Note that the function L,(w) is not a constant function in an ordinary statistical model with prob-
ability one. The Proof of Theorem 3 is given in Section 5. Based on this theorem, we define the
optimal inverse temperature.
Definition. The unique parameter B* that satisfies Equation (18) is called the optimal inverse tem-
perature.

In general, the optimal inverse temperature * depends on a true distribution g(x), a statistical
model p(x|w), a prior @(w), and training samples. Therefore B* is a random variable. In the present
paper, we study its probabilistic behavior. Theorem 4 is a mathematical base for such a purpose.

Theorem 4 (Main Theorem) Assume Fundamental Conditions (1)-(4) and that

_ Bo

~ logn’

B
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where By is a constant. Then there exists a random variable U, such that

Alogn Alogn
Bo 2Bo

where A is the real log canonical threshold and {U,} is a sequence of random variables, which
satisfies E[U,] = 0, converges to a Gaussian random variable in law as n — o. Moreover, if a true
distribution q(x) is realizable by a statistical model p(x|w), then E[(U,)?] < 1.

E} [nLy(w)] = nLa(wo) + +Un +0,(1),

The proof of Theorem 4 is given in Section 5. Theorem 4 with By = 1 shows that

Al
WBIC = nL,(wo) —|—7x.logn+Un\/% +0,(1),

whose first two main terms are equal to those of # in Theorem 2. From Theorem 4 and its proof,
three important corollaries are derived.

Corollary 1 If the parity of a statistical model is odd, Q(K(w),@(w)) =1, then U, = 0.

Corollary 2 Let B* be the optimal inverse temperature. Then

U,

1 1
e )
logn ( 2Alogn  ©\y/logn

Corollary 3 Let By =Bo1/logn and B, = Boz/logn, where Bo1 and By, are positive constants. Then
the convergence in probability

B*

EY) [nL, (w)] — EV [nL,(w)]
1/B1—1/B>

holds as n — oo, where A is the real log canonical threshold.

— A (19)

Proofs of these corollaries are given in Section 5. Note that, if the expectation value ]E?Vl[ ] is
calculated by some numerical method, then Eaz[ | can be estimated using ED [ ] by using

- BN [nLy(w) exp(— (B2 — B1)nLu(w))]
Y [exp(— (B2 — Bi)nLy(w))]

Therefore RLCT can be estimated by the same computational cost as WBIC. In Bayes estimation,
the posterior distribution is often approximated by some numerical method. If we know theoret-
ical values of RLCTs, then we can confirm the approximated posterior distribution by comparing
theoretical values with estimated ones.

The well-known Schwarz BIC is defined by

ER[nL, (w) (20)

d
BIC = nL, (W) + 3 logn,

where W is the maximum likelihood estimator. WBIC can be understood as the generalized BIC
onto singular statistical models, because it satisfies the following theorem.
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Theorem 5 If a true distribution q(x) is regular for a statistical model p(x|w), then
o~ d
WBIC = nL, (W) + Elogn—i—ol,(l).

Proof of Theorem 5 is given in Section 5. This theorem shows that the difference of WBIC and BIC
is smaller than a constant order term, if a true distribution is regular for a statistical model. This
theorem holds even if a true distribution g(x) is unrealizable by p(x|w).

Remark. Since the set of parameters W was assumed to be compact, it is proved in Main The-
orem 6.4 of a book (Watanabe, 2009) that nL,(wo) — nL,(W) is a constant order random variable
in general. If a true distribution is regular for and realizable by a statistical model, its average is
asymptotically equal to d/2, where d is the dimension of parameter. If a true distribution is singu-
lar for a statistical model, then it is sometimes much larger than d/2, because it is asymptotically
equal to the maximum value of the Gaussian process. Whether replacement of nL,(wg) by nL(W) is
appropriate or not depends on the statistical model and its singularities (Drton, 2009).

5. Proofs of Main Results

In this section, we prove the main theorems and corollaries.

5.1 Proof of Lemma 1

Let us define an empirical process,
1 n
Ma(w) = —= ) (K(w) = f(Xi,w)).
vn ; l

It was proved in Theorem 5.9 and 5.10 of a book (Watanabe, 2009) that 1, (w) converges to a random
process in law and

[Mall = sup [Na(w)]
weWw

also converges to a random variable in law. If K(w) > 1/n’, then

nK,(w) = nK(w)—vnmn.(w)
> 07— /n Ml

By the condition 1 —r > 1/2 and B = B/ logn,

XDV [ explnBKa () g(w)dw
< expl—n' "B+ Vi),

which converges to zero in probability, which shows Equation (13). Then, let us prove Equa-
tion (14). Since the set of parameter W is compact, ||K|| = sup,, K(w) < eo. Therefore,

nKy(w)| - < nl[K]|+V/n|In.|
= n([[K[[+[nall/vn).
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Hence
XDV [ k(o) exp(—BK, () @)

< (K[ [l /v/n)
xexp(—n'""B+/n+ v/np|Ma| +logn),

which converges to zero in probability. (Q.E.D.)

5.2 Proof of Lemma 3

Without loss of generality, we can assume wy = 0. Since ¢(x) is regular for p(x|w), there exists w*

such that .

K(w) = §w~J(w*)w,
where J(w) is given in Equation (11). Since J(wy) is a strictly positive definite matrix, there exists
€ > 0 such that, if K(w) < €, then J(w*) is positive definite. Let ¢; and ¢, be respectively the

minimum and maximum eigen values of {J(w*); K(w) < €}. Then

d
4y Z w? <
j=1

By using a blow-up g : U U---U Uy; — W which is represented on each local coordinate U; =
(uit, tigs o Uia),

1 1

d
w-J(wWIw <0 Y w?.
=

|
N |

wi = U,
wi = wiuj (j#1),
it follows that
2 M,Z, 2 u121 7 N 2 2
2 +) ui) < > (@, (w")i) < £ (1 +) i),
ey JAi

where #;; = u;; (j # i) and fi;; = 1. These inequalities show that k; = 1 in U, therefore Q(K(w),9(w)) =
1. The Jacobian determinant of the blow-up is

18" ()| = [,

hence A =d/2 and m=1. (Q.E.D.)

5.3 Proof of Theorem 3
Let us define a function F;, () of § > 0 by

F() =~ tog | ﬂmxfw)%(w)dw.

Then, by the definition, ¥ = F,(1) and

F(B) = ED[nLa(w)],
F/(B) = —ER[(nLy(w))*]+Ef[nLa(w)].
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By the Cauchy-Schwarz inequality and the assumption that L, (w) is not a constant function,

F,'(B) <0,

which shows (1). Since F,(0) =0,

n= [ Ep)ap

By using the mean value theorem, there exists * (0 < B* < 1) such that
F = Fy(B) = E [iLa(w)].

Here F|(B) is a decreasing function, B* is unique, which completes Theorem 3. (Q.E.D.)

5.4 First Preparation for Proof of Theorem 4

In this subsection, we prepare the proof of Theorem 4. By using Equation (9) and Equation (10),

the proof of Theorem 4 results in evaluating EP [nK,(w)]. By Lemma 1,

_ Butop(exp(—v)
Antop(exp(—y/n))’

EB[nk, (w)]
where A, and B,, are respectively defined by
A = [ exp(-nK, (w)o(w)dw.
K(w)<e

B, — /K K0P (B, 4)) ()

2

(22)

(23)

By Theorem 1, an integral over {w € W;K(w) < €} is equal to that over M. For a given set of
local coordinates { Uy} of M, there exists a set of C* class functions {@q(g(«))} such that, for an

arbitrary u € M,

Y 9alg(u) = 9(g(w)).

acAa

By using this fact, for an arbitrary integrable function G(w),

Ly GOm0 = ¥ [ Gls(w)0a(slu)s'(wla

acA

Without loss of generality, we can assume that Uy Nsupp ¢(g(u)) is isomorphic to [—1,1]
over, by Theorem 1, there exists a function by (#) > 0 such that

Pau(g(u)) 8" (1)| = 1" |bou(ur),

in each local coordinate. Consequently,

/,<(W)<€G w)dw =}, / du G(g(w)) || ba(u).

acA
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In each local coordinate,
K(g(u)) =u™.

We define a function &, (u) by

Enlu Z{u —a(X,u)}.

%\

Then .
K, (g(”)) = - 7uk§n(u)'

i

uk = /a(x,u)q(x)dx

= K(gw) = [ flx.g0)gx)dx =i [ alxu)g(x)dr

Therefore, for an arbitrary u,

Note that

holds, because

E[Sn(u)] = 0.

The function &, (u) can be understood as a random process on M. On Fundamental Conditions
(1)-(4), it is proved in Theorem 6.1, Theorem 6.2, and Theorem 6.3 of a book (Watanabe, 2009) that
(1) &,(u) converges to a Gaussian random process &(u«) in law and

E[sup&,(u)?] = E[sup&(u)*].
(2) If g(x) is realizable by p(x|w), and if u* = 0, then

E[£,(1)?] = Ex[a(X,u)?] = 2. (24)

By using the random process &, (u), the two random variables A, and B, can be represented by
integrals over M,

A4 = ¥ / du exp(—nu 4 /nBuE, () [ b (u),

acAa

B, = Y /_wdwnu%—ﬁukan(u))

ocAa

x exp(—nBu +/nPu'Ey (u))|u"|bo(u)

To prove Theorem 4, we study asymptotics of these two random variables.

5.5 Second Preparation for Proof of Theorem 4

To evaluate two integrals A, and B,, as n — oo, we have to study the asymptotic behavior of the
following Schwartz distribution,

o(r— uzk) ]u|h
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for t — 0. Without loss of generality, we can assume that, in each essential local coordinate,

x_h]-i-l_hz—i-]_ _h;11+1<hj+1
2k 2k 2k 2k;

for an arbitrary j such that m < j < d. A variable u € R? is denoted by
U= (ug,up) € R™ x R,

We define a measure du* by

d

<f[18<uj>>< [T () du

j=m+1
2 (m=1VIT k)

du* = (25)

where 8( ) is the Dirac delta function, and u = (t,41,442, ..., 14q) is a multi-index defined by
pj=—2Mkj+h; (m+1<j<d).
Then u; > —1, hence Equation (25) defines a measure on M. The support of du* is {u = (uq, up) ; g =
0}.
D];eﬁnition. Let ¢ be a d-dimensional variable made of +-1. We use the notation,
6= (61,0y,...,64) € R?
where 6; = +1. The set of all such variables is denoted by S(d).

Sd)={c;0;=%1(1<;j<d)}.

Also we use the notation
d
ocu = (Glul,quz, ...,Gdud) € R%.
Then (ou)* = o*u* and (cu)* = u?*. By using this notation, we can derive the asymptotic behavior

of 8(t — u®*)|u| fort — 0.

Lemma 4 Let G(u*,u*,u) be a real-valued Ci-class function of (u**,u* ,u) (u € R?). The following
asymptotic expansion holds as t — +0,

/[_1 y du §(t — u®) [u|"G(u**, uF  u)

= (—logr)"! Z du* G(t,6"\/t,u)
cesa)’ 1011
+O<t}‘_l(—logt)m_2>, (26)

where du* is a measure defined by Equation (25).
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(Proof of Lemma 4) Let Y (¢) be the left hand side of Equation (26). Then

Yr) = ), /[O’”ds(f—(Gu)Z")IGuth((Gu)z",(cu)",cm)d(cu)

ceS(d)
-y / 8(t — w2 ul"G (1, /7, u)du.
ces(d)” 0.1
By using Theorem 4.6 of a book (Watanabe, 2009), if u € [0,1]¢, then
8t —u®)ul"du = ' (—logt)"du*
+0(" " (—logt)™ ).
By applying this relation to Y (), we obtain Lemma 4. (Q.E.D.)

5.6 Proof of Lemma 2
Let ®(w) > 0 be an arbitrary C* class function on We. Let Y (¢, ®) (r > 0) be a function defined by
V@)= [ 8= Kw) S w)B(s)o(w)d:
K(w)<e
whose value is independent of a choice of a resolution map. By using a resolution map w = g(u),
Yr,®)=) Y / du 8(1 — u*) u* |u"a(x,u)®(g(u))bo(u)du.
acAceS(d
By Lemma 4, and 6 = (G,,0}),

Y(r,®) = P 1og)"™' Y Y (c)f Y (o)

oca* 6,€8(m) c,€S(d—m)
X o du* a(x,ou) ®(g(ou)) ba(ou)
+0( 2 (1ogt)"?).
By the assumption that a true distribution is realizable by a statistical model, Equation (24) shows
that there exists x such that a(x, u) # 0 for «** = 0. On the support of du*,
ou = (Gaua,cbub) = (O,Gbub),

consequently the main order term of Y (¢,®) is determined by ®(0, ;).
In order to prove Lemma, it is sufficient to prove that Q(K(g(u)),@(g(«))) = 1 is equivalent to
the proposition that, for an arbitrary ®, the main term of Y (¢,®) is equal to zero.
First, assume that Q(K (g(u)),9(g(u))) = 1. Then at least one k; (1 < j < m) is odd, o} takes
both values %1, hence
Y oi=0,

G,€8(m)
which shows that the coefficient of the main order term in Y (¢,P) (¢t — +0) is zero for an arbitrary
®(w). Second, assume that Q(K(g(u)),¢(g(u))) = 0. Then all k; (1 < j < m) are even, hence

Y oi= Y 1#0.
G,€8(m) oaes(m)

Then there exists a function ®(w) such that the main order term is not equal to zero. Therefore
O(K(g(u)),o(g(u))) does not depend on the resolution map. (Q.E.D.)
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5.7 Proof of Theorem 4
In this subsection, we prove Theorem 4 using the foregoing preparations. We need to study A, and

B, in Equation (22) and Equation (23). Firstly, we study A,,.

A = ¥ / du exp(—ni + B/l E, () [ul "D (u)

acA

_ 2/11 du/ dt 8(t — u*)|u|" b, (1)

acAa
x exp(—nPu*® + By/niE, (u)).
By substitution ¢ :=¢/(nf) and dt := dt /(n),

Z/u]d u) u/ d[ts <B uz")!u\h

acA
x exp(—nBut + By/muiE, (u)).
For simple notations, we use

/Mdu* = Z ) /[071][1ba(u)du*,

acAa* ceS(d)
&) = 0'Cu(u),

where { Uy, ; o0 € 4*} is the set of all essential local coordinates. Then by using Lemma 4, 8(7/nf3 —
u2k) can be asymptotically expanded for nf3 — 0, hence

Ay = /Mdu*/:jé(’%)“( ntB)'"l
p

n m—2
x exp(—t+ /Bt &; (u) p(g((nﬁ))x)
_ (log(np))"!
— W/ du/ dt " Vexp(—t) exp(v/Pr & (u
log(n
+Op((0g((ng)>,3)-

Since = Po/logn — 0,

exp(v/Br &, (u)) = 1+ /Bt & (u) + 0, (B)

By using the gamma function,

it follows that
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Secondly, B, can be calculated by the same way,

a;/“]ddu/ dt 8( — )| ul"b ()
x (e — /nu&, (1)) exp(—nBu* + By/nid G, (u).

By substitution 7 := ¢ /(nf) and dt := dt/(nf) and Lemma 4,
L [dt ot M r o\l
B, = /Mdu/o @(E) (—log(%))
l (t — /Bt & (u)) exp(—1 4 /Bt E5(u) + O, (log(ni_
IOganI/du/xl — /Pt & (u)) exp(—

x exp(y/Bt E5(u) + O, (10%(([3[3))))

Therefore,
B, = W{r(xﬂ)(/ du*)+\/Br(x+z)(/Mdu*§;(u))

(log(np))" >
—/BIY( x+ /du +0 (W)'

Let us define a random variable ® by

0= W. 27)

By applying results of A,, and B,, to Equation (21),

Bk (v — & C(A+1)++/BO{T(A+3/2) —~T(A+1/2)}
k()] i T(A) + /B OC(A+1/2) ().

Note that, if a,b,c,d are constants and B — 0,

c—l-\/Ed_E ad — bc
a+\/[§b_a+\/B< a? >+O(B)'

Then by using an identity,
CA)(T(A+3/2) -T(A+1/2)) -T(A+1I(A+1/2)  T(A+1/2)

T())2 N 2I°(L)

we obtain

B IT(A+1) ® T'(A+1/2)
EB [nK, (w)] = B T /B 2C(A)

+0,(1).
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A random variable U, is defined by

OI'(A+1/2)
U, =——— . 28
V2AL(A) (28)
Then it follows that
A A
EP [nK, (w)] = B +U, % +0,(1).

By the definition of &, («), E[®] = 0, hence E[U,| = 0. By using Cauchy-Schwarz inequality,
o2 < Do Exlu)?

Lastly let us study the case that g(x) is realizable by p(x|w). The support of du* is contained in
u?* = 0, hence we can apply Equation (24) to ©,
* * 2
fM du*

The gamma function satisfies
'A+1/2)
O VA (A>0).

Hence we obtain

E[®?] /T(A+1/2)\2
E[(U)] < =55 ( (V) ) <1

which completes Theorem 4. (Q.E.D.)

5.8 Proof of Corollary 1

By definition Equation (27) and Equation (28), it is sufficient to prove ® = 0, where

LY [ belwdn &b

ocA* 6eS(d)

Yy Y /[0 e

ocA* 6eS(d)

The support of the measure du* is contained in the set {u = (0,u;)}. We use a notation 6 =
(64,05) € R™ x R™™, 1f Q(q,p,9) = 1 then there exists a resolution map w = g(u) such that
oX takes values both +1 and —1 in arbitrary local coordinate, hence

Y o.=o0.

G6,€8(m)

It follows that

Z Gkgn(ovub): Z G]l;&n(o)ub) Z Gla{:Ov

ceS(d) c,€S8(d—m) G,€8(m)

therefore, ® = 0, which completes Corollary 1. (Q.E.D.)
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5.9 Proof Corollary 2

By using the optimal inverse temperature 3*, we define 7 = 1/(B*logn). By the definition, F =
ED [nL,(w)]. By using Theorem 2 and Theorem 4,

Alogn =TAlogn+ U,\/TAlogn/2+V, =0,

where
Va = Op(loglogn).
It follows that
T
N UNT ey
/2Alogn logn
Therefore,
U, Uy,)? v,
VT =+ 1+(") -
\/8\logn 8\logn logn
Since U, = 0,(1),
VT=1-— 1, (L)
\/8Alogn i VMogn”’
resulting that
B*logn = 1+~ 4 o,(———)
n—=— o )
s \/2Mlogn P /Mlogn

which completes Corollary 2. (Q.E.D.)

5.10 Proof of Corollary 3

By using Theorem 4,
EP [nL,(w)] = nL,(wo)+ é +0,(+/logn),
1
EP2[nL,(w)] = nL,(wo)+ é +0,(y/logn).
2

Since (1/B1 —1/B2) = Op(logn),

_ BN [nLy(w)] — B [nLy (w)
A= 178~ 1/Bs +0,(1/+/logn),

which shows Corollary 3. (Q.E.D.)

5.11 Proof Theorem 5

By using Equation (9) and Equation (10),

Evﬁv [nLy,(w)] = nLy(wo) + Evﬁv [nK,(w)],
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the proof of Theorem 5 results in evaluating ED [nK,(w)]. By Lemma 1 for the case r = 1/4,

_ Dyt oplexp(—y)
Co+oplexp(—y/n))’

where C, and D, are respectively defined by

ER [nK, (w)]

G = [, B ()00
D, — /K K O8) XD (1)) g o)

If a statistical model is regular, the maximum likelihood estimator w converges to wy in probability.
Let J,(w) be d x d matrices defined by

0’K,
Jn)ij(w) = =—=—(w).
i) = 5050
There exists a parameter w* such that
o L < <
K,(w) = K,(W)+ E(W —W) - Sy (W) (w—W).

Since 1 — wy in probability and K (w) < 1/n'/*, w* — wy in probability. Then

(W) =J (wo)[| < IJa(wW") = Ju(wo) || + I/a(wo) = J (wo) |

SO 4 o) — 001,

< |w* —woll  sup
K(w)<1/nl/4

which converges to zero in probability as n — co. Therefore,
Ju(w*) =J(wo) +0p(1).
Since the model is regular, J(wy) is a positive definite matrix. Now we define
Co = exp(—nPK,(w))

. /K(w)<nl/4 eXp(nzB (w=w)- (J(wo) +0,(1))(w =) o(w)dw.

By substituting
u= \/rTB(W - W))
it follows that
Co = exp(—nPK,())(nB)~*/
x [ exp(= g (Tw0) +0, (1)) 0+ )

(21)/ exp(—nBK, (%)) (9(?) + 0,(1))
(nB)4/2 det(J (wo) +0,(1))1/2
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H 1 2 3 4 5 6
WBIC; Ave. | 17899.82 | 3088.90 | 71.11 | 78.21 | 83.23 | 87.58
WBIC; Std. | 1081.30 | 226.94 | 3.67 | 3.78 | 3.97 | 4.09
WBIC; Ave. | 17899.77 | 3089.03 | 71.18 | 75.43 | 82.54 | 86.83
WBIC; Std. | 1081.30 | 226.97 | 3.54 | 3.89 | 4.03 | 4.08

BIC Ave. 17899.77 | 3089.03 | 71.18 | 83.47 | 91.86 | 94.87
BIC Std. 1081.30 | 226.97 | 3.54 | 3.89 | 4.03 | 4.08

Table 2: WBIC and BIC in Model Selection

In the same way,
D, = exp(—nBKy(%))
x/K(W)<1/nl/4(nKn(W)+2(wW).(J(wo)+op(1))(ww))

x exp(—?(w—vf/) (I (w0) + 0, (1)) (w—0) ) @(w)dw

(2m)4/2 exp(—nBK, (W) (@(W) +0p(1))
(nB)4/2 det(J (wo) —|-0p(1))1/2

<nK,,(W) + 2%

Here nK, (W) = O, (1), because the true distribution is regular for a statistical model. Therefore,

+op(1)).

B (1L (w)] =nLn<wO>+nKn<w>+fB+op<1>,

which completes Theorem 5. (Q.E.D.)

6. A Method How to Use WBIC

In this section we show a method how to use WBIC in statistical model evaluation. The main
theorems have already been mathematically proved, hence WBIC has a theoretical support. The
following experiment was conducted not for proving theorems but for illustrating a method how to
use it.

6.1 Statistical Model Selection

Firstly, we study model selection by using WBIC.
Letx € RM, y € RV, and w = (A, B), where A is an H x M matrix and B is an N x H matrix. A
reduced rank regression model is defined by

r(x) 1 2
plx,ylw) = WeXP(—zchy—BAx” )7
where r(x) is a probability density function of x and 62 is the variance of an output. Let Aj;(0,X)
denote the M-dimensional normal distribution with the average zero and the covariance matrix X.

In an experiment, we set 6 = 0.1, r(x) = Aj;(0,32I), where [ is the identity matrix, and @(w) =
A;(0,10%1). The true distribution was fixed as p(x,y|wo), where wy = (Ao, Bo) was determined so
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that Ag and By were respectively an Hy x M matrix and an M x Hy matrix. Note that, in reduced rank

regression models, RLCTs and multiplicities were clarified by a research (Aoyagi and Watanabe,

2005) and Q(K(w),@(w)) = 1 for arbitrary g(x), p(x|w), and @(w). In the experiment, M =N = 6

and the true rank was set as Hy = 3. Each element of Ay and By was taken from M(0,0.Zz) and

fixed. From the true distribution p(x,y|wp), 100 sets of n = 500 training samples were generated.
The Metropolis method was employed for sampling from the posterior distribution,

p(W|X1 1 X2, “‘7Xn) o< exp(—BnLn(w) +10g(P(W))7

where B = 1/logn. Every Metropolis trial was generated from a normal distribution Aj;(0, (0.0012)21),
by which the acceptance probability was 0.1-0.9. First 50000 Metropolis trails were not used. After
50000 trails, R = 2000 parameters {w,;r = 1,2, ...,R} were obtained in every 100 Metropolis steps.
The expectation value of a function G(w) over the posterior distribution was approximated by

The six statistical models H = 1,2,3,4,5,6 were compared by the criterion,
WBIC = EP[nL,(w)], (B=1/logn).

To compare these values among several models, we show both WBIC;, WBIC,, and BIC in Table
2. In the table, the average and the standard deviation of WBIC; defined by

WBIC; = WBIC — nS,,,

for 100 independent sets of training samples are shown, where the empirical entropy of the true
distribution

1
Sn= _E Zlqu(X[)
i=1

does not depend on a statistical model. Although nS,, does not affect the model selection, its standard
deviation is in proportion to y/n. In order to estimate the standard deviation of the essential part of
WBIC, the effect of nS, was removed. In 100 independent sets of training samples, the true model
H = 3 was chosen 100 times in this experiment, which demonstrates a typical application method
of WBIC.

Also WBIC; in Table 2 shows the average and the standard deviation of

WBIC, = nL,(W)+Alogn — (m— 1)loglogn — nS,,

where W is the maximum likelihood estimator, A is the real log canonical threshold, and m is the
multiplicity. The maximum likelihood estimator W = (A,B) is given in reduced rank regression
(Anderson, 1951),

BA=vV'yXx'(xx")!,

where ¢ shows the transposed matrix and X, Y, and V are matrices defined as follows.
(1) X;j is the i-th coefficient of x;
(2) Y;; is the i-th coefficient of y;.
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H 1 2 3 4 5 6
Theory A | 5.5 10 | 135 15 16 17
Theory m 1 1 1 2 1 2

Average A | 5.51 | 9.95 | 13.49 | 14.80 | 15.72 | 16.55
Std. Dev. A | 0.17 | 0.31 | 0.52 | 0.65 | 0.66 | 0.72

Table 3: RLCTs for the case Hy = 3

(3) The matrix V is made of eigen vectors with respect to the maximum H eigen values of the
matrix,
YX'(xx')“lxy'.
If we know the model that is equal to the true distribution, and if we have theoretical real log
canonical threshold and multiplicity, then we can calculate WBIC,.
The value BIC in Table 2 shows the average and the standard deviation of Shwarz BIC,

d
BIC = nL,(W) + > logn — nS,,
where d is the essential dimension of the parameter space of the reduced rank regression,
d=HM+N—H).

We used this dimension because the number of parameters in reduced rank regression is H(M + N)
and it has free dimension H2. These results show that WBIC is a better approximator of the Bayes
free energy than BIC.

6.2 Estimating RLCT

Secondly, we study a method how to estimate an RLCT. By using the same experiment as the
foregoing subsection, we estimated RLCTs of reduced rank regression models by using Corollary
3. Based on Equation (19), the estimated RLCT is given by

_ B [nLy(w)] — B [nLy(w)]
1/B1—1/B2 7

where 1 = 1/logn and B, = 1.5/logn and we used Equation (20) in the calculation of E&z[ |. The-
ory A in Table 3 shows the theoretical values of RLCTs of reduced rank regression. For the cases
when true distributions are unrealizable by statistical models, RLCTs are given by half the dimen-
sion of the parameter space, A = H(M + N — H) /2. In Table 3, averages and standard deviations of
A shows estimated RLCTs. The theoretical RLCTs were well estimated. The difference between
theory and experimental results was caused by the effect of the smaller order terms than logn. In
the case the multiplicity m = 2, the term loglogn also affected the results.

>»

7. Discussion

In this section, we discuss the widely applicable information criterion from three different points of
view.
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7.1 WAIC and WBIC

Firstly, let us study the difference between the free energy and the generalization error. In the present
paper, we study the Bayes free energy ¥ as the statistical model selection criterion. Its expectation
value is given by

q(x")

p(x")

E[F] :nS+/q(x")log dx",

where S is the entropy of the true distribution,

n

g(x") = HIQ(xi),
X = - xilw)o(w)dw,
pe) = [TIptsimom

and dx" = dx;dx; - - - dx,. Hence minimization of E[ 7] is equivalent to minimization of the Kullback-
Leibler distance from the ¢(x") to p(x").
There is a different model evaluation criterion, which is the generalization loss defined by

G=- / q(x)log p*(x)dx, (29)

where p*(x) is the Bayes predictive distribution defined by p*(x) = EP [p(x|w)], with B = 1. The
expectation value of G satisfies

E[G] :S+E[/q(x) log 5*(2)014.

Hence minimization of E[G] is equivalent to minimization of the Kullback-Leibler distance from
g(x) to p*(x). Both of F and G are important in statistics and learning theory, however, they are
different criteria.

The well-known model selection criteria AIC and BIC are respectively defined by

d
AIC = L,(W)+-, (30)
n

d
BIC = nLn(vT/)-i-Elogn.

If a true distribution is realizable by and regular for a statistical model, then

E[AIC] = E[G]+of
E[BIC] = E[]+0

),
).

These relations can be generalized onto singular statistical models. We define WAIC and WBIC by

S | =

—

WAIC = T,+V,/n,
WBIC = EP[nL,(w)], B=1/logn,
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where

IR
L, = =) logp"(Xiw),
i=1

n

Vi = L {Bulltogp(xihe)?) - Byllog X}

Then, even if a statistical model is unrealizable by and singular for a statistical model,

E[WAIC] — E[g] +0(%), 31)

E[WBIC] = E[F]+ O(loglogn), (32)

where Equation (31) was proved in a book (Watanabe, 2009, 2010b), whereas Equation (32) has
been proved in the present paper. In fact, the difference between the average leave-one-out cross
validation and the average generalization error is in proportion to 1/n* and the difference between
the leave-one-out cross validation and WAIC is also in proportion to 1/n%. The difference between
E[WBIC] and E[F] is caused by the multiplicity m. If a statistical model is realizable by and regular
for a statistical model, WAIC and WBIC respectively coincide with AIC and BIC,

1
WAIC = AIC+o0,(-),

n
WBIC = BIC+o,(1).

Theoretical comparison of WAIC and WBIC in singular model selection is an important problem
for future study.

7.2 Other Methods How to Evaluate Free Energy

Secondly, we discuss several methods how to numerically evaluate the Bayes free energy. There are
three methods other than WBIC.
Firstly, let {B;;j =0,1,2,...,J} be a sequence which satisfies

0=Bo<Pr<--<By=1.

Then the Bayes free energy satisfies

J
F = Z log]E?J’1 lexp(—n(Bj —Bj—1)La(w))].

j=1
This method can be used without asymptotic theory. We can estimate ¥, if the number J is suf-
ficiently large and if all expectation values over the posterior distributions {EEVH [ ]} are precisely
calculated. The disadvantage of this method is its huge computational costs for accurate calculation.
In the present paper, this method is referred to as ‘all temperatures method’.

Secondly, the importance sampling method is often used. Let H(w) be a function which ap-
proximates nL,(w). Then, for an arbitrary function G(w), we define an expectation value [,,[ |
by
_ JGw)exp(=H (w))o(w)dw

Jexp(=H(w))p(w)dw

E,[G(w)]
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Method Asymptotics | RLCT | Comput. Cost
All Temperatures Not used Not Used Huge
Importance Sampling Not used Not Used Small
Two-Step Used Used Small
WBIC Used Not Used Small

Table 4: Comparison of Several Methods

Then

F = —logk,lexp(—nL,(w)+H(w))]
—log/eXP(—H(W))(P(W)de

where the last term is the free energy of H(w). Hence if we find H(w) whose free energy is analyti-
cally calculated and if it is easy to generate random samples from I@IW[ ], then F can be numerically
evaluated. The accuracy of this method strongly depends on the choice of H(w).

Thirdly, a two-step method was proposed (Drton, 2010). Assume that we have theoretical values
about RLCTs for all cases about true distribution and statistical models. Then, in the first step, a null
hypothesis model is chosen by using BIC. In the second step, the optimal model is chosen by using
RLCTs with the assumption that the null hypothesis model is a true distribution. If the selected
model is different from the null hypothesis model, then the same procedure is recursively applied
until the null hypothesis model becomes the optimal model. In this method, asymptotic theory is
necessary but RLCTs do not contain fluctuations because they are theoretical values.

Compared with these methods, WBIC needs asymptotic theory but it does not theoretical results
about RLCT. The theoretical comparison of these methods is summarized in Table 4.

The effectiveness of a model selection method strongly depends on a statistical condition which

is determined by a true distribution, a statistical model, a prior distribution, and a set of training
samples. Under some condition, one method may be more effective, however, under the other con-
dition, another may be. The proposed method WBIC gives a new approach in numerical calculation
of the Bayes free energy which is more useful with cooperation with the conventional method. It is
a future study to clarify which method is recommended in what statistical conditions.
Remark. It is one of the most important problems in Bayes statistics how to make accurate
Markov Chain Monte Carlo (MCMC) process. There are several MCMC methods, for example,
the Metropolis method, the Gibbs sampler method, the Hybrid Monte Carlo method, and the ex-
change Monte Carlo method. Numerical calculation of WBIC depends on the accuracy of MCMC
process.

7.3 Algebraic Geometry and Statistics

Lastly, let us discuss a relation between algebraic geometry and statistics. In the present paper, we
define the parity of a statistical Q(K(w),@(w)) and proved that it affects the asymptotic behavior of
WBIC. In this subsection we show three mathematical properties of the parity of a statistical model.

Firstly, the parity has a relation to the analytic continuation of K (w)l/ 2. For example, by using
blow-up, (a,b) = (ar,a1by) = (azby,b>), it follows that analytic continuation of (a®+5?)'/? is given
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by

(@ 4+ b)) =aj\/14+ b} = byy/d§+ 1,

which takes both positive and negative values. On the other hand, (a* + b*) 1/2 takes only nonnega-
tive value. The parity indicates such difference.
Secondly, the parity has a relation to statistical model with a restricted parameter set. For exam-

ple, a statistical model
(x—a)®

1
plrla) = —exp(—=57)

whose parameter set is given by {a > 0} is equivalent to a statistical model p(x|6?) and {b € R}. In
other words, a statistical model which has restricted parameter set is statistically equivalent to an-
other even model which has unrestricted parameter set. We have a conjecture that an even statistical
model has some relation to a model with a restricted parameter model.

And lastly, the parity has a relation to the difference of K(w) and K,,(w). As is proven (Watanabe,
2001a), the relation

—log/exp(—nKn(w))(p(w)dw = —log/exp(—nK(w))(p(w)dw+OP(I)
holds independent of the parity of a statistical model. On the other hand, if B = 1/logn, then
J nK (w) exp(—nBK (w))@(w)dw
Jexp(—nBK(w))o(w)
+Up+/logn+0,(1).

If the parity is odd, then U,, = 0, otherwise U, is not equal to zero in general. This fact shows that
the parity shows difference in a fluctuation of the likelihood function.

Ef [nK, (w)]

8. Conclusion

We proposed a widely applicable Bayesian information criterion (WBIC) which can be used even
if a true distribution is unrealizable by and singular for a statistical model and proved that WBIC
has the same asymptotic expansion as the Bayes free energy. Also we developed a method how to
estimate real log canonical thresholds even if a true distribution is unknown.
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