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Abstract

We investigate robustness properties for a broad class of support vector machines with non-smooth
loss functions. These kernel methods are inspired by convex risk minimization in infinite dimen-
sional Hilbert spaces. Leading examples are the support vector machine based on the g-insensitive
loss function, and kernel based quantile regression based on the pinball loss function. Firstly, we
propose with the Bouligand influence function (BIF) a modification of F.R. Hampel’s influence
function. The BIF has the advantage of being positive homogeneous which is in general not true
for Hampel’s influence function. Secondly, we show that many support vector machines based on
a Lipschitz continuous loss function and a bounded kernel have a bounded BIF and are thus robust
in the sense of robust statistics based on influence functions.

Keywords: Bouligand derivatives, empirical risk minimization, influence function, robustness,
support vector machines

1. Introduction

The goal in non-parametric regression is to estimate a functional relationship between an R 9-valued
input random variable X and an R-valued output random variable Y, under the assumption that the
joint distribution P of (X,Y) is (almost) completely unknown. In order to model this relationship
one typically assumes that one has a training data set Dyrain = ((xl,yl), e, (xn,yn)) from indepen-
dent and identically distributed (i.i.d.) random variables (X;,Y;), i = 1,...,n, which all have the
distribution P. Informally, the aim is to build a predictor f : RY — R based on these observations
such that f(X) is a good approximation of Y. To formalize this aim one uses a continuous loss
function L : Y x R — [0,0) that assesses the quality of a prediction f(x) for an observed output y
by L(y, f(x)). We follow the convention that the smaller L(y, f(x)) is, the better the prediction is.
The quality of a predictor f is measured by the L-risk ®_p(f) :=EpL(Y, f(X)) which of course is
unknown, because P is unknown. One tries to find a predictor whose risk is close to the minimal
risk, that is to the Bayes risk ® s := inf{®, p(f); f : RY — R measurable}. One way to build a
non-parametric predictor f is to use a support vector machine (SVM) which finds a minimizer o
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of the regularized risk
R\ (F) == EpL(Y, F(X)) + Al F]5 1)

where A > 0 is a regularization parameter to reduce the danger of overfitting, # is a reproducing
kernel Hilbert space (RKHS) of a measurable kernel k : X x X — R, and L is a measurable, convex
loss function in the sense that L(y,-) : R — [0, ) is convex for all y € Y, see Vapnik (1998) and
Schélkopf and Smola (2002). Since (1) is strictly convex in f, the minimizer fp, is unique if it
exists. We denote the canonical feature map by ® : H — #H, ®(x) := k(-,x). The reproducing
property gives f(x) = (f,®(x)), for all f € # and x € X. A kernel k is bounded, if ||k||,, :=
sup{+/k(x,x) : x € X} < e0. Using the reproducing property and ||®(x)||,, = y/k(X,X), one obtains
the well-known inequalities

11l < Kl 1 fllse — and D)oy < Kl PO 1 < [IKIIZ 2)

for f € AH and x € X. The Gaussian radial basis function kernel defined by krar (X,X’) = exp(—||x —
x'||2/y?), y > 0, is bounded and universal on every compact subset of RY (Steinwart, 2001) which
partially explains its popularity. The corresponding RKHS of this kernel has infinite dimension.
Of course, 5{!76,3A(f) is not computable, because P is unknown. However, the empirical distribution

D= % S O(x ;) corresponding to the training data set Diyain Can be used as an estimator of P. Here
O(x.y;) denotes the Dirac distribution in (x;,y;). If we replace P by D in (1), we obtain the regularized
empirical risk

Re S (F) =EoL(Y, (X)) +A[If[l5

Anempirical SVM fp ) with Ap >0and A — 0if n — oo, is called L-risk consistent if ®_p(fp,) —
R.'p in probability for n — co.

Traditionally, research in nonparametric regression is often based on the least squares loss
Lis(y,t) := (y —t)2 The least squares loss function is convex in t, is useful to estimate the con-
ditional mean function, and is advantageous from a numerical point of view, but L, s is not Lipschitz
continuous. From a practical point of view there are situations in which a different loss function is
more appropriate. (i) In some situations one is actually not interested in modeling the conditional
mean, but in fitting a conditional quantile function instead. For this purpose the convex pinball
loss function Li_pin(y,t) == (T—1)(y—t), ify—t <0, and L_pin(y,t) :=T(y—1t), ify—t >0, is
used, where T € (0,1) specifies the desired conditional quantile, see Koenker and Bassett (1978)
and Koenker (2005) for parametric quantile regression and Takeuchi et al. (2006) for nonparamet-
ric quantile regression. (ii) If the goal is to estimate the conditional median function, then the
€-insensitive loss given by Lg(y,t) := max{|]y —t| —€,0}, € € (0, ), promises algorithmic advan-
tages in terms of sparseness compared to the L1-loss function Li1(y,t) = |y —t|, see Vapnik (1998)
and Scholkopf and Smola (2002). (iii) If the regular conditional distribution of Y given X = x
is known to be symmetric, basically all invariant loss functions of the form L(y,t) = y(r) with
r=y—t, where ¢ : R — [0, ) is convex, symmetric and has its only minimum at 0, can be used
to estimate the conditional mean, see Steinwart (2007). In this case a less steep loss function such
as the Lipschitz continuous Huber loss function given by Lc nuper (1) := W(r) = r?/2, if |r| <,
and (r) = c|r| —c?/2, if |r| > ¢ for some ¢ € (0,0), may be more suitable if one fears outliers in
y-direction, see Huber (1964) and Christmann and Steinwart (2007).

The deeper reason to consider Lipschitz continuous loss functions is the following. One strong
argument in favor of SVMs is that they are L-risk consistent under weak assumptions, that is SVMs
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are able to “learn”, but it is also important to investigate the robustness properties for such statistical
learning methods. In almost all cases statistical models are only approximations to the true random
process which generated a given data set. Hence the natural question arises what impact such
deviations may have on the results. J.W. Tukey, one of the pioneers of robust statistics, mentioned
already in 1960 (Hampel et al., 1986, p. 21): ““A tacit hope in ignoring deviations from ideal models
was that they would not matter; that statistical procedures which were optimal under the strict
model would still be approximately optimal under the approximate model. Unfortunately, it turned
out that this hope was often drastically wrong; even mild deviations often have much larger effects
than were anticipated by most statisticians.”

Let us consider T (P) := R, 5, (), with P a probability measure, asa mapping T : P — R/, ().
In robust statistics we are interested in smooth and bounded functions T, because this will give stable
regularized risks within small neighborhoods of P. If an appropriate derivative OOT (P) of T (P) is
bounded, then the function T (P) cannot increase or decrease unlimited in small neighborhoods of
P. Several notions of differentiability have been used for this purpose.

Let us therefore take a look at the following results from Averbukh and Smolyanov (1967, 1968),
Fernholz (1983) and Rieder (1994) on various notions of differentiation to clarify the connections
between these notions. For every pair of normed real vector spaces (X,Y ) let a subset 5(X,Y) of the
functions from X to Y be given. The following conditions are imposed on this system §, which will
provide the (Landau) o remainder of the first-order Taylor approximation of an S-differentiation:
() p(0) =0, p € S(X,Y), (ii) S(X,Y) is a real vector subspace of all functions from X to Y, (iii)
S(X,Y)NL(X,Y) = {0} where £(X,Y) is the space of continuous linear mappings from X to Y,
and 0 stands for the zero operator and (iv) moreover, in case X = R, it is required that S(R,Y) =
{p: R —=Y|lim_op(t)/t =0}. If S fulfills (i) to (iv), then some mapping T : X — Y is called
S-differentiable at x if there exists some A € £(X,Y) and p € S(X,Y) such that for all h € X,
T (x+h) =T (x) +Ah+ p(h). The continuous linear mapping ST (x) = A is called S-derivative of
T at x. The set of all functions T : X — Y which are S-differentiable at x is denoted by Ds(X,Y;X).
From conditions (ii) and (iii) it is seen that the S-derivative (ST (x) is uniquely defined. Condition
(iv) ensures that S-differentiability in case X = R coincides with the usual notion of differentiability.
The function T — 0T (x) is a linear mapping from Ds(X,Y;x) to L(X,Y).

S-differentiations may be constructed in a special way by means of coverings C, whose elements
are naturally assumed to be bounded sets C (so that th — 0 uniformly for h € C ast — 0). For every
normed real vector space X let a covering Cx of X be given which consists of bounded subsets of
X. IfY is another normed real vector space, define S-(X,Y) = {p: X — Y [limi_oSup,c w =
p(0) =0VC € Cx}. Then the class S satisfies the conditions (i) to (iv). With X ranging through all
normed real vector spaces, we can then define the following concepts of differentiation by varying
the covering Cx. Gateaux-differentiation is defined by the choices Cox = {C C X|C finite}. For
Hadamard-differentiation, Cyx = {C C X|C compact} and Fréchet-differentiation uses the cover-
ing Cex = {C C X|C bounded}. The three differentiations will be indicated by the corresponding
authors’ initials. From these definitions it is clear that O implies O which implies O€. It can be
shown that O is actually the weakest S-derivative which fulfills the chain rule.

One general approach to robustness (Hampel, 1968, 1974) is the one based on influence func-
tions which are related to Gateaux-derivatives. Let 93 be the set of probability distributions on
some measurable space (Z,B(Z)) and let A be a reproducing kernel Hilbert space. The influence
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function (IF) of T : M7 — H ata point z € Z for a distribution P is defined as

IF(z;T,P):IEiIgT((l_S)P+862>_T(P), 3)

€

if the limit exists. Within this approach robust estimators are those which have a bounded influence
function.! The influence function is neither supposed to be linear nor continuous. If the influence
functions exists for all points z € Z and if it is continuous and linear, then the IF is a special Gateaux-
derivative.

Christmann and Steinwart (2004, 2007) and Steinwart and Christmann (2008b) showed that
SVMs have a bounded influence function in binary classification and in regression problems pro-
vided that the kernel is bounded and continuous, L is twice Fréchet-differentiable w.r.t. the second
argument, and the first and second F-derivative of L is bounded. Hence Lipschitz continuous loss
functions are of special interest from a robustness point of view. An example of a loss function with
these properties is the logistic loss given by Liog(y,t) := —log(4A(y —t)(1 - A(y —t))), y,t € R,
where A(y —t) = 1/(1+e—(y‘t>). However the important special cases Lg, Lt_pin, and Lc_Huber are
excluded in these results, because these loss functions are not everywhere Fréchet-differentiable.

The present paper tries to fill this gap: we will propose in Definition 1 an alternative to the
influence function. This alternative is based on Bouligand-derivatives whereas Hampel’s influence
function was defined having Gateaux-derivatives in mind. The second goal of this paper is to use
this new notion of robustness to show that SVMs for regression are robust in this sense even if the
loss function has no Fréchet-derivative.

Let us now recall some facts on Bouligand-derivatives and strong approximation of functions.
For the rest of the introduction let X, Y, W, and Z be normed linear spaces, and we consider
neighborhoods A[(xg) of xo in X, A[(yo) of yo in Y, and A (wp) of wp in W. Let F and G be
functions from A’(xo) x A[(Yo) to Z, hy and hy functions from A’(wp) to Z, f a function from
AN (Xo) to Z and g a function from A(yo) to Z. A function f approximates F in x at (Xo,Yo),
written as f ~y F at (Xo,Yo), if F(X,yo0) — f(X) = 0(x—Xp). Similarly, g ~y F at (Xo,Yo) if
F(xo,Y) —0(y) = 0(y —Yo). A function h; strongly approximates h, at wp, written as hy ~ h; at
wo, if for each € > 0 there exists a neighborhood A/ (wg) of wg such that whenever w and w’ belong
to AL(wo), ||(h1(w) —ha(w)) — (ha(W') —ha(W))|| < €[lw—w||. A function f strongly approxi-
mates F in x at (xo,Yo), written as f =~ F at (xo,Yo), if for each € > 0 there exist neighborhoods
N (xo) of xo and A/(yo) of yo such that whenever x and x" belong to A(xo) and y belongs to A (yo)
we have || (F(x,y) — f(x)) — (F(X,y) — f(x))|| < &llx—X|. Strong approximation amounts to re-
quiring h1 — hy to have a strong Fréchet-derivative of 0 at wo, though neither h1 nor hy is assumed
to be differentiable in any sense. A similar definition is made for strong approximation in y. We
define strong approximation for functions of several groups of variables, for example G ~ ) F
at (Xo,Yo), by replacing W by X xY and making the obvious substitutions. Note that one has both
f ~x Fandg =~y F at(xo,Yyo) exactly if f(x) +g(y) ~xy F at(Xo,Yo).

Recall that a function f : X — Z is called positive homogeneous if

f(ax)=af(x) Va>0,vxeX.

Following Robinson (1987) we can now define the Bouligand-derivative. Given a function f from
an open subset X of a normed linear space X into another normed linear space Z, we say that

1. In the following we use the term “robust” in this sense, unless otherwise stated.
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f is Bouligand-differentiable at a point xo € X, if there exists a positive homogeneous function
0B f(xo) : X — Z such that

f(xo+h) = f(xo) +OBf(x0)(h) +o(h). (4)
We can write (4) also as

fim £ (0-+h) — £ (x0) — D% (xo) () ./ Il =©. (5)

Let F: X xY — Z, and suppose that F has a partial B-derivative? OPF (xo,Yo) with respect to x at
(Xo0,Yo). We say OBF (xo,Yo) is strong if F (Xo,Yo) + OFF (X0, Yo) (X —Xo) =%x F at (Xo,Yo). Robinson
(1987) showed that the chain rule holds for Bouligand-derivatives. Let f be a Lipschitzian function
from an open set Q c R™to RK, xo € Q, and f B-differentiable at xo. Let g be a Lipschitzian
function from an open set I  R¥, with f(xo) € T, to R' be B-differentiable at f (xo). Then go f is
B-differentiable at xo and 08(go f)(xo) = OBg(f(Xo)) o OB f(Xo). The fact that B-derivatives, just
as F- and H-derivatives, fulfill the chain rule is no contradiction to the before mentioned fact that
H-differentiability is the weakest S-differentiation which fulfills the chain rule (Rieder, 1994, p. 4)
because the B-derivative is not necessarily a continuous linear function.

In general Gateaux- and Bouligand-differentiability are not directly comparable, because B-
derivatives are by definition positive homogeneous, but not necessarily linear. We will show that
the existence of the BIF implies the existence of the IF and that in that case BIF=IF. Please note that
this in general does not imply that the IF is a Gateaux-derivative.

In this paper, we will prove that many SVMs based on Lipschitz continuous loss functions have
a bounded Bouligand influence function. To formulate our results we will use Bouligand-derivatives
in the sense of Robinson (1991) as defined above. These directional derivatives were to our best
knowledge not used in robust statistics so far, but are successfully applied in approximation theory
for non-smooth functions. Section 2 covers our definition of the Bouligand influence function (BIF)
and contains the main result which gives the BIF for support vector machines based on a bounded
kernel and a B-differentiable Lipschitz continuous convex loss function. In Section 3 it is shown
that this result covers the loss functions Lg, Lt—pin, Lc—Huber, and Liog as special cases. Section 4
contains the conclusions. All proofs are given in the Appendix.

2. Main Result

This section contains our two main results: the definition of the Bouligand influence function and
a theorem which shows that a broad class of support vector machines based on a Lipschitz contin-
uous, but not necessarily Fréchet-differentiable loss function have a bounded Bouligand influence
function. We denote the set of all probability distributions on some measurable space (Z,B(Z)) by
M and let # be a Hilbert space.

Definition 1 The Bouligand influence function (BIF) of the function T : M; — A for a distribu-
tion P in the direction of a distribution Q # P is the special Bouligand-derivative (if it exists)

i |IT((1—€)P+eQ) —T(P) —BIF(Q:T,P)[|,, _

0. 6
€|0 € ( )

2. Throughout the paper we will denote partial B-derivatives of f by OPf, 05 f, 05, f := 08 (05 ) etc.
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The BIF has the interpretation that it measures the impact of an infinitesimal small amount of
contamination of the original distribution P in the direction of Q on the quantity of interest T (P). It
is thus desirable that the function T has a bounded BIF.

Note that (6) is indeed a special B-derivative, because we consider the directions h = €(Q — P)
and xo = P. If Q equals the Dirac distribution &, in a point z € Z, that is &,({z}) = 1, we write
BIF(z; T,P). The choice of the metric on 23 is not important for the definition of the BIF, because
|e(Q —P)|| =€||Q —P|| and ||Q — P|| is a positive constant. For the norm of total variation we obtain
for example,

i IT(P+e(Q—P)) ~T(P)~BIF(QT.P)[, _
£(Q-P)|0 1€(Q =Pl

(cf., Equation 5). Since £(Q —P) — 0 iff € — 0 and by assumption Q # P we obtain (6).

The Bouligand influence function is a modification of the influence function given by (3). Recall
that the Gateaux-derivative of some mapping f at a point xo equals O (xo) (h) = limgo( f (X0 +
eh) — f(xo)) /e if it exists for every h € X. Hence the influence function is the special Gateaux-
derivative with Q = 6, and h = &, — P, if the IF is continuous and linear. However, the BIF is
always positive homogeneous because it is a Bouligand-derivative, which is in general not true for
the influence function. As will be shown in (13), this property leads to the result that for o > 0 and
h :=€(Q — P) the asymptotic bias T ((1 — ag)P +aeQ) — T (P) equals a BIF(Q; T,P) +o(h).

The following simple calculations clarify the connection between the BIF and the IF. In general
we have for B-derivatives with h = gh, where € € (0, %) and h € X with 0 < ||f|| <2,

0,

o [ (0+h) = F(x0) — O%f (x0) ()

0 = lim
-0 I ]
_ || f (%o +€h) — f(xo) — 0B (x0)(h)|
I gl
_ IE'[QH f(xo+8f;) —f(xo) DBf(Xo)(F\)H-

Hence limeo(f (X0 +€h) — f(x0)) /& = OB (xo) (). In particular we obtain for Q # P and taking
0 < ||Q —PJ| < 2 into account that, if BIF(Q; T,P) exists, then BIF(Q; T,P) = limg (T (1 —€)P+
€Q) — T (P)) /e, which is the definition of the IF, if we choose Q = 3,.

We can now give a general result on the BIF of the support vector machine T (P) := fp,. We re-
strict attention to Lipschitz continuous loss functions, because the growth behavior of L plays an im-
portant role to obtain consistency and robustness results as was shown by Christmann and Steinwart
(2007). For notational convenience we shall often write OSL(Y, f(X)) instead of OBL(Y,-)(f(X)),
because f(X) € R. We will sometimes explicitly write “-” for multiplication to avoid misunder-
standings.

Theorem 2 LetX c R%andY C R be closed sets, # be a RKHS with a bounded, continuous kernel
k, fpr € H,and L:Y x R — [0, ) be a convex loss function which is Lipschitz continuous w.r.t. the
second argument with uniform Lipschitz constant [L |1 := supycy |L(Y,-)[1 € (0,). Further, assume
that L has measurable partial B-derivatives w.r.t. to the second argument with

Ky := Sup [|O5L(Y, ), € (0,%0) , Kz 1= sup||TZ,L (Y, )|, < - ()
yey yey
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Let &y > 0,8, >0, A, (fpp) i={f € 2| f — fpa,, <&} A > 3Kz k|2, and P, Q be probability
measures® on (X x Y, B(X xY)) with Ep|Y | < ® and Eq|Y | < c. Define G : (—82,82) x A, (fpr) —
A,

G(e, f) 1= 2Af + E(1_g)preo5L(Y, F(X)) - D(X), (8)

and assume that 05G(0, fpa) is strong. Then the Bouligand influence function of T (P) := fp, in
the direction of Q # P exists,

BIF(Q;T,P) = S™H(EpOSL(Y, fpa(X)) - ®(X)) ©)
_S_l(EngL(Y> fP,)\<X)) : CD(X)) ) (10)

where S : H — H with

S(-) := D8G(0, fpa) () = 2Nidyy () + EpO3,L(Y, fpa (X)) - (B(X), ) 5 P(X),
and BIF(Q; T,P) is bounded.
Remark 3 We additionally show that under the assumptions of Theorem 2 we have:

1. Forsome x and each f € Ag, (fp)), G(-, ) is Lipschitz continuous on (—82,82) with Lipschitz
constant x.

2. G has partial B-derivatives with respect to € and f at (0, fp)).
3. 08G(0, fpy)(h— fpy) lies in a neighborhood of 0 € #, Vh € A, (fpy).

o || O8G0, fp) (1) —O8G(0, fp ) (h2) |,
4. do = Infiy hyeng, (1) fonshurths Thi—Fall,; 4 >0.

5. For each ¢ > dglx there exist constants 83,64 > 0, a neighborhood Az, (fp)) =
{f € 34;||f — fpal|,, < 83}, and a function f* : (—84,84) — N, (fpy) satisfying

v.1) £%(0) = fpy.

v.2) f*is Lipschitz continuous on (—d4,04) With Lipschitz constant |f*|; = &.

v.3) For each € € (—84,084) is f*(€) the unique solution of G(g, f) =0 in Ag,(fp)).
v.4) 0B (0)(u) = (08G(0, fpp)) " (~05G(0, fpp)(u)), U € (—34,34).

The function f* is the same as in the implicit function theorem by Robinson (1991), see
Theorem 7.

Remark 4 It will be shown that Ko = 0 for L = L¢ and L = L;_pin and thus the regularization
condition only states that A > 1k, ||k||3, = 0.

3. Because X and Y are assumed to be closed, P can be split up into the marginal distribution Px and the regular
conditional probability P(- |x), x € X, on'Y. Same for Q.
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Note that S can be interpreted as the (Bouligand-)Hessian of the regularized risk, see (14) and
(17). Further the formula in (9) and (10) is similar to the one obtained by Christmann and Stein-
wart (2007) for the IF of T(P) = fp). The difference is that we used B-derivatives instead of
F-derivatives, because we allow non-smooth L.

Note that the first summand of the BIF given in (9) does not depend on the contaminating
distribution Q. In contrast to that, the second summand of the BIF given in (10) depends on Q and
consists of two factors. The first factor depends on the partial B-derivative of the loss function, and
is hence bounded due to (7). For many loss functions this factor depends only on the residual term
y — fpa(X). The second factor is the feature map ®(x) which is bounded, because k is bounded. For
the Gaussian RBF kernel we expect that the second factor is not only bounded, but that the impact
of Q # P on the BIF is approximately local, because k(x,x") converges exponentially fast to zero if
|[x —X'[|2 is large.

3. Examples

In this section we show that our main theorem covers some SVMs widely used in practice. The
following result treats SVMs based on the g-insensitive loss function or Huber’s loss function for
regression, and SVMs based on the pinball loss function for nonparametric quantile regression.
These loss functions have uniformly bounded first and second partial B-derivatives w.r.t. the second
argument, see the Appendix.

Corollary 5 Let X c R%and Y C RR be closed, and P, Q be distributions on X x Y with Ep|Y | < co
and EqlY | < co.

1. For L € {Li—pin,L¢}, assume that for all > O there exist positive constants &p, &g, Cp, and
Cq such that for all t € R with |t — fp)(x)| < 8]|k||,, the following inequalities hold for all
ac[0,23|k||,) and x € X:

P(Y € [t,t+a]|x) < cpal™** and Q(Y € [t,t+a]|X) < cgal'?e. (11)
2. For L = L¢_Huyber, assume for x € X:
P(Y € {foa(x) — ¢, fpr(X) +c} [X) =Q(Y € {fer(X) —¢, fpr(X) +C} [X) =0.  (12)

Then the assumptions of Theorem 2 are valid: BIF(Q;T,P) of T(P) := fp) exists, is given by (9) to
(10), and is bounded.

For the somewhat smoother Huber loss function we only need to exclude by (12) that the con-
ditional probabilities of Y given X with respect to P and Q have no point probabilities at the two
points fp (x) —cand fp) (x) +c. Therefore, for this loss function Q can be a Dirac distribution and
in this case we have BIF = IF.

For the pinball loss function some calculations give

BIF(Q;T,P) = A/ < fpa(X) |X) = T) D(x) dPx (x)

2)\ X(Q(Y < fP)\( )‘ )—T)CD(X)dQX(x)7
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if the BIF exists. We expect the first integral to be small, because fp) (x) approximates the t-quantile
of P(-|x) and even rates of convergence are known (Steinwart and Christmann, 2008a,b). As will
become clear from the proof, (11) and (12) guarantee that the regular conditional probabilities P(- |x)
and Q(-|x) do not have large point masses at those points where the Lipschitz continuous loss
function L is not F-differentiable or in small neighborhoods around these points. Even for the case
of parametric quantile regression, that is for L = L;_pin, A = 0 and the unbounded linear kernel
k(x,x") := (x,x’), some assumptions on the distribution P seem to be necessary for the existence
of the IF, see Koenker (2005, p. 44). He assumes that P has a continuous density which is strictly
positive where needed.

Nevertheless, the question arises whether Theorem 2 and Corollary 5 can be shown without any
assumption on the distributions P and Q. This is—at least with the techniques we used—not possible
for non-smooth loss functions as the following counterexample shows. Let us consider kernel based
quantile regression based on the Gaussian RBF kernel, that is L = L_pin, kK = krgr, and A > 0.
Hence the set © of discontinuity points of O5L is ® = {0}. Fixx € X and y,y* €Y with y # y*.
Define P = d(xy) and Q = (xy+. Consider fy, f, € N5, (fp)) with fi(x) # f2(x), y — f1(x) >0,
y— f2(x) <0, y* — f1(x) > 0, and y* — f2(x) < 0. Hence, O5L(y, f1(x)) = O5L(y*, f1(x)) = —T and
OBL(y, f2(x)) = OSL(y*, f2(x)) = 1—1. Note that 005,L (y,t) = 0 for all y,t € R. We thus obtain for
the #-norm in (19) that || E(1_g)p.eq (OZL(Y, f1(X)) — OSL(Y, f2(X))) - ®(X)|| ,, = ®(X)]|, > O.
Hence 05G(0, fp,) is not strong in this special case, because ||®(x)||,, is in general greater than
e* || f1 — f2|| 5, for arbitrarily small values of €*.

Now we shall show for Lo that the assumptions (11) or (12) are not needed to obtain a bounded
BIF. It is easy to see that L g is strictly convex w.r.t. the second argument and Fréchet-differentiable
with 05 Liog(y,t) = 1= 2A(y —t), 05 Liag(Y;t) = 2A(y —t)[1 = A(y —t)], and 05, ,Ligg(Y;t) =
—2A(y —t)[1 = A(y —1)][1 — 2A(y —t)]. Obviously, these partial derivatives are bounded for all
y,t € R. Furthermore, K1 = sup,cg |05 Liog(y,-)]1 = 1/2 and kp = supy€R|D§’2L|og(y,-)|1 <1/2,
because an everywhere F-differentiable function g is Lipschitz continuous with |g|1 = |07 9] if
OF g is bounded.

Corollary 6 Let X c R and Y c R be closed, L = Liog, and P, Q be distributions on X x Y with
Ep|Y| < o0 and Eq|Y| < . Then the assumptions of Theorem 2 are valid, and BIF(Q;T,P) of
T(P) := fp, exists, is given by (9) to (10), and BIF(Q; T,P) is bounded.

Corollary 6 is of course also valid for empirical distributions D and Q, consisting of n and m
data points, because no specific assumptions on P and Q are made.
The influence function of T (P) = fp) based on L,oq and error bounds of the type

IT((1—e)P+e3xy —T(P))|,, <c"¢

where the constant c* is known and depends only on P, Q := 9y, and A, were recently derived
by Christmann and Steinwart (2007). We like to mention that Corollary 6 shows that this influence
function is even a Bouligand-derivative, hence positive homogeneous in h = £(Q — P). Therefore,
we immediately obtain from the existence of the BIF that the asymptotic bias of SVMs has the form

f1-aepracqr—fea = T(P+ah)-T(P)

aBIF(Q;T,P) +o(ah) (13)
a(T(P+h)—T(P)+o(h)) +o(ah)

= a(fa_epiegr— fea) +0(ag(Q—P)), a>0.

923



CHRISTMANN AND VAN MESSEM

This equation nicely describes the behavior of the asymptotic bias term f1_¢)p,eqa — fpy if We
consider the amount a€ of contamination instead of €.

4. Discussion

Bouligand-derivatives and strong Bouligand-derivatives were successfully used in approximation
theory, see for example Clarke (1983), Robinson (1987, 1991), Ip and Kyparisis (1992), and the
references cited therein. To our best knowledge however, these concepts were not used so far to
investigate robustness properties of statistical operators.

Therefore, we defined the Bouligand influence function (BIF) as a modification of the influence
function (IF), the latter being related to Gateaux-derivatives and a cornerstone of robust statistics,
see Hampel (1974), Hampel et al. (1986), and Maronna et al. (2006). If the BIF exists, then it is
identical to the IF. The BIF is a positive homogeneous function by definition. This is in general not
true for the IF. We used the BIF to show that support vector machines for regression, which play an
important role in modern statistical learning theory, are robust in the sense of influence functions,
if a bounded continuous kernel is used and if the convex loss function is Lipschitz continuous and
twice Bouligand-differentiable, but not necessarily twice Fréchet-differentiable. The result covers
the important special cases of SVMs based on the g-insensitive, Huber or logistic loss function for
regression, and kernel based quantile regression based on the pinball loss function. The IF of SVMs
based on the logistic loss was recently derived by Christmann and Steinwart (2007) and Steinwart
and Christmann (2008b).

From our point of view, the Bouligand-derivative is a promising concept for robust statistics
for the following reason. Many robust estimators proposed in the literature are implicitly defined
as solutions of minimization problems where the objective function or loss function is continuous
or Lipschitz continuous, but not necessarily twice Fréchet-differentiable. Examples are not only
SVMs treated in this paper, but also M-estimators of Huber-type and certain maximum likelihood
estimators under non-standard conditions. Bouligand-differentiation nicely fills the gap between
Fréchet-differentiation, which is too strong for many robust estimators, and Gateaux-differentiation
which is the basis for the robustness approach based on influence functions. Bouligand-derivatives
fulfill a chain rule and a theorem of implicit functions which is in general not true for Gateaux-
derivatives.
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Appendix A. Proofs

This appendix contains all the proofs of the previous sections.

A.1 Proofs for the Results in Section 2

For the proof of Theorem 2 we shall use the following implicit function theorem for B-derivatives,
see Robinson (1991, Cor. 3.4). For a function f from a metric space (X, dx) to another metric space
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(Y,dy), we define

3(f,X) =inf{dy (f(x1), f(x2)) /dx(X1,X2) | X1 # X2; X1, X2 € X }.

Theorem 7 LetY be a Banach space and X and Z be normed linear spaces. Let xo and yp be points
of X and Y, respectively, and let A_(xo) be a neighborhood of xg and A(yo) be a neighborhood of
Yo. Suppose that G is a function from A((xo) x N (Yo) to Z with G(Xo,Yo) = 0. In particular, for
some @ and each y € A((yo), G(-,y) is assumed to be Lipschitz continuous on A(xo) with mod-
ulus @. Assume that G has partial B-derivatives with respect to x and y at (Xo,Yo), and that: (i)
O8G(xo,Yo)(-) is strong. (i) O5G(Xo,Yo)(y — Yo) lies in a neighborhood of 0 € Z, Wy € A((yo)- (iii)
6(D§G(xo,y0), AN (Yo) —Yo) =: do > 0. Then for each § > dglcp there are neighborhoods U of xp
andV of yp, and a function f*:U — V satisfying (a) f*(Xo) = Yo. (b) f* is Lipschitz continuous on
AN (Xo) with modulus €. (c) For each x € U, f*(x) is the unique solution inV of G(x,y) = 0. (d) The
function f* is B-differentiable at xo with 0B f*(xo)(u) = (DS‘G(xo,yo))*l (—02G(x0,Yo)(u)).

We will also need the following consequence of the open mapping theorem, see Lax (2002,
p.170).

Theorem 8 Let X and Y be Banach spaces, A: X —Y be a bounded, linear, and bijective function.
Then the inverse A=1:Y — X is a bounded linear function.

The key ingredient of our proof of Theorem 2 is of course the map G : R x # — H defined
by (8). If € < 0 the integration is w.r.t. a signed measure. The #-valued expectation used in the
definition of G is well-defined for all € € (82,8,) and all f € AG,(fp)), because k1 € (0,) by (7)
and || ®(x)||,, < ||k||2 < o by (2). For F- and B-derivatives holds a chain rule and F-differentiable

functions are also B-differentiable. For € € [0, 1] we thus obtain

reg
aRI»_,(lfs) P+eQ,A

G(Sv f) = a—y_[(f) = DER}_I”%_F,)P_Q_gQ,)\(f) . (14)
Since f — :Rieafs)msm(f) is convex and continuous for all € € [0,1] equation (14) shows that we

have G(g, f) = 0 ifand only if f = f(;_¢)p, ¢, for such €. Hence
G(0, fpp) = 0. (15)

We shall show that Theorem 7 is applicable for G and that there exists a B-differentiable function
€ — f¢ defined on a small interval (—&z,8;) for some &, > 0 satisfying G(g, f¢) = 0 for all € €
(—8,,8,). From the existence of this function we shall obtain BIF(Q; T,P) = 0B f¢(0).

Proof of Theorem 2. The existence of fp) follows from the convexity of L and the penalizing term,
see also Christmann and Steinwart (2007, Prop. 8). The assumption that G(0, fp)) = 0 is valid by
(15). Let us now prove the results of Remark 3 parts 1 to 5.
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Remark 3 part 1. For f € # fixed let €1, € (—82,02). Using |K||,, < e and (15) we obtain

IE(1-e0)p+es0T5L(Y, F(X)) - D(X) = E(1-g)pre,005L(Y, F(X)) - D(X)]
= |(e1—€2)Eq _pO5L(Y, f(X))  ®(X)|

&1 e [ |TBLY. 100)- @] dIQ - PI(x.)

o1 22| supl DBLLY, 1) sup @031 aQ — PI(xy)

IN

IN

< lea— el 00 sup| 03 Lyw)Hoo/de—P\(w)
< 2Hk||i SUpHmz ya‘Hoo €1 — &2
yeY
= 2|[|K[|Z Kaler—e2| < eo.
Remark 3 part 2. We have
5G(e, 1) = DF(Eq_ep.cq5LIY, F(X))- ®(X))

f(
- DB(EPDEL(Y £(X))- D(X) +€Eq_ pDZL(Y,f(X))-qJ(X))

— EqplBL(Y, f(X))-(X)
—  EQUBL(Y, f(X))- D(X) — EpLBL(Y, (X)) - D(X). (16)

This expectation exists due to (2) and (7). Furthermore, we obtain

08G(0, fp) (h) +0(h)
= G(0, fpr+ h) —G(O0, pr\)
— 2NN+ EpDBL(Y, (fpa(X) +h(X))) - ©(X) — EpTEL(Y, fp (X)) - ©(X)

— 2)\h +EP<D§L(Y, (for(X)+h(X))) — OBL(Y, fp’A(X))> L®(X).

This expectation exists, as the term O5L (Y, (fp(X) +h(X))) — O5L(Y, fpA(X)) is bounded due to
(2), (7), and [[K||,, < 0. Using (DP(X),-)4 € H, we get

O5G(0, fpp) () = 2Nidy () +EpLZ,L(Y, fpp (X)) - (D(X), ) 5 P(X). (17)

Note that EpCI3,L (Y, f(X)) = O3EpOSL(Y, f(X)), because

S~—

O3EROSL(Y, f(X)) —EpOS,L(Y, f(X)
= Ep(O5L(Y, (f(X) +h(X))) = OEL(Y, f(X))) — EpOZ,L(Y, f (X)) +o(h)
= Ep(D3L(Y, (f(X) +h(X))) = OZL(Y, f(X)) — O3,L(Y, f(X))) +0(h) = o(h)

by definition of the B-derivative.
Remark 3 part 3. Let AG, (fp)) be a 8;-neighborhood of fp ). Because # isa RKHS and hence a
vector space it follows for all h € AG, (fp)) that || fpp —h — OH}[ <&, and hence h— fp) € A5, (0) C
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. Note that 05G(0, fp,)(-) computed by (17) is a mapping from # to #. For & := h— fp) we
have [|€||,, < &1 and the reproducing property yields

05G(0, fp) (§) = 2AE + EpL5,L(Y, fpa(X)) - ED(X).
Using (2) and (7) we obtain

208 + Epl5,L(Y, fpa(X)) - ED(X) — O],
2N [IE]l 5 + [|EPOZL(Y, fpa (X)) - ED(X) ]|,
2\ |’E\|}[+§gengzL(y,')Hm €]l 1P(X)]].

2N 18157+ K2 1181 11K
(A + Kz [IK]e) B

IN

IN

IN A

which shows that 05G(0, fp) ) (h — fp,) lies in a neighborhood of 0 € #{, for all h € AG, (fp,).
Remark 3 part 4. Due to (17) we have to prove that

_ HZ}\(fl— f2) + BB ,L (Y, T (X)) - (F1 - f2)¢<X)H
do:= inf

fi#f 1= Fall 4

7L 0.

If f1 # fa, then (2), (7), and A > 1k ||k||2 yield that

[2A(f1 = f2) + EpO5,L (Y, for (X)) - (fr— f2)O(X) |,/ Il f1 — fal
> ([[2A(f1 = f2) [l — [|[BpOZL(Y, foa (X)) - (Fr = f2) (X)) / | f1 = 2l
> 2 —kKz ||k|2 >0

by our assumption, which gives the assertion.

Remark 3 part 5. The assumptions of Robinson’s implicit function theorem, see Theorem 7,
are valid for G due to the results of Remark 3 parts 1 to 4 and the assumption that 05G(0, fpy) is
strong. This gives part 5.

The result of Theorem 2 now follows from inserting (16) and (17) into Remark 3 part 5(v.4).
Using (7) we see that S is bounded. The linearity of S follows from its definition and the inverse of
S does exist by Theorem 7. If necessary we can restrict the range of S to S(H) to obtain a bijective
function S, : H — S(H) with S, (f) = S(f) forall f € #{. Hence S~ is also bounded and linear by
Theorem 8. This gives the existence of a bounded BIF specified by (9) and (10). |

A.2 Calculations for the Results in Section 3

For the proof of Corollary 5 we need the partial B-derivatives for the three loss functions and also
have to check that C05G (O, fpa) is strong. We shall compute the partial B-derivatives for these loss
functions in advance.
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A.2.1 &-INSENSITIVE LOSS

We shall show for the g-insensitive loss L = L¢ that

—h if {t<y—¢g}or{y—t=¢h<0}

0 if {y—e<t<y+egtor{y—t=¢gh>0}
or{y—t=-¢gh<0}

h if {t>y+elor{y—t=—-gh>0}

O5L(y,t)(h) =

and O ,L(y,t)(h) = 0.
For the derivation of O5L(y,t) we need to consider 5 cases.

1. Ift >y+¢g wehavet+h>y+¢aslongas his small enough. Therefore,

O3L(y,t)(h) +o(h) =L(y,t+h) —L(y,t) =t +h—y—e—(t—y—g) =h.

2. Ift<y—¢g, we havet+h <y+¢if his sufficiently small. Thus

OSL(y,t)(h)+o(h) =y—t—h—g—(y—t—g) = —h.

3. Ify—t e (—¢6€) we havey—t —h € (—¢,€) for h — 0. This yields O5L(y,t)(h) +o(h) =
0-0=0.

4. If y—t = ¢ we have to consider 2 cases. If h > 0 and small, then —¢ <y—t—h < g and hence
O8L(y,t)(h)+0o(h)=0-0=0.
If h <0, we havey—t—h > ¢ and thus

O8L(y,t)(h)+o(h)=y—t—h—g—0=—h.

5. Ify—t = —& we have again to consider 2 cases. If h >0, we havey —t —h < —&. Hence
O5L(y,t)(h)+o(h)=t+h—y—g—0=h.
If h < 0, we get —& <y —t —h < g which gives O5L(y,t)(h) +o(h) =0—-0=0.

This gives the assertion for the first partial B-derivative. Using the same reasoning we obtain
05,L(y,t)(h) =0.

A.2.2 PINBALL-LOSS

It will be shown that for the pinball loss L = L;_pin We get

[ 1-79h if {y—t<O0}or{y—t=0,h>0}
DEL(y,t)(h)_{ —th if {y—t>0}or{y—t=0,h<0}

and O3 ,L(y,t)(h) = 0.
For the calculation of OSL(y,t) we consider 3 cases.
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1. Ify—t <0 we havey—t —h < 0 for sufficiently small values of |h|. Hence

OSL(y,t)(h)+o(h) = L(y,t+h)—L(y,t)
— (1-1)(y—t—h)—(-1)y—t) = 1-h.

2. Ify—t > 0we have y—t —h > 0 for sufficiently small values of |h| which yields

O5L(y,t)(h)4+o(h) =t(y—t —h) —t(y —t) = —th.

3. Assumey—t=0. Ify—t—h < 0we have
OBL(y,t)(h) +o(h) = (1 —1)h.
Ify—t—h>0itfollows

OBL(y,t)(h)4+o(h) =1(y—t—h) —t(y—t) = —th.

Together this gives the assertion for OSL(y,t)(h). In the same way we get 5 ,L(y,t)(h) = 0.

A.2.3 HUBER LOSs

It will be shown that for the Huber 10ss L = L¢_Huper We have

5 [ —csign(y—t)h if |y—t|>c
DzL(y,t)(h)—{ —(y—th if ly—t/<c

and

O5,L(y.t)(h) = or {ly—t| <c}

h if {y—t=c,h>0}or{y—t=-c,h<0}
0 if else.

For the derivation of OSL(y,t) we consider the following 5 cases.

1. Lety—t=c.Ifh>00ry—t—h<cthen

O5L(y,t)(h) +o(h) = L(y,t+h)—L(y.t)
L 1 i

Sy —t=h?=S(y-t)°=—(y-th+ .

Ifh<O0ory—t—h>c>0we have

c
CBL) +olh) = cly—t—hl— S — 2y
¢ c?
= c(y—t—h)—?—f
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2. Now we consider the casey —t = —c. Ifh>0ory—t—h < —c < 0 we obtain

2 1
OEL( M) +o(h) = cly—t—h[— = —Z(y—1)?
c2 ¢?

Ifh<Oory—t—h> —cwe get

B 1 2 1 2 h2
DBL(t)(h) +o(h) = Sy —t—h)2— S(y—t)2 = ~(y—h+ -

3. Ify—t >c,wehavey—t—h>candthus

B c? c?
DzLy.t)(h) +o(h) = cly—t—h|—=Z —cly—t|+=

= c(y—t—h)—c(y—t)=—ch=—csign(y—t)h.

4. Ify—t < —c, we have y—t —h < —c and obtain analogously to (iii) that

B c? c?
DaL(y,t)(h)+o(h) = cly—t—h[— = —cly—t[+=

= c(—y+t+h)—c(—y+t)=ch= —csign(y—t)h.

5 If —c<y—-t<c,then—c<y—t—h<cand

2

OB () +0(h) = S(y—t—h)? 2 (y 12 = —(y—t)h+ >

This gives the assertion for O5L(y,t)(h). Only the first two cases, where y —t = ¢, were necessary
to compute, since in the other 3 parts the function is already F-differentiable, and thus also B-
differentiable. For the second partial B-derivative we consider 3 cases.

1. Assumey—t=c. Ify—t—h<cthen
O52L(y,t)(h) +o(h) = D3L(y,t+h) —O5L(y.t) = —(y —t —h) = (—=(y—t)) =h.
Ify—t—h > cthen OZ,L(y,t)(h)+o(h) = —c— (—(y—t)) =0.

2. Assumey—t = —c. Ify—t—h < —c we obtain O3 ,L(y,t)(h)+o(h) =c—(—(y—t)) =0.
Ify—t—h> —cthen

O32L(y.t)(h) +o(h) = —(y—t—h) = (=(y—t)) =h.

3. Assume that |y —t| # c. Then O5L(y,t +h) = OBL(y,t). The difference, and consequently
O5,L(y,t)(h) = 0.
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This gives the assertion for Huber’s loss function.

Proof of Corollary 5. Now that we have shown that these loss functions have bounded first and
second partial B-derivatives, we are ready to check if 05G(0, fp) is strong in these cases. Recall
that D?G(O, fpa) is strong, if for all €* > 0 there exist a neighborhood A, (fp)) and an interval
(—02,82) with 81,8, > 0 such that for all f1, f, € AG, (fp)) and for all € € (—52,8,) we have

1(G(e, f1) —g(f1)) — (G(E, f2) — ()| ,y < € [1f1— Fall 47 , (18)
where

g(f) = 2Mpa(X)+EpLBL(Y, fpa(X)) - D(X) + 2Nidy(f(X) = fp (X))
FEROEL(Y, fo (X)) - ((F(X) — (X)), ®(X)) 5 ®(X), T € 91,

Fix €* > 0. Obviously, (18) is valid for f; = f,. For the rest of the proof we therefore fix arbitrary
functions f1, fo € AG, (fp)) with fy # fo. We obtain for the term on the left hand side of (18) that

H (2)\ f1(X) + E(1_g)preod5L(Y, f1(X)) - B(X)
— 2\ fpa(X) —Ep5L(Y, fpa(X)) - ®(X)
—2N(f1(X) = T (X)) — EpOZoL (Y, for (X)) - (F1(X) — fp (X)) @(X))
_ (2)\ f2(X) + Eq1_g)preod5L(Y, f2(X)) - D(X)
— 2\ fpa(X) —Ep5L(Y, fpa(X)) - (X)
= 2M(£2(X) — fipr (X)) — EpDBAL(Y, for (X)) - (F2(X) — fea (X)) @(X)) ||
= B eprea(TELY, 12(X)) — DEL(Y, f2(X)) ) - @(X) (19)

~EpBL(Y, fep (X)) (f2(X) — 20))®(X)|

IN

21— &l [ e (DBL(Y, (X)) — DBL(Y, f2(X))
= OZL(Y, o (X)) - (F2(X) = 120X)) ) o(X) |
+le] HEQ(DEL(Y, £1(X)) — CBL(Y, fz(X))) -d)(X)H}[

¢l | EpTZL (Y, fpr (X)) - (fa(X) — f2(X))0(X) |
= |[1—¢|A+|e|B+g|C. (20)

H

We shall show that (20) is bounded from above by €* || f1 — f2||,,. When we look at the first par-
tial B-derivatives of our loss functions, we see that we can separate them in 2 cases: for L¢ and
L:—pin there are one or more discontinuities in DEL, whereas DEL is continuous for Le_Huper. Re-
call that the set © of points where Lipschitz continuous functions are not Fréchet-differentiable,
has Lebesgue measure zero by Rademacher’s theorem (Rademacher, 1919). Define the function
h(y, fu(x), f2(x)) := O5L(y, fa(x)) — O5L(Y, f2(x)). For L € {Lg,Li—pin}, denote the set of dis-
continuity points of OSL by ©. Take f1, f, € AG,(fpa). For OSL(Y, fpa(X)) ¢ © we obtain
OBL(Y, f1(x)) = OBL(Y, f(x)) for sufficiently small &; and hence h(y, f1(x), f2(x)) = 0. If, on
the other hand, OBL(Y, fp, (X)) € D and f1(x) < fpp(x) < f2(x) or fo(x) < fp,(X) < f1(x), then
OBL(Y, f1(x)) # OBL(Y, f2(x)) and hence h(y, f1(x), f2(x)) # 0. Define m = 2|D|.

931



CHRISTMANN AND VAN MESSEM

A.2.4 PINBALL LOsS

Using the first part of this proof we see that for the pinball loss L = L;_pin we obtain
Ih(y, f1(x), f2(x))| < c1, withcy =1, © = {0}, m= 2, and DEZL(y,t) =0, forall t € R. For all
f e N5, (fpa) we get

1100 = (0] < [|f = fon [l < IKll [[f = fon Loy < [IKll 31 (21)

Further
[f1(x) — f2(x)| < [[f1— F2ll, < [IKlleo [ 1 — F2ll 4 < 2]K]|o 1. (22)

Using (21), (22), and (11) we obtain

A

[Ep(DZLY, f1(X)) — OZL(Y, f2(X))) - D(X) [,

< Epln(Y, f1(X), f2(X)) | ®(X)|
< [KIIZEp|n(Y, f1(X), f2(X))|1{nz0)
< K2 eP(DBL(Y, F1(X)) # DEL(Y, F2(X))
= IKIZ (PY = f1(X) < O} ALY = f2(X) > 0})

—|—P({Y—f2(X)<0}/\{Y—f1(X)>O})>
= I [ P(Y € (20), 100) %)+ P(Y € (1) F20) [X)dPx ()
= IKIZ [ PY & (1200, F200 + [1200 = T2 0] )

+P(Y € (f1(x), fr(x) + [f2(x) — f1(x)]) | X)dPx (X)
< mikI | celfax) — f20) [Py ()

X

< m|KlfZcpl fr— ff| 55
< mep KIS | f1— fall5

where Px denotes the marginal distribution of X. Similar calculations give that B < mcg k|38
|| f1— lelﬁEQ. We obtain C = 0, because DEZL(Y, fpA (X)) = 0. Hence, the term in (20) is less than

or equal to
3 1+& 3 1+&
|L—glmep KIS [[f1— fall 5 + lelmeg KIS @ f1 — fal

&
(11 —elcp[[KIIZ | 1 — f201% + [eleq IKI3R || fr — f2152 ) mIKI[2 || f1 — fall
< & fi—fal g,

where &* = (|1~ elcp [K|1& 2685 + [e|cq K| % 283)m ]2

A.2.5 g-INSENSITIVE LOSS

The proof for the g-insensitive loss L = L is analogous to the proof for L;_pin, but with ¢, = 2,
D = {—¢,+€}, m =4 and thus we must consider 4 cases instead of 2 where h(y, f1(x), f2(x)) # 0.
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A.2.6 HUBER LoOSss

For Huber’s loss function L = L¢_Hyber We have \DEZL(y,t)] < 1:=cp and h(y, f1(x), fa(x)) is
bounded by c1 = 2c. Let us define

h(y, foa (%), f1(X), f2(x)) == O5L(y, f1(x)) — O5L(y, f2(x))
—03,L(y, fpr (X)) - (fL(x) — f2(X)).

Somewhat tedious calculations show that there are 8 cases where h*(y, fp (x), f1(x), f2(x)) # 0
and 6 cases where h*(y, fp)(x), f1(x), f2(x)) = 0. In each of the 8 cases, y — fp)(x) € {—c,c}
and |h*(y, fpx (x), f1(x), f2(x))| < |f1(x) — f2(x)|. Due to symmetry of the Huber loss function, the
calculations are quite similar, therefore we only consider here some cases.

If —c <Y — fpa(x) <c, then O3,L(Y, fpa(x)) - (fo(x) — f2(x)) = f1(x) — f2(x) and for suffi-
ciently small &1, OSL(Y, f1(x)) = —(Y — f1(x)) and OBL(Y, fz( )) = —(Y — f2(x)). A small calcu-
lation shows that h*(Y, fp (x), f1(x), f2(x)) = 0.

By straightforward calculations we also obtain that h*(Y, fp (x), f1(x), f2(x)) = 0 for the fol-
lowing 5 cases:

— fpa(X) < —corY — fpy(x) >,

2. Y —fpp(x) = —cand fp) (x) > f2(x) > f1(x),
fpa(X) = —cand f(x) > fa(x) > fp)(X),

(
(
fpa(X) = cand fp) (x) > fa(x) > f1(x),
fpa(X) =cand f1(x) > fa(x) > fp)(X).

IfY — fpa(X) = —c and f1(x) > fpr(X) > fa(x), we get OSL(Y, f1(X)) = ¢, OSL(Y, fa(x)) =
—(Y — f2(x)) and DEZL(Y, fpa(x)) - (f1(x) — f2(x)) = 0. Hence,

W (Y, fpr (%), F1(x), f2(X)) = €+ — f2(x) = fpp () — f2(X) #0,
since f2(x) < fpy(Xx).

Analogously, some calculations show that h*(Y, fp)(x), f1(x), f2(x)) # 0 for the following 7
cases:

1. Y — fpa(x) = —cand fa(x) > fp)(x) > f1(x),
2. Y — fpp(x) = —cand fp)(x) > f1(x) > f2(x),
3. Y —fpa(x) = —cand fa(x) > f1(x) > fpy(x),
4. Y — fpa(x) =cand fy(x) > fpy(x) > f2(x),
5. Y — () = cand f2(0) > fpp (%) > f1(x),
6. Y — fpa(x) =cand fpx(x) > fi1(x) > f2(x),
7. Y — fpa(x) =cand fa(x) > f1(x) > fpi(x).
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Using (12) in (20) we get for the term A in (20) that
A = [[Eph*(Y, fpr(X), f1(X), f2(X))®(X) ||,
< K [ 107 (3. T 00, F29), Tolx >>11{h 4oy dP(1,Y)

< ||k||oo/]f1 X)IP(Y € {—c+ fpr(X),C + for (x)}[X)dPx (x) = 0.

IN

Also C = HEPDEZL(Y, for (X)) - (f1(X) — f2(X))<D(X)H5{ <K |[k|[3 || f1— T2/l . One can compute

the analogous terms to A and C, say A(Q) and C(Q), respectively, where the integration is with
respect to Q instead of P. Combining these expressions we obtain

B = |[[E(OSL(Y, f1(X)) —OSL(Y, f2(X))) - ©(X) ||,
< Eq|O5L(Y, fi(X)) — O5L(Y, f2(X)) —
O8,L(Y, fea (X)) - (FL(X) — f2(X))]|D(X)
+Eq|OZ,L(Y, fpa(X)) - (f1(X) — f2(X))| [@(X)
AQ)+C(Q) < KzlIKI[ || 1 — 2l

Hence, the term in (20) is less than or equal to £* || fy — f2||,, Where £ = 2|¢|k> |Ik[|2. This gives the
assertion, because |€| can be chosen arbitrarily small. |

Proof of Corollary 6. Both partial F-derivatives 05 Ljog(y,t) = 1 — 2A(y —t) and D572L|og(y,t) =
2\(y —t)[1 — A(y —t)] are clearly bounded, because A(z) € (0,1), z€ R. We only have to show
that 05G(0, fpy) is strong for L = Lo, that is that the term in (19) is bounded by €* || f, — f]|,, for
arbitrary chosen €* > 0. A Taylor expansion gives for arbitrary y,t1,t> € R that

Ay —t2) = Ay —t2) + (. —t2) Ay —ta) (L = A(y —t1)) + O((t1 —t2)?). (23)
Combining (2), (21), (22), and (23) we obtain

|Ep(O5L(Y, f1(X)) — O5L(Y, f2(X)) — O3,L(Y, fp) - (f2(X) — f2(X))) ®(X))|

< 2[[K|IZEp|A(Y — f2(X)) = A(Y — f1(X))
—A(Y = fpa (X)) (L= A(Y = fpr (X)) (f2(X) — f2(X))]
< 2|K|ZEp|(fa(X) <><>)[ (Y = (X)) (L= A(Y = f2(X)))
—A(Y = o (X)) (L =AY — fpr(X)))] +O((f1(X) — f2(X))?)|
< 2|KIZEp([IfL— fall [ALY — f2(X)) (2= A(Y — f1(X))) (24)

—A(Y = fea(X)) (L= A(Y = fpa(X)))| +call fr = f2ll5,)

A Taylor expansion around fp (x) shows that A(y — f1(x))(1—A(y — f1(x))) equals

Ay = fpa(x) (L= Ay — fpr (X))
+ (fea(x) = f2()) ALY — For (X)) (1= Ay — fpa (X)) (1 = 2A(y — fpp(x)))
+ O((f1(x) — fpa(x))?).
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Using this expansion and (2), (21), and (22) it follows that the term in (24) is bounded by
2/KlIEp (11— falle (]| 1 — foall., /4 -+ cadd KIIS) +call fr — F2]12)
< (1Kl (81/2 + 248 [[Kll., +4c381) || 1~ Fall 4 (25)
Using the Lipschitz continuity of OSL(y,-), (2), and (23) we obtain
el Eq-p| (O3L(Y, f1(X)) = O5L(Y, f2(X))) - (X))
€l [1K[12 Ejq-p | T5L(Y, F1(X)) — OEL(Y, f2(X))]
< [l 1Kl 1 fr = Fall s - (26)

Combining (25) and (26) shows that the term in (19) is bounded by €* || f; — ||, with the positive
constant € = ||| (81 [[K||, /2 + 2482 [|K||2 +4c31 [|K||,, + |€]), where 8, > 0 and € > O can be
chosen as small as necessary. |

ARVAN
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