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Abstract

The acceleration of gradient-based optimization methods is a subject of significant practical and
theoretical importance, particularly within machine learning applications. While much attention
has been directed towards optimizing within Euclidean space, the need to optimize over spaces of
probability measures in machine learning motivates the exploration of accelerated gradient meth-
ods in this context, too. To this end, we introduce a Hamiltonian-flow approach analogous to
momentum-based approaches in Euclidean space. We demonstrate that, in the continuous-time
setting, algorithms based on this approach can achieve convergence rates of arbitrarily high order.
We complement our findings with numerical examples.

Keywords: Acceleration methods, Momentum-based methods, Hamiltonian flows, Wasserstein
gradient flows, Heavy-ball method.

1. Introduction

The search for a probability measure that minimizes an objective functional plays a significant role
across many machine learning problems, encompassing areas such as generative modeling (Kingma
and Welling, 2014; Goodfellow et al., 2014; Sohl-Dickstein et al., 2015; Ho et al., 2020; Song et al.,
2021; Bengio et al., 2000), Bayesian inference (Jordan et al., 1999; Wainwright et al., 2008; Hoffman
et al., 2013; Blei et al., 2017; Rezende and Mohamed, 2015; Lambert et al., 2022; Geffner and Domke,
2023) and reinforcement learning (Ziebart et al., 2008; Toussaint, 2009; Peters et al., 2010; Levine,
2018). These problems are stated as

px = argmin Ep], and FEy = E[p«], (1)

peP(Q)

where P(Q) is the collection of all probability measures supported on Q < R% and E : P(Q) — R
maps probability measures to R. Throughout the paper, we use [-] to denote the dependence of a
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Property Convex m-Strongly Convex
Objective 7@ Bl f@)  Elp)
Gradient Flow O(1/t) O(e=2m)
Heavy-ball Method o(1/t) Oe=vV™)
Variational Acceleration | O(e ) -

Table 1: Convergence rates of three momentum-based methods. All three methods share the same
convergence rate to optimize a finite-dimensional function f(x) and a functional E[p].

functional on a function/probability measure. With a slight abuse of notation, we do not distinguish
probability measures from their Lebesgue densities.

In this article, we focus on the continuous-time setting for solving (1). Analogous to the gradient
flow in Euclidean space, a gradient flow on the space of probability measures can be used to find
the minimizer. We define a gradient flow in P(£2) by making p depend on a “time” variable ¢ > 0
(notation: p¢) and writing

Otpr = —VDE[Pt] ) (GF)

where Vp is an appropriately chosen metric on the space of probability measures. A commonly
employed metric in the literature is the Wasserstein metric (Otto, 2001). The gradient flow deter-
mined by the Wasserstein gradient exhibits the same convergence rate as that of gradient flow in
Euclidean spaces; see Table 1.

Given the numerous strategies developed to accelerate first-order (gradient-based) optimization
methods in Euclidean space, it is natural to seek counterparts of these methods to optimization
over the space of probability measures. Specifically, we are curious as to whether momentum-based
acceleration methods on Euclidean space can be adapted to optimization problems of the form (1).
Our focus lies on the convergence properties in continuous time, prompting the following questions:

e Is there a “heavy-ball” method applicable to (1), and is it provably faster than gradient flow
(GF), akin to its superior performance for convex objective functions in Euclidean space?

e Is there a “Nesterov acceleration” method applicable to (1), does it exhibit provable speedup
over gradient flow?

e What is the optimal convergence rate achievable by a first-order algorithm for (1) when
employing a momentum strategy?

In addressing these questions, we design algorithms for minimizing over the space probability
measures, resembling heavy-ball methods, variational acceleration methods (with Nesterov acceler-
ation being one instance), and, more generally, Hamiltonian flows. These new algorithms demon-
strate provable acceleration over regular gradient flow, mirroring their counterparts in Fuclidean
space. By careful design of the Hamiltonian, we achieve convergence of e ? for almost all choices
of B¢, including §; =t and logtP for any power p > 0; see Table 1.

These developments hinge on two observations:

e In Fuclidean space, many momentum-based acceleration methods rely on a carefully crafted
Hamiltonian term h; : R x R — R. It is shown, for various methods, that as long as particles
follow trajectories defined by

T = Vyhi(z,v), 0 =—Vh(x,v), (2)
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these particles can descend to the global minimum faster than the classical gradient flow. To
obtain the acceleration effect in the space of probability measures, we need to conjure up the
“Hamiltonian” concept for these spaces.

e The second observation is that a probability measure can be approximated by its samples:
1N
N d
pNNi;(SxieP(R) N e N.

The evolution of p in the space of probability measures can be fully translated to the motion
of its representative samples {z1, z2,...,xn}. In the current context, methods such as heavy-
ball and Nesterov prescribe the motion of particles by assigning dynamics to (z;,v;). By
deploying the relation between the motion of the particle sample and the evolution of its
corresponding probability measure, we can lift these methods to define an evolution for p.

With these two observations in hand, and noting that each particle can be fully described by
(z;,v;) € RY x R?, we define the empirical measure

N
1
H= 20w € PRI xR, NeN, (3)
1=1

over this extended space—henceforth called the phase space. Deploying the relationship between
the motion of particles and the empirical measure p, and utilizing (2), we arrive at the Hamiltonian

flow equation:
0H 0H
Ot + Vg - <Mtvu51ut[#t]> - V- <Mtvz5’ut[ut]> =0, (4)

where H; is the counterpart of h; lifted to the space of probability measures defined by
il = | | hila,o) dutav).
R2d

and with %[Mt] being its variational (Fréchet) derivative evaluated at u;!.

The formulation (4) serves as the foundation of our algorithm design. In particular, it is devised
under the assumption that H; and h; are connected via a linear form, yet it remains valid for a
general form of Hy. More precisely, it holds when

Hy[p] = Ki[p] + Pfp], (5)

with K; and P; representing the kinetic and potential energy functionals, respectively. The core of
our strategy lies in carefully crafting the form of these functionals and connecting them to E[p] to
achieve acceleration.

1. The Fréchet derivative is the counterpart of Euclidean derivatives in a function space. The Euclidean derivative
of a function V f(z) measures the first-order differentiation of this function at a point z: f(z + Az) — f(z) ~
(Vf(z),Az), with the bracket notation denoting the inner product defined on Euclidean space. Since z € R?, we
have Vf(z) € R%. Similarly, the Fréchet derivative quantifies the first-order differentiation of a functional over
the change in a function:

Hpu+ ) — H[u] ~ <§—Z[u], 5u> = [ S du(e) =,

with the bracket notation denoting the inner product or duality pairing on the function space. In the following,
we use % and % to denote the Fréchet derivatives of functionals that take in probability measures over R* and

R? x RY, respectively.
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As in the Euclidean setting, the design of Hamiltonian induces a variety of convergence be-
haviors. By tailoring H; to be consistent with the Hamiltonian term h; crafted for the heavy-ball
and Nesterov acceleration in Euclidean space, we can replicate these acceleration techniques over
spaces of probability measures and establish the equivalence of convergence rates in these settings.
Formal statements of our main results are given below.

Heavy-ball flow. The heavy-ball method was introduced by Polyak in 1960 (Polyak, 1964). In
the continuous-time setting, the particle moves along the trajectory defined by

T =, 0 =—av—Vf(z), (6)

where a > 0 is a user-defined parameter, independent of ¢. The method has o(1/t) convergence
for convex objective functions, and has faster convergence than gradient flow for strongly convex
objectives, changing the rate from modulus of convexity m for gradient flow to /m for heavy ball,
whenever m € (0,1) is small.

As we discuss below in Section 4, analogous dynamics in the space of probability measures are
captured by the following heavy-ball flow equation

oF
Sote + Vo - (va0) — V- (( ; vxép[uif]) m> _0, (HBF)

where ;;* denotes the z-marginal of ;. Note the similarity between the coefficients of (6) and
(HBF). The theoretical guarantee is also the same.

Formal Theorem A Let E : P(RY) — R be conver along 2-Wasserstein geodesics (see Defini-
tion 2) and let u; be a solution to the heavy-ball flow equation (HBF). Then its x-marginal ;<
satisfies

1
Furthermore, if E : P(RY) — R is m-strongly conver along 2- Wasserstein geodesics (see Defini-
tion 2) and we set a = 24/m, we have

B[] - E. < O(e™V). (®)

Note that the convergence rates in (7)-(8) exactly match those of the heavy-ball method (Attouch
and Cabot, 2017; Wilson et al., 2016). The rigorous statement of this result is Theorem 7.

Variational acceleration flow. Variational acceleration methods (Wibisono et al., 2016) include
Nesterov acceleration (Nesterov, 1983) as a special case. Each member of the class is defined by
a triplet (ay, B ,v:) that satisfies certain requirements and follows the trajectory defined by the
associated Hamiltonian:

T=w, b= — (% — dy)v — TPV (). (9)

The method is known to converge with the rate e % for convex objective functions f. Essentially,
this means the method can converge at an arbitrary rate, given that 8; can be chosen to be any
rapidly increasing function of ¢.

In Section 5, we analyze the counterpart of this approach in the space of probability measures,
which we term as the variational acceleration flow equation:

. . SE
Ot + Vg - (vpg) — Vy - <((% —&y)v + e? t+5tvx6p[uf(]> ,ut> =0. (VAF)

4
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Note once again the similarity between the coefficients of (VAF) and (9). We establish the following
convergence result.

Formal Theorem B Let E : P(R?) — R be convex along 2- Wasserstein geodesics (see Defini-
tion 2) and let uy be a solution to the Hamiltonian flow (VAF). If the optimal scaling conditions
(44) hold, then the x-marginal p;X satisfies

E[1X] — B« < O(e™P). (10)

As before, the rate of convergence in (10) exactly matches that of the corresponding class of methods
in the Euclidean space (Wibisono et al., 2016). The rigorous statement can be found in Theorem 9.

1.1 Summary of Related Work

We identify two types of research results most relevant to the current paper: (1) Acceleration opti-
mization methods (first-order momentum-based methods) on Euclidean space, and (2) accelerated
methods on manifolds and for Bayesian sampling, a problem that shares many characteristics with
ours.

Momentum-based type methods achieve acceleration by including an artificial momentum or ve-
locity variable. Notable examples include the heavy-ball method (Polyak, 1964) and the Nesterov’s
accelerated method (Nesterov, 1983), which has the optimal convergence rate for convex functions
(Nesterov, 2003) and strongly convex functions (Nemirovskij and Yudin, 1983). Traditionally stud-
ied in the discrete-in-time setting, recent years have seen investigations of their continuous-time
counterparts (Attouch and Alvarez, 2000; Cabot et al., 2009; Attouch and Cabot, 2017; Attouch
et al., 2018; Su et al., 2014; Shi et al., 2021; Krichene et al., 2015; Wibisono and Wilson, 2015;
Wilson et al., 2016; Betancourt et al., 2018; Muehlebach and Jordan, 2019; Diakonikolas and Jor-
dan, 2021; Scieur et al., 2017; Moucer et al., 2023; Polyak and Shcherbakov, 2017; Allen-Zhu and
Orecchia, 2017; Zhang et al., 2018; d’Aspremont et al., 2021; Maddison et al., 2018; Franca et al.,
2020). Continuous-time analysis typically employ a Lyapunov function (Polyak and Shcherbakov,
2017). In Wibisono et al. (2016), the authors found that the introduction of the momentum variable
allows one to achieve an arbitrarily high order of convergence, either through a special design of
the Hamiltonian or through the time-dilation technique.

Accelerating convergence of first-order methods over the space of probability measures has yet
to attract considerable interest, despite the evident importance of this optimization problem in
machine learning applications. Topics related to this issue are discussed in Dwivedi et al. (2018);
Cheng et al. (2018); Shen and Lee (2019); Lu et al. (2019); Garcia Trillos and Morales (2022);
Chow et al. (2020); Liu et al. (2019); Ma et al. (2021); Taghvaei and Mehta (2019); Wang and
Li (2022); Zhang et al. (2023). Liu et al. (2019) proposes a framework for a class of accelerated
Riemannian optimization algorithms over the probability manifold P(R?%). Momentum-based ac-
celeration methods are formulated as optimal control problems in Taghvaei and Mehta (2019), and
a Lyapunov function is derived by drawing upon the analogy to classical methods. In the context
of Bayesian sampling, Ma et al. (2021) adopts the perspective of extending probability measures
to having support on the phase space and formulates the underdamped Langevin dynamics as a
flow over the extended space. Convergence of the flows is proved under an assumption that the
log-Sobolev inequality holds.

Among the papers referenced, we identify Chow et al. (2020) and Wang and Li (2022) as the
ones related most closely to our work. Both papers leverage the second-order differential structure
over the manifold of probability measures. Chow et al. (2020) directly formulate the second-order
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differential equation, and Wang and Li (2022) adopt a strategy involving the introduction of a
Hamiltonian flow across the tangent bundle of the probability measure space.

Both these works build on the definition of “Hamiltonian flow,” so on the surface, they are quite
similar to ours. However, there are important differences with our work. Specifically, both studies
develop their flow on the physical space, focusing on the quantity p(¢,z). In contrast, our approach
introduces a distribution over the phase space, with the PDE spanning the entirety of u(t,z,v).
This shift in perspective results in two major consequences:

e There is no immediate well-posedness theory for the PDEs developed in Chow et al. (2020)
and Wang and Li (2022): their PDEs may not have unique solutions. Stringent regularity
assumptions were imposed in a different work by one of the authors of our article Carrillo
et al. (2019a) to ensure the existence of a unique solution. On the contrary, the Hamiltonian
flow PDE of our present paper is guaranteed to have a unique solution Ambrosio and Gangbo
(2008). Similarly, while Wang and Li (2022) do provide a Lyapunov analysis of their flow,
their proof relies on a smooth optimal transport map: It assumes that both the target dis-
tribution and the flow solution have Lebesgue densities. In comparison, we work directly on
the transport plan and thus can circumvent the regularity assumption.

We believe these improvements to have mathematical depth and to resonate with the com-
parison between the compressible Euler equation and the Boltzmann equation. The Euler
equation serves as the counterpart of the Boltzmann equation on the fluid dynamics side.
While Euler develops blow-up singularities, the Boltzmann equation is well-posed DiPerna
and Lions (1989). By adding velocity to the unknowns, PDE solutions can span out the
singularities to form a regular solution.

e Another important consequence of this difference in formulations lies in the particle repre-
sentation. In deriving the equations for p(t,x), Chow et al. (2020) and Wang and Li (2022)
relied on the so-called mono-kinetic ansatz, implying that the velocity v(t,z) = V(t, x)
lives on the tangent bundle, and is a function of the space variable . Our approach does
not make this assumption, since v is an independent variable, allowing different particles at
the same location x to have different velocities. Essentially, while Chow et al. (2020) and
Wang and Li (2022) track only the bulk velocity, we allow particles the freedom to roam
with individual velocities. Such a conceptual difference resonates with the improvement by
the Underdamped Langevin Monte Carlo (ULMC) (Cao et al., 2023; Ma et al., 2021) over
the overdamped Langevin Monte Carlo (LMC), where ULMC allows particles to adjust the
velocity according to the Hamiltonian, and the PDE is formulated on phase space.

Tanaka (2023) explores an extension of Nesterov’s accelerated method over the space of prob-
ability measures. The results in that paper are based on a notion of convexity called transport
convezity, which differs from geodesic converity considered in our work. This notion can be difficult
to verify for several commonly used geodesically convex functionals, including the KL divergence.
Additionally, Tanaka (2023) does not provide a convergence rate for the heavy-ball method.

1.2 Organization of the paper

There are two main technical components of the paper. The first is the Wasserstein metric and
its induced flow and convexity, while the second concerns Hamiltonian flow methods developed
for accelerating optimization in Euclidean space. We review these techniques in Section 2. Sec-
tion 3 presents our major contributions; We present the Hamiltonian flow PDE in its most general
form, and describe the two examples: the heavy-ball method and the variational acceleration flow.
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The convergence rates of these methods are discussed in Theorem 7 and Theorem 9, respectively.
Section 4 and Section 5 are dedicated to the proof of the two theorems.

2. Background knowledge

This section outlines notions relevant to this paper from our two fundamental building blocks:
the Wasserstein metric for quantifying distances between probability measures and its induced
convexity, and the Hamiltonian flow that guides the dynamics of particles to achieve acceleration.
(Readers familiar with these topics can skip this section.)

2.1 Hamiltonian flows

The idea of accelerating convergence in the space of probability measures arises from the fact that
Hamiltonian flows accelerate classical optimization methods in the Fuclidean space. For the latter,
we consider the minimization problem

Xy € argmin f(x), (11)

zeR4

where f: R - R is a sufficiently smooth convex objective function. We denote the optimal value

by fi = f(@x).

A function f: R? — R is m-strongly convez if

The parameter m > 0 is called the modulus of convexity. When m = 0, we recover the standard
convexity condition. An equivalent definition is that for all z,y € R?, we have

[tz + (1 —ty) <tf(x)+ A -1)f(y) - %t(l —t)|z —yl?, vte[0,1]. (13)

The most basic first-order strategy for finding the optimal point is the gradient descent method,
from which Gradient Flow equation is derived:

& =-Vf(z). (GF)
It is well known (see for example Polyak and Shcherbakov, 2017) that (GF) converges with the rate

(14)

fl@@®) — fe <O(t71) for convex f,
flz(t)) — fe < O(e‘2mt) for m-strongly convex f .

There are many ways to speed up these convergence rates, and Hamiltonian flows provide a path
to do so. This approach adds to the position x a velocity v and evolves (z,v) according to a
Hamiltonian trajectory. Defining the Hamiltonian h; : R? x R4 — R so that

hi(x,v) = k(v) + pe(x), (15)

with k; and p; termed the kinetic and potential energy, respectively, the Hamiltonian trajectory is
defined by (2), restated here:

T = Vyhi(z,v), 0 =—=Vh(x,v). (16)

By selecting carefully h;—specifically k; and p;—one can show that the sample following (16)
converges to x4 with accelerated speed. We define the two most famous examples of methods in
this class.
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Example 1 (Heavy-ball ODE (Polyak, 1964)) When we set

efat

k() = —-[vl*,  pi(2) = e f(2), (17)
the Hamiltonian flow (16) becomes
i =e "y, U= —e"Vf(x). (18)

Via a change of variable and definition of the scaled velocity u = e~%v, we obtain
T=u, U= —au— Vf(x). (19)

Compared to (14), the heavy-ball method speeds up the convergence of the gradient flow (GF) in both

convezr and m-strongly convex cases. Specifically, we have (see Attouch and Cabot, 2017; Wilson
et al., 2016) that

f@(t) = fs <o(t™) for convex f, when we set a >0, (20)
< O(ef\/mt) for m-strongly convex f, when we set a = 2+1/m .

Example 2 (Variational acceleration (Wibisono et al., 2016)) Variational acceleration meth-
ods give rise to a large class of algorithms proposed in Wibisono et al. (2016) that deploy the
following kinetic and potential energy:

=7t

k() = ——[ol*,  pul) = eI f(x) (21)

where oy, By, vt are time-dependent user-defined parameters. For this definition of the Hamiltonian,
the flow is

T =e* My, b= —eTAENYf (1), (22)
Defining the scaled velocity u = e**~ v, these equations become
i=u, 0= (&—3)u—ePVf(z). (23)

Under mild assumptions, it was proved in Wibisono et al. (2016) that the dynamics speed up the
convergence of (GF) when f is convex, the new rate being

fla(t) = f« <O(e™™). (24)

One special example within this framework is the Nesterov acceleration method, which chooses
a; = log(2/t), B = log(t?/4), and ~; = 2log(t) and yields

T =u, az—gu—Vf(x). (25)

For this approach, we obtain

f@(t) = f<O(t7?).
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2.2 Wasserstein metrics and induced convexity

The set of probability measures forms a nonlinear manifold. To quantify the distance between two
distributions, the standard Ls norm inherited from the Hilbert space is insufficient. Instead, we use
techniques developed for Riemannian metrics (Otto, 2001). We present the main concepts here,
omitting details.

Denoting by P2(R%) the collection of all probability measures supported on R? that have finite
second moment, we have the following definition of the 2-Wasserstein distance.

Definition 1 Given two probability measures pi,p2 € Pg(Rd), the 2-Wasserstein distance Wy be-
tween them is defined by

W3(p1, po2) = inf{f |z =yl v(dady) : v e F(m,m)} : (26)
R x R4

where
D(prp2) = {7 € Po®! xR« (w)yy = pr, (x)57 = pa

denotes the collection of all couplings between py and ps. Here, (Tri)w,i = 1,2 denotes the i-th
marginal of the coupling measure v. We denote by T's(p1, p2) < T'(p1, p2) the collection of optimal
couplings that attain the minimum in (26).

Note that T', is always non-empty (Villani et al., 2009). According to Brenier’s theorem (Brenier,
1991), when the marginal measure p; (or p2) has Lebesgue density, the optimal coupling ~, is
unique and is induced by a unique transport map 7' : R — R?, that is, 7, = (id x T)4p1.

The 2-Wasserstein distance induces a (formal) Riemannian structure (Otto, 2001) onto Pa(R).
On a Riemannian manifold, the notion of a gradient can be defined through the underlying metric,
giving rise in our case to the 2-Wasserstein gradient: For any functional E : Py(R%) — R,

oE
Elp] = -V, [ pVe—] .

This notion of gradient allows us to define Wasserstein gradient flows in P2(R%), resembling gradient
flows in the Euclidean space. By guiding the evolution of a probability measure along the steepest
descent direction, we define the Wasserstein gradient flow by

oF

0up = =V, Elp] = Vo (pvx(;p> : (WGF)

With Definition 1 of the distance between probability measures, the concept of convexity needs
to be rephrased accordingly.

Definition 2 For m > 0, a functional E : Po(R?) — R is called m-strongly convex if for every
p1, p2 € P2(RY) and o € To(p1, p2), we have

Bl > ol + [ (VoS y - oyt + § W) D)
Rd xRd

When E satisfies (27) with m = 0, we say that E is (geodesically) convex.
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Note the resemblance between Definition 2 and strong convexity in Euclidean space (12). Sim-
ilarly, extending from the equivalent formulation of strong convexity in (13), we should also expect
that E evaluated at a point on an interpolation between p; and ps should satisfy similar conditions.
Indeed, considering the geodesic curve

p = (A=) + 1), Yo € Dolpr, p2), (28)
that connects p; and pg, with p{~2 = p; and pi—? = py, Definition 2 can be equivalently seen as
requiring

N m
Elpi™] < (1= )Elpr] + tElpa) = S4(1 ~ W3 (pr, o), forall (0,1 (29)

One interesting class of convex functionals is obtained by extending convex potentials. Given a
potential function V' that is (m-strongly) convex on Euclidean space, its associated potential energy
V: Py(RY) — R defined by

Vip] = i V(z) p(dz), (30)

is m-strongly convex on Po(R?). Another class of convex functionals comes from measuring the KL
divergence against a log-concave reference probability measure p,, that is,

p(z)
Elp) = KL(pllp2) = | pla)tog 220 da, (31)
R ()
If ps is (m-strongly) log-concave, then E is (m-strongly) convex on Py(R%). That is, if the reference
measure takes the form p,oce™ for some function g : R? — R, then the (m-strong) log-concavity
of ps is equivalent to the (m-strong) convexity of g (Ambrosio et al., 2005).

In Euclidean space, the gradient flow finds a minimizer of a convex function. An analogous
property holds for the Wasserstein gradient flow (WGF) whenever E is a (m-strongly) convex
functional. The convergence behavior of (WGF), as shown by Ambrosio et al. (2005) and Cheng
and Bartlett (2018), is as follows:

Elp] — Ex <O(t™h) for convex F , (32)
FE, < O(e*th) for m-strongly convex E.

We note the exact match of the convergence rates in comparison to the gradient flow (GF) in
Euclidean space (14).

3. Hamiltonian flows for optimizing in the space of probability measures

Building on the tools of the previous section, we are ready to define the Hamiltonian flow over the
space of probability measures. We first collect all probability measures over the phase space that
have finite second moment:

Po(R? x RY) = {u : f]:):\z + v dp(z,v) < oo} .
For all p € Po(R? x R?), denote by p¥" and pX the marginal distributions of 2 and v, respectively:
WO = [ e, w0 = | utdo),
Rd Rd

10
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In the proofs, we use notation p; , for the conditional distribution of u; € P (R4 x R?), following
Ambrosio et al. (2005, Theorem 5.3.1):

fa(v) = pe(v|z) .

Extending the Hamiltonian defined in (15), we define the Hamiltonian in the probability measure
space H; : Po(R? x RY) — R, having the form

Hy[u] = Ko[u"] + Pu™], (33)
where K;["] and P[] represent the kinetic and potential energy, respectively.

Remark 3 We note that the definition of the Hamiltonian separates kinetic and potential energy,
each of which depends on just one of the v-marginal and the x-marginal of the distribution. It is
also possible to define a Hamiltonian that depends on the joint distribution. One such possibility
was deployed in the underdamped Langevin dynamics (Ma et al., 2021), where the Hamiltonian
1s the KL divergence between u and the distribution p, @ v.. Here py s the target distribution
and vyocexp(—|v|?/2) represents the standard Gaussian distribution over the velocity space. As
elaborated in Ma et al. (2021), the underdamped Langevin dynamics can be viewed as a damped
version of our Hamiltonian flow.

We define the Hamiltonian flow on the space of probability measure as follows.

Definition 4 (Hamiltonian flow over probability measures) Lett — H; be the time-dependent
Hamiltonian over Po(R¥xRY). A Hamiltonian flow with respect to Hy is a curve t — iy that satisfies

H, H
Oty + Vg - <utvv55t[,ut]> -V, - <ytvx55t[/zt]> =0 in the distributional sense, (34)
7 7

with initial condition py—g = po € Po(R? x RY).

This definition provides the evolution of measures ¢t — p;. Well-posedness and absolute conti-
nuity of (34) with geodesically convex Hamiltonian and general initial data for this equation have
been studied in Ambrosio and Gangbo (2008). We note that our definition of Hamiltonian flow is
different from the conventional one; see Chow et al. (2020). Specifically, our formulation expands
1~ to the phase space 1 and allows each sample to take on different velocities. We argue that this
flow is physically meaningful, intuitive, and gives a meaningful reason to deploy the Hamiltonian
flow (34) to evolve the probability to minimize E as shown in the following result.

Proposition 5 The motion of d((1)(1)), viewed as a probability measure to optimize E, agrees
with that of (z(t),v(t)), viewed as a sample to optimize f, if E and f, Hy and hy are related as
follows:

E[p]=fRdfdp, Ht[u]=f hedp. (35)

R2d
More precisely, we have the following.

(1) If t — (x(t),v(t)) solves the Hamiltonian ODE in (16), then the curve of Dirac measure
t = iy = O(a(t),0(t)) S0lves the Hamiltonian PDE (34).

(2) If t — x(t) in (16) converges to x, € argmin, f, then the Hamiltonian PDE (34) drives the
x-marginal of p; towards o, , a minimizer of E.

11
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Proof To prove (1), we take an arbitrary ¢ € C*(R? x R?) and test it on (34), showing that the
result is zero. Test ¢ on the dypuy term with py = 0(4(4),0(1)), We obtain

jtfqbdut = S 0alt),0(1)) = Vag &+ Vo b
=V,0- vvht(m(t)7 U(t» — Vo - vxht(x(t)v v(t)) )

where we used chain rule and applied (16) in the last equation. Testing ¢ on the other two terms
n (34), we obtain

JV <utV 6H)¢dxdv—fv (,utV 5i)¢d dv

—Jut <VU5H' Ve —Vy 0 Hy -V ¢> dzdv (37)
op 6

5Ht (SHt
Vet Vg (D), 0(0) + Vo - VT L) v(e).

(36)

The relation (35) implies that

op

Substituting into (37) and summing (36) and (37), we verify that the result is zero. Since ¢ is
arbitrary, we conclude that t — 0(,(1),0(1)) Solves (34) in the distributional sense.
To show item (2), we need only note that the relation (35) guarantees

E[(S();(t),v(t))] = E[0,n] = f(z(1)), Ey = Elbg,] = f(24) = [,

thereby concluding the proof. |

Building on the Hamiltonian flow of Definition 4, we provide two examples in the next two
subsections. Both show an improvement in the convergence rate for the problem of finding an
optimal p. Some other examples are collected in Appendix A.

3.1 Heavy-Ball Flow

The heavy-ball method is known to converge as O(e_\/mt) in Euclidean space, for m-strongly convex
objectives and o(1/t) for convex objectives. We find the corresponding rates for this algorithm in
the probability measure space here.

By analogy to Example 1, we define the following Hamiltonian for any u € Pa(R% x R?):

e—at

S |l et p) (3%)

Hi[p] = Ki[uV] + Pu™] =
where a > 0 is a user-defined parameter. The Fréchet derivative is

SHy . et o OE_
W[N]— 5 lIvl” +e 5p[u I, (39)

so the Hamiltonian PDE (34) becomes

. . OE
Otpir + Vg - (/,Lte tv) — V- </J,t6 tvxép[utxo =0. (40)

12
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In (19) we introduced a change of variables. Correspondingly, we define u = e~%v and denote by fi
the probability measure over this new variable. Under this change of variable, (40) becomes (HBF).
We spell out this claim in the following proposition.

Proposition 6 Let y; solve the heavy-ball equation (40). Define the map Ty(z,v) = (z,e”%v) and
set iy == (Ty)gpue to be the pushforward of p; under T;. Then [i; solves the equation

~ ~ ~ 0F .
Otfir + Vg - (firw) — Vy - <,ut <au + Vx(sp[uix]>> =0, (41)

Proof To show that [i; satisfies (41), we take an arbitrary ¢ € C®(R? x RY), test it on i;, and
compute its time derivative to obtain

d - d _
G [ ot = 3 [ olae ) dunta, o)

() + [ oo, e7"0) doup(a, ).
=t

S=

d
= ggi)(x, e %)

Te;(m 1 Term II

where in the first equality we use the definition of pushforward map. Term I can be written as an
integral in fi; by direct computation, that is,

Term I = —aje_atv V(2,6 %) dpy(z,v) = —aju - Vud(z, u) dig(x, w) ,

where we use the pushforward definition again in the second equality. For Term II, we use the fact
that p; solves (40) to obtain

Term II = — ng(w, e ") d(Vy - (ue” ")) + f¢(a:, e “v)d (vy : (ute“tvwg[uf ]))

= Je“tv Vb (w, e” ") dpy(z,v) — jeatvxéE[uf] e U, b(w, e M) dpy (2, v)

op
6E _x

_ f - Vab(, u) dfiy(z, ) — f VS ] V(o w) (e, ).

In the last equality, we use fi; = u;*. By combining both terms, we arrive at (41). |

The heavy-ball gradient-flow PDE (40) speeds up the convergence of (WGF) in the same way as
the heavy-ball ODE (18) speeds up (GF). We state the result here and leave the proof to Section 4.
In the following, we denote by AC([0, ), P2(R? x R?)) the space of absolutely continuous curves
over Po(R? x RY) (Ambrosio et al., 2005).

Theorem 7 Let e AC([0,00), Po(RY x R?)) solve the heavy-ball flow (40) for E : Po(R?) — R.
(Equivalently, let ii solve (HBF).) If E and p; are sufficiently smooth, then the marginal distribution
,u%X converges as follows:

1
E[u] - E« <o <t) for convex E, when we set a > 0, (42a)
E[u] - E« <O (e*mt) for m-strongly convex E, when we set a = 2v/m . (42Db)

Note that convexity and m-strong convexity adopt the new geodesic convexity concept.

13
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3.2 Variational Acceleration Flow

The second example generalizes the variational formulation method in Example 2, where the Hamil-
tonian is chosen to be
eat—’Yt

Hili) = KV 1+ T = S5 [ ol e, (43)

Here, the functions a4, 8¢, v are user-defined parameters that satisfy the optimal scaling conditions
By<e™, =™ (44)
By differentiating (43), we obtain

0H; extT oE

- 2 ar+Be+ X 45
o ] = | e ], (45)
so the associated Hamiltonian PDE is
oF
Opir + Vg - (uteo‘f*%v) — V- (uteatJrﬁ”%Vxép[/,LtX]) =0. (46)

Similar to the change of variables performed in (23), we set u = e* 7y and denote fi as the
measure defined over the new variables (z, ). Then, (46) becomes (VAF). We formalize this claim
in the following proposition.

Proposition 8 Let p; solve the variational acceleration flow equation (46). Define the map Ty(x,v) =
(z,e* ™ v) and set [iy = (T})ppu to be the pushforward of iy under Ty. Then [iy solves the equation

~ ~ ~ (/- . o 0E .
Oy + Vg - (pu) — V- <,ut <(% — ay)u + e? t+6‘V15p[uff])> =0. (47)
Proof The derivation of (47) from (46) involves a computation similar to that of Proposition 6.
We omit the details. [ |
The following set of parameter choice satisfy (44):
o = log(2/t), By = log(t%/4), v = 2log(t), (48)
leading to the Nesterov flow:

~ ~ ~ (3 OF

Ofie + Vi - (flgw) — Vs - <,ut (tu + dep[uf(]>> =0. (49)

As for heavy-ball, we observe the speedup of this variational Hamiltonian flow (46) compared to
the Wasserstein gradient-flow (WGF), with the improvement exactly matching that of variational
acceleration method (22) over (GF). (The proof of this result is the subject of Section 5.)

Theorem 9 Let the objective functional E : Po(RY) — R be convex along 2- Wasserstein geodesics.
Let € AC([0,0), P2(R? x R?)) solve the Hamiltonian flow (46) for E. (Equivalently, let fi
solve (VAF).) If E and p; are sufficiently smooth and the optimal scaling conditions (44) holds,
then the marginal ;¥ satisfies

Elp] - B« <O(e™). (50)
Moreover, with coefficients configured as in (48), we have
1

E[u] - E« <O <t2> : (51)

14



ACCELERATION FOR OPTIMIZING PROBABILITY MEASURES

4. The Heavy-Ball Flow
This section describes the convergence of the heavy-ball flow. Following some preliminary results,

we treat the general convex case followed by the strongly convex case.

4.1 Preliminary Results
First, we consider v € AC([0,0), P2(R?)) that solves

ov+V-(v€) =0, (52)

for a given bounded and sufficiently smooth vector field &(¢, z). Then for any o € Po(R?%), we have

Vo) = | @6 dule), (53)

where 7y, € T'o(14, 0) is an optimal coupling between v, and o.
Let u e AC([0,0), P2(R% x RY)) solve

Orpt + Vo - (eF(t,v)) = Vi - (eG(t, pe, ) = 0. (54)
Then under some smoothness requirement on F' and G, we have

1d* d
o) < | 1P

2 dt dtW2

+ 3d <‘T - Y, atF(ta U) - VUF(ta U)G(t7 Ht, .T)> dﬂt,x(v) d7t(x7 y) )
R

where d*/dt denotes the upper derivative at almost every t > 0, V,F = (0,;F%);; denotes the
Jacobian, and ., is the conditional distribution of p;. The rigorous version of these statements
and the smoothness requirements are presented in Appendix B.

For the heavy-ball flow (40), we obtain the following result.

Lemma 10 Let p € AC([0,0), P2(R? x RY)) be a solution of the heavy-ball flow (40) and o €
Po(RY) be an arbitrary measure. If E and piX are sufficiently smooth, we obtain

1d »
S=WE (', o) = | e,z —y) dupe(v) dy(z,y), (56)
2 dt de
and Ld* d
s V) < [l ulPapa.o)

(57)

d

—at 5E X

- @ =y ae” "+ V- ](2) ) dpea(v)dn(z, y).
R34 p

where {2} pera < Pa(RY) is the conditional distribution of py with respect to its x-marginal dis-
tribution i<, and v € To(uiX, o) is an optimal coupling between p;X and o.

Proof To prove (56), we apply (53). We first derive the continuity equation for ;¥ analogously
to (52) by integrating (40) over v € RY, which gives

0= O + V- <J , e "o (-, dv)) = X + V- (efatﬁt(x)uf() , (58)
R

15



CHEN, L1, TSE, AND WRIGHT

where 7;(2) = {pa vdp . (v). Applying (53) to (58) with &(t,z) = e~ %, (z) then gives (56).
To derlve (57), we apply (55) to (40) with F(t,v) = e~ v and G(t, u;*, x) = eatV‘;E [11X](x). B

Furthermore, noting that d B S 5X E doyuX, we see that the evolution of E[u;X] depends

on the evolution of j;*. Usmg (58), we then obtaln

d 0F d —at—
B[] = i [ (¥ 2),¢ ") ) du (@)
de 5,ut Rd

_ JRM <v‘2f[;@f 1(2), e—%> dpue(x, ).

The proofs below call for repeated use of (56), (57), and (59).

(59)

4.2 Convex case

We show here the convergence rate for the general convex case, stated in (42a). As for the Euclidean
space analysis, we define a Lyapunov function as follows:

& = 2J le= %) 2dp(x,v) + B[] — Ex . (60)
R2d

It can be shown that & decays in time. By differentiating (60), we obtain

d ,a 1 ot 1d d

dt5t=—af e Wdut+2f e~ "olP =t + ZE[n']
R2d R2d

——

Term 1I Term IIT

(61)

Noting that Term III is already expanded (59), we show that Term II cancels it. To see this, we
recall (40) and use integration by parts in v to obtain

1 —at_ 24 J “oat. atwOF [ x
- Tt VvV — . 2
B J]RQd le™ ]| dt po € v, e 5p [ () ) dp (62)

Thus (61) simplifies to

d
o= a [l <o, (63)
dt R2d

showing monotonic decrease of &. This feature implies that
t t 2 t
j EstZQEt, Vi 0 = E[M;X]—E*éftétf Esds . (64)
t t
3 3

Therefore, to show that E[u;X] — Ex < o(t™!) requires showing that SE/Q Esds > 0ast — 0. In
the current case, we can show further that & € L'([0, %)), that is §; & dt < oo, implying that

t Q0

lim Esds < lim Eds=0.

t—00 t/2 t—0o0 t/2

To show SSO & dt < o0, we note that

o0
J &gdt—f f ety 2dyug dt + f B[] - B, dt . (65)

~
Term 1 Term 2

16
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For Term 1, we integrate (63) over time to obtain

* to2 ’ t2 &—& _&
2 % Term 1 — f f le=aty | dpy di = lim J J le=oty | dpy di — lim <%0 (66)
0 JR2d §—20 Jo JR2d §—00 a a
proving finiteness of this term. For Term 2, we show below that
0
Term 2 = J E[X] — By dt < aLlp. (67)
0

From (65), we thus have boundedness of SSO & dt and thus the convergence of E[u;*] — E, with a
rate of o(t71).

To show (67), we define the following Lyapunov function inspired by the proof of the regular
heavy-ball method (Attouch and Cabot, 2017):

—at 2

v—Yy
a

e (0)dvi(oy) + 5 (B - Ex) (63)

where, as above, {1z} yera © P2(R?) is the conditional distribution of iy at x and v; € T'o (1, ps)
is an optimal transport plan. By expanding the quadratic term, we obtain

1 9 e—at 1 e—at
L= Slz—y|"dy+ v,x —y ydpredye+ | 5 v
R2d 2 R3d a R2d 2 a

~
" " "

term A term B term C

2

1
dpi + — (B[p¥] - E.)

J

term D

We now take the time derivative of each term to finally show that

d+

< — (Bl - Ba). (70)

Term A. Noticing that Term A is equivalent to %Wg(uix , P« ), we utilize (56) to obtain

d
—Term A = {e™ v, 2 —y) dpy g (v)dy(z,y) - (71)
dt R3d ’

Term B. From (56) with o = ps, we note that Term B can be written as

1d

1
Term B = = oy —yHd d = — —W2(uX .
erm o oo (e~ v,z — y) dpsz(v)dye(z, y) saq; V2 i s ps)

Thus, we have

dt 1 1_0F
T B< - —at 2d _J o —at v ,, X d :Bd )
Term f ol — || (o= o+ V@) ) dp

Term C. Differentiating this term in time gives

d 1 a e~2at . _OE
aTerm C= —J le™ |2 dps — JR2d< 5V, € tV(sp[uf(](a:)> dpe (72)

a JRr2d a

where the two terms in this expression come from differentiating ||e~%v| and ;.
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Term D. By differentiating in time and following (59), we obtain

dgTerm D=— < —2aty, eatV [ut (z )> dpe -

R2d

By summing Terms A, B, C, and D, we obtain

d+t 1 oF 1
Ger=1 | (o V@) ) dunadon <~ (B - B.), (73)
dt R3d dp a

where we used the convexity of E in the last inequality, concluding our proof of the claim (70).
By integrating (73) in time, we obtain

JOO (B[p¥] — Ey) dt = lim ) (E[pX] — Ey) dt < a lim (Lo — L) < aLy. (74)

0 §—00 0 §—00

showing (67) and concluding the proof.

4.3 Strongly Convex Case

This section is dedicated to showing the convergence rate (42b) for a strongly convex function f
with modulus of convexity m > 0.
We define a Lyapunov function inspired by the one in Wilson et al. (2016):

m
L = —
! fRSd 2

By expanding the quadratic term, using the same expansion as in (69), we can write

NG
vm vy

T+ dpp e (v)di(z,y) + B[] — Ex |eV™. (75)

m m m d 1 —avm
Ly =eVm *Wf(uf(,p*)Jrf‘*Wg(Mt o)+ f le>V™|Pdp + B[] — Ew | . (76)
2 2 Jgou —_—

L2 dt
~~ ~~ ~
Term A Term B Te;n C Term D

We show below that %Et < 0 by analyzing the contributions of the four terms in turn.

Term A. Using the same strategy as for Term A in Section 4.2 and applying (53), we have

d m d

for 71 € To (117", ps)-

Term B. By applying (55) to the heavy-ball flow PDE (40) with a = 24/m, we obtain an upper bound
for the second-order derivative, as follows:

dt md*t d
ETerm B < \/2>dtdtW22(uiX’p*) = +/m x (57).

Term C. By differentiating Term C with respect to ¢, we obtain
d oF
—Term C = —2\/mf le= 2V dpy — f <e2\/ﬁtv, V-— 1] (x)> dp .
dt R2d R2d 6/)
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Term D. Here we recall (59).

By assembling Terms A, B, C, and D, and substituting into (76), we obtain

igt \Feft< W3 (15, px) + E[1*] fde <x_y’ ](x)> d%)

mt
me _
_ fJde le QﬁthQd,u,t

2 (78)

m oF
<JimeVt <2W22(MtX,P*) + E[uX] - By — JRM <:c — y,Vép[MtX](:ﬁ)> d%) <0

<

<0

The last inequality follows from the strong convexity of E (Definition 2).
Recalling (75), we obtain that

VM E[uX] — By) < L4 < Li—o = B[] — By < O(e™ V™), (79)

concluding the proof.

5. Variational Acceleration Flow

Here we study the convergence rate of variational acceleration flow.
To prepare, we integrate (46) in v to obtain the evolution of the z-marginal p;*:

0= 8tutX + V- <J e M ou (-, dv)> = at,uf( + V- (eat_%@(az)p@() , (80)
Rd
where Uy (z) = {pa vdpir e (v) and {f,2}epa < P2(RY) is the conditional distribution, given p;*.

5.1 Proof of Theorem 9

First, deploying the strategy of the previous section, we define a Lyapunov function

1 _ _
Lrim g | o e 0 =yl (000 .0) + (BT = Bu). (51)

where 3 € To(1i, ps) is the optimal transport plan between ;X and p,. We show below that
L't 0, which implies that

P B[] — BEy) < Ly < Li—o, YE=0, (82)

from which it follows that E[u] — Ex < O(e™5).
By expanding (81), we obtain

1 _a 1 d 1 _
Ly= S WE(uil pa) +e % 5= W3 (g, ps) +5e MJ lodps +€” (B[] - Ex) . (83)
2 2 dt 2 R2d -
Term A T _— Term D
erm B Term C

Following a familiar strategy, we analyze the derivatives of the four terms in turn.

19



CHEN, L1, TSE, AND WRIGHT

Term A. Deploying (53) in the context of (46), we have

d 1d
&Term A= 2dtW2 (Nt s Px)
1 D _
=5 <e°‘t Mo (x), x — y> dy(z, y) (84)
R2d
1
= 2 <€at ’yt'U T — y> d,uta: )d’_Yt(nyy) .
R'Sd

Term B. By deploying (55) in the context of (46), we have

a+ 1d* d
bty B_,
ar o 2dtdtW 2 (i 0)

< j et 0] 2d
RQd

_ JRM <eat'ﬁ (z —y), (e — )Ty () + eaz+6t+7tvé£[luf(] ([L‘)> dye(z,y) .
(85)

Term C. By differentiating Term C with respect to time and utilizing (46), we have

d d
€ Term = f”“Q(ﬁL _ at+ﬁt+%J<v v,k >dut

Term D. By differentiating Term D with respect to time and utilizing (80), we obtain

d d 6E dut SOF «
STemD=SF = :
e D = S - [ S - (e na), VT ) i

By assembling all terms and substituting into the limiting time derivative of (83), we obtain
dr 5 LBt X o+t 22 X ~
Ly <Pe” (Elp; | — Ex) — e z—y, V—[u; ](z) ) dVi(z,y). (86)
dt R2d op

From the optimal scaling condition Bt < e, and using convexity of E, we obtain that

" OF _
— Ly <P | B[] - By — J z—y, V—[p1(x) ) d3(z,y) | <0. (87)
dt R24 op

This completes the proof.

5.2 Time Dilation

We can show, using similar analysis to that of Wibisono et al. (2016), that the family of Hamiltoni-
ans defined by (43) is closed under time dilation. Given a smooth increasing function 7 : Ry — R,
and a phase probability distribution jut(z,v), we consider the reparameterized curve fi = ji, (. For
clarity in the analysis of this section, we change the notation for the Hamiltonian of (43), denoting
it by H, g, to emphasize its dependence on the time-dependent parameters «, 3, and . We have
the following result.
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Theorem 11 If y; satisfies the Hamiltonian flow equation (46) for the Hamiltonian Hy g~ of (43),
then the reparameterized curve iy = Koy Satisfies the Hamiltonian flow equation for the rescaled
Hamiltonian H. Ba with the modified parameters defined as follows:

ap = Qrp) + IOg%(t% Bt = B’T(t)’ Ve = Vr(t) - (88&)

Furthermore, o, B, and vy satisfy the optimal scaling conditions (44) if and only if &, E, and
satisfy these conditions, respectively.

Proof Note that the time derivative of the reparameterized curve is given by 0yfi = 7(t)0r pir|r—r(1)-
Thus, following (46), the following equation is satisfied by fi;:

N e e SE[ x
Oy = =V - (/"LT(t)T(t)e (1) %(t)) +V,- <M7(t)7(t)€ T(t)+BT<t>+%<t>V% [M(t)]) ) (89)

With the definition (88) of the modified parameters &, B , and ¥, we can write this equation as

~ ~ FR ~ sitBiam o OE
Orfir = =V - (Hteat %> + V- <Ht€at+ﬂt+fytv(sp [Ng(]) ) (90)

which is the Hamiltonian flow equation (46) for the rescaled Hamiltonian H . |

&B5

The previous theorem is the analog of (Wibisono et al., 2016, Theorem 2.2). As observed
in Wibisono et al. (2016), a major appeal of this theorem is that it links up a class of methods
through time-dilation. In particular, set

ap =log(2/t), By =log(t?/4), v =2log(t)

as the parameters for Nesterov acceleration, which achieves convergence of E[u;] — Ex = O(1/t?).
Then for any p > 2, setting 7(t) = t?/2, we have the accelerated rate E[fi;] — Ex = O(1/tP).

We note that in general, when we reparameterize time by a time-dilation function 7(¢), the
Hamiltonian functional transforms to Hy[u] = 7(t)Hy(y[11]. Thus, the result of Theorem 11 can be
written as

Hy 55(t) = 7(0) Hapn (7(2)),

which can be verified by the definition of Hamiltonian (43) and the modified parameters (88).

6. Algorithms and Numerical Experiments

In this section, we report on numerical experiments with the Hamiltonian flows introduced above.
In Section 6.1 we lay out the algorithms for running (HBF) and (VAF) using representative parti-
cles, while in Section 6.2, we showcase the application of the algorithms in two specific examples:
potential energy and Bayesian sampling. We consider only continuous-time models in this section,
deferring the development of discrete-in-time algorithms to future research.

6.1 Implementation of (HBF) and (VAF)

To study Hamiltonian flows, we find numerical solutions 1 € AC([0, 20), P2(R%xR%)) of the equation

0H, 0H,
Otpet + Vg - <Ntvv5'ut[/~’ft]> -V, <Htvx5'ut[ﬂt]> =0. (91)
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Given that (z,v) € R x R?, the classical numerical approach for computing this equation requires
discretization over the domain R? x R?, which is computationally prohibitive for nontrivial dimen-
sions d. In this context, a Monte Carlo solver based on particle approximation can be more robust
for higher values of d. We define an empirical distribution based on N particles (X?, V?), as follows:

1 N
oo~ iy =y 2o vi)
=1

We denote by ;X = % Z;VZI dxi() the z-marginal of the empirical measure. By substituting
into (91) and testing it on ¢ € C*(R? x R?), we obtain that

o,
op

0H;

N
S VL6(X V) (X LA vi>) FVL6(XE V) (v + 02 ) vf>) 0, (92)

i=1
which suggests the following equations for evolution of the particles:

51,
o

0H;

X =Ygy

[ﬁt](Xl7vl)7 Vl = -V, [ﬁt](XZ,Vl), i1=1,...,N. (93)

By substituting the various definitions of H; considered so far, we arrive at the following flows:

e Heavy-ball flow (HBF):

Xt =V, V’=—aVZ—VZ$[ﬁf(](XZ), i=1,...,N. (94)
e Variational-acceleration-flow (VAF) in its general form:

.. . . . oF
X7, _ V17 VZ _ _(7t . O‘ét)vl o €2at+'8tv$7

5 [EX](XY, i=1,...,N. (95)

e Nesterov flow as an example of (VAF) using the coefficients (48):

. . . 3 . SE .
Xi=vt sz—EVZ—Vx%[ﬂf(](X”‘), i=1,...,N. (96)

e Exponential convergence as an example of (VAF) using coefficients [ay, 8¢, 1] = [0, ¢, t]:

X' =V, V’:—Vz—etvm%[ﬂf](X’), i=1,...,N. (97)

Note the similarity to deploying the particle method for solving the Wasserstein gradient
flow (WGF). It is a standard technique to adopt the particle presentation:

LN
PLR D= ;5)(1'(15) : (98)

When this form is substituted into (WGF), we arrive at:

Xt = —vx‘;p[pt](XZ), i=1,...,N. (99)
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Remark 12 The current paper focuses only on the convergence of the continuous-time dynamics.
To make these approaches practical, we need to investigate the errors that arise in their numerical
implementations. Our implementations make use of an adaptive solver (Section 6.2). We do not
attempt an error analysis that is customized to the specific form of these differential equations. We
next discuss the two sources of numerical error: time discretization and particle representation.

e Time discretization: When the time-step size h is small, the discrete solution should capture
the fast decay rate of the continuous solution. In particular, the discretization error has to
be compatible with the convergence rates of the PDE. This property is termed “rate-matching
discretization” in Wibisono et al. (2016) in the Euclidean setting. Various techniques have
been proposed, among which the symplectic integrator (Muehlebach and Jordan, 2021) appears
to produce higher order accuracy. This observation is in line with the proposal presented
in Ambrosio and Gangbo (2008), which does not discuss details. It would be interesting to
adapt these techniques to the setting of probability measure space. However, we note that the
nonlinear geometry (compared to Wibisono et al. (2016); Betancourt et al. (2018); Muehlebach
and Jordan (2021) in Euclidean distance) makes the analysis significantly harder.

e Particle representation: It is widely known that Monte Carlo particle approximation suffers
from the curse of dimensionality (Singh and Pdczos, 2018; Niles-Weed and Berthet, 2022),
since the number of particles needed to represent the underlying distribution scales exponen-
tially in the dimension of the problem. However, the ultimate task is to find the minimizer of
the energy functional. This is a “weak-sense” evaluation of the convergence, and there may
still be a chance to achieve convergence without experiencing the curse of dimensionality. This
ntriguing possibility merits further investigation.

6.2 Numerical Results

Here, we apply heavy-ball flow (94), Nesterov flow (96), and exponentially convergent variational
acceleration flow (97) to three tasks. Example 1 involves minimization of a potential energy func-
tional. Example 2 minimizes a KL divergence against a given target distribution, a problem from
Bayesian sampling. Example 3 is the training of an infinitely-wide, single-layer neural network with
ReLLU activation.

In all these examples, the numerical integration over time is performed using the DIFFRAX
library (Kidger, 2021). We use the Dormand-Prince 5/4 method with the default adaptive step
size controller, setting both relative and absolute tolerances to 1075. The initial conditions of the

iid.
~

particles are independently sampled from the standard Gaussian distribution: X?(0),V%(0)
N(0, I,).

For strongly convex functions, the choice a = 24/m used in the analysis is too small to produce
optimal computational performance. Thus in all examples, heavy-ball flow is executed with a = 0.5.

Example 1: Potential Energy. We consider potential energy

Elp) = Vilpl = | Vitw)dp, £=1.2

with two different forms of the potential functions:

Vi(z) = %@ —b,A(x — b)), Va(x) = hlog (Z exp (W)) . (100)

i=1
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For the potential V;, we set spatial dimension to be d = 500, with A € R?%9*5% 3 random symmetric
positive definite matrix and b is a random vector. The symmetric matrix is formed by setting
A = UTDU with D being a diagonal matrix and U being an orthogonal matrix. The diagonal
elements in D are log-uniformly distributed between 107 and 1, and U is uniformly sampled from
the Haar measure over the orthogonal group O(d). The vector b is drawn from A(0, 100 - I;). This
design ensures the objective functional V; to be m-strongly convex with m ~ 107°. For potential
Vy, we take d = 200 and choose M = 1000 and h = 20. Each w; € R?% is drawn from A/ (0, I0)
and ¢ = (g;) € R19% is from N(0, I1000). Depending on the choice of w;, Vo can be strongly convex,
but its eigenvalues can be as small as one wishes. We use N = 100 particles for both V; and Vs.

In both examples, E[p;] is estimated empirically from (98). To estimate the optimal E, for V3,
we run all four methods for a long time and designate E, the best value achieved over these four
runs.

Figure 1 shows the decrease in optimality gap E|[p:] — Ex over time for heavy-ball flow, Nes-
terov flow, exponentially convergent variational acceleration flow, and Wasserstein gradient flow.
All three solvers demonstrate faster continuous-time convergence than the standard Wasserstein
gradient flow, with exponentially convergent VAF being the fastest.

102

102

10°
10() 4

/’1) — E,

E(p) — E.
E

1072 1071

104 1074

0 5 10 15 20 0 10 20 30 40 50 60
t t

Figure 1: Optimality gap vs time for Wasserstein gradient flow (WGF), Heavy-Ball flow (HB),
Nesterov flow (Nes) and exponentially convergent Hamiltonian flow (Exp), for the functionals V;
(left) and Vs (right). The functionals are evaluated at empirical measures; see (98).

In Figure 2 we show the total number of steps for the four methods, for different tolerance
of the optimality gap. As the convergence tolerance is tightened (moving toward the right of the
plot), the number of steps required grows. For any given problem, the total number of steps
is an effective proxy for the actual computational cost, as it is proportional to the number of
gradient evaluations. By comparing the two plots, we see that the Nesterov and Hamiltonian flows
outperform the Wasserstein gradient flow for small tolerance.

Example 2: Bayesian Sampling. Next, we tackle the more challenging task of minimizing KL
divergence between p and a target distribution p., defined by

Bl = KLipllpn) = [ ple)in 28000 = [ mp)dp+ [ gte)dp—togC

where the target measure has density py(z) = Ce 9% with C' > 0 being the normalizing constant.
With a slight abuse of notation, we do not distinguish a probability measure from its Lebesgue
density. We cannot apply the particle approximation directly to the KL divergence because the
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Figure 2: Total number of steps vs optimality gap (Tol) for Wasserstein gradient flow (WGF),
Heavy-Ball flow (HB), Nesterov flow (Nes) and exponentially convergent Hamiltonian flow (Exp),
for the functionals V; (left) and Vs (right). The functionals are evaluated at empirical measures;
see (98). The total number of steps includes those accepted and rejected in the adaptive step size
controller.

empirical measure lacks a Lebesgue density. By analogy with the blob method for the Fokker-Planck
equation (Carrillo et al., 2019b), we consider a regularized KL divergence

Ef[p] = KL*(p||p+) = fRd In K¢ = pdp + Jw gdp—logC, (101)

with the Gaussian convolution kernel K¢(z) = (27352)‘1/ 2¢~1e1%/2¢* for some parameter ¢ > 0. This
convolution allows E¢ being well-defined even for empirical measures. We note that F¢, like F, is
lower-bounded and is convex assuming an m-strongly convex g(x), with m being sufficiently large,
as outlined in Carrillo et al. (2019b).

We choose two different target measures p, by specifying the log-density g in the same manner

as the potential functions in (100), that is,

o) = S~ b A b)), ga(a) = hlog (Z exp (W)) )
i=1

For g1, we take d = 20 so that A € R?0%20 is a random positive definite symmetric matrix, and b is
a random vector drawn from N(0, 10 Iog). The symmetric matrix is formed by setting A = U DU
with D being a diagonal matrix and U being an orthogonal matrix. The diagonal elements in
D are log-uniformly distributed between 10~* and 1, and U is uniformly sampled from the Haar
measure over the orthogonal group O(d). For g, we set d = 10, M = 200, and h = 10. Each
w; € R is drawn from N(0, I10), while ¢ = (¢;) € R?% is drawn from N(0, Isg0). In the numerical
results below, we use N = 1600 particles. We choose € = 1 (deferring the issue of choosing ¢ more
optimally to future work).

To estimate the optimal FZ, we run all four methods for a long time and designate Ef the best
value achieved over these four runs.

Figure 3 shows optimality gap as a function of ¢ for heavy-ball flow, Nesterov flow, exponentially
convergent variational acceleration flow, and Wasserstein gradient flow. In both examples, the
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exponentially convergent Hamiltonian flow achieves the fastest convergence rate. It is noticeable
that the Wasserstein gradient flow displays relatively lower errors during the initial stages, while the
Hamiltonian flows exhibit slower decay due to oscillations. For larger t, the error of WGF saturates
while the oscillations seen in the Hamiltonian flows taper off. Figure 4 shows the total number of
steps as a function of the optimality gap. In both examples, the Nesterov and Hamiltonian flows
outperforms the Wasserstein gradient flow for small tolerance. The performance of the Hamiltonian
flows could be potentially enhanced by mitigating the oscillation through the incorporation of
restarting strategies (O’donoghue and Candes, 2015; Su et al., 2014).

1024
100
10'4
1
1004 10
5 5
107! | 1072
§10 2 E
K 107 ST
—— GF 10
10—34
HB
104
104y | — Nes ‘
— Exp
10754 10-5
0 5 10 15 20 0 5 10 15 20

t

Figure 3: Optimality gap for minimization of regularized KL divergence with target ¢ (left) and
g2 (right) for four methods: Wasserstein gradient flow (WGF), Heavy-Ball flow (HB), Nesterov
flow (Nes), and exponentially convergent Hamiltonian flow (Exp). The functionals are evaluated
at empirical measures; see (98).
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Figure 4: Total number of steps vs optimality gap (Tol) for minimization of regularized KL di-
vergence with target g; (left) and go (right) for four methods: Wasserstein gradient flow (WGF),
Heavy-Ball flow (HB), Nesterov flow (Nes), and exponentially convergent Hamiltonian flow (Exp).
The functionals are evaluated at empirical measures; see (98). The total number of steps includes
those accepted and rejected in the adaptive step size controller.

26



ACCELERATION FOR OPTIMIZING PROBABILITY MEASURES

Example 3: Neural network training. Our final example is related to the training of infinitely
wide neural networks (Chizat and Bach, 2018; Mei et al., 2018; Sirignano and Spiliopoulos, 2020;
Ding et al., 2021, 2022), where we have

Bl = 5 | 17(0) = g(a. ) dr(a), (103)

2
where 7 is a given distribution over the sampled data and f : R? — R is the target function. We
take the function g to be a two-layer neural network: for every x € R? and p € P(R4*3)

g(x,p) = e V(z,z)dp(z), with V(z,(o,B,w,b)) =ac(w-z+b)+ 4,
Rd+
with o being the ReLU function, which is positively 1-homogeneous, and z = (a,(,w,b) €
Rx Rx R?x R. The functional E[p] cannot be shown to be globally geodesic convex, but is
locally geodesic convex, see Appendix C. We nevertheless tested the training with four methods
(Wasserstein gradient flow (WGF'), Heavy-Ball flow (HB), Nesterov flow (Nes), and exponentially
convergent Hamiltonian flow (Exp)).

We set the spatial dimension to be d = 1 with the target function being f(z) = sin(wx).
We choose the data distribution to be the uniform distribution over [—1,1] and 500 data points
are sampled to evaluate the integration in m. In the numerical results below, we use N = 200
particles (neurons). The numerical results are presented in Figure 5. Note that the Nesterov and
Hamiltonian flows outperform the Wasserstein gradient flow for small tolerances.

—— Target
— NN-GF

NN-HB
—— NN-Nes
10 25 | —— NN-Exp

10°

Total Steps

10! 10° 10° 10 10°

¢ T 1/Tol
Figure 5: Left: Mean square errors for neural network training with target f(z) = sin(wx) for
four methods: Wasserstein gradient flow (WGF), Heavy-Ball flow (HB), Nesterov flow (Nes), and
exponentially convergent Hamiltonian flow (Exp). Middle: The target f(z) = sin(7wz) and its
neural network approximations obtained by running the four methods for 7" = 14. Right: The
number of total steps as a function of the mean square error (Tol). The number of total steps
includes those accepted and rejected in the adaptive step size controller.
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Appendix A. Examples of Hamiltonian flows
We present several further examples of the Hamiltonian PDE.

Example 4: Kalman-Hamiltonian flow (Garbuno-Inigo et al., 2020; Wang and Li, 2022;
Liu et al., 2022). Consider the Hamiltonian with weighted kinetic energy

Ml = 5 || oW Todu-+ e B, (104
where @ > 0 and C*[v] € R?*? is the covariance matrix defined by
CMv] = de (z —E,[X])® (z —E,[X])dv + X, A=0. (105)
The Kalman-Hamiltonian flow is then

oF
Orpie + Vg - (utefatC)‘[,ut]v) — V- (,ut (e“tEM}/ VvT(z— E,x [X]) + eatvz[uf]>> =0.

op
(106)
Particle dynamics are defined by
Xp = e OV
’ - oF (107)
Vi = "Ex[ViV'](Xe — Ex[Xq]) — eatvxg[ (X,

Example 5: Stein-Hamiltonian flow (Duncan et al., 2023; Liu, 2017; Wang and Li,
2022). Consider the Hamiltonian with a kernel-weighted kinetic energy

1
i) = e [ S0 Kg)odte, o) duly. w) + e B, (108)
R4d

where K (z,y) € R¥*? is a symmetric positive kernel function. The Stein-Hamiltonian flow is then

Otpie + Vg - (ute““ K(fcvy)wdpt(y,w)>

R2d

SE (109)
=V (s (e [, Vol Kool + 9,50 5i) ) ~o.
R2d (Sp
Particle dynamics are defined by
X, =e y K(Xy, y)wdp(y, w)
_ R SE (110)
Vi == | Ve[V K(Xey)wlduy,w) = Vo [ ) (Xe).

Example 6: Bregman-Hamiltonian flow (Wibisono et al., 2016; Wilson et al., 2016).
The Bregman-Hamiltonian is defined by

Hi(p) = ([ De(V0la) 40 Vuo)ute, ) + SN )
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where 9 : R? — R is a convex function of Legendre type (Rockafellar, 1997; Borwein and Lewis,
2006), and 1)* : R? — R denotes the convex conjugate of . (The Bregman divergence of a convex
function 1 is defined by Dy (y,z) = ¢¥(y) — ¥(x) — (VY(x),y — x), where (-,-) is the Euclidean
inner product on R%.) The Bregman-Hamiltonian flow is then

e + Vi - (e (V" (Vip(x) + e v) — z))
~V,- (Mte“”% [V21/1(a:) (VY™ (Vip(z) + e o) —z) — e Mo + eﬁtvxw[uf]D = 0.

op
(112)
Particle dynamics for this flow are defined by
X, = e (Vl/)*(vw(Xt) +e M"V;) — Xt)
, T . B B 5o OF (113)
Vi = =T V2(X,) (Vo (VY(Xe) + e V) — Xy) + e 1V — PV, %[Nt 1(X0) |-

We can define the mirror transform M;(z,v) = (z,2) = (x, Vip(z) + e 7v) and the pushforward
measure v; = (My)spe € P2(R??). Then v;¥ = ;¥ and 4 solves the equation

@w+w,mwwWﬁ@ww»—vf( W%vifm1)=m (114)

where we have used 44 = € in the derivation. Under these transformations, the associated particle
dynamics becomes )
Xy = e (V™ (Zy) — Xy)
. oF 115
Zy = —etthy, 5 — [ ](X0). (115)
p

By choosing oy = log(r/t), B = 2log(t/r) with r > 0, this method generalizes the accelerated
mirror descent method (Krichene et al., 2015).

Appendix B. Rigorous statements and proofs for two properties in Section 4

Here we present rigorous statements regarding the time derivatives of the Wasserstein distance.
The following theorem characterizes the first-order derivative of the Wasserstein distance.

Theorem 13 (Theorem 8.4.7 and Proposition 8.5.4 in Ambrosio et al. (2005)) Let o be
a probability measure in Po(RY) and v e C([0,0), P2(R?)) be a solution to the continuity equation

oy + V- (&) =0 in distribution, (116)

for locally Lipschitz vector fields £ satisfying

Q0
| [ tedamat <o, 117)
0 JRd
then v e AC([0,0), Po(R%)) and for almost every t € (0,0), we have
1d
33V = || @=p.6@) dute), (18)

where v € T'o (14, 0).
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Before proceeding to characterize the second-order derivative of the Wasserstein distance, it is
necessary to define the disintegration of the phase space probability measure p € P(R? x R%) with
respect to its z-marginal.

Theorem 14 (Theorem 5.3.1 in Ambrosio et al. (2005)) Let y € P(R? x R?), and denote
by u* € P(RY) the x-marginal distribution of p. Then there exists a pX-a.e. uniquely determined
family of Borel probability measure {jiz},cpa € P(R?) such that

a0 dute,) = |

Rd

([, 700 (o).

R2d
for every Borel map f: R% x RY — [0, +00].
The second-order derivative of the Wa-distance can be computed by the following theorem.

Theorem 15 (Modification of Theorem 1 in Carrillo et al. (2019a)) Let 0 € Po(R%) and
pe AC([0,0), Po(R? x RY)) be a solution to the Hamiltonian flow

Orpr + Vo - (ueF(t,v)) — Vy - (ueG(t, e, z)) =0, Vte[0,T] (119)

with locally-in-t and globally-in-(x,v) Lipschitz vector fields (t,x,v) — F(t,v), G(t, pt, x) satisfying

Ers JE )] gy + 1OF 0 2 + IV F(E0)] 2y S IG(E 11 2) 2y € C[0,50)) AL ([0, )

(120)
then for any T > 0, the following inequality holds:
1d* d
s WU < | 1P Fam(ao)
(121)

+ g (& —y, 0 F(t,v) — Vo, F(t,v)G(t, pe, x)) dpg z(v)dye(z,y) ,
R

where T /dt denotes the upper derivative in almost every t > 0 and the Jacobian V,F = (0, F*);;.
Here i 5 is the disintegration of py with respect to its x-marginal .

Proof We start by defining the following flow: For fixed ¢ € (0,0), let ®, = (®X, ®Y) satisfy the
following equations:

0, 0% (z,0) = F(t +1,8Y (z,v)),

OF DY) = (x,v), for p-ae. (z,v). 122
08V (5,0) = —Glt 1 1 pusr @X(ayy), 0 P0) = (0] forpuae (@,0) (122)

These formulas define the corresponding Lipschitz flow for 7 € (—t,0). Set
pith = (Pn)spie - (123)

By defining J(t, p, x,v) := 0:F(t,v) — V,F(t,v)G(t, u, z), one can compute
20X (z,v) = J(t + T, firrr, Pr(2,0)) . (124)

Let v € Fo(uf{ ,0) be an optimal transport plan between ,uf( and o € P2(R%). To prove (121),
we use an approximation argument based on finite differences. To this end, we evolve 7 in time,
using the map ®,, such that it remains a transport plan between the z-marginal x;X . and the
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measure o. However, to execute the flow (122), both the initial coordinate x and the velocity v
are required, whereas the velocity information is absent in «. To address this issue, we define
an extended coupling plan over R3¢ by appending the velocity information into ;. Specifically,
we define the extended coupling plan 4 as the probability measure over P(R3?) that satisfies the
equation:

f $(z,0,4) Ay (@, v,g) = f o, 0,9) Ao (V)dy(z,y) . Vo € Cu(R).

To evolve the coupling plan vF, we define the map @, : R3* — R?? as follows:

Q-(w,v,y) = (PF (z,0),y), Te (~t,0).
The evolved transport plan is then defined as the pushforward measure: 7] := (Q, )7 € P(R*).

We observe that v/ defines a transport plan between ,ut)fﬂ and o. Indeed, for any ¢X € C},(R?),
we integrate it against the plan 7/ and obtain

f % (@) dof (2, v,y) = f % (@ (2, 0)) dag.o (v)dye(, )
- j 6% (X (,v)) dpn(, v)
_ f % (@) duik, (),

where in the first equality, we use the definition of 7/, and in the second equality we employ the
definition of the transport plan ; and the disintegration p; .. Similarly, for any ¢¥ e Cp,(R?), we
integrate it against the plan 7/ and obtain

f Y (1) Ao (z,0,) = j & () dpieo(0) (2, y) = f & (y) do(y).

Thus, v/ is a transport plan between ,u;ffrT and o for any 7 € (—t,00).
The rest of the proof follows the same strategy as that of Carrillo et al. (2019a, Theorem 5.3.1).
We outline it here for completeness.

For some fixed ¢ € (0,00) and h € (0,t), consider the finite difference

1
AWK(i s 0) = (D W3 (i, 0) =+

(W22(/'Lt+h7 U) - 2W22(:u't7 J) + WQQ(/'Ltch U)) ) (125)
where D, denotes the symmetric difference operator with step 7 > 0, that is,
1
(D W3) (1", 0) = g(sz(Mfin) — W3 (s 0)). (126)
Recalling that 47 is a coupling plan between ;X . and o for any 7 € [—h, h], we obtain

Wiiro) < [ Lo ol @) = || 1950 —yPdues@dntey). (20
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By making use of (127), for any h € (0,t), we have

1
B, 0) < g [ 195 0) = ol = 2 = yl? + 105, 00) = P dea ).
1 h
3| e ) P, oyar
h —h JR2d
Lt 29X (
+h2f f (h—7){x =y, 0795 (x,v)) dpy o (v)dye (2, y)dT
0 JR3d
1 0
+ th f 3d(h +7){z— y, 020X (z,v) ) dpez(v)dye(z, y)dr (128)
R
j [ I 4 5h @Yo, 0) P
R2d
J (1—2s) » {x =y, J(t + sh, pitsh, Psp(x,v)) dppg z(v)dye(z,y)ds
0

0
+ J (1+5) cad (@ —y, J(t + sh, preysh, Pon(@,v)) dptg o (v)dye(z,y)ds,
—1

where in the second inequality we use the fundamental theorem of calculus and Jensen’s inequality,
and in the last equality, we use (124).

For a fixed T' > 0, we choose an integer N > 0 such that h = T//N. Let {p,n}Y_, be recursively
defined by p(i1)n = (F)gttnn for n=0,..., N where &} = (@Z’X, @Z’V) satisfies

Of(x,v) = (x,v) for ppp-a.e. (z,v), (129)

0,07 (2,0) = F(nh+ 7,07 (z,v)),
007V (2,0) = =Gnh+ 7, popir, P (2,0))

with initial condition (&, ®1""') = (x,v) and 7 € (—h, h). Then, for n = 0,..., N, (128) provides
the inequality

1
2
Bl ) < | 1P+ @ o)) s

1
+ J(; (1 - fRSd <£E - Y J((n + 8)h7 H(n+s)hs (I)sh(xv 7))> dﬂnh,w(v)d7nh(xv y)dS

0
+ j 1(1 + S R3d <$ - Y, J((n + S)hv N(nJrs)ha (I)sh(xv ’U)> dﬂnh,x(v)d%@h(xv y)dS

=:(A)+ (B)+ (O).

(130)
Multiplying the inequality with A and summing over n = 1,..., N — 1 yields for the LHS

N—-1
Z RARK (tinn, 0) = (DpaW3) (1N —-1/2yn5 ) — (DpaW3) (b2, 0)
n=1

1 Nh h d

—il =) g
h \Jw-nyn Jo ) dr (131)

1
= QL o F(N =1+ s)h,v),x —y) dun_145nedV(N-1+5)n(T,y)ds

1
— Zf <F(Sh,’U),.T - y> d,ush,a:dﬁ)/sh(x7y)ds :
0 JR3d
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Passing to the limit h — 0 with Nh =T gives

N-1
lim Z hAhIC(Man U) = QJ <F(T7 ’U), T — y> d/iT,:cd’YT(ﬂfa y)
h—0 el R3d

-2 N (F(0,v), 2 — y)dpodyo(z,y) (132)
d

d
= &Wg(:u’¥7 J) - &Wg(uga U) )

which holds due to the dominated convergence theorem. On the other hand, the following conver-
gences hold for the terms on the RHS of (130):

N-1 T
D hA — 2] j | F(t,v) | 2dpdt
nel 0 R2d
N-1 1 T
hB — 5 J @ =y, J(t, py, 2, 0)) dp 2 (v)dye (0, y)dt (133)
n=1 0 R3d
N-1 3 T
S0 — 5[ ) dua (e
n=1 2 0 R3d
by the definition of Riemann integrable functions and the assumed regularity (120). |

Appendix C. Local convexity of neural network training

For the neural network architecture proposed above, the loss functional (103) is not geodesically
convex over P(R?), but we claim it is locally convex along geodesics satisfying certain conditions
(cf. (134) below). We discuss the argument explicitly in this section.

Consider the training of an infinitely wide 2-layer neural network with the loss functional

Blpl =5 || o= ot )P dntay).
Rx R4

where 7 is a given distribution over the sampled data and the function ¢ is a two-layer neural
network defined according to:

g(z,p) = foRd V(z,z)dp(z), with V(z,(o,w))=aoc(w-x),

for all (x,p) € RY x P(Rx R?). Here z is the input to the neural network, p is the probability
measure according to which the neuron weights are drawn, and ¢ is the positively 1-homogeneous
ReLU function. We slightly modify the representation of V. Noting that for a € R, a = al{q-0) —
la|1{a<0y, SO We rewrite:

Vi(z, (a,w)) = o(alg=gyw - ) — o(|allg<qyw - @)
= o(w-x) —o(wy-z) = V(z,w),
where we defined w1 = alfq-gyw and wa = |a|lqqyw. This relation forms the definition:

R x RY 5w = r(o, w) = (wi,ws),
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and correspondingly, we define: p = ryp e P(R? x R%). We thus obtain

swp) = [[ Ve tawyaptaw = [[ fomiaw) o) - oo 0] dpa,w)

RxR4 RxR4
= J [o(wr - 2) — o(ws - 2)] dp(w) = f V(z,w)dp(w) = §(z,p).
R2d R2d

Consequently, we relax the training of p using E[p] into a different problem: training p using the
following functional:

Bl =5 || - atpP dre.g) = E(a).
RxRd

We now show that E is locally geodesically convex when ¢ is the ReLLU function. To show
geodesically convexity at a probability measure p amounts to show the objective functional is
convex along any geodesics whose origin is at p. To do so, we set 7 to be any probability measure
in P(R? x R%), and denote by T the optimal transport map between p and 7. Then, along the
geodesics with a constant speed (McCann, 1997), 4, := [(1 —t)id + tT]xp, for t € [0, 1], we have

i) = [ V) @) = [ V0= 0w+ 7)) dite).

If we can successfully rewrite as

iad) = (=0 | Vo) dp) +t || 7. Tw) o (134)

—(1—1t) fRQd V(z,w)dp(w) +t fde V(z,w') dn(w)
= (1 =1)g(z,p) + tg(z, 1),

we are showing p — g(z,p) is geodesically linear for every x € R?. Owing to the convexity of
r — |r|2, we obtain

E[q] = J ly — Gz, 70)* dr (=, y) f (1= 6)(y — §(z, ) + t(y — g(a, D) |* dn(z,y)
RXRd RXRd
<=0 |[ w-d@pPary) oy [| -5l any = 0~ 0ER) + £
RxRd RxRd

thus implying the (local) geodesic convexity of E when (134) holds.
Generally speaking, however, (134) does not hold for any given 7). It would hold if the optimal
transport map T between p and 7 were to satisfy

sign(w; - x) = sign(T;(w) - z), for p-almost every w,
with the convention that sign(0) = 0. When this happens, we would have
sign(((1 —t)w; - ¢ + tT;(w) - ) = sign(w; - x) = sign(T;(w) - x), for every t € [0,1],
and noticing o(a + ) = o(a) + o(f5) for a f = 0, we can split
Viz,w)=V(z, (1 -tw+tTw) =1 -tV (z,w) + tV(z, T(w)),

ensuring (134).
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