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Abstract

Attention-based neural networks such as transformers have demonstrated a remarkable
ability to exhibit in-context learning (ICL): Given a short prompt sequence of tokens from
an unseen task, they can formulate relevant per-token and next-token predictions without
any parameter updates. By embedding a sequence of labeled training data and unlabeled
test data as a prompt, this allows for transformers to behave like supervised learning
algorithms. Indeed, recent work has shown that when training transformer architectures
over random instances of linear regression problems, these models’ predictions mimic those
of ordinary least squares.

Towards understanding the mechanisms underlying this phenomenon, we investigate
the dynamics of ICL in transformers with a single linear self-attention layer trained by
gradient flow on linear regression tasks. We show that despite non-convexity, gradient flow
with a suitable random initialization finds a global minimum of the objective function. At
this global minimum, when given a test prompt of labeled examples from a new prediction
task, the transformer achieves prediction error competitive with the best linear predictor
over the test prompt distribution. We additionally characterize the robustness of the trained
transformer to a variety of distribution shifts and show that although a number of shifts
are tolerated, shifts in the covariate distribution of the prompts are not. Motivated by
this, we consider a generalized ICL setting where the covariate distributions can vary across
prompts. We show that although gradient flow succeeds at finding a global minimum in this
setting, the trained transformer is still brittle under mild covariate shifts. We complement
this finding with experiments on large, nonlinear transformer architectures which we show
are more robust under covariate shifts.
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1. Introduction

Transformer-based neural networks have quickly become the default machine learning model
for problems in natural language processing, forming the basis of chatbots like Chat-
GPT (OpenAl, 2023), and are increasingly popular in computer vision (Dosovitskiy et al.,
2021). These models can take as input sequences of tokens and return relevant next-token
predictions. When trained on sufficiently large and diverse datasets, these models are often
able to perform in-context learning (ICL): when given a short sequence of input-output
pairs (called a prompt) from a particular task as input, the model can formulate predictions
on test examples without having to make any updates to the parameters in the model.

Recently, Garg et al. (2022) initiated the investigation of ICL from the perspective of
learning particular function classes. At a high-level, this refers to when the model has
access to instances of prompts of the form (x1, h(x1),..., 2N, h(ZN), Tquery) Where ;, Tquery
are sampled i.i.d. from a distribution D, and h is sampled independently from a distribution
over functions in a function class H. The transformer succeeds at in-context learning if when
given a new prompt (27, (x}),..., 2y, M (Zy), Tquery) corresponding to an independently
sampled /' it is able to formulate a prediction for 2q,e,, that is close to h'(Tguery) given
a sufficiently large number of examples N. The authors showed that when transformer
models are trained on prompts corresponding to instances of training data from a particular
function class (e.g., linear models, neural networks, or decision trees), they succeed at in-
context learning, and moreover the behavior of the trained transformers can mimic those
of familiar learning algorithms like ordinary least squares.

Following this, a number of follow-up works provided constructions of transformer-
based neural network architectures which are capable of achieving small prediction error
for query examples when the prompt takes the form (z1, (w,z1),..., 2N, (W, ZN), Zquery)
where z;, Zquery, W L N(0, ;) (von Oswald et al., 2022; Akyiirek et al., 2022). However,
this leaves open the question of how it is that gradient-based optimization algorithms over
transformer architectures produce models which are capable of in-context learning.’

In this work, we investigate the learning dynamics of gradient flow in a simplified trans-
former architecture when the training prompts consists of random instances of linear re-
gression datasets. Our main contributions are as follows.

e We establish that for a class of transformers with a single layer and with a linear self-
attention module (LSAs), gradient flow on the population loss with a suitable random
initialization converges to a global minimum of the population objective, despite the
non-convexity of the underlying objective function.

e We characterize the learning algorithm that is encoded by the transformer at conver-
gence, as well as the prediction error achieved when the model is given a test prompt
corresponding to a new (and possibly nonlinear) prediction task.

1. We note a concurrent work also explores the optimization question we consider here (Ahn et al., 2023);
we shall provide a more detailed comparison to this work in Section 2.
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e We use this to conclude that transformers trained by gradient flow indeed in-context
learn the class of linear models. Moreover, we characterize the robustness of the
trained transformer to a variety of distribution shifts. We show that although a
number of shifts can be tolerated, shifts in the covariate distribution of the features
x; cannot.

e Motivated by this failure under covariate shift, we consider a generalized setting of in-
context learning where the covariate distribution can vary across prompts. We provide
global convergence guarantees for LSAs trained by gradient flow in this setting and
show that even when trained on a variety of covariate distributions, LSAs still fail
under covariate shift.

e We then empirically investigate the behavior of large, nonlinear transformers when
trained on linear regression prompts. We find that these more complex models are
able to generalize better under covariate shift, especially when trained on prompts
with varying covariate distributions.

2. Additional Related Work

The literature on transformers and non-convex optimization in machine learning is vast. In
this section, we will focus on those works most closely related to theoretical understanding
of in-context learning of function classes.

As mentioned previously, Garg et al. (2022) empirically investigated the ability for trans-
former architectures to in-context learn a variety of function classes. They showed that
when trained on random instances of linear regression, the models’ predictions are very
similar to those of ordinary least squares. Additionally, they showed that transformers
can in-context learn two-layer ReLU networks and decision trees, showing that by training
on differently-structured data, the transformers learn to implement distinct learning algo-
rithms. A number of works further investigated the types of algorithms implemented by
transformers trained on in-context examples of linear models (Ahuja et al., 2023; Ahuja and
Lopez-Paz, 2023).

Akyiirek et al. (2022) and von Oswald et al. (2022) examined the behavior of trans-
formers when trained on random instances of linear regression, as we do in this work. They
considered the setting of isotropic Gaussian data with isotropic Gaussian weight vectors,
and showed that the trained transformer’s predictions mimic those of a single step of gradi-
ent descent. They also provided a construction of transformers which implement this single
step of gradient descent. By contrast, we explicitly show that gradient flow provably con-
verges to transformers which learn linear models in-context. Moreover, our analysis holds
when the covariates are anisotropic Gaussians, for which a single step of vanilla gradient
descent is unable to achieve small prediction error.?

Let us briefly mention a number of other works on understanding in-context learning in
transformers and other sequence-based models. Han et al. (2023) suggests that Bayesian in-
ference on prompts can be asymptotically interpreted as kernel regression. Dai et al. (2022)

2. To see this, suppose (z;,y;) are i.id. with x ~ N(0,A) and y = (w,z). A single step of gradient
descent under the squared loss from a zero initialization yields the predictor @ — ' (l > yia:i) =

z" (% > wzx;r) w~ z ' Aw. Clearly, this can differ from = w when A # I.
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interprets ICL as implicit fine-tuning, viewing large language models as meta-optimizers
performing gradient-based optimization. Xie et al. (2021) regards ICL as implicit Bayesian
inference, with transformers learning a shared latent concept between prompts and test
data, and they prove the ICL property when the training distribution is a mixture of
HMMs. Similarly, Wang et al. (2023) perceives ICL as a Bayesian selection process, im-
plicitly inferring information pertinent to the designated tasks. Li et al. (2023a) explores
the functional resemblance between a single layer of self-attention and gradient descent on
a softmax regression problem, offering upper bounds on their difference. Min et al. (2022)
notes that the alteration of label parts in prompts does not drastically impair the ICL abil-
ity. They contend that ICL is invoked when prompts reveal information about the label
space, input distribution, and sequence structure.

Another collection of works have sought to understand transformers from an approx-
imation theoretic perspective. Yun et al. (2019, 2020) established that transformers can
universally approximate any sequence-to-sequence function under some assumptions. Inves-
tigations by Edelman et al. (2022); Likhosherstov et al. (2021) indicate that a single-layer
self-attention can learn sparse functions of the input sequence, where sample complexity
and hidden size are only logarithmic relative to the sequence length. Further studies by
Pérez et al. (2019); Dehghani et al. (2019); Bhattamishra et al. (2020) indicate that the
vanilla transformer and its variants exhibit Turing completeness. Liu et al. (2023) showed
that transformers can approximate finite-state automata with few layers. Bai et al. (2023)
showed that transformers can implement a variety of statistical machine learning algorithms
as well as model selection procedures. Abernethy et al. (2023) showed that a pretrained
transformer can be used to define a transformer that segments a prompt into examples and
labels and learns to solve a sparse retrieval task. Zhang et al. (2023) interpreted in-context
learning via a Bayesian model averaging process.

A handful of recent works have developed provable guarantees for transformers trained
with gradient-based optimization. Jelassi et al. (2022) analyzed the dynamics of gradient
descent in vision transformers for data with spatial structure. Li et al. (2023c) demon-
strated that a single-layer transformer trained by a gradient method could learn a topic
model, treating learning semantic structure as detecting co-occurrence between words and
theoretically analyzing the two-stage dynamics during the training process.

Finally, we note a concurrent work by Ahn et al. (2023) on the optimization landscape of
single layer transformers with linear self-attention layers. They show that there exist global
minima of the population objective of the transformer that can achieve small prediction
error with anisotropic Gaussian data, and they characterize some critical points of deep
linear self-attention networks. In this work, we show that despite nonconvexity, gradient
flow with a suitable random initialization converges to a global minimum that achieves small
prediction error for anistropic Gaussian data. We also characterize the prediction error when
test prompts come from a new (possibly nonlinear) task, when there is distribution shift,
and when transformers are trained on prompts with possibly different covariate distributions
across prompts.
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3. Preliminaries

Notation We first describe the notation we use in the paper. We write [n] = {1,2,...,n}.

We use ® to denote the Kronecker product, and Vec the vectorization operator in column-

wise order. For example, Vec (% ?1> = (1,3,2,4)T. We write the inner product of two

matrices A, B € R™*" as (A, B) = tr(AB"). We use 0,, and 0,,x,, to denote the zero vector
and zero matrix of size n and m X n, respectively. For a general matrix A, Ay and A
denote the k-th row and k-th column, respectively. We denote the matrix operator norm
and Frobenius norm as |[-[|,, and [[-[[z. We use I to denote the d-dimensional identity
matrix and sometimes we also use I when the dimension is clear from the context. For a
positive semi-definite matrix A, we write ||z||% := 2" Az. Unless otherwise defined, we use
lower case letters for scalars and vectors, and use upper case letters for matrices.

3.1 In-context learning

We begin by describing a framework for in-context learning of function classes, as initiated
by Garg et al. (2022). In-context learning refers to the behavior of models that operate on
sequences, called prompts, of input-output pairs (1,41, ..., TN, YN, Tquery), Where y; = h(x;)
for some (unknown) function h and examples z; and query Zquery. The goal for an in-
context learner is to use the prompt to form a prediction y(xquery) for the query such that
Y(Zquery) = h(Tquery)-

From this high-level description, one can see that at a surface level, the behavior of
in-context learning is no different than that of a standard learning algorithm: the learner
takes as input a training dataset and returns predictions on test examples. For instance,
one can view ordinary least squares as an ‘in-context learner’ for linear models. However,
the rather unique feature of in-context learners is that these learning algorithms can be the
solutions to stochastic optimization problems defined over a distribution of prompts. We
formalize this notion in the following definition.

Definition 1 (Trained on in-context examples) Let D, be a distribution over an input
space X, H C Y a set of functions X — Y, and Dy a distribution over functions in H.
Let £:Y x Y — R be a loss function. Let S = Upen{(1,Y1,...,Tn,Yn) : x; € X, y; € Y} be
the set of finite-length sequences of (x,y) pairs and let

f@:{fQ:SXX%y,GE@}

be a class of functions parameterized by 0 in some set ©. For N > 0, we say that a model
f 8 x X — Y is trained on in-context examples of functions in H under loss ¢ w.r.t.
(Dy,Dy) if f = for where 0* € O satisfies

0" € argmineeeEP:(xl,h(xl),...,:rN,h(zN),xquery) [6 (fg(P), h(xquery))] ) (1)

where T, Tquery i D, and h ~ Dy are independent. We call N the length of the prompts
seen during training.

As mentioned above, this definition naturally leads to a method for learning a learning
algorithm from data: Sample independent prompts by sampling a random function h ~ Dy
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and feature vectors x;, Tquery g D,, and then minimize the objective function appearing
in (1) using stochastic gradient descent or other stochastic optimization algorithms. This
procedure returns a model that is learned from in-context examples and can form predictions
for test (query) examples given a sequence of training data. This leads to the following
natural definition that quantifies how well such a model performs on in-context examples
corresponding to a particular hypothesis class.

Definition 2 (In-context learning of a hypothesis class) Let D, be a distribution on
an input space X, H C Y* a class of functions X — Y, and Dy a distribution on functions
inH. Let £ : Y xY — R be a loss function. Let S = Upen{(1,Y1,.-.,Tn,sYn) : x; € X, y; €
Y} be the set of finite-length sequences of (x,y) pairs. We say that a model f : S x X —Y
defined on prompts of the form P = (z1,h(z1),...,Znm, h(ZM), Tquery) in-context learns a
hypothesis class H under loss ¢ with respect to (Dy, D,) up to error n € R if there exists a
function Mp,, p,(€) : (0,1) = N such that for every e € (0,1), and for every prompt P of
length M > Mp,, p,(c),

EP:(xl,h(xl),...,xM,h(:cM),a:que,y) |:£ (f(P)7 h (xquery) ):| < n—+e, (2)

L . iid.
where the expectation is over the randomness in T, Tquery ~ Dy and h ~ Dy.

The additive error term 7 in Definition 2 above allows for the possibility that the model
does not achieve arbitrarily small error. This error could come from using a model which
is not complex enough to learn functions in H or from considering a non-realizable setting
where it is not possible to achieve arbitrarily small error.

With these two definitions in hand, we can formulate the following questions: suppose
a function class Fg is given and Dy corresponds to random instances of hypotheses in
a hypothesis class H. Can a model from Fg that is trained on in-context examples of
functions in H w.r.t. (Dy,D,) in-context learn the hypothesis class H w.r.t. (Dy,Dy)
with small prediction error? Do standard gradient-based optimization algorithms suffice
for training the model from in-context examples? How long must the contexts be during
training and at test time to achieve small prediction error? In the remaining sections, we
shall answer these questions for the case of one-layer transformers with linear self-attention
modules when the hypothesis class is linear models, the loss of interest is the squared loss,
and the marginals are (possibly anisotropic) Gaussian marginals.

3.2 Linear self-attention networks

Before describing the particular transformer models we analyze in this work, we first recall
the definition of the softmax-based single-head self-attention module (Vaswani et al., 2017).
Let E € R%*4N he an embedding matrix formed using a prompt (1,1, ..., TN, YN, Tquery)
of length N. The user has the freedom to determine how this embedding matrix is formed
from the prompt. One natural way to form E is to stack (z;,y;)" € Rt as the first N
columns of E and to let the final column be (mquery,O)T; if z; € R%, y; € R, we would
then have d. = d+ 1 and dy = N + 1. Let WK,WQ € R%xde gnd WV € R%wxde he
the key, query, and value weight matrices, WF € R%*dv the projection matrix, and p > 0
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a normalization factor. The softmax self-attention module takes as input an embedding
matrix F of width dy and outputs a matrix of the same size,

WEE)TWCE
Jaeen (B WK, WQ, WV, WP) = E+WPWVE - softmax <( ) ) ,

p

where softmax is applied column-wise and, given a vector input of v, the i-th entry of
softmax(v) is given by exp(v;)/ >, exp(vs). The dy X dy matrix appearing inside the
softmax is referred to as the self-attention matriz. Note that fawn can take as its input a
sequence of arbitrary length.

In this work, we consider a simplified version of the single-layer self-attention module,
which is more amenable to theoretical analysis and yet is still capable of in-context learning
linear models. In particular, we consider a single-layer linear self-attention (LSA) model,
which is a modified version of fai, where we remove the softmax nonlinearity, merge the
projection and value matrices into a single matrix WV € R%*de and merge the query
and key matrices into a single matrix W@ ¢ R%*d  We concatenate these matrices into
0 = (WEQ WFVY and denote
ETWKQE 5

PR 3)

We note that recent theoretical works on understanding transformers looked at identical
models (von Oswald et al., 2022; Li et al., 2023b; Ahn et al., 2023). It is noteworthy
that recent empirical work has shown that state-of-the-art trained vision transformers with
standard softmax-based attention modules are such that (W*)TW® and WXWV are nearly
multiples of the identity matrix (Trockman and Kolter, 2023), which can be represented
under the parameterization we consider.

The user has the flexibility to determine the method for constructing the embedding
matrix from a prompt P = (z1,y1,...,ZN, YN, Lquery). In this work, for a prompt of length
N, we shall use the following embedding, which stacks (z;,7;)" € R*! into the first N
columns with (Zquery, 0)T € R a5 the last column:

fisa(E;0)=E+WPVE.

E=BE(P) = <$1 T2 - IN xquery> e REFDX(N+1) (4)
Y Y2 - YN 0
We take the normalization factor p to be the width of embedding matrix £ minus one, i.e.,
p = dy—1, since each element in E-E is a inner product of two vectors of length dy. Under
the above token embedding, we take p = N. We note that there are alternative ways to form
the embedding matrix with this data, e.g. by padding all inputs and labels into vectors
of equal length and arranging them into a matrix (Akytirek et al., 2022), or by stacking
columns that are linear transformations of the concatenation (z;,y;) (Garg et al., 2022),
although the dynamics of in-context learning will differ under alternative parameterizations.
The network’s prediction for the token zquery Will be the bottom-right entry of matrix
output by fisa, namely,

:/y\query = {y\query(E§ ) = [fLSA(E§ 9)](d+1),(N+1)'

Here and after, we may occasionally suppress dependence on 6 and write Yquery(E;6) as
Yquery- Since the prediction takes only the right-bottom entry of the token matrix output
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by the LSA layer, actually only part of WV and WX affect the prediction. To see how,
let us denote

PV PV KQ KQ
WPV — Wi Wiz | . RUE+DX(@+1)  prKQ VE; ’wﬁQ € RE+Dx(@+1)
(wﬁv)T wgv (W )T Wag

(5)
where WEHY € RV wlV € R4 wlY € R; and WﬁQ € RdXd;w{gQ,wle € R% wQIgQ €
R. Then, the prediction Yquery is

EET whe
)( — ©)

Yauery = <(w£V)T wg‘/) ' < N KQ\T
Wy )

since only the last row of WV and the first d columns of W @ affects the prediction, which
means we can simply take all other entries zero in the following sections.

3.3 Training procedure

In this work, we will consider the task of in-context learning linear predictors. We will
assume training prompts are sampled as follows. Let A be a positive definite covariance
matrix. Each training prompt, indexed by 7 € N, takes the form

Pr = (137—71, hT(xT1)7 -y T N, h’T(xT,N)v x’r,query)a
where task weights w, iid. N(0, 14), inputs Zr;, rquery iLd. N(0,A), and labels h,(z) =

(wr,x).
Each prompt corresponds to an embedding matrix E., formed using the transforma-
tion (4):

B - < Tr1 Tr2 . Tr N -TT,query> c R(d+1)><(N+1)
T <w7—> ':UT,:[) <w77 x7,2> to <w7’) ':UT,N>

We denote the prediction of the LSA model on the query label in the task 7 as ¥r query,
which is the bottom-right element of fisa(E;), where fisa is the linear self-attention model
defined in (3). The empirical risk over B independent prompts is defined as

B 2
~ 1 N
£0) = 55 3 (T — (s ) ™
T=1

We shall consider the behavior of gradient flow-trained networks over the population loss
induced by the limit of infinite training tasks/prompts B — oo:

—— 1 -
L(e) = lim L(e) = §Ew7'7:r7',17""IT,N7:DT,qUer [(yquuery - <w77w7’,query>)2] (8)

B—oo

Above, the expectation is taken w.r.t. the covariates {:c”}f\il U {Zquery} in the prompt
and the weight vector w;, i.e. over z;;, Tquery FLd- N(0,A) and w; ~ N(0,I;). Gradient
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flow captures the behavior of gradient descent with infinitesimal step size and has dynamics
given by the following differential equation:

d
30 = —VL(®). (9)

We will consider gradient flow with an initialization that satisfies the following.

Assumption 3 (Initialization) Let ¢ > 0 be a parameter, and let © € R4 be any
matriz satisfying |©0 T ||F =1 and OA # 04xq. We assume

WPV (0) = o (%d °d> . WEQO) = <@?T °d> . (10)
04 1 04 0

This initialization is satisfied for a particular class of random initialization schemes: if M
has i.i.d. entries from a continuous distribution, then by setting @07 = MM T /| MM ||,
the assumption is satisfied almost surely. The reason we use this particular initialization
scheme will be made more clear in Section 5 when we describe the proof, but at a high-
level this is due to the fact that the predictions (6) can be viewed as the output of a
two-layer linear network, and initializations satisfying Assumption 3 allow for the layers to
be ‘balanced’ throughout the gradient flow trajectory. Random initializations that induce
this balancedness condition have been utilized in a number of theoretical works on deep
linear networks (Du et al., 2018; Arora et al., 2018, 2019; Azulay et al., 2021). We leave the
question of convergence under alternative random initialization schemes for future work.

4. Main results

In this section, we present the main results of this paper. First, in Section 4.1, we prove
the gradient flow on the population loss will converge to a specific global optimum. We
characterize the prediction error of the trained transformer at this global minimum when
given a prompt from a new prediction task. Our characterization allows for the possibility
that this new prompt comes from a nonlinear prediction task. We then instantiate our
results for well-specified linear regression prompts and characterize the number of samples
needed to achieve small prediction error, showing that transformers can in-context learn
linear models when trained on in-context examples of linear models.

Next, in Section 4.2, we analyze the behavior of the trained transformer under a variety
of distribution shifts. We show the transformer is robust to a number of distribution shifts,
including task shift (when the labels in the prompt are not deterministic linear functions
of their input) and query shift (when the query example xquery has a possibly different
distribution than the test prompt). On the other hand, we show that the transformer suffers
from covariate distribution shifts, i.e. when the training prompt covariate distribution differs
from the test prompt covariate distribution.

Finally, motivated by the failure of the trained transformer under covariate distribution
shift, we consider in Section 4.3 the setting of training on in-context examples with varying
covariate distributions across prompts. We prove that transformers with a single linear self-
attention layer trained by gradient flow converge to a global minimum of the population
objective, but that the trained transformer still fails to perform well on new prompts. We
complement our proof in the linear self-attention case with experiments on large, nonlinear
transformer architectures which we show are more robust under covariate shifts.
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4.1 Convergence of gradient flow and prediction error for new tasks

First, we prove that under suitable initialization, gradient flow will converge to a global
optimum.

Theorem 4 (Convergence and limits) Consider gradient flow of a linear self-attention
network fisa defined in (3) over the population loss (8). Suppose the initialization satisfies

Assumption 3 with initialization scale ¢ > 0 satisfying o%||T||opV/d < 2 where we have
defined

1 1
o= (14— ) A+ = tr(A)I; € R
( + N> + N r(A)Iy €
Then gradient flow converges to a global minimum of the population loss (8). Moreover,
WPV and WEQ converge to WFV and W*KQ respectively, where

1 (D70 1[0 0
WEe =[] [ ) WY = e ). (11)
0y O o) 1

The full proof of this theorem appears in Appendix A. We note that if we restrict our
setting to A = I, then the limiting solution described found by gradient flow is quite similar
to the construction of von Oswald et al. (2022). Since the prediction of the transformer is
the same if we multiply WV by a constant ¢ # 0 and simultaneously multiply W5< by
¢!, the only difference (up to scaling) is that the top-left entry of their WX% matrix is I
rather than the (1 + (d 4+ 1)/N)~'1; that we find for the case A = I,;.

Next, we would like to characterize the prediction error of the trained network described
above when the network is given a new prompt. Let us consider a prompt of the form
(1, (W, 1), ..., a1, (W, Tar), Tquery) Where w € R and Ti, Tquery iid. N(0,A). A simple
calculation shows that the prediction yguery at the global optimum with parameters W*K Q
and WFV is given by

1 & 1 1 &
T T T
0 2 ety 3y s g\
R T T P query
Bawery = (0 1) | 71w Y o ool
T,...T T,...T d
— E w T — g W XTT; W
M P M P

M
_ 1
= aquueryI‘ 1 (M Z a,m:j) w. (12)
i=1

When the length of prompts seen during training N is large, "' ~ A~', and when the
test prompt length M is large, ﬁZf\il xzaz;r ~ A, so that Yguery ~ x;—ueryw. Thus, for
sufficiently large prompt lengths, the trained transformer indeed in-context learns the class
of linear predictors.

In fact, we can generalize the above calculation for test prompts which could take a
significantly different form than the training prompts. Consider prompts that are of the form

(1,91, -+ T, Yn, Tquery) Where, for some joint distribution D over (z,y) pairs with marginal

10
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distribution x ~ N(0, A), we have (z;,y;) D and Zquery ~ N(0, A) independently. Note
that this allows for a label y; to be a nonlinear function of the input z;. The prediction of
the trained transformer for this prompt is then

1 M T, 1 T 1M -1
A7 Doic1 Ti; + M LqueryLquery A7 >im1 TiYi r 04 Lquery

~ M
Yquery = (O;lr 1) M M
ﬁ Simt ] i ﬁ it Vi Og 0 0

1 M
= x;}rueryril <M Z yzxz> : (13)
1=1

Just as before, when N is large we have I'"' ~ A™!, and so when M is large as well this
implies

weR4

/y\query ~ x;rueryAilE(x,y)N’D[y'r] = x;}ruery (argminE(x,y)ND[(y - <w,x))2]> . (14)

This suggests that trained transformers in-context learn the best linear predictor over a
distribution when the test prompt consists of i.i.d. samples from a joint distribution over
feature-response pairs. In the following theorem, we formalize the above and characterize
the prediction error when prompts take this form.

Theorem 5 Let D be a distribution over (z,y) € R? x R, whose marginal distribution on
x is Dy = N(0,A). Assume Eply], Ep[zy], Eply?zx "] exist and are finite. Assume the test
. iid.
prompt 1s Of the form P = (xla Y, - TM,YM, wquery)a where (xzﬁ yi)7 (xquerw yquery) "D,
Let fisp be the LSA model with parameters WV and wEQ in (11), and Yquery is the

prediction for Tquery given the prompt. If we define
_ T
0= A"Epyplzyl,  Ti=Egyen (2~ Eley))(ay - Eey) |, (15)

then, forT'= A + %A + % tr(A)Iy. we have,

E (/y\query - yquery)2 = min E (<w) xquery> - yquery)2
wER4

Error of best linear predictor
1 1
b [S02A) + o [l apa + 260(A) lallBozye + 80(8)? iz
(16)

L iid.
where the expectation is over (4, Yi), (Tquerys Yquery) ~ D.

The full proof is deferred to Appendix B. Let us now make a few remarks on the above
theorem before considering particular instances of D where we may provide more explicit
bounds on the prediction error.

First, this theorem shows that, provided the length of prompts seen during training
(N) and the length of the test prompt (M) is large enough, a transformer trained by

11
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gradient flow from in-context examples achieves prediction error competitive with the best
linear model. Next, our bound shows that the length of prompts seen during training and
the length of prompts seen at test-time have different effects on the expected prediction
error: ignoring dimension and covariance-dependent factors, the prediction error is at most
O(1/M + 1/N?), decreasing more rapidly as a function of the training prompt length N
compared to the test prompt length M.

Let us now consider when D corresponds to noiseless linear models, so that for some
w € R?, we have (z,y) = (z, (w, z)), in which case the prediction of the trained transformer
is given by (12). Moreover, a simple calculation shows that the 3 from Theorem 5 takes the
form ¥ = ||w||3A + AwwT A. Hence Theorem 5 implies the prediction error for the prompt
P = (z1,(w,z1),...,T0m, (W, TM), Tquery) 1S

- 2
Ewl,~~~,wzv1,xquery (yquery — (w, xquery>)

1 2 — 2
= = {IwlR-2p + tr(T2A2) ]} |
gy {0l s + 2 0o br(A) o+ sy ()2
N2 [—2A3 W|[p-2p2 tr(A) + [lw|[p-2 tr(A)
d+1 1
< S Tl + 55 [l + 2 ol er(d) + w31 er(4)?]

The inequality above uses that I' > A. Finally, if we assume that w ~ N(0, I;) and denote
% as the condition number of A, then by taking expectations over w we get the following:

Exlrwvxlwy$query7w (/y\quel’y - <w7 xq”er)’))z
(d+1)tr(A) 1 Y

< RIS o (A) 4 2d br(A) + (A (A
(d+1)tr(A) (1 +2d+ d?k) tr(A)

< + ,

- M N2

From the upper bound above, we can see the rate w.r.t M and N are still at most O(1/M)
and O(1/N?) respectively. Moreover, the generalization risk also scales with dimension d,
tr(A) and the condition number . This suggests that for in-context examples involving
covariates of greater variance, or a more ill-conditioned covariance matrix, the generalization
risk will be higher for the same lengths of training and testing prompts. Putting the above
together with Theorem 5, Definition 1 and Definition 2, we get the following corollary.

Corollary 6 The transformer fisa trained on length-IN prompts of in-context examples
of functions in {x — (w,x)} w.r.t. w ~ N(0,Iz) and D, = N(0,A) by gradient flow on
the population loss (8) for initializations satisfying Assumption 3 converges to the model
fsa(: ;W*KQ,W*PV). This model takes a prompt P = (1,y1,..., %M, YM, Tquery) and re-
turns a prediction Yquery fOT Tquery given by

~ KQ yi/PV T 1 r(A) 71
Yaquery = [fLSA(P; W* aW* )]CH-LM-H = Lquery A+ NA + N Iy M Zl Yixi | -
1=

This model in-context learns the class of linear models {x — (w,z)} with respect to w ~
N(0,I4) and Dy = N(0,A) up to error n := (14+2d+d?k) tr(A)/N? (where k is the condition

12
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number of A): provided M > (d+ 1)tr(A)e™1, the model achieves prediction error at most
n+e.

It is worth emphasizing that the transformer fisa(- ;W*K Q, WPV only learns the function
class up to error = O(1/N?) in the sense of Definition 2. In particular, training on
finite-length prompts leads to prediction error bounded away from zero.

4.2 Behavior of trained transformer under distribution shifts

Using the identity (13), it is straightforward to characterize the behavior of the trained
transformer under a variety of distribution shifts. In this section, we shall examine a num-
ber of shifts that were first explored empirically for transformer architectures by Garg et al.
(2022). Although their experiments were for transformers trained by gradient descent, we
find that (in the case of linear models) many of the behaviors of the trained transformers un-
der distribution shift are identical to those predicted by our theoretical characterizations of
the performance of transformers with a single linear self-attention layer trained by gradient
flow on the population.

Following Garg et al. (2022), for prompts of the form (z1,h(x1),..., 2N, h(ZN), Tquery),

HS prrain and b ~ Dtra'", while for test

prompts z; & D, Tquery ~ Dguery» and h ~ D3, We will consider the following distinct
categories of shifts:

let us assume for training prompts that x;, Tquery

e Task shifts: DY £ Disst,

e Query shifts: Do, # Dyt

e Covariate shifts: Dtrain o prest,

In the following, we shall fix D" = N(0,A) and vary the other distributions. Recall
from (13) that the prediction for a test prompt (z1,y1,...,ZN, YN, Tquery) is given by (for

N large),
[ETER
yquery = xquery Z Yixi | = xquery M Z Yili | - (17)
=1

Task shifts. These shifts are tolerated easily by the trained transformer. As Theorem 5
shows, the trained transformer is competitive with the best linear model provided the
prompt length during training and at test time is large enough. In particular, even if the
prompt is such that the labels y; are not given by (w, z;) for some w ~ N(0, I), the trained
transformer will compute a prediction which has error competitive with the best linear
model that fits the test prompt.

For example, consider a prompt corresponding to a noisy linear model, so that the
prompt consists of a sequence of (x;,y;) pairs where y; = (w,z;) + ¢; for some arbitrary
vector w € R% and independent sub-Gaussian noise £;. Then from (17), the prediction of
the transformer on query examples is

M M
(1 - (1
yquery ~ mquery < Zyle) query ! (M le‘rz ) w+xquery ! (M Z€Z$%> :
i=1 i=1
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Since g; is mean zero and independent of z;, this is approximately xqueryw when M is
large. And note that this calculation holds for an arbitrary vector w, not just those which
are sampled from an isotropic Gaussian or those with a particular norm. This behavior

coincides with that of the trained transformers observed by Garg et al. (2022).
Query shifts. Continuing from (17), since y; = (w, ;),

yquery ~ xquery ( § il )

From this we see that whether query shifts can be tolerated hinges upon the distribution
of the z;’s. Since D" = Dtest if M is large then

=~ ~ T -1 _ T
Yquery ~ xqueryA Aw = LqueryW- (18)

Thus, very general shifts in the query distribution can be tolerated. On the other hand, very
different behavior can be expected if M is not large and the query example depends on the
training data. For example, if the query example is orthogonal to the subspace spanned by
the x;’s, the prediction will be zero, as was observed with transformer architectures by Garg
et al. (2022).

Covariate shifts. In contrast to task and query shifts, covariate shifts cannot be fully
tolerated in the transformer. This can be easily seen due to the identity (13): when DEr2in £
Dtest, then the approximation in (18) does not hold as ﬁ Zf\i 1 z;z] will not cancel T~}
when M and N are large. For instance, if we consider test prompts where the covariates
are scaled by a constant ¢ # 1, then

2 : ~ T 1.2 2. T T
yquery ~ ‘rquery ( T ) w~ xqueryA cAw=c :L‘queryw 7& xqueryw

This failure mode of the trained transformer with linear self-attention was also observed in
the trained transformer architectures by Garg et al. (2022). This suggests that although the
predictions of the transformer may look similar to those of ordinary least squares in some
settings, the algorithm implemented by the transformer is not the same since ordinary least
squares is robust to scaling of the features by a constant.

It may seem surprising that a transformer trained on linear regression tasks fails in
settings where ordinary least squares performs well. However, both the linear self-attention
transformer we consider and the transformers considered by Garg et al. (2022) were trained
on instances of linear regression when the covariate distribution D, over the features was
fixed across instances. This leads to the natural question of what happens if the transformers
instead are trained on prompts where the covariate distribution varies across instances,
which we explore in the following section.

4.3 Transformers trained on prompts with random covariate distributions

In this section, we will consider a variant of training on in-context examples (in the sense of

Definition 1) where the distibution D, is itself sampled randomly from a distribution, and

training prompts are of the form (z1,h(x1),..., 2N, h(ZN), Tquery) Where 24, Tquery 1:51 D,

and h ~ Dy. More formally, we can generalize Definition 1 as follows.

14
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Definition 7 (In-context training with random covariate distributions) Let A be
a distribution over distributions D, defined on an input space X, H C Y a set of functions
X — Y, and Dy a distribution over functions in H. Let £:Y x Y — R be a loss function.
Let § = Upen{(z1,Y1,- -+, Zn,Yn) : ;i € X,y; € YV} be the set of finite-length sequences of
(z,y) pairs and let

Fo={fo:SxX =), 0€c0O}

be a class of functions parameterized by some set ©. We say that a model f: S5 X X — Y
is trained on in-context examples of functions in H under loss £ w.r.t. Dy and distribution
over covariate distributions A if f = fg« where 0* € O satisfies

0" € argmingeoEp—(z; n(a1),...on h(@y) zquery) £ (J0(P), 1(Zquery))] , (19)

i.i.d.
where Dy ~ A, 2, Tquery YYDy and ho~ Dy .

We recover the previous definition of training on in-context examples by taking A to be
concentrated on a singleton, supp(A) = {D,}. The natural question is then, if a model f is
trained on in-context examples from a function class H w.r.t. Dy and a distribution A over
covariate distributions, and if one then samples some covariate distribution D, ~ A, does f
in-context learn H w.r.t. (Dy, D,) for that D, (cf. Definition 2)? Since D, is random, we
can hope that this may hold in expectation or with high probability over the sampling of
the covariate distribution. In the remainder of this section, we will explore this question for
transformers with a linear self-attention layer trained by gradient flow on the population
loss.

We shall again consider the case where the covariates have Gaussian marginals, x; ~
N(0,A), but we shall now assume that within each prompt we first sample a random co-
variance matrix A. For simplicity, we will restrict our attention to the case where A is
diagonal. More formally, we shall assume training prompts are sampled as follows. For
each independent task indexed by 7 € [B], we first sample w, ~ N(0, I;). Then, for each
task 7 and coordinate i € [d], we sample \;; independently such that the distribution of
each A;; is fixed and has finite third moments and is strictly positive almost surely. We
then form a diagonal matrix

A, = diag(M 1, - -5 Ara).

Thus the diagonal entries of A, are independent but could have different distributions, and

A is identically distributed for 7 = 1,..., B. Then, conditional on A, we sample indepen-
dent and identically distributed z; 1, ..., 27 N, Zrquery ~ N(0, A7). A training prompt is then
given by Pr = (l‘T,la <wTa x‘r,l>a <o s LN, <w7’7 zT,N>a $T,query) Notice that here, Lr,iy Lr,query are

conditionally independent given the covariance matrix A,, but not independent in general.
We consider the same token embedding matrix as (4) and linear self-attention network,
which forms the prediction Yquery,r as in (6). The empirical risk is the same as before
(see (7)), and as in (8), we then take B — oo and consider the gradient flow on the pop-
ulation loss. The population loss now includes an expectation over the distribution of the
covariance matrices in addition to the task weight w, and covariate distributions, and is

given by
1 ~
L(0) = §EwT,AT,xT,1,--~,J:T,N,:vf,query [(yT,query - <wﬂ$r,query>)z] ‘ (20)
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In the main result for this section, we show that gradient flow with a suitable initializa-
tion converges to a global minimum, and we characterize the limiting solution. The proof
will be deferred to Appendix C.

Theorem 8 (Global convergence with random covariance) Consider gradient flow
of the linear self-attention network fisa defined in (3) over the population loss (20), where
A, are diagonal with independent diagonal entries which are strictly positive a.s. and have
finite third moments. Suppose the initialization satisfies Assumption 3, |[EA;O| » # 0, with
initialization scale o > 0 satisfying

> 2[BAOIE
Vad [E [T, 1813

o (21)

Then gradient flow converges to a global minimum of the population loss (20). Moreover,
WPV and WEQ converge to WFV and whke respectively, where

~1 ([ET,A2] ' [EA2] O
wie — |(eroaz e ¢ B EA 0

F 0) 0
(22)
PV 27—1 ) % 0d><d Od
WV = ||[Er-a2) 7 E [a2]|%
Fo\o) 1
where ', = %AT—}—% tr(Ar) g € R4 gnd the expectations above are over the distribution

of A+

From this result, we can see why the trained transformer fails in the random co-
variance case. Suppose we have a new prompt corresponding to a weight matrix w € R?

and covariance matrix Apew, sampled from the same distribution as the covariance matri-

ces for training prompts, so that conditionally on Anew we have x;, Tquery LLd- N(O, Apew)-

The ground-truth labels are given by y; = (w,z;),7 € [M] and yquery = (W, Tquery). At
convergence, the prediction by the trained transformer on the new task will be

gquery
M M
s T, Ui _

o W gt 37 20 (e 0 (a
’ T u Y2 04 0 0
M,in i T “

= query - [BAZ] [EP-A2] Zﬂ“ ]
—>xquery [EAZ] [ET-AZ]™ ' Apeww  almost surely when M — oo. (23)

The last line comes from the strong law of large numbers Thus, in order for the predlctlon on

the query example to be close to the ground-truth xqueryw, we need [EAZ] [EL, A2] “Anew
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to be close to the identity. When A, = Apew is deterministic, this indeed is the case as we
know from Theorem 5. However, this clearly does not hold in general when A, is random.

To make things concrete, let us assume for simplicity that M, N — oo so that I'; — A
and the identity (23) holds (conditionally on Apey). Then, taking expectation over Apew
in (23), we obtain

~ -1
E [quGVY‘ Tquerys w] - w;—uery ’ [EA?] [EAE] : [EAT] w.

If we consider the case \;; B Exponential(1), so that E[A,] = I, E[A2] = 2I;, and
E[A3] = 61, we get

. 1
Eyquery — §<w733query>‘

This shows that for transformers with a single linear self-attention layer, training on in-
context examples with random covariate distributions does not allow for in-context learning
of a hypothesis class with varying covariate distributions.

Experiments with large, nonlinear transformers. We have shown that even when
trained on prompts with random covariance matrices, transformers with a single linear self-
attention layer fail to in-context learn linear models with random covariance matrices. We
now investigate the behavior of more complex transformer architectures that are trained on
in-context examples of linear models, both in the fixed-covariance case and in the random-
covariance case.

We examine the performance of transformers with a GPT2 architecture (Radford et al.,
2019) that are trained on linear regression tasks with mean-zero Gaussian features with
either a fixed covariance matrix or random covariance matrices. For the fixed covariance
case, the covariance matrix is fixed to the identity matrix across prompts. For the random
covariance case, covariates are drawn from = ~ N(0,cA) where A is diagonal with \; big
Exponential(1) and ¢ > 0 is a scaling factor. We set ¢ = 1 during training and vary this
value at test time. The transformer is trained using the procedure of Garg et al. (2022)
(see Appendix E for more details). We consider linear models in d = 20 dimensions and we
train on prompt lengths of N = 40, 70, 100 with either fixed or random covariance matrices.
The performance of these trained models, when tested on new data with fixed covariance or
random covariance matrices (¢ = 1,4, 9), is represented in six curves in Figure 1. Using the
calculation (23), we can compare the prediction error for the linear self-attention networks
in the M — oo, N — oo limit (the black dash line) to those of GPT2 architectures. We
additionally compare these models to the ordinary least-squares solution which is optimal
for this task.

From the figure, we can see that the GPT2 model trained on fixed covariance succeeds
in the random covariance setting if the variance is not too large, which shows that the
larger nonlinear model is able to generalize better than the model with a single linear
self-attention layer. However, when the variance is large (¢ = 4,9 for the bottom two
figures), the GPT2 model trained with fixed covariance is unsuccessful. When trained
on random covariance, the model performs better for test prompts from higher-variance
random covariance matrices, but still fails to match least squares when the scaling is largest
(c=9).
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100

Normalized prediction error for transformers with GPT2 architectures as a func-
tion of the number of in-context test examples M when trained on in-context
examples of linear models in d = 20 dimensions. Colored lines correspond to
different training context lengths (N € {40,70,100}) and different training pro-
cedures (either a fixed identity covariance matrix or random diagonal covariance
matrices with each diagonal element sampled i.i.d. from the standard exponential
distribution). The four figures correspond to evaluating on either fixed covariance
or random covariance matrices of different scales. The gray dashed line shows the
prediction error of zero estimator and the black dashed line the prediction error
of LSA model when M, N — oco. The GPT2 models achieve smaller error when
they are trained on random covariance matrices with larger contexts, but their
prediction error spikes when evaluated on contexts larger than those they were
trained on.

Furthermore, we notice some surprising behaviors when the test prompt length exceeds
the training prompt length (i.e., M > N): there is an evident spike in prediction error, re-
gardless of whether training and testing were performed on fixed or random covariance, and
the spike appears to decrease when evaluated on prompts with higher variance. Although
we are unsure of why the spike should decrease with higher-variance prompts, the failure of
large language models to generalize to larger contexts than they were trained on is a well-
known problem (Dai et al., 2019; Anil et al., 2022). In our setting, we conjecture that this
spike in error comes from the absolute positional encodings in the GPT2 architecture. The
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positional encodings are randomly-initialized and are learnable parameters but the encoding
for position ¢ is only updated if the transformer encounters a prompt which has a context
of length 7. Thus, when evaluating on prompts of length M > N, the model is relying
upon random positional encodings for M — N samples. We note that a concurrent work has
explored the performance of transformers with GPT2 architectures for in-context learning
of linear models and found that removing positional encoders improves performance when
evaluating on larger contexts (Ahuja et al., 2023). We leave further investigation of this
behavior for future work.

5. Proof ideas

In this section, we briefly outline the proof sketch of Theorem 4. The full proof of this
theorem is left for Appendix A.

5.1 Equivalence to a quadratic optimization problem

We recall each task 7 corresponds to a weight vector w; ~ N(0, ;). The prompt inputs
for this task are x ; L N(0,A), which are also independent of w,. The corresponding
labels are y,; = (wr,z,;). For each task 7, we can form the prompt into a token matrix
E. € RUADXN+D) a5 in (4), with the right-bottom entry being zero.

The first key step in our proof is to recognize that the prediction Yguery(Er;6) in the
linear self-attention model can be written as the output of a quadratic function u' H,u
for some matrix H, depending on the token embedding matrix E,; and for some vector u
depending on § = (WHEQ WFV), This is shown in the following lemma, the proof of which
is provided in Appendix A.1.

Lemma 9 Let E, € RUTDXNHD) e an embedding matriz corresponding to a prompt of
length N and weight w,. Then the prediction Yquery(Er;0) for the query covariate can be
written as the output of a quadratic function,

Q/J\query(ET; 9) = UTHTU,

where the matriz H; is defined as,

HT == 1)(7' ® (ETE;F> < R(d+1)2x(d+1)27 XT - OdXd x’r’query S R(d+1)x(d+1)
2 N (xT,query)T 0
(24)
and
u=Vec(U) e R’ U = U w2 R (d+1)

(u1) " u_q

where Uy = WgQ € R ypy = whV € R uy = wg(lQ € R™ y g = whl e R
correspond to particular components of WPV and WEQ | defined in (5).
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This implies that we can write the original loss function (7) as

~ 1 & 2
L= 3B (uTHTu — wTTa:ﬂquery) . (25)

=1

Thus, our problem is reduced to understanding the dynamics of an optimization algo-
rithm defined in terms of a quadratic function. We also note that this quadratic optimization
problem is an instance of a rank-one matrix factorization problem, a problem well-studied
in the deep learning theory literature (Gunasekar et al., 2017; Arora et al., 2019; Li et al.,
2018; Chi et al., 2019; Belabbas, 2020; Li et al., 2020; Jin et al., 2023; Soltanolkotabi et al.,
2023).

Note, however, this quadratic function is non-convex. To see this, we will show that H,
has negative eigenvalues. By standard properties of the Kronecker product, the eigenvalues

o
of H = %XT ® ( ET]\J,E z ) are the products of the eigenvalues of %XT and the eigenvalues

of Lj\éj Since ETEI is symmetric and positive semi-definite, all of its eigenvalues are
nonnegative. Since F,E] is nonzero almost surely, it thus has at least one strictly positive
eigenvalue. Thus, if X, has any negative eigenvalues, H, does as well. The characteristic
polynomial of X is given by,

pla —Lr,quer -
det(ul — X;) = det i = pt! <M2 - Hxﬂquery”g> :
T
_xT,query K

Therefore, we know almost surely, X, has one negative eigenvalue. Thus H;, has at least
d + 1 negative eigenvalues, and hence the quadratic form u ' H,u is non-convex.

5.2 Dynamical system of gradient flow

We now describe the dynamical system for the coordinates of u above. We prove the
following lemma in Appendix A.2.

U u
Lemma 10 Let u = Vec (U) := Vec HT 2| as in Lemma 9. Consider gradient
(u21)' w1
flow over
1 2
L:= §E (uTHTu — wjxﬂquero (26)

with respect to u starting from an initial value satisfying Assumption 3. Then the dynamics
of U follows

fUH(t) = —u2_1FAU11A + u,1A2
¢ (27)
aufl(t) = —tr u,J‘AUHA(UH)T — AQ(UH)T} N

and u12(t) = 0g,u21(t) = Og for allt >0, where T = (14 %) A+ & tr(A)I; € R¥*4.
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We see that the dynamics are governed by a complex system of d>+1 coupled differential
equations. Moreover, basic calculus (for details, see Lemma 15) shows that these dynamics
are the same as those of gradient flow on the following objective function:

~ ~ 1
I RdXd xR — R, ¢ (Un,u_l) =tr §u2_1FAU11A(U11)T - u_lAQ(Ull)T . (28)

Actually, the loss function £ is simply the loss function L in (26) plus some constants that do
not depend on the parameter u. Therefore our problem is reduced to studying the dynamics
of gradient flow on the above objective function.

Our next key observation is that the set of global minima for ¢ satisfies the condition
u_1Uyp = I'~'. Thus, if we can establish global convergence of gradient flow over the above
objective function /, then we have that u_1(t)U1(t) = T oo AL

Lemma 11 For any global minimum of ¢, we have
u71U11 = F_l. (29)

Putting this together with Lemma 10, we see that at those global minima of the pop-
ulation objective satisfying Uy = (cI)™!, u_1 = ¢ and u12 = ug; = 04, the transformer’s
predictions for a new linear regression task prompt are given by

1 1
-~ . _ Tp-—1 T T -1 ~ a1
yquery(E7 9) i E Yix; r Tquery — W M E TiZ; r Lquery ~ W Tquery-
i=1 i=1

Thus, the only remaining task is to show global convergence when gradient flow has an
initialization satisfying Assumption 3.

5.3 PL inequality and global convergence

We now show that although the optimization problem is non-convex, a Polyak-Lojasiewicz
(PL) inequality holds, which implies that gradient flow converges to a global minimum.
Moreover, we can exactly calculate the limiting value of Uy; and u_;.

Lemma 12 Suppose the initialization of gradient flow satz’(s;\]?es Assumption 8 with initial-
. e 2 2 _ 1 tr
ization scale satisfying o° < VAl for T = (14 {)A+ —14. If we define

o2

P VA, e (0 TA ) (A

1A8]} [2 - Vda?|Ir),,] >0, (30)

then gradient flow on € with respect to Uy and u_q satisfies, for any t > 0,

. 2 ol ol
o] = |ae] +[25
P _

Z % <€(U11(t),u_1(t)) — UueRgiidr,lu_leRg(Un,u_l)> .
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Moreover, gradient flow converges to the global minimum of ¢, and Uy and u_y satisfy

1 _1
tli)rrolou_l(t) = HFle; and tliglo Uni(t) = HFAHFQ -t

With these observations, proving Theorem 4 becomes a direct application of Lemma 9,
10, 11, and Lemma 12. It then only requires translating U;; and uw_; back to the original
parameterization using WV and Wk@Q,

6. Conclusion and future work

In this work, we investigated the dynamics of in-context learning of transformers with a
single linear self-attention layer under gradient flow on the population loss. In particular, we
analyzed the dynamics of these transformers when trained on prompts consisting of random
instances of noiseless linear models over anisotropic Gaussian marginals. We showed that
despite non-convexity, gradient flow from a suitable random initialization converges to a
global minimum of the population objective. We characterized the prediction error of the
trained transformer when given a new prompt that consists of a training dataset where the
responses are a nonlinear function of the inputs. We showed how the trained transformer is
naturally robust to shifts in the task and query distributions but is brittle to distribution
shifts between the covariates seen during training and the covariates seen at test time,
matching the empirical observations on trained transformer models of Garg et al. (2022).

There are a number of natural directions for future research. First, our results hold for
gradient flow on the population loss with a particular class of random initialization schemes.
It is a natural question if similar results would hold for stochastic gradient descent with
finite step sizes and for more general initializations. Further, we restricted our attention
to transformers with a single linear self-attention layer. Although this model class is rich
enough to allow for in-context learning of linear predictors, we are particularly interested
in understanding the dynamics of in-context learning in nonlinear and deep transformers.

Finally, the framework of in-context learning introduced in prior work was restricted
to the setting where the marginal distribution over the covariates (D,) was fixed across
prompts. This allows for guarantees akin to distribution-specific PAC learning, where the
trained transformer is able to achieve small prediction error when given a test prompt con-
sisting of linear regression data when the marginals over the covariates are fixed. However,
other learning algorithms (such as ordinary least squares) are able to achieve small predic-
tion error for prompts corresponding to well-specified linear regression tasks for very general
classes of distributions over the covariates. As we showed in Section 4.3, when transformers
with a single linear self-attention layer are trained on prompts where the covariate distribu-
tions are themselves sampled from a distribution, they do not succeed on test prompts with
covariate distributions sampled from the same distribution. By contrast, we demonstrated
with experiments that larger, nonlinear transformer architectures appear to be more suc-
cessful in this setting but are still sub-optimal. Developing a better understanding of the
dynamics of in-context learning when the covariate distribution varies across prompts is an
intriguing direction for future research.
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Appendix A. Proof of Theorem 4

In this section, we prove Lemma 9, Lemma 10, Lemma 11 and Lemma 12. Theorem 4 is a
natural corollary of these four lemmas when we translate u_; and Uj; back to WPV and
wke,

A.1 Proof of Lemma 9

For the reader’s convenience, we restate the lemma below.

Lemma 13 Let E, € REFDXN+D pe gp embedding matriz corresponding to a prompt of
length N and weight w,. Then the prediction Yquery(Er;8) for the query covariate can be
written as the output of a quadratic function,

?/J\query(Eﬂ 9) = UTHTU7

where the matriz H, is defined as,

H=1x s (ETETT) e R x(@+1)?  x Oaxa Trauey | plarnx(asy
2 N (w’r,query)—r 0
(24)
and
U — Vec(U) e R(d+1)27 U= Un u12 c R(d+1)x(d+1)7
(u21)T U—1

where U1 = WﬁQ S RdXd,’u,lg = wiv S RdXI,UQl = ng S RdXI,U_l = w{év eR
correspond to particular components of WV and WEQ, defined in (5).

Proof First, we decompose Wpy and Wi in the way above. From the definition, we know
Ur,query is the right-bottom entry of fisa(E-), which is

~ E.E! Un
Yr,query = ((UlQ)T U—l) <;VT> T Lt query-
(u21)

We denote u; € R ag the i-th column of <(1ZST) and l’i_7query as the i-th entry of 27 query

for ¢ € [d]. Then, we have

Yr,query
T T
-

d d
=3 () ) (e )= 2o [ (fw) ) e (55 |
i=1 )

Ui E B}
=tr | Vec T ((’LLlQ)T U—l) ’ x:rr,query ® < NT )
(u21)
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1 U U U U
:§tr Vec H . Vec' H 2
\(u21)" us (u21) " us
E.ET
Od(d+1)xd(d+1) $T,query®( N )
X T
E.E]
x;r,query®( N ) 0(d+1)><(d+1)

1 E,E!
:2tr[uuT-XT®< NTH
= <H7,uuT>.

Here, we use some algebraic facts about matrix vectorization, Kronecker product and trace.
For reference, we refer to (Petersen and Pedersen, 2008). |

A.2 Proof of Lemma 10

For the reader’s convenience, we restate the lemma below.

U U
Lemma 14 Let u = Vec (U) := Vec H 2| as in Lemma 9. Consider gradient
(u21) " us
flow over
1 2
L:= §E (uTHTu — w:x.r,query) (26)

with respect to u starting from an initial value satisfying Assumption 3. Then the dynamics

of U follows

d
— U1 (t) = —u? ;TAU A 4+ u_1A?

<@ (27)
—u_l(t) = —tr u_1I‘AU11A(U11)T — AQ(UH)T} s

and u12(t) = 0g,u21(t) = Og for allt >0, where T = (14 %) A+ & tr(A)I; € R¥*4.

Proof From the definition of L in (26) and the dynamics of gradient flow, we calculate the
derivatives of u. Here, we use the chain rule and some facts about matrix derivatives. See
Lemma 29 for reference.

du
i —-E ((HT, uuT>HT> u+E (wTTa:ﬁqueryHT) u. (31)
Step One: Calculate the Second Term We first calculate the second term. From the

definition of H,, we have

d T
1 : , B, E]
E w:xTqueryHT} = 5 E :E |:(:C}r,queryX7') ® <w§- N >] :
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For ease of notation, we denote

| N
A T
A= N Z TriTy ;e (32)
i=1
i E-ET
Then, from the definition of ==, we know
E_ET A+ Lo cxl Ayw
T T N T,query T,query TT
N wrA; wTTATwT

Since w; ~

—~

0, I4) is independent of all prompt inputs and query input, we have

. 7 T
E (x}r,queryXT) & <UJ<}- <$T,query0x7’query 8>>:|

r ) i P
I )

; E [ZUZT | mnquery] z ], 0
E (l"zr,queryXT) ®< N Tq”eryo query 0 = 0.

DO |
=

@
Il
—

ADQ&

s
Il
—_

m7',query]

N —

|
N =
[]=

@
Il
—_

Therefore, we have

d ~ —~
1 ; ; Ar Arw,
E |:w:$7,queryHT:| = 5 Z E (l‘%r,queryXT) ® ’LU:. ~ ~
i—1 w;r A w;r A w;.

Since X, only depends on Z;query by definition, and z, query is independent of w; and
ZTrit=1,2,..., N, we have

A A w;
.

~ T~
wy Ay w; Arw;.

N |
=

N
Il
—

T _ 7
E W x’r,queryHT} - T,query

X;)®E | wt

T

A0 E(wiw)A E (wiw!Aw,)

ded Al ® E(wi )A AE(’LU:‘_’LUT)

I
N |
=

N
Il
—

Oaxa N “ Oaxa A
T\A 0 Al 0

I
N |
=

)

where A; denotes A.;. Here, the second line comes from the fact that EKT = A, and that
w; is independent of all prompt input and query input. The last line comes from the fact
that w,; ~ N(0, I;). Therefore, simple computation shows that

1(0 A
E [w;rxT,queryHT] U = B Al didrl) u, (33)

AT O(d+1)x(d+1)
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where A € RUHDX(+1) and V; € REFDX(AHD) are defined by

i+ V'
Vo + Vo' 0 ¢ AA, Odxd AA;
a ||y o (O > ie1 Nij _ [ Oaxa i (34)
0 0 0 0
Va+ V]

Step Two: Calculate the First Term Next, we compute the first term in (31), namely
D:=2E ((HT,uuT>HTu> .

For simplicity, we denote Z, := %ETEI . Using the definition of H; in (24) and Lemma 29,
we have

D =2E ((HT, uuT)HTu> (definition)

1 -
= JE |or (XT ® Z, Vec (U) Vec (U)T) (X, ® Z,) Vec (U)]
) (definition of H. in (24) and u = Vec(U))

- %E :tr (Vec (Z,UX,) Vec (U)T) Vec (ZTUXT)}
(Vec(AXB) = (B" ® A) Vec(X) in Lemma 29)
= %IE :Vec (U)" Vee (Z,UX,) - Vec (ZTUXT)} (property of trace operator)
1 d+1
-SE| Y ((ZTUXT)ij Ul-j) Vec (Z,UX,)
ij=1

Step Three: u12 and u; Vanish We first prove that if w19 = ug; = 04, then éltulg =04
and uzl = 04. If this is true, then these two blocks will be zero all the time since we
assume they are zero at initial time in Assumption 3. We denote Aj. and A.; as the k-th
row and k-th column of matrix A, respectively.

Under the assumption that w19 = us1 = 04, we first compute

~

T "N 1 T
ATwTufle,query (AT + N LT,query * xT,query) Ulle,query

(Z;,UX;) = e . T
w, <AT> Wrl—1T 7 query w, (AT) Un12+ query

Written in an entry-wise manner, it will be

( <ZA\ ) Wt 1T ery k,l € [d]
(ZUX,),, = (A + er query erquery>k: UniZrquery k€ d,l =d+1 (35)
! " kl 7——|— KT w‘l‘uflelr,query l E [d]7 k = d + 1
w! (Ar) Unir query k=l=d+1
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We use D;; to denote the (i,j)-th entry of the (d + 1) x (d + 1) matrix D such that
Vec(D) = D. Now we fix a k € [d], then

[ d+1
Dya41 = ZE Z ((ZTUXT)Z'J‘ Uij) (ZTUX‘F)k,d-H

1,7=1

d

= _E Z ((ZTUXT)ij Uij) (ZTUXT)k,d+1
[i.g=1

1
+ §E [((ZTUXr)d+1,d+1 U—1> (Z:UX7)g a1 s (36)

since U; g41 = Ugy1,; = 0 for any ¢ € [d]. For the first term in the right hand side of last
equation, we fix ¢, j € [d] and have

E((Z:UX:),; U ) (Z:UX0)j
~ . ~ 1
=& (Uij (AT)- Wrl=177 query ° (AT Ty Trauery * mIQuery) Ullxﬂquery> =0,
1. ke

since w, is independent with all prompt input and query input, namely all x,; for ¢ € [query],
and w; is mean zero. Similarly, for the second term of (36), we have

E ((ZTUXT)d+1,d+1 u*l) (ZTUXT)k,d+1

—~ ~ 1
T
=K (ule (AT> Ulle,query : (AT + N-I'T,query * L7 ,query Ulll'T,query =0
k:

since [E (w;r ) = 0 and w; is independent of all z,; for i € [query]. Therefore, we have
Dy, 41 = 0 for k € [d]. Similar calculation shows that Dgyq 5 = 0 for k € [d].

For k € [d], to calculate the derivative of Uy, 441, it suffices to further calculate the inner
product of the d(d + 1) + k th row of E [w:xﬂqueryHT] and u. From (33), we know this is

d
1
3 Y ANV, =0
j=1

given that w12 = ug; = 04. Therefore, we conclude that the derivative of Uy 441 will vanish
given u1p = ugy = 04. Similarly, we conclude the same result for Ug 1y, for k € [d]. Therefore,
we know u19 = 04 and ug; = 04 for all time ¢ > 0.

Step Four: Dynamics of U;; Next, we calculate the derivatives of Uiy given ujo =
ug1 = 0g4. For a fixed pair of k,l € [d], we have

Dy = %IE Ed: ((Z:UX7),; ) (Z:UX0) | + %IE (ZUXD)gs1a0101) (ZUX )y

,j=1
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For fixed 4, j € [d], we have

~

E [((ZTUXT)U‘ Uw‘) (ZTUXT)M} = Uiju* B [(Af)i; W query T queryWr (KT>:1J
= Uiju2_1E [xz-,queryxi',querd E [(KT i (KT):k
= Ujju? | ArjE KKT)Z (KT)IJ )

Therefore, we sum over i, j € [d] to get

%E Ed: ((ZUX7),; Uy ) (Z:UX2) | = %uQ_ﬂE ((KT)k: (3;)) vuns

i,j=1
For the last term, we have

%E ((ZUXD) 11 u1) (ZUX) ] = %uQ_IE ((Kf)k: (&) v

So we have

Additionally, we have

2 [E <wa H ) u} B 0d(d+1)xd(d+1) A »
 Tr queryr (-1)(d+1)+k AT
0(d+1)x(d+1) (I-1)(d+ 1)1k

(definition)

= <0(d+1)xd(d+1) Vi+ VIT)k: U
(definition of A in (34))

= A ANu_y. (definition of V; in (34))

Therefore, we have that for k,l € [d], the dynamics of Uy, is

%Ukl = —u*E ((K7>k (KT>> U+ u_1 A Ay,

which implies

d N2
aUn = —u?,E <(Ar> > Ui +u_1 A%

From the definition of KT (equation (32)), the independence and Gaussianity of z,; and
Lemma 30, we compute

E ((KT)2> =E ((;f éxmmj’z) 2) (definition (32))
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N -1 2 1
= — [IE (xﬂac;)] + NE <x771x21$771m21>

(independence between prompt input)
CN41, 1

2 —
N A+ I tr(A)A. (Lemma 30)

We define
_ N+1 1

D= ———A+ (A, (37)

Then, from (31), we know the dynamics of Uy; is

d
aUll == —u2_1FAU11A + U_1A2. (38)

Step Five: Dynamics of u_; Finally, we compute the dynamics of u_;. We have

d
1
Dit1,d4+1 = iE E ((ZTUXT)ij Uij) (Z-UX7)at1,a41
i,j=1

1
+ §E [((ZTUXT)d+1,d+1 U—1> (Z:UX7) 441,441 | - (39)

For the first term above, we have

d
E Z ((ZTUXT)ij Uij) (ZTUXT)d—f—l,d—l—l
ij=1
d r o~ o~ .
=u_q Z Ui;E (AT> ) .wTw;r . (AT) . Ulle,qUeryx?r,query] (from (35))
i.j=1 ] v

d _
=u_1q Z U;;E (AT> - <AT> . Ullxﬂqueryxj } (independence and distribution of w;)

T,query
ij=1
d _
=u_1q Z Ui;E (AT>1‘- . <AT> . UHAj] (independence between prompt covariates)
ij=1 ) '

[N

—u_Etr zd: AU (Br) - (B) Uni | =u B [A(Ull)T (7\7)2 Ull}

ij=1
< \2
=u_qtr |:E (A.r) U11A(U11)T:| .
For the second term in (39), we have

E [((ZTUXT)dH,dH u,1> (ZTUXT)d+1,d+1]
=u_E [wTT (/AXT> Uummuerya;j’query(Un)T (KT) wT] (from (35))

= u,l]E tr |:w7-w;|— (KT> Ulle,querymIquery(Ull)T (KT)}
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— u_ Etr [(7\,) UnA(U)T (7\7)}
— u_ptr [E (KT>2 UHA(UH)T} .

Therefore, we know
~\2
Dd+1,d+1 = U-1 tr |:E <A-,—> UllA(UH)T:| .

Additionally, we have

0 A

2 [E <w:x7. queryHr) U} = d(d+1)xd(d+1) u
’ (d+1)2 AT 0

(d+1)x (d+1) (@41)2

(from (33))
= (Vl + VlT e Va4 VdT O(d+1)x(d+1))d+1: U
(definition of A in (34))

d
= Z A:A]U]Z = tr (A(Ull)TA> .

ij=1

Then, from (31), we have the dynamics of u_; is

d
aufl = —1tr [uferUHA(UH)T - AQ(UH)T:| . (40)

A.3 Proof of Lemma 11

Lemma 11 gives the form of global minima of an equivalent loss function. First, we prove
that gradient flow on L defined in (8) from the initial values satisfying Assumption 3 is
equivalent to gradient flow on another loss function { defined below. Then, we derive an
expression for the global minima of this loss function.

First, from the dynamics of gradient flow, we can actually recover the loss function up
to a constant. We have the following lemma.

Lemma 15 (Loss Function) Consider gradient flow over L in (26) with respect to u
starting from an initial value satisfying Assumption 3. This is equivalent to doing gradient
flow with respect to U1 and u_y1 on the loss function

~ 1
12 (Un,’u,,l) =tr §u2_1FAU11A(U11)T - u,1A2(U11)T . (41)

Proof The proof is simply by taking gradient of the loss function in (41). For techniques
in matrix derivatives, see Lemma 29. We take the gradient of ¢ on Uj; to obtain

‘1 1
4 = fu%lATI‘TUHAT + 7u271FAU11A — u_1A2 = u%erUHA — U,_lAQ,
ou;; 2 2
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since I' and A are commutable. We take derivatives w.r.t. u_; to get

ol
8u_1

= tr |:u_1FAU11A(U11)T — AQ(UH)T .

Combining this with Lemma 10, we have

d ol d ol

qu®) = T oUy, = T ou_,

We remark that actually this is the loss function L up to some constant. This loss
function £ can be negative. But we can still compute its global minima as follows.

Corollary 16 (Minimum of Loss Function) The loss function ? in Lemma 15 satisfies

~ 1
min 0(Ui,u_q) = —=tr [A’T7!
U1 €ERIXd 41 €R ( 1 1) 2 [ ]

and

E(Un,u,l) — min E(Un,u,l) =

1 2
- HF% (u,lA%UHA% _ Ar—l) H
Ui €RAXd 44 €R 2

F

Proof First, we claim that
- 1 1 1 _1 1 1 1\ " 1 2p—1
{(Unyum) = 5t |0+ (ungABULAS — AT (o ABULAS — AP | = St (AP0,

To calculate this, we just need to expand the terms in the brackets and notice that I' and
A commute:

T
tr [r' (uaaBUnA% = AP (o AS DY AR - AT } — tr [AT]

@ tr [F . (’LLQ_IA%UHA(UH)TAI/2 - u,lAF_lA%UHA% - uflA%UHA%F_I + F_2A2)}

— tr[A’T 7

=1tr |:F . (’LLZ_IA%UHA(UH)TAI/2 - UflAF_lA%UHA% - UflA%UHA%F_I)]

= U%l tr [FA%UHA(UH)TA%} —uU_1tr [FAFilA%UHA% - FA%UllA%I"l}

(2) U2_1 tr [FAUHA(UH)T} — 2u,1 tr |:A2U11A%]

=20 (Up1,u_1).

Equations (i) and (éi) use that I' and A commute.
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T
Since I' > 0 and (u_lA%UHA% — AF_1> (u_lA%UllA% — AF_1> > 0, we know from
Lemma 32 that

T
%tr |:F . (u_lA%UHA% - AF71> (u_1A%U11A% — AF71> :| >0,

which implies
~ 1
14 (Un,u,l) > 3 tr [A2F_1] .
Equality holds when
Un=T"" uq=1,
so the minimum of 7 is —% tr [AQF_l] . The expression for E(Ull,u_l) — ming(Ull,u_l)
comes from the fact that tr(ATA) = ||A||2F for any matrix A. [ |

Lemma 11 is an immediate consequence of Corollary16, since the loss will keep the same

when we replace (U11,u_1) by (cUi1, ¢ tu_1) for any non-zero constant c.

A.4 Proof of Lemma 12

In this section, we prove that the dynamical system in Lemma 10 satisfies a PL inequality.
Then, the PL inequality naturally leads to the global convergence of this dynamical system.
First, we prove a simple lemma, which says the parameters in the LSA model will keep
"balanced’ in the whole trajectory. From the proof of this lemma, we can understand why
we assume a balanced parameter at the initial time.

Lemma 17 (Balanced Parameters) Consider gradient flow over L in (26) with respect
to u starting from an initial value satisfying Assumption 3. For any t > 0, it holds that

w?, = tr [UH(UH)T} . (42)

Proof From Lemma 10, we multiply the first equation in (27) by (Up1)" from the right to
get

((iUn(t)> (Un(t))T = —u2_1FAU11A(U11)T -+ u,1A2(U11)T.

Also we multiply the second equation in Lemma 10 by »_; to obtain

d
<dtu_1(t)> u_l(t) =tr |:—u2_1FAU11A(U11)T + u_lAQ(UH)T .

Therefore, we have

fr Kthn(t)> (Un(t))q _ (jtul(t)> s (t).

Taking the transpose of the equation above and adding to itself gives

d

%tr [0 OOe)T] = $ (rat?).
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Notice that from Assumption 3, we know that at ¢ = 0,
u_1(0)2 =02 =0c%1tr [@@T@@T} = tr [UH(O)(UH(O))T .

So for any time t > 0, the equation holds. [ ]

In order to prove the PL inequality, we first prove an important property which says
the trajectories of u_1(t) stay away from saddle point at origin. First, we prove that u_q(t)
will stay positive along the whole trajectory.

Lemma 18 Consider gradient flow over L in (26) with respect to u starting from an initial
value satisfying Assumption 8. If the initial scale satisfies

2
0<o< |, (43)
V(T

u_1 > 0.

then, for any t > 0, it holds that

Proof From Lemma 15, we are actually doing gradient flow on the loss . The loss function
is non-increasing, because

d;g . dU11 8[7 + du_1 82 _ dU11

dt —\ dt 'oUn dt "ou_y /[ dt
We notice that when u_; = 0, £ = 0. Therefore, as long as £(U;1(0),u_1(0)) < 0, then for
any time, u_; will be non-zero. Further, since u_1(0) > 0 and the trajectory of u_(t) must

be continuous, we know u_1(t) > 0 for any ¢ > 0.
Then, it suffices to prove when 0 < ¢ < /ﬁ, it holds that £(U11(0),u—_1(0)) < 0.
op

From Assumption 3, we can calculate the loss function at the initial time:

2
<0.

F

du_1
dt

2 ’

F

B 4

U(U1(0),u_1(0)) = % tr [PA@@TA@@T] — o2 tr [A%(ﬂ .
From the property of trace, we know
tr [A%@T] — tr [A@@TAT} = |AO3.

From Von-Neumann’s trace inequality (Lemma 31) and the fact that HG)@TH =1, we
know

tr[rA@0TAGOT] < Vi HA@@TAGGTHF 1T,
< Vd|ael; oo irl,,
=Vd|A8|F T,
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Therefore, we have

(U (0),u1(0) < Y2

o’ 2 (\/do?
= Z- A6} [Vao? ), — 2]

IN

IAOF T, — o [ AOIIF

From Assumption 3, we know [|[AO||z # 0. From (37), we know [[['[|,, > 0. Therefore, when

2
O<o< |—)
va|r|,,

E(UH(O), U_l(O)) < 0.

we have

From the lemma above, we can actually further prove that the u_;(t) can be lower
bounded by a positive constant for any ¢t > 0. This will be a critical property to prove the
PL inequality. We have the following lemma.

Lemma 19 Consider gradient flow over L in (26) with respect to u starting from an initial
value satisfying Assumption 3 with initial scale 0 < o < /ﬁ. For any t > 0, it holds
op

that

0'2 2
1> — ||A® 2 —Vdo? |l > 0. 44
u 1—\/M||A|| A0 [2 - Vo2 T, (1)

Proof We prove by contradiction. Suppose the claim does not hold. From Lemma 17, we

know u?; = tr [U1(Un1) "] = |U11]|% . From Lemma 18, we know u_; = ||U11] . Recall

the definition of loss function:

2
op

~ 1
E(UH, u_l) =tr [2u2_1FAU11A(U11)T — u_lAQ(UH)T] .

Since I' = 0, A = 0, and they commute, we know from Lemma 32 that I'A > 0. Again, since
T
U11A(U11)—r = <U11A%) <U11A%> = 0, from Lemma 32 we have tr [%ug_lfAUllA(Ull)T] >
So

E(Un,ufl) Z —tr [uflAQ(UH)T} .

From Von-Neumann’s trace inequality, we know for any ¢ > 0,
—tr [u i A2(U)T] 2 —Vdu |22, [Tl = —Vau2, AL,

Therefore, under our assumption that the claim does not hold, we have
~ 0'2 ~
U(Ur1,un) > =Vdu? | [[A]7, > - IA©| [2 —Vdo® ||T|,,,| = £(U11(0), u-1(0)).
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Here, the last inequality comes from the proof of Lemma 18. This contradicts the non-
increasing property of the loss function in gradient flow. |

Finally, let’s prove the PL inequality and further, the global convergence of gradent flow
on the loss function ¢. We recall the stated lemma from the main text.

Lemma 20 Suppose the initialization of gradient ﬂow satzsﬁes Assumption 3 with initial-

ization scale satisfying 0> < —~2— for T' = (1 + )A + ¢ I If we define
Vd||Tll,,

J2

P VA, e (0TA ) (A

1A} [2 = Vdo?|Ir]l,,] >0, (30)

then gradient flow on { with respect to U1 and u_1 satisfies, for any t > 0,

. 2 ol ol
ViU (1), u (1), =
H ( 11( ) b 1( )) 2 6U11 F 8u_1
> u [ 0(U(t), u1(t)) — i (U1, u_1) ).
u( (Un1(t), u-1()) enlin (U1, u ﬂ)
Moreover, gradient flow converges to the global minimum of £, and Uy, and u_; satisfy
. -1 1—3 p—1
tgngou,l(t) = HF Hf«“ and hm Uni(t) = ||IT° HF2 .

Proof From the definition and Lemma 19, we have

IVe(Urr, )l

= ||u TAULA — ug A2,

HaUn

1 1 1 1) A L2
:u_lHFAz (u,lAzUHAz AT )Az .

T 8| [2— Vo [T, [PA (uoAULAS — AD) AB ()

F

2VﬁHAH

To see why the second line is true, recall that u_; € R and I' and A commute. The last line
comes from the lower bound of u_; in Lemma 19. From Corollary 16, we know

i _ ! 3 i -1 1 1 T
- UlleRgiI‘}}uﬂeRg(Ull’u_l) —a" [F (u_1A2U11A2 AL ) (u_1A2U11A2 AT ) ]

1 2
= — HF% (uflA%UHA% - AF_1> H
2 F
Therefore, we know that

f— min (U1, u—1)
U1 €RIXd 41 €R

2
= |lrasz <u_1A%UﬂA% _ AF‘1> A3

{s

2
.Hr—%A—%
F

F
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1 2
-2 HFA% (U,IA%UHA% _ Ar—l) A3

. tr (F_IA_l) tr (A_l) (46)
We compare (45) and (46) to obtain that in order to make the PL condition hold, one needs

to let

0.2

P VAR, e (CTA ) e (A

Once we set this u, we get the PL inequality. The p is positive due to the assumption for
o in the lemma.
From the dynamics of gradient flow and the PL condition, we know

d (- _ . _ Jduy o du_y 0Ol
dt <€ B U11€R‘ririldr,lu_1eR€(Un’u_l)> N < dt ’ 8U11> + < dt ’ Bu_1>

2 2

1AB1% [2 = Vo T, | > 0.

_ dU11 o du,l
- dt || dt
< —ulf- i (U1, u_1) ).
- N( U11€Rg>l<ldl}u71€]1§ ( 1. 1)>

Therefore, we have when ¢t — oo,

0<?l— min 0(Uy1,u—1)
U1 €R4xd y_; €R
< exp (—put) | 0(U11(0),u_1(0)) — i (U1, u_q)| — 0,
< exp ( H)[( 11(0),u—1(0)) Rl (U1, u 1)]
which implies
lim |f— i U(Ur1,u_q)| = 0.
tir&[ U11€R£Iil‘},1u—1‘€R ( ot 1):|

From Corollary 16, we know this is
2
HF% (’UJ,lA%UMA% — AF_1> HF — 0.
Since I' and A are non-singular and positive definite, and they commute, we know

2 2
Juan =T < [ro2acd | et (waasvnas —ar )| |la3]| o,

2
F

This implies u_1U1; — I'™! — 04yq entry-wise. Since u_; = U1 g, we know

u?y = lu_1Unllp — HF_1HF'

Therefore, we know

lim (1) = [P andJim U (t) = [|01]| 2 0
o0

t—o00
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Appendix B. Proof of Theorem 5

In this section, we prove Theorem 5, which characterizes the excess risk of the prediction of
a trained LSA layer with respect to the risk of best linear predictor, on a new task which
is possibly non-linear. First, we restate the theorem.

Theorem 5 Let D be a distribution over (z,y) € R? x R, whose marginal distribution on
x is Dy = N(0,A). Assume Eply], Ep[zy], Eply?xzx ] ewist and are finite. Assume the test

. iid.
prompt 18 Of the form P = (33‘1, Yiy-- - TM,YM, xquery)a where (xvh yi)) (xquerw yquery) "D,
Let fisp be the LSA model with parameters WEV and WwEe in (11), and Yquery is the
prediction for xquery given the prompt. If we define

a = AilE(x,y)ND [IL’y] ) Y= ]E(:p,y)N’D [(my —-E (Ilfy) ) (.CCy -E (CCy) )T:| ) (15)

then, forT' = A+ £ A+ % tr(A)I4. we have,

E (:/y\query - yquery)2 = min E (<w, xquery> - yquery)2
wER4

P
Error of best linear predictor

1 1
0 [ST2A] 4 [llalRapo + 260(A) alE-2p0 + tr(A)? alE 2]
(16)

where the expectation is over (x;,v;), (Tquerys Yquery) "D,

Proof Unless otherwise specified, we use E to denote the expectation over (x;,y;) and

(Zquerys Yquery) "¢ D, Since when (z,y) ~ D, we assume E[z],E[y], E[zy],Elzz ], E[y?2zz ]
exist, we know that E ((w, Zquery) — yquery)2 exists for each w € R?. We denote

a = argminE ((w, Zquery) — yquery)2
weR?

as the weight of the best linear approximator. Actually, if we denote the function inside
the minimum above as R(w), we can write it as

R(w) =w' Aw — 2E (yquery : x;ruery> w + Eyguery.

Since the Hessian matrix %R(w) is A, which is positive definitive, we know that this
function is strictly convex and hence, the global minimum can be achieved at the unique
first-order stationary point. This is

0= A"E (yquery - Tauery) (47)

We also define a similar vector for ease of computation:
b=T""E (Yquery - Tquery) - (48)
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Therefore, we can decompose the risk as

E (Yauery — yquery)2 = E ({a, Tquery) — yquery)2 +E (Yauery — (b, 13query>)2
I il
+ E ((b, Zquery) — (@, Tquery))” + 2E (Tauery — (bs Tquery)) ((@s Tquery) — Yauery)
it v
+ 2B (Faery — (0 Zauery) (D, Fauery) = {0, Tqery))
v
+ 2E ((b, Zquery) — (@; Tquery)) ({@; Tquery) — Yquery)
VI

The term I is the first term on the right hand side of (16). So it suffices to calculate II to
VL

First, from the tower property of conditional expectation, we have

xquery>:|

xquery) (<b, xquery> - <aaxquery>):| =0,

V= E [E (@ — (b, Zauery)) ({b: Tauery) — (@ Tquery))

== 2]E |:]E (?/\query - <b7 xquery)

since

1 & !
xquery) = (EM z; yirilmi - b> Zquery = 0.
1=

E <@\query - <b7 xquery)

Similarly, for IV, we have
IV =2E (Z//\query - <bv xquery>) (<a7 xquery> - yquery)

=2E [E <(?/J\query — (b, mquery» ((a, quEFY> — Yquery)

Lquery; Yq uery) :|

=2E |:E <:'/J\query - <b7 :L‘query> Lquery yquery> (<a7 xquery> - yquery):|

=0.

For VI, we have

VI = 2B tr (b — ) ({a, Zquery) — Yaery) Tauery

= 2tr [(b - a)aTA} —2tr [(b —a)E <yqueryxguery>] =0,

where the last line comes from the definition of a. Therefore, all cross terms vanish and it
suffices to consider II and III.
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From the definition II is equal to

1 M ' 1 M
E <M ;y’x’ — E (yquery - xquery)) 11_13’7queryﬂ"’c?ueryr_1 (M ; Yiri — E (Yquery - mquery))

1 1 !
=Etr (M Z Yili — E (yquery : xquery)) (M ; Yili — E (yquery : $query)> F_QA

i=1
(property of trace and the fact that I' and A commute)

M

1 -

= M2 Z Etr {(yle —E (yquery ’ xquery)) (ijj —E (yquery . xquery))—l— r 2A}
ij=1

1 -

= ME tr {(ylafl —-E (yquery : mquery)) (y1:v1 —-E (yquery : xqueFY))T r 2A}
(all cross terms vanish due to the independence of x;)

1

=7t [ET72A].

The last line comes from the definition of X.

For III, we have
I =E@®- a)Ta:quernyuery(b —a)=a AT A HAT ™ — A HAa
—tr [ (1 = TA™)*I2A%a |
(property of trace and the fact that I' and A commute)
1 _1N\2
1
prm— ﬁ

Combining all terms above, we conclude. |

F_2A3aa—r}

[tr(F_QA?’aaT) +2tr(A) tr(D?A%aa ") + tr(A)? tr(T2Aaa’) | .

Appendix C. Proof of Theorem 8

The proof of Theorem 8 is very similar to that of Theorem 4. The first step is to explicitly
write out the dynamical system. In order to do so, we notice that the Lemma 9 does not
depend on the training data and data-generaing distribution and hence, it still holds in the
case of a random covariance matrix. Therefore, we know when we input the embedding
matrix E; to the linear self-attention layer with parameter § = (WK QWP V), the prediction
will be

Q/J\query(ET; 9) = UTHTU,

where the matrix H, is defined as,

T
H = % X ® (ET]fT ) e Rx@r? | Daxd . Travery | p(d+1)x(d+1)
(:L"r,query) 0
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and

u = Vec(U) € ]R(d“)2, U= Un 2 c ]R(alJrl)x(dJrl)7

(u21)" w_y

where Uy = WﬁQ € R¥X4 g1y = wzﬂv e R gy = wg(lQ e Ry = w{év e R
correspond to particular components of W'V and WX®, defined in (5).

C.1 Dynamical system

The next lemma gives the dynamical system when the covariance matrices in the prompts
are i.i.d. sampled from some distribution. Notice that in the lemma below, we do not
assume A, are almost surely diagonal. The case when the covariance matrices are diagonal
can be viewed as a special case of the following lemma.

Lemma 21 Consider gradient flow on (20) with respect to w starting from an initial value
that satisfies Assumption 5. We assume the covariance matrices A are sampled from some
distribution with finite third moment and A, are positive definite almost surely. We denote
Un  uie
u = Vec (U) := Vec and define
(ug1)" uy

1 1
I, = (1 + N> Ar 4 S tr(Ar) Iy € R4,

Then the dynamics of U follows
d
ZUn(t) = —u2 E[L-AUnA;] +u B [A7]
1 (19)

Suy(t) = —u 6F [PTATUMAT(UH)T} Ftr (E [A2] (U11)T> :

and uy2(t) = 0g,u21(t) = 04 for all t > 0.

Proof This lemma is a natural corollary of Lemma 10. Notice that Lemma 10 holds for
any fixed positive definite A;. So when A is random, if we condition on A, the dynamical
system will be

d
fUH(t) = —u%l [FTATUHAT] + u—_1 [Az]

d

Eu_l(t) = —u_qtr [FTATUHAT(UH)T} + tr ([AE] (Uu)T) ,
and u12(t) = 0g4,u91(t) = 04 for all ¢ > 0. Then, we conclude by simply taking expectation
over A;. [ |

The lemma above gives the dynamical system with general random covariance matrix.
When A, are diagonal almost surely, we can actually simplify the dynamical system above.
In this case, we have the following corollary.
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Corollary 22 Under the assumptions of Lemma 21, we further assume the covariance
matriz Ar to be diagonal almost surely. We denote u;;(t) € R as the (i,j)-th entry of
U11(t), and further denote

N—I— 1
% =E | —— —A2 ZA,J :
&=E [)\2 il (51)
d
N 1 1
Gy =B | S X ey Anides s D Ar
L k=1

for i,j € [d], where the expectation is over the distribution of Ar. Then, the dynamical
system (49) is equivalent to

d .
dtu”( ) = —7yiu® yui + Guoy Vi € [d],
d . .
dtul]( ) = CZJ “quy Vi j e ld], (52)
d d
au 1(t) - Z Yiu— 1“11 Z (zju 1UZJ + Z &u” .
i=1 i#j

Proof This is directly obtained by rewriting the equation for each entry of U1y and recalling
the assumption that A; (and hence I';) is diagonal almost surely. [ |

C.2 Loss function and global minima

As in the proof of Theorem 4, we can actually recover the loss function in the random
covariance case, up to a constant.

Lemma 23 The differential equations in (52) are equivalent to gradient flow on the loss
function

1
grdm(Ull, ’U,_l) =Etr |:2’U,21F7—A7—U11A7-(U11)T — u_lAg(Ull)T]
d (53)

1
[yiu? ud] + 5 Z CijU%W?j - Z [Giuiiu]

1 i#£] i=1

1
T2

M:“

[

with respect to wi;Vi, j € [d] and u_y, from an initial value that satisfies Assumption 5.

Proof This can be verified by simply taking gradient of ¢4, to show that

d c’%rdm . d 8Erdm . . d 8grdm
Ui = — Vield, —uy=-— v d, — ‘
“ 8’&“ '€ [ ] dtuj 8uij ! ?é 7€ [ ] dtu L= 8u_1
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Next, we solve for the minimum of ¢,4,, and give the expression for all global minima.

Lemma 24 Let {4y be the loss function in (53). We denote

minfrdm = min Erdm (UH, u_l) .
Up1€RI%d 41 €R

Then, we have

1. &2
min £,qm = 5 Z ;7’1 (54)
=1
and
1
Erdm(Ulla u—l) - Inirlgrdm = 5 Z’Yz (uuu 1— > Z C’Lj 1u1] (55)
i=1 z;é]
Moreover, denoting u;; as the (i,j)-entry of U1, all global minima of lgm satisfy
o &
u_q - uy; =10 =j) - =. (56)
Vi
Proof From the definition of £,qn, we have
& 18
rdm = Z'Yz (Uzzu 1— > ZQ] _1UZ] Z = Z 771
z;éj 1:1 v

The equation holds when u;; = 0 for i # j € [d] and u_qu; = % for each i € [d]. This
can be achieved by simply letting u_1 = 1 and u;; = % for ¢ € [d]. Of course, when we

replace (u_1,u;) with (cu_1, ¢ tuy;) for any constant ¢ # 0, we can also achieve this global
minimum. |

C.3 PL Inequality and global convergence

Finally, to end the proof, we prove a Polyak-Lojasiewicz Inequality on the loss function £,qm,
and then prove global convergence. Before that, let’s first prove the balanced condition of
parameters will hold during the whole trajectory.

Lemma 25 (Balanced condition) Under the assumptions of Lemma 21, for any t > 0,
it holds that

w?, = tr [UH(UH)T} . (57)

Proof The proof is similar to the proof of Lemma 17. From Lemma 10, we multiply the
first equation in (49) by (Uy;)" from the right to get

[thn( )] (Un)" = —u®E [FTATUHAT(UH)T} +uE [AE(UH)T} :
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Also we multiply the second equation in Lemma 49 by u_; to obtain
d
<’u,_1(t)> u_l(t) = —u%l trE [FTATUUAT(UH)T} +u_qtr <E [Ag] (Un)T) s

Therefore, we have

b Kthu(t)> (Un(t))q _ <§tu_1(t)> o (b).

Taking the transpose of the equation above and adding to itself gives

d

St [Un@On )] = S a2,

Notice that from Assumption 3, we know that
u_1(0)2 =02 = o2 tr [@@Te@q — tr [UH(O)(UH(O))T} .

So for any time ¢ > 0, the equation holds. |

Next, similar to the proof of Theorem 4, we prove that, as long as the initial scale is
small enough, u_; will be positive along the whole trajectory and can be lower bounded by
a positive constant, which implies that the trajectories will be away from the saddle point
at the origin.

Lemma 26 We do gradient flow on lyym with respect to u; ; (Vi,j € [d]) and u_y. Suppose
the initialization satisfies Assumption 8 with initial scale

2 |EA, O3
0<o< | I ST (58)
\/g E ”FTHop ”ATHF
then for any t > 0, it holds that
u_l(t) > 0. (59)

Proof From the dynamics of gradient flow, we know the loss function £,4, is non-increasing;:

d g d 2 2
dfrdm - (%rdm d’U,Z] + agrdm du_1 _ Z [(%rdm] . |:8€rdm:| S 0.

dt Ouyj dt (9u_1' dt Ouyj ou_1q

3,0=1 i,j=1

Since we assume U11(0) = ©0 7, we know the loss function at ¢t = 0 is
lram(U11(0),u—1(0)) = Etr [“;rTAT@@TAT@@T — a%\i@@ﬂ] :
From the property of trace, we know
E tr [&AE@@T} = 62 |EA, 0| .
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From Von-Neumann’s trace inequality and the assumption that H@@TH =1, we know

4
E tr BPTATGQTAT@@T]

4d
<7 ;fIEHPTHOP ATGGTAT@@THF
oAVd||eoT|? o
< —— " |E Tl Al | = T [E Tl 1A 1] -

From the assumptions on © and A; we know EA;© # 0gxq and E[I'7[[,, A% > 0.
Therefore, comparing the two displays above, we know when (58) holds, we must have
lgm(0) < 0. So from the non-increasing property of the loss function, we know £ 4m(t) < 0
for any time ¢t > 0. Notice that when u_; = 0, the loss function is also zero, which suggests
that u_1(t) # 0 for any time ¢ > 0. Since u_1(0) > 0 and the trajectory of u_; must be
continuous, we know that it stays positive at all times. |

Lemma 27 We do gradient flow on lyym with respect to u;; (Vi,j € [d]) and u_y. Suppose
the initialization satisfies Assumption 8 and the initial scale satisfies (58). Then, for any
t > 0, it holds that

2
g 2 2
u_1(t) > | —— |2 ||EAO||% — Vdo? |E |1 - A > 0. 60
1( ) > \/2\/&”1}3 72_Hop || HF || ”op || ”F:H ( )

Proof From the dynamics of gradient flow, we know /.4, is non-increasing (see the proof
of Lemma 26). Recall the definition of the loss function:

1
legm(Ui1,u—q) = Etr [2uz_lFT/\TUnAT(Un)T - u—lAi(Un)T] .

Since A; commutes with I'; and they are both positive definite almost surely, we know
that Ty A, = Ogxq almost surely from Lemma 29. Again, since Ui A (Ur1) " = 0gxq almost
surely, from Lemma 29 we have tr [%u%lfTATUHAT(UH)T] > 0 almost surely. Therefore,
we have

lram(Unn,u_1) > —Etr [u,lAz(UH)T} — tr [u,l (EA2) (UH)T] .

From Von Neumann’s trace inequality (Lemma 31) and the fact that u_1(¢) > 0 for any
t >0 (Lemma 26), we know £ygm (Un1(t), u_1(t)) > —Vdu_y HEAEHOP |U11]| p - From Lemma

25, we know u?, = tr(Uy1(U11)") = ||Un1]|%. Since u_q(t) > 0 for any time, we know

actually u_1(t) = ||U11(t)||p- So we have
Erdm(UH(t),ufl(t)) > — dufl(t)Q HEAEHOP
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From the proof of Lemma 26, we know

o*Vd

Loam(U1(t), u—1(t)) < Lram(U11(0),u—1(0)) < 5

[EIIC: |, 1A-13] = o [EA, 0] .

Combine the two preceding displays above, we have

o? 2 2
u_1(t) > | ————— |2||EA.B||% — Vdo? |E||T, A > 0.
”)—¢m@mﬂmp" % [E I 113

The last inequality comes from Lemma 26. |

Finally, we prove the PL Inequality, which naturally leads to the global convergence.

Lemma 28 We do gradient flow on lyym with respect to u; ; (Vi,j € [d]) and u_y. Suppose
the initialization satisfies Assumption 3 and the initial scale satisfies (58). If we denote

n = min{v;,4 € [d]; (;j,i # j € [d]}

and
2
n-o 2 2 2

vi=——— [2||[EA,O|% — Vdo? |E||T,||, [|As >0, 61
2wwmm@[” % [EIIT- o, 47117 (61)

then for any t > 0, it holds that

2 d aErdm 2 agrdm 2 .
|V bram (U1, u) |5 = T | = V (bedm — min Lygm) - (62)
ij=1' """ -

Additionally, lrqm converges to the global minimal value, u;; and u_1 converge to the fol-
lowing limits,

d_ . -3 ‘ s i
tgrgoum):ﬂi:j)-[z;] 2 vield, tlggouﬂt):[;d . (63)

Translating back to the original parameterization, we have this is equivalent to

1
ET,A2] " E[A2]|| 7 [ET,A2] ' E[A2
i ) - (-2 e (2,7 - (BroA2) R (A2) 00|
°° 0 0

Odxd 0
: PV _
tliglow () = T 21-1 a2 |

07 | Eraz T E (A2

where I'; = %AT + % tr(A,)I; € R4 and E is over A,.
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Proof First, we prove the PL Inequality. From Lemma 24, we know

d
. 1
bram (Un1, u1) — min bram = 5 > i (Uuu 1— ) ZCU 2 ugj,

=1 z;é]

where &;, (;;,7; are defined in (51). Meanwhile, we calculate the square norm of the gradient
of Erdmi

2 d C{Mrdm 2 aErdm 2 8Erdm 2
”vgrdm(Ulla U_l)”2 = iJZ:1 au” 8u_1 aUU
d
Y, (uu - f%) 3l
i=1 #J

Comparing the two displays above, we know that in order to ensure that ||V€rdm|]§ >
V (begm — min £ygm) , it suffices to make

Vi € [d],

Vi # j € [d].

Yiu_1(t)* >

Ciju—1(t)* >

RN R

We define 7 := min {~;, (;j,i # j € [d]}, then it is sufficient to make

nu_(t)* >

DO| R

From Lemma 27, we know that we can actually lower bound u_; from below by a positive
constant. Then, the inequality holds if we take

2

n-o 9 9 )
= —F——— |2||[EA;O — \/&O’ E (T A, >0
svaieas,, |2 IEA-Ol Il 112

Therefore, as long as we take v as above, a PL inequality holds for £,qm.
With an abuse of notation, let us write fygm(t) = Crdm(U11(t),u—1(t)). Then, from the
dynamics of gradient flow and the PL Inequality ((62)), we know

. tram(1) — 0 L] = — [ Vhra ()] <~ (i (£) — i L)
which by Gronwall’s inequality implies
0 < lrgm(t) — min £y < exp(—vt) [lrdm(0) — min lygm] — 0
when t — co. From Lemma 24, we know
d
Z’yi <u”u 1— i) + ZCZ']"LLQ_IU% — 0 when t — oo.
i=1 i#j
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This implies

Uiy U—1 —> é Vi € [d],
Vi (64)
UjjU—1 —> 0 Vi#je€ [d]
We take square of w;(t)u_1(t) and w;;(t)u—1(t), then sum over all 4,5 € [d]. Then, we
2

get u?, Z‘f’j:l ufj — Zle%. From Lemma 25, we know for any t > 0, u_1(t)? =

tr (UH(UH)T) = Z?,j:l ufj So we have

d d 52
u-1(t)t =u?, Z uf — Z =5
ij=1 = Vi

which implies

d o1i
uat) lzg] (65

when t — co. Combining (64) and (65), we conclude

el .

=

Appendix D. Technical lemmas

Lemma 29 (Petersen and Pedersen, 2008) We denote A, B, X as matrices and & as vec-
tors. Then, we have

o 2 Bx _ (B4BT)x.
e Vec(AXB) = (B" ® A) Vec(X).
o tr (ATB) = Vec(A)' Vec(B).

tr (XBX") = XB' + XB.

Q|

0
0X

o Ztr(AXT)=A.
9

e % tr(AXBX'C)=ATC'XB' + CAXB.

Q)

Lemma 30 If X is Gaussian random vector of d dimension, mean zero and covariance
matriz A, and A € R¥? s q fized matriz. Then

E [XXTAXXT} ' (A + AT) A+ tr(AA)A.
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Proof We denote X = (X1,..., X4) . Then,
d
XXTAXXT=X(XTAX)XT = [ Y A;Xix; | XxT.
ij=1

So we know (XXTAXXT)M = (Z(ij,jzl AiniX]) X3 X;. From Isserlis’ Theorem in proba-

bility theory (Theorem 1.1 in Michalowicz et al. (2009), originally proposed in Wick (1950)),
we know for any 1, j, k, [ € [d], it holds that
E[XiX;Xp X)| = NijAp + Nirji + Ay Ay
Then, we have for any fixed k,[ € [d],
E(XXTAXXT),, = Z AijNij Ak + AN+ A A Ay,
J=1
= tj(AA)Akl + AL (A+AT)A,.

Therefore, we know

E(XXTAXXT) = A (A + AT) A+ tr(AA)A.

Lemma 31 (Von-Neumann’s Trace Inequality) Let U,V € R¥™" with d < n. We
have

d
tr (UTV> ZUZ ) < HUHop X Zaz ) < Vd - HUHOpHV”F
=1

where o1(X) > 09(X) > --- > 04(X) are the ordered singular values of X € R¥*™,

Lemma 32 ((Meenakshi and Rajian, 1999)) For any two positive semi-definitive ma-
trices A, B € R¥™¢ we have

e tr[AB] > 0.
e AB > 0 if and only if A and B commute.
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Appendix E. Experiment details

In this section, we provide more details for the experiment in Figure 1. Our experimental
setup is based on the codebase provided by Garg et al. (2022), with a modification that
allows for the possibility that the covariate distribution changes across prompts. We use
the standard GPT2 architecture with embedding size 256, 12 layers and 8 heads (Radford
et al., 2018) as implemented by HuggingFace (Wolf et al., 2020). For the GPT2 models, we
use the embedding method proposed by Garg et al. (2022), where instead of concatenating
x and y into a single token, they are treated as separate tokens. It is also worth noting that
the training objective function for the GPT2 model is different than those we consider for
the linear self-attention network: for the GPT2 model, the objective function is the average
over the full length of the context sequence (predictions for each x; using (zx, yr)k<qi), while
in our setting the objective function is only for the final query point. However, in the figure,
for both GPT2 and the linear self-attention model the error plotted corresponds to the error
for predicting the final query point.

In all experiments, covariates are sampled from a mean-zero Gaussian in d = 20 di-
mensions with either fixed or random covariance matrix. For the fixed covariance case,
we fix the covariance matrix to be identity; for the random case, the covariance matrices
are restricted to be diagonal and all diagonal entries are i.i.d. sampled from the standard
exponential distribution. The linear weights in all tasks are i.i.d. sampled from standard
Gaussian distribution and also independently from all covariates. We trained the model for
500000 steps using Adam (Kingma and Ba, 2014) with a batch size of 64 and learning rate
of 0.0001. We use the same curriculum strategy of Garg et al. (2022) for acceleration.

For testing the trained model, we used ordinary least squares as a baseline which is
optimal for noiseless linear regression tasks. For prompts at test time, covariates are sam-
pled i.i.d. from a mean-zero Gaussian distribution. For the fixed-covariance evaluation, the
covariance is the identity matrix. In the random-covariance evaluation, the covariance is a
random diagonal matrix with diagonal entries sampled from the standard exponential dis-
tribution, multiplied by a scaling coefficient ¢ € {1,4, 9}, i.e. for each task 7, the covariance
matrix in the ranxdom case is

AT =C- diag ()\7-71, ceey )\7-7d)

where \;; b Exponential(1) for any 7 and ¢ € [d]. The plots in Figure 1 show the error
averaged over 642 prompts, where we sample 64 covariance matrices for each curve and
64 prompts for each covariance matrix. We compute 90% confidence intervals over 1000
bootstrap trials for each test.
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