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Abstract

In supervised learning problems, global and local learning algorithms are used. In contrast to global
learning algorithms, the prediction of a local learning algorithm in a testing point is only based on
training data which are close to the testing point. Every global algorithm such as support vector
machines (SVM) can be localized in the following way: in every testing point, the (global) learning
algorithm is not applied to the whole training data but only to the k nearest neighbors (kNN) of
the testing point. In case of support vector machines, the success of such mixtures of SVM and
kNN (called SVM-KNN) has been shown in extensive simulation studies and also for real data sets
but only little has been known on theoretical properties so far. In the present article, it is shown
how a large class of regularized kernel methods (including SVM) can be localized in order to get a
universally consistent learning algorithm.

Keywords: machine learning, regularized kernel methods, localization, SVM, k-nearest neigh-
bors, SVM-KNN

1. Introduction

In a supervised learning problem, the goal is to predict the value y of an unobserved output vari-
able Y after observing the value x of an input variable X. A predictor is a function f which maps
the observed input value x (called testing data point) to a prediction f(x) of the unobserved out-
put value y. Choosing a predictor f = fp, is done on base of previously observed data D, =
((x1,91),- -+, (xn,yn)) (called trainig data). A learning algorithm is a function D, — fp, which
maps training data D, to a predictor fp,. Among the learning algorithms commonly used in ma-
chine learning, there are local and global algorithms. The most prominent example of a local algo-
rithm is k-nearest neighbors (kNN). In case of a local algorithm D, — fp,, the prediction fp, (x) in
a testing data point x is not based on the whole training data but only on those training data points
(xi,yi) which are close to x. In case of a global algorithm, choosing a predictor fp, is based on a
global criterion—such as (penalized) empirical risk minimization—and, accordingly, the prediction
/b, (x) in a point x can also be based on training data points (x;,y;) which are not close to x. Typi-
cal examples of global algorithms are regularized kernel methods such as support vector machines
(SVM).

Global algorithms have disadvantages if the complexity of the optimal predictor varies for dif-
ferent areas of the input space. For example, in one part of the the input space, an optimal predictor
might be a very simple function and, in another part, it might be a highly complex and volatile func-
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tion. This is a problem for global algorithms because the complexity of the selected predictor fp,
is usually regularized by one or several hyperparameters which are fixed for the whole input space.
One way to overcome this problem is to separate the input space into several parts in a first step and
to separately use a global algorithm for each of the separated parts. For example, the input space
is separated by use of decision trees and then SVMs are separately applied on the separated parts
of the input space; see, for example, Bennett and Blue (1998), Wu et al. (1999), and Chang et al.
(2010). Another possibility is to “localize” a global algorithm. This can be done in the following
way: (1) select a few training data points which are close to the testing data point, (2) determine
a predictor based on the selected training data points by use of a (global) learning algorithm, and
(3) calculate the prediction in the testing data point. A number of algorithms which have been sug-
gested in the literature can be described in this way. These algorithms only differ in the way how
data points are selected in (1) and which learning algorithm is used in (2). An early investigation
of such methods is Bottou and Vapnik (1992) and Vapnik and Bottou (1993). A number of recent
articles apply such an approach to support vector machines (SVM). That is, SVM is used in (2),
but there are differences in (1): In Zhang et al. (2006), data points are selected in the same way as
for kNN. That is, the prediction in a testing point x is given by that SVM which is calculated based
on the k, training points which are nearest to x; the natural number &, acts as a hyperparameter.
In order to decide which training points are the &, closest ones to x, a metric on the input space
is needed. Zhang et al. (2006) considers different metrics. As this approach is a mixture between
kNN and SVM, it is called SVM-KNN. Independently, a similar approach has been developed by
E. Blanzieri and others. The main difference to Zhang et al. (2006) is that distances (for select-
ing the k, nearest neighbors) are not measured in the input space but in the feature space (i.e., in
the RKHS associated with the kernel of the SVM). This approach has been extensively studied in
experimental comparisons in Blanzieri and Bryl (2007a), Blanzieri and Bryl (2007b), Segata and
Blanzieri (2009) and Blanzieri and Melgani (2008) where the latter publication also derives a local
bound on the generalization error. Another slightly different approach is developed in Cheng et al.
(2007) and Cheng et al. (2010). There, data points are not selected according to a fixed number k,,
of nearest neighbors as in KNN; instead, those training data points are selected which are contained
in a fixed neighborhood about the testing point x. That is, not the number of testing points in the
neighborhood is fixed (as in kNN), but the area of the neighborhood is fixed. In addition, it is also
possible to downweight testing points depending on their distance to the testing point x.

Though all of these approaches have been extensively studied on simulated and real-world data
and their success has experimentally been shown, only little is known on theoretical properties so
far. In this article, it is shown that some SVM-KNN approaches are universally consistent. Though
the above cited approaches only consider SVMs for classification (using the hinge loss) and linear
kernels, the following theoretical investigation allows for a large class of loss functions and kernels.
That is, not only SVMs but also general regularized kernel methods are considered for classification
and regression as well. Here, k, nearest neighbors are selected by use of the ordinary Euclidean
metric on the input space X C R” so that this approach is closest to Zhang et al. (2006). All methods
based on a kNN approach are faced with the problem of distance ties. This means that, in general,
the set of the k, nearest neighbors to a testing point x is not necessarily unique because different
testing points might have the same distance to x. In case of distance ties, a number of tie-breaking
strategies have been suggested in the literature; see, for example, Devroye et al. (1994, §1). E.g.
a simple tie-breaking strategy is to generate artificial additional covariates Uy, ..., U, i.i.d. from the
uniform distribution on [0, €] for some small € > 0. Then, for the new input variables X! := (X;,U;),
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Figure 1: Neighborhood (dotted circle) determined by the k nearest neighbors of a testing point
(empty point) for kK = 3. The left figure shows a situation without distance ties at the bor-
der of the neighborhood (dotted circle). The right figure shows a situation with distance
ties at the border of the neighborhood (empty point): only one of the two data points
(filled points) at the border may belong to the k = 3 nearest neighbors; choosing between
these two candidates is done by randomization here.

distance ties only occur with zero probability. The drawback of this method is that € has to be chosen
in advance and, in particular if € is not small enough, this tie-breaking strategy changes the results
even if there are no distance ties. Therefore, we use a different strategy where, in case of a distance
tie, the k nearest neigbors are chosen by randomization; see Figure 1. Technically, this is done by
artificially generated covariates Uj,...,U, i.i.d. from the uniform distribution on [0, 1] where—in
contrast to the simple tie-breaking strategy mentioned above—U; is only taken into account in case
of a distance tie in X;.

It has to be pointed out that the approach of this article differs from the one in Zakai and Ri-
tov (2009); see also Zakai (2008). There, it is shown that every consistent learning algorithm is
in a sense localizable. On the one hand, this is of great theoretical importance because, roughly
speaking, it says that global methods as SVMs asymptotically act like local methods. On the other
hand, this also shows that any consistent method can be localized in a way so that the local version
is again consistent. By a superficial inspection of these results, one might suggest that, essentially,
this would already show consistency of any localized method such as SVM-KNN. However, this is
not the case and these results cannot be used ofthand in order to prove consistency of SVM-KNN:
Firstly, the way how the methods are localized completely differ. In Zakai and Ritov (2009), lo-
calizing is not done by fixed numbers k, of nearest neighbors (as in kNN and SVM-KNN) but by
fixed sizes (radii) R, of neighborhoods (similar as in Cheng et al. (2010)). Using fixed sizes (radii)
of neighborhoods is more convenient for theoretical investigations because whether a data point x;,
lies in such a neighborhood only depends on this data point; that is, variables indicating whether data
points belong to such a neighborhood are i.i.d. In contrast, whether a data point x;, belongs to the
k, nearest neighbors depends on the whole sample; that is, the corresponding indicator variables are
not independent and one has to work with random sets of indexes. In particular, the KNN-approach
leads to random sizes of neighborhoods which depend on the testing point x while Zakai and Ritov
(2009) deal with deterministic sequences of radii R, which do not depend on the testing point x.
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Secondly, due to the generality of the investigation in Zakai and Ritov (2009), it is only shown there
that a (deterministic) sequence of radii R, exists such that a suitably,! localized method is consistent.
This indicates that looking for consistent localized methods may be promising; however, for prac-
tical purposes, mere existence is not enough and one also has to know how to choose such entities
like R, in order to get a consistent method. In the special case of SVM-KNN, the main result of
the present article precisely specifies possible choices of all involved entities (hyperparameters etc.)
which guarantee consistency.

For kNN, consistency requires that the number of selected neighbors k, goes to infinity but not too
fast for n — co. Clearly, this will also be crucial for SVM-KNN but, now, an additional difficulty
arises: the calculation of the SVM (or any other regularized kernel method) depends on a regular-
ization parameter A,, which determines to what extend the complexity of a predictor is penalized
(in order to avoid overfitting). Consistency of SVMs is only guaranteed if A,, converges to 0 but
not too fast. Accordingly, in case of SVM-KNN, the interplay between the convergence of k,, and
the convergence of A, is crucial. Theorem 1 below gives precise conditions on &, and A, which
guarantee consistency of SVM-KNN. In Therorem 1, it is assumed that k,, n € IN, is a predefined
deterministic sequence. The regularization parameters A, = Ap, , are based on the training data and
can, to some extend, also be chosen in a data-driven way, for example, by cross-validation. In addi-
tion, the choice of the regularization parameter is local, that is, depends on the testing point x. This
enables a local regularization of the complexity of the predictor which is an important motivation
for localizing a global algorithm as already stated above.

Local approaches such as SVM-KNN are computationally very efficient if the number of testing
points is small. However, if the number of testing points is large, then such methods are burdened
with high computational costs of the testing phase. Therefore, variants of SVM-KNN have been
proposed in Cheng et al. (2007) and Segata and Blanzieri (2010). For example, in Segata and
Blanzieri (2010), the computational complexity is reduced by the following modification: the SVM
is not calculated on base of the k-nearest neighbors of the testing point but on base of the k-nearest
neighbors of a certain training point which is close to the testing point. In this way, only a relatively
small number of SVMs has to be calculated. If k is reasonable small (and fixed), then training scales
as O(nlog(n)) and testing scales as O(log(n)) in the number of training points.

The article is organized as follows: Section 2 recalls the precise mathematical definitions of
kNN, regularized kernel methods (in particular, SVM) and SVM-KNN as investigated here. Section
3 contains the main result, that is, consistency of SVM-KNN, Section 4 investigates an illustrative
example and Section 5 contains some concluding remarks. All proofs and auxiliary results are given
in the Appendix.

2. Setup: kNN, SVM and SVM-KNN

Let (Q, 4, Q) be a probability space, let X be an open subset of R, and let 9" be a closed subset of
RR. For any (topological) space W/, its Borel-G-algebra is denoted by B ,. Let

X1, Xn: (,4,0) — (X,Bx) and Yi,....Y,: (,4,0) — (9, By)

be random variables such that (X;,Y;),...,(X,,Y,) are independent and identically distributed ac-
cording to some unknown probability measure P on (X X ,B xwf)- In order to find a prediction

1. In Zakai and Ritov (2009), localizing also involves a smoothing operation around the testing point.
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y = f(&) for a point & € X, a kKNN-rule is based on the k, nearest neighbors of & The k, nearest
neighbors of & € R” within xy,...,x, € R” are given by an index set I C {1,...,n} such that

#(1) = kn and malx|x, &l <m1n|xj gl. (1)
4SS JjéZ

However, in case of distance ties, some observations x; and x; have the same distance to £ (i.e.,
|xi —&| = |x; —&|) so that the k, nearest neighbors are not unique and an index set I as defined above
does not exist. In order to break distance ties, we use randomization (see also Figure 1) as done in
(Devroye et al., 1994, p. 1373f): We artificially generate data from random variables Uj,...,U,
which are uniformly distributed on (0, 1) and such that (X;,Y}),...,(X,,Y,),Ul,...,U, are inde-
pendent. Define Z; := (X;,U;) forevery i € {1,...,n}. Thatis, we observe (Z,,Y1),...,(Z,,Y,) now.
Define
D, == ((Z,1),...,(Z,,Yy)) VnelN.

We say that z; = (x;,u;) is (strictly) closer to { = (§,u) € X x (0,1) than z; = (xj,u;) if |x; = | <
|xj —E|; and, in case of a distance tie |x; —&| = |x; —&|, we say that z; = (x;,1;) is (strictly) closer
to = (&, u) than z; = (xj,u;), if |u; —u| < |uj —u|. That is, we use some kind of a lexicographic
order which guarantees that nothing changes if there are no distance ties. Note that there can also
be distance ties for the u; but these only occur with zero probability. The following is a precise
definition of “nearest neighbors” which also takes into account distance ties in the x; and the ;. For
neN,letk, € {l,...,n}. Take any z; = (x1,u1),...,2¢ = (Xn,un), = (§,u) € RP x (0,1) such
that there is a T,(z1,...,2,,5) = I C {1,...,n} such that

8(I) = ky, I?ealx]x, E < m1n|x, €| and jrg%(]|uj_u| < jrenji{l]|uj—u| ()

where
7 = {je{lin}| by —8 = max|x —¢|} 3)

If such a set T, (z1,...,2,,C) = I exists, it is unique. If it does not exist, there are also distance ties
in the u; and we arbitrarily define T, (z1,...,24,C) :={1,...,k,} in this case. Since distance ties in
the u; occur with zero probability, the definition of 1, (z1,...,z,,{) is meaningless in this case; it is
only important to assure measurability of T, : (z1,...,2,,8) — Tu(21,-..,24,C); see Appendix B. So,
definition (2) and (3) is a modification of (1) in order to deal with distance ties in the x;. Note that,
due to the lexicographic order, the values u; and u are only relevant in case of distance ties (at the
border of the neighborhood given by the &, nearest neighbors).
Next, define

Li(w) = 1,(Zi1(0),...,Z,(w),() VoeQ, V{eR’x(0,1). 4)

That is, Lt contains the indexes of the kj,-nearest neighbors of {. Let ij < iy < ... < i, be the
(ordered) elements of I, ¢. Then, the vector of the k,-nearest neighbors is

Dn,c = ((Zi|7Yi1)7"'7(ZiknaYikn)) . (5)

The prediction of the ordinary kNN-rule in & is given by the mean

7ZY

i’l lEIng
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The SVM-KNN method replaces the mean by an SVM. To this end, we recall the definition of
SVMs; here, the term “SVM” is used in a wide sense which covers many regularized kernel-based
learning algorithms for classification and regression as well; see, for example, Steinwart and Christ-
mann (2008) for these methods.

A measurable map L: 9 x R — [0,0) is called loss function. A loss function L is called convex
loss function if it is convex in its second argument, that is, r — L(y,?) is convex for every y € .
The risk of a measurable function f : X — R is defined by

Re(f) = [ LOS00) P(A).

The goal is to estimate a function f : X — IR which minimizes this risk. The estimates obtained from
the method of support vector machines are elements of so-called reproducing kernel Hilbert spaces
(RKHS) H. An RKHS H is a certain Hilbert space of functions f : X — R which is generated by a
kernel K : X x X — R.. See, for example, Scholkopf and Smola (2002) or Steinwart and Christmann
(2008) for details about these concepts.

Let H be such an RKHS. Then, the regularized risk of an element f € H is defined to be

Rep(f) = Re(f) + MfllF.  where L& (0,%).

Anelement f € H is called a support vector machine (SVM) and denoted by fp) if it minimizes
the regularized risk in H . That is,

Re(fe2) + Mfpallis = inf (Re(f) +MIf1lz) - ©

The empirical SVM fp, »,, 1s that function f € H which minimizes

n

% Y L(yi, f(x:)) + Ap,

i=1

fllE

in H for the data D, = ((x1,¥1), .-, (Xn,¥n)) € (X x 9")" and a regularization parameter Ap, € (0,)
which is chosen in a data-driven way (e.g., by cross-validation) in applications so that it typically
depends on the data. The empirical support vector machine fp, 3, uniquely exists for every Ap, €
(0,00) and every data-set D, € (X x )" if t — L(y,t) is convex for every y € .

The prediction of the SVM-KNN learning algorithm in = (§,u) € X x (0,1) is given by
I, At (€) with

(1
fo, 0, = argmin (k ZQL(Yiaf(Xi)) + Augllf II%;> )

niel,

where ® — A, ¢ (®) is a random regularization parameter depending on 7 and {. That is, the method
calculates the empirical SVM fp, A, for the k, nearest neighbors (given by the index set I, r) and
uses the value fp,, A, (&) for the prediction in §. The empirical SVM minimizes the regularized
empirical risk where the regularization is done in order to avoid overfitting. Note that—unlike most
theoretical investigations on SVMs—the regularization parameter A,, ¢ is random and, here, also the
index set I, ¢ is random, that is, a set-valued random variable. We will assume that " C [—M, M] for
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some M so that the SVM-KNN can be clipped. The clipped version of the SVM-KNN is denoted
by

N M fD,,.C,AmQ(a) >M
fDn,chn‘g(‘:) = fD,Lz;,/\nﬁg(&«) if fDn,gvAn.g(&) € [-M,M] . (3
-M fo,, (&) < —M

This means that we change the prediction to M (or —M) if fp, . a, (&) is larger (or smaller) than M
(or —M). As we will assume that 9" C [-M,M], predictions exceeding [—M,M] are not sensible
and, in these cases, clipping obviously improves the accuracy of our predictions.

3. Main Result

This section contains the main result, namely universal consistency of SVM-KNN where the term
“SVM” is used in a broad sense. Instead of just SVMs in the original sense (i.e., classification using
the hinge loss), a large class of regularized kernel methods for classification and regression as well
is covered. However, as already mentioned in the introduction, not any combination of SVM and
kNN is possible. In order to get consistency, the choice of the number of neighbors &, and the data-
driven local choice of the regularization parameter A = A,, ¢ needs some care. The following settings
guarantee consistency of SVM-KNN. Possible choices for k, and A,, are, for example, k, = b -n%7>
forb € (0,1]and A, = a-n"" fora € (0,), n € N.
Settings: Choose a sequence k, € IN, n € IN, such that

k
ki <k <ks<...<limk,=oc0 and — \, 0 forn— oo,
n—oo n
and a sequence A, € (0,00), n € IN, such that
limA, = 0 d fim A kn 9)
e me o GERAMTE T

and a constant ¢ € (0,0), and a sequence ¢, € [0,e0) such that lim, ...c,/v/A, = 0. For every
= (& u) € X x(0,1), define

- 1 3
An,C = ki Z |Xi_§|2

n ie]n.C

and choose random regularization parameters A,, ¢ such that
X% (0,1)xQ — (0,00), & u,0) = ({,0) = A, (o)
is measurable and
c-max{?»n,f\mc} < Apg < (c+cp)-max {kn,f\mc} Ve X x(0,1). (10)

Let the kernel K : X x X — R be continuously differentiable, bounded, and such that its RKHS H
is non-degenerated in the following sense:

for every x € X there is an f € H such that f(x) #0. (11)
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Theorem 1 Let X C R? be an open subset and let Y C [—M, M| be closed. Let L : [—M,M] x
R — [0,00) be a convex loss function with the following local Lipschitz property: there are some
bo,by € (0,00) and g € [0, 1] such that, for every a € (0,0),

sup  |[L(y,t1) —L(v,02)| < |Llag-|ti—12|  Vi1,12 € [-a,d] (12)
y€[7M7M]
for |L|g1 = bo+bial. In addition, assume that there is an increasing function { : [0,00) — [0,00)

such that limg_,0 £(s) = 0 and

sup  |L(y1,t) —L(y2,1)| < £(ly1—y2)  Vyi,y2 € [-M,M]. (13)
te[—M M)

Assume that (X1,Y1),...,(Xy,Y,) are independent and identically distributed according to some
unknown probability measure P on ()C x B ny) and let Uy, ...,U, be uniformly distributed on
(0,1) such that (X1,Y1),...,(Xn,Yn),Ui,...,U, are independent.

Then, every SVM-KNN defined by (7,8) according to the above settings and clipped at M,

fo: C=Eu) = foea,(6)

is risk-consistent, that is,

Re(fo,) — flxn% Re(f) =: Rp in probability.

Essentially all commonly used loss functions satisfy assumptions (12) and (13): for example,
the hinge loss and the logistic loss for classification, the e-insensitive loss, the least squares loss,
the absolute deviation loss, and the Huber loss for regression, and the pinball loss for quantile
regression.

The property (11) of a nowhere degenerated RKHS H is a very weak property and replaces
strong denseness properties of H which are typically needed in order to assure universal consistency
of SVMs.

The settings include a data-driven local choice of the regularization parameter A = A,, ¢. Here,
“local” means that A,, ¢ depends on the testing point {. This is preferable because, in this way, it is
possible to allow for different degrees of complexity on different areas of the input space. As already
mentioned in the introduction, this is an important motivation for “localizing” a global algorithm.
A simple rule of thumb for choosing A, ¢ is to predefine a fixed ¢ € (0,0) and use

Apg = c-max {Ay, A, ¢} (14)

The deterministic A, prevents the regularization parameters from decreasing to 0 too fast and (9)
controls the interplay between k, and A,. (Recall that it is well known that classical SVMs are
not consistent if the regularization parameters decrease to 0 too fast.) Note that the calculation of
1~\n_’§ is computationally fas~t as I, (the index set of the k, nearest neighbors) has to be calculated
anyway. The behavioz of A, ¢ is reasonable: if the k, nearest neighbors are relatively close to the
testing point C, then A, ¢ is relatively small which is favorable because this means that relatively
many training points are close to { so that the predictor should be allowed to be relatively complex
around {. Nevertheless, the rule of thumb suggested in (14) will not satisfactorily capture different
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degrees of complexity in most cases. Then, it is possible to choose the regularization parameter on
base of a (restricted) cross-validation or any other method for selecting the hyperparameter: choose
a (very) small ¢ € (0,0) and a (very) large C € (0, ), define ¢, := Cy/A,/In(n) and make sure that
your selection method (e.g., cross validation) only picks a value from the interval

|:C' max {A‘}’HAI’L,C} s (C+Cn> -max {Xn,]\ng}} .

As it is assumed in Theorem 1 that lim,_,.. k,/n = 0 (i.e., the fraction of data points in the neighbor-
hood diminishes), this SVM-KNN approach is rather a kNN-approach in which the simple (local)
constant fitting is replaced by a more advanced (local) SVM fitting. That is, we follow a local
modeling paradigm (see Gyorfi et al., 2002, § 2.1) just as done, for example, when generalizing the
Nadaraya-Watson kernel estimator (constant fitting) to the local polynomial kernel estimator (poly-
nomial fitting); for local polynomial fitting and the advantages of generalizing local constant fitting,
see, for example, Fan and Gijbels (1996). In case of SVM-KNN, the advantage of generalizing con-
stant fitting (kNN), has been demonstrated in extensive simulation studies in Zhang et al. (2006),
Blanzieri and Bryl (2007a), Blanzieri and Bryl (2007b), Segata and Blanzieri (2009), and Blanzieri
and Melgani (2008).

Instead, it would also be possible to assume that lim,_, k,/n = 1 so that the method (asymp-
totically) acts as an ordinary SVM. If convergence of the fraction k,/n to 1 is fast enough, then
universal consistency of such a method follows from universal consistency of SVM.

4. An Illustrative Example

It is commonly accepted in machine learning that there is no universally consistent learning algo-
rithm which is always better than all other universally consistent learning algorithms and, for two
different learning algorithms, there is always a situation in which one learning algorithm is better
than the other one and there is also a situation in which it is the other way round; see, for example,
(Devroye et al., 1996, § 1). The goal of this section is to illustrate where localizing SVMs provides
some gain and where it does not. It has to be pointed out here that it is not the goal of this article or
this section to empirically show the success of the SVM-KNN approach. This has previously been
done; see the references cited in the introduction. The aim of this article is the proof of universal
consistency and this section is only for illustrative purposes.
Let us consider the following model

Y, = fi(Xi)+&, ie{l,...,n} (15)
where, in the first scenario (j = 1), the regression function is given by
fi(x) = 10(]x| — 1) -sign(x) , xe[-1,1]
and, in the second scenario (j = 2), the regression function is given by
fr(x) = 1067 -sign(x),  xe[-1,1].

As illustrated in Figure 2, the difference between f| and f> is that the parts of the functions on
(—1,0) and (0,1) are interchanged. In both cases, Xi,...,X, are i.i.d. drawn from the uniform
distribution on [—1,1] and €1,...,€&, are i.i.d. drawn from A((0,6?) for ¢ = 0.5.
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Figure 2: Graph of the regression functions fi(x) = 10(|x| — 1)?-sign(x) and f>(x) = 10x? - sign(x)
in model (15)

Classical SVMs, the localized version SVM-KNN, and classical kNN are applied to simulated
data sets of size n = 200 for both scenarios each with 500 runs. In case of classical SVMs, the
Gaussian RBF kernel Ky (x,x") = exp(—7y(x —x')?) and the €-insensitive loss for € = 0.001 are used.
The hyperparameter 7y is chosen by a five-fold cross validation among

0.001, 0.005, 0.01, 0.05, 0.1, 0.5, 1, 2, 5, 10, 15, 20, 30, 50, 75, 100, 150, 200, 250, 300, 350, 400, 500

0.

and the regularization parameter is equal to A, = a-n~%% where a is chosen by a five-fold cross

validation among

0.00001, 0.00005, 0.0001, 0.0005, 0.001, 0.005, 0.01, 0.05, 0.1,

The choice A, = a-n~"% is motivated by the fact that classical SVMs with the e-insensitive loss are

consistent if lim,_s.. A, = 0 and lim,_c. 7»,2111 = oo0; see (Christmann and Steinwart, 2007, Theorem
12). In case of SVM-KNN, the number of nearest neighbors is equal to k, = [b-n*7| where the
hyperparameter b is chosen by a five-fold cross validation among

0.15,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1.

The exponent 0.75 for the definition of &, is in accordance with the settings in Section 3. Choosing
ky = [b . n0'75] would also guarantee universal consistency of classical kKNN; see, for example,
(Gyorfi et al., 2002, Theorem 6.1). For each testing point &, the prediction is calculated by a local
SVM on the k, nearest neighbor. For each local SVM, the polynomial kernel K (x,x) = (x-x'41)3
with degree 3 and the e-insensitive loss for € = 0.001 are used. In accordance with the settings in
Section 3, the regularization parameter is equal to A, ¢ = C,, s max {0.0lk; 02, kl—n Yic Le |x; — §|1'5}
where, for every &, the hyperparameter C, ¢ is chosen by a five-fold cross validation among
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0.01, 0.1, 1, 10, 100, 1000, 10000, 100000 .

Similarly to the case of SVM-KNN, the number of nearest neighbors in the classical KNN method is
equal to k, = {c -n%3 W where the hyperparameter c is chosen by a five-fold cross validation among

0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1.

The evaluation of the estimates is done on a test data set which consists of 1001 equidistant grid
points &; on [—1, 1]. For every run r € {1,...,500}, the mean absolute error (MAE) is calculated

1001
MAE; ) :molzwf*xz i) for foe {1 £ )

where ;' denotes the SVM-estimate, f; """ denotes the SVM-KNN-estimate, and f]kNrN denotes the
kNN-estimate in the r-th run of scenario j. For every scenario j and every learning algorithm, the
values MAE; ,(f,), r € {1,...,500}, are shown in a boxplot in Figure 3. In addition, Table 1 shows
the average of MAE; ,(f,) over the 500 runs:

500
MAE;(f,) = 555 L MAE;(f,)  for fi € {f};. fi7™"} .
r=1
scenario j =1 scenario j =2
SVM 0.453 0.115
SVM-KNN 0.331 0.216
kNN 0.348 0.189

Table 1: The average MAE; of the mean absolute error over the 500 runs for classical SVMs and
SVM-KNN for scenarios j=1and j =2

It turns out that SVM-KNN is clearly better than classical SVM in scenario 1 while classical
SVM is clearly better than SVM-KNN in scenario 2. In both examples, the performance of SVM-
KNN is similar to that of classical KNN. Function f; in scenario 2 is a smooth function and classical
SVMs are typically very successful for learning such smooth functions. Function f] in scenario 1
nearly coincides with f; in scenario 2 in the sense that the parts of the functions on (—1,0) and (0, 1)
are just interchanged. However, this leads to a considerable jump at x = 0 which provides some
difficulty for classical SVMs. Such jumps can be managed by classical SVMs if the hyperparameter
v and the regularization parameter A are suitably chosen, namely, if v is large and/or A is small.
However, such a choice increases the danger of overfitting in those parts of the input space in which
the unknown regression function is a simple, smooth function. This problem is avoided by localized
learners such as SVM-KNN, which is a main motivation for localizing global learning algorithms.
In particular, the difference of the performance between scenario 1 and 2 is much smaller in case of
SVM-KNN than in case of classical SVM. Figure 4 shows in a boxplot which values of y are selected
by the cross validation in the 500 runs for each scenario. Obviously, the jump in x = 0 leads to large
values of 'y in scenario 1 compared to scenario 2. This in turn facilitates that the SVM-estimate is
too volatile in those parts of the input space in which f] is relatively simple, for example, in the
interval [—1,—0.5]. This tendency is exemplarily illustrated in Figure 5 which shows the estimates
on the interval [—1,0] of the input space in the first 9 runs of the simulation in case of scenario 1.
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Scenario 1 Scenario 2
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Figure 3: Boxplots of the mean absolute errors MAE; , in the runs r € {1,...,500} for classical
SVMs and SVM-KNN for scenarios j =1 and j =2
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Figure 4: Values of the hyperparameter 7y selected by cross validation for the classical SVM in the
500 runs for each scenario

5. Conclusions

Learning algorithms which are defined in a global manner typically can have difficulties if the com-
plexity of the optimal predictor varies for different areas of the input space. One way to overcome
this problem is to localize the learning algorithm. That is, the learning algorithm is not applied to
the whole training data but only to those training data which are close to the testing point. In a num-
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Figure 5: Estimates on the interval [—1,0] in the first nine runs in scenario 1: true function fj
(dashed black line), SVM (solid black line), SVM-KNN (solid gray line)

ber of recent articles such localizations of support vector machines have been suggested and their
success has empirically been shown in extensive simulation studies and on real data sets but only
little has been known on theoretical properties. In this article, it has been shown for a large class
of regularized kernel methods (including SVM) that suitably localized versions (called SVM-KNN)
are universally consistent.

Instead of localizing support vector machines, it would also be possible in principle to local-
ize any other learning algorithm, for example, boosting. If this is done suitably, then localizing a
learning algorithm will often lead to an algorithm which is again universally consistent. This article
presents one way how this can be done in the special case of regularized kernel methods. However,
it is a topic of further research if it is possible to derive a general scheme of localizing learning algo-
rithms which, in combination with properties of the learning algorithm, always guarantees universal
consistency.
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Appendix A. Preparations

Let Px denote the distribution of the covariates X;. For every { = (&,u) € X x (0,1), there is a
smallest 7,, ¢ € [0, 0] such that Q(|X; —&| < r,,¢) > % and there is an s, ¢ € [0,0) such that

kn

01X —8l < rug or (K~ = rg, [Ui—u] < 5,0)) = 2.

Forevery { = (&,u) € X x (0,1), r € [0,00), and s € [0, o), define the open balls B,(§) = {x € X||x—
€| <r}and By(u) = {v e (0,1)||v—u| < s}, and define the boundary 0B,(§) = {x € X||[x—&| =r}.

Define
Bug = (Br,o(6) % (0,1)) U (3B, (6) x By, (u))

Roughly spoken, B, ¢ is a neighborhood around § = (&, u) with probability k,/n which is in line
with our tie-breaking strategy. Then,
kn

PX®Unif(O,l)(Bn,§) = Q(ZiGBn@) = ;

where Unif (g ;) denotes the uniform distribution on (0,1). Let P, ¢ be the conditional distribution of
Z; given Z; € Bn,g’ that is,

Q(Zi € BNB n
P,¢(B) = (Q(Z,- - Bn,cr;C) = k—nQ(Z,- € BNB,r) VBE Bxy,)-
Let x — P(-|x) be any regular version of the factorized conditional distribution of ¥; given X; = x; see,
for example, (Dudley, 2002, § 10.2). Due to independence of Uj, this coincides with the conditional
distribution of ¥; given Z; = z (i.e., given (X;,U;) = (x,u)) and, accordingly, we write P(-|z) = P(|x).
Let Oz y denote the joint distribution of (Z;,Y;) and define Z:= X x (0,1). Then, for every { € Z,
n € IN, and every integrable g : Zx 9" — R,

]iln nyleg(Z)g(z,y)sz(d(z,y)) = /Z/yg(ZaY)P(dﬂZ)Pn’C(dz). (16)

When this does not lead to confusion, the conditional distribution of the pair of random variables
(Z:,Y;) given Z; € B, ¢ is also denoted by P, ;. That is, we will also write

n

o ZXyIB,,,g(Z)g(Z,Y)QZ7Y(d(Z,y)) = /nyg(z,y)anc(d(z,y)), 17

The following lemma is an immediate consequence of the definitions and well known facts
about the support of measures, see, for example, Parthasarathy (1967, II. Theorem 2.1). It says that,
for almost every & € X, the radii ry g decrease to 0.

Lemma 2 Define
By := {§€ X | Are(0,0) such that Px(B,(§)) =0} .

Then, Px(By) = 1.
Furthermore, for every & € By,

00 > g > . > 3¢ > .2 li;nrné =0.
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Similarly to the definition of I, and D, ¢ in (4) and (5), we define the modifications [ *C and
D : Forevery n € NN, C=(&u) € Xx(0,1)and ® € Q, define

r(w) = {ie{l,...,n}| Z(w) €B, ¢} .

Fixanyn e IN, { = (§,u) € X x (0,1) and w € Q and let i} < i» < ... <, be the (ordered) elements
of In*g((o). Then, define

1) = ((2(©),%,(0), ., (,().Y,, (@) -

That is, [ :C consists of all those indexes i € {1,...,n} and D;,C consists of all those data points
(Z:,Y;) such that Z; € B, ¢ . This means: while the the sets I, ; and D, ¢ consist of a fixed num-
ber of nearest neighbors, the sets Infc and DZ,C consist of all those neighbors which lie in a fixed
neighborhood.

As the probability that Z; € B, ¢ is k,/n, we expect that, for large n, the index sets I, ¢ and

and the vectors of data points D, ¢ and D} . are similar. However, working with [*, is more
comfortable because, whether i € [ *C’ only depends on Z; but, whether i € I, ¢, depends on all
2y Zy.

If a real-valued function f is clipped at M, then the clipped version is denoted by ]?, that is,
Flx) = f(x)if =M < f(x) <M, and f(x) = —M if f(x) < —M, andf( ):MifM<f(x). Note that,

for every fi,f» : X — Rand § € X, it follows that | &) - ()] < |/1(&) = f2(&)|. Furthermore,
since K is bounded, every f € H fulfills | f(§)| < ||K||w - || f H H; see (Stemwart and Christmann, 2008,
Lemma 4.23). In combination with (12), this implies that, for every § € X and for every f1, f> € H,

| JLOR©)P@TE)~ (L0 E)P@IE)]| < Ll Kl il as)

Define [|L(+,0)][e = Supye(_p1 ] |L(y,0)|. Then, for every probability measure Py,

Re,(0) = [L00)Rdx) < L0 '€ oo, (19)

The following lemma is one of the main tools; it is an application of Hoeffding’s inequality and
will be used several times for V= H and V = R.

Lemma 3 Ler V be a separable Hilbert space and, for every n € N, let ¥, : Zx 9 —V be a
Borel-measurable function such that for every bounded subset B C Z,

sup sup H‘P Z,y HH < oo,
nelNzeB,yey

Then, for every € € X,

n—yoo

A kf (i Y ¥, (Z:,Y))1p, (Z;) — / W(2)1s,.(2) Oz (d <zvy>)> v
n i=1

in probability.

167



HABLE

Note that the integral in Lemma 3 is an integral over a Hilbert-space-valued function and, accord-
ingly, is a Bochner integral; see, for example, (Denkowski et al., 2003, § 3.10) for such integrals.
Proof The proof is done by an application of Hoeffding’s inequality for functions with values in a
separable Hilbert space. According to Lemma 2, there is an ng € IN such that B, ¢ is bounded and
B, ¢ C By, ¢ for every n > ng. Hence, there is a constant b € (0,0) such that, for every n > ny,

sup || Wa(z: )18, ()], <b-
(z.y)€ZXY

For every n > ng and © € (0,0), define a,; := 2b-(Vtn~'+vn~!+1n~') and

<anz ¢ -
\%

Then, by Hoeffding’s inequality for separable Hilbert spaces (e.g., Steinwart and Christmann, 2008,
Corollary 6.15),

1
An,‘c = { H E Z‘Pn (Zi7 Yi)IB,l,g (Zi) - /anIB,,é dQZ,Y
i=1

O(Anz) > 1—e™  Vn>ng, VY1e(0,00). (20)
3 _3
Define T, := A} knn_% and €, := A, *nk, 'a, 1, for every n > ny. Then, for every ® € Anz,

LY, (z(0), Vi), (zi(0) - / W1y, A0y

< &.
kn || i

Vv

According to (9),

3 3
. 2b Ak 1 Mk 1
gn:nZn,‘Cn: 3”( nn+ 4 nn>:2b.< \3/ﬁ+\3/ﬁ+>—>0
ke Aik, \J VR Vo /nn Mky Ak, V) o

Hence, for every € > 0, there is an ne € IN such that € > g, for every n > n¢ and, therefore,

3nl|lld (200
0 (Kn : o ZZIPn(ZiaYi)IB,LQ (Z) _/anIB,,_L dQzy|| > 8) < Q(EAn,‘cn> < e ™.
n ([ i=1 1%
The last expression converges to 0 because lim,,_,. T, = oo due to (9), |

Appendix B. Measurability

Measurability is an issue and needs some care because the SVM-KNN is based on a subsample
which is randomly chosen. It is not possible to ignore measurability by turning over to outer prob-
abilities here because the final step of the proof of the main theorem is based on an application of
Fubini’s Theorem and, therefore, heavily relies on (product) measurability.
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Lemma 4

(a) The following maps are measurable with respect to the product-G-algebra BP @ 6 1) ® 4
and the respective Borel-G-Algebra:

(i) RPx(0,1)xQ — RPVa (€ y0)=({,w) — D,¢(0)
(i) RPx(0,)xQ = R, (§u,0)=((0) = R, (0) = maxiy, |Xi(0)—§.
(i) R?x(0,1)xQ = R, (&u,0)=((0) — A, (0).

(b) Let A:RP x (0,1) x Q — (0,00) be measurable with respect to B @B 1) ® A and the
Borel-c-Algebra. Then,

R” x (07 1) XQ — R, (i,u,(ﬂ) = (Cam) = fD,,,c(u)),A(C,(D) (é)
is measurable with respect to BP @B g 1) ® A and B.

(c) Forevery L= (& u) € R” x (0,1) and every A : Q — (0,0) measurable with respect to 4 and
the Borel-G-Algebra, the map

Q—-R, 0o~ fDZﬁC(w),A(m) (€)
is measurable with respect to 4 and B.

Proof Forevery { = (§,u) € R” x (0,1) and @ € Q, define I, ¢ (w) as in Section 2. Let Ind, denote
the set of all subsets of {1,...,n} with k, elements. First, it is shown that

T, QX R x(0,1) = Ind,, (0,&,u) — I ¢, (0)

is measurable with respect to A® B” @B 1) and 2!nda: Take any I € Ind,, such that I # {1,...,k,}
and, for every 7 C {1,...,n}, define

B = {(@&0) € QxR x(0.1) | max|Xi(0) & < minlX;(0) ]

BY = {081 € QxR x (0,1)] IX)(®) & = max [Xi(w) ~&| Vj€ 7}
BY = {(@.8u) € QxR x (0,1)| Xi(0) - E] # max |Xi(w) ~ | V¢ ¢ 7 |
Bl = {(m,g,u)egxwx(o,l) max [U(©) —ul < min |U;(0 )—uy}.

The set B(jl) says that no X; is closer to & than the k, nearest neighbors. The sets B(jz) and B(;) states

that 7 specifies all those X; which lie at the border of the neighborhood given by the nearest neigh-

bors. The set B(j4) is concerned with all data points which lie at the border: the nearest neighbors
among them have strictly smaller |U; — u| than those which do not belong to the nearest neighbors.
Accordingly, the inverse image %, ! ({I}) equals

~ 1 2 3 4
Ty = U (B§)mB§)mB§)mB§)).
JcA{l,...n}
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Since B(;) is measurable for every ¢ € {1,2,3,4} and 7 C {1,...,n}, this shows that £, ' ({I}) is
measurable for every I # {1,...,k,}. Hence, %, is measurable. For every I = {ij,...,i, } such that
i1 <ip <+ <ig, and every D, = ((z1,51),---, (20, yn)) € (R? x (0,1)) x R)" define

(Pn(I>Dn) = ((Zilayi1)7'"7(Zik,,7yik,,)) .
The map @, : Ind, x ((R? x (0,1)) x R)" — ((R” x (0,1)) x R)* is continuous (where Ind, is

endowed with the discrete topology). Since

Dn,C(m) = On <%n (@,8,u), D, ((D)> for{=(§u) ,

statement (i) follows from measurability of %, and ¢,. Next, (ii) follows from measurability of
(Xiy -5 Xy, ,§) > MaXjeqy, g, [xi; — &| and (iii) follows from

1 n
Ang FZ X — ‘3\21 (Ruc—Xi) -

Now, we can prove part (b) and (c): Forevery I C {1,2,...,n} and every D = ((x1 V1) s (xn,yn)) €
((R? % (0,1)) x R)", denote D; = ((xi,yi)),., - Then, it follows from Lemma 9 (a) and (Steinwart
and Christmann, 2008, Lemma 4.23) that the map

202 (RP X (0,1) xR)"x X — H,  (I,D,§) = fp, (&)

is continuous for every A > 0 (where 2{12.-n} s endowed with the discrete topology). Since
A — fp,(E) is continuous for every fixed (I,D,&) according to (Steinwart and Christmann, 2008,
Corollary 5.19 and Lemma 4.23), the map ((1,D,&),L) — fp, (&) is a Caratheodory function
and, therefore, measurable; see, for example, Denkowski et al. (2003, Definition 2.5.18 and Theo-
rem 2.5.22). Then, (b) follows from (a), and (c) follows from measurability of %;C T I;,Q((’))
for every fixed = (&, u). Measurability of T, ¢ follows from

~* _] ﬂZ n?; mmz BBnQ VI c 2{1,2,...,11} )
el lg]

Appendix C. Proof of Theorem 1

In the main part of the proof, it is shown that for Px @ Unif g ;) - almost every { = (§,u) € X x (0,1),

0< [ L00Focm©) PAIE) — inf [ LOw) PAYIE) —— 0 en

n—yoo

in probability. Then, statement (21) implies Theorem 1 as follows:
Since, for every fixed £ = (§,u), the maps

© = [L0u o001 P@IE) = inf [L) PG, ne,
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are uniformly bounded, convergence in probability for Px @ Unif(, ;) - almost every { = (&,u) €
X x (0,1) implies

n—yoo

Bo (10 ovcnc @) @D ~ i [P ) 00

for Px ® Unif(q ;) - almost every { = (§,u) € X x (0,1). Since the maps

(= &) > Bol [L01b.cr, &) IO ~ if [LO0P@ID), new.

are uniformly bounded again, Px ® Unif(q 1) - almost sure convergence implies

[[eo( [L0:30.cr @)P@IO - inf [Ltr P10 PetaUnit @) — 0 (2

for n — oo. Note that { — inf,c [ L(y,t) P(dy|{) is measurable, because the assumptions on L imply
continuity of # — [ L(y,t) P(dy|C), hence, inf,cr [ L(y,t) P(dy|C) = inficq [ L(y,?) P(dy|C) for every

€€ X x (0,1). Next, recall that fp, ({) :J/[;)mt;-,/\n,g(&) and P(:|§) = P(|C) for every { = (§,u). By a
slight abuse of notation, we write

Re(fo,) = Resunit,,, (/v,) //L ¥, fo, (& u)) P(d(&,y)) Unifg 1) (du).

Then, applying Fubini’s Theorem in (22) yields

0 < EQ< /mf/L v,1) P(dy[E) Px(d§)> ——0. (23)
For every measurable f: X — R,

JLOr@)P@E) > inf [Lnn)Pare)  vEex.

Hence,
&; > [inf [L0v0) Play(E)Px(dg)

and, therefore, (23) implies

Eg (Re(f,) = Rp) - 0

n—oo

and, as Rp(fp,) > Rg,
Eg [Re(fo,) = Re| —> 0.

n—sco

In particular, this also implies

Re(fp,) — Rg  in probability.

n—oo
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That is, it only remains to prove (21). To this end, note that, for every { = (§,u) € X x (0,1),
we have P(-|C) = P(-|§) and

0 < /L(y’]rtl\)n,gl\n,g@)) P(dy|C) — lnf/L y,t)P(dy|C) <

< | [ L0 e @) PIE) [ L0, 6 PlasIE) e4)
| [ 10Ty 0 ) P = [ LOTr,c(8) PlarE) @
| JL0en )P~ [[L0 )PPt €O
(e T Pt Paglatson) - g [L0P(@slE)) vo @)

where a V0 = max{a,0}. Therefore, it suffices to prove convergence in probability of each of
these four summands. This is done in the following four subsections but, first, we need some more
preparations:

Lemma S Fix any { = (§,u) € By x (0,1) where By is defined as in Lemma 2. Let Pp, . and Pp;
denote the empirical measure corresponding to D,, ¢ and DZ.C respectively. It follows that

k, n—yoo

0 in probability , 28)

n 0 in probability , (29)
ﬁ(Infg) n—ree
_3
A ||Pp,  —Po;, (Tv —— 0 inprobability, (30)
R, = m?x |X; — | — 0 in probability 31
1S
and, for every B € (0,),
3
M| Z 1X; — &P — /\x EP P, (d(x, v))‘ —— 0 inprobability. (32)

an[C

Proof Statement (28) follows from Lemma 3 because the definitions imply

in
=M
" k, "k,

%ZIB,,C /IB,,Q (z) Ozy (d(z, y))|
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In order to prove (29) note that (28) implies that (1" ) /kn — 1 in probability and, therefore, also
kn/8(1 ) — 1 in probability. Hence, (28) implies (29) because

R /A
217 ko I
In order to prove (30) note that the definitions imply for almost every ® € Q
(Only in case of distance ties in the Ui((o), statement (33) is not true.) Therefore,
H(Le\ L) < |8(L5) —ka|  and  8(L5\ L) < [8(L7) —kal - (34)

almost surely. Then, almost surely,

sup P, (C) =P (C)] =

CG%ny
= sup|-~ Y Iezyv)+ Y, IC(Zth)) -
€ 1%n Nierenty i€\
1
Z IC ZL7YI)+ Z IC(ZHY!))‘ S
1( ng) i€} N, i€1r \ Iy
sup ! ! Ic(Z,Y;) +
S Sup |- — oy c\ZiXi
c 1kn ﬁ(ln,f;) i€, (NI}

1
+ — sup Z 1c(Z:,Y:) + —— sup Z Ic(Z,Y;) <

nC e\ ﬁ( n,g) Cieli\Ig
(34) i_ 1 }ﬁ(lnfz;) _kn‘ N ‘ﬁ(lnfg)_kﬁ
S e a1 K IChI

Therefore, (30) follows from (28) and (29).
In order to prove (31), fix any € > 0. As & € By, we have Px(Bg(§)) > 0 and, therefore,
Px (Be(§)) —ka/n > $Px(Be(E)) > O for n large enough (see Lemma 2). Then, (31) follows from

O(Rug > €) = Q(ﬁ{ie {Lon X € Be®)} < ki) = Q(;i{IBS@(Xi) < ];>

:Q(PX Bs > <

3| F

) > Px(Be(§)) —

i

:\»—‘ :M—‘

< ofru(a ) > ;PX(BS@))

and the law of large numbers.
Now, statement (32) will be proven. An application of Lemma 3 for ¥, ((x,v),y) = |x— E|P and

(16) yield that it suffices to prove

Z X — &P — *ZIX §°1s, . (2)

n lEIng

3

A2 —— 0 (35)

n—soo
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in probability in order to prove statement (32).
According to Lemma 2, there is an ng € IN such that g < 1 for every n > ng. Then, for every
€ > 0 and every n > ny,

3|1 1 &
Q(M2 o Y Ixi—gPf - ;Z|Xi—§|BIBnﬁg(Zi) > 8) <
n iEIn‘C n =1
_3 *
< Q<}¥n 2 IPD,LC _ ﬁ(i:c)]P]);g ‘TV > €, Rn./c < l) + Q<R”7C > l)
_3 € L 8(L) —kal e
< Q<M Pp, — Pp: HW>2>+Q(M’Ii>2>+Q(Rn,g>1)

so that (35) follows from (30), (28), and (31). [ |

Lemma 6 For every Px-integrable h : X — R, there is a set By, € B x such that Px(By,) = 1 and

lim/]h(x)—h(&)]Pn,C(d(x,v)) — 0 V{=(&u)€Byx(0,1). (36)

n—oo

Proof Define |

Px(B,.(§)) /Ba ©

and, analogously, define 7, where the open ball B, ,(§) is replaced by the closed ball E,n.i(ﬁ)
around & with radius rn .- According to Besicovitch’s Density Theorem, there is a set B, € 2B x such
that Px(By) = 1 and, for every § € By, lim,,_,e Yok = limy e, ¢ = 0; for v, ¢, see, for example,
(Fremlin, 2006, Theorem 472D(b)); for ?n,gv this follows from (Krantz and Parks, 2008, Theorem
4.3.5(2)) (exactly in the same way as Fremlin, 2006, Theorem 472D(b) follows from Fremlin, 2006,
Theorem 472D(a)). Recall from Appendix A that B, ; = (Brn‘é(é) x (0,1)) U (aB,né (&) x BAY,11C(M))

and define o, ¢ := Q(U; € Bsn,c(”))’ B :=Px (B,mé(&)) and Bn,§ =Py (E’Lé(ﬁ)). Then,

W =0(ZieB,g) = Bz Tt (Brz—Bug) &7

Yog = |h(x) = h(&)| Px (dx)

and

/’h(x) h(E)| Poc(d(x,v)) =

n
= (/B @)’h(x ]Px (dx) +ocng/ h(x) h(&)}Px(dx)>
n
= k7n (Bn,éYn& + O c Bn ‘:Y” ann,g)) =
n B n -
= ; (Bni‘f‘anc B £ Bn&))Yng‘F ki(l _Oc";C)Bn,E_,(’Yn,EJ _'Yn,ﬁ) <
(37)
< Mag+ 1T —Yag| —— 0

n—oo
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C.1 Convergence of the First Summand (24)

Fix any { = (§,u) € By x (0, 1) where By is defined as in Lemma 2. Again let Pp,, and Pp: denote

the empirical measure corresponding to D, ¢ and D*C respectively. It follows from (18), (19) and
(51) that

10T n @) P~ [ 10Ty n @) Pl <

_ q 1
< (L IKI2 (oAt + by KR (0)2A, £ 1) [P, Py [l <
10)

q
Lo K (boern) ™+ b1 IKIL L, 0)||E ()41 [P, — P
Therefore, convergence in probability follows from (30) in Lemma 5 and ¢ € [0, 1].

C.2 Convergence of the Second Summand (25)
Fix any { = (&,u) € By x (0,1).

Lemma 7 For every n € IN, define

in_g = /\x—§|%Pn’C(d(x,v)) and Ay = c-max {xmi,,vc}.

Then,
’An g 7‘% C|

ng\/i

Proof For ay,a;,b € R, denote a; Vay = max{aj,a,} and note that |a; Vb —ay Vb| < |a; — az|.
For every n, the definitions and (10) imply

in probability .

|An§—7\.ng| }Ang (7\. \/Ang)’—l-c ‘7\, \/Ang An \/7\, c’ Cn n |/~\n,C_5"n,C}
N 2 (hyV Ay) Vi S VA, Ve,

Hence, the statement follows from the assumption that lim, . ¢, /v/A, = 0 and from (32) in Lemma
5. |

According to (18), it suffices to show

HfD;L,A”L —fPo A,

H oo 0 in probability

in order to prove convergence to 0 of the the second summand (25). To this end, note that

HfD;Q/\n,g - fP,,_g,A”Q ‘H <

i

and that || oy e = oz e |, and || Toucing = FPcin |, converge in probability to 0 according
to part (i) of Lemma 9 (b), (19), and Lemma 7. Note that boundedness of the kernel K means that

‘fD;,gvAnC Jor ., < ‘HJerD ’H+HfP,,@)\,n,gifp,Lc,An,g

n,g"n

n,g n C an.Q;"n.C
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supyex [|P(x) || = || K]|eo. By defining f(x,v)

HABLE

= f(x) forevery z= (x,v) € X x (0,1)

=Zand f€H,

the RKHS H consisting of functions f : X — R can also be identified with an RKHS (again denoted

by H) which consists of functions f : Z — R; the kernel of this RKHS is given by K(z,7')
for every z = (x,v),7 = (X,u’) € X x (0,1)
Hable, 2012, Theorem 2). Fix a = bg + b ||K||%[|L(-,0

every n > ng. According to the definition of A, ¢, we have A

/2 -

=K(x,x)
= Z; see, for example, the proof of (Christmann and
Hq/z ~4/2 and ny € IN such that A, < 1 for
< e ), a2 < e, V2 for

every n > ng. According to part (ii) of Lemma 9 (b) and (19), for every n > ng, there is a measurable

function h,, ¢ : Zx 9 — R such that ||, ¢[|e < ak, >

HfD;,g,x,,?c —anﬁc,x,,_g ‘H <

<Ay

1 1

!

+c !

(g) 7»;% ‘ﬁ(l,:i)—kn‘ .

n

Z

=1

+ A,

It follows from (28) that

* hl’lc Zl7Yl
j:t(In C) IEZI;Q

(17 h

7 hn ZZ)YICDX
Y he(ZY)

LTS In*C

2 and

= [ hn@ar,

hy o (Zi,Y;)P(X;)

+
H

)y

ic In*,g

<

— /hn’CCD dpP, ¢
H

ac*IHKHoo +

(7, V)@ _ / (@l dOzy|| ¢

- C
H

)IB g

_kn’

kn

and it follows from Lemma 3 for ¥,,(z,

y) = kghn,@(ay)q)(x)’ = (X,

11
7 ;Zhn,C(ZlaYl)q)(X )IB g
n i=1

0 in probability

n—seo

1

v), that

/ hy (@I, dQzy — 0 in probability.

C.3 Convergence of the Third Summand (26)

For every m € N, define

AU (y) = me‘:’f ll(@ (), yeR.
e m Ui
Thatis, o, (9) € {L]j€ {-mM,...,mM}} and
o (y)—y] < & Vyeo.
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According to Lemma 6, there is a set B; € Bx such that Px(B;) = 1 and such that, for all maps
h: X 5> R, x— P((% ] ‘x) jel-mM,...mM}, meN,

j
(€,u) € X x (0,1) such that § € By N By. It follows from

(36) is fulfilled with B;, = B;. Fix any { =
(13) and (39) that, for every m € IN,

[Lo:0P@v) ~ [ L) Pk < Ak

sup

te[-M,M|
xXeX

0, it is enough to show that, for every m € IN,

Since limy, e ((L) =

\ [0 00T, (€0) P~ [ [ 0), i, () P B () ‘

converges to 0 in probability for n — oo . Next, it follows from
L( (3_8) J J
0 (y),1) P(dylx) = Z L(L 7 e VieR VxeX
j=—mM
that it suffices to show that, for every j € {—mM,...,mM} and m € N,

Ll 1) Pag (d(x,v)

m

LT @)P(C5 )18~ L e, )P

converges to 0 in probability for n — oo . The latter statement is shown in the following

L Franc@)P(5

< |1 Fen®) (P((ﬁv -'
| [ (LG Tienc(®) =L e ) )P 119 Pglaton)
< s LOw / P((EL2118) — P52 )| Pug () (40)
)| ot (d(x,v)) 41)

1Ll / Frscr (€)= Tt

Asr,e N\, 0 (Lemma 2), it follows from the above definition of By and § € B; that the summand
in (40) converges to O (in R) for n — oo. In order to prove convergence (in probability) of the
summand in (41), note that, according to the mean value theorem in several variables and Steinwart
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and Christmann (2008, Corollary 4.36 and Equation (5.4)),
J ot (€)= Trgin (9] Paldx.v) <
< [ s ® = frea | Pug(dxn) <

0
< [ s |2 pn )] 8B () <
¥'€B;, . (§) X
S T H'< S“P@)\/m>'/lx%IPn,c(d(x,v)) <
)CEB,’Lé
[lx =[P (d(x,v))
< su V1K (x,x ) Rp . (0) - :
<x63,£<é>m (0 Ant

where B, . (€) denotes the closed ball around & with radius 7, ¢. As

R, (0) < sup L(y,0) < oo and lim  sup \/al-rlK(x,x) = \/B‘JK(Y;,Z;),

ye[—M M) ’H“’xeg,m& (&)

it remains to show that

f ‘x_élpn@(d(xﬂ}))

mc n—oo

0 in probability . (42)

In order to prove (42), note that

[P (d(x) _
At -
AR -8 [T K8 Tl g (d)|
= At Ang B
19 i Tier, 1 Xi =

: 43)
0137 ZielmC |Xi - E.»|7
1,111
+C_§}"n2 F Z |Xi_€|_/|x_§’Pn,§(d(xav))" (44)
"ie[,,"g

The summand in (44) converges to 0 in probability according to (32). The summand in (43) con-
3
verges to 0 in probability because, by convexity of z — z2 and §( 1, ¢) = k,, we get

éz‘.ie[n.c 1X; — & - éZiel,,_c 1X; — €]
! 3 - 3
Ly o |Xi— ]
\/Ckn Yier, |Xi e \/C<kl,, Yier, |1X; — §|)

B! i _1 1 . o
=c 2(17 Z |X,~—§|) <c ZR;;,C — in probability

nje L nree

according to (31).
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C.4 Convergence of the Fourth Summand (27)

Let M; (X x ) be the set of all probability measures on X X . For every f € H, define the map
Af: Mi(X x9) x[0,00) = R by

#BR) = [20:79) Pode) + AT @)

for every Py € M; (X x ") and A € [0,0). For every f € H, the map (x,y) + L(y, f(x)) is contin-
uous and bounded on X x 9" and, therefore, Ay is continuous with respect to weak convergence of
probability measures (and the ordinary topology on R and [0,0)). Hence,

(Po,A) — }n1f1 Af(Po, M) is upper semi-continuous (46)
S

see, for example, (Denkowski et al., 2003, Prop. 1.1.36).

Let C.(X x 9) be the set of all continuous functions g : X x 9" — R with compact support.
According to Denkowski et al. (2003, Theorem 2.6.24), there is a countable dense subset .§ C
Co(X x 9) (with respect to uniform convergence).

According to Lemma 6, there is a set By € B x such that Py(B2) = 1 and such that, for all maps

h: X >R, xw— /g(x,y)P(dy\X), FASINY

(36) is fulfilled with B, = B;. Fix any { = (§,u) € X x (0,1) such that & € ByN B N By.

Lemma 8 Let (A, ¢)jew be a subsequence of (A, ¢)new which converges to zero Q-a.s. for j — oo.
Then, Q-a.s.,

</ L(y,]/”;a,%c,,\njg(x))P(dy\x)Pn_ 1nf/L y,t) dy|§>\/0 — 0.

Proof For every n € IN, let Pn,c denote the conditional distribution of (X,Y) given Z € B, ;. Then,
for every integrable g : X x 9" — R,

[ Pug(den) = [aten)Pug(aen) = [ [ aten)Pasiopg(de)

and, according to the definitions (45) and (6),

}ngf(P Ca = /L(yvfP,L;,k(x))Pn,C(d<xﬂvvy)) + M'fpn,C’XHIZ"I (47)

for every A € (0,00) and n € IN. Analogously to the definition of 13,1@ € M(X x 9), define 130@ €
M(X x ) by

/g(x,y) Poc(d(x,y)) = /9/g(§,y)P(dy|E',) for every integrable g: X x 9" — R..

First, it is shown that

7(; —_ Pot; weakly in M (X x ). (48)

n—oo
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According to Bauer (2001, Theorem 30.8), we have to show that

Fix any g € C(X x ). Then, for every € > 0, there is a ge € S such that sup, , }g(x,y) —g(x,y)| <e

and, therefore,
‘/gdlsn,g - /gdpo,g < /ggeldlsn,ﬁ'/gsdf’n,g/gadf’o,z;
P.c (d(x, v))

<ot [ ‘ [ ) Plasko) = [ &) Pt

+ fle—geldPog <

The second summand converges to 0 for n — o because of § € B, g¢ € S, and the definition of B,.
As € > 0 can be arbitrarily close to 0, this shows (49) and, therefore, (48).
Next, fix any @ € Q such that y; := A, ¢ () — 0 for j — co. Then,

timsup ([ L(37r, ., o) @) PPy ¢ (d0xv) <

< timsup [ LS (0 PP e (d(2) + 1, ey =

jreo
(47 (46,48) N
= hmsup 1nf Af(P oY) < inf Af(POVQ,O) =
Joee
= inf [L(»f(8)P(dyfE) = lnf/L Y,1) P(dy[E) . n

By use of the above lemma, we can complete the proof of part 4 now. The definition of A,, ; and
(31) imply that A, ¢ — 0 in probability for n — eo. Then, via the characterization of convergence in
probability by use of subsequences and almost sure convergence, it follows from Lemma 8 that

<//L<y,ﬁhg,A,,g< Py, (d(xv) — inf [ L(v1) dy|£;>vo — 0

in probability.

Appendix D. Stability Properties of Support Vector Machines

Part (a) of the following Lemma 9 shows: in order to ensure that empirical SVMs are continuous in
the data, continuity of the loss function L is enough. This result strengthens (Steinwart and Christ-
mann, 2008, Lemma 5.13) which assumes differentiability and also (Hable and Christmann, 2011,
Corollary 3.5) which assumes Lipschitz-(equi-)continuity. Next, part (i) of Lemma 9 (b) consid-
erably strengthens (Steinwart and Christmann, 2008, Corollary 5.19) in the sense that it quantifies
the continuity of the map A — fp ». Finally, parts (ii) and (iii) of Lemma 9 (b) are just simple
applications of the stability results in (Steinwart and Christmann, 2008, § 5.3).

Lemma 9 Ler Xy be a separable metric space and let )y C R be closed. Let K : Xo X Xo — R be a
continuous and bounded kernel with RKHS H and canonical feature map ®. Let L: 9 x R — [0, )
be a convex loss function.
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(a) If L: 99 x R — [0,0) is continuous, then the map

(Xox2)" = H, D fpy
is continuous for every A > 0 and n € IN.

(b) Assume that L has the local Lipschitz-property that, for every a € (0,e0), there is an |L|, €
(0,00) such that

sup ‘L(y,h) —L(y,t2)| < ‘L‘&l . ‘ll —lg‘ Vll,lz € [—a,a] .
€N

(i) Then, for every probability measure Py on (Xo X 9, B x,x ;) such that Rp,(0) < e and
for every Ao, A € (0,00), it holds that

_ A1 — Ao
HfPOJW fPoJ\OHH < xlmz KP()(O)'

(ii) If there are some by,b; € (0,) and q € [0,0) such that, for every a € (0,00), |L|,1 =
bo + bia?, then: for every probability measures Py on (Xo x 9,Bx,xo,) such that
Rp, (0) < oo and for every A € (0,%), there is a measurable hp, 3 : Xo x 9 — R such
that

q
o)\ 3
|, 2. (x,)| < bo+b1\\K|ygo<5<fﬁyf)> 0
and such that, for every P on ()(0 X %7%)&)><%) with Rp, (0) < oo,

[ fon—feanlly, < A7 /hPhxq’dPl—/hPl,xq’dpl

= 2! SuFIIJ ‘EPthl,kf_Epthh?»f}'

[/l <1

H

(iii) If there are some by,by € (0,00) and g € [0,0) such that, for every a € (0,00), |L|,1 =
bo + bial, then: for every probability measures Py and P, on (Xp X %,%xox%) such
that Rp,(0) < oo and Rp,(0) < oo and for every A € (0,00),

= frolly < 1K (02" + B IK [ Ko, (0324 ) [P = Palf gy (SD)

Proof In order to prove (a) by contradiction, assume that D — fp 3 is not continuous. Then, there
is an € > 0 and a sequence, such that

D" —— DO and || fpma—fpoal, =€ YmeN. (52)

m—soo

Define Rp(f) = %Z?:IL(yi,f(xi)) for every D = ((xl,yl),...,(xn,yn)) € (Xox9)"and f € H.
According to (Steinwart and Christmann, 2008, (5.4)) and due to continuity of L,

sup [| fom L < 5D /A1 Ry (0) < . (53)
melN melN

181



HABLE

Hence, there is a subsequence such that f;,.,) weakly converges to some fy € H in the Hilbert space
H for ¢ — oo} see, for example, (Dunford and Schwartz, 1958, Corollary IV.4.7). That is, there is
also a sequence which fulfills (52) and such that, in addition, fpwm ; weakly converges to fy in H
for some fy € H. This implies '

Tim fpm a(x) = lim (fpmp,®@)u = (fo,®(x))n = folx)  VxeXp
and, for x(m) — x(0) ip X0,

Jim | fm 5 () = fod )] <

< 1im |{ fpm 5, @)~ O) )| + Tim |1y NERIEER]

m—soo

lim [|fpm [y~ [ @) = @), = 0

m—seo

IN

where the last equality follows from (53) and continuity of the kernel K. Hence, it follows that

im Ry (fpm 2) = Rpo (fo) - (54)

m—yoo

Therefore, lower semi-continuity of the H-norm with respect to weak convergence in H (e.g., Con-
way, 1985, Exercise V.1.9) implies

timinf Koo (fpim 1) + M| fpo ally = Roo (£0) + Al foll - (55)

m—yoo

Recall that the point-wise infimum of a familiy of continuous functions yields an upper semi-
continuous function; see, for example, (Denkowski et al., 2003, Prop. 1.1.36). Then, the definition
of fpwm) 5, and continuity of D — Rp(f) + M| f113 for every f € H imply

Rowo (o) + Mo, = inf (R (F)+ M) >

> limsup inf (Koo (/) + A1) = limsup Ry (Fpim 1) + Mol =
m—oeo  fEH m—yoo
(55)
> 1iljggf%<m>(fb<m>,x)+7thD<m>,xHi1 2 KD(O)(fo)Jr?waoHi-

Hence, it follows that fo = fp) 5 and

lim Ry (fpom ) +7L}}fD<zn>,x\\i, = Rpo) (fpo 1) +7L}}fD(o>7x||z : (56)
Then, fo = fpo 3, (54), and (56) imply that lim, e || fpm 2 llz = [|fpo 5 /la- Since weak conver-
gence in the Hilbert space H and this convergence of the H-norms irriply norm convergence in
H (see, e.g., Conway, 1985, Exercise V.1.8), we have shown that limy, . || fpm 5, — fpo s /lz =0,
which is a contradiction to (52).

The following proof of part (i) of Lemma 9 (b) is essentially a variant of the proof of (Steinwart
and Christmann, 2008, Theorem 5.9) even though the statements are quite different. Let dL(y,#))
denote the subdifferential of the convex map ¢ — L(y,) at the point #y. According to (Steinwart and
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Christmann, 2008, Corollary 5.10), there is a bounded measurable map & :€ Xy X 99 — R such that
h(x,y) € aL(y, Teoo (x)) for every (x,y) € Xp X 99 and

1
= ——— [ hddPpy. 57
/i Py, ko 2 / 0 (57)
The definition of the subdifferential implies

h(x,3) (fpy 00 (X) = frono (%)) < L(3s fro s (%)) — L, fpy 20 (%))

for every (x,y) € Xp X 9 and integrating with respect to Py yields

1059 (i () = o () Po (@) < R(Frn) = R i)

The reproducing property of the canonical feature map ® and the property of the Bochner integral
(Denkowski et al., 2003, Theorem 3.10.16) imply

/h(x,y)(fpm (x) = fropo (X)) Po(d(x,y)) =
= /<fH),7»1 — fropa» P, y)P(x) )1 Po(d(x,y)) =
- <fPo,7\] _fP(),).() ) th)dP0>H (5:7) <fPo,7n] _fP(),?u()a _27\'0fP0.,7\,0>H .
That is,
<fP077\'l _fPO77\O’ _2%(1)fP077\0>H S }\,LI(RPO(fP(),M) - %o(fpo,ko)) . (58)
An elementary calculation with (, ) shows that
2<fP0,7»1_fP0,7\.07fP0,7\.0>H +HfPo.,7\.|_fP0.,7\.oHi = HfP(),?L] Hi]_ HfPo.}\oHi[' (59)
Calculating (58)-+H59) yields
<fP0,7\.| _fPo.]\.() ) 2(1 - }%)fpo,xo>l‘] + HfP(),M _fP()J\,()Hi] S

< xil(gil’o(fPoJu)_RPo(fPo,M))+HfPo,7»1H12f1_HfPoJoHJZfi =
= %1(%0,7»1(fpo,}\,1)_ﬂl’0,7\,1 (fPo,?\.o)) S O

Hence,

fovs — Frooll5

IN

‘<fP0,M — frong s 2(1— %)fPO,AO>H’ <
”fPOJH _fP077\0HH'2|1 - %‘ ’ HfPo,MHH :

IN

Since HfPo,M HH < \/}\.61%0 (0) (see, e.g., Steinwart and Christmann, 2008, (5.4)), this implies
statement (1) of Lemma 9 (b).

In order to prove (ii) and (iii) of Lemma 9 (b), note that the properties of the Bochner-Integral
(see, e.g., Denkowski et al., 2003, Theorem 3.10.16) imply ([ hPdP, f)y = [ hf dP for every inte-
grable function & : Xy x 9) — R because of the reproducing property (®(x), f)g = f(x). Due to the
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assumptions on L, it follows from (Steinwart and Christmann, 2008, Corollary 5.10) that there is a
measurable function /p, 3, : Xo X 99 — R which fulfills (50) and

1
I frally < 1| [ina@ar— [ sar,

H
1 1
= Sup X </hp17)LCDdP1 —//’lph;fpdpg y f> = Ssup k‘/hpﬂtfdpl —/hpl7kfdP2 .
feH H feH
[flg <t IAll<1
That is, we have shown (ii). Then, (iii) follows from (ii) and || f||e < [|K||o || f || - [ ]
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